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Abstract: In this paper, we consider a variety of inference problems for high-dimensional
data. The purpose of this paper is to suggest directions for future research and possible so-
lutions about p >> n problems by using new types of two-stage estimation methodologies.
This is the first attempt to apply sequential analysis to high-dimensional statistical inference
ensuring prespecified accuracy. We offer the sample size determination for inference prob-
lems by creating new types of multivariate two-stage procedures. To develop theory and
methodologies, most important and basic idea is the asymptotic normality when p — oc.
By developing asymptotic normality when p — oo, we first give (1) a given-bandwidth con-
fidence region for the square loss. In addition, we give (2) a two-sample test to assure
prespecified size and power simultaneously together with (3) an equality-test procedure for
two covariance matrices. We also give (4) a two-stage discriminant procedure that controls
misclassification rates being no more than a prespecified value. Moreover, we propose (5) a
two-stage variable selection procedure that provides screening of variables in the first stage
and selects a significant set of associated variables from among a set of candidate variables
in the second stage. Following the variable selection procedure, we consider (6) variable se-
lection for high-dimensional regression to compare favorably with the Lasso in terms of the
assurance of accuracy and the computational cost. Further, we consider variable selection
for classification and propose (7) a two-stage discriminant procedure after screening some
variables. Finally, we consider (8) pathway analysis for high-dimensional data by construct-
ing a multiple test of correlation coefficients.
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1. INTRODUCTION

High-dimensional data situation occurs in many areas of modern science such as genetic
microarrays, medical imaging, text recognition, finance, chemometrics, and so on. A com-
mon feature of high-dimensional data is that, while the data dimension is high, the sample
size is relatively small. This is the so-called “HDLSS” or “large p, small n” situation where
p/n — oo; here p is the data dimension and n is the sample size.

The asymptotic studies of this type of data are becoming increasingly relevant. In
recent years, substantial work has been done on the asymptotic behavior of eigenvalues of
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the sample covariance matrix in the limit as p — 00, see Johnstone (2001), Baik et al. (2005)
and Paul (2007) for Gaussian assumptions and Baik and Silverstein (2006) for non-Gaussian
but i.i.d. assumptions when p and n increase at the same rate, i.e. n/p — ¢ > 0. The HDLSS
asymptotics, where only p — oo while n is fixed, were studied by Hall et al. (2005), Ahn
et al. (2007) and Yata and Aoshima (2010c). They explored conditions to give a geometric
representation of HDLSS data. Jung and Marron (2009) investigated consistency properties
of both eigenvalues and eigenvectors of the sample covariance matrix in the HDLSS data
situations. Many of these focus on the spiked covariance model introduced by Johnstone
(2001). The HDLSS asymptotics usually regulate either the population distribution by
the normality or the dependency of the random variables in the sphered data matrix by
a p-mixing condition. However, Yata and Aoshima (2010b) have developed the HDLSS
asymptotics without assuming either the normality or a p-mixing condition. In addition,
Yata and Aoshima (2009b) have succeeded in investigating the consistency properties of
both eigenvalues and eigenvectors of the sample covariance matrix in more general settings
that include the case when all eigenvalues are in the range of sphericity. Furthermore,
Yata and Aoshima (2010a) have recently developed the cross-data-matriz methodology that
provides effective inference on PCA and clustering for HDLSS data.

Suppose we have independent and p-variate populations, m;, i = 1, ..., k, having unknown
mean vector p; = (i1, ..., ,uip)T and unknown covariance matrix 3;(> O) for each i. We
do not assume that 37 = -+ = Xj. The eigen-decomposition of ¥; (i = 1,....k) is X; =
H,AH ;fr, where A; is a diagonal matrix of eigenvalues A\j; > --- > A\, > 0 and H; =
[Ri1, ..., hip) is an orthogonal matrix of corresponding eigenvectors. Having recorded i.i.d.
samples, @1, ..., Tin,, from each m;, we have a pxn; (p > n;) data matrix X; = [@;1, ..., Tin,],
where x;; = (Ti1j, ..., Tipj)L, j = 1,...,n;. We assume n; > 4, i = 1,...,k. Then, Z; =
A;1/2H1T(Xi — [, .-, 1;]) is @ p X n; sphered data matrix from a distribution with the
identity covariance matrix. Here, we write Z; = [2;1, ..., Zin,] and 245 = (215, ..., zipj)T, j=
1,...,n;. Note that E(z?jl) =1 and E(zjizijn) =0fori =1,k j(#j)=1,...p; | =
1,...,n;. We assume that A\;, > 0 (i = 1,...,k) as p — oo and the fourth moments of each
variable in Z; are uniformly bounded. Let o(;; (> 0), j =1,...,p, be diagonal elements of
3%;. In this paper, we assume one of the following three assumptions for m;’s as necessary:

(A-i) 7 Np(p;, %) fori=1,...,k;
(A-ii) 2, j =1,...,p are independent for i = 1,..., k;

(A-iii) E(zfjlz?sl) = 1 and E(zijizisizinziu) = 0, j # s,t,u, and {x;5 — pij}jen is a
strictly stationary sequence and p-mixing for ¢ =1, ..., k.

Note that (A-i) implies (A-ii). We also assume the following condition for ¥;’s as necessary:

tr(2})

7

(A-iv) e

< oo (t=1,2) and

—Qasp—ooofori=1,..k.

We assume the following extra condition when applying (A-iii):

tr(Ei 2]‘)
(A-v) B

— ¢;j as p — oo for all 4,7 = 1,..., k, where ¢;;’s are positive constants.

Remark 1.1. If all A\;;’s are bounded, (A-iv) trivially holds. For a spiked model such
as \jj = a;jp™ (j = 1,...,m;) and N\;jj = ¢;j (j = my; +1,...,p) with positive constants
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a;ij’s, ¢ij’s and ay;’s, (A-iv) holds under the condition that a;; < 1/2, j = 1,...,m;(< 00),
i=1,...,k. See Yata and Aoshima (2009b, 2010a) for the details of a spiked model. As an
interesting example, both (A-iv) and (A-v) hold for ¥; = ci/(,f)k*ﬂqil)7 i =1,..., k, where
cir’s, qi's and p;’s(< 1) are positive constants.

The concept of p-mixing was first developed by Kolmogorov and Rozanov (1960). See
Bradley (2005) for a clear and insightful discussion. See also Jung and Marron (2009). For
—00<J <K < oo, let F f denote the o-field of events generated by the random variables
(Y;, J < j < K). For any o-filed A, let Ly(.A) denote the space of square-integrable, A
measurable (real-valued) random variables. For each r > 1, define the maximal correlation
coefficient

p(r) = sup|Corr(f,g)l, [ € La(Fls),9 € La(FY,),

where sup is over all f, g, and ¢ is a positive integer. The sequence {Y;} is said to be p-
mixing if p(r) — 0 as 7 — oo. Note that when (z;17, %9, ...) is p-mixing and Var(a:?ﬂ) < 00,
j=1,2,..., it holds for j, 5/ = 1,2,... with |j — j'| = r that

]C’orr(x%ﬂ, x?j,l)| <p(r)—0 asr— oo.

Let p = Zle bip; with b;’s known and nonzero scalars. Let T, = Zle biTin,, where

n = (ni,...,nk) and Tjp, = Z;“Zl xi;j/n;. One choice of making inference on p is to construct

a confidence region by Ry, = {p € RP : ||Ty, — p|| < d}, where || - || denotes the Euclidean

norm. Let 0 = (pq,..., b, 21, ..., X ). For given and fixed d (> 0) and a € (0,1), the
requirement is established by

Py(p € Ry) > 1—a. (1.1)

There is a huge literature out there addressing scenarios related to this problem when p
is fixed less than n;. One may refer to Ghosh et al. (1997), Aoshima and Mukhopad-
hyay (1998), Aoshima et al. (2002), Aoshima et al. (2003), Aoshima and Takada (2004),
Aoshima (2005) and Yata and Aoshima (2009a) among others in which Stein (1945)-type
two-stage procedures were proposed in a typical multivariate context. Recently, Aoshima
and Yata (2010) provided a general methodology to make a Stein-type two-stage procedure
asymptotically second-order consistent for a variety of multivariate inference problems such
as multiple comparisons and bioequivalence tests. For the concept of second-order effi-
ciency, refer to Ghosh et al. (1997). In a high-dimensional case, those methodologies tend
to satisfy the probability requirement such as (1.1) excessively by taking overly samples.
To overcome this inconvenience, Yata (2010) gave a two-stage procedure that meets the
equality in (1.1) approximately with a moderate sample size when p is large. However, the
high-dimensional cases discussed by Yata (2010) were restricted to a high dimension, large
sample size context such as p/n; < oco.

In this paper, we consider a variety of inference problems for high-dimensional data such
as p/n — oo in the context of sequential analysis. The most challenging issue is to develop
the new asymptotic theory when p — oo instead of the large sample asymptotic theory in
which n — oo while p is fited. We emphasize that high-dimensional statistical inference
can be ensured prespecified accuracy with the help of the new asymptotic theory when
p — 0o. We do not assume 3y = --- = 3 because it is a rather strong assumption and
most importantly such an assumption is difficult to verify specially for non-Gaussian and
high-dimensional data.



The purpose of this paper is to suggest directions for future research and possible so-
lutions about p >> n problems by using new types of two-stage estimation methodologies.
This is the first attempt to apply sequential analysis to high-dimensional statistical inference
ensuring prespecified accuracy. We offer the sample size determination for each inference
problem by creating new types of multivariate two-stage procedures. To develop theory and
methodologies, most important and basic idea is the asymptotic normality when p — oco. We
develop the asymptotic normality when p — oo for the high-dimensional statistics given in
this paper. We emphasize that one cannot apply the existing multivariate two-stage proce-
dures, that are based on the large sample asymptotic theory, to p >> n problems because
of the curse of dimensionality. One may also refer to Sen et al. (2007).

In Section 2, we consider a new type of confidence region that has a given-bandwidth for
the square loss. Here, p is included in a region sandwiched by two p-dimensional spheres
with a certain radius from centre T',. We give a two-stage estimation procedure to assure
a prespecified coverage probability. In Section 3, we give a two-stage test procedure that
provides a two-sample test having prespecified size and power together with a equality-
test procedure for two covariance matrices. In Section 4, we give a two-stage discriminant
procedure that controls misclassification rates being no more than a prespecified value. In
Section 5, we propose a two-stage variable selection procedure that provides screening of
variables in the first stage. We select a significant set of associated variables from among a
set of candidate variables in the second stage. In Section 6, we consider variable selection for
high-dimensional regression to compare favorably with the Lasso in terms of the assurance
of accuracy and the computational cost. In Section 7, we consider variable selection for
classification and propose a two-stage discriminant procedure after screening some variables.
Finally, in Section 8, we consider pathway analysis for high-dimensional data by constructing
a multiple test of correlation coefficients.

Throughout this paper, let n;; = [n;/2] + 1 and n;s = n; — nj1, where [z] denotes the
largest integer less than z. We define for each m;

s Sy (@i — Fin, ) (@i — Tin,) " s S (@i = Bingy ) (Tij — Tingy )"
ng — ) ini (1) — )
n; — 1 n;1 — 1
> i1 (@i = Fingy ) (®ij — Tingy) "
and Sznl(Q) = J=hil i _21 2 s (12)
T

where Tin, = 2?2:11 mij/nﬂ and Tin,, = Z?;n“—‘rl (Bij/nig.
2. CONFIDENCE REGION FOR HIGH-DIMENSIONAL DATA

First, we note that a HDLSS data set has a geometric representation given by Hall et al.
(2005). A confidence region defined by (1.1) is not available for a given and fixed d (> 0) in
the HDLSS context. Let ¥, = Zle b?tr(X;)/n;. Note that Eg(||Tn — p||?) = Xn. Under
(A-i) and (A-iv), we have as p — oo that [T — p|[*/En = 1+ 0p(1). Thus it holds that
||Tn — p||> behaves around ¥, and Po(p € Ry) = Po(||Tn — p|| < d) — 0 under n;/p — 0,
1 = 1,...,k. In this section, we consider constructing a given-bandwidth confidence region
for the square loss defined by

Ry, ={p € R? : max{—d + Xy, 0} <||Th — u||2 <5+ 3n} (2.1)

for given & (> 0). We assume § = o(p'/?). For given § (> 0) and o € (0, 1), we are interested

4



in constructing a confidence region Ry, such that

Pg(/,t S Rgn) >1—a. (2.2)

2.1. ASYMPTOTIC NORMALITY AND SAMPLE SIZE DETERMINATION

Let us consider the region Ry . It indicates for ¥, > ¢ that p is included in the region
sandwiched by the two p-dimensional spheres with radius of /X, + 9 and /X, — ¢ from
centre Ty,. In Fig.1, the gray zone represents the sandwiched region when p = 2. Note that
one can control the loss function ||Ty, — p||? by using Ry, .

Figure 1. The gray zone represents a confidence region Ry, when p = 2.

We have the following theorems.

Theorem 2.1. Assume (A-i) and (A-iv). Then, we have that

1T — pll* -
\/2 i b, )/(n,»nj)

= N(0,1) (2.3)

when p — oo and either n; — oo or n; is fixed for i = 1,...,k, where ‘=7 denotes the con-
vergence in distribution and N(0,1) denotes a random variable distributed as the standard
normal distribution.

Theorem 2.2. Assume (A-iv) and either (A-ii) or (A-iii) with (A-v). Then, we have
(2.3) asp — o0 and n; — 00, 1 =1, ..., k.

It should be noted that the result in Theorem 2.1 can be claimed even when n; is fixed for
i =1,...,k. The condition that p — oo and n; — oo does not restrict n; to either p/n; — oo
or p/n; < 0.

Corollary 2.1. Let 5y, = ZZ 1 02tr(Sin, ) /ni. Assume (A-iv) and either (A-ii) or (A-iii)

with (A-v). Then, we have as p — oo and n; — oo, i =1, ..., k, that

I Tn — pl]* —
\/2 S, b2 (25, )/(nmj)

N(0,1).
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From the fact that tr(3;%;) < |/tr(37)tr(X3), it holds that \/z U203 (%) / (niny)

ZZ L2 /tr(22) /ni. Let Zq /2 be the upper /2 point of N(0,1). Here, we consider n;’s
such that

mmZm subject to \fz b2y /tr(22) /n; < 6/2a)2-
Then, we find the sample size for each m; as

n; > "‘/2\f|b (52 1/4Z|b [x(ZH'* (= Ci say). (24)

7=1

Note that C; = o(p/d) fori =1, ..., k, under (A-iv). Thus it holds that C;/p — 0 as p — oc.
We also notice that n; — oo, 1 =1,...,k, as p — oo. Let

Ry, = {ne R :max{—6 + S, 0} < [T — pll < 6+ S}, (2.5)

where 3y, = Y8 | b2tr(S in;)/Mi. Then, we have the following theorem.

i=1"4

Theorem 2.3. Assume (A-iv) and either (A-ii) or (A-iii) with (A-v). Then, for n;
satisfying (2.4), we have as p — oo that

liminf Py(p € Rg ) > 1 — o

Remark 2.1. The same assertion as in Theorem 2.3 holds for Ry, .

2.2. TWO-STAGE PROCEDURE FOR CONFIDENCE REGION

Since ¥;’s are unknown, it is necessary to estimate C;’s in (2.4) with some pilot samples.
We consider a two-stage procedure to construct a confidence region R . Along the line of
Mukhopadhyay and Duggan (1997, 1999), we suppose the following assumption: There exists

a known and positive lower bound ;. for {/tr(X?) such that o;,/4/tr(E3) € (0,1), i =
.k, as p — oo. We proceed the following two steps:
1. Let 7 = minj<;<g |bi|\/0ix Z?:l |bj|\/Tjx- Having a fixed integer mg (> 4), define

m = max {mo, [Za/?/in] + 1}. (2.6)

According to (2.6), take pilot samples x;;, j = 1,...,m, of size m from each m;. Then,
calculate Sim, S (1) and S (o) according to (1.2) for each ;. Define the total sample size
for each m; by

k
2V2
a/5 [0i|tr(Sim(1)Sim(2) Z\b |tr(S ]m(g))l/ﬂ + 1}. (2.7)

N; = max{m, {

Note that tr(Sim(l)Sim(Q)) >0 w.p.l. Let N = (NVy, ..., Ng).
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2. Take additional samples x;;, j = m + 1,...,N;, of size N; — m from each m;. By
combining the initial samples and the additional samples, calculate ;y, = Zjvz'l x;;/N;
and S;n, = Zjvzll(azm — TN, (i — Z;n;) T /(N; — 1) for each m;. Then, define fJN =
Z,’f:l b?tr(S;n,)/N; and the region REN according to (2.5) with Ty = Z,’f:l biTinN, .

We have the following theorem.

Theorem 2.4. Assume (A-iv) and either (A-ii) or (A-iii) with (A-v). For the two-stage
procedure given by (2.6)-(2.7), we have as p — oo that

liminf Pp(p € RiN) >1—a. (2.8)

Remark 2.2. Assume (A-iv) and either (A-ii) or (A-iii). It holds as p — oo that N;/C; =
1+ o0p(1), i = 1,....k, that are in the HDLSS situation in the sense that N;/p = 0,(1),
i =1,...,k. Further, under (A-i), we have higher-order results as in the following theorem.

Theorem 2.5. Assume (A-i) and (A-iv). For the two-stage procedure given by (2.6)-(2.7),
it holds as p — oo that

limsup |[Eg(N; — Ci)| <1 and Varg(N;) = o(p'/?/8) for i=1,....k.

Remark 2.3. One of the choices of oy is, for example, a positive lower bound, 0,9, for
tr(%;)//p such that o9,/p/tr(3;) € (0,1) as p — oo. Then, it holds from Schwartz’s
inequality and (A-iv) that 0 < oy0/1/tr(23) = (0i0/D/tr(Z;)) (tr(Z;)/1/ptr(EF)) < 1 as
p — 0o. We emphasize that the two-stage procedure still holds (2.8) as long as 0,/ p/2 >0

as p — oo for i = 1,...,k. In that sense, the two-stage procedure is quite robust for the
misidentification of 0.

Remark 2.4. Under (A-i), it holds that Eg{tr(S7,)} = (1 + (m — 1)")tr(Z?) +
tr(3;)%2/(m — 1). Hence, the naive estimator of tr(X?) is overly biased when p — oo.
Yata (2010) considered an unbiased estimator of tr(X?) by tr(Sim(1)Sim(2)). Note that
Eg(Sim(1)Sim(2)) = tr(X?) and tr(Sim(1)Sim(2)) = 0 w.p.1. Under either (A-ii) or (A-iii),
it holds as p — oo and m — oo that

tr(sim(l)sim(z)) 8 tr(Ef)
Voro (Z= ) = sen-+ol +0 )

On the other hand, Bai and Saranadasa (1996) and Srivastava (2005) considered an estima-
tor of tr(X?) by tr(X?) = ¢, {tr(5%,) —tr(Sim)?/(m —1)} with ¢;, = (m—2)(m+1)/(m —
1)2. Then, it holds under (A-i) that Eg(tr(X?)) = tr(X?) and

(22 4 8tr(2}
Varg (trEE?;) = W(l +o(1)) + tr(E(?)Qr)n(l +o0(1))

as p — oo and m — oo. One might consider tr(E/J\?) for tr( S (1)Sim(2)) in (2.7). However,

it should be noted that tr(Z/)\?) is not unbiased unless (A-i) holds. In addition, it does not
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hold Varg(tr(i/)\?)/tr(zzz)) < oo when the eighth moments of each variable in Z; are not
uniformly bounded.

2.3. SIMULATION

In order to study the performance of the two-stage procedure given by (2.6)-(2.7), we took
resort to computer simulations. We set k = 2, p = 1600, by = by = 1 and § = 5. Our goal
was to construct a 95% given-bandwidth confidence region RiN' In other words, we set

a = 0.05. We set p; = py = (0,...,0)T. Independent pseudorandom normal observations
were generated for m; : Np(p;, 3;), @ = 1,2. We considered the covariance matrix such as

_ li=j[1/? _ [i=3I'/? -
3 =aB(p )B and 33 = c2B(py )B, where p; € (0,1), i = 1,2, and

B = diag (¢0.5 +1/(p+1),/05+2/(p+1),.../0.5+ p/(p + 1)) . (2.9)

Note that tr(3;) = ¢p (i = 1,2). We considered the following three cases: (i) (¢1,c2) =
(1,1) and (p1, p2) = (0.3,0.3), i.e., X1 = Xo; (ii) (c1,¢2) = (1,1) and (p1, p2) = (0.3,0.4),
ie., tr(X1) = tr(3Za) and tr(X?) # tr(X3); (i) (c1,c2) = (1,1.5) and (p1, p2) = (0.3,0.3),
i.e., 22 =1.5 21.

For the two-stage procedure (2.6)-(2.7), Table 1 gives the findings obtained by averaging
the outcomes from 2000 (= R, say) replications. We set oy = tr(2%)1/2/3, i = 1,2, so that
m = 20. The findings for case (i) were given in the first block and the ones for cases (ii) and
(iii) followed after the block. Under a fixed scenario, suppose that the rth replication ends
with N; = ng (i = 1,2) observations and the corresponding confidence region with n, =
(n1r,ngy) forr =1,...,R. Let m; = R~ 2%y and Var(ng) = (R—1)"' o (g, —7:)2.
Then, @ (= m1 + f2) estimates C' = C} + Cy defined by (2.4) with its estimated variance
Var(n), computed analogously. In the end of the rth replication, we checked whether p
does (or does not) belong to the corresponding confidence region and defined P, =1 (or 0)
accordingly. Let P = R~! Zle P, which estimates the target coverage probability, having
its estimated standard error s(P) where s?(P) = R~'P(1 — P).

Let us explain, for example, the entries from the second block for case (ii) in Table 1. We
had C7 = 61.87, Cy = 69.79 and C' = 131.66 from (2.4). From 2000 independent replica-
tions, we observed 7y = 62.17 (7, —C4 = 0.30), T2 = 70.07 (m2—Cs = 0.28), 7 = 132.24 (n—
C = 0.58) and p = 0.950 together with Var(n;) = 16.60, Var(ny) = 27.08, Var(n) = 69.54
and s(p) = 0.00487. Throughout, the two-stage procedure constructed required confidence
region successfully.

3. TWO-SAMPLE TEST FOR HIGH-DIMENSIONAL DATA

Suppose we have two independently distributed populations, 7;, ¢ = 1,2. We do not assume
31 = Xs. A well-pursued interest in high-dimensional data analysis is to test if the two
high-dimensional populations have the same mean or not, namely,

The hypothesis Hy consists of p marginal hypotheses regarding the means of each data
dimension. Bai and Saranadasa (1996), Srivastava (2007) and Chen and Qin (2010) con-
sidered testing hypothesis (3.1). We should note that Hotelling’s classical T? test does not
work for HDLSS situations. Let A = |[p; — po|[?. We are interested in designing a test of
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Table 1. Required sample size and the coverage probability by (2.6)-(2.7) with § = 5.

C n n—C Var(n) P s(P)

Case (i): (¢1,¢2) = (1,1) and (p1, p2) = (0.3,0.3)
116.29 117.00  0.72 47.81  0.943 0.00518
58.14 58.50 0.36 15.13
58.14 58.50 0.36 14.83

Case (ii): (¢1,¢2) = (1,1) and (p1, p2) = (0.3,0.4)
131.66 132.24  0.58 69.54  0.950 0.00487
61.87  62.17 0.30 16.60
69.79  70.07  0.28 27.08

Case (iii): (¢1,¢2) = (1,1.5) and (p1, p2) = (0.3,0.3)
143.89 144.21  0.32 74.89  0.946 0.00505
64.68 64.88 0.20 17.53
79.21 79.33 0.12 29.48

(3.1) with size o and power no less than 1 — 3 when A > Ay, where «, § € (0,1/2) and
Ap (> 0) are prespecified constants. We assume Ay = o(p'/?).

3.1. ASYMPTOTIC NORMALITY AND SAMPLE SIZE DETERMINATION

Having recorded @;1, ..., €, from each m;, Chen and Qin (2010) gave an estimator of A by

2 i T
Tn _ Z Z;l;é]’ ngml] . 22 Z =1 mlijJ
P ni(n; — 1) nino
We note that the above description is equivalent to

2
7 — — tr(Smi)
Th = lem - w2n2|’2 - Z e . (3.2)

i=1 ¢
They showed that Eg(T,) = A and
tr(27) +

ni(n; — 1) nin
=1 12 i=1""

Varg =

Mw

We consider estimating Varg (Tn) by

Varg

Mw

ni(n; —1) ' ning
=1

Then, we have the following theorem.

Theorem 3.1. Assume that (pg — o) T Zi(py — ps) = o(tr(X?)/n;), i = 1,2. Assume also
(A-iv) and either (A-ii) or (A-iii) with (A-v). Then, it holds as p — oo and nj,ng — o0
that -
Th— A
f i N(07 1).
Vare(Tn)
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Remark 3.1. Assume that (g, — po)7 i (g — po) = o(tr(X?)/n;), i = 1,2. Assume also
(A-iv) and either (A-ii) or (A-iii) with (A-v). Then, it holds that

Ta— A
Varg (Tn)

= N(0,1)

when p — oo and n; — oo for ¢ = 1,2. Chen and Qin (2010) gave the asymptotic normality
under different conditions.

Remark 3.2. Chen and Qin (2010) gave a different estimator of Varg (T n) by 2 Z?Zl tr(E/J\?)
[(ni(ni — 1)) + 4tr(X132) /(n1n2) with

tr(37) = (ni(ns — 1)) 70 (@ij — Tin, (1) Ti (@ik — Biny(j,0)) Tig

ik
- ni n9
tr(Z132) = (nmn2) r{d Y (@1j = Biny ()T (Bok — Bong(h)) T35 }-
j=1 k=1

Here, @;y,,(j k) is the i-th sample mean after excluding @;; and @i, and T;y,(j) is the i-
th sample mean without x;;. Then, they claimed the asymptotic normality under several
assumptions similar to Theorem 3.1. However, from the proof of Theorem 2 given in Chen

and Qin (2010), it should be noted that Eg(tr(X2)) = tr(X?) + pl Z;p;/(n; — 2). When

—

||12;])? is large such as ||p;||> = O(p), the bias of tr(X?) becomes formidably large.

Probability Density Probability Density

0sf osf
04F 04F
osf

<B

(a-ii) p=4: ny =ny =20

Probability Density Probability Density
osf sk

04r

(b-i) p=32: n; =ng =10
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03f
02f

01}

5 - 0 5 o 10 ] 0 5 16

(d-i) p=2048 : ny =ng =10 (d-ii) p = 2048 : ny =ng =20
Figure 2. The solid lines are probability densities of A: N(0,1) and B: N(§,1). The histogram of
Tu/\/ Vare(Tn) with ||p,|[2 = 0 or ||m,||2 = p'/2 fits well the solid lines with increasing dimension:
p = 4 for (a-i) and (a-ii), p = 32 for (b-i) and (b-ii), p = 256 for (c-i) and (c-ii), and p = 2048 for
(d-i) and (d-ii).

Let us observe Theorem 3.1. We considered an easy example such as ||u[|> = 0,
B = I, ||ps])? = 0 or ||uo]> = p'/2, and =y = 1.2I,. We considered two cases for
each dimension: n; = ny = 10 and n; = ny = 20. Here, x;;(i = 1,2; j = 1,...,n;)

were generated from independent pseudorandom normal distribution with mean vector p;
and covariance matrix 3; for p =4, 32, 256 and 2048. Fig. 2 gives the histograms of
2000 independent outcomes of Ty/\/Varg(Ty) when ||po|2 = 0 or [|po|2 = p'/2. Let
d = p1/2/(Z?:1 2tr(2?)/(ni(n; — 1)) +4tr(X133)/(n1n2))"/2. From Theorem 3.1, we expect

that Ty/\/Vare(Tyn) is close to N(0,1) when ||ps|/2 = 0, and Th/\/Vare(Ty) is close
to N(6,1) when ||ps||> = p'/?. When p = 4 and p = 32, the histograms appear quite
different from the probability densities specially when || — ps|| # 0. However, as expected,
the histograms fit well the probability densities as p increases. We can observe for each
dimension that taking more samples makes more difference of those two hypotheses.

For testing the hypothesis (3.1), we find the sample size for each 7; as

> (2a + Zﬁ)\@

2
n; > A, (T4 (ZHY (=G, say) (3.4)

Jj=1
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and test the hypothesis by

Arzg

rejecting Hy <= Ta > ,
Za + 23

where z, is the upper « point of N(0,1). Then, we have the following theorem.

Theorem 3.2. Assume (A-iv) and either (A-ii) or (A-iii) with (A-v). The test given by
(3.4)-(3.5) has as p — oo that

limsup size < o and liminf power(Ar) > 1 — f, (3.6)

where power(Ar) is the power when A = Ay,

Remark 3.3. Assume (A-iv) and either (A-ii) or (A-iii). If it holds that Ay /p'/? > 0 as
p — 00, the test given by (3.5) has as p — 0o and nj,ns — oo that the size — 0 and the
power — 1 when A > Aj.

3.2. TWO-STAGE PROCEDURE FOR TWO-SAMPLE TEST

Since X;’s are unknown, it is necessary to estimate C;’s in (3.4) with some pilot samples.
We propose a two-stage test procedure to determine the sample sizes n. We suppose the

following assumption: There exists a known and positive lower bound oy, for /tr(3?) such

that oy, /4/tr(E?) € (0,1), i = 1,2, as p — co. We proceed the following two steps:
1. Let 7 = minj—1 2 /0x 232':1 \/Tjx. Having a fixed integer mqg (> 4), define
2
WT*} + 1}_ (3.7)

m = max {mo, [ AL

According to (3.7), take pilot samples x;;, j = 1,...,m, of size m from each m;. Then,
calculate S, (1) and Sy, (9 for each 7; according to (1.2). Define the total sample size for
each m; by

(20 + 25)V2 1/4 2 1/4
N; = max {m, [Ttr(sim(l)sim@)) z;tr(sjm(l)sjm(g)) } + 1}. (3.8)
j=

Let N = (Nl,Ng).

2. Take additional samples x;;, 7 = m + 1,...,N;, of size N; —m from each m;. By
combining the initial samples and the additional samples, calculate TN according to (3.2).
Then, test the hypothesis (3.1) by

Arzq

rejecting Hy <= Tn > .
Za t+ 23

(3.9)
We have the following theorems.

Theorem 3.3. Assume (A-iv) and either (A-ii) or (A-iii) with (A-v). The test given by
(3.9) with (3.7)-(3.8) has (3.6) as p — oc.

—12—



Table 2. Required sample size and the size and power by (3.9) with (3.7)-(3.8).

C n n—C Var(n) a s(@) 1-38  s(B)
When p = 400: m=14

53.57  53.88 0.31 27.30  0.062 0.00541 0.852 0.00794
24.08  24.26 0.18 6.45
29.49  29.62 0.13 10.69

When p = 800: m=19

75.89  76.63 0.73 26.04 0.063 0.00545 0.875 0.00741
34.11  34.50 0.38 6.21
41.78  42.13 0.35 10.63

When p = 1200: m=23

93.00 93.67 0.66 24.09  0.055 0.00510 0.865 0.00765
41.80  42.16 0.36 5.74
51.20  51.50 0.30 9.54

When p = 1600: m=27

107.42 108.19  0.77 21.81  0.052 0.00499 0.882 0.00723
48.28  48.67 0.38 5.41
59.14  59.52 0.38 8.40

When p = 2000: m=30

120.12  120.98  0.86 21.71  0.052 0.00499 0.888 0.00707
53.99  54.44 0.45 5.28
66.13  66.54 0.41 8.51

Theorem 3.4. Assume (A-i) and (A-iv). For the two-stage procedure given by (3.7)-(3.8),
it holds as p — oo that

limsup |Eg(N; — Ci)| <1 and Varg(N;) = o(p*/?/AL) for i=1,2.

Remark 3.4. Assume (A-iv) and either (A-ii) or (A-iii). Then, it holds as p — oo
that N;/C; = 1 + 0p(1) for i = 1,2, that are in the HDLSS situation in the sense that
N’L/p = Op(l)v L= 172

3.3. SIMULATION FOR TWO-STAGE TEST

In order to study the performance of the two-stage test procedure given by (3.9) with (3.7)-
(3.8), we took resort to computer simulations. We fixed Ay, = 10. Our goal was to construct
a test with size a = 0.05 and power no less than 1 — § = 0.9 when A > Ay. Independent
pseudorandom normal observations were generated from m; @ Np(p;, %;), i = 1,2. We
considered 37 = B(0.3=1"*)B and 2 = 1.5 B(0.31i-31""*) B, where B is defined by (2.9).
From Remark 2.3, we set o, = 0.8 X tr(Zl)/pl/Q, 1 = 1,2. Then, we obtained m=14, 19,
23, 27 and 30 from (3.7) for p = 400(400)2000, respectively.

In Table 2, each block gives the findings when p = 400(400)2000. The findings were
obtained by averaging the outcomes from 4000 (= R, say) replications, where the first
2000 replications were generated by setting as A = 0 (u; = py = (0,...,0)7) and the

13—



last 2000 replications were generated by setting as A = 10 (p; = (1,...,1,0,...,0)” whose
first 10 elements are 1 and ps = (0,...,0)7). Under a fixed scenario, suppose that the
rth replication ends with N; = ng (i = 1,2) observations given by (3.8) and the test
result given by (3.9). Let m; = R™'S°%  nyp and Var(n) = (R —1)" '8 (ng, — 75)2.
Then, 7 (= 71 + 72) estimates C' = C + Cb, defined by (3.4), with its estimated variance
Var(n), computed analogously. In the end of the rth replication, we defined P, =1 (or 0)
accordingly as A = 0 was falsely rejected (or not) and A = 10 was rightly rejected (or not).
We defined @ = (R/2)~! Zﬁi/f) P, to estimate the size and 1— 3 = (R/2)™1 Ef:R/QJrl P, to
estimate power(Ap), having their estimated standard errors s(@) and s(3), where s2(a) =
(R/2)7'a(1 — @) and s?(8) = (R/2)7'3(1 — B). Throughout, we observed that the test
given by (3.9) with (3.7)-(3.8) gave good performances especially in a very high-dimensional
case.

3.4. TESTING THE EQUALITY OF TWO COVARIANCE MATRICES

We consider testing the equality of two covariance matrices as follows:
Hp:tr(2,) =tr(X2) vs. Hjp:tr(X) # tr(X2). (3.10)

This type of equality test is essential for high-dimensional data. See Section 4 for example.
We are interested in designing a test of (3.10) with size a and power no less than 1 —
when [tr(X; — X9)| > Ay, where a, 5 € (0,1/2) and Ay, (> 0) are prespecified constants.
We assume As; = o(p'/?). Under (A-i) and (A-iv), it holds that

tr(51n1 — SQnQ) — tr(El — 22)
V20 (E) /(1 — 1) + 2te(S3)/(m2 — 1)

when p — oo and either n; — oo or n; is fixed for i = 1,2. For testing the hypothesis (3.10),
we find the sample size for each m; as

= N(0,1) (3.11)

2u(a, B)? -
n; > T;Etr(zf)l/22tr(z§)l/2 (= C;, say) (3.12)
7j=1

and test the hypothesis by

Za/2AE
u(a, )’

where u(a, 3) (> 0) is a solution of the equation P(|N(0,1) + u(a,B)| > 24/2) = 1 — B
Then, we have the following theorem.

rejecting Hy <= [tr(S1n; — Son,)| >

(3.13)

Theorem 3.5. Assume (A-i) and (A-iv). The test given by (3.12)-(3.13) has as p — o0
that

limsup size < o and liminf power(Ax) > 1— (3, (3.14)

where power(Ayx) is the power when |tr(X; — 39)| = Ax.

Remark 3.5. Assume (A-iv) and either (A-ii) or (A-iii). Suppose that z,/s/u(a, 8) €
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(0,1). If it holds that Ax/p*/? > 0 as p — oo, the test given by (3.13) has as p — oo and
ni,ng — oo that the size — 0 and the power — 1 when [tr(2; — ¥3)| > Ayx.

Since C; depends on unknown 33;’s, we proceed the following two steps:
1. Let 7, = min;—1 2 0 232:1 0jx, Where 0;,’s are given in Section 3.2. Having a fixed
integer mo (> 4), define

2 2

m = max {mo, [Mn} + 1}. (3.15)
As

According to (3.15), take pilot samples x;;, j = 1,...,m, of size m from each ;. Then,

calculate S, (1) and S,y for each 7; according to (1.2). Define the total sample size for

each m; by

2

tr(Sim(l)Sim(Q))1/2 Z tr(Sjm(l)Sjm(2))1/2] + 1}~ (3.16)
=

9 2
Ny = max {m. [M
As
2. Take additional samples x;;, 7 = m + 1,...,N;, of size N; —m from each m;. By
combining the initial samples and the additional samples, calculate S;n,, ¢ = 1,2. Then,
test the hypothesis (3.10) by

Za/2AE

u(a, §)

rejecting Hy < |tr(S1n, — San,)| > ) (3.17)

We have the following theorems.

Theorem 3.6. Assume (A-i) and (A-iv). The test given by (3.17) with (3.15)-(3.16) has
(8.14) as p — 0.

Theorem 3.7. Assume (A-i) and (A-iv). For the two-stage procedure given by (3.15)-
(8.16), it holds as p — oo that

limsup |[Eg(N; — C;)| <1 and Varg(N;) = o(p/A%) for i=1,2.

Remark 3.6. Assume (A-iv) and either (A-ii) or (A-iii). Then, it holds as p — oo
that N;/C; = 1+ 0p(1) for i = 1,2, that are in the HDLSS situation in the sense that
N;i/p=o0,(1),i=1,2, under Ay, — 00 as p — 0.

4. HIGH-DIMENSIONAL CLASSIFICATION

Suppose we have two independently distributed populations, 7;, i = 1,2. We do not
assume X1 = Xo. Let xg be an observation vector on an individual belonging to 71 or to
m9. Having recorded @1, ..., T;p, from each m;, we estimate p; and 3; by @;,, and Sip,. A
typical discriminant rule is that one classifies &g into mq if

det(SQn2 )

_— _ T Tg-1 =
det(slnl)} < (iL'O $2n2) SZnQ (mO $2n2)7 (41)

(xo — Elm)T‘S’l_nll (xo — T1n,) — log {
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and into 7o otherwise. However, the inverse matrix of S;,, does not exist in the HDLSS
context (p > n;). When X; = 3, Saranadasa (1993) considered using I,. Srivastava
and Kubokawa (2007) considered using three types of the inverse covariance matrix: the
Moore-Penrose inverse matrix; the inverse matrix defined by only diagonal elements of
Sin,;; and the empirical Bayes inverse matrix estimator. On the other hand, Yata and
Aoshima (2010c) considered using a ridge-type inverse covariance matrix derived by the
noise reduction methodology. When X7 # 39, Dudoit et al. (2002) considered the quadratic
discriminant rule using the inverse matrix defined by only diagonal elements of S;,,. On
the other hand, Hall et al. (2008) considered the distance-based classifiers and showed an
asymptotic normality about ||xg — @1;||* — |0 — Toj/|[* (j = 1,....,n1; 7/ = 1,...,n2) by
ignoring the covariance matrices.

We consider a discriminant rule given by replacing S} 1 - with (tr(Sin,)/ p) 11, such that
one classifies g into my if

plleo = Z1n, |?  pllzo — T, |]? . {tr(S ns) }
- —plog
tr(Slnl) tr(s2n2) (Slnl)

and into 7o otherwise. Here, —p/nj + p/ns is a bias-correction and + is a tuning parameter.
We denote the error rate of misclassifying an individual from 7 (into 72) or from 7y (into
71) by e(2[1) or e(1]2). Let A = ||y — po]|? and Ax, = (tr(21) —tr(X2))?/tr(%;), i = 1, 2.
Then, let us write that A; = A+ Asx, /2, i =1,2, and A, = gli% A;. We are interested in

designing the discriminant rule (4.2) having both e(2|1) < o and e(1]2) < 8 when A, > Ay,
where o, 3 € (0,1/2) and Ay, (> 0) are prespecified constants. We assume Ay, = o(p'/?).

Py P i< (4.2)
ni no

4.1. ASYMPTOTIC NORMALITY AND SAMPLE SIZE DETERMINATION

We assume the followings:

T
_ (g —
(A-vi) (1 = #a)” Zilbs = o) —0asp—oofori=1,2

AZ
tr(3?) tr(3?)
n?AE — 0 and A2

(A-vii) > (0 as p— oo and n; — oo for i =1,2.

Then, we have the following theorem.

Theorem 4.1. Assume that tr(X%1)/tr(32) — 1 as p — co. Assume also (A-iv), (A-vi),
(A-vii) and either (A-ii) or (A-iii) with (A-v). Let

J— 2 J—
— — tr(Sap,
w(zo) = pllTo — Tin, || . pllzo — o, || log{ r( 2)} p p

IfT’(Slnl) tT‘(Sznz) 7G(‘S’lnl) m na

ni n2
Then, we have as p — oo and ni,ny — oo that

w(@o) + Do (tr(X2)/p) !
2\/( tr(21)/p) "2 r(23) /n1 + (1(2) /p) ~2tr(2122) /na
(o) — Ay (tr(21)/p) !
\/(tf’(zb)/l?) 20r(23) /na + (tr(21) /p) 2 r(Z129) /m

= N(0,1) when xo € m;

N(0,1) when xg € .
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Remark 4.1. Assume (A-iv) and either (A-ii) or (A-iii). If it holds p/A2 — 0 as p — oo,
there exist positive constants ¢; and ¢, such that

x x
M < —c1 when xy € 7y; M > ¢y when xg € mo.

A, A,
Then, for the discriminant rule given by (4.2) with v = 0, we have as p — oo that
e(2]1) -0 and e(1]2) — 0. (4.3)

For instance, let us consider a case that tr(3;)/tr(32) # 1 as p — oo. (For testing the
equality, see Section 3.4). Then, it follows that min,—; 2 As,/p > 0 as p — oo. Since it
holds p/A2 — 0 as p — oo, we can claim (4.3) in the case.

Let us observe Theorem 4.1. Now, we consider a non-Gaussian example such as z;; =
(13/15)1/2wiﬂ, where w;j;, i1 =1,2; j=1,...,p (I =1,...,n;) were independently generated
by t-distribution with 15 degrees of freedom. Then, note that E(z;;;) = 0, E(zzzjl) =1 and

Zijl, j=1,..,p(i=1,2; L =1,...,n;) are independent. Let x; = 03/2(%1;, ...,zipl)T—kui (1=
1,2, 1 = 1,..,n;) with (c1, ¢2) = (1, 1+ p V%), puy = 0 and |[|[uy]|> = p'/?, so that
3; = ¢iIp,, i = 1,2. Then, the population distributions of x;, ¢ = 1,2, satisfy (A-ii) and
(A-iv). Since it holds that A = ||y — po||? = p'/2, Ax, = tr(2; — Bo)?/tr(3;) = p'/? and
As, = p'/?/(1+p~Y/*), we have that A; = 3p'/2/2 and Ay = pY/2(14+1/(2+2/p"/*)). Let

51 = 2/ (1) /) 200(23) /m + (6(Z2) /) 20521 55) iz,

b2 = 20/ (6:(22) /p) 245(Z3) o + (62(Z0) /p) 202 (B Ba) .

Figs. 3(a), (b), (c) and (d) give two histograms of 2000 independent outcomes of w(xg)/d1
when @y € m or ®y € my for p = 4,32,256 and 2048, respectively. Here, w(xy) was
calculated from n; = mo = 15 samples for each ;. Fig. 3 also displays the probabil-
ity density of w(x)/d;1 claimed by Theorem 4.1. We expect that w(xg)/d; is close to
N(—As/(81tr(22)/p), 1) when o € 71 and w(xg)/d1 is close to N(A1/(61tr(X1)/p), 63/6%)
when xg € mo. When p = 4 and p = 32, the histograms appear quite different from the
probability densities. However, as expected, the histograms become similar to the proba-
bility densities as p increases.

Probability Density Probability Density

04t 04t

03 03}

01} 01
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Probability Density Probability Density

04t 04t

03} 03}

01} 01

(c) p =256 (d) p = 2048
Figure 3. The solid lines are probability densities of A: N(—Aq(d1tr(X2)/p)~1, 1) and B: N(A,
(81tr(X1)/p) 1, 05/67). The histograms of w(xg)/d; for xg € m;, i = 1,2, fit well the solid lines with
increasing dimension: (a) p =4, (b) p =32, (c) p = 256, and (d) p = 2048.

Let 0 = max{tr(3?)"/2, tr(X32)!/2}. We find the sample size for each m; as

2
(za + 25)%0
mez S (B Y a(E) (= sa) (4.4)
j=1
Note that C; = O(p/A?%) for i = 1,2, under (A-iv). Thus under A; — oo as p — oo, it
holds that C;/p — 0 as p — oo . Then, we have the following theorem.

Theorem 4.2. Assume (A-iwv), (A-vi) and either (A-ii) or (A-iii) with (A-v). Let v =
(tr(S1n, + S2n,)/(20)) T AL(25 — 20)/(2a + 25) in (4.2). Then, for the discriminant rule
given by (4.2) with (4.4), it holds as p — oo that

limsupe(2|]l) <a and limsupe(l]2) <p
when A, > Ap,.
4.2. TWO-STAGE PROCEDURE FOR CLASSIFICATION

Since 3;’s are unknown, it is necessary to estimate C;’s in (4.4) with some pilot samples.
We suppose the following assumption: There exists a known and positive lower bound o,
for y/tr(X?) such that oy, //tr(2?) € (0,1), i = 1,2, as p — oo. We proceed the following
two steps:

1. Let 7 = min;— 2 0x 232:1 0jx. Having a fixed integer mg (> 4), define

Zo + 23)?

m = max {mo, [Wn} + 1}. (4.5)
L

According to (4.5), take pilot samples x;;, j = 1, ..., m, of size m from each m;. Then, calcu-

late Sim, Sim(1) and Sy, (2) for each 7; according to (1.2). Let 6 = max{tr(Slm(l)Slm@))l/2,

tr(SQm(l)SQm(z))l/z}. Define the total sample size for each m; by

(2o + Zﬁ)z&

N; = max {m, {
A7

2
tr(Sim(1)Sim(2)) Z tr(Sjm(l)Sjm(2))1/4] + 1}- (4.6)
j=1
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2. Take additional samples x;;, j = m + 1,...,N;, of size N; — m from each m;. By
combining the initial samples and the additional samples, calculate Z;n,, Sin,, ¢ = 1,2.
Then, we classify @ into 7 if

p p ~
S I 4.
A PR .7

plleo —Fin [1* plleo — Fans|* o {tr(szNg)}
tr(SlNl) tl"(SQN2) tr(SlNl)

and into 72 otherwise, where 4 = (tr(S1n, + S2n,)/(2p)) 1 AL(25 — 2a)/ (24 + 25).
Then, we have the following theorems.

Theorem 4.3. Assume (A-iv), (A-vi) and either (A-ii) or (A-iii) with (A-v). Then, for
the discriminant rule given by (4.7) with (4.5)-(4.6), it holds as p — oo that

limsupe(2|]1) < a and limsupe(l]2) <pf

when A, > Ap,.

Theorem 4.4. Assume (A-i), (A-iv) and that tr(X%)/tr(23) # 1 as p — oo. For the
two-stage procedure given by (4.5)-(4.6), it holds as p — oo that

limsup |Eg(N; —C;)| <1 and Varg(N;) = o(p/A%) for i=1,2.

Remark 4.2. Assume (A-iv) and either (A-ii) or (A-iii). Then, it holds as p — oo
that NV;/C; = 1 4 op(1) for ¢ = 1,2, that are in the HDLSS situation in the sense that
Ni/p =o0,(1),i=1,2, under Aj, — oo as p — 0.

4.3. SIMULATION

In order to study the performance of the discriminant rule given by (4.7) with (4.5)-(4.6),
we took resort to computer simulations. We set a = 0.1, § = 0.2 and Ay = 20. Then,
we obtained z, + 23 = 2.12. Independent pseudorandom observations were generated from
m o Np(p, i), i = 1,2, We set p; = (1,...,1,0,...,0)T whose first 25 elements are 1,
and py = (0,...,0)7. Then, we obtained ||p; — ps||? = A = 25. We considered ¥; =
1 B(0.3191"*YB and 3y = ¢,B(0.3[-1"*) B, where B is defined by (2.9). We considered
the following four cases: (i) (¢1,c2) = (1,1) when p = 800; (ii) (¢1,c2) = (0.95,1.05) when
p = 800; (iii) (¢1,¢2) = (1,1) when p = 1600; (iv) (c1,c2) = (0.95,1.05) when p = 1600.
Then, we obtained A, = A + min;— 2 Ay, /2 =25, 28.81, 25 and 32.62 for (i), (ii), (iii)
and (iv). From Remark 2.3, we set oy, = 0.9 x tr(X;)/p'/2, i = 1,2. Then, from (4.5), we
obtained m = 15, 14, 30 and 28 for (i), (ii), (iii) and (iv).

In Table 3, the findings obtained by averaging the outcomes from 4000 (= R, say)
replications were summarized in each situation, where xy € 7 is taken for the first 2000
replications and g € mo is taken for the last 2000 replications. Under a fixed scenario,
suppose that the rth replication ends with N; = n;, (i = 1,2) observations for r =1, ..., R.
Let ;= RV ny and Var(ng) = (R—1)"" 2 (ng —7;)%. Then, 7 (= 71y 4 7a) esti-
mates C' = C] + Cy with its estimated variance Var(n), computed analogously. In the end
of the rth replication, we checked whether the rule (4.7) does (or does not) classify @ cor-

rectly and defined P, = 1 (or 0) accordingly. We calculated 1 — e(2[1) = (R/2)~! ZR/ *P,

R r=1

and 1 — e(1]2) = (R/2)7! Zv{%:R/2+1 P, for the estimates of 1 — ¢(2]1) and 1 — e(1]2).
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Table 3. Discriminant rule (4.7) with (4.5)-(4.6).

C n n—C Var(n) 1l-e(2)]1) s(e(2]1)) 1-e(1]2) s(e(1]2))
When p = 800 and (¢q,¢2) = (1,1): m =15
61.88  66.23 4.35 137.20 0.886 0.00711 0.809 0.00880

3094  33.17 2.23 36.51
3094  33.06 2.13 36.45

When p = 800 and (cq,c2) = (0.95,1.05): m = 14

64.93  66.88 1.95 164.41 0.927 0.00584 0.852 0.00795
31.65  32.57 0.92 36.87
33.28 3431 1.04 50.68

When p = 1600 and (¢1,c2) = (1,1): m = 30
123.97 128.65  4.68 105.62 0.901 0.00669 0.837 0.00827
61.99  64.35 2.37 28.34
61.99 6430 231 27.89
When p = 1600 and (c1, c2) = (0.95,1.05): m = 28

130.09 131.51  1.42 140.00 0.949 0.00490 0.893 0.00693
63.42  64.11 0.69 29.45
66.67  67.40 0.73 44.77

Their estimated standard errors were given by s(e(2]1)) and s(e(1]2)), where s2(e(2|1)) =
(R/2)7te(2|1)(1 —e(2]1)) and s(e(1]2)) = (R/2)te(1]2)(1 — e(1]2)). Throughout, the dis-
criminant rule given by (4.7) with (4.5)-(4.6) gave adequate performances specially when
tr(3q1) # tr(X3). This result is quite natural because A, for tr(3;) # tr(Xs2) is greater
than that for tr(3;) = tr(Xs).

4.4. EXAMPLE

We analyzed gene expression data given by Chiaretti et al. (2004) in which data set con-
sisted of 12625 (= p) genes and 128 samples. Note that the expression measures were
obtained using the three-step robust multichip average (RMA) preprocessing method. Re-
fer to Pollard et al. (2005) as well for the details. The data set had two tumor cellular
subtypes, B-cell (95 samples) and T-cell (33 samples). We set 71: B-cell and ma: T-cell.
We set @ = 0.05, 8 = 0.05 and A, = 800. Here, we emphasize that one can make Ay in
the two sample test of mean vectors and covariance matrices in Section 3. Our goal was
to construct a discriminant rule with e(2]1) < 0.05 and e(1]2) < 0.05 when A, > Ay. We
assume that tr(X?)/2 > 700 for B-cell and tr(32)"/2 > 550 for T-cell. We set o1, = 700
and o9, = 550 so that 7, = min;—1 2 0 (014 + 02,) = 6.88 X 10°. We chose the pilot sample

size for each m; as )
m = {4, [W] +1} — 12
L
according to (4.5), where z, = zg = 1.64. So, we took the first 12 samples from each ;
as a pilot sample. Then, we had tr(Slm(l)Slm(Q))l/Q =718, tr(SZm(l)Szm(2))1/2 =571 and
6 = max{tr(Slm(l)Slm(z))1/2,tr(52m(1)SQm(g))l/Q} = 718. According to (4.6), the total
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sample size for each m; was given by

Za+ 2 25 2
Ni = max {12, (Agﬁ)tr(slm(l)slm(2))1/4 Ztr(sim(l)sim(2))1/4 1} =17,
L i=1
(ZOC + Z,B)2a- /4
N2 = Imax 12, Ttr(szm S2m 2) Ztr zm(l)Slm )) 1, =15.
L

So, we took the next 5 samples from m; and the next 3 samples from my. Note that
4 = 0 for & = . Then, we constructed the discriminant rule (4.7) with e(2|1) < 0.05
and e(1|2) < 0.05 when A, > Ap. Note that an estimator of A, was given by N +
min;— otr(Sin, — SQN2)2/(2tr(SiNi)) = 1564, where TN is defined in Section 3.

We compared the constructed discriminant rule with two different discriminant rules,
DLDR and DQDR, that were given by Dudoit et al. (2002) as follows: Diagonal linear
discriminant rule (DLDR) was given by replacing (4.7) with

(@0 — (T1n, + T2, ) /2)" S gy (Fan, — Finy) <O

with Sgiag = diag(sin, ..., spn), where sjy = 32 SN (21—Fijn; )2 /(N1 4+ Ny — 2) and
ZijN;, = ZIN;I xi;1/N;. Diagonal quadratic discriminant rule (DQDR) was given by replacing
(4.7) with

_ _ _ _ _ det (S giag(2
(@0 =Z1N1)" S (1) (@0~ F181) — (B0~ B2, )" S ji(0) (@0~ Fan;) —log {M} <0
with Sdmg(l) = diag( S(3)1N; 1 +++> S(3)pN; ) where S@)iN; = ZlN.l(xljl —TijN; )2/(N ) In Table
4, we investigated the performance of the three discriminant rules with (Ny, N2) = (17,15)
by using test data sets of 95 — N = 78 surplus samples from m; and 33 — Ny = 18 surplus
samples from my. The discriminant rule given by (4.7) showed an adequate performance
and was best among the three rules.

Table 4. The correct discrimination rates of (4.7), DLDR and DQDR to test data sets of 78
samples from m; and 18 samples from 7.

%) DLDR DQDR
1-e(2[1) | 74/78 (=0.949) 64/78 (=0.821) 67/78 (=0.859)
l-e(1]2) | 18/18 (=1.0)  18/18 (=1.0)  18/18 (=1.0)

5. HIGH-DIMENSIONAL VARIABLE SELECTION

Suppose we have two independently distributed populations, 7;, i = 1,2. We do not assume
31 = X¥5. We consider a methodology to select a significant set of associated variables from
among high-dimensional data sets. We recall that p; = (pi1, ..., ptip)?, @ = 1,2. Then, we
consider testing the following univariate hypotheses:

Hoj :pij = po; vs. Hyj:py # pey; forj=1,..p. (5.1)

Our interest is to select a set of significant variables such that D = {j : p1; # po;}. Fan and
Fan (2008), Meinshausen et al. (2009) and Wasserman and Roeder (2009) considered this
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type of problem. Assume that |D| = S for some S > 1, where |D| denotes the number of
elements in set D. A variable selection procedure D maps the data into subsets of {1, ..., p}.
In this section, we are interested in designing D such that the asymptotic family-wise error
rate (FWER) is 0, i.e.,

Po(|D°N D| #0) — 0, (5.2)

and the asymptotic average power (AP) is 1, i.e.,

/DN D - 2
——— — 1 when min |u1; — p2|° >0, 5.3
S ieD |1y — pjl (5.3)

where ¢ (> 0) is a prespecified constant. We should note that the assertion (5.3) does not

consider the case when miﬁ l1j — H2j’2 =94.
je

5.1. SAMPLE SIZE DETERMINATION

Let 0; = maxi<j<p0(;); (i = 1,2), where we recall that o(;);, j = 1,...,p, are diagonal

elementb of 3;. We assume that o(;; < oo for i = 1,2; j € D, and Eg{exp(t|r;j; —

u”\/a )} <o0,i=1,2; j=1,...,p, for some t > 0. We do not assume o; < 00 as p — 00
for i = 1 2. Let Tj(n) = T1jny — T2jny, With Tijn, = D% ziji/ni, © = 1,2. Then, for testing
the hypotheses (5.1), we find the sample size for each 7; as

ogp)ite
n; > 24 gp . fz\ﬁ (= C;, say) (5.4)

with ¢ € (0,1) chosen, and test the hypothesis for j =1, ..., p, by
rejecting Hoj <= |Tj(n)| > V. (5.5)

Let D = {j | rejecting Hy;}. Then, we have the following theorem.

Theorem 5.1. The test given by (5.5) with (5.4) has as p — oo that
Py(|D° N D] #0) = o(1);

DND .
|S| =1+0y(1) when min |u1; — p2;]? > 6. (5.6)
jeD

Remark 5.1. Assume (A-i). We choose ¢ = 0 in (5.4). Then, the test given by (5.5) with
(5.4) has (5.6) as p — oo.
Remark 5.2. We consider a test having the asymptotic power

Py(D C ﬁ) — 1 when min |u1; — p;|* > 6
jeD

instead of (5.3). We define the sample size for each m; as

8(10gp )t

¢
n; > ———\/0; Z NGh (5.7)
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with ¢ € (0,1) chosen, and test the hypothesis for j =1, ..., p, by
rejecting Hoj <= |Tjm)| > Vé/2.
Let D = {j | rejecting Hyj}. Then, it holds as p — oo that

Py(|D°N D] #0) = o(1);

Py(D C ﬁ) =14o0(1) when m% |11 — paj|* > 6.
Jje

Under (A-i), it holds the above results for ¢ =0 in (5.7).
5.2. TWO-STAGE VARIABLE SELECTION PROCEDURE

In this section, we propose a two-stage variable selection procedure that provides screening
of variables in the first stage. We select a significant set of associated variables from among
a set of candidate variables in the second stage. We proceed the following two steps:

1. Choose a pilot sample size m such that m = O(logp) and m — oo as p — oo. Take
pilot samples x;, [ =1,...,m, of size m from each m;. Calculate Tj(,,,) = T1jm — Tajm, J =
1,...,p, where Tjj,, = Y 2, x;j/m for each ;. Then, provide screening of variables by

D = {j | [Tjom| > V5} (5.8)

m
for a set of candidate variables. Calculate |D| (= S, say) and §; = max(m — 1)1 Z(xiﬂ
jeD =1
—fijm)2, 1 = 1,2. Define the additional sample size for each m; by

. E 2
N, — [2 max{(log S)(SH&’ (log p) }\/gz \/g} +1, (5.9)

where ¢ € (0,1) and € € (0,1) are chosen constants.
2. Regarding j € D, take new samples z;5, [ = m +1,...,m + N;, of size N; from each

m;. Calculate T; Ny = T1j(vi) — T2j(N2)» where T;;(n,) = ﬁtﬁ’l xiji/Ni, j € D for each ;.
Then, test the hypothesis by

rejecting Hoj <= |T; | > e (5.10)
for j € E, and define N

D = {j € D | rejecting Ho;}. (5.11)

Select the variables regarding D.
Then, we have the following theorem.

Theorem 5.2. The two-stage variable selection procedure (5.8)-(5.11) given by (5.10) has
(5.6) as p — oo.

We emphasize that the two-stage variable selection procedure allows the experimenter
to reduce the cost of sampling in the second stage by taking samples only from D.

,23,



5.3. SIMULATION

In order to study the performance of the two-stage variable selection procedure, we took
resort to computer simulations. Our goal was to estimate D with accuracy regarding

asymptotic FWER= 0 and asymptotic AP=1 when mln w1 — M2j|2 > §. We fixed 6 = 1.
jE

We set p; = (0,...,0)7, and py, = (1.5,...,1.5,0,...,0)7 whose first 20 elements are 1.5.
Then, D = {j : w1 # po;} = {1,...,20} and S = |D| = 20. We considered ¥; =
B(0.3-1""YB and £, = 1.2B(0.3/-91"*)B, where B is given by (2.9). Independent
pseudorandom observations x;;, i = 1,2; j = 1,2, ..., were generated from m; : Np(p;, %;).
We considered the following four cases: (1) p = 1600; (2) p = 3200; (3) p = 4800 and (4)
p = 6400. For all cases, we set m = 20. We fixed ((,&,£) = (0.2,0.2,0.2) in (5.4) and (5.9).

In Table 5, we compared the performance of the two-stage variable selection procedure
(5.8)-(5.11) given by (5.10) with the fixed-sample procedure given by (5.5) when (nq,ng) =
([C1] +1,[Cs] +1). The findings obtained by averaging the outcomes from 2000 (= R, say)
replications were summarized in each case. Under a fixed scenario, suppose that the rth
replication provides D, from (5.8) in the first stage. We calculated S = R~! SR |D,| to
estimate the mean of the number of candidate variables, S. Suppose that the rth replication
ends with V; = n;, (i = 1,2) observations from (5.9) and the corresponding test rule (5.10)

together with a set of selected variables, D, from (5.11). We calculated pm + Sn; =
pm + R7! Zf 1 |Dy |nw to estimate the mean of the number of required observations for

cach ;. We calculated § = R~} Er 1 |D,| to estimate the mean of the number of selected
variables, say S. We checked whether |D°ND,| = ]{21 ,pND,| # 0 (or = 0) and defined
P, =1 (or 0) accordingly. We calculated P = R~! ZT 1 P to estimate the target FWER,
having its estimated standard error s(P), where s?(P) = R™'P(1 — P). We calculated

IDND|/S=R"! SR, .., 2080 D,|/20 to estimate the target asymptotic AP.
Let us explain, for example, the entries from the first block when p = 3200. For the

two-stage variable selection procedure (5.8)-(5.11) given by (5.10), we observed S = 32.89
in the first stage and § = 19.63 in the second stage. The numbers of required observations,
pm + §ni, i = 1,2, were (65342, 65471) on average. Then, we had P = 0.002 with
s(P) = 0.001 for FWER and |D N D|/S = 0.982 for the asymptotic AP. On the other

hand, for the fixed-sample procedure given by (5.5), we observed S = 19.99. Then, it
should be noted that the number of observations was (249600,272000). We had P = 0.0

with s(P) = 0.0 and [D N 13|/S = 0.999. Throughout, we observed that the number of

candidate variables, S , is extremely small compared to p. The two-stage variable selection
procedure allows the experimenter to reduce the cost of sampling in the second stage.
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vs. Fixed-sample procedure given by (5.5).

Table 5. Two-stage variable selection procedure (5.8)-(5.11) given by (5.10)

S (m+71, m+n) (pm+ Sny, pm+ Sng) S P s(P) %
When p = 1600
Two-stage variable selection procedure: m = 20
26.28 (53.06, 56.11) (32880, 32961) 19.59 0.005 0.00158 0.979
Fixed-sample procedure: n; = 70 and ny = 76
(112000, 121600) 19.99 0.0 0.0 0.999
When p = 3200
Two-stage variable selection procedure: m = 20
32.89 (60.41, 64.3) (65342, 65471) 19.63 0.002  0.001 0.982
Fixed-sample procedure: ny = 78 and ny = 85
(249600, 272000) 19.99 0.0 0.0 0.999
When p = 4800
Two-stage variable selection procedure: m = 20
39.24 (64.96, 69.27) (97779, 97950) 19.63 0.001  0.0005 0.981
Fixed-sample procedure: n; = 82 and ny = 90
(393600, 432000) 20.0 0.001  0.0005 1.0
When p = 6400
Two-stage variable selection procedure: m = 20
45.87 (69.29, 74.14) (130279, 130503) 19.65 0.001 0.00071 0.983
Fixed-sample procedure: ny = 86 and ny = 94
(550400, 601600) 19.99 0.0 0.0 0.999
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5.4. EXAMPLE

We analyzed gene expression data given by Chiaretti et al. (2004) that was used in Section
4.4 as well. The data set consisted of 12625 (= p) genes and two tumor cellular subtypes,
7. B-cell and mp: T-cell. We set 6 = 2.52. Our goal was to find variables j’s such that
|p1j — p2j| > 2.5. We chose the pilot sample size for each m; as m = 15. Then, we took the
first 15 samples from each m; in their data set as pilot samples, that are given in Table 6.

Table 6. Pilot samples, x;;; (p = 12625, m = 15)

m1: B-cell mo: T-cell
I\ 1 e 15 1 .. 15
1 7.597 7.892 | 7.240 7.165
12625 | 3.806 3.945 | 3.599 2.798

We considered screening variables by D = {j| |Z1jm — T2jm| > 2.5}. Then, we obtained a
set of candidate variables as D = {106,122, 1144, ...,11576, 11834} with S = |D| = 35. For
Jj € D, we calculated 35; = max'eﬁ(m — )72 (it — Tijm)? and obtained (31, 32) =
(5.563,2.474). We set (£,¢) = (0.4,0.4). According to (5.9), the additional sample size for
each 7; is given by

- . 2
N, — [2max{(log5’);+§, (logp) }\/gz \/g] +1 =18,
j=1

~ c 2
N, - [2mextllos§) T, (losr) 25~ /5] 41— 12,
=1

Regarding j € 1~7, we took additional samples x;;;, | = m + 1,...,m + N;, of size N; from
each m;, which are given in Table 7.

Table 7. Additional samples, x;;;,j € D (5 =35, (N1, N,) = (18,12))

m1: B-cell mo: T-cell
g\l 16 33 16 27
106 9.414 8.575 | 6.377 5.439
122 6.620 5.457 | 9.834 10.119
11834 | 9.461 8.379 | 7.010 4.306

We selected significant variables by D = {j € D| rejecting Hyi} = {j € D Z1j(vy) —
Taj(Ny)| > 2.5} and finally obtained

D= {106,122,1271, 2673, 3268, 3740, 5064, 6702, 7106, 7414, 8172, 8173,
8225, 8321,8399, 8917, 9002, 9478, 9932, 10299, 10670, 11270, 11271, 11834}
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with § = |13\ = 24. For j € D, we calculated TijmiN; = St x”l/(m + N;) for each m;
and obtained estimates of ju1; — pg; for j € D as

{Z1jmen, — Tajmen,|j € D}
= {2.595, —3.315,2.982, —3.347, —3.068, 2.890, 3.273, 3.301, 3.361, 2.574, 3.849, 4.443,
— 3.202,2.896, —4.486, 3.036, —2.763, 3.831, 3.571, 2.618, 3.236, 3.290, 2.909, 3.671}.

6. HIGH-DIMENSIONAL REGRESSION

We consider a usual high-dimensional linear regression setup with a response vector y =
(Y1, .-, yn)" and an p x n fixed design matrix X = [y, ..., Z,] such that

E(y)= (ol + X'

with 1 = (1,...,1)T. Here, 3y is an unknown intercept and 3 = (83, ..., 8,)7 is an unknown
p-vector of regression model parameters. Meinshausen et al. (2009) and Wasserman and
Roeder (2009) considered variable selection for the regression model by using hypothesis
testing to eliminate some variables such as

Ho;:B3;=0 vs. Hy;:B8;#0 forj=1,..,p. (6.1)

We consider the case that y; € {1, —1}. Let us rewrite that X = [Z1(1), ..., Ty, (1), T1(2)5 -5
an(g)] and y = (1,...,1,—1,...,—1)T whose first n; elements are 1 and last ny elements are
—1. Note that nj+ng = n. We assume fori = 1,2 that n;/n — n; € (0,1), n; ! D T

andnlz] 1T ](1) —ppl — 2; (> 0) asn — 0.
We consider ﬁo* and (3, such that

min ||y — ol — X7 |%.

05

Then, we have as n — oo that

Box = Zyg/n — BTZZw y/n = —n2 — B (mpy + n2pss)- (6.2)

i=1 j=1

Let yo =y — (m —m2)1 and Xo = X — (g + m2pt9)17. Then, from (6.2), note that
|y — Bosl — X181 — ||lyg — XEB||? as n — oo. Since it holds as n — oo that

X
200 ooy — po);

XoXx?t

— M1+ 12+ mn2(py — o) () — p)" (= 5, say),
we have as n — oo that

Be = 2mmeE (g — py).

Let A = ||y — po||*. Let A¢qy and A(g)be the largest eigenvalues of X and 3. We assume
that A\;)/A — 0, i = 1,2, as p — co. Then, we have that (pe; — po)" B (g — po) /A% — i
as p — oo. By noting that /A — mime(py — o)ty — po)T /A as p — oo, we have as
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p — 00 that 2m AT (g — py) — 2(py — py). Let B, = (Bixs - Bpx) T~ Then, it holds
as p — oo after n — oo that

ABjs — 2(p1j — pog) for j=1,2,...

Therefore, we can claim that testing (6.1) is equivalent to testing (5.1).
Wasserman and Roeder (2009) also considered the lasso estimator 3, such as

p
By = min (Ilyo = XEBIF +237154]).
j=1

where A is a smoothing parameter. Here, note that ||3,|| = O(]|8,||). When we follow the
same arguments stated above, it holds as p — oo after n — oo that

p p
argmin (Ilvo — X381 + 22" 1551) - sxgin (IX5B-BIIP+2D18)
j=1

=1

)\ p
— argénin (mnz(ﬁT(ul — 112))* = AT (= o) + =D \@'I)
j=1

= argnin (87 (= 12))* = 471851 (sem(8) (11 — piay) — A/ (Aue) ) ).
j=1

We observe that the lasso estimator concludes 3; = 0 if one chooses A as 4nnina|p1; — p2j| <
X. Then, one would note that X is equivalent to 4nnin2v/8, where § is the prespecified
constant discussed in Section 5. Thus, in the above setting, the variable selection given by
Section 5 might be promising to compare favorably with the Lasso in terms of the assurance
of accuracy and the computational cost.

7. CLASSIFICATION AFTER VARIABLE SELECTION

In this section, we consider applying a variable selection procedure to classification. Fan
and Fan (2008) also considered this problem. Suppose we have m; : Np(p;, %;), i = 1,2.
First, we consider testing the hypotheses given by (5.1). We are interested in designing a
D satisfying (5.2) and

‘/ilj - /~L2j|2

Py(D C ﬁ) — 1 when min > 0, (7.1)
jeD o) o)
where § (> 0) is a prespecified constant.
Let us choose the sample size for each m; as
8(1 1+¢
., 8(logp) ™ (7.2)

n; = 5
with ¢ € (0,1) chosen, and test the hypothesis for j =1, ..., p, by

T(n)|
VS)in1 T 5(2)jns

>V6/2, (7.3)

rejecting Hyj <=
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where ()i, = (i — 1) 300 (@iji—Tijn,)?, @ = 1,2, with Ty, = Y% zij/ni. Let D
= {j | rejecting Ho;}. Then, we have the following theorem.

Theorem 7.1. The test given by (7.3) with (7.2) has as p — oo that
Py(|D° N D # 0) = o(1);

Sy iy — gyl
Py(D C D) =0(1) when min ————

> 0.
jeD o()j T o)

Next, we consider a discriminant rule by using only the variables of D. We assume that
min; . p(o(1); + 0(2);) (1 — p2j)® > 6. Let S = |D| and S = |D|. Let fp(-) denote the
function such that fp(x) = (z(1), ..., z(5))” for any vector & = (21, ..., zp)", where z(;) =
with j' the j-th smallest subscript in D. Similarly, let us write fﬁ(m) = (T(1), -y :v(g))T for
any vector = (x1, ..., xp)T. Let Hi(s) and 3is) be a mean vector and a covariance matrix
of fp(zi) (k=1,...,n;). We assume that S — oo and

(1) — Hags)) Zigs)(B(s) — Ha(s))
k1 (s) — Hos Il

fori=1,2,as p— oo. Let = fﬁ(w) for any vector = (1, ...,7,)T. Now, we calculate
Zin, = 2y @y /ng and Sip, = Y0 (B — Tin, ) (B — Zin,)' /(n; — 1) for each ;. Let
xy be an observation vector on an individual belonging to 71 or to mo. We propose the
discriminant rule that one classifies xg into mp if

_ — T ~ ~
. Ty T = = tr(S tr(S
(iBo - 2 9 2n2> (xan - xlnl) - (27111711) t (271,2:2) <0 (7'4)

and into my otherwise. As for the error rates of misclassification, e(2|1) and e(1]2), we have
the following theorem.

Theorem 7.2. The discriminant rule given by (7.4) has as p — oo that
e(2]1) -0 and e(1]2) — 0.

8. PATHWAY ANALYSIS FOR HIGH-DIMENSIONAL DATA

In this section, we consider pathway analysis for high-dimensional data by constructing a
multiple test of correlation coefficients. Suppose we have i.i.d. p + 1-variate data vectors,
Tj(s) = (m?,xj(*))T, j=1,...,n, where a:? = (z1j,...,p;). We assume n > 4. Here, x; has
unknown mean vector g and unknown covariance matrix 3 (> O), and z;(,) has unknown
mean f, and unknown variance o,(< 00). We denote the correlation coefficient vector
between x; and x., by Corr(x;, ;) = p, where p = (p1, ey pp) L. We consider testing
the correlation between x; and ;) as follows:

Hy:p=0 vs. Hy:p#0.

The test of the correlation is a very important tool of pathway analysis or graphical modeling
for high-dimensional data. For example, Kraft et al. (2003) and Drton and Perlman (2007)
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considered the pathway analysis or graphical modeling of microarray data by testing a
correlation coefficient individually.

Let Bugy = 350 €5/101), Bagy = X jongyy+1 E3/12)s Tngy(x) = 2ojet Ti(o/n(1) and
Ty () = Z?:nmﬂ Tj(x)/M(2), where n¢y = [n/2] + 1 and n(g) = n — n(). We denote the
covariance vector between x; and () by Cov(zj, 7)) = o, where o = (071, ..., o). We
propose an estimator of ||a||? by

S & (@) = Ty ()@ = Fn)\ ' [ s @) = Ty ) (@ — T
Ty — J €)) J (1) J n(2) J @/

j=1 J=n+1
R (8.1)
Note that E(Tg) = ||o||?. Let ¥ = HAH?', where A is a diagonal matrix of eigenvalues
At > -+ > ), > 0 and H is an orthogonal matrix of corresponding eigenvectors. Let

2; = (215, ey 2pj) T = A_l/QHT(:L'j — p). We assume that z;;, ¢ = 1,...,p, are independent,
the fourth moments of z;;’s and x(,) are uniformly bounded, A, > 0 as p — oo, and x; and
Tj(x) (j =1,...,n) are independent when p = 0. Then, we have the following theorem.

Theorem 8.1. Assume that tr(E*)/tr(X*)? — 0 as p — co. When p = 0, we have as
p— 00 and n — oo that

Tor\/(nq) — D(ng) — 1)/ (02r(Z2) = N(0,1).

Let us observe Theorem 8.1. Now, we consider an easy example such as p = 0,
Y= (0.3|i_j|1/3), ps =0, 0 =1 and n = 40. Figs. 4(a), (b), (c) and (d) give the histograms
of 2000 independent outcomes of T \/(n(l) —1)(ne@) — 1)/(c2tr(X?)) when p =4, 32, 256
and 2048. Here, x;, j = 1,...,n, were generated from independent pseudorandom normal
distribution with zero mean and covariance matrix 3 for p =4, 32, 256 and 2048. Inde-
pendent of j, x;(,), j = 1,...,n, were generated from independent pseudorandom normal
distribution with zero mean and variance o,. Thus it holds p = 0. When p = 4 and p = 32,
the histograms appear different from N(0,1). However, when p = 256, the histogram be-
comes quite similar to N(0,1). When p = 2048, the histogram fits N(0,1) perfectly as
expected.

Probability Density Probability Density
0sf flfl osf
04f L 04f
0 03
02 0
01f 0.1
oo g 0 2 4 3 oo -4 -2 0 2 4 G
(a) p =14 (b) p =32
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Probability Density Probability Density

osf ) osf

oaf iy oaf

0 03

02f 0

o1f o1

WSS . W 2 r s =TT e 2 r s
(c) p =256 (d) p=2048

Figure 4. The solid line is probability density of N (0,1). The histogram of Te V(nay —1)(ne —1)

/1/o2tr(X?) fits the solid line with increasing dimension: (a) p=4, (b) p=32, (c) p=256, and (d)
p=2048.

Remark 8.1. Let o, = (n —1)7! > i1 (T — Tn(*))z, where Ty () = D7) Tj(s) /. As-
sume that tr(X*)/tr(2?)? — 0 as p — co. When p = 0, we have as p — 0o and n — oo
that

To\/(n) — 1)/ (266(S, (1) Su(z))) = N(0,1),

where S,,(1) and S,y are defined similarly to (1.2).

By using Theorem 8.1 (or Remark 8.1), the experimenter can conduct a test whether p = 0
or p # 0. There are future prospects to develop a two-stage procedure for the correlation
test in the pathway analysis for high-dimensional data.

APPENDIX

Proof of Theorem 2.1. Note that Ty, — p is distributed as N, (0, ZZ 1 b?%i/n;). Let Hy, )

[R1(n)s -+ Ppm)] be an orthogonal matrix such that H(n)(zl Vb7 /ni) H ) =diag( E

b?}\il(n)/ni7 "'721 1 bz )\zp(n)/nz) where b, i(n )Eihj(n) =\ j(n)> 1=1,...,k; j =1,...,p. Note
that Z?:l Aij(n) = tr(X;). We write that || Ty — p||> — X, = _1 Zl 1 z Aij(n) ( —1)/ny,
where wj, j = 1,...,p, are independent random variables dlstrlbuted as a chi-square distri-
bution with 1 degree of freedom. From (A-iv) and the assumption that A\;, >0 (i =1, ..., k)
as p — 00, it holds as p — oo that 0 < tr(2;%;)/p < \/tr SHtr(22)/p < oo. Thus

it follows that {Varg(||Tn — p|[?)} ™! = = {224 V202t (2, 2y)/(niny )} 1 = 0(11212/&”2

/p). Let v; = ZZ Tt Ywj — 1)/y/Vare(||Tn — p|?), 5 = 1,...,p. Note that

?:1 Eg(’l}?) = 1. Then by notlng that Zﬁ-’:l /\ij(n))‘i’j(n))‘lj(n))\l’j(n) < m?g(ktr(ELl) for

1,7,1,1' =1, ..., k, we have for Lyapunov’s condition that

ZEg(v?) = O((lgigk ng) 4 11rgla<3x§C tr(24)) X O(lmzlnk n}/p?) — 0
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under (A-iv). Then, from Lyapunov’s central limit theorem, we obtain that
|Tn — pf” —
\/2 o D202 tr(i Sy )/(nmi/)

= N(0,1)

when p — oo and either n; — oo or n; is fixed for ¢ = 1,..., k. It concludes the result. O

Proof of Theorem 2.2 and Corollary 2.1. We first consider (A-ii). We have from (A-iv)
that

| T — pl|? = S
i nz T — ) (w’Ll - .U’z + QZb by ZZ i Lil — /J'z wz’l’ — My )
: nz(nz - 1 gy
i=1 1A i</ I=10=1
B (i — uTwz—u e (@i — ) (o — )
Z; z i z 9 b b i i 44 14
X iy +2Y b 33 o
-1 1A i<i! 1=1I'=1
+op(VB/ (i, n0) (A1)

when p — oo and n; — oo for ¢ = 1,..., k. Note that

S bitr(E2) V2b2tr (2, y)
Varg(||Tn — p|> = Xn —22 0 22
nz - vy ngny

(S
(1+o(1 2Zb2b2r

Ny

Let n, = Zle n;. Let y; = bi(x1; — py)/na for j =1,...,nq, yj+227:11 ny = bi(xij — ) /1
for j =1,...,n; (i > 2) and ¢;; = yiTyj. Define Vy; = 22;11 ¢ for 7 = 2,...,n,. From
(A.1), we write that ||Ty — pl|? — S = 2370 Vaj + 0p(y/p/(miny<i<p ni)). First, we
consider the case that 0 < n;/ny < oo as n;,ny — oo for all i # i = 1,...,k. By noting

the tr(3;X,;%;%;) < maxj<i<i, tr(X$), in a way similar to the proof of Theorem 1 in Chen
and Qin (2010), we can claim that

| Tn — pl]* —
\/2 > bR (S, )/(nini/)

= N(0,1) (A.2)

when p — oo and n; — oo for i = 1,...,k. Next, we consider the case that n;/ny — 0 as
ni,ny — oo for some i'(# i). By noting that ||Ty — p||?> — Xn = || Zf(\i,) bi(®; — p;)||? —

Zf(\i,) b2tr(Sin,) /ni+o0p(y/p/(ming<;<k n;)), similarly, it holds (A.2). It concludes the result
in Corollary 2.1 for (A-ii). As for Theorem 2.2, we note that

Sh— S
\/2 S b2 (Si )/ (niny)

= o0p(1).
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Thus it follows that
1 Tn — pl|* — ~ Ta—plP —Ea—Zn+2Za

\/2 S bR (Si0) / (ning) \/2 >0 202 r(S0) / (ning)

which concludes the result in Theorem 2.2 for (A-ii).
Next, we consider (A-iii) with (A-v). We write that

10 — pl* —

p Mg TL/

le Mi')(xz il — Nz le Hij ‘Tz 1 )
Z(Zb2z j ni(]nz_Jl J +2bel’zz J Jnm,J J)

j=1 =1 LA 1</ I=10I=1

p
ZY] say).

= N(0,1), (A.3)

<.
—_

Let W = \/ 2 Z”, b?bl% ciir/(niny), where ¢;;'s are defined in (A-v). Then, by using Theorem
5.2 in Bradley (2005), we note from (A-iii) that {Y;/W} is a strictly stationary sequence
and p-mixing. From (A-v), it holds that Varg(3_%_; Y;/W) = p(1 + o(1)) as p — oo
and n; — 00, i = 1,...,k. Then, by using Theorem 2.1 in Ibragimov (1975), we claim that

LY/ PW) = N(O 1). From the fact that pl/QW/\/2Z 2 D202t (3) /(niny) — 1
as p — oo, we can claim (A.2) and (A.3) under (A-iii) with (A-v). Thus it concludes the
results. O

Proof of Theorems 2.3. From (2.4), one can claim that

J Zbgb tr(3;3;)/(nin;) <\f2b2tr (ZHY2 /n, <L

i—1 Za )2

Note that n;, — oo as p — oo for i = 1,..., k. Then, we have from (2.5) and Theorem 2.2
that

Py(p € Rg) = Po(||Tn — p|* = S| < 8) = Po(IN(0,1)] < 24/2) +0(1) = 1 =+ o(1)

as p — oo. It concludes the result. O

Proof of Theorems 2.4 and 2.5. We have under either (A-ii) or (A-iii) that

t Sim Sim _
Va?’e( S (”)) = O(m™2) + O(tr(S)/ (1x(22)?m)). (A4)
tr(37)
Here, from (A-i) and (A-iv) , one can claim that
k
« 2f
Eo (22 boler(S; m@))l/‘*zrbj|tr<sjm<1>sjm(2>>“4)
= O‘/Q\f]b |tr (22 1/42\1; tr(X2)M* + o(1) = Ci + o(1); (A.5)
7=1
Eg a/z‘fb s, b S o470 1)) = o(m!
| |tI’( im(1) zm(2) Z| |tI‘ Jm (1) jm(2 ) / - O(m )
7=1
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Here, in a way similar to the proof of Lemma 2 in Yata and Aoshima (2009a), we have
under (A-i) that

a/g\[ 1/4 - 1/4 '
Ee{(]\fi - [ 10367 (Sim (1) Sim) D 10167(S jim(1) Sm2) } - 1) }

j=1
=o(m!™) (t=1,2). (A.6)

Then, from (A.5) and (A.6), it holds that

|Eg(Ni — Ci)l
Za/2V2 k
< |E9( 103 [6(S (1) Sim2)) D Vbj|tf(5jm(1)sjm(2))l/4> —Cil +1+0(1)
=1
=1+o0(1);

Varg(N;) = o(m) = o(p*/?/6).

It concludes the results in Theorem 2.5.

Next, from (A.4), it holds as p — oo that |N; — C’i\ = 0p(m'/?) under (A-iv) and either
(A-ii) or (A-iii). Then, we can write that |N; — Ci| = Op(wm!/?), where w is a variable such
that w — 0 as p — co. Let Ci, = [C;— (wm)Y?] (i = 1,..., k). We claim as p — oo that m <
Ci < N; < C; +(wm)1/2 w.p.1. Here, we write that Z;n, = Zl x;1/N; +Zl Ciitl i /N;.
Then, it holds that

1Zin, — il — te(Sin, ) /Ni

Ci* N; N; PV
Zp: Zl#l’ ZijlZigl 9 =1 El’:Ci*Jrl ZiglZigl I Zl;ﬁl’(ZCi*—H) ZijlZigl
Aij —1) N;(N; — 1) N;(N; — 1) ‘

By using Markov’s inequality and Schwarz’s inequality, for any 7 > 0, we have from N; <
[C; + (wm)'/?] + 1 w.p.1 that

[Ci+(wm)H/?]+1

N; p p
J Mo 272501 Mo 2725501
Fo| > D> <P S A s | o)
A (>Ciat1) | 5=1 o AU (>Ciut1) |5=1 ix

= O(wmd1/tr(2?)/C2) + o(1) — 0. (A7)

Thus from N;/Cj = 1+ 0p(1), we claim that

N;
zp: )\ij Zl7él/(201*+1) “iglgl — 0 (5)
— N;(N; — 1) P
ji
Note that
2

Eo Z)\” Zic 1""”’2”” = O(tx(22)/C3) for I' = Cyy + 1, ..., Ni.
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In a way similar to (A.7), we have that

N;
Po Z Z)\Z] Zl 1z,]lzm >76 | — 0.

'=Ci+1 | j=1

Hence, we have that

ZZ/ Oy, 41 ZiglZigle
Z)‘U NN, = 1) = 0p(9).

J=1
Then, it holds as p — oo that

+0,(0).

_ Zl I ijlZigl
1Zin; — pall* = tx(Sin;) /N = ZM <7A

Cix(Cix — 1)
Similarly, it holds for ¢ # i’ that
(@in, — 1) @irw, — bo) = (@icy, — )" (@ic,,, — Bo) + 0p(6)-
Then, we have that
TN — pl]* = S = [T, — bl = Zc, + 0,(9),
where C, = (Clx, ..., Cks). Hence, similarly to the proof of Theorem 2.3, we have that
Po(||Tw — pl* = En| < 0) = Po(||| T, — pl* = S| < 6) +0(1) > 1= a+o(1).

It concludes the result in Theorem 2.4. O

Proof of Theorem 3.1. From the assumptions, we have that Varg(Tyh)/Vare(Ty) — 1 as
p — oo and nq1,ne — o0o. The remainder of the proof is the same as in the proof of Theorem
2.2 and Corollary 2.1. O

Proof of Theorem 3.2. When A = 0, we have from (3.3) and (3.4) that /Vare(Th) <
Ar/(2a + 28). Then, it holds as p — oo that

size = Pp (T > > < Pg(N(0,1) > zq) + 0(1) = a4+ 0o(1).

Za+Zﬁ

From (A-iv), it holds A}, = o(p?). When A = Ay, we have as p — oo that
(11 = 12) " Bi(py — 1)/ (iAL) < Nia/(mAL) = O(Nia /te(E5)Y?) = o(1).

Thus we claim as p — oo that \/Vare(Tn)(2a + 23)/Ar < 1+ 0(1). Then, it holds as
p — oo that

- A Za -
power(Ar) = Py <Tn > —L ) =Py ((Tn — Ap)(2a + 28)/AL > —z5>
Zo + 28

> Py (N(0,1) > —z3) +0o(1) =1— [+ o0(1).
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The results follow. O

Proof of Theorems 3.3 and 3.4. The proof is the same as in the proof of Theorems 2.4 and
2.5. We omit the details for brevity. O

Proof of Theorems 3.5, 3.6 and 3.7. Under (A-i), we claim that tr(S;y,,) = Z§:1 Aij Wijn,
/(n;—1), where wjjn,, j = 1,...,p, are independently distributed as a chi-square distribution
with n; — 1 degrees of freedom. Thus, in a way similar to the proof of Theorem 2.1, we have
under (A-iv) that

tI‘(Smi — Ez)

V26r(E2)/(ni — 1)

when p — oo and either n; — oo or n; is fixed. Hence, from the fact that Si,, and Sa,, are
independent, we obtain (3.11). By using (3.11), similarly to the proof of Theorems 2.4-2.5
and 3.2, we can conclude the results. o

= N(0,1)

Proof of Theorem 4.1. From (A-iv) and either (A-ii) or (A-iii), we have as p — oo and
A, — oo that tr(Siy,,) = tr(%;) + op( 1/2) for i = 1,2. Then, it holds for xy € 7; that

p(|lzo — pil|* = tr(24)) (tr(S2ny) — tr(Sin,))
tr(S1n,)tr(Saon,)
_ P(llzo — il P — tr(35)) (tr(22) — tr(31))
tr(Slnl)tr(ng)

We first consider the case when xg € m;. Here, we have that

tr(San,) b)) tr(Z) (X)) tr(%y) .
o (x5 ) ~ 7% (i) =P 7 Piisany Py * )
(A.9)

+ 0p(Ax) = 0p(Ay). (A.8)

Note that plog(tr(X1)/tr(X2)) = ptr(21) /tr(2) — p — ptr(X1 — 9)?/(2tr(X2)?) + o(A,).
Then, by combining (A.8) and (A.9), when xg € 7y, 1t holds from (A-vi) and (A-vii) that

w(o) _ —2(xo — m)" (@ K1) n 2(zo — p1)" (Tany — p2) — [l — po]?
’ tr(zn/p t(X2)/p
() tr(Z2)y
vy 7o () £ &)
(5'30 - Nl)T(CUlnl - ) 2(5130 - Nl)T(EQle - NQ) _ Ag o
w(31)/p * tx(3)/p ) fp A

(A.10)

First, we consider (A-ii). Let us write that HT (xg—p,) = (/\%{2201, . Al/zzgp) Then, we
have that (20— t1)" (@2ng — )/ (t1(22) /D) = (@10, — 1)/ (t(21)/p) = 2H_1 \/A1jz0;(hi]
(Tan, — o)/ (tr(22)/p) — \/Tlﬁljm/(tr(zl)/p)), where Zyjn; = > 12, lel/nl Let
\/TUZOj(h{j(E2n2 — o)/ (tr(32)/ Wzljnl/ (tr(21)/p))
V(r(S0)/p)26r(52) /ma + (6 < 2)/p)~2tr (1 5%) /s

V15 = ':1,...,]).
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Then, it holds for j = 2,...,p, that Eg(vij|vij—1,...,v11) = 0. Note that 25‘;1 Eg(v%j) =1.
We consider applying the martingale central limit theorem. Refer to Section 2.6 in Ghosh
et al. (1997) for the details of the martingale central limit theorem. Let I(-) be the
indicator function. Note that Eg{(thj(EgnQ — )4} = O((hT ;ah1j)?/n3). Then, by
using Chebyshev’s inequality and Schwarz’s inequality, from (A—lv) we have for Lindeberg’s
condition that

p

P P 22h1 /n2 + Arj/ni)?
E 2'_[ 2. > < -1 O ’ :
Z: 0 {Uu (Ulj T)} =T ; Ul] jz; < (tr 22 )/n1 +tr(2122)/n2)2)

. max;—1,2 tr(Ef)/(minl-:Lg ni)Q

= (tr(Z2)/n1 + tr(5132)/n2)? )~ 0

for any 7 > 0. Here, we claim that

P 4 . 2
max;—1 2 tr(X;)/(min;—; 2 n;)
Po | [d0f -0 ’ ’ - 0.
“\|&™ ( (tr(E2)/ny + tr(2159) /n2)? )

Hence, by using the martingale central limit theorem, we obtain that

ivlj = N(O,l). (A.ll)
j=1

Next, we consider (A-iii) with (A-v). In a way similar to the proof of Theorem 2.2 and
Corollary 2.1, we can claim (A.11). Hence, when xg € 71, we obtain from (A.10) that

w(xo) + Ag/(tr(X2)/p)
2/ ((21)/p) =240 (23) /iy + (11(S2) /p)~2tr (1 5) /o

N(0,1)

under (A-ii) or (A-iii) with (A-v). When x( € 72, we have the result in a similar way. Thus
the proof is completed. O

Proof of Theorem 4.2. We first consider the case when tr(X;)/tr(32) # 1 as p — oo.
Noting that v = o,(A,), it holds (4.3). Next, we consider the case when xy € m; and
tr(Xq)/tr(X2) — 1 as p — co. We have from (4.4) that

tr(E%)/nl + tr(2122)/n2 < (ZQ_A‘_ZV. (A12)
Then, it holds from Theorem 4.1 that
w(zo) + B gl tr(23)/n1 + tr(E15s) /n
et = ¥ (V2 sme A3 )

Hence, from (A.12) we have as p — oo that

o <2Aj/($)<z+:5/p> < 0> 2 Ro(N(=e

For the case when @y € w9, we obtain the result similarly. Thus, the results follow. O

a,l) <O>+0(1):1—a+0(1).
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Proof of Theorem 4.3. By noting that & = o40,((p/m)'/?) and tr(S;y,) = tr(Z;)+o,(p'/?),
1 = 1,2, similarly to the proof of Theorems 2.4 and 2.5, it concludes the results. O

Proof of Theorem, 4.4. From the assumption that tr(X?)/tr(X32) # 1 as p — 0o, the results
can be obtained in a way similar to the proof of Lemmas 1 and 5 in Yata and Aoshima
(2009a). We omit further details for brevity. O

Proof of Theorem 5.1. Let 0; = (u1j, p2j,0(1),0(2)j)5 j = 1,...,p. From the assumption
that Eg {exp(t|zy — ,u”|/0(11/)j)} < oo, i=12( =1,..,p) for some t > 0, for any z

e 1/2 .
satisfying * — oo and z = o(ni/ ) as n; — 00, we claim as n; — oo that

o8 (o, (| ()@ = ] > ) ) = =222+ 000

Refer to Section 4 in Shao (2005) for the details of this result. From (5.4), it holds that
1/2 /2, 1/2

(nid/o(i;) > 2(logp)'*< (o (/ —1—0(2/ /o /j > 2(logp)!*¢. Note that \/2(logp)l+¢/2 >

V2(log p)1+¢/2 = o(nil/Q) as p — oco. Thus we have that

Py, (‘ (Uzgj)lm(xljni — Mij)‘ > (‘77(2;)1/2\/3/2>
) PejQ(UZ;j)l/Q(x”"" 7“”')‘ > 2(1°gp)1+</2> = exp (— (logp) ™/2(1 + 0(1)))

<exp (- (logp)' /) = o(p7"). (A.13)

Then, it holds that

2
Py, (!Tj(n) — (1 — pog)| > \/5> <> Py, (!Tz‘jni — pij| > \/5/2) =o(p7!). (A14)
i=1
Thus by using Bonferroni’s inequality, we claim that

Py(ID* (D] =0) > 1= 3" P, (|Tym| > V5) =1+ 0(1).
jeD°

Next, we have for j € D that
Py, (}Tj(n)\ > \/5) > Py, <HTj(n) — (p1j — prj)] = 1y — pzgl| > \/5>

> Py, (1T — (1 = p23)] < g = pal = V/8) = 1+ 0(1)

by noting that Tjy) — (u15 — pej) = op(1) and |u1j — pgj| > V6. Thus we have that
IDND|=S(1+ 0p(1)). The results follow. O

Proof of Theorem 5.2. In a way similar to the proof of Theorem 5.1, we have for j € D

that
Po, (|Tjm| > V3) =1+ 0(1).
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Thus it holds that |[D N D| = S(1 + op(1)). Let ji denote a subscript such that o;);, =
maxo;);. We have as m — oo that
jeD

2 2 2
V3 Y Va2 S > ki = T @i D /T ke (L + 0p(1))-
k=1 k=1 k=1

Thus we claim that

2 max{(log S)1*¢, (logp)® 2
N; > i )5 (log p) }\/a(i)jw > o1+ 0y(1): (A.15)
k=1

Note that N; and @jjmy (J € D) are independent for each I (= 1,...,N;). Note that
max{(log §)'¢, (logp)} — oo as p — oo either when S = O(1) or S — oo. By combining
(A.14) with (A.15), we have for j € D N D¢ that

Pg(\:rj(N)y > \/S]f)) = o(1/5).

Thus we have that

Po(DND°|=0)>1— E9< S P <|Tj(N)y > JS‘I)) ) —1+0(1).
jeﬁch
Next, from the fact that max{(log S)'*¢, (logp)} — oo, it holds for j € DN D that
Po, (|Zio)| > V5) =1+ o(1).
Thus we have that [D N D| = S(1 + 0p(1)). The results follow. O

Proof of Theorem 7.1. By using Lemma A.2 in Fan and Fan (2008), we note that
maxj—=1,__p |S()jn,/0@G); — 1| = op(1) for logp = o(n;). Then, similarly to (A.13)-(A.14),
we have from (7.2) that

~ Tiin
Pg(|DCﬂD’:0)21— Z PGj (\/8(1)| J( )‘ >\/5/2)

jnn T 8(2)jna

jeD°

_1- Y& L) 5 _

=1- 0; > Vi(l+4o0p(1))/2 | =1+0(1).
D o)t @)

(A.16)

On the other hand, we have for j € D that

VS(W)jns T S@2)jns Vo +0o);

Thus, it concludes the results similarly to (A.16). O

Py, ( Tiw| < \/5/2> < Py, (‘Tj(“) — )l \/5(1+op(1))/2> = o(p).
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Proof of Z’heorem 7.2. From the assumption that minjeD(a(l)j —|—0'(2)j)*1('ulj — pi2j)? >0,
it holds D = D w.p.1. We first consider the case when xo € m. Note that tr(X;.g) +
o)) < sy —w H /0. Thus it holds for i = 1, 2 that tr(E2 WAUZTES) u2(5)||4ni) <
tr(Zi(S))2/(Hu1 s) — ,u2 S)H n;) — 0 as p — oo. Let z(g) = fD( ) for any vector & =
(z1,...,2p)T. Then, we have for i = 1,2 that

in; 7 —tr in; Uz tr z:7,2
Vam(\l (9) — Bigs)|1? = tr(Siny(9))/ ):O( i (Zi(s)) 4>_>0;
Hllq (8) — M2 S)H n; HM(S) - |
Vam( (®1n, (s 5)) (Tons(s) — Mz(S))) _ O( tr(X1(5)Z2(s)) ) o
Hul P2 ninal|py gy — Mos)l*
e — tr(X?
Varg< )" (ﬂczm(S)2 /'%(S))) :O< r(Zjg)) 4) Lo
HM (5) @l nillpysy — as)ll

((330(3) — i)’ (M1(S) - M(sﬂ) _ O((M(S) — o)) B (1(s) — M(sﬂ)

Varg — 5 — 7
1105y — ool 1105y — Hogs)l]

— 0,

where Ezm(S) = Z/ZL:’LI Lils /nz and Sznz (S) — Zl 1( i(S) — mzm(S))(mil(S) _Eznz(S))T/(nz -
1). Then, from the fact that D=Dw. p.1, we claim for ¢ = 1,2 that

[ @in: — trigs) |2 — t(Sin,) /1 @1, — pry(5)T (Bon, — pi(s))

= Op(1)7 _ 2 - Op(1)7
k1 (s) — Bags

(@o — prs)” (B1(s) — Ma(s))

1105y — Bo(s) ]2

[[1e1(5) — Haes)lI?

(@0 — p1(s))” (Bin, — 1i(s)) — o(1)
115y — IS P

= o0p(1).

Hence, we have that

_ — T ~ ~
N ZTin, + Top — — tr(S1n, tr(Sap,
((mo - 22> (Zony, — Zin,) — (S1n,) + (52 2)) sy — Bags)l I

2711 2n2
= —1/2+40,(1) <0

w.p.1. For the case when xy € mo, we obtain the result similarly. Thus the proof is
completed. O

Proof of Theorem 8.1. Let us write that

X (Tj() — M*)/\iﬂzij nau 1/2 X
Wi(1) = jz; ey — 1 - na) — 1 (mn(1>(*) - M*)Ai ; Zij/”u),

= (7« *M*))‘;/in' n2 _ 1/2 =
wy = Y, P B @y N DD Ein

npy — 1 npy — 1

Then, we can write that fo- =37, w;i(1)Wi(2)- When p = 0, from the assumption, x; and

() are independent. Thus we have that Var(w;yw;2) = ((ng) — 1)(ng) — 1)) 1o2A7.
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Then, we claim fOI’ 7 = 2, ey Py that E(wi(l)wi(g)|w,~_1(1)wi_1(2), ...,wl(l)wl(g)) = 0. Note
that

p w2 w? 4
") tr(3 )>
Py —1l>7 :O< +0(1) =0
jz; ((nay = D(ng) — 1)) o?tr(?) tr(3%)?
as p — oo and n — oo for any 7 > 0. Hence, similarly to (A.11), from the martingale
central limit theorem, the result follows. O
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