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Abstract.

Let ¢ be a real number such that 0¢j¢l. In this paper we show that the
two-sided test obtained in Nogami(2000, §3) bhas the greatest power among the
size-¢ tests symmetric about f.



et ¢ be a real number such that 0<g<¢l. In this paper we show that the
two-sided test obtained in Nogami(2000, §3) has the greatest power among
size—¢ tests symmetric about 3.

We shall prove the following theorem:

Theorem. ILet X,, ... ,X, be a random sample from the p.d.f. f(x|§)=c™*, for
B+, ¢x<d+i,; =0 otherwise where §,<{, and c=§,—§,. The test $* given by (9)
with §, some constant for testing the mull hypothesis H,:§=f, versus the alter-
native hypothesis H;:##§, has the greateat power among size-g tests symmetric
about. §. ‘
Proof.) Iet X, be the i-th smallest observation such that X ,, X(z ¢ - ¢
X Let Y=(X, +X (4 —i,)/2 with d,=§ +é,. As we have seen in Nogami{2000) the
p.4d f. of ¥ is given by

g(yld)=nc " (c-2|y-0 |})* ‘I (-cr2, cram (¥-9)
where for a set A I,{x)=1 for xeA; =0 for x{aA,

Let. § be 8 size—y test symmetric aboul § (namely, ${y)=${20-v),¥y). Then,
it. follows that

(1) E, (¢ (Y))=2
and
(2) E, (Y4 (Y})=0E, (4 (Y))=014.

Above (2) holds because E, {(Y-4)¢{Y))=0 and (1) holds.
Hence, by generalized Neyman-Pearson lemma § maximizes the integral

I #(y) glyle") dy for '+ 0,

out of all functions ¢, 0gésl, satisfying (1) and (2), when there exist real



constants k; and k, such that
1, if (c-2|y—4" 1) *T(crz, cray (¥-0')

{3 2 (ketk y)(e=21y-0o )" 1T 2, crmy (y—lo)

P (y)=
0, if (c=2ly-0' )" 'T(-cr2, cro> (¥-0')

(4) < Akptk ¥ (=210 )" T mcsa, crm (¥00 ).

We check the existence of such k, and k; and show that the test § is of
form (8)., We first check the existence of such k,; and k, until the Ffifth line
bhelow (7).

When §' <f,—271¢c or §,+27'ccl’, we take k;=0 and k;=1. Iet 0 <«l,-27'c.

Let aYb be the maximum of & and b, Then, the inequality (4) holds for (#,—2"'c)
V{(8o+87 )/2)<yvedo+2 'c and the inequality (3) holds otherwise. Iet §,+2 'c¢f”.
Let aAb be the minimum of a and b. Then, (4) holds for §,~2"tc<y<((fo+07 )/2)A
(§e+27'e) and (3) holds otherwise.

Let §o<f” «8o+27'e. Then, for §,-2"'cey<t’ -2 !¢, the inequality (4) holds
when k, =0 and k,=1. On the other hand, for #,+2 'ccy«§’+27'¢c, the inequality
{3) always holds for any real k, and k.

Let f,-2"%ce)' <ly. Then, for 8" -2 'cey<lty—27'¢, the inequality (3) always
holds for any real k; and k,. On the other hand, for #’+2 'c<y<f+2 " 1¢c, the
inequality (4) holds when k,=0 and k,=1. |

Henceforth, it is enough to consider the y's in (§'-2"1¢, 0,42 'c) Ffor .«

0" ¢do+27'c or in {§,-27'c, 8" +27te) for §,-271c<P! <d,. We let
n(y)=(c-21y-0" |)/{c-2Iy-0o1) (20)

and
aly) ={kytk,y)to ot {20).

We also let



(5) Yo=—K, /K,.

For f,¢0' ¢<fo,+27'c, take ys such that #' -2 'ceyp<fy. FOr f#,-2"'ce¢t’ ¢Jgq,
take y, such that dy<yp<d"+2 'c. Let p be a given number such that O0«<p«l,
Take yye=(1-P)io+p(8’ —2"'c) for f,¢0” <do+2"'c and take yo={(1l-p)f,+p(0’ +27'c}
for §o-2"'c<d’ <f,. Then, from (5), k; is taken as follows:

Xk, {(1-p)fo+p(0’ -2"tc)}, For §,<0’ <b,+2"1c

{6} ks
=k {(1-p)8o+p(8' +272c)), for $,—-27'c<d’ <d,.

Substituting these values into z(y) we have

[k {y—((1~p)o+p(8* —27 1))} 0~ 11, for f§,¢0' <Bo+27'c,

(7) z(y)=
[k {y—({1-p)0o+p(8’ +27 ') )}11 1, for §,-271ccd’ <d,

which are drawn by stripe lines in the figure below. Since we must accept H,
for y=4,, we must have h(f#,1¢z{l,). We take k,=2(pc)”! for f§,<0’ <f;+2 !'c and
k,=-2(pc)~! for #,-2"'c<d’ <J,. Then, (z(d,))" ‘=h(f,). Hence, we have
h{f,)<z{0,) because |§,—4’ |<2"'c. k, is obtained by substituting these values
of k, into (6). _

To show that the test § is of form (8) we check the existence of two inter-

section points of h(y) and z(y). Since for <0’ <§,+27'C
1- {2007 -00)/(2y+c=28,)}, (8 -2"'ceysho)
hiy)}=4 -1- {2(c~(8" —80))/(2y—c-28,)}, (Bo<yel’)
1- {2(9'"30)/(2&'"0-200)}, (87 <y<fot27'c),

h(y) is an increasing function for §/-~2"!ccy<f,+2"tc.

Since for f,+2 1<’ <ty



14{2(0o-0" ) /{2yt+c=2{,4) 1, (0o~27tccysd)
hiy)=) -1+{2c-2(8,-0" )} /{2y+c-20, ), (8" <y<do)
1+{2(80~8" )/ (2y-c~244) 1}, (0o cyct’+271c),

h(y) is a decreasing function for 8,-2 lccysd’+27'¢. On the other hand, when
fo<8’ <hot+27te dz(y)/dy>0 for ally>y, and when f,-2"'c<t’ <0, dz(y)/dv<«0 for
ally«yg. Since 0=z{y,)<h{v,){<1l) and since for f§,¢<0’ Ho+271c z({fo+2 'c)-}¢
1im, . (g 4277 oy - hiy)=te and for f,-2"'c«d’ <8, Z((0o—-2"'C)+)<
1im, . s, -2 oy + h(y)=+n, in view of the fact that h(f,)<z{f,) there must exist
two intersection points of h(y) and z(y) for f,¢8° «§,+2-'¢c and for §,-2"'c<§’
iy, respectively. (See Figure. )

Let y, and y, be such y-coordinates of these intersection points with v, <y,.
Then, we finally have the optimal test of form

1, if yey, or y:v»
(8) $(y)=
0, if yi<y«ys.

Hence, the test in Nogami (2000, §3) provided by
1, if ysdo-xr oOr yrf,ir
(2) $(y)=

g, if Jo-Tey<hqotr,

vhere r=c(l-¢!“")/2, is the size-s test with the greatest power among size-—qg
tests symmetric about f.



6.

The graphs of h(y) and z(y)

Figure.
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