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CR EINSTEIN-WEYL STRUCTURES 

By 

Takaaki OHKUBO and Kunio SAKAMOTO 

Abstract. An Einstein-Weyl structure is a natural generalization of 
an Einstein structure within the framework of conformal geometry. 
We are interested in considering an Einstein-Weyl structure on a 
CR manifold. A CR manifold has a conformal structure only on 
its hyperdistribution. In this paper, on a CR manifold we naturally 
define an Einstein-Weyl structure closely related to the conformal 
structure on the hyperdistribution. 

O. Introduction 

A conformal structure on a differentiable manifold is a conformal equivalence 
class of Riemannian metrics (or pseudo-Riemannian metrics) on the manifold. On 
a conformal manifold, the objects which are invariant for every Riemannian 
metric included in the conformal class are important, or more strictly, the object 
except for them does not have significance. Weyl conformal curvature tensor is 
representative one of them. It is interesting to consider whether the results 
obtained in conformal geometry also hold in CR geometry. In this paper, we 
study an analogy of Weyl structure in CR geometry. A CR structure on an odd 
dimensional manifold is a pair (£0, J) of a l-codimensional sub bundle £0 of the 
tangent bundle and a complex structure J on £0 with a certain integrability 
condition. Assuming the nondegenerate property for £0, we have a conformal 
class of fiber metrics on £0. It is well-known that Bochner curvature tensor is one 
of the objects which are invariant for this conformal class on CR manifolds. 

In this paper, we discuss a structure analogous to Einstein-Weyl structure on 
a conformal manifold and especially consider whether we can comfortably define 
this structure for a conformal class on £0. An Einstein-Weyl structure is a natural 
generalization of an Einstein structure within the framework of conformal ge-

2000 Mathematics Subject Classification. Primary 53c25; Secondary 53c26. 
Received February 23, 2004. 
Revised November 29, 2004. 



310 Takaaki OHKUBO and Kunio SAKAMOTO 

ometry. Strictly speaking, Einstein-Weyl structure is a pair of ([g], D) of a 
Riemannian metric class [g] and a linear connection D, preserving [g], whose 
Ricci tensor satisfies an equation that the symmetric part is proportional to g 

pointwise. On a CR manifold there are naturally almost contact structures 
(¢, C" e) which determine a conformal class on £'2. Therefore almost contact 
structures (¢, C" e) associated with (£'2,J) correspond to Riemannian structures in 
conformal geometry. Furthermore, a connection corresponding to Levi-Civita 
connection is defined by Tanaka [11], which is called Tanaka connection. We 
need to define a connection which preserves the conformal class on £'2. Such 
connection corresponds to the Weyl connection D. 

In Section 1, we recall the definition of Einstein-Weyl structure and relation 
between a Weyl connection D and Levi-Civita connection V of a Riemannian 
metirc included in a given conformal structure (cf. [7], [8]). This section will be 
useful to understand the analogy mentioned above. In Section 2, we recall the 
definition of CR structure, results obtained in [9] and certain cochain complex 
{CM(M),d"} defined by Tanaka [11]. In Section 3, we define CR Weyl 
connection and study the relation between CR Weyl connection D and Tanaka 
connection V, where Tanaka connection V is a unique linear connection asso­
ciated with almost contact structure (¢, C" e) introduced in Section 2. In Section 4, 
we see a CR Weyl connection from the standpoint of the frame bundle. Section 5 
is devoted to the study of curvature tensor of a CR Weyl connection. In Section 6 
we study the relation between the curvature tensor of a CR Weyl connection and 
that of a Tanaka connection. In fact, we obtain an equation including these two 
tensors, which is similar to the equation appearing in [2]. Using this equation, we 
define a CR Einstein-Weyl structure in a natural fashion. In the last section, we 
introduce an example of a CR Einstein-Weyl manifold. In fact, we see that 
SO(3)-bundle over a quaternion Kahler manifold admits a CR Einstein-Weyl 
structure. 

1. Einstein-Weyl Structures 

Let M be an n-dimensional manifold with a conformal class [g]. A Weyl 

connection on M is a torsion-free linear connection which satisfies the following 
condition: 

(1.1 ) Dg = -2p@g 

for some I-form p. If we choose gl = e2Jlg. for a smooth function fl in the 
conformal class [g], we have a I-form pi = P - dfl instead of p for the equation 
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(1.1). From this we can say that a Weyl connection D preserves the conformal 
class [g]. Let ([g], D) be a pair of a conformal class [g] and a Weyl connection 
preserving it. A pair ([g], D) is called a Weyl structure on M and if M admits a 
Weyl structure, then (M, [g], D) is called a Weyl manifold. We can also say that 
a Weyl connection is a torsion-free linear connection which is reducible to a 
connection in CO(M) corresponding to the conformal class [g], where CO(M) is 
a subbundle in the frame bundle F(M) with a structure group CO(n). 

Now let V' be the Levi-Civita connection of 9 on a Weyl manifold M. We 
can write D = V' + H where H is a tensor field of type (1,2). Then we have 
from (1.1) 

(1.2) H(X, Y) = p(X) Y + p( Y)X - g(X, Y)P 

for X, Y E X(M), where P is the dual vector field of p with respect to g. 
Conversely if we define D with (1.2) for an arbitrary pair (p, g), D satisfies the 
equation (1.1). Therefore we see that an arbitrary pair (p,g) determines a Weyl 
structure on M. 

Now let rD be the Ricci tensor of a Weyl connection D. Note that as D is not 
a metric connection, rD is not necessarily symmetric. A Weyl structure ([g], D) is 
called an Einstein- Weyl structure if the symmetric part of rD is proportional to 9 

pointwise. Note that the proportional factor may be non-constant. If M admits 
an Einstein-Weyl structure ([g],D), then M is called an Einstein-Weyl manifold. 

Now if we let r" be the Ricci tensor of the connection V', then rD and r" are 
related by the following equation (cf. [7], [8]): 

(1.3) rD(X, Y) = (1 - n)(V'xp)(Y) + (V'yp)(X) + (n - 2)p(X)p(Y) 

+ g(X, Y)(Jp + (n - 2)g(P, P)) + r" (X, Y) 

for X, Y E X(M), where Jp denotes the codifferential with respect to g. 

We have the following local characterization of Einstein-Weyl structures (cf. 
[7], [8]): 

PROPOSITION 1.1. Let (p, g) be a Weyl structure on M. Then (p, g) is an 

Einstein- Weyl structure if and only if there exists a smooth function A on M 

satisfying the equation 

2-n " -2-((V'xP)(Y) + (V'yp)(X) - 2p(X)p(Y)) + r (X, Y) = Ag(X, Y) 

for every X, Y E X(M). 
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2. CR Structure and Tanaka Connection 

Let M be a connected differentiable manifold of dimension 2n + I (n ~ 1). 
An almost contact structure on M is a triplet of a (1, 1) tensor field </>, a vector 
field e and a I-form 0 satisfying 

(2.1) O(e) = 1, </>2 = -J +o®e 

which imply 

(2.2) </>e = 0, 00 </> = ° and rank </> = 2n, 

where J denotes the identity transformation. An almost contact structure (</>, e, 0) 
naturally corresponds to a reduced bundle in the frame bundle F(M) with 
structure group 

Now let 92 denote a I-codimensional subbundle of the tangent bundle TM, 
which is called a hyperdistribution. A cross section J of the bundle 92 ® 92* 
satisfying J2 = -J is called a complex structure on 92, where 92* is the dual 
bundle of 92. 

If M admits a pair (92, J), there is always a locally defined almost contact 
structure (</>, e, 0) satisfying that the I-form 0 annihilates 92 and the restriction of 
</> to 92 coincides with J. In fact, since there always exists a I-form 0 annihilating 
92 in each coordinate neighborhood U of M, we have a vector field e on U in 
such a way that O(e) = 1. Then we can define, on U, a (1,1) tensor field </> by 

</>(V) = J(V - O(V)~) 

for V E X(U) because V - O(V)e belongs to 92. We shall denote V - O(V)e by 
V~e and call 92-component of V with respect to e. Then a straightforward 
calculation shows that (</>, e, 0) is an almost contact structure on U. An almost 
contact structre (</>, e, 0) such that the I-form 0 annihilates 92 and the restriction 
of </> to 92 coincides with J is said that the almost contact structure (</>,~, 0) 
belongs to the pair (92,J). In addition, if M is orientable, there are globally 
defined almost contact structures (</>,~, 0) belonging to (92, J). A I-form 0 
annihilating 92 is determined up to a non-vanishing smooth function. Moreover 
we have 

d(fO)(X, Y) = f dO(X, Y) 
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for every X, Y E q.@) and smooth function j, where q.@) denotes the set of 
cross sections of the vector bundle .@ on M. Therefore, in virtue of this fact, the 
following definition is well-defined. If de is nondegenerate on .@, then (.@,J) is 
said to be nondegenerate. 

A pair (.@,J) is called a CR structure if the following two conditions hold: 

(C.I) 

(C.2) 

[JX,JY)- [X, Y) E q.@) 

[JX, JY) - [X, Y) - J([X, JY) + [JX, Y)) = 0 

for every X, Y E q.@). If M admits a CR structure (.@,J), then M is called a CR 
manifold. In the sequel, (.@,J) will be a nondegenerate CR structure. 

Now let M be a connected orientable manifold furnished with a CR structure 
(.@,J) and (rP, (" e) an almost contact structure belonging to (.@,J). Define w by 

(2.3) w = -2 de. 

Then w satisfies 

(2.4) w(JX, JY) = w(X, Y) 

for every X, Y E q.@) because of the condition (C. I). Moreover define g: 
.@ x.@ -t R by 

(2.5) g(X, Y) = w(JX, Y), 

which satisfies the equations 

(2.6) g(X, Y) = g(Y,X), g(JX,JY) = g(X, Y) 

for every X, Y E q.@). Therefore g is symmetric, Hermitian and nondegenerate, 
which is called Levi metric. 

From a given almost contact structure belonging to (.@,J) we can always 
make an almost contact structure which belongs to the same (.@,J) and satisfies 
the following condition 

(cf. [9)). This condition (*) is equivalent to 

(2.7) !l't,{} = 0 or w(("X) = 0 

for X E.@, where !l't, denotes the Lie differentiation with respect to (,. Such an 
almost contact structure is denoted by (rP, (" er and we call it a .@-preserving 
almost contact structure. We shall restrict our attention to the family of .@-
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preserving almost contact structures which belong to CR structure (f.0, J). The 
following result is proved in [9): 

LEMMA 2.1. If (rjJ,(,8)* and (rjJ',(',8')* belong to (f.0,J), then they are 
related by 

where 8= ±1, Jl is a smooth function, P* Er(f.0) is defined by g(P*,X) =dJl(X) 
for X E r(f.0) and Q* = JP*. 

Next we shall explain Tanaka connection associated with (rjJ, (, 8)* and how 
the connection changes under (2.8). We don't have to assume the condition (C.2) 
so far, but we need to assume the condition (C.2) for the next lemma (cf. [9), 
[12)). 

LEMMA 2.2. Let (rjJ, (,8)* be a f.0-preserving almost contact structure. Then 

there exists uniquely a linear connection V such that VrjJ = 0, V¢ = 0, V8 = 0, 
VOg = 0, T!!iJe = 0 and T(¢,X) = -1/2rjJ(.9!~rjJ)X, where VO denotes the induced 
connection on the hyperdistribution f.0 and T!!iJe(X, Y) the f.0-component of the 
torsion tensor T(X, Y) of V with respect to ¢ for X, Y E r(.::0). 

REMARK. We put FV = T((, V) for V E TM. Note that F is symmetric with 
respect to g and anticommutes with J (cf. [9)). 

The linear connection stated in the above lemma is called Tanaka connection 
associated with (rjJ,¢,8)*. We give the following (cf. [9)). 

LEMMA 2.3. Let (rjJ,(,8)* and (rjJ',(',8')* be two f.0-preserving almost con­
tact structures which belong to the CR structure (f.0,J). Let V and V' be Tanaka 
connections associated with (rjJ, ¢, 8)* and (rjJ', (', 8')* respectively. Define the 
difference H between V and V' by 

H(V, W) = V~W - VvW, V, WE X(M). 

Then we have 

(2.9) H(X, Y) = p*(X)Y + p*(Y)X - g(X, Y)P* 

+ q*(X)JY + q*(Y)JX - g(JX, Y)Q*, 



CR Einstein-Weyl Structures 315 

(2.10) H(I;,X) = '1hxP* + VxQ* - 2q*(X)P* + 2p*(X)Q* + 2g(P*,P*)JX, 

for every X, Y E r(£&), where p* = dp and q* = -p* 0 ¢. 

REMARK. We have g(P*, X) = p*(X) and g(Q*, X) = q*(X) for every 
X E r(£&). 

Next we shall introduce a cochain complex {Cp,q,d"} of a CR manifold M 
with complex coefficients, which corresponds to that in the case of a complex 
manifold (cf. [llD. We shall use the following fact in Section 6. 

Let (£&,J) be a nondegenerate CR structure of a (2n + I)-dimensional 
orientable manifold M. Then the complexification CTM of the tangent bundle 
TM is decomposed as CTM = C£& EB g where C£& is the complexification of £& 
and g is a trivial line bundle isomorphic with CTM /C£&. The complex structure 
J on £& can be uniquely extended to a complex linear endomorphism of C£& and 
the extended endomorphism will be also denoted by J. Let £&1,0 (resp. £&0,1) be a 
subbundle of C£& composed of the eigenvectors corresponding to i (resp. -i) of 
the endomorphism J. Note that £&0,1 = ~I,O, where the notation "bar" denotes 
the conjugate operator. It is clear that conditions (C.l) and (C.2) are equivalent 
to 

(2.ll) 

Now we put Ak(M) = r(Ak(CTM)) and denote by FP(/\!'(CTM)) the 
subbundle of Ak(CTM) consisting of alllj; E Ak(CTM) which satisfy the equality: 

(2.12) 

for all Xl, ... ,Xp_1ECTM and Yl, ... ,Yk_p+1E£&I,O. Note that we define 
FO(Ak(CTM)) = Ak(CTM). Then we have 

(2.13) FP+l(Ak(CTM)) c FP(Ak(CTM)), FP+l(AP(CTM)) = o. 

Furthermore putting AM(M) = r(FP(Ap+q(CTM))), we easily find that 

(2.14) dAM(M) c AM+l(M), 

because of (2.11). Moreover putting CM(M) = AM(M)/Ap+l,q-l(M), then we 
have the well-defined operator d": CM(M) ~ CM+l (M) which is naturally 
induced from the operator d satisfying (2.14). And we obtain the cochain 

complex 

(2.15) 0 ~ QP ~ CP,o(M) ~ CP,I(M) ~ CP,2(M) ~ ... , 
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where QP denotes the kernel of CP.O(M) ----7 CP.I(M), whose element is called a 
holomorphic p-form in the mean of CR geometry. Since AM(M) = AP+I.q-I(M) 
EB CM(M), we have the decompositon: 

q 
AM(M) = E8 CP+q-i.i(M). 

i=O 

Now for t/J E CM(M) we have dt/J E AM+I(M) or more precisely the following 
fact is well-known (cf. [11]): 

(2.16) dt/J E CP+2.q-I(M) EB Cp+l·q(M) EB CM+I(M). 

Consequently dt/J can be written uniquely in the form: 

dt/J = At/J + d't/J + d"t/J, 

where At/J E CP+2.q-I(M) and d't/J E Cp+l·q(M). For any t/J E CM(M), At/J, d't/J 

and d"t/J are described as follows: 

(2.17) (At/J)(X1, ••• ,Xp+2, :I'l, ... , Yq-l) 

= I "(-I)HJl+lt/J(T(X X) 
p + q + 1 ~ ..l, Jl, 

..l<Jl 

(-IV {" HI -.:::.-= I ~(-I) (Vyt/J)(XI, ... ,Xp,YI, ... ,Y..l, ... ,Yq+I), 
p+q+..l ' 

..l.Jl 

for Y..l E ~1.0 and X..l E ~1.0 EB 2, where V is a Tanaka connection associated 
with some ~-preserving almost contact structure (¢, f" 8) * and T is the torsion 
tensor of V. Note that 2 = C ® span{f,}. 
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3. CR Weyl Structures 

Let (M, P2,J) be a connected orientable (2n + I)-dimensional manifold 
furnished with a nondegenerate CR structure (P2,J). Under the notation of 
lemma 2.1, if g and g' are the Levi-metrics made from () and ()' respectively, we 
have 

(3.1) 

Therefore the family of P2-preserving almost contact structures which belong 
to the CR structure (P2,J) induces pseudo conformal geometry only on the 
hyperdistribution P2. We shall naturally define a certain Weyl structure with 
respect to this pseudo conformal geometry. The word "naturally" of the above 
sentence means that the relation between a CR Weyl connection of the CR 
structure (P2,J) and a Tanaka connection of a P2-preserving almost contact 
structure belonging to (P2,J) is analogous to that between a Weyl connection of 
a conformal class and Levi-Civita connection of a Riemannian metric in the 
conformal class. 

DEFINITION. Let (¢J, c" ())* be an arbitrary P2-preserving almost contact 
structure belonging to (P2, J). A linear connection D on M is a CR Weyl 
connection if, for every V E X(M), X, Y E reP2) and for some I-form p on M, the 
following conditions are satisfied: 

(a) Dv() = -2p(V)() 

(b) Dvc,p = 2p( V)c,p 

(c) DTJ=O 

(d) D~g = -2p(V)g 

(e) T(X, Y) = -w(X, Y)c,p 

(f) 
1 

T(c,p,X) = -"2¢Jp(2<:'p¢Jp)X, 

where DO denotes the induced connection on the hyperdistribution P2, T the 
torsion tensor of D, c,p = C, - 2Q, ¢Jp = ¢J - 2() ® P, P the cross-section of P2 such 
that g(P, X) = p(X) for every X E reP2) and Q = JP. 

REMARK. If D is a CR Weyl connection, we can show that 

(3.2) Dv¢Jp = 0, (DvT)(X, Y) = 0 
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for every V E X(M) and X, Y E r(.@) by direct calculation. In addition, we note 
that (¢p,c;p,O) is also an almost contact structure belonging to (.@,J) which may 
not satisfy condition (*). 

The family of almost contact structures belonging to (.@,J) and satisfying H 
is smaller than that of all almost contact structures belonging to (.@,J). However, 
we can always obtain an almost contact structure satisfying (*) from almost 
contact structure belonging to the same (.@,J) if it is nondegenerate (cf. [9]). 
Therefore we may deal with only .@-preserving almost contact structures. The 
following propositoin allows us to call D a CR Weyl connection. By direct 
computation, we obtain 

PROPOSITION 3.l. The CR Weyl connection D is well defined: the equations 
from (a) to (f) in above definition are invariant for the change (2.8). 

REMARK. If we replace (¢,C;,O)* by (¢',I;',O')*, then the I-form p in the 
above definition changes to p' = p - df.1. 

From this, we can say that a CR Weyl connection D preserves the CR 
structure (.@, J). Let ((.@, J), D) be a pair of a CR structure (.@,J) and a CR 
Weyl connection preserving it. The pair ((.@,J),D) is called a CR Weyl structure 
on M. 

Next we closely observe the conditions of a CR Weyl connection. In fact, 
we don't have to assume the condition (f) if we add a certain condition to the 
torsion tensor of a linear connection satisfying from (a) to (e) for a I-form p. To 
see this, we need the following: 

LEMMA 3.2. Let D be a linear connection satisfying from (a) to (e) for a 1-

form p and T the torsion tensor of D. Then T satisfies 

(3.3) 

(3.4) 

O(T(c;p, V)) = 0, 

¢p(T(C;p, ¢p V)) + T(C;p, V) = -¢p(!f?C,p¢p)(V) 

for every V E X(M). 

PROOF. It is sufficient to show that T(c;,p, V) belongs to r(.@) for V = c;,p 
and V = X E r(.@). When V = C;p, T(C;p, c;,p) = O. When V = X, we have 

T( C;p, X) = Df,pX - Dxc;,p - [c;p, Xl = Df,pX - 2p(X)c;,p - [c;p, Xl 
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because of (b). The condition (a) implies that Dvn~) c n~). The ~­

component [c!p, X]~,p with respect to c!p is given by 

Rp, X]~,p = [c!p, X]- O([c!p, X])c!p 

= [c!p, X] - O([c! - 2Q, X])c!p 

= [c!p, X] + 20([Q, X])c!p 

= [c!p, X] + 2co(Q, X)c!p 

= [c!p, X] + 2g(P, X)c!p = [c!p, X] + 2p(Xgp-

Therefore we have 

T(c!p, X) = Di;pX - 2p(X)c!p - ([c!p, X]~,p - 2p(X)c!p) 

which proves (3.3). Since 

0= (De/pp) V = Di;p (rPp V) - rPp(Di;p V) 

= D¢pvc!p + [c!p, rPp V] + T(c!p, rPp V) - rPp(Dvc!p + [c!p, V] + T(<;,p, V)), 

we have 

T(<;,p,rPpV) - rPp(T(<;,p, V)) = -2p(rPpV)<;,p - (2i;prPp)V 

because of (b) and the equation rPp<;'p = O. Thus if we apply rPp to the both hand 
sides of the above equation, we obtain (3.4). 0 

Now put Fp V = T(c!p, V) for V E x(M). Then we have 

(3.5) 

(3.6) 

OoFp = 0, 

We demand for Fp the condition that Fp anticommutes with rPp. Then Fp must 
be -1/2rPp(2i;prPp). Conversely we see that Fp anticommutes with rPp if Fp = 

-1/2rPp(2i;prPp)' Therefore if we add the condition that Fp anticommutes with 
rPp to the conditions frorp. (a) to (e) for a I-form p, D becomes a CR Weyl 
connection. For Fp , we also have 

LEMMA 3.3. Let D be a connection satisfying from (a) to (e) for a I-form p 
and T the torsion tensor of D. Then Fp satisfies 

(3.7) g(Fp Y, Z) + g( Y, FpZ) = -g(rPp (2i;p rPp) Y, Z) - 4 dp(JY, Z) 

for every Y, Z E nE&). 
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PROOF. Since Fp Y = T(c,p, Y), we have, from (b), 

D<;p Y = 2p( Y)c,p + [c,p, YJ + Fp Y. 

We substitute this equation into the right hand side of (D~pg)(Y,Z) = c,p' 
w(¢py,Z)-w(¢pD<;pY,Z)-w(¢py,D<;pZ). Since ¢1.'l?=¢A@=J on f), we 
consequently obtain 

(3.8) g(Fp Y, Z) + g( Y, FpZ) 

= c,p . w(¢p Y, Z) - w(¢p[c,p, YJ, Z) 

- w(¢pY,2p(Z)c,p + [l;p,ZJ) - (D~pg)(Y,Z). 

On the other hand, we have 

(3.9) -2(d!f'<;pB)(¢pY,Z) 

= (¢p Y) . B([c,p, Z]) - Z . B([c,p, ¢p YJ) + c,p . w(¢p Y, Z) 

- B([¢pY,!f'<;pZ]) - B([!f'<;p(¢pY)'Z]) 

by using Jacobi identity. Combining (3.9) with (3.8), we obtain 

g(Fp Y, Z) + g( Y, FpZ) 

= -2(d!f'<;pB)(¢pY,Z) - (¢pY)' B([c,p,Z]) +Z· B([c,p, ¢p YJ) 

- B([¢p Y, 2p(Z)c,pJ) + B([(!f'<;p¢p) Y, Z]) - (D~pg)( Y, Z). 

Furthermore by (2.7) and (d), the above equation becomes 

(3.10) g(FpY,Z) + g(Y, FpZ) 

= 4(d!f'QB)(¢Y,Z) + 2(¢Y)· w(Q,Z) - 2Z· w(Q,¢Y) 

- B([¢ Y, 2p(Z)!;pJ) + B([(!f'<;p¢p) ( Y), ZJ) + 2p(c,p)w(¢ Y, Z). 

Next we shall calculate 4(d!f'QB)(¢Y,Z). If we use (c), we have 

(3.11) 2(DQg)(Y,Z) = 2Q· w(¢Y,Z) - 2w(DQ(¢Y),Z) - 2w(¢Y,DQZ), 

We obtain p(Q) = 0 since g is Hermitian, so that the left hand side of (3.11) 
vanishes by (d). Applying this fact and (e) to (3.11), we have 

(3.12) 0 = 2Q . w(¢ Y, Z) - 2w(Dq,yQ, Z) - 2B([!f'Q(¢ Y) - w(Q, ¢ Y)c,p, ZJ) 

- 2w(¢Y, DzQ) - 2B([¢Y, !f'QZ - w(Q, Z)c,pJ). 
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On the other hand, a straightforward computati.on shows 

4(d2QB)(q$Y,Z) = -2(q$Y)· co(Q,Z) + 2Z· co(Q,q$Y) - 2Q· co(q$Y,Z) 

+ 2B([2Q(q$Y), Z)) + 2B([q$Y, 2QZ)). 

Combining this equation with (3.12), we obtain 

(3.13) 4(d2Q~)(q$Y,Z) 

= -2(q$Y) . co(Q, Z) + 2Z· co(Q, q$Y) 

- 2co(D~yQ, Z) - 2co(q$Y,DzQ) 

+ 2B([co(Q, q$Y)~p, Z)) + 2B([q$ Y, co(Q, Z)~p)). 

Moreover, we directly calculate 4 dp(q$Y,Z). Then we obtain 

(3.14) 4 dp(q$Y,Z) = 2(q$Y)· p(Z) - 2Z· p(q$Y) - 2p([q$Y,Z]) 

= 2g(D~YQ, q$Z) + 2g(Q, D~y(q$Z)) - 4p(q$Y)g(Q, q$Z) 

- 2g(Dz Q, q$2 Y) - 2g(Q, DZ(q$2 Y)) + 4p(Z)g(Q, q$2 Y) 

- 2p(D~yZ - Dz(q$Y) + co(q$Y, Z)~p) 

= 2co(D~yQ, Z) + 2co(q$Y, DzQ) - 2p(~p)co(q$Y, Z). 

Substitute (3.13) into (3.10) and use (3.14). Then we have 

(3.15) g(FpY,Z) + g(Y,FpZ) 

= -4 dp(q$ Y, Z) + 2B([co(Q, q$ ygp, Z]) + B([(2~pq$p) Y, Z]). 

Finally since the .@-component of (2~pq$p) Y with respect to ~p is given by 

((2~pq$p)Y)!?J~p = (2~pq$p)Y +2co(Q,q$Y)~p, 

substituting which into (3.15), we obtain (3.7). 

By Lemma 3.3, we have 
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D 

LEMMA 3.4. Let D be a CR Weyl connection and p the corresponding I-form. 
Then p satisfies 

(3.16) dp(JX, JY) + dp(X, Y) = 0 

for every X, Y E q.@). 



322 Takaaki OHKUBO and Kunio SAKAMOTO 

PROOF. Applying the assumption (f) or the condition that Fp anticommutes 
with J to the equation (3.7), we have 

(3.17) g(FpX, Y) - g(X,FpY) = 4 dp(JX, Y). 

Thus by anticommutativity of Fp with J, we obtain (3.16). o 

Now as we deal with ~-preserving almost contact structures (f/J,1;,,8)* 
belonging to a CR structure (~,J), we have a unique linear connection called 
Tanaka connection associated with (f/J, 1;" 8) *. Therefore we have to compute the 
difference between a CR Weyl connection D and Tanaka connection with respect 
to a fixed ~-preserving almost contact structure (f/J, 1;" 8) *. 

PROPOSITION 3.5. Let (f/J, 1;" 8) * be a ~-preserving almost contact structure, D 
a CR Weyl connection and V Tanaka connection associated with (f/J, 1;" 8r. Define 
the difference H between D and V by 

H(V, W) = DvW - VvW, V, WE X(M) 

Then we have 

(3.18) 
H(X, Y) = p(X) Y + p(Y)X - g(X, Y)P + q(X)JY + q(Y)JX - g(JX, Y)Q, 

(3.19) H(I;" X) = VJXP + VxQ - 2q(X)P + 2p(X)Q + 2g(P, P)JX, 

for every X,YEr(£&), where p is the I-form of D corresponding to (f/J,I;" 8)*, 
P (E r(~)) defined by g(P,X) = p(X) for X E r(~), Q = JP and q a I-form 
defined by q = -p 0 f/J. 

PROOF. First we denote the torsion tensor of Tanaka connection by TV and 
note that 

(3.20) TV(y,Z) = -co(Y,Z)1;, 

for Y,Z E r(~) since TJy~ = 0 and 8(TV(y,Z))1;, = -co(Y,Z)1;, by Lemma 2.2. 
Computing H( Y, Z) - H(Z, Y) directly, we have 

H(Y,Z) - H(Z, Y) = DyZ - VyZ - DzY + VzY 

= T(Y,Z) + [Y,Z]- (Tv(y,Z) + [Y,Z]) 

= T(Y,Z) - TV(Y,Z) 
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for Y,Z E r(~). Using (e) and (3.20), we obtain 

(3.21 ) H(Y,Z) -H(Z, Y) =2co(Y,Z)Q. 

On the other hand, since (Dxg)(Y,Z) = -2p(X)g(Y,Z) and (V;g)(Y,Z) = 0 for 
X, Y,Z E r(~), we have 

(3.22) g(H(X, Y),Z) + g(Y,H(X,Z)) = 2p(X)g(Y,Z). 

In the equation (3.22) we permute X, Y and Z cyclically and subtract one from 
the sum of the other two. Applying (3.21) to the resulting equation, we have the 
equation (3.18). Next we compute H(c;"X) for X E r(~). Since FpX = Dl',pX-
2p(X)c;,p - [c;,p, X) and FX = VeX - [c;" X), we have 

H(c;,p,X) = DepX - VepY = FpX + [c;,p,X) + 2p(X) c;,p - VeX +2VQX 

= FpX + [c;, - 2Q, X) + 2p(X)c;,p - (FX + [c;" Xl) + 2VQX 

= FpX - FX - 2[Q, X) + 2VQX + 2p(X)c;,p. 

Furthermore, applying (3.20) to this equation and noting that co(Q, X) = p(X), 
we have 

(3.23) H(c;,p, X) = FpX - FX + 2VxQ - 4p(X)Q. 

Now computing FpX - FX directly by the equation Fp = -1/2¢>p(~l',p¢>p) and 
F = -1/2¢>(~e¢», we have 

(3.24) 
1 

FpX - FX = -:2{¢>p([c;,p,JX)- ¢>p[c;,p,Xl) - J([c;,,JX)- J[c;"X))} 

1 
= -:2{¢>p([c;"JX)- 2[Q,JX)- J[c;"X) + 2¢>p[Q,X)) 

-J([c;,,JX)-J[c;,,X))} 

= (¢> - 2() ® P)[Q, JX)- (¢> - 2() ® p)2[Q, Xl 

= ¢>(VQJX - VJxQ+co(Q,JX)c;,) 

- 2()(VQJX - VJxQ + co(Q,JX)c;,)P 

- (¢> - 2() ® P){¢>(VQX - VxQ + co(Q, X)c;,) 

- 2()(VQX - VxQ + co(Q,X)c;,)P} 

= VJXP - VxQ + 2q(X)P + 2p(X)Q. 
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Therefore we have 

(3.25) H(~p, X) = ''ibxP + VxQ + 2q(X)P - 2p(X)Q, 

In the equation H(~p,X) =H(~,X) -2H(Q,X), we use (3.18) for H(Q,X) and 
(3.25) for H(~p, X). Then we obtain the equation (3.19). D 

REMARK. We can compute H(X,~) and H(~,~) by the same way as the 
equation (3,19). They are given by 

(3.26) H(X,~) = 2VxQ - 4p(X) Q - 4q(X)P + 2g(P, P)JX + 2p(X)~, 

(3.27) H(~,~) = 2(V~Q - VpP+ VQQ - 4g(P,P)P - 2p(~)Q) +2p(~)~. 

Conversely, one may ask whether given Tanaka connection V and p define a 
CR Weyl connection, We have the following answer to this question. 

PROPOSITION 3.6. Let (rjJ,~, 8) * be a £i)-preserving almost contact structure 

belonging to CR structure (£i),J) and V Tanaka connection associated with 

(rjJ,~, 8)*. If D is defined by Dv W = VvW + H(V, W) for a given p satisfying 

(3.16), where H is defined by (3.18), (3.19), (3.26) and (3.27), then it becomes a CR 

Weyl connection. 

By Propositon 3.6 we see that an arbitrary pair (p, (rjJ,~, 8) *) of a I-form p 
satisfying (3.16) and a £i)-preserving almost contact structure (rjJ,~,8)* determines 
a CR Weyl structure. 

4. The View from G-Structure 

Let M be an oriented (2n + I)-dimensional manifold and n: F+(M) ~ M 
the principal bundle of positively oriented frames over M. Assume that a pair 
(£i),J) of a hyperdistribution £i) and a complex structure J on £i) is given on M. 

In addition, we assume that (£i),J) is a nondegenerate CR structure. Now we 
define the subspace £i)o in R2n+1, the matrix 10 E GL(2n + 1; R) and the matrix 
Jo E GL(2n;R) by 

(4.1) £i)0={(:)ER2n+1Ixo=o}, 1o=(~~) and Jo=(~ -~n) 
respectively, where In is n X n unit matrix and the boldface denotes a column 
vector of degree 2n. We have a principal subbundle ~ of F+(M): 
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whose structure group is 

G= {(: ~)la>o,bER2n,CJo=JoC}) 

where the linear frame u is considered as a linear map from R2n+! to T7t(u)M (cf. 
[4]). Futhermore we define eo E (R2n+!) * and C;o E R 2n+! by 

(4.2) eo = (1 to) and C;o = (!) 
respectively. By using a local cross section ii of ~, we define a I-form eif and 
vector field C;U on an open set UU by 

(4.3) 

respectively. Then we obtain 

(4.4) 

because of their definitions. Note that the definitions of eu and C;if are dependent 
of the local section ii. Later on, we shall study between eif (resp. e) and fj'f (resp. 
C;'f) defined by another local section 'f whose domain has non empty intersection 
with U if • 

Next, we define a 2-form o:i by 

(4.5) 

Then since we assume that (~, J) is a nondegenerate CR structure, we see that 
OJif is a nondegenerate and Hermitian 2-form when it is restricted to ~: 

(4.6) 

for X, Y E r(Uu,~), where r(Uu,~) denotes the set of cross sections on UU of 
the vector bundle~. By using OJif, we define BUEr(Uif,~) by 

(4.7) 

for every X E r( U if , ~). This is uniquely defined since OJU is nondegenerate. 
Moreover, define a local bilinear form gU on ~ by 

(4.8) 

which satisfies the equations 



326 Takaaki OHKUBO and Kunio SAKAMOTO 

(4.9) 

for X, Y E qua,.@). Thus it becomes a fiber pseudo-metric of.@ defined on Ua. 

When we take two local cross sections a and i of ~ defined on Ua and Uf 

respectively, we suppose that they are related by i = ah on uaf, where Uaf 
denotes the intersection of Ua and U f , h is a G-valued function of the form 

(4.10) _ = (a /0) = (e-2jt /0) 
h b C b C' 

and f1 a function on Uaf. Then we obtain 

(4.11) 

on Uaf. Thus we have 

(4.12) 

because of (4.5). Furthermore we have 

(4.13) 

Therefore we have the conformal structure [gal over .@. Let a(p, a) be the di­
mension of the maximal subspace in .@p where g; is negative definite for each 
point p E M and local section a defined on a neighborhood of p. These numbers 
are necessary even and we see from the equation (4.13) that a(p, a) depends only 
on p. So we put y(p) = a(p, a). Since y is a lower semicontinuous function on M 
and M is connected, we easily see that it is constant. 

Now we define a subbundle ~ of ~ by 

whose structure group is 

(4.14) {( a to) 2 --} G = b C : a > 0, b ERn, CJO = JoC, tCEyC = aEy , 

where 

- (Ey 0) 
Ey = 0 Ey ' 

( -I 0) 
Ey = 0 y In- y . 

We remark that C E CUy = GL(n, C) n CO(2y, 2n - 2y). A local cross section (j of 
~ is witten as 
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(4.15) 

where {Xl, .. " Xn,JXI , . .. ,JXn} is a local orthonormal frame field of {JJ with 
respect to gao And we can also express (4.15) as follows: 

( 4.16) 

where ei = 1(010 1 010 0). 
Let 9 and cuy denote the Lie algebra of G and CUy respectively. Let 

9 = (~ I~) be a connection form of a linear connection D reducible to ~, 
where rP is R-valued I-form, ry R 211-valued I-form and a cuy-valued I-form on ~. 
The connection form 9 satisfies 

(4.l7) 9(A *) = A, Rj, 9 = Ad(h-1 )9, 

where A * denotes the fundamental vector field corresponding to A E 9 and h an 
element of G. Since 

Rj,(~ 1~)=Ad(h-l)(~ t~)=(: ~TI(~ t~)(: ~) 

( l/a 10 ) (rPa to) (rP to) 
- -(1/a)C-1b C- 1 rya + ab (XC - * C-I(XC 

where * = C-1 (-rPb + ary + ab), we have 

(4.18) Rj,rP=rP, Rj,ry=C-1(-rPb+ary+ab), Rj,a=Ad(C-1)(X. 

Now let (J and r be local cross sections of ~ defined on Ua and U~ re­
spectively. Suppose that they are related by r = (Jh on U m , where h is a G-valued 
function of the form as (4.10) with C E CUy. Then, for the differential maps of (J 
and r, we have 

(4.19) dr(V) = dRh(d(J(V)) + (h-l(dh)(V))* 

for V E x(uar) (cf. [4]). Applying the connection form 9 to (4.19), we obtain, 

from (4.17), 

(4.20) r* 9 = Ad(h-1 )(J* 9 + h-1 dh. 

On the other hand, we have 
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where ** = C-I(-a-Ibda+db). In particular, we have 

(4.22) a-I da = -2 df.1 

by (4.10), and hence from (4.20) we obtain 

(4.23) 

We put 2p CJ = (J*rjJ and 2pT = r*rjJ for local cross section (J and r respectively. 

Thus we obtain 

(4.24) 

We regard local cross sections of ~ as those of \p. Then we also have ()CJ, C, of 

and gCJ on VCJ. We define PCJ, QCJ E f'(VCJ,~) by 

(4.25) 

for every X E f'( VCJ, ~). Then we have 

LEMMA 4.1. Let (J and r be two local cross sections of ~ such that r = (Jh on 
VCJT. We put c,po = c,CJ + B CJ - 2QCJ, where B CJ is defined by (4.7). Then c,po and C,pr 
are related by 

( 4.26) 

It follows that we have a transversal line bundle .2 = span {c,po} associated with the 
connection D. 

PROOF. Since O=wT(C+BT,X)=WCJ(c,CJ+BCJ,X) because of (4.7), by 
using (4.12) we have 

(4.27) 

0= WT(C + BT, X) = e21'wCJ(C + BT, X) - 4(df.1/\ ()T)(C + B" X) 

= e21'wCJ(C + BT, X) - wCJ(c,CJ + BCJ, X) + 2 df.1(X). 

for every X E f'(VCJT,~). We have 

e21'wCJ(C + B"X) = wCJ(c,CJ + BCJ,X) - 2gCJ((df.1#t,X) 

= wCJ(C + BCJ, X) - 2w CJ (J(df.1#t, X). 
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Therefore, since (j)<I is nondegenerate, we obtain 

(4.28) 

We have, from (4.24), 

It follows that 

(4.29) 

g~(Q""X) = g~(JP""X) = -g~(P\JX) 

= -p~(JX) 

= -(p<I _ dJ1.)(JX) 

= -p<I(JX) + dJ1.(JX) 

= g<I(Q<I -J(dJ1.#)<I,X). 

Combining (4.28) with (4.29), we obtain (4.26). 
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Next we investigate the covariant derivative D of TM determined by 9. We 
take a fixed local frame field (4.15) of TM. Note that, for a fixed WE :t(U<I), the 
local frame field a induces a map a-I W: X E U<I f--+ a(x)-I W(x) E R2n+l. The 
covariant derivative of W E :t( U<I) in the direction V E TU<I is given by 

(4.30) Dv W = a(d(a-I W)(V) + (a* 9(V))(a-1 W)). 

Futhermore, since a-IX E R2n for X E r(U<I,~), we obtain 

(4.31) DvX = a(d(a-IX)(V) + (a*a(V))(a-IX)). 

Note that the product of the second term of the right hand side in the equations 
above is the matrix multiplication. From (4.31), it is clear that 

(4.32) 

It follows that D induces the covariant differentiation of the vector bundle ~, 
which is denoted by DO. 

LEMMA 4.2. Let D be the covariant derivative of TM determined by 9 and DO 

the covariant derivative on ~ determined by a. Then D and DO satisfy 

(4.33) DvO<I = _2p<I(V)O<I, D'VJ = 0 and D'Vg<I = _2p<I(V)g<I 

for V E TU<I. 
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PROOF. Since 

(DveU)(X) = V· eU(X) - eU(DvX) = -eU(D'VX) = 0 

for every X E r(Uu,P)), we have (DveU)(X) = -2p U(V)eU(X). Futhermore, we 

have 

(DveU)(c;U) = V· (eUc;U) - eU(DVC;pa) 

= -eU(a((a*9V)(a-1eu))) = -a*<p(V)eU(c;U). 

Thus we obtain (DveU)(W) = -2pU(V)8U(W) for every WE X(UU). Next we 

have 

J(Dv Y,t) = J{a((a*a(V))a-1 Y,tn 

= a{Jo(a*a(V))a-1 Y,t} 

= a{(a*a(V))a-1(aJoa-1 Y,tn 

= a{(a*a(V))(a-1JY,tn 

= Dv(JY,t) 

for A=1, ... ,2n, where we have put Yj=Xj, Yn+j=JXj (i=l, ... ,n). 
Therefore, since (D'VJ)(Y,t) = Dv(JY,t) - J(Dv Y,t), we obtain D'VJ = O. At last 
we show that D'VgU = _2pu(V)gB. Since 

we have 

taEy + Eya = <pEy, 

gU(D'VY,t, Yp) = t{(a*a(V))a-1 Y,t}Ey(a-1 Yp) 

= t(a- 1 Y,t/(a*a(V))Ey(a-1 Yp) 

= l(a-1 Y,t){ -Ey(a*a(V)) + a*<p(V)Ey}(a-1 Yp) 

= -gU(Y,t,D'VYp) + 2p U(V)gU(Y,t, Yp). 

Therefore, for local frame {Y,t} of P), we have 

(4.34) 

from which we obtain D'VgU = -2pU(V)gu. 

Now assume that the torsion tensor T of D satisfies 

o 



(4.35) 

(4.36) 

(4.37) 
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T(X, Y) E.2, 

T(L, X) E~, T(L,JX) = -IT(L,X), 

(DuT)(X, Y) = ° 
for U E TM, X, Y E ~ and L E.2. Then we have 

because of (4.32) and (4.35). Therefore we obtain 

(4.38) 
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for X, Y E~. We define (1,1) tensor r by r~(J" = ° and r X = IX for X E~, 
and moreover ¢po by 

( 4.39) 

It is easy to show that 

(4.40) ¢poX = IX, ¢po = ¢p<' e(J" 0 ¢po = 0, ¢po(,pa = 0. 

Since e(J" (Dv~po - 2p(J"( V)(,po) = 0, we have 

g(J"(DV(,pa - 2p(J"(V)(,po, Y) = w(J"(I(Dv~po - 2p(J"(V)(,pa), Y) 

= w(J"(¢po(Dv~po) - 2p(J"(V)¢po~pa, Y) 

= W(J"(¢pa(Dv(,pa), Y) 

= w(J"( -(Dv¢po)~po, Y) 

= g(J"(I(Dv¢po)~po, Y). 

Therefore we obtain 

(4.41 ) 

for V E :I(U(J"). From (4.37) and (4.33), we have 

0= Dv(T(X, Y)) - T(DvX, Y) - T(X,DvY) 

= -Dv(w(J"(X, Y)(,po) + w(J"(DvX, Y)(,po + w(J"(X,Dv Y)(,po 

= 2p(J"(V)w(J"(X, Y)(,po - w(J"(X, Y)DV(,pa. 

Combining this equation with (4.41), we obtain 
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(4.42) 

In particular, Dl'.pu¢pu = 0 and hence 

0= Dl'.pu (¢puX) - ¢pu(Dl'.puX) 

= Fpu¢puX + DrPpux~pu + [epu, ¢puX]- ¢pu(FpuX + Dx~pu + [~pu, Xl) 

= [Fpu,J)X + (gl'.pu¢pu)X + 2pO'(JX)C;pu, 

where we have put FpuX = T(~pu, X). Equation (4.36) implies that 

(4.43) 
1 

T(~pu,X) = -2¢pu(gc;pu¢pu)X. 

Finally, if (J satisfies wo'(X, ~o') = 0, then we obtain, from Lemma 3.4, 

(4.44) 

for X, Y E £0. 

PROPOSITION 4.3. Let ~(M, G) be the subbundle determined by the CR 
structure and D a linear connection reducible to ~(M, G). Then there is a 1-

dimensional distribution g on M transversal to ~. For a local cross section (J of 

~(M, G), D satisfies 

Dv(F = -2pO'(V)eO', D~J = 0, D~gO' = _2pO'(V)gO' 

for V E x(M). Moreover, if the torsion tensor T of D satisfies 

T(X, Y) E g, T(L,X) E~, T(L,JX) = -JT(L,X), (DvT)(X, Y) = 0 

for X, Y E ~ and LEg, then D satisfies 

DV~PG = 2pO'(V)~pu, Dv¢pu = 0 

and if wO'(X, ~O') = 0 holds for X E~, then pO' satisfies 

REMARK. We assume that M is orientable. Then we have a nonvanishing 

globally defined vector field ~ transversal to ~. Then, for the local cross section (J 

and T of the form (4.15), h reduces to a matrix that 
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( 1 to) 
b C ' 

where tCEyC = Ey. It follows from (4.11), (4.13) and (4.24) that B, rp, co, g and p 
are globally defined on M, and I;,p is a global section of 2. Moreover, if we take 
I;, such that co(X,I;,) = 0 for every X E £7), then p satisfies (3.16). 

5. Curvature of CR WeyI Connection 

In this section, we investigate the property of the curvature of a CR Weyl 
connection. Let D be a CR Weyl connection of the CR structure (£7),]). Let R be 
the curvature tensor field of D defined by 

R(U, V) W = DuDv W - DvDu W - D[uYJ W 

for U, V, WE X(M). We fix a £7)-preserving almost contact structure (rp, 1;" B) * 
and let p be the I-form of D corresponding to (rp, 1;" B) *. Since Dl;,p = 2p ® I;,p, we 
see easily that 

(5.1) R(U, V)l;,p = 4 dp(U, V)l;,p, U, V E TM. 

The property Dur(£7)) c r(£7)) implies that 

(5.2) R(U, V)£7) c £7), U, V E TM. 

Since Drpp = 0, we have 

(5.3) R(U, V)rpp = rppR(U, V), U, V E TM. 

If we put R(U, V,X, Y) = g(R(U, V)X, Y) for U, V E TM and X, Y E £7), then 
we have the equation 

(5.4) R(U, V, X, Y) = -R(U, V, Y,X) +4 dp(U, V)g(X, Y). 

The first Bianchi identity is the formula (cf. [4]): 

6{R(U, V)W} = 6{T(T(U, V), W) + (DuT)(V, W)}, 

where U, V, WE TM and 6 denotes the cyclic sum with respect to U, V and W. 

Replacing U, V, W with X, Y, Z E £7) respectively in the first Bianchi identity 
above, we have, from (3.2), 

6{R(X, Y)Z} = 6{T(T(X, Y),Z)}. 

Moreover, applying the condition (e) in the definition of a CR Weyl connection 
to the above equation, we obtain 
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(5.5) 6{R(X, Y)Z} = -6{w(X, Y)FpZ} 

for every X, Y, Z E §. Putting U =!;p and replacing V, W with Y, Z E § in the 
first Bianchi identity, we have 

R(!;p, Y)Z + R(Y, Z)!;p + R(Z, !;p) Y 

= T(T(!;p, Y), Z) + T(T( Y, Z), !;p) + T(T(Z, !;p), Y) 

+ (Dc;pT)(Y,Z) + (DyT)(Z,!;p) + (DzT)(!;p, Y) 

= T(FpY,Z) + T(-w(Y,Z)!;p,!;p) - T(T(!;p,Z), Y) 

- (DyT)(!;p, Z) + (DzT)(!;p, Y) 

= -w(Fp Y, Z)!;p + w(FpZ, Y)!;p - Dy(T(!;p, Z)) 

+ T(Dy!;p,Z) + T(!;p,DyZ) 

+ Dz(T(!;p, Y)) - T(Dz!;p, Y) - T(!;p, Dz Y) 

= -w(Fp Y, Z)!;p + w(FpZ, Y)!;p - (DyFp)Z 

+ 2p( Y)FpZ + (DzFp) Y - 2p(Z)Fp Y, 

where we have used (3.2) and (b), (e) in the definition of a CR Weyl connection. 
In addition, when we rewrite (3.17) with w, we have 

(5.6) w(FpX, Y) + w(X, Fp Y) = -4 dp(X, Y). 

Substituting (5.1) and (5.6) into the first Bianchi identity including !;p above, we 
obtain 

(5.7) 
R(!;p, Y)Z - R(!;p,Z)Y = -{(DyFp)Z - 2p(Y)FpZ} + {(DzFp)Y - 2p(Z)FpY} 

for Y, Z E §. Since the second Bianchi identity is the fonnula: 

6{(DuR)(V, W)} = -6{R(T(U, V), W)} 

for U, V, WE TM, we have immediately 

(5.8) 6{(DxR)(Y,Z)} = 6{w(X, Y)R(!;p,Z)} 

for X, Y, Z E §. Furthennore, if we put U = !;p and replace V, W with Y, Z E § 

respectively in the second Bianchi identity, then 
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(5.9) 
(Dc;pR)(Y,Z) - (DyR)(l;p,Z) + (DzR)(l;p, Y) = -R(FpY,Z) +R(FpZ, Y). 

We shall prove the following formula: 

(5.10) R(X, Y,Z, W) - 2g(JX, Y) dp(JZ, W) + 2g(X, Y) dp(Z, W) 

- R(Z, W, X, Y) + 2g(J-Z, W) dp(JX, Y) - 2g(Z, W) dp(X, Y) 

= -g(JX, Z)g(Fp Y, W) + 2g(JX, Z) dp(JY, W) + 2g(X, Z) dp( Y, W) 

+g(JY,Z)g(FpX, W) -2g(JY,Z) dp(JX, W) -2g(Y,Z) dp(X, W) 

- g(JY, W)g(FpX,Z) +2g(JY, W) dp(JX,Z) +2g(Y, W) dp(X,Z) 

+ g(JX, W)g(FpY,Z) - 2g(JX, W) dp(JY,Z) - 2g(X, W) dp(Y,Z), 

where X, Y,Z, W E~. If we put 

R(X, Y,Z, W) = R(X, Y,Z, W) +R(Y,Z,X, W) +R(Z,X, Y, W), 

then we have 

R(X, Y,Z, W) - R(Y,Z, W,X) -R(Z, W,X, Y) +R(W,X, Y,Z) 

= 2{R(Y,Z,X, W) - R(W,X,Z, yn 
+4 dp(X, Y)g(Z, W) - 4 dp(Y,Z)g(X, W) +4 dp(Z,X)g(Y, W) 

- 4 dp(Z, W)g(Y,X) +4 dp(Y, W)g(Z,X) +4 dp(W,X)g(Y,Z) 

because of (5.4). The equation (5.5) shows 

R(X, Y,Z, W) = -{w(X, Y)g(FpZ, W) +w(Y,Z)g(FpX, W) 

+ w(Z, X)g(Fp Y, Wn. 
Combining the two equations above, applying (3.16) and (3.17) to the obtained 
equation and changing Y for X, Z for Y and X for Z, we have (5.10). From 
(5.7) we have 

R(l;p, Y,Z, W) - R(l;p,Z, Y, W) = -g((DyFp)Z, W) + 2p(Y)g(FpZ, W) 

+g((DzFp)Y, W) -2p(Z)g(FpY, W), 

in which we permute the letters Y, Z and W cyclically and subtract one from the 
sum of the other two. Then we have 
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(5.11) 2R(~p,Z, W, Y) 

+ 4 dp(~p, Y)g(Z, W) - 4 dp(~p, Z)g(W, Y) - 4 dp(~p, W)g(Z, Y) 

= -g((DyFp)Z, W) +2p(Y)g(FpZ, W) 

+ g((DzFp) Y, W) - 2p (Z)g (Fp Y, W) 

+ g((DwFp) Y,Z) - 2p(W)g(FpY,Z) 

- g((DyFp) W, Z) + 2p( Y)g(Fp W, Z) 

- g((DzFp) W, Y) + 2p(Z)g(Fp W, Y) 

+ g((DwFp)Z, Y) - 2p(W)g(FpZ, Y) 

because of (5.4). Note that DvFp satisfies the following equation 

(5.12) g((DvFp)X, Y) = g(X, (DvFp) Y) + 4(Dv dp)(JX, Y) + 8p(V) dp(JX, Y) 

for V E TM and X, Y E £0, which is obtained from (3.17). Moreover note that 
(3.16) shows that 

(5.13) (Dv dp)(JX,JY) = -(Dv dp)(X, Y) 

for V E TM and X, Y E £0. Applying (5.12) and (5.13) to (5.11), we obtain 

(5.14) R(~p, Y, Z, W) 

= g(Y, (DzFp) W - (DwFp)Z) + g(Y, 2p(W)FpZ - 2p(Z)Fp W) 

- 2(Dw dp)(JY, Z) + 2(Dy dp)(JW,Z) + 2(Dz dp)(JY, W) 

- 2 dp(~p, W)g( Y, Z) + 2 dp(~p, Y)g(Z, W) + 2 dp(~p, Z)g( Y, W) 

for every Y, Z, WE £0. 

Next we get the following formula for the difference of R(JX, JY) and 
R(X, Y): 

(5.15) R(JX, JY)Z - R(X, Y)Z 

= g(JX, Z)Fp Y - g(JY, Z)FpX + g(X, Z)FpJY - g( Y, Z)FpJX 

+ heX, Z)JY - h( Y, Z)JX + h(JX, Z) Y - h(JY, Z)X 

- 4 dp(X, Y)Z + 4 dp(JX, Y)JZ, 

where X, Y, Z E £0 and we have defined h by 
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hex, Y) = g(FpX, Y), X, Y E 2d. 

This formula can be proved by using equations (3.16), (5.3) and (5.10). In fact we 
see that 

R(JX,JY,Z, W) - 2g(J2X,JY) dp(JZ, W) +2g(JX,JY) dp(Z, W) 

= R(Z, W, JX, JY) - 2g(JZ, W) dp(J2 X, JY) + 2g(Z, W) dp(JX, JY) 

- g(J2 X, Z)g(FpJY, W) + 2g(J2 X, Z) dp(J2 Y, W) + 2g(JX, Z) dp(JY, W) 

+ g(J2 Y, Z)g(FpJX, W) - 2g(J2 Y, Z) dp(J2 X, W) - 2g(JY, Z) dp(JX, W) 

- g(J2 Y, W)g(FpJX, Z) + 2g(J2 Y, W) dp(J2 X, Z) + 2g(JY, W) dp(JX, Z) 

+ g(J2 X, W)g(FpJY, Z; - 2g(J2 X, W) dp(J2 Y, Z) - 2g(JX, W) dp(JY, Z) 

= {R(Z, W, X, Y) - 2g(JZ, W) dp(JX, Y) + 2g(Z, W) dp(X, Y)} 

+ 4g(JZ, W) dp(JX, Y) - 4g(Z, W) dp(X, Y) 

+ g(X, Z)g(FpJY, W) + 2g(X, Z) dp( Y, W) + 2g(JX, Z) dp(JY, W) 

- g( Y, Z)g(FpJX, W) - 2g( Y, Z) dp(X, W) - 2g(JY, Z) dp(JX, W) 

+ g( Y, W)g(FpJX, Z) + 2g( Y, W) dp(X, Z) + 2g(JY, W) dp(JX, Z) 

- g(X, W)g(FpJY, Z) - 2g(X, W) dp( Y, Z) - 2g(JX, W) dp(JY, Z) 

= {R(X, Y, Z, W) - 2g(JX, Y) dp(JZ, W) + 2g(X, Y) dp(Z, W) 

+ g(JX, Z)g(Fp Y, W) - 2g(JX, Z) dp(JY, W) - 2g(X, Z) dp( Y, W) 

- g(JY, Z)g(FpX, W) + 2g(JY, Z) dp(JX, W) + 2g( Y, Z) dp(X, W) 

+ g(JY, W)g(FpX, Z) - 2g(JY, W) dp(JX, Z) - 2g( Y, W) dp(X, Z) 

- g(JX, W)g(Fp Y, Z) + 2g(JX, W) dp(JY, Z) + 2g(X, W) dp( Y, Z)} 

+ 4g(JZ, W) dp(JX, Y) - 4g(Z, W) dp(X, Y) 

+ g(X, Z)g(FpJY, W) + 2g(X, Z) dp( Y, W) + 2g(JX, Z) dp(JY, W) 

- g( Y, Z)g(FpJX, W) - 2g( Y, Z) dp(X, W) - 2g(JY, Z) dp (JX , W) 

+ g(Y, W)g(FpJX,Z) + 2g(Y, W) dp(X,Z) + 2g(JY, W) dp(JX,Z) 

- g(X, W)g(FpJY,Z) - 2g(X, W) dp(Y,Z) - 2g(JX, W) dp(JY,Z). 
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We turn to the study of the Ricci tensor field of a CR Weyl connection. We 
shall define two kinds of Ricci tensors. In general, Ricci tensor field s is defined 
by 

( 5.16) s(V, W) = trace of (U -) R(U, V)W) 

for V, WE TM. We define another Ricci tensor field k by 

( 5.17) 

for V, WE TM. Restricting s to f!JJ, we obtain the following equation 

(5.18) s(X, Y) -s(Y,X) = -4(n+ 1) dp(X, Y) 

for every X, Y E f!JJ. The proof of (5.18) is as follows: Noting that R satisfies (5.2), 
we may consider the contraction in only f!JJ. Since 

(5.19) trace,@(R(V, W)) = 4n dp(V, W), V, WE TM, 

where we have used (5.4) and trace,@ denotes the trace in only f!JJ, we have 

s(X, Y) - s(Y, X) = trace,@(Z -) 6{R(Z, X) Y}) - 4n dp(X, Y). 

Therefore, from (5.5), (3.17) and the fact that trace,@ Fp = 0, 

s(X, Y) - s( Y, X) = -trace,@(Z -) 6{ co(Z, X)Fp Y}) - 4n dp(X, Y) 

= g(FpX, JY) - g(FpJY, X) - co(X, Y) trace,@ Fp - 4n dp(X, Y) 

= -4(n + 1) dp(X, Y). 

Next we obtain the relation between sand k: 

(5.20) k(X, Y) = s(X, Y) - (n - l)h(JX, Y) - 2n dp(X, Y), X, Y E f!JJ. 

The equation (5.20) can be shown as follows: 

s(X, Y) = trace,@(Z -) -JR(Z, X)JY) 

= trace,@(Z -) JR(X, JY)Z + JR(JY, Z)X 

+ co(X, JY)JFpZ + co(JY, Z)JFpX + co(Z, X)Fp Y) 

= 2k(X, Y) + trace,@(Z -) JR(JY, Z)X) 

-co(X,JY) trace,@(FpJ)+g(JFpX, Y) +g(FpY,JX) 

= 2k(X, Y) + trace,@(Z -) JR(JY, Z)X) + 4 dp(X, Y), 
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where we have used (5.5), (3.17) and the fact that Fp anticommutes with J, and 
using (5.15) and (3.17) again, we have 

trace~(Z -? JR(JY,Z)X) 

= trace~(JZ -? JR(JY, JZ)X) 

= trace~(Z -? R(JY, JZ)X) 

= trace~(Z -? R(Y,Z)X + g(JY,X)FpZ - g(JZ,X)FpY + g(Y,X)FpJZ 

- g(Z,X)FpJY + /P(Y,X)JZ - /P(Z,X)JY + /P(JY,X)Z - /P(JZ,X)Y 

- 4 dp(Y,Z)X +4 dp(JY,Z)JX) 

= -s(Y,X) + g(JY,X) trace~ Fp + g(FpY,JX) + g(Y,X) trace~(FpJ) 

- g(FpJY,X) + /P(Y,X) trace~ J - g(FpJY,X) + 2ng(FpJY, X) 

- g(FpJY,X) - 4 dp(Y,X) +4 dp(X, Y) 

= -s(Y,X) + 2(n - l)/P(JX, Y) + 8n dp(X, Y), 

which shows (5.20). From equations (5.18) and (5.20) we obtain 

(5.21 ) k(X, Y) - k( Y, X) = -4(n + 2) dp(X, Y) 

for every X, Y E £i). The defining equation (5.17) of k shows the following 
property 

(5.22) k(JX,JY) - k(X, Y) = 4(n + 2) dp(X, Y) 

for every X, Y E £i). It follows that 

(5.23) s(JX,JY) - s(X, Y) = -2(n - l)/P(JX, Y) + 8 dp(X, Y) 

for every X, Y E £i). It is easy to show 

(5.24) s(X, ~p) = -4 dp(X, ~p), X E £i). 

Furthermore, by making use of (5.7) and (5.19) we obtain 

(5.25) s(~p, X) = trace~(Z -? (DzFp)X) - 2p(FpX) - 4n dp(~p, X) 

= trace~(Z -? (DzT)(~p,X)) - 4n dp(~p,X), X E~. 

We introduce two notations for later use. Define S E r(~* ® £i)) by 

(5.26) g(SX, Y) = s(X, Y), X, Y E ~ 
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and p by 

(5.27) 
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p = trace£,l S 

which is a smooth function on M and will be called scalar curvature. 

Finally we state the following lemma and conclude this section. 

PROPOSITION 5.1. The Ricci tensor field s satisfies 

( 5.28) 
2n 1 

L Bi(De;s) (X, ei) = 2. (dp - 2pp) (X) 
i=1 

for X E f!2, where {ei} denotes an orthonormal frame of § with respect to the 

pseudo metric g and Bi = g(ei' ei) = ±l. 

PROOF. From the second Bianchi identity (5.8) we have 

6{(DxR)(Y,Z)W} = 6{cu(X, Y)R(~p,Z)W} 

for WE §. Therefore, if, in the above equation, we replace Y with ei and take 
the inner product with ei, we have 

2n 

(5.29) (Dxs)(Z, W) + L Big((De;R)(Z, X) W, ei) - (Dzs)(X, W) 
;=1 

where we have used the following equation 

(5.30) 
2n 

DXei = - LBjg(Dxej,ei)ej + 2p(X)ei' 
j=l 

Moreover, replace both Z and W with ej and sum with respect to j. Then we 
have 

2n 2n 2n 

(5.31) L Bj (Dxs) (ej, ej) + L BiBjg((De;R) (ej' X)ej, ei) - L Bj(Dejs) (X, ej) 
j=1 i,j=1 j=1 

2n 2n 

= - LBjg(JX,R(~p,ej)ej) - LBjg(JR(~p,X)ej,eJ 
j=l j=l 

2n 

+ LBjg(Jej,X)s(~p,ej). 
j=1 
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We calculate the each term of the equation (5.31). Applying (5.30) to the first 
term of the left hand side of (5.31), we have 

( 5.32) 
2n 

I>j(Dxs)(ej, ej) = (dp - 2pp) (X). 
j=l 

Applying (5.4) and (5.30) to the second term of the left hand side of (5.31), we 
have 

2n 

(5.33) L e;ejg ((De; R) (ej, X)ej> ej) = - Le;(De;s)(X, ei) + 4 L(De; dp)(ej, X). 
;,j=l 

For the first term of the right hand side of (5.31), we have, from (5.4), 

2n 

(5.34) - L ejg(JX, R(c,p, ej)ej) = -s(c,p,JX) - 4 dp(c,p,JX). 
j=l 

To compute the second term of the right hand side of (5.31), we prepare the 
following equation 

Le;g((DxFp)e;,Je;) = Le;g((DxFpJ)e;,e;) = trace.@ Dx(FpJ) = O. 
i i 

By using (5.3), (5.7) and the equation trace.@(FpJ) = 0, we have 

( 5.35) 
2n 

- L e;g(JR(c,p, X)e;, ei) = trace.@(Z ---> (DzFp)JX) - 2p(FpJX) + s(c,p,JX). 
;=1 

For the third term of the right hand side of (5.31), we have 

(5.36) 
2n 

Lejg(Jej,X)s(c,p,ej) = -s(c,p,JX). 
j=l 

We see from (5.34), (5.35), (5.36) and (5.25) that the right hand side of (5.31) 
becomes 4(n - 1) dp(c,p,JX). Substituting (5.32) and (5.33) into (5.31), we have 

= 4(n - 1) dp(c,p,JX). 
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If we prove 

(5.38) 

then we conclude (5.28). The proof of (5.38) is as follows. We calculate the 
exterior derivative of dp. 

3 d(dp)(Y,Z, W) = 6{(Dy dp)(Z, W) - w(Y,Z) dp(c,p, W)} 

for Y, Z, WE!?), where we have used (e) in the definition of the torsion tensor of 
CR Weyl connection. Replacing Y with ei, Z with Jei and W with X in the 
above equation, and summing with respect to i, we have 

(5.39) I>i(De/ dp)(Jei' X) + :~:::>i(DJe; dp)(X, ei) = -(2n - 1) dp(f,p, X). 
i i 

For the first term of the left hand side of (5.39), we have 

(5.40) 

For the second term of the left hand side of (5.39), we also have 

(5.41) - I:>i(DJe; dp)(X,ei) = I:>i(DJe; dp)(JX,Jei) 
i 

= I>i(De/ dp)(JX,ei), 
i 

where we have used (3.16). Substituting (5.40) and (5.41) into (5.39), we obtain 
(5.38). D 

6. CR Einstein-Weyl Structures 

Let D be a CR Weyl connection on a CR manifold (M, !?),J). Fixing a !?)­

preserving almost contact structure (<p, f" ()) * belonging to the CR structure 
(!?),J), we know that there exists uniquely a Tanaka connection V associated with 
the almost contact structure (<p,f,,())* (cf. [9], [12]). Then the difference tensor H . 
between D and V is given in Proposition 3.5. Thus we may calculate the dif­
ference R(X, Y)Z - RV(X, Y)Z for X, Y,Z E!?), where RV denotes the curvature 
tensor of V. We introduce suitable 2-forms and rewrite the resulting long equation 
comfortably. Next we shall calculate k - e and p - pV. In this way, the cur-
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vature tensor R will be expressed as the equation including Bochner curvature 
tensor. Making use of this equation, we can define a CR Einstein-Wey1 structure 
on a CR manifold. 

To begin with, we calculate the difference R - RV. Since 

DxDyZ = DxCVyZ +H(Y,Z)) 

= VxVyZ + H(X, VyZ) + (VxH)(Y,Z) + H(Vx Y,Z) 

+H(Y, VxZ) +H(X,H(Y,Z)), 

[X, Y] = VxY - VyX - TV(X, Y) = VxY - VyX + co(X, Y)c; 

for X, Y, Z E q~), where we have used the equation TV (X, Y) = -co (X, Y)c;, 
we have 

(6.1) R(X, Y)Z - RV(X, Y)Z 

= (VxH)(Y,Z) - (VyH)(X,Z) 

+ H(X, H( Y, Z)) - H( Y, H(X, Z)) - co(X, Y)H(c;, Z). 

We substitute (3.18) and (3.19) into (6.1). The calculation is long but routine and 
hence we omit the proof. The result is as follows (cf. [9]): 

(6.2) R(X, Y)Z - RV(X, Y)Z 

= -((Vyp)(Z) - p(Y)p(Z) + q(Y)q(Z) + p(P)g(Y,Z)}X 

+ ((Vxp)(Z) - p(X)p(Z) + q(X)q(Z) + p(P)g(X,Z)}Y 

- {(Vyq)(Z) - q(Y)p(Z) - p(Y)q(Z) + p(P)g(JY,Z)}JX 

+ {(Vxq)(Z) - q(X)p(Z) - p(X)q(Z) + p(P)g(JX,Z)}JY 

- g(Y,Z){VxP - p(X)P+ q(X)Q} 

+ g(X, Z){VyP - p( Y)P + q( Y)Q} 

- g(JY,Z){VxQ - q(X)P - p(X)Q} 

+ g(JX,Z){VyQ - q(Y)P - p(Y)Q} 

+ {(Vxp)(Y) - (Vyp) (X)}Z + {(VXq)(Y) - (Vyq)(X)}JZ 

+ g(JX, Y){VJZP + VzQ + 2p(P)JZ}. 

Now we define (X E qEd* ® Ed*) by 
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(6.3) 1 1 
o:(Y, Z) = (Vyp)(Z) - p(Y)p(Z) + q(Y)q(Z) +2: p (P)g(Y, Z) + 2: p(e)g(JY, Z) 

and Y E r(S')* ® S')*) by 

0~ 1 1 
y( Y, Z) = (Vyq)(Z) - q( Y)p(Z) - p( Y)q(Z) + 2: p(P)g(JY, Z) - 2: p(e)g( Y, Z). 

Then they are related as 

(6.5) o:(Y,Z) = y(Y,JZ). 

Rewriting the exterior differentiation dp and dq qf the I-form p and q in terms of 
the Tanaka connection respectively, we obtain 

(6.6) 2 dp(Y,Z) = (Vyp)(Z) - (Vzp)(Y) - p(e)w(Y,Z), 

(6.7) 2 dq(Y,Z) = (Vyq)(Z) - (VZq)(Y) 

for Y,Z E S'), where we have used q(e) = O. From (6.3) and (6.6), we have 

(6.8) o:(Y,Z) - o:(Z, Y) = 2 dp(Y,Z). 

We also have, from (6.4) and (6.7), 

(6.9) y(Y,Z) - y(Z, Y) = 2 dq(Y,Z) + p(P)g(JY,Z). 

Furthermore, define A, C E r(S')* ® S')) by 

(6.10) 
1 1 

AY = VyP - p(Y)P+ q(Y)Q+2: p (P)Y +2: p(e)JY, 

(6.11) 
1 1 

CY = VyQ - q(Y)P - p(Y)Q + 2: p (P)JY - 2: p (e) Y. 

Then we have 

(6.12) g(AY,Z) = o:(Y,Z), g(CY,Z) = y(Y,Z), 

and from (6.5) 

(6.13) JA=C. 

Substituting (6.3), (6.4), (6.10) and (6.11) into (6.2), we easily obtain the 
following equation and we omit the proof (cf. [10)). 
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LEMMA 6.1. R - RV is given by 

(6.14) R(X, Y)Z - RV(X, Y)Z 

= -a( Y, Z)X + a(X, Z) Y - y( Y, Z)JX + y(X, Z)JY 

- g(Y,Z)AX + g(X,Z)AY - g(JY,Z)CX + g(JX,Z)CY 

+ {a(X, Y) - a(Y,X)}Z + {y(X, Y) - y(Y,X)}JZ 

+ g(JX, Y)(AJZ + CZ). 
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REMARK. We can represent the equation (6.14) in the form similar to [10]: 

R(X, Y)Z - RV (X, Y)Z 

= -a(Y,Z)X + a(X,Z)Y - y(Y,Z)JX + y(X,Z)JY 

- g(Y,Z)AX + g(X,Z)AY - g(JY,Z)CX + g(JX,Z)CY 

+ {y(X, Y) - y( Y, X) }JZ + g(JX, Y){ CZ - tCZ} 

+ 2 dp(X, Y)Z + 2g(JX, Y) dp#(JZ), 

where IC denotes the transpose of the linear transformation C of p) with respect 
to g and dp# is the linear transformation of P) defined by g(dp# X, Y) = 
dp(X, Y). 

Next we shall compute k( Y, Z) - e (Y, Z) for Y, Z E P), where kV is the 
Ricci tensor of the fixed Tanaka connection V. Before contracting the equation 
(6.14), we consider the symmetric part of y. For fp(Y,Z) - j(Y,Z), we obtain 

(6.15) y(Y,Z) + y(Z, Y) = -fp(Y,Z) + j(Y,Z) + 2 dp(JY,Z), 

where j(Y,Z) =g(FY,Z). In fact, since 

fp(Y,Z) - j(Y,Z) = (VJYP)(Z) - (Vyq)(Z) + 2p(Y)q(Z) + 2q(Y)p(Z) 

because of (3.24), the bilinear form a satisfies 

(6.16) a(JY,Z) + a(Y,JZ) = fp(Y,Z) - j(Y,Z), 

which implies (6.15). 
Well we compute s( Y, Z) - sV (Y, Z), where sV is the Ricci tensor of V. 

Contracting (6.14), we see that 
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s(Y,Z) - sV(y,Z) 

= -2no:( Y, Z) + 0:( Y, Z) - y( Y, Z) trace~ J + y(JY, Z) 

- g( Y, Z) trace~ A + 0:( Y, Z) - g(JY, Z) trace~ C - y( Y, JZ) 

+ {o:(Z, Y) - o:(Y,Z)} - {y(JZ, Y) - y(Y,JZ)} 

- g(AJZ,JY) - g(CZ, JY). 

Since trace~ Fp = trace~ F = 0, we obtain trace~ C = 0 by virtue of the equation 
(6.15). Making use of (6.5), (6.8), (6.15) and (6.16), we have 

(6.17) s(Y,Z) -sv(y,Z) = -2(n+2)0:(Y,Z) - 3/P(JY,Z) 

+ J(JY,Z) - g(Y,Z) trace~ A - 4 dp(Y,Z). 

Therefore, by the equation (5.20), we get 

LEMMA 6.2. The difference k(Y,Z) - k"(Y,Z) is given by 

(6.18) k(Y,Z) -kv(y,Z) = -(n+2){0:(Y,Z) +o:(JY,JZ)} 

- g( Y, Z) trace~ A - 2(n + 2) dp( Y, Z) 

Jor every Y,Z E £lJJ. 

Using the equation (6.17), we have 

(6.19) S - SV = -2(n + 2)A - 3Fp J + 3FJ - (trace~ A)I~ - 4 dp#, 

where SV denotes the linear transformation of £lJJ defined by g(SV Y, Z) = 
sV(y,Z) and I~ denotes the identity transformation of £lJJ. We obtain, from 
(6.19), 

LEMMA 6.3. The difference p - pV is given by 

(6.20) P - pV = -4(n + 1) trace~ A, 

where pV denotes the scalar curvature oj V. 

Let us define / and m by 

(6.21) 
1 1 

/(Y,Z) = - 2(n + 2) k(Y,Z) + 8(n + l)(n + 2/g(Y;Z) 
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and 

(6.22) 
I 1 

m( Y, Z) = - 2(n + 2) k(JY, Z) + 8(n + 1 )(n + 2lg(JY, Z) 

respectively, where Y,Z E £'J. From the equation (5.21) and (5.22) we obtain 

(6.23) 

(6.24) 

I(Y,Z) -/(Z, Y) = 2 dp(Y,Z), 

I(JY,JZ) -/(Y,Z) = -2 dp(Y,Z). 

Also we similarly obtain 

(6.25) 

(6.26) 

m(Y,Z) = -m(Z, Y), 

m(JY,JZ) - m(Y,Z) = -2 dp(JY,Z). 

The forms 1 and m are related as 

(6.27) m(Y,Z) = I(JY,Z). 

We define L E r(£'J* ® £'J) and ME r(£'J* ® £'J) by 

(6.28) 

(6.29) 

g(LY,Z) = I(Y,Z), 

g(MY,Z) = m(Y,Z) 

for every Y, Z E £'J respectively. 
We express a, y, A and C by the above notations: 

LEMMA 6.4. The bilinear form a on f!) is given by 

vi} (6.30) a(Y,Z) = I(Y,Z) -I (Y,Z) - 2{h(JY,Z) - f(JY,Z) - dp(Y,Z), 

so that we have 

(6.31 ) v 1 ( ) # A = L - L - - FpJ - FJ - dp , 
2 

and the bilinear form y is given by 

(6.32) y(Y,Z) = m(Y,Z) - mV(Y,Z) - ~{h(Y'Z) - f(Y,Z)} - dp(JY,Z), 

so that we have 

(6.33) 
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where IV, mV, LV and M V denote the tensors similarly defined by (6.21), (6.22), 
(6.28) and (6.29) with respect to V respectively. 

REMARK. In [10], the following equations are easily verified: 

IV(Y,Z) = IV(Z, Y), mV(Y,Z) = -mv(Z, Y) 

IV(JY,JZ) = I(Y,Z), mV(JY,JZ) = mV(Y,Z) 

for Y, Z E fi). These are derived from the fact that kV is symmetric on fi) and 
satisfies e(JY,JZ) = k(Y,Z) for Y,Z E fi). 

PROOF. It suffices to prove the equation (6.30) from which the others are 
trivially derived from the above remark. From the defining equation. (6.21), we 
have 

V 1 V 
I(Y,Z)-1 (y,Z)=-2(n+2){k(y,Z)-k (Y,Z)) 

1 V 
+ 8(n + l)(n + 2) (p - p )g(Y,Z). 

We substitute the equation (6.18) and (6.20) into the above equation. Then we 
have 

1 
l( Y, Z) - IV (Y, Z) = 2 {o:( Y, Z) + o:(JY,JZ)} + dp( Y, Z), 

and hence, we obtain (6.30) from (6.16). o 

Next we shall rewrite the equation (6.14) by making use of Lemma 6.4. 
Before we do so, we need to state the Bochner curvature tensor which is invariant 
under the change (2.8). 

Sakamoto and Takemura (cf. [10]) state the Bochner curvature tensor in the 
following form. 

LEMMA 6.5. Let Bo,B! E r(fi)*3 ® fi)) be defined by 

(6.34) Bo(X, Y)Z 

= RV (X, Y)Z + IV (Y, Z)X - IV (X, Z) Y + mV (Y, Z)JX - mV (X, Z)JY 

+ g(Y,Z)LvX - g(X,Z)Lvy + g(JY,Z)MvX - g(JX,Z)Mvy 

- 2{mV(X, Y)JZ + g(JX, Y)MVZ}, 
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(6.35) Bl(X, Y)Z = ~{RV(JX,JY)Z - RV(X, Y)Z}. 

Then B = Bo + Bl is invariant under the change (2.8). (The tensor field B on !') is 

called Bochner curvature tensor.) 

The right hand side of the definition of Bl is given by 

(6.36) RV(JX,JY)Z - RV(X, Y)Z 

= g(JX,Z)FY - g(JY,Z)FX + g(X,Z)FJY - g(Y,Z)FJX 

+ j(X,Z)JY - j(Y,Z)JX + j(JX,Z)Y - j(JY,Z)X 

for X, Y, Z E ~ (cf. [10]). 
We introduce the important notations for a CR Einstein-Weyl structure by 

which we rewrite the equation (6.14). We define ricD by 

(6.37) ricD(y,Z) = I(Y,Z) - dp(Y,Z) 

for Y,Z E~. From the equation (6.23) we see that the tensor ricD is symmetric 
and hence ricD is the symmetric part of I. We obtain, from (6.27), 

(6.38) ricD(JY,Z) = m(Y,Z) - dp(JY,Z). 

Furthermore we define RicD E r(~* ®~) by 

(6.39) g(RicD Y,Z) = ricD(y,Z) 

for Y,Z E~. It follows that 

(6.40) RicD = L - dp#, RicD J = M - dp# J. 

We obtain, from Lemma 6.1, 

THEOREM 6.6. Let (!'),J) be a nodegenerate CR structure on M2n+l and 

(1'(;" ()) * a !')-preserving almost contact structure belonging to (!'),J). Let D be a 

CR Weyl connection. Then the curvature tensor R oj D satisfies 

(6.41) ~{R(JX,JY)Z + R(X, Y)Z} 

= -ricD(y,Z)X + ricD(X,Z) Y - ricD(JY,Z)JX + ricD(JX,Z)JY 

- g(Y,Z) RicD X + g(X,Z) RicD Y - g(JY,Z) RicD JX 

+ g(JX,Z) RicD JY + 2{ricD(JX, Y)JZ + g(JX, Y) RicD JZ} 

+B(X, Y)Z 

jor every X, Y, Z E !'). 



350 Takaaki OHKUBO and Kunio SAKAMOTO 

PROOF. Substitute the equations from (6.30) to (6.40) into (6.14). Then we 

obtain (6.41). 0 

REMARK. For X, Y E £0 we define the transformation X A Y on ~ by 

(6.42) (X A Y)Z = g(Y,Z)X - g(X,Z)Y 

for Z E £0. Furthermore, for RicD , I!!J E r(£0* ®~) we define RicD A I!!J by 

(6.43) (Ric D A I!!Jh, yZ = Ric D Y A I!!JX - RicD X A I!!J Y 

for X, Y, Z E~. Using such notations as (6.42) and (6.43) and rewriting the 

equation (6.41) and (5.15), we obtain 

(6.44) ~ {R(JX, JY)Z + R(X, Y)Z} = {Ric D A I!!J + RicD J A Jh, yZ 

(6.45) 

+ 2{ricD (JX, Y)JZ + g(JX, Y) RicD JZ} 

+B(X, Y)Z, 

1 1 
2{R(JX,JY)Z - R(X, Y)Z} = 2{Fp AJ + FpJ A I!!Jh,yZ 

- 2{dp(X, Y)Z - dp(JX, Y)JZ}. 

We find that the equations (6.44) and (6.45) are similar to the equation in [2] 
which describes the relation between the curvature R of a Weyl connection and 
the Weyl conformal curvatrue tensor W. The definition of an Einstein-Weyl 
connection is that the symmetric part of hD in [2] is proportional to g pointwise. 
Therefore it will be appropriate that we define a CR Einstein-Weyl connection as 
follows: 

DEFINITION. A pair of a nondegenerate CR structure (~, J) and a CR Weyl 
connection D is CR Einstein- Weyl if the bilinear form ric D is proportional to g 
pointwise, where g is the Levi metric of arbitrary £0-preserving almost contact 
structure (r/J,~, 8) * belonging to (~, J). And a CR manifold M furnished with a 
CR Einstein-Weyl structure is called a CR Einstein-Weyl manifold. 

REMARK. The bilinear form pg does not depend on the choice of (r/J,~, 8)* 
and so does ricD . Therefore the definition that. the CR Weyl connection is CR 
Einstein-Weyl is independent of the choice of (r/J,~,8)*. 
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By the following proposition, we may state that a certain pair of a I-form p 

and 2&-preserving almost contact structure (rp, C;, 8) * determines a CR Einstein­
Weyl structure as in the case of Einstein-Weyl structure. 

PROPOSITION 6.7. The CR structure (2&, J) admits a CR Einstein- Weyl 
connection D if and only if D is determined by a pair of a I-from p satisfying 
(3.16) and a 2&-preserving almost contact structure (rp, C;, 8) * which satisfy 

(6.46) kV (Y, Z) - (n + 2){(Vyp)(Z) - (VJYq)(Z) + p(~)g(JY, Z)} = Ag(Y, Z) 

for every Y, Z E 2&. 

PROOF. First we assume that ric D (Y, Z) is proportional to g( Y, Z) pointwise. 
Then by the definition of ric D and (6.30), we have 

( 6.47) 
. 1 

ncD( Y, Z) = IV (Y, Z) + a(Y, Z) + 2: {!;,(JY, Z) - f(JY, Z)}. 

Moreover, applying (3.24) to (6.47), we have 

( 6.48) 
. 1 

ncD(y,Z) = IV(Y,Z) + 2: {(Vyp)(Z) - (VJyq)(Z) + p(~)g(JY,Z)} 

I 
+2: p(P)g(Y,Z). 

Substituting the definition of IV into (6.48), we have 

(6.49) ric D( Y, Z) = - 2(n ~ 2) e (Y, Z) 

I + 2: {(Vyp)(Z) - (VJyq)(Z) + p(~)g(JY,Z)} 

I v 
+ 8(n + I)(n + 2) {p + 4(n + I)(n + 2)p(P)}g( Y, Z), 

which implies (6.46). 
Conversely, we assume that there exist p and (rp,c;,8)* which satisfy (6.46). 

By Proposition 3.6, we have a CR Weyl connection D. Then we define the tensor 
ricD of the CR Weyl connection D. Substituting (6.46) into (6.49), we see that 
ric D is proportional to g pointwise. 0 

Next we state the main theorem in terms of a holomorphic I-form. If 
(c/J, c;, 8)* is a 2&-preserving almost contact structure such that the Ricci tensor e 
of the Tanaka connection V associated with (c/J, c;, 8r is proportional to g 
pointwise, that is, 
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(6.50) kV(y,Z) = cg(Y,Z) 

for Y, Z E q), where c is a .smooth function on M and g is the Levi metric of 
( ,p, (, , 8) *, then (,p, (" 8) * is said to be pseudo-Einstein (cf. [6]). 

THEOREM 6.8. Let (q),J) be a nondegenerate CR structure on a (2n+ 1)­

dimensional manifold M. Assume that there exists a q)-preserving pseudo-Einstein 

almost contact structure (r/J, (" 8) * belonging to (q), J). If there exists a holomorphic 

I-form p + Hq, where p is a real I-form and q = -p o,p, then the CR Weyl 

connection D determined by p and V (Tanaka connection associated with (,p, (" 8) *) 
is CR Einstein- Weyl. 

PROOF. First we put u = p + Hq. We see from (2.19) that d"u = 0 if and 
only if u satisfies the following equations: 

(6.51) (Vz+v'=TJZu)(Y - J=IJY) - u(Tv(y - J=IJY,Z + J=IJZ)) = 0 

(6.52) (VZ+v'=TJZu)((,) - u(Tv(("Z + J=IJZ)) = 0 

for Y,Z E q). We have, from (6.51), 

(6.53) (Vzp)(Y) - (VJzq)(Y) + p((,)g(JZ, Y) 

+ J=I{(VJZP)(Y) + (Vzq)(Y) - p((,)g(Z, Y)} = O. 

Combining (6.53) with the assumption that (,p, (,,8) * is pseudo-Einstein, we see 
that (6.46) is satisfied. Since 

2{dp(X, Y) + dp(JX,JY)} = (Vxp)(Y) - (Vyp) (X) + p(T(X, Y)) 

+ (VJXp)(JY) - (VJYP)(JX) + p(T(JX,JY)) 

= (Vxp)(Y) - (VJXq)(Y) + p((,)g(JX, Y) 

- {(Vyp)(X) - (VJyq)(X) + p((,)g(JY,X)} 

for X, Y E q), we also obtain (3.16). Therefore, by Theorem 6.7, the CR Weyl 
connection D determined by p and V is CR Einstein-W eyl. 0 

7. Example of CR Einstein-Weyl Manifolds 

We shall explain an example of a CR Einstein-Weyl manifold. We shall show 
that the total space of SO(3)-principal bundle over a quaternion Kahler manifold 
has a CR Einstein-Weyl structure. 
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Let M be a Riemannian manifold of dimension 4m (m ~ 2). The manifold 
M is a quaternion Kahler manifold if the holonomy group of the Levi-Civita 
connection is contained in Sp(m) . Sp(l), where Sp(m) acts on H m on the left and 
Sp(l) acts on Hm as q f---+ q. u on the right for q E Hm. Thus Sp(m) . Sp(I) is a 
subgroup of SO(4m), which is isomorphic to Sp(m) x Sp(I)j{±I} (cf. [1]). 

A Riemannian manifold (M, g) is a quaternion Kahler manifold if and only 
if there are an open covering {U} of M and (1, 1) tensor fields JI, h, h (defined 
on U) satisfying 

if = -I, ? Ii = -I, Jf=-/ 

and 

2(h(X)h -2(h(X)h 
(7.1) +281 (X)h 

for X, Y E TU, where V9 is the Levi-Civita connection of g. The tensors JI, h 
and h form a local basis of a vector bundle V(M) over M. For another local 
basis J{, J~ and J~ on U', we have, on un U', 

(7.2) 

where the product of the right hand side is the matrix multiplication. 
Let g> be the principal SO(3)-bundle associated with V(M), that is, g> is the 

principal bundle consisting of frames of V(M). The dimension of the total space 
of g> is equal to 4m + 3. We shall show that the total space g> admits a CR 
Einstein-Weyl structure. We take a basis of the Lie algebra 50(3) of SO(3) as 
follows: 

(7.3) (
0 0 0) ( 0 

el = 0 0 -2 , ez = 0 
o 2 0 -2 

Then the basis satisfies 

(7.4) 

By using I-forms 81, 8z and 83 appearing in (7.1), we define Wu by 
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(7.5) 

on the each U. Hence OJ-u is a so(3)-valued I-form. We have, from (7.1) and 
(7.2), 

(7.6) 

on un UI. Therefore the family so(3)-valued I-form {cou} determines a con­
nection co in the principal bundle [l}J. If we consider a = {J1' h,13} as a cross 
section of [l}J on U, then a*co = 01e1 + 02e2 + 03e3. We put 

(7.7) 

where COl, CO2 and C03 are I-forms on [l}J. The curvature form Q of co is given by 

where Q = Q1e1 + Q2e2 + Q3e3. Let (j be the fundamental vector field corre­
sponding to ei (i = 1,2,3). Then we have from (7.4) 

(7.8) 

and 

(7.9) 

The Ricci identity for Ji and (7.1) imply that 

(7.10) 

{
[Rg(X, Y),Jd = 4a*Q3(X, Y)J2 

[Rg(X, Y),h) = -4a*Q3(X, Y)J1 

[Rg(X, Y),h) = 4a*Q2(X, Y)J1 -4a*Q1(X, Y)h 

-4a*Q2(X, Y)J3 

+4a*Q1 (X, Y)J3 

for X, Y E TU. If m ~ 2, then it can be shown that (M,g) is Einstein. For the 
proof of this fact, [po 403, 2) or [3) where (7.10) is used as a key equation. Let 
XH denote the horizontal lift of X E TM. Then we have 

(7.11) 

where e = pg / {8m(m + 2)} and pg is the scalar curvature of (M, g). In the sequel, 
we assume that the constant pg does not vanish. We put 0 = -code and 
c; = -e(l' Let fi) be the hyperdistribution spanned by the horizontal distribution 
Yf of CO, (2 and (3 at each point of [l}J. Then we have O(c;) = 1 and O(fi)) = O. 
Moreover 
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(7.12) 

= -g(ltX, Y) 

(7.13) 

for V = X H + V2 + V3 E ~ $ span{(2} $ span{(3}. It is easily verified that 
J(2 = (3, J(3 = -(2 and hence J is a complex structure on 9). We also define OJL 
and gL by OJL = -2 d() and gL(·,·) = OJL(J· , .), respectively. Then 

(7.14) OJL(XH, yH)u = -g(JJX, Y), OJL(XH, (2) = OJL(XH,(3) = 0, 

2 
OJL((2,(3) = -c' 

since [(2, (3] = 2(1 and [XH, (i] = 0. Putting f;j = vlcl/2e(j (j = 2,3), we have 

(7.15) gL(XH, yH) = g(X, Y), gL(XH,f;j) = 0, gL(f;j,f;j) = e 

for j = 2,3, where e is the signature of c. It follows that gL is nondegenerate 
and positive definite (resp. pseudo-metric with y = 2) if the scalar curvature pg 
is positive (resp. negative). It is easy to show that gL is Hermitian, that is, 
gL(JV,JW) = gL(V, W) for V, WE 9). Thus we see that the nondegenerate pair 
(9),J) satisfies (C.l) in Section 1. To prove (C.2), we first show 

for X, Y E X(U). For an arbitrarily fixed U E 9, we can take a cross section 
u = {JI, h,J3} on U such that u(x) = u and du( TxM) =~, where n( u) = X, n 
being the projection 9 ---+ M. Then the left hand side of the above equation is 
equal to 

at u, since JXH = (JIX)H along u. The horizontal component of (7.17) is the 
horizontal lift of 

(7.18) 

Since ()i = Oat x (i = 1,2,3), we see from (7.1) that (7.18) vanishes at x. The 
vertical component of (7.17) also vanishes at u since 
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COj([(JIX)H, (JI y)H]_ [XH, yH]) 

= 2{.-Qj ((JIX)H, (JI y)H) + Qj{XH, yH)} 

= -2cg(.ljX, Y) 

COj{J[XH, (JI y)H] + J[(JIX)H, yH]) 

= COj{(JI[X,JI y])H - C03([XH, (JI y)H]K2 + C02([XH, (JI y)H])C3) 

+ COj((JI[JIX, y])H - C03([(JIX)H, yH]K2 + C02([(JIX)H, yH])C3) 

== -2cg(.ljX, Y) 

at u for j = 2,3. Secondly we show, for j = 2,3, 

(7.19) [JXH,JCj ]- [XH,Cj]-J([XH,JCj ] + [JXH,Cj]) = O. 

Note that [XH,Cj] = [XH,JCj ] = O. Thus it suffices to show that 

(7.20) 

at u. Since 

= -((uejhX);: (cpt = R exp(tej)), 

where (JI(t),/z(t),h(t)) = (JI,/z,J3) exp(tej) and ((uej)I' (uej)z, (uejh) = 

(JI,/Z,h)ej. If j = 2, then [JXH,C2]u = 2(J3X);: and hence J[JXH,C2]u = 

2(IIJ3X);: = -2(/zX);:. Since [JXH,C3]u = -2(/zX);:, we see that 

[JXH,JC2]- J[JXH,C2] = 0 

at u. We have (7.20) for j = 3 in the similar way. Thirdly it is easy to show 

We have proved that the condition (C.2) is satisfied. The pair (f!), J) is a 
nondegenerate CR structure on f!i'. 

Let t/J be defined by t/Jc, = 0 and t/JI.@ = J. Th~n (t/J, c" 8) is an almost contact 
structure belonging to (f!),J). For jXH + gC2 + hC3 E r(f!)), we have 
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Therefore (rp, 1;" 8) is a ~-preserving almost contact structure. 
Next we compute the curvature tensor of the Tanaka connection V associated 

with (rp, 1;" ()). Since F = -1/2rp(!l'erp) on ~, we easily have Fl;,j = 0 (j = 2,3). 
Moreover, rp(!l'erp)XH = J[I;,,JXH] and hence FXH = 0 by the same method as 
the proof of (7.20). Thus we have F = o. It follows that 

(7.21) 

Since 

To prove 

(7.22) 

-WL(1;,2,1;,3)1;, = T(1;,2,1;,3) = Ve21;,3 - Ve31;,2 - [1;,2,1;,3] 

= Ve21;,3 - Ve31;,2 + 81;, 

Ve21;,3 = Ve2(rpI;,2) = rpVe21;,2, 

Ve31;,3 = rpVe31;,2 = rpVe21;,3 = rp2Ve21;,2. 

we have only to show Ve21;,2 = O. Since VOgL = 0 and T!1J{ = 0 on PJ, we have 

2gL(V';21;,2, W) = 1;,2 . gL(1;,2, W) + 1;,2· gL(1;,2, W) - W . gL(1;,2, 1;,2) 

- gL(1;,2, [1;,2, W]!1J{) - gL(1;,2, [1;,2, W]!1J{) + gL(W, [1;,2, 1;,2]!1J{) 

for WE r(PJ). If W = I;,j (j = 2,3), then the right hand side vanishes. If 
W = X H, then the right hand side also vanishes because of the equation 
[1;,2,XH] = O. By the equation VeXH = FXH + [I;"XH], we obtain 

(7.23) 

for every X E X( U). Note that 

2gL(Vej X H, W) = I;,j . gL(XH, W) + XH . gL(l;,j, W) - W· gL(l;,j, XH) 

- gdl;,j, [XH, W]!1J{) - gdXH, [I;,j, W]!1J{) + gL(W, [l;,j,XH]!1J{). 

If W = I;,k (k = 2,3), then the right hand side vanishes and if W = yH, then 
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2gL(''Vc,jXH, yH) = -gL((j, [XH, yH]§{) 

= -gL((j, C02([XH, yH])(2 + C03([XH, yH])(3) 

1 H H = -aCOj([X ,y ]) 

=~Q'(XH yH) a 7 , , 

where a = JfCT72. We define Kj (j = 2,3) by (Kj)uXH = (l;X):: and Kj (2 = 
Kj (3 = 0 at u = {II, h,J3} E f!J. Then Kj is a linear transformation of ::0 such 

that 

(7.24) 

for every V, WE::0. With this notation, we have 

(7.25) 

(7.26) 

We also use 

2gL('VX H yH,ZH) 

= XH. gL(yH,ZH) + yH. gL(XH,ZH) _ ZH. gL(XH, yH) 

- gL(XH, [yH,ZH]Yf) - gL(yH, [XH,ZH]Yf) + gL(ZH, [XH, yH]Yf) 

= X· g(y,Z) + y. g(X,Z) - z· g(X, Y) 

- g(X, [Y, Z]) - g( y, [X, Z]) + g(Z, [X, Y]) 

= 2g('ViY,Z) = 2gL(('Viy)H,ZH), 

from which 

To calculate the curvature tensor easily, we assume that 'V g X = Vg Y = 
VgZ=O at x and a= {I1,h,h} is a cross section of f!Jlu such that a(x) =U 

and da(TxM) = Yfu for an arbitrarily fixed u E f!J1 u. So the calculation is always 

evaluated at u. Using (7.27), we have 
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(7.28) RV(XH, yH)ZH 

= a(XH. gL(K2yH,ZH))c;,2 +agL(K2 yH,ZH)VXHc;,2 

+ a(XH . gL(K3 yH,ZH))c;,3 + agLCK3yH,ZH)VXHc;,3 

- a(yH . gL(K2XH ,ZH))c;,2 - agL(K2X H,ZH)Vy Hc;,2 

- a(yH. gL(K3XH ,ZH))c;,3 - agL(K3XH ,ZH)VY Hc;,3 
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+ (Rg(X, Y)Z)H - 2.Q2(XH, yH)K2ZH - 2.Q3(XH, yH)K3ZH, 

from which and (7.26), 

(7.29) gL(Rv(XH, yH)ZH,XH) 

3 
= -2C{g(X,J2Z)g(hY,X) + g(X,J3Z )g(hY,X)} 

+ g(Rg(X, Y)Z,X). 

Similarly we have 

for j = 2,3. Since 

Cj · gL(KjyH,ZH) = :tgL(KjyH,ZH)uexpte)t=o 

d 
= dtg(.!j(t) y, Z)I/=o 

= g((uej)jY'Z) 

=0, 

where the notation .!j(t) and (uej)j are defined in the proof of (7.20), we have 

(7.30) 

It follows from (7.29) and (7.30) that 

(7.31) V( H H) _ m + 1 9 ( H H) 
S Y,Z -4m(m+2)PgLY"Z . 
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The calculation of gL(R"(XH,(,j)(,j,XH) and egL(R"((,k>(,j)(,j,(,k) (j,k=2,3, 

j "k) is easy. The results are 

(7.32) 

and 

(7.33) 

It follows from (7.32) and (7.33) that 

(7.34) " _ m+1 9 
S ((,j,(,j) - 4m(m+2)P gL((,j,(,j) 

for j = 2,3. The equation (7.28) implies that gL(R"(XH, yH)('j,XH) = O. We 

have, from R" ((,k> (,j )(,j = 2ce(,j, 

(7.35) 

=0, 

where we note that the first equality is derived from F = o. Therefore we obtain 

(7.36) 

Similarly we have 

and hence 

(7.37) 

The two Ricci tensors s" and k" coincide when F = 0 (cf. [10]). Therefore we 
conclude that (r/J, (" 8) is pseudo-Einstein. 

Finally we show that p = aW2 + PW3 (a,p: constant) satisfies (3.16) and 
(Vvp)(W) - (VJvq)(W) + p((,)gL(JV, W) = 0 for V, WE!!fl. It is easy to show 
that p satisfies (3.16) by virtue of the structure equation of the connection w. 

Since 

(Vvp)(W) - (VJvq)(W) = V· peW) - p(VvW) +JV· p(JW) - p(JVJvW), 

we easily see that (Vvp)(W) - (VJvq)(W) = 0 in the cases where (V = XH, 

W = yH), (V = XH, W = (,j), (V = (,j, W = XH) and (V = (,j, W = (,k). Noting 
that p((,) = 0, we obtain the assertion. 
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In this way, we have shown that the total space of the SO(3)-bundle 
associated with a quaternion Kahler manifold of dimension 4m (m ~ 2) with non 
vanishing scalar curvature admits a CR Einstein-Weyl structure. 

References 

[1] Besse, A. L., Einstein Manifolds, Springer-Verlag, Berlin, Heidelberg, New York, 1987. 
[2] Gauduchon, P., Structures de Weyl-Einstein, espaces de twisteurs et varietes de type SI x S3, J. 

reine angew. Math. 469 (1995), 1-50. 
[3] Ishihara, S., Quaternion Kahlerian Manifolds, J. Differential Geom. 9 (1974), 483-500. 
[4] Kobayashi, S. and Nomizu, K., Foundations of Differential Geometry Vol. I, Interscience, New 

York, London, 1963. 
[5] Konishi, M., On manifolds with Sasakian 3-structure over quaternion Kaehler manifolds, Kodai 

Math. Sem. Rep. 26 (1975), 194-200. 
[6] Lee, J. M., Pseudo-Einstein structure on CR manifolds, Amer. J. Math. 110 (1988), 157-178. 
[7] Matzeu, P., Some examples of Einstein-Weyl structures on almost contact manifolds, Class. 

Quant. Grav. 17 (2000), 5079-5087. 
[8] Pedersen, H. and Swann, A., Riemannian submersions, four-manifolds and Einstein-Weyl 

geometry, Proc. London Math. Soc. 66 (1993), 381-399. 
[ 9] Sakamoto, K. and Takemura, Y., On almost contact structures belonging to a CR-structure, 

Kodai Math. J. 3 (1980), 144-161. 
[10] Sakamoto, K. and Takemura, Y., Curvature invariants of CR-manifolds, Kodai Math. J. 4 

(1981), 251-265. 
[11] Tanaka, N., A Differential Geometric Study on Strongly Pseudo-Convex Manifolds, Kinokuniya 

Book-Store Co. Ltd. Tokyo, 1975. 
[12] Tanaka, N., On non-degenerate real hypersurfaces, graded Lie algebras and Cartan connections, 

Japan. J. Math. 2 (1976), 131-190. 

Department of Mathematics 
Faculty of Science 
Saitama University 
Simo-Ohkubo, Sakura-ku, Saitama 
338-8570, Japan 
E-mail address:tohkubo@rimath.saitama-u.ac.jp 
E-mail address:ksakamot@rimath.saitama-u.ac.jp 


	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079

