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SCATTERING FOR NONLINEAR SYMMETRIC
HYPERBOLIC SYSTEMS
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0 Introduction

In this paper we shall investigate the Cauchy problem and scattering for the
following nonlinear symmetric hyperbolic system of first order

n

E(u)%: ;Aj(u)g—;—i-lf(t,x,u), (0.1)

where x € R", t € R', u = u(t,x) is a real m x 1 matrix. E(x) is an m x m matrix
which is real, symmetric and positive definite, 4;(x) (j=1,...,n) are mxm
matrices which are real and symmetric. Moreover we assume that E(u), 4;(u),
F(u) e C*(R™).

First, in order to obtain the existence of the time global solution of the
Cauchy problem for the equation (0.1), we consider the following Cauchy
problem for a linear symmetric hyperbolic system of first order with constant
coefficients;

an—uo = zn:AQa_uo
o 7 ox (0.2)

u’(0,x) = go(x),
0

where xeR", teR', u®=1u(t,x) and ¢@y(x) are real m x 1 matrices and
9o(x) € CP(R"). E® is a m x m matrix which is real, symmetric and positive
definite. A}) (j=1,...,n) are m x m matrices which are real, symmetric and
constant. We assume that the eigenvalues 4;(&) of ij’:l Ajoéj are non zero, real,
distinct and their slowness surfaces are strictly convex. S. Lucente and G. Ziliotti
[1] obtain the decay estimate of the solutions of the Cauchy problem (0.2) as
t — 400. By using their estimate and the existence of the local solution (cf: [3]),

Received December 8, 2003.
Revised March 17, 2005.



286 Atsushi SATOH

we can prove the existence of the time global solution to the following Cauchy
problem

ou & ou
E(u)a= ;Aj(u)a—xj+F(t,x,u), (03)
u(O,x) = (0()6),

where ¢(x) is a real m x 1 matrix, ¢(x) e W' NH', 1 >1+2 and [ = [g] +1,
and we get the decay estimate of the solution.
Throughout this paper, we assume the following assumption.

AssumpTION 0.1

+ E(u) : m x m matrix which is real, symmetric and positive definite.

« 4j(u) (j=1,...,n) : m x m matrices which are real and symmetric.
* E(u), 4;(u) € C°(R™) and F(t,x,u) € C°(R™*" x R™)
- EO, Aj(-) (j=1,...,n) : m x m matrices which are real, symmetric and con-

stant. Moreover E° is positive definite, the roots 4;(¢) of the equation
H(A) = det(E°A — P Ajoéj) =0 are non zero, real and distinct and the
slownness surface {¢;4;(£) = +1} are strictly convex.

« E(u) — E° = O(|u}?), |u| — 0.

- A1) — 49 = O(ul?), Jul 0.

- 0J0%(F(t,x,u) — F(t,x,0)) = O(|lu["™"), umiformly in (z,x) € R™! |u| — 0,
for each (j,a).

We get the following theorem under the above assumption.
THEOREM 0.2. Let us assume that 9 WHINH!, oy + loly <9, a
positive integer p >" and F(t,x,0) € C%((—o0, 00); H'N WH1(R™)) satisfying
”F(t) ')0)”W/-1 + ”F(t’ ':O)”H’ =< 5<t>_a(a > 1),

where 6 is a small positive constant, | > Iy + 2 and Iy = [’2—’] + 1. Then the Cauchy
problem (0.3) has a time global solution

u(t) € C'((—o0,0); H' N WH*(R™) N C (=00, 0); HINLP(R™).  (0.4)

Moreover the solution of the Cauchy problem (0.3) has the following decay es-
timate;

[u(t) 1o gry < ICSY~ D2 1 RY, (0.5)

where (ty =1/1+ |1|*.
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Furthermore we shall prove the existence of the scattering operator among
the nonlinear equation (0.1) and the linear equation (0.2). The result is the
following theorem.

TeEOREM 0.3. Assume that Assumption 0.1 is valid. Let 1 >2(ly+1) and
F(t,x,0) = 0. For Yo_e W''NH' and |lo_||g: + |o_|lpw1 < < 1, there exists
u(f) € C°((—o0, 0); H) N C((~o0, c0); HY), (0.6)
satisfying (0.3) and
l[u(t) — g _|| i < C<ty~ 0702, (1 <0). (0.7)
Moreover, there exists
9. eH, (0.8)
such that

llu(t) = e™g, || < CH™DE, - (120), (0.9)

where p > "1 the constant C depends only on & and p.

This paper is organized as follows: In the section 1 we shall prove the
existence of the time global solution and derive the decay estimate of the solu-
tion for the Cauchy problem (0.3). Intertwining the equation (0.1) and a linear
symmetric hyperbolic system with constsnt coefficients (0.2), the existence of
scattering operator for the equation (0.1) is proved in the section 2.

1 Global Solutions and Decay Estimates

Let’s consider the Cauchy problem (0.2). Multiplying the equation (0.2) by
(E®)7! from left-hand side, then we have
ou®

= —iHuW®
o (1.1)

(0, x) = po(x),

where xe R", teR!, Hy= (E%)™ o1 AMDy, Dy =1 aixj, i=+—=1. E° is an
m X m matrix which is real, symmetric, and positive definite, AJQ (G=1,...,n)
are m X m matrices which are real, symmetric and constant, and u° = u°(z,x) is a
real m x 1 matrix. Let us assume that gy(x) € C°(R"). For ¢y(x), we see that the
solution of the Cauchy problem (1.1) can be written in the following way:
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u’(t, x) = (e"py) (x). (1.2)

For (1.1), we obtain the- following proposition.

PROPOSITION 1.1. The solution g, of (1.1) satisfies

™ 4]l prrorry < C<EY™CD gl it ey (1.3)
where go(x) e Wiol(R"YNH!(R"), Iy = [n/2] +1 and | is a non negative integer.
This result will be used to prove the existence of time global solution for the
nonlinear case. The proof of this proposition is just the same one as Theorem 0.1
in [1].

Using Proposition 1.1, we can solve the Cauchy problem (0.3). We assume

that E(u), A;(u), F(u) satisfy Assumption 0.1. The existence theorem of local
solution is as follows.

ProroSITION 1.2. Let pe H°, seN, s>5+1, g1 :=kK|¢llys and g2 > g1
arbitrary but fixed. Then there is a T > 0 such that there exists a unique classical
solution ue CY([0,T] x R") of the Cauchy problem (0.3) with

sup [u(t,x)| < g2 (1.4)
(t,x)e[0,T]xR"

and
ue C([0, T); H) N C'((0, T); 7, (1.5)
where T is a function of ||¢||y. and gs.

(Proor OF ProposiTION 1.2). See R. Racke [3].

In order to have the decay estimate of the solution of (0.1), we use the
following Gagliardo-Nirenberg type inequalities.

Lemma 1.3. (1) For the functions uy,uz, .. .tm, if la| =al +- - +a™, then

o! o? a” -
105 w105 uz - - 0% um“Ll(R") = CZ(H “ui”Lw(R")> otk | 1 (1.6)

k=1 \is#k
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(2) For the functions uy,uy,...tm, if || =o' + -+ o™, then
1 aZ am
0% 1105 uz - - 05 || 1 gy < C}:( II ”uiHLw(R")) 24| e Nl gt~ (1.7)
J#k \i%jk

(3) Let us assume f(x,u) € C*(R™,B®(R")) and f(u) = O(|4®), |u| — O,
where an integer p > 1. Then

17 @l < Cllullfmgem 1l (1.8)

where C depends only on f and ||ul| e gn)-
(4) Let us assume f(x,u) e C°(R™,B®(R")) and f(u) = O(|u®), |u| — O,
where an integer p > 2. Then

1 @llw < Clullfatgn i3, (1.9)

where C depends only on f and ||ul| e (gr)-
(Proor OF LEmmA 1.3). See M. E. Taylor [4].

(ProoF OF THEOREM 0.2). Let us introduce E' and 4] as follows:

EI(U) = E(u) — EO
{Ajl(“) = 4;(u) — 4. (1.10)

Then the equation (0.1) can be written in the following way:

ou ou
E° = = ZAfa + Fi(u), (1.11)

where

n

Fi(u) = Fi(t, x,u) = F(t,x,u) E(u Z

(3xj

= F(u) — E'(W)E(u)~ (ZA (u) +F(t X u)) +ZA . (1.12)

Moreover, using the new function Fj(x) defined by

Fi(w) = (E°)'Fi(w), (1.13)
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(1.11) can be written in the following way

% = iHo(D)u + F (u). (1.14)

Applying the representation formula for (1.14), we obtain

'
u(t) = g 4 J eI (u(7)) dx. (1.15)
0

Now let us introduce the following norm;

M(1) = M(u(1)) = Osslilil{<f>("“l)/2llu(f)llW//z.w(m) + u@lg}. (1.16)

Then, from Proposition 1.1, we deduce that

-
(D) || e < Cliollyorres CJ Mmdt (1.17)

<t>(”“1)/2 0 {t— T>("—1)/2

Taking account of the condition on F(z,x,0), from (1.12) and Lemma 1.3 (4) we
have

- o 3
IE @)l st < C| IF@)lions + || E'@E@ ™S 4;(w) o=
J=1 % Wlo+/2,1
- n 0
+ ”EI(M)E(M) IF(U)leOH/Z.I + ZA}(u)-a% )
J=1 TN to+iran

~1y. 112 ~1y, 112 21y, 12
< Cllullze ull g + lullze 1wl g + [l ullg o)

+ C”F(t> . ’O)HW’O'H/ZJ
< C(lullZ=" ol e + Nl 2" Nl o + 657, (1.18)

where C = C(M(r)). From (1.18) and the definition of M(f), we compute

1E (@)l o < Clull s ull e + lll ol Froer +8<2>70) (1.19)
< C((ry~(=D/2D(=D) pr ()Pt

+ <T>-((n—1)/2)(2P*1)M(t)2P+1 +64t)79), (1.20)
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because of ly+1+4 < 1. Applying (1.19) to (1.17), we can obtain the following
estimate.

t
1)l grry < COC™D2 4 CM (1) J (= 7y D2y~ =DAP-Y) gy
0
+ CM(Z)sz Jt {t— T)“("—l)ﬂ<T>-((n—l)/2)(2p_1) dr
0

1
+ C5J (t— 1y~ D27y g, (1.21)
0

where C = C(M(t)). We caluculate the integrals in the right-hand side of (1.21)
as follows;

1
J {t— T>—(n-1)/2(<T>—((n—1)/2)(17—1) +<1)) de< C<t>~(n—1)/2, (1.22)
0

where p > il Thus we can obtain
(@)l ogamy < CKH™OD2E + MOP + M. (1.23)
Hence, it follows that
P |u(0) | yipgry < CO+ M@P + M(1)7H). (1.24)

Operating D to the equation (0.1), we have

6D u X":A aD U, Fu(u), (125)

where

R = DiFG) - Y (5 ) s B 5,

o' <o

+ZZ( )D"“"A] u)D? % (1.26)

j=1 a'<a

Putting u, = D¥u, |a| </, we have

a”“ ZA (1) (1.27)

Now we compute
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%(E(u)ua,ua)Lz(R") = ( (WE(u)~ (ZA ———{—F(u))ua,ua)

L2(R")

Jj=1 Xj

" 0A4;(u
—~2Re<ua,2—4(——)ua> + 2 Re(Fy, o) pagmy-  (1.28)
L2(R"™)
Therefore it follows that
4 g 172 Lo)(E 2 g 1.29
E( (u)ua,ua)Lz(R ) < 5 c(2)( (u)ua,ua)Lz(R E“ (u) u“LZ(R")> (1.29)

and

c(t) = sup

V.EW)E(u)~ (ZA(u )>E(u) l

+2 sup (1.30)

Ew™Y af;fx(”) .
j=1

J

Applying the Gronwall type inequality to (1.29), we get
t
(B W)t ) 2y < (E(t)11(0), ,(0)) 2 exp( L o(2) dr)

t t
+J ||E(u)—1/2Fa||L2(Rn) exp(J c(s) ds) dr.  (1.31)
0 T
Using the equation (0.1) and Lemma 1.3, we see after a simple calculation that

IE() ™ Fu(@) | o ggery < ClF()]] 2Ry

o ! ,au
< C||DEF (u)| 2(pr +CZ D? Dy - -
a'<a )
= Ciz D A4;( )1)‘*’3‘i
— n X 7 x 5x] 2 pn
j=1 a'<o L2(R")
< C(llull gellull e + 1F (2, 0l )
< Cllllgn, g ltll gt +<>7°). (1.32)

Combining (1.31) and (1.32), we have
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t
(B0 ) ey < (EC0), 10 ey 50 | ) )

C [ I 1 x5 a5) . (139

Taking the sum with respect to o up to / and using the equivalence of norms, we
obtain

il < €Il exp( [ etr) )

t

t
+ CL ||u]|5,,/z'w(R,.)I|uHHz exp (J c(s) a’s> dr. (1.34)

Moreover from (1.10) and Lemma 1.3 we deduce

V.E(W)E (Z () — + F(u)) E()™

T

()—sup

p 3o

+ 2 sup

< Cllull tgmy 1l 1.0 gy + N4l o ey + IE (8-, 0) ] o)

< Cllullfy .o (rn) +||uI|W|w ny + 7). (1.35)

From the definition of M(z) we have

t

J, €661 de < €[ Ml + 1010y + 5057 d

t t
< C(M(t)"J oy~ (=02 go 4 M (2)? J (zy~m=P o +5>
0 0

< C(M(1)? + M(£)? +9). (1.36)

where 251 Z=p>1, (n—1)p>1 and o > 1. Consequently we find that

il < Clu@ly exp( [ <tc) )

t t
| g x| ot5)a5)

< C5 exp(CM(1)? + CM (1))
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1
+ CM ()P exp(CM(1)? + CM(1)%) J (o508 g
0

< C5 exp(CM () + CM(1)¥)
+ CM ()P exp(CM(1)P + CM(1)%). (1.37)
Combining (1.24) and (1.37) and taking the supremum on 0 < t<¢?, we obtain
M(1) < C(6+ M) + M@)**") + C exp(CM (1) + CM(1)?)
+ CM ()P exp(CM (2)” + CM(1)%). (1.38)
Set M(f) = x. Then inequality (1.38) can be written in the following way
X < C(6 + xPH! 4 x2HL 4 GO/ HOT o yoptl gOxF+Cx¥y (1.39)
Finally, from M(0) <6« 1, we can see x < C4. This means that
M(1) < Cs. (1.40)
This completes the proof of Theorem 0.2. Q.ED.

2 Scattering for the Nonlinear Symmetric Hyperbolic Systems
In this chapter we shall prove Theorem 0.3. First we construct a solution
satisfying

E(u)%:ZAj(u)%u—-i-F(u), XER”,[SO,
j=1 J

lim (u(f) —u°(t)) =0 in H’,

t——00

where we denote
W0(1) = ey _. (2.2)

Now we set w(t) = u(f) — u%(¢), then we have

E() S w(t) = EG) & (u(t) — (2)

= zn:Aj(u) %u(t) + F(u) — iE(u)Hou®(2)
=1

= 34 ) ) + Sy (w) — E)(EY) 4(0)) s (1) + ().
j=1 J j=1 J
(2.3)
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Therefore, the following equation is equivalent to (2.1):

E((W(t)+u°(t))d t)—ZA (w(2) +u (t))~W()+F(W()+u (), 04
J=1 .

lim w(f)=0 in H',
t——00

where

FOw(t) +10()) = SO (4)w(0) + () — EO() + 12 (0) (E) ™ 4, (0)} (1)
=1

+ F(w(?) + u°(2)). (2.5)

In order to solve (2.4), we consider the linearlized equation of (2.4). We define the
function space X as follows

Xi = {w(t) € CO((=0, 0 H'); | w(1) | g <6<y~ V2 ve <0} (2.6)
Let ve Xj, and we put A,(2) = E(w(t) +u0(2))" 3oL, 4;(v ()+u°(t))5%j—. Let
consider the following linear problem
d
Zwle) = Au(ew(e) + £(2),

lim w(f)=0 in H’,

t——0o0

2.7)

where f e L'((—o0,0); H'). In order to solve (2.7) we shall consider the following

4
ar

u(7) = uy,

u(t) = 4,(u(t), teR', xeR", (2.8)

where ug € H' and 7 is a fixed number arbitary chosen. We can represent the
solution of (2.8) as

u(t) = Ey(t, )uo, (2.9)

where E,(¢,7) is the fundamental solution which depends on v, that is, E,(¢,7) is a
solution for

d
ZE(1, 1) = A, () E,(t,7), (2.10)
EU(T: T) = I’
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where I is the identity matrix, and the fundamental solution E,(¢,7) satisfies the
following property

E,(t,7)E,(z,r) = E,(t,7), Vi,z,r. (2.11)
Then we can obtain the following proposition.
PROPOSITION 2.1.  Assume p > and v e X, J. There is a positive constant

C such that for uge H', 1>2(lp +1), (E,(t,7)uo)(x) is a solution of (2.8) and
satisfies for any t,7€ R

I (t, 2ol o < €% ol - (2.12)

(PrOOF OF PrOPOSITION 2.1). Operating D¢ to the equation (2.8), we have

%D;ﬁu(t) = A,()Du(t) + fu(1), (2.13)
where
70 = (& )P 0D u() + D/ 1) .19

Since ||u(¢)||5: is equivalent to zlalsl ”\/E(U"‘UO)D;‘U([)“%}(R"), we compute

d

= >~ (B(v+u0)Dgult), Diu()) e

Je] <1

d dE
— 2 o o o o
= g Re (E—thu(t),Dxu(t)> - + <_—t Dxu(t),Dxu(t)>

o] <! L2(R")

=2 Re(EA,(1)Dfu(t), Du(1)) 2 gmy +2 D Re(Efy(2), DSu(?)) 12 gy

Je] <1 lef <1
+ (%Dﬁu(t),Di‘u(t))Lz(R")‘ (2.15)
Since
2> " Re(EA, (1) DSu(t), Diu(t)) 12
o <1
=250 > Re(D2utd, (- 4,000 + uo(t))>D;‘u(t))L2(Rn)

lel <1 j=1

< 2a(0)][u(?) |7, (2.16)
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and

) < Cllo(d) +u (@) 17" [19:(2) + 01 (D) oo [l

1(‘55 Du(s), D“u(t)> .

< ey~ =02y,

where a(t) = sup,cpn ) i,

2 (4;(0(2) +u°(r)))| and

[; Re(Ef, (1), Diu(t)) paemy < > |(Ef(?) (1)) L2 (&)
o<l <!
< C Y 1L @141, (2.17)
le| <1

we have

—Ilu(t)llm < (a(t) + <y~ [u(@) | o + 5 2 /(O L2grny- (2:18)

|a|<l

On the other hand from (2.14) we obtain

D 1A@le@y < €Y D IDF 4D u()ll 2(gr)

o <1 lo| <l o <a

D¥ ¥ A 1)+ uo(t)) 0 D°‘ u(z)

lof<la! <1/2 j=1 2(R")
N o
+CY . > Y |IpE Al (u() +u0(t))$D§ u(t)
lo|<ll/2<a! <I-1 j=1 J L2(R")
=1+1I (2.19)

By using Lemma 1.3, Assumption 0.1 and Sobolev’s lemma, we caluculate

rscy ¥y

lo|<la'<1/2 j=1

< Cllu(t)ll . 10(2) + u® (D) 7 gy 10(8) + 4 (Dl g

o
a—ijx u(t)

1D (4] (o) + u®(9))) | 2(ary

Le(R")

< Cllu()l s [[0(8) + U (@)1 2y 10(8) + (@)l
< Cllu(llgrollo() + (@)1 m gy 10(8) + (@)l

< 5?7ty =D y(1) || g1, (2.20)
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where [ >2(lh+1), Ip = [Z] +1, and

a—a’ d o
m<Cy, > ZHD A7 (0(0) + w0 (Dllmrn 5o DF @]
lo]<ll/2<a’ <11 j= 7 L2(R")
< Cllo(®) + 401y 1408 1
< C5p<t>“((””l)/2)(1"l)||u(t)|]H1. (2.21)
Hence we have
d
4@l < b@)[u(®)]| g, (222)

where b(7) = a(f) + C67 ¢y~ ("=1/2(P=1) " Therefore we can see that

%{exp(— J; b(s) ds> ||u(t)|[H1} <o. (2.23)

Integrating (2.23) over [7,1], where 7 € (—o0,1], we have

10l < exp( [ 06) ) Iuto)l (2.24)
Next we will estimate b(¢) = a(f) + Co?(t)y~"T »~1).
a(t) < i V. A;(v(t) + uo(t))gg (v(2) + u°(2))
= j L= (R")
< Clb0) + 88O oy |3 (00 + 1)
L®(R")
< CUI ot + 1820 o ry)?
< CoP ¢y~ =D/ (p-1) (2.25)

hence we get

t
J b(s) ds < caf’J sy~ (=072(p=1) g

0
< C‘SPJ (s~ =120 g

—o0

< Co, ' (2.26)
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where 251 (p — 1) > 1. Consequently, we have from (2.24)
(D)0 < e [|(2) 1 -

Thus we can obtain (2.12). Q.E.D.

299

(2.27)

Now we shall turn to the investigation of (2.7). Applying E(0,¢) to the

equation (2.7), we have
E,(0,1) % w(t) = E,(0,1)4,(6)w(t) + E,(0,2) f(2),

and

(C% E, (0, z)) w(t) + E,(0,1) %W(l)

I

d
& (B0, w(1)

By using the relation
E,(1,0)E,(0,2) =1,

IZ v\% v ) v\% ZZ v bl .

Combining the equation (2.10) and (2.31), we have

d

E,(1,0) %E,,(O, f)=— (E E,(z, 0)) E,(0,1),

= —A4,(2).

Hence we get

d
EEU(O’ l) = —EU(O: Z)A”(t)'

Insert (2.33) into (2.29), we have

d

= (Eo(0,)w(1)) = E,(0,1 (1)

If w(f) =0 as t — —co in H', then we can see that

(%E,,(O, t>) w(t) + E(0, ) A, (£)w(t) + E(0,2) £ (2).

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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B0, w(t) = L) Ey(0,5)£(s) ds, (2.35)

where f e L'((—o0, 00); H'). That is

w(t) = j " E(s)f(s) ds (2.36)

-0

By using Proposition 2.1, we can obtain

Ol < | IEG SOl

<e® J[ ) £ ()| g1 ds. (2.37)

Since f(s) € L'((~0,0); H'), then we can see that ||w(f)||z — 0 as ¢ — —oo.
Consequently, we have the following proposition.

PROPOSITION 2.2. Let ve X]. Assume that f(t) e L'((—o0,0); H'). Then

w(t) = Jiw E(t,7)f () dr (2.38)

is a solution of (2.7) and satisfies the following estimate;

t
W (@) < €€ j 1/l ds. (2.39)
)
Therefore w(t) — 0 in H' as t — —c0.

In order to solve (2.4), we consider the following linear equation

iw = w (v u’
70 = A (Ow(t) + F(o(t) +1°(1)), (2.40)
lim w()=0 in H'

[——00

By using the representation fomula of Proposition 2.2, we have
!
w(t) = J Eo(t,$)F(o(s) + u(s)) ds. (2.41)
— o0

Now we put the right side as
w(t) =¥ (v)(1), (242)



Scattering for Nonlinear Symmetric Hyperbolic Systems

for ve Xj and define for v,i € Xj,
S() =¥ () () — ¥ @) ).
From (2.40), we have

d
=5(0) = 4,()5(1) + G(2),

where
G(t) = zn:{/Ij(U(t) +u’(1)) — 4;(5(2) + u°(f))} ¥(0)()
j=1

+F(o(t) +u°(0)) = F(5(2) +u°(2))
= B(1)(v(1) - 5(1)),

A;(0(2) +u°(1) = E(o(t) +u0(1)) "' 4(0(f) + u*(£)) and

n

1
BH =Y JO VA (5(0) + u0(0) + 6(u(t) — 5(2))) deaixj\y(a)(t)

J=1

1
+ L VE(B() + u°(2) + 0(v(z) — 5(2))) d6
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(2.43)

(2.44)

(2.45)

(2.46)

Moreover, putting y(z) = v(f) — 5(¢) and taking a norm in H'~!, from Lemma 1.3

(1) we obtain
IGO gz = I1BE) y (D) gro-1
< CIBON - 1yl -
where [ — 1 > [;. Since

1
3 JO VA (5(2) + u°(2) + 0(v(2) — 5(2))) deaixjw(a)(z)

J=1

Hi-1

<C ZJ 1VA4;(5(2) +1°(2) + O(o() = 5(0)l| = d@’%

J

¥(®(9)

< Clo@llgro + 15D g0 + 11Dl )~ I G (Dl e + 14° (D)1 1)

< CoP ¢y~ (=1/D (1),

H-!

(2.47)

(2.48)
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and

Jol VE((2) +u°(2) + 6(v(2) — 5(2))) d@“

Hi-1
1
< Jo 13(2) +u°(2) + 6o(2) = 5= 1(3(2) + () + B(o(2) — 5(1))) | -1 46

< C5P<t>“(("_1)/2)(.p_1), (249)
we have

IB(0)|| g1 < COP ey~ ((=D/D(p=1), (2.50)
Thus, from ¥(5)(f) € X], we can obtain from (2.47)
IGO) | gi-r < €<y~ D2y (2) — 5(1)]| y1-1. (2.51)

From (2.44), we have

E,(1,7)G(7) dx. (2.52)

t
—o0

s = |
Thus, by using (2.51) and Proposition 2.2, we can see
t
1SOlsrs < | 1B )6y de
-

< | 16 ln ds

4
< O J €57 (xy~ =DV (1) = 5(2) || yror dt
—00

< Ce@eP ey~ DA sup jo(x) = 5()|| -, (2.53)

—o0<T<!t

where Z51p > 1. We assume that CeC5P < 1, then we obtain for >0

sup Il‘if'(v)(f)—‘I‘(ﬁ)(f)llm—lS%<t>_("_”/2 sup ||o(z) — ()| 1. (2.54)

—oo<t<t —o0<LT1<!

Thus we get the following proposition.

PrOPOSITION 2.3. Let w(t) =Y¥(v)(t) be a solution of (2.40) in X! and
1 >2(lp+1). Then there exists a positive constant ¢ such that ¥ is a mapping
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¥ X{— X} (2.55)
and satisfies (2.54).

The inequality (2.54) implies that ¥ is a contraction mapping and we can see the
existence of the fixed point of ¥. In fact, we put

wo =0,
w) = \P(O),
) (2.56)
wi = ¥(wi_1),
where wy € X({, Vk, then, from Proposition 2.3, we can see
w= lim w, in H', (2.57)
k—oo
and from the definition of X,
Wi (D)0 < 6=V, vk, (2.58)

Hence we obtain that {wy(?)} involves a subsequence {wy(f)}, which weakly
converge in H'. Therefore we have w(f) e H' satiafying

Iw(@)l g < m supllwi, (£)[| g < 6<H~D2 1 <0, (2.59)
j—

Now we can define u_(7) = w(t) + e ¢p_. The above inequality yields that
lu_(2) — e™og_|| < COey~ D2 <. (2.60)

and that u_ () satisfies the equation (0.1) in 7z < 0. Next we want to extend u_(¢)
to [0,00) as follows. To do so, we shall find a solution u.(¢) € C°([0,+00); H')
such that

5T oy (2.61)

but we can not know if the initial data u_(0) is in W%1(R"). So, instead of the
equation (2.61) we consider the equation (2.65) below with zero initial data. Let
define u}(7) = ™oy for 1 >0, where
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0
=g+ | L) + Fwle) + () e 262)

and w(f) is the solution of (2.40). Then from (2.4) we can see that u}(0) =
Y = w(0) + ¢_ = u_(0). Moreover noting that from Lemma 1.2 (4)

[1(A () + F(w(2) + 1° () s
< (|41, w +u0) (w + uo) () + F(w(t) + u° () i,
< Cll(w + u0) (D)1 1w + 140|704
< Cg2<t>—((n—1)/2)(p—1)’ (2.63)

we can estimate

i Dl o < c(<z>—<"-1>/2n¢_nw,l

+ jl =y D2 4, (2) + F(w(z) + u® (@) ] i, df)

—0o0

< Co(ey~(D/2, (2.64)

We define u, (1) = wt(¢) +uf(¢) for ¢ >0, where w*(z) satisfies

%wo A, W (1) + 2 ()W () + A W (0) + i ()i (5),
o (2.65)
WwH(0) = 0

which is equivalent to the equation (2.61). We can show the existence of the
solution w'(¢) of the equation (2.65) applying Theorem 0.3 to the equation (2.65),
because ¢ = 0 and f(r) = A (x,ud (£))uf (¢) satisfies the condition of Theorem 0.3,
if we take o ="51(p—1)> 1. Moreover u.(f) =w"(r) + u{(¢) satisfies (2.61).
Therefore u, (¢) is an extension to ¢ > 0 of u_(¢) and it follows from Proposition

5.4 with f =0 that there is C > 0 such that

s (DNl < Cllusr 0)|| g = ClYll g < Cllo_ll s < C5, >0 (2.66)
and

s (D)l pre < CEO™D25 1> 0. (2.67)
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Hence we can define

u(l) = {ngg :8 (2.68)
satisfying
u(t) € C°((—o0,+00); H) N C((— 00, +00); HY), (2.69)
and
ZA( ) +F(u) —00 <t < 400. (2.70)

Next, we seek ¢, € H' satisfying

E(u ZA (u +F(u)

(2.71)
_ LitH
lim (u(s) — e"¥g,) =0.
From (1.10), we rewrite the equation (2.71) as follows
ou ou
0 0
2.
E°S ;:;A o + Fi(2), (2.72)

where
Fi(f) = Fu) — E'W)Ew)™ iA-(u)ﬁliﬂ-F(u) + ZH:A}(u)—(ZLi. (2.73)
= J 6xj =1 J an
Multiplying the equation (2.72) by (EO)_1 from left-hand side, we have
0 0 au
= (E°)” ZA +F1 (2.74)

where F(f) = (E9)"'Fi(¢). Now we put
(t) = e~ Hoy(y), (2.75)
then we obtain

%Z}(Z‘) — e—itHoﬁ‘l (f) (276)
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Integrating the equation (2.76) over ¢’ <7 <t, we have

t

(1) — a(t') = J,/ MO (7) d. (2.77)

Taking a norm in H'-!, we find that

t

i) = ()l < | WAl dr (2.78)
[I
Combining (1.10), (2.73) and Lemma 1.3 (1), we deduce that

Ou

E'(W)E()” 4)(u) 5
7

IE (D)) g < C(][F(u)“H,_, + Z

J=1

HI-1

)
Hl—l)

< C(llullZe Nl o+ el Goo ] 1. (2.79)

ou

N
A; (u) 3%

+IE' W E@) " F@)llgm + Y
=1

Hence from (2.78) and (2.79) we see
t
I50) = 56 e < | Bl

t
< cj Bl (1 + [10]120) d,
tl

< CKey~(=0/Ap+1) o (py=((=D/2(p+DY vy 4 >0, (2.80)

where 251p > 1. Hence we find that {#i(¢)},5, is a Cauchy sequence in H'~! and
that there exists ¢, € H'™! such that

[u(t) — e™op, ||y < C™D2 e > 0. (2.81)

On the other hand, since {u(f)},5, is bounded in H', then {u(f)},5, involve
{u(y) 121 which weakly converges to ¢, in H', that is, u(t) — ¢, (strong) in
H'=' and u(4) — ¢, (weak) in H'. Therefore we can see ¢, € H'. Thus we

complete the proof of Theorem 0.3. Q.E.D.
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