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Hypothesis testing based on Lagrange’ s method
-—~an application to the location parameter of the
exponential distribution—-—-

Yoshiko Nogami

Abstract.
In this paper the author considers the exponential distribution with density

Elx|0)=[(1/b)e” x= /b Ffor . cxw
Q, otherwise

where -w<f <o and b>0,

Based on i.i.d. obsgervations X,, ...,¥, from above density with b=l she
constructs the unbiased two-sided test based on Lagrange’ s method for testing
the hypothesis Hy:0=f, versus the alternative hypothesis H,:0#§, with some
constant. §,, and derives the one-sided test for testing H,:020, versus H,:0 <8y,
For )<0, the powers of our tests are equal to §*(a,) with a,, a, and b there
replaced by §, 0, and 1, respectively shown in Problem 3(ii) of page 112 of E.
L. Tehmann{1]. '

The author also comment.s on another two-sided test when b is unimown.



§l. Introduction. ‘
The author has been considering goodness of the two-sided test with the

acceptance region derived from inverting the shortest interval estimate for

the parameter of the underlined distribution. The shortest interval estimates
are constructed by using the method of Lagrange’s multiplier. (See e.g. [2],
(31, [41, (5], [6}].) This paper is on the same line as such researches. The
author would like to call these tests as the tests based on Lagrange’ s method.

Iet I,{x) be an indicator function so that for a set A I,(x)=1 if xeA; =0
if xfA. In this paper we consider as the underlined distribution the exponen-—
itial distribution w:Lth the density

(1) E(x|8)=(1/b)e” ="V PL 5 w (X)

where -w<¢f <« and b>0. In Secticn 2 we assume b=l and introduce an unbiased
two-sided test based on Lagrange’ s method For the problem of testing the hypoth-
esis H,:0=f, versus the alternative hypothesis H, :0#0, for some constant 4,.

In Section 3 we consider the uniformly most powerful (UMP) two-sided test shown
in Problem 3(1) of page 112 of E. L. Lehmann{l] and compare its power with that
of our test. We see that when {«¢0, our test has the same power as his and also
his test is not useful for constructing one-sided test for testing Hy 1820,
versus H,:0<«),. We also see that when b is unknown deviding our test by the
same divisor as the UMP test in his Problem 3(iii) leads to the same UMP test.
In Section 4 we propose the one-sided test for testing Hg:020, versus H,:0<{,
and see that this test is UMP unbiased.

§2. An unhiagsed two-sided test.
In this section we let X, ...,X, be a random sample of size n taken from

f(x[t) glven by (1) with b=l. We consider the problem of testing H,:§=0#, versus
H,:0#0,. 'To construct the test we first find the shortest interval estimate for
§ using the Lagrange’ s method and then construct the acceptance region derived
from inverting this interval estimate for 8,.

To get an estimate for § we take Y=%-1 where X=I|.,X,/n. We can easily
check E(Y)=f. Let X,,, be the i~-th smallest cbservation. Then, X, §X(a) S..-.8
Xiny. We first find the joint density of variables W=¥ i) +X () + .. +X (5 (=K 4+ ..

+Xn), V=X“,, Zg==X(2), saw ,and Zn_13X(n~1) as follows:



' —4
G(W, V, 2y, «-- ,Znaeq)=(nle~ ¥v-no) FOr 0SVEZ2S +nv S$Zno1SW-1"miZy
0, otherwise.

Integrating out the above density with respect to z, through z,., we get the
marginal density of (w,v) as follows:

{2) g{w, v|§)=({(n/T{n-1))e" ¥ n® (wymv)r-2,  for (Sviw/ne
0, otherwise.

Taking the marginal density gg(w|l) of W we obtain

(3) gw{wi0)=(1/T(n))e” ¥ 2 (w-nf )" 1T (no, wm (W).

Furthermore, letting t=2n{n 'w — §} we have the density of T so that
(4) B (L)=(1/T{n})e /2L 270 Ty, o) (L)

which is the Chi-square distribution with 2n degrees of Freedom.

Let. ¢ be a real number such that 0«<g<l. We call a random interval (U,,U,)
as a (1-¢) interval estimate for § if P, (U, <¢§<U;)=1-¢. ILet r; and r, be real
numbers such that. r,<r;. To find the shortest (l-g) interval estimate for 4§
we want to minimize r;-r; subject to
(5) Py [ <¥=0 <rz1=1-1a.

But, it follows by a variable transformation t=2n(y+1-0} that
{6) the left hand side of (5)=P, [2n{r;+1)<T<2n(r,+1)]=1-z.
Hence, we want to minimize t,-t, with t;=2n{r,+1) (i=l,2) subject to the condi-
tion (6). Let 1 be a real number and define
Ta

LaL(t,, ;1 ) =ta~t, =1 {{ he{t) dt —1l4g1}
L,



where hy (L) is defined by (4). Then, by the Lagrange’ s method we have that

(3L/0t,= —1+1hy (L, )=0
(7) ,
iL/3ty= 1-rhy (t,)=0.

By {7) we get
(8) hr(ty)=hs(ty) (=71},

Taking t, and t, which satisfy (8) and (6) and noticing that t., <T=2n(¥Y+1l-0)<t,
we obtain the (l-¢) interval estimate (Y+1—t4,Y+i—t3) for § with tz=t,/(2n) and
ty=t,/(2n).

Hence, our test is to reject Hy if ¥Yef,+t;~1 or ¥2i,+t,~1 or V<), and to
accept H; if Jo+t,~1<¥<f,+t,~1 and V24,. Here, we emphasize on the necessity
of having the set {V<(,} in the rejection region, Using a test function we
can write this test by

1, if ¥$0o,+ta-1 or fo+t,—18y or v<i,
8 (y, v)=
0, if fo+by-ley<fo+ts—1 and v2i,.
To check unbiasedness of this test we obtain the power function as follows:

2 (0 )=E, (§ (¥, V) )=P, [¥0 o +L3~1 Or 0,+t,~18Y Or V<i,]

(1-(1~q)e ™ % ~ 2, for <,
tlbzn(ﬂ“ﬂo)‘ ©
(9} =1] hy(t) dt +| hy (t.) 4t, for J.88 <o+,

0 e~2n(f-04)

w

! he (L) dt, for fottasd <fotty

tp~2n(i—f0,)

Kl’ for §q+ts80.




5.
Hence, dr(0)/a0<0 for g<fs; Ax(f)/Ab=2n{h{t;~-2n(0-0,) )~he(t,=2n{0-0,))}>0
for fo¢t<d o+, becanse of (3} and the form of he{(t); Ax{0)/A0=hr(t.—2n(f-0,))
»0 for po+tys0«<fo+t,y. Since 1" (0,)=0 by (8) and x(0,)=¢, we have that x{(§)2g
for real ¢§. Thus, unbiasedness of the test is proved.

Furthermore, we note that (9) for 0<), i8 equal to f*(a,) with a,, a, and
b replaced by ¢, 0, and 1, respectively in Problem 3(ii) of page 112 of E. L.
Tebmann[l],

In the next section we compare cur test with the UMP test proposed in
Problem 3{i) of page 112 of E. L. Lehmann[l] when b=1 and see that when b is
unknown deviding our test by the same divisor as the UMP test in his Problem
3(iii) leads to the same UMP test.

§3. Comparison with the UMP tests in E. L. Lehmann[1].

In this section we consider the UMP tests in Problem 3(i)} and (iii) of page
112 of E. L. Lehmann{l]. We assume a, and a, there to be | and 0,, respectively.
We also assume the density determined by (1). Based on a random sample X,, ...
X, from the density (1) we test the hypothesis H,:0=0, versus the alternative
hypothesis H; t§#8,. Iet V=X ,, as in Section 2,

We first consider the solution of Problem 3(i)}. Assume b=1 until the 4-th
line from the top of page 6. Let ¢ be a real number such that 0O<«s<l. Since e~ *
has the uniform distribution on [0, e""] we obtain the UMP two-sided test as '
follows: |

1, when V<, or §"sv
0, otherwise
vhere {*=0,-n"'1n ¢, Hence, the power functicn of this test is given by

T {0)=E, {§ (V) )=P, [Ved, oT §*SV)

(1—(1~g)e ™ (% —0) for f<fq
e, or 15500"
1, for <9,




6.

For 8By, n.(d) 15 equal to (9), but, for 6:0,, x.(0) is higher than {9).
However, we cannot construct the one-sided test for testing H;:020, versus
H,:0<t, from this approach, which is because the test takes the prcbability of
gize ¢ from upper tail only.

Secondly, we consider Problem 3(iii). Here, we assume b to be unknown. The
two-sided test introduced in Problem 3{iii) is to reject H, if

US(V=00) /{211 -1V) € €1 or 2 G

where C;, and C, are some constants. From Section 2 we can propose another

two—-sided test which rejects Hy if

(10)  S:(¥#l—45)/(2- X -V) § Ci* or 2 C;*
where Y=X-1 as in Section 2 and C,* and C,* are some constants. Since, from the
definition of ¥, S=(%-0,)/(37-.X,~nV), we have the relation S=U+n~!. Therefore,
from Problem 3(iv) of page 112 of E. L. ILehmann[l], the two-sided test(10) is
also UMP level-y test of Hy:)=), versus H,:0#+f,.

In the next section we introduce the UMP unbiased one-sided test For testing
Hotf20, versus H, :f<j, when b=l,

§4. The UMP unbiased one-sided test.

In this section we consider the problem of testing Hy:028, versus H; i<,
based on a random sample X;, ... ,X, from the density {1) with b=l. Iet Y and
V be as defined in Section 2. TLet ¢« be a real number so that O<g<l and hy (L)
be defined by (4). Our test is to reject H; when Y$f,+ts-1 or V<J, where t;=
ts/(2n) and t; is determined by

ts
b ho(t) di=g.
0
Iet
1, if yibo+ts~1 or v,
(11) ${y, v)=

0, if Bo+te-ley and josv.



7.
From (2), we can easily get the joint density of (¥,V) as follows:
(n? /T (n-1))e"» ¥+i-2 {n(y+l-v)}r-%, Ffor f<vey+leo
gy, vi§)=
0, otherwise.

Thus, we can easily compute the power function of above test(il) as follows:

2 (0)=E, (4 (¥, V))

l-(l-g)e ™™ t% ~®) for 9«4,
ts—2n{f=0a)
(12) =4 hry (t) dt, For §,80<ho+ts
0
\ 0, for fga+besd.

Hence, dr(f¢)/dt<0 for §<ho+ts and BUDy, 50 £(0)=0. Since #(0)ze=x(0,) for 0<d,,
the test (11) is unbiased and Furthermore UMP because from (12) xz(#) for #<8,

is equal to f*(a,) with a,, a, and b there replaced by ¢, 0, and 1, respectively
in Problem 3(ii) of page 112 of E. L. Lehmamn[1].
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