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HOCHSCHILD COHOMOLOGY RING OF THE
INTEGRAL GROUP RING OF DIHEDRAL GROUPS'

By
Takao Hayamr

Abstract. We will determine the ring structure of the Hochschild
cohomology HH*(ZD,,) of the integral group ring of the dihedral
group D, of order 2n.

Introduction

Let RG be a group ring of a finite group G over a commutative ring R. If
G is an abelian group, the multiplicative structure of the Hochschild cohomology
HH*(RG) is explained by Holm [12] and Cibils and Solotar [5]. In the case where
G is a non-abelian group, HH*(RG) can be very complicated ring in general, and
it is more difficult to determine the multiplicative structure of HH*(RG).

The Hochschild cohomology ring HH*(RG) is isomorphic to the ordinary
cohomology ring H*(G,,RG), where yRG is regarded as a left RG-module
by conjugation. So it is theoretically possible to calculate the products on the
cohomology if an efficient resolution of G is given. Thus we have determined
the ring structure of HH*(ZQ,) for arbitrary generalized quaternion groups @
by calculating the ordinary cup product in H*(Q;,yZQ;,) using a diagonal ap-
proximation on a periodic resolution of period 4 (see [8]).

On the other hand, it is well known that the Hochschild cohomology
HH"(RG) is isomorphic to the direct sum of the ordinary group cohomology of
the centralizers of representatives of the conjugacy classes of G (see [1, Theorem
2.11.2], [16, Section 4]):

HH*(RG) ~ D H"*(G;, R).
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This isomorphism is not in general multiplicative, however Siegel and
Witherspoon [16, Theorem 5.1] define a new product on (—Bj H*(Gj, R) so that the
above additive isomorphism is multiplicative (see [2] for a new proof and a
generalization of this result). They show that the multiplicative structure of the
Hochschild cohomology of a group ring is described in terms of cup products,
corestrictions and restrictions on the ordinary cohomology. This result was
conjugated by Cibils [4] and Cibils and Solotar [5]. This new product gives
us much helpful information about the Hochschild cohomology ring of group
algebras. In this paper, we will calculate the Hochschild cohomology ring of the
integral group ring of the dihedral group D,, of order 2n for n > 3 by using this
new product.

In Section 1, as preliminaries, we describe some definitions and properties
about the Hochschild cohomology, the group cohomology, and the Product
Formula given by Siegel and Witherspoon [16, Theorem 5.1].

In Section 2, we state efficient resolutions for dihedral groups and cyclic
groups, and we describe the presentations of the integral cohomology rings of
these groups. In fact, efficient free resolutions of dihedral groups are given by
Wall [18], Hamada [6] and Handel [7]. We state a slightly different version of
the Handel’s resolution.

In Section 3, we calculate conjugations, restrictions and corestrictions be-
tween the integral cohomology rings of subgroups of D,, (Propositions 3.4, 3.7
and 3.9). In order to calculate the cup products using the Product Formula
we need their computations. These are given by calculating the images of the
generators of the cohomologies on the cochain level by using chain trans-
formations.

In Section 4, we calculate the cup products on H*(Day,yZD>,)
(~ HH*(ZD,,)) using the Product Formula (Propositions 4.1 through 4.7), and as
the main result of this paper we determine the ring structure of H*(Day,,yZD2y,)
(~ HH*(ZDy,)) (Theorem 4.8).

1 Preliminaries

1.1 Hochschild Cohomology and Group Cohomology

Let R be a commutative ring and A an R-algebra which is a finitely gen-
erated projective R-module. If M is a A°(= A ® A°®)-module, then the n-th
Hochschild cohomology of A with coefficients in M is defined by

H"(A, M) = Bxt’.(A, M).
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The cup product gives HH*(A) := @), HH"(A) a graded ring structure with
identity 1 e Z(A) ~ HH°(A), where HH"(A) denotes H"(A,A) and Z(A) de-
notes the center of A, and HH*(A) is called the Hochschild cohomology ring
of A. The Hochschild cohomology ring HH*(A) is graded-commutative, that is,
for « € HHP(A) and B e HHY(A) we have aff = (—1)"?Ba (see [14, Proposition
1.2] for example).

Suppose that G is a finite group and that 4 is a G-module. Then we have the
definition of the n-th cohomology group of G with coefficients in A:

H"(G, A) := Ext}s(R, 4).

Let H be a subgroup of G. We denote restriction and corestriction by res§ and

cor§, respectively (see [3], [17] or [19]):

resy : H"(G,A) — H"(H, A),
cory : H"(H,A) — H"(G, A).
Note that
corg -resy a=|G: Hla for a e H"(G, A). (1.1)

Let 9H = gHg™! be the conjugacy subgroup of H for ge G. Then there is a
homomorphism called conjugation by g:

g*: H"(H, A) — H"(°H, A).

Note that g* is the identity for g € H, and note that (g192)" = gjg; holds for
g1,92 € G. These mappings of the cohomology groups are independent of the
choice of resolutions.

About the group ring RG there are close relations between the Hochschild
cohomology and the group cohomology. The Hochschild cohomology ring
HH*(RG) is isomorphic to the ordinary cohomology ring H*(G,yRG), where
wRG is regarded as a left RG-module by conjugation (see [16, Proposition 3.2]
or [13] for example).

1.2 Product Formula

Suppose that G is a finite group and R is a commutative ring. Let
g1 =1,02,...,9, be representatives of the conjugacy classes of G. Fix g;, and
let G; be the centralizer of g;. RG;-homomorphisms 6, : R — RG; A Ag;
and ng, : RG— R, 3, Al 4y induce 6, : H"(G;,R) — H"(G;,yRG) and
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n; : H"(G;,yRG) — H"(G;, R), respectively. We  define  y;: H"(Gj,R) —
H"(G,yRG) by
yi(@) = corg 6 («), for a € H"(G;, R).

Then we have the following isomorphism of graded R-modules
@ : H'(G,yRG) 5 @ H"(Gy,R); (> (m} resg (0));, (1.2)
i

and its inverse is given by ®~!(a) = y;(«) for & € H"(G;, R) (see [16, Section 4]).
Let D be a set of double coset representatives for G;\G/Gj. For each ae€ D,
there is a unique k = k(a) such that

g ="g;"g; (1.3)
for some be G. In the above, *g denotes xgx~! for x,g€ G. Siegel and

Witherspoon [16] define the following new product on @jH *(Gj, R) so that the
above additive isomorphism is multiplicative:

THEOREM 1.1 (Product Formula). Let o € H*(G;, R), f € H*(Gj, R). Then the
following equation holds in H*(G,RG):

5G. 1 % bag. *
7:(@) = ,(B) = Y velcorg (resy b — resy” (ba)"f)), (14)
aeD
where D is a set of double coset representatives for G\G/Gj, k =k(a) and
b= b(a) are chosen to satisfy (1.3), and W = %G;N*G:.

Note that the sum in (1.4) is independent of the choices of a and b, and note
that y, is a monomorphism between the cohomology rings (see [16, Section 5]).

2 Integral Cohomology Rings of Dihedral Groups and Cyclic Groups

In this section, we describe presentations of the integral cohomology rings of
dihedral groups and cyclic groups.
Let D5, denote the dihedral group of order 2n for any positive integer n > 2:

Dy ={x,y|x"=y*=1,yxy ' =x7").

Efficient free resolutions of Z over ZD,, are given by Wall [18] and Hamada [6].
Handel [7] reformulates this resolution and determines a diagonal approximation
on the new resolution. The boundary operators of the Handel’s resolution are
right ZD,,-homomorphisms. For our convenience, we state a resolution whose
boundary operators are left ZD,,-homomorphisms. This is a slightly different
version of the Handel’s resolution.
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Let M7 denote a direct sum of ¢ copies of a module M. We set
Y, = (ZD3,)*" for ¢ > 0. As elements of ¥, (or Z%), we set

[4

r

q g+l1
0

r
0,...,0,1,0,...,0) (if I<r<g+1),

(otherwise).

Define left ZD;,-homomorphisms &: ¥y — Z; ¢} — 1 and 6, : ¥, — Y, (g > 0)

given by

54(65) =

(xy+ (—1)(q_r)/ z)c;:} +(x—1)c;_, for g even, r even,
(y— (—1)(‘””’1)/2)(:;:} +Ney_, for ¢ even, r odd, @
(y — (—1)(‘7+’+1)/2)c;:} — Ncj_, for ¢ odd, r even,

(xy — (—1)(‘1")/2)c;:} + (x— 1)c‘;_l for ¢ odd, r odd.

In the above, N denotes 3.7 x'. It is easy to check that ¢-& =0 and
04 -9g+1 =0 (g =1) hold. To see that the complex (Y,d) is acyclic, we state a
contracting homotopy T, : Y, — Y,41 (¢ = —1), where we set Y_; = Z:

(1) =¢;.

If g(=0) is even, then

Tq(xiyjc;) =

where we set

If g(=1) is odd,

T,(x'ycy) =4

(
]V-,'Cl

g+1
(—l)q("Jr])/ZN,-c;ﬂL1 + xic2
0

i—-1,r+l1
Xl

xicr+l

\ gq+1

g+1

(r=10<i<n,j=0),
(r=1,0<i<nj=1),
(r=20<i<n,j=0),
(r(=2) even, 0<i<n,j=1),
(r(=3) odd, 0<i<n,j=1),

M={ﬂ”+whkk~+1 (i>1),

0
then
(0
cgll+1

q(g+1)/2 1 -1,2
(-1) Cor1 T X Cop
i-1,2

X

0

i r+l
X Cgt1
xi—l cr+l

g+l

(i = 0).

(r=1,0<i<n—2,j=0),
(r=1i=n-1,7=0),
(r=1i=0,j=1),
(r=L1<i<n,j=1),
(r>2,0<i<n,j=0),
(r(=2) even, 0<i<mn,j=1),
(r(=3) odd, 0<i<mn,j=1).
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For each ¢ > 0, it is not hard to see that the equation

holds. Therefore (Y,d) is a free resolution of Z over ZD,, (cf. [7, Theorems 2.1
and 3.3]).

Applying the functor Homzp, (—,Z) to the resolution (Y,d), we have the
following complex, where we identify Homzp, (Y,, Z) with Z 7+! ysing an iso-
morphism Homzp,, (Yg, Z) — Z7*; [ (f(c}), f( c2) s feg):

(Homgp, (Y, Z),6%) : 0z8 28 % 7% 75, -

(x — Daj, +(y— (—1)("+’_1)/2)a’i} for g even, r odd,

671 (a)) = _Na;+l + (xy — (~1)e 2)a’+1 for g even, r even,
| ¥a; r o1 Oy + (1)) for g odd, r odd,
(x—Dag; +(y—(-1) (g1 ﬁ)aﬁ} for g odd, r even,
((1- (—1)@“"1)/2)0;:} for g even, r odd,

) enap, +(1- (—1)("")/2)a;ﬂ for g even, r even,
nay + (1+ (=1)@)artl for g odd, r odd,
(1~ (—1)(q+r_1)/2)a;ﬂ for g odd, r even.

In the above, a, denotes ac, for ae Z.
If n> 2 is even, then the module structure of H*(D,,, Z) is represented by
the form of the subquotient of the complex as follows:

Hk(DZMZ)
VA for k=0,

9 .
Zcy,/n® @Z( ca! +c4q>/2(+) Dzt /2 fork=4q (q+0),
N

g

B @Z( ci,',fx—ci;:d)/z@ (—BZ Chp1/2 for k=4g+1, 22)
9 .
6—%2( c3;112+c;‘;122> / 2® @zc;‘;ﬁ/z for k = 4g+2,

q
Dz (el - ciiy) 20 D2 for k = 4g1 3.

i=] i=0
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In the above, M /s denotes the quotient module M /sM for a Z-module M and
an element se Z, and we interpret (P, term as 0 if ¢ =0. Note that we
have the same module structure and ring structure if we use the Handel’s
resolution. We put A:=c; € H Dy, 2Z), wu:=(n/2)cs+ c € H*(Dy,Z),
v:=c2e H (D3, Z) and &:=c} € H*(Dyy, Z). Then A, p, v and ¢ multi-
plicatively generate H*(D,,Z), and the ring structure is given as follows (see
(7, Theorem 5.2]):
H*(Dan, Z) = Z[, 1, v, &/ (24, 21,2, &, 4> + I+ (n2[A)EV + 1),
(deg A=deg u=2,degv=23,deg & =4). (2.3)
In particular, we have
H*(D4, Z) = Z[A, 1,/ (24,21, 2v,v* + 22 + A1),
(deg A=deg u=2,degv=3). (2.4)

If n is odd, the cohomology groups of D,, are periodic. The integral coho-
mology of D, is as follows:

VA for k =0,
Zcl, /n@® ZciT /2 for k=4q (g9 #0),
H*(D3,,Z2) ={0 for k =4q+1, (2.5)
chgig/Z for k =4q+2,
0 for k =49+ 3.

If we put o :=c3 € H*(Dy,,Z) and B := c} + ¢; € H*(Dan, Z), we have the fol-
lowing (see [7, Theorem 5.3]):

H*(Dz,,,Z) = Z[a,ﬂ]/(za’ 2nﬂ) a? — nﬁ))
(dega =2,deg f=4). (2.6)

Next, we describe the integral cohomology ring of the cyclic group. Let
H = {a) denote the cyclic group of order /(>2). Then the following periodic
Z H-free resolution for Z of period 2 is well known (see [3, Chapter XII, Section
7] for example):
(Zwow): - —— ZHN zH O 720 O 70 * 7 o,

(O () = e(a—1),

-1
(@m)y(c) =c» a'.

i=0
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Applying the functor Homzy(—, Z) to the above periodic resolution, we have
the complex

# #* ;) #

(HomZH(ZH,Z), (511)#) 00— Z% Z(—aH—)Z) Z(—i)-&

0m)f () =(a-1)e=0,

Z—--,

-1
@a)ic)=> adc=L,

i=0
and we have

. Z fork=0,
H*(H,Z) =4 Z/I fork=0 mod2, k #0, 2.7)
0 for k=1 mod 2.

If we put y:=1e€ H*(H,Z), then we have the following (see [3, Chapter XII,
Section 7]):

H*(H,Z) = Z[x]/(x), (degx=2). (2.8)

3 Conjugation, Restriction and Corestriction

In this section, we calculate conjugations, restrictions and corestrictions
between the integral cohomology rings of the centralizers of representatives of
the conjugacy classes of D,,. These are given by a method similar to [9, Section
2.1].

3.1 The Case n Even

In this subsection, we consider the case n=2m (m >2). We take repre-
sentatives of the conjugacy classes of D,, as follows:

gi=1, go=x", gu2=x" (1<i<m), Gmi2=1Y, gmss=X).
Then their centralizers are
Gl = GZ = -D2n, Gi+2 = <x> (1 <i< m); Gm+2 = <xm) y>’ Gm+3 = <xm,xy>.

Note that G,,,2 and G,,43 are isomorphic to Dj.
In the following, we set

H*(GHZ) - Z[/‘L,/,t, v, é]/(zx; 2/‘) ZV, nf; /12 + ;llu + (n2/4)£r V2 + Aé);
(deg A =deg u=2,degv=3,deg & =4),
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H*(Grs2, Z) = Z[o)/(no) (deg o =2),
H*(Grire1, Z) = Z s, thy, 1] Qry 28y, 205, V2 + Aot + 2241,
(deg A, = deg u, = 2,deg v, = 3),

where r =1,2 and 1 <k <m — 1. These presentations follow from (2.3), (2.4)
and (2.8). By (1.2), (2.2) and (2.7), we have

zZm+3 for k=0,
0 fork=1,
H*(Dyy,yZD2y) =4 (Z/2)¥ fork=2g+1 (g=1),

2/ @ (Z/m)™" fork=4q+2 (420),
(Z/2)%2 @ (Z/n)™"  fork=4q (g >1).

In the above, M" denotes a direct sum of r copies of a module M.
Moreover we set

H*((x™Y, Z) = Z[d]/(21) (degt=2).

First, we calculate conjugation maps. We need chain transformations in both
directions between the standard resolution and the resolution given by (2.1). The
following equations are useful for the proof of Lemma 3.1:

Ni+x'Nj=Niyj, Ni(x—1)=x"~1, yNj=x7Npxy (i,j = 0).
Lemma 3.1. Let (X,d) be the standard resolution of D,, and (Y,5) the
resolution of Dy, given by (2.1).

(i) An initial part of a chain transformation w, : Xi — Yy lifting the identity
map on Z is given as follows:

up([) = cp;

uy([x'y?]) = Nic| + px'c};

0 (if i+j<nand p=0),

‘ 4 cl (if i+j=n and p=0)

5P dydy = ¢ 2 o = )
w(bey? |x7y1]) xiIN;c? + gxiic3 (if i—j>0and p=1),

—cd + xIN;2 +gx* I3 (if i—j<0 and p=1),

where 0 <i,j<n and p,q=0,1.
(i) An initial part of a chain transformation vy : Y — Xi lifting the identity
map on Z is given as follows:
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vo(c) = [;
vi(e]) =, wled) =)

va(e) = NI, 02(e3) = ey [ + [xI3],  va(e3) = [y + 1] ).

ProoF. We prove (i) only. It suffices to check that the equation wu_jdy =
Oxuy holds for k =1,2. In the case k =1, we have

updy ([x'y?]) = uo((x"y? — 1)[[]) = (x'y? — 1)cg
= Ni(x — 1)y + px'(y = )¢y = Sy ([x'y?)).

In the case k =2, the proof is divided into four cases.
Case i+j<n, p=0:

urdy([x'| x7y7]) = w (x'[x/y9] — [x"*y9) + [x])
= (x'Nj — Niyj + Np)e} = 0 = dpup([x* | x7y9)).
Case i+j=n, p=0:
urdy ([x* | x7y9)) = (Nisj — Nizjon)ey = (Niwj — (Niaj — X 7"N)) ey
= Ney = S ([x" | x7y7)).
Case i—j=0, p=1:
wdy([x'y | x7y7]) = w1 (x"y[x/y) — [x" Ty~ + [xTy))
= (x'yN; = Ni—j + Nj)ef + (¢x" 7y + (g — D)x™7 + x')¢f
=x"IN;(xy + Def +x(x/ = 1+ q(y + 1))c?
= x"IN;((xy + Dej + (x = 1)ef) + gx"7 (y + 1)cf
= oo ([x'y | xy7)).
Case i—j<0, p=1:
udy([x'y [ xy%)) = (X'yN; = Nicjin + Niel + (gxy + (g — 1)x" + x)c}
= —Nej +xIN;((xy + )e] + (x — 1)¢?) + gx" (y + 1)c?
(since N; — Ni_jyn = —x'Np_j = —x"(N,, — Nj))

= Syur([x"y | xy)).
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To prove (ii), it suffices to check that the equation djvx = vk—1d; holds for
k=1,2. |

LemMma 3.2. Let H = {a) denote the cyclic group of order I(>2). (Zg,dn)

denotes the periodic resolution of H and (Xy,dy) denotes the standard resolution
of H.

(i) An initial part of a chain transformation (vg), : (Za), — (Xu), lifting the
identity map on Z is given as follows:

(vr)o(1) = [;
(o), (1) = [d];
-1
(0r)y(1) = > _la'lal.
i=0

(i) An initial part of a chain transformation (up), : (Xu), — (Zn)y, lifting the
identity map on Z is given as follows:

(um)o([D =1;

i-1 -2 4 . -
(uH)l([a"])={a +a 4+ +1 (z.zl)j

o

=
i
=

N—r

(e ={y (7=

for 0<i,j<l
Proor. See [11, Proposition 1] for (i) and [9, Lemma 2.1] for (ii). O

LemMa 3.3. Suppose H is a subgroup of a finite group G and A is a
G-module. (Xy,dy) and (X(spy,d(sp)) denote the standard resolutions of H and
9H = gHg™! for g e G, respectively. Then the conjugation map g* : H k(H ,A) —
H¥*(9H,A) is given by the following on the cochain level:

g : HomZH((XH)k,A) — Homz(gy)((X(gH))k,A)
GMNUD=9f[D *k=0),
@NUpileal - - 1oe) = af (g7 219197 pagl - 197 rgl) (k> 1),

where py,py,...,pr €IH.
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ProOF. See [19, Proposition 2-5-1]. n

In the following, (X,d) and (Y,d) denote the standard resolution of D, and

the resolution of D,, given by (2.1), respectively.

Moreover, (XU+1) d0+1)) denotes the standard resolution of G2 =
{x™ xy> for 1=0,1, and (Y@+) §%+D) denotes the resolution of Gyui42(~ Ds)
for I =0,1 given by (2.1). The boundaries of (Y1 §*1) are left ZGpi142-
homomorphisms given by

(™ Hy + (D))t 4 (= 1)e
(xly — (—1)("+’+1)/2)c;:{ + (x™+1)cj_; for g even, r odd,

for g even, r even,

(5(’+1))q(c;) = (ehrtl)2
(x'y — (-1)¥ / )C;:} - (x"+ l)c;_l for g odd, r even,
(xmtly — (1)@t 4 (xm —1)ef_, for g odd, r odd,

for ¢>0. By Lemma 3.1, an initial part of a chain transformation
(u(l+1)) X(l+1)) - (Y(I+1)) is given by

@™o ([) = <5

(@ D)y (X *y ) = ic + gx™cf;

0 (i+j<2,p=0),

1 . .
(1+1) mi+lp p | 5 mi+lg.,91) — ) o (17"]:2’1’:0)1
RIS =0 Gmton 3 4 gumton s (i-j>0,p=1),

—c) + jxmi=Ne2 4 gxmi-Ne3  (i—j<0,p=1),

where i,j,4q=0,1, and an initial part of a chain transformation
(D), : (YED), — (X)), is given by

@ D)g(e0) = s
@ )i(e) = &7, D)) = [xy);
@ )(e) = "+ 1] x7), (00 D)() = ™y [ 27 + 7 | X,

"), (e3) = [x'y + 1| x'y].

ProrosITION 3.4. The following hold:

0) »(0)=-
(ii) (x™?)*(w,) = A + u, for m even and r =1,2.
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Moreover, g* maps 1(€ H(G,,Z)) to 1(e H*(%G,Z)) for l<r<m+3 and
gGDz,,.

Proor. We prove (x™/2)*(u;) = A1 + g, (m even) only. This is given by the
composition of the following maps on the cochain level:

—1
Z3 ﬁ_z_.) HOmZGm+z((Y(1))2’ Z)

) Q)
— Homgg,,,,((X'"),, Z)

1
—— Homygg,,,(X"),, Z)

(G4 1)
- HomZGm+2((Y )Z:Z)

By Z3,

where we set / = m/2 and B, denotes the isomorphism Homzg,,,((Y"),, Z) = Z°3
stated in Section 2. Since

(e (B3 () - ())) () (€3)) = B57 () - (@) (%™ + 1| x™]) = 1,
(B () - O)(@)3(3)) = 857 () - D) (™) + 6™ [ x™]) = 1,

(OB () - ) (@) (3)) = B () - @)y ([x™y + 1] x75]) = 1,

it follows that (x™/2)*(p;) = A +p holds. Similarly, we have (x™/2)*(u,) =
A2+ 4. The equation y*(o) = —o is obtained by using Lemmas 3.2 and 3.3.
O

Next, we calculate restriction maps. In the following, (Zg,dy) denotes the
periodic resolution of a cyclic subgroup H of D»,.

Lemma 3.5. (i) A chain transformation wy : (Z¢xy), — Yi lifting the identity
map on Z is given by wi(1) =cl (k > 0).

(ii) An initial part of a chain transformation (w®), : (Y®), — Y (I1=1,2)
lifting the identity map on Z is given as follows:

wO)o(eo) = €o;

W) (ch) = Nuwel, - (W), (e}) = Niciep +x''ef;
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N+ (f r=1,3)

0] ry — 1-16y 2 ,3),
CONCIES v B A
(W(I)) () = Ny (if r odd),

3 (—1)'/2Nz_1c§‘1 +x1_lc§ (if r even);
w0 (e) = | CDT PN e (i 7 odd),
e x" 1Ny} (if r even).

Proor. (i) is easily obtained. To prove (ii), it suffices to check that
O - (W), = (W), - (é(l))k holds for k=1,2,3,4. The proof is straightfor-
ward. g

LemMa 3.6. (i) A chain transformation s : (Zomy)p — (Z¢xy), lifting the
identity map on Z is given by sxu (1) =1; su41(1) = N, (kK > 0).

(i) A chain transformation (s0), : (Zemy), — (Y®), (1=1,2) lifting the
identity map on Z is given by (sP),(1)=¢c} (k>0).

ProposiTION 3.7. The following hold:
(i) resgfg A=0, resgfg U= ma, resgj"> E=a?

. 0 (m even),
D D

(i1) mtsGJn A=A, resG u= {#l (m odd), resg V=i,
resgr &= pf + /11#1

(1) resgz”3 A= Az, resG u ——:{
resG &= + Aoty

> m+r+1

(iv) resg"",:‘g“ A =0, res<x,"> o=res i p, =1 (r=12).

A2 (m even), Doy
Ay +uy  (m odd), Gins3 2

Moreover, resg” 1 =1(c H(G,,Z)) and res{., 1 =1(c H'(Kx™),Z)) hold for
3<r<m+3.

PRrROOF. These are given by using Lemmas 3.5 and 3.6. We calculate

resgz"

following maps on the cochain level:

A and rcs ", 4 as examples. These are given by the composition of the

o1
Z3 2 Homyp, (Y2, Z)

(W(I))# )
—>HomZG ((Y )2>Z)

B Z3,
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where o denotes the isomorphism Homgzp, (¥2,Z) = Z* stated in Section 2.
Since

2y (4) - W)y(e3) = o2 (D) (e5) =0,
o5 (4) - (W),(3) = 6" (A)(Nme3) = 0,
o' (4) - W),(3) = 05 (A)(3) = 1,
o' (1) - W), (e3) = 5 (W) (e3) = m,
o5t (1) - (W)3(3) = o5 (1) (Nme3) = m,
ot (1) - (W),(33) = 05! (1)(3) = 0,

it follows that resg:; ,A=4 and resg:"+2 4= my; hold. O

Finally, we calculate corestriction maps. To compute them we need the
following lemma:

Lemma 3.8. Suppose H is a subgroup of index | of a finite group G and A is
a G-module. Fix a set of right coset representatives S = {w,(=1),w,..., 01} of H
in G, and let c¢(g)(e S) denote the representative of the right coset containing g € G.
(X6,dc) and (Xy,dy) denote the standard resolutions of G and H, respectively.
Then the corestriction map cory : H*(H, A) — H*(G, A) is given by the following
on the cochain level:

T]g : HomZH((XH)k,A) — Homzc((XG)k,A)

(TE@)([D =D o 'u([]) (k=0),

weS
(TEW)([o1loa] .- lowl) = Y o u(le(w)arc(war) ~ e(war)oac(wora2) 7' ...
weS
le(woy - - - ox_1)orc(wor - -0x)Y]) (k> 1),
where u € Homzy((Xn),,A) and o01,02,...,0r € G.
Proof. See [19, Proposition 2-5-2]. O

PROPOSITION 3.9. The following hold:

D _ D _ Dap —
corgy 0=0, corgh wu =A+pu (m even), corg” p,=p (m even).
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Proor. First we calculate cor<x> o. Using Lemmas 3.1, 3.2 and 3.8, this is
given by the composition of the following maps on the cochain level:
ﬂ;l
Z —— Homz ((Z¢xy)s, Z)

(V £3 )
%, HOmZ(x>((X<X>)2: Z)

Dan
*i» Homzpz" (Xz, Z)

o
—2—> HomZDZ"(Yz, Z)
a

2,73

where B, denotes an isomorphism Homgzy((Z¢xy)y, Z) — Z; f— f(1). Let
{1, y} be a set of right coset representatives of {x) in Dj,. Then ¢(x’) =1 and
¢(x'y) = y hold. Since

(TE3 (B2 (0) - (uixy)2)) (v2(c3))

= EﬂZ (uges)o ([e(D)xe(x) ™ | e(xxe(x+1) "]

i=0

+ [e(@)x'e(yx") ™ | e(yx)xe(yx™1) 7))

n—1
= B7'(0) - (uco) (¥ + [x7|x71)

=
(T3 (B3 (0) - (1)) (02(3))
= 87" (0) - (ueny) (fe(V)xye(xy) ™ c(ep)xe(y) ']
+ [e(p)xye(x™) 7 e(x)xe(1) ]
+ [e(1)xe(x) ™" [ e(x) ye(xy) '] + [e(p)xe(yx) " L e(rx) ye(x) )
= B5(0) - (ucw)a (belx "] + [ |x] + [x[1] + [x]1))

=2

3
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(T2Z (87 (0) - (unr)y)) (02(c3))
= 7" (@) - (e )y ([e(1) ye(») ™ | e(3) ye@) ]+ [e(») ye(1) ™ | e(1) ye(») ™)
+[e()1e(1) ™ e(1)ye(y) "]+ [e(2)1e(x) ™ [ () ye(1) )
= 485" (0) - (ucey), ((111])
=0,

we have corgj; oc=2u=0.

Next, let m be even and {1,x,...,x™ !} a set of right coset representatives of
Gtz = {x™, p> in Da,. Then c¢(x’) = c(x™) =x' (0 <i<m—1) and c(x'y) =
c(x™*y) = x™" (1 <i < m) hold. Since

(T, (B () - (1)) (02(c3))
m—1 n—1

=D D (B () - @V)) ([l )a e(x ™) T e )xe(x )

i=0 j=0
= mﬂ;l(#l) : (u(l))z([xm’xm])

(T, (B () - (1)) (02(3))
m—1
=387 () - (@), ([e(x )xpe(x )™ | el y)xe(x'y) ]
i=0
+ [e(x)xe(x™) 7  (x ) ye(x*1y) )
=B (w) - @)y (x"y | x™)
= ],
(Tax, (B (1) - (@M),)) (02(c3))
m—1
= (857 () - (),) ([e(x) ye(x'y) ! e(xy) ye(x) ]
i=0
+ 1] e(x)ye(x'y)™)
=By () - @)y (715 + (m = 1)[x"y | x™y])
=m-—1,

it follows that corg:';2 U =(m—1)A+upu=21+pu holds.
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Finally, let m be even and {1,x,...,x™ '} a set of right coset repre-
sentatives of Gipi3 = {x™,xy) in Dy,. Then ¢(x?) = c(x™) =x' (0<i<m—1)
and c(x'y) = c(x’"*iy) = x"""*1 (2 <i<m+1) hold. By a similar calculation as
above, we have cor L= (m—-2)A+p=p O

Note that from (1.1), Propositions 3.7 and 3.9, and [19, Proposition 4-3-7], we
have

A+ Au (m even),

corG”' (Apy) = corg? D2 (reSG”' A-py)=4- CorG,m M= { Au (m odd)

and so on.

3.2 The Case n Odd

In the case n odd, the calculations are easily obtained. We set z = (n — 1)/2.
We take representatives of the conjugacy classes of D,, are

=1, gm=x 1<i<1), gur=y,
and their centralizers are
G1 =Dy, Gi1=<x) (1<i<1), Gu2=<{p),
respectively. We set
H*(G1,Z) = Z[o, B)/ (2, 2nB, 0> —np) (deg o = 2,deg f = 4),
H*(Gi+1,Z) = Z[p)/(np) (deg p=2),
H*(Giy2,Z) = Z[y]/(2x) (deg x =2),

where 1 < k < 1. These presentations follow from (2.6) and (2.8). By (1.2), (2.5)
and (2.7), we have

z? for k=0,

0 fork=1 (4),
H*(Dyu,yZDyy) = (Z)2)* @ (Z/n)!  fork=2 (4),

0 for k=3 (4),

(Z)2)* @ (Z/n)""" fork=0 (4), k #0.
By computations similar to Propositions 3.4, 3.7 and 3.9, we have
y*(p) = —p, resgf; o =0, resg}"> B =p? corgg"> p=0.

Moreover, by (1.1), (2.6) and (2.8), we have res< Sa=y, res<y> B=x
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4 Products on H*(Day,yZD>,)

In this section, we will determine the ring structure of the Hochschild
cohomology H*(Dan,yZD2,)(~ HH*(ZD,)) by using the Product Formula. In
the following, we write XY in place of X — Y for brevity.

4.1 The Case n Even

In this subsection, we calculate the products on the Hochschild cohomology
H*(Don,yZDy,)(~ HH*(ZD,,)) for the case n=2m (m > 2). In the following,
we set

Ay=y(4), Br=yp (), A3=p(), 4a=9(), Co=n),
(Ei)o =7u2(1) (1 <i<m=1), (E)y=yyalo) 1<i<m=1),

So = 7m+2(1): Sy = ym+2(/"1)) Ty = ym+3(1)7 T, = 7m+3(ﬂ2)'

Moreover, we set F; = (E;); (i=0,2),
(E-k)y (—m<k<0), —(Ek), (—m<k<0),
2 (k=0), 0 (k=0),
U, = (Ek)o (0 <k< m), Vi = (Ek)z (0 <k< m),
2Cy (k =m), 0 (k =m),
(En-k)g (m<k<n), —(Enk); (m<k<n).

In the following, we interpret Z}Z{Z)_l term as 0 if m=2.
First, we calculate products in degree 0. The products in degree 0 correspond
to the multiplication in the center of ZD,,. By using this identification, we have

the following proposition:
ProrosiTioN 4.1. (0) If m is even, the following equations hold in
HO(Dz,,,‘/,ZDz,,)I
Co=1, Co(E)y= (Em-i)yy, CoSo=So, CoTo=To,

_ [28) (i even), _ [2Ty (i even),
(E')"S"_{zro (i odd), (E')OT"”{zSO (i odd),

(m/2)-1 m/2

Se=Tg=m1+C)+m Y (En)p, SoTo=m» (Exu-1),,
=1 =1

(Ei)o(Ej)o = Uisj + Uiy
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(ii) If m is odd, the following equations hold in H®(D2n,yZD>,):

280 (i even),

Cl=1, Cy(E)y=(Emi)y CoSo=To, (E:)ySo= {ZTO (i odd),

(m=1)/2
SS =m+m Z (Eﬂ)o, (Ei)o(Ef)o = Uiyj + Ui
I=1

REMARK 1. Since the equations (Ep),=F}—2 and (Ex)y = Fo(Ex-1)g—
(Ex-2)y (3 <k <m—1) hold, it follows that the powers of Fy generate (Ex),
(2 <k <m—1). Hence H(Dy,,yZD>,) is generated by the products of Co, Fo,
So and Ty (resp. Co, Fy and Sp) for the case m even (resp. m odd).

Next, we compute cup products for generators of H(D,,yZD,,) and
generators of H?(Dyp,yZDsy).

ProposITION 4.2. (i) If m is even, the following equations hold in
H?(Day,yZDy,):
(1) Codr = yy(4), CoBa = y5(p), Co(Ei)y = —(Em—i), CoS2 = Sodz+ Sa,
CoT, = ToAy + T
(2) (Ei)odz = (Ei)oS2 = (Ei)oT2 =0, (E)oBy=m(E),, (E)o(E), =
Vigj + Vi
(3) SoAdr = ym+2(/11), SoB; = SO(E,-)2 =0, SoS2=(1+ Cp)(42+ Bz) +

(m/2)—-1 m/2
m ., (Ea)y SoTa=m 3 (Ey-1),.
ia i=1

m/2
(4) Todr = ToBy = ypy3(A2), To(Ei), =0, TS, =m IZ (Eai-1)y, ToTr =
(m/2)-1 =1
(1 + C())Bz +m z (EZI)z-

(i) If m is odd, the following equations hold in H*(Dy,,yZD>y,):
(1) Codz =1y(4), CoBy = p3(p), Co(Ei)y = —(Em-i),-
(2) (Ei)odz2 =0, (Ei)oBr =m(Ei),, (Ei)o(Ej)y = Visj+ Vi-i.
(3) Sodz = ymia(41), SoBa=Pmia(t), So(Ei)y =0, CoSodz = ypy3(42),
CoSo(A2 + B2) = Yy (ta)-

Proor. Table 1 is useful for computations.
We prove (i) only. By the Product Formula, we have

71(2)7,(B) = ,(corg (resg™ o - tesg f)) = y,(resg™ o - ) (4.1)
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for « € H*(Dyy, Z), f€ H*(G,,Z) (1 <r <m+3). By the above equation and

Proposition 3.7 we have Cod; = y,(4), CoB2 = y,(u), and so on.
The other equations are obtained by using Theorem 1.1, Propositions 3.4, 3.7

and 3.9 and Table 1. We calculate S¢S, as an example.

8082 = Vpp2 (1) Va2 (41)
=¥ (CorGD:;z M)+ 72 (corg’:rz (%) )

(m/2)-1 I
+ Y vaa(corSon (resSyT P (3x) (mr)))
I=1
(m/2)—-1

=p(A+m)+rnA+m)+m D yu)
=1

(m/2)—1

= (1 + C())(AZ + Bz) +m Z (E21)2-
I=1

In the above calculation, note that restriction maps commute with conjugation
maps and the conjugation maps are the identity on H?*({(x™),Z) = Z/2. The
other computations are similar. O

REMARk 2. By Proposition 4.2, we have
(i-1)/2
B+ > (Ex)F, (i(=3) odd),
(Ei), = =
i/2
Z(Ezl—l)on (i even).
=1

By Remark 1, (E;), is generated by the products of Fy and F;. Therefore,
H?(Dy,yZD»,) is generated by the products of Co, Fo, So, To, A2, By, F,
S, and T, (resp. Co, Fo, So, A2, B, and F) for the case m even (resp. m

odd).

PROPOSITION 4.3.  The following equations hold in H>(Dy,yZD2y,):
C0A3 = yZ(V)a (Ei)0A3 = 0: SOA3 = /ym+2(vl)7 T0A3 = Ym+3 (VZ).

Proor. These are immediate from (4.1) and Proposition 3.7. O



Hochschild cohomology ring of dihedral group 121

REMARK 3. H3(Dsn,yZD>,) is generated by the products of Co, S, Tp and
As (resp. Cyp, Sp and A3) for the case m even (resp. m odd).

ProposITION 4.4. (1) If m is even, the following equations hold in
H*(Dyn, yZDyy):
(1) 43Co = 7,(2%), 42B2Co = y2(A), 43S0 = V2 (1), A3T0 = Va3 (43).
(2) 44Co = 12(8), As(Ei)g = 7142(0%), A4S0 = VYmaz(lipyy + 1), AsTo =
Va3 (Ratty + 13).
(3) A2(Ei), = ByS2 = (Ei),S2 = (Ei)yTa = 0, 4282 = ppn(hiphy), 42T =
BT = Ymy3(Aatta), Ba(Ei)y = mA4(Ei)o, (Ei)y(Ej)y = Aa(Uiny — Uiy),
Szz + A% = T22 = A,B; + A4Sg, ST = A4S To.
(i) If m is odd, the following equations hold in H*(Day,yZD5,):
(1) 3Co=1(2%), A:BrCo=1,(A),  A3So = Vs (A),  A2B2So =
ym+2('{1/“1)> B%SO = ym+2('u%)> A%COSO = ym+3('1§): AZBZCOSO =
Ym+3 ('{g + '12#2): B§C0S0 = Ym+3 ("{'22 +/122)
(2) 44Co = p2(8), Aa(Ei)g = Pi4a(d?).
(3) A2(Ei), =0, Ba(Ei), = mAa(Ei)y, (Ei)y(Ej); = As(Usyj — Uij).

ProoF. Note that y; is a monomorphism between the cohomology rings
(see [16, Section 5)). Thus the products of y,(—) and y,(—=) (1 <r<m+3) are
obtained by using (4.1) and Proposition 3.7. The other equations are obtained by
using Theorem 1.1, Propositions 3.4, 3.7 and 3.9 and Table 1. |

RemMARK 4. By Proposition 4.4 and Remark 1, note that A44(E;), is gen-
erated by the products of 44 and Fy. Hence H*(Dyp,yZD2,) is generated by the
products of Cy, Fy, So, Ty, A2, By, So, T> and A4 (resp. Co, Fy, So, A2, B, and
Ay) for the case m even (resp. m odd).

REMARK 5. By (4.1), y,(A‘u/vkE") is generated by the products of 4,, Bs,
As, A4 and Cy. Similarly, from (4.1) and Propositions 3.7 and 4.4, we have

Yr+2(02i+p) =" (éi)yr+2(a-p) (l = O,P = 0) 1))

where 1 < r < m — 1. By summarizing Remarks 1 and 2, it follows that y,,,(c") is
generated by the products of A4, Fy and F5.
Moreover, from (4.1) and Propositions 3.7 and 4.4, we have

i D i+1 D i
Vinarat (B2) = Vargr (resgz | D + (resg | )

= 1AVt W) + 91 (P () (=2 0,r=1,2). (42)
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Using Proposition 4.4 and (4.2), it is shown that y,,,,.; (1) is generated by the
products of p;(4), 1(¥), Vmers1(1) and 9, 1(4,) by the induction on k. Since
PYmtr+l ()':ﬂ;,v:c) =% (A) i))l. (V) kym+r+l (/4) (17 j) k> 01 r= 1: 2):

it follows that 7,,,,.;(A4/vF) is multiplicatively generated by y;(4), y;(x), 7(¥v),

'}’1(6), }'m+r+l(1) and Ymtr+1 (ﬂr)
Hence, H*(D3n,yZD2,) (k> 5) is generated by the products of Co, Fo, So,

To, Az, Bo, F>, S,, T> and A4 (resp. Co, Fo, So, A2, B2, F> and Ay) for the case m
even (resp. m odd).

4.2 The Case n Odd

In this subsection, let n(> 3) be odd. We put ¢ = (n — 1)/2. The computations
of the products on the Hochschild cohomology H*(Day,yZDoy)(~ HH*(ZD2y,))
are similar to Section 4.1. In the following, we set

Ay =y(a), As=(B),
(Ej)o = )’,'_H(l) (1 <i< t), (Ei)z = Yi—H(p) (1 <i< t),

So = 7t+2(1)‘
Moreover, we set F; = (E;); (i=0,2) and
(E—k)o (_t <k< 0)7 —(E-k)Z (~t <k< 0))
o _)2 (k =0), )0 (k=0),
TY@E), (<k<d), FTY(E), (1<k<i),
(Bn-k)g (t<k<mn), —(En-k)y (t<k<n,

First, we calculate the products in degree 0. These are obtained by com-
putations similar to Proposition 4.1.

PROPOSITION 4.5. The following equations hold in H®(Dy,,yZD>,):

t
(EoSo =280, Sg=n+nY (E)y (E)o(E)y=Usj+ Usj.

i=1

REMARK 6. HO(Ds,,yZD,,) is generated by the products of Fy and Sp (cf.
Remark 1).

Next, we calculate the products in degree 2.
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PROPOSITION 4.6. The following equations hold in H?(Day,yZD,,):
(Ei)oAd2 = So(Ei), =0, Sodz=72(X), (Ei)o(E)y = Visy + V.
REMARK 7. H?(Dy,,yZD,,) is generatedby the products of Fy, Sy, 4> and
F, (¢f. Remark 2).
REMARK 8. Since the equations
resgf; B = p%, res?;g B¥ = x* (k=0)
hold, by (4.1) the cup product with 44 = y,(f) gives a periodicity isomorphism

Ay~ — : H¥(Day,yZDs,) = H**(Dsy,,y ZDs,)
for all k> 1.
Finally, we have the following proposition.

PROPOSITION 4.7. The following equations hold in H*(Da,,yZD>,):

A4(Ei)o = Yi+1 (PZ); AsSo = 71+2(XZ), A2(Ei)2 =0, (Ei)z(Ej)z = A4(Ui+j - Ui—j)*

4.3 Ring Structure

We will state the ring structure of H*(Da,,yZD,,) by summarizing Sections
4.1 and 4.2.

THEOREM 4.8. Let D,, denote the dihedral group of order 2n for n > 3.

(i) Let n be even. We set m =nj2.
(1) If m is even, the Hochschild cohomology ring H*(Day,yZD>,)
(~ HH*(ZDy,)) is commutative, generated by elements

Co, Fo, S0, To € H*(D2y,yZD3y), Az, By, F2, 82, T> € H*(Dan, yZD3y),
A3 € H3 (D2,,, v,ZDgn), A4 € H4(D2,,, v,ZDz,,).

The relations follow from Table 2.
(2) If m is odd, the Hochschild cohomology ring H*(Day,yZD>y,)
(~ HH*(ZDy,)) is commutative, generated by elements

Co,Fo,So EHO(DZH,,I,ZDZn), Az,Bz,Fz GHZ(DZH,¢ZD2n),
A3 EH3(D2,,,|/,ZD2,,), A4 € H4(D2n,‘l,ZD2n).
The relations follow from Table 3.
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(y=w) (z- OEV:J
14724 O N.W:

v 0 0 (t=w) (1-29)¥¢
vvxmm mv\mm‘ N.N Nw\ 0 vv\obN«t ~m~mv~ ~m~
Wiy | ey (7424 Wy 0 gy | iyt
vpore | tpyor | (o +1)+y 71 0 o | oL | g oz
Yyogt | tpig 7 Y 0 0 |wes | r | I og

w) Yz
ot |0 0 0 Mv w sw () w tu | o0 |z |z |WIwW) T+ oqm@ o7
= 0 (t=w) (1+9)
oY | i L+ g + ty0g (1) — gy | o | o | o O(1-4r) 1| ®
ry fy (75 Y 24 g | o | O 07 o)
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Table 3. Cohomology ring H*(Dan,yZDy,)(=2 HH*(ZD,,)) for n=2m (m >3 odd).

Co R So A B, F Aj As
Co || 1| (Bm1)o CoSo CoA> CoB; —(Em-1)2 | Cods | #CoAs
o (E2)o+2 2GySo 0 mF, (E2), 0 | nFods
So mm S (Bl | Soda | SoBs 0 Sods | 2S04s
242 A2 A28y 0 Ards | ArAs
2B, Az By —md, mFyAs ByAs | ByAy
2 As((B2)g~2) | 0 FA44
243 Axdy | A3Aq
A4 A2

/Wy means that [ is the order of Wi € H*(Da,,yZDy,) as a Z-module.
(Ei)y (1 <i<m~—1) are defined inductively by (E1) = Fo, (E2), = Fg — 2 and (Ex) = Fo(Ek-1)o—

(Ek—Z)o (3 <i<m-— ])

(k=12
B+ 3 (Ba)F, (k23 odd),
I=1

(Ei), (1<i<m-—1) are defined by (E), = F, (Ex), =

(i) If

(~ HH*(ZD,,)) is commutative, generated by elements

is

odd,

the

k/2

I_Z‘(EZH )oF2

Hochschild cohomology ring

(k even).

H*(D2y,yZDoy)

Fo,So € H(D2y,yZDy,), Az € H*(DynyyZDsy), As € H*(DyyyZDyy).

The relations follow from Table 4.
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Table 4. Cohomology ring H*(Dan,yZDy,)(~ HH*(ZD3,)) for n=2t+1 (z>1).

F So 4 F, As
Fo+2  (t=1) {—Fz (t=1)
F 28 0 FoA
’ {(Ez)o +2 (122) ° (B2), (t22) e
1
So n+n Z(E")O SoA2 0 nS0A4
i=1
242 nAs 0 AxAs
A4(Fo — 2) (t = 1)
F FA
’ {A4((E2)o -2) (=22 |
A4 A7

1 Wy means that [ is the order of W, € H™(Dan,yZD2:) as a Z-module.
(Ei)y (1<i<t) are defined inductively by (Ei),=Fo, (E2)o=FZ —2 and (Ex)y = Fo(Ek-1)g —
(Br-2)g B=<ix<i).
*k=1)/2
E+ Y (Eu)F>» (k=3 odd),
I=1

(E), (1<i<1) are defined by (E\), =F, (Ex), =
/2
S (Bauz1)oFa (k even).

I=1
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