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Optimal two-sided tests for the Cauchy distribution in
two—sample problem based on Lagrange’ s method.
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Yoshiko Nogami

Abstract.

et ¥, ... , X, and ¥,, ... ,¥, be two independent samples randomly taken
from the Cauchy distributions C(g,,¢,) and C(s;, {:), respectively. Iet ¢ be
a real number such that 0<s<l. We obtain the unbiased test of size sz for
testing the hypothesis H,:p.=p, versus the altermative hypothesis H; :y,#;
using Lagrange’ s method.

In the same way, we also obtain the unbiased test of size ¢ for testing
hypotheses Hy:f,=t, versus H, :{,+{,.



§1. Imtroduction,
In this paper we deal with the Cauchy distribution C{, ¢} with the density

E(xlp, E)=ba" 1 {E2 + (x-p )2}, for —o<xem

where —m«¢y <o and ¢>0.

Tet X,, ... ,X, be a random sample taken from the Cauchy distribution C(p,,
£)). Let Y, ... ,Y, be another independent sample randomly taken from the Cauchy
distribution C{p,,f{:). We first consider the problem to test the hypothesis H,:
ti=g: versus the alternative hypothesis H, :y,#y, when {, and {, are known We
secondly consider the problem to test the hypotheses H,:f,=t,; wversus H; :f,+f,
when either p, and g, are known or j,=p,.

Iet A be the acceptance region of the hypothesis H,:v=y,. Let {(y)=P, (A).
We call {(y) the operating {(characteristic) function. Let 5 be a real number
such that 0«<q<l. The two-sided test of size g is unbiased if ! {y) is maximized
at. y=y, and [{yv,)=1-¢. In both problems we show that our two-sided tests of
size g are unbiased.

We assume that mn is odd. If mn is not odd, then we discard extra obser--

vations. We form mm differences X;-~¥; for i=}, ... ,mand j=1, ... ,n. Let
Wi, «.. ,Wny be such differences. Since the characteristic function of W is of
form

E(e''")=exp{i(pi—pz )t—(f1+2) L]}, ¥ Teal t,

where i={-1, W has the Cauchy distribution C(p,—ps, {.+f;). We use this fact
for our analyses.

We call (U,,U;) a (l-¢)} random interval for a parameter y if P, [U, <y <Uy =
l-g.

Let = be the defining property. Hereafter, we let 0%y, -y, and §=f,+f,.

In Section 2 we find the test for testing the hypotheses Hy:0=0 versus H, :
¢#G. 1In Section 3 we show that the test obtained in Section 2 is unbiased. 1In
Section 4, letting ! be a known number we find the test for testing the hypo-

theses Hy:f ={,(=t) versus H, :{,+#{,.



§2. The two—sided test for (.
In this section we assume that ¢, and {, are known. To test the hypothesis

Hy :§=0 versus the alternative hypothesis H, :0+#0 we first construct the shortest
{(1-1) random interval using Lagrange’ s meihod which is similar method to obtain-—
ing the two-sided tests for 0 in Nogami(2000).

Let Wiy ¢ .. $Wimnp denote the ordered values of Wy, ... ,Wyn. Iet pbe a
nonnegative integer. If mn=2p+l, then we estimate ¢ by W41 . LTet USW .4, .
Then, by letting fy(u)=f(u|d, ) the density of U is given by
(1) gy (ulf)=k(Fy (1) )® (1-Fg(u))* £y (u), —m <UL,
where
(2) k=F (2p+2) /{1 (p+1)}2
and

{3) Fy(u)=x~ltan ! {§~'{u—9)} + 2!, —w¢u<on.

Let r, and r, be real numbers such that r,<r,. To find the shortest (l—q)

random interval for § we want to minimize r,-r, subject to
(4) Py [r) <U~f <xy ]=1~1.
By a variable transformation V=F, (U) we have that
(5) the left hand side of (4)=P; [Fy(r +8)<VcFy(xry+f)]=1-1.
Hence, we want to minimize r,-r, subject to (5). To do so we use lLagrange' &
multiplier. Iet | be a real number and define
Fel{r,+0)

L;L(rurzfv“érz“rr‘l” he{v) dv —~1+a1}
Fu{r,+0)



where with k given by (2)

hy (v)skv? (1-v)®, for Ocvel,
Since by Lagrange’ s method we have that iL/ir,=0=jL/¢xr,, we get that
(6) hy (Fu (r)+0 ) ) Ew (x1 40 )=hy (Fy (x2+0 ) )Eg (X240 ) (=271), V0.

Tet. $(e/2) be a positive number such that
fla/2)
f hy{v) dv = ¢/2 .
0
Without loss of generality we assume that 0<f(s¢/2)<«27!, When we take that

(7) Fe(r,+0)=f(e/2) and Fg(r,+§)=1-f(c/2),

iL/31=0 or equivalently (5) is satisfied and furthermore we obtain by (32) that

I, =-T,=-r where
(8) r=Fye~ ' (1-f (0 /2) ) ~t=ftan{ (2" ~f{(a/2) )x}.

From (7) and the fact that r,=-r,=r we have that hy(Fy(—T+) ) }=hy (Fg(T+))).
We also have that Fy(—xr+))=fy(r+f) by the definition. Hence, (6) with r,=—1x,=r
is_satisfied. Therefore, from (5), (6} and the fact that r,=-r,=-r the shortest
{1-¢) random interval for ¢ is given by (U-r,U+r) with r given by (8).

Hence, by inverting this interval for 0=0 ocur two-sided test of size ¢ is
to reject Hy if Ue{-w, -rjlfx, +n) and to accept H, if Ue({-r, r).

In the next section we prove unbiasedness of this test.

§3. Unbiasedness of the test in §2.
To see the unbiasedness oOf the two-sided test of size ¢ obtained in Section
2 we define the operating (characteristic) Function [ () associated with the

acceptance region (—r,r) as follows:
T
[(0)=f gy(ult) du

-



vhere gy{ulg) is given by (1). Since from (4) and the fact that L
[{0)=1-a, we show that [d{(8)/A0],-,=0 and [G20(0)/dp?,-4<0.

Because gy(u|§}=hy (Fg(u))fx(u), Yu and (6) holds for §=0 and r,=-r,=-r, we
have that

(9 [AL€0)/AbTo=o=LTu(-T18)—au(x{f)]le-0=0.
We now show that [d2[(8)/A02],~, <0,

Theorem.,
[dzc(u)/dﬁz]a-o < 0.

Proof. ) Since d{(#)/di=gy(-rlf)-gu(x|8), we have that
(10} [A*L(0)/d02 1 suo=[dgy(—T18)/Al]s-o — (Agu(r|8)/A8]smo-
By (1) and the fact that dFy(u)/di=—fy(u) we have that
dgy(ulf)/a8=—kp{Ey(0))? (Fy(a))° * {1-Fy(0))*" ' (1-2Fy ()}
+k(Fw (u))® (1-Fy (0) )" (dfy (u) /40 ).

8ince [Fyl-r)lo-o =1—[Fe(I)]o-o=h{1/2} and since [Afy(r)/A8]swo=—[AFx(~T)/A8]0-0
=261 (Fr(r))? 14wy and [Eu(~-r)le-0=[Ex{x)}]s-0, putting these together leads to

[dgy (x{9)/80 1smo=k[ (£ (r))2Tsuo{1-B(e/2))" " (B(a/2))" !
{p(1-2p(e/2))+28 Yax (14 {a/2) )} (0/2)}

and [dgy (-r}8)/ A 1s~o=—[dgy{x|0)/A0],-0. Thus, in view of (10) we obtain that
[(A*L(0)/AB%]s-0<0 for O<p(e/2)<27t. (g.e.d.)

Therefore, from (9), Theorem and the fact that {({0)=1-1 our test of size @
is unbiased.



In the next section we deal with the problem to test the hypotheses H;:f,=t,

versus H,:f.:#t,; when either j, and 4, are Jnown or p,=p;.

§4. Optimal two-gided test for Hy:f,={,.
Let } be a known number. To test the hypotheses H, :{,={, (=) versus H,:

£+, we first construct the shortest (1-¢) random interval using Lagrange’s
multiplier which is similar method to obtaining the two-sided tests for the
scale parameter in Nogami (2000}.

et Wiy £ «.0 Wemn, Oenote the ordered values of Wy, ... ,W,, in Section 1.,
l1et p be a nonnegative integer. Assume that mn=2p+l. Let Z=ln|W-f|.

We beforehand derive the distribution of 2. Iet §*=ln §. Since w=e*+§ for
wr; w=i—e" for wet; =z=—u0 for w=f, and since W is distributed according to the
Cauchy distribution C(4,4), a variable transformation z=ln|w-§| leads to the
density of Z as Eollows:

qz(z)=q; (2|1 )=Ey(e*+f) |d(e®+4 ) /dz|+Ey (0~e* ) |d(b—e*)/dz]
=2x " ‘exp{z~§* }H 1+exp{2{z~§*)}]17!, W<z
which is the same form as (28) in Nogami(2000) with { there replaced by 4.

We now estimate §* by U=Z.,,.,,. Going through the same process as those
until (37) in Nogami(2000), we also cbtain optimal (l1-¢) random interval for §

as Follows:
(11) (r e’ r,e¥)
where

(12} ri=(tan{2 'z (1~f (e/2)}}117¢' and ry=[tan{27'xf(a/2}}37"'.

Hence, by inverting the above (l-g) random interval {11) for },=2{ ocur two-sided
test is to reject H, if Ue{-w, §,*~In r,JU[is*~In r,, @) and to accept H, if Ut
{§o*—1ln ry,§,*-1n x, ) where r, and r, are given by (12).

Unbiasedness of this test of size 1 is proved in the same way as those in



7.

Section 5 of Nogami(2000) and Section 3 of Nogami(2001), so the author omits
the proof of it,
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