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SCATTERING FOR NONLINEAR SYl\1METRIC 
HYPERBOLIC SYSTEMS 

By 

Atsushi SATOH 

o Introduction 

In this paper we shall investigate the Cauchy problem and scattering for the 
following nonlinear symmetric hyperbolic system of first order 

au ~ au 
E(u)-a = ~Aj(u)-a . +F(t,x,u), 

t j=! Xl 
(0.1) 

where X E R", t E RI, U = u(t, x) is a real m x 1 matrix. E(u) is an m x m matrix 
which is real, symmetric and positive definite, Aj(u) (j = 1, ... ,n) are m x m 

matrices which are real and symmetric. Moreover we assume that E(u),Aj(u), 
F(u) E CJ:!(Rm). 

First, in order to obtain the existence of the time global solution of the 
Cauchy problem for the equation (0.1), we consider the following Cauchy 
problem for a linear symmetric hyperbolic system of first order with constant 
coefficients; 

{ 
a o 11 aO 

E o u _ '" ° u --~A-
at j=l J aXj' 

uO(O,x) = <Po(x), 

(0.2) 

where xER", tER!, uO=uO(t,x) and <PO (x) are real mxl matrices and 
<Po(x) E co(Rn). EO is a m x m matrix which is real, symmetric and positive 
definite. AJ (j = 1, ... ,n) are m x m matrices which are real, symmetric and 
constant. We assume that the eigenvalues Aj(() of L:j=l AJ(j are non zero, real, 
distinct and their slowness surfaces are strictly convex. S. Lucente and G. Ziliotti 
[1] obtain the decay estimate of the solutions of the Cauchy problem (0.2) as 
t ----> ±co. By using their estimate and the existence of the local solution (cf: [3]), 
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we can prove the existence of the time global solution to the following Cauchy 
problem 

{
E(U) ~u = tAAu) ~u. +F(t,x,u), 

ut j=l uX] 

U(O, x) = q>(x), 

(0.3) 

where q>(x) is a real m x 1 matrix, q>(x) E Wl,l n HI, I ~ 10 + 2 and 10 = ~] + 1, 
and we get the decay estimate of the solution. 

Throughout this paper, we assume the following assumption. 

ASSUMPTION 0.1 

• E(u) : m x m matrix which is real, symmetric and positive definite. 
• Aj(u) (j = 1, ... ,n) : m x m matrices which are real and symmetric. 
• E(u), Aj(u) E COO(Rm) and F(t,x,u) E COO(Rl+n X Rm) 

• EO, A J (j = 1, ... , n) : m x m matrices which are real, symmetric and con­
stant. Moreover EO is positive definite, the roots Aj( c;) of the equation 
H(A) = det(EO A - I:j:l AJc;j) = 0 are non zero, real and distinct and the 
slownness surface g;Aj(c;) = ±1} are strictly convex. 

• E(u) - EO = O(luIP), lui -t O. 
• Aj(u) - AJ = O(iuIP), lui -t O. 
• a{a;(F(t,x,u) - F(t,x,O)) = O(lulp+1), umiformly in (t,x) E Rn+1 lul-t 0, 

for each (j, a). 

We get the following theorem under the above assumption. 

THEOREM 0.2. Let us assume that q>Ewl,lnHI, 11q>llwl.I +11q>IIHI so, a 
positive integer p>~ and F(t,x,O)ECO((-co,co);HlnWI,l(Rn)) satisfying 

IIF(t,., 0)IIW1.1 + IIF(t,·, O)IIHI s o<t)-(7(a > 1), 

where ° is a small positive constant, I ~ 10 + 2 and 10 = ~] + 1. Then the Cauchy 
problem (0.3) has a time global solution 

u(t) E Co(( -co, co); HI n W1,OO(Rn)) n C1 (( -co, co); H I- 1 n L oo(Rn)). (0.4) 

Moreover the solution of the Cauchy problem (0.3) has the following decay es­
timate; 

lIu(t)lIwI.<O(Rn) S 3Co<t)-(n-l)/2, 

where <t) = V'---I-+-lt-12. 

(0.5) 
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Furthermore we shall prove the existence of the scattering operator among 
the nonlinear equation (0.1) and the linear equation (0.2). The result is the 
following theorem. 

THEoREM 0.3. Assume that Assumption 0.1 is valid. Let I ~ 2(/0 + 1) and 
F(t,x,O) == O. For T/fP_ E Wl,l nHI and IIfP-IiHI + IIfP-lIwI,1 ~ <5« I, there exists 

u(t) E CO((-oo, oo);HI) n Cl((-oo, oo);HI- 1), 

satisfying (0.3) and 

lIu(t) - eitHofP_IIHI_1 ~ C<t)-(n-l)/2, (t ~ 0). 

Moreover, there exists 

fP+ E HI, 

such that 

where p >~, the constant C depends only on <5 and p. 

(0.6) 

(0.7) 

(0.8) 

(0.9) 

This paper is organized as follows: In the section 1 we shall prove the 
existence of the time global solution and derive the decay estimate of the solu­
tion for the Cauchy problem (0.3). Intertwining the equation (0.1) and a linear 
symmetric hyperbolic system with constsnt coefficients (0.2), the existence of 
scattering operator for the equation (0.1) is proved in the section 2. 

1 Global Solutions and Decay Estimates 

Let's consider the Cauchy problem (0.2). Multiplying the equation (0.2) by 
(EO)-l from left-hand side, then we have 

{ 
O;tO = iHouo, 

uO(O, x) = fPo(x), 

(1.1) 

h Rn Rl IT - (EO)-l ",n AOD D - 1 a . - r11 EO . were XE ,tE ,L10- L.Jj=l j Xj' Xj-taXj' l-Y-l. IS an 
m x m matrix which is real, symmetric, and positive definite, AJ (j = 1, ... ,n) 
are m x m matrices which are real, symmetric and constant, and uO = UO(t,x) is a 
real m x 1 matrix. Let us assume that fPo(x) E co(Rn). For fPo(x), we see that the 
solution of the Cauchy problem (1.1) can be written in the following way: 
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(1.2) 

For (1.1), we obtain the- following proposition. 

PROPOSITION 1.1. The solution eitHoCfJo of (1.1) satisfies 

(1.3) 

where CfJo(x) E W lo , 1 (Rn) n HI (Rn), 10 = [nI2] + 1 and I is a non negative integer. 

This result will be used to prove the existence of time global solution for the 
nonlinear case. The proof of this proposition is just the same one as Theorem 0.1 
in [1]. 

Using Proposition 1.1, we can solve the Cauchy problem (0.3). We assume 
that E(u), AAu) , F(u) satisfy Assumption 0.1. The existence theorem of local 
solution is as follows. 

PROPOSITION 1.2. Let CfJ E HS, sEN, s > ~ + 1, gl := KsllCfJIIHs and g2 > gl 
arbitrary but fixed. Then there is aT> 0 such that there exists a unique classical 
solution u E CI ([0, T] x Rn) of the Cauchy problem (0.3) with 

sup lu(t,x)l~g2 (1.4) 
(t,x)e(O,T]xRn 

and 

(1.5) 

where T is a function of IICfJIIHs and g2. 

(PROOF OF PROPOSITION 1.2). See R. Racke [3]. 

In order to have the decay estimate of the solution of (0.1), we use the 
following Gagliardo-Nirenberg type inequalities. 

LEMMA 1.3. (1) For the functions UI,U2, ... Um , if lal = al + ... +am , then 



Scattering for Nonlinear Symmetric Hyperbolic Systems 289 

(2) For the functions Ul, U2, ... Urn, if lexl = ex l + ... + exm , then 

(3) Let us assume f(x, u) E COCJ(Rm; BOCJ(Rn)) and f(u) = O(luIP), lul- 0, 
where an integer p > 1. Then 

(1.8) 

where C depends only on f and lIuIlLoo(Rn). 
(4) Let us assume f(x, u) E COCJ(Rm; BOCJ(Rn)) and f(u) = O(luI P), lui - 0, 

where an integer p > 2. Then 

where C depends only on f and lIuIlLoo(Rn). 

(PROOF OF LEMMA 1.3). See M. E. Taylor [4]. 

(PROOF OF THEOREM 0.2). Let us introduce El and AJ as follows: 

{
EI(U) = E(u) - EO 

AJ(u) = Aj(u) - AJ. 

Then the equation (0.1) can be written in the following way: 

oau ~ oau 
E -a = L.JAj -a . + Fl(U), 

t j=l Xl 

where 

I aU~1 au 
Fl(U) = Fl(t,X,U) =F(t,x,u)-E (u)-a + L.J~(u)-a. 

t j=l xl 

(1.9) 

(1.10) 

(1.11) 

= F(u) - El(u)E(u)-1 (tAj(U) :U + F(t,x,u)) + tAj(u) :u., (1.12) 
j=! xl j=! Xl 

Moreover, using the new function FI (u) defined by 

(1.13) 
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(1.11) can be written in the following way 

(1.14) 

Applying the representation formula for (1.14), we obtain 

(1.15) 

Now let us introduce the following norm; 

M(t) = M(u(t)) = sup {<r)(n-I)/2I1u(r)lIw,/2."'(Rn) + lIu(r)IIH'}' (1.16) 
O:S:T:S:t 

Then, from Proposition 1.1, we deduce that 

II ( )11 C1ilPllw'o+,/2.1 cft IIFI(u)llw'o+,,2.1 d 
u t WI/2.", ~ (-1)/2 + (n-I)/2 r. <t) n 0 <t - r) 

(1.17) 

Taking account of the condition on F(t, x, 0), from (1.12) and Lemma 1.3 (4) we 
have 

- ( III -I ~ au I IIFI(U)lIw'o+,/2.1 ~ C IIF(u)llw'o+'/2.1 + E (u)E(u) ~Aj{u) ax. 
J=I J WIO+I/2. I 

I -I ( I~ I ) au ) + liE (u)E(u) F u)llwlo+I/2.1 + ~Aj (u ax. 
J=I J WIO+I/2. I 

~ C(llullf:;llluI11/0+'/2 + Ilullf:;llluIl1/0+1+"2 + lIull2:0-l lluIl1/0+l'2) 

+ C1iF(t, . ,0) II Wlo+I/2. I 

~ c(lIullf:;llIuIl1/0+1+"2 + Il ull2:0- l lIuIl1/0+1+"2 + £5<t) -0'), (1.18) 

where C = C(M(t)). From (1.18) and the definition of M(t), we compute 

IIFI (u) II WIO+I/2. I ~ c(llullf:;llluIl1/0+1+"2 + lIull2:0-llluIl1/0+1+"2 + £5<t) -0') (1.19) 

~ C( (r)-((n-I)/2)(p-l) M(t)p+I 

(1.20) 
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because of 10 + 1 + 4 ::;; I. Applying (1.19) to (1.17), we can obtain the following 
estimate. 

Ilu(t)11 W'/2.OO(Rn) ::;; CJ<t)-(n-l)/2 + CM(t)p+I t <t - -r)-(n-I)/2(r)-((n-I)/2)(P-l) d-r 

+ CM(t)2p+1 J~ <t - -r)-(n-I)/2<-r)-((n-l)/2)(2P-l) d-r 

+ CJ t <t - -r)-(n-l)/2(r)-u dr, (1.21) 

where C = C(M(t)). We caluculate the integrals in the right-hand side of (1.21) 
as follows; 

where p > ~::. Thus we can obtain 

Ilu(t)11 W'/2.00(Rn) ::;; C<t)-(n-I)/2(J + M(t)p+I + M(t)2P+l). (1.23) 

Hence, it follows that 

<t)(n-I)/21Iu(t)11 W'/2.o:l(Rn) ::;; C(J + M(t)P+l + M(t)2p+l). (1.24) 

Operating D~ to the equation (0.1), we have 

E( ) aD~u ~ () aD~u L' ( ) 
u -a-= ~Aj u -a-. +.1.'1/. U, 

t j=1 xJ 

(1.25) 

where 

~ " ( a) 1/.-1/.' () 1/.' au + ~ ~ a' Dx Aj u Dx ax.' 
J=II/.'<" '} 

(1.26) 

Putting Ul/. = D~u, lal ::;; I, we have 

( ) aul/. ~ () au" ( E U -a = ~Aj u -a . +FI/. u). 
t j=l xJ 

(1.27) 

Now we compute 



292 Atsushi SATOH 

(1.28) 

Therefore it follows that 

and 

I -I (~ OU ) -II C(t) = S~p 'YuE(u)E(u) f=l Aj(u) OXj + F(u) E(u) I 

+2 S~pIE(U)-1 tOix~U)I· (1.30) 

Applying the Gronwall type inequality to (1.29), we get 

(E(U)Uo:,U"')~~Rn) ~ (E(u)u",(O),u",(O))~~Rn) exp(J~ C(T) dT) 

+ L IIE(u)-1/2F",IIU(Rn) exp(J~ c(s) dS) dT. (1.31) 

Using the equation (0.1) and Lemma 1.3, we see after a simple calculation that 

IIE(u)-1/2F",(u)IIU(Rn) ~ ClIF",(u)IIU(Rn) 

~ CIID;F(u)IIU(Rn) + c~IID;-""E(U)D;' ~ull 
""<0: ut L2(R") 

~ c(lluIIH,llull~'/2.", + IIF(t, . ,0) IIH') 

~ c(lIull~'/2''''(Rn) IlullH, + 6<t) -CT). 

Combining (1.31) and (1.32), we have 

(1.32) 
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(E(U)U<x,U()J~~R"):S;; (E(U)U<x(O),U<x(O))~~R") exp(J~ C(L) dL) 

+ C t Ilu(L)II~I/2''''(R,,)llu(L)IIHI exp(J: c(s) dS) dL. (1.33) 

Taking the sum with respect to (X up to I and using the equivalence of norms, we 
obtain 

IlullHI :s;; qu(O)IIHI exp(J~ C(L) dL) 

+ C J~ Ilull~I/2,ro(R,,)lluIIHI exp(J: c(s) dS) dL. (1.34) 

Moreover from (1.10) and Lemma 1.3 we deduce 

c(t) = S~pIVuE(U)E(U)-l (t Aj(u) :u + F(U)) E(u)-l 
x j=l xl 

+ 2 SUpIE(U)-l t aAaJ(U) I 
x j=l xl 

:s;; c(llullf:~Rn)llull WI,"'(R") + Ilull~I''''(R'') + IIF(t,·, O)IILro) 

:s;; c(llull~I''''(R'') + Ilull~I,ro(R") +b<t)-"). 

From the definition of M(t) we have 

t C(L) dL:S;; C t(llull~n''''(R'') + Ilull~I''''(Rn) +b<L)-") dL 

:s;; c( M(tV t <L)-«n-l)/2)p dL+M(t)2P t <L)-(n-l)p dL+b) 

:s;; C(M(t)P + M(t)2p +b). 

where n'21 p > 1, (n - l)p > 1 and (J> 1. Consequently we find that 

IlullHI :s;; qu(O) IIHI exp (J~ c( L) dL) 

+ C t Ilull~//2''''(R")lluIIHI exp(J: c(s) dS) dL, 

:s;; Cb exp(CM(t)P + CM(t)2p ) 

(1.35) 

(1.36) 
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+ CM(t)P+l exp(CM(t)P + CM(t)2p) t {r)-((n-l)/2)p d7: 

~ Cb exp( CM(tY + CM(t)2p) 

+ CM(t)p+l exp( CM(t)P + CM(t)2p ). (1.37) 

Combining (1.24) and (1.37) and taking the supremum on 0 ~ 7: ~ t, we obtain 

M(t) ~ C(b + M(ty+l + M(t)2p+l) + Cb exp( CM(t)P + CM(t)2p ) 

+ CM(t)P+l exp( CM(tY + CM(t)2p ). (1.38) 

Set M(t) = x. Then inequality (1.38) can be written in the following way 

x ~ C(b + x p+1 + x 2p+1 + & CxP+ Cx2p + xp+leCxP+Cx2P). (1.39) 

Finally, from M(O) ~ J « 1, we can see x ~ Cb. This means that 

M(t) ~ Cb. (1.40) 

This completes the proof of Theorem 0.2. Q.E.D. 

2 Scattering for the Nonlinear Symmetric Hyperbolic Systems 

In this chapter we shall prove Theorem 0.3. First we construct a solution 
satisfying 

{ 

au~ au 
E(u)-a = L.....tAAu)-a . + F(u), x ERn, t ~ 0, 

t j=l Xl 

t~<Xl(u(t) -UO(t)) =0 in HI, 

(2.1) 

where we denote 

UO(t) = eitHorp_. (2.2) 

Now we set wet) = u(t) - uO(t), then we have 

d d 
E(u) dt wet) = E(u) dt (u(t) - uO(t)) 

nan a 
= ~AAu) aXj wet) + ~(AAu) - E(u)(£O)-IAj(O)) aXj uO(t) + F(u). 

(2.3) 
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Therefore, the following equation is equivalent to (2.l): 

{ 

dna 
E((w(t) + uO(t)) dt w(t) = LJ'=I Aj(w(t) + uO(t)) aXj w(t) + F(w(t) + uO(t)), 

(2.4) 

lim w(t) = 0 in HI, 
(-+-00 

where 

+ F(w(t) + uO(t)). (2.5) 

In order to solve (2.4), we consider the linearlized equation of (2.4). We define the 
function space Xl as follows 

xl = {w(t) E CO(( -00, OJ; HI); Ilw(t)IIHI :s; o<t)-(n-I)/2, Vt:s; O}. (2.6) 

Let v E Xl, and we put Av(t) = E(v(t) + uO(t))-1 2::;=1 Aj(v(t) + uO(t)) a~J' Let 
consider the following linear problem 

{ 
:t w(t) = Av(t)w(t) + f(t), 

lim w(t) = 0 in HI, 
1---+-00 

(2.7) 

where fELl (( -00,0); HI). In order to solve (2.7) we shall consider the following 

{
:tU(t) = Av(t)u(t), tERl,XERn, 

u(r) = uo, 

(2.8) 

where Uo E HI and r is a fixed number arbitary chosen. We can represent the 
solution of (2.8) as 

(2.9) 

where Ev(t, r) is the fundamental solution which depends on v, that is, Ev(t, r) is a 
solution for 

{
:rEv(t,r) = Av(t)Ev(t,r), 

Ev(r, r) = J, 

(2.10) 
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where I is the identity matrix, and the fundamental solution Ev(t, r) satisfies the 

following property 

Ev(t, r)Ev(r, r) = Ev(t, r), Vt, r, r. (2.11 ) 

Then we can obtain the following proposition. 

PROPOSITION 2.1. Assume p > ~=l and v E Xj. There is a positive constant 
C such that for Uo E HI, I ~ 2(10 + 1), (Ev(t, r)uo)(x) is a solution of (2.8) and 
satisfies for any t, r E Rl 

(2.12) 

(PROOF OF PROPOSITION 2.1). Operating D~ to the equation (2.8), we have 

:tD~U(t) = Av(t)D~u(t) + fa(t) , (2.13) 

where 

fa(t) = ~(:,)D~-aIAv(t)D~IU(t) +D~f(t). 
a'<a 

(2.14) 

Since Ilu(t)1I11 is equivalent to Llal:SIIIJE(v+uO)D~u(t)lIi2(Rn), we compute 

:t ~ (E(v + uO)D~u(t), D~u(t)h2(Rn) 
lal:S I 

Since 

= 2 L Re(Edd D~U(t),D~U(t)) + (ddE D~U(t),D;U(t)) 
lal:s1 t U(Rn) t U(R") 

= 2 L Re(EAv(t)D~u(t), D~u(t) )L2(Rn) + 2 L Re(Efet(t), D~u(t))U(Rn) 
lal:s1 let!:S1 

+ (ddE D~u(t), D~U(t)) . 
t L2(Rn) 

2 L Re(EAv(t)D~u(t),D~u(t)h2(Rn) 
1"1 :s1 

(2.15) 

(2.16) 
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and 

:::;; C<t) -((n-l)/2)p IlullHI 

where a(t) = SUPxER" .L;=lla~j (Aj(v(t) + U°(t))) I and 

L Re(Efa(t),D~u(t))£2(R") :::;; L I(Efa(t),D~u(t)h2(R,,)1 
lal$/ 10:1$1 

:::;; C L Ilfo:(t)IIL2(R,,)llu(t)IIHI, (2.17) 
10:1$/ 

we have 

On the other hand from (2.14) we obtain 

L Ilfo:(t)II£2(R") :::;; C L L IID~-O:'Av(t)D~'u(t)II£2(R") 
10:1 $/ 10:1 $/ 0:'<0: 

= I + II. (2.19) 

By using Lemma 1.3, Assumption 0.1 and Sobolev's lemma, we caluculate 

:::;; CIIu(t) II WI/2+1,,,, Ilv(t) + uO(t)llf:~Rn)llv(t) + uO(t)IIHI 

:::;; CIIu(t)IIH,/2+,+/O Ilv(t) + uO(t)lIf:~R,,)llv(t) + uO(t)IIHI 

:::;; CIIu(t)IIH,llv(t) + uO(t)llf:~R,,)llv(t) + uO(t)IIHI 

:::;; CJP <t) -((n-l)/2)(p-l) Ilu( t) IIHI, (2.20) 
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where I ~ 2(10 + 1), 10 = ~] + 1, and 

II::;;C2: 2: tHD~-O:IAJ(v(t)+uO(t))"DXl(Rn)lloOD~/u(t)11 ' 
lo:l~II/2~o:/~I-1 j=l x] L2(Rn) 

::;; C/iv(t) + uO(t)II~'/2''''(Rn)lIu(t)IIH'' 

::;; CoP <t) -((n-l)/2)(p-l) lIu(t) IIH" 

Hence we have 

where b(t) = a(t) + CoP <t) -((n-l)/2)(p-l). Therefore we can see that 

:t {exp (- t b(s) dS) lIu(t)IIH'} ::;; O. 

Integrating (2.23) over [T, t], where T E (-00, t], we have 

lIu(t)IIH' ::;; exp(J: b(s) dS) IIU(T)IIH" 

Next we will estimate b(t) = a(t) + Cop<t)_n'2 l (p-l). 

::;; C/iv(t) + uO (t) IIf:lRn) 11 0
0 . (v(t) + uO (t)) II 
x] L"'(Rn) 

::;; C(lIv(t)IIH'O+' + lIuO(t)lIw""'(Rn))P 

::;; CoP <t) -((n-l)/2)(p-I), 

hence we get 

f b(s) ds ::;; CoP f <s)-((n-l)/2)(p-l) ds 

::;; CoP foo <s)-((n-l)/2)(p-l) ds 

::;; CoP, 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
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where n21 (p - 1) > 1. Consequently, we have from (2.24) 

Ilu(t)IIHI ~ ecoPllu(-r)IIHI. 

Thus we can obtain (2.12). Q.E.D. 

(2.27) 

Now we shall turn to the investigation of (2.7). Applying E(O, t) to the 
equation (2.7), we have 

d 
Ev(O, t) dt w(t) = Ev(O, t)Av(t)w(t) + Ev(O, t)f(t), (2.28) 

and 

:t (Ev(O, t)w(t)) = (:t Ev(O, t)) w(t) + Ev(O, t) ~ w(t) 

= (~Ev(O, t)) w(t) + Ev(O, t)Av(t)w(t) + Ev(O, t)f(t). (2.29) 

By using the relation 

Ev(t, O)Ev(O, t) = I, 

we have 

Combining the equation (2.10) and (2.31), we have 

Hence we get 

Ev( t, 0) :t Ev(O, t) = - (:t Ev(t, 0)) Ev(O, t), 

= -Av(t). 

Insert (2.33) into (2.29), we have 

d 
dt (Ev(O, t)w(t)) = Ev(O, t)f(t). 

If w(t) ----+ ° as t ----+ -co in Hi, then we can see that 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 
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E(O, t)w(t) = roo Ev(O, s)f(s) ds, 

where fELl((-OO,oo)jHI). That is 

w(t) = roo Ev(t,s)f(s) ds. 

By using Proposition 2.1, we can obtain 

IIw(t)IIHI:::;; roo IIEv(t,s)f(s)IIHI ds 

:::;; eCoP roo Ilf(s)IIHI ds. 

(2.35) 

(2.36) 

(2.37) 

Since f(S)ELl((-OO,O)jH I ), then we can see that IIw(t)IIHI-+O as t-+-oo. 
Consequently, we have the following proposition. 

PROPOSITION 2.2. Let VEXj. Assume that f(t) EL1((-00,00)jH1). Then 

w(t) = roo Ev(t, 7:)f(7:) d7: 

is a solution of (2.7) and satisfies the following estimate; 

Therefore w(t) -+ 0 in HI as t -+ -00. 

In order to solve (2.4), we consider the following linear equation 

{ 
:t w(t) = Av(t)w(t) + F(v(t) + uO(t)), 

lim w(t) = 0 in HI. 
t-+-oo 

By using the representation fomula of Proposition 2.2, we have 

Now we put the right side as 

w(t) = 'I'(v)(t), 

(2.38) 

(2.39) 

(2.40) 

(2.41 ) 

(2.42) 
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for v E Xi and define for v, V E xi, 

Set) = 'I'(v)(t) - 'I'(v) (t). 

From (2.40), we have 

where 

d 
dtS(t) = Av(t)S(t) + G(t), 

G(t) = t {.Aj(v(t) + uO(t)) - Aj(v(t) + uO(t))} a~j 'I'(v)(t) 

+ P(v(t) + uO(t)) - F(v(t) + uO(t)) 

= B(t)(v(t) - vet)), 

Aj(v(t) + uO(t)) = E(v(t) + uO(t))-1 Aj(v(t) + uO(t)) and 

B(t) = t J~ VAj(v(t) + uO(t) + B(v(t) - vet))) dB a~j 'I'(v)(t) 

+ J~ VP(v(t) + uO(t) + B(v(t) - vet))) dB. 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

Moreover, putting yet) = vet) - vet) and taking a norm in HI-I, from Lemma 1.3 
(1) we obtain 

IIG(t)IIHI-1 = IIB(t)y(t)IIHI-1 

::;; CIIB(t)IIHI-tlly(t)IIHI-I , 

where 1-1 ~ 10. Since 

ItJ I VAj(v(t) + uO(t) + B(v(t) - vet))) dB a~. 'I'(v)(t) II 
J=l ° 1 HI-I 

::;; ct J~ IIVAj(v(t) + uO(t) + B(v(t) - v(t)))IIDX> dBlla~j 'I'(V(t))t/_1 

::;; C(llv(t)IIHlo + IIv(t)IIHlo + lIuO(t) IIL",y-1 (11'I'(v)(t) IIHI + IluO(t)IIHI) 

::;; c~P (t) -«n-I)/2)(p-I) , 

(2.47) 

(2.48) 
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and 

IIJ~ VF(v(t) + uO(t) + ()(v(t) - v(t))) d()t/_l 

:'S: J~ II(v(t) + UO(t) + ()(V(t) - v(t)))llf:;lll(v(t) + UO(t) + ()(V(t) - v(t)))IIHI-l d() 

:'S: CbP <t) -((n-l)/2)(p-l) , (2.49) 

we have 

(2.50) 

Thus, from 'P(v)(t) E xj, we can obtain from (2.47) 

IIG(t)IIHI-1 :'S: Cb<t)-((n-l)/2)(p-l)llv(t) - v(t)IIHI-I. (2.51) 

From (2.44), we have 

S(t) = fw Ev(t, r)G(r) dr. 

Thus, by using (2.51) and Proposition 2.2, we can see 

IIS(t)IIHI-l :'S: fw IIEv(t, r)G(r)IIHI-l dr 

:'S: e CoP fw IIG(r)IIHI-1 dr 

:'S: eCoP fw CbP (r)-((n-l)/2)(p-l)llv(r) - v(r)IIHI-l dr 

(2.52) 

:'S: Ce cOPbP(t)-((n-l)/2)(p-l)+1 sup Ilv(r) - v(r)IIHI-l, (2.53) 
-W<T:s;t 

where n;l p > 1. We assume that Ce coP bP < !, then we obtain for t:?: 0 

-!~~:S;t 11'P(v)(r) - 'P(v)(r)IIHI-l :'S: ~ <t)-(n-l)/2 -!~~:S;t Ilv(r) - v(r)IIHI-I. (2.54) 

Thus we get the following proposition. 

PROPOSITION 2.3. Let w(t) = 'P(v)(t) be a solution of (2.40) in xj and 
I :?: 2(/0 + 1). Then there exists a positive constant b such that 'P is a mapping 
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'P : xj --t xj (2.55) 

and satisfies (2.54). 

The inequality (2.54) implies that 'P is a contraction mapping and we can see the 
existence of the fixed point of 'P. In fact, we put 

lWO = 0, 

WI = 'P(O), 

Wk ~ 'P(wk-d, 

where Wk E xj, Vk, then, from Proposition 2.3, we can see 

W = lim Wk in HI-I, 
k->oo 

and from the definition of xj, 

(2.56) 

(2.57) 

(2.58) 

Hence we obtain that {Wk(t)} involves a subsequence {Wkj(t)}, which weakly 
converge in HI. Therefore we have w(t) E HI satiafying 

Ilw(t)IIHI ~ lim supllwk(t)IIH' ~ b<t)-(n-I)/2, t ~ O. (2.59) 
J->OO 1 

Now we can define u_(t) = w(t) + eitHoqJ_. The above inequality yields that 

(2.60) 

and that u_(t) satisfies the equation (0.1) in t ~ O. Next we want to extend u_(t) 
to [0,00) as follows. To do so, we shall find a solution u+(t) E CO([O, +OO)j HI) 
such that 

(2.61 ) 

but we can not know if the initial data u_(O) is in WI,I(R n ). So, instead of the 
equation (2.61) we consider the equation (2.65) below with zero initial data. Let 
define ut(t) = eitHoljl for t 2': 0, where 
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and w(t) is the solution of (2.40). Then from (2.4) we can see that ut(O) = 
IjJ = w(O) + CfJ- = u_(O). Moreover noting that from Lemma 1.2 (4) 

II(A~(t) + F(w(t) + uO(t))11 wi+I.1 

we can estimate 

:::;; IIA \ , w + uo)(w + uo)(t) + F(w(t) + uO(t) II wi+I.1 

:::;; q(w + uo)(t)II~/o,llw + uoll~i+1 
:::;; Cb2<t)-((n-l)/2)(p-l), 

Ilut (t) II WI.", :::;; C ( <t) -(n-l)/21ICfJ-I1 wi+I.1 

+ Lro <t - r)-(n-l)/21IA~(-r) + F(w(r) + uO(r))11 wi+I.1 de) 
:::;; Cb<t)-(n-l)/2. 

We define u+(t) = w+(t) + ut(t) for t ~ 0, where w+(t) satisfies 

t> 0 

(2.63) 

(2.64) 

(2.65) 

which is equivalent to the equation (2.61). We can show the existence of the 
solution w+(t) of the equation (2.65) applying Theorem 0.3 to the equation (2.65), 
because CfJ = 0 and f(t) = Al(X,ut(t))ut(t) satisfies the condition of Theorem 0.3, 
if we take (J = n"2 1 (p - 1) > 1. Moreover u+(t) = w+(t) + ut(t) satisfies (2.61). 
Therefore u+(t) is an extension to t> 0 of u_(t) and it follows from Proposition 
5.4 with f = 0 that there is C > 0 such that 

and 

(2.67) 
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Hence we can define 

satisfying 

and 

u(t) = {u+(t), t ~ 0, 
u_(t) , t:::;; 0, 

au ~ au 
E(u)-a = L-AAu)-a . +F(u), 

t j=I x; 
-00 < t < +00. 

Next, we seek rp+ E HI satisfying 

{ 

au~ au 
E(u)-a = L-Aj(u)-a . +F(u), 

t j=I x; 

lim (u(t) - eilHorp ) = o. 
1-->+00 + 

From (1.10), we rewrite the equation (2.71) as follows 

where 

(2.68) 

(2.70) 

(2.71) 

(2.72) 

FI(t) = F(u) - EI(U)E(u)-I (tAj(U) :~ + F(U)) + tA}(U) :~. (2.73) 

Multiplying the equation (2.72) by (EO)-I from left-hand side, we have 

where FI(t) = (EO)-IFI(t). Now we put 

then we obtain 

u(t) = e-ilHOu(t), 

d . LT -

-u(t) = e- IIHOFI(t). 
dt 

(2.74) 

(2.75) 

(2.76) 
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Integrating the equation (2.76) over t' ::;; -r ::;; t, we have 

u(t) - u(t') = Jl e-i-rHoji(-r) d-r. 
I' 

Taking a norm in HI-I, we find that 

lIu(t) - u(t')IIHI-1 ::;; Jl IIF\(-r)IIHI-1 d-r. 
I' 

Combining (1.10), (2.73) and Lemma 1.3 (1), we deduce that 

- ( ~lll -I au II IIFI(t)IIHI-1 ::;; c IIP(u)IIHI-1 + f=I E (u)E(u) Aj(u) aXj HI-I 

+ IIEI(u)E(uflp(u)IIHI-1 + ~IIAJ(U) :~IL/-)' 
::;; c(lIull~lIuIIHI + lIullf",lIuIIHI). 

Hence from (2.78) and (2.79) we see 

Ilu(t) - u(tl)IIHI-1 ::;; Jl IIF\ (-r)IIHI-1 d-r, 
I' 

(2.77) 

(2.78) 

(2.79) 

::;; C( <t)-((n-l)/2)(p+l) + <t,)-((n-I)/2)(p+I)) Vt, t' ~ 0, (2.80) 

where n21 p > 1. Hence we find that {u(t)L~o is a Cauchy sequence in H I- 1 and 
that there exists CfJ+ E H I- 1 such that 

(2.81) 

On the other hand, since {U(t)}I>O is bounded in HI, then {U(t)}I>O involve - -
{u(tj)h~1 which weakly converges to CfJ+ in HI, that is, u(tj) --+ CfJ+ (strong) in 
HI-I, and u(tj) --+ CfJ+ (weak) in HI. Therefore we can see CfJ+ E HI. Thus we 
complete the proof of Theorem 0.3. Q.E.D. 
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