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CURVATURE AND RIGIDITY OF WILLMORE
SUBMANIFOLDS*

By
Shichang SHU

Abstract. Let M be an n-dimensional compact Willmore sub-
manifold in an (n+ p)-dimensional unit sphere S"™*?. Denote by S
and H the square of the length of the second fundamental form and
the mean curvature of M. Let p be the non-negative function on M
defined by p? =S —nH? and K be the function which assigns to
each point of M the infimum of the sectional curvature at the point.
In this paper, first of all, we prove that, if K, H and p satisfy
K> 2pp_—_11+ (n—-2) \/g"ﬁ_—l—)—k H?, then either M is totally umbilic; or
a Willmore torus W) ,_;; or the Veronese surface in S*; if the Ricci
curvature R;, H and p satisfy R; > (n—2)+ (n— 2)Hp + H?, for
n > 5, then either M is totally umbilic or a Willmore torus W, ..
Secondly, we consider the Willmore submanifold with flat normal
connection, we obtain that, if 0 < p? <n then eigher M is totally
umbilic or a Willmore torus W, n_m; if K> (n—2) \/'%’:1—)—{—}12,
then M is totally umbilic or n < p? < np.

1. Introduction

Let M be an n-dimensional compact submanifold of an (n+ p)-dimensional
unit sphere S™*7. Let hj, S, H and H be the second fundamental form, the
square of the length of the second fundamental form, the mean curvature vector
and the mean curvature of M. We denote by W (x) the Willmore functional on M
(see [1], [12], [14)), that is, W (x) = [,,(S — nH?)"/* dv. From [1], [12] and [14], we
know that W (x) is an invariant under Moebius (or conformal) transformations of
S"+?_ The Willmore submanifold was defined by Li (7], that is, a submanifold is

called a Willmore submanifold if it is a extremal submanifold to the Willmore
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functional. When » = 2, the functional essentially coincides with the well-known
Willmore functional and its critical points are the Willmore surfaces. In [7] (also
see [12], [6]), Li obtained a Willmore equation in terms of Euclidean geometry,
which is very important to the study of rigidity and geometry of Willmore sub-
manifold. Li [7] obtained the following.

TueoreM 1.1 ([7]). Let M be an n-dimensional submanifold in an (n+ p)-
dimensional unit sphere S™P. Then M is Willmore submanifold if and only if for
n+l<a<n+p

(1) —p"2|SH*+ > HPrfht— > hehhhf — nH H®

i’j’ﬂ ilj) k)ﬂ

+ (= Dp"PATH 4 2(n = 1) 3 (0" H + (n— DH*A(p™?)

- Da(pn_z) =0,
where A(p"2) = 33(p"2); ;, ATH* = L HY, O%(0"2) = X(p" %), (nH 05 — b)),
i 1 LJ
and (p"?), ; is the Hessian of p"* with respect to the induced metric dx - dx, H
and H¢; are the components of the first and second covariant derivative of the mean
curvature vector field H.

ReMARrk 1.1.  Fix the index a with n+1 < a <n+ p, define [(]*: M — R by

O =Y _(nH*6; — k) fi ),
ihj
where f is any smooth function on M. We know that []* is a self-adjoint
operator (cf. Cheng-Yau [3] and Li [8]). We can see that this operator naturally
appears in the Willmore equation (1.1). This operator will play an important role
in the proofs of our theorems.

It is well know that in the theory of minimal submanifolds in S™” (i.e.
H = 0), Simons J. [13], Chern-Do Carmo-Kobayashi [4], Yau [15] and Ejiri N. [5]
had obtained some important rigidity Theorems in terms of the squared norm of
the second fundamental form, the sectional curvatures and the Ricci curvatures.
It is natural idea to establish the rigidity Theorems of Willmore submanifolds in
a unit sphere S™*?. The rigidity generally involve the scalar curvatures, the Ricci
curvatures, the sectional curvatures and the mean curvatures of the submanifolds.
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In 7], [9] and [10], Li obtained some rigidity Theorems in terms of p, which
vanishes exactly at the umbilical points of M.
Li [7] obtained the following

THEOREM 1.2 ([7]). Let M be an n-dimensional (n>2) compact Willmore
submanifold in S™P. Then

(1.2) J p"< . —p2> dv < 0.
M \2—3
;
In particular, if 0 < p*> < 5", then either p> =0 and M is totally umbilic, or
p? == In that latter case, either p=1and M is a Willmore torus Wy, y—m; or

[N

1
n=2 p=2 and M is the Veronese surface.

In this paper, we continue the study of the rigidity of n-dimensional compact
Willmore submanifolds in a unit sphere S™?. First of all, we obtain some
important integral equalities of Willmore submanifolds by use of the self-adjoint
operator []* (see Proposition 3.2 and 3.3). Secondly, we obtain a rigidity
Theorem and give a characterization of Willmore torus and Veronese surface in
terms of sectional curvatures (see Theorem 4.1). We also study the rigidity of
Willmore Submanifols in terms of the Ricci curvatures and obtain Theorem 4.2.
Finally, from the Theorem 1.2 of Li [7] and the Theorem 4.1 in section 4 we
consider the following

ProBiem 1.1. Let M be an n-dimensional compact Willmore Submanifold
. . np 2 _ Hp 2\
in unit sphere S™?. If 0 < p* <n (resp. K > (n—2) \/n(n_—l)+H ), is Theorem

1.2 (resp. Theorem 4.1) also true?

This problem seems to be very difficulty. If it is true, all the existing results
may be improved. However, it is not known whether it holds even in dimension
2. We obtain some results in section 5 (see Theorem 5.1 and 5.2), which can be
considered as partial affirmative answers to above problem. It should note that
the assumption of the flat normal connection plays an important role in the proof
of these results.

2. Preliminaries

Let x: M — S™” be an n-dimensional submanifold in an (n+ p)-
dimensional unit sphere S™*?. Let {ej,...,e,} be a local orthonormal basis of
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M with respect to the induced metric, {6;,...,6,} are their dual form. Let
€ntl;---,entp be the local unit orthonormal normal vector field. We make the
following convention on the range of indices:

1<i,j,k,...<n; n+l1<apf,y,...<n+p

Then the structure equations are

(2.1) dx= b,
2.2) de; = Z Oye; + Z hibie, — Oix,
J J,
(2.3) dey ==Y hifjei+ >  Oupep.
iJj B

The Gauss equations are

(2.4) Ryig = (Budi — Sudjic) + Z hhs — h3hs),

(2.5) Ri=(n—1)3+ny  H Zhu 8
o

(2.6) n(n—1)R=n(n—1)+n’H* -8,

where S= 3~ (b} N2 H = ZH“ea, H*=1S"h2 H=|H|. R is the normalized
ij,e k
scalar curvature of M.

The first covariant derivative {Af } and the second covariant derivative {A;}
of h} are defined by

(2.7) Zh,jkﬁk = dh + thjﬁk, + Zh " O + Zhya,,a,

(2.8) Z hi6) = dhg, + Zhgke,,- + Z %, 8; + ZI: heOn + % hf O

Then, we have the Codazzi equations and the Ricci identities

(2.9) B = RS,
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(2.10) S == h:Rog + > hE Ry + ;hg}tﬁﬂd.
m ™
The Ricci equations are
(2.11) Rugij = ;(h,;h,g — o).
Denote by p? = S —nH? the non-negative function on M. We know that
p? =0 exactly at the umbilical points of M. Define the first, second covariant

derivatives and Laplacian of the mean curvature vector field H = 3 H%, in the
normal bundle N (M) as follows *

(2.12) > HY; =dH"+_ H6p,
i B
(2.13) SN OHYG =dH%+ Y H%0:+ > H6p,
J J B
1
(2.14) AtH* = Z H%, H*= ;; R

Let f be a smooth function on M. The first, second covariant derivatives f;,
fi,j and Laplacian of f are defined by

(2.15) =S 56, S fibi=di+> £, A= fii
i J J i

For the fix index a(n+1<oa <n+ p), we introduce an operator [1* due to
Cheng-Yau [3] by

(2.16) 0% = > _(nH"5 — hg) fi -
iJj
Since M is compact, the operator []* is self-adjoint (see [3]) if and only if

(2.17) jM(D“f)g do = jM £(O%g) do,

where f and g are any smooth functions on M.
In general, for a matrix A = (a;;) we denote by N(4) the square of the norm
of A, that is,
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N(A) = trace(d - A") = > (ay)’.

Lj

Clearly, N(4) = N(T'AT) for any orthogonal matrix 7.
We need the following Lemmas due to Chern-Do Carmo-Kobayashi [4], Li
[7] and Cheng [2].

Lemma 2.1 ([4]). Let A and B be symmetric (n X n)-matrices. Then
(2.18) N(AB — BA) < 2N(A)N(B),

and the equality holds for nonzero matrices A and B if and only if A and B can be
transformed simultaneously by on orthogonal matrix into multiples of A and B
respectively, where

01 0 --- 0) 1 0 0 0
1 00 0 0 -1 0 0
i=|0 00 ol B=|0 0 o 0
000 0 0 0 0 0

Moreover, if Ay, Ay and As are (n X n)-symmetric matrices and if
N(Audy — AgAs) = 2N(AIN(4), 1<, B<3

then at least one of the matrices A, must be zero.

Lemma 2.2 ([7]). Let M be an n-dimensional (n > 2) submanifold in S™P.
Then we have

(2.19) \VA|* > |VJ' %,

where |Vh|* = 2 (hyk \VLH|* = S(H?)?, HY% is defined by (2.12).

Ia

LemmMa 2.3 ([2]). Let b; for i=1,...,n be real numbers satisfying Zn:bi =0
n i=]
and Y b? = B. Then
i=1

(2.20) Zb“ iz ("_‘_2)_232
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The following well-known Lemma due to M. Okumura [11] is also needed in this
paper.

Lemma 2.4 ((11]). Let {a;}., be a set of real numbers satisfying Za, =0,
Y- a? =12, where t > 0. Then we have

i

(2.21)

2 < - 2 3
—_ ______t s
\/n (n——l Z v/nn—1)
and the equalities hold if and only if at least (n— 1) of the a; are equal.

We can prove the following Lemma by making use of the method of Lagrane
multipliers (see [2], where Cheng obtained the below bound only).
n
LemMMA 2.5. Let a; and b; for i = 1,...,n be real numbers satisfying 3, a; =0
=1

and Y a? =a. Then
i=1

(2.22) a;b?

i=1

n
PrOOF. Putting g(x) = Y x;b?, we calculate the maximum (or minimum) of
i=1

the function g(x) with constraint conditions

n n
E x; =0, E )c,.2 =a.
=1 i=1

If the function g(x) attains its maximum (or minimum) gy at some points x, then
we have, at x,
b?+A+2ux; =0, fori=1,...,n,
where A and x4 are Lagrange multipliers. Therefore, we have
n n 2 2
B e, B
gdo = —2lua) = Z

We infer that Lemma 2.5 is true.

———+2ugo=0.
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3. Inmtegral Equalities of Willmore Submanifolds

In this section we shall obtain some integral equalities of Willmore sub-
manifolds. We should note that the self-adjoint operator []*, which appears in
Willmore equation (1.1) naturally, will play an important role in the proof of
these integral equalities.

Define tensors

(3.1) h = h — H"Sy,
(3.2) Gup = > hEhE, aa,g—Zh“hﬁ
iJ
Then the (p x p)-matrix (6,5) is symmetric and can be assumed to be
diagonized for a suitable choice of eni1,...,en1,. We set
(3.3) Goup = GuOup.

By a direct calculation, we have

(3.4) S hE =0, Gyp=o0yp—nH"H?, p*= G,=8—nH’
k o

(B5) > hihih =" RRShG +2 " H*hihf + HPp® + nH?HP.
i,j ko i,j,k,a ij,o

From Li [7], the Willmore equation (1.1) can be rewritten as

ProposITION 3.1 ([7]). Let M be an n-dimensional submanifold in an (n + p)-
dimensional unit sphere S"™P. Then M is a Willmore submanifold if and only if for
n+l<a<n+p

(3:6) O™ = (n=Dp"AH +2(n— 1) Y (0" )H}

+ (n— 1)H*A(p"™2) + p™~ 2(2Hﬁaaﬂ+ > h;hﬁh;’é)

i,j,k,B
Setting f =nH*®" in (2.16), we have

(3.7) “(nH*) = Z(nH“é — h3)(nH®), ;

—Z(nH“)(nH“)” Zh (nH®), ;
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We also have
.1_ 2 _._1_ ay2 _l o\ 2
(38)  SA(nH) _ZAZ:(nH ) —ZZI:A(nH )

22[ nH Y= )1+ S H Y,

(ZI

=’V H’ + ) (nH*)(nH*), ;.

o,

Therefore, from (3.7), (3.8), we get

(39 Y O =%A(nH)2—n2|vlﬁ| - Y k),

).] o
SAn(n— )H? = p* + 8] = n?|VEH|* = ) " ri(nH®),
'.])
1 1

1 ~
- 2 2 _ 2 \ul 572
_2AS+2n(n 1)AH 2Ap n*|V-H|

—Zh {(nH*),; ;.

).,)
On the other hand, we have

(3.10) %ASz SRR+ hiAR:

ij, ko i,j,a

= |VA> + ) hE(nH®), ;+ Y > k(g Rue + hfi Ruge)

i,j,a o i jk,l

+ z Z hgh,fiRpajk.

@B ij,k
Putting (3.10) into (3.9), we have

(3.11) > O%(nH®) = |VA]* — n?|V-H|? +%n(n —1)AH? - %Apz
a

+ 3 hi(h R + B Ruge) + ) Z hERG R .

o ij,k,1 af i),k

Multiplying (3.11) by p"~2? and taking integration, using (2.17), we have
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(3.12) ZJ (nHOO*(p™2) du:j p"2(|Vh? — n2| V) dv
- Im M
1 n—2 2 1 n—2A 2
+=n(n—1)| p"*AH?dv—=| p"*Ap” dv
2 M 2lm

+ J p"——2 Z Z hg(thRh-jk + hf;quk) dv
M a ij,k,l

J n=2 Z Z hyh iR gojic dv.

aﬂ l’.])
Taking the Willmore equation (3.6) into (3.12) and making use of the following
1
n—2 o ALgya n—2 Lypray2 n—2 oy 2
EHAHdv:—J EA H dv—J E H%)  dv
JMP a 2’ 4 () w’ i,a(’)

= 1] p"2AH? dv — j p"2|\VH? dv,
2)m M

| waerny o= S,
_ o 2 n—2 y = — n—2y ay2y -
-5 jM<H> Jido=—-%" JM"’ J(HY?) , d

a,i

-2 J H*® "=2) H* dv,
M; Z(p W
___lj pn—ZAp2 dv = __1-2 :j pn—Z(p2). . dv
2 M 2 - M L1

=3[ @y do == | ol
we have, by a direct calculation, the following

ProposITION 3.2. For any n-dimensional compact Willmore submanifold in
unit sphere S™7P there holds the following integral equality

(3.13) J P2 (VA = n|VEE]) do+ (n — 2) J P2Vl dv
M M

i,j,k

- J n-2 Z nH* (Hﬂa s+ h;‘hﬁch,f])
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J "2 3™ S B8 (ki Rige + hiRuge) do

o« ijk,l

J n—2 Z Zhyh,aRﬂaJk dv = 0.

o, B i,j,k

From (2.11), we have

(3.14) SOS BHERpge =>" S hEL(WiRE — hhE)

op ij,k o, B i,j,k,1

2
5 (zhﬁha 3 hﬁ;)
1

a,p.J.k

-y (z s - Z;.;;;;gj

,ﬁu,

N =

1 - - S
- _EZﬂN(AaAﬁ — ApA,),

where A, = (h%) = (h% — H5y).
By use of (2.4), (2.11), (3.2), (3.4), (3.5) and (3.14), we conclude

(3.15) D> BE(hfRug + hi Rug)

o« ij,k,1
=np* =S 5" ninlhghly +n > ST HPREREG + S b Rpge
o, B i,j,k,1 o, f i,j,k o, pB,i,j,k
= np? — Z o+n> S HPRREhS +20> > H*HPRZH]
o, B 0,7,k af ij

+ny (HP)’p? +n’H*Y (HF)? - %ZN(ffdffﬂ ~ ApA,)
B B «p
=np —Za +nH2p2+nZZHﬂh’9h
o,f i),k

1 - - - -
_EX;N(AdAﬂ — ApAy).
a,

Putting (3.14) and (3.15) into (3.13), we have the following
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PrOPOSITION 3.3. For any n dimensional compact Willmore submanifold in
unit sphere S™7? there holds the following integral equality

(3.16) J p"2(|VAI? — n|VEE?) do+ (n— 2) J p"2|Vp[2 dv
M M
+nj p" 2| H?p? — ZH“Hﬂa,,ﬁ dv+nJ pr dv
M a.p M
— J P> (N(AuAp — Agdy) + Gy) dv = 0.
M B

If the codimension p = 1, denote h}}“ = hy, I~1,;'-+1 = 71,7, for any i, j and note
that H = H™'| |V*H|* = [VH|* and G141 = p?, we have from (3.13) and
(3.16).

CoRrOLLARY 3.1. For any n-dimensional compact Willmore hypersurface in
unit sphere S™', there hold the following integral equalities

(3.17) J p"2(|VA[? — n|VH]) dv+(n—2)J P2Vl dv
M M

— J p"2 (n)':fzp2 + nHZiz,jil,-kizkj> dv
M ijk

+ JM ,D"_2 Z hi (hklRIijk + h1,-R1kjk) dv =0,
i,),k,1

and

(3.18) J p"2(|VA? — n|VH]) dv+(n—2)J P2Vl dv
M M

+J p"(n—p?) dv=0.
M

ReMARK 3.1. From (3.16) and (3.18), we can obtain the results of Li [7]
and [9] easily (see Li [7], [9]). From (3.13) and (3.17), we shall obtain the rigidity
Theorem in terms of sectional curvatures.

4. Rigidity Theorems in Terms of Sectional and Ricci Curvatures

In this section, we shall obtain some rigidity Theorems of r-dimensional
Willmore submanifolds in unit sphere S™7 in terms of sectional and Ricci
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curvatures. We should note that the integral equalities (3.13), (3.16) and (3.17)
will play an important role in the proofs of these Theorems.

In order to prove our Theorems, first of all, we review the following typical
example.

TYPICAL EXAMPLE 4.1 (see [7] or [6]). The torus

Wm,n—m:Sm< n—m XSn—rn(\/E)) l1<m<n-1
n n

are Willmore hypersurfaces in S™*!, which are called Willmore torus. The
principal curvatures Ay,...,4, of W, 5, are

m n—m
,11=~--=,1m2 , }_m+1=...=,1"=—
n—m m

n—m m
We also have by a direct calculation

-1 -—m-—1
R,],j=0, Rii=m, ISiSm, Ri,'zn(n—rn), m+1$i$n,
n—m m
where Ry (i # j) denotes the sectional curvature of the plane section spanned by
{ei,¢;} and R; denotes the Ricci curvature of W, ., respectively.

Remark 4.1. From the typical example 4.1, we know that R;; =
_\/:(—%_I)HP_{_HZ, if and only if m=1 and R;y= (n—2)+ (n—2)Hp+ H?,
1<i<n, if and only if m=1%.

From (3.13), (3.14) and (3.15), we know that for any real number g, the

following integral equality holds

(4.1) JM P2V — n|VEE]) do+ (n—2) JM P2Vl dv

+nJ p" | H? 2—ZH“H'B&,X/3 dv—(a—i—l)nj H?p™ dv
M B M

+ (1 + a) JM pn_2 Z Z h;(h]:[Rlijk + hlo;Rucjk) dv

@ ikl
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—(l—f-a)nJ "= ZZZH“h“hﬂhﬂ dv—anJ p"dv

of ij,k
J n— ZZ

j "2 S N(dudy — dpdy) do =10
M o f

Now, denote by K the function which assigns to each point of M the infimum of
the sectional curvature at that point, we have the following

THEOREM 4.1. Let M be an n-dimensional (n > 2) compact Willmore sub-
manifold in (n+ p)-dimensional unit sphere S™P. If K, H and p satisfy
p—1 n—2

K> + Hp+ H?,
2p—1 n(n—1) P

then either M is totally umbilic, or M is a Willmore torus W), =
S 1(,/"%‘) x §n-1 (\/%), or M is the Veronese surface in S*.

Proor. For a fixed a, n+1 < a <n+ p, we can take a local orthonormal
frame field {ey,...,e,} such that h¥ = 475;. Then, h"‘ = pld; with u¥ = A7 — H®,
> uf=0. Thus

(4.2) > (g Rue + b Ruge) 22 (AF — ARy

a,i, j, k! a,i,j

22 1 — 1)’ Ry

a, i, j

> nKp?,

and the equality in (4.2) holds if and only if R;; = K for any i # j.
Let Y(hf)” =15. Then 75 < Y (h))* = G. Since Shf =0, S pf =0 and
i i i i

}:(u;")z = 4. We have from Lemma 2.3 and Lemma 2.5

(4.3) ZZH“h“hﬂ b = ZZH% hih,

ap ijk B, i,j,k

= Hﬂ h Haa
Z Z,,u, \/———Zl |Gur/T5
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S e
n—2 2 - 5
< ko ST -l
From (3.3), we get

2
(4.4) doy=Y &> L (Z &.x) =t
o, f o p o p

From Lemma 2.1, (3.2) and (3.3), we have

2
(4.5) ZN(A wAp — Agd,) <2 Guop =2 <Z5«) -2 5

a#f

2
o

Therefore, from (4.1), Lemma 2.2, (4.2)—(4.5), we obtain for 0 <a <1

46) 0> J P"2(VH? — n|VEH?) dv+(n——2)J P2Vpl? dv
M M

+nJ "2(H22 ZH“H”@,g) dv— ( +a)nj H?p" dv
M

-2

\/( -1

—anJ p"dv+aJ p"‘zlp"du—(l—a)J p”'zp——lp"'dv
M M p M p

2(l+a)nj p" K——n;z—Hp—I:I2 dv—anJ- p"dv
M n(n—1) M

a p_1:|J n+2
+|=-—(1-a)— dv,
[P ( ) p Mp

+(1+ a)J p"InKp? dv— (1 + a)nJ "~ _Hpldv
M M

where we used

(4.7) > HHP65= (H") Z(H“) Za,, H?*p?.

o, f I
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Putting a=”Tfl, we have

n p—1 n—2 2
(4.8) OZJMp <K—2p—-1_ n(n_l)Hp——H)dv.

If K> 2I’_1+\/’%Hp—i-}'{2 from (4.8) we have p? =0, that is M is
totally umbilic, or K =5— 1+ e 1)Hp-i-}aﬂ on M. In the second case, the
equality in (4.8) holds. Thus, the equality in (4.2) holds, we have R;; = K for any
i # j. We can prove that M is not totally umbilic. In fact, if p = 0, we know that
the principal curvatures A7 are equal for all i and «, that is, for all a,
Ay =--- =AY Therefore, we have 1+Z(l°‘) =Ry =K= l+H2 = gl S

S (A%)?, then p = 0, this is a contradlctlon. Now, we may consider the case p =1
o

and p > 2 separately.

Case (i). If p=1, then K=\/"%Hp+H2 on M. Take a local ortho-
normal frame field {e,...,e,} such that hy = Ad;. Then hy = pud; with p; =

A — H. From (3.17), Lemma 2.2, Lemma 2.4 and (4.2), we have

(49) 0> JM -2(1Vh| - lVHf ) dv + JMp"_2< 3 —n)lVledv

n+2
+(n-2) J P2 Vp|* dv — J P2 (nH2p2 +nHY ,;?) dv
M M i

+ J P " 2nKp?* dv
M

an ol k——"22 _Hp— B2 an
M n(n—1)

Since K = \/’I_(;_—I)H p+ H?, the equalities in (4.9) hold. Therefore, we know that
the equalities in (4.2), Lemma 2.2 and Lemma 2.4 hold. Since in the second case,
we know that M is not totally umbilic. From (4.9) and Lemma 2.2, we conclude
that VH =0, i.e. H = const. and Vh = 0, i.e., the second fundamental form of M
is parallel. From Lemma 2.4, we conclude that M has only two distinct principal
curvatures. We easily follow that M is an isoparametric Willmore hypersurface
with two distinct principal curvatures. From the result of Li [9] (cf. Theorem 5.1
in Li [9]), we know that M is one of the Willmore torus Wy, y_m, l <m <n-—1.
Since the equality in (4.2) holds, we infer that Ry; = K = mH p + H?. From
Remark 4.1, we know that m = 1. Therefore, we have M is the Willmore torus

Wi =530 %50 (1)
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Case (ii). If p > 2, from K=§I;—‘1+ ":"nz_l)l‘flp-l—lﬁl2 on M, we know that
the equalities in (4.8) or (4.6) hold. Therefore the equalities in Lemma 2.1,
Lemma 2.2, (4.4) and (4.7) hold. Since we know that M is not totally umbilic, we
have

VIH =0, Vh=0,

N(A.Ap — Apd.) = 2N(A)N(dp), o # B,

(4.10)
2
Py = (z ) ,
a o
that is
(411) Ontl = -+ =&n+pa
(4.12) > H*H 6,5 = Hp”.

a’ﬂ

From Lemma 2.1, we know that at most two of A, = (izi‘}), a=n+1,...,n+p,
are different from zero. If all of A, = (hj) are zero, which is contradiction with
M is not totally umbilic. If only one of them, say 4,, is different from zero,
which is contradiction with (4.11). Therefore, we may assume that

An+l = M; A2 = #Ea Auu # 01

Ay =0, a>=n+3,

where A and B are defined in Lemma 2.1.
From (4.12), we have

RH™)? + g2 (H™)? = (A + ) Y (H)™

Since 4,1 # 0, we infer that H* =0, n+ 1 <a <n+ p, that is, H =0, i.e, M is
a minimal submanifold in $™? and K = zpp;_ll on M. From the Theorem of S. T.
Yau [15] (cf. Theorem 15 of Yau [15]), we know that M is Veronese surface in
S*. This completes the proof of Theorem 4.1.

Now, we consider the rigidity of Willmore submanifolds in terms of Ricci
curvatures. We need the following
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Lemma 4.1.  For any n-dimensional submanifold in an (n+ p)-dimensional unit

sphere S™? if the Ricci curvature Ry > (n—2) + (n — 2)Hp + H?, then there hold
the following

(4.13) p? <n,

(4.14) S NUody — dgd) < 4>~ 33
d,ﬂ o

Proor. From Gauss equation (2.5) and (3.1), we have

Rie= (n— 1)+ (n—2) S HhE + (n— 1)H6s — 3 hhs.
o a,j
Thus, we get
(4.15) Rit=("—1)’*‘("_2)2]{“}’3'*'1{2_2(715 g
o a,j

By Cauchy-Schwarz inequality, we have

(4.16) S HRE < \/Z(H“)Z \/Z(h;’;)z < Hp.

(4.16) and the assumption of Lemma 4.1 infer that

(4.17) Ri>(n—2)+(n—2)> Hhi+H>.
(4.15) and (4.17) imply that

(4.18) 1-) (h)* >0,
an
that is, we have p? < n.
From (4.18) and iz,-'} = ufdy, it is easy to see

Y Ny — Agda) = 3 (W) (uf — )
B B#a,i,l

<4 3 ED ) <43 (- () ()
1

Bta,i,l

2
= - A <A () (Z(uf‘)z) :
! 1 ! 1

Therefore, we know (4.14) holds. This completes the proof of Lemma 4.1.
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REMARK 4.2. From the proof of Lemma 4.1, we infer that if p? = n, then
=(n—-2)+ (n—2)Hp+ H>.

THEOREM 4.2. Let M be an n-dimensional (n>5) compact Willmore sub-
manifold in (n+ p)-dimensional unit sphere S™P. If Ricci curvature R; of M, H
and p satisfy

Ri>(n—2)+(n—-2)Hp+ H?,
then either M is totally umbilic, or M is the Willmore torus Wpym =
sy«

Proor. From (3.16), Lemma 2.2, (3.3), (4.7) and Lemma 4.1, we have

noa n—2 2, n—4 ~2
(4.19) OZnJMp dv JMp <4p +———~n Xa:oa) v
n—4 n—2
2(n=4)| o dv—-———- Zaa dv
n—4

- jp"(n—pz)dvzo,
n M

where we used

2
(4.20) da< (Z a—a) =p*.

From (4.19), we conclude p” =0, that is M is totally umbilic, or p? =n. In
the latter case, we have the equalities in (4.19) and (4.20) hold. From 5.2 =
a

2
(Z &a> , we have Y 6,65 = 0. Therefore, we infer that (p — 1) of the &, must

a#f
be zero, this 1mphes that (p — 1) of the 4, = (h ‘) must be zero so that p =1.

Since p =1 and p? = n, from the Theorem 1.2 due to Li [7] or [9], we know that
M is a Willmore torus Wy, y_m, 1 <m <n—1. From Remark 4.2 and Remark
4.1, we infer that m =%. Therefore, we know that M is the Willmore torus
Winm = S'"(\/%) x S™ (\é) This completes the proof of Theorem 4.2.

5. Willmore Submanifolds with Flat Normal Connection

In this section, we try to solve Problem 1.1. If Problem 1.1 is true, we know
that all the existing results may be improved. However, this problem seems to be
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a very hard problem, we try to give some partial affirmative answers to this
problem.

THEOREM 5.1. Let M be an n-dimensional (n > 2) compact Willmore sub-
manifold in (n+ p)-dimensional unit sphere S™7P with flat normal connection. If
0 < p? < n, then either M is totally umbilic or M is a Willmore torus Wy n—m.

Proor. Since the normal connection of M is flat, we know that Rpgyy = 0.
From (3.14), we have

>  N(AuAp — Apdy) = 0.
o
Therefore, from (3.16), Lemma 2.2, (3.3) and (4.7), we infer that

5.1 oan "dv—J "2\ 62 dv
(5.1) P P Za:

2
>n "dv——J n=2 oy | dv
[ -] om(2e)
=J p"(n— p?) dv.
M

If 0 < p? < n, from (5.1), we have p" =0, i.e., M is totally umbilic, or p?2 =n. In
the latter case, we know that the equalities in (5.1) hold. Hence, we conclude that
Y= G,)?, this implies that (p — 1) of the A, = (izg) must be zero so that

p = 1. From the Theorem 1.2 due to Li [7] or [9], we know that M is a Willmore
torus W, y—m. This completes the proof of the Theorem 5.1.

Remark 5.1. If M is an n-dimensional compact Willmore hypersurface in
unit sphere S"*!, then the normal connection of M is flat. Therefore, we know
that Theorem 5.1 reduces to the first case (p = 1) of Theorem 1.2 of Li [7] or [9].

THEOREM 5.2. Let M be an n-dimensional (n > 2) compact Willmore sub-
manifold in (n+ p)-dimensional unit sphere S™? with flat normal connection. If
K> :TZ—ISHP_’-HZ’ then M is totally umbilic or n < p* < np.

Proor. Since the normal connection of M is flat. From (3.15), (4.2), (4.3)
and the assumption of Theorem 5.2, we have
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(5.2) np? =Y G=_ > KRy + hiRug)
o,f o ikl
—nH?p> —ny > HPRShERS,
o,f i),k
2 n—2 2
>np?| K————=—=Hp—H?|>0.
v/n(n—1)

Therefore, from (3.16), Lemma 2.2, (4.7) and (5.2), we obtain
(5.3) 0> J pm2 <np2 — Z&§ﬁ> dv
M p
n n—2 2
> np"| K————=Hp—H" | dv >0,
M nn—1)

.. - n__ . N -q- _ n—2 2
this implies that p"” = 0, i.e., M 1is totally umbilic, or K = me + H*. In the
latter case, we know that the equalities in (5.3) hold. Therefore, we have
(5.4) > 6% =np’.

op

From (5.4) and (3.3), we have

2
np? = Z&f‘ < (Z&“> = p*.

Thus, we know that p? > n.
On the other hand, from (5.4) and (3.3), we have > 62 =n)_4G,, that is,
~ n 2 n2 o

Y6 -5 =" )

* Hence, we have

Py 25 (2le) 5%

this infers that p? < np. We complete the proof of Theorem 5.2.

ReMARK 5.2. If M is an n-dimensional compact Willmore hypersurface in
unit sphere S™*!, we know that the normal connection of M is flat. From
Theorem 5.2, we have M is totally umbilic or p2 = n. In the latter case, M is a
Willmore torus W, ,—m. Furthermore, from the proof of Theorem 5.2, we know
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that Ry = K = —Z=2=Hp + H’. From Remark 4.1, we have m = 1. Therefore,
we infer that Theorem 5.2 reduces to the first case (p =1) of Theorem 4.1.
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