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Abstract

During the past decade, a structured financial product called “Collateralized Debt Obli-
gation (CDO)” has been drawing much attention of researchers and practitioners, and are
now traded with growing liquidity. However, the approach for CDO pricing has been rather
limited in the literature, largely because it is necessary to evaluate the time dependent dis-
tribution of the underlying cumulative loss so as to find the pricing scheme satisfying the
non-arbitrage condition of the derivatives market. The purpose of this paper is to fill this
gap by describing the CDO model in terms of a semi-Markov modulated Poisson process.
Based on the theoretical results of Huang and Sumita (2011), as well as the Laguerre trans-
form by Keilson and Nunn (1979), its matrix extension by Sumita (1984) and the bivariate
extension by Sumita and Kijima (1985), numerical algorithms are developed for evalu-
ating the time dependent distribution of the cumulative loss up to time ¢, which in turn
enables one to evaluate the price of a CDO tranche. Some numerical results are presented,
demonstrating the power of the algorithms.

1 Introduction

A structured financial product called “Collateralized Debt Obligation (CDO)” securitizes a
reference portfolio of default risky instruments. If the portfolio contains loans or bonds, then
the CDO is called a cash CDO. When the referenced portfolio consists of “Credit Default Swaps
(CDS’s)”, it is called a synthetic CDO. Recently, portfolio credit derivatives such as Tranched
Index have been drawing much attention of researchers and practitioners, and are now traded
with growing liquidity.

*Corresponding author, E-mail: huangjp28@gmail. com
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A typical approach for assessing (synthetic) CDO and Tranched Index is based on the Gaus-
sian copula model of Li [9]. Because this model is essentially static, the dynamic evolution of
CDO tranches cannot be captured. In order to overcome this difficulty, it is often necessary to
introduce a two layer process, where the first layer describing the macro economic condition
would affect portfolio loss distributions expressed in the second layer. In other words, the de-
fault intensity function would satisfy a stochastic differential equation (or assumed to be driven
by a certain Markov chain) characterized by the state of the external economic condition as well
as the history of defaults up to the current time. Some recent papers along this direction include
Arnsdorf and Halperin [1], Bielecki, Vidozzi and Vidozzi [2], Frey and Backhaus [4], de Kock,
Kraft and Steffensen [3], Schénbucher [10] and Sidenius, Piterbarg and Andersen [11].

Although some structural characteristics of CDO tranches could be captured by these pi-
oneering models, they are far from offering the computational vehicle for evaluating CDO
tranches in continuous time, and one often has to resort to Monte Carlo simulation for this pur-
pose. To the best knowledge of the authors, Lando [8] is the first to suggest the use of MMPP
for capturing the stochastic behavior of portfolio losses. Consequently, the computational pro-
cedure for general Markov chains can be applied for evaluating loss distributions. However, the
infinitesimal generator characterizing the underlying Markov chain could be huge, imposing the
tremendous computational burden. Takada, Sumita and Takahashi [20] recapture the MMPP
model of Lando [8] within the context of CDO. By exploiting the first passage time structure,
efficient computational procedures are developed for evaluating loss distributions and pricing
CDO tranches. This model has been extended further in Takada and Sumita [19], where two
industrial segments are introduced to enhance the reality of the model. In both Takada, Sumita
and Takahashi [20] and Takada and Sumita [19], the loss of a single default is considered to be
constant, which may be somewhat unrealistic.

In order to overcome this pitfall, this paper provides a cumulative random shock process
generated from a semi-Markov modulated Poisson process, enabling one to cope with random
costs associated with corporate defaults. It should be noted that this process is a special case of
the multivariate reward process discussed in Huang and Sumita [5]. Transform results obtained
in Huang and Sumita [5] are used to derive the time dependent distribution of the cumulative
reward explicitly. Using the Laguerre transform method developed by Keilson and Nunn [6],
Keilson, Nunn and Sumita [7], and further studied by Sumita [12], computational algorithms
are developed for evaluating the distribution of the loss process for the underlying CDO model,
which in turn enables one to evaluate the price of a CDO tranche.

Throughout the paper, vectors and matrices are underlined and double underlined respec-
tively, e.g. u and v. The vector of having all components equal to 1 is denoted by 1. The
indicator function S{Statemem} takes the value of 1 if Statement holds true and O otherwise.

The structure of this paper is as follows. In Section 2, the structure and pricing scheme
of CDO are introduced. Section 3 describes the model employed in this paper to capture the
default phenomenon, with transform results of the distribution of the cumulative aggregate loss
Z(t) of the underlying reference portfolio. Numerical algorithms for evaluating the distribution
of Z(t) via the Laguerre transform are provided in Section 4. Some numerical results are
presented in Section 5, demonstrating the power of the algorithms.

In order to facilitate the readability of the paper, the inversion procedures via the Laguerre
transform and the algorithms discussed in Section 4 are summarized in Appendeces A and
B. The reader is also referred to Sumita and Kijima [16, 17] for a succinct summary of the
computational algorithms associated with the Laguerre transform.



2 Structure of CDO and Pricing CDO Tranches

The CDO scheme involves the protection buyer (the CDO issuer) and the protection seller (the
investor) as depicted in Figure 1. Given a reference portfolio, the CDO is typically structured
by dividing the associated credit risk into tranches of increasing seniority. Here, each tranche
consists of an attachment point K, and a detachment point K; of the cumulative aggregate
loss of the underlying reference portfolio, where 0 < K, < K;. The protection buyer is fully
responsible for the portfolio loss up to K,. When the portfolio loss exceeds K, the protection
seller compensates the protection buyer by paying the exceeding amount beyond K, but only
up to K; — K,. In exchange, predetermined premiums are paid to the protection seller by the
protection buyer according to a prespecified schedule up to the maturity year in such a way that
no-arbitrage condition of the credit derivatives market is satisfied. Following Takada, Sumita
and Takahashi [20], the procedural details are described below for determining the premium
scheme for each tranche.

Investor CDO Issuer

— Protection —

i i Protection Buyer
Protection Seller Premium y

Figure 1: Contract of CDO Tranche

A typical CDO tranche contract consists of the attachment point K, the detachment point
K, the premium settlement points T = {1y, - - , Tx } with 7p = 0, and the unit premium ClK,.Ky]-
These entities are related to each other through the following procedural details. Let £(z) be
the cumulative aggregate loss of the underlying reference portfolio up to time 7. We note
that /(¢) can be typically described as a stochastic process characterized by a counting process
associated with corporate defaults and random bad debts resulting from such corporate defaults.
Let Lk, ) (t) be defined by

0 if £(r) < K,
Lig, k() = €(t) — Ky if K, <L(1) <Ky - 2.1
Ki— K. ifKy<((t)

With notation (x)© = max{0,x}, Lig, x,(¢) in (2.1) can be rewritten as

L) (1) = (£0) K2~ (t0)~K4) 2.2)

One sees that L, () can be depicted as a function of £(¢) as shown in Figure 2.
Let PAYseleuy(Tk) be the amount to be paid to the protection buyer by the protection seller

at time T;,k = 0,1,--- ,K. This amount is equal to the increment of the cumulative aggregate
loss since time T;_1, that is,
PAYsell—>buy(Tk) = L[KmKd] (”L'k) _L[Ka,Kd](Tk—l) y k= 1,2, - K. (23)

In return, the protection buyer pays to the protection seller by the amount of the unit premium
Clk,.k,) applied to the remaining hedge interval, i.e. (K4 — K,) minus the cumulative payment
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LiKa, kd](t)
Kd-Kaf-------=-=--=-"-"-"-"-"-"-"-----

Ka Kd L)

Figure 2: Cumulative Loss Lk, ] of a CDO Tranche

made by the protection seller to the protection buyer up to time 7;. This amount, denoted by
PAY buy el (€K, k,]» Tk) » Can be written as

k
PAYbuy—>sell (C[Ka,Kd] ) Tk) = ClK,,Ky) { (Ka - Kd) - Z PAYsell—>buy(Tj) } (2.4)
j=1

fork=1,2,--- K. Substitution of (2.3) into (2.4) then yields

PAY puysen (i, 3 76) = €1k k) { (Ka = Ka) = Lig i (70) } 2.5)

Figure 3 illustrates the procedural details discussed above.

In order to satisfy no-arbitrage condition of the credit derivatives market, the unit premium
Clk,.k,) should be set in such a way that the expected payment throughout the contract period
from the protection buyer to the protection seller is equal to that from the protection seller to
the protection buyer. Let CE‘KM K be this equilibrium premium. One then sees that,

K K
Y ¢ "I*E [PAYseleuy(rk)] =Y e_rkaE[PAYbuy%sen (cf,(m,(d],rk)] , (2.6)
k=1 k=1

where ry is the risk free interest rate. By substituting (2.3) and (2.5) into (2.6), it can be solved

for ¢t
Or Cg, k,) &S

B} Yo e f%E [L[Ka,Kd] () — Lk, k] (kalﬂ
Kk = "<k m ; (2.7
L 1| (K~ Ka) = L,k (%)

so that
Yo efr-’.f"{E[L[Ka,Kd](Tkﬂ —E[Lig, &, (Tk—1)] }

Yo e { (Ko —Kq) —E[Lik, k(%)) }

*

C[Ka:Kd] = (28)

As we will see, by specifying how corporate defaults are generated stochastically and what
would be the random nature of the bad debt resulting from such corporate defaults, ¢(¢) can
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cumulative aggregate loss: £(t)
I

Kd

[Ka, Kd]-tranche

Ka

Protection Seller
(Protectionleg)

PAY seli—buy = |

Protection Buyer J—I—i—m—O—R

(Premiumleg) PAYbuy—>sell

time

—

= ClKa, Kd] x[|

Figure 3: Typical Cash Flow of a CDO Tranche Contract

be modeled as a stochastic process. If the survival function Fy(z,t) = P[{(¢) > z] of £(¢) is
obtained, then the expectation of Lix, x| (t) can be evaluated from (2.2) as

B[Lik, x,(0)] = /K Fi(z,1)dz— /K Fo(z,0)dz+ KaFy(Ky 1) 2.9)
a d
Consequently, the equilibrium premium CE‘KM K, €an be computed based on (2.8). In the next
section, we employ a semi-Markov modulated Poisson process , which is a special case of the
unified multivariate counting process of Sumita and Huang [14], for characterizing occurrences
of corporate defaults. The corresponding univariate version of the reward process discussed by
Huang and Sumita [5] then characterizes ¢(¢), yielding the Laplace transform of ¢(z) for each
t > 0 based on the results from [5]. The inversion of the Laplace transform can be obtained via

the Laguerre transform method, thereby enabling one to assess CTK K] numerically.

3 Corporate Default Structure based on Semi-Markov Mod-
ulated Poisson Process and Associated Cumulative Aggre-
gate Loss Process

For the CDO pricing problem discussed in the previous section, we assume that corporate
defaults are generated by a semi-Markov modulated Poisson process. More specifically, let
J(t) be a semi-Markov process on _# = {0, 1,2}, describing the macro-economic condition.
Here, state 1 corresponds to the normal economic condition while state O and state 2 represent
the bad economic condition and the good economic condition respectively. Corporate defaults
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occur according to a Poisson process M;(t) with intensity A; whenever the semi-Markov process
is in state i. The d-th corporate default in state i results in the random bad debt of Yj;.;.4, where
Yyr-i-a’s constitute a sequence of i.i.d. random variables with respect to d for each i, and such
i.i.d. sequences are mutually independent with respect to i.

In order to facilitate our analysis, it is assumed that the semi-Markov process J(¢) is gov-
erned by a matrix cumulative distribution function (c.d.f.) A(x) = [A;;(x)] , which is absolutely

dA(x) . It

continuous with the matrix probability density function (p.d.f.) a(x) = [a;j(x)] = £A

should be noted that, if we define A;(x) and A,-(x) by

ZAU )_I_A()a
jEes

then A;(x) is the c.d.f. and A;(x) is the corresponding survival function of the dwell time of J(¢)
in state i. The hazard rate functions associated with the semi-Markov process are then defined as

nij(x) = g’l’—((xx)) , i,j € # . The Laplace transform of a(x) is denoted by a(w) = [5"e™""a(x)dx .

For notational convenience, the transition epochs of the semi-Markov process are denoted
by 1,,n > 0, with 7y = 0. The age process X (¢) associated with the semi-Markov process is then
defined as X (t) =t —max{7, : 0 < 7, <t}. For the cumulative arrival intensity function L;(x)
in state 7, if we consider an age-dependent intensity function A;(x), one has L;(x) = [y Ai(y)dy
The probability of observing k arrivals in state i within the current age of x can then be obtained
as
Li(x)*

gi(x,k) = e 1=

S k=012 i€ g,

Huang and Sumita [5] provide a multivariate reward process Z(t) = [Z, (), Zx(t),- -+ , Zx (t)] '
defined on RX given by

t M;i(t) Niji(
z) = [ pUm)de+ ¥ pRTEES 1)) Z Yyiija s 3.1)

ic ¢ d=1 ic 7 je g d=1

where p (i) denotes the multivariate reward rate function while the underlying semi-Markov
process J(¢) is in state i € S Yarig and Y .., represent the vector valued random jumps as-
sociated with the d-th arrival of M;(¢) in state i and the d-th jump of N;;(¢) describing transitions
of J(r) from state i to state j, respectively.

In this paper, we let Z(r) be the cumulative aggregate loss of the underlying reference
portfolio. One then sees that

M;(t)
-y Z Miid - (3.2)
ic 7 d=1

We note that Z(¢) is a univariate version of Z(z) analyzed in Huang and Sumita [5] , with the
following simplifications.

Aix)=4;, forie ¢
Yy.ij.a = 0 with probability 1 3.3)
p(i)=0forallic ¢

6



Let {(r,s) be the double Laplace transform of Z(7), i.e
C(rs)= / ¢ 'Ele?Mdr . (3.4)
0

By setting u = 1, v =1, w = 0+ in Theorem 3.1 of Huang and Sumita [5], and incorporating
the 51mp11ﬁcat10ns in (3 3), one sees that

o ¢ s
5(rs) = p"(0)x Y B(51,03() B (s1,6(r) %1, (3.5)
{=0" -
where Z(0) = 0, p(0) denotes the initial probability vector of J(0), and

0,,(r) = [6a1:0(r), -+, Bprs(r)] T with By7.;(r) denoting the Laplace transform of distribution of
Yy1:i-a» 1.€., given the common probability density function %4.;(z) of Yaz.i-q,

GM;i(r) = /0°° eirzg/M;i(Z)dZ . (3.6)

The Laplace transform generating function B (w,u) and B (w,u) are defined as

=)

(W,H) = [B\ij(wiaui)} > b)z] wi,u Z / al] gl X mz)dxu ) 3.7
m;=0

*

=)
S

(w,u) = [S{i:j}B\i*(Wia“i)} ; 51'*(Wi,ui) = Z / e A (x)gi(x, my)dxui . (3.8)
m;=0 0

Given ¢t > 0, the random variable Z(¢) has a mass at the origin denoted by zo(r) = P[Z()

IA I

0], and an absolutely continuous density fz, (z,t) for z > 0. More formally, F7(z,t) = P[Z(¢)
z| can be written as
Z
Fale.t) = 20+ [ fz.(x.0dx. (3.9)
Accordingly, {(r,s) in (3.4) is given by
C(F,S):CO(S)+C+(F,S) ) (3.10)
where
Go(s) :/0 e z0(t)dt ; (r,) / / e "“fz (z,t)dzdt . (3.11)

It can be readily seen that {y(s) = lim,_, £ (r,5). We note from (3.6) that lim, . 8,,(r) =0.
It then follows from Equation (3.5) that

- — U\ S A,l'
CO(S):BT(O {£ Z[O‘U S+7L)LJ€/}X I-ai(s+A)

) (3.12)

ic ¢/

From (3.5) together with (3.12), {,(r,s) = {(r,s) — {o(s) can then be obtained, after a little
algebra, as

) = {g )

I|m>

<S1 O (r )} XE:,)<SLQM(">) x1, (3.13)
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where

E+:ij<579M:i(”)> Ez;( Ot:i (r )—a,-j(s+/1,-)
0

oo o AV 4
= Z k:l-(r)/o e_S’aij(t)e_M (l]j) dt , (3.14)
k=1 :
and
i~ ‘ Ty . l—ai(S-i-)L,')
B+:i<s7 9M:z(’”)) = Pi (SaeM:l(r)> _T
oo oo +\k
= Y 65.(r) /0 e A;(t)e OZI') dr . (3.15)

4 Development of Numerical Algorithms for Evaluating the
Distribution of Z(7) via the Laguerre Transform

In this section, we develop numerical algorithms for evaluating zo(¢) and fz, (z,¢) via the La-
guerre transform based on (3.12) through (3.15). A succinct summary of the Laguerre trans-
form is provided in Appendix A. The reader is referred to Sumita and Kijima [16, 17] for
further details concerning the algorithmic aspects of the Laguerre transform.

Let

Ak

ak:,-j(t):a,-j(z)elf’(llj) , k=0,1,2,-- (4.1
Nk

Ai(t) = Ai()e “%, k=0,1,2,--- . 4.2)

For notational simplicity, we define
{an}n:N = {a()valv' o 7aN} >
{a(m7n)}mn:MN = {a(070)7a(071)7 U AON) T s AM0) M) 7a(M,N)} ) (4.3)

where a, or a(,, ,) may be a number, a vector or a matrix, and M or N denotes a positive integer
or oo, With this notation, we define the corresponding Laguerre sharp and dagger coefficients

{_kn n:oo’ {_kn n:oo’ {Azin}n:w and {A;Ln}n:oo’ Le.

# _ = st - #
:ak(u) —/0 e Va (t)dt ) L ;gk (4.4)
#oy_ [ —sta 7
rhw = [ e A, = Y A 45)
=1 —#
anng;n: Oaz ’Ak:n: z:OAk:m'

Similarly, for Ou.i(r) = [y e "*%.i(2)dz, the Laguerre coefficients {an}m:w and {Xjn}m:w
are defined as

Th ) =0u()| ., =X y", (4.6)




and X; =" XZ' We note that the Laguerre transform generating functions associated with
time ¢ are expressed using u with index n, while those corresponding to the reward z are de-
scribed in terms of v with index m.

By using the array operation CONV,VCONV, VBCONV, VMCONYV and VMBCONYV de-
fined in Appendix B, one has

{0}, & zbh()=p"(0)-a’ ., n=01,, 4.7)
(ZE.(0) —VMCONV({:rOn D} ddh b)) =230, 4.8)
{gg:n}n: def 7t0n ZTCOn , n=0,1,---, 4.9)
(g, €, =p"0)-4,, n=01,. (4.10)
From Equation (3.12), the Laguerre sharp coefficients {zg:n }n:w of zo(¢) is then obtained as
(&} = (T} oo+ VOONV ({28}, (A0}, - @.11)
For fz, (z,1), let {y¥,(k)} _ be defined by

()} = CONV (k= D)}, b )+ k=23, (4.12)

with {y (1)} _={t,} _forie #. Wealsodefine
i def
b-‘rlj(m‘l’l)}mnOOoo <f’> Zylm X ak l_]}’l ) (4.13)
{b }mn o000 b+:i:(m,n) - kzlyi:m< X Ak i (4.14)

Correspondingly, {b and {bﬁi: () }mn:mo can be given by

+:ij:( mn)}mn:oooo

# —pf i T T

b+ iji(mn) b-l— :ij:(myn) b+:ij:(m—1,n) _b-l— sij(mn— 1)+b+ dj:(m—1n—1)° (4.15)
wH _ T T *F +

b+1i3(man) - b+:i:(m7n) - bj—:i:(m—l,n) o b—i—:i:(m,n—l) +b* d(m—1,n—1) ° (4.16)

This then yields the matrix sequence { l:’i; (mn) }mn:mo with ZZJ: () = [b#

i (m, n)} and the vector

. *# _ *#
sequence {b (m n)}mn:oooo with é+:(m,n) - [b—q—:i:(mm)] ie/.
Using these matrix and vector sequences, we define

{Eﬁ_:(mﬁ)(l)}mn:ww g Eﬁ_—r(mﬂ)(l) e BT(O) Ej—(m,n) y m,n = 0, 17 s

(4.17)

{Eﬁ;(mﬁ) ([) }mn:oooo = VMBCONV ({Eﬁ—(mn) (6 B 1) }mn:oooo’ Qﬁ:(mﬂ) }mn:oooo) ’
(=23, (4.18)
TE A S Lrln(®, mn=01, (4.19)
{Hj:(m,n) }mn:oooo gg Hi:(m,n) = ET (0) bi#(mvn) , mn=0,1,---. (4.20)



From Equation (3.13), the Laguerre sharp coefficients {Zi: () }mn:mo of fz, (z,t) can then be
obtained as

{Zf—:(m.,n) }mn:oooo = {Hi(m,n) }mn:oooo
+ VBCONY ({2} s {87 )Y 4.21)

Consequently, zo(7) and f7, (z,t) can be evaluated as

- Z Zg:nfn(t) ) 4.22)
n=0
fro(@t) =Y ¥ 2L lon(2,0) (4.23)
n=0m=0
where 20, = ¥ Z:—:(mn =Y 0 Xod}, j) and lnn(2,1) = L (2) £ (1) with
ln(x) = exn—? <%)n(x”e’x) forn = O, 1,2,

The Laguerre coefficients of an exponential density function can be expressed in a closed
form as shown in Appendix A. For probability density functions that are generated from expo-
nential density functions through mixings and/or convolutions, their Laguerre coefficients can
be obtained by employing operational properties of the Laguerre transform. For example, let
CM,, be a class of completely monotone density functions defined by

m

CMn={ /3 0/(5)= L p 20, Zp,—l} (4.24)

where @f(s) = [;" e f(¢)dt. We also introduce a class of Polya Frequency functions of order
n denoted by PF,, where

PE={ :0s(s) = Es% b (4.25)
The Laguerre transform of any probability density function in CM,, U PF;, can be readily ob-
tained through mixings and/or convolutions of Laguerre transforms of exponential density func-
tions. Accordingly, if a;j(x) € CM,, U PF,, the corresponding zo() and f7, (z,t) can be evalu-
ated based on the algorithmic procedures given in this section. It is worth noting that a family
of PF,’s for n € N is dense in the class of absolutely continuous probability density functions
associated with non-negative random variables.

5 Numerical Results

The purpose of this subsection is to demonstrate the power of the numerical algorithms devel-
oped in the previous section. In practice, it is natural to assume that the economic condition
changes in a lattice continuous manner so that J(z) becomes a skip-free semi-Markov process.
We also assume that the dwell time of J(¢) in each state belongs to PF,. More specifically, the
matrix Laplace transform ¢(s) of the semi-Markov matrix of J(¢) is given by

a(s) = [Pij ai(S)] » (5.1)
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where p;; =0if i = jor |i— j| > 1 and p;; > 0 otherwise, Zje/l’ij =1, and

;1 (07%)
Qi1 +s Qip+s ’

ai(s) = /0 e A1) = ic 7. (5.2)

The amount of the bad debt generated by each default is assumed to be exponentially distributed
with mean u~!. Specific parameter values to be employed in this setting are summarized in

Table 1.
Table 1: Underlying Parameter Values for Evaluating zo(f) and f7, (z,?)
Parameter Value Parameter Value Parameter Value
B {0,1,2} L 30 K 20
A [1.2,1,0.8]" o, [1,1.2,1.4]7 o, 2,1.8,1.6]"
0O 1 0
u 1 p(0) [0,1,0]" p 0.6 0 0.4
0O 1 O

The values of zo(¢) and f7, (z,t) are depicted in Figures 4 and 5 respectively. The corre-
sponding survival function F7(z,t) is shown in Figure 6. We note that the survival function
F7(0,1) has jumps of size zo(t) at Z(t) = 0, which diminishes as t — .

04 T T T T T T T T
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In Figure 7, the asymptotic expansion of
E|Z(t
or B0

asymptotic expansion is rather slow, demonstrating the importance of the Laguerre transform
procedure when ¢ is not sufficiently large.

as t — oo is compared with the exact value

E[Z(1)]
t

obtained through the Laguerre transform procedure. In this numerical example, the

1.051
P e
E 1t -
= P
= i
S L7
g ’
c /
2 :
3 !
o 7’
2 095F /
5 ;
1
1

1

1 Exp[Z(t)] / t using Laguerre transform

P R Exp[Z(t)] / t using asymptotic expansion

h — — = The limit of Exp[Z(t)] / t as t —> infinity

09 1 1 1 1 J
0 5 10 15 20 25
Time
) E|Z(t
Figure 7: Convergence of w

For the CDO pricing problem discussed in Section 2, we let £(¢) = Z(t). The equilibrium
unit premium ¢ ] in Equation (2.8) can be obtained by using Equation (2.9). The algorith-
E‘Km K] is also shown in Appendix B. Let the risk free interest rate
be ry = 0.03, and let the maturity be 5 years. There are 4 periods in each year. In this setting,
the equilibrium unit premiums for various tranches are given in Table 2. In the first block of
Table 2, it can be seen that the underlying risk for the protection seller decreases as the tranche
interval shifts upwards, where the equilibrium unit premium decreases from 12.27% for [10, 20
to 1.30 bp for [40,50]. In the second block, K, is fixed at K, = 10 while K is changed from
20 to 50. The underlying risk for the protection seller also decreases as K; increases, where
the equilibrium unit premium decreases from 12.27% for [10,20] to 1.55% for [10,50]. In the
third block, K, is increased from 10 to 40 while K} is fixed at K; = 50. The underlying risk for
the protection seller again decreases along the direction of this change, where the equilibrium
unit premium decreases from 1.55% for [10,50] to 1.30 bp for [40,50]. These results suggest
the following.

*
. [Kade .
mic procedure for evaluating ¢

1. The risk of the protection seller for the CDO model decreases as a tranche of the same
width shifts upward.

2. The above risk also decreases as the detachment point K; increases while the attachment
point K,, is fixed.
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3. A similar phenomenon to 2 is observed when the attachment point K, increases while the
detachment point Kj; is fixed.

Table 2: Numerical Results of Equilibrium Unit Premium of CDO’s

Ky, K] [10,20]  [20,30]  [30,40] [40,50]
Unit premium  12.27%  2.60% 27.03bp 1.30bp

Ky, Ky [10,20] [10,30]  [10,40] [10,50]
Unit premium  12.27%  3.66% 2.14%  1.55%

Ky, K] [10,50]  [20,50]  [30,50] [40,50]
Unit premium  1.55% 54.16bp 9.36bp 1.30bp
“bp” = basis point, i.e. 1 bp=0.01%
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A Introduction of the Laguerre Transform Method as a Tool
of Numerical Inversion Laplace Transforms

In this section, the Laguerre transform method for numerical inversion of Laplace transforms
is succinctly summarized. We consider the Laguerre polynomials .Z,(x) defined by

et rd\n n_—x
fn(x):a(g) (P'e™), n=0,1,2, - (A1)

and the associated Laguerre functions
ln(x) = e 2L (x) . (A2)

It is known that {/,(x)} constitute an orthonormal basis of L,(0,00) = {f : [5* f?(x)dx < o},
i.e., the space of square integrable functions defined on [0,0), see e.g. Szego [18]. The inner
product defined on L, (0, ) is (f,g) = [, f(x)g(x)dx. Thus, one has that

1 f =
(s /e X)dx = orm=n_ (A3)
0 else

For any function f € L,(0,0), the Fourier-Laguerre expansion of f is given by
=Y fl); where f=(f,6,) = /O £l (x)dx (A4)
0

The second part of (A.4) follows from the orthonormality of {£,(x)}. Using this relation, a
function f € L,(0,0) is mapped onto a series {f; }, which is called a sequence of the Laguerre
dagger coefficients. One can easily see that, if the Laguerre dagger coefficients are known, the
values of f(x) can be calculated easily via (A.4) based on the following recursion formula

—{(2n+1—x)zn(x)—nen_l(x)}, n=273, (A.5)

starting with £o(x) = e=*/2 and ¢; (x) = (1 —x)e /2.
Let the Laplace transform of f(x) be ¢(w) = [ e "*f(x)dx, and define TfT (w)=Yo o filu".
It then follows that

Tf(”)_l—u(p<21—u)' (A.6)

Given the Laguerre dagger coefficients { £} of function f, we define the Laguerre sharp coef-
ficients { £} as follows

=1, fi=f-r, =12, fi=Y rt. (A7)

From Equation (A.6), one has

)= Y fu = (1””). (A8)

= 21—u
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It is shown by Keilson and Nunn [6] that using Equation (A.8), the continuum convolution of
two functions can be calculated through discrete convolution of their Laguerre sharp coeffi-
cients. More specifically, for (f*g)(x) = [y f(x—y)g(y)dy, one has @r.o(w) = @r(w)@g(w),
where @r.o(w), @r(w) and @,(w) denote the Laplace transforms of (f * g)(x), f(x) and g(x)
respectively, so that

Tf,o(u) = T} ()T (u)
or equivalently

n

(f*g)f Z S (A.9)

Use Equation (A.9), one can easily calculate the Laguerre sharp coefficient {(f x g)#} if {f¥}
and {gn} are known, and then inverting via Equation (A.7) and the series expansion in (A.4).
Similarly, many other continuum operations are also mapped into lattice operations, including
differentiation and integration. In what follows, some of these operational properties used in
this paper are summarized.

Theorem A.1 (Moment Formula). Let f(x) be a non-negative p.d.f. with Laguerre sharp coef-
ficients {f¥}. Let M(i) = [y’ x' f(x)dx, one has
M@i)=4Y (-1)'"'ff, 0<i<2. (A.10)
n=0
Theorem A.2 (Convolution and Integration). Consider r, f,g € L,(0,00) with Laguerre sharp
coefficients {r'} { f*} and {g"} respectively. Then,

rx) = Jf fx—y)g)dy << ri=yr o ft e

r() = [ fx)dx e g —2=2fF+AXn o(=1)" [
=2 Ao (1) i 21

Matrix Laguerre Transfrom The Laguerre transform is extended to matrix functions by
Sumita [12, 13]. For a K x K matrix function a(x) = [a;;(x)], let L,(0,%0) = {a(x) : a;;(x) €
L(0,0) }. The space L, (0,0) has inner product

{a(x),b( K/ tr{a(x)b(x) " }dx . (A.11)

The set of matrix function £ (x) with £ (x) = £,(x)I becomes an orthonormal basis of L, (0,°)
in the following sence. There exists a unique sequence of the Laguerre dagger coefficient
matrices {czl:;} such that

a)= Y alt (0 = (a(x),L () = | atog, wax. (A.12)
n=0

Similar to the one dimensional case, the matrix Laplace transform a(w) = [; e "*a(x)dx has
the relations that

114+u
Za” l—ug<21—u> ’ (A.13)

n=
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and

T*(u) = ig#u" :g(llw) : (A.14)

where a# = a‘L — aZ I

Bivariate Laguerre Transfrom The bivariate version of the Laguerre transform is intro-
duced in Sumita and Kijima [15]. Let L, (R%) = {f: ffRz+ f?(x,y)dxdy < oo} and define

Can(x,Y) = L () ln(y) , 0 <x,y <oo. (A.15)

It is then easy to see that {£,(x,y)} is an orthonormal basis of Ly(R% ). For any f € L,(R%),
the Laguerre dagger coefficients { £} and the Laguerre sharp coefficients { f* 1 are given by

= mn) — y mn X, s A.l
in = Fs o) = [ £y (A16)
f’#;m:f;ln_frz,n—l_fr-r:—l,n—’—frjl—hn—l : (A.17)

One then has
=Y Y fonlwn(xy) . (A.18)
n=0m=0

Define the double Laplace transform ¢ (w,s) = [ fRi e e f(x,y)dxdy, it follows that

= & 11 1l4u 114y

T A.19

,;),;Ofm" G A
I14u 11+v

_ myt — . A20

r;)}_‘,oﬁfm“ Y (21 W 21—v> (420

Theorem A.3 (Bivariate Matrix Convolution and Integration). Let a(x,y), b(x,y), c(x,y) €

L (Rz) has matrix Laguerre coefficients {aT b {an} {_Zm} {_jm} {C‘L .} and {c# ) re-
specttvely Then,

(x,y) = fé“ Jo b(x— X’,y Y)e(x',y')dx'dy
a OZ C# :

Zmn J= O—m in—j=i,j

2. a(xy) = [Tb,y)dY & af =2¥7 ¥ (—1)"Tbt

=mn =ij

1.

@ 11

3 alxy) =[x y)dy & al =2V, (=1)"h

At the last of this section, we summarize the Laguerre coefficients of exponential density in
a simple closed form, which are often appeared in applied probability theory.
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1

Exponential Density The p.d.f. of an exponential density function having mean p ™" is de-

noted by
e(;x)=pe ™ x>0, u>0,

and the corresponding Laguerre dagger coefficients {e] (1)} is given as

20 2 —1\n
f(u) = >0. A21
W= g7 (ge) 120 (A2

B Algorithms in Section 4

In this section, provided are the numerical algorithms for evaluating the probability mass func-
tion zo(t) and the p.d.f. f7, (z,t) discussed in Section 3, as well as the equilibrium unit premium
CFKa, K| represented by Equation (2.8) in Section 2.

For numerical evaluation, the infinite series’ involved in (3.12) through (3.15) have to be
truncated. Let K and L be the truncation points determined as

=~ . L ¢ l—Oti(S—Fli)
Co(s) = {£ ; [Oﬂu (s+4) LE/} X Y - ) (B.)
~ L ~ o~k
Ci(r5) = {g LB, (s1.6u0) }xg+:D(s1,QM(r>)><1, (B.2)
with
A = k - sz(lit)k
B s (s 0uar) = Y. Ohialr) [ e ay(nye 5 ar, B3)
k=1 :
and
- ] Ry
B.. ( Orsi(r ) Z ok,.(r / _S’Ai(t)e_li’%dt. (B.4)

K and L are determined so as to achieve the accuracy of € for the first two moments of the size
of each default, which is exponentially distributed with parameter y based on (A.10).

We are now in a position to describe the main algorithm. The following operators are
employed.

Definition B.1.
N
MMT1 : MMTI({f,, ) —4 Z Y f,
=0
N
MMT2: MMT2({f},) =4 ¥ (~1)"n2f,
n=0
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n
CONV: {c"}n:N = CONV ({a”}n:N’ {bn}nN) < = Z An—mbm
m=0

CONVE | ({fin},.y) = CONV(CONVET! ({fin} . ) { ficn} v ))

n

PSUM: {b},, =PSUM({ar},) & bu=Y an

OUTP: {¢(mm } ey = OUTP<{am}m:M’ {b”}n:N) S Clnp) = dmbn

BDIFF : — BDIFF ({a(m,n> }

{b(mﬂ) }mn:MN mn:MN>

A b(mm) = A(mn) — Am—1,n) — Y(m,n—1) + A(m—1,n—1)

n

VCONV : {cn}n:N:VCONV<{c_ln}n:N,{12n}n:N) & =Y a, b,

VBCONV :  {¢(um } iy = VBCONV({Q(m,n)  vnsaan {8 }mn:MN>
S Clmp) = Z Z Q(Tm—i,nf jBei.p
i=0j=0
VMCONV: {¢,} .= VMCONV({Q,,}”:N, {Qn}n;N) = ) uub,
m=0

VMBCONV : {g(m,n) }mn -MN — VMBCONV <{a (m,n) }mn:MN7 {Q(m,n) }mn:MN>

& =Y Y Yoin-pliy)
i=0j=0
BPSUM : {b(m,n) }mn:MN = BPSUM({a(m,n) }mn:MN> Ang b (m,n) ZO Z()a(i’j)
1=0j=
M N
BINNP : BINNP({a(m’n)}mn:MN,{b(mﬂ)}mn:MN) = Zozba(m,n)b(m,n)
MSUV : {b(mn }mn -MN — MSUV({(J (m,n) }mn MN)
PN -2 Z Z m—H i)

i=m+1 j=0
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In what follows, the algorithm of evaluating zo(¢) and fz, (z,t) is provided.

Algorithm B.2 Evaluating zo(¢) and fz, (z,t) for given K and L

Input: p {ylm}mM’ {ytm}mM’ {ak ij: n}nN’ {akl] n}nN’ {Akln}nN’ {Akzn} n:N (i’j = /’
1 <k<K),é&u,e&n,z,t

Output: zo(¢) and f7, (z,1)
Procedure:
STEP 1: Preparation

1: Fix K and L
2: Initialize M and N

STEP 2: Determine M
1: Evaluate the following two variable from mathematical moments of Yjy.;.e
ElM K(L+ 1)E[Yas:i-e]
E?y = K(L+1)Var[Yazie] + K2 (L+ 1)*E[Yag.ie)?
2: Evaluate the corresponding approximations from the Laguerre coefficients

{y?,ffL} ., = CONVA (””( yﬁm}m-M>
Ly =M1 ((1£5),.,). By =T (0140,

3: while me? <E EZM,E,M EZM) > gy do
e,

M=M+1

Reevaluate {y%,}

Update {y#XE} | and reevaluate El E%,
end while

A A

STEP 3: Determine N
1: Evaluate the following two variable

Ely= (L+1)/ tai(t)e_’litﬂdt
0

K!
EXy=(L+1) / 1 a,-(t)e"“’% dt
0 !
2: Evaluate the corresponding approximations from the Laguerre coefficients

{8}y = CONVE (L)

Ely=MMTI({afXE} ), B2, =MMT2({afkL} )
3: while max <E1N ELN,E%N —EiZ:N) > gy do

ic ¥
5 Reevaluate {aﬁ:i jin}n: N
6:  Update {a?(IfJLn}n  and reevaluate Ell N,E?:N
7: end while
STEP 4: Evaluate {b# }mn gy and {b*# }mn :MN

*# :
1: Evaluate {b+ dji( mn)}mn:MN and {b+:i:(m7n)}mn:MN forie /
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{65 o) Fminty = f OUTP (PSUM (CONV’;:1 ({yﬁm}m: M)),PSUM({a}f:i j:n}n:N»
{b+ ijimn) SN = BDIFF<{Z’ }mn MN)
{5 o) ot Z OUTP (PSUM (CONVE_ ({3t} ) ) PSUM ({48, },.0) )

(b, }mMN BDIFF({b** }m,,MN)

#
2: CODStI'UCt {2+; m7n)}mn:MN and {b }mn :MN
STEP 5: Evaluate zo(¢) and fz, (z,1)
# #
I: Evaluate {EOZ}’!}n:N’ {H }nN { }mn :MN and {H+:(m,n)}mn:MN
E#O#;(I)ZET(O)C:lgn7 n_O,l, "aN

{Egin (6) }n:N = VMCONV <{E§” (ﬁ - 1)}n:N’ {L:Zg;n}n:N>

{ﬂoz}nN Z {£§n<€)}nN

=1

—#
Hgnzﬂ (O)AOna n:O,l,,N
#T T #
(1) =p ' (0) By =01 M n=0,1, N
# i # 4
{ﬂ:+ (m.n) (6)}mn MN VMBCONV({EJ“(’",") <€_ 1)}mn:MN’ 2+:(m7n)}mn:MN>
#
{E+ mnMN Z { mn:MN
# #
H+:(mvn):— <O) ZZ +:(m,n) m=0,1,--- M, n=0,1,--- N

2: Evaluate {zg n}

(e} = {106} + VOONV ({h, ) {85} v

3: Evaluate {Z o )} mn:MN

{Z+ m n) }mn MN {H# )}mn:MN +VBCONV<{7£ }mn MN’ {b*#( )}mn:MN>

4: Evaluate zo(t)
20(r) = INNP (PSUM({HSW}”@ : {En(t)}n;]v>
5: Evaluate fz, (z,?)

fz.(z,1) = BINNP<BPSUM<{Z+ (m.n) }mnMN> {onn) (Z’t)}mn:MN>
where £, ) (2,1) = i (2)€n(t)

This algorithm enables one to evaluate the survival function of Z(z). Let

_ ) P[z(r) > ] forz >0
F2z1) = { P[Z(t) > 0] +z0(t) forz=0 (B-2)

be defined as
{Zme) }mn:MN =MSUV <{Zﬁ-:(m,n) }mn:MN> ’
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one then has

= BINNP {sz,n) }mn:MN7 {f(mm) (Z’ t) }mn:MN> for > 0

Fz(z,1) = (B.6)
BINNP {sz,n) }mn:MN’ {g(mﬂ) (O’ t> }mn:MN> +20 (t) forz=0

Similarly, the expectation E[Li, k,(¢)] in Equation (2.9) can be obtained by

E[Lik, (0] = BINNP(MSUV (BDIFF({z),  }aun) )s Lo (Ko b peaay )

Z
+ BINNP (MSUV (BDIFF < {szm) }mn:MN> ) ALy (Kas1) }mn:MN>
+KaFZ<Kd7t) : (B.7)

Then, one can evaluate the equilibrium unit premium ¢
repeatedly.

[k, k] in Equation (2.8) by using (B.7)
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