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Abstract

The first and second order large-deviation efficiency is discussed for an exponential family
of distributions. The lower bound for the tail probability of asymptotically median unbiased
estimators is directly derived up to the second order by use of the saddlepoint approximation.
The maximum likelihood estimator (MLE) is also shown to be second order large-deviation effi-
cient in the sense that the MLE attains the lower bound. Further, in certain curved exponential
model, the first and second order lower bounds are obtained, and the MLE is shown not to be

first order large-deviation efficient.
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1 Introduction

Under suitable regularity conditions, the asymptotic efficiency of estimators including higher
order has been investigated from the viewpoint of the concentration probability around the
true parameter (see, e.g. Akahira and Takeuchi, 1981, 2003, Pfanzagl and Wefelmeyer, 1985,
Ghosh, 1994). In such a case the Edgeworth expansion of the distribution of estimator plays an
important part. For example, it is shown that the modified maximum likelihood estimator is
third order asymptotically efficient in some class of estimators under regularity conditions.

On the other hand, from the viewpoint of large-deviation, the asymptotic efficiency can be
also considered. For example, the Bahadur efficiency is well known. Indeed, for any consistent

estimator én of an unknown real-valued parameter 6 and any € > 0, the tail probability
! (én,ﬂ,s) =Py, {|én —0| > 6}

tends to zero as n — oco. Under suitable conditions it is shown that the rate of convergence is

exponential and has an asymptotic expansion of the form
. 5 c
o <9n7 9, 5) —= e_nﬁ(enveva) (CO + 71 _I_ . ) ,
n

where 3 (én, 6, ¢) is positive and ¢;’s are constants. Here the constant (3 (én, 0,¢) is called an expo-

nential rate. Bahadur (1971) shows that the upper bound for the exponential rate of consistent



estimators is given by use of the amount of the Kullback-Leibler (K-L) information and discusses
its attainment under suitable regularity conditions, which is called the Bahadur efficiency (see
also Fu, 1973). Using the asymptotic expansion of the amount of the K-L information, the
Bahadur type second order efficiency is also considered by Fu (1982) (see also Akahira, 1995).
Recently, from a different viewpoint from the Bahadur efficiency, the concept of first and sec-
ond order large-deviation efficiency has been discussed by Akahira (2006). In the concept it is
essential to consider the asymptotic relative ratio of the tail probability of any asymptotically
median unbiased estimator to the first order lower bound up to the second order. Indeed, the first
and second order lower bound for the tail probability of asymptotically median unbiased estima-
tors are directly derived by use of the saddlepoint approximation. In this paper the derivation
is introduced according to Akahira (2006), and for an exponential family of distributions, the
lower bound is obtained up to the second order and the maximum likelihood estimator (MLE)
is shown to be second order large-deviation efficient in the sense that the MLE attains the lower
bound. Further, in certain curved exponential model, the lower bound is given up to the second

order and the MLE is shown not to be first order large-deviation efficient.

2 Definitions

Suppose that X1, Xs,---,X,, -+ is a sequence of independent and identically distributed
(ii.d.) random variables with a probability density function (p.d.f.) f(z,0) with respect to a
o-finite measure y, where §# € © and © is an open interval in R!. Put X := (X1, ---,X,). If

an estimator 6,, := 0,(X) of 0 satisfies
« 1 A 1
Pyn{bn <0} = 5T o(1), Ppn{n, >0} = 5t o(1),

as n — oo, then 6, is called asymptotically median unbiased (AMU for short) for . Let A be
a class of all the AMU estimators of 6.
Definition(Akahira, 2006). If there exists an AMU estimator 6% = 6% (X) such that for any
0, € A, any 6 € © and any a > 0
Pon{lbn — 6] = a} = Pyu{16;, — 0] = a}{1+o(1)}

=: By(a,0){1+0(1)} (2.1)
as n — oo, then 07 is called first order large-deviation efficient (LDE). If there exists an AMU
estimator %* = §**(X) such that for any 6,, € A, any 0 € © and any a > 0

Py {10, — 0] > a} by (a,0) 1
. >1 — 2.2
B (a,0) = n to n (22)

as n — oo and 6 attains the lower bound in (2.2) up to the order o(1/n), then 6* is called

second order LDE, where B),(a, ) is given by (2.1) and b;(a, ) is certain constant.
In order to discuss the higher order LDE, it is necessary to get the lower bound for the

two-sided tail probability P97n{|én — 0] > a} of 6,(€ A) up to the higher order.



3 First and second order lower bounds for the tail probability

Let 6y be any fixed value in ©. Then we consider a problem of testing the hypothesis H : § =
0o + a, against the alternative K : § = 6, where a > 0. Let ¢*(X) be the most powerful (MP)
test of level 1/2 + o(1). Letting 0, € A and putting

4; = {alfn(x) < 0+ a},
we see that the indicator x4, (x) is a test of level 1/2 + o(1), where @ := (21, -+ ,x,). Since
Epy(¢") = Egylxa, 1= Py {0 < 00 + a}
for large n, it follows that
Py {00 — 00 > a} > 1 — By, (¢"). (3.1)

In order to obtain the lower bound, i.e., the right-hand side of (3.1), it is seen from the funda-

mental lemma of Neyman-Pearson that a test with the rejection region of type

Z(09) = % S Zi(60) >
j=1

is MP, where
Zj(0o) := log(f(Xj,00)/f(Xj,00 +a)) (j=1,---,n)

and c is a constant chosen such that the asymptotic level of the test is 1/2 + o(1). Then
¢ = Eyy1a[Z1(00)] + 0o(1) =: u+ o(1) (say). Note that Zy,-- -, Z, are i.i.d. and

where (6 + a,6p) is the amount of Kullback-Leibler information. Since
Egy(¢") = Poo,niZ(60) > c},
it follows from (3.1) that for large n
Ppon{bn — 60 > a} >1— Py n{Z(8) > ¢} = Po,.n{Z(60) < c}. (3.2)

for a > 0. In order to obtain the asymptotic expansion of the tail probability of Z(6p) in (3.2),

we use the saddlepoint approximation (Jensen, 1995). Let

Mz, (95)(t; 00) := Eg,[exp{tZ1(00)}], Kz, (0,)(t; 00) := log Mz, 9,)(t; 6o)

for all ¢ in some open interval involving the origin, that is, they are the moment generating
function (m.g.f.) and the cumulant generating function (c.g.f.) of Z;(6y), respectively. Let #(a)
be a solution of ¢ of the equation (9/9t) K z, (g,)(t; o) = p. In a similar way to the case a > 0, we



have a lower bound in the case a < 0. Since fq is arbitrary in ©, henceforth we write 6 instead
of 8.

From (3.2) and the saddlepoint approximation we have the following.
Theorem 3.1(Akahira, 2006). For any 6, € A, any 6 € © and any a > 0, it holds that for large

n
Py{0n — 0 > a}

>

g, (e By + 200 S0 o)+ 2 {@2@34(» + 4050

+0 (;2)] o (33)

where A = /n [t]\/K} (), G3(t) := r30sa(Z0)/{KYy ()}*2, Ci(t) = Kapra(Z0)/{KY, (1)}

with third and fourth cummulants k3 ¢14(Z1) and k4 64q(Z1) of Z1 = Z1(0) , and

>| =

Bo(\) : = AeM2{1 — ®(\)},

B s = = {NBo) - =¥ -
By(\) : = MBy(\) — \/%(A“ —2?),
Bs(\) : = ABy()) — \/12?@6 N 4302),

For the case a < 0, we also obtain a similar lower bound to (3.3) for the tail probability
Pg’n{én —0 < a}. If there exists an AMU estimator attaining the lower bound for the asymptotic
relative ratio of the two-sided tail probability Pp,,{|6, — 6] > a} to the first order lower bound
up to the order o(1/n), then it is second order LDE.

4 The second order LDE for an exponential family of distribu-

tions

Suppose that X1, Xo,---, Xy, -+ is a sequence of i.i.d. random variables with a p.d.f. f(z,6)

(w.r.t. the Lebesgue measure) which belongs to an exponential family of distributions, i.e.
f(z,0) = exp{z + C(0) + S(z)} (4.1)

for € X C R', where § € © and © is an open interval of R, C(-) is a four times differentiable
real-valued function of ©, and S(-) is a real valued function on X'.
In a similar way to Section 3, we obtain the lower bound for the tail probability. Since, for
a>0
Zj(0) = log(f(X;,0)/ f(X;j,0 + a)) = C(0) = C(0 + a) — aX;

for j =1,--- ,n, the m.g.f. of Z1(0) is given by
Mz, 9)(t;0) = Eplexp{tZ1(0)}]

4



=exp[{t{C(0) —C(0+a)} +C(0) — C(0 — at)].
Since the c.g.f. of Z1(0) is
Kz 6)(t;0) :=log My, (9)(t;0) = t{C(0) — C(0 + a)} + C(0) — C(0 — at),

it follows that
9
ot
On the other hand we have

Kyz,0)(t:0) = C(0) — C(0 + a) + aC (0 — at). (4.2)

p = Egia[Z1(0)] = Ega|C(0) — C(0 +a) —aXi] = C(O) — C(O +a) +aCV (O +a). (4.3)
From (4.2) and (4.3) we have £ = —1 as a solution of the equation (9/0t)K z, (0)(t;0) = p. Since

Kz 6)(t;0 + a) = log My, 9)(t;0 + a) = log Ep14[exp{tZ1(0)}]
=t{CO) - CO+a)}+C(@+a)—C(0+a—at),

it follows that the second, third and fourth cumulants are

62
ligﬁ_,.a(Zl(G)) = %+Q(Z1 (9)) = @Kzl(g) (0; 0+ a) = —a2C(2) (0 + a) > 0,
5'3
k30+a(Z1(0)) = 55 Kz,(0)(0:0 + a) = a>C® (0 + a),
84
fa4a(Z1(0)) = 51Kz, (0)(0:0 +a) = —a*CW (0 + a),

respectively, where, for each j = 2,3,4, CU)(0) are the j-th derivative of C'(f). From Theorem
3.1 we have the following.

Theorem 4.1 For any 6, € A, any 6 € © and any a > 0

Pyo{0n — 0 > a} . exp{(na2/2)C@ (0 + a)} {A 0 ( 1 )}

1+
n

Bn(a,0) = \/ nC® (6 + a) { —® (a\/—nC’(2)(9+a))}

as n — 0o, where

Bo(a,0) = {1 iy (a\/ @9 + a))}

-exp |n{ C(0) — C(0 +a) +aC (0 4 a) — ‘ch*@) @+a)y|,
2

12 5{CO)N(0 + a)}?
“Z0o®p —_30@W(p
aC (0 +a)—3C*"(0+a)+ CO 0+ a)

24\/27r{C (0 +a)

The proof is straightforward from Theorem 3.1, since Byo(\) ~ 1/v27, B3(\) = —3/(v271A),
By(\) = 3/v27m and Bg(\) = —15/4/27, as A — oo. In a similar way to Theorem 4.1, the lower
bound for the probability ngn{én — 6 < a} for a < 0 is also obtained.



Theorem 4.2 The maximum likelihood estimator (MLE) 6y, is second order LDE.

Proof Without loss of generality, we assume that 8 = 0. First, since, for a > 0

PO,n{éML > a} = PO,” Z logf X],a) >0 s
it follows from (4.1) that
Pon{0ar > a} = Py f{X > —CW(a)}, (4.5)
where X := (1/n) > % ; X;. On the other hand we have from (4.1)
U N (0. C71) BN
= ;ZJ(O) = ;log X C(0) — C(a) — aX. (4.6)
Letting
¢ := E,[Z1(0)] = C(0) — C(a) — aBy(X1) = C(0) — C(a) + aCV(a), (4.7)

we obtain from (4.5) to (4.7)

SH N

Pon{0yr > a} = Py {X > —(—c+ C(0) — C(a))}

= Pyn{c> C(0) — Ca) — aX}
=1- Pyn{Z(0) > ¢},

which implies that the equality in (3.2) holds, hence the MLE 6,7, satisfies the equality in (3.3)
and (4.4). In the case when a < 0, we also have a similar result to the case a > 0. Therefore

the MLE is second order LDE. O

5 The lower bound for the tail probability in certain curved

exponential model

Suppose that Xi, X, -+, X,, -+ is a sequence of independent and identically distributed
random variables according to a normal distribution N (26, 6?), where 6 > 0, which belongs to a
curved exponential family of distributions.

First, in order to obtain the bound for the tail probability of asymptotically median unbiased
estimators of A, we consider a problem of testing the hypothesis H : § = 6y + a, against the

alternative K : 6 = 6y, where 6 is arbitrarily fixed and a > 0. Since

Zl(eo) = logf(X> 90) - Ing(X, 90 + a)

1
(X — 260)% + log(fo + a) +

= —logeo— 2708

W{X 2(60 + a)}?,



we have

w: = Egy+a[Z1(60)]

=tog “OE o (X = 200 +0))] 407} 4
=1 — (@ 4 -
Oh+a 5 (a 2 g
—1 N (R T '
%79, 2(90> 0 (5.1)

Under the hypothesis H : § = 6y + a, the m.g.f. of Z1(6y) is given by
My, (9)(t,00 + a) := E90+a[etzl(90)]

0y +a 1 9 ,

= Egota 1 - (X =2 1 x-

ot [eXp{t<og Bo 293( %) +2(90+a)2(X 2(6p + a)) >H

0o +a\’ 1 /00 { t 2 t—1 2}
N — 5z (@ — 20 ———(z—2(f d

( & >\/ﬁ(90+a> P a2 gy e 2 el g de

o +ay’ 1 - ¢ 2 t—1 2}

< fo )ﬁ(@owLa) /_ooeXp{ 20§(u+ @) +2(90+a)2“ u

t 2
- (ftey V4 et Ty Lf;t” (5.2)
0o o +a 02 \ 03

for all t > —63/{a(a + 26p)}, where

_ 9(2)((90 + a)2
ala+200)t + 63

Since, by (5.2),

Kz, (00)(t, 00 + a) = log Mz, g,)(t, 00 + a)

bp+a 1. ala+200)t+ 63 2a°t (0o + a)*t
— ¢l ) ~log(8 -
°8 6o 2 %8 02 (60 + a)? og(fo+a) + 62 | a(a+ 260)t + 62 ’
it follows that
1 d
K(Zl)(eo)(t’ 0y + a) = aKzl(Go)(t’ Oy + CL)
0o+ a a(a + 26p) 2a? (a+ 6p)*t
= log - ™ T 2 ; 1
0o 2(ala+200)t+05) 05 La(a+2600)t+ 67
2a%(a + 09)*t (5.3)
(a(a + 260)t + 63)%’ '
2) o
KZl(QO) (t, 00 + a) = @Kzl (90)(t, 6() + a)
B a®(a + 26p)? 2a2(a + 0p)? 2a%(a + 0p)%(03 — ala + 200)t)
~ 2(ala+200)t +62)2  (a(a+ 200)t + 62)2 (a(a + 260)t + 63)3 ’
3 ok
K(Zl)(go)(t, 0o + a) := %Kzl(eo)(t, 0o + a)
_ag(a +200){(a + 2600)% + 6(a + 6p)?} B 6a3(a + 09)%(a + 200){0% — a(a + 260)t}
B {a(a + 260)t + 62}3 {a(a + 260)t + 62 }4 ’



84
K5 g (160 + a) = 5K z100(t. 00 + )
_ 3a*(a +260)*{(a +260)* + 6(a + 60)*}

B {a(a+ 26)t + 63}4

+6a4(a+00)2(a+290)2{ 1 4(98 _a(a+290)t)}

(ala+260)t +62)*  (ala+ 260)t + 63)°

Hence the cumulants of Z;(6y) under H : = 6y + a are given as follows.

0
1 =Egy1aZ1(00)] = K(le)(go)(oa 0o + a) = log

a 4 a 3 a 2
(&) (&) (@)

(3) a\’/a 13a2  28a
K3,90+a(Zl<90)) = KZl(GO)(O’HO + a) ==\ % + 2 92 + 970 + 16 5
0

4 2 2
( ) a a a 36a
H4790+Q(Z1(90)) Z % )(O Op+a)=3 (0()) <90 + 2) {17 <90> + 790 + 20}

Under the alternative K : 0 = 6y, the m.g.f. of Z1(6p) is given by

_ @ _9
VBoJra(Zl(QO)) = Kzl(eo)(O,Ho +a) = 9

Mz, (60)(t, 00) = Egy [ ()]

90 +a 1 OO t+1 t
< \/»9 exp{ S (z — 26p)? m(w— 2(90+a))2}dm

t 2
1 2 Bt+1 1 1 ~
90—|—a> — L t+ 2at(Bt+1) / exp{—~(u—|—2aBt)2}du
00 (6o + a)? —ooy/2m 2B(6p + a)?

<90 AN ox 2a%t(Bt + 1)
Va(a+ 200)t + (6o + a)? P10 +a)?
for all t > —(0y + a)?/{a(a + 26p)}, where

(5.4)

05

B= :
a(a+ 2600)t + (0o + a)?

Since

Kz, (00)(t; 00) := log Mz, (9,)(t, 0o)

1 2a%t(Bt + 1
= (t + 1){log(fy + a) — log by} + log Oy — 3 log(a(a + 260)t + (o + a)?) + 2B+ 1)

(60 + a)?
it follows that
8KZ1(60)(t7 90) —1o O+ a _ CL(CL + 2(90)
ot %0y 2(ala+ 200)t + (6 + a)?)
2a2 ~ -
+—— _(B't?*+2Bt+1), 5.5
(90 + a)Q( ) ( )



where B’ = §B/dt. Since

~, af3(a + 26p)

{a(a+ 260)t + (6 + a)2}2

it follows from (5.5) that

0K 7,(00)(t, 00) o 0o+ a _ ala + 26p)
ot Ty T 20ala + 200)t + (6o + a)2)
n 2a30%(a + 200)t? n 4a20%t
(00 + a)*{ala + 2600)t + (0o + a)?}2 ~ {a(a+ 26p)t + (6 + a)?}?
2a?
Tty (56)

Since, by (5.1),
0K 7,(6,)(—1,00)

=1 S
ot C 70 202 6 N
it is seen that t = £ = —1 is a solution of the quation
8KZ1(90) (t,6p) _
ot H:

From (5.6) we have

O?K 7, (9)(t, 00)
ot?
B a®(a + 20)*
 2{a(a +260)t + (6o + a)?}?
N 2a303 (a + 200)[2t{a(a + 260)t + (0o + a)?}? — 2a(a + 260 )t*{aa + 200)t + (6o + a)?}]
(6o + a)*{a(a + 26p)t + (6p + a)?}*
N 4a20%[{a(a + 200)t + (6o + a)?}? — 2a(a + 260)t{a(a + 20p)t + (6o + a)?}]
{a(a +200)t + (6o + a)?}* ’

which yields

Kz 0)(~1.00) _ 9a* 10>  6a
ot 208 03 T 02

(5.7)

Hence, from (3.3), for any 6, € A and any a > 0, it holds that for large n

By(\)

Pyo{fn — 0 >a} > \

M3, (£, 0)e ™ [1 +

1[Gl By | G B |
*n{ 2 By 2 B§<A>}+O<n?ﬂ’ (58)

where X i=/ili]/(02/9012) K 7,(0) (3, 0). Go(t) = o a(Z1(0) /{60 K 1,0 (1. 0012, Gall) =
k4,64+a(Z1(0))/{(0%/Ot*) K 2, (9)(t,0)}. From (5.7) we have

)\:ﬁ\/n <2ﬁ2+105+6>,

9




where § = a/. Since B =1 for t = —1, it follows from (5.4) that
MZl(g)(—l,e) = E@[ele(e)] =1

Since

By(N)
A

={1-®(AN)}exp {n {log(l +8) - gﬂ2 - ﬂ} + g&Q (352 +103 + 6” : (5.9)

it follows from (5.8) that for any 6, € A
Pyl —0>at>d1-a (% 9a
0,n1Yn ay = 0 n 292
5 /aN\2 a
e dn (e (145) -3 (5) 9>
n ra\?2 (9a 10a 1
+3 () <292+9+6>}H1+O<n>}

as n — oo. From (5.9) and Mills’ ratio we have for a fixed small 5 = a/6,

N |
M3, g (£, 0)e 1 = Xe””)\e’\Q/Q{l —d(\)}

Bo(\ . ;1 A2
2013 0 = So0ex ()

_ expln{log(1+ )~ 352 — 8}]
ﬁﬁ\/n(gm +105 +6)

~ L snproms?)

V/2m\/6nf3
1 3
W/on8) = 1+ Oni?)
— o(/6np), (5.10)
as n — oo. Hence we obtain for a fixed small a > 0,

Pg,n{én—em}z{l—@( 6n {1+o< )} (5.11)
In a similar way to the case a > 0, we have for a fixed small |a| (a < 0)
Py {6 —9<a}><I><\/6 {1+0( )}
as n — 0o. Hence we obtain for a fixed small a > 0
Pyof{lfn — 0] > a} > 2 {1 — P (\/6#) } {1+ 0(1)}
0
as n — 0o.

Next, we obtain the second order lower bound for the tail probability of AMU estimators O,
Since £ = —1, it follows from Theorem 3.1 that

2 3/2
(D) = rpea210) | { gaKo(-1:0)

10



2

& 9 3/2
~{JaFno0o+al /{ TKn-10]
B(B+2) (136> +283+16)  (8+2)(135> + 283 + 16)

(%ﬁ4+1053+6ﬂ2)3/2 (3524‘1054‘6)3/2

2 2
G-1) = Ragsal21(0)) / { gtsz (-1:6)}

" 0” ?
{8t4KZ1(9)(0 9+a)} / {athZ1( )( 170)}
_ 388 +2)?(176% + 368+ 20) _ 3(8+ 2)*(175% + 365 + 20)
(364 + 10ﬁ3+6ﬁ2)2 36 (1+ 36+ 362)°
20 32

=5 - 50+ ﬁ2 +0(8%) (5.13)

for small 8. From (5.8), (5.10), (5.12) and (5.13) we obtain

Puntla = 0>} = {1 - 0(/o} |14 5 mat-n+ - {iacn - Sa@enfro ()

where

)\:ﬂ\/n (Zﬁ2+10ﬁ+6>

with 8 = a/6, and (;(—1) (i = 3,4) are given by (5.12) and (5.13). From (5.12) to (5.14) we

have for a fixed small ¢ > 0

Pgm én —0>a 1 4 1
) Y (T 1)
1-@ (\/Gna/H) I\ a 18 n

as n — OoQ.

6 MLE in the curved exponential model

In this section, we obtain the tail probability of the maximum likelihood estimator (MLE)
éM 1, of 8 and investigate whether the MLE attains the bound or not. First let

V(. 0) = 1o [(,0)

Then the MLE is given as the solution of the equation

D (X;,0) = 0.

11



Since f(x, ) is the density of the normal distribution N (26, 6?), the MLE is uniquely determined
by

. _ _ 1 &
Oprr = —X +J X2+ n;XiQ’
where X = (1/n) Y1 | X;. Since
W =14(X,a) = ;)a log f(X,a) = %{(X —2a)* + 2a(X — 2a) — a®}
= (X —a 20,
it follows that the m.g.f. of W is given by

M(ta) = Fy(e™)
° £\ 4, (2 2 t
= - — = —— = Jx—=-=27d
[T PCI B
< 1 a® — 20%t 2a6(a? — 0t) 2 2(a® —0t)? ¢
- - - ~ 2 2%dr (6.1
/_oo 270 P { 2a302 <x + 202t — a3 ) a(20%t —a3) a v (61)
for all t < a3/(26?). Putting 8 := a/6 and y := t/0, we have

B {2(ﬁ2—y)2_y_ }_.
M(taa) _\/Me p 6(53 _ 2y) ﬁ 2, = MO(wa)a

which yields

Note that

0? 0? t a 1 t a 1
@K(t, CL) = ﬁKO <9, 0) - ﬁK(l)/ (07 0) = 972K(l),(y7/8)7

where K{(y, 8) = (8/0y)Ko(y, 8) and K{(y, 3) = (9°/0y*) Ko(y, B).

From (6.2) we have

/ 1 42—y -+ 1
Kol 9) = 5oy ( ﬂ(yﬁ)gy— 2y)? - ]
1
= —M{8y2 —28(48% = )y + 4B +5)(6 - 1)}

Putting z := 3% — 2y, we solve the equation (9/9y)Ky(y,3) = 0, i.e.

0=8y* — 2848 — 1)y + B (B+5)(B—1)
=2(8% — 2y)? - B(B® — 2y) — (B - 2)°
=222 — Bz - Y3 —2)% (6.3)
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Since z > 0, the solution of the equation on z is given by

=20 8P 2P) = .

which yields

y= S0 -1 TT 87— 2P) = o

corresponding to z = zg. Then it follows from (6.2) that

2 _ .2
KO(yOHB):210gﬁ—;10g(ﬂ3—2y0)+2(ﬁﬂ20y0)_yﬁo_2 .

Now, the tail probability of the MLE is approximated by

Ppp{Oyy >al =1-@ ( - 2nK0(y0,ﬁ)>

+ LENKO(ZJ(),/B) 1 _ 1 +o0 <1>
N yo/nK{ (yo,8)  \/ — 2nKo(yo, B) vn

(see Lugannani and Rice, 1980, Jensen, 1995 and Barndorff-Nielsen and Cox, 1989). Putting

a + 0 instead of a in (6.2), we have

P@,n{éML — 0> a}
=1-2 (\/— 2nKo(yo, 1 + ﬂ))

+ LenKO(yO:lJﬁ@) 1 _ 1 +o0 (1>
V2 yo/nK{(yo, 1+ B) \/ —2nKo(yo,1+ ) vn
__ L Koo 148) 1 <1> 6.4
Ve w17\ o
as n — o0o. Here,
Kjn1+9) = 5 {1+ 24126 - 17} (6:5)
ZO 20
with
L1 JTEsER oo
0 26+13(B-1) '
Since, for small 3
T+S(R -1 =3- 362+ 0(3")
it follows from (6.2) that
Ko(yo, 1+ 8) = =36 + O(8°). (6.7)
From (6.5) and (6.6) we have for small
Kjn1+0) =6{1-25+ L 4 05} (6:)
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Then it follows from (6.4), (6.7) and (6.8) that for a fixed small a

Py {éML RS a} —1-d (\/6?5) +En¢ (\/GTw) {1+i2ﬁ+0(1)}

\/7
1 ¢ (Vonp) 25
1+@1_¢(@5) {1+185+o(1)}] (6.9)

SIRI0)

as n — 00. Since, by Mills’ ratio,

¢ (Vonp) <1>
=& (Voud) =V6ns+0 =)
it follows from (6.9) that for a fixed small a
Pgm {éML -0 > a} a 25a

as n — oo. From (5.11) or (5.15), and (6.10), we see that the MLE 6y, does not attain the

lower bound in the first order, hence the MLE is not first order large-deviation efficient.

7 Remarks

In Sections 5 and 6, we treat the normal distribution N(26,6?) with § > 0 as a curved
exponential model, and similar results to the above hold for N(k6,6%) with k # 0, and 6 # 0.
Further, they may be extended to a more general curved exponential model. But, the problem
whether the lower bound (3.3) is sharp or not in this case is still open. This seems to be

interesting.
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