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We reconsider chiral perturbation theory in a finite volume and develop a new computational scheme
which smoothly interpolates the conventional € and p regimes. The counting rule is kept essentially the
same as in the p expansion. The zero-momentum modes of Nambu-Goldstone bosons are, however,
treated separately and partly integrated out to all orders as in the € expansion. In this new scheme, the
theory remains infrared finite even in the chiral limit, while the chiral-logarithmic effects are kept present.
We calculate the two-point function in the pseudoscalar channel and show that the correlator has a
constant contribution in addition to the conventional cosh function of time #. This constant term rapidly
disappears in the p regime but it is indispensable for a smooth convergence of the formula to the € regime
result. Our calculation is useful to precisely estimate the finite volume effects in lattice QCD simulations

on the pion mass M, and kaon mass My, as well as their decay constants F,. and F.
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I. INTRODUCTION

Recent progress in lattice QCD has made it possible to
simulate QCD in a realistic setup, i.e. with the (2 + 1)-
flavor sea quark masses near the physical point. As the
precision of the data analysis goes high, however, more
precise study of systematic effects is required. Finite vol-
ume effects are particularly important when quark masses
are reduced to near the chiral limit, since the correlation
length of the system rapidly grows, which is induced by the
dynamical chiral symmetry breaking [1].

The chiral symmetry breaking makes a mass gap be-
tween the Nambu-Goldstone bosons, which eventually
become massless in the chiral limit, and the other hadrons,
which retain a mass around the QCD scale Agcp. It is,
therefore, the pions that are the most responsible for the
effects of the finite volume V when the size of the system L
or V/4 is well above 1/Aqcp.

With this motivation, a number of studies have been
devoted to understand the finite volume effects within the
theory of pions, which is known as chiral perturbation
theory (ChPT) [2,3]. Using the lattice data for the low-
energy constants as inputs, one can quantify the finite
volume effects from the pion fields. These studies are
also useful for improving the determination of the input
low-energy constants themselves.

To investigate ChPT in a finite volume, two perturbative
approaches have been proposed so far. One is the p expan-
sion [4-7], which has just the same form as the perturbative
series in an infinite volume, but momentum integration is
performed in a discrete space in the units of 1/L. Denoting
the mass of a generic (pseudo) Nambu-Goldstone boson by
M, this p expansion is valid when ML > 1, which is
called the p regime.
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A nonperturbative technique is required when ML < 1
(the € regime) since the zero mode’s contribution to the
propagator of the pseudo Nambu-Goldstone bosons blows
up and fluctuation ~1/M? cannot be perturbatively
treated, which is well-known as the critical fluctuation
due to the symmetry breaking. A solution to this problem
was given in terms of the so-called € expansion in
Refs. [8—12] and later the study is extended in various
directions [13-25]. In this scheme the zero-momentum
mode is separately treated and integrated out exactly, while
all the remaining non-zero-momentum modes are treated
perturbatively. Since the € expansion treats the mass term
as a next-to-leading order (NLO) contribution, the number
of terms in the chiral Lagrangian is reduced compared to
the p expansion and the typical chiral-logs are invisible in
the calculation at NLO. Note here that the exact integration
here refers to the term that is leading order (LO) in the
quark masses m.

One may ask what happens in between: when ML ~ 1.
The answer should be given in either ways of the expan-
sions since the p and e expansions should eventually
converge to give the same result as the order of loop
expansion increases. But it is difficult already at the
two-loop level, to confirm such a convergence between
the p regime [7] and e regime [25] calculations unless
one directly checks the numerical values, since their
analytic forms look quite different. It is, therefore, im-
portant and useful for the practical calculation, to find a
new way of expansion which smoothly interpolates the p
and e expansions while keeping the calculation at the
one-loop level. Intuitively, this one-loop level interpola-
tion should be possible in the simplest way, by keeping all
the terms that appear in the NLO Lagrangian in both
expansions.
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In fact, such a calculation is demanding. Although
recent developments in computational facilities have al-
lowed us to simulate unquenched lattice QCD near the
chiral limit, it is still difficult to fully satisfy the condition
ML > 1. On the other hand, no study has until now
reached deep inside the € regime keeping ML < 1
[26-33]. Although results have often been compared fa-
vorably to the e expansion of ChPT, there may still be
large systematic errors due to the condition ML < 1 not
being well fulfilled.

Recently a new approach which smoothly connects the p
expansion and € expansion (and which remains valid even
in the region ML ~ 1) was proposed in Ref. [34]. The new
prescription is to keep the counting rule of the p expansion
but treat the zero mode nonperturbatively as in the e
expansion. This new expansion was applied to the calcu-
lation of the chiral condensate (and the spectral density of
the Dirac operator) to NLO and successful in maintaining
the features of the both regimes: nonperturbative behavior
of the zero modes and chiral logarithms. The results are
kept infrared (IR) finite even in the chiral limit [35-37] and
show a good convergence to the conventional result [38,39]
in the p expansion for the large (valence) quark mass
region. A good agreement with a lattice QCD calculation
was reported in Refs. [40,41].

In this paper, we extend the calculation of Ref. [34] to
the two-point functions in the pseudoscalar channel. We
find that the correlator is expressed by a simple hyperbolic
cosine function of time ¢ plus an additional constant term,
which smoothly connects the conventional p regime results
and those in the € regime. The constant contribution is a
peculiar feature of the e expansion. We find that this
constant is indispensable to keep the correlator IR finite,
and show how and where it becomes negligible as entering
the p expansion regime. Our results are useful to precisely
estimate the finite volume effects in lattice QCD on the
pion mass M, and kaon mass Mg, as well as their decay
constants F . and F.

The rest of our paper is organized as follows. In Sec. I,
we describe in detail our new perturbative counting rule in
ChPT and the computation scheme which consists of three
steps. For the first step, the chiral Lagrangian in terms of
non-self-contracting vertices (whose definition is given in
the following sections) of non-zero-momentum modes is
calculated in Sec. III. The second step is to collect the one-
loop diagrams of the correlator and perform the non-zero
mode’s perturbative integrals (Sec. IV). The final step is
nonperturbative zero mode’s integration in Sec. V. The
results for the two-point functions in the theory with a
general number of flavors are presented in Sec. VI (see
Eq. (90)). For more practical uses, explicit formulas for
the Ny =2 and 2 + 1 cases are given in Sec. VII (see
Eq. (112)) as well as how to compare the results with the
lattice QCD data. Our calculation suggests that there exists
a simplified short-cut prescription which reproduces the
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same results. We discuss this simplified scheme in
Sec. VIII. Conclusions are given in Sec. IX.

II. NEW CHIRAL EXPANSION AT FINITE
VOLUME

In this section we review the new counting rule of chiral
perturbation which was first proposed by Ref. [34]. We also
present our strategy for the calculation of two-point
functions.

We consider an N-flavor chiral Lagrangian in a finite
volume (V = L3T),

F2
L =TTr[8MU(x)T 9,U(x)]

—%Tr[MTeie/NfU(x) +U@) e O/Nr M)+ -+, (1)

where U(x) € SU(N) and 6 denotes the vacuum angle,
while % is the chiral condensate and F denotes the pion
decay constant both in the chiral limit. We note that the
higher order terms are not explicitly shown here but exist,
which is indicated by ellipses.

In the partially quenched case, we use the replica
method where the calculations are done within an
(Ny+ N, + (N — N,))-flavor theory and the limit
N — 0 is taken [42—44]." Physical unquenched N -flavor
theory results can be obtained by simply taking m,, = my
where m is one of the physical quark masses.

For the mass matrix, we thus consider a general non-
degenerate form:

M = diag(m,,,, - my,, - m,mgmg,---). (2)
\ ) %f_l

N, N, Ny

where we have N = N + N, replica flavors and N physi-
cal flavors. Since our target is a single meson system which
consists of two quarks, we have written the valence part as
if there were two different sets of degenerate flavors, where
each of N; quarks have a degenerate mass m,, . For each
valence flavor, the N; — 0 limit has to be taken in the end
of calculation to complete the partial quenching.

We parametrize the chiral field in the same way as the €
expansion [8], by factorizing it into the zero-momentum
mode U, and non-zero modes &(x),

U(x) = Uy exp(iv2€(x)/F). 3)

In our calculation, we perform exact group integration over
Uy, while £(x) is perturbatively treated always imposing

[fwm=a @)

to avoid double counting of the zero mode.

"We do not consider the fully quenched theory in this work.
We thus have Ny > 0 in all that follows.

014501-2



INTERPOLATION BETWEEN THE € AND p ...

It is known that group integration over U(N ;) manifold
is easier and can be analytically expressed in a simpler
form than the SU(N/) group case. For this practical reason,
we consider sectors of fixed topology Q, which is obtained
by the Fourier transform of the partition function,

2 .
— dfei?? [ DUe L. (35)

We then absorb the € integral to the zero-mode sector:
e"/N1Uy — Uy, and extend our integration to U(N;) (or
U(N; + N) in the partially quenched case) group. The
phase factor in the Fourier transform becomes e?¢ =
(detUy)?. The conventional # = 0 vacuum result is ob-
tained by summing each topological sector with a weight
given by the partition function, which will be discussed
later in Sec. VL.

We give the same counting rule as in the p expansion for
the £ fields and other parameters,

0, ~0p), £~ O0p), ©
MNO(pZ)’ T’LMO(I/p)»

in units of the cut off 47 F. We assume as usual that the
linear sizes of the four-dimensional volume, L and 7, are
much larger than the inverse QCD scale AééD so that the
effective theory is valid.

According to the counting rule Eq. (6), let us expand the
Lagrangian

L = % Tr(d,€)* — % T MU, + Ugj\/l]

1 py
+ EZM%i[gz]ii + R T (M (U, — 1)€2
+ U - DM+ - -, (7

where M}, = (m; + m;)%/F?. Here we have separated the
mass term into three pieces. The first one (the second term)
gives a nonperturbative weight in the zero-mode path in-
tegration as in the e expansion and the second one (the
third term) has the same form as the conventional mass
term (of &) in the p expansion.

The last term in Eq. (7) is a mixing term between the
zero and non-zero modes, which is unfamiliar either in the
€ and p expansions. In fact, this term plays a crucial role in

TABLE 1.
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connecting the € and p regimes. We can treat this mixing
term as a perturbation: it is not difficult to check

MUy — 1)~ O(p?), ®)
and, in particular, a Hermitian combination
M (Uy + US = 2) ~ O(p*), 9)

holds in both of the € and p regimes. For some specific
cases, by a direct group integration, one can confirm that
these countings are kept even in the intermediate region
where M;;L ~ 1 [34]. We therefore treat Egs. (8) and (9) as
the additional counting rules and treat the last term in
Eq. (7) as an O(p>) contribution. These additional counting
rules Egs. (8) and (9) are also supported by the equiparti-
tion theorem of energy, where the potential energies of
weekly interacting systems are uniformly and therefore,
mass-independently distributed.

In Table I, we summarize the difference of the three €, p,
and our new i (=interpolating) expansions of ChPT.

In the following sections, we calculate two-point corre-
lation function of the peudoscalar operators in three steps.
For the first step (Sec. I1I), we rewrite the chiral Lagrangian
in terms of non-self-contracting vertices of ¢ fields. This
corresponds to partly performing one-loop integrals in the
vertices in advance. By doing this, one can renormalize the
coupling constants and the wave function at NLO before
starting the complicated calculation. Then the second step
for the two-point functions (Sec. IV) becomes clearer: to
collect the remaining diagrams, namely, those without self-
contractions in vertices, which is expressed by the already
renormalized quantities, and perform ¢ integrals. The third
and final step is to perform nonperturbative U, integrals.

For the perturbative calculation of ¢ fields, we use the
same Feynman propagator as in the p expansion except
that the zero-momentum mode contribution is removed:

<§lj(x)§kl(y)>§ = (SilajkA(.x -y, M12])
— 8,;6,G(x — y, M?

i

Mz,), (10)

where (---); means an integral over &, whose general
expression will be discussed later in Sec. I'V. Note that
the second term comes from the constraint Tré = 0. The
propagators A and G are given by

Three expansions of ChPT at finite volume. The counting rules are compared in the units of the smallest non-zero

momentum 1/L. Our new expansion in this paper is denoted by i expansion™.

expansion parametrization

counting rule

U(x) = Uy exp(i 22
U(x) = exp(i %)
U(x) = Uy exp(i 22

€ expansion
p expansion

i expansion

Uy~ O(1), € ~ O(1/L), M ~ O(1/L*)
£~ 0(/L), M~ 0O(1/L?)

0~ 0(1), ¢~ O(1/L), M ~ O(1/L?), MU, — 1) ~ O(1/L%),

MU,y + US = 2) ~ O(1/L*)
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" 1 e'px
A, M?) == ——, (11)
sz#opz + M?
ipx
Glx, Mf,,Mz)——z
VSR M)+ ME)(ES )
(12)

where the summation is taken over the nonzero 4-momenta
p =2mn,/T,n,/L ny,/L,n,/L), (13)

with integer n,’s except for p = (0,0,0,0). For the fol-
lowing calculations, where a nondegenerate set of valence
and sea quark masses is taken, it is convenient to define a
quantity

A(x, M}, M3;) = G(x, M}, M7,) —

w’ w

—[G(x M2, M?)

w

+ Gx, M3, M3)]. (14)

Note that both A(x, M2 M?)) and its second derivative

i’

9L A MG, M7,) =

i’

M3,G(x, M}, M3)) ——[M2G(x M2, M?)

n w

+M%,G(x, M3, M%), (15)

i

are UV finite even in the limit x = 0. Also, note that both
vanish when M3, = Mj,.

LNLO =

1 2 16 2 2
* Z[E ¢ iffﬁMU] . F(Léz.Mff " LSM”)

- LSZM2M2 [U0]l][U0]jz + [Ug]z][U ]]1)
i#j

Note that we can always omit the constant terms unless
source terms are inserted (the source insertion is separately
discussed below). It is also important to note in the above
expansion that the only Ly term has nontrivial U, depen-
dence at O(p*).

B. Non-self-contracting (NSC) vertices

For one-loop level calculations, it is convenient to re-
write the chiral Lagrangian so that quantum corrections are
partly included. This is performed by simply adding and
subtracting all possible £-contractions of the n point term
and define the non-self-contracting (NSC) vertex:

= [£"(x)NS€ + (all possible & contractions), (18)

£"(x)

8L,
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As a final remark of this section, we note that the above
parametrization Eq. (3) gives rise to a nontrivial Jacobian
in the functional integral measure. It is uniquely deter-
mined by the left-right invariance of the group integrals.
A perturbative calculation [10,17] has shown that the
Jacobian is expressed by

T WUy, &) = exp(— f d*x

to O(p?). It plays a role just as an additional mass term in
our calculation.

oL Trfz(x)>, (16)

III. CHIRAL LAGRANGIAN AT ONE-LOOP

Since our target system is a complicated mixture of
U, matrix model and perturbative ¢£-fields, we first sim-
plify the chiral Lagrangian and collect relevant pieces for
our computation. In particular, by introducing non-self-
contracting vertices, we can renormalize (at the one-loop
level) the coupling constants and the ¢ fields in advance.

A. Next-to-leading order (NLO) terms

Without source terms, we have eight NLO terms, whose
low-energy constants are denoted by L;’s (i = 1, - - - 8) [3].
In our perturbative expansion at O(p°) and O(p®), the
terms with L, L,, L; (and the Wess-Zunimo-Witten
term [45,46] as well) do not contribute to pseudoscalar
meson masses and decay constants. By explicitly expand-

ing U(x) = Upe™V2¢W/F in & it is sufficient to consider

Ny

—ETr[.’MTUO-l-U (16L62M ) Z[ f,]aﬂf,,] i (L4ZMff+LsM)

ZM2M2 §ikjj — 4LgZM4(7[U0 J;Uo]” - 1)

(7)

[£"(x)INS€ = £7(x) — (all possible & contractions). (19)
The contracted vertices (second term of Eq. (18)) are
treated as shifts of the lower order terms. These & contrac-
tions, as they contain the tadpole diagrams, are typically
UV divergent. We use the dimensional regularization and
absorb it into the higher order low-energy constants
(LECs). In this way, the coupling renormalization can be
done in advance, and one can substantially reduce the
number of remaining one-loop diagrams for an arbitrary
correlation function. Note that ([¢"(x)[N5), =0 by
definition.
The two-point vertex is the easiest example:

[£()]C = () = (€ (), (20)
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which is applied to the 4-th term of Eq. (7), and in this case,
the & contraction is treated as a shift of X in the second
term of Eq. (7). Its UV divergence is absorbed into L.

With the NSC vertices, L; terms in Eq. (17), and mea-
sure term Eq. (16) together, we can express the low-energy
effective action as

f Pt effV

T MU, + Ut M]
1N
+ fd4X§ Z(Zlérj)z([a,ufijay,é:ji]NSC(x)

+ (M)[E€ 1) + S (U, €)
+ SP(U,) + Sdiag T S3pt T Sapos (21)

where the first two terms are the LO contribution, and the
perturbative interaction terms are given by

sihwo o= | dhr ey THMI (U — 1)

+ (U = DML (22)
SA(Ug) = - —Zm (o + UL z)( AZE + 8L8M2)
- LSVZMZMZ ([UO]zj[UO]jl + [Ug]lj[UT]]z)
i#j
(23)
Here we have the used notations below,
St = 2[1 - %(% A0, M3,/2) — G(0,0, 0))
F\4 :
L 1oL
= Z i) 4
1 &
AZE = 7 (g(A(o M) — A0, M 26/2)
— (G(0, M2, M2) — G(0,0, 0))) (25)
V= 2F2[ Z(A(O M)+ A0, M2)
+ A(O M3, M3) — <L4ZM +L5M%j>], (26)
and (M}; )2 = (Z”M,j)2 + N;/F*V with
1 Nf
Zh =1+ F[G(o M3, M?) = 8(Ly — 2L6)§_M
—8(Ls — 2L8)M%j:|. (27)
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In the last line of Eq. (21), we have

0, M
Suiag = f d'x 22([aﬂf,,aM§J,JNSC(> Al

2 1
MZAOM — 16L M2M2 +7)
(3 (0, M2) — 16L, =

X [‘fiigjj]NSC(x)): (28)
S = [dhri e TIEWICMI U, — U )]
(29)
N,
Supt = f d4x[— S 2 MEE R

1
+ o Tilo, €606 — fz(a#f)z]NSC(x)], (30)

but they do not contribute to the calculations in this paper
where we only consider two-point functions of off-
diagonal sources. We therefore simply ignore them in the
following sections. We have also ignored trivial constant
terms in the above expressions.

C. Pseudoscalar (and scalar) source term

The pseudoscalar and scalar source terms are obtained
by extending the mass matrix:

M—->M;,=M+iJx), 31
where the pseudoscalar and scalar parts are given by
1
p) =5 (T @ + TH), (32)
s(0) =2 (T () = T ), (33)

respectively.

In order to keep a manifest and consistent counting
rule, we treat M, in the same way as the original mass
matrix, i.e.,

J(x) ~ O(p?), T @x)(Uy — 1) ~ O(p),
J@)(Uy + U§ —2) ~ O(p*).

Note however that unlike the original mass matrix,
J-derivative could isolate the matrix element of
(Uy — 1), which could cause ambiguity in the counting
rule of correlation functions. In fact, the leading contribu-
tion of the pseudoscalar two-point function is known to be
O(1) in the € expansion while it becomes one order higher,
O(p?), in the p expansion. To avoid this problem, we
consider every [J;;-derivative multiplied by a factor

m,m,

(34)
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as a unit block of the calculation. This prescription keeps
the counting order of the operand unchanged even after
differentiation. Note that the unusual square root does not
appear in the physical results since even numbers of de-
rivatives are always required to give a nonzero correlation
when i # j. The pseudoscalar two-point correlation, which
is our target of this work, is then kept always at O(p®) in an
unambiguous way with arbitrary choice of the quark
masses.

£, =i T WU, — U] -

\/_F

+ z% Z(P,Tj(x)[UO]ji - [U;)r]iﬂ”ji(x))(_AZ5 +

L V23
T

. \/_ by
Z pilDE; (A0, M2) —

— li T T T () Upé2(x) — £2(x)UT T (x)]NSC,

2F?

where a term with the cubic NSC vertex [£3NSC is ignored

since it never contributes to the two-point correlation
functions. A new factor Z} is defined by

1

Zi=1"

[ Z(A(O M) + R0, M2))
Ny
+ A0, M2, M3) — 8(L42Mff + LsM

i’

e

D. Renormalization

In the above results, A(0, M?) and G(0, M3, M3) have the
same logarithmic divergences as the conventional p ex-
pansion since the absence of the zero mode do not affect
the ultraviolet properties. In the same way as in [3], we can
thus evaluate their divergent parts by the dimensional
regularization at D = 4 — 2¢ (taking € < 1):

- M? (1
A0, M?) = — T 2( +1—y+1n477>
~ 2 a2 1 (M} + M3 1 ¢ 2
GO, M7, M3) = — ——— ) M,
( 2) 1672( Ny N}; ff)
1
X(7+1—'y+ln477)+--', (39)
€

16Lg
2
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Unlike the Lagrangian itself, we need to introduce an
unphysical constant counterterm with a coefficient H, [3],

>
—H (Fz) T(M + it (M + 7)), (36)

to cancel the divergence of the scalar operator at a finite
valence quark mass.

Now let us collect terms linear in J and rewrite it in
terms of NSC vertices at O(p°):

Z EOLTT U, + UL T ()] X ZEZJ(Z3)?

Ny + 2

2 T x (o5 zwffff(x))

(37)

where y = 0.577 21 - - - denotes Euler’s constant. As is the
usual case, these divergences can be absorbed into the
renormalization of L;’s and H, as

Yi
32

1
L= L) = 5 (54 1=y + nder = g, )

(40)

1
Hy = Hi(pgp) — W( + 11—y +Indm — 1“:““3ub)’
(41)

where LI(ugyp)’s and Hi () denote the renormalized
low-energy constants at the subtraction scale pg,, and

1 Ny _1<1+1>
Ya g’ Ys g’ Y6 ) N%’

Y 1 /N, 2
n=0  y="E=i(F-1) @2)
f

As aresult, 2, AZ,E,, Z” and Z” are kept finite, while Zi!
still diverges but it never appears in the physical
observables.
After this procedure, one can replace A0, M?) by,
2 2
A7(0, M?) = LQ 1nMT + g,(M?), (43)
167 b
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where g, denotes the finite volume contribution of which the zero-mode part is subtracted. It is well-known that there are
two expressions for g: one valid for small ML =< 1 [11] and the other valid for ML = 1 [6], and their convergence around

ML ~ 1 is discussed in detail in Ref. [34]. Here we just note that on a L ~ 2 fm box, these two

g.(M?) = { X
— 2 (M) - 3

at n"™ =7 and ny™ = 300 show a good convergence
around the threshold |M|L = 2. Here K, is the modified
Bessel function and the summation is taken over the four-
vector a,, = n, L, with L; = Li=123)and L, =T.
B;’s denote the shape coefficients defined in [11].

IV. £ CONTRACTIONS IN THE CORRELATOR

We are now calculating a hybrid system of a matrix U,
and fields ¢ whose partition function (with the source 7) is
given by

2(7) = f dU,(detUy)?
U,

X [su(Nf) dfexp[— [d“x(ﬁ + Lj)], (45)

where we need to integrate over both fields. The integral
over Uy, in particular, has to be nonperturbatively per-
formed. Our strategy of this study is (i) to perturbatively
calculate ¢ fields first, (ii) then to perform U, group
integrals.

Let us here define two notations

(01(Up))y,

_ ]dUO(detUO)Qe((zeffw/zm[wUU+UJMJ01(UO)
[dUy(detUg)2eGerV)/DTAM! Uy +UM]

. (46)

[age” J@DEEPECRAMDETE o (1)
o _ .
(0,(8))¢ [dge™ JED X, @ 18, oM e
(47)

’

with which any correlation function of U, and ¢ (we
denote (U, £)) can be expressed as

{f WUy, &)= SI" VD) o=/ W)y,
_ g _c®
(e S, (U()v-f))ge S (Uo)>U0

(fWUo &) = , o (48)

where the interaction terms 55” ’s are treated perturbatively.
Noting SED(UO, &) ~ O(p) and S?(UO) ~ O(p?), the cor-
relation function above at NLO can be divided into four
parts:

Iml=ny™* /o2 e 1
Zaq’:O : 47,.2|a|K1( M?lal) —

”max _ _
n2=l (nljnl)!Mz(n I)V(n 2)/2

(IMIL > 2)
(IMIL = 2)’

MV

(44)

[

(F(Uo, &) = (f(Up, EN° + (f(Uo, ON' + (f(Uy, £))*°
+ (f(Uy, EN, (49)

where the superscripts 00,10,20,01 mean O(1), (9(851)),
(9((551))2) and (9(852)), respectively. Namely, they are
defined by

(f(Uo, )" = (f(Uo, Neduy (50)

(f(Ug, O = (=8 f(Uy, )edu,
- <<_S§l)>§>UO<<f(UOr Nedu, (D

(w9 = (5" 2rwa ) )

Uy

- «% (SEI))2>§>U‘)<<JC(U0: e,y (52)

(f(Uy, OV = (=SPUf(Uy, e,
—(=8P), (f WUy, el (53)

These notations are useful in the following calculation.
In the rest of this section, we calculate the (- - -); part
using the Feynman rule, Eq. (10).

A. Chiral condensate to NLO

For a warming-up, let us first calculate the one-point
scalar function (i.e. the chiral condensate) to the next-to-
leading order [34]. In this case, we consider a pure imagi-
nary diagonal matrix element of the source

[j]ij = _i6iv6jvsvv(x)- (54)

In this case, the source term in the Lagrangian is
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2f:ff
2

- i%sw(x)[Uoﬂx) — £ T

‘£J == svv(x)[UO + Ug]vv

Sanoa3, - 00 MY

FZ

b5 I + EWUTE +00%), (55)

where the index v is not summed over.
Now we can calculate the chiral condensate of the v-th
valence quark as follows,

1)
=m, m an(j)lSw:O

P
= mv( 2eﬁ [UO + Ug]vv

M (G, q, (%))

- 2( Az _ACLs HZ)M5U)>00

F2

2t
= | Uy + Uf T

2
— 2<AZIE/,U _ 4(2L8 ;zHZ)MUU)]’ (56)

where we have used (£(x)); =0 and (1), = (1) = 1.
Note that (7,q,())'"" = (G,q,(x))** = (G,4,(x)*" =0
to our order, which can be easily confirmed by a
direct calculation using the fact ([Uy+ Ul],, )" =
([(Uy + UL, — 2)°. The result is, of course, consistent
with Ref. [34].

B. Pseudoscalar correlator

Let us next consider the pseudoscalar source. In the
calculation of meson correlators, we take a specific gen-
erator of the chiral group which has v;v, and wv,v;
(v| # v,) elements only. This choice corresponds to the
charged pion or general kaon-type correlators. Here v,
denotes the valence quark index whose mass is given by
m,,. For simplicity, we omit “v” in the following: the
indices v, and v, are denoted by 1 and 2, and their masses
are expressed by m; and m,, respectively. Namely, we
consider

1
[T()];; = 5(511'51'2 + 62;61,)p(x), (57)
where p(x) is a real classical number.

The pseudoscalar source term in the Lagrangian then
becomes

PHYSICAL REVIEW D 84, 014501 (2011)

£,="erw ), )

where

2 eff
2

16Lg

P2(x) =i ([Uo)i» — [Ug]zl)(l —AZ3, + ?M%z)

- %flz(x)([Uo]u + [Ug]zz)Z?Z;z(Zi% :

B J;ZQUOL,»fQ(x) + E[UF 1)
i#1

- i% Z[fz(x)]?}sc(wo]l@z - 8,,[UiT5),

(59)

P(x) = (1 <2) (60)

Now we are ready to calculate the pseudoscalar-
pseudoscalar (PP) correlator,

N R
"2 Z(0) 8p(x) 6p(0)
X Z(D p) p0)=0

= s 3 (PP 0)

mymy(P(x)P(0)) =

+ %(Plz(x)Plz(O» +(1 - 2)], 61

where an overall factor of 2 is introduced to compare with
the corresponding lattice connected diagram. Note that the
procedure Eq. (35) is performed but the factor m;m, will
be omitted for simplicity in the following calculation.

Although the number of diagrams we need to calculate
is substantially reduced by using the NSC vertices, our
calculation is still tedious because of the off-diagonal
elements of U, in the source term Eq. (59), which produces
various unusual channels in the correlator. Every step of
calculation is, however, rather straightforward as in the
conventional p expansion, except for the use of the
MUy — 1) ~ O(p?) rule. We therefore skip the details
of the calculation in the main text here. Instead, we sum-
marize several useful formulas for the computation in
Appendix A and present each piece of (P(x)P(0))*,
(P)P(O))'?,  (P(0)P(0)* and (P(x)P(0))"" in
Appendix B. We also use the technique in Appendix D.

After relevant one-loop integrals over £, the pseudosca-
lar correlator is given by
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(P)P(0)) = (P()P(0))* + (P(x)P(0))'* + (P(x)P(0))* + (P(x)P(0))""

— - Epzpron s 2 (G-

it o\ X

2
(252;2)2)601’ + %(Azﬁ — AZ3)C" +

22
2F?

x [(z;Z(Zg)Z)ZCIA(x, MB) + 02(% aMz)A(x, M)y, + Ch(B M) — A(x, M3,)

+ 3, (A(x, M%) — A(x, M3))) + ZC‘l‘j(A(x, M%j) — A(x, M3)) + chi(ﬁ(x, M3) — Alx, M%)

Jj#1

i#2

+ C5G(x M2, M2y) + OO (Glx, M2y, M2) — Glx, M2, M2))) + 5, (G, M2, M2,) — Gilx, M2, M%z))],

where
Cl = <([Uo]12 - [U(J)r]21)([U0]21 - [Ug]lz)

# 5 @ols ~ [0 + 5 (U = (U010

Uo
(63)
o — LUy + Ug]n [Up + U(J)r]ZZ
c _< o Mot )UO, (64)
o = %«[UO]IZ - [U(J)r]zl)z - ([Uol1 — [Ug]12)2>U0’
(65)
cl = <([UO]11 + [U3 1) (ol + [UT)
Ny Ny
+ Z[UO]U[UJLI + Z[Uo]Zi[Ug]iZ
j#1 i#2
" %{([Uo]lz)z + ((U§To)? + (ol
QUL (66)
Uy
B _ < [RIR],
C? = <2([R]11 + [R]ZZ) ;ﬁ
S @
€3 = (UL + (U1, P,
.\ (RI;LULT; + (ULl RY;i),
m; —m;
o (RY? + (R1iP, (68)

Z(ml' - mj)2

(62)

(R1ilUsly + [RILUL 0,

mj—m,-

Cl = <[U0]ij[Ug]ji>Uo +

(R1;[R];0v,

(mj - mi)2

+ , (69)

o5 = —<([U0]12 + (UL ([Uol + [UE]1)

+ %([Uo]n + [Ug]zl)z + %([UOJZI + [U$]12)2> ,

Uo
(70)
¢§ = (U + (U1,
N ([RY; + [R)AUN;i + (UL,
m; — mJ
, CIRLIRY, + (R + (R, o)
2(m,- - mj)z
where we have used a notation
R = MY (U, — 1)+ (U — 1) M. (72)

One should note that many unusual channels appear in
Eq. (62), which is a quite unnatural situation when just a
single particle propagator is expected. However, one will
find in the next section, many of them actually disappear,
or many of the coefficients C’s vanish after integration
over UO.2

V. ZERO-MODE INTEGRALS

The zero mode’s contribution to the so-called graded
partition function of n bosons and m fermions is analyti-
cally known [47-49],

The readers might wonder if the integration over &, first is
then inefficient. But if we perform U, integrals first, we need
much more tedious computation over U, than what we will see
in Sec. V, which do not disappear until ¢ integration is com-
pleted. We thus believe our order of calculation is easier.

014501-9



SINYA AOKI AND HIDENORI FUKAYA
i—1
det[ ! To+j—1()li j=1n+m

i = )T (0 — )
(73)

Z2n(pih) =

in a fixed topological sector of Q where u; = m;%V. Here
J’s are defined as T o j—1(u;) = (= 1)/ 'K ;- (u;) for
i=1,---n and jQJrjf](/“Li) EIQ+J',](,LLZ') for i=
n+1,---n+ m, where I, and K, denote the modified
Bessel functions. Partial quenching is completed by taking
the boson masses to those of the valence fermions at the
very end of calculation.

Exact group integrals of various matrix elements over
U, can be calculated by differentiating the above partition
function. The most basic pieces are

8, = 5ol + UL

= lim — lnzgl+Nf(ﬂb’ Moys {:u’sea})r (74)

Byt Oy

1
DU = Z(([Uo]vv + [U0]3U)2>
1 . 82 0
- m“llj}}‘wm ZlvlJer('ub’ My {Iu’sea});
f sea v

(75)

1
Dulvz = Z<([UO]UIUI + [UO]l‘l;lUl)([UO]vzvz + [UO]32U2)>
1 . 0
R lim
ZNf({MSCa}) Mooy = o Kby ™ oy alu‘vl

d
X W ZZQ,2+N,(/J“b]’ Mby My Moy, {Msea})y (76)
v
where u, denotes the bosonic spinor mass and {is,}
indicates a set of sea quark masses (normalized by XV).
Note that D,, ,,, and D, differ even when m,, =m,, =m,,.

In Ref. [16], more nontrivial matrix elements are calcu-
lated in terms of the above S’s and D’s using the left and
right invariance of the group integrals. Their results are
summarized in Appendix C.

Now we can simplify C"’s in terms of S’s and D’s. Note
here that for the leading contribution, namely, for C°* and
C', we need to use .y instead of ¥ in the arguments.
We distinguish them by putting a superscript “‘eff” like
u(= m;3.V) and ST The results are summarized
below.

4

ff ff (
B+ ous

Clr = — SSf + S, (77)

CO =8, +8, (78)
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Co% =0, (79)

2
C!'= 2(1 + DI+ Qi) (80)

pi st
mlmzcz = 2m1m2[2m1(81 - 1) + 2m2(82 - 1)

+Zml_mj+zm2_mi], (81)

j:,&]ILl’l +1U’j i¢2/1*2+1“i

c}=0, (82)

mCli = mCy ~ O(p°), (83)

CS=—L(81—82). (84)
M T Mo

Note that we have used m,;(S; — 1) ~ O(p*).
Since the C? term contributes only in the p regime, one
can substitute the perturbative expression to S; [42,44]:

S.=1_§:¥+Q_2+... (85)
l = pitpy 2uf ’

and obtain

N, @
SV 2uu,

(m, +m2)+---].

(86)

mlm2C2 = 4m1m2[—

Noting m;m,C' = 4m;m, + O(p®), the 5th term of
Eq. (62) can be absorbed into the 4th term (namely, C'
term) by shifting the meson mass as

N Q
f
Mizz - MI122 ) +
F-V 2/.L] 1%}

M2, (87)

Ny . .
We recall that an unexpected term FTJV is found in the
definition of M/, but it is now canceled out.

Thus the result can be expressed in a simpler form,
ff f
S+ S5

1t o
2

x (1 + e 7>A(x, (ML)
2 s Tugt .

(PP, = SZPPZE PRy

o s-s,

G(x, M3, M3,), (88)
F2 u - 11> M3
where
ij 0% \?
(M2)? = M%(Zf - ) . (89)
! M i,
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VI. RESULTS

A. Pseudoscalar correlator at fixed topology and in # = 0 vacuum

Let us take the zero-mode projection, or integrate Eq. (88) over three-dimensional space (see Eq. (A1)),
PPt mi,mi)g = [ dXPWIPO)g

22(21152212 4

2 0 _ 2(712712)2
(1 e 0 )cosh(Mlz(t T/2)) g s 2HZEZy I:S?ff s

F*(z12)? 2 w§tus) Mm%, sinh(MQzT/Z) Myt
_ 2 2 232 S, —
- (1 + Dt + T? etf)/(1 ;+ 9 )] 22 g 22 12(z) (90)
AR 21 o F= oy —
which is more useful to compare with lattice QCD results, where
ri(t) = fd3xG x, M2, M2) 1)

This is our main result in this paper valid for an arbitrary number of nondegenerate flavors.
It is also important to consider the correlator in the § = 0 vacuum,

PP(t, my, my)p—g = [d3X<P(X)P(0)>0:0

3ZRzy)! off (Q*)g—0\ cosh(M Pt = T/2)) | 32(ZPZ)[ et
—Wz(lﬂ“(ﬂ Jo=o + o ett)M(l;vzosmh(M T [(81 Jo=0

(Q2)9—0):| 232 (S1)p=0 — (S2)e—o
21 pa F? M1 = o

2
(ST — (1 (D) + L%B;;f?) / (1 + (), (92)
1 2

where (M;70)* = Mizj(Zfé + %)2. The summation over 1 ~ o) 04)
topology, w+ )
>0 0(0)Z8 (us) 1 0
(0)gmg = =2 L7 (93) Si~1=F——+ =5+ 00", (99)
204 N, (s} 7T My i
can be, at least, numerlcally performed using the analytic Dy ~ 8,8y ~ 1 — Z L2

expression for Z9 o, ({u$™}), which is finite. For small N,
cases, simple analytlc forms are also known [50]. Note in

the p regime, that we can easily calculate (Q?))—y = i = _ ! + % + O(p*) (96)
m2V = x,V where m = l/zf(l/mf) and y, denotes the T ot g 2u3 ’
topological susceptibility.®

As seen above, we find a constant contribution in the (0®)g—o ~ fi. 97)

pseudoscalar correlator in addition to the conventional

cosh function of time ¢. This constant term is indispensable
for keeping the result IR finite and giving a smooth inter-
polation between the € and p regime limits.

B. Check in the p regime and e regime limits

Let us confirm whether our above formulas recover the
conventional p expansion results when both of m;, m, are
large (or m;, my > 1/%V). In that limit, we can use (see
Appendix C and Refs. [42,44])

*In the p regime, the LO calculation of y; is enough in this
work. See Refs. [51,52] for the NLO correction.

Here one should remember that in the conventional p
expansion, Z factors are expressed not by A(0, M?) but by
A(0, M?) = A(0, M?) + 1/M?V. To take this into account,
it is useful to redefine the Z factors,

[Zﬁ]pEZi%[H A ] (98)

4oy

1 1 1
(RS
g 4; R N S I 1Y

s ) 7 <99>
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The well-known result in the p expansion is then precisely
recovered,

22(z¢,[z)71,)°
P P(t, my, my)g—y = (I[sz[;}vg]:;; )

cosh(M{5%(t — T/2))
MO0 sinh(MY°T/2)’

(100)

where M{;" = M,[Z}}],. Note that the constant term and
ri2(7) term rapidly vanish as m; or m, grows. We also
confirm that our result at fixed topology agrees with the one
in the p expansion [51].

Next let us consider the € regime limit, where both of the
valence masses are near the chiral limit, m; ~ m, ~
1/ V. In this case, one can expand the hyperbolic cosine
term in the meson mass as

cosh(M(r—T/2)) 2
Msinh(MT/2)  M?

- +2Th,(t/T) + O(M?),

(101)
where
1/t 1\2 1
ht)T)==[=—=) ——, 102
o =3(5-3) 5 (102)
and obtains
Esz ff 0’
PPt m,,m,) =4e<1+1)e +7)Th (t/T)
L1M2J0 F2(Z}v2)2 12 M?ffluez:ff 1
+ L3 Efo S?ff + ngf
[S /J‘Efff—i_:u’gff
2328, -8
_F ! 2 rlz(t), (103)
M1 M2

which is consistent with the result in the € expansion
(Ref. [18]). Note that we have used 2(Z}2Z12)? = 3 +
OM3)) + O(M3,).

C. When m, is large

One of our main interests in this work is to consider
when one valence quark is always large, in the p regime:
my2V ~ O(1/p?). Namely, we consider the chiral limit of
the kaon-type correlators in a finite box.

([Uy(x)]12 + [Ug(x)]zl)([Uo(Y)]zl + [U(J)r()’)]m»uo

PHYSICAL REVIEW D 84, 014501 (2011)

In this case, we can perturbatively treat (see
Appendix C)
1 1 5
—— ~—~0(p%), (104)
S TSI 15}
1 2 4
S,~1—) ——+—+ 0(p*), (105)
? ; Mot py o 2u3
D ~$(1—Z¥+Q—2) (106)
12 1 2o T 2u2)
and the correlator in that limit is
PT(t, my, mz)Q
2 ZlZle 4 1 2
ZE (2F12Aé) [1""5?“(1_2 +Q—2>
FX(Zy) T My Ty 20
2 h(M&(t —T/2
@ Jeosie - T/) 1o,
Mol 2MY, sinh(MT/2)

The result in the & = 0 case is obtained by replacing Q2
with (Q?)y—, and S with (S¢),_,.

One can see that the overall factor (and therefore the
calculation of the decay constant F) still has a large finite
volume correction from the zero-mode integration, while
the meson mass (M 1Q2 here) has a rather small perturbative
correction.

D. Origin of the G(x, M?,, M%,) term

The third term in Eq. (90) becomes significant only
when both of m; and m, are in the € regime. Here we
consider the origin of that term.

Although nonperturbative integration of the zero mode
is supposed to be the most reliable way of calculating the
finite size effects near the chiral limit, it obscures the
physical meaning as propagation of the pions. Let us
here go back to a perturbative picture in the definition of
Eq. (70) and express the corresponding correlation func-
tion using Appendix D and putting labels *““(x)”” and “(y)”
to explicitly show where the original operators are located.
For example, the first term of Eq. (70) is expressed by

=~ W Lo by, + Col [ nde) + (W + [EWLIEO + [0y,

+ 32?((([50()()]12 — [0 LDTEM L — [5(3)()’)]12)>U0 (& — [E0) L) [E0 T — [EoW]i)y,) + -+

(108)

With this perturbative picture of the zero mode, the C> term can be expressed as
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CG(x — y, M2, M3%,)
— ZHCE e + [EhICEW T + [0,

XALE@T[EM T + [EW Ll EWi)e +
(109)

It is then obvious that this term is originally a three-pion-
state propagator which is suppressed in the ordinary p
regime. As the system enters the € regime, however, two
of their zero mode’s contributions are nonperturbatively
enhanced and it becomes an NLO contribution.

VII. USEFUL EXAMPLES

In this section we present two specific examples in the
= 2 (with degenerate up and down quarks) and 2 + 1
(with up, down and strange quarks) theories, which are
useful to analyze lattice QCD results simulated in finite
volumes. In the formulas below, we denote the sea quark
|

G(‘x MUU’ M%‘U)

%[A()C, Mlzw) + (Mzzzv - M727)6M2 A(x’ M%v)]

PHYSICAL REVIEW D 84, 014501 (2011)

masses by m, = my, = m and m; (u = m2V and u, =
mg2V).

We consider two types of the pseudoscalar correlators:
the pion-type correlator whose two valence masses are
degenerate, m; = my, = m, (u, =m,%V), and the
kaon-type correlator for which we take m, always to be
in the p regime (see the general formula Eq. (107)).

A. Simplified G(x, M2, M?)
For small Ny, we can simplify the G(x, M3, M3,) (or
r12(7)) term. Since it contributes only when both of m; and
m, are in the € regime, it is sufficient to consider the pion-
type correlator case with m; = m, = m,,. The result was
already presented in Ref. [51], except for the presence of
the zero-mode part: G(x, M3, M3,) = G(x, M3, M%,) +
1/(VM?,M5,(3.;1/M7)), which does not affect the coef-
ficient of each term. Here we just present the results for the
Nf = 2 and 2 + 1 cases,

(Nf =2),

R ) + (1 3 A b, )+ (MO K50 | (Np=2+1)

M2)? 22, —M2)?

where M7, =2m,3/F?, M2 =2m3/F?, and M?% =
(2m + 4m,)3 /3F2. Noting that A(x, M?) rapidly con-
verges to —1 /MZV for large |x| and remembermg that
the correspondmg term contributes only when M2,
O(p*), it is sufficient to consider (See also Eq. (Al). )

1| coshMS,(t—T/2) _ 1 _
ZI:ZM,%sinh(Mg,,T/Z) (Mg,,)zT] (Nf 2),
(= ME,-T/2)
1| cosh(My,(t—T/2)) __ 1
Q[ZMVQ,,sinh(Mg,,T/Z) (M2)*T ] 6M2T (N - =2+1).
(111)

Here we have used an additional assumption that the
valence pion mass is not taken very differently from the
physical pion mass and the @(M?2, — MZ) contribution is
ignored. The only exceptional case: M2 > M2, will be
discussed later. Note that we have replaced the tree-level
mass M,,,, by the NLO mass MUU for later convenience (the
difference is next-to-next-to-leading order.).

[
Dpp =

L3 Eeff [2Seff <1 + D%fé + (Mgv:f)z _ g gtf

3 eff el
i )/(1 +%) ‘ﬂﬁ(aﬁ)] Ny =2+1).

e
2u

eff
13 ziegf[zseff (1 + Deff + g:f)z gi

2012, — M2)

(110)

B. Ny = 2 and 2 + 1 flavor results

Using Eq. (111), the pion-type correlator can be ex-
pressed in a compact form,

a(t,m,)o = PP(t,m,, m,)g

Qcosh(M w(t—T/2))
M,% s1nh(MUUT/2)

+ D%, (112

where the valence pion mass is given by

QZ
MY, = sz;;(l + —2) (113)
4y
and
22 (ZUUZUU)4 Q2 Seff
Q + eff
PP F2 (Z}’;")z 2 (1 D ( f]ff)Z a,uetf)
(114)
)/(1+45)] =2
(115)
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Here we have used 3 = 2(Z}Zy)* + O(m,) and
5,-8  aS,

Iy

It is also possible to simplify the kaon-type correlator
(here we choose the second valence mass to be the physical
strange quark mass: m, = m, inthe 2 + 1-flavor theory) as

K (1, my)g = PPt my, my),

lim (116)

mi—my=m, =ty

PHYSICAL REVIEW D 84, 014501 (2011)

Using a notation for the renormalized logarithmic
term which is given in Eq. (43), the explicit forms of Z
factors [53,54], 2./2, S, and D, (see Appendix C) are
given by

(i) Ny = 2 case:

111
Zy =1+ -—|5A70, M?
M 2F2[2 ( vv)
1

+ 7(M12}'U - M%T)a 2 Ar(O, M%v)
_ po SSMEG—T/2) 2 e
MY, sinh(MST/2) —16(L} — 2LOM2 — 8(L% — 2L§)Mgv],
where the valence kaon mass is given by (120)
Q2
MS = sz;f;<1 +1 ) ]
Moy (118) Z%U = 1 - W[ZAr(O’ (M%v + M727)/2)
Mvs = v T s E Fz’
Vimy +m)%/ — $QLIM + LIM2,)], (121)
and
22 (szzvs)4 1 2 Eeff — 1 — 1 [ AT 2 _1 — ’81
0 _ MZF et 1 _ = —| 2470, M7/2) — ~1— =
— = YMlE ) () gefi( ) , M7
R (R (e 2 r 2L
1 2 2 Y S IRV R
S 2) . @ ) (119) Mv( TomZ MV B 32)}
2ug 2p5) s
The result in the # = 0 vacuum is obtained by simply — 32LeM gr] (122)
replacing Q2 with (Q?)g—g, ST with (S¢"),_, and Def
with (D) ,_, in the above formulas.
0, Ko(y) Io(pmy) To() w1 (1)
d =0, (o Kor1(uy)  molpii(py)  mlpri(p) Io(w)
et 2 2 2
A, (WoKoia(iy)  mylpia(py) milpia(n)  mloe(n)
1 ~0,, (13K 3(1,)  milgis(p,) wil 2
S, = . X MU(,U« Q+3(,U~ ) Q+3(M )1 M Q+3(,U~) M~ Q+2(M) ’ (123)
(m* — u3) det( Io(p) IQ—](M))
plgii(pm) Ip(w)
aMUKQ(ILLU) a,u,I,IQ(/'Lu) IQ(Iu’) /'L_IIQ*I(IU’)
dot| T BoKon1 (o)) 0y (olori(py)  pwlosi(w) Io(p)
3MU(M%KQ+2(,U«U)) aﬂl,(M%1Q+2(Mu)) wlopa(pw)  mlpei(p)
Do - 1 =3, (W3Kow3(my) 0, (W3lgia(py)  wilpia(p)  uloin(p) N 4, S
o (u> — u3)? det( To(w) MIIQ—I(/-L)> el A
plgi(p) Io(p)
(124)

(i) Np =2+ 1 case:

AT(0, M2) + l(l + -

1 1 (M%2 — M?)?
Zvy =1+ 1

22 6 (M2, — M2)?

— (M2, — M2)}ayp AT(0, M2,) — 8(L] — 2LE)(M2 + 2M3) — 8(L — 2L§)M5v],

1 (M5 — M3)
2 (M%/v - M%)z

- 1 (M?%, — M?
)A’(O, M%v) +_( Vv 77)

{33, — M3)
6 (M%v - M%}) K

(125)
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1 1 M2—-M?% - 1 M2, — M~ -
Zu =1+ [ TA0,M2) + - ———Z A0, M3,) — 8(L} — 2L)(M% + 2M%) — 8(L% — 2L§)M%S:|,

2FP 3 M2, — M? 3 M2, — M2
(126)
1 - _
Zy =1~ FDA’(O, (M3, + M3)/2) + A7(0, M3,) — 8(Ly(M7 + 2M%) + LiM3,)], (127)
vs 1 T'x, 2 2 1+, 2 AT 2 1 | M7 - %1 Ar 2
vv n
L(M2, —M2 1 1(M7—My\2)+ 1 (M3, — M3)
- vV 77_7_7 T ArO,M2 - Vv w 3M2 _M2
3{M5v -M; 2 4<M5U — M%,) } (0. M5,) 12 (M2, — M%){ (M, n
— (M2, — M2)}d 2 A7(0, M2,) — 8(L5(M2 + 2M%) + LEM?)) |, (128)
Mz, 4 k 5
et 1.+ < [ (M7 —M3)?* < (M7 — M3)* Bi
=1——[2A7(0, M%/2) + A7(0, M2, /2 ——{——’T A0, M? +<1+4” N )(——)
S = 1= 2RO M)+ B0 2) — 3| =T B0 M) i
MZ(M2 — 3M?) 1
S A (- InV'/2u2 — )}—16L* M2+ 2M> ] 129
ZM% ( 16772 n Msub B2 6( T K) ( )

1
ST T W )
d,, Ko(uy) Io(p,) To(w) oo () To(us)

=0, (uKor1(uy)  molpii(py,)  mlgyi(p) Io(p) el (pey)
det| 9, (uiKosa(my)  mplpia(py) wmlgwa(p)  ploei(m)  puiloa(my)
=0, (uaKoi3(my)  milois(my)  wilos(p)  w?lowa(p)  wiloes(uy)
O, (WoKoia(py)  molora(py) mtlora(w)  wilopes(p)  uiloa(py) (130)
Io(n) p gy () To(py)
det| ulpyi(p) Io(w) oloyi(ps)
M21Q+2(M) MIQH(M) M%IQH(,“S)

1

D =_
v (u? = w3 (us — u3)
a,uV,,I{Q(/"(’U) a,u,uIQ(/va) IQ(/J’) /“L_IIQ—I(/"L) IQ(ILLA‘)
=0, (myKor1(my) 9, (uplori(py,)  mloy(p) To(w) wslorr ()

det| 9, (WiKpia(my) 9, (wilgia(m,) mlowa(p)  mlgii(p)  wlloio(my)
=0, (M Koa3(my) 0, (wilora(py) wiloia(p)  wilpe(p)  milois(py)
O, (o Kosa(py) 9, (miloea(py)  wloa(p)  plois(m)  uiloea(ps)

X
Io(p) w gy () To(uy)
det| wlpyi(u) Io(p) Ml (py)
wWloa(p)  plog(p)  piloia(my)
4 2
+( L z)Sv- (131)
R A T
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_ Here we have used explicit
G(0, M3, M5)’s shown in Ref. [51] and

expressions for

lim A(0, M%) = - %, (132)
. - 1
}}Lr})aMzA (0, M?) = e V242, — B, (133)

For S, and D,, at degenerate up and down quark
masses, we have used an expansion (u + Aw)*l,(u +
Ap) = pI(p) + pAulp* (0] + O(Ap)?) for
any a, and a similar expansion for K,’s. Note that St and
D are obtained by simply replacing 3 with 3. in the
above formulas.

C. When M,, < M,

In Eq. (111), we have neglected a term proportional to
M2, — M?. One might, however, encounter the case where
one wants to reduce the valence quark mass to the very
vicinity of the chiral limit while keeping the physical pion
mass at the p regime. In such a case, a partial quenching
artifact is enhanced as a double-pole contribution and
one has to add the following contributions to the pion
correlator,

cosh(M,,(t —=T/2)) 1 ]
2M,,, sinh(M,, T/2) M2, T

(134)

Arrlt, my)g = —ngamu[

where

%(giz)(Mﬁv - M2) (Ny=2),
2 2 _Ag2
5 Jorz, - a2 (1- 1) (=21

(135)

D. Masses and decay constants

In this subsection we demonstrate how to extract the
masses and decay constants of the pions (and kaons) from
lattice QCD data using our formula. We plot in Fig. 1 the
pion correlator Eq. (112) (normalized by 3) at several
different quark masses. We take m,, = m,, in all cases.
In the plot, the strange quark mass is fixed at m, =
111 MeV, and the topological charge is fixed at Q = 0.
We choose the finite box size as V = L3T = (1.8 fm)? X
(5.4 fm) and the boundary condition is periodic in all
directions. For the inputs, we use one of the latest lattice
QCD results for the chiral condensate and the pion decay
constant, > = [234 MeV]? (in the MS scheme at 2 GeV)
and F = 71 MeV from Ref. [41]. For the other low-energy
constants, phenomenological estimates from Ref. [3],
L}(770 MeV) = 0.0, LL(770 MeV) = 2.2 X 1073,
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12 i : —
' m, ;= 3MeV — ;
10 ! mudzleeV ...............
m,,; =22 MeV
W
~ 8
T
Q
= 67
3
3
S 4t
B
2 L
0 .
0 1 2 3 4 5
t (fm)

FIG. 1 (color online). The Ny =2+ 1 ChPT prediction for
the pion correlator (z,m,), (normalized by ) at Q =0
and m, = m,,. The finite periodic box size is V = LT =
(1.8 fm)? X (5.4 fm). We use m, = 111 MeV, 3IM5(2 GeV) =
[234 MeVT, F=71MeV, L} (770 MeV) = 0.0,
L£(770 MeV) = 2.2 X 1073, L{(770 MeV) = 0.0 and
L5(770 MeV) = 1.1 X 107 as the inputs.

LL(770 MeV) = 0.0, and L§(770 MeV) = 1.1 X 1073
are used.

As the first step of the analysis, one should identify the
presence (or absence) of the constant term Dgp, which is a
signal of entering (or leaving) the € regime. As shown in
Fig. 2, it is a rapidly decreasing function of the quark mass.
Since this constant comes from the zero-mode part, it is
essentially controlled by the chiral condensate. Using lat-
tice QCD data for X (or 3.5) or taking time derivative of
the correlator, Dgp can be subtracted.

Next, from the remaining cosh function part, the meson
masses can be determined. In Fig. 3, we plot the quark
mass dependence of the pion mass squared divided by the
quark mass: (M2 o/ 9=0Y2/(2m,,;) and that for the kaon
mass: (M2 /(m,, + m,). Here the same inputs
shown above are used. The 6§ = O results here and in the

al
oo Ol
a9}
?Du
L o001
Q
0.001
0.0001 ‘ T
0 20 40 60 80

m,; MeV)

FIG. 2 (color online). The quark mass m,;(= m,) dependence
of —Dgp (normalized by 3) at Q = 0. The same inputs as Fig. 1
are used.
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3 T
L=18fm(Q=0) ——
2 L=18fm (§=0) -~
28 M/ (Q2my,) [GeV] L =27 fm (Q=0) ]
B L=27fm (8=0) -
2.6 L=T=0o |
2.4 |
22 S -
2.4 —
My~ I (m,+my) [GeV]
23 //
0 20 40 60 30

m,y (MeV)

FIG. 3 (color online). The up-down quark mass m, (= m,,)
dependence of (M% =°2/(2m,,) (upper panel) and
(M o/ 0=0y2/ (m,y + my) (lower) is plotted at different volume
sizes. The same inputs as Fig. 1 are used.

following are calculated via Eq. (93) truncating the sum at
|Q| = 20, which already shows a good convergence. For
the pion mass, 10%—20% deviation from the infinite V
result (thick curves) is found near the chiral limit while
the kaon mass suggests only ~1% finite volume effects.
Note that there is no contribution from the zero mode to the
meson masses at Q = 0 (See Eq. (89).).

Finally, let us discuss how to determine the pion
decay constant from the coefficient Cgp. It is not difficult

to check that a naive conventional definition FZ =

4m2C%,/(M2,)* or its counterpart in the § = 0 vacuum

F=0 = (F2),_, actually leads to the right infinite volume
limit F,, = FZ¥|y— as V increases. It is also the case for

the kaon decay constant: FZ = \/(mv + m,)2ES, ) (MZ)*
(or F%7%) converges to the infinite volume limit of
Fyx = FZ¥|y—. Note however that the curves in Fig. 4
show a considerable deviation ( ~ 50%) as the quark mass
is reduced, which is a typical consequence of the non-
perturbative zero-mode integrals. Unlike the meson
masses, not only the pion decay constant but also the
kaon decay constant receives a large contribution from
the zero mode. These zero-mode integrals are again con-
trolled by the chiral condensate, and therefore one should
in principle be able to subtract this part using lattice
QCD data for % (or X.). Once the zero-mode part,

eff _ 0> _ syt eff(1 _ 2 1 4 0%
D:v U+ G — G OF Syl PR TR 2M§) *
0

o — 1, is subtracted, one obtains F7, = FZ}¥ or Fi =
FZ°, which have a much milder volume dependence (at
most a few % level) as shown by the dotted curves in Fig. 4.

We emphasize that the accuracy of our calculation is
NLO even though the zero-mode contribution is partly
treated to all-order. It is interesting to compare our results
with the conventional finite volume formulas in the p

PHYSICAL REVIEW D 84, 014501 (2011)
150

100

50

150

100 7

0 20 40 60 80
m,; (MeV)

FIG. 4 (color online). m,,(= m,) dependence of the pion
(upper panel) and kaon (lower) decay constants F 7QT:0/ =0 and
F=Y9=0 4t different volume sizes. The curves with the index
“zero-mode subt.” denote F. or Fj. See the text for the
notation. The same inputs as Fig. 1 are used.

expansion since higher order loop calculations are avail-
able a la Liischer formula [55] for the latter. In Figs. 5 and
6, we plot our results for
0/6=0
M7k (L)

Ry, =—"% "
Mz M#/K(L = OO)

ng,i:“(L)

Rp, =—"% "7 _
Fai FW/K(L = OO)

(136)

5

comparing with those in the two-loop (and one-loop) cal-
culations in the p expansion by Colangelo et al. [7]. The
same inputs for X, F and L;’s above are used. For the other
higher order LECs, the values given in [7] are used.

Our formula at one-loop (denoted by i exp.) in the
6 = 0 vacuum is drawn by the solid (7 = 5.4 fm) and
thick (T = 7.2 fm) curves while the dotted curves
(T = 5.4 fm) show the results from which the zero-mode
contribution is subtracted. Note that even in the region
ML <2, our formulas are finite while the p expansion
(dashed curves) results show an unphysical divergence. For
M L > 2, on the other hand, we observe that our result is
consistent with the p expansion. It is, in particular, remark-
able that our one-loop result is closer to the two-loop
formula rather than one-loop in the p expansion. In order
to understand whether this is a just coincidence or can be
explained by the effect of the zero-mode resummation, a
further study in the limit of 7 — oo, which enters another
regime (the § regime [56-62]), is needed.

We have observed that, as the quark masses decrease, the
pseudoscalar correlator in a finite volume is largely dis-
torted from the form in the infinite volume limit because of
the zero-momentum mode fluctuation. By a careful re-
moval of its contribution using the ChPT formulas, how-
ever, we can obtain a milder volume dependence, which
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3 iexp. 1-loop (T=5.4 fm) ——
0.1 E i exp. 1-loop (7=7.2 fm) 4
' p exp. l-loop (T=ee) ~==-77=="
p exp. 2-loop (T=eo) ~ ==~
001 /N s Myl =2 :
............................ ;?18 fm
0.001 1;27 fm T T
-0.001 | 1
L=27fm !
B i
-0.01 . i exp. 1-loqp (T=5.4 fm, zero-mode s‘ubl. [Q=0]) T
0 20 40 60
m,; MeV)
i exp. 1-loop (7=5.4 fm)
0.01 k i exp. 1-loop (7=7.2 fm) 4
' ' p exp. 2-loop (T=e0) 77"
ML=2
0.001 b
... L=18fm
L=2.7fm
0001 Vol L=2.76M e
-0.01 iexp. l»loqp (T=5.4 fm, zero-mode gubl. [Q=0]) b
0 20 40 60

m,; (MeV)

FIG. 5 (color online). Comparison with the p expansion results
a la Liischer formula [55]. Our new ChPT calculation (i exp.)
and the p expansion (p exp.) result from Ref. [7] for Ry, (top)
and Ry, (bottom) are drawn (note that one-loop correction in the
p expansion on Ry, is zero). The same inputs as Fig. 1 and those
given in Ref. [7] for the other higher LECs are used. The
M L = 2 (thick) curve is drawn using the two-loop result.

makes it possible to extract the V — oo limit of the meson
masses or decay constants.

VIII. A SHORT-CUT PRESCRIPTION

We have performed a complete calculation to obtain the
general form of the pseudoscalar correlation function in
Eq. (90), which contains a conventional cosh function as
well as a constant term and a contribution from three-
particle states.

It is no surprise that the constant term appears since the
correlator in the conventional p regime shows an unphys-
ical infrared divergence in the chiral limit. To remove this
divergence, the zero-mode or the constant-mode contribu-
tion is indispensable.
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i exp. 1-loop (T=5.4 fm)
i exp. 1-loop (T=7.2 fm)
p exp. 1-loop (T=e0) =777~

0.1
0.01
0.001 |
-0.001 3
001F e AT
B L=1.8 fm
-0.1F 1
iexp? 1-loop (7=5.4 fm, zero—rpode subt.) s
0 20 40 60
m,y (MeV)
i exp. 1-loop (7=5.4 fm) b
i exp. 1-loop (7=7.2 fm)
p exp. 1-loop (T=c0) ~-=7-7==- |
p exp. 2-loop (T=o0) ===
WO T M L=2
) e — -
0.001 \"‘;QZ;’_;_':-;. o I20fm R
20.001 F— ‘ 7
L27Mm
R i8]
0.1+ iexp? 1-loop (7=5.4 fm, zero—r‘node subt.) “vtttot 1
0 20 40 60

m,,; (MeV)

FIG. 6 (color online). Comparison with the p expansion results
[7] for —Rp_ (top) and —Rp, (bottom).

With this observation we find that the result in Eq. (90) is
obtained by an easier prescription below. Starting from the
conventional p expansion formula in Eq. (100),

(1) Replace the Z factors with those from which the

zero-mode contribution is subtracted, namely, [Z%] »
and [Zj"{,]p with Z% and Z%.
(2) Replace

cosh(ijZO(t —T/2))

ith
MIOsinh(M?T/2)
(137)
cosh(Mg(t —-T/2)
M&sinh(MET/2)  (ME)?T

(3) Multiply a factor coming from the exact zero-mode
integrals, which can be read off from the coefficient
of the ¢ dependent term or the 2Th,(¢t/T) term in
the € expansion result. In the case of Eq. (90), it
is (1 + Deff + #) obtained from Eq. (103).
Note that the NLO condensate 2..¢, which contains
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chiral-log terms, should be used instead of the bare
value 3.

(4) Add the constant and r,(¢) terms if they exist in the
€ expansion.

12712)2
ﬂip(t my, mZ)Q = fd3x<A0(X)P(0)>Q - E(ZF#Z[<

1+ D5 +

PHYSICAL REVIEW D 84, 014501 (2011)

In fact, in a similar prescription, it is not difficult to
obtain (a conjecture for) the axialvector-pseudoscalar and
axialvector-axialvector correlators:

0? 0? sinh(M%(r — T/2))
1
,Uaeff,uu%ff)/( " 2,U«1,U«2>] Sinh(Ml%T/Z)

+ E(ZIZZU 2[(Seff + Seff) _ (1 + @eff + Q2 )/(l + QZ )](i — l)
b 2 usTugt 2pipa) \T 2

81_82 6

_M2
12 M1

A A, my, my)g = ] P x(Ao(x)Ag(0))g

127712)2
(G

5 ngf )

—(1+D§f2f—

where

1
" M>T?’
(140)
which is UV finite (and of course IR finite as well) and can
be thus numerically evaluated.

We confirm that Eqs. (138) and (139) indeed converge to
those in the p expansion [51] for the larger masses and

k go(M?) =

z —1
q=(p1.p2.13) 4sinh*(y/ |Q|2 + MZT/Z)

d
E ﬂ?(t, mi, mz)Q = (ml + mz)'PT(t, mi, mz)Q

127122 2
_2Zrzy) [(1 + D5+ 2

eff  eff

2 KT 5

X [(3?” +8§) - (1 + D5 +

and

- —quﬂ(t my, mz)Q

= S(ZPZ2)2(m; + my)

are precisely satisfied. Here we have used

1 E(aM%IVIZ(t) + aMgz”lz(f)),

cosh(M S(t—T/2))

(138)

M 1Qz smh(M 5T/2) T

o L () per 4 0’ koo(M2,) + koo(M3
M?ffﬂgff +2V 12 Iueff eff Z( OO( )+ 00( 2,’)):

) /<1+ 0? )]M%cosh(M (t—T/2))

Q2

122 2
+ (FZF) [(Selff + ngf)/(l + 2MQM )
142
Ny

(139)

[

those in the € expansion [16,18] near the chiral limit. The
above prescription thus achieves at least a smooth inter-
polation between the € and p regimes. Note that the €
regime result is not found in the literature for the
AP(t,my, my)y correlator. We present in Appendix E
our own calculation.

Furthermore, we find a more nontrivial evidence
that supports our prescription: the axial Ward-Takahashi
identities

E(Z}:ZZU 2
smh(M 5T/2) T

2pyps

(my + my) AP(t, my, my)g

0’ ) -S ., )
1+ -2 M + 0
Meffuiff)/ ( 211 ] Em 1220+ O,
(141)
Seff + S&ff sinh(MS (1 — T/2))
+ O(p?), 142
2 sinh(M&7/2) ) (142)
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2
[ s -(1+ e 20 /(3

I R)

= I:(S‘fff + 85T — (1 + D5 +

which is valid up to a higher order contribution near the
chiral limit, and

2
2 g ria0) = a0 + O = 1,2). (144)

Our results in Egs. (90), (138), and (139) not only smoothly
connect the € and p regimes but also keep the symmetry of
the theory even in the intermediate region.

IX. CONCLUSION

With the new perturbative scheme of ChPT proposed in
Ref. [34], we have calculated the two-point correlation
function in the pseudoscalar channel. The counting rule
for the computation is essentially the same as in the con-
ventional p expansion (except for the additional rule for
the mixing term of the zero and non-zero modes) while
some of the zero-mode integrals are performed nonpertur-
batively as in the € expansion.

As seen in Eqgs. (90) and (112), the correlator is ex-
pressed by a hyperbolic cosine function of time # plus an
additional constant term as well as a nontrivial contribution
from three-particle states, which smoothly interpolates the
p regime results and those in the € regime.

The presence of the constant term in the correlator was
known as a remarkable feature of the € expansion. We have
found that this constant plays an essential role in canceling
the unphysical divergence coming from the cosh term in
the p expansion and keep the correlator always IR finite.

Giving examples for the Ny = 2 and 2 + 1 theories, we
have proposed a new method of determining the meson
masses and decay constants from lattice QCD data ob-
tained in a finite volume. Once one has a good control of
the chiral condensate 2, and therefore, of the nontrivial
coefficients Cgp, Dgp and El%, in the correlators Eqgs. (112)
and (117), the zero-mode contributions can be subtracted
and the remaining meson masses (see Fig. 3) and decay
constants (Fig. 4) show a much milder volume dependence.
Our results will be useful to precisely estimate the finite
volume effects in lattice QCD data for the pion mass
M . and kaon mass My, as well as their decay constants
F - and F K-

From our calculation we have found a short-cut pre-
scription as shown in Sec. VIII. According to this greatly
simplified scheme, we have derived the axialvector-
pseudoscalar and axialvector-axialvector correlators. It
turned out that these results not only give a smooth inter-
polation between the € and p regimes but also keep the

Q2

s

o)/ ) s

PHYSICAL REVIEW D 84, 014501 (2011)

)3

(143)

axial Ward-Takahashi identities at an arbitrary choice of
quark masses. It will be important to check if this simpli-
fied prescription is valid for the other quantities like three
or four point functions.
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APPENDIX A: £ CORRELATORS IN FINITE
VOLUME

Integrals over ¢ fields are expressed by A(x, M?) and
G(x, M3, M3) defined by Egs. (11) and (12). Here we
summarize useful formulas in the calculation of meson
correlators.

We first note that even simple (three-dimensional) inte-
grals and derivatives of them have unusual forms like

- h(M(t — T/2)) 1
BxA(x, M?) = - (Al
j YAl M) = sohi1/2)  wer AP
_ _ 1
a2 A(x, M?) = M?A(x, M?) + v (A2)
due to absence of the zero mode.
For the (9(53“) contribution, we need
[ i =y mhao. )
! Z elP*
V& (p* + M) (p* + M3)
1 _ _
= M(A(% M%) — Ay, M%))- (A3)

which becomes —d,,2A(x, M?)|yp—pp in the limit
M7 = M;3.
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In th , 1 _ -
o oe e = s (Gl M3, M3) — Glx, M3, M3),
My

_ _ M
[ avie =y 6o, 3.1 :
= [YEYe) (G(x, M3, M3) — G(x, M3, M3)). (A5)
~ ~ 3 1
VI (G(x, M3, M3) — G(x, M3, M3)), (A4
which can be expressed in two different ways: For (9((55”)2) contributions, we use
fd4 A — y, MDAG — & MDA M) = L5 e
y < X - y7 y e Z, = =
VS (p* + MY (p* + M3)
1 < - 1 _
= (A(x, M3) — A(x, M?)) — ——— 0,2 A(x, M®)| o2,
(M% _ M%)Z( ('x 2) (X 1)) M% — M% M (.X' )lM 7M1
(A6)

whose degenerate limit, M7 = M3, becomes (9,,2)>A (x, M%) 2— w2 We also need

. _ _ Gx, M2, M?) + G(x, M2, M2) — G(x, M2, M2) — G(x, M2, m3)
f d*yd*zA(x = y, M)G(y — z, M3, M3)A(z, M?) = M2 — MDD — M0)

(A7)
which becomes in the limit M3 = M3,
G(x M2, M?) + G(x, M3, M3) — 2G(x, M3, M2)
2 22 (A8)
(M3 — M)
For the disconnected part, we compute
1
/ A MDA (e M) = 1o (B0, M) — B0, 1) (A9)

and

] ) o1 ] L ]
A A M2)G e M2, M2) = -[7@(0, M2, M2) — G0, M2, M2)) + ——— (G (0, M2, M2) — G0, M, M2))],
f 1 3 2 M% _ M% 3 3 M% _ M% 3 2

(A10)

of which divergent part is treated with the dimensional regularization as usual.
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APPENDIX B: § CONTRACTION IN THE PSEUDOSCALAR CORRELATOR

Here we summarize the & contractions in (P(x)P(0))%°, (P(x)P(0))'°, (P(x)P(0))*° and {P(x)P(0))"'.
The first leading contribution is given by

SAZRZH)?

(PIPOY® = — ==

<([U0]12 - [Ug]m)([Uo]zl - [U(J)r]u) + %([UOJIZ - [Ug]m)z + %([UO]ZI - [U§]12)2>

Uy

2
> (AZ ~ AZEX(Woha ~ U] — (Ualas — U311,
22
2F2

7 Z Alx, M <[U0]1J[U Iivv, + FZZA(X M2 (UohilU] 12)u,

j#1 i#2

ZR(ZDHA(x, MBEX([Uolyy + [U 1) [Ugln + [U(J)r]u»uo

f Gl My, MU + U T) (UTa + (U1

2
2 2 _
2 Bl MKV + U TP, + oy Ak MEXU TP + (U TPy,
2
2

3?2
T 4F G(x, M3, M3,)([Uo1> + [Ug]21)2>uo i G(x, M3, M2 ){([Uo] + [U3]12)2>U0, (B1)
where we have used

16Lg

16Lg
2eff( - AZz% 72 M%z)(l —AZ} + M%z) = 3XZ7Z})"

Next we calculate the @(S;l)) contribution. In this NLO part, we can set Z” = 7 = 7!/ = 1. Note that ¢ contractions

have to be all connected since the self-contraction is not allowed in the NSC vertex in SEI).
Using a notation given in Eq. (72) and the integration formulas given in Appendix A, we obtain

PEPON® = 5 2(R], + [R]m)UO(E i )3 My

2F2 Z ((R]1ulUoli; + ['R]U[U(;r

i1 mj = n

1000 (3 12y) - A 12))

3 < [R]n[Upl; + [R]Zi[Ug]i2>U0

(A(x, M%z) — Alx, M%l))

2F? i#2 m = myp
B 22_;2 <[R]12[Ug]12 +_[U0]21[R]21>U0 (A(x, M2,) — Alx, M2,)
my my
+
B 22_;2 (R][Ug I +_[U0]12[R]12>U0 (A(x, M2,) — Ax, M2,)
my mp
+
221:22 <[R]12([U0]21 + [U ]li’zl"i'_([anzo]ﬂ + [Uo]lz)[R]m)UO (G( M M%z) _ G(x, M%I’M%l))
t t
22_}722 <[R]21([U0]12 + [Uo ]2;12+_(En[]10]12 + [U() ]21)[R]12>U0 (G(x, M%l’ M%Z) _ G(x, Mgzy M%2)) (BZ)

For the O((S; (1))2) contribution we have both connected and disconnected parts. Note that we can set Z’J = Zj! = 23’4 =
here, too.
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The connected part (noted by the subscript “con’’) is given by

32 [ (Z (R][R]j), n Z<[R]ZI[R]12>UO

<P( )P(0)>con T A2

)<F2 8M2>A(x M) ypoar:

2F2 j#1 (m - ml) ) (ml - m2)
(R [R]j)w, X <« (RLIR]nvy, x
]; (m; — m,)>? (B0s, M) = Als M) ,; (m; — m,)? (B0 M) = G M)
R1)?* + (RL)Dw, - _ _
+ ]iz()mz _([mlgil) 0 (&2, M2,) + Blx, M3,) — 2A(x, M)
<2[R] [R] + ([(R]1)?* + (RLi)Dy,
LR b e ’71122)2 20700 7. M2, Mgz)]- (B3)
|
For the disconnected contribution, we first calculate 2 _ 1
1 RR, (P()P(O)X, = — E(;Mjr M’;i) <[U° +2U°]“
—<(S§1))2>§ - 2 Z 2 . 7 - (AZ;; - AZ.%J')’ 1 ’r2
2 SF H&]]W M +[U0+U0]22> <1AZE _lAZE)
(B4) 2 Us 2 11 2 22 )

using Egs. (A9) and (A10) in Appendix A. Then we obtain
(noted by the subscript “dis’’)

(P)P(O))F, = f[<a<Uo)<<s“>>2>§>U0
—(a(U))u, (S, ]
+ SLBWUNS ey,
— (BWUD (S v, A, M3,), (BS)

where

52
a(Uy) = — [([UO]IZ [U(J)r]m)([Uo]zl - [U(J)r]lz)

+ 5([U0]12 - [U(’)r]21)2 + %([U()]Zl - [Ug]lz)z]y

(B6)

B(U,) = ([UO]H + [UT]zz)([Uo]zz + [UT]II) (B7)

2F2
Since AZ% rapidly decreases as the mass m; reaches the
€ regime, the contribution is important only deeply inside
the p regime. Therefore, we can perturbatively perform
this part of the U, integral in advance. Using the technique
presented in Appendix D, the calculation is given by

<a'(UO)Rinji>UO - (CY(UO)>U0<RURji>U0
432 (my — my)?
= W(&ﬁ/l +8,6,4) + O(p?), (BY)
(BW0)R ;R )y, — BWU))u R Ry, = O(p"),
(B9)
where u; = m; 2V and we obtain

(B10)

where we have used

5 — <[Uo + Ug]n n (U + U(HZZ

2
- - >UO+(9(p) (B11)

for the later convenience.

Finally, let us calculate the (9(852)) contribution. As in
the calculation above, using the technique in Appendix D,
we obtain

(P(x)P(0))"!
_ 32 <[Uo + Ul " (U, + U(J)r]22>
(1 + 12)? 2 2 Us
16L
X [m(—AZﬁ -+ 78M%2)

+ m(—AZZ% lffg M%z)] (B12)
Here we note
(P(x)P(0))70;, + (P(x)P(0))*!
_ ¥ <[Uo + Ul n (U + Ug]22>
(1 + p2) 2 2 Us
X (Eze“ - (Z;}Z,Q)Z). (B13)

In order to obtain the final expression in Eq. (90), we use
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- ETZ(Z}‘}Z}?)‘*CO“ + i(zeff —(z2 Z}lpz)z)coz;
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UL = 1001 P,

it o\ X |
eff eff
— 22(211‘32}:2)2 Sl + 82 i (B14) = Z(([UO]UQUI * [Ug]v|v2)2>U0
Myt o +1
=5 v Sv — My Sv ’ C4
neglecting the higher order contributions. ,LL%I - /1«12,2 (R0, oy = B S0,) €4
APPENDIX C: U, INTEGRALS
The zero-mode U integrals of various matrix elements
have been calculated in Ref. [16]. Here we summarize the l U, + 1yt U + [yt
results in our notation for this paper. 4<([ 0w * LU0 b JWolhw, = LU0 o0 s
1
1 0 - _
5 (Ul [Ud L), = — o (C1) Py (Ko, Svy = Mo, Siy): (C5)
2
l(([UO]vU - [U(J)f]vv)2>U( __S + Q_z’ (C2)  Here it is useful to define
4 ’ My My
! t t 55, = lim -8 C6
Z<([U0]U1U1 - [U() ]vlv])([UO]vzvz - [UO ]v2v2)>U0 Y] = Nf+anle O, 7 (Co)
2
-2 (©3)
Mo, Mo, or more explicitly,
uwk%zw,ﬁf T 200w, (R My i 1 Absead) (0 F ),
M%,ILI}L,»;T? 1nZ]}1+Nf(lu“b: M {Msea}) (l = ])
Note that the partial quenching is performed after the Zo(p1s Mol pts fovn)
differentiation. Then D’s can be expressed as 0
= ZZ,Z—}—N[(/*Lbl’ M2 Myl M2, {Msea}): (C14)
@i = 51‘8[‘ + 812, (C8) ‘
and noting that these partition functions satisfy
D =8S,+S8S;=98,S +SS,; (C9) lim Z(uplp,) = 2, (C15)
Bo— by
We note .
im  Zy(mpr, ol ot o) = Zi(pplpyr), (C16)
mi(S; — 1) ~ O(p*), (C10) fomine
lim  Zy(pp1, mool ot mv2) = Zi(p1l py2),  (C17)
m]m,518, -~ @(pg), (Cll) Hp2™ Mo

which is useful to simplify our results.

We also note that D,,,, (or D, in the degenerate case
m; = m, = m,,) can be written in a simpler form than the
original definition. Introducing simplified notations for the
zero-mode partition functions:

Zo = Zy, (e, (C12)

Z (i) = Z21 s (bt o {tsead). (C13)

it is easy to show

0 d
( + —>ZZ(M171’ lu“b2|lu“v1’ /"LUZ)l,u,b,-zp,w- =0

Oppi Oy
(C18)
for any i. We then obtain
I 9 o0
D =—-—_"- _" 7 — C19
v ZO 8/,Lb 8/,LU I(Mbllu’v)lyh Moy ( )

which is used to obtain expressions in Egs. (124) and (131).
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APPENDIX D: U, INTEGRALS IN
THE p REGIME

In our calculation, we sometimes encounters a situation
that the zero-mode integrals are needed only in the pertur-
bative p regime. It is not impossible to nonperturbatively
perform the zero-mode integrals even in such cases, but it
is more convenient to go back to the perturbative analysis
to obtain the final results in a simple form.

Let us start with an expansion of the U, field:

V2 2¢, 1
Uy = exp( 5") 1+ F§° — &+, )
and give a Feynman rule for &
Léolif[€0lk) = 8164 (D2)

M%‘jv'

Note that it reproduces the ordinary propagator in the p
expansion together with A(x, Mlzj) It is here important to
note that & is an element not of SU(N) but of U(N) Lie
algebra and there is no diagonal contribution like non-zero
mode ¢ has.* Then we can calculate the zero-mode inte-
grals in the p regime as

(UoilUo )y, = —8:bj———+ O(p?),  (D3)
i J
(UeJi LU Ty, = +8u8j———+ O(p®),  (D4)
i j
LU J;LU6);ilU, + Ug]kk>U0
2
~ AUol;jlU i)y, (LU, + Ui ldu,
2
1 2
=25y + ajk)<m) , (D3)
<[Uo]ij[U(;r]ji[Uo + U(J)r]kk>U0
2
_ <[U0]ij[Ug]ji>U0<[U0 + U(J)r]kk>U0
2
1 2
= —2(6; + 5jk)<m> ) (D6)

“This argument is subtle for the summation over topology
whose next-to-next-to-leading order contribution produces
(O mipj=1/u, (X 1/ ), which comes from the diago-
nal contribution, {[£0];[&0];)- Fortunately, however, only off-
diagonal contributions are needed in the calculation of this
paper, and we can therefore ignore this subtlety.

PHYSICAL REVIEW D 84, 014501 (2011)

These results can be, of course, confirmed by directly
performing the exact group integrals and then taking the
asymptotic expansion in large m; 2 V’s.

APPENDIX E: AXTALVECTOR-PSEUDOSCALAR
CORRELATOR IN THE
PURE € REGIME

In this appendix we present the axialvector-pseudoscalar
correlator in the € regime, which is, to our knowledge, not
found in the literature.

Since M? ~ O(€*) is deep inside the € regime, we can
neglect the meson mass in the Z factors: let us remove the
superscripts and use notations such as Z,;, Zr. We also
note Sy = 327}, Z% and AZ3 =0 to NLO in the €
regime.

The source terms are then simplified as

P12( ) eff ([U0]12 [UT]ZI) \/—Fz‘fzj( )

X ([Upl;i6,o + 51i[U(J)r]j2)Z§ZF(ZM)

- 1% Z[fz(x)]?}sc([Uo]liaiz - 511‘[U(])L]j2)’
ij
(ED
PH(x) = (1 = 2) (E2

and the axialvector sources can be similarly written as

AL(x) = - %z[aof(xnﬁ([ug]n[uo]u T 881,22
i,j

42 300 — £ )
L]

X ([Ug]iz[Uo]lj — 8;64)), (E3)

A2 (x) = (1 = 2). (E4)

Note that the mass term is now an NLO contribution,
which can be treated as a perturbative interaction term and

one can omit the mass in the Feynman rule for ¢:
(€ (0EU e = 848 Ax — y,0) — 8,;8,,G(x — ,0,0),

(E5)

We therefore replace S(])

§1 = 5ps [ETIRIE@PCL @)

where

R'=MU, + UM Evl (E7)
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Since S; ~ O(€?), it is sufficient to calculate

(Ap(x)P(0)) = %[<A62(x)P21(0) + AP ()P(0)" + (Ag*(0)P?1(0) + AP()P2(0)'] + (1 < 2).

PHYSICAL REVIEW D 84, 014501 (2011)

Noting ([9¢é& — £ ()[E21FC(0)), = 0, and (see Ref. [18])

il

LUeMU 1)y, = my — %(Nf + OXUoliu,

([UJMU(];LQUO =m; —

(E8)
(E9)

2 t
W(Nf — OXUs Iinu, (E10)

(([Uola + [Ug]n)([Uo]zl + [U§]21)>U0 = %(2([U0]12 + [Ug]Zl)([U()]Zl + [Ug]u) + 2([Upl1a — [Ug]Zl)([UO]Zl - [Ug]u)

+ ([(Uplin + [Ug]n)z + ([(Upls + [U(ﬂu)z = ([Uplin — [U(J)r]zl)z

— (Ul — [U§12)?, (E11)
and using the integration formulas in Appendix A, we obtain the correlator,
0 < 02 _
<A0(X)P(O)> = Zeff<1 + D?fzf + ﬂ)&oA(x, M%Z) + chfl:‘s?ff + ngf - <1 + Difzf + ﬂ>]80A(x, O)
My s K1 s
<S8 - ) - 5
— M52 ———=0,290(G(x, M*,0) + G(x,0, M?))| py—o. (E12)
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