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Abstract

The fourth paper of our series of papers entitled ” Differential Geometry
of Microlinear Frolicher Spaces is concerned with jet bundles. We present
three distinct approaches together with transmogrifications of the first
into the second and of the second to the third. The affine bundle theorem
and the equivalence of the three approaches with coordinates are relegated
to a subsequent paper.

1 Introduction

As the fourth of our series of papers entitled ”Differential Geometry of Micro-
linear Frolicher Spaces”, this paper will discuss jet bundles. Since the paper
has become somewhat too long as a single paper, we have decided to divide it
into two parts. In this first part we will present three distinct approaches to jet
bundles in the general context of Weil exponentiable and microlinear Frolicher
spaces. In the subsequent part, we will establish the affine bundle theorem in
the second and the third approaches, and we will show that the three approaches
are equivalent, as far as coordinates are available (i.e., in the classical context).

This part consisits of 7 sections. The first section is this introduction, while
the second section is devoted to some preliminaries. We will present three
distinct approaches to jet bundles in Sections 3, 4 and 5. In Section 6 we will
show how to translate the first approach into the second, while Section 7 is
devoted to the transmogrification of the second approach into the third.

We have already discussed these three approaches to jet bundles in the con-
text of synthetic differential geometry, for which the reader is referred to our
previous work [15], [16], [17], [18], [19] and [20]. Now we have emancipated them
to the real world of Frolicher spaces.
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2 Preliminaries

2.1 Frolicher Spaces

Frolicher and his followers have vigorously and consistently developed a general
theory of smooth spaces, often called Frolicher spaces for his celebrity, which
were intended to be the maximal class of spaces where smooth structures can
live. A Frolicher space is an underlying set endowed with a class of real-valued
functions on it (simply called structure functions) and a class of mappings from
the set R of real numbers to the underlying set (simply called structure curves)
subject to the condition that structure curves and structure functions should
compose so as to yield smooth mappings from R to itself. It is required that
the class of structure functions and that of structure curves should determine
each other so that each of the two classes is maximal with respect to the other
as far as they abide by the above condition. What is most important among
many nice properties about the category FS of Frolicher spaces and smooth
mappings is that it is cartesian closed, while neither the category of finite-
dimensional smooth manifolds nor that of infinite-dimensional smooth manifolds
modelled after any infinite-dimensional vector spaces such as Hilbert spaces,
Banach spaces, Fréchet spaces or the like is so at all. For a standard reference
on Frolicher spaces, the reader is referred to [5].

2.2 Weil Algebras and Infinitesimal Objects

2.2.1 The Category of Weil Algebras and the Category of Infinites-
imal Objects

The notion of a Weil algebra was introduced by Weil himself in [29]. We de-
note by W the category of Weil algebras, which is well known to be left exact.
Roughly speaking, each Weil algebra corresponds to an infinitesimal object in
the shade. By way of example, the Weil algebra R[X]/(X?) (=the quotient
ring of the polynomial ring R[X] of an indeterminate X over R modulo the
ideal (X?2) generated by X?) corresponds to the infinitesimal object of first-
order nilpotent infinitesimals, while the Weil algebra R[X]/(X3) corresponds to
the infinitesimal object of second-order nilpotent infinitesimals. Although an
infinitesimal object is undoubtedly imaginary in the real world, as has harassed
both mathematicians and philosophers of the 17th and the 18th centuries such
as philosopher Berkley (because mathematicians at that time preferred to talk
infinitesimal objects as if they were real entities), each Weil algebra yields its
corresponding Weil functor or Weil prolongation on the category of smooth
manifolds of some kind to itself, which is no doubt a real entity. By way of
example, the Weil algebra R[X]/(X?) yields the tangent bundle functor as its
corresponding Weil functor. Intuitively speaking, the Weil functor correspond-
ing to a Weil algebra stands for the exponentiation by the infinitesimal object
corresponding to the Weil algebra at issue. For Weil functors on the category of
finite-dimensional smooth manifolds, the reader is referred to §35 of [9], while
the reader can find a readable treatment of Weil functors on the category of



smooth manifolds modelled on convenient vector spaces in §31 of [T1]. In [21]
we have discussed how to assign, to each pair (X, W) of a Frolicher space X and
a Weil algebra W, another Frolicher space X @ W called the Weil prolongation of
X with respect to W, which is naturally extended to a bifunctor FS x W — FS.
And we have shown that, given a Weil algebra W, the functor assigning X @ W
to each object X in F'S and f ® idw to each morphism f in FS, namely, the
WEeil functor on FS corresponding to W is product-preserving. The proof can
easily be strengthened to

Theorem 1 The Weil functor on the category FS corresponding to any Weil
algebra is left exact.

There is a canonical projection 7 : X @ W — X. Given x € X, we write
(X ® W), for the inverse image of « under the mapping 7. We denote by S,
the symmetric group of the set {1,...,n}, which is well known to be generated
by n — 1 transpositions < i,7 + 1 > exchanging ¢ and i + 1(1 < i <n — 1) while
keeping the other elements fixed. Given o € S,, and v € X ® Wpn, we define
77 € X ® Wpn to be

v = (idx ® W(dl,...,dn)eD"»—»(dg(l),...,da(n))ED”) (v)

Given o« € R and v € X @ Wpn, we define a-y€v€ X @ Wpn (1 <i<n) to
K3
be
a7 = (idx ® Wa,.....d,)eDms (ds oodimr 0 dieroeodi)e D) (V)

Given o € R and v € X @ Wp,,, we define ay € X @ Wp,, (1 <i < n) to be
ay = (idx ® Waebp, ~aden,,) (V)

for any d € D,,. The restriction mapping v € TZ" (M) — ~|p, € T2=(M) is
often denoted by 741 5.
Between X ® Wpn» and X ® Wpn+1 there are 2n+ 2 canonical mappings:

X@Wpnii =—= X®@Wp. (1<i<n+1)

K2

For any v € X ® Wpn, we define s;(y) € X ® Wpn+1 to be

Si(’}/) - (1dX ® W(dl)~~~;dn+1)EDn+1’_’(d1;~~~;di717di+1;~~~;dn+1)eDn) (7)

For any v € X @ Wpn+1, we define d;(y) € X @ Wpn to be

These operations satisfy the so-called simplicial identities (cf. Goerss and Jar-
dine [7]), so that the family of X ® Wpn’s together with mappings s;’s and d;’s
form a so-called simplicial set.



Synthetic differential geometry (usually abbreviated to SDG), which is a
kind of differential geometry with a cornucopia of nilpotent infinitesimals, was
forced to invent its models, in which nilpotent infinitesimals were visible. For
a standard textbook on SDG, the reader is referred to [12], while he or she is
referred to [] for the model theory of SDG constructed vigorously by Dubuc [2]
and others. Although we do not get involved in SDG herein, we will exploit lo-
cutions in terms of infinitesimal objects so as to make the paper highly readable.
Thus we prefer to write Wp and Wp, in place of R[X]/(X?) and R[X]/(X3)
respectively, where D stands for the infinitesimal object of first-order nilpo-
tent infinitesimals, and Dy stands for the infinitesimal object of second-order
nilpotent infinitesimals. To Newton and Leibniz, D stood for

{deR|d* =0}
while D5 stood for
{deR|d® =0}

More generally, given a natural number n, we denote by D,, the set
{d € Rld"™" = 0},

which stands for the infinitesimal object corresponding to the Weil algebra
R[X]/(X™"1). Even more generally, given natural numbers m,n, we denote
by D(m),, the infinitesimal object

{(dr, ..., d) € R™|d;, ..ds,,, = O},

where 1, ...,%,41 shall range over natural numbers between 1 and m including
both ends. It corresponds to the Weil algebra R[X1, ..., X,,]/I, where I is the
ideal generated by X;,...X;, . ,’s. Therefore we have

n+1

D(1), =D,
D (m)l =D (m)

Trivially we have
D(m)n € D(m)n+1

It is easy to see that

D(mi 4+ ma)ny1
D(ml)n X D(mg)n

By convention, we have
D°=Dy={0}=1

A polynomial p of d € D, is called a simple polynomial of d € D,, if every
coefficient of p is either 1 or 0, and if the constant term is 0. A simple polynomial
p of d € D, is said to be of dimension m, in notation dim(p) = m, provided



m—+1

that m is the least integer with p = 0. By way of example, letting d € D3,

we have

dim (d) = dim (d + d?) = dim (d + d*) = 3
dim (d?) = dim (d®) = dim (d* + d*) = 1

We will write Wye p,.a2e p for the homomorphim of Weil algebras R[X]/(X?) —
R[X]/(X?) induced by the homomorphism X — X? of the polynomial ring
R[X] to itself. Such locutions are justifiable, because the category W of Weil
algebras in the real world and the category D of infinitesimal objects in the
shade are dual to each other in a sense. Thus we have a contravariant functor
W from the category of infinitesimal objects in the shade to the category of Weil
algebras in the real world. Its inverse contravariant functor from the category
of Weil algebras in the real world to the category of infinitesimal objects in the
shade is denoted by D. By way of example, Dg|x}/(x2) and Dg|x]/(x3) stand for
D and Ds, respectively. Since the category W is left exact, the category D is
right exact, in which we write D @ I’ for the coproduct of infinitesimal objects
D and D’. For any two infinitesimal objects ID,D’ with D C D/, we write 7 or
ip—p for its natural injection of D into D'. We write m or mp_xp, —p, for

the mapping (d,d') € D,, x D,, — dd' € D,,. Given a € R, we write (at)
v/ Dn
for the mapping

(dl, ,dn) e D" — (dl, ...difl,adi,dlqu, ,dn) e D"

To familiarize himself or herself with such locutions, the reader is strongly en-
couraged to read the first two chapters of [I2], even if he or she is not interested
in SDG at all.

2.2.2 Simplicial Infinitesimal Objects
Definition 2 1. Simplicial infinitesimal spaces are objects of the form
D {m;S} ={(d1,...,dn,) € D™|d;,...d;,, =0 for any (i1, ...,ix) € S},

where S is a finite set of sequences (i1, ...,ik) of natural numbers with
1< <. .<ip <m.

2. A simplicial infinitesimal object D {m; S} is said to be symmetric if (dy, ...,dm) €
D{m;S8} and o € S, always imply (dy(1y, -, do(m)) € D {m;S}.

To give examples of simplicial infinitesimal spaces, we have

D(2) = D{2;(1,2)}
D(?’) =D {3a (17 2)a (17 3)a (27 3)}7

which are all symmetric.



Definition 3 1. The number m is called the degree of D {m;S}, in notation:
m = deg D {m;S}.

2. The maximum number n such that there exists a sequence (i1,...,1,) of
natural numbers of length n with 1 < i; < ... < i, < m containing
no subsequence in S is called the dimension of D{m;S}, in notation:
n = dim D {m; S}.

By way of example, we have

deg D(3) = deg D {3;(1,2)} = deg D {3;(1,2),(1,3)} = deg D* =3

dimD(3) =1
dim D {3;(1,2)} = dim D {3; (1,2),(1,3)} = 2
dim D? =3

It is easy to see that
Proposition 4 if n = dim D {m; S}, then
di+..+dmn € Dy,
for any (di,...,dn) € D{m;S}, so that we have the mapping
+D{misy—»p, : D{m; S} = Dy,

Definition 5 Infinitesimal objects of the form D™ are called basic infinitesimal
objects.

Definition 6 Given two simplicial infinitesimal objects D {m;S} and D {m’;S'},
a mapping

0= (¢1,yom) : D{m; S} = D {m’; 8"}

is called a monomial mapping if every ; is a monomial in dy, ..., d,, with coef-
ficient 1.

Notation 7 We denote by D {m}, the infinitesimal object
{(dl, ey dm) € Dm|di1...din+1 = 0},
where i1, ...,1n+1 shall range over natural numbers between 1 and m including
both ends.
2.2.3 Quasi-Colimit Diagrams

Definition 8 A diagram in the category D is called a quasi-colimit diagram if
its dually corresponding diagram in the category W is a limit diagram.

Theorem 9 (The Fundamental Theorem on Simplicial Infinitesimal Objects)
Any simplicial infinitesimal object D of dimension n is the quasi-colimit of a
finite diagram whose objects are of the form DF’s (0 < k < n) and whose
arrows are natural injections.



Proof. Let D=D(m;S). For any maximal sequence 1 <147 < ... < i < m of
natural numbers containing no subsequence in S (maximal in the sense that it is
not a proper subsequence of such a sequence), we have a natural injection of D*
into D. By collecting all such D¥’s together with their natural injections into
D, we have an overlapping representation of D in terms of basic infinitesimal
spaces. This representation is completed into a quasi-colimit representation of
D by taking D' together with its natural injections into D** and D*2 for any
two basic infinitesimal spaces D¥* and D*2 in the overlapping representation of
D, where if D** and D*? come from the sequences 1 < i; < ... < ik, < m and
1<i1 <...< §k2 < m in the above manner, then D' together with its natural
injections into ~Dk1 and D> comes from the maximal common subsequence
1 <4 < ... < i < m of both the preceding sequences of natural numbers in
the above manner. By way of example, the above method leads to the following
quasi-colimit representation of D=D {3},:

D2
i N 2
D Lita D
i1 | D(3)2 i
D? i3 N i2g  D?
iz s
D

In the above representation i;;’s and %;’s are as follows:

1. the j-th and k-th components of 4,5 (d1, d2) € D(3)2 are dq and ds, respec-
tively, while the remaining component is 0;

2. the j-th component of i;(d) € D? is d, while the other component is 0.
]

Definition 10 The quasi-colimit representation of D depicted in the proof of
the above theorem is called standard.

Remark 11 Generally speaking, there are multiple ways of quasi-colimit rep-
resentation of a given simplicial infinitesimal space. By way of example, two
quasi-colimit representations of D {3;(1,3),(2,3)} (= (D x D) ® D) were given
in Lavendhomme [I2, pp.92-93] (§3.4, pp.92-93), only the second one being
standard.

2.3 Weil-Exponentiability and Microlinearity
2.3.1 Weil-Exponentiability

We have no reason to hold that all Frolicher spaces credit Weil prolongations
as exponentiations by infinitesimal objects in the shade. Therefore we need a
notion which distinguishes Frolicher spaces that do so from those that do not.



Definition 12 A Frélicher space X is called Weil exponentiable if
(X @ (W1 ®o W2))Y = (X @ W)Y @ Wa (1)
holds naturally for any Frélicher space Y and any Weil algebras Wy and Ws.
If Y =1, then () degenerates into
X @ (W) @ Wa) = (X @W1) @ W,
If W1 =R, then (1) degenerates into
(X @ Wy)Y = XY @ W,

The following three propositions have been established in our previous paper
[21].

Proposition 13 Convenient vector spaces are Weil exponentiable.

Corollary 14 C*-manifolds in the sense of [11] (cf. Section 27) are Weil
exponentiable.

Proposition 15 If X is a Weil exponentiable Frélicher space, then so is X @ W
for any Weil algebra W.

Proposition 16 If X and Y are Weil exponentiable Frolicher spaces, then so
is X xXY.

The last proposition can be strengthened to

Proposition 17 The limit of a diagram in FS whose objects are all Weil-
exponentiable is also Weil-exponentiable.

Proof. Let I' be a diagram in FS. Given a Weil algebra W, we write ' @ W
for the diagram obtained from I' by putting @ W to the right of every object in
I' and ®idy to the right of every morphism in I'.'We have

(LimT) @ (W1 ®oe Wa))¥
= (Lim (T ® (W) @0 Wa)))¥
= Lim (I ® (W) ®o Wa))"
=Lim (I ® W1)¥ @ Wa)
= (Lim (D@ W1)") @ W
= (Lim (T @ W1))" @ Wy
= ((LimD) @ W)Y @ W,
so that we have the coveted result. m

We have already established the following proposition and theorem in in our
previous paper [21].



Proposition 18 If X is a Weil exponentiable Frélicher space, then so is XY
for any Frélicher space Y .

Theorem 19 Weil exponentiable Frolicher spaces, together with smooth map-

pings among them, form a Cartesian closed subcategory FSwg of the category
FS.

2.3.2 Microlinearity

The central object of study in SDG is microlinear spaces. Although the notion
of a manifold (=a pasting of copies of a certain linear space) is defined on the
local level, the notion of microlinearity is defined on the genuinely infinitesimal
level. For the historical account of microlinearity, the reader is referred to §§2.4
of [12] or Appendix D of [8]. To get an adequately restricted cartesian closed
subcategory of Frolicher spaces, we have emancipated microlinearity from within
a well-adapted model of SDG to Frolicher spaces in the real world in [22]. Recall
that

Definition 20 A Frélicher space X is called microlinear providing that any
finite limit diagram I in W yields a limit diagram X @ I' in FS, where X @ I’
is obtained from I' by putting X® to the left of every object in I' and idx® to
the left of every morphism in I".

Generally speaking, limits in the category F'S are bamboozling. The notion
of limit in F'S should be elaborated geometrically.

Definition 21 A finite cone I' in F'S is called a transversal limit diagram pro-
viding that ' @ W is a limit diagram in FS for any Weil algebra W, where the
diagram T'@ W is obtained from I' by putting QW to the right of every object in
I' and ®idw to the right of every morphism in T'. The limit of a finite diagram
of Frélicher spaces is said to be transversal providing that its limit diagram is a
transversal limit diagram.

Remark 22 By taking W = R, we see that a transversal limit diagram in FS
s always a limit diagram in FS.

We have already established the following two propositions in ?7.

Proposition 23 IfT is a transversal limit diagram in F'S whose objects are all
Weil exponentiable, then TX is also a transversal limit diagram for any Frélicher
space X , where I'X is obtained from T' by putting X as the exponential over every
object in I' and over every morphism in I".

Proposition 24 IfT is a transversal limit diagram in F'S whose objects are all
Weil exponentiable, then I' @ W is also a transversal limit diagram for any Weil

algebra W.

The following results have been established in [22].



Proposition 25 Convenient vector spaces are microlinear.

Corollary 26 C°-manifolds in the sense of [11l] (cf. Section 27) are micro-
linear.

Proposition 27 If X is a Weil exponentiable and microlinear Frélicher space,
then so is X @ W for any Weil algebra W.

Proposition 28 The class of microlinear Frélicher spaces is closed under transver-
sal limits.

Corollary 29 Direct products are transversal limits, so that if X and Y are
microlinear Frolicher spaces, then so is X X Y.

Proposition 30 If X is a Weil exponentiable and microlinear Frélicher space,
then so is XY for any Frolicher space Y.

Proposition 31 If a Weil exponentiable Frélicher space X is microlinear, then
any finite limit diagram I' in W yields a transversal limit diagram X @I in FS.

Theorem 32 Weil exponentiable and microlinear Frélicher spaces, together
with smooth mappings among them, form a cartesian closed subcategory FSwg ML
of the category F'S.

2.4 Convention

Unless stated to the contrary, every Frolicher space occurring in the sequel
is assumed to be microlinear and Weil exponentiable. We will fix a smooth
mapping 7 : £ — M arbitrarily. In this paper we will naively speak of bundles
simply as smooth mappings of microlinear and Weil exponentiable Frolicher
spaces, for which we will develop three theories of jet bundles. We say that
t € M ® Wp is degenerate providing that

t = (igynm ®idw,) (¢)

for some x € M and some t' € {z} ® Wp. We say that t € E ® Wp is
vertical provided that (7 ® idyy,) (£) is degenerate. We write (E ® Wp)™" for
the totality of vertical t € E ® Wp.

3 The First Approach to Jets

Definition 33 A 1-tangential over the bundle # : E — M at x € E is a
mapping Vg : (M ® WD),,(E) — (E® Wp), subject to the following three con-
ditions:

1. We have
(r®idw,) (V(t) =t

for any t € (M @ Wp),.()-

10



2. We have
V. (at) = aV,(t)

foranyte (M ® WD)?T(;I)) and any o € R.
3. The diagram

(M ® WD)ﬂ.(m) idy ® W(d,e)GDXDmHedGD (M ® WD)w(m) ® WDm

(E & WD)m idep ® W(d,e)EDXDm»—»edED (E ® WD)I & WDm

is commutative, where m is an arbitrary natural number.

We note in passing that condition (1.2) implies that V, is linear by dint of
Proposition 10 in §1.2 of [12].

Notation 34 We denote by JL(n) the totality of 1-tangentials V., over the
bundle m : E — M at x € E. We denote by J' () the set-theoretic union of
JL(m)’s for all z € E. The canonical projection J' (1) — E is denoted by 1 o
with

m™ = (7T®1dWD) OT1,0-

Definition 35 Let F' be a morphism of bundles over M from w to ©' over the
same base space M. We say that a 1-tangential V, over m at a point x of
E is F-related to a 1-tangential V() over n’ at F(x) of E' (in the sense of
Nishimura) provided that

(F @idwy) (Va(t)) = Vi@ ()
for any t € (M @Wp),(,-
Notation 36 By convention, we let

@) =3)=3)=E

with
To,0 = 0,0 = To,0 = idE
and
7~T0 = 7?0 =Ty =T
We let .
I (m) = I (7)) = I (m)
with
T1,0 = T1,0 = 71,0
and

T =T = T

11



Notation 37 Now we are going to define J**1(x), J*1(x) and IJ*+1(x) to-
gether with mappings Ty 5 : I (1) = I¥(n), #pgrp : IFH(w) = I¥ () and
Ter1k o JETH(w) — J¥(7) by induction on k > 1. Intuitively speaking, these
are intended for non-holonomic, semi-holonomic and holonomic jet bundles in
order. We let Tg41 = Tk © Tkt 1,k » Thtl = Tk © Ap1,k ANA Thg1 = T O Mt 1 k-

1. First we deal with jk+1(7r), which is defined to be J'(7y) with Tpy1k =
(Tk)1,0-

2. Next we deal with J**' (), which is defined to be the subspace of I*(7y)
consisting of Vs with x = V,, € J*¥(r) abiding by the condition that V,
s Ty, k—1-related to V.

3. Finally we deal with J**1(x), which is defined to be the subspace of J* ()
consisting of Vs with x = V,, € J*(r) abiding by the conditions that V,
is Ty k—1-related to V,, and that the composition of mappings

(M ® WD2)7rk(m)
(idar @ WaeDes(d,0)eD21d0 @ Wia, .dy)e D205 (ds.dr)eD? )
(M ®@Wp) xmew, (M @ Wp:))

Vm X idM®WD2
—>

()

((I%(m) ® Wp) X amrewn (M®WD2))7rk(m)

= ((I*(7) ® Wp) xmew, (M @ Wp) @ Wp))
= ((I(m) xar (M @ Wp)) @ Wp) .,

((V,t) € I5(m) xar (M @ Wp) = V() € (¥ (r) @ Wp)) @ idw,,

7K ()

(I*1(7) ® Wp) ® Wp
=J1 (1) @ Wpe

12



is equal to the composition of mappings

(M ® Wpe)

7 ()

(idar ® Waepes(0,a)ep2> 1dnmew,, )

(M @ Wp) xmewp, (M @ Wp2))

Vg % idM®WD2
—>

7K (x)

((3%(m) ® Wp) X mew, (M @ WD2))M(E)

= ((I*(m) ® Wp) Xmawp (M & Wp) @ Wn))

= ((3%(m) xa (M ®Wp)) @ Wp)_ s

((V,1) € 3%(m) xar (M @Wp) = V() € (351 (1) ® Wp)) @ idw,,
(I¥(m) @ Wp) @ Wp

=J"Y(n) @ Wpe

idJk—l (m) ® W(dl,d2)eD2»—>(d2,d1)eD2

I (1) @ Wpe

Definition 38 FElements ofj”(ﬂ') are called n-subtangentials, while elements of
J™ () are called n-quasitangentials. Elements of J*(x) are called n-tangentials.

4 The Second Approach to Jets

Definition 39 Letn be a natural number. A D™-pseudotangential over the bun-

dlew: E — M atx € E is a mapping V : (M®WDn)7r(w) — (E®Wpn)

abiding
by the following conditions:

x

1. We have
(r @idw,a) (Va(7)) =7

for anyy € (M ® WDn)ﬂ_(z).

2. We have
Vala-y)=a:-Va(y) (1<i<n)

for any v € (M ® WD")w(m) and any o € R.

3. The diagram
(M@Wpr)ry — (M&Wpn), () ® Wb,

v, 1 1V, @iy,
(E®WD")CE — (E®WDn)m®WDm

13



is commutative, where m is an arbitrary natural number, the upper hori-
zontal arrow is

idar @ Widy ... dy,e) D™ x Dynis (oo — 1,0disdis 1,00d ) €D 5

and the lower horizontal arrow s
dp ® W(d1;~~~;dn;€)eDn><D7n’_)(d17~~~7di71;edi;di+17~~~dn)eDn'

4. We have
Ve (v7) = (Va(7))?

for any v € (M ® WD")w(m) and for any o € S,,.
Remark 40 The third condition in the above definition claims what is called

infinitesimal multilinearity, while the second claims what is authentic multilin-
earity.

Notation 41 We denote by jfﬂ (7) the totality of D™-pseudotangentials V. over
the bundle 7 : E — M at x € E. We denote by JP" () the set-theoretic union
of ID"(n)’s for all x € E. In particular, I’ (7) = E by convention.

Lemma 42 The diagram

idg @ W, ... dn,dn n s (dy,...,dn)ED
E & Wpn (d1yeeeydn,dpy1) €D = (d1,...,dn)ED E®Wpni

idE®WDn+1

E ® WD71+1

Idg @ Wi, ....dn,dni1) €D 15 (ds ..., dy,0) DR+
is an equalizer.

Proof. It is well known that the diagram

W(dl7~~~7dn7dn+1)eDn+l’_>(d1x~~~;dn)€D" ldWDn+1

Wpn Wit

Wids, ..o sdn i) €D 115 (dy ..o 0) €D

is an equalizer in the category of Weil algebras, so that the desired result follows
from the microlinearity of £. m

Corollary 43 v € E ® Wpn+1 is in the equalizer of
idE®WDn+1

E @ Wpn+1 E®Wpn+1
ide @ Widy,....dp,dp 1) €D 15 (dy ... dp 0) € DR+

v = (Sn+10dnt1) (7)

14

Wpn+1



Proof. This follows simply from
Snt10dnt1 = idp @ Wia,,....dn,dui1) €D 15 (ds .. dp 0) €D
]

Proposition 44 Let V, be a D™t -pseudotangential over the bundle m : E —
M atz € E. Lety € (M & Wpn),.(,. Then we have

Va(sni1(7)) = (ide © W,

so that

..... s s1)ED™ 15 (di s oonsdm,0) D71 ) (Ve (Sni1(7)))

Va(snt1(7) = (snr1 0dnt1) (Va(snt1(v)))

Proof. For any a € R, we have

a - (Va(snt1(7)))

n+1
= Vi(a ntl (Snt1 ('7)))
= Va(sni1(7))

Therefore we have the desired result by letting o = 0 in the above calculation.
]

Corollary 45 The assignment
v € (M &Wpn),(p) — dnt1 (Va(snt1(7))) € (E @ Wpr),
18 an n-pseudotangential over the bundle m : E — M at x.
Notation 46 By this Corollary, we have canonical projections Tp41 p, an+1(7T) —
IP" (m). By assigning n(x) € M to each n-pseudotangential V, over the bundle

n

7:E — M at x € E, we have the canonical projections 7, : J°" (7) — M.
Note that Ty, © Tpy1.n = Tnt1 For any natural numbers n, m with m < n, we

define Ty, m : " (m) — pr (7) to be Tms1,m © .. O T p—1-
Now we are going to show that

Proposition 47 Let V, € .,]A]DHl(ﬂ'). Then the following diagrams are commu-
tative:

(M® WDn+1)7T(;I)) Va (E®@Wpn+1),
si T TS
(M® WD")W(QC) Tnt1n(Va) (E® WDTL)I
(M @ Wpn+1) () Ve (E @ Wpn+1),
d, | I d
(M WD”)ﬂ(z) /ﬂ:n-l-l,n(vw) (F® WD”)m



Proof. By the very definition of 7,41, we have

Sn+1(Tnt1(Va) (7)) = Va(snt1(v))
for any y € (M ® WD")w(m)- For i # n + 1, we have

Si(Tn+1,n (V) (7))
. <i+1,242,....n,n+1>
= (S0 Far1.a(V2) () ")
. <i+1,i42,..., n,n+1>
= ((Valsnsa(r)) ™)

= (Vz ((sn+1(~y))<i,n+1>))<i+1,z'+2 ..... n,n+1>
=Va (((Sn+1(7))<i’"+l>)<i+17i+2»~~~»n7n+1>)
= V. (s (7))

Now we are going to show that

d; (VoY) = Fns1.0(Va))(di(7))

for any vy € (M ® Wpnt1) (- First we deal with the case of i = n+1. We
have

dn1(Vz(7))
=dp1(0 - Va())
=dp1(V ))

o
L0

(Voo ma(@nn (V)
v.)

= (Tnt1,n(Va))(dnt1 (7))

For ¢ # n + 1, we have

di(Vz (7))

= (dnJrl ((V (,y))<i,n+1>))<n,n71 ,,,,, it1,i>
( 1 (
= (T4, n( <)) (dn+1(~y<i=”+1>)))<”>"*1 >>>>> itli>
= Frsrn(Va)) ((dnga (i) St
(Tnt1.n(Va)) (di(7))

Thus we are done through. m

<z,n+1>))) <n,n—1,...,24+1,2>

Corollary 48 Let Vi, Vo € JP"" (x) with

%nJrl,n(V;r) = %n+1,n(v;)
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Then
(ide ® Wiy, o) (V@) = (5@ Wi ) (V2 ()
Jor any v € (M @ Wpni1) (-

Definition 49 The notion of a D"-tangential over the bundle w : E — M at
x 1s defined by induction on n. The notion of a D-tangential over the bundle
m: E — M at x shall be identical with that of a D-pseudotangential over the
bundle m : E — M at z . Now we proceed inductively. A D" '-pseudotangential

v1 : (M ® WD"+1)7T(1) - (E® WD"+1)m

over the bundle 7 : E — M at x € E is called a D" -tangential over the
bundle w: E — M at x if it acquiesces in the following two conditions:

1. Tpt1.n(Vy) is a D™-tangential over the bundle m : E — M at .

2. For any v € (M @ Wpn) (), we have

Ve ((idar @ Wiay....dnidns1)e Dm 41 (da nsdndns)eD™) (7))
= (idE Q@ Wds,....dn,dpir)EDP 1 (ds ..., dndn+1)€D"+1) (Trna1,n(Va)) (7))

Notation 50 We denote by JP" (nr) the totality of D™-tangentials V, over the
bundle 7 : E — M at x € E. We denote by JP" () the set-theoretic union
of I2" (x)’s for all x € E. In particular, J°°(x) = JP"(x) = E by convention
and JP(n) = JP () by definition. By the very definition of D"-tangential, the
projections Tp41,pn anH(w) — Jo" (m) are naturally restricted to mappings
Tntin I (w) — IP"(x). Similarly for m, : J°"(x) — M and Tnm
IP" (1) = IP" (1) with m < n.

It is easy to see that

Proposition 51 Let m,n be natural numbers with m < n. Let ky, ...,k be
positive integers with ki + ... + ky, = n. For any V, € JP"(n), any v €
(M ®@Wpm) () and any o € S,,, we have

V. ((idw oW, . ) ™)
i M (d1,...,dn)€D ’_)(do(l)~~~da(k1))da(k1+l)~~~da(k1+k2))~~~)da(k1+,“+k7n71+l)~~~dcr(n)) (7)

Interestingly enough, any D™-pseudotangential naturally gives rise to what
might be called a D-pseudotangential for any simplicial infinitesimal space D of
dimension less than or equal to n.

Theorem 52 Let n be a natural number. Let D be a simplicial infinitesi-
mal space of dimension less than or equal to n. Any D™-pseudotangential
V. over the bundle m : E — M at x € E naturally induces a mapping
VP (M ® W) 2y = (E ® Wh), abiding by the following three conditions:
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1. We have
(m ®@idwy,) (V2 (1) =7
for any v € (M @ Wp) -

2. We have
Vi(o-v) = a (Vo)

for any a € R and any v € (M ® WD)#(m)’ where © is a natural number
with 1 <1 < degD.
3. The diagram

(M ® WD)w(m - M® WD)W(JC) ® Whp,,
\ L Ve @idwyy, |
(E@Wb), — (E®@Wp),®Wp,

is commutative, where m is an arbitrary natural number, the upper hori-
zontal arrow is

idy ® W(d1>~~~>dk>€)eDXDmH(dl>~~~>di—17edi7di+1>~~~dk)6D’

and the lower horizontal arrow is

ideg @ W, ....de,e) DX Dy (i, oydi— 1,edisdis 1,00 diy) €D
with k = degD and 1 <1i < k.

If the simplicial infinitesimal space D is symmetric, the induced mapping
vl (M ® W) 2y = (E ®Wb), acquiesces in the following condition of sym-
metry besides the above ones:

o We have
Va(v?) = (Vo()”
for any o € Sy, and any v € (M @ Wh) (-

Proof. For the sake of simplicity in description, we deal, by way of example,
with the case that n =3 and D = D {3},, for which the standard quasi-colimit
representation was given in the proof of Theorem Therefore, giving v €
(M ® WD{3}2)77(1) is equivalent to giving v12,713,723 € (M ® WDQ)ﬂ-(z) with

da(712) = d2(713), di(712) = d2(723) and di(713) = di(723). By Proposition
47 we have

d2(73,2 (V) (112)) = 73, T3,
d; (%312 (VI) (’712» = %3,2 (Vz) (dl ("Yl2)) = %3,2 (Vz) (dz("yzg)) = d2(%312 (VI) (")/23))
di(732 (Va) (113)) =7 7
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which determines a unique yDk (7)€ (E® WD{3}2)LE with

=)

dy (VDB (7)) =732 (Va) (723)
da (VDB (7)) = 732 (Vo) (113)
ds (VD12 (7)) = 732 (Va) (112)-

The proof that vk (M ® WD{g}z)ﬂ_(w)
the desired four properties is safely left to the reader. m

— (E® WD{g}z)w acquiesces in

Remark 53 The reader should note that the induced mapping V2 is defined in
terms of the standard quasi-colimit representation of . The concluding corol-
lary of this subsection will show that the induced mapping V2 is independent of
our choice of a quasi-colimit representation of D to a large extent, whether it
is standard or not, as long as V is not only a D™ -pseudotangential but also a

D™-tangential. We note in passing that fip m (V) with m < n is no other than
Vo

Proposition 54 Let 7' : P — E be another bundle with x € P. If V(s
is a n-tangentialy over the bundle 1 : E — M at n'(x) € E and V, is a
n-tangentialy over the bundle ©’ : P — E at x € E, then the composition
Vg 0o Vo) 18 a n-tangentialy over the bundle 7 o 7P — M atx € E, and
Tnmn—1(Ve 0 Vi) = Tnn-1(Va) 0 Tpn—1(Var(z)) provided that n > 1.

Proof. In case of n = 0, there is nothing to prove. It is easy to see that
if V() is a n-tangentialy over the bundle 7 : B — M at n'(x) € E and V,
is a n-tangentialy over the bundle 7’ : P — E at x € E, then the composition
Vg 0 V() is an n-pseudoconnection over the bundle 7 : B — M at x € P.
If Vi (p is a (n + 1)-tangentialy over the bundle 7 : E — M at 7'(z) € E and
V. is a (n + 1)-tangentialy over the bundle 7’ : P — E at x € P, then we have
7Tn+1,n(vm © vﬂ"(:l))) = dn+1 oVyo vw’(m) O Sn+1

= dn+1 oVyo Sp+1 © dn+1 © vw/(m) O Sn+1

[By Proposition [44]

- 7Tn+1,n(v;ﬂ) o 7Tn+1,n(v7r’(z))
Therefore we have
vlﬂ © vﬂ/(I)((ldM ® W(d1,...,dn,dn+1)€D"+1'—>(d1,...,dndn+1)€D") (7))
=V (Vo) ((idar @ Weay,... v dy s )€ D415 (ds oo sdndns)eDm ) (7))
=V, ((i[de @ Wea,.....dndn1)eDm 415 (dr s )eD ) (Tt 1,0 (V@) (1))
= (idP ® W(dl7~~-7dn7dn+1)€Dn+l’_)(d17~~~7dndn+1)eDn) (ﬂ—"‘f‘lx" (Vw) (W"+17"(vﬂ'(m))(7)))

= (idp @ Wiay ....dpdn 1) €D 13 (ds....dndns1)eD? ) (Tna1m (Va0 Vi)

Thus we can prove by induction on n that if V(. is a n-tangentialy over the
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bundle 7 : E — M at 7'(x) € E and V, is a n-tangentialy over the bundle
7' : P — FE at x € E, then the composition V, o Vri(z) 18 a n-tangentialy over
the bundle ron’ : P - M at x € E. m

Theorem 55 Let V be a D"-tangential over the bundle m: E — M at x € E.
Let D and ' be simplicial infinitesimal spaces of dimension less than or equal
ton. Let x be a monomial mapping from D to D'. Let v € T2 (M). Then we
have

Vo((idy @ Wy) (7)) = (ide @ Wy) (Vi (7))

Remark 56 The reader should note that the above far-flung generalization of
Proposition [51] subsumes Proposition [{7]

Proof. In place of giving a general proof with formidable notation, we satisfy
ourselves with an illustration. Here we deal only with the case that D = D3,
D’ = D(3) and y is

x(d1,ds,ds) = (dida, d1ds, dads)

for any (dy,ds,ds) € D3. We assume that n > 3. We note first that the mono-
mial mapping x : D® — D(3) is the composition of two monomial mappings

x1: D® — D{6;(1,2),(3,4),(5,6)}
X2 D {67 (L 2)7 (3a 4)7 (5a 6)} — D(3)

with
x1(d1,d2,ds) = (d1,d1,dz, da,ds3, d3)

for any (d1,dz,d3) € D® and
x2(dy,dz, d3, dy, ds,dg) = (dids, dads, dads)

for any (dy,ds,ds,ds,ds,ds) € D {6;(1,2),(3,4),(5,6)}, while the former mono-
mial mapping x1 : D® — D {6;(1,2),(3,4),(5,6)} is in turn the composition of
three monomial mappings

xi:D?*— D{4;(1,2)}
Xt D{4;(1,2)} = D{5(1,2),(3,4)}
X1 D{5;(1,2),(3,4)} = D{6:(1,2),(3,4),(5,6)}

with
xi(di,ds,d3) = (di,d1,ds, d3)
for any (dy,dz,ds) € D3,

X%(dhdz’dgﬂd‘l) = (d17d25d35d37d4)
for any (dy,ds,ds,ds) € D{4;(1,2)} and

X%(dlad27d3;d4;d5) - (d17d25d35d47d55d5)
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for any (d1,d2,ds,ds,ds) € D{5;(1,2),(3,4)}. Therefore it suffices to prove
that

\v4 ((idM ® Wx}) (7')) = (idE ® Wx}) (Vbia,231(0)) (2)

for any 7' € (M ® WD{4;(1’2)})7T , that

()
Ve (i @ W) (1) = (ide @ W2 ) (Vosaa,ean () 6)

for any 'y” S (M ® WD{5;(172))(374)})W(:E), that

Vnisaneay ((idr @ W) () = (ide @ W ) (Vosi,2,6.0.6.610")
(4)
for any 7" € (M ® WD{G;(112)>(314)>(516)})Tr(m)7 and that

V D{6:(1,2),(3.4),(5,6)} (idar @ Wy,) (")) = (idg @ Wy,) (Vb (Y") ()

for any """ € (M ® WD(g))ﬂ_(m) DB (M). Since D {4;(1,2)} = D(2) x D?, it
is easy to see that

v ((ida @ W) (1) = V01 £95) = Vi) + V(23)

where 7] =7/ o (i1 x idp2) and v5 =7 o (ig X idp2) with i1(d) = (d,0) € D(2)
and iz(d) = (0,d) € D(2) for any d € D. On the other hand, we have

(ide @ Wiy ) (Vo () = (ide @ Wy ) (wipvesn) = VO +V(05)

where l(V(v{)V(vé)) is the unique element of F ® WD(2)><D2 with

(idE @ Wiixidys) Iwing),vin) = V(1)
and
(ids ® Wirxidps) (v, () = V(72)

Thus we have established ([2). By the same token, we can establish @) and ().
In order to prove (), it suffices to note that

(ide ® Wirss) (VD{6:(1,2),3,),5,6)3 (idar @ Wy) (v)))

= (1dE Y WX20i135) (VD(3) (7/”/))
together with the seven similar identities obtained from the above by replac-
ing i135 by seven other ij : D> — D{6;(1,2),(3,4),(5,6)} in the standard

quasi-colimit representation of D {6;(1,2),(3,4),(5,6)}, where ij; : D> —
D{6:(1,2),(3,4),(5,6)} (1 < j <k <1< 6)is amapping with i;x(d1,d2,d3) =
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(ceydy,.oeyday.yds,...) (di, da and d3 are inserted at the j-th, k-th and I-th po-
j k !

sitions respectively, while the other components are fixed at 0). Its proof goes
as follows. Since

(ide ® Wis) (VD16:(1,2),(3,4),(5,6)1 (idar @ Wy, ) (7))
= v((ldM ® szoilss) (7//”))7

it suffices to show that
V((ldM ® WX20i135) (7””)) = (ldE ® WX2Oi135) VD(3) (7//”)

However the last identity follows at once by simply observing that the mapping
X2 ©i135 : D3 — D(3) is the mapping

(dy,da,d3) € D® — (dyda,0,0) € D(3),
which is the successive composition of the following three mappings:

(dl,dQ,dg) (S D3 — (dl,dz) S D2
(d1,dy) € D* — dydy € D
de D+ (d,0,0) € D(3).

Corollary 57 Let V be a D"-tangential over the bundlem: E — M at x € E.
Let D be a simplicially infinitesimal spaces of dimension less than or equal to
n. Any nonstandard quasi-colimit representation of D, if any mapping into D
in the representation is monomial, induces the same mapping as Vp (induced
by the standard quasi-colimit representation of D) by the method in the proof of
Theorem [52.

Proof. It suffices to note that
Vpm ((ida @ Wy ) (7)) = (ide @ Wy) (Vi (7))

for any mapping x : D™ — D in the given nonstandard quasi-colimit represen-
tation of I, which follows directly from the above theorem. m

5 The Third Approach to Jets

Definition 58 Let n be a natural number. A D,-pseudotangential over the
bundle m: E — M at © € E s a mapping

vlﬂ : (M ® WDn)Tr(CE) - (E® WDn)z

abiding by the following two conditions:
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1. We have
(W ® idWDn) (vm (’7)) =7

for any v € (M ® WDn)Tr(m)'

and any a € R, we have

Va(ay) = aVy(y)

2. For any v € (E®Wp,)

x

3. The diagram

(M ®&WbD,) ) 1 @ Wd, d5)eD, x Dyisdidaen, (M @ Wp, )y @ Wp,,

Ve b Ve @idw,,,
(E ® WDn):E ldE ® W(dlqd2)€Dn XDmP—)dld2€Dn (E ® WDn)m ® WDm

commutes, where m is an arbitrary natural number.

Remark 59 The third condition in the above definition claims what is called
infinitesimal linearity.

Notation 60 We denote by jgn () the totality of D,,-pseudotangentials over
the bundle m : E — M at x € E. We denote by JP(r) the set-theoretic union
of I~ (m)’s for all x € E.

It is easy to see that

Lemma 61 The following diagram is an equalizer in the category of Weil al-
gebras:

WDn W(dl ,dz)EDn+1 X Dp—>dide €Dy, WDn+1 X D,

W(d17d27d3)€Dn+l XDpy1 XDy (dide,d3)EDy 11X Dy,
5 Dn+1 ><Dn+1 ><Dn
W(d17d27d3)€Dn+l XDpy1 XDy (d1,d2d3)EDy 11X Dy,

Proposition 62 Let V, be a D, ;1-pseudotangential over the bundle 7 : E —
M at x € E and v € (M ®Wp,),(,)- Then there exists a unique 7' €

(E®Wp,, )., such that the composition of mappings

x

(M 4 WDn)ﬂ,(z) idy ® W(d17d2)€Dn+1 X Dp—did2€D,, (M ® WDn+1)ﬂ.(m) & WDn
Ve ®id E@Wp, ®@ Wh,, 6
WDE, ( D +1)m D ( )

applied to v results in
(ldE oy W(dl,dz)EDn+1XDyl»—)dldzeDn) (’}/) (7)
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Proof. By dint of Lemma [61] it suffices to show that the composition of
mappings

(M ®Wp,,)r(z) idsr @ Wiay da)eD, i1 xDursdrdzen, (M OWp, 1), ) @ Wb,

w(x

V. ®@idw, (E©Wp,,,), ® Wb,

ide ® W(dl,dz,d3)€Dn+1 XDpy1XDp—(d1,d2d3)€Dy 1 XDy

(E ® WDn+1):E ® WD71+1 ><Dn (8)

is equal to the composition of mappings

(M ®Wb,,)x(s) idsr @ Wiay da)eD, i1 xDursdrdzen, (M @Wp,1 ), ) @ Wb,

w(x

Ve ®@idw, (E©Wp,,,), ® Wb,

idEg @ W4, da,d3) €D i1 X Dyt X D (did2,ds)€Dyt1 X Dy

(E ® WDn+1):E ® WD71+1 ><Dn (9)

Since ® is a bifunctor, the diagram

(MO®Wp,1) ) @Wn, = (M&Wp,.\) () ®Wb,1xD,

Ve ® idWDn 1 1 Ve® idWDn+1an
(E ® WDn+1):E ® WDn — (E ® WD7L+1)m ® WD71+1 ><Dn

commutes, where the upper horizontal arrow is
idar @ Widy,da,ds) €Dy 1 x Dyt X Dt (d1,dads) €Dyt X D >

while the lower horizontal arrow is

idp ® W(dlqd2vd3)€Dn+l X Dpny1X Dp=>(dy,d2d3)€EDyp 41X Dy

Therefore the composition of mappings in (8) is equal to the composition of
mappings

(M @Wb,) 1 (a) 1M @ Wiay dr)e Dy 1 x Dosdrdae Dy, (M @ WDHH),,(:E) ®@ Wp,

idy ® W(d17d2yd3)eDn+1 X Dpy1X Dp(d1,d2d3)€Dn 41X Dy, (M ® WDnJrl)ﬂ—(gg) ® WDn+1><Dn

VLE & idWDnJrlan (E ® WDn+1)m ® WDn+1 XDnp, (10)

Since the composition of mappings

M ® WDn idM ® W(d1,d2)€Dn+1XDyl?—)dldzeDn M ® WDn+l><Dn

idpr @ Wid, dy,ds)€Dn g1 X Do g1 X Dy (dy ydads) €Dy x Dy M @ WD, x D,y 1 x D,
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is trivially equal to the composition of mappings

M ® WDn idM @ W(d1,d2)6D71+1 ><Dn>—>d1d26DnM ® WDn+l><Dn

i(:11\4 oy W(d1,d2,d3)eDn+1 XDn+1><Dn?—)(d1d2,d3)eDn+1 X Dy, M & WDn+1><Dn+l><Dn7

the composition of mappings in (0] is equal to the composition of mappings

(M ® WDn)Tr(:E) idy ® W(d1,d2)€Dn+1><Dn’_)d1d2€Dn (M ® WDTL+1)7T(1) ® Wb,

1dar @ Widy da,ds) €Dy 41X Dy s1 x Dyis (d da,ds) €D sy x Dy (M ® anﬂ)ﬂ(z) @Wn,,1x D,

Ve ®@idwy, o, (E®Wn,,,), ® Wb, ,,xD, (11)

By dint of the third condition in Definition 58 the diagram

(M@&Wp, 1) my @Wn, = (M@Wp,.1), ) ®Wb,.1xD,

Ve ® idWDn 1 I Ve® idWDn+1an
(E ® WDn+1)z ® WDn — (E ® WD7L+1)m ® WD71+1 ><Dn

commutes, where the upper horizontal arrow is
idy ® W(d1;d27d3)€Dn+l XDy 41X D> (did2,d3)€Dn41X Dy s
and the lower horizontal arrow is

ideg ® W(dl,dz,dg)eDn+1 XDpy1XDp—(dida,d3)€Dy 1 XDy

Therefore the composition of mappings in ({II)) is equal to the composition of
mappings in (@), which completes the proof. m
It is not difficult to see that

Proposition 63 Given a D, 1-pseudotangential V, over the bundle m : E —
M at x € E, the assignment v € (M @ Wp,,) () = 7V € (E®Wp,), in the

xr
above proposition, denoted by Trp+1,n(Vz), is a Dy-pseudotangential over the
bundlem: E — M atx € E.

Proof. We have to verify the three conditions in Definition G8 concerning
the mapplng ﬁ"'ﬁ‘l;n(v%) : (M ® WDn)Tr(z) - (E ® WDn)z

1. To see the first condition, it suffices to show that
(idM & W(dl,dz)eDn+1 XDn’—)dldzeDn)o(ﬂ- & idWDn) ((ﬁnJan(vm)) (7)) =7

which is equivalent to

(7T ® idWDn+1an)o(idE & Widy d2)€Dps1 x Dursdrdze Dy ) (Fns1.0(Va)) (7)) = 7,
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since ® is a bifunctor. Therefore it suffices to show that the composition
of mappings

(M @Wp,.)n(ay i @ Widy da)eD, i1 x Dumdsdsen, (M @Wp, 1) @ W,

Ve @idwy, (E©@Wp,.,), @ Wp, 7 @idw,__ .p, (M@Wp,,,), ®Wp,

applied to ~ results in

(idar @ Wdy ds)e Doy x Dursdrdae D) (V) 5
which follows directly from the first condition in Definition
. To see the second, let us note first that the composition of mappings
(M ®@WD,,)(z) idv @ Waep,saden, (M @Wb,) () iy @ Widy dz)eD, 41 x Dpisdrdze Dy,
(M ® Wb,141) wa) @ W,

is equal to the composition of mappings

(M® WDTL)?T(LE) idy ® W(d17d2)6Dn+l X Dy>did2 €Dy, (M ® WDnJrl)ﬂ-(m) ® Wp,

idI\J & W(dl,dz)eDn+1 XDn’—)(ad17d2)€Dn+1 X Dy, (M & WD"+1)W(;E) ® WDTL

Since V, is a D,4i1-pseudotangential over the bundle 7 : E — M at
x € F, the diagram

(M®Wp, 1) 1y @Wp, = (M&Wp,,), ) ® Wb,

V. ® idWDn + I Ve® idWDn
(E@Wp,,),®Wp, — (E®@Wnp,,,), @Wp,

commutes, where the upper horizontal arrow is

idar @ Widy,ds)e Dy 1 x Do (adi,ds) € D1 X Do
while the lower horizontal arrow is

idg @ W(d,,dy)€Dn 41 x Dnrs(adi,d) €Dy 1 X D -
Therefore the composition of mappings

(M ® WDTL)T((;I;) ldM & WdGDnl—}adGDT{ (M & WDTL)TI’((IJ)

ldM & W(d17d2)€D7l+1 X Dyp—di1d2 €D, (M & WD"+1)W(;E) & WDTL
V. ® idy\;D7 (E ® WDn+1)z X WDn
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is equal to the composition of mappings

(M @Wb,) ey 1M @ Wid, ds)eD i1 x Dysdrdsen,, (M @ WDn+1),,(m) ® Wp,

Vz & iClVVD (E ® WDn#»l)m Y WDn idE & W(d1,d2)6D71+1 XDn’—)(adl,dz)EDn+1 XDy,
Yo B Wy

(E ® WDnH)m ® Wp,

The former composition of mappings applied to v € (M ® WDH)TI'(I) re-
sults in

(ide @ Wid, d2)eDp 1 x Dusdrdze Dy ) (Fng1,0(Va) (@)

while the latter composition of mappings applied to y results in

(ldE ® W(d1>d2)6D71+1 ><Dn’_)(ad1>d2)eDn+1><Dn) °
(ldE ® W(d1>d2)6D71+1 ><Dn'—>d1d2€Dn) (ﬁ-nJrl,n(VI)(FY))
= (idE & W(dl,dz)eDn+1XDn’—)dldzeDn) (a (ﬁn‘f’l;n(Vm)(V))) .

Therefore we have
Tnt1n(Va)(@y) = @ (Fni1,n(Va) (7))
. To see the third, we have to show that the diagram
(M@&WpD,)r(py idu® Wb, 0,y (M ®@Wp,,)(z) ®Wp,,

7?‘—n-l-l,n(vm) \I/ \I/ ﬁn-{-l,n(vm) ® idV\/Dm
(E @ WDn)z idp ® WmDn X Dy —D (E @ WDn)gc ® WDm
(12)
commutes, where m is an arbitrary natural number. Since the lower square
of the diagram

S

(M @WDb,) x(2) idy @ Winp, wpy 0y (M ®Wb,) () ® Wb,
7:"nJrl,n(vss) i, i, 7:"nJrl,n(vﬂs) Y idWDn
(E®Wn,), idg ® W, «p,, 0, (E®@Wp,), ®Wp,,
ide @ Wanp, . onon L ide ©Wanp, 1o xido,
(E®WD71+1)I®WD77, idE®Wian+1><mDn><Dm~>Dn (E®WDn+l):E®WDn><Dm

(13)
commutes, so that the commutativity of the diagram in (I2)) is equivalent
to the commutativity of the outer square of the diagram in (I3). .The
composition of mappings

(M ® WDn)Tr(;E) ﬁ-"Jan(vI) (E ® WDn) ldE & WmD (E oy WDTL+1);E®WD”

x n+1><Dn~>Dn

is equal to the composition of mappings

(M @Wn,)z(s) idar @ Win (M ®&Wb, 1) 1 (n) ® Wb,

Dn+1 XDp—Dnp

V. ®idw, (E®Wp,,,), ®Wb,,
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while the composition of mappings

(M ® WDn)ﬂ,(m) ® WDm ﬁ'nJan(Vm) ® ldWan (E ® WDn)w ® WDm

dg ® WmDnJrlanaDn xidp,, (E ® WDn+1)w ® WDnXDm

is equal to the composition of mappings

(M (24 WDTL)TI’((IJ) X WDm 1dM ® WmDn+1an*>Dn XidDm (M ® WD"+1)7T(I) 02y WDn X D,

Ve ®idwp, b (E ® WDn+1) ® Wp,, x Do
227 T WDn xDm @

It is easy to see that the diagram

(M ® WDn)rr(m) ldM ® WmanDmaDQ (M ® WDn)fr(m) ® WDm
ldM ® WmDn+1><DnHDn J/ \I( 1dM ® WmDn+1><DnaDn xidp,,
(M ® WDn+1)ﬂ-(m) ®@ Whp, idy ® Wian+1 XD, % Doy s Dy (M ® WDn+1)ﬂ.(m) @ WDpD, x D
Ve ® idWDn \L \lf Vi ® idWanDm
(E®WDTL+1)CE®WDTL idg ®Wian+1><manDmﬂDn (E®WDH+1)CE®WDn><Dm

commutes, which implies that the outer square of the diagram in (3]
commutes. This completes the proof.

Notation 64 By the above proposition, we have the canonical projection iy 1,y
JPnt1 () — TP (7) so that, given Vo € J5" (x) and v € (M ® Wb, ) r(ay» the
composition of mappings in (@) applied to v results in

(ide @ Wd, ds)eDy 11 x Dprsdrdae Dy ) (Fng1.n(Va)(7))

For any natural numbers n, m with m < n, we define . m : JP () — JP=(7)
to be Tpm41,m © ... © Ty p—1.

Proposition 65 Let V, be a D, ;1-pseudotangential over the bundle 7 : E —
M at x € E. Then the diagram

(M X WD”+1)7r(z) Vm (E ® WDn+1)I
%n+1,n ‘l’ \lf %nJrl,n
(M @ WDn)ﬂ—(m) ﬁ-nJrl,n(vm) (E X WDn)m

18 commutative.
Proof. It is easy to see that the following four diagrams are commutative:

M® WDn+1 idy ® W(dlde)eDn+1XDn+1Hd1d26D7l+1 M® WDn+1><Dn+1
1dM ® WiDnQDn+1 J’ J’ 1dM ® WiDn+1><Dn£Dn+1><Dn+1

M ® WDn idM & W(d1,d2)6D71+1 X Dp—dide €Dy, M ® WDn+1 X D,

28



M®WDn+1><Dn+1 Va ®idWDn+1 E®an+1><pn+l
— N

ldM ® WiDn+1><Dn§Dn+1><Dn+1 ‘l’ \l’ ldE ® WiDn+1 XDnCDpy1XDpyy
M®WDn+1XDn Vm®lden E®WDn+1><Dn

M®&Wbp, ., 1dy @ W4, ,d2)eDyii x DnyisdidacDyry M Wb, i xDyis

Ve 1 L Ve ®idw,,

E®Wp, ., idg @Wa, dy)eDniixDpirsdidscDns:  E Wb, i xDyis
[By the second condition in Definition G]

E® WDnJrl idp ® W(d17d2)€Dn+1><Dn+1>—>d1d2€Dn+1 E® WDnJrl XDy
ldE ® WiD7lgDn+l ‘l’ \I” ldE ® WiDn+1><Dn§Dn+1><Dn+1
E®Wp, idg ® W4, ,do)eDpsr x Drrsdid2€Dn E®Wbp, , xD,

Therefore the composition of mappings

M&®Wp,,,idy ® WiDnQDnH M Wp,

idy @ Wid, dy)eDn sy x DursdidseD, M @ Wh,, 1 xD,,

=(M®Wp,,,) ®Wp, Ve @idw,, (E®Wp,.,)®Wp,
= E®WDH+1><DTL

is equal to the composition of mappings

M ® WDn+1ZT;E ®Wp, ., dg ® WiDnHDnJFl E®@Wp,

idp @ W4, ,dy)eDys1x DnrsdidseD, £ @ Wb, .1 xD,

which yields the coveted result. m

Corollary 66 Let V, be a D,1-pseudotangential over the bundle m: E — M
atz € E. For anyv,v € (M ® WDnH)ﬂ(m); if
Tn+1,n ("Y) = Tn+1,n (F)/)

then
Tot1n (Va(1) = Tot1n (Vo (7))

Proof. By the above proposition, we have

7Tn+1,n(vm(7)) = ﬁ'nJrl,n(vz)(WnnLl,n("Y))
= 7A7n+1,n(vm)(7"n+l,n(7/)) = 7Tn+1,n(vz (”Y/))v

which establishes the coveted proposition. m
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Definition 67 The notion of a D,-tangential over the bundle m : E — M
at x € E is defined inductively on n. The notion of a Dg-tangential over the
bundle m : E — M at x € E and that of a Di-tangential over the bundle
m:E — M at x € E shall be identical with that of a Do-pseudotangential over
the bundle m : E — M at x € E and that of a Di-pseudotangential over the
bundle m : E — M at © € E respectively. Now we proceed by induction on
n. A Dy,i1-pseudotangential V, : (M®an+1)ﬁ(x) — (E®an+1)z over
the bundle m : E — M at x € E is called a D,11-tangential over the bundle
m:FE— M at x € E if it acquiesces in the following two conditions:

1. fp+1,n(Vz) is a Dy -tangential over the bundle m : E — M at x € E.

2. For any simple polynomial p of d € Dyyq with | = dimp and any v €
(M ®Wp, ) (), we have

Ve(yop) = (mnt11(Va)(y)) o p

Notation 68 We denote by JP () the totality of D, -tangentials over the bun-
dlem : E — M at x € E, while we denote by JP~(r) the totality of D,-
tangentials over the bundle m : E — M. By the very definition of a D,-
tangential, the projection pi1.p @ JPm+1 (1) — JPn () is naturally restricted to
a mapping mpi1.n : JP+1 (1) — JP (7). Similarly for 7, 2 JP (1) — JPm (7)
with m < n.

6 From the First Approach to the Second
Definition 69 Mappings ¢, : J*(7) — JP" (n) (n = 0,1) shall be the identity

mappings. We are going to define @, : J*(n) — IP" (71) for any natural number
n by induction on n. Let x, = V,, , € J"(n) and V,, € J"T (7). We define
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©n+1(Vys, ) as the composition of mappings

(M ® WDn+1)ﬂ.(mn)

m(@n)

<7T%®WDTL X 1dWD s id(M®WDn Y®Wp >

(M ® WD)TF(ITL) M®><WD ((M ® WDn) ® WD)(M@WDTL)

T(zn)
Ve, X id(mewpn)eown

(J"(7) ® Wp),, . M®><W (M ®Wpn) ® WD)(M®WDR)

D

™ (xn)

(on ®@idwy, ) X id(mewpn)ews

(JDn(w) ®WD)¢ (20) MEW (M & Wpn) ® Wp) (argwpn)
n(@n D

m(@n)

= ((JDR(W) X (M®an)) ®WD>
M @nl@n) X (M&Wpn)

m(xn)

((Vﬁ) e JP" () o (M @ Wpn) =V (v) € E®an) ® idyy,,

((E ® WDn) ® WD)(E@WDH)
= (E & WDn+1)

o (zn)
mo(Tn)

Surely we have to show that

Lemma 70 We have R
ont1(Va,) € I (7)

Proof. We have to show that for any v € T:"’(lz )(M), any a € R and any
0 € Sp+1, we have

v = (@i, ) @ (Pn41(Van)) (7) (14)
er1(Va, )@ 7) = @ on1(Ve,)(y) (I<i<n+l) (15)
Pu1(Ve,)(77) = (nt1(Va, ) (1))7 (16)

We proceed by induction on n.
1. First we deal with ([4]). The mapping

(7T @idw,,, 4 ) (n+1(Va,))
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is the composition of mappings

(M ® WDn+1)ﬂ.(mn)

<7T]]\V4[®WDTL X 1dWD s id(M®WDn Y®Wp >

m(@n)

(Tn) M®><WD

m(@n)

Ve, X id(mewpn)eown

(I'(®) © Wh),, | (M Wpn) @ W) ram

D

D) (an)

(pn ®@idwy, ) X idmrewpm)ews

(JDn(W) ®WD)¢ (20) MaW (M ®@Wp) @ Wp)(mewpn)
n(@n D

m(@n)

= ((JDH(W) X (M®an)) ®WD>
M @nl@n) X (MOWpn)

m(zn)

((v,y) €17 (m) x (M & Wpr) » V(1) € E® an) ® idwy,

((E X WD") ® WD)(E@WDH)

mo(zn)

= (E & WD"+1)7ro(zn) T™® idWDn+1 (M ® WDn+1)

W(mn)
It is easy to see that the composition of mappings

(Jn(w) & WD)In M®XWD ((M ® WDTL) ® WD)(M@)WD")

m(xn)

(on ®@idwy,) X id(mewpn)ewn

(JD"(W)@@WD)W o o (M © WD) © WD) 4103,

= <<.,]ID" () x (M®WDn)) ®WD>
M {n(zn)} x(M&Wpn)

((v,w € 17" ()

m(zn)

m(@n)

A>}(M®W[)n) —V(y) e E®WDn) ® idywy,

((E ® W n) ® WD)(E@WDTL)
= (E ® WD71+1)7TO(17L) T™& idWDn+1 (M ® WDn+1)

w0 (en)

(Tn)
is no other than the canonical projection of

Jn w M ® Wpn 4%
(J"(m) ® D)IHM®><WD(( @ Wpn) @ WD) (mewpn)

m(zn)
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to the second factor ((M & Wpr) ® Wp) (mewpn) o’ It is also easy to

see that the composition of mappings

(M ©Wpn) @ WD) (pgwipn)

(@n)

MRWpn . - .
<7TM® D ®1dWD71d(M®WDn)®WD>

(M ® Wp) X (M @Wpn) @Wb) (mgwpn)

(Tn) M&Wp

T(xn)
Va, X Mdmewpn)ewn

Wp

m(2n)

(on ®@idwy,) X id(mewpn)ewn

(Jpn (m) & WD) (M & Wpn) @ WD) (rgwpn)

m(zn)

X
en(xzn) MWD
is

((M X WD") & WD)(M@WD”)W(ITL)

<((pn 4 idWD) o vwn o (71']\]\/4[®WD" ® 1dWD> ,id(M@WDn)®WD>

( 1P () @ Wp)w o o (M © WD) WD) 1oy,

w(en)

Therefore (I4) follows at once.

. Now we deal with (3], the treatment of which is divided into two cases,
namely, ¢ < n and i = n + 1. Since both of them are almost trivial, they
can safely be left to the reader.

. Finally we must deal with (), for which it suffices to consider only trans-
positions ¢ = (i,i+1) (1 <i<n). Here we deal only with the most
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difficult case of o = (n,n + 1). We consider the composition of mappings

(M @ Wpn+1) v € (M ®Wpnt1) — ,Y(n,n—i-l) € (M @ Wpn+1)
T(Tn) () 77(1112

(M ® WD"+1)ﬂ(In)
= (M ®@Wpn) @Wb) (mgwpn)

(@n)

MIWpn . .
<7TM L ®ldWD’ld(M®WD")®WD>

(M @WD) () e (M ®@Wp») @ WD) (mewpn)

(@n)

Ve, X idmgwpn)eown

Jn w M @ Wpn) @ W
(J*(m) ® D)IHM®XWD(( ® Wpn) @ WD) (mgwpn)

m(@n)

(o ®@idwy, ) X id(mewpn)ews

(JD" (m) @ WD)@ (zn) M®XW (M&Wp-) & WD)(M(@WD”)

(@n)

= <<JDn(7r) X (M®WDn)> ®WD>
M @n(zn) X (M&Wpn)

(@n)

((V,”y) e JP" () 1\>2 (M @Wpn) =V (y) € E®an> ® idw,

((E & WDn) & WD)(E®WD"),,U(IH)
= (E' ® WD"+1)7ro(mn) (17)

By the very definition of ¢,,, the composition of mappings

(Jn(Tr) ® WD):ETL M®XWD ((M X WD”) X WD)(M@WDTL)

m(xn)

(on ®@idwy,) X id(mewpn)ews

(JD"(W) ®WD)¢ o o (M © W) © WD) 4103y,

= <<JD" () x (M®WDn)) ®WD>
M ‘Pn(mn)X(M(@WDn)

((v,y) € 17" (m) X (M & Wpn) » V(1) € B wm) ® idwy,

m(zn)

m(zn)

((E®@Wpn) @ W) (5owpn)
=(E® WDnJrl)ﬂ-o(zn)

mo(en)
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is equivalent to the composition of mappings

(Jn (7T) @ WD)In M®XWD ((M ® WDTL) ® WD)(M@)WD")

= (J"(m) @ Wp)

(@n)

Tn M®XWD
(M @Wpn-1) @ Wp) & WD)((M®WD7L71)®WD)

(AI@Wanl )

m(@n)

- <<J”(7r) % (M &Wpni) @ WD)> ® WD) *

[* =, X (M @Wpn-1)® WD)(M@Wanl) (n)

. MW pn— . . .
(ldJn(ﬂ-) X <7TM® pn—1 ®1dWD’ld(M®WDn71)®WD>) ®1dWD

((J"(W) o (M @ Wp) X (M @ Wpn-1) ®WD)> ®WD>
[« =2, x 7 (2p) X (M @Wpn-1) ® WD)(

(V,t) € J(m) x (M @ Wp) — ) .
<< V(t)eJ"(n)® Wg ) X 1d((M®WDnl)®WD)) ®idwp,

*

M@Wpn_1) ]

m(@n)

(((J"—l(w) ® Wp)

[* = (J"‘l(w) ® Wp)

A>} (M @Wpn-1) ® WD)> ® WD)
x (M @Wpn-1)® WD)(M@Wanl) ]

mn-1(Tn) 7 (an)

e <<J”1(7T) X (M®WD711)) ®WD2>
M ﬂ'nfl(wn)X(M@Wanl)

(@n)

-1 X Md(MeWwpn)ews

<<JD“ (m) x (M & WDM)> ® WD2)

70(xn) X (M@Wpn_1)

m(@n)

((V, ) eTP" (1) x (M @Wpn1) = V(y) € E® WDH) ®idy,,

(E®Wpn-1) ® WDZ)(E@WDn—l)
=(E® WD"+1)71-0(17L)

mo(zn)
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Therefore (IT) is no other than the composition of mappings
(M ® WD71+1 )ﬂ_(mn)

v € (M Q@ Wpn+1) y ’7<n’n+1> € (M® WD"+1)7T(zn2

(Tn

(M 02 WD”JFI)Tr(wn)
= (M ®Wpn)® WD)(M@WDTL)

MWpn
(=i

(xn)

® 1dWD ) d(M®WD")®WD >

MeW M @ Wpn w
(M ® D)ﬁ(mn)M®XWD(( ®Wpn) @Wb) (mewpn)

m(zn)

vmn X id(M(X)VVDn)(X)VVD
(™) @ Wp),,, | x (M &Wpr) ©Wp)mewpn),,,,

= (J" w
(J"(m) ® D)IHM®><WD

(M @Wpn-1) @ Wp) ® WD)((M@Wan)@WD)

(M@WDTL,I)

m(@n)

- <<J”(7r) (M ®Wpn-1)® WD)> ® WD)

[x=x, X (M Wpn-1)® WD)(M@WDn—l)

*

(@n)

(idyemy x (o™ @ i id o,y ) © idwi

((J"(W) o (M ®Wp) o (M @ Wpn-1) ®WD)> ®WD>
[* = Ty X W(xn) X ((M ® Wanl) & WD)(M®WDTL71)

(Vt)eJ"() (M @ Wp) . .
(( V(t)eJ 1( )®W[[)) ) de((M®WDnl)®WD)) ® idyy,,

*

m(zn)

7N

(<J"‘1<W> W)
(I ®WD) o (an) (M ®@Wpn-1) ®WD)(M®WD"*1)«<W]
(3" () x (M @ Wpn-1)) @ Wpe)

(M @ Wpn-1) ® WD)) ® WD)

*

Tn—1(Tn)X (M®WDn71)

m(xn)

-1 X Id(MeWwpn)ews

((JDTLI(TF) x (Mg WDn1)> ® sz)

mo(@n) X (M&8Wpn-1)

((V,’Y) c Janl(Tr) % (M X WDn,l) — V (’y) (S E X WDn—l) ® idWD2

(E@Wpn1) @ Wp2)(ggw, ., _,)
=(E® WD71+1)7.(0(17L)

T (zn)
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On the other hand, the composition of mappings

(M ® WDn+1)ﬂ.(mn)

<7T]]\V4[®WDTL X 1dWD s id(M®WDn Y®Wp >

m(@n)

m(@n)

(Tn) M®><WD

Ve, X id(mewpn)eown

(@) ©Wp),, | x (M W) 8 Wo)aramwpn)

Wb w(wn)

(pn ®@idwy, ) X idmrewpm)ews

(JDn(W) ®WD)¢ (20) MaW (M ®@Wp) @ Wp)(mewpn)
n(@n D

m(@n)

= ((JDH(W) X (M®an)) ®WD>
M @nl@n) X (MOWpn)

m(zn)

((v,y) €17 (m) x (M & Wpr) » V(1) € E® an) ® idwy,

((E ® WDn) ® WD)(E@WDH)
= (E@Wpr1) 2,
¥ € E@Wpnt1 = A" ¢ EQ Wpnir (E® Wpni1)

mo(zn)

mo(xn)
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is the composition of mappings
(M ® WD7L+1)7T(I7L)
= (M @ Wpr) @ WD) mewpn)

M@Wpn
(i

(@n)

& idWD ) id(M®WD" )®Wp >

M&Wp

(n)

vwn X id(M®WD" )®WD

Wb (@)

= (J" 4%
(J"(m) ® D)an®><WD

(M ®Wpa-1) @ Wp) ® WD)((M®WDR,1)®WD)(M®W )
bt n(en)

= ((J"(m) x (M © Wpn-1) @ Wp)) ® Wp),
[* =2p X (M @ Wpn-1) ® WD)(M(X)Wan) ]

m(zn)
MW
1d_]n(ﬂ.) X T g

pr-l o idWD’id(M®WDn71)®WD>) & idWD

<<Jn(ﬂ') o (M ®Wp) o (M @ Wpn-1) ®WD)) ®WD>

*

[ =2zp, X T (2n) X (M @ Wpn-1) ® WD)(M@Wanl)

("

®i

m(xn)
I (m) x (M @ Wp) X id
t E Jn 1( )®WD ((M@WDR71)®WD)

7N

Lg

w

7N

((J“(w) OWp) | (& W) Wo) ) W

*

= me WD) @) M®><WD (M @Wpn-1)® WD)(M@Wanl)ﬂ(w )
= (3" (m) x (M @ Wpa-1)) @ WD2) e (MOWpn)
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followed by the composition of mappings

(@) 3 (M @Wpn1) @ Wn2) (e, o)

(@n)

on—1 X Id(MeWpn)eWp

<<JD“ (m) x (M & WDM)> ® WD2>

70 (zn) X (M®Wpn_1)

(@n)

(V,7) €I" (7)) x (M @ Wpa-1) = V() € E@ Wpa-1) ®idwy,,

(E@Wpn-1) @ Wpz = (E Q@ Wpn+1) (4
¥ € EQWpn+1 — ’y<"’n+1> € EQWpnt1 (E Q@ Wpn+1)

mo(zn)?

which is easily seen to be equivalent to the composition of mappings

("1 X (M @ Wpne1) @ Wh2) oy (mrowy, )

m(xn)

iyt () x (MW 1) @ Widsd2)e D2 (d3.dr)eD?

(I ) X (M @Wpn1)) @ Wp2) L (arswps)

™ (n)

Yn-1 X id(Mewpn)ewp

(57 x W) 0 Wi
M ﬂo(mn)x(M(@WDn,l)ﬂ(zn)

((9,9) €I (7) x (M @ Wpier) = V (7) € E® Wpar ) @ iduw

(E@Wpr-1) @ Wp2) (pgw,,_,)
= (E ® Wpn+1)

Therefore the desired result follows from.the second condition in the item
3 of Notation 37

mo(zn)

o (xn)

Lemma 71 The diagram

I () Pni1 37" ()
Tn+1,n \L /:l’ %\nJrl,n
J7 () Pn JP" (m)

is commutative.

Proof. Given V., € J"™(7), (Tpt1.n © @nt1) (Vz,) is, by the very defini-
tion of 741, the composition of mappings

(M ® Wpn) M @Wpn+1) () Prn+1(Va,
(E® Wpn)

7(zy) Sntl (
(E ® WD71+1)

770(1371) dn+1> 770(1371)
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which is equivalent, by the very definition of ¢,41(Vy, ), to the composition of
mappings

(M X WD")TF(ITL) Sn+1 (M ® WD"+1)7T(zn)
= (M ®Wpn) ® WD)(M@WDn)

(@n)

MW
rM@Wpn ®1dWD;1d(M®WDn)®WD>

("
( (M®Wp) x  ((M®Wpn) ®WD)>

M®Wp {7 (xn) } X (MRWpn )

(2n)

vwn X id(M®WD" )®Wpn

((Jn(ﬂ) @Wp) X ((M@an)@)WD))

M@Wp {m(zn)}x (M®WpDn) ()

(¢n ® idw,,) X Idrewpm)ewn

((JDn (M) ® WD) X  (M®Wpn)® WD))

M®Wp {m(zn)} X (M@®Wpn)

m(xn)

= ((JDn(w) 1\>2 (M®WDn)> ®WD)

{m(@n)} X (MWD ) 1 (a,)

((9,7) € 2" () x (M@ Wpn) = V (1) € E& Wpn ) @iduw,

(E@Wpn) ® WD)(E®WD7L)7TU(~’L'H)
= (E ® WDn+1) dn-‘rl (E ® WD")Tro(zn)

o (xn)

This is easily seen to be equivalent to ¢p (mp+1,n (Va,)), which completes the
proof. m
Lemma [70] can be strengthened as follows:

Lemma 72 We have
Pnt1(Va,) € I (7)

Proof. With due regard to Lemmas [70] and [7T] we have only to show that

(en+1(Va,)) o (idM ® W(dl7~~~7dmdn+1)€D"+1H(d17~~~7dndn+1)€D")

= (idE @ Wdy.....dn,dns1) €D 15 (ds ... sddi 1) € D41 ) ©
(Fat1,0(@n11 (Vi) (18)
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For n = 0, there is nothing to prove. We proceed by induction on n. By the very
definition of ¢;, 41, the left-hand side of (I8]) is the composition of mappings

(M ®@Wpn) (4.
idyr @ Wid,,...dn,dns1)€Dm 15 (dy ... sdndn 1) ED™
(M ®Wpn+1) (2

= ((M @ Wpn) @ Wb) (mrewpn)

m(zn)

MRWpn . .
<7TM e 1dWD71d(M®WDn)®WD>

(M ® Wp) X (M @Wpn) @Wb) (mgwpn)

m(@n) M®Wp

m(@n)

Vi, X id(mewpn)own

Jn M n
(M) @ WD) (e, %, (M OWbr) @ Wh)(rgwpn)

m(zn)

(on ®@idwy,) X id(mrewpn)ewn

(JDn (ﬂ—) © WD)w(m ) M®><W ((M @ WDH) © WD)(M®WD")

m(xn)

- <<JD" () x (M & WDn)) ® WD>

{7 (zn)}x(MRWpn)

m(@n)

((V=7) eJP (M) x (M @Wpn) =V (y) € E® Wm) ® idyy,,

= (E & WD71+1>7T0(17L)

mo(zn)

which is easily seen, by dint of Lemma [{0, to be equivalent to the right-hand

side of (IX). m

Thus we have established the mappings ¢, : J*(7) — JP" (n).

7 From the Second Approach to the Third

The principal objective in this section is to define a mapping 1, : J°" (1) —
JP7 (7). Let us begin with

Proposition 73 Let V, be a D™-pseudotangential over the bundle m : E — M
atz € E andy € (M ® Wp,,) (). Then there exists a unique y' € (E @ Wp,,),
such that

Vo ((idar @ Wias.... dn)ye Dr s (di+..+dn)eDn ) (1))
= (idg ® Was.....dn)e Drs(di . td)eDn ) (V)

Proof. This stems easily from the following simple lemma. m
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Lemma 74 The diagram

.L?

W,

Wp, Wi,.....dn)eDr—s(di+...4d,)eD, Wor - Ve Wpn

WTn -1
—=

18 a limit diagram in the category of Weil algebras, where 7; : D™ — D™ is the
mapping permuting the i-th and (i + 1)-th components of D™ while fixing the
other components.

Notation 75 We will denote by @n(vm)(w) the unique ' in the above propo-
sition, thereby getting a function 1y (Ve) : (M @ Wp,, ) () = (E@Wh,,),.

Proposition 76 For any V, € JP" (x), we have 1,,(V,) € JPn(r).

Proof. We have to verify the three conditions in Definition 58] concerning
the mapping ¢n(Va) : (M @ Wp,, ) () = (E®Wp,, ),

1. To see the first condition, it suffices to show that

(idar @ Wiay.....dn)e D s (di 4. +dn)eD, ) (V)

= (idp @ Way.....dn)e D r—s(dit.ct-dn)EDr ) ((W ®idyy,, ) (%Zn(vw) (7))) ;

which follows from

[By the bifunctionality of ® ]

= (1 @idw,n) (Va((idy @ Was.....d)eDm s (di+..+dn)eDn) (1))
[By the very definition of ¢, (V)]

= (idv ® Wiay.....d)eDres(di +..+dn)eDn ) (7)

2. Now we are going to deal with the second condition. It is easy to see that
the composition of mappings

(M ®Wb,) (2 idar @ Wiany, (M @WD,,) () Wids,....dn) D (di +...+dp) €Dy,
T oy

(M @Wpr) ()
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is equivalent to the composition of mappings

(M @WD,,) r(z) Wids....dn)eDm—s(ds +...+dp)eDy, (M @ Wpn )y

-
1

idy @ W( )D” (M ® WDH)W(I) Lidy ® W("‘;)

Dn
(M ®@Wpr) (2 5

while the composition of mappings

o
1

(MaWwW ")w(m) idas ®W< ) (M®WD”)7T(1) . idpgs ®W<a.>

_—

is equivalent to the composition of mappings

Vg

-
1

%

idg ® W<0¢T'L> N (F® WD"):E

Therefore the composition of mappings

(M ®&Wb,) (2 idar @ Weany, (M @WD, ) (o) Wids,....dw)eD—s (di +...+d,) €Dy,
T ey

(M® WDn)ﬂ_(m) & (E®Wpr),
is equivalent to the composition of mappings

(M @Wp,) @) Wia,....dn)e D s (it +dn)eDy (M @Wpn) iy Vi (E@Wpn),
dep ® W(

-
1

) (E@WDn)m...idE@)W(a') (E@WD")UN

pn

which should be equivalent in turn to

idE®W< )Dn (E@an)x...idE@)W(a;L) (E(X)an)z

pn

-
1

Since the composition of mappings

o
1

%

(E®an)z W(dl VVVVV dp)ED s (di+...4+dy)ED,, (E@an)m idE®W< ) (E®WD")1“'
pn

idg ®W<0¢7'L> (E®WDTL>LE

D"
ey
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is equivalent to the composition of mappings

(F® WDn)m idg ® W(a.)D (E® WDn);E dg ® Wids,....dn)eD"—(di+...4-dn)EDn,
—_—

(E ® WD" )m ?
the coveted result follows.

. We are going to deal with the third condition. We have to show that the
diagram

(M ® WDn)rr(z) ldM ® WmDn X Dyp = Dy (M ® WDn)w(z) ® WDm
Un(Va) | L (Vi) @idwyp,
(E®WDTL)I idE ®WmDn><Dm4>DTK (E®WD71):E ®WD7n
(19)
commutes. It is easy to see that the diagram
(E ® WDn):E idE ® W“"DnaDn (E ® WD”):E
ldE ® WmDn X Dm—Dn J’ \I/ idE ® W»,]

(E®Wp,), ®Wp,, idg ® Wi pn_p, xidp,, (E®@Wpn), ® Wp,,
commutes, where 7 stands for
(di,...;dp,€) € D" X Dy, — (dye,...,dpe) € D"

so that the commutativity of the diagram in ([9) is equivalent to the
commutativity of the outer square of the diagram

(M ® WDn)ﬂ'(m) idM ® )/\}n'an><D»m,~>DTﬁ (M ® WDTL)W(;I;) ® WDm
Pa(Va) | L $n(Va) @idw,,
(E®Wn,), ide ® Wanp, «p,,— 0, (E®Wb,), ®Wbp,,

ideg ® W+D"~>Dn \lf \lf idp ® W“FD"*)DTL Xidp,,
(E®Wpn), idg @ W,y (E®Wpn), ®Whp,,
_

(20)
where +pn_,p_ stands for

(dy,...,dn) € D" — (dy + ... +d,) € Dy,
The composition of mappings

(M @Wp,) 1 () ¥n(Va) (E@Wp,), idp @ Wi _,p, (E®Wpn),

x

is equal to the composition of mappings

(M®WDn)7r(m) idas ®W+D"~>DTK (M®WD")W(CE) & (E®Wbpn),
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while the composition of mappings

(M @Wp,)r(y @ Wb, ¥,(Ve) ®idw,,, (E®Wp,), ® Wp,,

dg ® WJan%anidDm (E @ WD")m @ Wb,

is equal to the composition of mappings

(M ® WD")W(I) ldM ® W+D"*>Dn XidDVk (M ® WD”)Tr(m) vw ® 1dWDﬁ

(E®Wbpn), ®Wp,,

Since the diagram

(M ® WDTL)TI’("I)) idM ® )/\}n'an><D»m,~>DTK (M ® WDTL)TI’("I)) ® WDm
dy @Wipo p, 4 idy @ Wh o, xidp,,
(M ® WDn)Tr(z) ldM ® W”] (M ® WDn)Tr(z) ® WDm
. )
VI ‘l’ J’ vw ® ldWDwn
(E®Wpn), idp @ Wy (E®Wpn), ®Wp,,
_—

commutes, the outer square of the diagram in (20) commutes. This com-
pletes the proof.

Proposition 77 The diagram

DN e I2P ()

~ ~
7Tn+1,n \L \L 7Tn+1,n
-
G I O 0.

commutes.

Proof. Given V, € :]]g?n+1 (m), the composition of mappings

(M ® WDn)?T(;IJ) /7%""1‘1;77/ ({b\""rl (vlﬂ)) (E ® WDn)m ldE ® WmanDnaDQ

(E ® WDn):E ® WDn ldE ® W+D”~>Dn XidDyk (E ® WDn)m ® WDn (21)

is equivalent to the composition of mappings

(M & Wb, )r(s) Fntin ($ns1(V2)) (E&@Wb,), ide @ W, 5, 1o,

(E ® WD71+1) ® WDnidE ® W+Dn+1 D1 xidp,, (E ® WD"+1)95 ® WDn dn+1 & idVVD
T — Dy, %

(E®@Wbpn), ®Wp,

45



which is in turn equivalent to the composition of mappings

(M @Wp,) () 1dar @ W, (M® WDHl),,(z) ® Wp, Ynt1 (V) ® WideTK

n+4+1XDPn—Dn

(E ® WD71+1)m ® WDn idg ® W+Dn+1 D1 xidp,, (E ® WD"+1)95 ® WDn dn+1 ® idVVD
g n §

(E®Wpn), ®Wp,
This is to be supplanted by the composition of mappings

(M @Wb,,)r(z) 1dnr © Wn (M ®Wp,.,) y ®Wp,

T Dy 41 XDn—Dp, w(x

idy @Wa sy, xidp, (M @Wpnia) ) @ Wp, Vo ® idwy,,

(E ® WD’””)z ®@ Wp,, dnt1 @idyy,, (E ® WD”)m ® Wb,
il = W

which is in turn equivalent to the composition of mappings

(M &Wp, )y ids @Wn, (M @&Wp, 1) () @ Wp, idu ® Wi pnsi p,,, ¥idb,

(M @ Wpn+1) () ® Wp,, dpi1 @idw,, (M @ Wpn), () ® Wh,
Cnt1 & 1o,

m(x

%nJrl,n (Vx) & idVVDTk (E ® WD");E ® WDn

by Proposition @7l This is to be supplanted by the composition of mappings
(M ® WDn)ﬂ(m) idy ® vaonxmﬁmk (M ® WDn)Tr(I) ®@Wh,, idy @ Wi pn . xidp,

(M @Wpn)(zy @ Wb, Tnst1n (Va) @idwy, (E@Wpn), @ Wp,,

which is equivalent to the composition of mappings

(M ®Wp,)r(2) 1M @ Wmnp, .0, (M OWD,) 1) © Wb, U (Fnirn (Vi) © idyp,

(E ® WDn)m ® WDn idE ® W"I‘DnaDn Xiqu (E ® WDn):E ® WDn

This is really equivalent to the composition of mappings

(M ® WDn)Tr(m) jl\p’ﬂ (%n"l'lf’l (Vm)) (E ® WDn)m ldE ® WmDn ><D71~>D7,‘ (E ® WDn)m ® WDn

idg @ Wy pn_,p, xidp, £ @ Wpnxp, (22)

This just established fact that the composition of mappings in ([2I)) and that in
[22)) are equivalent implies the coveted result at once. This completes the proof.
]

Proposition 78 Let D be a simplicial infinitesimal space of dimension n and
degree m. Let V, be a D"-pseudotangential over the bundle m : E — M at
r€F andye (M®Wp,) Then the composition of mappings

m(x)*

(M ® WDn) ) idy ® W+D~>D (M ® WD)w(z) VD (E ® WD)z
OME ooy

Y

w(x
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1s equivalent to the composition of mappings

~

(M @Wp,)r(zy ¥n(Ve) (E@Wb,), ids @ Wiy p, (E@Wh),

Proof. Let i : D¥ — D be any mapping in the standard quasi-colimit
representation of D. The composition of mappings

(M@W@%@MM®WWw(M@MMmzyE®mm
degoW; (E® WD’C);E (23)

is equivalent, by dint of Theorem B3] to the composition of mappings

(M®WD71)7T(m) 1dM ®Wka~>Dn (M®WDI¢)7T(;3) ldM ®W+Dk*>D& (M®WDk)ﬂ(m)

VY (E®Wp),,
—
which is in turn equivalent, by the very definition of 1@@, to the composition of
mappings
(M Wb, )r(p) idar @ Wi, (M&Wn,), () Uy (V2') (B Wp,),
_

— 4
idp ® WJerHD (E ® )/Vch)z .
T ke,

This is indeed equivalent, by dint of Proposition [[7 to the composition of
mappings

(M & Wp,) () ¥n (Vo) (E®@Wp,), ide @ Wip, p, (E@Wp,),
—

ide @Wy . (E@Wpk),,

o ok

which is in turn equivalent to the composition of mappings

(M @Wn,) (o) O (Ve) (E@Wp,), idp @ Wiy p, (E@ W),
T
idp @ Wy (E®@Wpr), (24)

The just established fact that the composition of mappings in (23) and that in
24) are equivalent implies the coveted result at once. This completes the proof.
]

Theorem 79 For any V, € JP" (x), we have ¢, (V) € JP ().

Proof. In view of Proposition [T8] it suffices to show that ¥, (V) satisfies
the condition in Definition ??. Here we deal only with the case that n = 3 and
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the simple polynomial p at issue is d € D3 — d? € D, leaving the general case
safely to the reader. Since

(dy 4 do + d3)* = 2(dydo + dyd3 + dads)
for any (d1,dz,d3) € D3, we have the commutative diagram

D3 RS D(6)
+p3ps 4 L +p@)=D (25)
D3 — D
P
where x stands for the mapping
(d1,do,d3) € D* v (dida, d1d3, dads, dida, d1ds, dads) € D(6)
Then the composition of mappings
(M @ W),y idyr @ W, (M & Wp,) ) V3 (V2) (E©Wn,),
dp @Wy, , (E®Wps),
it

is equivalent, by the very definition of 123, to the composition of mappings

(M @WD) () idas @ Wy (M @Wp,) () ida @ We y | (M @ Wps) ()
— £ 3

Vg (E®Wps),

which is in turn equivalent to the composition of mappings

(M @Wp) () ida @ We o) (M ®Wn(e)) 1y idas @ Wy (M @ Wps) (o

)

Vi (E®Wps),
with due regard to the commutative diagram in (25). By Theorem B3l this is
equivalent to the composition of mappings

(M ® WD)?T(LE) idayr @ Wi p6)mn (M ® WD(G)) ) VE(G) (E® WD(G))m

7(x

idg ® W, (E® WD3)w
—

which is in turn equivalent by Proposition [7§ to the composition of mappings
(M @Wp),y(0) ¥1(m31(Va)) (E®Wp), idp @ Wy, ., (E®Wp),

dep ® WX (E(X) WDs)m
—3

Since

~ ~

P1(73,1(Vz)) = 73,1 (¥3(Va))
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by Proposition [[7 and the commutativity of the diagram (28]), this is equivalent
to the composition of mappings

(M @ WD) () 731(3(V2)) (E®Wp), idg @ W, (E @ Wp,),
_— _—

x?

ide @Wy ., (E®Wps)
OB E sy

which completes the proof. m

Notation 80 Thus the mapping @n . JP" (m) — IPn (7) is naturally restricted
to a mapping ¥y, : JP" (1) — JP~(n).
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