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CURVATURE AND RIGIDITY OF WILLMORE 
SUBMANlFOLDS* 

By 

Shichang SHU 

Abstract. Let M be an n-dimensional compact Willmore sub­
manifold in an (n + p)-dimensional unit sphere sn+p. Denote by S 
and H the square of the length of the second fundamental form and 
the mean curvature of M. Let p be the non-negative function on M 
defined by p2 = S - nH2 and K be the function which assigns to 
each point of M the infimum of the sectional curvature at the point. 
In this paper, first of all, we prove that, if K, Hand p satisfy 
K ~ r=_ll + (n - 2) ~ + H2, then either M is totally umbilic; or 

P yn(n-l) 

a Willmore torus W1•n- l ; or the Veronese surface in S4; if the Ricci 
curvature R ii , H and p satisfy Rii ~ (n - 2) + (n - 2)Hp + H2, for 
n ~ 5, then either M is totally umbilic or a Willmore torus Wm,m' 
Secondly, we consider the Willmore submanifold with flat normal 
connection, we obtain that, if 0 ::5: p2 ::5: n then eigher M is totally 
umbilic or a Willmore torus Wmn- m; if K~ (n-2)~+H2, 

, yn(n-l) 
then M is totally umbilic or n ::5: p2 ::5: np. 

1. Introduction 

Let M be an n-dimensional compact submanifold of an (n + p)-dimensional 
unit sphere sn+p. Let hij, S, jj and H be the second fundamental form, the 
square of the length of the second fundamental form, the mean curvature vector 
and the mean curvature of M. We denote by W(x) the Willmore functional on M 
(see [1], [12], (14)), that is, W(x) = fM(S - nH2r/2 dv. From [1], [12] and [14], we 
know that W(x) is an invariant under Moebius (or conformal) transformations of 
sn+p. The Willmore submanifold was defined by Li [7], that is, a submanifold is 
called a Willmore submanifold if it is a extremal submanifold to the Willmore 
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functional. When n = 2, the functional essentially coincides with the well-known 
Willmore functional and its critical points are the Willmore surfaces. In [7] (also 
see [12], [6]), Li obtained a Willmore equation in terms of Euclidean geometry, 
which is very important to the study of rigidity and geometry of Willmore sub­
manifold. Li [7] obtained the following. 

THEoREM 1.1 ([7]). Let M be an n-dime"nsional submanifold in an (n + p)­

dimensional unit sphere sn+p. Then M is Willmore submanifold if and only if for 

n+l~DC~n+p 

(1.1) _pn-2 [SHfJ. + LHPhehif - L hifh!h' - nH2HfJ.] 
i,j,p i,j,k,p 

+ (n - l)pn-2A.L HfJ. + 2(n - 1) L(pn-2)iH,~ + (n - I)HfJ.A(pn-2) 
i 

where A(pn-2) = E(pn-2)i,j, A.L Hf1. = E H,~i' Of1.(pn-2) = E(pn-2\/nHf1.oij - hij), 
i j i,j 

and (pn~2)i,j is the Hessian of pn-2 with respect to the induced metric dx· dx, H,~ 

and H,ij are the components of the first and second covariant derivative of the mean 

curvature vector field H. 

RE:M:A.R.K 1.1. Fix the index DC with n + 1 ~ DC ~ n + p, define Of1. : M -+ R by 

ofJ.f = L(nHf1.0ij - hif)fi.j, 
i,j 

where f is any smooth function on M. We know that OfJ. is a self-adjoint 
operator (cf. Cheng-Yau [3] and Li [8]). We can see that this operator naturally 
appears in the Willmore equation (1.1). This operator will play an important role 
in the proofs of our theorems. 

It is well know that in the theory of minimal submanifolds in sn+p (i.e. 
H == 0), Simons J. [13], Chern-Do Carmo-Kobayashi [4], Yau [15] and Ejiri N. [5] 
had obtained some important rigidity Theorems in terms of the squared norm of 
the second fundamental form, the sectional curvatures and the Ricci curvatures. 
It is natural idea to establish the rigidity Theorems of Willmore submanifolds in 
a unit sphere sn+p. The rigidity generally involve the scalar curvatures, the Ricci 
curvatures, the sectional curvatures and the mean curvatures of the submanifolds. 
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In (7], [9] and [10], Li obtained some rigidity Theorems in terms of p, which 
vanishes exactly at the umbilical points of M. 

Li [7] obtained the following 

THEOREM 1.2 ([7]). Let M be an n-dimensional (n ~ 2) compact Willmore 
submanifold in sn+p. Then 

(1.2) J pn(~_p2) dv:::;;O. 
M 2-­p 

In particular, if 0:::;; p2 :::;; 2~1' then either p2 == 0 and M is totally umbilic, or 
p2 = 2~1' In that latter case, either p = 1 and M is a Willmore torus Wm,n-m; or 
n = 2, P = 2 and M is the Veronese surface. 

In this paper, we continue the study of the rigidity of n-dimensional compact 
Willmore submanifolds in a unit sphere sn+p. First of all, we obtain some 
important integral equalities of Willmore submanifolds by use of the self-adjoint 
operator OlX (see Proposition 3.2 and 3.3). Secondly, we obtain a rigidity 
Theorem and give a characterization of Willmore torus and Veronese surface in 
terms of sectional curvatures (see Theorem 4.1). We also study the rigidity of 
Willmore Submanifols in terms of the Ricci curvatures and obtain Theorem 4.2. 
Finally, from the Theorem 1.2 of Li [7] and the Theorem 4.1 in section 4 we 
consider the following 

PROBLEM 1.1. Let M be an n-dimensional compact Willmore Submanifold 
in unit sphere sn+p. If 0 :::;; p2 :::;; n (resp. K ~ (n - 2) ~ + H2), is Theorem 

yn(n-I) 
1.2 (resp. Theorem 4.1) also true? 

This problem seems to be very difficulty. If it is true, all the existing results 
may be improved. However, it is not known whether it holds even in dimension 
2. We obtain some results in section 5 (see Theorem 5.1 and 5.2), which can be 
considered as partial affirmative answers to above problem. It should note that 
the assumption of the flat normal connection plays an important role in the proof 
of these results. 

2. Preliminaries 

Let x: M -; sn+p be an n-dimensional submanifold in an (n + p)­
dimensional unit sphere sn+p. Let {el, ... , en} be a local orthonormal basis of 



178 Shichang SHU 

M with respect to the induced metric, {Ol,"" On} are their dual form. Let 
en+l, ... , en+p be the local unit orthonormal normal vector field. We make the 
following convention on the range of indices: 

1~i,j,k, ... ~n; n+l~a,p,y, ... ~n+p 

Then the structure equations are 

(2.1) 

(2.2) de; = L Oijej + L hijOje(f. - OiX, 
j j,(f. 

(2.3) 

The Gauss equations are 

(2.4) Rijkl = (<>i~j1 - <>i/<>jk) + L(hflchji - hilh),,), 
(f. 

(2.5) Rik = (n - 1)<>ik + n LH(f.hflc - Lhijh)", 
(f. j,(f. 

(2.6) n(n-l)R=n(n-l) +n2H2 -s, 
2 - 1 -where S = I: (hij) , H = I: H(f.e(f., H(f. = ii I: hkk, H = IHI. R is the normalized 

i,j,(f. (f. k 
scalar curvature of M. 

The first covariant derivative {hijk} and the second covariant derivative {hijkl} 
of hij are defined by 

Then, we have the Codazzi equations and .the Ricci identities 

(2.9) 
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(2.10) hijkl - hijlk = ~ h!jRmikl + ~ h!,Rmjkl + ~ hCRp«kl. 
m m p 

The Ricci equations are 

(2.11) 

Denote by p2 = S - nH2 the non-negative function on M. We know that 
p2 = 0 exactly at the umbilical points of M. Define the first, second covariant 
derivatives and Laplacian of the mean curvature vector field Ii = L: HlI.ell. in the 
normal bundle N(M) as follows II. 

(2.12) ~H,~()i=dHIX+ ~HP()pIX' 
i P 

(2.13) 

(2.14) 

Let f be a smooth function on M. The first, second covariant derivatives ii, 
fi,j and Laplacian of f are defined by 

(2.15) ~ fi,j()j = dfi + ~ jj()ji, ~f= ~fi,i' 
j j i 

For the fix index ex(n + 1 ~ ex ~ n + p), we introduce an operator OIX due to 
Cheng-Yau [3] by 

(2.16) OIXf = ~(nHIXc5ij - hij)fi,j. 
i,j 

Since M is compact, the operator OIX is self-adjoint (see [3]) if and only if 

(2.17) 

where f and g are any smooth functions on M. 
In general, for a matrix A = (aij) we denote by N(A) the square of the norm 

of A, that is, 
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N(A) = trace (A . At) = L(aij)2. 
i,j 

Clearly, N(A) = N(TtAT) for any orthogonal matrix T. 
We need the following Lemmas due to Chern-Do Carmo-Kobayashi [4], Li 

[7] and Cheng [2]. 

LEMMA 2.1 ([4]). Let A and B be symmetric (n x n)-matrices. Then 

(2.18) N(AB - BA) ~ 2N(A)N(B), 

and the equality holds for nonzero matrices A and B if and only if A and B can be 
transformed simultaneously by on orthogonal matrix into multiples of A and B 
respectively, where 

0 1 0 0 1 0 0 0 
1 0 0 0 0 -1 0 0 

A= 0 0 0 0 B= 0 0 0 0 

0 0 0 0 0 0 0 0 

Moreover, if AI, A2 and A3 are (n x n)-symmetric matrices and if 

then at least one of the matrices Acx must be zero. 

LEMMA 2.2 ([7]). Let M be an n-dimensional (n ~ 2) submanifold in sn+p. 

Then we have 

(2.19) 

where IVhl2 = I: (hijk) 2, IV.LD!2 = I:(H.~)2, H,~ is defined by (2.12). 
i,i,k,a i,cx 

/I 

LEMMA 2.3 ([2]). Let bi for i = 1, ... , n be real numbers satisfying I: bi = 0 
n i=1 

and I: bl = B. Then 
;=1 

(2.20) 
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The following well-known Lemma due to M. Okumura [11] is also needed.in this 
paper. 

LEMMA 2.4 ([11]). Let {ai};=1 be a set of real numbers satisfying Eai = 0, 
Eat = t2, where t:2: o. Then we have i 

i 

(2.21) n-2 3 '"' 3 n-2 3 - t S LJa; S t , 
In(n -1) j In(n -1) 

and the equalities hold if and only if at least (n - 1) of the aj are equal. 

We can prove the following Lemma by making use of the method of Lagrane 
multipliers (see [2], where Cheng obtained the below bound only). 

n 
LEMMA 2.5. Let ai and bi for i = 1, ... , n be real numbers satisfying E aj = 0 

n ;=1 

and Eat = a. Then 
i=1 

(2.22) 
( 

n )2 
n Ebl 

2: bi - i=1 va. 
;=1 n 

n 
PROOF. Putting g(x) = E xibl, we calculate the maximum (or minimum) of 

i=1 

the function g(x) with constraint conditions 

n 

2: x; =0, 
i=1 

n 

'"' 2_ LJX; -a. 
i=1 

If the function g(x) attains its maximum (or minimum) go at some points x, then 
we have, at x, 

b; + A. + 2J1Xi = 0, for i = 1, ... ,n, 
where A. and jl are Lagrange multipliers. Therefore, we have 

n 

Ebt 
A. - _ ;=1 

- n' 

( 
n )2 

n Ebl 
2: b1- ;=1 + 2f.l{}o = O. 
i=1 n 

We infer that Lemma 2.5 is true. 
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3. Integral Equalides of Willmore Submauifolds 

In this section we shall obtain some integral equalities of Willmore sub­
manifolds. We should note that the self-adjoint operator O'x, which appears in 
Willmore equation (1.1) naturally, will play an important role in the proof of 
these integral equalities. 

Define tensors 

(3.1) 

(3.2) 

Then the (p x p)-matrix (aIXp) is symmetric and can be assumed to be 

diagonized for a suitable choice of en+l, ... , en+p • We set 

(3.3) 

By a direct calculation, we have 

(3.4) Lh,a = 0, aIXp = G'IXP - nHIXHP, p2 = LaIX = S - nH2, 
k IX 

(3.5) L hthijhnc = L hthijhnc + 2 LHIXhijhC + HPp2 +nH2HP. 
i,j,k,a. i,j,k,a. i,j,rt. 

From Li [7], the Willmore equation (1.1) can be rewritten as 

PROPOSITION 3.1 ([7]). Let M be an n-dimensional submanifold in an (n + p)­
dimensional unit sphere sn+p. Then M is a Willmore submanifold if and only if for 

n+l~lX~n+p 

(3.6) 

Setting f = nHIX in (2.16), we have 

(3.7) OIX(nHIX) = L(nHIX<5ij - hij)(nHIX)i,j 
i,j 

= L(nHIX)(nHIX)i,i - Lhij(nHIX\r 
i i,j 
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We also have 

(3.8) .!.A(nH)2 =.!.A "CnHrt.) 2 =.!." A(nHrt.) 2 

2 2 ~ 2~ 

= ~I;[(nHrt.)\i = I;[(nHrt.),i12 + I; (nHrt.) (nHrt.\; 
«,I «,I «,I 

= n21V1. HI2 + L(nHrt.)(nHrt.)i,i' 
!X,i 

Therefore, from (3.7), (3.8), we get 

(3.9) L Drt.(nHrt.) = ~ A (nH) 2 - n21V1. HI2 - ?: hij(nHrt.\j 
ex ',l,a 

= ~A[n(n -1)H2 - p2 + S] - n21V1.H12 - ?:hij(nHrt.)i,j 
l,J,a. 

1 1 2 1 2 2 1. .... 2 
=-AS+-n(n-I)AS --Ap -n IV HI 

2 2 2 

- Lhij(nHrt.);,F 
i,j,ex 

On the other hand, we have 

(3.10) ~AS = L (hijk)2 + LhijAhij 
i,i,k,a. i,j,a. 

= IVhl 2 + Lhij(nHrt.);,j + L L hij(h'kIRzijk + hiiRlkjk) 
i,j,a. ex i,j,k,1 

Putting (3.10) into (3.9), we have 

(3.11) LDrt.(nHrt.) = IVhl2 - n21V1.H12 +~n(n - I)AS2 _~Ap2 
rt. 

Multiplying (3.11) by pn-2 and taking integration, using (2.17), we have 
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+!n(n - 1) J pn-2AH2 dv _!J pn-2Ap2 dv 
2 M 2 M 

+ J pn-2 L L hij(hZJR1!ik + h~Rlkjk) dv 
M cx ;,j,k,l 

Taking the Willmore equation (3.6) into (3.12) and making use of the following 

J pn-2LHCX~.LHCXdv=~J pn-2LA.L(HCX)2dv- J pn-2r)H,~)2dv 
M cx M cx M I,CX 

J H2A(pn-2) dv = J L(HCX )2 L(pn-2);,; dv 
M M cx i 

= LJ (Hcx)2(pn-2);,; dv = - LJ (pn-2M(H cx )2),i dv 
CX,; M CX,; M 

= -2J LHcxL(pn-2)iH,~ dv, 
M cx i 

we have, by a direct calculation, the following 

PROPOSITION 3.2. For any n-dimensional compact Willmore submanifold in 
unit sphere sn+p , there holds the following integral equality 

(3.13) JMpn-2(/VhI2 - nIV.LjW) dv+ (n - 2) JMpn-2lvpl2 dv 

- JM pn- 2 LnHcx (HPiicxP + ~hijh~h~) dv 
cx,p I,j,k 
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+ J pn-2 L L hijh~Rpajk dv = O. 
M a,p i,j,k 

From (2.11), we have 

(3.14) LLhijh~Rpajk= L L hijh~(hthlk-h~hij) 
~P~~k ~P~~~l 

= - ~ ~ (L hthik - L hfth~)2 
a,p,J,k I 1 

= -~LN(AaAp - ApAa), 
a,p 

where Aa := (hif) = (hif - H"c5ij). 
By use of (2.4), (2.11), (3.2), (3.4), (3.5) and (3.l4), we conclude 

(3.15) L L hij(hkZR/ijk + hliRZkjk) 
a i,j,k,i 

= np2 - L L hijhghikh~ + n L L HP h'hifhOc + L h;h~Rp"jk 
",p i,j,k,l ",p i,j,k a,p,i,j,k 

+ n L(HP)2 p2 + n2 H2 L(HP)2 - ~ L N(A"Ap - ApA,,) 
p p ",p 

= np2 - L a;p + nH2p2 + n L L HPh'hijhOc 
~p ~p ~~k 

- ~ LN(AaAp - ApA,,). 
",p 

Putting (3.14) and (3.15) into (3.13), we have the following 
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PROPOSITION 3.3. For any n dimensional compact Willmore submanifold in 

unit sphere sn+p , there holds the following integral equality 

(3.16) JMpn-2(IVhI2 - nIV.l.HI2) dv + (n - 2) JMpn-2lvpl2 dv 

+ n JM pn- 2 (H2p2 - ~H"HPa"p) dv + n JM pn dv 

If the codimension p = 1, denote h;;+! = hij, h;;+! = hij, for any i, j and note 

that H = Hn+!, IV.LHI2 = IVHI2 and CTn+!,n+! = p2, we have from (3.13) and 

(3.16). 

COROLLARY 3.1. For any n-dimensional compact Willmore hypersurface in 

unit sphere sn+!, there hold the following integral equalities 

(3.17) 

and 

(3.18) 

J 2( 2 2 "'- - - ) - pn- nH p + nH ~ hijhikhkj . dv 
M l,},k 

fMpn-2(IVhI2 - nIVHI2) dv+ (n - 2) JMpn-2lvpl2 dv 

+ JMpn(n - p2) dv = O. 

REMARK 3.1. From (3.16) and (3.18), we can obtain the results of Li [7] 
and [9] easily (see Li [7], [9]). From (3.13) and (3.17), we shall obtain the rigidity 
Theorem in terms of sectional curvatures. 

4. Rigidity Theorems in Terms of Sectional and Ricci Curvatures 

In this section, we shall obtain some rigidity Theorems of n-dimensional 
Willmore submanifolds in unit sphere sn+p in terms of sectional and Ricci 
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curvatures. We should note that the integral equalities (3.13), (3.16) and (3.17) 
will play an important role in the proofs of these Theorems. 

In order to prove our Theorems, first of all, we review the following typical 
example. 

TYPICAL EXAMPLE 4.1 (see [7] or [6]). The torus 

W m,n-m = Sm ( In ~ m) X Sn-m ( fn) , 1 ~ m ~ n - 1 

are Willmore hypersurfaces in sn+l, which are called Willmore torus. The 

principal curvatures AI,"" An of W m, n-m are 

Al = ... = Am = J m , 
n-m 

rn=m Am+l = ... = An = -y--;;;-' 

Then, we have 

1( ~ R-m) H=- m ---(n-m) -- , 
n n-m m 

We also have by a direct calculation 

Rijij = 0, 
R-._ n(m-1) 

u- , 
n-m 

1 ~ i ~ m, 
n(n-m-l) 

Rii= , 
m 

m+ 1 ~ i ~ n, 

where Rijij (i #- j) denotes the sectional curvature of the plane section spanned by 
{ei,ej} and Rii denotes the Ricci curvature of Wm,n-m, respectively. 

REMARK 4.1. From the typical example 4.1, we know that Rijij = 
~Hp + H2, if and only if m = 1 and R i ; = (n - 2) + (n - 2)Hp + H2, 

yn(n-I) 

I ~ i ~ n, if and only if m = ~ . 

From (3.13), (3.14) and (3.15), we know that for any real number a, the 
following integral equality holds 

(4.1) fMpn-2(IVhI2 - nIV.LHI2) dv + (n - 2) JMpn-2lvpl2 dv 

+ nf pn- 2 (H2p2 - ~HaHP(jap) dv - (a + l)nJ H2pn dv 
M a,p M 
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J 2'" 2 l-aJ 2'" - - --+ a pn- L..; alt.p dv - -2- p"- L..; N(AIt.Ap - ApAIt.) dv = O. 
M ~p M ~p 

Now, denote by K the function which assigns to each point of M the infunum of 
the sectional curvature at that point, we have the following 

THEOREM 4.1. Let M be an n-dimensional (n ~ 2) compact Willmore sub­
manifold in (n + p )-dimensional unit sphere S,,+p. If K, Hand p satisfy 

K p-l n-2 H H2 
~--+ p+) 

2p-1 vn(n-l) 

then either M is totally umbilic; or M is a Willmore torus W1,n-l = 
SI (N) x sn-l (If); or M is the Veronese surface in S4. 

PROOF. For a fixed IX, n + I ::;; IX ::;; n + p, we can take a local orthonormal 

frame field {el, .. . ) en} such that hij = A; Jij. Then, hij = flfJij with flf = A; - Hit., 

"'£ flf = O. Thus 
i 

(4.2) L hijWklRJijk + hliRlkjk) = ~ L(A; - 4)2 Rijij 
!x, i,j,k,/ a,i,j 

and the equality in (4.2) holds if and only if Rijij = K for any i =1= j. 
-P2 -P2 _. -p 

Let ",£(hu) = 7:p. Then 7:p::;; ",£(hij) = ap. Smce "'£ hjj = 0, "'£ flf = 0 
i i,j i 

"'£(fln 2 = alt.. We have from Lemma 2.3 and Lemma 2.5 
i 

'" p '" - p( 1t.)2 n - 2 '" p_ = L..; H L..; hjj fli ::;; V L..; IH la<tjrp 
<t,p i n(n - 1) <t,p 

and 
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:s; n - 2 L iTex L IHPIJ&i 
In(n-I) ex P 

n - 2 2 '""(HP) 2 '"" - _ n - 2 H 3 
:s; In(n - I)P Lp Lpup - In(n -I) p. 

From (3.3), we get 

(4.4) LO';.u = LO'~ ~ .!. (LiTex)2 =.!.p4. 
ex,p ex P ex P 

From Lemma 2.1, (3.2) and (3.3), we have 

(4.5) LN(A-exAp -ApAex):S; 2 LiTexiTp = 2 (LiTex)2 -2 La; 
ex,P ex;liP ex ex 

:s; 2p4 _ 2.!. (LO'ex)2 = 2P -I p4. 
P IX P 

Therefore, from (4.1), Lemma 2.2, (4.2)-(4.5), we obtain for O:s; a:s; 1 

(4.6) 0 ~ IMpn-2(IVhI2 - nIV.LHI2) dv + (n - 2) IMpn-21Vp12 dv 

+n IM pn- 2( H2p2 - ~HexHPiTexP) dv- (1 +a)n 1M H2pn dv 

+ (1 + a) I pn-2nKp2 dv - (1 + a)n I pn-2 n - 2 Hp3 dv 
M M In(n -1) 

-anI pndv+aI pn-2.!.p4dv-(I-a)I pn-2p-l p4dv 
M M P M P 

~(I+a)nI pn(K_ n-2 HP-H2) dv-anI pndv 
M In(n-l) M 

+ [~- (l-a)P; 1] IM pn+2 dv, 

where we used 

(4.7) LHexHPO'rr.fJ = L(HIX)2iTa:S; L(Ha)2 LiTp = H2p2. 
a,p a ex p 
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Putting a = p; 1 , we have 

(4.8) ° ~ J pn (K - P - 1 _ n - 2 H P - H2) dv. 
M 2p-1 y'n(n-I) 

If K ~ r:..~ + ~Hp + H2, from (4.8) we have p2 = 0, that is M is 
'{J yn(n-l). 

totally umbilic, or K = 2:pP-=!l + ~Hp + H2 on M. In the second case, the 
yn(n-q 

equality in (4.8) holds. Thus, the equality in (4.2) holds, we have Rijij = K for any 
i =1= j. We can prove that M is not totally umbilic. In fact, if p = 0, we know that 
the principal curvatures A; are equal for all i and (I., that is, for all (I., 

Af = ... = A:. Therefore, we have 1 + L:(A;)2 = Rijij = K = 1;,~11 + H2 = 1;,~~ + 
IX 

L:(Af)2, then p = 0, this is a contradiction. Now, we may consider the case p = 1 
IX 

and p ~ 2 separately. 
Case (i). If p = 1, then K = . ~Hp + H2 on M. Take a local ortho-

yn(n-l) 

normal frame field {e\, ... ,en} such that hij = AiJij. Then kij = Jl.h with Jl.i = 

Ai - H. From (3.17), Lemma 2.2, Lemma 2.4 and (4.2), we have 

(4.9) O~ JMpn-2(IVhI2- n3:22IVHI2) dv+ JMpn-2(n3:2-n)iVHI2dV 

+(n-2) JMpn-2IVpI2dV- JMpn-2(nH2p2+nH~Jl.i) dv 

+ JMpn-2nKp2 dv 

~ n J pn (K - n - 2 H P - H2) dv. 
M y'n(n-l) 

Since K = ~Hp + H2, the equalities in (4.9) hold. Therefore, we know that 
yn(n-l) 

the equalities in (4.2), Lemma 2.2 and Lemma 2.4 hold. Since in the second case, 
we know that M is not totally umbilic. From (4.9) and Lemma 2.2, we conclude 
that VH = 0, i.e. H = const. and Vh = 0, i.e., the second fundamental form of M 
is parallel. From Lemma 2.4, we conclude that M has only two distinct principal 
curvatures. We easily follow that M is an isoparametric Willmore hypersurface 
with two distinct principal curvatures. From the result of Li [9] (cf. Theorem 5.1 
in Li [9]), we know that M is one of the Willmore torus Wm,n-m, 1 ::=:;; m::=:;; n - 1. 
Since the equality in (4.2) holds, we infer that Rijij = K = ~Hp + H2. From 

yn(n-l) 
Remark 4.1, we know that m = 1. Therefore, we have M is the Willmore torus 
W1,n-1 = Sl (fii) X sn-I ( If). 
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Case (ii). If p:2: 2, from K = l;,~~ + J:;~l) Hp + H2 on M, we know that 

the equalities in (4.8) or (4.6) hold. Therefore the equalities in Lemma 2.1, 
Lemma 2.2, (4.4) and (4.7) hold. Since we know that M is not totally umbilic, we 
have 

.L-V H=O, Vh=O, 

(4.10) 
N(ArtAp - ApArt) = 2N(Art)N(Ap) , r:I. ¥: p, 

that is 

(4.11) an+l = ... = an+p , 

(4.12) LHrtHPart{J = H2p2. 
rt,p 

From Lemma 2.1, we know that at most two of Art = (hif), r:I. = n + 1, ... ,n + p, 

are different from zero. If all of Art = (liif) are zero, which is contradiction with 
M is not totally umbilic. If only one of them, say Art, is different from zero, 
which is contradiction with (4.11). Therefore, we may assume that 

Art = 0, r:I. :2: n + 3, 

where A and B are defined in Lemma 2.1. 
From (4.12), we have 

A2(Hn+l)2 + ,i(Hn+2)2 = (A2 + 1-'2) L(Hrt)2. 
rt 

Since A, I-' ¥: 0, we infer that Hrt = 0, n + 1 :::;; r:I. :::;; n + p, that is, ii = 0, i.e., M is 
a minimal submanifold in sn+p and K = l;,~~ on M. From the Theorem of S. T. 
Yau [15] (cf. Theorem 15 of Yau [15]), we know that M is Veronese surface in 
S4. This completes the proof of Theorem 4.1. 

Now, we consider the rigidity of Willmore submanifolds in terms of Ricci 
curvatures. We need the following 
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LEMMA 4.1. For any n-dimensional suhmanifold in an (n + p)-dimensional unit 
sphere sn+p , if the Ricci curvature Rii ~ (n - 2) + (n - 2)Hp + H2, then there hold 

the following 

(4.13) 

(4.14) ~ - - - - 2 4~_2 
L;N(A(1.Ap-ApA(1.) ~4p -~L;ii;. 
(1.,p (1. 

PROOF. From Gauss equation (2.5) and (3.1), we have 

Rik = (n - 1)t5ik; + (n - 2) LH(1.h'Jc + (n - I)H2t5ik - Lhijhj%. 
(1. (1.,j 

Thus, we get 

(1. a.,j 

By Cauchy-Schwarz inequality, we have 

(4.16) LH(1.h~ ~ VL (H(1.)2 L(h~)2 ~ Hp. 
(1. (1. (1. 

(4.16) and the assumption of Lemma 4.1 infer that 

(4.17) R i; ~ (n - 2) + (n - 2) LH(1.h; +H2. 
(1. 

(4.15) and (4.17) imply that 

(4.18) 

that is, we have p2 ~ n. 

From (4.18) and hij = pft5ij, it is easy to see 

~ - - - - ~ -p 2 2 L;N(A(1.Ap - ApA(1.) = L; (hil ) (pr - pi) 
p p~(1.,;,1 

~ 4 L (hft)2(pi)2 ~ 4 L(1- (pi)2)(pi)2 
p~(1.,i,1 I 

Therefore, we know (4.14) holds. This completes the proof of Lemma 4.1. 
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REMARK 4.2. From the proof of Lemma 4.1, we infer that if p2 = n, then 
Rii = (n - 2) + (n - 2)Hp+H2. 

THEOREM 4.2. Let M be an n-dimensional (n ~ 5) compact Willmore sub­
manifold in (n + p)-dimensional unit sphere sn+p. If Ricci curvature Rij of M, H 
and p satisfy 

Rii ~ (n - 2) + (n - 2)Hp + H2, 

then either M is totally wnbilic, or M is the Willmore torus Wm•m = 

sm( 0) x sm( 0)· 
PROOF. From (3.16), Lemma 2.2, (3.3), (4.7) and Lemma 4.1, we have 

(4.19) o~nJMpndV- JMpn-2(4p2+n:4~iT~) dv 

'" (n - 4) L/ du - n: 4 Lp~2( ~ii'.)' dv 

where we used 

(4.20) 

From (4.19), we conclude pn = 0, that is M is totally umbilic, or p2 = n. In 
the latter case, we have the equalities in (4.19) and (4.20) hold. From L:iT; = 

( L:iTex)2, we have L: iTexiTp = O. Therefore, we infer that (p - 1) of the iT: must 
ex ex#p 

be zero, this implies that (p - 1) of the Aex = (hij) must be zero so that p = 1. 
Since p = 1 and p2 = n, from the Theorem 1.2 due to Li [7] or [9], we know that 
M is a Willmore torus Wm,n-m, 1 ::; m ::; n - 1. From Remark 4.2 and Remark 
4.1, we infer that m =~. Therefore, we know that M is the Willmore torus 
Wm,m = sm( 0) x sm(0). This completes the proof of Theorem 4.2. 

5. Willmore Submanifolds with Flat Normal Connection 

In this section, we try to solve Problem 1.1. If Problem 1.1 is true, we know 
that all the existing results may be improved. However, this problem seems to be 



194 Shichang SHU 

a very hard problem, we try to give some partial affirmative answers to this 
problem. 

'I'HEoREM 5.1. Let M be an n-dimensional (n ~ 2) compact Willmore sub­
manifold in (n + p)-dimensional unit sphere sn+p with flat normal connection. If 
o ~ p2 ~ n, then either M is totally umbilic or M is a Willmore torus Wm,n-m. 

PROOF. Since the normal connection of M is fiat, we know that Rpajk = O. 
From (3.14), we have 

L: N(AaAp - ApAa) = O. 
a,p 

Therefore, from (3.16), Lemma 2.2, (3.3) and (4.7), we infer that 

o ~ n I pn dv - I pn-2 L: 0-; dv 
M M a 

(5.1) 

"n Lp, dv ~ J/-2 (~il'.)' dv 

= IMpn(n - p2) dv. 

If 0 ~ p2 ~ n, from (5.1), we have pn = 0, i.e., M is totally umbilic, or p2 = n. In 
the latter case, we know that the equalities in (5.1) hold. Hence, we conclude that 
Eo-~ = (Eo-a)2, this implies that (p - 1) of the Aa = (hif) must be zero so that 
a a 

p = 1. From the Theorem 1.2 due to Li [7] or [9], we know that M is a Willmore 
torus Wm,n-m. This completes the proof of the Theorem 5.1. 

REMARK. 5.1. If M is an n-dimensional compact Willmore hypersurface in 
unit sphere sn+l, then the normal connection of M is fiat. Therefore, we know 
that Theorem 5.1 reduces to the first case (p = 1) of Theorem 1.2 of Li [7] or [9]. 

THEOREM 5.2. Let M be an n-dimensional (n ~ 2) compact Willmore sub­
manifold in (n + p)-dimensional unit sphere sn+p with flat normal connection. If 
K ~ ./-2 Hp + H2, then M is totally umbilic or n ~ p2 ~ np. 

n(n-l) 

PROOF. Since the normal connection of M is fiat. From (3.15), (4.2), (4.3) 
and the assumption of Theorem 5.2, we have 
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(5.2) np2 - L O';p = L L hij(hZzRlijk + hiiRllcjk) 
a.,p a. i,j,k,l 

- nH2 p2 - n L L HPJ{kt/h'fk 
a.,p i,j,k 

2. np2 K - Hp - H2 2. O. ( n-2 ) 
In(n -1) 

Therefore, from (3.16), Lemma 2.2, (4.7) and (5.2), we obtain 

(5.3) 02. fM P"-2(np2 - ~O';p) dv 

2. f np" (K - n - 2 Hp - H2) dv 2. 0, 
M In(n-l) 

this implies that p" = 0, i.e., M is totally umbilic, or K = ~Hp + H2. In the 
V n(n-l) 

latter case, we know that the equalities in (5.3) hold. Therefore, we have 

(5.4) 

From (5.4) and (3.3), we have 

'" -2 2 L.., (la.p = np . 
a.,p 

np2 ~ ~q; s (p.)' ~p4. 
Thus, we know that p2 2. n. 

On the other hand, from (5.4) and (3.3), we have I: O'~ = n I: O'a., that is, 
I:(0'a.-i)2=n7. a. a. 

ex Hence, we have 

this infers that p2 ~ np. We complete the proof of Theorem 5.2. 

REMARK 5.2. If M is an n-dimensional compact Willmore hypersurface in 
unit sphere S"+!, we know that the normal connection of M is fiat. From 
Theorem 5.2, we have M is totally umbilic or p2 = n. In the latter case, M is a 
Willmore torus Wm,n-m. Furthermore, from the proof of Theorem 5.2, we know 
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that Rijij = K = ~Hp + H2. From Remark 4.1, we have m = 1. Therefore, 
vn(n-l) 

we infer that Theorem 5.2 reduces to the first case (p = I) of Theorem 4.1. 
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