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INVERSE PROBLEMS FOR TIME-DEPENDENT SINGULAR HEAT
CONDUCTIVITIES—ONE-DIMENSIONAL CASE*

P. GAITANT, H. ISOZAKI¥, O. POISSONT, S. SILTANEN$, AND J. P. TAMMINEN$

Abstract. We consider an inverse boundary value problem for the heat equation on the interval
(0, 1), where the heat conductivity (¢, x) is piecewise constant and the point of discontinuity depends
on time: y(¢,z) = k2 (0 < = < s(t)), v(t, ) = 1 (s(t) < < 1). First, we show that k and s(t) on the
time interval [0, T] are determined from a partial Dirichlet-to-Neumann map: u(¢, 1) — 9zu(t, 1), 0 <
t < T, u(t,z) being the solution to the heat equation such that u(¢,0) = 0, independently of the
initial data u(0,z). Second, we show that another partial Dirichlet-to-Neumann map: u(¢,0) —
Ogu(t,1), 0 <t < T, u(t,z) being the solution to the heat equation such that u(t,1) = 0, restricts
the pair (k, s(t)) to, at most, two cases on the time interval [0, T], independently of the initial data
u(0, z).
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1. Introduction.

1.1. Inverse heat conductivity problem. Let Q = (0,1), and consider the
following initial boundary value problem:

Opu(t,x) — 0z (v(t, 2)0zu(t,z)) =0 in (0,T) x Q,
(1.1) u(t,0) = fo(t), wu(t,1)= fi(t) for 0<t<T,
u(0,2) =up(z) in Q,

where (¢, ) € L>=((0,T) x Q) has the following properties: There exist a constant
k>0, k+#1, and s(t) € C?([0,T]) such that

1.2 0< inf s(t) < s t) <1,
(1.2) O<1g<TS()_OZI:ETS()

k> it 0<z<s(t),
v(t,x) = .
1 it s(t)<z<l.

Let u(t,z) be the solution to (1.1). The problem we address in this paper is to
detect the region D(t) = (0,s(t)) and to determine (¢, x) from the inputs (fo, f1)
on the boundary and local measurements at x = 1 of the heat flux d,u(t, x), without
taking into account the information of the initial data ug. We consider two cases for
the inputs:
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Case 1: fo = 0.

Case 2: f; = 0.

Physically, the region D(t) in the domain € corresponds to some inclusion in the
medium with heat conductivity different from the one in the background. The first
case, fo = 0 (respectively, the second one, f; = 0), corresponds to maintaining zero
temperature at the point z = 0 (respectively, at = 1) for the finite time 0 < t < T,
and measuring the resulting heat flux at the point = 1. We shall show that, in the
first case, v(t, z) can be determined by suitable choice of the input of the temperature
u(t,1). The second case is more complicated: We can determine the value (1 — 1)s(t)
and we show that k (and so, s(t)) can take two values at most.

Theoretically, the infinite-precision measurement needs to be repeated infinitely
many times to recover D(t) and ~(t,x) perfectly. However, approximate recovery
should be possible from a finite number of finite-precision measurements similarly to
[8, 6, 7], but this is outside the scope of the present paper.

1.2. Main theorems. Take a large parameter A > 0, and put
heo (B, 25 A) = e)‘2t+M, B (E, T3 ) = e‘AQHM,
which solve the forward and the backward heat equation, respectively,
(0 — 02) hew =0,  (0¢ + 02) huy = 0.

THEOREM 1.1. Let u(t, x; \) be the solution to (1.1) with fo =0, f1 = he(t, 1;A),
and define

dt.

x=1

T
L@ﬂn:/eMmﬁmMmm@am—m@mm
0
Fiz v such that

2
(1.3) v > max (T,max <2,|1—I€|7

1 )
1)) s, i)

Then for X — oo, we have

20k — 1) T P
I (T )\) ~ VT+2Xs(T)—$(T)(1—5(T))
ma(T52) (k+ D)+ 235(T)°

COROLLARY 1.2. For any initial data ug(z) € L%(0,1), one can determine k and
s(t), 0 <t < T, from the partial Dirichlet-to-Neumann map
Agfrtial : fl - azu =1
with u(t,0) = 0.
THEOREM 1.3. Let u(t,z;\) be the solution to (1.1) with fi = 0, fo(t) =
heo(t,0;0), and define

dt.

x=1

T
L..(T; )\ 2/ eA”thbw(t,l;)\)aru(t,a:;/\)
0

Set L1(t) = (1 — £)s(t). Fiz v such that

(1.4) V>HMX(C%41—%D/T,$@|LKQD.

o<t<T
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Then for X — oo, we have

(1.5) Ty~ -8 L wrian@ -3 i @a-sm),
k+1v+ Li(T)

COROLLARY 1.4. For any initial data uo(z) € L?(0,1), one can determine Ly(t),

&) = %Ll(t)ld(t) and F = kiﬂekiilg(t), 0 <t <T, from the partial Dirichlet-to-

Neumann map

o .
Apartml 2 fo — Ozu ,
o

with u(t, 1) = 0. Furthermore, the couple (k,s(t)) can take two values at most. More
precisely, we have the following cases:

(i) € = 1: We have either 0 < F < (4y/e) L or F >e. If0 < F < (4y/e)7L, then
there are two couples (k;, si(t)), i = 1,2, such that (1.5) holds, and 0 < k1 < 1/3 <
ke < 1. If F > e, then (k,s(t)) is uniquely determined and k > 1. If F = (4y/e)7 1,
then k=1/3.

(ii) € = 0: The couple (k,s(t)) is uniquely determined.

(iii) 0 < € < 1: There exist two values Fi, F* with 0 < F. < F* < e* such that
F g (F.,F*). If F>¢ef or F=F* or F =F,, then (k,s(t)) is uniquely determined.
If F < F, or F* < F < €%, then there are two couples such that (1.5) holds.

(iv) € > 1: There exists a value F, € (0,€%) such that F & (Fy,ef]. If F > e or
F = F,, then (k,s(t)) is uniquely determined. If F' < F, then there are two couples
such that (1.5) holds.

(v) £ <0: If F > €%, then the couple (k,s(t
1. If F < €5, then there are two couples (k;, s;(
0< ki <1<ks.

The issues on uniqueness, stability and reconstruction of the inclusion-identification
problem have been centered around the case in which s(¢) is independent of ¢. Bell-
out [2] proved the local uniqueness and stability. Elayyan and Isakov [5] proved the
global uniqueness of the inverse problem using the localized Neumann-to-Dirichlet
(N-D) map. In [3], Di Cristo and Vessella gave logarithmic stability estimates of the
inclusion from the Dirichlet-to-Neumann map. Ikehata [9], and Ikehata and Kawashita
[10] developed the probe method for the heat equation with time-independent inclu-
sions. In [6], the case of time-independent inclusions was treated and a numerical
computation result was given. The idea is based on the complex spherical wave given
by Ide et al. [8] for the elliptic case. The work of Daido, Kang, and Nakamura [4]
may be the closest to the present paper. They studied the case of moving inclusions
D(t) = {0 < ap(t) < < a1(t) < 1} using the probe method, which is based on
the explicit form of the heat kernel, and Runge’s approximation theorem, and proved
that aq(t) is obtained from the whole knowledge of the N-D map. Their initial data
is assumed to be zero: ug = 0, and the computation of k& was not done. As for the
recent works on the inverse problem for the parabolic equation, see Bacchelli et al.
[1] for the corrosion problem, Vessella [14] and Kawakami and Tsuchiya [11] for the
time-varying domain problem.

We use two main tools in this paper: The approximate solution of the heat
equation to be constructed in section 4 for the first case and in section 6 for the
second one, and the energy inequality in section 3, common to each case. The details
of the construction of the approximate solution will be explained only for the first case.
Although it is based on the standard construction of parametrics for the parabolic

)) is uniquely determined and 0 < k <
t)), i = 1,2 such that (1.5) holds, and
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equation, a delicate choice is necessary for amplitude functions due to the discontinuity

of the coefficient. The energy inequality is also a familiar tool; however, we need a

careful choice of the auxiliary function to be multiplied by the equation. Our method

can be extended to the multidimensional case, which will be discussed elsewhere.
Throughout the paper, we only deal with real-valued functions.

2. Existence theorem.

2.1. A theorem of J. L. Lions. Let H be a Hilbert space equipped with inner
product (, ) and norm || - ||. Suppose there exists another Hilbert space H; with inner
product (, ); and norm || - ||; such that H; is a dense subset of H and there exists a
constant C' > 0 such that

ull < Cllully  Vu € Hi.
Then we have the following inclusion relations:
Hi CH CHY.

For ¢ € [0, T}, let a(t,-,) be a symmetric, bilinear form on H; x H;. We assume that
there exist constants § > 0, Cy > 0 such that

la(t,u,v)| < Collu|1]|v]li Yu,v € H1, Vte]0,T],
(2.1) a(t,u,u) > 6||ul|? — Collul|* VYu € Hi, Vtel0,T].

The last assumption is
(2.2) For any u,v € H1,[0,T] 3 t — a(t, u,v) is measurable.

These assumptions imply that there exists a unique self-adjoint operator A(t) such
that D(A(t)) C H1 and

(A(t)u,v) = a(t,u,v) Yu e D(A(t)), YveH;.

With this operator A(t), we consider the following evolution equation on H:

2.3) dru(t) + A(t)u(t) = f(t) i (0,T),
' u(0) = ug € H.

The theorem of Lions asserts as follows (see [12], [13]).

THEOREM 2.1. Let ug € H and f € L*((0,T);H}). Then there exists a unique
u(t) having the following properties.

(1) u(t) € C(0, T H) 0 L2((0, T); Ha).

(2) u(t) is Hi-valued and absolutely continuous on [0,T], dyu(t) € L?((0,T); H3),

and u(t) satisfies (2.3).
(3) u(t) satisfies the following (in)equalities:

1

I+ [ ats.u).u@)ds = Gl + [ (7(s).u(s)as.

t 1 t
)12 +6 [ uto)lds < ol + 5 [ 151
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2.2. Heat equation. We take H = L?((0,1)) and H1 = H}((0,1)), the Sobolev
space of order 1 with 0 trace on the boundary 9Q = {0,1}. For u,v € H}((0,1)), we
pick

s(t) 1
a(t,u,v) = kz/ Opu(x)0pv(z)dr + Oz u(2)0zv(x)dx.
0 s(t)

Then the assumptions (2.1), (2.2) are satisfied, and the associated A(t) is given by

u € Hy((0,1)) N H2((0,5(t)) N H?((s(t), 1)),

D(A(t)) 5 u <= { 9
Ozu(s(t) +0) = k*0,u(s(t) — 0),

— k2 2u on S
(2.4) A(t)u:{ ko (050,

—9%*u on (s(t),1).

In the following sections, we also use the notation A(t) to denote the formal
differential operator (2.4).

Remark 2.2. Theorem 2.1 shows that the solution wu(t, z; A) to (1.1) is uniquely
well-defined, and guarantees the existence of I,,.,(T; A).

3. Energy estimates. In the following, we use the notation @ = dyu, u’ = d,u.
Let us first prepare an elementary lemma.

LEMMA 3.1. Let 0 < § < 1 and let I = [1 — §,1]. Suppose that u(z) € C(I)
satisfies u(1) = 0. Then for any nonnegative function a(x) € C(I), we have

lim inf 1 a(@)|u' (2)P——— S dz > a(D)|'(1)].
mint [ ala)lu'(@) o

Proof. By replacing u by —u if necessary, we need only consider the case u/(1) < 0.
Shrinking I if necessary, we can assume that u(z) > 0 on [1—4,1) and adopt v = u(x)
as a new variable. Letting ¢ = u(1 — ¢) and a(u) = a(xz(u)), we have

1 c
du |2 € dx |1 €
a(z) —‘ 7dx=/ a(u) —‘ —=du.
Jeselml o= olal
By the change of variable u = /ey, this is equal to

/C/ﬁa(\/gy)‘d—x(\/gy)‘ Tz
; du TESEEE

which tends to

_ dx T [ d du
0| 70| [ g = | Eo)|

as € tends to 0. 0
We put
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and also
[y = Fls() +0) = F(s(t) ).
LEMMA 3.2. Let U = U(t,z) € C([0,T]; L*(Q)) N L*((0,T); H}(Y)) be such that
U(t)\li(t) € H*(I(t)), 8t(U(t)|Ii(t)) € L2(I+(t), 0<t<T.
Assume that U is a solution to the equation
(3.1) U+At)U=F in L*(Dy),
and satisfies

(3.2) { U(t,s(t)+0) =U(t,s(t) —0) in L*0,T),

U(t,0)=U(t,1)=0 in L*0,T),
where F = F(t,x) € L2((0,T) x Q). Let H(t,z) € C?>(D;) N C?(D_) be such that

(33) H(tax) >0 on [07T] x €,
[H] s(t) = [ryafH] s(t) = 07 0 <t< T.

Assume that there exists a real constant K such that
(3.5) —-0H+A(t)H>KH in (0,T)x Q.

We put
1
E(U,H;t):/ \U(t,2) | H (t, 2) da.
0
Then we have the following inequality:

T
EWU,H;T)+ / KDy’ (¢, 1)|H (t, 1)dt
0

< e KT, H;0) + / / KD\ F(t, )| H (t, x) dida
0, T)xQ2

T
+/O eK(t_T)H'y(t,x)U’(t,xﬂS(t)|H(t,s(t))dt.

Remark 3.3. In Lemma 3.2, U corresponds to a solution u of (2.3) (in the sense of
Theorem 2.1 with Hy = HE((0,1))), with F = f|p, € L?*(D+). But f € L2((0,T)xQ)
if and only if 8IU(15)|S(,5)+0 = kzﬁzU(tﬂs(t),O, 0<t<T.

Proof of Lemma 3.2. Let x(x) = z(c +22)~/2 for € > 0, and note the following
properties:

(3.6) |Xa| <1, CCXa(x) — |:E|, e —0,
(3.7) Xe(z) >0, |exi(z)] <1/2, zxi(z)—0, &—0.

In fact, (3.7) follows from X’ (z) = e(e+22)7%/2, and |zx.(x)| = |y(1+y?) 32| < 1/2,
where z = /ey.
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We pick @' = Q\ {s(¢)}. Integration by parts using (3.2) and (3.4) yields
| av s - | vy
(38) == b0 U s HEs0) — [ U L) s
+ /01 UxL(U)U'H'dz,

where U = U(z) = U(t,z) and H = H(t, x), and we have used x.(U(0)) = x.(U(1)) =
0, since x(0) = 0. We pick

E.(t) = o Ut,z)xe(U(x,t)H(t, z)dx.

Then we have
B.0) = [ GUxe@)Hds = [ UxU) (1) da
+ /01 Fx.(U)Hdz + / Ux-(U)(H +~H")dx
+ / / Ux.(U)UHdz.
Plugging this with (3.8), we have
E(t) = = WU Tsyxe (U (t, 5(t))) H (¢, 5(t)) — /01 NU'PXL(U) Hd
+ /01 UxL(UWU'H' dx + /01 Fx:(U)H dx
+ [ Ux(U)(H +~H")dz + N Ux.(U)UH dz.

Q

By (3.7), the integrals containing the term Ux.(U) vanish as e — 0. Using (3.5), we
then have

1
BL(t) + KE.(t) + / AU X (U) H da
0

1
< WU xe (U (1 s(O) H (2, 5(8)) + / F.(U)H dz + o(1).

We multiply this inequality by eX(*~T) and integrate on the time interval [0,7] to
obtain
T
EE(T)+/ eK“*T)dt/QﬂU'FX;(U)de
0
T
39) <R~ [ KD )]s U sO)H . s()d:
0

T
+/ eK(t’T)dt/FXE(U)de—i—o(l).
0 Q
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By Lemma 3.1, we have
1
H(#,1)|U7(1,1)] < lim inf / AU (¢, @) PXL(U (¢, 2)) Hde
E—r 0

Taking the inferior limit in (3.9) and noting (3.6), we obtain the lemma. O
4. Approximate solutions.

4.1. Ansatz. We shall construct an approximate solution of (1.1) in Case 1, fo =
0, for A > sup{|s(t)|, 0 <t < T}. As can be easily imagined, the first approximation
will be

heo (8,25 X)), s(t) <o <1,

vo(t,z; \) =
o( ) {e)\2t+i‘(ms(t))e)\s(t)7 0<z < s(t),

which satisfies vg (¢, s(t) + 0; A) = vg (¢, s(t) — 0; A). Although the other conditions are
not satisfied, this suggests the introduction of the factor e**=*(1)) Our ansatz is
(41) U(tv €5 )\) =Vt (tv €T )\)X—i- (ta 33) + - (tv €5 )\)X— (tv ZI?),
U (25 A) = hoy (£, 25 ) + By (8, 5(2); M)[ag (85 A) exp{(A + 5(t)) (z — 5(¢))}
+ by (5 ) exp{—(A+ 5(t))(z — s(t))}],

ot = 50N a0 { (2D s |

where x4 (¢, ), x—(t,z) are the characteristic functions of the sets {z; s(t) < x},
{z; x < s(t)}, respectively. The functions a4, by, and a_ are to be determined. Note
that a4 (¢t; A) and b4 (¢; A) do not depend on z. We use the abbreviations

ayr =ar(t;A), byr=by(t;N), a—(x)=a_(t,x;)), s=s(t), §=3s(t).

The intuition for this ansatz is as follows. The heat flow hg, given on the boundary
x = 1 is transmitted and reflected at the inner boundary = s(t), which gives rise to
a_exp (2 (z — s)) and by exp(—(A+ $)(z — s)). This latter is again reflected at the
boundary & = 1 and produces a exp((A + §)(z — s)).

It must satisfy the following conditions:

U+(t7 L; /\) = ht‘w(ta 1 A)a
(42) 0 500 0) = v (1, 5(1); V).
O (t s(1); N) = K20 (¢, s(t); N).

We can rewrite (4.2) as

ay e FI=9) 4 p o—O+9)1=9) _
(4.3) 1+ay +bp =a_(s),
A (A +38)(ay —by) =k _(s) + k(A + $)a_(s).

We pick

¥ = @(ta% /\) = ()‘ + S(t))(x - S(t))a
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o1 =p1(t;A) = (A +5(1))(1 — s(t)).
By a direct computation, we have for z > s(t) that
’l.}+ — ’Ui

(4.4) Pt — 2 b (3o - 5) — 28%ayJe?

+ [bJr — §(x — s)bJr} e %,
and for x < s(t)
) — kQ "
s e SUX) = [—)\ (Zka’ + (1+ %) s'a_>
(45) T

o 1
+ <S($k 5) — <1 + E) 5‘2) a_ +a_ —2ksa — k2a" | e?/*.

4.2. Construction. By the first equation of (4.3), we have
(4.6) ay = —bye 21,
By the second equation of (4.3), we have
(4.7) a_(s) =1+by(1—e 2.

We take a_ to be the solution of the differential equation

1 1
/ _ 1 - '_:
a_+2k<+k)sa 0,

satisfying (4.7), i.e.,
a_ (g;) = e*ﬁ(pr%)é(w*s) (1 + b+(1 _ 8724/71)) ]

Plugging them into the third equation of (4.3) and noting that sup{s(¢), 0 < t <
T} < 1 by our assumption, we have

1-k
4. = — —2¢1
(4.8) by Tk +O0(e ),
(4 9) . — k— 16—2991 (1 4 0(6—2@1))
' TR+ )
(4.10) a_(x) = - ike—ﬁ(w%)s‘(mﬂ) +O(e~2),

and these expansions can be differentiated term by term. By (4.4) and (4.6), we have

} —_ 4 . .
(4.11) % - (5(2 s )by — b+) P21 4 (b+ — i - s)b+) e ¥,
fw ) b

In view of (4.11) and (4.5), we then have

|og — V| < Chy(t,s;0)e™ %, s<a <1,
[0 — k%" | < Che(t,5;\)e?’*, 0<z < s,

where the constant C is independent of 0 < ¢t < T and A > sup{|$(¢)|, 0 < ¢ < T'}.
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The above v(t, z; A) does not satisfy v(¢,0; A) = 0. We modify it in the following
way. Let

= inf s(¢).
0=, ot s(0)

By our assumption, 0 < so < 1. Pick x(z) € C*°(R) such that

0, CE<80/4,
4.12 =
(4.12) (@) {17 e

and then put
(4.13) w(t, z; A) = x(x)v(t, x; N).

LEMMA 4.1. Let w(t,z;\) be defined by (4.13). Then w satisfies
(4.14) w(t, 1;\) = heo (8, 1;0),  w(t,0;4) =0.
Moreover, we have

e ¥, st)<z<l,

415 W+ A(tyw| < CeN IO
(4.15) | (t)w| ef/F pem0N 0 << s(t),

where C, 09 > 0 are constants independent of t, A > 0.
Proof. Equation (4.14) follows directly from (4.13). Since

wtA(t)w = x(2)(0+A(t)v) = 26X (2)v” —k*x" (2)v-,

and z < so/2 on the support of x'(z), we obtain (4.15). 0

4.3. The function H. We next construct the function H in Lemma 3.2, with
parameters A > v > 0, where v satisfies (1.3). The idea is the same as above; however,
it must be C! at (t,s(t)) with the trade off that it merely satisfies the differential
inequality (3.5). Letting x4 (¢,z) be the characteristic function of Dy, we construct
H = H(t,z) in the following form:

H(t, $) = x4 (t, CL’)e—)\Qt (e()\—y)m + ble(A—u)(Qs(t)—m))

+ X (t, 3)bge M H O (T 4a(1),

The condition (3.4) is satisfied by setting

1—-k 2
4.1 = — = —.
(4.16) hETTE 2T
For s(t) < « we have
H(t, x) _ O—v)a—2s(t)) , Lk 2
P T e O R AT e
This leads to
1+k
(4.17) e~ N A @s() ) < %H(t,x), s(t) <z < 1.
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By computing f = —H —~vH" in D4, we see that

(4.18) flt,x) = 2 xw — v H(t,z) — 2(\ — V)é(t)ble_)‘thr()‘_”)(zs(t)_I),
s(t) <x <1,

(4.19) ft,z) = <(2)\1/ -+ <% - 1) (A — u)s(t)) H(t,x),
0<ax<s(t).

Using (4.17), (4.18), and (4.19) we have
(4.20) f=(@w =) —(A=v)1—k||$|) H, s(t)<z<]1,

(4.21) f> <(2)\1/ 12— (A=v) % -1

|s|> H, 0<ux<s(t).

1= #l) 1501 )

(4.22) 20 — % > A+ (A — v) max (|1 — k| 58],

Thanks to (1.3), we have

1
v > sup (sup ('——1
0<t<T k

and so, for 0 <t < T,

1
-1
k

sc01).

Thanks to (4.20), (4.21), and (4.22), we obtain f > AvH in L*(D4), and so, (3.5) is
satisfied with K = Av.

We shall also need the following upper bound for H:
(4.23) H(t,z) < 2e~MtHAmax(s)2) iy (0, T) x Q.
4.4. Proof of Theorem 1.1. Using w(¢, x; A) from (4.13), we put
(4.24) Ut,z) = u(t,z; A) —w(t, z; A).
Then we have, using (4.8), (4.9), and (4.10), |w(0,z; \)| < Ce**(®), hence
U0, )] < |ug(x)| + Ce*,
which implies
(4.25) |U(0,2)|H(0,2) < 2(Jug(z)| + Ce?)e?,

where we have used (4.23).
By the construction of the ansatz we have [yU']y;) = 0 in L*(0,T). Letting

F(t,x) = U + A(t)U, and in view of (4.15), (4.23), we also have
F(t, 2)| H(t,z) < O™,
Thanks to (1.2) we have

how(t, 1;0) < CH(t,1), 0<t<T,
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and then, in view of Lemma 3.2,

T
/ DU (£, 1) | how (£, 1; N)dt
0
T
<c (eA(Z—l/T) _|_/ e)‘l’(t_T)"'ZAS(t)dt) .
0

Since v > 2supy ;.7 |$(t)|, we can make the change of variable y = ¢t + 2s(t) /v to see

that
/T AVEF2AS() gy /T+25(T)/V AV dy
0 25(0)/v 1+ 2S(t)/V
T+42s(T) /v eAl/T+2As(T)
<C My < C
2s(0)/v Av

Since v > 2/T (see (1.3)), we have 2 — vT — 2s(T') < 0, and this yields
T C
J A e O R B g R
0

for X sufficiently large. On the other hand, by using (4.1), (4.8), and (4.9), we have

P (£, 1; N)0s (w(t, 25 A) — heo (8, 23 ))

x=1
L 2A(k = 1)62)\s(t)7s'(t)(1fs(t))
T ok+1 '

By integration by parts, and using v > 2|$|~ again, we then have

T
/ M hi (8, 1;0) 05 (w(t, 25 N) — heo(t, 73 0)) 1dt
0 =
N 2A(k—1) /T AVEF2As(8) =8 (1) (1=5(1)) gy
O k+1
T
_2(k-1) L wtras(t) o—s()(1-s(1))
k+1 | |v+2500) .
_ /T Avtr2s) 4 (M) it
0 dt \ v+25(t)
2ok —1) 1

_ AWT+25(T)) ,—5(T)(1=5(T)) | RT1 4 RT2.
k+1 v+23(T)° ‘ L

Using vT > 2(s(0) — s(T")), we have

RT1 ~ 62)\3(0) _ O(e)\(VT+2s(T)))

)

T —§ 1—s
/ Atz 4 (TN
dt v+ 25(t)

0
T
< O/ A2 gy (AT +25(T)y.
0
0

|RT2| =~

This proves Theorem 1.1.
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5. Proof of Theorem 1.3. We set the following ansatz for (1.1) in Case 2,
f1 =0:

w(t, {E) = X+ (t7 x)e)‘Qtﬂ()\; t) (ef)‘(mfs(t))feJr (t)(z—1)
— Mats(t)=2)+04(1)(z—1))
oy (t2) Xt (e BT — y(a)by ek (B2 +0- () (o=s(1))),
where by is defined by (4.16), x by (4.12),

0-=—"1 9,0="_L,

BAt) = (1 —by)e~#5() (e—9+<t><s<t>—1> _ e<2A+e+<t>><s<t>—1>) -

2%
T 14k

for some ¢ > 0. We see that the ansatz satisfies w(t,0) = h,(¢,0; \), w(t, 1) = 0, and,
thanks to the choice of 3,

e~ B+ (GM-1)(1 4 O(e=N))

[w(tv )]s(t) =0,
(51) [wa/(tv )]s(t) = O(€A2t7%s(t)).

Setting f = 1w —~yw” € L?(D4), we have, in view of 8(t) = As$(1 — 1/k)(1+O(1))B(t)
and the choice of 04,

(5.2) f(t,2)| < CeXNHRE=20) v e (0, 5(t)),
(5.3) |f(t,x)] < CN AT+ A-1/R)s(1) vy ¢ (s(t),1).

From (5.1), (5.2), and (5.3) we have the following estimates:
1
/ |f(t,2)|H(t, x)dx < CerI1)s0)
0

|y’ (£, )]sy | H (2, 5(t)) < CerA0)30),

Observing that |w(0,z)|H(0,z) < Ce and defining U again by (4.24), the inequality
(4.25) holds again. In view of Lemma 3.2, and thanks to (1.4), we then have

T
/ M=) 07 (1, 1) [ (1, 15 N) it
0
< orrBn) | Coa-tns)
- A
Now, we end the proof by observing that
T T
/ T (8, 1) hay (£, 15 N)dt = —2) / Bt)e Db gy
0 0
6. Proof of Corollary 1.4. Set Li(t) = (1 — +)s(t), &(t) = $L1(t)L1(t). The
asymptotic behavior of I,,4(A;t), as A — oo, for t € (0,7, shows that we can asymp-

totically determine L (t), 0 < t < T, and so we can determine L;(t), &(t), and, for
fixed ¢ € (0,77, the value of
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VL) At 3O T gy = P ere = )
in b k + 1 )

with & = £(t). The function f(k) is defined for £ € (0,1) U (1, 00). Now, we regard &
and F' as parameters, and consider the following equation with respect to k:

(6.1) fk)=F, FeR.

Ah—>ngo —4

We assume that F' € Im f, since, in fact,

F— lim LLl(f)e—A<vt+L1<t>>+%L1<t>ﬂ(A;t).

A—00 —4
We have f > 0, lim f(k) = e® as k — +o0, and

1
e mea - R

Let ks, k4 be the roots of p. The discriminant of p is A(k) = £(€ 4+ 8). We thus have
to analyze the following cases for €.

(i) € = 1: In this case p(k) =1 —3k. If 0 < F < (4y/e)~1 = f(1/3), then (6.1)
admits two solutions: ki € (0,1/3), ko € (1/3,1). If (4y/e)™! < F < e, then (6.1)
does not have a solution (this case is forbidden). If e < F', then (6.1) admits only one
solution kq > 1.

(ii) £ = 0: Then f is increasing from 0 to 1 as k > 0, and so (6.1) admits a unique
solution.

(iii) 0 < & < 1: The roots of p are positive: 0 < k3 < k4. Since p(0) = 1,
p(l) = —2¢ < 0, p(+00) = 400, we have 0 < k3 < 1 < k4. So f is increasing in
(0, k3) (respectively, in (k4,+00)) from 0 to f(ks) (respectively, from f(ky) to ef),
and decreasing in (ks, 1) (respectively, in (1, k4)) from f(ks) to O (respectively, from
+00 to f(k4)). Observing that k]_Z3—£1 <0< klz“_&l and that k:il < %, we then have
f(ks) < f(ka), hence F & (f(ks), f(ka)). If F < f(k3) or if F' > f(k4), then (6.1)
admits two roots. If F' = f(k;), then k = k;, i = 3, 4.

(iv) € > 1: In this case, p admits one positive root k3 < 1. So f is increasing
in (0,k3) from 0 to f(ks), and decreasing in (ks,1) (respectively, in (1,4o00)) from
f(k3) to 0 (respectively, from +oco to ef). Observing that f(ks) < ef, we have F ¢
(f(ks),e%). So (6.1) admits two roots if F' < f(ks), and only one if FF = f(k3) or
F > et

(vi) £ < 0: If € > —8, then A(k) < 0 and p > 0. If £ < —8, then the roots of
p are negative and so p(k) > 0 for k > 0. Thus, in any case, f(k) is increasing from
0 to oo when k varies over [0,1) and f(k) is increasing from 0 to e¢ when k varies
over (1,00). Hence if F' > €%, then (6.1) admits a unique solution k; € (0,1), and if
0 < F < €%, then (6.1) admits two solutions k, k' such that 0 < k < 1 < k.

F(k) = k)em1¢, p(k) = (1 — k2 — (2 + )k + 1.

7. Numerical example. Consider four different conductivities,

~i(t,x) = 10 when = < s;(t), ©=1,2,3,4,

where
s1(t) = 0.95,
Sg(t) = 08,
Sg(t) =0.85+ t,
s4(t) = 0.85+ 0.1 cos(t/0.1 - 4m).
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position x
1
09F-czszzzzzzzzzzzzzzzozzzozzzzzzzoooza: '::\
ST e IO
| TR e e
‘:\::‘\;l.r ________________
071 LAY
—s,() —s,0
A=5 A=5
oer —a=10 [ 10
TTAts ---2=15
Cohe18 ---)=18
0.5 . )

---A=15 ---)=15
---2=18 ---A=18
0.5 - - - - : : : : : :
0 0.02 0.04 0.06 0.08 010 0.02 0.04 0.06 0.08 0.1
time ¢

Fia. 7.1. Test conductivites and their reconstructions; the vertical axis is the variable x, the
horizontal azis is the time t. The solid black line is the boundary s;(t), dashed lines are the re-
constructions with A\ = 5,10,15,18. Top left: si1(t) = 0.95. Top right: s2(t) = 0.8. Bottom left:
s3(t) = 0.85 +t. Bottom right: s4(t) = 0.85 + 0.1cos(¢/0.1 - 47).

The indicator function can be written as
T > 1
(7.1) I(T; \) = e)‘/ AV =ANT Y (T, 3 N) | dT — =M (eMT — 1).
0 14
The behavior of the indicator function can be written as
log(I(T'; X))
A

Using a large fixed A we get the approximative reconstruction equation

(7.2) S(T) ~ L [108HT3N)

— vT +2s(T).
A—00

2 ) Il
which is the more accurate the larger A is.

Let T'= 0.002,...,0.1 be 50 discrete points and A = 5,10, 15, 18, also choose a
fixed v = 9. We use the software MATLAB and finite element method to compute
the solution w(t,x;\) for each pair T, A with 400 nodes of x and 200 nodes of ¢.
Subsequently we compute the indicator (7.1), where the differentiation 8, is done via
MATLAB’s function “pdeval.m.” Finally, we compute the reconstruction s(7) using
(7.2). The test conductivities and the reconstructions are pictured in Figure 7.1;
the solid black line is the boundary s;(t), dashed lines are the reconstructions with
A =5,10,15, 18. Note that in the pictures only the part [0.5, 1] of = [0, 1] is shown.
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