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ON THE EXTENSIONS OF W, BY ¢® QOVER
A Z,-ALGEBRA

By

Yasuhiro NOTSUMA

Abstract. We will give an explicit description of extensions of the
group scheme of Witt vectors of length n (resp. the formal group
scheme of Witt vectotrs of length ») by the group scheme (resp. the
formal group scheme) which gives a deformation of the additive
group shceme to the multiplicative group scheme (resp. the additive
formal group scheme to the multiplicative formal group scheme) over
an algebra for which all prime numbers except a given prime p are
invertible.

Introduction

Throughout the paper, p denotes a prime number, Z(,) the localization of Z
at the prime ideal (p).

Let W, (resp. W,) denote the group scheme (resp. the formal group scheme)
of Witt vectors of length n over Z, and W (resp. W) the group scheme (resp. the
formal group scheme) of Witt vectors over Z. Let G,, (resp. G,) denote the
multiplicative group scheme (resp. the multiplicative formal group scheme) over Z.
Let F be the Frobenius endomorphism of W or of W (for the definition see 1.2).

An explicit description of the groups Ext},(Wn) 4, G 4) and Ext/li(W,,, Ay Gm, 4)
is given by Sekiguchi-Suwa [6] when A4 is a Z(,-algebra. More precisely, iso-
morphisms

Ker[F" : W(A) — W(4)] S Homy_g(Wp 4, G 4),

Coker[F" : W(A) — W(A4)] = HE (W 4, Gm 1),
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Ker[F" : W(4) — W(A)] = Homy—g(Wn 4, G 4),
Coker[F" : W(A) — W(A)] = HZ(Wn 4,Gm 4)

are constructed, using deformations of the Artin-Hasse exponential series. Our
aim of this article is to generalize the isomorphisms to those for ?A(") instead of
G4 Here peA and gA(”) = Spec A[T,1/(1 + uT)]; this is a group scheme
defined by Sekiguchi and Suwa, as a deformation between the additive group
scheme G, and G,, so that 40 = G,, ¢) 5 G, (for the definition see 3.1).
Precisely, our result is as follows.

THEOREM. Let A be a Z(,)-algebra and € A. Then there exist isomorphisms:

Ker[F®' . W (4) - W (4)] S Homy—g(Wy 4, 4,

W,
Coker[FW" : W (4) —» WW(4)] S HZ (W, 4,%™M).
Moreover, if u is nilpotent, then there exist isomorphisms:
Ker[F®" . W (4) —» WH(4)] 5 Homy_g (Wi 4, 4*),

Coker[F®" . 70 (4) — WW(4)] 5 HE(W, 1,9").

(See Theorem 3.5 and Remark 3.6. For the definition of W (¥ (4) and F(¥, see
Section 1.)

Putting =1 in our theorem, we find again the main theorem of [6].
However, we prove the former, starting from the latter. It is crucial to use
variants of Witt vectors and to construct deformations of the Artin-Hasse ex-
ponential series for an explicit description of the isomorphisms as done in
Sekiguchi-Suwa [8].

Now we explain the contents of the article.

In Section 1, paraphrasing the classical theory of Witt vectors we recall the
variants of Witt vectors W (M) (4) for a Z[M]-algebra A, which is presented in
[8]. W(M)(4) is interpreted as the 4-valued points of a group scheme W) over
Z[M]. At the end of the section, we recall the exact sequence of groups over
Z[M]

0— W(M)—>HWB—>W,'4—>0,
BjA

where 4 = Z[M] and B = A[t]/(t> — Mt), given in [8].
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In Section 2, we recall necessary facts on the Artin-Hasse exponential series
and the main result of [6].

In Section 3, we prove the main result, after reviewing the Hochschild
cohomology in our case. The theorem can be reduced to the main result of [6]
thanks to an exact sequence of formal groups

OH%M)-—)HG%B_)GA’"'A_.)O’
BjA

where 4 = Z[M] and B = A[t]/(¢t* — Mt), as done in [8]. Furthermore, in order
to give an explicit description we define vaiants of the Artin-Hasse exponential
series

EM(U;T) € Z,)[Uo, U, Us, ..., M[[To, T4, - .., Tt
modifying the power series
E, n(U; T) € Z()[Uo, Uy, U, .. J[[To, T1, - -+, Tot]]

presented in [6]. The definition E,g,]f)(U; T) is parallel to that of W (™) in a sense.

In the section 4, we establish some functorialities, recalling some results of [6].

The last section is devoted to a case over a discrete valuation ring. In general,
it is difficult to determine Ext} (W, A,?A(" )Y if x4 is not nilpotent in A. However,
Ext (W, A,%A(")) is isomorphic to the subgroup of HJ (W, 49" formed by
the primitive elements when A is a discrete valuation ring. This enables us to give
an explicit description of Extj(W,,, A,{@(“)). Furthermore, we observe a behavior
of the canonical map Extl (W, 4, %) — Extl (W, 4,%*)) when 4 is of mixed
characteristics 0 and p.
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Notation

Throughout the paper, p denotes a prime integer, Z(,) the localization of Z
at the prime ideal (p), and 4 a Z,-algebra. All rings are commutative with a
unit element 1, unless otherwise stated.
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G,,4: the additive group scheme over 4

G, 4: the multiplicative group scheme over A4

W, 4: the group scheme of Witt vectors of length n over 4
Wj: the group scheme of Witt vectors over A4

~

G, 4: the additive formal group scheme over A4

G, 4: the multiplicative formal group scheme over A

W, 4: the formal group scheme of Witt vectors of length n over A

Wy the formal group scheme of Witt vectors over A

HOZ(G,H ) denotes the Hochschild cohomology group consisting of symmetric
2-cocycles of G with coefficients in H for group schemes or formal group schemes
G and H.

For a commutative ring B, B* denotes the multiplicative group G,,(B).

Contents

Recall: Witt Vectors

Recall: Hochschild Cohomology

Statement and Proof of the Theorem
Functoriality

Some Results over a Discrete Valuation Ring

ARl

1. Recall: Witt Vectors
We start with reviewing necessary facts on Witt vectors. For details, see
Demazure-Gabriel [1, Chap. V] or Hazewinkel [3, Chap. III].
1.1. For each r > 0, we denote by ®,(T) = ®,(Ty, T3, ..., T,) the so-called Witt
polynomial
O,(T) =T +pT?" +-- +p'T,
in Z[T] = Z[Ty,T1,...,T,). We define polynomials
S(X,Y) =S,(Xo,..., X, Yo,..., Y)),
P(X,Y)=P(X0,..., X, Yo,..., ¥})
in Z[X,Y]=Z[Xo, X1,...,X,, Yo, Y1,..., Y,] inductively by
D,(So(X,Y),S1(X,Y),...,S(X,Y)) =0,(X) + D,(Y),
D, (Py(X,Y),Pi(X,Y),...,P(X,Y)) = D,(X)D,(Y).
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The ring structure of the scheme of Witt vectors of length n (resp. of the
scheme of Witt vectors)

W, z =Spec Z[Ty, T1,...,Tn-1] (resp. Wz = Spec Z[Ty, T}, T3,...])
1s given by the addition
To—~So(TRLI®T), T —» SI(T®LIRT), T~ SH(T®1,1RT),...
and the multiplication
To—P(TR®LI®RT), 1 »PI(T®LIRT), h— P (T®1,1®T),....

We denote by W,,, z (resp. Wz) the formal completion of W, z (resp. Wz)
along the zero section. W, z (resp. W) is considered as a subfunctor of W, z
(resp. Wz). Indeed, if 4 is a ring, then

Wa(A4) = {(ag,a1,a2,...) € W,(A); a; is nilpotent for all i},

W(A) = {(ao,al,az,...) € W(A),

a; 1s nilpotent for all i and
a; =0 for all but a finite number of i [

1.2. The restriction homomorphism R: W,y z — W, z is defined by the ca-
nonical injection

Z[To,T],.. . )Tn—l] — Z[To, Tl,. .. ,Tn].
Note that

Wz =lim W, z.
R

The Verschiebung homomorphism V' : W, z — Wy, 2z (tesp. V : Wz — W)
is defined by
TOHoyTl = TO,'“,THH Tn—l

(resp. To— 0, Ty — To, To — T1,...).

Note that V' is a homomorphism of group schemes.
Define now polynomials

F(T) = F(To,..., Ty, Trs1) € Z[To, ..., Ty, Tra1]
inductively by

(I)r(FO(T)a s )Fr(T)) = (Dr+1(T07 LR Tr> T,—-H)
for r > 0.
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We denote by F: Wyi1,z — Wy z (tesp. F: Wz — Wz) the morphism
defined by
To — Fo(T), Tl — FI(T), ey T,,_l — Fn_l(T)

(resp. To+— Fo(T), Ty — Fi(T), Ts — F(T),...).

Then it is verified without difficulty that F is a homomorphism of ring schemes.
It is readily seen that F,(T) = T?” mod p for r > 0. Therefore, if 4 is an F,-
algebra, F: Wyi1,4 — Wy 4 (resp. F: Wy — Wy) is nothing but the usual Fro-
benius endomorphism.
We put
S(X,Y) = (So(X,Y),$1(X,Y),$2(X,Y),...),

PX,Y)=(Py(X,Y), P (X, Y),P(X,Y),...),

Next we recall the variants of Witt vectors defined in [8. Sect. 1].

1.3. For each r > 0, we define

oM(T) = ®M(Ty, ..., T;) € ZIM][To, ..., T)]
by

QUN(T) = - 0,(MTy, ., MT)

= M7 T 4 pMP T TP o pT MPTITE 4 p'T
Furthermore, we define
SM(X,¥)=8SM(Xy,..., X, Yo,..., Y,) € ZIM][Xo, ..., X, Yo,..., V],
PM (X Y)=PM(Xo,..., X, Yo,..., Y,) € ZIM][Xo, ..., X, Yo,..., Y},

FM(T) = EM(Ty, ...\ T,, Trs1) € ZIM)[To, ..., Ty, Try1]
by

1
SM(Xy,..., X, Yo,..., ¥,) = HS,A(MXO,...,MX,,MYO,...,MY,),

1
PM(Xy,..., Xy, Yo,..., 1) =HP,(XO,...,X,,MYO,...,MY,),

1
FM(Ty T, Trpy) = o7 Fr(MTo, .., MT,, MT,1)

respectively.
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We put
SM(X,Y) = (S$(X, ¥), s (X, ¥), M (X, ¥),..),
P(x,Y) = (P{(x,Y), PM(X,Y), P (X, Y),..),

FM(1) = (FM (1), FM(T), F{(T), .. ).

1.4. Put WM = Spec Z[M][To, T1,T»,...]. Then a morphism
W s g0 W) = Spec ZIM)[To® 1, T ® 1,
L. 10T, ®T,1Q7T,...]
— WM = Spec Z[M|[To, T1, T3, - -

defined by
T SMT®1,1QT), T~ S (T®1,10 1),

T SM(T®1LIRT),. ..

gives an addition on W ™) which induces a structure of a commutative group
scheme over Z[M] on WM) (cf. [8, Sec. 1]).
Furthermore, a morphism

W) *zi) W) = Spec ZIM|[To @ 1, T1 ® 1,
el 10T,1®T,1® ..
— WWM) = Spec Z[M][Ty, T, Ts, .. )
defined by
To— PM(T®1,10T), T) — PM(T®1,10 T),
T PM(T®1,10T),...
gives an action of Wz on W™, which induces a structure of Wz(us-module

on WM (cf. [8, Sec. 1]).

REMARK 1.5. Let 4 be a Z[M]-algebra. Let a,be WM (4) and ce W(A).
We will denote sometimes a+ b, ¢-a by a+™) b, ¢-M) g respectively, to avoid
confusion.
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1.6. Let 4 be a Z[M]-algebra, and let u denote the image of M in 4. We
denote sometimes W™ @z, 4 by W®. We define also
SW(X,Y)=SHW(Xo,..., X, Yo,..., V) € A[Xo,..., X, Yo,..., V3],
PMU(X,Y)=P¥(Xy,...,X,, Yo,...,Y,) € A[Xo,..., X, Yo,..., 1)),
FU(T) = F"(Ty,..., T, Trs1) € A[Ty, ..., Ty, Trpi)

by substituting M by w in S,(M)(X , Y, P,(M)(X , Y, F,(M)(T ), respectively.

ExampLE 1.6.1. It is clear that
S(X,Y)=8,(X,Y), PNX,Y)=P(X,Y), FNT)=F(T),

and therefore Wg) is nothing but the scheme of Witt vectors Wj.

ExampLE 1.6.2. It follows that
SOX,Y)=X,+7Y, POX,¥Y)=d,X)Y, FONT)=pTy
(cf. [8, 1.4]). Hence the group scheme WZ(O) is isomorphic to the direct product

N
Gayz.

1.7. We define homomorphisms V : WM — M) apnd M) . M) _, pp (M)
by
To— 0, Ty — Ty, T — T4,...
and
Ty — FMN(T), Ty = FY(T), Ty FM(T), ..
respectively.
By abbreviation we denote F(™) by F.

1.8. We define a morphism o™ : W) — Wy, by
To— MTy, Ty — MT,, T, — MT,,....
Then it is verified without difficulty that «(™) is a group homomorphism.
REMARK 1.9. Let 4 be a Z[M]-algebra, and let B = A[t]/(¢* — Mt), in which

¢ denotes the image of 7. Then we have ¢ = Me. Defining a ring homomorphism
B— A by ¢— 0, we have also a ring homomorphism W(B) — W(A4) and

Ker[W(B) — W(A)] = {(eao, eai, eas, . . .);ap, a1, aa, ... € A}.
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In [8, Sec. 1], the following theorem is proved: Let A4 =Z[M]|, B=

Z[M,1)/(t* — Mt). Then W*) is isomorphic to Ker[H Wy — M], where []
BjA B/4
denotes the Weil restriction functor. More precisely,

(1) (ag,a1,a2,...) — (eao,ea;,eay,...) gives rise to a W(A)-isomorphism

WM (4) 5 Ker[W(B) — W(A));

—
N
~

F: W(B) — W(B) induces F on WM)(4);
(3) V: W(B) — W(B) induces ¥ on WM)(4).
2. Recall: Hochschild Cohomology

In this section, we recall the main result of Sekiguchi-Suwa [6].
We begin by recalling the necessary facts on the Artin-Hasse exponential
series. For details, see [1, Sec. 5] or [6, Sec. 2].

2.1. The Artin-Hasse exponential series E,(T') € Z(,([T]] is defined by

E,(T) =exp (Z :,; >

r=0

For U = (U,),5,, we put
’ o, (U)T?
EU;T) = [ B(UT") = exp (Z—Qm)
r=0 r=0 p
It is readily seen that
E,(S(U,V);T)=E,(U;T)E,(V;T).

22. For U= (U),so and T = (T;),5,, We define a formal power series
E,(U; T) € Z(»[U][[T]] by

E,(U;T) = exp <Z%(D,(U)(D,(T)> = exp <Z%(I>,(P(U, T))) .
r=0 r=0
It is verified that
Ey(S(U,V); T) = E,(U; T)E,(V; T).

23. Let n be a positive integer. We define a polynomial @, ,(T)=
q),‘,,(To, Tl, ceey Tn—l) n Z[To, T], ceey T,-,_l] by
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_ [®(To, Th,-. ., Ty) ifr<n-—1,
©rn(T) = {@,(TO,TI,...,T,,_l,o,o,...) if r>n.
In [6, 2.4], a formal power series
Ep‘n(U; T) € Z(p)[U][[To, Tl, ceey Tn-l]]
is defined by

E, n(U; T) = Ep(U; Ty, . .., Tn-1,0,0,...) = exp (Z%@,(U)@,,n(f))

r=0
It is readily seen that

E, .(S(U; V), T) =Ep, o(U;T)E, ,(V; T).

24. Let k, / be integers with k >/ > 0. Define a polynomial
Ski(X,Y)=SXo,...,Xi-1, Yo,..., Y1) € Z[ Xy, ..., Xi-1, Yo, .., Y]
by
Se1(X,Y) = Sk(Xo,...,X1-1,0,...,0, Yo,..., Y-1,0,...,0).
In [6, 2.7], a formal power series
F,n(U;X,Y) € Z,)[Up, U1, Uy,.. |[[X0, ..., Xn-1, Yo, .., Yoot])
is defined by
Fon(U; X, Y) = Ey(U; 5,(X, Y))
= Ep(U; Spn(X, Y), Spt1,n(X, ¥), Sps2,n(X, Y), ).

It is readily seen that

(1) Fp,n(U;X) Y)Fp,n(U; S(X,Y),Z) = Fp,n(U;X> S<Y>Z))FP,H(U; Y, Z),

() F,.(U;X,Y) =F,,(U;Y,X).

Moreover, we have

(3) Epn(S(U, V) X, ¥) = Fp n(U; X, Y)F,,(V; X, Y).

Now we recall some results of [6]. For generalities of the Hochschild
cohomology, see [1, Ch. I1I.3 and Ch. IIL6].

2.5. Let 4 be a Z(,[M]-algebra. We define a complex

0 — C' (Wi 4, G ) 2> CH(Wi g, Gimyp) = 0 — -
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by
C (W, 4, G a) = {F(T) € A[[To, Ty, . .., To1]}; F(T) = 1 moddeg 1},
C*(Wn, 4, G, 4)

={F(X,Y) e A[[Xo, X1,...,Xn_1, Y0, Y1,..., Yuu]}; F(X, Y) = 1 moddeg1}.
The boundary map 8 :-C' (W, 4, G 4) — C2(Wy 4, Gm 4) is given by

F(Xo, ..., Xu1)F(Yo,..., Y1)
F(So(X,Y), .., Sp1(X, X))

0:F(Ty, ..., Tot) —

([6, 2.1]). A formal power series G(X,Y) = G(Xo, X1,..., X1, Yo, Y1,..., Yn1)
eC Z(W,,, s> G,n,A) is called a symmetric 2-cocycle if G(X, Y) satisfies the following
functional equations:

(1) G(X, Y)G(S(X, ¥),Z) = G(X,S(Y,Z))G(Y, Z),

(2) G(X,Y) = G(Y,X).
Let Z%(Wy 4, G 4) denote the subgroup of C2(W, 4, G 4) which consists of the
symmetric 2-cocycles. Let B2(W, 4, Gm 4) = Im 8, and define

HE (Wi, 4, G, a) = Z* (Wi, 4, Gon, 4)/ B> (Wi, 4, G, ).
We have two complexes concentrated in degrees 1 and 2,

CNW(I;Vn,A) GIH,A) 10— Cl(Wn,A) Gm,A) '2’ Zz(Wn,A: Gm,A) — 00— tty

D* (Wt Gmoa) - 0= W(A) 5 W(A) >0 — -
By [6, 2.8], a morphism of complexes
& D* (W a, G a) = C* (Wi 4, G a)
is defined by
& W(A) = C'(Wya, Ga), (@) = Epn(a; T),
£ W(A) = Z2( Wi s, G a)y E(a) = Fypa(@ X, ¥),
It is proved by [6, Th. 2.8.1] that this induces isomorphisms,
£ Ker[F" : W(A) — W(A)] > Homu—g (W 4, G 4),

&l Coker[F" : W(A) — W(A) S HE (W 4, G 4)-
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Remark 2.6. In [6, 2.1}, a complex

~ ~

0= C Wty G a) > C*HWp gy G ) =0 — -
is defined by

C'(Wn, 4, G, a) = A[[To, T1, ..., Tooa ]|
Cz(Wn,Ay Gm,A) = A[[XO)XI) cee ;Xn—l, Y0> YI) B Yn—l]]x-
The boundary map 8 : C' (W, 4, G 4) = C*(Wn 4, Gm 4) is given by

F(Xo,..., Xu))F(Yo,..., Yoot

0 E(To o Tom)) = H5 (X, ), S (X, V)

This definition is different from that of 2.5. But as is pointed out in [8, 3.3.1], the
complex defined in 2.5 is quasi-isomorphic to the complex defined in [6, 2.1].

3. Statement and Proof of the Theorem
3.1. Let 4 be a Z[M]-algebra. We define a group scheme gA(M) over A by

gA(M

)y 1
= Spec A [T, T MT]
with
(1) the multiplication: T— T ®1+1Q T+ MT ® T;
(2) the unit: T — 0;

(3) the inverse T — — T

1+ MT"
Moreover, we define an 4-homomorphism ocf,M) : @A(M) — Gy, 4 by

1
U T:4 154 — .
=14+ M (U, U] [T’1+MT}
If M is invertible in 4, o™ is an A-isomorphism. On the other hand, if M =0 in
A, g;,(M) is nothing but the additive group G, 4.
We denote by ?A(M) the formal completion of @A(M ) along the zero section.

REMARK 3.2. Let 4 be a Z[M]-algebra, and let B = A[t]/(t> — Mt), in which
¢ denotes the image of 7. Then we have ¢2 = Me. Defining a ring homomorphism
B— A by ¢— 0, we have

Ker[B* — AX] ={l +¢a;ae A, | + Ma is invertible in A4}.
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Hence é{fm is isomorphic to Ker[l‘[ G — Gm 4|, where [] denotes the
B/A B/A
Weil restriction functor. Furthermore, the inclusion 4 — B defines a section of

I1 Gin,5 = G, 4, and therefore, the exact sequence

BJA
0— 4™ - [[Gmsz— Gma—0
B/A

splits.
3.3. Let 4 be a Z(,)[M]-algebra. We shall define a complex
0— Cl(Wn,A7?A(M)) _a) Cz(Wn,Aa ?A(M)) =0
by
C (W1, 9™) = {F(T) € A[[To, Ty, ..., To1)); F(T) = 0 moddeg 1},
CH (W s, 4M) = {F(X,Y) € A[[Xo, X1, .., X1, Yo, iy, Yoty
F(X,Y) =0 moddeg 1}.
The boundary map 8: C'(W, 1, 4™) — C2(W 1,9™)) is given by

F(X) + F(Y) + ME(X)F(Y) — F(S(X, Y))
- 1+ MF(S(X, Y))

d: F(T) .
A formal power series G(X, Y) = G(Xo, X1,..., Xu_1, Yo, Y1,..., Yu_1) € CH(Wy 4,
@(M)) is called a symmetric 2-cocycle if G(X, Y) satisfies the following functional
equations:

(1) G(X,Y) + G(S(X,Y),Z) + MG(X,Y)G(S(X, Y), Z) = G(X,S(Y, Z)) +
G(Y,Z) + MG(X,S(Y,Z))G(Y, Z),

(2) G(X,Y) = G(Y, X).
Let Z2(W, 4,%")) denote the subgroup of C2(W, 4, %™)) which consists of the
symmetric 2-cocycles. Let B2(W, 4,4™)) = Im 6, and define

H2 (W4, M) = Z2 (W, 4, 9") | B2 (Wi 1,9,
We have two complexes concentrated in the degree 1 and 2,
C* W, 4™M) : 05 C' W0, 4 5 22 (W 0,9 0 -,

D* (Wt 8M) 10— wH(4) 5 Wi (4) -0 -
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34. Let A be a Z[M]-algebra, and let B = A[t]/(t* — Mt), in which ¢ denotes
the image of z. Then we have ¢ = Me. The splitting exact secquence of formal
groups

0— ?A(M) - HGm,B - ém,A -0
BjA

induces a splitting exact sequence of complexes

~

0— C*(Wy 1,4 = C* (W3, G 5) = C* (Wi, Ga) = 0.
More precisely,
C'(Wa,8, Gn,8) = C' (Wi, 4, Gim, ),
Zz(Wn,B, ém,B) - Zz(Wn,A, Gm,A)
are induced from the ring homomorphism B — A. Moreover

C' (Wt 4™) — C' (W5, Gn,5),
Z* (W4, 8™ = Z2(W, 5, G )
are defined by
F(T) — 1+ ¢F(T),
G(X,Y) - 1+eG(X,Y),

respectively.
On the other hand, we have a commutative diagram with splitting exact
rows

0 —— WWM(4) —— W(B) —— W(4) — 0
O
0 —— WM(4) —— W(B) —— W(4) —— 0

by Remark 1.9. Obviously the diagram of complexes

~ ~ ~ ~ ~ A~

D*(Wn,Ba Gm,B) — D*(Wn,A, Gm,A)

J It
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is commutative. Hence we obtain a morphism of complexes
&n: D*(Waa, 4M) = C* (W, 0, 4™,

To sum up, we obtain a commutative diagram of cochain complexes with
splitting exact rows

0 —— D*(Wu 1, 4™ —— D*(W, 5, Gms) —— D*(Wp s, Grps) — 0
Jo Jo Je
0 — C*(Wou, @MY —— C* (Wi 3,Gm ) —— C* (Wi, G s) —— 0.

The most left £, is a quasi-isomorphism since the other two are such, by [6, Th.
2.8.1]. We have thus proved:

THeOREM 3.5. Let A be a Z(,[M]-algebra. Then there exist isomorphisms
Ker[F" : W (4) — w(4)] 5 Homy—g(Wi, 4, %),

Coker[F" : WM)(4) — w ) (4)] 5 Hg(Wn,A’%(M))'

ReMARK 3.6. We can describe explicitly the isomorphisms
£ Ker[F" : WM (4) - W (4)] S Hom e (Wi 4, 8,
&l Coker[F" : WM (4) — WM (4)] S H2(W, 4,9™),

induced from

~ ~

&yt D* (W 1,9) = C* (W0, 4M).
Indeed, we define two formal power serieses
EM(U;T) € Z,) M, U, Uy, U, ... J[[To, T, .., Tuci ],
F(U; X, Y) € Z([M, Up, Uy, Us, .. )Xo, - - Xn1, Yo, - -, Yoci]]
by
EM(U;T) = % (B, (a™U, T) - 1],

1
FM(U; X, Y) = 12 [Fn(@*U; X, ¥) - 1,

respectively. Then,
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(1) ar E,S,A,f)(a; T) gives rise to the isomorphism
& Ker[F" : WM (4) » WM (4)] 5 Homy_g (W 4, 9™M);
) a— F*(a;X,Y) gives rise to the isomorphism
&L : Coker[F™ : W) (4) — WM (4)] S HZ(W, 1, 9™).

This is a consequence of the following Proposition 3.7, 3.8, 3.9 and Corollary
3.11.

ProrosiTiON 3.7. We have
EMWU +M) p; 1) = EM (U T) + EMD(V; T) + MESD (U T)ESD(V; T).
Proor. It is sufficient to prove that
1+ MEM (U +™ v, T) = 1 + MESD(U; T))[1 + MED(V; T)],
that is to say,
E, (MU +M v), T) = E,(e ™M U; T)E, (o™ V; T).

This is a consequence of the functional equation for E,,(U,T) since
Q0 (U -+ V) = (1) + oM (1),

ProrosiTiON 3.8. We have
FO(U; X, Y) + FOD (U S(X, Y), Z) + MESD(U; X, Y)FID(U; S(X, Y), Z)
= F(U; X,8(Y,Z)) + FD(U, ¥, Z) + MF(U; X, S(Y, Z))FD(U, Y, Z)

and
F(U; X, Y) = FM(U, Y, X).
Proor. It is sufficient to prove that
1+ MFID(U; X, Y))[1 + MESM(U; S(X, Y), Z)]
= (1+ MFSD(T; X, S(Y, Z))[1 + MF")(U; Y, Z)]

that is to say,
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Fp o™ U; X, Y)E, (™ U; S(X, Y), Z)
= Fp (MU, X, S(Y, 2))E, (MU, ¥, Z).
This is a consequence of 2.4 (1). The second assersion follows immediately from
2.4 (2).
PropoSITION 3.9. We have
M) (oM )
ES(S™(U,v); X, Y)
_ M)y, M)(y. M) (7. M)y
= FM(U; X, Y) + FM(V X, Y) + MESO(U; X, Y)FS(V, X, Y).
Proor. It is sufficient to prove that
M) (M . _ M)(y. M)y,
[1+ MFSD(SU(U, V), X, Y)) = 1+ MESD(U; X, Y)][1 + MESO(V; X, Y)],
that is to say,
M) (M ) _ (M) (M) ). M) (M) .
F0@M s, v); X, Y) = F\0 @0 X, V)ESD @MV, X, ¥).

This is a consequence of 2.4 (3).

Lemma 3.10 (cf. [8, Lemma 1.20]). Let A be a ring, and let B=
A[M,1)/(t?> — M), in which ¢ denotes the image of t. Let f(T\,Ta,...,T,)€
AT\, Ty, ..., T, with £(0,0,...,0) =0, and put

1
YT, Ty, ..., T, = —M—ff(MTI,MTZ, .., MT).

Then fM(T\,Ty,...,T,) € AIM][T\, T, ..., T, and
M, Ty, ..., T;) = f(eTh,eTs,. .., eTy).

COROLLARY 3.11. Let A be a Z(,)[M]-algebra, and let B = A[t]/(t* — M), in
which ¢ denotes the image of t. Let ae W™)(A), and put ea = (eao, eay,eaz, .. .).
Then:

(1) 14 eEX (a; T) = E, »(ca; T);

2) 1+ eF% (@, X,Y) = F, ,(ea; X, ¥).

ProOF. We may assume that 4 = Z,\[M][Up, U1, Us,...] and a=U =
(Uo, U},Uz,...). Put

Ep,n(U; T) =1+ Zaioil---i,.—l (U)T(;o TliI T

n—1»



454 Yasuhiro NOTSUMA
where ajgi,..i,, (U) € Z(,)[Uo, U1, Ua, .. .]. Put

1
a . (U) = 27 Gini-ives (MU, MU, MUy, ..).

i, (U) has no constant term.

Then a(M) (U) € Z,)[M][Us, Uy, U, .. ] since ajy;,...

fgi)-+Ip-1

Furthermore

EMU;T) =3 "al0, (o)TeT) T

Tol)+in— 1

Now by Lemma 3.10 we have

ea™ i (U) = aigiy i, (€U0, €Uy, €00, . . ).

Qi)+ ip—

This implies that
Epn(ea; T) =1+ eE™)(a; T).

We can prove (2) similarly.
Exampie 3.12.1. ESNU;T) = E, .(U; T) — 1.

ExampLE 3.12.2. ESNU;T) = S U@, (T).

r>0

Indeed, by the definition we have

1+ MEM(U; T) = E, oo™ U; T)
and
1

log By n(etU; T) =3 — @™ U), ,(T).
r=0?
Now note that, for r > 0,
®,(MUy, MU,,...,MU,) = p" MU, mod M?.
Hence we have

log Ep n(e@™U; T) = > MU,®, ,(T) mod M?,

r=0

and therefore

Epn(@™U;T) =1+ Y  MU,®,,(T) mod M>.

r=0
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Thus we obtain

Ep(,]f)(“(M) U T = Z U,®,,(T) mod M.
r=0

Exampie 3.12.3. E(U;T) = ¥ U,0,1(T) = Y. U,TY .
’ r20 r=0

Exampie 3.13.1. E)(U;X,Y) =F, (U, X,Y) - 1.

ExampiE 3.13.2. F)(U;X,Y) = S U,,(5,(X, Y)).
r=0
Indeed, by the definition we have
1+ MFM(U,X,Y) = F, (™ U; X, ¥)

and

log F, ,(a™U; X,Y) = Z%@,(&M) U)®,(S,(X,Y)).
r>0

Now note that, for r >0,
O, (MUy, MUy, ...,MU,) = p" MU, mod M?.
Hence we have
log Fpn(e™U; X,Y) = Y MU®,(S,(X, Y)) mod M?,
r>0
and therefore
Fon(@™U;X,Y) =14 Y  MU®,(S,(X, ¥)) mod M>.
r>0
Thus we obtain

E MU X,¥) = 3 U0, (5,(X, Y)) mod M.

r>0

In particular, putting U = [1] = (1,0,0,...) and M =0, we obtain
FOI;X,Y) = Spu(X,Y) = Sy(Xo, ..., Xp-1,0, Yo, ..., Yo1,0)
which is the 2-cocyle of ZZ(W,,,G'a) defining the extesion W,,+1.
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ExampLE 3.14. Let 4 be a Z(,)[M]-algebra. The homomorphism of formal
groups o : g™ _, G, induces a morphism of cochain complex

oM - C* (W 1,9 = C* (W 4, G 4).
We can verify the commutativity of the diagrams

M)

w4 I W(A)

éf.’l Jfﬁ’

C' Wt 4M) —— C' (Wi, G )

alM)
and

(M)

wM(g) 2 W(A)

N |

22(Wn,A,@;M)) ——— Zz(Wn,/h Gm,A)-

M)

Moreover, we obtain a commutative diagram of cochain complexes

D*(WH,A7gA(M)) — D*(Wn,Aa Gm,A)

J |

é*(Wn,A>?i4(M)) — C’4,*(1’f/n,A> an,A)>

and therefore commutative diagrams

Ket[F" : WD (4) — WD (4)] <2, Ker[F" : W(A) — W(A)

éfl Jé.?

HomA—gr( I’i/n,A; {%A(M)) — HomA—gr( I/T/n,A s Grn,A)

wl#)
and

(M)

Coker[F" : WM)(4) — WM (4)] —— Coker[F": W(4) — W(4)]

‘| |

HOZ(W,,)A,{;A(M)) T H()Z(Wn,A:Gm,A)'

(M)
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Assume now the homothety by M is not bijective but injective on 4, and put
Ay = A/(M). Then we have a commutative diagram of cochain complexes with
exact rows

~

0 — D*(Wu i, @™ — D*(Wy 4, GCms) — D* (Wi py, G ay) — 0

| | |

0 — C*Wnt,GM) — C* (W, Gina) — C*(Wa, o, Gim 40)-
By the snake lemma the exact sequence
0— HomA_gr(Wn,A,"%(M)) — Hom g (Wp, 4, G, 4) — Hom gy g (Wi, o Gon, 40)
& B (Woa, 92" — HE(Wa,t, Gn, 1) = (W, pe, G ae) = 0
arises from the commutative diagram with exact rows
0 —— WM(4) —— W(4) —— W(d4y) — 0

lpn lF" P"

0 —— W(M)(A) W (A) W(A4y) —— 0.

We conclude the section, by mentioning an analogue of Theorem 3.5 in the
case of group schemes.
First we recall two facts stated in [6] and [8].

RemMARK 3.15 (cf. [6, Th. 2.8.1]). Let 4 be a Z(,-algebra. Then
(1) a— E, ,(a; T) gives rise to the isomorphism
ég : KCI‘[F" : W(A) — W(A)] S HomA_g,(W,,,A, Gm,A);
(2) a— F, ,(a;X,Y) gives rise to the isomorphism
&y - Coker[F" : W(A) — W(A)) = HE(Wn 4, G, 4)-
REMARK 3.16 (cf. [8]). Let 4 be a Z(,)[M]-algebra, and let ™) denote the
functor defined by
W(M)(A)

= {(ao,ahaz,.“) e W (4); Ma; is nilpotent for all i and }

" g; =0 for all but a finite number of i
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Then we have a splitting exact sequence
0— WM (4) - W(B) — W(4) — 0,
where B = A[t]/(? — M1).

Now, we note that if M is nilpotent in 4, then we have
EM(U;T) € A[Up, Uy, Un,.. )[To, T4, ..., Tui],
FU(U X, Y) € A[Uy, Uy, Uy, .. ][Xo, ..., X1, Yo, .., Yoot ].

Therefore, combining Remark 3.15 and 3.16 similarly as in the proof of Theorem
3.5, We can prove:

PrROPOSITION 3.17.  Let A be a Z(,)[M]-algebra. Assume that M is nilpotent in
A. Then

(1) a— E,%)(a; T) gives rise to an isomorphism
0 Ker[F™: WM (4) — WM (4)] 5 Hom g (Wi 4, 4);
(2) ar F,,(,A,f) (a; X,Y) gives rise to an isomorphism

£L: Coker[F™ : W(4) — WD ()] 5 H2(Wy, 4, 4M).

4. Functoriality
We establish some functorialities among &, (i=0,1,n=1,2,...).
PrOPOSITION 4.1. Let A be a Z,)[M]-algebra. Then:
(1) The diagrams
Ker[F": WM (4) - WM (4)] —— Ker[F™!: WM (4) - wM)(4)]
cSJ Jé&.
HomA_gr(Wn,A,?A(M)) —_ HOmA-gr(WnH,A,?A(M))

and

Coker[F" : W) (4) —» W (4)] —L, Coker[F™! : W) (4) — W™ (4)]

‘| Je.

H()Z(Wn,A;%M)) - Hg(WnH,A,?A(M))

are commutative. Here the first horizontal arrow denotes the canonical injection.
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(2) The diagrams
Ker[F" : W) (4) - WM (4)] —L s Ker[F™+! . wt)(4) - w0 (4)]
c'fl l«:ﬁﬂ
Hom 4—g (W 4, ‘?A(M)) — Hom g (W1, 4 {?A(M))
and

Coker[F" : WM (4) — WM (4)] —2— Coker[F™! : WM (4) — W) (4)]

x1 1
Cn n+1

H2 (W, 4,9 — H2 (W1 4,9)

are commutative.
(3) The diagrams

Ker[F™ : W (4) — w0 (4)] —Ls Ker[F" : WUD(4) — WwiD(4)]
é,?“‘[ l‘fg
Homy_g(Wai1,4, %) — HomA_gr(Wn,A,?A(M))
and

Coker[F"! . WM (4) — WM (4)] —— Coker[F" : WM (4) — WM (4))

i l lén‘

R U

are commutative. Here the third horizontal arrow denotes the canonical
surjection.
(4) The diagrams

Ker[F" : W00 (4) —» WM (4)] L Ker[F7: w0 (4) — w0 (4)]

cSJ l&:’

HomA_g,( Wn,A, ‘:?A(M)) —_— HomA—gr(Wn,A> ?A(M))

and
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Coker[F" : W (4) — W (4)] 4, Coker[Fr : WD (4) — wn ()]

é,}l lén‘
H} (W 1,9 — H(Wo 1,9

are commutative. Here the second and forth horizontal arrows denote the maps
induced by endomorphism of W,, defined by

(To,Th,- .-, Tut) = (P (a, T), PM(a, T), ..., P (a, T)),

'+ n—1

where a = (ag,ai,...,an—1) € Wu(A4) and [a] = (ao,ai,...,a,-1,0,0,...) € W(4).

Proor. The assertions can be deduced from following proposition as in the
proof of the main theorem.

ProOPOSITION 4.2. Let A be a Z(,)-algebra. Then:
(1) The diagrams

Ker[F": W(A4) — W(A)] —— Ker[F"™!: W(4) —» W(A))

CEJ lé,?ﬂ

Homyor(Wn, 4, G 4) — Hom g (W1 4, G:n,A)
and

Coker[F" : W(A) — W(A)] —— Coker[F™' : W(4) — W(A)]

‘| e

Hg(Wn,Aaém,A) T Hg(Wn+l,A> ém,A)

are commutative. Here the first horizontal arrow denotes the canonical in-
Jection.
(2) The diagrams

Ker[F" : W(A) — W(4)] —— Ker[F™! : W(4) — W(A4)]

é,?l lﬂ’“

HomA—gr(Wn,A, Gm,A) _;,*—’ HomA-gr(Wn+l,A) Gm,A)

and
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Coker[F" : W(A) — W(4)] —2— Coker[F™! : W(4) — W(4))

& J lén‘“

~ ~ ~ ~

Hoz(Wn,AaGm,A) _— H()Z(Wn+1,AaGm,A)

are commutative.
(3) The diagrams

Ker[F™! . W(A4) — W(A)] —— Ker[F": W(4) — W(4)]

é,‘?ﬂl léf

HomA—gr(Wn+1,A> Gm,A) 7" HomA—gr(Wn,A) Gm,A)

and

Coker[F™! : W(A4) — W(A)] —— Coker[F" : W(A) — W(A4)]

| |

Hoz(Wn+1,A>Gm,A) —I;T" H()Z(Wn,Ayén1,A)

are commutative. Here the third horizontal arrow denotes the canonical surjection.
(4) The diagrams

Ket[F" : W(A4) — W(4)] —“ Ker[F": W(4) — W(A4)]

éi’l léf

HomA—gr(Wn,A, Gm,A) I HomA—gr(Wn,A> Gm,A)
and

Coket[F" : W(A) — W(A)] %, Coker[F" : W(4) — W(A)]

‘| |

~

H()Z(WRA’GM,A) I H()Z(Wn,/l)Gm,A)

are commutative. Here the second and forth horizontal arrows denote the maps
induced by the endomorphism of W,, defined by

(To, Th, ..., Tym1) — (Po(a,T),Pi(a,T),...,Pi(a,T)),

where a = (ag,ay,...,an-1) € Wu(A) and [a] = (ay,ay,...,a,-1,0,0,...) € W(A4).
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(1),(3) and the second diagram of (4) are proved in [6, Lemma 2.9 and
Remark 3.7). Here we verify (2) and the first diagram of (4).

(2): Put ﬁn(T) (an(T) Fn+] n(T) n+2, n(T) )

The commutativity of the first diagram is a consequence of the the following
equality

Ep,n+1(0> U0> U1> cees T) = Ep,n(U; F(T))EP(Fn(U)7Fn(T))>
where Fuyin(T) = Fuyi(To, 11, - .., Tn,0,0...). Indeed,

Ep,n+l (O) UO) Ul) ceey T)EP;"(U’F(T))_l

= exp Z%q)r(U){(Dr-H,n-H(T) - q)r,n(F(T))}
Lr=0

=exp| Y =@, (U){p"Fun(T)? + p" ' Frpr n(T)" +

Lr2n

iy erl,n(T)}:l

[ 1 o -
= eXp Zp Q,..,(U ){Fn (T ) +PFn+1,n(T)p ] +"'+PrFr+n,n(T)}}
Lr=0

= E,(F"(U); Fo(T))-

The commutativity of the second diagram is a consequence of the following
equality

Fpns1 (FVU; X, Y)F, (U F(X), F(Y))™
= E,(U; Fo(X))E,(U; Fo(Y))E, (U; Fo(S(X, Y))) ™
Indeed, put F(T), = (Fo(T),Fi(T),...,F,1(T),0,0,...). Then,
PH®(S41 (X, Y)) — p"®,(S.(F(X), F(Y)))
= @1 (SXns1, Y1) = Pranar, et (S(X, V)

_(Dr+n(S(F(X) ( ) )) +(Dr+n n(S(F(X))F(Y)))
= p"O,(Fn(X)) + p" @, (F(Y)) — p" O (Fo(S(X, Y))).

Therefore
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Fypone1(FVU; X, Y)F, o(U; F(X),F(Y))™

_explz 0T [P0, (Sois (X, 1)) — 0,5 (F(X), F(P))

rZO

= exp [Z;L—,,Q(U){P"fbr(ﬁn(x)) + "0, (Fy(Y)) = p O, (Fu(S(X, Y)))}}

r=0
= E,(U; Fy(X))E,(U; F(Y)) B, (U; By (S(X, Y)))™!

(4): The commutativity of the first diagram is a consequence of the following
equality

Epn(P(X, U); T)Epn(U; P(X; Y)) ™' = Ey(F"(U), Pan(X, ), Prs1,n(X, ¥),..),
where
Poiin(X,Y) = Ppyi(Xo0, X1,y X01,0,0,..., Yo, Y1, ..., ¥, 0,0,..)
and

X, = (Xo, X1, .., X,-1,0,0,...).

1 r—n r—n—1
- [Z;Qrw){p"ma, YY" 4 o™ Py (X, V)

rzn
+-- 4 p"P, (X, Y)}}

1 r r—
= exXp [Z?(D”“(U){Pn,n(x; Y)? + pPpi1,n(X, ¥)? I

r=0
+-+ prPrH-r,n(X: Y)}}

= E,(F"(U); Pyu(X, Y), Pry1.n(X, Y),...).
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ProOPOSITION 4.3. The diagram

Ker[F" : WM (4) — WM (4)] —— Coker[F™ : WM (4) — wH)(4))

éﬁl ld'

HOmA—gr(Wn,A’ @A(M)) —a_—‘) H()Z(Wm,A) ?A(M))

is commutative. Here the first horizontal arrow denotes the map induced by a — a,
and 0 denotes the boundary map defined by the exact sequence of formal group
schemes

- ym o R o
0— Waa — Watma — I/Vm,A — 0.

Proor. The assertion can be deduced from following remark as in the proof
of Theorem 3.5.

ReMARK 4.4 (cf. [6, Lemma 2.10]). The diagram

Ker[F": W(A) — W(A)] —— Coker[F" : W(A4) — W(A4)]

éfl lé,',.

~ ~

HomA—gr(Wn,A,Gm,A) ——6—) Hg(ﬁ/m,A;Gm,A)

is commutative. Here the first horizontal arrow denotes the map induced by
a — a, and 0 denotes the boundary map defined by the exact sequence of formal
group schemes
0— l'/i/n,A ﬁ’ I/i/r1+m,A ﬁ) I/i/m,A — 0.
We can obtain the functorialities of the case of group schemes similarly as
above.

5. Some Results over a Discrete Valuation Ring

In this section, we treat a case of extensons over a discrete valuation ring as
done in Sekiguchi-Suwa [4] and [8].

Throughout the section, 4 denotes a discrete valuation ring and m (resp. K)
the maximal ideal (resp. the field of fraction) of 4. We denote by n a uni-
formizing parameter of A and by v the valuation of 4 normalizing by v(n) = 1.
Furethermore, we fix xem— {0} and put 4o = 4/(x), mo = m/(u).
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5.1. Now we assume that G is an affine group scheme over 4 and F is an fppf-
sheaf. Let #'(F) denote the presheaf on Sch/, defined by X — H'(X,F). Then
we have an exact sequence

0 — HZ(G,F) — Ext}(G,F) — H} (G, ' (F)) — H; (G, F) — Ext}(G,F)
(cf. [Ch. IIL6, 2.5]).

Lemva 52, Hi(Wy4,9") =0 for i>1.

PrOOF. Since A is reduced, it is readily seen that C'(W, 4, %(”)) o~
(1 4+ pA)* for all i > 1. And the boundary map is written as follows: d'(a) = 1 if
i is even, and 9'(a) = a if i is odd. It follows immediately that Hj(W,, A,@A(” N =0
for i > 1.

COROLLARY 5.3. Ext}l(W,,)A,?A(” )Y is isomorphic to the subgroup of
H‘(I/V,,‘A,.(if”)) formed by the primitive elements.

Proor. Recall that ae HY(W, A,@A(" )) is primitive if u*(a) = pry(a)+
pri(a) in HY (W, 4 x W, A,gA(”)), where 4 is the multiplication and pr; : W, 4 X
Wo 4 — Wy 4 1s the i-th projection.

Applying the exact sequence of 5.1. to G= W, 4 and F = QA(" ), we have the
exact sequence

0 — HX(Wy 4,9") — Bxtl (W, 4,9")
= H (Wo 0, N (G()) = H3 (W1, 9()).
But we have seen that
HY(Wa,,94") = H (W, 4,9) = 0
in 5.2. Hence we obtain an isomorphism
Exth (W 4,9") 5 HY (W, 4, (31)).

By the definition, H{(W, 4, #'(%/")) is nothing but the subset of primitive
elements in H' (W, 4,9").

LemMA 5.4. The group HI(W,,)A,%(”)) is isomorphic to

{143 s T+ T} € AolTo, -, Toca iy € M0 -
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Proor. Since W, 4 is flat over 4, the sequence
)]

0— gA(#) — Gm,A — i*(Gm,Ao) I 0,

where i: Spec Ag — Spec A is the canonical immersion, is exact on the (small)
étale site of W, 4 (cf. [5]). Thus we obtain an exact sequence

r( Wn,A; Gm,A) - F( Wn,Ao’ Gm,Ao) - HI(Wn,A,gA(#)) - Hl(Wn,A> Gm,A)~

Note that we may calculate the cohomology group H'(W, A,Gf/f“ )) for the étale
topology since gA(") is smooth over 4 (cf. Grothendieck [2]). Since the affine ring
of W, 4 is a unique factorzation domain,

HY (W, 4,Gp 4) = Pic(Wy 4) = 0.
Hence the assertion follows from the following calculations:
F(I’VH,A) Gm,A) = AX)

F(Wn,Am GM,AO) = {a(l + Z Cig,eooyinm Téo e Tln—_ll> ;A€ Aa()ci(),---;in—l € mo},

where the canonical map 4> — A7 is surjective.

COROLLARY 5.5. Ext}(W, A,gA(” )Y is isomorphic to

F(T) =1+ Z Cigyresyinm TOI0 e Tr:n——l‘ . Cigyoryiny € MO,
e Ao[To, ..., Tn_i] "FX)F(Y)=F(S(X,Y)) |

Next we give an explicit description of the extensions of W, 4 by .@A(” ), corre-
sponding to a primitive element.

5.6. Let F(Ty,...,T,—1) be a polynomial in A[Ty,...,T,—1], satisfying the
functional equation

1) F(0,0,...,0) =1 mod y;

2) F(Xo,...,Xp_1))F(Yo,..., Yuo1) = F(So(X,Y),...,S,—1(X,Y)) mod s

Put T = (Ty, T4, ..., Tu-1) and we define a smooth affine commutative group
scheme &) over A as follow:

A 1
ewF) — g A\To, T, ..., Ty, 1 T, + F(1 -
n pec 041 »Sn=h m,u nt ( 05> I 1)
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1) law of multiplication

T S(T®LIQT) (0<i<n—1),
Ty = uTy ® Ty + T, ® F(T) + F(T) ® T,

+£[F(T) ®F(T) - F(S(T®1,1® T)));
2) unit

T,0 (0<i<n—1), Ty /%[1-1«“(0,...,0)}

)
3) inverse

T,—L(T) (0<i<n-—1),

1 1

T,— —
u [uTn +F(To, -, Tut)

— F(Io(T),L(T),..., L1 (T))],

where Iy(T),1(T),...,I,—1(T) are polynomials defining the inverse on W,. It is
well known that if p > 2, (I(T),L(T),...,L-(T)) = (=To,=T1,...,—Th-1).
Moreover, we define a homomorphism of group schemes

gAﬁﬂ) = Spec 4 [T, ! ] — gwh
i

1+ uT

1
— To,. .. Tn— ) Tm
SpecA[ A T Y ) ‘H‘Tn}

by
(To, .-y Tne1, Tp) <0,...,0, T+%t[1 —F(O,...,O)]>
and a homomorphism

1
F(To,...,Tn_1)+/,tTn

éan(’u;F) = SpeCA[T())'-':Tn—l)Tn) } - Wn,A

= Spec A[To, ..., Tn-1]
by

(To, ey Tn__]) s (To,. cey Tn—l)~



468 Yasuhiro NOTSUMA

Then the sequence of group schemes
0—>9”A(”)—->é"n(”‘F)——+ Wpa—0
is exact, and its class correspondents to [F(Ty,...,Tn—1) mod u| € H (W, 4,
gA(#)).
57. From 5.5 and 5.6, F — [£#P)] defines an isomorphism
8 : Hom gy g (Wi 4o Gom, o) — Ext} (W 4,9*).

Now note that F(Ty,...,T,—;) is invertible in A[[Ty,..., Tn—1]]. Then

Ty
To,..., Th-1,T, To, - s Tty
(To, .., Tpe1, ,,)!——>< T 1>F(TO,.,.,Tn—1)>

defines an isomorphism of formal groups
EWE) = Spf A([To, ..., Ta1, Tn)] = & = Spf A([To, ..., Tu-t, Thll,
where & is the extension of W,,, 4 by {?A(”) defined by the 2-cocycle

1 [F(X)F(Y)

— 3 2(#)
(OF)(X,Y) =L Fsx )~ 1J € Z§(Wn 4,%").

Furthermore, defining a homomorphism
Bxtl (Wy 4, 91) — HZ (W, 4, %)
by
&%) = (OF)(X, Y),

we obtain a commutative diagram with exact rows

0 —— Hom y—ge (Wi ag> G 4y) — Extl (W, 4,4") — 0

J |

- A - h d - -
Homy—g: (Wi, 4, Gm, 4) — Homgy—ge(Wi 40, Gm, 4,) — H()Z(Wn,Ayg,;#));

where d is the homomorphism in Example 3.14.
Assume now that 4 is of mixed characteristics 0 and p. Let a e Ker[F”:
W(K) — W(K)]. Then a, (r > n) is determined inductively by

®,(a) = O,_n(F"(a)) = 0.
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ExampLe 5.7.1. If v(u) > v(p)/(p — 1)+ 1, then the canonical map
& & Bxtl(W, 4,9 - Bxt} (W, 4,9")

i1s not injective.

Indeed, take (ag,ai,...,an,—1) such that

(1) v(@) > v(p)/(p — 1) for any i

(2) v(a;) < v(u) for some i.
Define ae W(K) inductively by ®,(a) =0 for r>n. Then a is an element
of Ker[F": W(A) — W(A)] and 111{3()10 v(a;) = co. Therefore a is an element of
Ker[F" : W(A4y) — W(A4,)]. On the other hand, a# (0,0,...) mod x since
v(a;) < v(u) for some i.

These imply that

(1) the class [€%%)] is not trivial in Ext} (W, A,gA(“)),

(2) the image of [£%F)] is trivial in Bxt} (W, 4,4").
Here F(T) = E, p(a;T) mod u € Ao[To, ..., Th-1).

ExampLE 5.7.2. If p fuv(p) and o(u) < (2p — Do(p)/(p® — p?), then the
reduction map

Hom g (W), 4, Gim, 4) — Homuy—gr (W2, g, Gim, 4o)
is zero, and therefore, the canonical map
E & Ext){(Wg’A,gA(”)) — Ext};(Wz,A,.‘?A(#))
is injective.
Indeed, take ag,a; € A and define a= (ao,al,az, ..) e Ker[F?: W(K)

W (K)] inductively by ®(a) = 0. Especially a, = ag /p*+af/p. Then v(ao /p?)
# v(al/p) since p K v(p), which implies that v(a;) = min{v(af /p ),v(af /p)}.
Furthermore it is verified that, if v(ao) > (2p — 1)v(p)/(p® — p?) and v(al) >
v(p)/(p—1), then v(a;)) >v(p)/(p—1) for any i, which implies that a=
(0,0,0,...) mod x. On the other hand, it is verified that, if v(ag) < (2p — 1)v(p)/

(p® = p?) or v(a1) < v(p)/(p—1), then lim v(a,) = —co, which implies that a ¢
Ker[F?: W(A) — W(A)]. Hence the result.
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