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Preface

I have studied Algebraic Number Theory. This dissertation is devoted to the study of a method
for finding a minimal point of the reduced lattice in a cubic algebraic number field of negative
discriminant and the study of two families of cubic number fields. One of the algorithms that
find the fundamental units of the order of cubic number fields is Voronoi’s algorithm. Voronoi’s
algorithm determines a chain of minimal point in such a lattice. It is known that to find all the
minimal points of a reduced lattice, it is sufficient to know how to find a minimal point adjacent
to 1 in any reduced lattice. Two versions are familiar as such a method: one version is by Delone
(1940) and the other is by Williams, Cormack and Seah (1980). Williams, Cormack and Seah
utilized the two-dimensional lattice obtained from a reduced lattice R to find a minimal point
adjacent to 1 in R. Subsequently, Adam(1995) utilized an isotropic vector of the quadratic form
obtained from a basis of a reduced lattice R. Later, Lahlou and Farhane(2005) generalise the
Adam’s method.

First, we give a method for finding a minimal point adjacent to 1 of the reduced lattice R in
cubic number fields using an isotropic vector of the quadratic form and the two-dimensional
lattice. Second, we consider a one-parameter family of cubic fields introduced by Ishida (1988).
His family has a lot of interesting characteristics. For instance, each field of this family has
an unramified cyclic extension of degree 9 under certain conditions. And finally, we consider a

two-parameter family of cubic fields.

In chapter 1, firstly, we shall consider a Q-linear map 7 from reduced lattice R to R? and
investigate two-dimensional lattice L = R7. In that case we define terminology for F-point as a
special element of R. We also define terminology for normalized basis of R. Secondly, we shall
show the existence of a basis of R that contains an F-point and that satisfies some conditions.
Next, we shall prove a theorem about the relationship between this basis and the normalized
basis of R. Then, we shall divide all the occurring cases for the basis of R into six cases. Then,
we refine candidates of a minimal point adjacent to 1 in a reduced lattice R. To narrow the
candidates, we use three tools: the theorem of Williams, Cormack and Seah (1980) in which the
candidates are described by the normalized basis , the relationship mentioned above and the
isotropic vector of the quadratic form obtained from a basis of reduced lattice. Finally, we shall

give several numerical examples. The result of this chapter is contained in my paper [21].



In chapter 2, we shall consider the cubic number fields Q(6) defined by 6% — 30 — b3 =
0 (0,£1 # b € Z), which is introduced by Ishida as mentioned above.
In section 1, we shall find Voronoi-algorithm expansion of the order Z[6)].
In section 2, we shall find an integral basis of Q(#) using Voronoi’s theorem on integral basis.
In section 3, we shall prove a theorem which gives sufficient conditions so that € (the fundamental
unit of Z[0]) is the fundamenatal unit of Q(6), using Artin’s lemma on a unit of cubic number
field. To prove the theorem, we also need a lemma about a diophantine system, which Lee and
Spearman(2011) proved using theories including Algebraic Curves. Using the theorem, we shall
show that there exist infinitely many cubic fields Q(6) such that € is the fundamenatal unit of
Q(8).
In section 4, we shall consider a family of biquadratic fields Fj, := Q(v/—3, v — 4) (0,£3 #
b€ Z,b =0 mod 3). Given the property of ¢, we can show that the length of the 3-class tower
of Fj is greater than one using a theorem due to Yoshida(2003). The result of this chapter is
contained in my paper [18,20,22].

In chapter 3, we shall consider a family of orders of complex cubic fields which depend on
two parameters. Using the similar method in chaper 1, we shall obtain the Voronoi-algorithm
expansions of orders and the fundamental units of orders. The result of this chapter is contained

in my paper [19].

I would like to express my deep gratitude to Professor Shigeki Akiyama and Professor Shin-ichi

Yasutomi for their helpful suggestions and constant encouragements.
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1 A method for finding a minimal point of the lattice in cubic

number fields

Let K be a cubic algebraic number field of negative discriminant. It is known that to find all
the minimal points of a reduced lattice R of K, it is sufficient to know how to find a minimal
point adjacent to 1 in any reduced lattice of K (refer to Definition 1.1 for a rigorous definition).
Williams, Cormack and Seah [34] utilized the two-dimensional lattice obtained from a reduced
lattice R to find a minimal point adjacent to 1 in R (the definition of such a two-dimensional
lattice is forthcoming in Section 1). Moreover, Adam [1] utilized an isotropic vector of the
quadratic form obtained from a basis of reduced lattice R (the definition of such a quadratic
form is forthcoming in Section 3). Later, Lahlou and Farhane [24] generalise the Adam’s method.

In this chapter, we shall prove six theorems which give candidates of a minimal point adjacent
to 1 in a reduced lattice R. In each case of the theorems, the maximum number of candidates
© € R such that we must check whether F'(¢) < 1 or not is at most four. Also, such six theorems

contain all the occuring cases.

Definition 1.1. (1) Let 1,3,y € K be independent over Q. We say that R = (1,3,v) =

7+ 7.0+ Z.vy is a lattice of K with basis {1, 3,v}.

N,
(2) For a € R we define F(«) = k(@) _ o', where N denotes the norm of K over Q,
a

and o and o the conjugates of .

(3) Let R be a lattice of K, and let (> 0) € R. We say that ¢ is a minimal point of R if for
all @ in R such that 0 < a < ¢ we have F(a) > F(p).

(4) Let R be a lattice of K and ¢, ¥ € R be a minimal point. We say that 1) is a minimal
point adjacent to ¢ in R if = min{a € R; ¢ < a, F(p) > F(a)}.

(5) If R is a lattice of K in which 1 is a minimal point, we call R a reduced lattice.

1.1. Basis of reduced lattice (I)

Definition 1.2. Let « € K. We define Y, := Re o, Z, := Im o/, X, = o — Y,. Let
Ae K pe K\Q. We define wi(\, ) := —(2x/Z,), w2 (A, ) := =Y\ —wi (A, 1) Y.

Remark. In [34] Yo, = Im o', Z, = Re /.



Proposition 1.1. Let a € K,c € Z. Then
(1) F(a) = Y2 + Z2.
2)a¢gQ = Yy, Xo e K—-Q,Z, Q.
(3) K 1, \, i are independent over Q = wi(\, u) € Q.
(4) K 3 1, A\, u are independent over Q

= 1, X, X, are independent over Q.

. X/\ X,u
(5) K 1, A, u are independent over Q = det £ 0.
Zy 2y,

(6) Let a ¢ Q. Then

(i) -1<Yaye <1l & c=[-Y,]or [-Y,]+1,
(11) }/[—Ya]—i-a < OaY'[—Ya]—Q—l—Q—a >0,
(

i) Yoy j4al <1/20r [Yioy, 1140l <1/2.

Proof. (3) Let K = Q(0) and A = ag + a16 + a20?(a; € Q),

p = bg + b16 + b26%(b; € Q). Then we have

Zy= (N = V) = Ll —0") + an(0? — )}

= 50— ") a1+ ax(l +0")} = Zofar + (Tijof)an — asf} (1 = 1),
Similarly we have Z,, = Zp{b1 + (T pt)b2 — b20}. Suppose that

O _atpap—af r € Q (p=Tg/gf). Then we have

Z, by +pby—bf
T(bl + pby — b29) = —(a1 + pas — a29), rb1 + rpbs + a1 + pas — (Tbg + CLQ)H =0.

wl(Avru) = -

Hence rby + a2 = 0,701 + a1 =0, s0 ag +1rbg — A — ru = 0.

Since 1, A, u are independent over Q, we have reached a contradiction.
Therefore we have wi(\, 1) ¢ QO

(5) Since 1, A\, u are independent over Q, by algebraic number theory

1 X 1 A pu
det | 1 XN 4 # 0. Moreover, det | 1 N // =2i(X\Z, — X, Z)).
1 A// /J;I/ 1 )\// M//

Therefore we have X\ Z, — X, Z\ # 0.

O Otheres are easily deduced from definitions. [J

Definition 1.3. Let R be a reduced lattice of K. For R > o we define
Q1) if ‘Ya(l)’ < 1/2

0/ 9) if ‘Ya@)‘ < 1/2
a — [a], where [...] is the greatest integer function.

aqy = [Ya]l ta, gy i=[-Ya] + 1+, ag) =

o
=
o
=S
I



Note that |Z,| < v/3/2 = Fog) < 1.

Let R = (1,3,7) be a reduced lattice of K. Let 7 : K — R? be the Q-linear map defined
by o = (Xa,Zs). Note that for aj,as € R, of = af < there exists some ¢ € Z such
that ae = ¢+ aq. Let L:=R"™ = (37,~47). By Proposition 1.1,(5) L is a two-dimensional lattice.

Moreover, by Proposition 1.1,(3)(4) L has the following property (A):
(A) LN ({0} xR) = LN (R x{0}) = {(0,0)}.

Now we prepare two lemmas about the two-dimensional lattice which has property (A) from

Delone’s supplement I in [9].

Definition 1.4. Let L(C R?) be a two-dimensional lattice which has property (A).

(1) For R? 3 S = (S,,5,) # (0,0) we define C(S) := {(u,v) € R?; |u| < |Sul,|v] < [Su]}-
Then we say that S € L is a minimal point of L if L N C(S) = {(0,0)}. The system of all the
minimal points of L we denote by M(L). We put M(L)so :={P € M(L); P, > 0}.

(2) Let S(Sy > 0),Q(Qy > 0) € L be a minimal point of L. We say that () is a minimal point
adjacent to S in L if Q, = min{P,; P € L, S, < P,,|Sy| > |Ps|}-

Lemma 1.1. Let L(C R?) be a two-dimensional lattice which has property (A). Let L
S,Q (Sy > 0,Q, > 0). Then @ is a minimal point adjacent to S in L if and only if L =

(S,Q), Su < Qu, [Sv| > |Qu], SvQuv < 0.
Proof. From Theorem XI,XII,XIII in [9,p.467-469]. (cf. Theorem 4.1 in [37]). O

Lemma 1.2. Let L(C R?) be a two-dimensional lattice which has property (A) and let
E,G,H € L. We assume that G is a minimal point adjacent to £ and that H is a minimal
point adjacent to G. Then we have H = E + [-E,/G,]G.

Proof. From supplement I,Section 3,34 in [9,p.470]. O

Proposition 1.2. Let R be a reduced lattice of K, and let L := R”. Then there exists a
basis {1, A, u} of R such that A\™ is a minimal point adjacent to u” in L, 0 < Xy, F()\3)) <
1, Fu)) > 1.

Proof. Let R = (1,[,v). For ¢ > 0, we shall consider a rectangular neighbourhood of (0,0),
ie. W(e,v/3/2) = {(u,v) € R? |u| <&, |v] < V3/2}. By Minkowski’s convex body theorem,



there exists € > 0 such that L N W (s, v/3/2) # {(0,0)}. We take such a ¢ > 0 and fix it. We
put W = W(e,v/3/2). Then there exists Q = (Qu,Q,) € LNW such that Q, = min{P,; P €
LNW,0 < P,}. Note that such a @ € L is uniquely-determined. We have L N C(Q) = {(0,0)}.
Hence @ is a minimal point of L. There exists S € L such that @ is a minimal point adjacent
to S in L. By Lemma 1.1, {S,Q} is a basis of L. Since both {S,Q} and {57,177} are a

basis of L, there exists b € GL9(Z) such that (Q S) = (87 ~7) boa) We have

ros ros
Q = pBT + 1y = (pf + rvy)". Similarly, we have S = (¢B + s7)7. We define \,u € K by
p q

Ap) =B . Then we have R = (1, \,u),Q = A", S = u”. Since Q = (Qu, Qv) =
r s

N = (X, Zy), from |Zy| < V/3/2, we have F(\)) < 1. From this, if we put Rp = {a €
R; a7 € M(L)so, F(ag)) < 1}, then Rp # 0. Let W(e, 1) := {(u,v) € R?% |u| <e,|v| < 1}. As
W(e,v/3/2) € W(e, 1), we have 1 < |[RT. "W (e, 1)| < oo. Hence there exists \™ € RL. N W (e, 1)
such that X = min{X,; a” € RpNW(e, 1)}. Since F(a)) <1 = [Za| <1, it is easily seen
that X) = min{X,; o € ReNW (e, 1)} = min{X,; o € Ry} = min{X,; a € Rr}. For this
A, there exists ¢ € R such that A\” is a minimal point adjacent to u” in L. Moreover, for such a

p we have F'(jus)) > 1. O

Remark. Such a basis in Proposition 1.2 is easily found by modified version of Algorithm (A) in

34,p.581].

Definition 1.5. Let R be a reduced lattice of K, and let L := R7. We say that A € R is a
F-point of M(L)so if A € Rp, X) = min{X,; o € Rp}.

Lemma 1.3. Let R be a reduced lattice of K. If 0 < X, F(\)) <1, then we have 0 < Ay).

Proof. We assume that 0 < X, F()\(3)) < 1. From 0 < X, = X)\(z) = A2) — Y>\<2), we have
A@2) > Y,\(2) > 0. Hence we have A(9) > 0. Suppose that Ay < 0. We have 0 < Ap) = A;)+1 <
1,50 =1 < A(yy < 0. Since R is a reduced lattice of K, we have F'(A\p)) > 1. Hence we have
A@) = Ay, 80 F(A1)) < 1. From this, F((—=A(;)) < 1. Since R is a reduced lattice of K, we have

reached a contradiction. Therefore, we have ;) > 0. U



Theorem 1.1. Let R be a reduced lattice of K. Then there exists a basis {1, \, u} of R such
that

(a) 0 <A< 1,-1/2 < pu, F(p) >1,2Y,] <1,0< X, < X),0 <wi(A\p) <1,

(b) wa(A, p) >0,

(c) F(lws] + A) <1 or F(jwa] +1+A) < 1.

Proof. By Proposition 1.2, we can take a basis {1, A\, u} of R such that A™ is a minimal point
adjacent to 7 in L, 0 < Xy, F(A3)) <1, F(ug) > 1, Ais a F-point of M(L)so. Clearly,
R = (1, \0), (3))-

(a) Clearly we have 0 < Ay < 1, F'(p)) > 1,2[Y,

|<170<X,u :X#<X>\(O>:X)\.

®) ®)
From 0 < X, = X, ;) = p3) — Yy, we have —1/2 < p3). From Remark 1.1 bellow, we
have 0 < wi(A, p) < 1. Since wi(Ao), 13)) = —(Zrg,/Zugsy) = —(Zx/Zu) = wi(A, p), we have
0 < wi(Ays k3y) < 1.

(b) Proof of “wa(Ag), pzy) > 0”.

(i) The case Ay = [-Va] + A > L Ay =[]+ A = [-Y) )] + Ao) > L.

Hence —Y), > 1. From this and from 0 < w1 < 1,[Y, [ < 1/2 we have wa(\o), i(3)) =
Yoo = wiA0) #3)) Yy > 0-

(ii) The case A1) = [~YA] + A < 1. By Lemma 1.3, we have \;j > 0. From 0 < Ay < 1,
we have F'(A\(1)) > 1 because R is a reduced lattice of K. Therefore we have F'(\(3)) < 1. Since
F(A@)) > 1, we have Y}, ;) < —1/2. Note that A1) = A(g). Hence from Y}, =V ,) < —1/2 and
from 0 < wy < 1,[Y,, | <1/2 we have wa(Ao): #(3)) = —Ya) — w1(A(0), 4(3)) Yugsy > 0.

(c) Proof of “F([w2] + X)) <1 or F([wa] + 1+ X)) <17.

(i) The case Y, < 0. Since wy — (=Y} ,) = —w1Yy, > 0, we have —Y) ,/ < wp. From this

(3)
and | —w1Yy,, [ < 1/2, we have [wo] = [=Y) ] or [-Y) ;] + 1. Note that [wo] = [V}, ] +1 =
0 < [NVl +1-(-Y,) <1/2 = 0<Y,, =[-Y,]+1+Y, <1/2. Hence if
[wa] = [=Y) ] + 1, then we have A3) = A(g). Therefore, we have “[ws] + Ay = [-Y) ;)] + A) =
)\(1), [wa] + 1+ )\(0) = )\(2)” or “lwa] + )\(0) = [—Y)\(O)] +1+4 )\(0) = )\(2)7 F()\(g)) <17,

ii) The case Y., > 0. Since wy — (=Y, = —w1Y,., <0, wehave —Y) . > ws. From this
H(3) (0) H (0)

(3)
and | —w1Yy, [ < 1/2, we have [wo] = [-Y) ] or [-Y), ] — 1. Note that [wo] = [V}, ] -1 =
0< Yy — [Vl <1/2 = —1/2 <Yy, = [-Y), ]+, <0. Henceif [wo] = [-Y), ] -1,
then we have A(3) = A(1). Therefore we have “[wa] +Ag) = [=Yx o) | +A0) = A), w2l + 1+ A0) =

Ag)” or “wa] + 1+ Aoy = Ay, F(Apy) < 17. O



Remark 1.1. Let R = (1,08,7v), 0 < X, < Xg. Then 4" is a minimal point adjacent to 57 in
L & 0<wi(f,y) <Ll

1.2. Basis of reduced lattice (II)

Definition 1.6. Let R be a lattice of K, and let {1, N, M} be a basis of R. We say that
{1, N, M} is normalized provided that
0< Xy <Xn, |Zpm|>1/2, |ZNn| < 1/2, Zpy- Zn <.

We quote Williams [37], Theorem 8.1 as Theorem 1.2 for our convenience.

Theorem 1.2(Williams [37],Theorem 8.1). Let R be a reduced lattice with the normalized
basis {1, N,M}. If 0, = v+ yN + 2M (z,y, z € Z) is the minimal point adjacent to 1,
then (y7 Z) S {(17 0)7 (07 1)7 (17 1)7 (17 _1)7 (27 1)}

In this paper, 6, denotes the minimal point adjacent to 1 of any reduced lattice R. We shall

consider the relationship between F'-point and the normalized basis.

Theorem 1.3. Let R be a reduced lattice with the normalized basis {1, N,M}. If R =
(I, \,;), A" is adjacent to u™, X is a F-point of M(L)sg (L = R7), then A™ must be one of
N7, (N — M)", M™. Moreover,

(1) The case \™ = (N —M)"0 N™ =(d+ DA\ +u", MT =d\" + 4,

(2) The case \™ = M7: NT =d\" + 4",
where d = d(A, p) = [1/wi (A, p)]-

Proof. Recall that Rp = {a € R; o” € M(L)>o, F(a@)) < 1}, X\ = min{Xs; o € Rr}.
By Lemma 1.1 and Definition 1.6, we have N € Rp. Hence, we have X, < Xpy. Since
L= (NT,M7) = (\",u"), there exists a,b € Z such that \™ = aN" + bM".

(i) The case a < 0. Since X, > 0, we have b > 0. Moreover, since |Z)| = |aZy + bZy| =
la| - |Zn| + b |Zpm| < 1 and 1/2 < |Zp|, we have b < 1. Therefore b = 1. Hence X) =
aXn +bXy =aXn+ Xy =Xy —|a| - Xy < 0. Therefore the case (i) is impossible.

(ii) The case a = 0. Since Xy = aXn + bXp; = Xy, we have b > 0. Since |Z)| = b|Zp|, we
have b = 1. [i.e. (a,b) = (0,1)]

(ili) The case a > 1,b < 0. Since |Zx| = a|Zn| + |b| - |Zp| < 1, we have |b] < 1.

1) The case b = —1. Since X) = aXy — Xy = (a — 1) Xy + (Xn — Xnr), if a > 2, then we



have X > Xy, which is impossible. Therefore, we have a = 1. [i.e. (a,b) = (1,—1)]
2) The case b = 0. Since X = aXy = (a — 1) Xn + Xy, if a > 2, then we have X > Xy,
which is impossible. Therefore, we have a = 1. [i.e. (a,b) = (1,0)]
(iv) The case a > 1,b > 1. We have X = aXy + bX ;s > X, which is impossible. Therefore,
the case (iv) is impossible.

By (i) to (iv), we conclude that A\™ = aNT +bM™ =M™ or (N — M) or N”.

(a) The case |Z,| < 1/2. Since |Z,| > v/3/2 > 1/2, we have A" = N7, " = M.

(b) The case |Z)| > 1/2. Since AT # N7, we have 0 < X < Xy. Hence we have
ANT=(N—-M)" or M".

(b-1) The case AT = (N — M)". We have
(1.1) X = Xn-m < X < Xn.

Because if Xj; < Xy = Xn-m < X, then from Xy < Xn_wu, |[Zm| < |Zn—n1], we have
LNC(N —MT) = Ln{(u,v) € R? |u| < Xn_m,|v| < |Zn-m|} 2 M™ # (0,0). Since
AT = (N — M)™ € L is a minimal point, we have reached a contradiction. Therefore we have

X)=Xny_nm < Xy < Xn. By Remark 1.1 we have 0 < wy (N, M) < 1. Since w1 (M, N — M) =
1
wl(N,M)+1’
adjacent to (N — M)". Note that R = (1, M, N — M). Hence we have

(1.2) Xy—pm < Xy & M7 is adjacent to (N — M)7.

we have 0 < wi(M,N — M) < 1. From this, if Xy_pn < Xy, then M7 is

Since M7 is a minimal point adjacent to A", and A" is a minimal point adjacent to u”, by
Lemma 1.2 we have M7™ = u” +[—(Z,/Z))|\". We put d = [—(Z,/Z))] = [1/wi(X, p)]. We have
MT =y +dX\". From AT = N7 — M7, we have N™ = u” + (d + 1)\". Therefore we obtain
formulas M7 =d\" +u", N" = (d+ 1)A\" +pu’.

(b-2) The case AT = M.

Since N7 is a minimal point adjacent to A7, and A7 is a minimal point adjacent to u”, by
Lemma 1.2 we have N™ = u” + [—(Z,/Z)\)]\" = p” + dX\". Therefore we obtain formulas0
MT™=X", NT=d\" +u". O

10



Corollary 1.1. Let R be a reduced lattice with basis {1, A\, u} such that A\™ is adjacent to u™, A
is a F-point of M(L)~o (L=TR"). lf ; = x +y\ + zp (x,y,2 € Z), then

the case AT = N7: (y,2) € {(1,0),(1,1),(1,-1),(2,1)},

the case AT = (N — M)": (y,z) € {(1,0),(d,1),(d+ 1,1),(2d + 1,2), (3d + 2,3)},

the case \™ = M": (y,z) € {(1,0),(d,1),(d+ 1,1),(2d + 1,2),(d — 1,1)},

where d = [1/w1 (A, )] > 1.

Proof. From Theorem 1.2. [J

Remark 1.2. Since 1/(d+ 1) < wy < 1/d, we have
[dwi] = [(d — Dw1] =0,[(d+ Dwr] = 1,1 < [(2d + 1)w1] < 2,2 < [(3d + 2)w] < 4.

Theorem 1.4. Let R be a reduced lattice with basis {1, A, u} such that F(u) > 1,2|Y,| <
LO< X, < X),0<wi(\p) <1, F(\3) <1

Then A™ must be one of N7, (N — M)™, M™. Moreover, if \™ = (N — M)™ or M7, then A is a
F-point of M (L)~ (L =TRT).

Proof. At first, we note that \™ is adjacent to 7. Also A € Rp. From 2|Y,| <1, p = ).

(a) The case |Z)| < 1/2. Since F(u3)) = F(u) > 1, we have |Z,| > v/3/2 > 1/2. Hence we
have A" = N7, u" = M".

(b) The case |Z)| > 1/2. Let A\* be a F-point of M(L)so. So we have Xy« < X). We shall
show that A*™ = \7. Suppose that \*7 £ \".

(i) The case \™ # M". We have
(i-1) Xy < X, < Xy < X < Xn.

> 1/2, by Theorem 1.3, we have \*™ = M” or (N — M)". Hence \*” = (N — M)".

Since |Zy»
By (1.1) in the proof of Theorem 1.3, we have Xy« = Xny_n < Xp. From (i-1), we have
X = Xn-m < X, < Xy < Xy < Xn. Since M7 is adjacent to (N — M)", we have reached a
contradiction.

(ii) The case AT = M7. Since \*™ # A", by Theorem 1.3, we have \*” = (N — M)". By (1.1)
in the proof of Theorem 1.3, we have X« = Xy_jpr < Xjps. Hence we have X« = Xy_y <
X, < X\= Xy < Xy. Since M7 is adjacent to (N — M)", we have reached a contradiction.
By (i)(ii), an assumption \*” # A" lead to a contradiction. Therefore we have A*7 = \7.

Finally, if AT = (N — M)"™ or M7, then we must have only the case (b), so A is a F-point of
M(L)o. O

11



Remark. F(A3)) <1 & Jc€Z; Flc+ M) <1

Corollary 1.2. Let R be a reduced lattice with basis {1, A, u} such that F(u) > 1,2|Y,| <1,
0< X, <X),0<wi(\p) <1L,F(\g) <1 If0,=x+y\+2pu (v,y,2 € Z), then (y, 2)

e {(1,0),(1,1),(1,~1),(2,1),(d,1),(d + 1,1),(2d + 1,2),(d — 1,1),(3d + 2,3)}, where d =
[1/wi(A, p)] = 1.

1.3. Preliminaries (I)

Definition 1.7. Let R be a lattice of K. For a basis {1,\, u} of R, we define a mapping
Fyu: R3 — R by F)\’#(x’y’ ) = 372+()\/+>\/,)33y+(M/+MH)1’Z+()\/M”‘i‘/\”ﬂ/)yz‘f‘)\,)\”yQ+M/MHZ2.
For any (z,y,z) € Z3, we have F) ,(z,y,2) = F(z + y\ + zp).

Remark. F), is a positive quadratic form with real coefficients of rank 2. (we,1,w;) is an

isotropic vector of F) ,.

We quote Lahlou and Farhane [24],Lemma 2.2 as Lemma 1.4 for our convenience. (cf.

[1],Lemma 2.2)

Lemma 1.4(Lahlou and Farhane [24],Lemma 2.2). Let R be a lattice of K and let {1, A\, u} be
a basis of R. Then we can write
(1) Fxpu(z,y, 2) = a(z — w1y)? + 2b(z — w1y)(z — way) + (. — way)?
1 1
(2) Fup..2) = 5l — wm)? + 3(e — woy + 26(z — w19))” + (a — 26%)(z — w1y’
a 9 a 2b 9 2b* 2
(3) Faue.9.2) = 2z =0 + 2z — oy + 2w —wng))? + (1~ ) — )
with a = F(p), b=1Y),.

Definition 1.8. Let R be a reduced lattice with basis {1, A, u}
such that p > —1/2,wa(A, 1) > 0,0 < wi(A, p) < 1. Let y € Z. Then

we define
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¢1,y [woy] — 1+ yA + [wiylp Y1y = [woyl + 1+ yA + ([wry] — D
= woy] =1+ yA + ([wiy] + D gy = [woy] + 1+ yA + [wiylp
¢3,y = [woy] + yA + (Jwry] — Dp Yoy = [way] + 1+ yA + ([wry] + Dp
Yay = [way] + YA + [wrylp Yoy = [way] + 1+ yA + ([wiy] +2)p

Y5,y = [way] + yA + ([wiy] + Dp Y11y = [way] + 2+ yA + [wiylp
Yo,y = [woy] + yA + ([w1y] +2)u P12y = [way] + 2+ yA + ([wiy] + D
¢1 = tha1 = [wo] + G5 =121 = [wo] — L+ A+pu ¢g=2\+p

P2 =151 = [wo] + A+ P =1g1 = [wa] + 1+ A $10 = 3N+ 2u
¢3 =131 = [wo] + A —p ¢7—¢71=[wz]+1+)\—u
Ga=P1g=wa] =14+ ¢gg=vg1=[wo] +1+A+pn

Remark 1.3. (1) If 0 < u < 1, then we have

Y1y < VP2 < ay; Y1y <Py <Pay; Yay <Psy <oy < oy
Yay < sy < sy < b y; Yay < hry <ihgy <Py

Yoy < P10y < Yiz,y; Yoy < i1y < Yizy

(2) If 4 > 1, then we have

Y3y <Y1y < VYay; VYay < Y1y <Vay; Yoy <oy <Psy <thoy
Yay < Pgy < sy < Yoy Yay <Pgy < Priy < Yoy

Yoy < Y6y < Y10y Yoy < Y12y < Y10y

Lemma 1.5. Let R be a reduced lattice with basis {1, A, u}
such that p > —1/2,we(A, ) > 0 and 0 < w1 (A, 1) < 1.
Let a > max(1,2b% 2|b|), where a = F(u),b = Y. Then
(1) by € {iy; y(#0) € Z,1 <i <12}
(2) >0 = Y1 <ty (y>1).
(3) (1) b< 0 = F(¢ay) >1,F(sy) >1,F(h7y) >1,F(1114) > 1.
(i) b>0 = F(¢1y) > 1, F(¥3y) > 1, F(d10y) > 1, Fthrzy) > 1.
(4) F(¢3,1) > F(a1).
(5) (0<)b<1/2 = F(r1) > F(a1).
(6) F(v51) < F(¥4,1),0 <b <1 = F(¢r1) > F(¢a1).
(Mb>1 = F(yr1) > 1L
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8)b>0o0r —1/2<b<0 = F(¢11) > F(41).

9) F(¢51) > F(¥s1), (0 <)b<1 = F(a1) > F(41).
10) F(41) > F(¥51),0 <0 = cg = [wo] —wa < —1/2.
11) e1 = [w1] —w1 < =1/2,0 <0 = F(¢s1) > F(¢ga).
2 [a] if 0<a-la]<1/2

20 +1 if 1/2<a—[o]

~— ~—

(
(
(
(
(12) [20] =

Proof. We put ¢; = [w1] — w1, 2 = [wa] —w2. Then —1 < ¢1,¢2 < 0.
(1) was proved in Lahlou and Farhane [24], Theorem 2.1.
(2) obvious

(3) by Lemma 1.4,(1)

(4) By Lemma 1.4,(1), F(¢31) — F(%4,1) = —2ac1 + a — 2bcg = —2acy + a(1l — %02) > 0.

(5) By Lemma 1.4,(1), F(1h71) — F(th41) = —2acy +a -+ 2bey — 2besy — 2b+ 205 +1 = (1—2b)(1+
c2)+a+ca—2(a—b)eg > 0.
(6) By Lemma 1.4,(1) since F(¢51) < F(¢a1), F(¢a1) — F(¥s51) = —2ac1 — a — 2bey > 0.
So —2bcs > a(l + 2¢1). From this and a > 2b, we have —2bcy > 2b(1 4 2¢1), —co > 1+ 2¢5.
Hence —2¢i > 1+ cp. By this, F'(¢7,1) — F(4,1) = —2aci1 + a + 2bcy — 2bcy — 2b 4 2co + 1 =
(1-20)(14+c2)+a+ca—2c1(a—b) > (1—2b)(1+c2)+a+ca+ (14+c2)(a—b) = (1—-2b)(1+
c)+a—1+14+co+(1+e)(a—b)=(2—-2b)(1+co)+a—14+(1+c2)(a—b)>0

(7) If b > 1, then we have a > 2 because a > 2|b|. From this and by Lemma 1.4,(3), we have
F(r1) > 1.

(8) By Lemma 1.4,(1), F(¢1,1) — F(v4,1) = —2bcy —2c2+1 > 0.

(9) Since F(v51) > F(1g,1), we have F(¢51) — F(g1) = 2acy + a + 2bcg — 2bcy — 2¢o — 1 > 0.
From this, F(v2,1) — F(¢4,1) = 2ac1 + a — 2bcy + 2bcg — 2b — 2¢2 + 1 = (2acy + a + 2bcy — 2bey —
2c9—1)4+2—-2b>0.

(10) Since F(v41) — F(¢31) > 0, we have bc; + ¢ < —1/2. From this and b < 0,¢; < 0, we
have cp < —1/2.

(11) By Lemma 1.4,(1), F(191) — F(¥81) = 2ac1 +a+2b(ca +1) = a(2¢1 + 1) + 2b(ca + 1) < 0.
(12) is easily deduced from the definitions. O

Some of Lemma 1.5 were proved in Lahlou and Farhane [24],Theorem 2.1.

Remark. a > 1,2]b| <1 = a > max(1,4b*) = a > max(1,2b% 2|b)).
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1.4. Preliminaries (II)
In this section, we make the following assumption;

Assumption 1.1. Let R = (1, \, ) be a reduced lattice of K such that
() 0 <A<, =1/2<pu, F(p) >1,2Y,] <1,0 < X, < X),0 <wi(A\p) <1
(b) wa(A, ) >0 (c) F(¢1) < 1or F(¢s) < 1.

By Theorem 1.1, we can take such the basis. So in next section,

we shall consider six cases:

(14) 0<p<l,¢1>1 (24) p>1,¢1>1 (BA) u<0,¢1>1
(1B) 0<M<15¢1<17F(¢6)<1 (QB) M>17¢1<17F(¢6)<1
(BB) n<0,¢1 <1,F(¢6) <1

We note that
(A) pr =[w2] +A>1 & [wo] > 1 & wy > 1,

B) g1 =[wo] + A <1 & [wo] =0 & wy < 1.
Lemma 1.6. If ¢; <1, then (1) Y\ < —1/2  (2) wa(\, ) > 1/2 — w1 Y.

Proof. (1) From ¢ = [wa] + A < 1, we have [wa] = 0.

By definition Ay = [=Y)] + A, Aoy = [-YA] + 1+ A

Since R is a reduced lattice, from ¢; < 1, we have F(¢1) > 1.

Hence, by Assumpsion 1.1,(c), we have F(¢g) < 1.

From F(¢g) = F([wa] + 1+ ) = F(1+A) <1, we have 1 + X = Ay or A(g).
(i) The case 1+ A = A(y). Since =1 <Yy +1=7Y),, <0,

we have —2 < Y, < —1.
(ii) The case 1 + A = A(2). We have A = A(y. Since F()\(z)) <1,

we have 0 <Y), < 1/2. From this, 0 <Yy, + 1= i, < 1/2,s0 =1 <Y, < —1/2.
Finally, from (i)(ii), we have Y) < —1/2.

(2) From (1), we have —Y) > 1/2. Hence, wa(\, pu) = =Y\ —w1Y, > 1/2 —wY),. O

Corollary 1.3. Y, <0 = wa(A,pu) > 1/2.

By Corollary 1.2 if 0, = x+yX+2zu (x,y, 2 € Z), then (y, z) € {(1,0

)?(Ll)a(l?_l)a(Qv 1)7(d7 1)>
(d+1,1),(2d+1,2),(d — 1,1), (3d + 2,3)}, where d = [1/wi (A, p)] > 1.
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From Remark 1.2 and Corollary 1.3, we make the following tables in which we deside whether

the possibility that 6, = 1;, (1 <7 < 10,7 = 12) exists. Note that y > 1 = [yws] > ylws).

Table 1
wnw>0 n<0 w>0 ©w<0
(,2) U1y = [woy] = 1+ yA+ [wiylp No.
wy >1 wg >1 wy < 1 we <1
(1,0) [wo] =1+ A <1 <1 (1-1)
(1,1) [wa] =14+ A impossible | impossible | impossible | impossible
(1,-1) [wo] =1+ A impossible | impossible | impossible | impossible
(2,1) [2w2] — 142X + [2w1]p (1-2)
(d,1) [dwa] — 1+ dA impossible | impossible | impossible | impossible
(d+1,1) | [(d4+1wa] =1+ (d+ 1A+ p (1-3)
(2d+1,2) | [(2d + Dwo] =1+ (2d + DA+ [(2d + D)wi]p | > ¢6 (1-4)
(d—1,1) | [(d=1wa] =14+ (d—1)A impossible | impossible | impossible | impossible
(3d+2,3) | [(3d +2)ws] — 1+ (3d + 2)A + [(3d + 2wl | > ¢ > ¢g (1-5)
Table 2 (u > 0)
I R R P R B S (A S L
wg >1 wy < 1
(1,0) [wo] =1+ A+p impossible | impossible
L) |l — 1+ A+p (2-1)
(1,-1) [wo] =1+ A+p impossible | impossible
(2,1) [2wa] — 1+ 22 + ([2w1] 4+ 1)p (2-2)
(d,1) [dwo] —1+dN+p (2-3)
(d+1,1) | [(d+1Dwa] =1+ (d+ 1A+ 2u impossible | impossible
(2d+1,2) | [(2d + Dwo] =1+ 2d+ DA+ ([(2d + D)wr1] + L) | > ¢ (2-4)
(d-—1,1) |[(d=Dwa] =1+ ({d—-DA+p (2-5)
(3d+2,3) | [(3d + 2)wa] — 1 + (3d + 2)A + ([(3d + 2wi] + Dyt | > o6 (2-6)

16



Table 3

(y,2) Y3y = [way] + yA + ([wry] — D #=? pe? 1=y pe? No.
we > 1 we > 1 we <1 we <1
(1,0) [wo] +A—p impossible | impossible | impossible | impossible
(1,1) [wa] + A — impossible | impossible | impossible | impossible
(1,-1) [wo] + XA — <1 (3-1)
(2,1) [2wa] + 2XA + ([2w1] — )i impossible | impossible | impossible | impossible
(d,1) [dwa] + dX\ — 1 impossible | impossible | impossible | impossible
(d+1,1) | [(d+ Dwa] + (d+ 1)\ impossible | impossible | impossible | impossible
(2d+1,2) | [(2d + Dwa] + (2d + )X + ([(2d + 1)w;] — 1) | impossible | impossible | impossible | impossible
(d-1,1) | [(d=1Dwa]+ (d—=1DA—p impossible | impossible | impossible | impossible
(3d+2,3) | [(3d + 2)ws] + (3d + 2)A + ([(3d + 2)w1] — V1 | > 6 > ¢g (3-2)
Table 4
02) | ay = o] + A+ Loyl S s e IR B3
wy >1 wy >1 wy < 1 wy < 1
(1,0) [wa] + A <1 <1 (4-1)
(1,1) [wa] + A impossible | impossible | impossible | impossible
(1,-1) [wa] + A impossible | impossible | impossible | impossible
(2,1) [2wa] + 2\ + [2w1]y > P (4-2)
(d,1) [dwa] + dX impossible | impossible | impossible | impossible
(d+1,1) | [(d+Dwa] + (d+ DA+ p > ¢ 4-3
(2d+1,2) | [(2d + Dwa] + (2d+ DA+ [(2d + D)wn]p | > ¢ > P (4-4)
(d-1,1) | [(d=1)wa] + (d—=1)A impossible | impossible | impossible | impossible
(3d+2,3) | [(3d + 2)ws] + (3d + 2)A + [(3d + 2)wilu | > o6 > 6 (4-5)
Table 5
2) | vy = o] + 9+ (foag] + D SR I IR IR P
we > 1 we > 1 we < 1 we < 1
(1,0) [wa] + A+ impossible | impossible | impossible | impossible
(1,1) [wa] + A+ <1 (5-1)
(1,-1) [wo] + A+ impossible impossible | impossible | impossible
(2,1) [2wa] 4+ 21 + ([2w1] + 1) > g (5-2)
(d,1) [dws] +dA + > ¢e(d > 2) (5-3)
(d+1,1) | [(d+ Dwo] + (d+1)A+2pu impossible | impossible | impossible | impossible
(2d+1,2) | [(2d + Dwa] + (2d+ 1)A + ([(2d + Dwi] + 1)p | > o6 > b6 5-4)
(@—11) | [(d—Vwn] + (d— DA+ g > do(d > 3) (5-5)
(3d+2,3) | [(3d + 2)wa] + (3d + 2)A + ([(3d + 2)wr] + Dy | > o6 > ¢ (5-6)
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Table 6 (u > 0)

2 | vy = ] + A + (lony] + 2 "1 N
wrs1
(1,0) [wo] + A+ 2 impossible
(1,1) [wa] + A+ 2 impossible
(1,-1) [wa] + A+ 2p impossible
(2,1) [2wa] 4+ 2\ + ([2w1] + 2) e impossible
(d,1) [dwa] + dX + 2 impossible
(d+1,1) | [(d+ Dwa] + (d+ )X+ 3 impossible
(2d+1,2) | [(2d + Dwg] + (2d + D)X + ([(2d 4+ 1)w1] + 2)p | impossible
(d=1,1) | [(d=Dwo] + (d—1A+2u impossible
(3d +2,3) | [(3d + 2)ws] + (3d + 2)A + ([(3d + 2)w1] + 2)p | impossible
Table 7 (1 > 0)
(2 | wrg = loml #1402+ (o]~ v
wrs1
(1,0) [wo] F1+A—p impossible
(1,1) [wo] +1+A—p impossible
(L-1) | fwal +1+A—p (7-1)
(2,1) 2wo] + 142X+ ([2wi] — ) impossible
(d,1) [dws] +1+dX —p impossible
(d+1,1) | [(d+ 1wl +1+ (d+1)A impossible
(2d+1,2) | [(2d+ Dwa] + 1+ (2d + )X + ([(2d + 1)w1] — 1)p | impossible
(d-—1,1) | [d=Dwa]+1+({d-DA—pn impossible
(3d+2,3) | [(3d +2)wa) + 1+ (Bd+2)A+ ([(3d + 2)wr] — L) | > ¢
Table 8
psO
(y,2) Vs = [way] + 1+ yA + [wry]p No.
wrS1
(1,0) [wo] +1+ A (8-1)
(1,1) [wo] +1+ A impossible
(1,-1) [wo] +1+ A impossible
(2,1) [2ws] + 1+ 2X + [2w1]p > d6
(d,1) [dwo] + 1+ dX impossible
(d+1,1) | [(d4+Dwa] +14+(d+DA+p > g6
(2d+1,2) | [(2d + Dwa) + 1+ (2d+ 1)A + [(2d + D)wi]pe | > ¢6
(d—1,1) | [(d=1w]+14(d—1)A impossible
(3d+2,3) | [(3d+2)wz] + 1+ (3d +2)A + [(Bd + 2)wi]p | > @6
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Table 9 (u < 0)

)| oy = loasl + 1+ 97 + (rg) + D <0 .
wys1

(1,0) [wo] +F1+A+p impossible

(1,1) [wo] +1+ A+ (9-1)

(1,-1) [wo] + 1+ A+ 4 impossible

(2,1) [wa] + 1+ 2X + ([2w1] + Dp > ¢

(d,1) [dws] +1+dX\+ p > ¢6(d > 2)

(d+1,1) | [(d+1Dwa]+1+(d+1A+2p impossible

(2d+1,2) | [(2d + Dwa) + 1+ 2d+ D)X+ ([(2d+ D)wi] + ) | > ¢

(d-1,1) | [(d=Dwo]+1+(d—1)A+p > po(d = 3)

(3d+2,3) | [(3d +2)wa] + 1+ (Bd+2)A+ ([(3d + 2)wr] + L) | > ¢

Table 10 (u < 0)

(12) | Yrog = loay] + 1+ ¥+ ([wry] + 2D £ N
wys1

(1,0) [wo] + 1+ A +2pu impossible

(1,1) [wo] +1+A+2p impossible

(1,-1) [wo] +1+A+2pu impossible

(2,1) 2wo] + 142X + ([2wi1] +2)p impossible

(d,1) [dwa] + 1+ dX+ 2 impossible

(d+1,1) | [(d+ 1wl +1+(d+ 1A+ 3 impossible

(2d+1,2) | [(2d+ Dwa] + 1+ (2d + )X + ([(2d + 1)w1] + 2)p | impossible

(d-—1,1) | [(d=1Dwa]+1+(d—1A+2u impossible

(3d +2,3) | [(3d + 2)wa] + 1+ (3d + 2)A + ([(3d + 2)w1] + 2)p | impossible

1:2) | ray = oo + 2+ A+ (o] + Dy <0 .
wys1

(1,0) [wo] F2+A+p impossible

(1,1) [wo] + 2+ X+ p > ¢

(1,-1) [wo] +2+ A+ p impossible

(2,1) 2wa] + 24+ 22 + (2wi] + 1) > g

(d, 1) [dws] + 24 dX\ + p > d6

(d+1,1) | [(d+ 1w +2+ (d+ 1A+ 2p impossible

(2d+1,2) | [(2d + Dwa] +2+ (2d + DA+ ([(2d + Vwi] + Vg | > o6

(d—1,1) | [(d— Dwa] +2+(d— DA+ g > go(d > 2)

(3d+2,3) | [(3d +2)wa] + 2+ (Bd + 2)A + ([(3d + 2)wr] + L) | > ¢
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1.5. Main theorems

Theorem 1.5A. Let R = (1, A, 1) be a reduced lattice of K such that
0<A<L0< X, <X),0<wi(Ap) <Lw(Ap)>0,a>1,2b <1,
0<pu<1,¢1>1, where a = F(u),b=7Y),. Then

(1) If F(¢1) < 1:

(i) if b < 0, then the minimal point adjacent to 1 is ¢1, @3 or ¢g;

(ii) if b > 0, then the minimal point adjacent to 1 is ¢ or ¢s.

(2) If F(¢1) > 1, F(¢2) < 1:

(i) if b < 0, then the minimal point adjacent to 1 is ¢o;

(ii) if b > 0, then the minimal point adjacent to 1 is ¢o or ¢s.

(3) If F(¢1) > 1, F(¢2) > 1, F(d) < 1,

then the minimal point adjacent to 1 is ¢g.

Proof. Since ¢1 = [wa] + A > 1, we have [wq] > 1.
(1) was proved in [24], Theorem 2.1.
(2) We assume that F'(v41) > 1, F(¢51) < 1.
(i) the case b < 0,by Lemma 1.5,(4), we have ¢3 = 131 # 0,. By Lemma 1.5,(8), we have
¢4 = 1,1 # 4. The others were proved in [24],Theorem 2.1;
(ii) The case b > 0. The case were all proved in [24],Theorem 2.1.
(3) We assume that F'(41) > 1, F(¢51) > 1, F(g1) < 1.
By Lemma 1.5,(1)(2) and Remark 1.3,(1), we have 8, € {11,, V2., 3.y, Va,y, V5,4, V6,4, V7,4, V8,1 }-
(i) The case b < 0. By Lemma 1.5,(3), we have 0, € {114, ¢3,y, Y1y, ¥s54,%81}. Also by
Lemma 1.5,(10) we have ¢ = [wa] —wa < —1/2.
(a) In the case of 114, based on Table 1,
(1-1) from ¢ 1 =11 — 2 and F(¢g1) < 1, we have F(¢1,1) > 1.
(1-2) by Lemma 1.5,(12), 12 = [2wa] — 1 4+ 2\ + p = 2[wa] + 2\ + p or 2[wa] — 1 + 2\ + p.
Since ca < —1/2, 112 # 2{wa] — 1+ 2X + p. Hence 91 2 = 2[wa] + 2A + i > g 1.
(1-3) d>2 = 1441 > Yg1. If d =1, then ¢ 441 = 12 = [2wa] — 1 4+ 2X\ + p. This case
is just the same as (1-2).
(b) In the case of 13, based on Table 3,
(3-1) by Lemma 1.5,(4) ¢3 = 131 # b,.
(c) In the case of 14, based on Table 4,
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(4-1) by the assumption 141 # 0.
(d) In the case of 15, based on Table 5,
(5-1) by the assumption 15 1 # 6.
As a result, 151 remains.
(ii) The case b > 0. By Lemma 1.5,(3), we have 0, € {124, Y4y, V5,4, Y6y, V7,4, 08,1}
(a) In the case of v ,, based on Table 2,
(2-1) by Lemma 1.5,(9), 921 # 6.
(2-2) by Lemma 1.5,(12), 922 = [2wa] — 1 + 2\ 4+ p = 2[wa] + 2A + p(> ¥s5.1)
or 2[wa] — 1+ 2XA + p. The case P22 = 2[wa] — 1 + 2\ + p. If [wo] > 2, then we have 2[wq] —
1+2 N+ p > g1 If [we] = 1, then 929 = 1 + 2\ + . We shall show that F(1 4+ 2\ 4 p) > 1.
Since F(¢s) = F(2+ A) < 1, we have —1 < Yoy < 1, s0 =3 < Y) < —1. Suppose that
Yy > —3/2. Then Y5 = 2+ Yy > 1/2. From this, we have 1/4+ Z3 , < Y2, +Z3 , < 1.
Hence, |Zy4a| < v/3/2. Since Yy > —3/2 and Yy < —1, we have —1/2 < Yj,, < 0. Hence,
F(L+ X)) =Y, + 2L, =Y2A,+7Z5,, <1/4+3/4 =1 Since F(¢1) = F(1+A) > 1, we
have reached a contradiction. Therefore, we have Y\ < —3/2. From this, we have Yi 1oxi, =
14+2Y\+Y,<1-3+Y, <-3/2. Hence, F(1+2X\+p) > 1.
(2-3)d>3 = tYog=[dwa] —1+d\+p>1g1.
The case d = 1,2 are just the same as (2-1) or (2-2).
(2-5) Similar to (2-3).
(b) In the case of 14, based on Table 4,
(4-1) by the assumption, 141 # .
(c) In the case of 15 ,, based on Table 5,
(5-1) by the assumption 51 # 6.
(d) In the case of 1, based on Table 6,
no case is included
(e) In the case of 17, based on Table 7,
(7-1) by Lemma 1.5,(5), ¢7,1 # 0.

As a result, g1 remains. [J

Remark 1.4. From the proof in [24,Theorem 2.1], (1) and (2) don’t require the assumption
0 < X,, < X. Moreover, in (1) and (2) (except for the part of ¢), we can weaken the condition

from a > 1,2/b| < 1 to a > max(1,2b%,2/b|).
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Theorem 1.6A. Let R = (1, A\, u) be a reduced lattice of K such that
0<A<L0< X, <X),0<wi(Ap) <Lw(Ap)>0,a>1,20 <1,
p>1,¢1 > 1, where a = F(p),b =Y. Then

(1) If F(¢1) < 1:

(i) if b < 0, then the minimal point adjacent to 1 is ¢1, ¢35 or ¢g;

(ii) if b > 0, then the minimal point adjacent to 1 is ¢; or ¢7.

(2) If F(¢1) > 1, F(¢g) < 1:

(i) if b < 0, then the minimal point adjacent to 1 is ¢g;

(ii) if b > 0, then the minimal point adjacent to 1 is ¢5 or ¢s.

Proof. Since ¢1 = P41 = [wa] + A > 1, we have [wa] > 1.
(1) We assume that F'(¢41) < 1.
By Lemma 1.5,(1)(2) and Remark 1.3,(2), we have 04 € {41y, ¢34, Y7y, a1}
(i) The case b < 0. By Lemma 1.5,(3), we have 6, € {11y, %3, %41}
(a) In the case of 91 4, based on Table 1,
(1-1) Y11
(1-2) Y12 = [2wa] = 142X + p > tfg1.
(1-3) Y1.d+1 > -1 > V4.
(b) In the case of 13, based on Table 3,
(3-1) ¥31.
As a result, 141,13, and 11,1 remain.
(ii) The case b > 0. By Lemma 1.5,(3), we have 6, € {¢7,, %41}
(a) In the case of 97, based on Table 7,
(7-1) Y71
As a result, 141 and 171 remain.
(2) We assume that F'(¢4,1) > 1, F(¢s1) < 1.
By Lemma 1.5,(1)(2) and Remark 1.3,(2), we have 0, € {¢1,y, %24, 93,4, Yy, Y74, %81}
(i) The case b < 0. By Lemma 1.5,(3), we have 8, € {91y, V3, Y1y, ¥81}.
(a) In the case of 114, based on Table 1,
(1-1) from ¢ 1 =151 — 2 and F(¢g1) < 1, we have F(¢,1) > 1.
(1-2) Y12 = [2wo] — 1 +2X 4+ > 95 1.
(1-3) Y1 441 > g,1-
(b) In the case of 13, based on Table 3,
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(3-1) by Lemma 1.5,(4) ¢3 = 131 # b,.
(c) In the case of 144, based on Table 4,
(4-1) by the assumption 41 # 6.
As a result, 151 remains.
(ii) The case b > 0. By Lemma 1.5,(3), we have 0, € {124, Y4y, 7y, Vs1}
(a) In the case of v ,, based on Table 2,
(2-1) Y91 = [wa] =14+ A+ pu(> Ya1).
(2-2) o2 = [2wa] = 1+ 2+ > s 1.
(2-3)d>3 = o q=[dwa] —1+d\+p > s;.
The cases d = 1,2 are just the same as (2-1) or (2-2).
(2-5) Similar to (2-3).
(b) In the case of 14, based on Table 4,
(4-1) by the assumption 41 # 0.
(c) In the case of 17, based on Table 7,
(7-1) by Lemma 4.5,(5) 71 # 0.

As a result, 151 and 12 ; remain. 0J

Remark 1.5. By [24,Theorem 2.1], if ¢; > u , then in (1) we can weaken the condition from
0<A<1,0< X, <X)0<wAp) <lLw(Ap) >0a>1,20b <1to0<w((Ap) <
Lwa(\, 1) > 0,a > max(1,2b% 2|b|).

Theorem 1.7A. Let R = (1, A, 1) be a reduced lattice of K such that
0<A<L0< X, <X),0<wi(Ap) <lw(Ap)>0,a>1,2b <1,

p<0,¢1 > 1, where a = F(u),b =Y. Then

(1) If F(¢1) < 1:

(1) if [we] > 2, then the minimal point adjacent to 1 is ¢y, ¢2 or ¢y4;

(ii-a) if [wa] = 1, A 4+ p < 0, then the minimal point adjacent to 1 is ¢1 or 1+ ¢,
(ii-b) if [we] = 1, A 4+ > 0, then the minimal point adjacent to 1 is ¢1 or ¢s.

(2) If F(¢1) > 1, F(¢6) < 1, then the minimal point adjacent to 1 is ¢g, ¢ or ¢s.

Proof. Since p < 0 and 0 < X,,, we have b < 0 and —1/2 < p.
From Table 10 and Lemma 1.5,(3), we have 04 € {1y, V3.4, Va,y, U5y, ¥8.y, Yoy }-
(1) We assume that F(141) < 1.
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(a) In the case of 91, based on Table 1,
(1-1) 1.
(1-2) by Lemma 1.5,(12) 912 = [2wa] — 1 + 2X + 1 = 2[wa] 4+ 2X 4+ p(> va,1)
or 2[wa] — 142X+ p. The case 112 = 2{wa] — 1 4+ 2A + p. If [we] > 2, then we have ¢12 > 14 1.
If [wo] =1, Y12 =142\ + p.
(1-3) d>2 = 91441 > [Bwa] =14+ 3X+ 1> Pg1. The case d =1 is just the same as (1-2).
(1-4) Y2441 > Va1
(b) In the case of 13, based on Table 3,
(3-1) Y31 = [wo] + A — p > [wa] + A =ty
(c) In the case of 14,4, based on Table 4,
(4-1) a1
(4-2) Va2 = [2wa] + 2 + 11> a1
4-3) Ya,a41 > a1
(d) In the case of 15 ,, based on Table 5,
5-1) 51 = [wa] + A+ p.
5-2) Y52 = [2wa] + 2X 4 11 > Yy 1.
(5-3) d>2 = 54> [2wn] + 2\ + 1 > g1
The case d = 1 is just the same as (5-1).
(5-5) Similar to (5-3).
(e) In the case of 13, based on Table 8,
(8-1) abg1 > 1.
(f) In the case of 1)y, based on Table 9,
(9-1) g1 = [wa] + 1+ X+ > g .
As a result, 941,951,911 and 1 + 2\ + p remain. Moreover, If [ws] > 2, then we have 6, #
142X+ p. The case [wo] = 1. Since ¢y = Y11 = [wa] — 1+ X = X < 1, we have 0y # ¢y 1. If
A+ p <0, then we have ¢ = 1+ A+ p < 1. If A+ p > 0, then we have 1+ 2\ + i # 0,4, because
IT+20+p=14+A+A+p) >1+X=14,.

(2) We assume that F(¢1) > 1, F(¢g) < 1.
We note that by Lemma 1.5,(10), we have ¢z = [w2] — w2 < —1/2. So by Lemma 1.5,(12), we
have [2ws] = 2[ws] + 1.
(a) In the case of 114, based on Table 1,
(1-1) from ¢ 1 = g1 — 2 and F(¢g1) < 1, we have F(¢,1) > 1.
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(1-2) 12 = [2wa] — 1 + 2X + p = 2[wa] + 2\ + p. If such a 9 o exist, then by [2w;] =1,
we have ¢; < —1/2 (& [2w] =1).
(i) The case [wa] > 2. We have ¢12 > 93 1.
(ii) The case [wa] = 1. Y12 =242+ > 2+ X+ =19 .
From Lemma 1.5,(11), we have F(191) < F(1g1). So we have F(i91) < 1. Therefore, ¢ =
242X+ 1 # Oy.
(1-3) (i) The case d > 2. We have 91 g4+1 > [Bwa] = 1+ 3X+ 1 > [2wo] + [wa] — 14+ 3X +
= 3[wa] + 33X+ 1 > g 1.
(ii) The case d = 1. Since d =1 < [2w;] = 1, this case is just the same as (1-2).
(1-4) th12a11 = [Bwo] = 1+ 3A + 24 > [2wo] + [wa] — 143X + 20 = B[wa] + 3A + 21 > 1.
(b) In the case of 13, based on Table 3,
(3-1) by Lemma 1.5,(4) ¢3 =131 # b,.
(c) In the case of 14, based on Table 4,
(4-1) F(thsn) > 1.
(4-2) a2 = 2wa] + 22+ 1 = 2{wo] + 1+ 21 + p > g 1.
(4-3) g g1 > [2wa] + 20+ > g 1.
(d) In the case of 15, based on Table 5,
(5-1) 51 = fun] + A+ .
(5-2) 52 = [2wa] +2X + 1 = 2[wa] + 1+ 2X + 1 > g 1.
(5-3) d>2 = tP5q4 > [2wa] +2X+ > g 1.
The case d = 1 is just the same as (5-1).
(5-5) Similar to (5-3).
(e) In the case of v, based on Table 8,
(8-1) F(vs1) < 1.
(f) In the case of g ,, based on Table 9,
(9-1) Y91 = [wao] + 1+ A+ p.

As a result, 951,51 and 19 ; remain. [J
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Theorem 1.5B. Let R = (1, A\, ) be a reduced lattice of K such that
0<A<L0< X, <X),0<wi(Ap) <Lw(Ap)>0,a>1,2b <1,
0<p<l1,¢1<1,F(¢s) <1, where a = F(u),b=7Y,. Then

(1) If F(¢2) < 1, then the minimal point adjacent to 1 is ¢so.

(2) If ¢3 > 1, F(¢2) > 1, then the minimal point adjacent to 1 is ¢g.
(3) If g2 < 1:

(i) if b < 0, then the minimal point adjacent to 1 is ¢g;
(i
(

i-a) if b > 0, 2\ + p < 1, then the minimal point adjacent to 1 is ¢g or ¢1g,
ii-b) if b > 0, 2\ + p > 1, then the minimal point adjacent to 1 is ¢g or ¢g.

Proof. From the assumption ¢; < 1, by Lemma 1.6,(1), we have Y\ < —1/2. By Corollary 1.3,
if b < 0, then we have 1 > wy > 1/2.
(1) We assume that F'(151) < 1. Since R is a reduced lattice, we have 951 = [wa] + A+ ([w1] +
Dp=A+p>1.
By Lemma 1.5,(1)(2) and Remark 1.3,(1) we have 0, € {114,924, %34, Y.y, Y74, ¥51}
(i) The case b < 0. By Lemma 1.5,(3), we have 0, € {114, V3.4, Y4y, ¥5.1}
(a) In the case of 1 ,, based on Table 1,
(1-2) since [2ws] = 1, we have 912 =2\ 4+ > g1 > 5 1.
(1-3) [(d+ Dw2] > 2 = Prap1 > Ps1 > P51 [(d+ Dwo] =1 = Yra41=(d+ 1A+ p
= Vg = ([d+1)Y5 +Y, < 1.
(1-4) [(2d+ Dwa] > 2 = Y124+1 > Ys1 > Ys1. [2d+ 1)wa] =1 = 19441 = (2d+1)A
+2p > 1Pg1 > Ps51.
(1-5) from [(3d + 2)wa] > 2, we have ¥ 3442 > 1+ (3d + 2)A + 3 > g1 > ¥51.
(b) In the case of 93, based on Table 3,
(3-2) ¥3.3442 > Y81 > V51
(c) In the case of 14, based on Table 4,
) since [2ws] = 1, we have ¥y = 142X+ > g1 > U5 1.
) Yad+1 > g1 > Y5
) Ya2d+1 > P81 > s
4-5) Y434+2 > VYg1 > V51
(ii) The case b > 0. By Lemma 1.5,(3), we have 6, € {12y, ¥4y, V7,4, V51 }-
(a) In the case of 19, based on Table 2,
(2-1) o1 =—-14+A+p<1

2
3
4
)
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(2-2) w2l =0 = thoo=—-14+2\4+pu = szg =—-1+4+2Y,+Y,<-1. [2ws] =1
= o2 =2 A+ > g1 > P51.

(2-3) [dwa] > 2 = 9 q > g1 > Ys51. [dwa] =1 = Since d > 2, g g =dX+ p > g1
> 51 [dwe] =0 = tog=—-1+d\+p = Yy, =-1+dYa+Y, < -1

(2-4) [(2d + Nwa] 22 = Yo2411 > Ps1 > Y51 [(2d+ Dwa] =1 = 22441
=(2d+ DA +2u > g1 > Y51, [(2d+Dw2] =0 = ¥ooay1 = —1+2d+DA+2p = Yy, ..,
=—-14+(2d+1)Y\+2Y, < -1

(2-5) Similar to (2-3).

(2-6) [(3d + 2)wa] > 2 = to3ar2 > Ps1 > Ps51. [Bd+2)wa] =1 = 23442
= (3d+2)A+3p > P81 > P51. [(3d+2)w2] =0 = Yozqro = —14+(Bd+2)A+3p = Yy, ., , =
-1+ (3d+2)Y)\ +3Y, < —1.

(b) In the case of 14, based on Table 4,
(4-2) 2wa] =0 = Yy =22+ >9Pg1 >Ps1. 2wa] =1 = thyp =142+ p > g
> 15,1
(4-3) Ya,a41 > Ps1 > Y51
(4-4) Papar1 > g1 > P51
(4-5) Ya3a+2 > P81 > P51
(c) In the case of 17, based on Table 7,
(7-1) by Lemma 1.5,(5) 71 # 6,.
As a result, 15 1 remains.
(2) We assume that 951 = A +p > 1, F(¢51) > 1.
By Lemma 1.5,(1)(2) and Remark 1.3,(1) we have 8, € {1y, V2.4, V3 .y, Yy, U5y, Y6y, V7.9, V8.1}-
(i) The case b < 0. By Lemma 1.5,(3), we have 8, € {114, V3.4, Yay, U5y, Y81}
(a) In the case of 914, based on Table 1,
similar to (1).
(b) In the case of 13 ,, based on Table 3,
similar to (1).
(c) In the case of 14, based on Table 4,
similar to (1).
(d) In the case of 15 ,, based on Table 5,
(5-1) from the assumption, F'(¢51) > 1.
(5-2) 52 > p6. (5-3) V5.4 > d6(d > 2).
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(5-4) V52441 > P6. (5-5) ¥5.a-1 > P6(d > 3).
As a result, 151 remains.
(ii) The case b > 0. By Lemma 1.5,(3), we have 6, € {12y, V4., V5.4, V6,4, V7., V8,1 }-
(a) In the case of 19, based on Table 2,
similar to (1).
(b) In the case of 14 ,, based on Table 4,
similar to (1).
(c) In the case of 15, based on Table 5,
(5-1) from the assumption, F'(¢51) > 1.
(5-2) P52 > d6. (5-3) 5.9 > d6(d > 2).
(5-4) ¥52d41 > P6. (5-5) Y5a-1 > p6(d > 3).
(d) In the case of 1, based on Table 6,
no case included
(e) In the case of 1)7,. based on Table 7,
similar to (1).
As a result, 151 remains.
(3) We assume that 951 < 1.
By Lemma 1.5,(1)(2) and Remark 1.3,(1) we have 0, € {11y, V2., V3.4, Y4y, U5y, Y6y, V7.4, V81 }-
(i) The case b < 0. By Lemma 1.5,(3), we have 0, € {114,134, Y4y, V54, Vs1}-
(a) In the case of 914, based on Table 1,
(1-2) 12 =22+ p, Yy, , =2Y3 + Y, < -1
(1-3) The case d > 3. ¥y g41 > 1 +4X+ 1 > ¢6. The case d = 2. Yy g1 = [Bwa] — 1+ 3A +
f [Bwal = 2 = Wy gy = 1430p > . [Bwn] = 1 = a1 = 3AHp. Yy, = 3Va+Y, < —1.
(1-4) The case d > 2. 91 2441 > ¢s.
The case d = 1. Y1 2441 = [Bwa] =1+ 3X+2p.[3w2] =2 = 12441 = 1+3X+ 21 > ¢g. [Bwa] =
I = P12a+1 = 3N+ 20 Yy, 5, =3Y2+2Y), < -1
(1-5) Y1,3d42 > P6-
(b) In the case of 93, based on Table 3,
(3-2) 33442 > d6.
(c) In the case of 14, based on Table 4,
(4-2) ap > p6. (4-3) Yaar1 > d6. (4-4) Ya2da41 > P6. (4-5) V43442 > P6.
(d) In the case of 15, based on Table 5,
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(5-1) from the assumption, 951 < 1. (5-2) ¥52 > ¢s.
(5-3) Y50 > d6(d > 2). (5-4) ¥52a+1 > d6. (5-5) ¥5a-1 > d6(d = 3).
As a result, 1)g 1 remains.
(ii) The case b > 0. by Lemma 1.5,(3), we have 8, € {12y, Y4y, V54, V6,y, Y7y, V8,1}
(a) In the case of v ,, based on Table 2,

(2-1) o1 = -1+ A+ pu <1

(2-2) 2wo] =0 = 1o =142+ pu <A< 12wy =1 = 122 =2\ + p.

(2-3) The case [dwa] > 2. o4 > g1 > V5 1.

The case [dws] = 1. We have d > 2 = )94 = d\ + p. If d > 3, then we have Yoy =
dYy +Y, < —1. Hence, only when d = 2, it is possible to have 0, = 19 g = 122 = 2X + u. The
case [dwz] = 0. o g =—1+dA\+p. Yy,, = -1+dYx+Y, < -1

(2-4) The case [(2d + 1)wa] > 2. 2.24+1 > ¥g.1. The case [(2d + 1)ws] = 1. 92 24+1
= (2d + D)A + 2p. If d > 2, then we have Yy,,,., = (2d + 1)Y) + 2V, < —1. Hence, only
when d = 1, it is possible to have 0, = 3 = 3\ 4 2. The case [(2d + 1)wz] = 0. V22441 =
14 (2d + DA+ 200 Yy ppos = —1+ (2d + 1Y) 42, < —1.

(2-5) Similar to (2-3).

(2-6) The case [(3d 4 2)wa] > 2. 12.34+2 > ¥g,1. The case [(3d + 2)wa] = 1. 92 3442
= (3d + 2)A + 3. Yy, 50, = (3d +2)Yx + 3Y, < —1. The case [(3d + 2)wz| = 0. Y2 3442 =
14+ (Bd A+ 2A+ 3. Yy yros = —1 + (3d + 2)Y3 + 3Y), < —1.

(b) In the case of 14, based on Table 4,

(4-2) 2wa] =0 = Py =22+ p.[2w2] =1 = Yyo=1+2\+pu>1g;.

(4-3) The case [(d 4+ 1)wa] > 1. 14,441 > ¥s1. The case [(d+ 1)wz] = 0. Vg q41 = (d+ 1)A
+u. If d > 2, then we have Yy, ,., = (d+1)Y\+Y, < —1. Hence, only when d = 1, it is possible
to have 0y = 142 = 2\ + p.

(4-4) The case [(2d + 1)wa] > 1. 42441 > ¥g1. The case [(2d + 1)wa] = 0. 94 24+1
= (2d + 1)\ + 2u. If d > 2, then we have Yy, ,,., = (2d + 1)Y) + 2Y), < —1. Hence, only when
d =1, it is possible to have 0y = 143 = 3\ + 2.

(4-5) [(Bd+2)wa] =1 = thagara > ¥s1.[(Bd + 2)wo] =0 = Yyza12 = (3d +2)A
4341 Yy urn = (3 +2)Ya +3Y,, < —1.

(c) In the case of 95, based on Table 5,
(5-1) from the assumption, F'(¢51) > 1.
(5-2) [2w2] =0 = 52 =22+ p.[2w2] =1 = P52 =1+2X+ pu > g .

29



(5-3) The case [dwa] > 1. 954 > g 1.

The case [dws] = 0. ¢54 = d\ + p. If d > 3, then we have Yy, , = dY) + Y, < —1. Hence, only
when d = 2, it is possible to have 0, = 52 = 2\ + p.

(5-4) The case [(2d + 1)wa] > 1. 152441 > ¥s,1. The case [(2d + 1)wa] = 0. 95 2441
= (2d + )X +2p. If d > 2, then we have Yy, ,,., = (2d + 1)Y) +2Y,, < —1. Hence, only when
d =1, it is possible to have 05 = 15 3 = 3A + 2.

(5-5) The case [(d — 1)wa] > 1. 5 g—1 > tg1. The case [(d — 1)wa] =0. ¢54-1 = (d — 1)\
+p. If d > 4, then we have Yy, , | = (d—1)Y)+Y),, < —1. Hence, only when d = 3, it is possible
to have 0y = 152 = 2\ + p.

(d) In the case of 1)g,. based on Table 6,
no case included
(e) In the case of 97, based on Table 7,

(7-1) By Lemma 1.5,(5) 71 # 6.

As a result, 2\ + p, 3\ + 20 and g1 remain. If 2\ + p < 1, then we have 2\ + pu # 0,. If
2X\ + p > 1, then we have 3\ + 2p # 0,4, because 3\ +2u = A+ p) + A+ p>1+ A =¢g;. O

Theorem 1.6B. Let R = (1, A\, ) be a reduced lattice of K such that
0<A<L0< X, <X)0<w(Ap) <lw(Ap) >0a>1,200 <1,
p>1,¢01 <1,F(¢6) <1, where a = F(u),b=7Y,. Then

the minimal point adjacent to 1 is ¢s.

Proof. From the assumption ¢ < 1, by Lemma 1.6,(1), we have Y\ < —1/2. By Corollary 1.3,
if b < 0, then we have wp > 1/2.
By Lemma 1.5,(1)(2) and Remark 1.3,(2) we have 0, € {¢1,4, %2y, V3.4, Ya,y, Y74, P51}
(i) The case b < 0. By Lemma 1.5,(3), we have 6, € {11y, V3,4, Y4y, ¥s81}
(a) In the case of v ,, based on Table 1,
(1-1) from 11 = g1 — 2 and F(¢g1) < 1, we have F(¢1,1) > 1.
(1-2) 12 =20+ > g 1. (1-3) Pra41 > -1
(1-4) 12441 > Pg1. (1-5) V13442 > Ys1-
(b) In the case of 13 ,, based on Table 3,
(3-2) ¥33d+2 > VP81
(c) In the case of 144, based on Table 4,

(4-2) Pap > g 1. (4-3) Va3 > g 1.
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(4-4) Pa2d41 > Y81. (4-5) Yazdr2 > Ug 1.
As a result 151 remains.
(ii) The case b > 0. By Lemma 1.5,(3), we have 6, € {12y, ¥y, V7.4, ¥81}.
(a) In the case of 19, based on Table 2,
(2-1) o1 = =14+ A+ p. Yy, = —1+Y\+Y, < -1
(2-2) Y20 = [2wo] =1 +2X 4 p. [2w2] =0 = oo = —1+2X+p. Yy, = —1+2Y) + Y,
<=1 2wa] =1 = oo =2 "+ p > 1g31.
(2-3) [dws] 2 1 = toq=ldwa] =1+ dA+ > g1 [duw] =0 = thpa=—1+dA+p.
Yoo =—1+dY\+Y, <-1
(2-4) 2244+1 > 1Pg1. (2-5) Similar to (2-3).
(2-6) ¥2.3442 > Yg1.
(b) In the case of 14, based on Table 4,
(4-2) Ya2 > ¥g1. (4-3) Yaarr > s
(4-4) 42441 > V81 (4-5) V43442 > Vg1
(c) In the case of 17, based on Table 7,

4-
4-
Yra=1l+A—p< A<l

As a result, 15 1 remains. [J

Theorem 1.7B. Let R = (1, \, ) be a reduced lattice of K such that
0<A<L0< X, <X)0<w(Ap) <Lw(Ap) >0a>1,2[0 <1,
p<0,¢01 <1,F(¢6) <1, where a = F(u),b=7Y,. Then

(1) If F(¢s) < 1, then the minimal point adjacent to 1 is ¢s.

(2) If F(¢g) > 1:

(i) if 2\ + p < 0, then the minimal point adjacent to 1 is ¢g or ¢g + ¢g;
(ii) if 2\ 4+ p > 0, then the minimal point adjacent to 1 is ¢g or 1 + ¢g.

Proof. From the assumption ¢; < 1, by Lemma 1.6,(1), we have Y\ < —1/2. Since p < 0 and
0 < X, we have b < 0. By Corollary 1.3, we have wp > 1/2. From Table 10 and Lemma 1.5,(3),
we have 6, € {114, %3, Vay, Vs, Vsy, Yoy}
(a) In the case of 914, based on Table 1,

(1-2) Y10 =2+ p. Yy, , =2Y) + Y, < —1.

*1-3) d>5 = Yrgp1 > [6wa] —14+6A+p>2+6N+ 1> Yg;.
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d=1 = 1441 =22+ p. Yy, 4., =2V + Y, < -1
Hence, only when 2 < d < 4, it is possible to have 05 = 91 g41.
¥1-4) d>3 = V19441 > [Twa] =14+ TA+20>24+TA+ 20 > 13 1.
Hence, only when 1 < d < 2, it is possible to have 0, = 11 2g41.
*(1-5) d>2 = 13442 > [Bwa] =1+ 8X+ 3 >3+ 8\ +3u > yg1.
Hence, only when d = 1, it is possible to have 0, = ¥1 2441 = V1,5
(b) In the case of 13, based on Table 3,
(3-1) By Lemma 1.5,(4), ¢3 = 131 # 0.
*(3-2) d > 2 = 33442 > Y5 1. Hence, only when d = 1, it is possible to have 65 = 13 3412
=35
(c) In the case of 14, based on Table 4,
*(4-2) Yy = 142X+ p.
*(4-3) d>3 = aqp1 > [Awo] FAN+ > 2+ 4N+ > g
Hence, only when 1 < d < 2, it is possible to have 0, = 14 g41.
*(4-4) d > 2 = Py24+1 > [dwa| +5X+2u > 2+ 5X+2u > g .
Hence, only when d = 1, it is possible to have 05 = 4 24+1-
*(4-5) d > 2 = Y342 > [Bwa] + 8+ 31 >4+ 8\ +3u > g 1.
Hence, only when d = 1, it is possible to have 0, = 14 34+-2.
(d) In the case of 15, based on Table 5,
*(5-2) Y52 =142\ + p.
*5-3) d >4 = P5q > [Awa] +AN+ > 24+ 4N+ 1> g .
d=1 = Ysg=A+p<1l
Hence, only when 2 < d < 3, it is possible to have 6, = 15 4.
*(5-4) d>2 = 50a41 > [Bwa] + BN+ 20 > 24+ 5N +2u > g 1.
Hence, only when d = 1, it is possible to have 05 = 15 24+1-
*(5-5) d>5 = tsg_1 > [Awa] + 4N+ 1 > 2+ 4N+ > g 1.
d=2 = Ysqg=A+p<l1.
Hence, only when 3 < d < 4, it is possible to have 0, = 15 4—1.
*(5-6) d > 2 = 53442 > [8wa] +8A+3u >4+ 8X+3u > g1.
Hence, only when d = 1, it is possible to have 6, = 15 3442.
(e) In the case of 15, based on Table 8,
*(8-1) From the assumption, F'(¢g1) < 1.
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(f) In the case of 19, based on Table 9,
*(9-1) Yo 1 = [wo] + 14+ A+ p.
From described above, we shall select all the elements
in each part with asterisk (*), using 1 < [3ws] < 2,2 < [4ws] < 3,2 < [Sws] < 4.
Then we have the following set
{T+XNT+ X+ 0,14+ 220 4 1, j + 32+ (0 < 5 < 2),
JH3MA+20(0<7<2),j+ 4N+ p(1 <j<2),j+5A+p(l <j<3),
JHAF2u(1 <5 <3),7+0A+3u(1<j<4)} =%,
Here, we eliminate elements ¢» € X such that 1 > ¢g or Y, < —1.
Then we have
Y={14+MN1+ A+, 14+2 4+, 1+ 3N+ 5, 1+ 3N+ 2,2 4+ 5X + 3u}.
(1) We assume that F(¢g) < 1. Since R is a reduced lattice,
we have ¢g = 191 =1+ A+ p > 1. Hence, we have A + p > 0.
From this, we have 1 + XA+ 0 < 1+ 2X 4+ p, 1 + 3N+ 1, 1 4+ 3\ + 24,2 + 5\ + 3p.
Therefore we conclude that 0, = ¢g = 1 + A + p because ¢g < ¢pg = 1 + A.
(2) We assume that F'(¢g) > 1. We note that d(A\,u) =1 < 1/2 < wy.
Hence, if d = 1, then by Lemma 1.5,(11), we have F'(¢s) < 1. Therefore
we have d > 2. So we have 0, # 1 4+ 3\ +2u,2 + 5\ + 3p.
(i) The case 2A + p < 0. We have §; =1+ X or 1 4+ 3\ + L.
(ii) The case 2XA + > 0. We have 0y =1+ A or 1 +2X 4 p. O

1.6. Examples

Voronoi-algorithm :
Let K be a cubic algebraic number field of negative discriminant
and let R be a reduced lattice of K. We define the increasing chain
of the minimal points of R by :
O 60p=1, 0Okr1 =min{y e R;0; <~,F(0) > F(y)}if k> 0.
Then 61 is the minimal point adjacent to 6 in R.
Let Ok be the ring of integers in K and R = Og. By Voronoi we know that
the previous chain is of purely periodic form :

01 :00, 91,..., 9571, €, 691,..., 69571,...,
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where ¢ denotes the period length and e(> 1) is the fundamental unit of O-.
To calculate such a sequence, it is sufficient to know how to find the
minimal point adjacent to 1 in a lattice R.
Indeed, let Hél) be the minimal point adjacent to 1 in Ry = Ox = (1,5,7)
and 6; = 05"
(i) We choose an appropriate point 0}(:) so that {1, Hél), 9,(11)}

is a basis of R;.

(i) Lot Ry = ——
o0
g

R1, then Ro is a reduced lattice. 0§2) is

1
the minimal point adjacent to 1 in R = Ri1=(1, 1/0;1), 0}(3)/%1)),

. . @) (Da@2) g . .
is equivalent to 6 = 6104 = 60, 05 being the minimal point
adjacent to #1in R;.

This process can be continued by induction.

Example 1.1. Let K = Q(#) be a cubic number field defined by 3 — 76 — 12 =0
1 1 2 1

(6 = 3.2669). Then Rg = (1,2 + s 602’ 2430 - 5‘92> = (1, \, ).

It is easily seen that 0 < A < 1,0 < p < 1.

Since Rg is a reduced lattice, we have a = F(u) > 1.

1 1 1 | )
Xp=5(30 - TK/Q0)2: 20 1X92 = 27(392 - J;K/QQQ) = 5(392 —14).
X, = X2+§9_§792 :33X93— 3 X =3 +0- 502 >0,
f— —_— —— —_— = f— 2

X\ - X 550+ 70 >1o. 1 1
Y, = 1;%59_;92 =24 3V — Y _96(—12 —20+6%), 0<Y, < 5
Yy = —(—10 -0 — 6?). = L

A 12( 0 ) wl()H/J‘) 2(9+2)a 0 <wp <

Oup) = —(c10—0—0) - 2= o Y o gy L2 3) o) =1
BEN AT 200+2) " 6 ~ 1 » w2l =

F([w2]+/\):F(1+>\):1+%(9—3)>1.

50
F([w2]+)\+u)=F(1+)\+u):2—59+02+?>1.
F([w2]+1+x):F(2+A):F(é@+é@2):37;2(12+9—92) <1

Therefore, by Theorem 1.5A,(3), we have 0, = [wo] + 1+ A =2+ A

Example 1.2. Let K = Q(0) be a cubic number field defined by
03 — 20 — 111 = 0 (0 = 4.9445). Then
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Ry = (1,(=71 4150 + 62)/98, (—61 — 230 + 50%)/196) = (1, \, ).
It is easily seen that 0 < A < 1, < 0.

Since R7 is a reduced lattice, we have a = F(pu) > 1.

3 1
Xp =20, Xpo = =(30% — 4).
0 2197 02 2(39 )
X, = 27(1502 — 690 — 20) = 0.0141 > 0 (c = 196).
C

1
X\ — X, = 2?(_992 + 1590 + 12) = 1.4748 > 0.

1 1
Y, = 27(_592 +230 — 102) = —0.2819, 0 < |Y,| < 3

C
—20+30
50 + 23

= 0.4214,

1
Y, = —0?—150—138) = —(—0H2 — 150 —138) = —1.2072. wi(\, ) =
» =55 0sl 50—138) = ) 1A, 1)

0<wi <L w(\p) =Y\ —wY, =12072—0.4214 x —0.2819, [ws] = 1.
(1) Ngjg(z +yb + 26%) =
23+ 2 x 2222 — 2xy? — 3 x 11lwyz + 22222 + 111y — 2 x 111y2? + 111225,
1
(a) By (1), Fi(¢1) = F(lwa] + A) = F(%(27 +150 + 6%))
1 1 Ngo(27 + 150 + 62
= o P27 4150 +6%) = o5 /0l )

T 982 27+ 150 + 62
1 259308

1 2B o9 <1,
982 27 + 150 + 02 <

1 1
(b) A+ pu=—(76* +70 — 203) = ~ X 2.7480 > 0.
C
1
(c) By (1), F(¢2) = Fllwa] + A+ p) = F(_(=T+70 + 76%))
1 Ngjo(=7+70+ 70%)
c2 c2 —7+ 70 + 702
1 4302592

Therefore, by Theorem 1.7A,(1),(ii-b), we have 0, = ¢,.

= lF(—7 +70+76%) =

Example 1.3. Let K = Q(#) be a cubic number field defined by
63 — 770 — 513 = 0 (6 = 11.1002). Then
Rag = (1, (—674 — 280 + 902) /613, (1205 + 1216 — 1762)/613) = (1, \, ).
It is easily seen that 0 < A < 1,0 < p < 1.
Since Rgag is a reduced lattice, we have a = F(u) > 1.
Xy = %9, Xp2 = %(392 — 154).
X, = 2%(—5192 + 36360 + 2618) = 2% % 363.4361 > 0 (c = 613).
X\ —X, = %(7802 — 4570 — 4004) = % x 533.9349 > 0.
Y, = 2%(1792 — 1216 — 208) = 0.4433, 0 < Y, < %
96 + 28

1 2 _ _
Yy = 5-(=96% 4280 + 38) = —0.6200. wi (A, r) = oo = 04129,
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0<wi <1.wa(Ap) ==Yy —wY, = 0.6200 — 0.4129 x 0.4433, [wa] = 0.

(—862 + 9360 + 521) = 0.9259 < 1.

(b) 2A + p = %(92 + 650 — 143) = 1.1447 > 1.

(1) Ngjo(z +y0 + 20%) =

23+ 2 x T2z — TTay? — 3 x 513zyz + T7%w2% + 513y3 — 77 x 513y22 + 513223,

1
(c) By (1), F(¢6) = F(lw2] + 1+ A) = F(E(—Gl — 280 + 96%))
1 oo 1 Ngjg(—61— 286 +96°)
= 2F(-61 280 4+997) = 5 —61 — 286 + 962

1 225837169

= — =0.8153 < 1.
c2 —61 — 2860 + 962

(d) By (1), F(2\+ 1) = C%F(OQ 1650 — 143)

N 02 + 650 — 143
1 x/0( ) _ 1 198781801 0.7538 < 1.
2 024650 — 143 c2 02 + 650 — 143

Therefore, by Theorem 1.5B,(3),(ii-b), we have 6, = 2\ + p.

Example 1.4. (Williams and Dueck [35,p.690])

Let K = Q(6) be a cubic number field defined by 63 — 68781 = 0

(6 = 40.97221992). Then Rasor = (1, b, )

= (1, (—72036 + 18090 + 262)/126539, (117574 — 26680 + 6762) /126539)

= (1,6, — 1) = (1, (—72036 + 18096 + 262)/126539, (—8965 — 26686 + 6762)/126539)
= (1, Au.0<A<1, p<0.0<X, <X).

Since Ragp7 is a reduced lattice, we have a = F(u) > 1.

—90 + 1809 1
T Oy (262 + 18090 + 144072) (¢ = 126539).
670+ 2668 A= Tt + ) (e )

1
Y, = —2—(6792 — 26686 + 17930).
C
wi = 0.31904891. Yy = —0.87541450. Y;, = —0.08333592.
wy = 0.90200274. Hence [w2] =0, ¢1 = [wo] + A=A < 1.

wl()‘v N’) =

(1) Ngjg(z +yb + 26%) = 2° — 3 x 6878Lryz + 68781y° + 6878122,
1
(a) By (1), F(¢g) = F([wa] +1+X) =F(1+)) = F(E(54503 + 18090 + 26%))
1 Ngg(54503 + 18096 + 20?)
2 54503 + 18090 + 262
= 0.25005464 < 1.

1
= 5 F(54503 + 18096 + 20°%) =
1 528431935430042

254503 + 18096 + 262

—26498 + 9500 + 7162
(b) By (1), F(1+2)+ 1) = F( - )
1 1 Ni/g(—26498 + 9500 + 7162)
= - F(—26498 + 9500 + 716%) = —
2 ( + + ) 2 —26498 + 9500 + 7162

1 2102375149688779
= — = 0.99760062 < 1.
c? —26498 + 9500 + 7162
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(¢) By (1), F(s) = F(1 + A+ ) = F(22235 = Si% +696°,

1 1 Ng/o(45538 — 8590 + 6902
= (45538 — 8506 + 696%) = K/al )

1 2161892194231336 ¢ 45538 — 8590 + 6962
- = 1.07007239 > 1.

" 245538 — 8590 + 6902 ,
—153037 + 9500 + 716
(d) Since —153037 + 95060 + 7162 > 0, 2\ 4 pu = + + > 0.

C
—81001 — 8596 + 6962
(e) Since A+ p = + <0, we have 1 + 2\ +pu <1+ A.
C

Therefore, by Theorem 1.7B,(2),(ii), we have 65 =1 + 2X + p.
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2 A one-parameter family of cubic fields

Let Z be the set of rational integers,and let € be the real root of

the irreducible cubic polynomial
f(X)=X3-3X—-b3,b(#0)€Z.

The discriminant of f(X) is Dy = —33(b® — 2)(b® + 2) and Dy < 0 provided b # +1.

Let K = Q(0) be the cubic field formed by adjoining 6 to the rationals Q, and let Zx be the
ring of algebraic integers in K. The family of cubic fields were introduced by Ishida [17]. Ishida
constructed an unramified cyclic extension, of degree 32, of K provided b = —1(mod 32).

In this chapter we shall consider this family from various points of view.
Remark 2.1. 7 f(X) = X3 — 3X + b3 in [17] is replaced by 07 f(X) = X3 — 3X — b3".

Remark 2.2. If b= £1(mod 3), then K is of Eisenstein type with respect to 3 (cf. [17]).

2.1. Voronoi-algorithm expansion of the order Z[0]

In this section we shall find Voronoi-algorithm expansion of the order Z[f] using the method

in chapter 1. We need the following easily proved facts:

Proposition 2.1. For a = z + y0 + 20%(z, y, z € Q), we have
(i) Ng(x +y0) = 23 — 32y + b33,
—zy + 0322 + (—y* + zz + 32%)0 (2 £0)
—y + 20 ’
3

(iil) Yo = %(2% + 62—y — 26%), X, = 5(—22 + 0 + 26%).

(ii) = + yb + 20% =

(iv) For A = a1 + asf + a36?(a; € Q), p = by + b2 + b36*(b; € Q), we obtain

Z — asf
wl()\,p) = A —M, wg()\,u) = —a1 — 3as + asb +u)1(—b1 — 3b3 + b29)
A —

Since 63 —30 — b3 =0 = (—0)% —3(—0) — (=b)® = 0, we may assume that b > 1.
, 1 3(1-b) 1 1.1
Slncef(b+ﬁ):3(1—b)—|— = +b—6<0andf(b+g):b—3>(),weget

1 1
b+ﬁ<9<b+g. (1.1)

We consider the defining polynomial g(X) = X3 — 6X2 + 9X — b5 of 62.

Since g(b? +2) = —3b%> +2 < 0 and g(b* + 3) = 3b* > 0, we have
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¥ +2<6?<b+3. (1.2)

(V-1) Let Ry := Z[0] = (1, =3 + b0 + 6%,0) = (1, Ay, p1). From (1.1), we have
(a) p1=6>1.
Since a(u1) = F(0) = 00" = 6> — 3 > b2 — 3 > 1, we obtain
(b) a(u) > 1.
By Proposition 2.1,(iii), we get
(¢) blu) = Y, = —%e <0.
From (1.1), we have
(@) alpn) = 0% = 3> 20° = 2(b(11))*
Since |b(p1)| > 1, we have
() (b(x1))? > [b(pa)-
From (b),(d),(e), we obtain
(£) () > max(1,2(b())? 20b()])-
Since wy (A1, p1) = 0 —b, we have 0 < wy < 1. By Proposition 2.1,(iii), we get Yy, = —%(92 +b0).
Hence, wy(A, 1) = —Ya, — wn¥y, — %(92 +b0) — (0 — b)(—%@) — 0. From (1.2), we obtain
[wa] = [0] = b2 + 2.
Since ¢1 = [wo] + A =02+ 2+ (=3 +b0 + 0%) =% — 1+ b0 + 0% > 0 = 1y, we get

(8) é1 > 1.

b+ 26
By Proposition 2.1,(ii), we have ¢ = b? — 1+ b0 + 6% = _;r+ K By Proposition 2.1,(i), we have
b+20, ,b+20  Ng(b+20) —b+86
F == =
(00 =Nk 5 70) 550 = Ne(—v 1 0) < 120
b =3b-22 40728 L TbH0 9126 b0
C(=b)3—3(=b)-124+b3-13 " b4+20 3b b+ 26
—b+0 302 — 4
= (3v® — 4 = (- 1.H
(3b ) X b1 20 (=b+0) x b1 20 < ence,

(h) F(¢1) < 1.
Therefore, by Theorem 1.6A,(1),(i) and Remark 1.5, we obtain Hél) = ¢1, ¢3 or P4, Where 05,1) is
the minimal point adjacent to 1 of Rj.
P =lwo] =14+ =0 +2 -1+ (-3+b0+6%) =0 —2+b0+6° =

2b+60 . ,2b+60  Ng(20+6) —b+0

F — N =

(64) = Nk =)/ =5 Ne(—b10) " 2040
(20 =3-2b-12 407 17 L b0 9b® — 6b L, b+
C(=b)3—=3(=b)-124b3-13 " 264+60  3b 2b + 6

—-b+6 3% — 2
— (ap2 _ —(_
= (30" —2) x T (=b+0) x %0 <1

2b+ 6
—b+0
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¢3 = [wo] + A1 — g1 =0+ 2+ (=3 4+ b0 +6%) — 02 =0 — 1+ 0.
2 — 2 13 _32.(2_1)-p2 L B3.p3
F(bg) = F(1? — 14 bp) = YK —1400) (0" —1)7—3- (" —1) -0 +°-

2—1+b0 b2 —1+ b6
W13 (P -1 2 -6 e -1 A
N b2 — 1+ b0 N b2 —1+00 B

Since A — B = 2b*(b> — 3) + b(5b — ) > 0, we have A > B. Hence, F(¢3) > 1
Therefore, we have

(i) 05" = a. Nicjgfs) =302 =2 # 1.

1 1

2) Let Ry := — Ry = bo + 62,6

(V-2) Let Ro 95(]1)731 221001 92< -3+ 00 + )
1 1 0

= 1,b2—2+400 929 =1

b2 —2+b€+92<’ v ) =L " b2 —2+b0+02’b2—2+b0+02>

2 _p2 3 2 2

= (1, 3b2_2( b" + 1+ 2b6 — 6°), 3b2 { b> — (b° + 2)0 + 200°})

<1 )\2,V2> <1 )\2, 2 =V — (b — 1))\2>

1 24142 2 b2 —b+1— (30> —2b+2 —1)6%).

<’3b2 (=b*+ 14200 — 6°), 3b2—2{ b b+1 (3b b+2)0+ (3b )6“})
O < AQ = 1/0‘51) < 1. From (11), (12),We get )\2 = 3627_214,14 = _b2 + 1 + 2b0 — 92

1 1 1 1

< —b2+1 + 2b(b + E> — (b2 + 2) = 1. From this, we have A\ = 2 _2A < T < 10

From (1.1), (1.2),we have B = —b*> —b+ 1 — (3b% — 2b + 2)0 + (3b — 1)6?

1 2 2
> b2—b+1—(3b2—2b+2)(b+b2) + (30— 1)(b* +2) = 5b — 6+ =35>0
1 2
From (1.1), (1.2),we obtain B < —b* —b+1— (30> —2b+2)(b+ 5)+(3b—1)(b2+3) = 3b—|—2—g.
1 2
Hence, 0 < pg = 3 X B<(3b+2- 5)/(362 —2) < 7/10 < 1. Therefore, we see that

(a) 0 < A2 < 1/10, 0 < pg < 7/10.

1
b(pz) =Yy, = m{—mﬂ +16b — 4 + (3b* — 2b+2)0 — (3b — 1)6*}

= m(). From (1.1), (1.2),we see that
(b) C = —2b% +16b — 4 + (3b> — 2b + 2)0 — (3b—1)0?
> —2b% +16b — 4+ (3b> —2b+2)(b + b2) (3b—1)(b* + 3)

2 2
= —3b2 24 =
307+ +2— 4 5,
(c) C = —2b% +16b — 4 + (3b> — 2b + 2)0 — (3b — 1)6?
<—2b2+16b—4+(3b2—2b+2)(b+%)—(3b—1)(62+2)
2
:—3b2+16b—4+g<0(b25).

2 2
Hence, from (b),(c), we obtain —30> +9b+2 -~ + = < C < —3b2 +16b— 44+ <0 (b>5).

b b2

2 2
+b—2|:3b2—9b—2+ — = <3V -2

From this, we have | — 3b% + 9b + 2 — DT

b
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Hence, |C] < 3b? — 2. So we have —1/2 < b(ug) = Y, =
that
(@) —1/2 < b(j2) = ¥y, < 0.

mC’ < 0. Therefore, we see

For b = 2,3,4 we can easily check (d). By Proposition 2.1,(iv), we obtain

20 +0 2b + 6
- = Tt is easil that 0 1.
“@ - 242) - (3b-1)0 32— 242+ (Bb—1)p o oonyseenthatfs e =
From (1.1), (1.2),we have
2b+ 6 2b+b+1/b2 3b + 1/b?

) = S ah o (318 3P 22 (3 Dbt i/b) 6 3b+ 5 1/b
1

> —.
2b
Yy,

w1 =

— m(—%z —4— 2b0+02). It is easily seen that Y), < 0. From Y), < 0 and Y}, <0,

we have we > 0. By Proposition 2.1,(iv), we get
2b+ 6
= b? +2+2b0
P AU LT B T Sy TS T
From (1.1),(1.2) and (e), we obtain

D =1%+2+2b0 +w;(b* — 8b+2 — (3b* — 2b + 2)0)
1
<b2+2+2b(b+g)+w1(b2—8b+2—(3b2—2b+2)9)

! X
32 —2

wy (b —8b+2—(3b*>—2b+2)0)} = D.

1.1
<b2+2+2b(b+f)+%(62—8b+2—(3bQ—2b+2)9)

b

<b2+2+2b(b+%)Jr2%(19—8b+2—(3b2—2b+2)(b+bi2))

:3b2+4+%(—3b3+3b2—10b—1+2/b—2/b2)

— 302 44— %(3133 3024 10b+ 1 —2/b+2/b7)

<3b2+4—2ib(3b3—3b2+10b):3b2+4—gb2+%b—5:%b2+gb—1

< 3b%> — 2. Hence, D < 3b® — 2. From this, we get wy = 52 9 x D < 1. Therefore, we see that
(f) [w2] = 0.

¢6=[w2}+1+A2:1+A2:%2%2(2b2—1+2be—92)

1 =3P 420+ (602 4+4)0 1 b(3b? —2) +2(30* —2)0 b+ 26

C 32 -2 —2b— 6 C3h2 -2 20+ 6 26+ 0

F(6s) = (Nicgr=20) /520 = (N 20 x 220

_9b® —12b L2406 3% — 4 L 20 3% — 4 L 2o+ 1/b
9 —6b C b+20 3b2—2 " b+20 " 3b2—-2 " b+2(b+1/b2)

3> —4  3b+1/b . 3
= 57 9 X 3b 1212 < 1. By Proposition 2.1,(iii), we get X,, = m
(30% — 2b +2)6 + (3b — 1)6?}.

From (1.1), (1.2), we see that
1
—2(3b—1) — (3> —2b+2)0+ (3b—1)6% > —2(3b—1) — (3b> — 26+ 2)(b+ 5) +(3b—1)(b*+2)

(—2(3b— 1) —
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2
:b2—5b+2—g>0(b25). Hence, X, > 0.

For b = 2,3,4 we can easily checked X, > 0. We have
3
Xy, = ———{24+200 — 6> 0, Xn,—X,, =
A2 2(3b2 — 2){ + }>0, A2 H2
(g) 0< Xuz < X)\2.
7

1
From (a) and (f), we get ¢2 = [wa] + Ao + p2 = Ao+ p2 < 0710 < 1. Therefore, by Theorem

302 —4
302 — 2

- - 2 2
2(3b2 — 2) {60+ (36" +2)0+3b6°} > 0. Hence,

1.5B,(3),(i), we have 6% = ¢g. Ni/g0{V0(? = (3b* — 2) x =30 —4#£1.

Since the follwing procedures ((V-3) to (V-5)) are similar to (V-1),(V-2), we will present only

these final results.

1
(V_?’) R3 = 77?/2 = <1,)\3,M3>

g2
g
1

=1, —— {23+ +4+ (B> +b—2)0 + (b— 2)6? 202 — 8 — bl + 26?%)).
<,3b2_4{ +b"+ 4+ (b + )1+( ) }73b2_4( 8 +207))
(2) 0 < pg <1, 0<blus) =Y, = m(4b2—4+b«9—202) <1/2.

V+b—2—(b—2)0

_ 1.
(b)0<w1 b1 20 <
(c) [wo] =b—1.

92 _
e e

(h N2 o 9 o
(e) F(¢1):NK(_S_?Hf((l;_l;)%)Xb b—2—(b—2)0

(b—2)2+2(b—1)0
3% —6b% +6b— 4 y +b—2—(b—2)0 -
B 302 — 4 (b—2)24+2b—-1)0
By Theorem 1.5A,(1),(ii), we obtain 953) = ¢1 or ¢s.
—b% +12b— 10 — (56 — 9)8

f) ¢5 = [wa] — 1 — 3 =

(f) ¢5 = [wo] =1+ A3 —p3 T Sy Y7
—b? +12b — 10 — (5b — 9)0 —b2 —2b+2+ (b—4)0
(8) F(es) = Nk —b2—2b+2+ (b—4)0 ) —b2+12b—10 — (50 — 9)0
216 — 660> —3b+65 b +20—2— (b—4)0

> 1.

1 (b>3).
362 — 4 ST T e R )
1
b5 = Z(_4+30_92) <0 (b=2).
3 2
- —4
Therefore, we see that 0 = ¢1. Ni/q0{V0P0%) = (36 —4) x 3 36;’2 jfb = 3b% — 6b° +
6b—4 # 1.
1 1

(V-4) Ry = —5Rs = (1, ja) = (1, 5o = 4{—b3 +0% =204+ 2— (b —4b+ 4)0 +

65
(26— 2)62) !
38 —66° + 66— 4

(a) pa <O.

{—b% 4 36 — 2b + 2 + (20> — 3b + 2)0 — bH?*}).
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1
2(3b3 — 6b2 + 6b — 4)

3 1
z. 20+ (2b% — 3b +2)0 — bH?} > 0
5 3b31—662+6‘b—4{ +( +2) >0,

{—4b +4 — (b* — 4b + 4)0 + (2b — 2)6*} > 0,

(b) —1/2<Y,, = {—20% + 6b* — 10b + 4 — (26> — 3b + 2)0 + bH?} < 0.

(C)XM:
_ 3.
19 3b33—61)2+6b—4

X

{—6b+ 4+ (—=3b* + 7b — 6)0 + (3b — 2)6*} > 0.

Xu =X =5 e e — 4
d) 0< X, <Xy,
b2 —4b+ 4+ (2b —2)0
) 202 — 3b+ 2 + bf
f)0<WQ<1, [U}Q]:O.

2b% — 3b + 2 + bo
&) oo = 1M = - 2
2b% — 3b+ 2 + bf b> —4b+ 4+ (2b—2)0
VE@s) = NGy @ —28) ¥ o2+ 1
303 — 60> +6b—2 b2 —4b+4+ (2b—2)0
b5 — 602 +6b—4 W3 +24 00

(i) ¢s = [wa] + 1+ Ay + pg =

e) < wy = < 1.

(
(
(
(

(h

<1

B —b+2+ (b—2)0

—b—20 b —b+2+ (b—2)0
i) F(¢s) = N
() F(os) = Nelr 5 T —a98) b 26
3b V4+b—2—(b—2)0

= X <1

303 — 6% + 6b — 4 b+ 26
Therefore, by Theorem 1.7B,(1), we obtain 65 = ¢g. Nk (6590{200)) = (36° — 667 + 6b —
4) x 5 =3b# 1.

303 — 60 + 6b — 4

1 1
(V-5) Rs = —=Ra = (1, A5, p5) = (1, = (—2b% +3b — 3 + b0 + 6?), —(—b* + 3 4 2b0 — 6%)).
o0  3b 3b
—b+6
(a)0<u5<21,)\5>0,0<w1— %16 < 1. 2
—b"+2+ b0 —b°+ 2+ b6 20+ 46
+
= (3b? — 4
(8 ) —b2+ 2+ b0

&) b(ks) = Yy = 5 X —— =1
) a(pis) > max(1, 2(b(s))2, 2fb(1s) ).

(
(
(
(

e) [wo] =b—1.
1
f = Ads=b—14+ X\ .
) ¢ [wa] + A5 1 + A5 = —b+91
b+0)=—x(-b+6)<1.
(8) F(61) = Nic(——5) % (=b+0) = o x (b +6) <
Therefore, by Theorem 1.5A,(1),(i) and Remark 1.4, we have 9 = ¢1,¢3 Or Pg4.
(1) 65 = [wa] + As — 20 -2+ b0
3= W2 52%_76—1—20 ) ,
26 — 24 b6 b+ 20 3b* —6b° + 2 b+ 20
W) Flos) = N5 g2 9 1 1 3 22400
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. b+1-106
(J) ¢4—[w2]_1+)\5—T+9~

b+1—0 —b+60 3 —2  —b+0

> 1.

(k) Pl¢a) = Ne(———57) % g 57— 3 btrl1-0

Therefore, we have 0 = ¢1. N (6570{20305960(5)) = 3b x % =1.
e =000 gl
20+60 b+20 (b—2)2+2(0b-1)0 b+ 26 1
= X X X X
—b+0 " 20+60 B +b—2—(b-2)0 2+b-2—(b—2)0 —b+0
1

=0 b2+ 1+ (3 +0)0+b%6% = = )
1+ (0700 + P 1-b0  1-b(0-0b)

Therefore, we obtained the following Theorem:

Theorem 2.1. Let 6 be the real root of the polynomial f(X), K = Q(0), and O = Z[f]. Then
1

=0 =+ 14+ (P + D)0+ 20 = ————(> 1

€ +1+(b°+0)0+ 1—b(0—b)(> )

is the fundamental unit of O and Voronoi-algorithm expansion period length is ¢ = 5.

2.2. Integral bases

In this section we refer to Voronoi’s Theorem and Llorente and Nart [27](cf. [13]) to find
integral bases. For our convenience we quote a part of Voronoi’s Theorem which is well known

as Theorem 2.2.

Theorem 2.2(cf. Section 17 in [9]). If § is a primitive integer in a
cubic field satisfying the equation F(§) = 6% — ¢§ —n = 0, and if there
is no integer 7 whose square divides ¢ and whose cube divides n,
then an integral basis of the field Q(d)can be found as follows:
If the congruences 3 — ¢ = 0(mod 9),n + ¢ — 1 = 0(mod 27),
n—q+ 1= 0(mod 27) are not satisfied and if the integer a is
the greatest square factor of the discriminant Ds(= Dp) of ¢
F'(X) = 0(mod a)

for which the congruences have a solution ¢,
F(X) = 0(mod a?)

then {1, 4, t } is an integral basis of Q(8) and Ds/a? is the

2 _q+ts46?
a

discriminant of Q(9).
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Theorem 2.3. Let b(# 0) € Z and f(0) = 6> — 30 — b3 = 0. Let K = Q(6)
and Dy be the discriminant of K.

Let b3 —2 =2¢.39. k%ﬁl, b3 +2 =2¢.392. k%ég, where f1, 45 are

squarefree, GCD(k1{1, kals) = GCD(k1l1kal2,2-3) =1 and e, g1,g2 =0 or 1.

2 2
(i) Tf b = +1(mod 3), then {1,0, " 3k+;0+9
1h2

}is an integral basis of K,

X = 1(mod ko)

where t is a solution of the following congruences .
X = —1(mod k)

t2 — 3+t + 62
(ii) If b = 0(mod 3), then {1, 6, Rl }Hs an integral basis of K,
3k1ko
X = 1(mod k2)
where t is a solution of the following congruences X = —1(mod kq) -
X = 0(mod 3)

Proof . At first, we note that GCD(b® — 2,63 +2) = 1 or 2. Next, e = 1

if and only if b is even. If b is even, then Dy/22 = 3(mod 4).

Therefore, by Theorem 2(or 1) in [27], if e = 1, then 22| D.

According to Theorem 2.2, we must find the greatest square factor a

of 39k?k2(g = 3 or 4) such that the congruences

"(X)=3(X-1)(X+1)=0(mod a

oooo FX) ( ) ) ( ) have a solution t.
f(X)=X3-3X — b = 0(mod a?)

(i) The case b = £1(mod 3) :

By Remark 2.2 and Theorem 2 in [27] we have GCD(3,a) = 1.

Let t be a solution of

X = 1(mod ko)

the following congruences O [ .
= —l(mod k:l)

Then it is easily seen that the integer ¢ satisfies the following

congruences

"(X)=3(X-1)(X+1)=0(mod kik
J'X) ( I ) ( iks) . Therefore, we have that a = kiko.
f(X)=X3-3X —b® = 0(mod k?k3)

(ii) The case b = 0(mod 3) :
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From Theorem 2 in [27] we have that 3||Dg.

Let ¢ be a solution of the following congruences

X = 1(mod ks)
= —1(mod k1) - Then it is easily seen that the integer ¢ satisfies

X = 0(mod 3)
the following congruences

f(X)=3(X —1)(X +1) =0(mod 3k1k2)
f(X)=X3—-3X — b3 = 0(mod 3%k?k3)

. Therefore, we have that a = 3k1ko. O

2.3. Fundamental units
Lee and Spearman [25] proved the following Lemma 2.1. Here, we shall give another proof.

Lemma 2.1([25,Theorem 1.1]). The integer solutions (A, B,b) of the following diophantine
system are (0, —3,+1),(—1,—1,0),(3,3,0) and (8,17,+3):

A% —2B =3(b? +1) (1.1)
B? —2A =3(b* + b +1). (1.2)

Proof. Without loss of generality, we may suppose b > 0.
Since b? + 1 = £1 mod 3, from (1.1) we have B # 0.
From (1.1),(1.2), we have
B? —2(2A2 - 3)B+ A* —3A%2+6A+9 = 0. (1.3)
If b= 0, then from (1.1),(1.2) we have only the following integer
solusions :
(A, B,b) = (—1,-1,0),(3,3,0).
If A=—1,0 or 2, then from (1.3),(1.1), (1.2) we have only the following
integer solusions :
(4, B,b) = (0,—3,%1), (~1,-1,0).
Hence, we shall suppose A # —1,0,2 and b # 0.
The discriminant Dpg of the quadratic equation (1.3) is
Dp=3A(A+1)*(A-2). (1.4)

Hence, we have
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Dp>0 & A<Oor2<A.

Under the condition (1.5), we have

BeZ & /Dp=|A+1|\/3A(A-2) €Z
& A(A—2)=3C? for some C1(>0) €7Z

& A? —2A-3C% =0 for some C1(>0) € Z.

From this and (1.1) we have B = 24% — 3 — 3C1|A + 1].
Next, we consider the quadratic equation

A% —2A-3C% =0.
Since the discriminant D4 of (1.6) is D4 = 1 + 3C%, we have

A€eZ & 1+430C%=C2 for some Co(>0) €7Z

& (02 -3C% =1 for some Cy(>0) €Z

From this we have A = 1 £ C5. Note that the equation C5 — 3C? = 1 has

infinitely many integer solutions. Therefore, as a necessary condition,

the integer solusion (A, B) of (1.3) is

A=14Cy(Cy>0)
(I) § B=2A4%-3C,A—-3C; —3(C; >0)
C3-3C%=1

or

AZl—CQ(CQ >0)
(I) ¢ B=2A%2+3C1A+3C, —3(C; > 0)
C3-3C%=1

Now we shall consider the equation (1.1).
The case (I): (1.1) become
b2+ (Cy— Cp +1)2 = (Cy +1)%
We may consider positive integer solutions of (1.7).
Hence, we can put
(Ta) b= (u? —v})t,Cy — C1 + 1 = 2uvt,Cy + 1 = (u? + v?)t,
or

(Ib) b = 2uvt,Cy — C1 + 1 = (u? — v}, 01 + 1 = (u? + v?)t,

where u,v and ¢ are positive integers such that v > v, GCD(u,v) = 1,u # v(mod 2).
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The case (Ia): From Cy = (u? +v?)t — 1,0y = t(u +v)? — 2 and O3 — 3C? =1,
we have

t(u +v)* — (u +v)? — 6tuv(u + v)? + 6tu?v? + 6uv = 0.
We put v+ v = X, uv =Y, then (1.8) become

(X2 -6Y)(tX?% —1) = —6tY2

Since GCD(X,Y) =1, we have GCD(X? — 6Y,Y?) = GOD(tX? - 1,t) = 1.
From this and (1.9) we have

X2 —6Y = —pt
tX?2 —1=qY?

where p and ¢ are positive integers such that pg = 6.
From (1.10) we have

X4 —6X2%Y +6Y? = —p.
From (1.11) we have

ut + vt — 2uv(u? + v?) = —p.

It is well known that the diophantine equation (1.12) has only finite solutions.
The case (Ib): From C; = (u? + v?)t — 1,0y = 2u*t — 2 and C2 — 3C% =1,
we have
(u? — 3vH){(u? — 30t — 2} = 120t
Since GCD(u? — 3v%,v) = 1, GCD((u? — 3v?)t — 2,t) = 1 or 2, we have
u? — 3v? = p't’

(i) t:even(t = 2t') ,
(u? — 3v%)t — 2 = ¢'v?

. u? — 3v% = pt
(ii) t:odd ,
(u? = 3vH)t — 2 = qv
where p, ¢, p’ and ¢'are positive integers such that pqg = 12, p'q’ = 24.
From (i),(ii) we have
ut — 6uv? — 3vt = p'(treven), ut — 6uv? — 3vt = 2p (t:0dd).
These diophantine equations have only finite solutions.

The case (II): As the process is almost the same as in the case (I),

we only mention the corresponding equations.
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b2 + (02 - C1 — 1)2 = (01 — 1)2. (1.7)/
(Ma) b = (u? —v?)t,Cy — Oy — 1 = 2uvt, Oy — 1 = (u? + v?)t,

ut + vt = 2uv(u? +0?) =p. (1.12)
(ITb) b = 2uvt,Cy — C1 — 1 = (u? — v?)t,C1 — 1 = (u® +v?)t,
ut — 6uv? — 3vt = —p/(t:even), ut — 6u?v? — 3vt = —2p(t:0dd) (1.14)

At this stage, all we have to do is to solve the following diophantine equations:

ut + vt — 2uv(u? 4+ v?) = —p, (1.12)
ut — 6uv? — 3t =g, (1.14)
ut 4+ v* — 2uv(u? 4+ v?) = p, (1.12)
ut — 6u’v? — 3vt = —¢, (1.14)

where p € {1,2,3,6},q € {1,2,3,4,6,8,12,24},u > v > 0,GCD(u,v) = 1,u # v(mod 2).

From the condition u # v(mod 2), we obtain that p,q € {1,3}.

Using the KASH 2.5 command ThueSolve,

(1.12) has the solution (u,v) = (2,1) for p = 3,

(1.14),(1.12)" and (1.14)" all have no solution.

For (1.12), we shall find (A, B,b) from the following relation:

(1) b= (u® —v?)t, Co — C1 +1=2uvt, C; + 1= (u?®+v)t,

(2) A=1+C3(Cy >0), B=2A2—-3C1A—3C; —3(C; >0), C2 -30C% =1.

From (1) we have b =3t, Co =9t —2, C; =5t — 1.

From this and C3 — 3C% = 1, we have t(t — 1) = 0. Since ¢ is a positive integer, we have
t = 1. Hence, from b = 3¢ and (2), we have (A, B,b) = (8,17, 3). Therefore, the integer solusions
(A, B,b) such that b # 0, A # —1,0,2 are (A, B,b) = (8,17,43). O

Lemma 2.2. The integer solutions (A, B, b) of the following diophantine system are
(0,0,0), (3,3,0) and (—3,6,£3):

A3 —3AB+3 =3 +1)

B3 —3AB+3=30*+0b%+1)

Proof. We have
A3 — 3AB = 3b?, (2.1)
B3 — 3AB = 3(b* + b?). (2.2)
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(i) The case b = 0: If A =0, then we have B = 0. If A # 0, then we have B # 0. And easily we
have A = B = 3. Therefore, in this case, we have (A, B,b) = (0,0,0),(3,3,0).

(i) The case b # 0: We obviously see A # 0, B # 0 and 3|A, B,b. We put A = 34y, B = 3By, b =
3bg. From (2.1), (2.2) we have

A3 — AoBy = b3, (2.3)

B} — AgBo = 9b3 + b2. (2.4)
From (2.3), (2.4) we have

B — A3 = 9b}. (2.5)
From (2.3), (2.5) we have Bj — A3 = 9(A3 — A¢By)?. From this we have

Bg = A§(9(Aj — Bo)® + Ao). (2.6)

We put Ay = Aym, By = Bym, where m = GCD(Ay, By)(> 1), GCD(A;1, By) = 1. Hence, from
(2.6) we have B3m? = A?m?2(9(A?m? — Bym)? + Aym). From this we have

B} = A2(9m(A2m — By)? + Ay). (2.7)
Since GCD(A;, By) = 1, we have A; = 1. Hence, from (2.7) we have
B} =9m(m — By)? £ 1. (2.8)

From (2.8) we have
B} —9B%m + 18Bym? — 9m? = +1. (2.9)
Using the KASH 2.5 command ThueSolve, the solutions of (2.9) are
(B1,m) = (¥2,F1), (+1,0), (£1, £1). (2.10)
Since m > 1, we have (By,m) = (2,1),(1,1).
Hence, we have (41, By,m) = (—1,2,1),(1,1,1).
Since Ag = Aym, By = Bym, we have (Ag, By) = (—1,2),(1,1).
By (2.3), b = A} — AgBy =1 or 0.
Since by # 0, we have (Ao, By, bo) = (—1,2,+1).
Hence, we have (A, B,b) = (3A0,3By, 3by) = (—3,6,£3). O

Theorem 2.4. Let b(# 0,+1,+3) € Z and let 63 — 30 — b* = 0.
1

Then, if 4(4bY)5 + 24 < |D S —
en, if 4(406%)5 4+ 24 < |Dg]|, € 1—b(0—b)<

> 1) is the fundamental unit of Q(6).

Proof. First, we note that
0000000 Fe) =€ —30* + >+ 1)e2 +3(b* + 1)e — 1 = 0.
If € is not a fundamental unit of Q(#), there exists a unit ¢y(> 1) of

Q(0) such that € = €, with some n € Z,n > 1.
0
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The case n = 2(i.e. € = €3): Let €y be a root of the equation
D000000 € —Bed+Aeg—1=0(A,B€Z).

Then we have the relation

A2 2B =3(b*> +1)

(2.11)
B2 —2A =3(b* + % +1).

By Lemma 2.1, the diophantine system (2.11) has the integer solutions (A, B,b) = (0, -3, £1),
(—1,-1,0),(3,3,0) and (8,17, £3).

The case n = 3(i.e. € =€3): Let €y be a root of the equation

0000000 € —Bed+Aeg—1=0(A,B€Z).

Then we have the relation

A3 —3AB+3=3(b+1)

(2.12)
B3 —3AB+3=3(b*+b*+1).

By Lemma 2.2, the diophantine system (2.12) has the integer solutions (A, B, b) = (0,0,0), (3, 3,0)
and (—3,6,+3). Therefore, we obtained the fact that there exist no units ey(> 1) such that
€ = €2, €5 or €. Next we shall show that, for any unit o(> 1), if4(4b4)%+24 < |Dk]|, then e < €.
Since F(4b*) > 0, we have € < 4b*. From Artin’s Lemma ([15], Lemma 2), if 4(4b4)% +24 < |Dgl|,
then we have (464)% < €p, where ¢y(> 1) is any unit of Q(@). Hence, we have that for any unit
eo(> 1) if 4(4b%)5 + 24 < | D|, then € < €. Therefore, if 4(4b%)5 + 24 < | D/, then €(> 1) is
the fundamental unit of Q(6). O

Remark 2.3. Lee and Spearman [25] point out that € is the sixth power of the fundamental unit

of Q(0) for the case b = £3.

Corollary 2.1.0 Let b(s 0,+1,43) € Z and let 62 — 30 — b® = 0.

Then, if b3 — 2 or b3 + 2 is squarefree,
1

T 1-b0-0b)

€ (> 1) is the fundamental unit of Q(6).

Proof. Suppose b® — 2 is squarefree. Then by Theorem 2.3 we have
IDg| = 27(b3 — 2) x 2¢- 392 . 0, > 27(b% — 2). Tt is casilly seen that 4(4b%)35 + 24 < 27(b3 — 2).
Therefore, from Theorem 2.4 € is the fundamental unit of Q(#).

The case that b® + 2 is squarefree is similar to the case that b® — 2 is squarefree. (]

o1



Corollary 2.2.0 Let b(# 0,+1,+3) € Z and let 63 — 30 — b = 0.

Then, there exist infinitely many cubic fields Q(€) such that
1

——(>1) i f 1 uni .
T=00=0) (> 1) is the fundamental unit of Q(6)

€ =

Proof. By Erdés [10], there are infinitely many natural numbers b for which b — 2 is squarefree.

The Corollary 2.2 is obtained from this and Corollary 2.1. O

2.4. A family of biquadratic fields

We need two lemmas. As for class field tower, refer to Yoshida [39].

Let K be a non-Galois cubic extension of QQ; let L be the normal closure of K; and let k be
the quadratic field containd in L. Note that no primes are totally ramified in the cubic field
K < L/k is an unramified extension.

Assume that 3|Dg(Dy, is the discriminant of k) and that L/k is an unramified extension. By
[13,81,(1)] (or [27,Theorem 3]), Dx = Dy§*(3f € Z). From this and 3| Dy, the decomposition of

3 at K is 3 = p1p3, where py,ps are distinct prime ideals lying above 3.

Lemma 2.3([13,Lemma 8]). Let K,k be as above. If there exists a unit ¢ in K such that
1. € is not a cube of any unit of K and
2. €2 =1 (mod p2p3),

then the length of the 3-class field tower of k(v/—3) is greater than 1.

Lemma 2.4([40,p134]). Let K,k be as Lemma 3.1. Let X3 + AX2 + BX — 1 be the minimal
polynomial of a unit # in K. Then
n=1 (mod p?p3) & 27|A+3,3%|A + B.

Let b(# 0,+3) € Z, 3|b and let 6 be the real root of the irreducible cubic polynomial
f(X)=X3-3X -b € Z[X].

The discriminant of f(X) is Dy = —33(b% —4) = —33(b® — 2)(b + 2) and D < 0.

Let K := Q(0),k := Q(\/Dys) = Q(\/—3(b5 —4)). We shall consider a family of biquadratic
fields F := Q(y/—3(05 — 4),/=3) = Q(v/5 — 4,/=3). We can show that #{Fy; b(# 0,£3) €
Z, 3|b} = oco. In fact, let S be a finite set of primes. By Dirichlet’s theorem on arithmetical
progressions, we can find a prime p such that p(# 2) ¢ S and p = 2(mod 3). For such p, we
can find ¢ € Z such that p|[c® — 2. Then, for b € Z with b = 0(mod 3) and b = c¢(mod p?), we
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have p[|b? — 2 and 3|b. Since GCD (b3 —2,b® +2) = 1 or 2, we have p||D. Hence, we have p|Dy.
Therefore, p is ramified in Fy. (cf. [32,Hilfssatz 1]).

Theorem 2.5. Assume that b(# 0,+3) € Z, 3|b. Then the length of the 3-class field tower of
F, = Q(Vb° — 4,1/—3) is greater than 1.

Proof. (a) Since 31 b5 — 4, we have 3|Dy,.

(b) We shall consider the minimal splitting field Kk of f(X).

By [27,Theorem 1] no primes are totally ramified in the cubic field K.

From this, Kk/k is an unramified cyclic cubic extension.

(c) From (a),(b), the decomposition of 3 at K is 3 = p1p3, where p1, py are distinct prime ideals

lying above 3.
1

1—-0b(6—-0b)
(e) Let F(X) = X3+AX?+BX—1 be the minimal polynomial of . Then A = —3(b*+b%+1), B =

3(b? +1). Hence, we have 27| — 3(b* + b%) = A+ 3, 3°| — 3b* = A+ B. By Lemma 2.4, we have

(d) By the proof of Theorem 2.4, ¢ = is not a cube of any unit of K.

e =1 (mod p2p3).
Therefore, from (d),(e) and Lemma 2.3, the length of the 3-class field tower of k(v/—3) = F} is
greater than 1. [J

Remark 2.4. By the same reason as [40,p.334,example], the 3-rank of the ideal class group of
Fy is greater than 1.
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3 A two-parameter family of cubic fields

Levesque and Rhin [26] introduced two families of complex cubic fields Q(«), each of which
depends on two parameters. Adam [1] obtained the Voronoi-algorithm expansions of the order
Zla] for these two families, for one of which Kiithner [23] also found the Voronoi-algorithm
expansions.

In this chapter we shall consider a new family of complex cubic fields, similar but different
from those families above i.e. Q(«), where « is the real root of the irreducible cubic polynomial
f(X) in Proposition 3.1.

Using the similar method in chapter 1, we obtain the following results :
the Voronoi-algorithm expansions of the order Z[a],

the period length of these expansions goes to infinity,

the fundamental units of the order Z[a].

The precise proof of the Theorem 3.1 is given in [19].

Proposition 3.1. Let f(X) = X? — ¢™X?% + (¢ + 1)X — ¢™, where m, ¢ are intergers
such that m > 1 and ¢ > 2. Then f(X) has only one real root a and f(X) is irreducible
except the case m =1,¢c = 2.

Moreover, if m > 2, then « satisfies

Proof. Since the discriminant of f(X) is

Dy = —{4c* — (¢* +20c — 8)*™ + 4(c +1)%} < 0,

f(X) has only one real root .

Since
m 2 m—+1 6 2 8
f(c™ — cml_l) =—c 1 + CT_2 T ondl T B3 < 0 and
m Cc—
f(C B cmfl) = Cmfl - C3m73 >0 ((m,c) 7é (172))7
m 1
- <a<cdm-— T ((m,c) # (1,2)).

Therefore, if (m,c) # (1,2), then f(X) is irreducible.

Furthermore, we have
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1 1
™ = 5 — o)
1 1 3 1 2 1 3 3 1
cm—2  om—1 + em+l em+2 T om+4d B3m=3  Bm Bm+3  3m+6
Hence, if m > 2, then

1
— m —
Cm—l Cm+2 <a<c Cm—l'

— _Cm—2 +

A" —

Let f(X) = X3—c™X?+ (c+ 1)X — ™, where m, c are intergers such that

m > 2 and ¢ > 2. By Proposition 3.1 f(X) is irreducible and has only one real root.

Theorem 3.1. Let a be the real root of the polynomial f(X), K = Q(«)

and O = Z[a]. Then

(i) The chain of the minimal points of O is: for 1 <s<m —1
Oo=1, 03> = +a—c) (225) bar = (5225) 7 ba = (555)
O3m—2 = a(l 4+ a— ™) (Cma_a)m and 03,1 = @ (Cmo‘_a)m.

(i) e =« ( X )m is the fundamental unit of O and Voronoi-algorithm

cMm—a

expansion period length is £ = 3m — 1.

Remark 3.1. The following relation holds among the minimal points of O :

0o = abllp + 01, 0351 = 0353 + 0352 for 2 < s <m —1, 03,1 = l3,,—3 + 03,1, —2.

Remark 3.2. In fact, (ii) in Theorem 3.1 is valid for m = 1 provided ¢ > 4.
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