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Abstract

We deal with interior point methods (IPMs) for solving a class of so-called Py (k) comple-
mentarity problems (CPs). First of all, several elementary results about P, (k) mappings and
P, (k) CPs are presented. Then we extend some notions introduced recently by Peng, Roos
and Terlaky [22] for linear optimization problems to the case of CPs. New large-update
IPMs for solving CPs are introduced based on the so-called self-reqular proximities. To
build up the complexity of these new algorithms, we impose a new smoothness condition
on the underlying mapping and this condition can be viewed as a natural generalization of
the relative Lipschitz condition for convex programs introduced by Jarre [6]. By utilizing
various appealing properties of self-reqular proximities, we will show that if the undertaken
problem satisfies certain conditions, then these new large-update IPMs for solving CPs have

+1
polynomial O (nq2_q log %) iteration bounds where ¢ is the so-called barrier degree of the
corresponding proximity.

*The research of the first two authors are mainly supported by the project High Performance Methods for
Mathematical Optimization under the Dutch SWON-grant 613-304-200. Both the first and third authors were
partially supported by the National Science and Engineering Research Council of Canada, grant # : 227650-00.
The work of the last author was supported by Grant-in-Aid for Scientific Research ((C@)11650064) of the Ministry
of Education, Science and Culture of Japan.

"This work was finished when the first author visited the third author at the Department of Computing and
Software, McMaster University, Canada. Email: pengj@mcmail.mcmaster.ca, J.Peng@its.tudelft.nl.



1 Introduction

We consider the standard nonlinear complementarity problem(CP):

(CP) Find (z,s)
such that s = f(z), (z,s) >0, zs =0.

Here f is a continuous mapping from R” to R"™ and zs denotes the componentwise product of
the vectors = and s. To be more specific, we also call it a linear complementarity problem (LCP)
if the involved mapping f(z) is affine, i.e., f(z) = Mz +c for some M € R"*" ¢ € R"; otherwise
we call it a nonlinear complementarity problem (NCP) when f(x) is nonlinear.

CPs have a broad range of associations with different areas. First, at its infancy in 1960s, the
LCP was closely associated with linear and quadratic optimization (LO and QO) problems.
Now it is known that CPs cover fairly general classes of mathematical programming problems
with versatile applications in engineering, economics, and science. For instance, by exploiting
the first-order optimality conditions of the underlying optimization problem, any general convex
optimization problem satisfying certain constraint qualifications (e.g., Slater constraint qualifi-
cation [14]) can be modeled as a monotone CP. Closely related to CPs is a large class of problems:
Variational Inequality Problems (VIPs) that are widely used in the study of equilibrium in, e.g.,
economics, transportation planning and game theory. As a result of its wide association with
optimization and equilibrium problems, the study on CPs has attracted much attention from
many researchers in different fields such as operations research, mathematics, computer science,
economics and engineering for long since its introduction. Several monographs [2, 5] and surveys
[3, 4, 19] have documented the basic theory, algorithms and applications of NCPs and their role
in optimization theory. It is worthwhile to mention that many classical numerical algorithms
for solving CPs are based on approaches for optimization problems or equation systems.

Besides its many meaningful applications, CPs contain one common feature that is crucial to the
study of general mathematical and equilibrium programming problems. This is the concept of
complementarity. Actually, the concept of complementarity plays an important role in the design
and analysis of numerical algorithms, particularly IPMs for solving large classes of problems.

Since Karmarkar’s epoch-making paper [10], the study of IPMs has flourished and thousands
of papers have been published about IPMs. At the early stage of research on IPMs, people
focused mainly on algorithms for LO and QO. Due to the close connection between LCPs and
LO and QO, IPMs for LCPs were soon suggested as a direct extension of primal-dual IPMs
for LO. According to records, the first IPM for LCPs was proposed by Kojima, Mizuno and
Yoshise [13] and their algorithm was originated in the primal-dual IPMs for LO. Later Kojima,
Megiddo, Noma and Yoshise [11] set up a framework of IPMs for tracing the central path of a
class of LCPs. Independent of the works by this Japanese group, Monteiro and Alder [16] also
proposed an IPM for convex quadratic optimization problems which could indeed be applied to
monotone LCPs. Since then, the study of IPMs for CPs has paralleled to that for LO. A general
and unified analysis about path-following methods for VIPs and CPs was given by Nesterov and
Nemirovskii in [18]. The survey by Yoshise [24] gave a comprehensive review about the major
developments in IPMs for CPs and listed lots of available references up to that time.

Let us briefly describe how an IPM works for CPs. First let us consider the following relaxed
system of CP
s=f(z),s >0,z >0,zs = pe,

where p is a positive constant and e denotes the all-one vector. It has been shown [11, 15]



that the above system has a unique solution (x(u),s(u)) if the considered CP satisfies certain
conditions. This solution set forms a path as u goes to zero which is called the central path.
Most of IPMs for CPs follow this path appropriately and approximate the solution set of the
problem as u reduces to zero.

To trace the central path approximately, various strategies have been introduced to keep the
iterative sequence staying in a certain neighborhood of the central path as well as reducing
the parameter . These strategies have played an important role both in the analysis and
practice of IPMs. It is worth to point out that there are two general strategies used in IPMs
with respect to the update of the parameter u. These are the so-called small-update and large-
update IPMs. It has been proven and generally accepted that the worst-case iteration bound
of small-update IPMs is better than that for large-update IPMs while the later ones perform
much more efficiently in practice (see the discussion in the introduction of [22]). This is a big
gap between the theory and practice of IPMs.

Recently, the first three authors of this paper introduced the concept of self-regular functions
in the positive orthant and the cone of positive definite matrices [22] as well as self-regular
proximities which are used in IPMs to keep control on the distance of an iterative sequence to
the central path and define the corresponding search directions. By using some new analysis
tools developed in [21, 22] and employing new search directions, we were able to show that

+1
new large-update IPMs for LO have polynomial O (nll?_q log %) iteration bounds where ¢ is a

constant, the so-called barrier degree of the proximity. This is a significant improvement over
the known O (nlog 2) iteration bound of large-update IPMs before.

The present work aims at extending the results of [22] to large classes of CPs. As we will see
in our later analysis, this is far from a trivial task. The reason for this is that, the convergence
rate of IPMs has been established only for classes of problems which satisfy certain Lipschitz
conditions such as the self-concordant condition posed by Nesterov and Nemirovskii [18], the
relative Lipschitz condition introduced by Jarre [6, 7] and the scaled Lipschitz condition by
Zhu [27]. For CPs, Jansen [8], Jansen et’al [9] introduced a smoothness condition which can be
viewed as a straightforward extension of the scaled Lipschitz condition. In this paper, to establish
the complexity of our algorithm, we will introduce a new smoothness condition for the considered
problem. This new condition can be regarded as a generalization of Jarre’s condition. Via using
extensively the properties of self-regular proximities, we will prove that if the considered CP

il
satisfies several assumptions, then our new large-update IPMs have polynomial O (n “a log %)

iteration bounds while small IPMs still stay with the best to date O (n% log %) iteration bounds.

The class of CPs we will discuss in this paper is the class of so-called P,(x) CPs. It is worth to
mention that there exists some inconsistency about the definition of a nonlinear P, (k) mapping
in the CP literature. For instance, in some references (see [25, 26]) a P.(x) mapping is defined
according to certain specific properties of the mapping itself while in some other references such
as [9], it is required that the Jacobian of the considered mapping to be a Pi(k) matrix. The
reason for these different definitions is that in the study of some properties such as the feasibility
of the problem, the definition based on the mapping itself is more direct and more applicable,
while in the estimation of the complexity of IPMs for CPs, the Jacobian matrix plays a much
more important role. In this paper, we will consider this issue first and show that these different
definitions are equivalent if the undertaken mapping f(x) is continuously differentiable.

An important ingredient in IPMs for CPs is the existence of the central path, since otherwise



we can’t apply IPMs to the problem. For P,(x) LCPs, Kojima et’al [12] had already proven
that if a P,(x) LCP is strictly feasible, then the central path is uniquely defined and converges
to the solution set of the problem. We also mention that in [11], the authors considered the
homotopy path for several classes of CPs under certain assumptions. However they did not
specify their results to nonlinear P, (x) CPs. Slightly to our surprise, during the preparation of
this paper, the authors also noted that albeit there have already quite a number of papers [9]
dealing with IPMs for P, (k) CPs, none of them discussed explicitly the existence of the central
path for nonlinear P,(x) CPs. In the present paper, we will discuss this question for general
nonlinear P, (k) CPs under certain assumption. Our results is a direct extension of those in [12]
for P.(rk) LCPs.

The paper is organized as follows. In Section 2, we will first state some assumptions about the
problem and then give several fundamental results about P, (k) mappings and CPs. In Section 3
we describe the new algorithm based on a self-reqular proximity and introduce a new smoothness
condition for the underlying mapping f(z). Section 4 is devoted to study the complexity of the
algorithm. Finally we close this paper by some concluding remarks in Section 5.

2 Preliminary Results on P.(k) Mappings and P.(x) CPs

In the present section, we will first state some basic assumptions about the considered class of
CPs and give several elementary results about CPs under those assumptions. We start with
some basic definitions of classes of matrices[12].

Definition 2.1 Let k be a nonnegative constant. A matriz M € R"*" is said to be a P, (k)
matriz if and only if there holds

(1 + 4/6) Z J?l[M:L‘]l + Z :L‘Z[MJ?]Z >0, VzeR",
i€L(z) i€L_(x)

where
Ii(z)={i €T :zj[Mz]; >0}, Z_ (x)={i€Z:xzi[Mzx];<0}

and
7Z={1,2,---,n}.

We remark that the index sets Z, (z) and Z_ (z) depend not only on z € R™ but also the
matrix M. The class of P, (k) matrices includes as specific case the class of positive semidefinite
matrices where the constant x = 0.

We denote by P, the union of all P,(x) matrices with x > 0. We next introduce the definitions
of P and Py matrices [2].

Definition 2.2 A matriz M € R™ "™ is said to be a P (or Py) matriz if and only if for any
x #0 € R", there exists at least one index i € I such that x;(Mz); >0 (or z;(Mz); > 0).

;From the above definition, one can easily see that P C P,(xk) C P, C Py. For more discussion
about the relations among the class of P, (k) matrices and other classes of matrices we refer to
[11].



The following technical result about P and Py matrices will be used in our later discussion. We
have

Lemma 2.3 If M is a P matriz, then there exists a vector x such that
Mx >0, x>0
If M is a Py matriz, then there exists a nonzero vector x such that

Mz >0, z>0.

Proof: The first statement of the lemma is precisely the same as Corollary 3.3.5 in [2], thus
its proof is omitted here. To prove the second statement of the lemma, we observe that if M is
a Py matrix, then the matrix M + €F is a P matrix, here we denote by E the identity matrix
in R"*™_ Thus, from the first statement of the lemma, we know that for any e > 0, there exists
a vector z¢ > 0 with ||z|| = 1 such that

Mz, >0, z>0.

Therefore, there must exist an accumulation point z* of the sequence z., as €, reduces to to
zero. By taking limits if necessary, one can see that

Mz* >0, z*>0,

which completes the proof of the second result of the lemma. a

We next progress to define the notion of a P,(x) mapping.

Definition 2.4 Let k be a nonnegative constant. A mapping f(z) : R* — R" is said to be a
P.(k)-mapping if for any x # y € R"™, the relation

(1+4r) > (zi—w) (file) = fily) + D (i —w) (filz) = fily)) >0, (1)
iel—i(w,y) i€Ii($:y)

holds, where

Th(x,y) ={i€T: (zi—y) (file) — fily)) > 0};
T/ (2,y) ={i €T : (zi — i) (fix) — fily)) < 0}.

The mapping f(xz) is said to be a strict P.(k) mapping if inequality (1) holds strictly for any
x#yeR".

It follows directly from the above two definitions that if f(z) = Mz + ¢, then f(z) is a Pi(k)
mapping if and only if its Jacobian matrix M is a P,(k) matrix. In the sequel we consider an
extension of this observation in case that f(z) is nonlinear and continuously differentiable. We
proceed by introducing a specific subclass of P, (k) mappings.

Definition 2.5 Let k be a nonnegative constant. A mapping f(z) : R* — R is said to be a
P.(k,8) mapping if for any x #y € R", the relation
(L+4r) > (zi—w) (file) = i) + Y (@—w) (file) = fily) = Bz —y|

iEIi(m,y) e’ (z,y)



holds, where

T (y) ={i €T: (i —y) (filz) — fily)) > 0}
I (z,y) ={i €T: (z; —v) (fi(z) — fi(y)) <O}

;From this definition it follows immediately that a P, (x, 3) mapping with 8 > 0 is a strict P, (k)
mapping. Similarly, we also define

Definition 2.6 Suppose that k is a nonnegative constant. A matriz M is said to be a P.(k, )
matrix if

(1 +4k) Z z; (Mz), + Z zi (Mz);, > B|z||*, VYz#0ecR"
icLi(x) icl_(z)

holds, where

Zi(z) ={t€Z:z;(Mx), > 0};
I_(z) ={te€l:z;(Mzx), <0}

Our next result characterizes the interrelation between P, (k) and Pi(k,3) mappings. We have

Lemma 2.7 Let k be a nonnegative constant. Then a mapping f(x) : R" — R™ is a Pi(k)
mapping if and only if for any positive B > 0, the mapping fg(x) = f(z) + Bz is a Py(k, )
mapping.

Proof: The necessary part of the lemma is trivial. Since if f(z) is a Pi(x) mapping with
k > 0, then for any z,y € R" we know that the set Ifr(x,y) is nonempty. Further, it is easy

to see that, for any 8 > 0, the inclusions Ii(m,y) - Iff (z,y) and I'e (z,y) C I}:(m,y) hold.
Therefore it follows directly

(L+4r) D (zi—y) (Fp)i(2) = (Fa)iw) + Do (2 — i) (fp)i(2) — (F3)i(y))

iEIiB(x,y) iEIfB (z,y)
> (L+4r) Y (zi—) (Fa)i(e) = (fa)iw) + D (@i —wi) ((fa)i(2) — (f5)i(y))
i€ (z,y) i€ (a,y)
>Bllz—yl*+ (1 +4r) Y (mi—w) (file) = L)+ Y (@i —w) (file) = fiy))
ieIi(w,y) iEI]:(x,y)
> Bllz —yl?,

where the first two inequalities follow from the assumption that x > 0 and the fact that Iff (z,y)
is nonempty, and the last inequality is given by the definition of P, (k) mapping.

To prove the sufficient part of the lemma, let us assume that fz(z) is a Pi(k, ) mapping for
any sufficiently small 8 > 0. Suppose that the statement of the lemma is false, i.e., f(x) is not
a P,(k) mapping. Then, from Definition 2.4, we deduce that there exist x,y € R" such that

(+4r) > (@i—w) (filz) = fily) + Y. (zi—w) (filz) — fily) <O0.

ieIi(w,y) i€’ (7,y)



Let us denote

(Lt 46) 2 g (@i = w0) (i) = fily) + 2, e, (@i = ) (fil@) = fily))

_ (z,y) ; .
. Iyl ’
B = max (zi — i) (fi(x) - fi(?/))‘
iel—{(:v,y) H:L‘ - y”

From their choices, one can easily verify that both Gy and §; are negative. Let

= i (-5

Obviously B2 > 0 holds. Let us define f3,(z) = f(z) + fox for any 2 € R”. For this specific
mapping fg,, it is straightforward to check that /o2 (z,y) = I’ (z,y) and hence Iff2 (z,y) =
Iﬁ_(m,y). Therefore, one has

L+4r) D (@i—u) ((fa)il@) = ()i + Do (@i —w) (f.)i(2) — (F5.)i(¥))

iEIj_ﬂ2 (z,y) iEIiﬂ2 (z.y)
= (L+4r) > (wi—y) ((F)ile) = (fo)i) + Do (wi—vi) (f5,)i(x) = (f3,)i(»))
i€T!, (,y) i€ (a,y)
=(1+4r) > (zi—y)(file) = filw) + D (zi—yi) (filz) = fily))
iel—i(w,y) iEIJ:(%y)
+(1+46) B > (mi—w)’+ B D, (zi—ui)?
iEIf,_(m,y) iEI{ (z,y)

Bo
< follz = yl* + (1 +4r)B2 [|lz — yl* < 5 llz = ylI> <0,

where the first inequality is true since £ > 0, and the last inequality follows from the choice
of 5. The above discussion means that the mapping fg,(x) is not a Pi(x, ) mapping. This
contradicts to our assumption that fz(z) is a P.(k,3) mapping for any positive > 0. Thus
f(x) must be a P,(x) mapping which completes the proof of the lemma. O

Note that in the above proof, we indeed show that if f(z) is not a Pi(x) mapping, then there is
a sufficiently small 5 > 0 such that fg(z) is not a P.(x) mapping. Since a P, (k, ) mapping is
obviously a Py (x) mapping, thus we obtain readily the following corollary.

Corollary 2.8 Let k be a nonnegative constant. Then a mapping f(z) : R" — R" is a Pi(k)
mapping if and only if for any positive 3 > 0, the mapping fg(x) = f(x) + Bz is a Pi(k)
mapping.

One can prove the following results for P, (k) and Pi(k, ) matrices similarly, by specifying the
mapping f(z) to f(z) = Mz +q.

Corollary 2.9 Let k be a nonnegative constant. Then a matriz M € R"*" is a P.(k) matriz
if and only if for any positive B > 0, the matriz M + BE is a Py(k) (or Py(k,[3)) matriz.

We progress to present some relations between a differentiable P, (x) mapping and its Jacobian
matrix Vf(z). One has



Lemma 2.10 Suppose that f(z) : R" — R" is continuously differentiable and k > 0,8 > 0.
If f(z) is a P.(k) (or Pi(k,()) mapping, then for any x € R", Vf(x) is a Pi(k) (or P.(k,[3))

matriz.

Proof: We consider first the case for P, (k, ) mappings. To prove the statement of the lemma,
for any z,u € R", let us consider a sequence {x + lu i =1,2,. } Since f(x) is a P, (m B)

mapping, there exist two sequences of index sets Ij =1 Y+ u z)and 770 =77 (z + u ,T)
such that

I 1 1 B2

By the finiteness of Z, there exist two index sets 7/, (z,u) and Z' (z,u) and a subsequence J
such that for all j € J, 7%, = 7', (z,u) and Z2. = 7’ (z,u) hold. Therefore, for any j € J, we
have

l.ui<fi(:1:+§u) fils ))2 Vi € T, (z, ),

J
1 1 -
;ui (f (x + ]u) fz($)> <0, VieI (z,u),
and
1 1 1 8
(+a) ¥ w(flor s —f@)+ X u (et 50— fio) 2 5l
i€l (z,u) i€l (z,u)

Taking the limits j — oo for 57 € J, we obtain
WV f (@)l > 0 (i € 7' (o,0),  wlVF(@)ul <0 (i € T (z,u))

and

(1+4r) Y wlVFi@uli+ > w[Vf(z)ul; > B]lul
zeIl_i_(w,u) zEIl_(m,u)

which implies that V f(z) is a P.(k,3) matrix. The proof for P,(x) mappings follows similarly.
O

In what follows we consider a converse case of the above lemma, namely discuss the properties of
a continuously differentiable mapping f(z) under the condition that V f(x) is a P, (k,3) matrix
for any € R™. One has

Lemma 2.11 Suppose that f(z) : R™ — R™ is continuously differentiable and x > 0. If the
Jacobian matriz V f(x) is a Pi(k, ) matriz with § > 0 for any x € R™, then f(x) is a strict
P.(k) mapping.

Proof: The proof takes a similar recipe as that in [17] for P mapping. For self-completeness,
we give a detailed proof here. The proof is inductive. We first observe that the result is trivial
if n = 1. Hence we can assume hereafter that the statement holds for some n — 1 > 1.



Suppose that Vf(x) is a P, (k,3) matrix for any = € R". Let us suppose that the statement of
the lemma is not true, i.e., there exist two points in z # y € R™ such that

(L+4r) > (zi—y) (file) = filw) + > (@ —wi) (fi(z) = fiy)) < 0. (2)

ieT” (z.9) icT (zy)

We first consider the case that there exists some ¢ € Z such that x; = y;. For simplicity we can
assume that ¢ = n and consider the subfunction

hi(X17".7XTL71) :fi(Xla"'axnflayn)a I = ]_,“‘,TL— L.

Since Vh(x1,--+,Xn_1) is again a P, (s, ) matrix for any (x1,---,xn_1) € R*~!, the induction
hypothesis implies that A is a strict P,(x) mapping in R~ and therefore for any = # y € R”
with some z; = y; for ¢+ € Z, there holds

(1+4k) Y (@i—w) (filz) = fily) + D, (2 —wi) (filz) — fily)) > 0. (3)

ieT” (z.9) icT (zy)
This relation contradicts to (2).

Thus it remains to consider the case that z; # y; for all i € Z. For any fixed y € R", let us
denote by €, the set given by

{zeR": (1+4r) > (zi—w) (filx) = filw)+ D (zi—w) (filz) — fily)) <0,z > y}.

iEIi(m,y) iEI{ (z,y)

We proceed to show that €}, is empty. Suppose to the contrary that €2, is nonempty. Let us
consider any convergent sequence z* € Q, with z¥ — 2. Tt follows readily = > y and

(+4r) > (@i—w) (filz) = fily) + Y. (zi—w) (filz) — fily) <0.

ieT! (2.) i€Z (z,y)

Now we have three cases, namely (i): 2 # y but z; = y; for some i € Z; (ii): = y; (iii): = > y.
The first case (i) is impossible since otherwise from the first part of our proof we already know
that inequality (3) holds if there are some z; = y; and x # y. If case (ii) holds, then one has

lim o () — £(9) ~ V@)t — 1)) =0,

koo [lzk —y|
Let us denote A* = diag (m’f —y1, Tk —yo, - @k — yn), it follows

1
m —
koo ||k — y||

A (f(a¥) ~ £y) - V)" —y)) =0,

k
Observe that the sequence {ﬁ} is bounded and thus has at least an accumulation point.

Without loss of generality, we can further assume that
k

lim —Y

—— = =1.
dm =l

Denote

T (@yu) = {i € T ui(V(y)u)i <0} T (z,u) = {i € T: ui(Vf(y)u); > 0}.



Then one can easily see that there exists a sufficiently large integer k such that for any k > I~c,
there hold
2l (a*,y) C T/ (z,u); Th(ab,y) 2 T (2, u).

Since x > 0, we have

(14 40) g o 8 = 9D () = ) + 5 g ) (0 = 90 (Fila®) = Fily)

lim Skt
o ok =y
. (1+4x) 2ieT! (uy) (zf — i) (fi(a®) = fily)) + 2T (uy) (zf —yi) (fi(a®) = fiy))
" o = yP
=(1+4r) > w(Vi@uwi+ Y. w(Viyuw) =6’ =28,
iEIi(u,y) iEI{ (u,y)

where the last inequality is implied by the assumption in the lemma that Vf is a P, (k, ) matrix
with 8 > 0. The above relation implies that for sufficiently large k, the inequality

(L+4r) D> (@ =) (file®) = fil) + > (@F =) (fila") = fily) >0

ieIf,_(x’“,y) iEI{ (z*,y)

holds, which contradicts to the assumption z* € 1. This implies that y doesn’t belong to the
boundary of €,. Our above discussion shows the cases (i) and (ii) are impossible. Hence only
case (iii) remains to deal with. In this situation, we have z € Q, which further implies €, is
closed. Let us define

u = argmin,cq, |lo - yll. (4)

If Q,, is nonempty, then we know that v is (might not uniquely) well-defined. Moreover, for any
u satisfying relation (4), one can easily prove the following conclusion

ifreQy andz<u = z=u. (5)

Since V f(u) is a Py(k, ) matrix and thus a P matrix, by Lemma 2.3 there is a vector h < 0
such that Vf(u)h < 0. Tt follows immediately

lim% (F(u+ th) — f(u)) = VF(u)h < 0.

t—0

Since y < u € {1y, one can choose sufficiently small ¢ > 0 such that the relations u > u +th >y
and f(u+th) — f(u) <0 hold. ;From the continuity of f(z) it follows

(1+ 4r) S (ui+thi —yi) (filu+th) — fi(y))
i€, (utth,y)

+ > (i thy — ) (filu + th) — fi(y)) < 0.
ieZ! (utthy)

The above discussion means that y < u 4 th < u and u + th € € for sufficiently small ¢ > 0
which contradicts the statement (5). Hence case (iii) can’t be true and this further implies that
1y is empty.

Now suppose that = # y satisfies (2). Then z; # y; for any ¢ € Z; otherwise it will contradict
to the first part of the proof. Denote A = diag(sign(z1 —y1), - ,sign (¥, — yn)), and let
f(z) = Af(Az). Then for any z € R", Vf(z) is a P.(x, ) matrix since the diagonal matrix A

10



is nonsingular. Moreover, by the construction of f (x), the relations & = Az > Ay = ¢ hold. It
follows directly

(L+4r) > @—0) (i@ - @)+ Y @ —5) (£i@) - fu@))

ieIf:(:i;,g) eI’ (%,7)

g
=1 +4r) Y (@i—w) (file) = fily) + D (wi—w) (filz) — fily)) <0,

i’ (2.9) i€T (zy)

which is a contradiction to the second part of our proof. From our above discussions we have
seen that for any z # y € R", the inequality (2) does not hold. Therefore f(z) is a strict Pi(k)
mapping. This completes the proof of the lemma. O

Now we are ready to state one of the main results in this section which is a combination of
Lemma 2.10 and Lemma 2.11.

Lemma 2.12 Suppose that f(z) : R" — R™ is continuously differentiable. Then f(x) is a
P.(k) mapping if and only if Vf(x) is a P.(k) matriz for any © € R™.

Proof: The necessary part of the lemma, follows from Lemma 2.10. Hence it remains to prove
the sufficient part. Since Vf(z) is a Py(k) matrix for any = € R", it is trivial to see that for
any 3 > 0 and x € R", the matrix V f(z) + SE is a P.(k,3) matrix. Therefore, by Lemma 2.11,
we deduce that the mapping f(z) + Bz is a Py(x) mapping for any S > 0. Now let us recall
Corollary 2.8, one can conclude that f(z) is a Pi(x) mapping. This completes the proof of the
lemma. O

Our above lemma clarify some unclear arguments in the definition of P, (k) mappings in the
literature.

In the rest of this section we discuss the existence of the central path for nonlinear Py (k) CPs.
For this we first impose two assumptions on the considered CP which will be used throughout
this paper.

A.1 Interior Point Condition: there exists a known point (x°,s%) which satisfies

0= f(z%), («°,5°) > (0,0).

A.2 f is a continuously differentiable P.(k) mapping with x > 0.

We remark that these assumptions are quite general and mild assumptions in the IPM literature
for CPs. The class of P,(k) CPs is a rather general class of CPs which covers CPs with P and
monotone mappings. In the case of LCPs, it reduces to class of LCPs introduced by [12] which
is to date the largest set of LCPs that could be solved by IPMs in polynomial time. Assumption
A.1 is generally required in the study of feasible IPMs for CPs. It is worthwhile to point out that
for monotone CPs, by using an augmented homogeneous model described by Andersen and Ye
in [1], we can always get a strictly feasible point for the reconstructed CP. For P, (k) LCPs, one
can apply the big-M method introduced in the monograph [12] to get a strictly feasible initial
point. However, as observed by Peng, Roos and Terlaky [20], Andersen and Ye’s homogeneous
model can not be applied to a P, (x) CP since there is no guarantee that the new formulated CP
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is still in the class of P,(x) CPs. We also mention that as shown by Zhao and Li (Theorem 4.2
in [26]), a P.(k) complementarity problem is strictly feasible if and only if its solution set is
nonempty and bounded.

We now progress to show that the central path exists uniquely if the considered CP satisfies
Assumptions A.1 and A.2. For this let us first introduce some definitions and notations.

Definition 2.13 A mapping f(x) : R — R" is said to be a Py mapping if for every z,y € R"
with © # y, there exists an index 1 € T such that

z; —yi 70 and (z; — ;) (fi(w) — fi(y)) > 0.

Let D be a subset of 2" and define

r(z,s)i=s—f(z), r(R¥) = {ueR": u=s—f(z), (z,5) € R},
F(z,s) = (zs,7(z,5)), F71(D) = {(z,s) € R3" : F(z,s) € D}.

In the paper [11], the authors showed that the central path exists if the CP satisfies A.1 and
the conditions below:

#A.1 The set F~'(D) is bounded for every compact subset D of R x r(R%",).

#A.2 f is a Py mapping.

Since a P, (k) mapping is obviously a Py mapping, the condition #A.2 is implied by A.2. In
what follows we will show that the condition #A.1 holds under the assumptions A.1 and A.2.

Lemma 2.14 If a CP satisfies the conditions A.1 and A.2 then the condition #A.1 holds as
well.

Proof: The proof is very similar to Section 3 of [11], for self-completeness, we write it out
here. Suppose that the set F~!(D) is unbounded for a compact subset D of R x r(R%".). Then,
we can take a sequence {(z%,s%) : k =1,2,...} C R%" such that limy_, ||(z¥, s*)|| = co and
limy 00 (s¥ — f(2%)) = u € D. Since r(R?",) is an open subset of R", we can find a vector
@ € r(R%") such that s¥ — f(z*) > @ for every sufficiently large k. In addition, the definition
of r(R?" ) ensures the existence of an (Z,3) € R%" satisfying § — f(#) = 4. Because the set
{(z¥s* % — f(z¥)) : k=1,2,...} C D is bounded, we can find positive numbers 7 and ¢ such
that the following inequalities

(1+4r) Z aFsk 4 Z z¥sh < (14 4k)n maIx{mfsf} <n
i€ (ak 1) e’ (zk,3) '€
and
(+dr) > w(sh—feh —a+5)+ Y ai(sf - fi®) - a+ )
i€’ (zk i) ieT? (ak )
< (14 4k)n max {:iz (sic — fi(z®) —a; + 51)} <(

iel
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hold. Since § — 4 = f(&), by a simple calculation, we have
(wf — 3:) (fi(a%) - fil@))

= (af — &) (sF — (sF = filah) — @+ 5)

= xfsk :chsk — I (3 — filz ) —u; + EZ) + Z; (sic — f,(xk) —u; + 51)
for each i € T. Using the facts ¥ > 0 and s* — f(z¥) — @ > 0, for each i € T, we deduce

absk — g;sF — oh (s — fi(z®) — @ + 51) + z; (si€ — fila®) —a; + EZ)

< :Ek k — aﬁisi-c —Z; §i + z; (SiC - fl((L‘k) —Uu; + EZ) .

i From the above observations it follows directly that

0<(+4n) > @F—5) (AN - @)+ Y @ -@) (L) - L)
iel—i(:vk,:v) e’ (zk,z)

< (1+4k) Z {xfsf—ilsk msl—i-xz(s — fi(z )—ﬂi+§i)}

e’ (zk,7)
<n+¢
—+4as) Y E@si+ > @)
icL) (zk,7) iel’ ( )
— | (14 4k) Z aFs; + Z X3,
i€ (ak 1) i’ (zk,3)

<n+¢— (FsF + (@h)75),

and hence

iTsk + (2MTs<n+¢
for every sufficiently large k. Since (z*,s*) € R2(k = 1,2,...), the above inequality implies
that the sequence {(z¥, s*)} lies in the bounded set {(z,s) € R%" : #Ts + 275 < n+ (}. This
contradicts the assumption limy_,o ||(2*, s*)|| = co and the proof is completed. O

The following result is a direct consequence of Lemma 2.14 and Lemma 4.2 in [11].

Proposition 2.15 Suppose that a CP satisfies assumptions A.1 and A.2. Then the central
path of the underlying CP exists.

3 New Interior-Point Methods for P,(x) CPs

In the present section we introduce some new IPMs for solving P (x) CPs. These new IPMs are
based on the so-called self-regular functions and self-regular proximities introduced in [22]. We
start with the basic definition of a univariate self-regular function.
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Definition 3.1 A univariate function 1(t) : Ry — Ry is said to be self-regular if it satisfies
the following two conditions:

C.1 (t) is strongly convexr with respect to t > 0 and vanishes at its global minimal point t =1,
i.e., (1) = '(1) = 0. Further, there exist positive constants vi,vo >0 and p > 1, ¢ > 1
such that

v (P ) <) < wp(tPT 1Y), V€ (0, 00). (6)

C.2 For any t1,ts > 0, .
Pltita) < S +9(83)). (7)

Here the parameters p and q are called the growth degree and the barrier degree of the function
P (t), respectively. A typical family of self-regular functions is given by

1 1 _ p—q

Tyot) = —— (P — 1)+ ——— (7= 1) + —(t—1), p,g>1. (8)
PO plp+ 1) ( ) (g — 1) ( ) pq CY

It is worth to mention that the function Y, ,() satisfies condition C.1 with 1] =1, = 1.

To facilitate our discussion about new IPMs, we need to introduce more notations. First we
remind the reader that whenever no confusion is possible, for convenience we will use capital

syllables to denote the diagonal matrix obtained from a vector; for instance D = diag (d). For
every (z,s) > 0 and p > 0, we define

v o=
Umin = min{v; : i € T}, (9)
Umax ‘= max{v; : 1 € T}.

As in [22], we define the proximity for CP by

n

W(as, ) = V(o) = D (wy) (10)

=1

Correspondingly we say the proximity W (v) is self-reqular if its kernel function (t) is self-regular.
Let us define
o = [VU()]. (11)

The following proposition collects some basic features of the function ¥(v) which is a copy of
Proposition 3.3 in [22]. For ease of reference, we quote it here without proof.

Proposition 3.2 Let the proximity V(v) be defined by (10). Then there holds

0_2
U < — 12
<o, (12)
1
Umin > (1 + q_> ’ 5 (13)
2
and
1
VUmax < (1 + lﬁ) ! . (14)
v



If vmax > 1 and vmin < 1, then

(Vhax =1 | (0t = 1D*)°
o> ( ap2 + 7 . (15)
For any 9 > 1,
2
V() <2 (ﬂp“@(v) + 9T (D)2 (o) + nylr,,,q(ﬂ)> . (16)

The functions 1 (¢) and ¥ have many fascinating properties which are quite helpful in the analysis
of IPMs. We refer the reader to Section 2 of [22] for most of these interesting features.

Denote F¢p the strictly feasible set of CP, i.e.,
Fep = {(z,5) e RYY : s = f(a)}.
Our algorithm generates a sequence in the neighborhood N (7, 1) defined by
N(rn) ={(z,s) € Fp, V(z,8,p) <7} (17)
For simplification of expression, we define

f@ + xAz) := (fi(z + x142), ..., fulz + xnAz))",
Vi(z + xAz) = (V(z + x18),...,Vu(z + xnAz))T.

We further impose the following conditions on the nonlinear mapping f.

A.3 There exist a constant L > 0 such that for any (z,s) € Fép, Az € R" and any vector
x € R satisfying © + || x|l Az > 0, the inequality

|2 (V7@ + xaa) = V1 (2)) Ao < Ll |29 (0)A2 (18)
holds.
We mention that closely related Assumption A.3 is another condition:
#A.3
g(f(eraAax)—f(x) _W(wm> ‘ <ar Hgvf(xm (19)

for any (z,s) € Fép, Az € R" and any positive number o € Ry satisfying © +alz > 0.

By Taylor’s expansion, we can easily see that the inequality (19) is satisfied if Assumption A.3
holds. Thus Assumption #A.3 is slightly weaker than Assumption A.3. However, Assumption
A.3 is more suitable for the analysis of our new IPMs based on self-regular proximities which
are characterized by their second derivatives. It is worth to point out that Assumption A.3 is
satisfied automatically for any LCP. Nevertheless, one can see that these two assumptions are
essential equivalent in R'.
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It deserves to mention that in the paper [9], the authors essentially assumed that the relation (19)
holds for all the points in a specific neighborhood of the central path! . Thus, the condition 3.2
in [9] might be slightly weaker than assumption #A.3 to some extent. However, it should be
noted that some constants in condition 3.2 of [9] might depend on the mapping f(z) and the
neighborhood of the central path as well. Therefore it is much more difficult to estimate these
constants. At last we also notice that relation (18) can be viewed as a kind of relative Lipschitz
condition for the Jacobian V f(z).

We proceed to describe the new algorithm for CPs which is an extension of the large update
primal-dual algorithm for LO proposed in [22]. Starting from a strictly feasible point, the
algorithm generates a strictly feasible sequence in the neighborhood N (7, u) given by (17).
Thus, at each iterate, we will check whether the iterate is in the neighborhood N (7, u1). If the
answer is ‘no’, then we solve the following Newton-type system

—Vf(z)Az+As =0 (20)
sAz + zAs = —puvV¥(v) (21)
to get a new search direction. Since the matrix H = —V f(x) is a Pi(k) matrix, it is guaranteed

that the system has a unique solution for every VW¥(v) (see, e.g., [12]). As we will see later,
by progressing properly along this search direction we will be able to reduce the value of the
proximity. This procedure is repeated until the iterate enters the neighborhood N (7, 1) again.
If the present iterate is in N'(7, 1), then one reduces the barrier parameter p by a constant ratio.
The above process will be redone until the iterate is in the neighborhood and the parameter p
becomes sufficiently small.

For the displacement Az, let us define
z(a) =2+ alAx, s(a):= f(z+ aAx). (22)

Similarly to the LO case, we require that the step size o should be taken so that the proximity
measure function ¥ decreases sufficiently. A default bound for such a step size a will be given
later by (49). The general procedure of our algorithm can be described as follows.

Large Update Primal-Dual Algorithm for CP

Input
A proximity parameter 7 > v L.
an accuracy parameter € > 0;
a fixed barrier update parameter 6, 0 < 0 < 1;
(2°,5%) and p® = (2°)7's%/n such that ¥(z?,s°, ul) < 7.
begin
r =12 s:= s
while ny>¢ do
po=(1—-0)u;
while U(z,s,u) > 7 do
Solve the system (20) — (21) and compute Az and As;
Compute a step size a > 0 and let z := z(«) and s := s(«);

end
end

end.

! Note that the equation (12) in Condition 3.2 of [9] includes a typo. The factor 6 in the right hand side should
be 6 and then equation (13) is correct.
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Remark 3.3 In the algorithm, we can update the parameter p by two different ways which
depend on the choice of the constant 0. The first one is to choose 0 as a number independent
of the problem, for instance 8 = 0.9. In such a case, we call the algorithm a large-update IPM.
If the constant 0 is chosen according to the dimension of the problem, e.g. 0 = ﬁ, then the
algorithm is named as a small-update IPM. In this paper, we will focus only on large-update
IPMs which are much more efficient in practice than small-update IPMs.

Remark 3.4 In the algorithm we always assume that vimax > 1. This is because when vy < 1,
we can reduce the value of the proximity in the algorithm (or stay in a certain neighborhood of
the central path) by appropriately reducing p. In such case we even do not need to solve the
Newton-type system.

4 Complexity of the algorithm

This section is devoted to estimating the complexity of the algorithm. The section consists
of three parts. In the first subsection, we will present some bounds for the norm of the search
direction and the maximal feasible step size. In the second subsection we estimate the decrement
of the proximity for a feasible step size. Finally, we summarize the complexity of the algorithm
in the last subsection.

4.1 Ingredients for estimating the proximity

In this section, we provide certain ingredients that are used for estimating the proximity. We
start by introducing some notations. For each a > 0 and x € R", let us define

As(0) =~ (f(r+ ada) — f(x), (23)
dy = %A:p, dy = EAS, (24)
dy() = =As(a), (25)
Vdy(a) = é (gv flz+ ozAw)A:z:), (26)
Vdy(x) = (Vs Gl )1, [V (x)las -, [V () ]a)” 27)

)

1 .
or equivalently [Vds(x)]; := - (%sz(x + XiAac)Ax) .
i

Note that the functions As(a) and ds(«) are not defined at & = 0. However, one can easily see
that these two definitions can be extended to the case @ = 0 as

As(0) := lim As(a) = V/(2)Az;  dy(0) := lim dq (@) = gi(x)Aac. (28)

It should be noticed that, by using the notations introduced by (24), we can rewrite the system
(20) — (21) as
~Aydy +dg =0, dy +ds = —VU(v) (29)

where Ay := pV STV f(z)VS~!. Note that the choice of ¥(v) is completely independent of the
mapping f(x). Therefore, in the rest of the paper, we assume that U(v) is self-reqular. The
following lemma about P, (k) matrices is precisely the same as Lemma 3.4 in [12], we copy it
here for purpose of ease reference.
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Lemma 4.1 A matriz M is a Py(k) matriz if and only if for any positive definite diagonal
matriz A, and any Az, As,h € R", the relations

A Az +AAs=h; As=MAz

always imply

Az"As > —k||h|?.

Now let us recall definition (11) of 0. By using the above lemma and following an analogous
discussion as that in the proof of Lemma 3.1 in [9], one can readily obtain the following results
which present some bounds for the search direction in various scaled spaces.

Lemma 4.2 Suppose that Assumption A.2 holds. Let (Axz,As) be the unique solution of the
system (20)-(21) and (dz,ds) be the corresponding solution of the system (29) in the scaled
v-space. Then we have

T
(i) —ko? < Ax#As —dTd, < 1027
(ii) lldodslloo = 4llAZAS]00 < 3(1 4 K)0?,

(iit) ||ds|l* + [|ds||* = l|dz + ds||* — 2d7ds < (1 +2r)0,

(iv) o A = o e < 5 e | < Yo

Umi ’

(v) lls™ As|l = o7t ds|| < 5= lldsll < G220

— Umin Umin

Let us define

~ . Umin
G:=min |1, —) . 30
( ov1+ 2/{) (30)

It follows from result (iv) of Lemma 4.2 that z + Az > 0 for all @ € [0,&). In light of the
definition of Vds(«) in (26), Vds(a) can be represented by

Vdy(0) = < (ady (c0) (31)

and the equation (18) in Assumption A.3 can be expressed as

IxVds(x) — dsl| < LIxll o 1ds]]- (32)

The following result follows directly from the the above observations.

Lemma 4.3 Suppose that Assumption A.3 holds. Then

(1) [IxVds)ll < (1 + aL)llds || < (1 + L)]|dsll;
(ii) [IxdsOOll < a(l + al)llds|| < a1l + L)]|d]]

for every a € [0,&), & < 1 and every vector x satisfying 0 < x < ae,
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Proof: Assertion (i) directly follows from (32) and the relation that o < & < 1. To confirm
assertion (ii), we observe that for any 7 € Z, via using Taylor’s series expansion, one can deduce

s (0l = - (file + i) = fi())
= C(fil@) + XV file + XiAw)AT ~ fi())
= Z—iXinz'(l" +x;Az) Az
= xilx'Vds(xX))i,
where x} € (0, x;). Since x; < x; < « for all i € Z, it follows from (i) that

Ixds ) = lx (X' Vs NI < [lxllo [[X Vs ()]
< ollx'Vds (X)|| < (1l + aL)]/ds].

This completes the proof of Assertion (ii). O

Note that the constant & has already provided a lower bound for a step size to keep the feasibility
of z(a) = z + aAz. However, we do not know whether for all « € (0, &), the displacement s(«)
is strictly feasible as well. In what follows we will estimate the growth behavior of the norm of
s(a) for all @ € (0,&). This further gives a lower bound for a strictly feasible step size for both
z(a) and s(«). By combining Lemma 4.2, Lemma 4.3 and Proposition 3.2 together, we obtain
the following result:

Lemma 4.4 Suppose that Assumptions A.2 and A.3 hold and that the function U(v) given by
(10) is self-regular. Then for any o € (0,&), there holds

(o™ s~ As(a)) | = (07 dyo ()] £ 671 < VIFER(L+ D)o (1422

where .
!

1+ L

a =

Further, the mazimal step size amax > Q.

Proof: By the definition (24), we see that

Iz~ Az, s As)|| = (0™ gy v 1 dy) |
1

< ——/lldz|1? + [|ds|?
min

< ov1+ 2k

o Umin

1
Sa<1+q—a>q\/l+2ﬁ
2

where the second and third inequalities follow from (iii) of Lemma 4.2 and Proposition 3.2,

respectively. Since
lds()[| < (1 + L)l|ds]|
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for every a € (0, &), from result (ii) of Lemma 4.3 and Proposition 3.2 it follows that

Iz Az, s As(a))|| = [|(v™" dg, v~ ds (@) |

1
< o\ lldall? + () 12
1
< dg||2 + (1 2||d,||?
< ol (14 )2
1
< (U L)y e 2 + s 2
<Vit2r(l+L) -2

Umin

1
S\/1+2n(1+ﬁ)a<1+£>q

141

for every o € (0,&). Note that a step size « is feasible if and only if both z + aAz > 0 and
s+ aAs(a) > 0 hold. This gives the last statement of the lemma. O

Note that because £ > 0, obviously & < & holds.

4.2 Estimate of the proximity after a step

We are going to estimate the decrement of the proximity for a feasible step size. First let us
define

ofa) =2 — ot ady) v+ adi(@) = Vol + v e+ avdi(a) (39

Since the proximity after one feasible step is defined by ¥(v(«)), to estimate the decrement of
the proximity for a step size «, it suffices to consider the gap of the proximities before and after
one step which is defined as a function of the step size a:

A¥(a) == T(v(a)) — P(v). (35)

Because the function ¥(v) is self-regular, from condition C.2 it follows directly

n

A(a) = Y ((vi(e) = h(v:)

=1

< —U(v) +

N | =

> (W(vi + alds]i) + $(vi + alds(@)]i).
i=1

For any i € Z, let us define
wi() := p(vi + afds());)-
Obviously .
wile) = wi(0) + 0} (0) + [ (wl() — wi(0))dg

holds. Moreover, by simple calculus and using the notations defined by (25),(26) and the relation
(28), one can directly check that the terms in the previous equation can be written as



Thus we obtain that
(i + aldy(@)]i) = p(v:) + oy (v3)[d +/
Similarly, we have
wm+w@m=wwn+mwwwm+4?mo—d@ma

where

ri(a) == P (vi + ady).

Therefore, from (10), (11) and (29), we conclude that the summation is given by

> (p(vi + aldy]i) + 9 (vi + afds(@)]) =D (v +az¢ vi)[de + dsli + AT ()
=1 =1 i=1
= U(v) — al|VE(0)[* + ATy ()
= U(v) — ao® + AT (a), (38)
where
A (o 2/ ﬂwm@+z/?w@—w@Mf

=L<;w( +Z Q%

An important step in the estimation of the value AW, () is to estimate the derivatives r}(«)
and w}(«). This is done in the following lemma.

Lemma 4.5 Suppose that Assumptions A.2 and A.3 hold and that the prozimity U (v) is self-
regular. Then for any a € (0,&), we have

(i)
rlréax{z/) (v; + afdy]i), 9" (vi + alds(@)]i)} < w(e)
where
w(@) == vy {(vmax +avVI+26(1+ L))" + (vmin — /1 + 26 (1 + L)a)’q’l} :(39)
(ii)
>-(ri(a) = 7i(0) + Y- (wi(a) — wl(0)) < mo® [ w(Q)dC
i=1 i=1 0
where
vy = {14+ R+ L2+ VIi+26 L} {1+ VI+2(1+ L)} (40)
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Proof: (i): By Lemma 4.4 and the assumption on a we know that the step size in the lemma
satisfies (v 4+ a[dg],v + a[ds(a)]) > 0. Since the proximity ¥(v) is self-regular, from condition
C.1 we obtain

" (i + alds)i) < (vi +afdg)i)’ " + (v + aldg]) "1,
" (vi + alds(@)];) < (vi + afds (@)]:)P ™ + (v + alds(@)];) 1

Note that the result (iii) of Lemma 4.2 and result (ii) of Lemma 4.3 ensure that
alldg|| < acV1+ 2k, allds(@)]] < ac(l+ L)V1+ 2k.

Combining the above relations together we get the desired assertion (i).

We proceed to consider the assertion (ii). For this we first prove the following inequality

Z(ré(a) —7(0) + wi(a) —w;(0)) < « {(1 +26)(1 + £)*w(a) + V1 + 2k L} a2. (41)

n n

> (wile) = wi(0) = Y {(W (vi + alds()]i) (a[Vds (@)]:) — ' (vi)lds)i}
=1 =1
Xn: "(vi + alds())i) = ¥ (vi) HelVds (@)]:) + ' (vi) ([ Vds ()] — [ds]i) }

Z "(vi + Xilds (X)) (6 [Vds (xi)]i) (@[ Vds (@)];) + 9" (v) (0 Vds(a)]; — [ds]i) }

for some 0 < x = (x1, X2, -, Xn) > X = (X1, *» Xn)! < ae. Now, by making use of assertion (i)
and applying the Cauchy—Schwarz inequality to the vectors 9'(v) and aVds(a) — ds, we obtain

Xn: {o" (vi + Xalds (Xa)]e) (xs [V ds (x0) 1) (@[ Vs (@)]i) + 9 (vi) (o Vs ()]s — [ds]i) }

=1
< aw(@) Y halVds(xa)lil - [a[Vds(@)]i] + D [¢' (v3)] - [ Vds ()i — [dsli]
i—1 i=1
< aw(a) [[x[VdsQIll - lalVds ()]l + [VE ()] - [[aVds(a) — ds]]. (42)

From Assumption A.3 and Lemma 4.3 we conclude that
IXIVds COll - e[ Vs ()]l < (1+ £)?[|ds]f?,

and
VU )] - |aVds(a) — ds|| < o - aLlllds].

The above two inequalities, combined with (42) further imply

> (wila) = wj(0)) < a(l + L) *w(@)||d;|* + o - aL]|ds]. (43)
=1

Similarly, we can prove that
>_(ri(e) = ri(0)) < aw(a)lda|* (44)
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Recalling the inequalities
lda||* + llds|* < (1 + 2w)0,
lds|| < V1+2ko,

from Lemma 4.2 and substituting them into (43) and (44), we obtain readily the following
relation

> (@) = ri(0) + wi(a) — wi(0))

< aw(@) o |* + a1 + £)*w(a) |ds||* + o - aL]|ds |
< a(l +26)(1 + L£)2w(a)o?® + alV1 + 2k02,
which gives (41).

Now let us turn to assertion (ii). First we observe that from (41) and the fact w(a) > 1 whenever
Umax = 1 it follows directly

n

> (ri(@) = 5(0)) + 3 (wi(@) — wi(0) < a{(1+26)(1+ £)? + VI+25 L} w(a)o? (45)
=1

i=1
By definition (39), we can see that
w'(@) = V1 +2k(1+ L)o(p—1)(vmax + V1 + 26(1 + L)o)P 2
—V1+26(1+ L)o(g + 1) (vmin + V1 + 26(1 + L£)o) 772
< VI +26(1+ L)o(p — 1) (vmax + a1 + 26(1 + L)o)P72.

Since vpax > 1 and a < @ < 07! (see Lemma 4.4), there holds

%aw(a) = w(a) + aw'(a)
< w(0) + oI+ 26(1L + L)o(p — 1) (vmax + VI T 26(1+ L)0)
< w(0) + VI T 261+ £)(p — 1) (vina + VT F 26(1+ L))"
< w(a) + VIT26(1 + £)(p — Dwla)
= {1+ VI+26(1+L)(p—1)}w(a).
Combining the above with (45), we obtain the desired assertion (ii). 0

We progress to discuss the decreasing behavior of WU(«) for a strictly feasible step size a. By
(38) and Lemma 4.5, we see that

AT (a) < —o?a + V30’2 /Oa /jw(()d@“df = AUs(). (46)

Since the function AWUs(a) is strictly convex and twice differentiable for a € [0, @). Further it is
easy to see that the function AWUs(a) is decreasing at @ = 0 and increases to infinity as « goes
to a. Therefore, it attains its global minimum at its unique stationary point o which satisfies

v v _
0=—-0+uvs (f((“max +a'vyo)? — o) + f((”min + a*vyo) 1 — Um?n)) ) (47)

where
vy =V1+4+2k(1+ L). (48)

The next lemma gives us a lower bound of the minimal solution of «*.
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Lemma 4.6 Let o be the solution of (47). Suppose that W(v) > vyt and vmayx > 1. Then

q+1

o >vso0 T«

(49)

1 . 2 v (50)
Vs := — min ,
T 2v1v3 + p(v1 + 2v3) " (L4 v1){2v103 + q(vy + 2v3) }

and v3 and vy are defined by (40) and (48) respectively.

where

Some special cases are as follows:

(i) If k=L =0, i.e., the CP is linear and monotone, then vs =2, vy =1 and

2
. 141 v _g+1
a*me( 1 )O’ 7 .

A +p +4)" (1+v){dn +q(n +4)}

(ii) If the prozimity 1(v) used in the algorithm is defined by the function (t) = Tp4(t) given
by (8) with vy = vy =1, then

1 1 g+l
o > min , o a.
- (21/3 +p(1 + 2v3) 4V3+Q(2+4V3)}>

(iii) Under both of the assumptions in (i) and (ii),

. i ( 1 1 ) gkl
o’ > min , o a.
5p 44" 10g + 8
Proof: Let us define
o v
wi(@) = =5 + (v + @40)” = V)
and o v
3 _ _
wy(a) = -3 + ;(('Umin —avyo) T —wv 1).

It is easy to see that both w («) and we () are increasing functions of « for @ € [0, &). Moreover,
one can readily check that the equation w; (1) = 0 has the unique solution at the point

1
* Umax po P
= —max (g —1
N e (( * o) )
q _1
* Umin 40 Unin !
= 1—(1+——== .
@2 [el (( ( + A ) )

Similarly to the proof of Lemma 3.11 in [22], one can verify that

and wy(ay) = 0 whenever

VS 2vivs +p(vr +203))
and )
1% _gqtl
sy > L o T

va(1+v1){2v103 + g1 + 20v3) }
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Since equation (47) is equivalent to
wy (@) + we(a®) =0,
a* should satisfy
o* > minfa}, a3},

and thus result (i) follows immediately from the fact o > 1. By specifying the parameter vy, v,
in case that 1(t) = Y, 4(t), we easily obtain results (ii) and (iii). 0

Remark 4.7 It should be noted that the step size o should be bounded by o < o' ( Lemma 4.5).
However, we can see that the lower bound of o satisfies the restriction since the assumption
U(v) > vyt implies o > 1. Also, Lemma 4.4 ensures that the positivity of v(c) holds at the
lower bound o*. Thus all of the above discussions are consistent.

By a similar discussion as in the proof of Theorems 3.8 of [22], we obtain the following theorem:

Theorem 4.8 Let the function AU(a) be defined by (35) with AU (v) > v, Then the step
size « defined by (49) is feasible. Moreover it holds

2
1% g=1 1%4:1%
qu(a*) < _ZE’O- ¢ < 57

Here vs is defined by (50). Some special cases are as follows:

(i) If k=L =0, i.e., the CP is linear and monotone, then vs =2, vy =1 and

1 2 =t
AV(a*) < —— min ( L ! ) o'm

4 41/1 +p(1/1+4)’ (1+V1){4I/1+Q(V1+4)}

(ii) If the prozimity 1(v) used in the algorithm is defined by the function (t) = Y, 4(t) with
VG = UVy = 1, then
1

1 1 qg—1
AV (a* <——min< , >UW.
(") < 4 2vs +p(1 + 2v3) " dvs + q(2 + 4vs) }

(iii) Under both of the assumptions in (i) and (ii),

. 1 1 1 a=1
A\Il(oz)g——mln< , >02‘1.
4 5p +4"10q + 8

4.3 Complexity of the algorithm for CP

We summarize the complexity of the algorithm in this last subsection. Suppose that the present
iterate is in the neighborhood N (7, pu), i.e., ¥(v) < 7. Then the algorithm will update the
parameter p by p := (1 — 0)u. Note that after such a update, the proximity ¥(v) might
increase. As we showed in [22] (see also inequality (16)), the proximity after the update is still
bounded above by

\I/(U) < ¢0(0v T, n)a

where

2nrt
141 (1 - 0)

VT

o (0,7, m) = s T, (1=0)77) + Ty (1=0)77). (51)

1/1(]_ - 0)
By using Theorem 4.8 directly and following a similar procedure as the discussion in Section 3.4
of [22], we can get the following results step by step.
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Lemma 4.9 Let U(zs,pu) <7 and 7 > Vfl. Then after an update of the barrier parameter no

more than )
g

8q1/; 2 g+l
X 0’ , 2
V5(q+1)(1/)0( T ’I’L)) ?

iterations are needed to recenter.

In some special cases, the bounds of the number of iterations can be simplified as follows:

(i) If k=L =0, i.e., the CP is linear and monotone, then vs =2, vy =1 and

) P} (1/)0 (07 T, n)) 2

8q1/1_W mAx <4V1 +p(l/1 + 4) (1 + 1/1){41/1 + q(V1 + 4)}) g+l
141 vy

(ii) If the prozimity (v) used in the algorithm is defined by the function (t) = Tp4(t) with
vy =9 =1, then

q a1
[q —31 max (2v3 + p(1 + 213),4v3 + (2 + 413)) (1o (6, T’n))qzq —‘ '

(iii) Under both of the assumptions in (i) and (ii),

8q ot
’Vm max (5p + 4, ].Oq + 8) (1/)0(9, T, n)) 2 “ .

Theorem 4.10 If1 > 1/1_1, the total number of iterations required by the algorithm is not more
than

8qu, ¢ a+1 1 n
qli(i/)o(gaﬂ”)) 24 blog J .

In some special cases, bounds of the number of iterations are given as follows:

(i) If k=L =0, i.e., the CP is linear and monotone, then vs =2, vy =1 and

) 2 (1/)0 (07 T, n)) 2 0

8qu, - <4y1 +p(1 +4) (1+v){dv1 +q(n1 + 4)}) eS| P log ﬁw ‘

2 Z €

(ii) If the prozimity (v) used in the algorithm is defined by the function (t) = Tp4(t) with
v, =19 =1, then

q+1 1

{qi——ql max (2v3 + p(1 + 2v3), 4v3 + q(2 + 413)) (Yo (0, T, n))W} {5 log %w ‘

(iii) Under both of the assumptions in (i) and (ii),

1

[% max (5p + 4, 10q + 8) (1o (60, 7, n))%} [é log g .
Note that the results in this section entirely coincides with the ones in Section 3.4 of [22],
thus the results can be regarded as natural extensions of the LO analysis to the case of CPs.
Finally we remark that from its definition (51) one can conclude that (6, 7,n) < O(n) if 6
is a constant in (0,1) and 7 < O(n). In such a situation, if we choose the kernel function
by ¥(t) = YT,4(t) with ¢ = logn > p > 1, then from Theorem 4.10 we can claim that the
algorithm has O (y/nlognlog 2) iteration bound. This gives the to date best iteration bound of
large-update IPMs for P, (k) CPs.
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5 Concluding Remarks

Based on the self-reqular proximities, a new class of search directions and IPMs for solving CPs
have been proposed. The results in this paper extend the ones reported for linear optimization
in [22]. Polynomial complexity of the algorithm has been set up for large classes of problems
under suitable assumptions. Several elementary results about P, (k) mappings and P.(x) CPs
have been presented as well.

There are some ways to further improve our results. The first is to consider the issue whether
we could build up the complexity of the algorithm where the proximity satisfies only condition
C.1. We mention that in [22], an affirmative answer to such a question had been given for linear
optimization. By following an analogous recipe as in [22], we think a positive answer can be
expected for CPs as well. However, since such a relaxation on the condition of the proximity
will not lead to an improvement of the complexity of the algorithm, and the technical proofs in
the present paper are already quite involved, we do not include such a discussion in this paper.

The second issue is how to get a strictly feasible starting point for general P, (k) CPs. As we
mentioned early in Section 2, for monotone CPs and P, (k) LCPs, there exist already certain
methods to handle this issue. However, it is still not clear whether we can find easily a strictly
feasible starting point for nonlinear P,(x) CPs. We also observe that, to set up the complexity
of the algorithm, the involved mapping is required to satisfy a new smoothness condition. As
proved by Andersen and Ye, a very interesting property for their homogeneous model for CP is
that, if the involved mapping f(x) is monotone and satisfies the scaled Lipschitz condition, then
so is the new mapping in the augmented homogeneous model. It is also of interest to consider
whether our new smoothness condition can be preserved while applied to their model.
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