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Abstract This paper is devoted to a semigroup approach to an initial-boundary
value problem of linear elastodynamics in the case where the boundary condition is
a regularization of the genuine mixed displacement-traction boundary condition.
More precisely, it is a smooth linear combination of displacement and traction
boundary conditions, but is not equal to the pure traction boundary condition.
Some previous results with mixed displacement-traction boundary condition are
due to Inoue and Ito. The crucial point in our semigroup approach is to generalize
the classical variational approach to the degenerate case, by using the theory of
fractional powers of analytic semigroups.
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1 Introduction

This paper is devoted to a semigroup approach to an initial-boundary value prob-
lem of linear elastodynamics in the case where the boundary condition is a regu-
larization of the genuine mixed displacement-traction boundary condition. More
precisely, it is a smooth linear combination of displacement and traction bound-
ary conditions, but is not equal to the pure traction boundary condition. Some
previous results with mixed displacement-traction boundary condition are due to
Inoue [14], [15] and Ito [16]. Many problems in partial differential equations can
be formulated in terms of abstract operators acting between suitable spaces of
distributions, and these operators are then analyzed by the methods of semigroup
theory. The crucial point in our semigroup approach is to generalize the classical
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variational approach to the degenerate case, by using the theory of fractional pow-
ers of analytic semigroups. The virtue of this approach is that a given problem is
stripped of extraneous data, so that the analytic core of the problem is revealed
(124], [7)).

Let 2 be an open, connected subset of Euclidean space R", n > 2, with smooth
boundary 8f2. We think of the closure 2 = 2 U 92 of 2 as representing the
volume occupied by an undeformed body; so the set B = 12 is called the reference
configuration. In this paper we study the following initial-boundary value problem
of linear elastodynamics (see [17, Chapter 6, Section 6.3]): For given vector functions
f(z) = (fi(x)), wo(x) = (ug,i(x)) and wi(x) = (u1,4(z)) defined in £, find a vector
function u(z) = (u;(z)) in 2 such that

0*u . .

5z div (a(z) - Vu) = f in 2 x (0, 00),

wlt=—0 = uo in £2, (1.1)
%h:o = Uul in .Q,

a(z) (a(z) - Vu-n)+ (1 —a(z))u =0 on 92 x (0,c0).
Here:

(1) a(z) = (a;jem(z)) is a smooth elasticity tensor.
(2) a(z) is a smooth real-valued function on 82 such that 0 < a(z) <1 on 942.
(3) n = (n;) is the outward unit normal to 912.

It is worth pointing out that, componentwise, the initial-boundary value problem
(1.1) can be written in the form

8%u; 0 Ouy .

52~ =1 o, (ZZm:l aijém(@%) = fi(z) in 2 x (0, 00),
uilt=0 = ug i () in £,

G li—o = g () in 2,

(2) 5 (S 0o (2) g 2) + (1= a(@)uile) =0 on 92 x (0,00).

It should be noticed that our boundary condition
Bou = a(z) (a(z) - Vu -n) + (1 — a(z))u

is a smooth linear combination of displacement and traction boundary conditions.
It is easy to see that B, is non-degenerate (or coercive) if and only if either
a(z) > 0 on 912 (the Robin case) or a(z) = 0 on 942 (the Dirichlet case). Marsden—
Hughes [17] studied the non-degenerate case. More precisely, they assume that the
boundary 842 is the disjoint union of the two closed subsets Iy = {z € 002 : a(z) =
0} and 902\ Iy = {z € 902 : a(z) > 0}.

However, our boundary condition B, is degenerate from an analytical point of
view. This is due to the fact that the so-called Shapiro—Lopatinskii complementary
condition is violated at the points z € 82 where a(z) = 0 (cf. [11]). For example,
in the case where n = 3, a(z) may be a function such that, in terms of local
coordinates (z1,z2) of 982,

2 1

2, 1 _q/.2 .
Lgin2 — ¢ Vo24in2
1 T2

a(z) = e~e
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Therefore, the crucial point in our semigroup approach is how to generalize the
classical variational approach to the degenerate case (see Subsection 2.1).

We give two simple but important examples of the initial-boundary value prob-
lem (1.1):

Ezample 1.1 If we take
a(z) = (aijom(x)) = (0iedjm) ,
then the initial-boundary value problem (1.1) becomes as follows ([14], [15]):

8%u

W—Au:‘f inQX(O7oo)7
ult=0 = uo in 2, (1.2)
%_1;|t:0 =u in 2,

a(z) g% +(1-a(z)u=0 on dN x (0,00).
Ezample 1.2 If we take
a(z) = (aijem(v)) = (Nijdem + diedjm)

where )\, p are Lamé moduli, then the initial-boundary value problem (1.1) be-
comes as follows ([16]):

2
%T;L — (pAu + (A + p)grad (diva)) = £ in 2 x (0, 00),
ult—0 = uo in (2, (1.3)
ul_o=uy in £,
a(z) (t(u) n)+ (1 —a(z)u=0 on 992 x (0, 00).

Here
T(u) = (135(x)) = (A > ernlx)di; + 2uez‘j($))
k=1

is the linearized stress tensor.

The purpose of this paper is to study the initial-boundary value problem (1.1)
from the viewpoint of semigroup theory. To do this, we consider the following
boundary value problem of linear elastostatics (see [17, Chapter 4, Section 4.3]):
For given vector functions g(z) = (g;(z)) and ¢(z) = (¢;(z)) defined in 2 and on
012, respectively, find a vector function v(z) = (v;(x)) in £ such that

{div (a(z) Vo) =g in 2, (1.4)

a(z) (a(z) - Vv -n)+ (1 —a(z))v=¢ on dn.

We study the boundary value problem (1.4) in the framework of L?-spaces, by
using the L? theory of pseudo-differential operators (see [20]).
If s € R, we let

H?(2,R") = the Sobolev space of all H®-vector functions v = (v;) on {2,
B?(02,R"™) = the Besov space of all B*-vector functions ¢ = (p;) on 912.
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For the basic definitions and properties of Sobolev and Besov spaces, see Adams—
Fournier [1], Bergh-Lofstrom [2], Stein [18] and Triebel [22].
We introduce a subspace of B®(9£2, R™) which is associated with the boundary
condition
a(z)(a(z) - Vu-n)+ (1 —a(z))v=¢ on d0.

If s € R, we let
B (92.R") = {p = ala)er + (1~ a(2))es : @1 € B°(92,R"),
¢2 € B*T1 (802, R™)},
and define its norm
llellass = inf{ll¢1lBs (92,rR") + @2l Bs+1(002,R") : ¢ = a(z)p1 + (1 — alz))p2}.

Then it is easy to verify (see [19, Lemma 4.7]) that the space B{(,,(0£2,R") is a
Banach space with the norm || - ||a;s. Furthermore, we remark that

B{,(02,R") = B*TH002,R™) if a(z) = 0 on 802 (displacement),
B{,)(02,R") = B*(992,R") if a(z) =1 on 9 (traction),

and for general a(z) the continuous injections
B*t1(092,R") C B{,)(002,R") C B*(922,R").
Now we let

Av =div (a(z) - Vv),
Bov = a(x) (alx) - Vo - 1) + (1 - a(@))wlon,

and associate with problem (1.4) a linear operator

A=(A,B,): H (2,R") — H**(2,R") x By, */*(92,R").

Then it is easy to verify that the operator A is continuous for s > 3/2.
Our starting point is the following existence and uniqueness theorem for the
problem (1.4) due to Taira [20, Theorem 3.1] with p := 2:

Theorem 1.1 Let s > 3/2. We assume that the following two conditions (T) and (A)
are satisfied:

(T) The elasticity tensor a(x) = (a;jem(x)) enjoys the property of symmetry
aijom () = apmij(x) = ajiom(z), =€ 2,
and is uniformly pointwise stable, that is, there is a constant n > 0 such that
1 2 —
§e-a(oc)~ezv7|\e\| , T €S, (1.5)

for all symmetric two tensors e.
(A) 0<a(x) <1 ond, but a(z) 1 on 412.
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Then the operator
A=(A,B.): H'(2,R") — H*?(2,R") x B}, */*(02,R")

18 an algebraic and topological isomorphism. In particular, there exist constants C1 > 0
and Co > 0 such that

Cillullmgs (2,rn) < AUl grs—2 (0 r7) + | Batt|la;s—3/2 (1.6)
< Collullggs(omrny  for alluw € H*(2,R").

Remark 1.1 Condition (A) implies that our boundary condition is not equal to the
pure traction boundary condition. It is known (see [17, Chapter 7, Section 7.3]) that
the pure traction problem may have non-unique solutions even for small loads and
near a stress free state.

The rest of this paper is organized as follows. In Section 2 we introduce a
linear operator 2 in the Hilbert space L?(£2,R™) = H°(£2,R"), and state that
—21 is a positive definite, self-adjoint operator (Theorem 2.1). Then we can define
the square root € = +/—2A of —2, and introduce an underlying Hilbert space
H = D(€). We state our fundamental existence and uniqueness theorem for the
initial-boundary value problem (1.1) (Theorem 2.3). Theorem 2.1 is proved in
Section 3 due to its length, and Theorem 2.3 is proved in a series of theorems
(Theorem 5.3, Theorem 6.1, Theorem 7.1 and Theorem 8.1). In Section 4 we
prove that the underlying Hilbert space # is the right space for our variational
approach (Theorem 4.1). Section 5 is devoted to a semigroup approach to the
initial-boundary value problem (1.1) of linear elastodynamics. In particular, we
prove the fundamental generation theorem for a strongly continuous group ‘4 of
unitary operators in the Hilbert space X = #H x L*(£2,R") (Theorem 5.1). By
applying Theorem 5.1 to the initial-boundary value problem (1.1), we can obtain
the representation formula of a (unique) solution of problem (1.1) (Theorem 5.3).
This section is the heart of the subject. In Section 6 we prove the fundamental
existence and uniqueness theorem for problem (1.1) (Theorem 6.1). In Section 7 we
prove the fundamental energy inequality for problem (1.1) (Theorem 7.1). Section
8 is devoted to the regularity theorem for problem (1.1) (Theorem 8.1). In the last
Section 9 we give two important open problems concerning the initial-boundary
value problem (1.1) of linear elastodynamics.

The presentation on some results of this paper was given in “Conference on
Evolution Equations and Semigroups” which was held between April 8 and 13,
2002 at Cortona, Italy.

2 Statement of Main Results

In this section we introduce a linear operator 21 in the Hilbert space L2((2,R”),
and state that —2A is a positive definite, self-adjoint operator (Theorem 2.1). Then
we can define the square root € = /=2, and introduce an underlying Hilbert
space ‘H = D(€) which is the right space for our variational approach. We state
our fundamental existence and uniqueness theorem for the initial-boundary value
problem (1.1) (Theorem 2.3).
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2.1 Hilbert Space H

We introduce a linear operator 2 from the Hilbert space L?(£2, R") into itself as
follows:

(1) The domain D(21) is the space
D) = {u € H*(2,R") : afz) (a(z) - Vu-n) + (1 — a(z))u = 0 on 902},

(2) Au = div (a(z) - Vu) for every u € D(A).
We remark that the domain D(2() is dense in the space L?(2,R™).

Then we have the following fundamental result:

Theorem 2.1 The operator —2A is a positive definite, self-adjoint operator in the
Hilbert space L2(2, R™).

Theorem 2.1 will be proved in the next Section 3 due to its length.
By virtue of Theorem 2.1, we have the following generation theorem for an
analytic semigroup in the Hilbert space L?(2,R™) (cf. [19, Theorem 1.2]):

Theorem 2.2 The operator 2 generates an analytic semigroup e in some sector
containing the positive real axis.

Moreover, we can define the square root € = /—21 of the operator —2( by the
formula (cf. [19, Theorem 1.10])

1 oo

sTY2(sT —A) ' Auds for all w € D(A),
™ Jo

Cu =

and introduce an underlying Hilbert space # as follows (cf. [21, Theorem 3.1]):

7 = the domain D(€) with the inner product
(u,v) = (€u,Cv)L2(o Ry, ,v € D(C).

Remark 2.1 We have the following assertion for the non-degenerate case (see [6]):

H}(2,R™) if a(z) =0 on 892 (the Dirichlet case),

H=D(C) =
@ {Hl(Q,R") if a(x) > 0 on 812 (the Robin case),

where
H{(2,R") = {u e H (2,R") : w=0 on 802}.

2.2 Existence and Uniqueness Theorem for Problem (1.1)

Now our fundamental existence and uniqueness theorem for the initial-boundary
value problem (1.1) can be stated as follows:
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Theorem 2.3 Assume that conditions (T) and (A) are satisfied. Then, for any given
data

wo € D(A), u1 € H, £(t) € C*([0,00), L*(2,R™)),
the initial-boundary value problem (1.1) has a unique solution
u(t) € C*([0,00), L*(2,R™)) N C*([0, 00), H) N C([0, 00), D(A)). (2.1)

Moreover, the solution u(t) can be represented explicitly as the formula
t
u(t) = cos(t€)ug + € sin(t€)u; + / ¢ Lsin((t — s)€)f(s) ds, (2.2)
0

and we have the energy inequality

lw(®)l g2 (2,mm) + 1w/ ()19 + e ()| L2 (0,m") (2.3)

t
<C <||UOHH2(Q7R") +lluille + 1 (O)llL2(2,rm) +/0 IF ()lL2c2rm dS) :

with a constant C > 0 independent of t.

Theorem 2.3 will be proved in a series of theorems (Theorem 5.3, Theorem 6.1,
Theorem 7.1 and Theorem 8.1).

We give two simple but important examples of Theorem 2.3 (cf. [14, Theorem
1], [16, Theorem 3.9]):

Ezample 2.1 We let
a(z) = (ajom()) = (i05m) -

Assume that condition (A) is satisfied. Then Theorem 2.3 applies to the mixed
displacement-traction problem for the wave equation (1.2). Indeed, it is easy to
verify that inequality (1.5) holds true with n = 1/2.

Ezxzample 2.2 We let
a(z) = (aijem(r)) = (Nijdem + diedjm)

where A and p are Lamé moduli. In addition to condition (A), assume that the
following condition (L) is satisfied:

(L) g >0 and 2p+nX > 0.

Then Theorem 2.3 applies to the mixed displacement-traction problem for the
elastodynamic wave equation (1.3). Indeed, it is easy to verify that inequality
(1.5) holds true with

n :min{ﬂ,u—i— gk}

if condition (L) is satisfied (see [17, Chapter 4, Proposition 3.13]).
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3 Proof of Theorem 2.1

In this section we prove Theorem 2.1. By virtue of [25, Chapter VII, Section 3,
Corollary]), we have only to prove the following three assertions:

(i) The operator 2 : D(2) — L?(£2,R") is bijective.
(ii) The operator 2 is symmetric in L?(2, R™).
(iii) The operator —2f is non-negative in L?(2, R™).

Assertion (i) follows by applying Theorem 1.1 with s := 2 and Bou = 0.
In order to prove assertion (ii), it suffices to show that

(A, v) 2o rny = (0, AV) 2o gy for all u, v € D(A). (3.1)
By applying the divergence theorem to our situation, we have the formulas
(0, A0) 120 gy = /Q u-div (a(z) - Vv) dz (3.2)

= /anu[a(x) . Vv-n]da—/QVu-a(x)~Vvdx,
and
(A, ) 12 (g0 o) = /Q v- div (a(z) - Vu) do (3.3)

:/anv[a(x)-Vu-n]da—/QVv-a(J:)~Vud:r,

where do is the area element on the boundary 912.
However, by the symmetry of the tensor a(z) it follows that

/Q Vu-a(z) - Vodr = /Q Vv -a(z) - Vudz. (3.4)

Moreover, we have, for all u, v € D(21),

Vo-nldo — — w. L@
/8 ula(e)- Vo nld /{a(x)#o} v (3.5)

_ ) B
B /{a(m);éo} O‘(‘r) ¢
= / vla(z) - Vu - n]do.

o

Here it should be emphasized that the boundary integral

/ u- 1_70‘(35)1, do
{a(x)#£0} O‘(I)

is finite. Indeed, it follows from formulas (3.5) and (3.2) that

1—a(z)

— U ——vd :/ ula -Vov-n|d
/{a(x);éo} O‘(I) 7 o0 [ (1:) ] ’

= (w,Av) 2o gy +/ Vu-a(z)-  Vodz,
’ Q
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where u, 2v € L*(2,R") and Vu, Vv € H(2,R™).
Therefore, by using formulas (3.4) and (3.5) we obtain from formulas (3.2) and
(3.3) that

(u,2A0) 2 gy —/Q ula(z) - Vou-n da—/ Vu-a(zr) - Vvdz

—/ [a(z) - Vu - nda—/ Vv a(z)  Vudz

= /Q v -div (a(z) - Vu) dz

= (Au,v) 2o rny forall u, ve D(A).

This proves the desired formula (3.1).
Finally, it remains to prove assertion (iii). To do this, we have, by formulas
(3.3) and (3.5),

= (Au,u) 2 gy = —/ ula(z) - Vu-n]do + /Q Vu-a(z) - Vudzr (3.6)

a0

_ Lo e [
 Jiawzoy  ol@) | ”d”L/Q() (2) - e(u) dz,

e(u) = (es5(x)) = (_ (Zz; + ZZZ>>

is the linearized strain tensor. Therefore, by using inequality (1.5) we find from
formula (3.6) that

where

oo = [ Ao [ ew)-a) ewds (3)

{a(z)#£0}
> 20 [ fle(w)|ds

2
>0 for all w e D(A).

This proves the non-negativity of —2f.
The proof of Theorem 2.1 is complete.

4 Characterization of the Hilbert Space H

In this section we prove that the underlying Hilbert space H is the right space
for our variational approach (Theorem 4.1). To do this, we prove the following
characterization of # in terms of the domain D(2) (cf. [24, Definition 1], [7,
Lemma 3.3]):

Proposition 4.1 The Hilbert space H coincides with the completion of the domain
D(2A) with respect to the inner product

(u,v) = (—Au,v) L2 (2 R") (4.1)

:/ Vu~a(a:)~Vvdx+/ - oz )u-vdcr, u,v € D(A).
n a(z)#£0} a(z)
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Proof (1) Formula (4.1) follows by combining formulas (3.3) and (3.5) if we take
u=uv.

(2) We prove that the domain D(2() is dense in D(v/—2) = D(€). To do this,
we remark (see [19, Section 1.2]) that the operators

¢ L*(2,R") — D(€)=H

and
¢ ' D(¢) — D(¢?) = D()
are algebraic and topological isomorphisms, and further that

D(e*) c D(A).

Therefore, we obtain that the domain D(2A) is dense in the domain D(€), since
D(2A) is dense in the space L*(£2,R").
The situation can be visualized in the following diagram:

(2R - D) =%H

I I

pe) - D(e) =D®)

I I

D(A) —— D(€3)

The proof of Proposition 4.1 is complete.

The next theorem shows that the Hilbert space H = D(€) is the right space
for the variational approach:

Theorem 4.1 We have the inclusions
D) cH Cc H'(2,R"), (4.2)
with continuous injections.

Proof Tt suffices to prove that the inclusion H# C H'(2,R") is continuous. The
proof is divided into three steps.

Step 1: First, it follows from an application of the Rayleigh principle that we
have, for all v € D(A),
= (—Q[U,U)Lz(Q)Rn) (43)

2 _ 2 (2
lullz = ll€ulz2 (o rm) = (¢ u, U)Lz(nan)

2
> A1 HUHL2(Q,RTL) s

where A1 > 0 is the first eigenvalue of the operator —2 (see Theorem 2.1).
However, it follows from inequality (3.7) that

—XAu,u = La(z)u2a elu)-alr)-eu i
(o= [ e ot [ et a@) e (49
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> 217/ le(w)||®dz  for all u € D(A).
(]

Step 2: The next inequalities are special cases of Garding’s inequality for the
elliptic operator u +— e(u) (cf. [5, Chapitre 3, Théorémes 3.1 et 3.3]):

Theorem 4.2 (Korn’s inequalities) (i) For every non-empty open subset v C 92,
there exists a constant c¢(y) > 0 such that

[ teiPar=co) ([ o [ 1vul®a) (4.5)

for allw € H'(2,R™) satisfying the condition w = 0 on ~.
(i) There exists a constant ¢ > 0 such that

[e@iars [ ulfasze( [ fulfaos [ (valfa) @

for alluw € H'(2,R").

Step 3: By inequality (4.4) and Korn’s inequality (4.6), it follows that

(20, 0y > 20 [ )| da (4.7)
2 2
2 27]6 HuHHl(Q7Rn) — 27] HuHLZ(Q)Rn) .

Therefore, by combining inequalities (4.3) and (4.7) we obtain that

A
(2_:] + 1> (—Q[’U,,U)LQ((LR") Z ()\10) ”’u’H%—Il(Q,R") for all w S D(Q[)7
so that
HuH'%-L = (_Q[’u’uu)lﬂ(nan) (4.8)

)\16 2
> ———— n .

This proves that the injection H — Hl(Q,R”) is continuous, since the domain
D(21) is dense in the space .
The proof of Theorem 4.1 is complete.

5 Semigroup Approach to Problem (1.1)

This section is devoted to a semigroup approach to the initial-boundary value
problem (1.1) of linear elastodynamics (Theorem 5.1). In particular, we prove the
fundamental generation theorem for a strongly continuous group e’ of unitary
operators in the Hilbert space X = H x L*(£2,R"™) (Theorem 5.1). By applying
Theorem 5.1 to the initial-boundary value problem (1.1), we can obtain the rep-
resentation formula of a (unique) solution of problem (1.1) (Theorem 5.3). This
section is the heart of the subject.
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By using the operator 2, we can formulate problem (1.1) in the abstract form

u(t) =Au+ f(t) t>0,
u(0) = uy, (5.1)

' (0) = u;.

Furthermore, if we let
X =M x L*(2,R"),

- (1) (2. #0-(5)

and introduce a linear operator

and

A

0r
<m0>.X—>X

D(A) = D) x A,

with domain

then we can rewrite the initial value problem (5.1) as follows:

U'(t)y=AU(t)+ F(t), t>0

(1) = AU + F (1), t>0, 652)
U (0) = Up.

The fundamental generation theorem for groups can be stated as follows (cf.
[24, Theorem 1], [8, Chapter II, Theorem 7.4]):

Theorem 5.1 The operator A generates a strongly continuous group etA of unitary
operators in the Hilbert space X = H x LQ(Q, R"™). More precisely, the group et4 can
be represented explicitly in the form

et = cos(t€) (é 2) + ¢ sin(te) (20[ g) . (5.3)

The proof of Theorem 5.1 is based on the following generation theorem for
groups of class (Cp) in a Banach space (see [10, Chapter XXII], [25, Chapter IX,
Section 9, Corollary 1]):

Theorem 5.2 Let A be a linear operator with dense domain D(A) and range R(A)
both in a Banach space X. Assume that the resolvent (nI — A)™1 exists and satisfies
the condition

H(n[ - A)_l ” < for every large non-zero integer |n|.

1
In|
Then A is the infinitesimal generator of a group {St} of class (Co) of contraction
operators in X.
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Proof The proof of Theorem 5.1 is divided into seven steps.

Step 1: First, we show that the operator A is densely defined, that is, the
domain D(A) is dense in the space H.

By Proposition 4.1, it follows that the domain D(2() is dense in . Since the
domain D(21) is dense in the space L?(£2,R"), we find that the domain D(A) =
D(2A) x H is dense in the product space X = H x L*(£2,R").

Step 2: We show that A is a closed operator.

To do this, let {U;} = {(u;,v;)} be a sequence in the domain D(A) = D(A) xH
and let U = (u,v) and F = (f,g) be functions of X = H x L?(£2,R™) such that

Then we have the assertions
u; — u inH,
v;j — v in L?(2,R"),

and
v; — f in %,
Au; — g in L*(2,R").

However, it follows from an application of inequality (1.6) with s := 2 and Bau =0
that the operator
A: D(A) — L*(2,R™)

is isomorphic. Here the domain D(2A) is a Banach space endowed with the graph
norm

lullpy = llullLzorn) + Al rr), v € D).

It should be noticed that the graph norm || - [|p(2) is equivalent to the norm
Il - |22 (2,r7)- In fact, we have the inequalities

Cillullg2(o,r) < 12ullp20,r) < lullpey (5.4a)
lullpey < llullz2(orn) + C2llullmz(0rn) < (C2+ 1) |ullg2(o,rm)- (5.4D)

Since {u;} is a Cauchy the sequence in H?(0,R"), we can find a function
w € H?(2,R") such that

uj — w in H*(2,R").
Then it follows that
Aw = lim Au; =g in L*(2,R") (5.5)
J—00
and further that

Bow = lim Bou; =0 in BY?(92,R"). (5.6)
J— 00
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This proves that
wu=we DA) ={ve H(2,R"): Bov =0 on 802}, (5.7)

since uj; — u in H.
Therefore, we obtain from assertions (5.5), (5.6) and (5.7) that

u € D(A),
Au =g € L*(2,R").

Moreover, since the injection # C L2?(£2,R™) is continuous, it follows that
vj — f in L*(2,R"),
so that
v=feH.

Summing up, we have proved that

U= <:> € D(A) = D() x A,

- (2)- (1) -+

This proves the closedness of A.

Step 3: We show that the operator \I — A is surjective for every A # 0.

Let F = (f,g) be an arbitrary function of X = #H x L?(£2,R"). Then we have,
for some function U = (u,v) of X,

u e DA, veH,

(M -A)U=F
AMM—v=Ff RAut+Iv=g

u € DA, v=>u—f,
(A2 —2Wu=\f +g.

However, since A\? > 0, it follows from an application of Theorem 2.1 that there
exists a unique function w € D(2) such that

A\ —2MWu=\f +ge L*(2,R").

Hence, by letting
v=Au—feH,
we obtain that
U= <:’> € D(A) = D() x A,
and that
(\I— AU =F.

This proves the A\I — A is surjective for every A # 0.
Step 4: We show that the operator A is dissipative. More precisely, we have,
forall U, V € D(A) = D(A) x H,

(AU, V) = — (U, AV) 5. (5.8)
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In particular, we have, for all U € D(A),
(AU,U), =0. (5.9)
This proves that A is dissipative.
If we let
U= (“1> LV = (“2> € D(A) = D(A) x H,
V1 V2
then we have the formula
_ V1 u2
(AU V)= (g, ) ())X (5.10)
1—a(x)
= [ Vwvi-a(z) Vugdz+ ———wvi - u2do
2 {a(z)#0} a(x)
+ (Qluh 'U2)L2(97Rn) .
However, we have, by Green’s formula,
(Qlul,vg)Lz(QRn) (5.11)
z—/ Vul-a(:n)~Vv2dx—/ I;Oé(‘r)vyulda.
2 {a(z)#0} a(x)
Therefore, we obtain from formulas (5.10) and (5.11) that
1-a(z)
(AU,V)y = | Vvi-a(z) Vuade+ ———v1 -uado (5.12)
2 {a(z)#0} a(x)
— / Vui-a(z)- Voadr — / 1_7&(35)'02 -u1 do.
17 {a(n)£0} (z)
Similarly, we have the formula
1-a(z)
—(U,AV)p =— [ Vui-a(z)  Vuvadz — ———u; -vado (5.13)
o {a(@)#0) o(T)
+/ Voi -a(x) - Vuadr +/ 1—7a(x)u2 -1 do.
o {a(@)#0}  (z)
The desired formula (5.8) follows from formulas (5.12) and (5.13).
Step 5: If X\ # 0, we show that
(M — A)U|[ 5 > [MU|lx for al U € D(A). (5.14)

In other words, we show that the resolvent (AI — A)~! exists and satisfies the

condition )

jor-a)7 < )

for every A # 0,

since A\I — A is surjective for every A # 0 (see Step 3).
Indeed, we have, by formula (5.9),

I = A)U % = (M - A)U,(\ - A)U)
= N|Ul% — M (AU U)x + (U, AU) x } + | AU | %
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=N |U|%k + lAU %
> \?||U||3} for all U € D(A).

This proves the desired inequality (5.14).

Step 6: Therefore, by applying Theorem 5.2 to our situation ([25, Chapter IX,
Section 9, Remark]) we obtain that the operator A generates a strongly continuous
group et of unitary operators in the Hilbert space X.

Step T7: Finally, the desired representation formula (5.3) is an immediate con-
sequence of [24, Theorem 1] and [8, Chapter II, Theorem 7.4].

Now the proof of Theorem 5.1 is complete.

By applying Theorem 5.1 to the initial-boundary value problem (1.1), we can
obtain the representation formula (2.2) of a (unique) solution of problem (1.1) (cf.
[7, Theorem 2.1]):

Theorem 5.3 Let u(t) be a (unique) solution of the initial-boundary value problem
(1.1) with data

uo € D(A), w1 € H, f(t) € C([0,00),D(A)).
Then it can be represented explicitly as formula (2.2).

Proof Since we have the formula
Ut) = AU, + /Ot c=DAR(s) ds, (5.15)
it follows from formula (5.3) that
(¥)
(er 33 e G) )
+ /Ot (COS((t —9e) (g g) L Tsin (- £)€) (20[ g)) <f?s)) ds
= cos (t€) (“0) + & Lsin (t€) (91(20)

+/ cos ((t — 5)€) <f( )ds-i—/ ¢ sin ((t — 5)€) (f(s)>

This proves the desired formula (2.2).
The proof of Theorem 5.3 is complete.

6 Existence and Uniqueness Theorem for Problem (1.1)

In this section we prove the fundamental existence and uniqueness theorem for the
initial-boundary value problem (1.1) (Theorem 6.1).

First, we have the following existence and uniqueness theorem for the initial
value problem (5.2) (cf. [13], [3, Chapitre 6, Théoréme 6.9]):
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Proposition 6.1 For any given data
Uy € D(A), F(t) € C([0,00), D(A)),
the initial value problem (5.2) has a unique solution
U(t) € ¢'([0,00), X&) N C([0, ), D(A)).

Moreover, we have the energy inequality

U < 0O+ [ CIF($)] d. (6.1)

Here we recall that
u
e = ()] = el + ollzscome. (62)
X

Indeed, the desired energy inequality (6.1) follows from formula (5.15), since

et is a contraction group in X.

Therefore, by applying Proposition 6.1 to the initial-boundary value problem
(1.1) we have the following existence and uniqueness theorem for linear elastody-
namics (cf. [16, Proposition 3.6, Part (i)]):

Theorem 6.1 For any given data
uo € D(A), u1 € H, f(t) € C([0,00), D(A)),
the initial-boundary value problem (1.1) has a unique solution
u(t) € ([0, 00), 1) N C([0,00), D(A)).
Moreover, we have the energy inequality
[ (t)ll# + llw' (6) ]| 22 (2, R (6.3)

t
< lluollzg + lluallzz o rm) + /O 1£(3) ] L2 ds.

Indeed, the energy inequality (6.3) follows from inequality (6.1) and formula
(6.2).

7 Energy Estimates for Problem (1.1)

In this section we prove the fundamental energy inequality (2.3) for the initial-
boundary value problem (1.1) (Theorem 7.1).

First, we prove the following energy inequality for the initial value problem
(5.2):
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Proposition 7.1 Assume that a function
U(t) € O ([0, 00), &) N C([0, ), D(A))
is a (unique) solution of problem (5.2) with data
Uy € D(A), F(t) € C*([0,0), X).

Then we have the energy inequality

t
U7 (1)| < | AT + F(0)] . + / 1F (5)] 2 ds.

Proof By formula (5.15), it follows that
t
U(t) = AUy —l—/ e=DAP(s) ds
0
t
= Uy + / eSAF(t —s)ds.
0

By differentiating formula (7.3), we obtain that

t
U'(t) = e (AUD) + A F(0) + / SAF (t— s)ds
0

t
— oM (AU, + F(0)) + / SAF (1 — ) ds.
0

Since e'4

t
||U’(t)||X < ||AU0+F(O)\|X+/O | F'(t — )| x ds.

However, we have the formula

/Ot IF/ (t — 5)||x ds = —/to HF/(T)deTZ/Ot IF (1)  dr.

is a contraction group in X, it follows from formula (7.4) that

(7.1)

(7.5)

(7.6)

Therefore, the desired energy inequality (7.2) follows by combining inequality

(7.5) and formula (7.6).
The proof of Proposition 7.1 is complete.

By applying Proposition 7.1 to the initial-boundary value problem (1.1), we
have the following energy inequality for linear elastodynamics (cf. [15, Proposition

3.9], [16, Proposition 3.6, Part (ii)]):

Theorem 7.1 Assume that a function

u(t) € C*([0,00), L*(£2,R™)) N C*([0, ), H)) N C([0,0), D(A))

is a (unique) solution of the initial-boundary value problem (1.1) with data

up € D(A), u1 € H,
f(t) € C*([0,0), L*(2,R™)).

Then we have the energy inequality (2.3).

(7.7)
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Proof First, we have the formulas

0O = | (20| = 1 O+ 1 Ol 29

and . .
JIF @l ds= [ 15 @ lzame ds (7.9)
Moreover, we have, by inequalities (5.4),

Crlluoll g2 (2,r7) < 1ol L2 (02,R) (7.10)
< Caluoll g2 (,rny  for all wg € D(A).

Hence we have the inequality

1400 + FO)lx = | (g0, )| (711)

= [l + |Ruo + £(0)ll L2 (2,r™)
< lulag + Colluoll g2 2,17y + 11 F(0)lIL2(2,R7)-

Therefore, by using formulas (7.8) and (7.9) and inequality (7.11) we obtain from
the energy inequality (7.2) that

llw’ ()l + llu” (£)l| L2 (2, mm) (7.12)
< Coluoll g2 (0, + lwalle + 11 £(0)] L2 (2,rm +/ I (s)llL2(2,rn) ds.

On the other hand, since we have the equation

u”(t) = Au(t) + £(1),

it follows from inequalities (7.10) with ug := u(t) that
Crllu(t) 2 (2,rm) < [|2u(t)]L2(0,Rm) (7.13)
<l (t) = F(O) | L2(2,rm
< " (Ol L2(2.rm) + 1F )] L2 (2, m7)-
Moreover, since we have the fundamental formula of calculus
t
£ =10+ [ £(s)as
it follows that
£ Ol < 1Ol + [ 15 Oz ds (7.14)
Therefore, by combining inequalities (7.13) and (7.14) we obtain that
lw()ll 2 (2,r") (7.15)
1 t
< & (W @lzaome + 15O zsomn + [ 17 G lzsomn ds) .

The desired energy inequality (2.3) follows by combining inequalities (7.12)
and (7.15).
The proof of Theorem 7.1 is complete.
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8 Regularity Theorem for Problem (1.1)

In this section we prove the following regularity theorem for the initial-boundary

value problem (1.1) (cf. [15, Theorem 4.1], [16, Proposition 3.7]):

Theorem 8.1 Assume that conditions (T) and (A) are satisfied. If a function

u(t) € C1([0,00), L*(2,R™)) N C([0, 00), H)
is a solution of the initial-boundary value problem (1.1) with data
wo € D(A), w1 € H, f(t) € C*([0,0), L*(2,R™)),
then the solution u(t) enjoys the regularity property (2.1).

Proof The proof of Theorem 8.1 is divided into four steps.
Step 1: We construct a sequence

{#;(8)} € C*([0,00), L*(2,R™)) N C([0, 00), D(N)),

such that
fi(t) — f(-,t) in L*(2,R") for every t € R as j — oo,
fj/(vt) - fl('v

We recall (Theorem 2.2) that the operator 2 generates an analytic semigroup e

in some sector containing the positive real axis.
For every ¢ > 0, we let

M f(z,t) = %/5 e f(x,t) ds.

0
Step 1-1: First, we show that
MEf('vt) € C([Ov 00)7 D(Q[))
Indeed, we have, for any 0 < h < ¢,

;1))

(M f (o
e+h

/+ esm_f(-,t)ds
h

Hence it follows that
(e
However, we have, as h | 0,

1 e+h
il

hA _
h

S——/ 591
dS——/ sQl

) Me f(z,t)

esm_f(-,t) ds — esm_f(~,t) in L?(2,R™),

t) in L*(2,R") for every t € R as j — oco.

(8.1)

(8.2a)
(8.2b)

t2A

% /O ehm(esmf(-7t)) ds = %/O 6(h+8)2‘f(7t) ds

) (8.4
) |
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%/Oh SUE( 1) ds — F(8) in L2(2,R™),

since the integrand % f(-,t) is strongly continuous in s.
Therefore, we find from formula (8.4) that, as h | 0,

h2 1
(e - I) Mof(et) — = (€2 F(.0) = £(.10))
This proves that

M f(-,t) € D(A),
{mf(-,w = 2 (2 - £0)
Since f(-,t) € C([0,00), L*(£2,R")), it follows from formula (8.5) that
AMF) (1) = 2 (™ = D (1)
. %(659‘ —“DFC) = AMF)(t) in L2(2,R") as ¢ — 1.
In view of inequalities (5.4), this proves that
M:f(-,t) — M:f(-,t') in the domain D(A) as t — t.

Therefore, we have proved the desired assertion (8.3).
Step 1-2: Secondly, we show that

M:f(-,t) € C*(]0,00), L*(£2,R™)). (8.6)

Indeed, since f(-,t) € C*([0,00), L*(£2,R™)), we have the formula

d 1 (¢ 0
& (e a1)) = E/o et (0, 1)ds.

A

Moreover, since the semigroup e** is analytic, it follows that we have, as t — ¢/,

M) =2 [T et as
. %/0 A () ds = Mf (1) in L*(2,R")
and
Gorse)=1 [ e
— %/0 oMU yas= L (g ) in L2 RY).

Therefore, we have proved the desired assertion (8.6).
Step 1-3: Thirdly, we have, as ¢ | 0,

Mf(-t) = %/05 (1) ds (8.7a)
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— f(-,t) in L*(22,R™)) for every ¢ € R,

& (MF( 1) = %/O e (1) as (8.7b)

. %(‘,t) in L2(2,R™)) for every ¢ € R,

since the functions e*® f(-,¢) and e**(9f)(0t)(-,t) are strongly continuous in s.
Therefore, if we let

.fj(x7t):M1/j.f(7t)a j:1727---7

then we find from assertions (8.3), (8.6) and (8.7) that the sequence { f;(t)} satisfies
the desired conditions (8.1) and (8.2).

Step 2: We let
0
50 = (00):

and consider the Cauchy problem

U'(t)=AU(t) + F;(t), t>0,
U(0) = Up.

Here recall that
X =M x L*(2,R"),

A:<OI>:X—>X

and

A0

with domain
D(A) = D() x H.

By condition (8.1), we have the following three assertions:

(a) Fj € D(A).
(b) Fj(t) € C([0,00), X).
(c) AF;(t) € C([0,00), X).
Therefore, by applying the Hille-Yosida theorem ([8, Chapter II, Theorem 1.3])

we can find solutions

U;(t) = (’;ﬁ;) € ([0, 00), &) N C([0, 00), D(A)) (8.9)

of problem (8.8). In particular, we have the formulas

du; 0 I\ (u;(t) 0 v;(t)
it | = J + = J ) . 8.10
(dd—) (20) (20) * (510) = (ot V50 (8.10)
By combining assertion (8.9) and formulas (8.10), we obtain the following four

assertions:

(1) uj € C'([0,00),H).
(i) L4 = v; € C1([0,00), L*(2,R™).
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s dPu dv; n
(iil) =t = a € C([0,00), L*(2,R™)).
(iv) Au; = G2 — f; € C([0,00), L*(£2,R")).

Since Au;(t) € C([0,00), L*(2,R")), it follows from inequalities (7.10) with wug :=
u;(t) — u;(t') that we have, as t — t/,

llw (£) — wj (8| Doty = i (8) — wi(t) | L2 (0 rmy + [y () — Awi(t) || 20 rm)
<y (t) - uj(t/)HH2(Q,R") + || (t) — Qluj(t/)HLz(Qan)

1
< (0_1 + 1) 1202 () — A (¢') ]| L2(2, R

— 0.

This proves that u;(t) € C([0,00), D(A)).

Summing up, we have proved that the approximate solutions {u;(t)} enjoy the
regularity property (2.1):

u;(t) € C%([0,00), L*(2,R™)) N C* ([0, 00), H) N C([0, 0), D(A)).
Step 3: By applying the energy inequality (2.3) to the functions

w;(t) — ug(t),
we obtain that

llwj (t) — wi ()| 20, mm) + 11w (£) — wio(t) |2
+ [Juf () — wi (8) || 20 m

t ! !
<C <Hfj(0) = f(0)llL2(2,rm) +/0 1£i(s) = fe()llL2(2,rm d8> :

However, by assertions (8.2) we have the following two assertions:

(8.11)

(1) {£;(0)} is a Cauchy sequence in L*(2,R").
(2) For[any] given T > 0, {f;(s)} is a Cauchy sequence in L?(2,R"™) for each
s e (0,T].

Moreover, by applying Lebesgue’s dominated convergence theorem we obtain from
assertion (2) that

T
/0 [1£7(s) = fr(s)ll L2(2,mny ds — 0 as j, k — oc.
Hence it follows from inequality (8.11) that we have, for all ¢ € [0, T7,

llwj (t) — wi ()| 20, mmy + 1w (£) — wi (8) |2
+ [ () — Ug(t)”Lz(Q,Rn)

t
<C (Hfj(o) = k0 llz22,rm) +/0 I1£5(s) = Fi(s)llL2(2.rm) dS)

T
<C <|fj(0) = k02 (2,rm +/0 I1£5(s) = Fr()llL2c2rm) ds)

—0 asj, k— .

Summing up, we have proved the following three assertions:
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(1) {u;(t)} is a Cauchy sequence in C([0,c0), H?*(£2, R™)).
(ii) {w}(t)} is a Cauchy sequence in C([0,0), H).
(iii) {u}(t)} is a Cauchy sequence in C([0,00), L*(£2,R")).

Therefore, by combining assertions (i), (ii) and (iii) we can find a function

v(t) € C%([0,00), L*(2,R™)) N C*([0,00), H) N C([0, 0), H*(2,R"))

such that
uj(t) — v(t) in C([0,00), H*(2,R")), (8.12a)
uwj(t) — v'(t) in C([0,00),H), (8.12b)
uj(t) — 0" (t) in O([0,00), L*(2,R")). (8.12c)

Step 4: Finally, by passing to the limit in the Cauchy problem

uf(t) = Au; + f;(t) t>0,
u;(0) = uo,

u}(0) = wu,
we obtain from assertions (8.2) and (8.12) that the limit function
v(t) € C*([0,00), L*(2,R™)) N C* ([0, 00), ) N C([0, 0), D(A))

is a solution of the initial-boundary value problem (5.1). Here we recall that the
graph norm ||-|| p¢g is equivalent to the norm ||-|| g2, rn) (see inequalities (7.10)).

Therefore, the desired regularity property (2.1) follows from the uniqueness
theorem for problem (1.1) (Theorem 6.1):

u(t) = v(t) € C*([0,00), L*(2,R"™)) N C* ([0, 0), ) N C([0,0), D(A)).

Now the proof of Theorem 8.1 is complete.

9 Open problems

In this last section we give two important open problems concerning the initial-
boundary value problem (1.1) of linear elastodynamics:

(1) The first problem is to generalize main results to the case where the domain
2 has corner singularities.

(2) The second problem is to study the case where the function a(x) is the char-
acteristic function of a subset of the boundary 042.

For a smooth domain {2, partial results are obtained by Hayashida [9, Theorem
1], Ibuki [12, Theorem 2], Inoue [15, Theorem B] and Ito [16, Main Theorem].
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