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ABSTRACT

A lower bound for the variance of unbiased estimators which is due to
Kshirsagar is studied. The bound is free from regularity assumptions. It is
also shown that the bound is an improvement of Bhattacharyya bound in

regular case.

1. INTRODUCTION

Let X be a random variable according to the density function f(z,0) (0 €
© C R!) with respect to o-finite measure p. The support S() of the density
functions is defined by S(0) := {z : f(x,0) > 0}.

Let g be a differentiable function on O, not identically constant. Let g(X)
be an unbiased estimator of g(f) with Ey{j(X)*} < oc.



The Bhattacharyya bound states that, under some regularity conditions Ry
(see Fend (1959)),

Varg{(X)} = (9(0), .. g™ () W(6) (976), ... ,g(®))

=: By(0), say, (1.1)
where ¢ (0) = 29O and W(6) := {w;;(0)}; ;=1 with
9 (X,0) 97 f(X.0)
wij<9) = EQ{ djl‘lQ(X g;J } (i,jzl,.,. 7k)‘

It is well known that By (0) is identical to the Cramér-Rao bound and By1(0) >
Bi(6) (k>1) for 6 € ©.
The Hammersley-Chapman-Robbins bound states that

Varg{Q(X)} Z sup {Q(Qb) B g<9)}

2
F(X,6)—f(X,0)
’ EG{ F(X.0) }

=: H(#), say, (1.2)

where the supremum is taken over the set of all ¢ € O satisfying

9(¢) # 9(6) and 5(¢) C S(0).

This bound does not need the assumptions of the common support and the
existence of the derivative of the density function. It is also well known that
H(0) > By(0) (see Chapman and Robbins (1951) and Sen and Ghosh (1976)).

Recently, Kshirsagar (2000) gave an extension of Hammersley-Chapman-

Robbins bound in the same manner as Bhattacharyya bound. Let

[z, ¢0) = f(z,0)

P, = r=1,2,...,k). 1.3
ICON ) (13)

The Kshirsagar bound states that
Varg{g(X)} > supwE~'w' =: K;(6), say, (1.4)

¢

where w = w<97 ¢17 s 7¢k) = (g(¢1) - g<9)7 s 7g(¢k) - 9(0))7
Y= 2(97¢17 s 7¢k) = {Uij}i,jzl,...,k with Oi5 — COV@(%ij) (27] = 17 ce 7k)
and the supremum is taken over the set of all ¢; € © (i = 1,... , k) satisfying

S(or) C S(pp—1) C--- C S(p1) C S(0)
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The purpose of the paper is to show another extension of Hammersley-
Chapman-Robbins bound in the same manner as Kshirsagar (2000) and some

relations with usual Bhattacharyya bound by using the bound.

2. ANOTHER LOWER BOUND OF THE VARIANCE FOR
UNBIASED ESTIMATORS

Let X be a random variable with the density function f(z,0) (0 € ©)
with respect to a o-finite measure u, where © is a subset of R!. Consider the
problem of unbiased estimation for a given real-valued nonconstant function

g(0). At first, we have the following lemma.
Lemma 1. If g(0) is k times continuously differentiable, then it holds
NP /6 .
G =Gi(0,6) = | — —1)lg(0 + 15 D@y (i=1,...,k
)= () () Vo0~ 600 =1 0m
as § — 0, where ¢g® is the i-th derivative of g(f) at 0 (i =1,... k).
The proof is omitted since it is an easy consequence of L’Hospitals theorem.

The limit lims_o G; is a generalized differential coefficient of i-th order of g
at 0. For example, take g(f) = |6|. Since it is not differentiable at § = 0, we
cannot compute the 2nd differential coefficient of g(6) at § = 0. But, on the
other hand, Go = {g(0 +20) —2g(60 +9) + g(8)} = 0 and hence lims_o G = 0.

Let S(0) be the support of f(z,6). Assume that we can take 6 + i§ € ©
(¢=1,...,k) such that S(8) D S(@+id) (i=1,... k). Define

U, = Wi(x, 0,0) = (%); @(—Dl% (=1, k). (21)

Let
V =V(0,0) = {v;;(0,6)} (2.2)

where

vij(0,0) = By (U;9;) (i, =1,... k).

3



Then we have an extension of the Hammersley-Chapman-Robbins bound as

follows.

Theorem 1. Let §(X) be an unbiased estimator of g(#). Then it holds
Varg{§(X)} > supgV 'g’ =: D(0), say (2.3)
IJSIAN

where g = g(0,9) = (G1,...,Gg) and A = {6 : S(0) D SO +i5) (i =
L,...,k),|V(8,8)] # 0}. If A = 0, set the right-hand side 0 by the usual

convention.

Proof. Without loss of generality, we may assume A # (). Fix § € A. Since
SO)D>SO+1) (i=1,... k), fori=1,... k,

20 )

EO{\Di(Xv 97 5)} =

Considering the covariance matrix U of the random vector

(9(X),U1(X,0,0),... ,V(X,0,9)), we can show that U is a symmetric matrix



given by

Varg{g(X)} G4 G
G Vin(0,0) -+ Vig(0,9).

Since U is nonnegative definite and |V| > 0, it follows that
U] = V] [Vare{g(X)} — gV ~'g|

And then, we have
Varg{g(X)} > gV ~'g/ (2.4)

Taking the supremum with respect to §, we obtain the desired inequality. [J
Remark. For k& = 1, the bound (2.3) is identical to (1.2) and (1.4).

A relation between the bounds (1.4) and (2.3) is given as follows.
Theorem 2. If S(0 +id) C S(#) for some 6 #0 (i =1,... k), it holds

w(0,0+6,...,0 +kO{2(0,0+6,...,0+kd)} *W(0,0+6,...,0+ks)

=g(0,0){V(0,0)} 'g(6.9)".

Proof.  Putting ¢; = 0+ (i = 1,... ,k,0 # 0) in (1.3), we will show

g(0,0)V1g(0,5) = wE'w'. We see from the definition of G; that, for i =
L... K,

Gi:(%l)izi()(;)( 1)lg(0+16) = < )H() 1 {g(0+15) — g(0)}.

Then, since

g :(Gl,... ,Gk)



it holds

gVlg =wFVF'wW
— W((F,)_IVF_I)_IW,,

geee

~—

[0y G
N (i > 4).
Thus, to prove the theorem, it suffices to show that (F/)"'VF~! = 3, ie,
V = F'SF. By the definition of F, the (7, ) element of F'YF is equal to

L e

m=1 n=1
Since 0 = Ep{f(X,0 + md)f(X,0 + nd)/f*(X,0)} — 1, it follows 0,0 =
oon, = 0 for all m and n. Thus (2.5) is equal to

) SEer ()0 [ {2

()75 S (1) (0 s mgiccon)
=Ep(V;7;),

by using Zizo(—l)”(i) = (1 —1)7 = 0. This is the (i, ) element of V. Thus

we complete the proof. O



Assume the regularity conditions Ry which the Bhattacharyya bound (1.1)
holds, that is, S(#) is independent of # and f(z,0) is sufficiently smooth that
k-th derivatives with respect to 8 of the left-hand sides of

f(z,0)dp =1
5(6)
and

/ 3(2) f(x.0)dps = g(6)
5(6)

can be obtained by differentiating k£ times under the integral signs. Then we
have the following corollary.

Corollary. Under the regularity conditions Ry, it holds

Bu(0) < Dy(6) < Kn(6) (k> 1).

Proof. At first we will show the left inequality. We have from Lemma 1 that,
fori=1,... k,

n (@) B O -

as 0 — 0. Then we have

lim vi;(6,8) = lim Ey(W;0;) = (};ii% w]>

L [OUF(X,0)/00° 9 (X, 0) /000
‘Eﬁ{ f5.0)  f(X.6) }

So, taking the limit of the right-hand side of (2.4),

(lsi_r)r(l)gv_l ' :(ISI_I)%(GD s 7Gk)v_l<G1a s 7Gk)/
=9V (0).... . g @)W O) (g (O).... . g"(9))"

where W = W (0) = {w;;(6)} with

e Zixe]
w;;(6) == Ey aef(X,@) 'aef(X,Q) (1,7 =1,... k).
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Hence

i
=(gM@),...,gP @)W 0) (g (b),...,g" ()
<supgV'g,

(VAN

the bound (2.3) is as great as the Bhattacharyya bound at least.
For the right inequality, we may apply the Theorem 2. Thus we complete
the proof. O

3. EXAMPLES

In this section, we show some examples.
Example 1. Unbiased estimation of the standard deviation of a normal dis-
tribution. Let X1, X5 be independent, identically distributed random variables
according to the normal distribution with mean 0 and variance 6% (§ > 0).

Then the joint density of (X7, X5) is

f(z,y,0) = (2m0%) " exp{—(2* + y*)/(26°)}.

Since s? = (X? + X2)/2 is a complete sufficient statistic for 0, (X, Xy) =
2s/y/7 is the uniformly minimum variance unbiased (UMVU) estimator of
with the variance {(4/m)—1}6? ~ 0.273260°. By a straightforward computation,
it follows that By() = 0.250% and By(0) = 176%/64 ~ 0.26560°. In Kshirsagar
(2000), the value of K (0) is calculated by taking ¢; = 0 +id (i = 1,... k).
In this case, since gV ~'g’ in (2.3) is equal to wX~'w’ in (1.2) from Theorem
2, we obtain the same numerical values in Table 1 in Kshirsagar (2000) (see
also Sen and Ghosh (1976)). For example, we have H(0) = K;(0) = D;(0) ~
0.26986% > By(6).

Example 2. Unbiased estimation of the scale of uniform distribution. Let X
be a random variable with the uniform distribution over (0, 6). (i) If g(¢) = 0,
since X is a complete sufficient statistic for 6, then §(X) = 2X is the UMVU
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estimator of g(#) with the variance 6?/3 ~ 0.3336?. We have for the bound
(1.2)

{9(6 +0) —9(0))’

2
EG{ F(X0) }

— §5(0+0)  (—b<b<0),

H(B) = K\ (9) = sup IO D —9O} _ 02 _ 00

2
5 F(X,0+6)—f(X.6) 4
Eo { F(X0) }

Putting ¢; =0+ 9; (i = 1,2,8; # J2) in (1.3), we have, for k = 2,
1
WEilwl = 5(51(9 + (52)(9 + 61 — (52) (-9 < (52 < (51 < 0),

8
Ky(0) = supwX'w' = —6° ~ 0.2966°.
) 27

Moreover, we have for the bound (2.3)
—20(0 + 6)?
6
8
supgV g = —6° ~ 0.2966°,

5 27

gV lg = (—0/2 <6 <0),

thus K5(0) = Dy(6) > H(P) for all § € © in this case. (ii) If g(6) = 62, then
§(X) = 3X? is the UMVU estimator with the variance 0.80*. We have for the
bound (1.2)

{g(0+ ) — g(0)}°

2
EG{ F(X.0) }

H(O) = I, (9) = sup 90 +9) = g(0)}’

2
Ey { F(X.0) }

= —(20 +0)*(0 + 6)§ (—0 < §<0),

—p4
~ 4096

Putting ¢; = 0+ 9; (i = 1,2,8; # d2) in (1.3), we have, for k = 2,

(9 + \/1_7>2 (1 + \/ﬁ) (—7 + \/1_7) ~ 0.6200*,

wY lw

:%51(9 ) (8% — 57— 28, + 6102 + 81020 + 6,67 + 0% + 63 + 620+ 0°5,)

(—0 < 09 < 1 < 0),
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—0
K (0) = Slw' = —— (934 /17 4+ /7906 + 366+/17
0= 5 13107200000( VT 4/ 7906 + 360V TT )

: (—1240 +24V17 + \/ 7906 -+ 366v/17 + \/ﬁ\/ 7906 + 366¢ﬁ>

: (277\/ 7906 + 366v/17 + 51\/ﬁ\/ 7906 + 366v/17

+ 57958 + 3210\/ﬁ)
~0.72360.

Moreover, we have for the bound (2.3)

—25(6 + 6)2(952 + 806 + 46?)
0

gV lg = (—0/2 <0 <0),
supgV g’
5

2" (10801 + 270v5785 ) — 299
T 1660753125 {{ * b

1/3
59 {19801 n 270\/5745} ]

1/3 2/3
- [76 {19801 + 270V 5745} + {19801 + 270V 5745} — 299]2

1/3
- {6401 {19801 + 270\/5745}

1/3
+ 90 {19801 n 270\/5745} V5745

2/3
+1301 {19801 + 270V 5745} + 43001 4 180V 5745}

1
- {19801 +270v5745” 3}
~0.7216%,

thus Ks(6) > Do(6) > H(0) for all § € © in this case.
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