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NOTE ON WEIGHTED STRICHARTZ ESTIMATES
FOR KLEIN-GORDON EQUATIONS WITH POTENTIAL

By

Hideo KuBo and Sandra LUCENTE

Abstract. In this paper we prove a mixed weighted Strichartz in-
equality for the solution of

(32 = Ay + V(x) + Du(t,x) = F(t,%),

where x € R® and V is a Holder continuous non-negative potential
satisfying the inequality

V(x) < C1+|x|)~>°

with some constants C, é > 0.

1. Introduction

We consider the Cauchy problem for the Klein-Gordon equation with a non-
negative potential:
{(aZ—Ax+ V(x) + Du(t,x) = F(t,x), xeR> t>0, (1)
u(0,x) = f(x), u(0,x) = g(x).

The aim of this work is to establish weighted Strichartz estimates under suitable
assumptions on the potential V(x). In the unperturbed case V(x) =0, such
estimates have been studied by Lindblad and Sogge [11]. Among other things,
they observe that the dispersive property of the solution is well-exploited by using
the foliation of the light cone with hyperboloid instead of the foliation of the
whole space by means of hyperplanes {tz= const.}. More precisely, for given
G:R.xR*— R and 1< g <+, they consider the following mixed norm:
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© dz \9? 1/q
HG“Lqu = <J? (JRS |G(r<z), rz)|2<_z>> r dr> , (12)

where <z) =41/1+|z|>. Then the solution of the problem (1.1) with ¥ =0
satisfies

lullpor> + f‘zlg llu(t, Mme < CULf g + gl g-12 + 1 FllLarz2), (1.3)

provided ¢ > 8/3 and supp F < {(t,x) | 2 — |x|* > 1}, where 1/g + 1/¢’ = 1. Their
proof is based on the Fourier representation of the solution and the invariance of
the free Klein-Gordon equation under the hyperbolic rotation.

Now we turn our attention to the perturbed Klein-Gordon equation. We
immediately lose the favorable properties mentioned above. As for the repre-
sentation formula of the solution, we make use of the Generalized Fourier
Transform related to H = —A+ V(x), which is a self-adjoint non-negative
operator on L?. In order to introduce the transform, we first consider the
Lippmann-Schwinger equation:

i€l x=y1+&- ()

o(x, &) = ~L3 V(y)(w(y, &) +1) dy, x,éeR® (14)

4n|x — y|

which is the integral equation of the stationary problem corresponding to (1.1). If
V(x) is a real-valued Holder continuous function decaying faster than |x|™% then
for any & # 0 there is a unique solution w(x, &) of (1.4) such that w(x, &) € ¥(R?)
and o(x,¢) tends uniformly to 0 as |x] — +oo (see Theorem 3 of [10], also [2]).
Then we are ready to define the generalized Fourier transform related to H and
its inverse as follows:

F1O = @07 | 1+ 0 )/ () d,

X

FA6) = @m0+ o )70 ae

3

We refer to e.g. Theorem 5 of [10] or [1] about the standard properties for the
generalized Fourier transform. Especially, for any Borel function « one has

w(H)f(x) = F* [l - [)FS()(). (1.5)

In addition, for given s € R, we introduce the Sobolev norm of order s associated
with H:

1 s rey = 11+ H)S/zf“LZ(IP)‘
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Since the function e™™¢(1 + o(x,&)) is a generalized eigenfunction to H,
that is

(=As + V()€1 + 0(x,8))) = €1 (e (1 + w(x,£))),

we see that the solution to (1.1) takes the form

u(t,x) = Uy ()[11(x) + % (D)]g) (x) + J; Uy (1 — $)[F(s,)](x) ds,

where

w0l =TT ),

In this way we can overcome the difficulty caused by V(x) in the Fourier

representation of the solution. On the contrary, the lack of the invariance of

the Klein-Gordon equation with a potential ¥ (x) with respect to the hyperbolic

rotation is crucial. We extend the definition of the mixed norm (1.2) as follows:
/g

+00 q/2
1Gllgar; = (j (] 160 mia = <>) r3dr) T

where 1 < g < +o0 and seR.
Now we are in a position to state the main result of this paper.
THEOREM 1. Let V(x) be a Hélder continuous non-negative function such that
V(x) < Co(l+ |x) > for xeR? (1.7)

with some Cy, 8’ > 0. Suppose that supp F = {(£,x)|t* — [x|* > 1}, s >0, § > 1
and 4 < g < +oo. Let u(t,x) be the solution of (1.1). Then there exists C =
C(s,q,0) > 0 such that

I+ H) Pl Lo, o sup [u(t, ) -2
1>

< C(If sp-02 + 191l -0z + IFll Lot 22)s (1.8)

whenever the norms on the right side of this inequality are finite. Here
1/g+1/qg' =1

Let us compare this result with the unperturbed case considered in [11]. In
our estimate the loss in the weight s and in the derivatives J is due to the lack of
Lorentzian invariance for the operator 82 — A + 1 4 V(x).
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We conclude this introduction comparing our theorem with other works
concerning IP-19 estimates for the Klein-Gordon equation with potential. In
[14] the one dimensional case is analyzed. On the contrary, in [12] the space
dimension is n > 4. Finally, Yajima in [15] considers the 3-dimensional case with
F =0 and he gives an estimate for [|u(t,-)||,,zs) With the stronger assumption
V()| < C+|x))~>.

The plan of the paper is the following. In Section 2 we give some preliminary
results on oscillatory integrals. Section 3 and Section 4 are devoted to the proof
of Theorem 1. In particular, in Section 3 we reduce the inequality (1.8) to an
estimate on the unit hyperboloid. This estimate is established in Section 4 by
the aid of a stationary phase argument. In the appendix we prove L® and L?
estimates for the generalized eigenfunction w(x,¢) by modifying the argument
used in [4] for the wave equation with potential. The role of such estimates in our
proof is crucial. We prefer to separate them since, to our knowledge, they have
some interest also independently of this application.

1.1. Notation.

— By f < g we mean f < Cg where C is a positive constant independent of
any variable of the functions f, g. Similarly, f ~ g stands for f = Cy.

— The inner product of & xe R? is denoted by ¢ - x.

— As usual, for any x € R?, the symbol (x> stands for 1/1 + |x|%.

— Pair of conjugate exponents are written as ¢, ¢’ where ¢ >1 and
1/¢"+1/qg=1.

— Assume w: R* — R be a positive function. The norm of the weighted
space L%(w) is given by “f”%;(w) = [ [/ (x)Pw(x) dx. In the case
w(x) = <x)’, we put || fll2) =: | f]l;,, Finally, for any 1 < p < +co0, L?
stands for LP(R®) endowed with the norm | f, := IA11,-

— The unit hyperboloid H> = {(z,x) e R, x R®|#*> — |x|* = 1} will be en-
dowed with the Riemannian metric induced by the Minkowski metric on
R* with signature (—1,1,1,1). The Lorentz group is denoted by SH(4).
Finally, the projection from H?> to R’ is defined by II(X, X}, X;, X3) =
(X1, X2,X3) and its inverse by IT*.

2. Preliminary Results

A variant of Young’s inequality is the following.

Lemma 2.1. Let w:R" — R, u,ve R,. Consider
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TN = | K f G o,

where k(x, y) is a measurable function on R™ x R". Assume that, for any x,y € R"

J, Tt i) dy < Cucan, [ ke ivte) dx < €

¥y x

Then, for any f e L*({-)'w), one has

_ 1/2 A1
12 TS a2y < GG 1Y g,
ProOF. Applying Hélder inequality, in L}(w), we find

L" M T A1) Pw(x) dx

sj ey j le(x, ) w(y) dy j (e, )| L () Pw(y) dyw(x) dx
R R™ R;j

3

sci | oo dyex

<G| OYIOIP) o,
Y
This corresponds to our thesis. O

For completeness, we present the proof of a simple inequality needed in what
follows.

Lemma 2.2, Let x,£€R" For any j=1,...,n one has

Gy — e > —2% @1)

Proor. Taking n =¢;/<{£), we see that (2.1) is equivalent to 1+2|x)* -
2{x)|x|p =0 with x,7eR, |5/ <1. We can assume 0<zs<1. We have
20x|<xdm < |x|* ]2 + (x)* < 1+ 2|x|?, that is our conclusion. O

Next, we recall the following lemma.

LemMA 2.3. Let g(x) = x™ with meR. Let f € 4°(R) satisfy
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IDLf(x)| s <x)7'f(x), xeR,1=0.
Then we have

IDXg(f ()| 5 <> 7*g(f(x)), xeR, k=0.

Next, we establish an estimate (2.3) below for an oscillatory integral

AN, x,n) = J e HAMD(K2)-1) < — dz, (2.2)
R (KxX<m<z) — |x|n)°<z>
where 6 >0 and AeR.
ProposITION 2.1. Let k = 0. Then A(A,x,n) defined by (2.2) satisfies
|0y A(A,x,m)| < A7 <7 (23)

for xeR?, neR and A #0.

Proor. We can assume A > 0. By using the polar coordinates z = rew, we
can write the integral as

AA ) =an [ etiha -1 < rdr
(hn)=3a e (or<m<ry — eln)? <>
Changing the variables as s = {x){n)({r> — 1), we have

A(A, x,7) = 227 (A, x,7), (24)

where

+00 X o
1A 5) = [ O (4 b)) s
0

with b(x,7n) = (x>{n) — |x|y. A simple integration by parts gives
s +o0 . .
I ) = iGN Gy =5 [ e s by ] @3)
0

Suppose we have found
|0;b(x, M| 5 <n>~'b(x,7), 1>0. (2.6)
Then for k>0, s> 0, Lemma 2.3 implies

0K (bCxe,m)) 21 < <> (B0, m) 0, 10K (s + b(x, 1) ™8| S > 7F(s+ b(x,m) T
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Since (<x)<n) — |xln) — (Cxdn — [x[<nd)* = 1, we see that
b(x,n) =1, b(x,n) = [<xdn — |x|<m)]. 2.7)

Therefore (2.5) yields |6,’,‘I (A, x,7)| S DAY 7F. Hence (2.3) is proved.
It remains to check (2.6). We put ¢(x,7) = {x>n — |x|<#)>. Then we see that

ayb(x,7) = <my7e(x,m),  Bye(x,m) = 17 b(x,n).

By (2.7) we have |c(x,%)| < b(x,7). Therefore we get inductively
10,605, m)| S <m>7'b(x,m),  |Bhe(x,m)| S <> 'b(x,7), 120

Thus we have proved (2.6). This completes the proof. O

We conclude this section by collecting some useful lemmas which enable us
to bound integrals of type

| @y =2 e
R3
We start proving, for completeness, an estimate that can be found in [2].

LemMa 2.4. Let s,r€ R such that 0 < s<n, r >0, s+r > n There exists a
constant C = C, s > 0 such that

J {z)"x—2"dz< C, xeR"
R’I

ProoF. In the case x = 0, passing in polar coordinates we have
1 +00
J (727 dz 5 J P dp +j pm " dp.
R" 0 1

Due to the assumptions on s, r, last integrals converge.
Suppose |x| < 1. This implies {x — z) < {z). Thus we obtain

J (DH7x—2"dz 5 J x—z)x—z|dz = J T dz < C.
R R" R"

Next, we take |x| > 1. We divide the integral region R" into D; := {z:|z| <
|x|/2} and D, :={z: |z| > |x|/2}. Since in the first region |x — z| > |z|, we have

J & x—7 " dz < J & dz< C.
Dy D,
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Finally, it holds that

L) (27— dz

< +J 2= |x|/2 {(x—2z) dz + JIZIZIxI/Z DTz dz < C.
1/2<|x—2|<|7| Px—z] > 2]

Hence, we get the conclusion. |
A variant of this lemma is the following.

LemMmA 2.5. Let s,r € R such that 0 < s <n, r > n. There exists a constant
C=C, ;>0 such that

j (&> x— 2 dz < CC>~F, xeR™
R’l

Proor. The previous lemma gives the statement in the case |[x| <1. As-
suming |x| > 1, we split the integral region R” into D; := {z: |z| < |x|/2} and
D, :={z: |z| > |x|/2}. For any z € D;, we have |x — z| > |x|/2, hence

|| @z si| @7as o
Dy R
On the contrary, in D, we get |x| < <z); the previous lemma implies
| @z | @ - s oo,
D, R"
Combining these estimates we conclude the proof. O

Next result is a multi-variable version of Lemma 2.4.

LemMa 2.6. Let s,ri,r, >0, 0<s<n such that s+ry+r, >2n There
exists a constant C = C,, ,, s > 0 such that

J . Ln YT x =y dxdy < C.

Proor. Let ¢ > 0 such that s +r, +r, = 2n + 2¢. We can assume r; < n and
r, < n. The opposite case will be a consequence of this. In particular we have
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ri<n-+eand r, <n+e Then we put o, =n+¢e—r; >0 for i =1,2. By using
Lemma 2.5, we have

[ ] comeymie— sl axdy
<[ ey ay
x| =yl
" J J [ = YT )T dedy
[¥121x|

s | omrmra| oymemase
R'l Rn

By the choice of «;, the last integrals are bounded and the proof is completed.
|

In [2], one can also find the following statement.

LemMa 2.7. Let 51,52 € R such that 0 < 51,55 < n, 81 + 52 > n. There exists a
constant C > 0 such that for all x,y € R" with x # y one has

j =2 |y — 2™ dz < Clx — "™,
.

In the next lemma we see that the case s; + sy < n can be treated if a term
{z)7" is involved.

LemMa 2.8. Let s1,5,r >0 such that s;+s;<n, s+ s +r>n There
exists a constant C = Cy, 5, , > 0 such that

j @ x—z My -2 dz< C, xyeR"
.

Proor. The thesis follows by using Lemma 2.4, splitting R" into
{z:lz—x|2|y—z|} and {z:|z—x[ < |y —z[}. O

LemMMmA 2.9. Let s1,50,7r € R such that s;,sp >0, sy +sy<n, r>n. There
exists a constant C = C;, , , > 0 such that

|| @y s c oy xyeR:
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Proor. Let us fix x,yeR”. For simmetry we can assume |x| < |y|.
Applying previous lemma, we find the thesis when |y| < 1.
Let |y| > 1; in particular {y) < |y|. First we use Lemma 2.5 and obtain

J D=2y -2 dz s [y J (D7x =27 dz 5 )T
lz1<I31/2 R
In the region |z| > |y|/2, it holds |z| > |x|/2, then

j @ x =2 My — 2 dz
lz1=|¥l/2

s <x>-—sl <y>——52 J <Z>—r+32+51 Ix _ zl-sl ‘y _ Z'—-sz dZ.

Lemma 2.8 implies that last integral is bounded. This concludes the proof.
O

3. Proof of Theorem 1 (I): Duality Argument

In this section we reduce the proof of Theorem 1 to an inequality on the unit
hyperboloid. This requires a duality argument. More precisely, our proof is based
on the following abstract lemma (see for example [8]).

Lemma 3.1. Let s# be an Hilbert space. Let X be a Banach space with
dual X*. Let A: X — 5 be a linear map and let A* : # — X* be its adjoint,
defined by

<A*v>f>XX':<v)Af>3£’7 VfEX) Vve #.
Then the following three conditions are equivalent.

1) There exists C >0 such that for all f € X one has ||Af||, < C||f|lx-
i) There exists C >0 such that for all ve H# one has ||A*v|y. < C||v|| -
iii) There exists C > 0 such that for all f € X one has ||A*Af ||y < C||f|lx-

The constant C is the same in all three sentences.
By virtue of the Duhamel principle, we can write the solution of (1.1) as
u = uy + u, where uy solves

{(6,2 — A+ V(x)+ Dug(t,x) =0, xeR? >0,
(0, %) = f(x), (40),(0,%) = g(x),

hence u is a solution of the non-homogeneous problem with zero initial data.
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We start estimating ||(1+H)“$/2uo||LqL3x+sup,20||u0(t, )|l ;p0-a2. For any
b e R, we have the conservation of the energy:

;1(-1; (JK@”%,uo(z, o df+J[<é>b+lg;u0(t’ 8P dé) —0
Hence, for any 6 > 0, we get

luo (2, ) spu-a2 S (LS || gpt-az + 19| yptcr-arra- (3.1)

On the other hand, we have

sin(z/1 +
w(t,5) = I o)+ cos(t THH) 7 (3
In order to prove
1+ H) gl parz < 11£ 1 gr-or2 + llgl]pter-a2, (32)

it suffices to find a constant C = C(g,s,d) > 0 such that
X" VD) || oy, < C(g,5,6) D] prvarn (3.3)

for suitable g, s, 6. Let 0 <k < 3. If ¢ > 8/(3 — k), then (3.3) will follow from

J et OVITE @ (r7) |2 dzl < C(s5,0)r™ )| ®1 %0402, (3.4)
R <Z> +s
with C(s,8) > 0, after integration in r on the interval (1,+c0).

Let us explain the reason why (3.4) can be deduced from the inequality
(3.6) below. For r,s,0 > 0, by means of the generalized Fourier transform, which
is a unitary operator from L? to itself, we can define an operator U, . from
L2({-)'*) to L? through the following formula:

FU, ([H(¢) = r3/2<é>—(1+5)/2j e (1 + w(rz, &))e T Op(2) dz.
R}

On the other hand, noting (L2({->'**))* = L?(¢:>™'"*), we can introduce the
adjoint operator (U, 1)* of U, 4 by

(Un4)"lol(2) = La e E(1+ B(rz, €)=y UL F ) () de.
¢

In addition, we have



154 Hideo KuBo and Sandra LUCENTE

(Ur1)"Ur,+[H](2)

|
R

Note that the inequality (3.4) is a consequence of

1(02)" [0, -1 < C(s,8)r*llgll3; (3:5)

by taking g = (1 + H)(HJ)/“(I). In view of Lemma 3.1, we see that this estimate is
equivalent to

[| | e es@- IO + a(rz, D)1+ (07, D)1 h(y) dyd.
%

3
4

[(Un,2)* Ur, 1 lAl15 _1 s < C(s,0)r |13 1 (3.6)

We leave the proof of (3.6) to Section 4.

It remains to estimate » which is the solution of (82 — A, + V(x) + Du(t, x) =
F(t,x) with zero initial data. In what follows we denote by yx,(s) the charac-
teristic function of the interval [0,7], and jy(z,x) the characteristic function of
{2 = |x|* > 1}. Recalling that supp F < {t* — |x|* > 1}, we can write u explicitly:

u(t,x) = %?iﬁ) et0-VITE (1 4 H)2(F(z,))(x) de

= %Z iL eii(t—t)\/lJr_H(l + H)—llz[i(‘t, Y (D) F(r,)](x) dz.  (3.7)
*

As we have seen before, if (3.6) holds, then we get (3.3), and hence
et VIR (1 + H) @) (r2) | g, < Cg,5,0)I1® (3:8)
for any ® e L2. Let us introduce an operator from L9 L2 to L%

AL[f](x) = L FVIFH(1 4 HY U ((71) (2, )](x) de

1

for any § > 0 and f = f(¢,x) € LY L2. Noting (LIL2)* = L9 L2, we can define
the adjoint operator 4] of A, which maps L? into LIL?_ as follows:

A3l (1, x) = (e, x)e* VA (L H)~ 0 o] (v) (3.9)
for ve L? and f e LY L. Furthermore, A4, maps L L? into LL?, and we

Lo
have

AL AL[f1(t,x) = (2, %) j eXi—IVIHH (1 4 gy~ (2[5 ) (2, )] (x) dr.

1
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Now combining (3.8)—(3.9), we get || 4%[1]l|zor2. S [|v]z2- Hence this estimate and
Lemma 3.1 imply that

14 Nzz = 1A |Lorr2s (3.10)

l4E A+ M rorz, S Wfllzozz- (3.11)

Turning our attention back to (3.7), we can write u by using 44 and A} in two
ways:

(1 + )"t x) = 237 5V 4 [, (x), (3.12)
20, %) (U H) (e, x) = 230 + 4344 [0 F) (1, %), (3.13)
+

Therefore, thanks to (3.10) and (3.12), we obtain, for ¢ > 0,

llt, Yl -0 = 11+ H) = u(z, )|,

< S 1eE Y4, (1, Flll, S 1A%l
+

S xeFllzere S I1Fll Lo g2 (3.14)
On the other hand, thanks to (3.11) and (3.13), we obtain, for ¢ > 0,

(U + B) ™l oz, = 17(1 + H) ™l s,

S D I F N gorz, S IxFllpory S I Fllporz (3:15)
+

Summarizing (3.14)—(3.15) and (3.1)—(3.2), we complete the proof of Theorem 1,
once we have established the estimate (3.6). The proof of (3.6) will be the object
of the next section.

4. Proof of Theorem 1 (II): A Weighted Estimate on the Unit
Hyperboloid

In this section we shall prove (3.6). For A>1, ¢>0 and 6 > 1 we set

WA (x) = 23 J ;J H(x—)-E £ (CO—C D))
R} JR
dy d¢

x (1+ @(Ax, &))(1 + w(4y, $))h(y) O o
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Then (3.6) follows from
WL, 120 < CA¥[1AIl5, -y (4.1)

with C independent of A, by taking 2¢ <s. We shall prove that (4.1) is valid
for any A>1, £>0 and 6 > 1. To this aim we define W/, such that W}(x) =
PR W/,. More precisely W, contains the term @(4x,&), W3, contains
w(Ay, &), and Wii contains the product @&(4ix, &)w(Ay,E).

4.1. The estimate for first term of W*. We start discussing the estimate for

dy  de
<y>1+8 <¢'>l+(5’

Wll,i[h](x) = lsj J Ml (D=MDlp ()
R} R}

having kernel

. ae
K} (x,y) =43 J eilx=7)E £ (<D= (PO ‘
bE Rg < f) 1+0

Following [11], we consider the distance on the hyperboloid
d(x, 7) = 10g(<xd<y> — % - y+ 4/ (<xD<p> — x- )2 = 1).

We take Cy > 0 and split R}f in the regions d(x, y) < Cp and the remainder. We
put

1 _ i dy
Wik (x) = L(m)SCO K (e A0 o (42)

With some modification with respect to the local argument in [11], one finds that
for suitable large C; > 0 it holds that
1Wghlly, —y < Cllll,, (4.3)

with C independent of A. More precisely, we put X, = (1,0,0,0) and choose
{X;} = H} such that B;:={X e H: |d(X,X;) < C} satisfy H> =|)B; and
have uniformly finite overlap. Besides we put Bf = {X e H? |d(X,X;) < 2Co}.

Given a function f(X) on Hi, we set

W A1(X) = W[ f o II"|(ILX).

Since supp WO" f = B when supp f < B;, the inequality (4.3) reduces to

IIWOAf”LZ(Bj‘) < Clfllz2z)»  supp f < B (4.4)
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with C independent of j and A. The next step is to make a rotation on the unit
hyperboloid. Suppose we have found that for any T e SH(4), it holds

IW3Lf o TN o T”LZ(Bg) = C”f“z,l(so)v supp f < By (4.5)

with a constant C independent of A and 7. Then we see that (4.5) yields (4.4).
Let us denote by y, the characteristic function of {y € R*|d(x, y) < Cp}. Thanks
to the invariance of the phase function under the hyperbolic rotation, explicitly
we have

eFE2)E=(D—IKOL 4¢ y () f(IT*y) dy
(TEYE Ty

Here and in the sequel of this section, we set x=IIX and T =IITII*. In
the unperturbed case ¥ =0, one can take d =&¢=0, hence T disappears. On
the contrary, we lose the Lorentz invariance, so we will be careful about the
dependence on T.

The euclidean version of (4.5) is obtained by taking f € 4 (R®) such that
B(x) =1 if ({x),x) € B and introducing the operator

WS o TH(TX) = A L% L3

FiA[(x—p)-&~({xD=LPINE)]
Wi = 2809 | | © ” & () dy.

& IR} (TEE
In particular we have
WHKT ™ e o I (x) = PWGBf o T7')(TX).
Hence, the inequality (4.5) will be obtained by
| W7hll, < Clikll, (4.6)

with C independent of A and 7. Proceeding as in [11], taking C; in (4.2) ap-
propriately large, we deduce that the operator

_ . ae
Ukh(x) = 13/2,3(x)J RO () o
g R; TP
is L? bounded uniformly in A and T. Let (U})* be the adjoint of U. One has
W} = U}(U})*. Invoking again Lemma 3.1, we see that (4.6) is satisfied. In turn,
this gives (4.5), (4.4) and finally (4.3).
Main point is the estimate for

dy
Wiih(x) = K'{ x, y)h —
oo[ ]( ) Jd(x,y) \ l,+( y) (y)< >l+s



158 Hideo KuBo and Sandra LLUCENTE

in L2({x)~'"%). This will be done by means of L® estimate of

b

Li(h,x) = j Ko e

d(x,y)=Co
Suppose we have found C; > 0, independent of A, such that
I3 (4, x) < CiKx)f, 4.7)
then the modified Young inequality, given in Lemma 2.1, implies
”Wiahuz,—l—ze e [O& WojéhHZ,-—l—e =< C||<'>£/2h”2,—l—e'
Combining this with (4.3), we obtain
”Wfl,ih”z,-l-zg < ClAlly, (4.8)

with C independent of A.

We turn to the proof of (4.7). For fixed x € R?, there exists T, € SH(4) such
that T, Xy = ({x), x) with X3 = (1,0,0,0). One can construct such T as follows:
let A, be a unitary matrix such that A,(|x[,0,0) = x; we put

x> x|

1 0

I = , = [x|  —<x> , In=TolIy,
0 A,

0 I

with I, the identical 2 x 2 matrix. In particular, for any ze R?, we have
{Tx(z)) = {x)<{z) — |x|]z;. Then

L(hx) = 22 J

y+yze

X dy
(LYY = Ixly) <Ky

J (1= PHE+30) d¢ '
R (<X — [x[€1) <

By using Lemma 2.2 with & = y, we get

ia((1— : d¢ dy
Le(hx) < A3 J J' G EA1= IO +y0)
: pzc|Jr; Oy = IxI&)’| '
for suitable large C’ > 1. It remains to find
J eHA((I=<KE+r¢) d¢ - < CA73|y| 2™ (4.9)
e E(CE — [x1€1)
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for any 0 < k < &. The expressions (4.7) and (4.9) are invariant under orthogonal
transformations with respect to y. Taking Oy = (||, 0,0) we see that it suffices to
show

J eHUU=DNO+ ) d¢ 5| < CAT3 |y,
B CEX(KED = [x¢h)

After change of variables & = (,<{n)z1,{n)z2), we write previous integral in the
form

+00

T, x, y) = J Lz A=Y +Hl) )y axdy

(2Y((xy<md<zy — |xlm)°

—co
Having in mind (2.2), we have

T == [ D A=A~ 1,3 n) dn

[e0]

The phase is given by

o(y,m) = (> =)+ |yin

and it satisfies 6;(p(y, 7) = (> - 1)<~ and

1
On0(y,1) = 3 + 22;;2 (4.10)

for |y| > C’ with large C’ > 1. Indeed, by rewriting d,¢ as

Opo(y,m) =1+ |y =<+ -1) (%4— 1)

and noting (7/{n)) + 1 = {(nd>72/2, we find (4.10).
Now, integrating by parts, N times, we find

G S 7 [ I A = 1%, )] dn

+o0 N
SA [ I3 ) 13 AR — 1), %, )] d,

— k=0
where

0 1

) A T —
on oye(y,m)
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From Proposition 3.1, it follows that
8y A(=A((y = 1)y x| S AT = DT TV, 0<k <.

Moreover, for any / > 2 we have |6,I,(o(y, M| S <n>~'8,0(y,n). Hence, Lemma 2.3
yields

16K ((B,0(3,m) ™) 5 > @y ()N, k0.

Therefore, we arrive at

+o0
|memr“«waﬁj<wﬂmmmwm

—00

+00
sr“«wqﬁj<wﬂwmm“%m

since N > 1 —x for any x > 0 and d,¢(y,n) = 1/2 by (4.10). Thus we conclude

-+ 00
|J(A,x, y)l < )’—-N—llyl—-2+icj <’7>—N+2—2x d?] < l—N—lly!—2+K’

0

provided that N > 3. This means that (4.9) holds. We underline that in this
estimate ¢ > 0. This means that for the free term we do not lose derivatives and
we can take the exponent g > 8/3.

4.2. The estimates for the second and third terms of W*. Before dealing
with

W, [ (x) = 23 JRJ eillEn) €4 (OOl 1, EYh(y) —2— 3

53 Ry3 <y>l+e <€>1+6’
we claim that if
W3 4hlly, 1 < CA*|IRlly, 1 (4.11)
then
||W3'I,ih||2,—1—e < Clk“huz,—l—ev (4.12)
where
Wi, [ (x) = A3 J J il €4 (O~ Dy 1, EVh(y) —D— —9E_
- R} IR (yyite eyt

We start observing that

(W34 1) 2y = (| Wa 2 h) pac5mieey-
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This means that we can apply Lemma 3.1 with # = L*({-)"'"*) = X* and
A = Wi .. With respect to L2(<->717%) product, the duality gives X = L2(¢->717%)
and A* = W3,. From (4.11) we have || 4*h|y. S A*||h . Hence we conclude
that ||4h||,, < A¥||A|y, ie., (4.12) holds.

The proof of (4.11) is the core of this paper, since the estimates for gen-
eralized eigenfunctions come into play. We can write

dy
i — K2 -
W3, [h](x) = JR; 5,4 (% V)A(Y) Gy
where
: d¢
A — 33 12[(x=y)-& £ (D—LPIKRD] 5 S
K (x,y) =4 Lg e @(Ax, &) Sk (4.13)

We reduce our matter to establish that
K3, (x, )| < A¥x| ! [y™' for x #0, y #0. (4.14)

In fact, assuming this inequality and combining Holder inequality with Lemma
2.4, we gain
-1
W3k ch(0)| S A5 7" (1Al -1,
Using once more Lemma 2.4, we obtain (4.11).

In order to prove (4.14) we make use of Theorem A.l. Let us recall that the
free resolvent operator is given by

eilél x—2l

Ro(le? +10)L7166) = Jimp Rofle® +)L110x) = | f(@)dzr (415)

sdn|x —z
Then (1.4) can be rewritten as
v(x, &) = —Ro(|&]* +10)[Vo(-, )] (x) + Ro(I¢]” +i0)[V] (), (4.16)

where v(x, &) = e *¢w(x, &) and Vg(x) = —e *¢¥(x). Now, passing to the polar
coordinates: ¢ = pa, p >0, o€ S?, we see from (4.13) that

lKZZ,i(x: y)l < d(xa y)a

where

2
J Y 9y(Ax, po) do £_d£_ (4.17)
S2

-+00
.3
t(x,y) = A jo g

Substituting (4.16) into (4.17) we get
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oA (x,y) < L(x,y) + h(x,y), (4.18)
where
+00 d
L(x,y) =2 jo js e Ra(p? +i0)[Vpl(33) do| L5 >lfs,
+00 d
B =2 [ [ Rl + 9ot s 03) do] £y

First we evaluate [;(x, y). Recalling that [, e do ~ [x|™! sin|x|, the inner
integral is explicitly written as

_J eilpy-dj eip[).x—zl V(z)c—ipmz dzdo ~ J V(Z)eiplbc_zl sin(p|,1y - Zl)
s R An|ix — 2| R |Ax — z| |1y — z|p

Therefore, by our assumption (1.7) we have
+eo I dz pdp
R |Ax — z| | Ay — z|<z)>*0 (p)'He

In this estimate the loss of derivatives and the exponent k appear: for the
convergence in p we require 6 > 1 and we pay a factor A. In fact, by using
Lemma 2.9, we get

x| |y (x, ¥) S 2l [y KAy ™! S A (4.19)

In order to estimate L(x, y), we employ the following propositions.

Li(x,y) S ).3J

0

PROPOSITION 4.1. For any x € R>, we have

||

Lz e X% (o) do| <

sup [g(o)[ + ) sup [Qxg(0)l-
geS? j<k o€S?
k=1,2,3

Here Q; y := 00 — 0x0; are the tangential vector fields to the sphere. Besides

g:82 = R is a ¥ function such that the right side is finite.

ProoF. We may assume x = (0,0, |x|) without loss of generality. In the
polar coordinates

op=sinfcosgd, 0<6<nmn
o,=sinfsing, 0<¢<2n

o3 = cos 6,
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the integral in the left hand side is equal to

J 2 J: eI s 84(5(8, §)) sin 0 dodg = J:" j: d% <e-—ilxlooso

0

—-l—l;l——) g(O') d0d¢.

The desired estimate follows from the relation dgg = —cos ¢Qy 3g — sin ¢ 39
after one integration by parts. O

PROPOSITION 4.2. Let x,& € R%. Let |V (x)| < Co(1+ |x])~>~*" with some Cy,
6' > 0. Then the following estimate holds:

|Ro(I&]% +10)[PF] (%) 5 x>~ 1 1, —s (4.20)
for a < 3+25 and any function f such that the right side is finite.

Proor. By (1.7) we have

R + 1001 5 [, =L 0

. 1/2
-d
SISz, -a (Jkﬁ x— yP e y)

Due to Lemma 2.5, this implies (4.20). O

Recalling (4.15) and the fact that Q fields act on o, the application of
Proposition 4.1 gives

X 71E(x, ») S l%j}ﬂm j sup [Ro(p? + 0)[ V(- pe) (1) ”)1’; (421)

In order to establish |x||y|L(x, y) < 4, it suffices to find
|Ro(p* +10)[VQ*(u(-, po))](Ax)| 5 <Axy™ <p>~ " (4.22)

for xe R}, p>0, |¢| =0,1.

The case « = 0 is a consequence of |v(Ax, po)| = |w(Ax, po)| and (4.20). More
precisely, for p < 1 we take a =3 +6' and use (A.2). For p>1, we fix a=1+4'
and employ (A.3).

Similarly, in order to establish (4.22) in the case || = 1, we apply (A.5) when
p<1 and (A6) if p>1.

Since |x||y|L2(x,y) < A and (4.18) and (4.19) hold, this concludes the proof
of (4.14) with k= 1.
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4.3. The estimate for last term of W*. Here we prove

12 skl -1 < CAllhlla, -1 (4.23)
where
iA(x~y)- - — dy dé
Wi h(x) =42 J J £ (D= DKOlg5(1x, E)ar(Ay, EV(Y)
4,+(x) 2 ) o T
dy
= | KL (o 0h(Y)
Jy sl ) 755

From (4.16) we get

i1 (x5, 9)| < B5(x, ) + La(x, y),

where
+00 ) 2d
B ) =22 [ || %, p0)Ro(p? +10)V el 0) do| £
3 +00 _ ) ) - /72 dp
LG y) =2 [ || 50 po) Rl + 07 po)) ) o] L5

Explicitly, from (4.15) and (4.17), we have

V(z)

191505 9) < el [ g (5) 0o

sizlyij dz 5 S C4,
R |2y — 2| |2|<2>**

as it follows from |x||y|&/(x,y) S A and Lemma 2.9. In order to evaluate
I4(x, y), we use (A.4) and get |v(Ax, po)| S (Ax)~!. Therefore using again (4.22)
with o =0, we find

-+ 00 2
p-dp
x| [¥l1a(x, ¥) ij St <A
0 <p>2+5

Hence (4.23) holds. This completes the proof.

EnNp oF PrOOF OF (4.1). Gathering (4.8), (4.11), (4.12) with k=1, and
(4.23), we see that (4.1) holds good for all A >1, e>0 and § > 1.
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Appendix
We prove the following L® and L? estimates for w(x, &) used in the previous
subsections.
THEOREM A.l. Let V(x) be a Holder continuos non-negative function such
that
V(x) < Co(l+|x|)% for xeR® (A.1)

with some Cp, 6' > 0. Let w(x,&) be the solution of (1.4). Then, there exists a
constant C > 0, independent of &, such that for any 0 < e <&', it holds

lo(x,&)lle < C for Ec R, (A2)

1K 0(x, ||, < Cle[™ for ¢ = 1. (A.3)
Suppose in addition that
V(x) < Co(1+ |x|)_3"5’ for x e R3.

Denote ¢ = po with p >0 and o € S%. Then, there exists a constant C > 0, in-
dependent of &, such that for any 0 <e < &', x,& € R, it holds

|o(x, )| < C<xy™! (A.4)
19),£ (6™ 0 (x, o))l 1= < Cp for 1 < j,k <3, (A5)
IKE920 (67w (x, po))lla < C for p21,1<j,k<3, (AS6)

where Q; r = 0;0r — 0}0;.

A slightly different version of the L® bounds (A.2), (A.4), (A.5) can be found
in [5]. In that paper, the author obtains |w(x,&)| < C{£)~" requiring a stronger
decay for the potential V'(x). We prefer to minimize the assumption on the
potential since these estimates are enough to our aim. Besides, we underline that
the assumption that ¥ is a non-negative function enables us to avoid any
hypothesis about the presence of resonances for the operator H = —A + V(x).

To show the theorem, we study an integral equation related to (1.4):

¥(x) = —Ro(|€* +i0)[P¥](x) + Ro(|&]* +10)[f1(x), (A7)

where the free resolvent operator has been defined in (4.15). In Theorem A.2
below we shall find the unique solvability of (4.15) when f e L2({-)'*%). In that
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case we put Y(x) = Y 4[f](x). Moreover we find L* and weighted L? estimates
for this function. At the end of the appendix, we use these estimates to prove
Theorem A.1l.

THEOREM A.2. Let V(x) be a Holder continuous non-negative function sat-
isfying (A.1). Then for all £ € R® and f € L*({-D'*) with 0 <e<{', there is
a unique solution of (A.7) denoted by Y(x) = Y[f1(x), ¥¢[f]1(x) e L2({)73).
Moreover there exists a constant C > 0, independent of ¢ and f, such that

“l//m[.f]”oo < C”f”2,1+e for é € R37 (AS)
IW1g UM, —1—e < CIETH IS Ml 140 for 1€l > 1. (A9)

A more general version of (A.8) is given in Proposition 6.3 of [4] under
stronger decay assumption for the potential ¥ together with its derivatives.
In particular, in that paper, the authors obtain L*® estimates for
03 (el lel-ixdgo(x, &)).

In order to prove Theorem A.2, we prepare some preliminary results.

LemMA A.l. Assume A(x) and B(x) are continuous functions satisfying
0 < A(x) < CxY™CH2 |B(x)| < C(xy™ 192 xeRP  (A.10)
for some C, ' > 0. Suppose that for V := AB the following condition holds:
if Ux)eL*((77%) and (~A+V)U=0, then U=0 (A.1l)
for any 0 < 6y < 28'. Then for & € R® and vy € L?, there is a unique solution v € L?
of the following equation:
RIE=
00 = = | 0)400 1o BO) -+ ). (A12)
Moreover there exists a constant C > 0, independent of ¢ and vy, such that

Ioll, < Cllvoll,.- (A.13)
ProOF. We pose the problem in an abstract setting. Let z € C. We define

WEIe) = | Kxyi2e0) d,

>

izlx—y|
K(x,332) = —A() g BO).
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The relation (A.12) is rewritten as
v(x) = W (|E])[e](x) + vo(%)-

By using the assumption (A.10) and Lemma 2.5, we see that the Hilbert-Schmidt
norm of W(z)

7 las = ([ 10x 5202 )

is finite and uniformly bounded in z, hence W(z) is a compact operator.
It suffices to prove that I — W(k) is invertible and ||(I — W(k))™"| is uni-
formly bounded for k> 0. Here ||4| denotes the #(L? L?) norm for the
operator.

Step 1. Let us prove the existence of (I — W(k))™". It is clear that the
map z— W(z) is analytic for Sz >0 and continuous for Sz > 0; moreover
|W(z)|| — 0 as Sz — +o0o0. Hence (I — W(z))"1 is represented by the Neumann
series for Sz > 0 large. We see that it is well defined and analytic for such z.
Thus, it follows from analytic Fredholm theory (see e.g. [13]) that the family
of operators (I — W(k))™" exists and depends continuously on k € R outside a
closed set & = {k e R : {0} # Ker(I — W(k)) = L?} whose measure is zero. For
our aim it suffices to show that & < (—o0,0).

Suppose that there exist a positive number k and a solution v € L? of the
homogeneous equation v(x) = W (k)[v](x). Setting u(x) = v(x)(4(x))”", we have

ikl|x— y| eiklx—yl

u) == | o)y B0 == [ u)

T ‘ (4B)(y) dy. (A.14)

4n|x — y
Combining Schwartz inequality and Lemma 2.4, we find ue L®. An applica-
tion of Lemma 4.4 in [10] shows that ¥ =0, hence v = 0. Making use of the
Fredholm alternative, we conclude that any strictly positive number does not
belong to &.

It remains to prove that 0 ¢ &. Here the resonance assumption (A.11) comes
into play. As before, from v € L2 we get u € L2({->~>~%"). Moreover from (A.14),
with k =0 we deduce (—A + AB)u=0. Suppose we have found a particular
positive g < 26’ such that

ue L*(<y™'7%), (A.15)

then (A.11) gives u = 0. As before, we find 0 ¢ &.
Now, we show (A.15) with 6y =4'. For any he Z, we have
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2
/ AB
1408 s = [, GO0 (L ol dy) dx

X

S W s [ [ SO Gy 1 gy
Y

Lemma 2.6 assures [[ully s (hi1ys S lullo,—34nr Whenever —1—26" < hd' <
3—-¢'. We know ueL2(<~>”3"5l); this means we consider A > —1. The only
requirement becomes (4 + 1)6’ < 3. In particular for 2 — 25’ < hd’, we arrive at
(A.15). 1t is possible to choose such A, once we suppose 6’ < 2. This condition is
not restrictive, since we are interested in small &’

Step 2. By the closedness of & and the continuity of k — ||(I — W(k))™"||, we
have that the equi-boundedness of ||(I — W(k))™||, for k >0, is a consequence
of |W(k)|| — 0 for k — +oo. It suffices to prove the punctual limit

Jim [W®)gll, =0 geL’ (A.16)

Since, for any r € R, &, is dense in L?*({-)") we can use a density argument. We
put
A(x)e = h(y) e

x4 J

W (k)[h)(x) = J . Lw|=1 " h(x — ro)r dodr.  (A.17)

In particular W (k)[Bg](x) = —W(k)[g](x). By means of Lemma 2.4, we have

o5 2 ARG Y 2 s [T
aon s (4225 @) axs I s [ 07 [L—z apa
p3 “h|]§,1+5’

for any A eL2(<->1+5'). Suppose we have found

tim W (k)[H](x) = 0 (A.18)

k—+o
for ae. xe R and any h e ‘gé. Lebesgue’s dominant convergence theorem imply

lim || (k)[A]ll, =0

k—+o0

for any he%,. In order to gain (A.16), we take he %, which approximate
Bg e L*({->!*%) and observe that
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1w K)lglll, = | W (k)[Bgll, < [|W (k)[Bg — ||, + || W (k) [A]ll,
< [1Bg — Ally, 145 + W ()]l

It remains to establish (A.18). Since h(y) € #,, we can integrate by parts with
respect to r in (A.17). We get

eikin
K PR H ()] < ‘ j -

j| 71 Vhx =) dnl

—l—¢ —2—¢
SO, [P 2

where C is independent of k and x. Thus we obtain (A.18) and conclude the
proof. O

dy+ <YV | dy=C,

The following result can be established with a proof similar to the previous
lemma.

LEMMA A.2.  Assume A(x) and B(x) are continuous functions on R® satisfying
0 < A(x) < C<x)™ (2 |B(x)| < Clxy~ B+ (A.19)

for some C, &' > 0. Letting V := AB, we suppose that (A.11) for any 0 < Jy < 26’
holds. Then for ¢ € R® and vy e L?, there is a unique solution ve L? of (A.12)
verifying (A.13).

For completeness we give the proof of the next lemma that enable us to
avoid the resonance assumption (A.11). This type of results has been proved by
Georgiev and Visciglia in [7].

LeMmMa A3. Let VeC(RR) be a nonnegative potential such that
V(x) < x> for some C, 8' > 0. Then the condition (A.11) holds for any
0<d < 26’

Proor. Let U e L?({->"!7%) be a solution of ~AU = — VU, hence

Ux) = JR3 %V(—;:‘) y (A.20)

In particular
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U 5 U117 2(ym1-09 J LT — 5 dy.
R

Since &y < 26’, we find
|Ux)| 5 <7 (A.21)
This inequality gives AU = VU e L'. Similarly, we have

0, UGS [ IOV =517 & 3 16Ul [ ¥l 5i 2y,
This implies
IVU(x)| S (x)72 (A.22)

Let be R>1 and ¢ is a smooth function such that ¢(x) =1 if |x| <1 and
@(x) =0 if [x| > 2. We multiply the equation (—A+ V)U =0 by the function
¢(R1x)U(x). After integration by parts, we get

j (VU + V()| UR)P)o(R ) dx+]%J VU(x) - (Vo)(R™'x) U(x) dx = 0.
R3 R
This yields

jl VU + VIO D) ax

< nv(pnwj
R R<|x|<2R

Combining (A.21) and (A.22), we see that there exists C > 0, independent of R,
such that

IVU(x)| |U ()| dx. (A.23)

J IVU)| |U(x)] dx < C.
R<|x|<2R

Taking the limit in (A.23), we find
J (VUP + V(R[U)P) dx =0, (A24)
R

This implies that U is piece-wise constant and ¥ (x)|U(x)|* = 0. Coming back

to the fundamental solution (A.20) we arrive at U = 0 and complete the proof.

a
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END OF PROOF OF THEOREM A.2. First we take A(x) = (x)"¢*+%)2, B(x) =
A (x)V(x) and vy(x) = A(X)Ro(|¢|* +i0)[f](x). Due to (A.1) and to Lemma
A.3, the assumptions (A.10) and (A.11) are satisfied. Moreover by using Lemma
2.4, we see that

IRo(I&I* +10)[A1lleo 5 117 1l2,14e

for any ¢ > 0. Hence vg € L? and |[voll; S [|f]l3,14.- Thus Lemma A.1 yields the
existence of a unique solution v e L? of (A.12) such that

llvll; S llvoll, “f“2,l+c'

If we set Y(x) = A7} (x)v(x), then we see from (A.12) that y(x) solves (A.7), and
satisfies

eiléllx-yl
Vo0 == [, o0 e BO) & Rl + O (429

Since |B(y)| < (yy~1+92 ) we gain

WIS lol; ( [

y

1/2
DY =y dy> + [Ro(I¢l +10)[£10)| S I, e

This means that (A.8) holds.

Let us fix A(x)=<x>" 12 B(x)=d4"'(x)V(x), and wy(x)=
A(x)Ro(|€* +10)[f](x). Due to (A.1) and to Lemma A.3, the assumptions (A.19)
and (A.11) are satisfied. In order to prove vy € L%, we observe that

lIvollz S [1Ro(1€1% +10) [£1(%)ll2, -1 -
S IRo(1€1* +10) A1)z, 1 S 1€ 1 12 1

for any ¢ > 0 with 0 < ¢ <4’ and |¢] > 1. In the last line we used a well known
estimate for the free resolvent. In a very general version this can be found in [1]
Appendix A, Remark 2.

Coming back to our proof, Lemma A.2 yields the existence of a unique
solution # e L? of (A.12) such that

~ -1
15112 < llvolla < 1€ 112, 14

Hence (x) = A7!(x)9(x) is the unique solution of (A.7). Since (A.25) with v
replaced by # holds, and now |B(y)| << y)'(3+‘5,)/ 2 using Lemma 2.5, we obtain

Wl <>~ ally + [Ro(1€1* +i0)[f1(0)]-
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Therefore we have

W11z, -1-c S 1Bll2 + 1R (1> +10)/1GN2, -1-e S 1E17 1N, e
Thus (A.9) is shown and the proof is completed.

Proor orF THEOREM A.l. According to (1.4), we note that w(x,¢) =
XY Vel (x) with Ve(x) = —V(x)e™°. In particular (A.1) implies V¢(x) e
L2(<-HM9).

The relation (A.2) is a direct consequence of (A.8). Similarly (A.3) follows
from (A.9).

For proving (A.4) we combine (A.8) and (A.20) with a =3 +§'. In fact, from
(A.7) we have

lo(x, &) < Wil Velllw < IR(IE1* +i0) [V Y4 Velllloo + IRo(IE]* +i0)[Vell
5 <O Vg (Velllg,avs + 1 Vellg,34s)

SO W Vellleo + DIV —s-s S <7

In order to prove (A.5) and (A.6) we note that Q; (e ¥ *w(x,po)) solves
(A7) with f = f;k(p,0,y) = —ip(gjy — okyj) Vpe(y). In particular f; x(p,0,-) €
L2({HM) if V(y) < <¥>~>*. Hence, (A.8) and (A.9) give the conclusion. []
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