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GENERALIZED TATE COHOMOLOGY 

By 

Alina IACOB 

Abstract. We consider two classes of left R-modules, f!JJ and f/, 
such that f!JJ c~. If the module M has a f!JJ-resolution and a f/
resolution then for any module N and n :?: 0 we define generalized 
Tate cohomology modules ExtJi,9'(M,N) and show that we get a 
long exact sequence connecting these modules and the modules 
Ext~(M,N) and Ext'J,(M,N). When f/ is the class of Gorenstein 
projective modules, f!JJ is the class of projective modules and when M 
has a complete resolution we show that the modules ExtJi,9'(M,N) 
for n :?: 1 are the usual Tate cohomology modules and prove that our 
exact sequence gives an exact sequence provided by Avramov and 
Martsinkovsky. Then we show that there is a dual result. We also 
prove that over Gorenstein rings Tate cohomology Ext;(M, N) can 
be computed using either a complete resolution of M or a complete 
injective resolution of N. And so, using our dual result, we obtain 
Avramov and Martsinkovsky's exact sequence under hypotheses 
different from theirs. 

1. Introduction 

We consider two classes of left R-modules f!JJ, ~ such that Proj c f!JJ c ~, 

where Proj is the class of projective modules. Let M be a left R-module. Let P. 
be a deleted f!JJ-resolution of M, C. a deleted ~-resolution of M (see Section 2 for 
definitions), let u: P. --+ C. be a chain map induced by IdM , and M(u) the 
associated mapping cone. We define the generalized Tate cohomology module 
ExtJi9'(M,N) by the equality ExtJi9'(M,N) = Hn+l(Hom(M(u),N)), for any 
n :?: 6 and any left R-module N. We ~how that ExtJi,9'(M, -) is well-defined. We 
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also show that there is an exact sequence connecting these modules and the 

modules Extft(M,N) and Ext'J(M,N): 

(1) 

We prove (Proposition 1) that when we apply this procedure to ~ = Gor Pro}, 

f!J = Pro}, over a left noetherian ring R, for an R-module M with Gor pro} dim M 

= g < 00, the modules EXt~,!!I(M,N) are the usual Tate cohomology modules for 
any n;:::.; L In this case our exact sequence (1) becomes L. L. Avramov and A. 

Martsinkovsky's exact sequence ([1], tho 7.1): 

o ---+ Ext~(M, N) ---+ Ext1{M, N) ---+ E--;tMM, N) ---+ ..• 

---+ Ext~(M, N) ---+ Extk(M, N) ---+ EXtk(M, N) ---+ 0 

Our proof works in a more general case, for any module M of finite Gorenstein 
projective dimension, whether finitely generated or not. 

There is also a dual result (Theorem 1). If Gor in} dim N = d < 00 then the 
dth cosyzygy H of an injective resolution of N is a Gorenstein injective module. 
So there exists an exact sequence €f: ... ---+ EI ---+ Eo ---+ E_I ---+ E-2 ---+ . .. of 

injective modules such that Hom(I, €f) is exact for any injective left R-module 
I and H = Ker(Eo ---+ E-d. We call such sequence a complete injective resolu
tion of N. We show that a complete injective resolution of N is unique up to 

- def 
homotopy. For each left R-module M and for each n E Z let Ext'R(M, N) = 
Hn(Hom(M, <£')). A dual argument of the proof of Proposition 1 shows the 

existence of an exact sequence 0 ---+ Ext~f(M,N) ---+ ExtMM,N) ---+ Ext1(M,N) 

---+ Ext~f(M, N) ---+ .•. ---+ Ext;f(M, N) ---+ Ext~(M, N) ---+ Ext~(M, N) ---+ 0 
where Ext~f(M, N) are the right derived functors of Hom(M, N), computed 
using a right Gorenstein injective resolution of N. If Gor pro} dim M < 00 then 

Ext~(M, N) ~ Ext~f(M, N), for all i;:::.; 0 ([4], Theorem 3.6). So in this case we 
obtain an exact sequence 

o ---+ Ext~(M, N) ---+ ExtMM, N) ---+ Ext1(M, N) ---+ ..• 

We prove (Theorem 2) that over Gorenstein rings we have Ext'R(M, N) ~ 

E--;t'R(M, N) for all left R-modules M, N, for any n E Z. Thus, over Gorenstein 
rings there is a new way of computing the Tate cohomology. 

2. Preliminaries 

Let R be an associative ring with 1 and let f!J be a class of left R

modules. 
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DEFINITION 1 [3]. For a left R-module M a morphism ¢: P -4 M where 
P E f!J is a f!J-precover of M if Hom(pt, P) -4 Hom (Pi ,M) -4 0 is exact for any 
pi E f!J. 

DEFINITION 2. A f!J-resolution of a left R-module M is a complex P: .,. -4 

PI ---t Po -4 M -4 0 (not necessarily exact) with each Pi E f!J and such that for any 
pi E f!J the complex Hom(pl,P) is exact. 

Throughout the paper we refer to the complex P. : ... -4 PI -4 Po -4 0 as a 
deleted f!J resolution of M. 

We note that a complex P as in Definition 2 is a f!J-resolution if and only 
if Po -4 M, PI ----t Ker(Po ----t M) and Pi -4 Ker(Pi-l -+ PH) for i ~ 2 are f!J
precovers. If £1} contains all the projective left R-modules then any f!J-precover is 
a surjective map and therefore any f!J-resolution is an exact complex. 

A f!J-resolution of a left R-module M is unique up to homotopy ([3], pg. 169) 
and so it can be used to compute derived functors. 

DEFINITION 3. Let M be a left R-module that has a f!J-resolution P : ... -4 

PI ----t Po ----t M ----t O. Then Ext'J,(M,N) = Hn(Hom(P.,N)) for any left R-module 
N and any n ~ 0, where P. is the deleted resolution. 

We prove the existence of the exact sequence (1). 
Let f!J, C{? be two classes of left R-modules such that Pro) c f!J c ~ where 

Pro) is the class of projective modules. Let M be a left R-module that has both a 
f!J-resolution P:··· -+ PI ----t Po ----t M ----t 0 and a C{?-resolution c:··· ----t CI ----t 
Co----tM----tO. 

Pi E f!J c C{? so Hom(Pi, C) is an exact complex for any i ~ O. It follows that 

there are morphisms Pi ----t C making 

P:··· ~ PI ~ Po ~ M~O 

1 UI 1 Uo II 
C:··· ~ CI ~ Co ~ M ~ 0 

into a commutative diagram. 

Let u: P ----t C, U = (Ui)i>O be such a chain map induced by IdM and let 
M(u) be the associated mapping cone. Since 0 ----t C -+ M(u) -+ P[l] ----t 0 is exact 
and both P and C are exact complexes, the exactness of M(u) follows. M(u) has 
the exact sUbcomplex 0 ----t M ~ M -+ O. Forming the quotient, we get an exact 



392 

complex, M(u), which is the mapping, cone of the chain map u: P. ~ C. (P. and 
C. being the deleted 9, ~-resolutions)\ The sequence 0 ~ C. ~ M(u) ~ P.[I] ~ 
o is split exact in each degree, so for any left R-module N we have an exact 
sequence of complexes 0 ~ Hom(P.[I),N) ~ Hom(M(u),N) ~ Hom(C.,N) ~ 0 
and therefore an associated cohomology exact sequence: ... ~ Hn(Hom(M(u), 
N)) ~ Hn(Hom(C.,N)) ~ Hn+l(Hom(P.[I],N)) ~ Hn+I(Hom(M(u),N)) ~ 
Hn+l(Hom(C.,N)) ~ ... Since M(u) is exact and the functor Hom(-,N) is 
left exact, it follows that HO(Hom(M(u),N)) = HI(Hom(M(u),N)) = O. We 
have HO(Hom(C.,N)) ~ Hom(M,N) and Hl(Hom(P.[I],N)) ~ Hom(M,N). 
So, the long exact sequence above is: 0 ~ Hom(M, N) ~ Hom(M, N) ~ 0 ~ 
HI(Hom(C.,N)) ~ H2(Hom(P.[I),N)) ~ H2(Hom(M(u),N)) ~ ... After fac
toring out the exact sequence 0 ~ Hom(M,N) -=+ Hom(M,N) ~ 0 we obtain the 
exact sequence (1): 

1 1 -I o ~ Extrt(M, N) ~ Extf/(M, N) ~ Extrt.f/(M, N) ~ ... 

We prove that the generalized Tate cohomology E-;trt.f/(M, -) is well defined. 
Let 9, ~ be two classes of left R-modules such that 9 c ~. 

Let P, P' be two 9-resolutions of M and let C, C' be two ~-resolutions 
of M. 

h It fo P: ... ~ PI ~ Po ~ M ~ 0, P ' . I{ P' It' P' 10 M 0 .... ~ I~ o~ ~ 

92 91 90 C : ... ~ CI ~ Co ~ M ~ 0, 

There exist maps of complexes u: P ~ C and v: P' ~ C', both induced 
-( ) 153 152 a, 150 by IdM . M u : ... ~ C3 $ P2 ~ C2 $ PI ~ CI $ Po ~ Co $ M ~ M ~ 0 and 

-- a; a~ a; a~ 
M(v):··· ~ q 61P~ ~ q 61Pf ~ q 61Pb ~ CO 61M ~ M ~ 0 (withbn(x,y) 
= (gn(X) + Un-I (y), -fn-I (y)) for n ~ 1, 15o (x, y) = go(x) + y, b~(x, y) = (g~(x) + 
Vn-I(y), -1:-1 (y)) for n ~ 1, b~(x, y) = gb(x) + y) are the associated mapping 
cones. 

( ) 153 152 g; ( . () M u : ... ~ C3 $ P2 ~ C2 $ PI ~ CI $ Po ~ Co ~ 0 wgh 151 x, y = 
a' a' a' 

gl(x) +uo(y)) and M(v): ... ~ q 61P~ ~ q 61Pf ~ q 61Pb ~ CO ~ 0 (with 
JT(x, y) = gf(x) + vo(y)) are the mapping cones of u : P. ~ C. and v: P'. ~ C' .. 

Since the exact sequence of complexes 0 ~ C ~ M(u) ~ P[I] ~ 0 is split 
exact in each degree, for each RF we have an exact sequence: 0 ~ Hom(F, C) 
~ Hom(F,M(u)) ~ Hom(F,P[I)) ~ O. If FE 9 c ~ then both complexes 
Hom(F,C) and Hom(F,P[I)) are exact, so the exactness of Hom(F,M(u)) 
follows. 

Each Pi E 9, so by the above, the complex Hom(Pi , M(u)) is exact. 
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- fd 
Let M denote the complex 0 -t M -t M -t O. The exact sequence of com-

plexes 0 -t M -t M(u) -t M(u) -t 0 is split exact in each degree. Consequently 

the sequence 0 -t Hom(Pj , M) -t Hom(Pj , M(u)) -t Hom(P/, M(u)) -t 0 is exact 

for any i ;;:: O. Since both Hom(P;, M(u)) and Hom(Pi, M) are exact complexes, it 
follows that 

(2) Hom(P;, M(u)) is an exact complex, 

for any i;;:: O. 
The identity map IdM induces maps of complexes h: p, -t pi, and k: 

C. -t C/,. 

Both v 0 h : P. -t C/. and k 0 u : P. -t C, are maps of complexes induced by 

IdM , so V 0 hand k 0 u are homotopic. Hence there exists Si E Hom(Pi, Cf+l)' i:2: 0 

such that Vo 0 ho - ko 0 Uo = g; 0 So and Vn 0 hn - kn 0 Un = g~+1 0 Sn + Sn-I 0 In for 
any n;;:: l. 

Then W : M(u) -t M(v) defined by Ci5: Co -t Cb, Ci5 = ko, Wn : Cn+1 (f) Pn -t 

C~+l (f) P~, wn(x, y) = (kn+1 (x) - sn(y),hn(y)) for any n:2: 0, is a map of com
plexes. 

The identity map IdM also induces maps of complexes I: pl. -t P., t: 
C /• -t c.. Then to v: pi, -t C. and u 0 I: pl. -t C. are homotopic. 

So we have a map of complexes 1/J : M(v) -t M(u) where 1/Jn : C~+l (f) P~ -t 

Cn+1 (f) Pn is defined by 1/Jn(x, y) = (tn+1 (x) - sn(y), In(Y)), n;;:: 0 (with sn : P~ -t 

Cn+ 1 such that Un 0 In - tn 0 Vn = Sn-l 0 f: + gn+l 0 sn, Vn;;:: 1, Uo 010 - to 0 Vo = 
gl 0 so) and l{J : Cb -t Co, l{J = to· 

We prove that 1/J 0 W is homotopic to IdM(u). 

Since to k : C. -t C. is a chain map induced by IdM , we have to k ~ Ide.. So 

there exist maps fJi E Hom ( Ci , C+l), i;;:: 0 such that to 0 ko - Id = gl 0 fJo and 

ti 0 ki - Id = fJi-1 0 gi + gi+1 0 fJi' Vi;;:: l. 
Let xo: Co -t C1 (f) Po, xo(x) = (fJo(x), 0), Vx E Co. Then 01 0 xo(x) = 

J'; (fJo(x), 0) = gl (fJo(x)) + uo(O) = (to 0 ko - Id)(x) = (l{J 0 Ci5 - Id)(x), Vx E Co. 
We have J;" 0 (1/Jo 0 Wo - xo oJ'; - Id) = J;" 0 1/Jo 0 Wo - (J;" 0 xo) oJ'; - J'; = to 0 

ko 0 J'; - (to 0 ko - Id) 0 J;" - J;" = O. 

Let ro : Po -t C1 (f) Po, ro = (1/Jo 0 Wo - Id - Xo 0 J';) 0 eo with eo : Po -t C1 (f) 

Po, eo(y) = (0, y). We have J'; 0 ro = J'; 0 (1/Jo 0 Wo - Id - Xo 0 J;") 0 eo = O. Since 

ro E Ker Hom(Po,J';) = ImHom(Po,02) (by (2)) it follows that ro = 02 0 Yl for 

some YI E Hom(Po, C2 (f) Pd. Hence (1/Jo 0 Wo - Id - Xo 0 J';)(O,y) = 02(YI (y)). 
Also we have (1/Jo 0 Wo - Id - Xo 0 J;")(x, 0) = 1/Jo(wo(x, 0)) - (x,O) -

Xo(J';(x,O)) = 1/Jo(kl (x), 0) - (x,O) - Xo(gl(x)) = ((tl okl-Id-fJoogl)(x),O) = 
((g2 0 fJI)(X), 0) = 02(fJI (x), 0). 
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So (t/Foo(Oo-Id-Xooli)(x,y) =02 0 XI(x,y) where Xl: CI tBPo ---7 C2 

tB PI, Xl (x, y) = (,81 (x), 0) + YI (y). Hence t/Fo ° (00 - Id = xo ° li + 02 ° Xl· 
Similarly, there exists Xi E Hom ( Cj tB Pi-I, Ci+l tB Pi) such that t/Fi ° (Oi - Id = 

Xi ° Oi+l + Oi+2 ° Xi+b Vi ~ 1. 
Thus t/F ° (0 ~ IdM(u). Similarly, (0 ° t/F ~ IdM(v). Then Hn(Hom(M(v),N)) ~ 

Hn(Hom(M(u),N)) for any RN, for any n ~ o. 

REMARK 1. The proof above does not depend on f!J, ~ containing all the 

projective R-modules. It works for any two classes f!J, ~ of left R-modules such 

that f!J c~. And even without assuming that f!J, ~ contain the projectives we 

still get an Avramov-Martsinkovsky type sequence. Let f!J, ~ be two classes of 

left R-modules such that & c~. If the R-module M has a &-resolution P and a 

~-resolution C then IdM induces a chain map u : P. ---7 C. and we have an exact 

sequence of complexes 0 ---7 C. ---7 M(u) ---7 P.[l] ---70 which is split exact in each 

degree, so 0 ---7 Hom(P.[l]'N) ---7 Hom(M(u),N) ---7 Hom(C.,N) ---70 is still exact 

for any R-module N. Its associated long exact sequence is: 0 ---7 HO(Hom(M(u), 

N)) ---7 Ext~(M,N) ---7 Ext~(M,N) ---7 E-;Ct~ !!i'(M,N) ---7 Ext~(M,N) ---7 ... (with 

E-;Ct~ !!i'(M,N) = Hn+l (Hom(M(u) , N)) for 'any n ~ 0). 

EXAMPLE 1. Let R = Z, & = the class of projective Z-modules, !!I = the 

class of torsion free modules (so f!J c !!I), M = ZI2Z, N = ZI2Z' A f!J-resolution of 

M is 0 ---7 Z ~ Z ~ ZI2Z ---7 O. A !!I-resolution of M is 0 ---7 2i2 ---7 i2 .!..,. 

ZI2Z ---7 0, with rp(f (Xi· 2i) = ao. There is a map of complexes u: P. ---7 T. (P., 
1=0 

T. are the deleted f!J, !!I-resolutions) and the mapping cone M(u): 0 ---7 Z ---7 
2i2 tB Z ---7 i2 ---7 0 is exact. Since the class !!I of torsion free Z-modules co

incides with the class of flat Z-modules and & c!!l, M(u) is an exact sequence 

of flat Z-modules. We have Hom(ZI2Z' Qlz) ~ ZI2Z. SO ZI2Z is pure injective 

and therefore cotorsion. It follows that Hom(M(u), ZI2Z) is an exact complex and 

therefore Ext~ !!i'(ZI2Z,ZI2Z) = 0 for all n. So, in this case, the exact sequence 

o ---7 Ext"}(ZI2~> ZI2Z) ---7 Ext1(ZI2Z' ZI2Z) ---7 Ext"},!!i'(ZI2Z> ZI2Z) ---7 Ext}(ZI2Z> 

ZI2Z) ---7 ... is 0 ---7 Ext"} (ZI2Z > ZI2Z) ---7 Ext1(ZI2Z> ZI2Z) ---70 with Ext1(ZI2Z> 

ZI2Z) ~ ZI2Z· 

3. A vramov-Martsinkovsky's Exact Sequence 

For the rest of the article R denotes a left noetherian ring (unless otherwise 
specified) and R-module means left R-module. For unexplained terminology and 
notation please see [1] and [3]. 
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Proposition 1 below shows that when (!JJ is the class of projective R-modules, 
~ is the class of Gorenstein projective R-modules and M is an R-module of finite 
Gorenstein projective dimension, the modules Ext~.g>(M,N) are the usual Tate 
cohomology modules for any n;;::: 1. 

We recall first the following: 

DEFINITION 4 ([1 D. A complete resolution of an R-module M is a diagram 
T.!:. p ~ M where P ~ M is a projective resolution of M, T is a totally acyclic 
complex, u is a morphism of complexes and Un is bijective for all n» O. If 
T .!:. P ~ M is such a complete resolution of M then for each left R-module Nand 
for each n E Z the usual Tate cohomology module E--;t'R(M,N) is defined by the 
equality Ext'R(M,N) = Hn(Hom(T,N)). 

PROPOSITION 1. If M is an R-module with Gor proj dim M < 00 then for each 
R-module N we have Ext; g>(M,N) ~ Ext'R(M,N) for any n;;::: 1. . 

PROOF. Let g = Gor proj dim M. 
We start by constructing a complete resolution of M. 
f i /9-1 /9-2 P /1 P 7t MO· . 1 I 0 ---t C ---t Pg_I ---t Pg- 2 ---t ... ---t I ---t 0 ---t ---t IS a partia 

projective resolution of M then C is a Gorenstein projective module ([5], 
Theorem 2.20). Hence there exists an exact sequence T: ... ---t p-2 ~ p-I ~ 
pO ~ pI ---t . .. of projective modules such that C = Ker do and Hom(T, P) 
is an exact complex for any projective R·module P. In particular Hom(T,R) is 
exact. Since each pn is a projective module and Hn(T) = 0 = Hn(T*) for any 
integer n, the complex T is totally acyclic. 

Since C = 1m LI = Ker 10-1 and··· ---t p-2 ~ p-I ~ C ---t 0 is exact, 
2 L2 1 iod.I /g-I Ji the complex P:· .. ----+ P- ----+ P- ----+ Pg-I ----+ Pg-2 ----+ ... ----+ PI ----+ 

Po ~ M ----+ 0 is a projective resolution of M. 

T : ... ----+ p-I ~ pO ~ pI ~ ... ----+ pg-2 ~ pg- I ~ pg ----+ ... 

II lUg-I lU9-2 lUI luo 1 
I iod_ I /g-I /g-2 Ji P: ... ----+ P- ----+ Pg_I ----+ Pg- 2 ----+ ... ----+ PI ----+ Po ----+ 0 ----+ ... 

Since Pg_I is projective, the complex Hom(T, Pg-I) is exact. We have i 0 d-l E 

KerHom(d_2,Pg_I) =lmHom(d_I,Pg_I). So there exists Ug-I EHom(pO,Pg_l) 
such that i 0 d_ 1 = Ug_I 0 L I . Similarly there exist Ug-2, ... , Uo that make the 
diagram commutative. Since u : T ---+ P (with Uo, UI, ... , Ug_I as above and Un = 
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Idpu-I-n for n 2':: g) is a morphism of complexes, Un is bijective for n 2':: g, T is a 
totally acyclic complex and P -4 M is a projective resolution of M, it follows that 
T.!:,. P ~ M is a complete resolution of M. 

We use now the projective resolution P and the complete resolution T to 
construct a Gorenstein projective resolution of M. 

Let D = 1m dg-I. Then D is a Gorenstein projective module ([5], Obs. 2.2) 
and there is a commutative diagram: 

with U defined by: U(dg_l(X)) = n(uo(x)). 
Since both rows are exact complexes, the associated mapping cone 

- 6. 0 .50 1 .51 2 1 .5g_ 1 
~ : 0 - C - C $ P - Pg-l $ P - Pg- 2 $ P _ ... - PI $ pg- -
Po $ D L M - 0 is also an exact complex. 

ij has the exact subcomplex: 0 -4 C -=+ C -4.Q. Forming the quotient 
complex, we get an exact complex: 0 _ 0 _ po ~ Pg- 1 $ pi ~ Pg- 2 $ p 2 

1 .50_1 P 
---+···---+PI$pg- ---+Po$D-M---+O. 

Let L be a Gorenstein projective module. Since proj dim Ker 13 < 00, we have 
Ext1(L,Ker 13) = 0 ([5], Proposition 2.3). The sequence 0 -4 Ker.f3 -+ Po $D-4 
M -4 0 is exact, so we have the associated exact sequence: 0 -+ Hom(L, Ker 13) -+ 

Hom(L, Po $ D) -4 Hom(L, M) -+ Ext1(L, Ker 13) = O. Thus Po $ D -4 M is a 
Gorenstein projective precover. Similarly PI $ pg- I -4 Ker 13 is a Gorenstein 
projective precover, ... , po -+ Ker 61 is a Gorenstein projective precover, so G : 
0-4 po -4 Pg-I $ pi -+ Pg-2 $ p2 -+ ... -4 Po $ D -+ M -40 is a Gorenstein 
projective resolution of M. 

There is a map of complexes e: P -+ G 

... ---+ p-2 ~ p-I ~ 10-1 
~ ... ----+ Ji 

---+ ~M---+O Pg- I 

1.0- 1 II 
"'---7 o ---+ 

o JO I 01 I 00_1 P P ---+ Pg-I EfJ P ---+ ... ---+ PI EfJ pg- ---+ Po EfJ D ---+ M ---+ 0 

with 

eo : Po -+ Po $ D, eo(x) = (x, 0) 

ej : Pj -+ Pj $ pg-j, ej(x) = (x, 0) 1 S j s g - I 



Generalized Tate cohomology 397 

P is a projective resolution of M, G is a Gorenstein projective resolution of 
M and e: P ---+ G is a chain map induced by ldM, so EXt~,@(M, N) == 
Hn+I(Hom(M(e),N)), 'In ~ 0, where M(e) is the mapping cone of e: P. -+ G •. 

Let 

-T' d-2 p-l d_1 pO pg-2 dg-2 pg-l dg_1 D 0 
. . .• ----7 ----7 ----7 ... ----7 ----7 ----7 ----7. 

We prove that M(e) and 1'[1) are homotopically equivalent. 
There is a map of complexes (X: 1'[1] ---+ M(e) with 
(Xo : pO --+ pO $ Pg-I, (Xo(x) = (x, -Ug-I (x)) 'Ix E pO; 
(Xj : pj ---+ Pg_j $ pj $ Pg-j- l, (Xj(x) = (0, x, -Ug-j-l (x)), 'Ix E pj, 1:::;; j :::;; 

g-1 
(XI: D ---+ Po $ D, (X/(X) = (0, x) 'Ix E D; (Xj = -ldp} if j:::;; -1 is odd; (Xj = 

ldp } if j:::;; -1 is even. 
There is also a map of complexes I: M(e) ---+ T[I): 
10 : pO $ Pg-I ---+ pO Io(x, y) = x Vex, y) E po $ Pg- 1 

~ : Pg-j $ pj $ Pg-j- l ---+ pj ~(x, y, z) = y vex, y, z) E Pg_j $ pj $ Pg-j-l 1:::;; 
j:::;;g-l 

(3) 

II: po $ D ---+ D II(x, y) = y vex, y) E po $ D 

~ = -ldp} if j:::;; -1 is odd; ~ = ldp} if j:::;; -1 is even. 
We have 

10 (X = ldf[l] and (X 0 I '" IdM(e) 

(a chain homotopy between (X 0 I and ldM is given by the maps: 
Xo : Po $ D ---+ PI $ pg-l $ Po, Xo(x, y) = (0,0, -x) 
Xj : Pj $ pg-j $ Pj- l ---+ Pj+1 $ pg-j-l $ Pi> Xj(x, y, z) = (0,0, -x), 1:::;; j :::;; 

g-2 
Xg-l : Pg- 1 $ pi $ Pg- 2 --+ po $ Pg-I, Xg-I (x, y, z) = (0, -x)) 
By (3) we have Hn+I(Hom(M(e),N)) ~ H n+l (Hom(ff[l), N)) that is 

&t;,f/(M,N) = &t'R(M,N), for any RN, for all n ~ 1. 0 

COROLLARY 1 (Avramov-Martsinkovsky). Let M be an R-module with 
Gor proj dim M = g < 00. For each R-module N there is an exact sequence: 0---+ 
ExtMM,N) --+ Ext1(M,N) ---+ &t1{M,N) --+ ... ---+ Ext;(M,N) ---+ Ext'R(M,N) 
--+ E'"?t'R(M, N) --+ ... ---+ Ext~(M, N) ---+ E'"?t~(M, N) --+ O. 

PROOF. By (1) there is an exact sequence: 0 ---+ Ext~(M,N) ---+ Ext1{M,N) 
-1 ---+ Ext'§ f/(M, N) ---+ .... 
By 'Proposition 1 we have &t~,f/(M, N) ~ E'"?tMM, N), Vi ~ 1. 
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Since Ext~+i(M,N) = 0, Vi;?; 1 the exact sequence above gives us: 0---7 

ExtMM,N) ---7 Ext1(M,N) ---7 Ext1(M,N) ---7 ... ---7 Ext?,(M,N) ---7 Ext'R(M,N) 
---7 Ext'R(M,N) ---7 ... ---7 Ext~(M,N) ---7 Ext~(M,N) ---7 O. 0 

4. Computing the Tate Cohomology Using Complete Injective Resolutions 

The classical groups Ext'R(M, N) can be computed using either a projective 

resolution of M or an injective resolution of N. In this section we want to prove 

an analogous result for the groups E~'R(M,N). We note that we cannot use a 
straightforward modification of the proof in classical case. This is basically 

because the associated double complex in our case is not a first (or third) 
quadrant one and so we cannot use the usual machinery of spectral sequences. 

We start by defining a complete injective resolution. 

Let N be an R-module with Gor inj dim N = d < 00. 

If 0 --t N --t EO ~ EI ~ ... --t Ed-I ~ H --t 0 is a partial injec

tive resolution of N, then H is a Gorenstein injective module ([5], Theorem 2.22). 

Hence there exists a Hom(Inj, -) exact sequence 

of injective modules such that Iff is exact and H = Kerdo ([3], 10.1.1). 
We say that Iff is a complete injective resolution of N. 

-. def· 
For each module RM and each i E Z let Ext1.(M,N) = H' (Hom(M, Iff)). 
We prove that any two complete injective resolutions of N are homotopically 

equivalent. 
-I g-l 0 gO I gl 2 - --1 g~l -0 go Let Iff : ... --t I --t I --t I --t I --t... and Iff : ... --t I --t I --t 

JI -.!!.L . .. be two complete injective resolutions of N corresponding to two 

injective resolutions, .A' and Y, of N (H = Ker go = 1m g_1 is the dth cosyzygy 

of .A' and H = Ker go = 1m g~1 is the dth cosyzygy of Y). 
If .Yt' is the injective resolution of H obtained from .A' and .it is the. 

injective resolution of H obtained from Y then .Yt' and .it are homotopically 
equivalent (since the two injective resolutions of N, .A' and Y, are homotopically 

equivalent) . 
Since Iff' : 0 ---7 H ---7 10 ---7 II ---7 ... is an injective resolution of H it follows 

that Iff' and .Yt' are homotopically equivalent. Similarly $': 0 ---7 H ---7 10 ---7 J1 
---7 . .. is homotopically equivalent to .it. Then, by the above, Iff' and $' are 

homotopically equivalent. So there exist chain maps u : Iff' ---7 $' and v : $' ---7 Iff' 

(u defined by it E Hom(H,H), Uj E HomW,P), j;?; 0 and v defined by v E 
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Hom(H,H) and Vj E Hom(P,P)), there exist P E Hom(IO, H), Pj E Hom(Ij,P-I), 
j Z 1 such that ii 0 U - Id = poi (where i: H --4 1° is the inclusion map), and 

Vo 0 Uo - Id = PI 0 go + i 0 p, 

Vj 0 Uj - Id = gj_1 0 Pj + PHI 0 gj, Vj z 1. 

Since Iff" : ... --.. 1-2 --.. I-I --.. H --40 is an injective resolvent of H ([2]').3) and 
Iff" : ... --.. [-2 --.. I-I --.. H --.. 0 is an injective resolvent of H, U E Hom(H, H) 

induces a map of complexes u: Iff" --.. Iff", U = (Uj)j5,_I' Similarly, there is a map 
of complexes v: Iff" --.. Iff", v = (Vj)j5,_I' induced by ii E Hom(H, H). 

Since 1° is injective and g_1 : I-I --.. H is an injective precover, there exists 

Po E Hom(I° ,I-I) such that P = g-I 0 Po. So Vo 0 Uo - Id = PI 0 go + i 0 P = PI 0 

go + g-I 0 Po. 
We have g_1 0 (V-l 0 U-l - Id - Po 0 g-l) = 0 <=> Im(v-l 0 U-l - Id - Po 0 g-l) 

c Ker g_l. Since I-I is injective and 1-2 .!'.::3:., Ker g-1 is an injective precover, there 

is P_I E Hom(I- 1, 1-2) such that V-I 0 U-l - Id - Po 0 g-1 = g-2 0 P-l' 
Similarly, there exist Pj EHom(Ij,Ij-l), Vj~-l such that vjouj-Id= 

Pj+1 0 gj + gj-l 0 Pj' Vj ~ -1. Thus v 0 U ~ Id,. Similarly U 0 v ~ Idj . 

Hence Hi(Hom(M, Iff)) ~ Hi(Hom(M, $)) for any RM, for all i E Z. 
So Ext'R( -, N) is well-defined. 
If .!V. is a deleted injective resolution of N, C#. is a deleted Gorenstein 

injective resolution of N and v: C#. --...!V. is a chain map induced by IdN then 
a dual argument of the proof of Theorem 1 shows that the cohomology of 
Hom(M,M(v)) gives us the functor ExtR(M,N) and that there is an exact 
sequence 

o --.. Ext~§(M,N) --.. Exth{M,N) --.. Ext1(M,N) --.. Ext~§(M,N) 

--.. ... --.. Ext;§(M, N) --.. Ext~(M, N) --.. Ext~(M, N) --.. 0 

where Ext~§(M,N) = Hi(Hom(M, C#.)) for any i z O. 
If Gor proj dim M < 00 then Ext~(M, N) ~ Ext~§(M, N) for any i z 0 ([4], 

Theorem 3.6). 
Thus we have: 

THEOREM 1. Let N be an R-module with GorinjdimN = d < 00. For each 
R-module M with Gor proj dim M < 00 there is an exact sequence: 

o --.. Ext~(M, N) --.. Ext1(M, N) --.. Ext1(M, N) --.. ... 
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Theorem 2 shows that over Gorenstein rings Ext;(M,N) ~ &t'R(M,N) for any 
left R-modules M and N, for any n E Z. 

THEOREM 2. If R is a Gorenstein ring then Ext;(M,N) ~ E-;(t'R(M,N) for 
any R-modules M, N for any n E Z. 

PROOF. Let g = Gor proj dim M and d = Gor inj dim N. R is a Gorenstein 

ring, so g < ex) ([3], Corollary 11.5.8) and d < ex) (this follows from [3], Theorem 
11.2.1 ). 

We are using the notations of Proposition 1 and Theorem 1. 

• We prove first that if M is Gorenstein projective then fut'R(M,N) ~ 
Ext'R(M, N) for any n E Z. 

Since M is Gorenstein projective we have a complete resolution T ~ P ~ M 
with Tn = pn, 'Vn;::: 0 and Un = idpn, 'Vn;::: O. 

So 

(4) E-;(t'R(M,N) ~ Ext'R(M,N) 'Vn;::: 1 

We have the exact sequence (by Theorem 1): 

o -+ Ext~(M,N) -+ Ext1(M,N) -+ Ext1{M,N) -+ Ext~(M,N) -+ ... 

Since Ext~(M, N) = 0, 'Vi;::: 1 it follows that 

(5) Ext~(M,N) ~ Ext~(M,N), 'Vi;::: 1 

By (4) and (5) we have Ext1(M,N) ~ E-;(t1(M,N) ~ Ext1(M,N), for all i;::: 1. 

• Case nsO 

Let n = -k, k;::: O. 
Let $ be a complete injective resolution of N. 
Since T: ... ----* p-2 ~ p-I ~ pO ~ pI ~ p2 ----* ... is exact with each 

pi projective and such that Hom(T, Q) is exact for any projective module Q, it 
follows that Mi = 1m di is a Gorenstein projective module for any i E Z ([5], Obs. 
2.2). 

Let MI = 1m dl . Since 0 -+ M -+ pI -+ MI -+ 0 is exact and all the terms 

of $ are injective modules, we have an exact sequence of complexes 0-+ 
Hom(MI, $) -+ Hom(pl, $) -+ Hom(M, $) -+ 0 and therefore an associated long 
exact sequence: 
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(6) ••• -T Hi(Hom(pl, S)) -T Hi(Hom(M, S)) 

-T Hi+I(Hom(M\S)) -T Hi+1(Hom(pl,S)) -T'" 

Since a complete injective resolution S of N is exact and pi is projective, 
the complex Hom(pl, S) is exact. Then, by (6), we have Hi(Hom(M, S)) !::::! 

H i+1 (Hom(MI , S)) {:} Ext1(M,N) !::::! Ext1+I(Ml,N) for any RN, for any i E Z. 

Similarly, 

(7) Exti (M N) '" Exti+k+1 (Mk+1 N) R , - R , 

for any RN for all i E Z where Mk+l = 1m dk+1 E Gor Proj. 

Since R is a Gorenstein ring there is an exact sequence 0 -T G' -T L' -T 

N -T 0 with proj dim L' < 00 and G' a Gorenstein injective module ([3], Exercise 
6, pp. 277). 

Since each term of a complete resolution T is a projective module, we have 
an exact sequence of complexes 0 -T Hom(T, G') -T Hom(T,L') -T Hom(T,N) 

-T 0 and therefore an associated long exact sequence: 

(8) ... -T Hi(Hom(T, G')) -T Hi(Hom(T,L')) -T Hi(Hom(T,N)) 

-T Hi+I(Hom(T, G')) -T Hi+I(Hom(T,L')) -T'" 

Since proj dim L' < 00 it follows that Hom(T, L') is an exact complex ([5], 
Proposition 2.3). Then, by (8), we have Hi(Hom(T,N))!::::! Hi+I(Hom(T, G')) 

that is 

(9) EXt i (M N) '" E-;ti+I(M G') R , - R , 

for any i E Z and for any RM. 
- - g 2 - g I - go - gl -

Let S:··· ---+ E-2 ~ E_I ~ Eo ---+ EI ---+ E2 ---+ . .. be a complete 
injective resolution of the Gorenstein injective module G' (G' = Ker go = 1m g-I) 

and let Gi = Ker gi. 

We have (same argument as above) 

(10) --. --'+k+1 Ext~(M,N) !::::! Ext~ (M, G-k) , Vi E Z 

for any RM, where G-k = Ker g-k. 
By (7), Extik(M, N) !::::! Ext1{Mk+l , N) !::::! Ext1(Mk+l , N) !::::! E-;t1(Mk+l, N), 

(since M k+1 is Gorenstein projective). Then, by (10), E-;t1(Mk+l , N) !::::! 

E-;t~+2(Mk+l, G-k) !::::! Ext~+2(Mk+l, G-k). 

So Extik(M,N) !::::! Ext~+2(Mk+l, G-k). 
---k --I I -I By (10), ExtR (M,N)!::::! ExtR(M, G-k) !::::! ExtRCM, G-k) !::::! ExtRCM, G-k), 



402 Alina lACOB 

(since M is Gorenstein projective). Then, by (7), Ext1(M, G-k) ~ Ext~+2(Mk+!, 
G-k) ~ Ext~+2(Mk+!, G-k). 

So &r;k(M,N) ~ Ext~+2(Mk+!, G-k) ~ Ext";k(M,N) for any k E Z, k ~ o. 
Hence ExtJ?(M,N) ~ &tJ?(M,N) for any nEZ, if M is Gorenstein pro

jective. 
Similarly, ExtJ?(M,N) ~ &tJ?(M,N) for any nEZ, if N is Gorenstein 

injective . 

• Case g = Gorprojdim M ~ 1 

R is a Gorenstein ring, so there is an exact sequence 0 -4 M -4 L -4 C' -4 0 with 
proj dim L < ex:> and C' a Gorenstein projective module (the same argument used 
in [6], Corollary 3.3.7, gives this result for R-modules). 

Since proj dim L < ex:> it follows that 

(11) Hom(L, S) is an exact complex. 

Since 0 -4 M -4 L -4 C' -4 0 is exact and each term of S is an injective 
module we have an exact sequence of complexes 0 -4 Hom(C',S) -4 Hom(L,S) 

-4 Hom(M, tC) -4 0 and therefore an associated long exact sequence: ... -4 

Hn(Hom(C',tC)) -4 Hn(Hom(L,tC)) -4 Hn(Hom(M,S)) -4 H n+! (Hom(C', S)) -4 

H n+! (Hom(L, tC)) -4 ... 

By (11) we have Hn(Hom(L, S)) = 0 \In E Z. So 

(12) 

for any RN, for any n E Z. 
So Ext'R(M,N) ~ Ext'R+!(C',N) ~ &t'R+!(C',N) (since C' E Gor Proj) for 

any RN, for all n E Z. 
By (9) &t'R+! ( C', N) ~ E--;Ct'R+2 ( C', G') \In E Z. (where 0 -4 G' -4 L' -4 N -4 

o is exact, G' E Gor inj, L E Sf) 
Hence ExtJ?(M,N) ~ &t'R+2(C', G') \In E Z. 

By (9) E--;Ct'R(M,N) ~ E--;Ct'R+!(M, G') ~ Ext'R+!(M, G') (since G' is Goren
stein injective), for all n E Z. Then, by (12) Ext'R+!(M, G') ~ Ext'R+2(C', G') ~ 

E~'R+2(C',G') (since C' is Gorenstein projective) for all nEZ. 

Hence Ext'R(M,N) ~ &t'R+2(C', G') ~ E--;Ct'R(M,N) \In E Z. 0 

REMARK 2. Theorem 2 shows that over Gorenstein rings there is a new way of 

computing the Tate cohomology, i.e. by using a complete injective resolution of N. 
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In a subsequent publication we hope to show how we can exploit this procedure 

to gain new information about Tate cohomology modules. 

Theorem 1 together with Theorem 2 give us the following result: 
Let R be a Gorenstein ring, let N be an R-module with Gor in} dim N = 

d < 00. For each R-module M there is an exact sequence: 

0-+ Ext1(M',N) -+ Ext1(M,N) -+ Ext1(M,N) -+ ... 

-+ Ext~(M, N) -+ E--xt~(M, N) -+ O. 

Theorem 2 allows us to give an easy proof of the existence of a long exact 
sequence of Tate cohomology associated with any short exact sequence 0-+ 
M' -+ M -+ Mil -+ O. 

THEOREM 3. Let R be a Gorenstein ring. Let 0 -+ M' -+ M -+ Mil -+ 0 be 

an exact sequence of R-modules. For any R-module N there exists a long exact 

sequence of Tate cohomology modules ... -+ Ext'R(M",N) -+ Ext'R(M,N) -+ 

Ext'R(M',N) -+ Ext'R+1(M",N) -+ ... 

PROOF. Let tff be a complete injective resolution of N. Then, by Theorem 2, 
Ext'R(M,N) ~ Hn(Hom(M, tff)) for any RM and any n E Z. 

Since 0 -+ M' -+ M -+ M" -+ 0 is exact and each term of tff is an injec
tive module, we have an exact sequence of complexes: 0 -+ Hom(M", tff) -+ 

Hom(M, tff) -+ Hom(M', tff) -+ O. 
Its associated cohomology exact sequence is the desired long exact sequence. 

D 

REMARK 3. 1. Asadollahi and Sh. Salarian also have a proof of the claim of 

Theorem 2 in a recent preprint (Gorenstein Local Cohomology Modules) of theirs. 
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