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Abstract

Regression analysis is one of the important techniques in multivariate data
analysis in which the ordinary linear regression (OLR) model has been exten-
sively applied. However, OLR has limitations on applications. First, OLR
yields only a linear prediction and is sensitive to multicollinearity (collinear-
ity) in which multicollinearity (collinearity) can seriously deteriorate the pre-
diction. To eliminate the effects of multicollinearity (collinearity), we can
use principal component regression (PCR) or ridge regression (RR). How-
ever, those methods still yield only a linear prediction. To overcome the
limitations of linearity and multicollinearity (collinearity), we can use kernel
principal component regression (KPCR) or kernel ridge regression (KRR).
The basic idea of the KPCR (KRR) is that the set of given data is mapped
to a high dimensional space by a function, say 1, and construct OLR model
in the high dimensional space. The important point is that the function ¢
is not explicitly defined. Instead of choosing v explicitly, we choose a ker-
nel function k. Then, the KPCR (KRR) is obtained by using the kernel .
We refer to the procedures to obtain the nonlinear predictions by using the
kernel x as the kernel method. However, the previous works of KPCR has
theoretical difficulty in the procedure to derive the prediction of KPCR. In
this dissertation, we revise the previous works of KPCR to overcome its limi-
tations. Afterwards, we compare the performance of the revised KPCR with
the Nadaraya-Watson regression. Our case studies showed that the revised
KPCR gives the better results than the Nadaraya-Watson regression.
Second, OLR model uses the assumption that random errors have equal
values. In some cases, however, we face the regression model with random
errors having unequal variances. We noticed that OLR uses ordinary least
squares (OLS) method to obtain the regression coefficients. In this regres-
sion model, the OLS estimator and hypothesis testing based on the OLS
estimator become invalid [14, 27, 30, 41, 44]. Weighted least-squares (WLS)
is widely used to overcome the limitations. However, applying WLS in linear
regression still yields only a linear prediction and there is no guarantee that

the effects of multicollinearity (collinearity) can be avoided. Therefore, we



propose two methods, a combination of WLS and KPCR (WLS-KPCR) and
a combination of WLS and KRR (WLS-KRR), to eliminate the limitations
of linearity and multicollinearity (collinearity) in this regression model. The
basic idea of the WIS-KPCR (WIS-KRR) is that the set of given data is also
mapped to a high dimensional space and construct OLR model in the high
dimensional space. Then, we apply the WLS method to the OLR model.
Afterwards, WLS-KPCR (WLS-KRR) is obtained by applying the kernel
method. Our case study showed that WLS-KPCR and WLS-KRR give the
better results than that of the WLS method, the revised KPCR and KRR
for the regression model with random errors having unequal variances.
Third, we also noticed that the main disadvantage of the OLS method is
its sensitivity to outliers. If the outliers are contained in the observed data,
the predictions of OLR, PCR, RR, KPCR and KRR can be inappropriate to
be used. To eliminate the effects of outliers, we can use a robust regression
method. The M-estimation, which was first introduced by Huber in 1964,
is one of the most widely used methods for the robust regression, which
however yields only a linear prediction. Fomengko et al. [13] proposed a non-
linear robust prediction based on the M-estimation. Their method, however,
needs a specific nonlinear regression model in advance. In this dissertation,
we propose two nonlinear robust methods without the need of specifying a
nonlinear model in advance. Our proposed methods are a combination of M-
estimation and KPCR (R-KPCR) and a combination of M-estimation and
KRR (R-KRR). The basic idea of the R-KPCR (R-KRR) is that the set of
given data is also mapped to a high dimensional space and construct OLR
model in the high dimensional space. Then, we apply the kernel method and
M-estimation to the OLR model. Our case study showed that R-KPCR and
R-KRR give the better results than that of the robust linear regression based
on M-estimation, the revised KPCR and KRR for the set of data that are

contaminated by outliers.

i



Acknowledgements

First of all, I would like to sincerely thank my supervisor, Professor Yoshit-
sugu Yamamoto, for his many suggestions and constant supports during this
research. He kept me steered in the right direction, care and good judgments.
His insights and ideas formed the foundation of this dissertation as much as
mine did, and his guidance helped me to get over the various hurdles.

I also would like to thank Professor Akiko Yoshise, Professor Maiko
Shigeno, Professor Yuichi Kanazawa, Professor Hideo Suzuki and Profes-
sor Masahiro Hachimori for their constructive advices and suggestions. 1
also wish to thank the Ministry of Education, Culture, Sports, Science and
Technology Japan for financial support during my graduate years.

Many thanks also go to the members of Yamamoto’s laboratory: Yuichi
Takano, Naoya Ogawa and Satoko Ryuo, for providing a stimulating envi-
ronment during my laboratory life. I am also grateful to Professor Junya
Gotoh, Hidetomo Hanatsuka, Ayami Suzuka, Daisuke Zenke, Hidetoshi Na-
gai, Masafumi Tsurutani, Ryoya Kawai, Daisuke Sato, Kazuko Ohbo and
Hisaaki Nakane for their kindness and friendly cooperation.

Last but not least, I am also grateful to my parents and my parents-in-law,
my wife Kartika Rachmawati and my daughter Mahadewi Antika Salsabila
for their patience and love that always cheer me up. Without them this work

would never have come into existence.

Japan Antoni Wibowo
July, 2009

il



Contents

Acknowledgements iii
List of Figures vii
List of Tables X
1 Introduction 1
1.1 Background . . . . ... . ... ... 1
1.2 Motivations . . . . . . ... 4
1.3 Purposes and Results . . . . . . ... .. ... ... ...... 5
1.4 Outline of This Dissertation . . . . .. ... ... ... .... 8

2 Principal Component Analysis and Kernel Principal Com-

ponent Analysis 10
2.1 Principal Component Analysis . . . . . .. .. ... ... ... 10
2.2 Kernel Principal Component Analysis . . . . . . .. ... ... 17

3 Principal Component Regression, Ridge Regression, Weighted

Least Squares and M-Estimation 21
3.1 Principal Component Regression . . . . . . . .. .. ... ... 21
3.2 Ridge Regression . . . . ... ... ... ... ... . .... 26
3.3 Weighted Least Squares . . . . . ... .. ... .. ...... 27
3.4 M-Estimation . . .. . ... ... ... 29

4 Nonlinear Regressions Based on Kernel Principal Compo-

nent Analysis 34



4.1 Kernel Principal Component Regression . . . . .. ... ... 34

4.1.1 The Previous Works . . . .. ... ... ... .. ... 34
4.1.2 The Revised of KPCR . . . . . ... ... ... .... 38
4.1.3 Revised KPCR’s Algorithm . . . . ... ... ... .. 43
4.2 Weighted Least Squares in Kernel Principal Component Re-
EresSiON . . . . ... 44
421 WLS-KPCR . . . ... ... .. ... ... ... 44
4.2.2 WLS KPCR’s Algorithm . . . . ... ... ... ... . 52
4.3 KPCR and M-Estimation in Robust Regression Model . . . . 53
4.3.1 Robust Kernel Principal Component Regression . . . . 53
4.3.2 R-KPCR’s Algorithm . . . . . .. ... ... ... ... 56

Nonlinear Regressions Based on Ridge and Kernel Method 58

5.1 Kernel Ridge Regression . . . . . ... .. ... ... ..... o8
5.2 Weighted Least Squares in Kernel Ridge Regression . . . . . . 60
521 WLS-KRR. ... .. ... ... ... ... ..... 60
5.2.2  WLS-KRR’s Algorithm . . . . . . ... ... ... ... 61
5.3 KRR and M-Estimation in Robust Regression Model . . . . . 62
5.3.1 Robust Kernel Ridge Regression . . . . . .. ... ... 62
5.3.2 R-KRR’s Algorithm . . ... ... ... ... ..... 65
Case Studies 67
6.1 Case Studies for The Revised KPCR . . . . .. ... ... .. 67
6.1.1 The Household Consumption Data . . . . . . .. ... 68
6.1.2 The Sinc Function . . . . . ... ... ... .. .... 71
6.1.3 Growth of the Son of the Count de Montbeillard . . . . 76
6.1.4 The Puromycin Data . . . . . ... ... .. .. .... 76
6.1.5 The Radioactive Tracer Data . . . . . .. . .. .. .. 78
6.1.6 The Linear Distributed Data . . . . . . ... ... ... 78
6.1.7 The Cars and Chickens Data . . . . . . .. ... .. .. 80
6.2 Case Study for WLS-KPCR and WLS-KRR . . ... ... .. 83
6.3 Case Study for R-KPCR and R-KRR . . . . . ... ... ... 88
6.3.1 The Sine Function with Outliers . . . . . .. ... ... 88



6.3.2 The Sinc Function with Outliers . . . . . . . . . . . ..

7 Conclusions

7.1 Conclusions . . . . . . . . ..

References

Appendix

A

Review of Linear Algebra and Random Vectors . . .. . ...
A.1  Eigenvalue and Eigenvector . . . .. .. .. ... ...
A.2  Orthogonal Projection . . . .. ... ... ... ....
A.3  Best Approximation-Least Squares . . . .. ... ...
A4 Symmetric Matrix . . ... ...
A5  Random Vectors and Matrices . . . . . ... ... ...
Theorems and Lemmas . . . . . . . . .. ... ... ......
B.1 Proof of Theorem 2.2.1 . . . . . . .. ... ... ....
B.2  Proof of Lemma 3.1.1. .. ... ... .. ........
B.3  Proof of Lemma 4.1.1. . . ... . ... ... .. ....
B.4  Proof of Lemma 5.1.1. . ... .. ... ... ......
AIC for KPCR . . . . . ...

vi



List of Figures

6.1

6.2

6.3

6.4

The linear regression (green), Nadaraya-Watson Regression
(blue, hyy, = 0.6987) and the revised KPCR (red and 7 = 11)
by applying the Gaussian kernel with o = 10 for the first
toy data. The black circles are the original training (testing)
data. The black dots are the original training (testing) data
by adding the random noise. The standard deviation of the
noise for the training data is 0.2 and for the testing data is
0.5: (a) training data (b) testing data. . . . . . ... ... ..
The linear regression (green), Nadaraya-Watson Regression
(blue, hy, = 2.4680) and the revised KPCR (red and 7 = 11)
by applying the Gaussian kernel with p = 10 for the first toy
data. The standard deviation of the noise for the training
data is 0.2 and for the testing data is 0.5: (a) training data
(b) testing data. . . . . . .. ... Lo
The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 19) for
the growth of the son of the Count de Montbeillard. The
black circles are the given data: (a) Nadaraya-Watson Regres-
sion with Ay, = 9.1208 (b) Nadaraya-Watson Regression with
hus = 28747, . o
The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 19) for
the puromycin data. The black circles are the given data: (a)
Nadaraya-Watson Regression with hipe = 2.3170 (b) Nadaraya-
Watson Regression with his =0.2571. . . .

vil



6.5

6.6

6.7

6.8

6.9

6.10

The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 19) for
the radioactive tracer data. The black circles are the given
data: (a) Nadaraya-Watson Regression with fy,, = 9.1208 (b)
Nadaraya-Watson Regression with hiy =1.1079. . . . .. ...
The linear regression (green), Nadaraya-Watson Regression
(blue, Ry, = 4.5724) and the revised KPCR (red and 7 = 8)
by applying the Gaussian kernel with o = 20 for the second
toy data. The black circles are the original training (testing)
data. The black dots are the original training (testing) data
by adding the random noise. The standard deviation of the
noise for the training data is 2 and for the testing data is 2:
(a) training data (b) testing data. . . . . . . . ... ... ...
The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, o = 5 and 7 = 19) for the
stock of cars in Netherland. The black circles are the given
data: (a) Nadaraya-Watson Regression with hipe = 62.8357
(b) Nadaraya-Watson Regression with /iy, = 4.0981. . . . . . .
The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 10) for
the weight of female chickens. The black circles are the given
data: (a) Nadaraya-Watson Regression with hy,, = 1.7682 (b)
Nadaraya-Watson Regression with hig =24715. . . ... ...
A plot of the residual and its corresponding predicted value for
training data: (a) ordinary linear regression model, (b) WLS
KPCR. . .
A plot of predictions for the linear regression (Green), robust
linear regression (Magenta-dash line), KPCR (Blue) and R-
KPCR (Red) with ¢ and 7 equal to 5 and 10, respectively.
The robust regression methods used the Huber function with
k is equal to 2. The black dots are the toy data by adding the

random noise: (a) training data, (b) testing data. . . . . . ..

viil



6.11

6.12

6.13

A plot of predictions for the robust linear regression (Magenta-
dash line), KRR (Blue) and R-KRR (Red) with ¢ and ¢ are
equal to 2.5 and 0.1, respectively. The robust regression meth-
ods used the Huber function with £ is equal to 2. The black
dots are the toy data with random noise: (a) training data,
(b) testing data. . . . . . ... ...
A plot of predictions for the linear regression (Green), robust
linear regression (Magenta-dash line), KPCR (Blue) and R-
KPCR (Red) with ¢ and 7 equal to 5 and 10, respectively.
The robust regression methods used the Huber function with
k is equal to 2. The black dots are the toy data by adding the
random noise: (a) training data, (b) testing data. . . . . . ..
A plot of predictions for the robust linear regression (Magenta-
dash line), KRR (Blue) and R-KRR (Red) with ¢ and ¢ are
equal to 5 and 0.1, respectively. The robust regression meth-
ods used the Huber function with k is equal to 2. The black
dots are the toy data with random noise: (a) training data,
(b) testing data. . . . . ... ... o

X



List of Tables

1.1

6.1
6.2

6.3
6.4

6.5
6.6
6.7

6.8

6.9

The linear and nonlinear predictions in regression analysis
which are observed in this dissertation (Our proposed methods

to obtain a nonlinear prediction are marked by *). . . . . . . .

The household consumption data. . . . . . . ... ... ....
The comparison of the linear regression, Nadaraya-Watson re-
gression and the revised KPCR for the Sinc function data
(N-W: Nadaraya-Watson, f: N-W with the Bowman’s and
Azzalini’s method, §:N-W with the Silverman’s method). . . .
Growth of the Son of the Count de Montheillard . . . . . . . .
The comparison of the linear regression, the revised KPCR,
KRR, and N-W regression (N-W: Nadaraya-Watson, #: N-W
with the Bowman’s and Azzalini’s method, §:N-W with the
Silverman’s method). . . . . . .. ...
The Puromycin Data . . . . ... ... ... ... ... ....
Radioactive Tracer Data. . . . . . . . . . ... ... ... ...
The comparison of the linear regression, Nadaraya-Watson re-
gression and the revised KPCR for the linear distributed data
(N-W: Nadaraya-Watson, f: N-W with the Bowman’s and Az-
zalini’s method, §:N-W with the Silverman’s method). . . . . .
The stock of cars (expressed in Thousands) in the Netherlands
(period 1965-1989, z;; is year - 1965 and y; represents the stock
of cars.) . ...
The weight of a certain kind of female chickens observed once

a week (z;; in week and y; inkg). . .. ...

81



6.10

6.11
6.12

6.13

6.14

The comparison of the linear regression, the revised KPCR,
KRR, N-W regression and the Jukic’s regression (N-W: Nadaraya-
Watson, fi: N-W with the Bowman’s and Azzalini’s method,

§:N-W with the Silverman’s method). . . . . . .. .. ... .. 84
The restaurant foods sales data (y; x 100) . . . .. ... ... 84
The RMSE of OLR, WLS-LR, KPCR, KRR, WLS-KPCR and
WLS KRR for the restaurant foods sales data. . . . . . . . .. 86
Comparison of the robust linear regression, KPCR, KRR, R-
KPCR and R-KRR.. . . .. ... ... ... .. ... ..... 90
Comparison of the robust linear regression, KPCR, KRR, R-
KPCRand R-KRR. . . . . . . ... ... ... ... .. .... 93

X1



Chapter 1
Introduction

In this chapter, we present ordinary linear regression (OLR) model that is
widely used in regression analysis. Then, we introduce the limitations of the
OLR model. Further, we present our motivations for considering of nonlinear
regression models which are used to overcome the limitations of the OLR
model. The purposes, results and the outline of this dissertation are also

presented.

1.1 Background

Regression analysis is a model of the relationship between a single ran-
dom variable Y, called the response wvariable, and independent variables
x1,T2,- -+ ,Tp. The independent variables are called the regressor variables.
The regression analysis is one of the important techniques in multivariate
data analysis. The multiple linear regression has been extensively applied
in almost every field, including engineering, the physical and chemical sci-
ences, economics, management, life and biological sciences, and the social
sciences [27]. The ordinary linear regression (OLR) model with p regressors
is given by

p
Y =P+ Y Biwj+e (1.1.1)
1

Jj=



The parameters 5; (j =0,1,...,p) are called the regression coefficients and
€ is a random variable called the random error. It is assumed that the values
of x1,29,...,x, are chosen by an experimenter and f3;’s are unknown.

Let Y; be the response variable on the ith observation (i = 1,2,..., N),
x;; € R be the ith observation of regressor x; and ¢; be the random error on

the ith observation where R is the set of real numbers. We denote x; =

(i @ ... 2), Y = (V1 Yy ... YT, X = (x1 X9 ... xn)%,
X — (1N 5’() B=0 f ... B) . ande= (e e ... ey)', where
sizes of x;, Y, X, X, Band eare px 1, N x 1, N x p, N x (p+1), (p+1)x1
and N x 1, respectively, and 1y = (1 1 ... 1)%.;. The vector x! denotes

the transpose of the vector x;.
Then, the standard ordinary linear regression model corressponding to
Eq. (1.1.1) is written as
Y =X3+e (1.1.2)

It is assumed that the expected value of €, denoted by E(€), is equal to 0
and the variance matrix of €, denoted by F(ee€’), is equal to oIy, where
the matrix Iy denotes the N x N identity matrix and o2 € R, . Matrix X
is called the regression matrix.

The aim of re§ression analysis is to find the estimator of 3, say B =
(Bo B Bp> , such that ||€]|? is minimized. The solution can be found

by solving the following linear equations
X"XB3=X"Y. (1.1.3)

Eq. (1.1.3) is called the least squares normal equations. The procedure to
obtain 3 by solving Eq. (1.1.3) is called the ordinary least squares (OLS)
method. Note that, X7X is a symmetric and positive semidefinite matrix,
implying that the eigenvalues of X7X are nonnegative real numbers [1]. We
say that collinearity exists on X if X?X is a singular matrix, i.e., if some
eigenvalues of XTX are zero [27, 41]. If collinearity exists on X then there
are infinitely many solutions of Eq. (1.1.3), which makes it difficult to choose

the “best” linear multiple regression model. This implication is known as



the effect of collinearity.

In addition, we say that multicollinearity exists on X if X7X is a nearly
singular matrix, i.e., if some eigenvalues of X7X are close to zero. In [22,
25, 30, 27, 41, 44], they considered the standard multiple linear regression
model where the column vectors of X are linearly independent. In this case,
the eigenvalues of X7 X are positive real numbers, and the variance of Bj for

j=0,1,...,p, denoted by Var(ﬁj), is given by
Var(3)) = o?(X"X) V0141, =0,1,....p. (1.1.4)

where (X7X)™! is the inverse of X”?X. If multicollinearity exists on X then
the estimator of some 3; can be have wrong sign [5], Var(ﬁj) can be a large
number and under the assumption that ; is normally distributed, the tests
for inferences 3; (j =0, 1,...,p) have low power and the confidence interval
can be large [44]. Therefore, it will be difficult to decide if a variable z;
makes a significant contribution to the regression. These implications are
known as the effects of multicollinearity.

After the observations are taken, we obtain the observed data correspond-

ingtoY. Lety = (11 y2 ... yn)! € RY be the observed data correspond-
~ A N ~\T ~
ing to Y and B* = (ﬁ(’)‘ gy ... ﬁ;) € RP™! be the value of 3 when Y

is replaced by y in the Eq. (1.1.3). Under the assumption that the column

vectors of X are linearly independent, we obtain
B* = (XTX)"'XTy. (1.1.5)
The prediction value of y, say y, is given by
A A A A T A%k
y = <y1 Jo - yN) =Xg, (1.1.6)

and the residual between y and y is given by

T



The root mean square error (RMSE) by OLR is given by

é’e

RMSEOlr = T, (118)
and the prediction by OLR is given by
A p A
fur(x) = 35+ By, (1.1.9)
j=1
where x = (27 x5 ... xp)T € R? and f,;, is a function from R? to R.

1.2 Motivations

As known that OLR model yields a linear prediction which has limitations
on applications since the most of real problems are nonlinear. Beside that,
OLR is sensitive to multicollinearity (collinearity) where existence of multi-
collinearity (collinearity) on matrix regression can seriously deteriorate the
prediction by OLR. To avoid the effects of multicollinearity (collinearity),
we can use principal component regression (PCR) or ridge regression (RR).
However, those methods also yield linear prediction. To overcome the limi-
tation of linearity, Rosipal et al. [33, 34, 35|, Hoegaerts et al. [18] and Jade
et al. [20] used the kernel principal component regression (KPCR). However,
the proposed KPCR still has theoretical difficulty in the procedure to de-
rive the prediction of KPCR. Therefore, we revise the proposed KPCR to
overcome the difficulty.

In some cases, however, we face the regression model with variance of
random errors having unequal values in diagonal elements. Weighted least-
squares (WLS) is a widely used to handle the limitations. However, applying
WLS in linear regression yields a linear prediction model and there is no guar-
antee that this method can avoid the effects of multicollinearity. Although
we can use KPCR and KRR to overcome the limitations of linearity and mul-
ticollinearity, KPCR and KRR can be inappropriate in this regression model.
Since KPCR and KRR were constructed on the different assumption, that



is, the variance of random errors having equal values in diagonal elements.
We also noticed that the main disadvantage of the OLS method is its
sensitivity to outliers, i.e., residuals of the observed data are large numbers.
Outliers have a large influence on the prediction value because squaring resid-
uals magnifies the effect of the outliers. If the outliers are contained in the
observed data, the predictions of OLR, PCR, RR, KPCR and KRR become
inappropriate to be used, which are referred to as the effects of outliers, since

those methods were constructed based on OLS method.

1.3 Purposes and Results

Kernel-based approaches to classification and regression have become very
popular in recent years [56], following their introduction by Vapnik [47] and
their further development by many researchers, see for examples [9, 40]. The
basic insight gained by Vapnik was that problems that are difficult to solve
in low dimensions space and can be easier when the set of given data is
mapped to a high dimensional space, i.e., x; is mapped into F by using a
function ¢ : RP — F for ¢ = 1,2,..., N. The set F is called the feature
space which we assume is an Euclidean space of higher dimension than p, say
pr. The important point is that the function ¢ is not explicitly defined. We
say that a function ¢ is a symmetric function if ¢(w;, w;) = p(w;, w;) for
every w;, w; € RP and is a positive semidefinite function if for every natural
number m, and for wy, wo, ..., w,, € RP it gives rise to a positive semidefinite
matrix W = (p(w;, W;));i =12, m (see [40] for the detailed discussion). The
function v is provided by another function!, say x : R? x R? — R, where & is
a symmetric, continuous and positive semidefinite function [10, 26, 39]. The
function « is called the kernel function.

As mentioned before, the previous works of KPCR have theoretical diffi-
culties in the procedure to derive the prediction of KPCR. In this dissertation,
we revise the KPCR to overcome its limitations. The procedure to derive

our proposed KPCR is straightforward as the procedure of PCR, except that

!See Theorem 2.2.2 (Mercer Theorem).



Table 1.1: The linear and nonlinear predictions in regression analysis which
are observed in this dissertation (Our proposed methods to obtain a nonlinear
prediction are marked by *).

] Nonlinear Nonlinear
Linear (Non Kernel) (Kernel)
OLS OLR Jukic’s Regression KPCR
Revised KPCR*
Ridge RR KRR
WLS WLS LR WLS KPCR*
WLS KRR*
Robust M-Estimation Famenko et al. [13] R-KPCR*
based on M-estimation R-KRR*
Nonparametric Nadaraya [28] and Watson [48]

some mathematical techniques are done to obtain a nonlinear prediction and
to avoid the effects of multicollinearity (collinearity). Another technique
to overcome the limitation of linearity and multicollinearity (collinearity) is
kernel ridge regression (KRR) which was studied by Hoegaerts et al. [18],
Rosipal et al. [33, 34, 35], and Saunders et al. [37]. The procedure to derive
the KRR is also straightforward as the procedure of RR with applying some
mathematical techniques to obtain a nonlinear prediction and to avoid the
effects of multicollinearity (collinearity). We refer to the procedures to obtain
the nonlinear predictions by using kernels as the kernel method.

However, if we face the regression model with variance of random errors
having unequal values in diagonal elements, KPCR and KRR become inap-
propriate to be used. Here, we propose two methods, which are a combination
of WLS and KPCR and a combination of WLS and KRR, to overcome the
limitation of KPCR and KRR in this regression model. These methods yield
nonlinear predictions and they can also avoid the effects of multicollinearity
(collinearity).

The predictions of OLR, PCR, RR, KPCR and KRR can also be inap-
propriate to be used when outliers are contained in the observed data. A
robust regression method is widely used technique to eliminate the effects of
outliers. M-estimation is one of the most widely used methods for the robust

regression, where the method yields a linear prediction. We noticed that



Fomengko et al. [13] proposed a nonlinear robust prediction based on the
M-estimation; their method, however, needs a specific nonlinear regression
model in advance. In this dissertation, we propose two methods, which are a
combination of M-estimation and KPCR and a combination of M-estimation
and KRR, to obtain a nonlinear robust prediction without specifying a non-
linear model in advance. Furthermore, we compare the proposed methods
with some other methods. The linear and the nonlinear predictions in re-
gression analysis which are compared in this dissertation are given in Table
1.1.

We noticed that the Nadaraya-Watson regression is categorized as a ker-
nel regression in statistic community. In statistics, kernel regression is a
non-parametric technique to estimate the conditional expectation of a ran-
dom variable. In the Nadaraya-Watson regression, we do not need to map the
given data to a high dimensional space. The idea of prediction by Nadaraya-
Watson is given in the following manner. Let Y, X;, X5, ..., X, be the ran-
dom variables defined on a sample space Q and (X, Xy,...,X,)" be the
p-dimensional random vector. We assume that x!, (i = 1,2,..., N), is the
observed data corresponding to (X, Xy, ..., X,)". Let ¢1(y,x) be the joint
probability density function of Y, X;, Xs, ..., X, and g»(x) be the joint prob-
ability density function of Xy, Xs, ..., X,. The expected value of Y given the

value X = x is given by

22y (y, x)dy

PYIX =X =20

(1.3.1)
We assume that go(x) is not equal to zero. The unknown quantities on the
right hand side of (1.3.1) are g;(y,x) and g2(x). To estimate g;(y,x) and
g2(x), we employ the multiplicative kernel density estimators of g1(y,x) and

g2(x) which are given by

. 1 Tj— T Y — Yi
91(y,x) = mznlil( J hl ])K/1< hQ ), (132)



and

N p
R 1 Ti — Tii
0 = 7 2 [ [ ra (22, (133)
1

i=1 j=1
respectively; where x; is a function from R to R, y is a value of Y, hy and
hy are smoothing parameters of the multiplicative kernel density estimators.
We assume that go(x) is not equal to zero. The function x; is required to

satisfy the following conditions:

/OO ri(u)d(u) =1, (1.3.4)

/_OO uky(u)d(u) =0, (1.3.5)

and
ki(u) >0  for any u € R. (1.3.6)

Then, the prediction by Nadaraya-Watson is given by

vy, x)dy

. 92(x)

o AN 157)
SV [T, () : 3.

m(x)

The “best” value of hy can be chosen by several methods, see example [31, 16].
Readers may consult other literatures for the detailed discussion, for example

[31, 16, 28, 29, 38, 48, 17].

1.4 Outline of This Dissertation

This dissertation is organized as follows: In Chapter 2, we present principal
component analysis and apply kernel method in principal component analy-
sis to obtain a nonlinear principal component analysis. In Chapter 3, we
present PCR and RR as linear methods for dealing with multicollinearity
(collinearity). We also consider WLS as a linear method for regression model

with variance of random errors having unequal values in diagonal elements



and M-estimation as a linear method for dealing with the observed data that
are contaminated by outlier.

In Chapter 4, we show the theoretical difficulty of the previous works of
KPCR and revise it. We also propose a combination of WLS and KPCR
to overcome the limitation of WLS method, while a combination of M-
Estimation and KPCR as a nonlinear method for dealing with outliers is
given in the end of this chapter. In Chapter 5, we review KRR as an alter-
native nonlinear method for dealing with multicollinearity (collinearity). In
this chapter, we also propose a combination of WLS and KRR to overcome
the limitation of WLS method. Afterward, we present a combination of M-
Estimation and KRR as an alternative nonlinear method for dealing with
outliers.

In Chapter 6, we present some case studies in which our proposed methods
are compared with some other methods. Then, conclusions are presented in
Chapter 7. Finally, some important concepts of random vectors (matrices)

and proofs of some of theorems and lemmas are given in appendices.



Chapter 2

Principal Component Analysis
and Kernel Principal
Component Analysis

In this chapter, we introduce principal components analysis (PCA) and a
nonlinear PCA which is obtained by applying kernel method in PCA. These
methods will be used to avoid the effects of multicollinearity and collinearity
in regression models. PCA is an orthogonal transformation of a coordinate
system. The new coordinate values by which we represent the data are called
the principal components [39]. PCA and the nonlinear PCA are introduced
in Subchapter 3.1 and Subchapter 3.2, respectively.

2.1 Principal Component Analysis

PCA is one of the most important techniques in multivariate data analy-
sis. It is often applied to multivariate data analysis, such as to visualize
the data structure, to detect outliers and to reduce the data dimensionality,
and many important methods based on PCA [55]. The idea of PCA was
firstly introduced by Pearson (1901) and developed independently by Hotel-
ing (1933) [22]. Even though the idea of PCA appeared about 100 years ago,
PCA research and applications are still very hot topics [11]. There have been

a number of survey papers and books that have reported on PCA algorithms.

10



For examples, [8, 20, 24, 36, 45| have been published in the last decade.
Let us first start with a set of N centered data of X which is given by

the following matrix
Z = (Zl Zy - ZN)T = (]N - %1N1%)Xa

where sizes of Z is N x p and X is given in the previous chapter. Then, the

sample covariance matrix of Z is given by
1

C = —7"'Z
N

| X
T
= —g Z,Z; (2.1.1)
N

which has the following important properties.

Lemma 2.1.1. C is a symmetric matrix.

Proof.
c’ = i(zTZ)T _Llyrz_c
N N '
O
Lemma 2.1.2. C is a positive semidefinite matrix.
Proof. Let d be a vector in RP. Then,
X
Ty T, T
d’cd = N;d z;z'd
N
_ 1 Z(de-)2 >0 (Since d’z; = z; d and real numbers)
— N i el i — 4 .
i=1
O

11



By using Theorem (A.9), the eigenvalues of C are nonnegative real numbers.
Let A1, Ag,..., A, be the eigenvalues of C and a;,ay,...,a, be normalized

eigenvector of C corresponding to A, Ag, ..., A,, Tespectively.

Lemma 2.1.3. Trace of C is given by
1 p
tr(C) = — 3\, 2.1.2
0= 53 (212)

Proof. Since ZTZ is symmetric, ZTZ is orthogonally diagonalizable (by using
Theorem A.6). Hence, there exists Q € RP*? and Q7 = Q7! such that
Q*Z"ZQ = D where

A0 0

0 A 0
D:

0 0 A

This implies ZTZ = QDQ” = QDQ™!. Hence,

Tr(Z'Z2) = Tr(QDQ™)
= Tr(bQQ™)

= Tr(D)
- ZPZA (2.1.3)

Hence, we obtain that Tr(C) = & >0, ;. O
Let us choose an arbitrary observation of Z, say z; € {z1,%,...,zZy} C

R?P. Since RP? is a finite dimensional inner product space, R? has an ortho-
normal basis. Let {H,;},ez be a collection of ¢ dimensional subspaces which

H; has orthonormal basis {wy,w, ..., w,} for every [ € Z, where Z is an

12



index set. Let us choose an arbitrary H € {H;}ier and {us,uy,...,u,} be

the orthonormal basis for H. Moreover, we define

U =(u u ... uy),
q

Zy = Projuyzp = Z(Zguz’)uia

i=1
T T -
Yei =2Zpu; =u; zg, fori=1,2,...,¢q,

and construct the vector

Yk1 u;
T
Yk2 U,
Yk = = VAR UTZk
T
yk‘q llq

Note that Zj; is the projection z; onto subspace H. Then, the vector z; can

now be written as
q
2 =Yy = Uy, = UU"z;, (2.1.4)
i=1

The aim of PCA is to find the best representation of z; (k =1,2,..., N),

say Projﬁzk, such that

N N
> llzi — Projyzil®> <) |z — Projuzil|” for H € {Hilier (2.1.5)

=1 %

or equivalent to

min Y, ||z — Projyz|® (2.1.6)
S-t~ H E {Hl}lel‘.

13



Problem (2.1.6) can be written as

. N
min >oim 1z = 204 (zh ag ) uy |12 (2.1.7)
T 1 ifj=Fk forjk=1,2,...,q,
st. uwju, =
0 otherwise.
Let r; =z, — Y ¢_,(z}up)u, = z; — Z;. This implies that z]z;, = (2, +

r)T(2; + rz) = 272;+22Tr; + rl'r;. Since 2; is an orthogonal projection of z;

5T

into H, we have Z; r; is equal zero (by Definition (A.3)). Hence

N

ZHZZ szuk)ukHQ = r’r;

k=1 i=1

N N
= > zlz,— ) 4l (2.1.8)
=1 =1

By using Lemma (2.1.3), we obtain that ZZ V% Z; = tr(zlez?z) =

tr(zl ,ziz!]) which implies zl 2]z = NZZ 1 Ai. Hence, Eq.( 2.1.8)

becomes

N
erri = NZ)\ —Zz Z;
i=1 i=1

N

= N Z A= (UU"z,)"(UU %)

i=1

N N
= NY \—) zUU'UU"g

i=1 =1

N N

= NY N—) zULU gz
=1 =1
N

N
= NY N—) zUU"z, (2.1.9)
=1

=1

14



Since Y.V, 2/ UU”z,, € R, we have

N N
Z 7, UU%z, = tr(z z; UU"z,)
i=1 i=1

N

= (3 (zfU)(U )

= tr()_(UTz)(2U))

i=1
N

= tr(z U%z,2] U)
i=1

N

= tr(UT(Z zz1 )U)

=1

= tr(UT(NC)U)
= Ntr(UT(C)U)

q
= N> u{Cu. (2.1.10)
k=1

Hence, problem (2.1.7) becomes

min NN L= ulCw) (2.1.11)

. 1 ifj=k forjk=1,2,...,q,

s.t. uju, =

0 otherwise,

which is equivalent to

N q
N> A —max ) ufCuy) (2.1.12)
=1 k=1

T 1 ifj=k forjk=1,2,...,q,
s.t. u;u = .
0 otherwise.

15



It is evident that N Zfil A; is a constant. Hence, we solve the following

problem

max !_,ufCuy (2.1.13)

1 ifgj=k forjk=12,...,q,
st uluy, = .
0 otherwise.

to obtain the optimal solution of problem (2.1.12). Let us consider the fol-

lowing theorem to obtain the optimal solution of the problem.

Theorem 2.1.4. The optimal solution of problem (2.1.13) is obtained by the

choice u;, = ay,.

Then, the k-th principal component of x, k =1,2,...,q, is given by
yp(x) :=x"a;, x€RP (2.1.14)

Although PCA has been extensively applied in almost every discipline,
chemistry, biology, engineering, meteorology, etc., but there have also been
difficulties in its applications. Because PCA is a linear method and most real
problems are nonlinear. Applying PCA to nonlinear problems can sometimes
be inadequate [11]. To overcome such a drawback, various techniques have
been developed by Dong and McAvoy [11], Saegusa et al. [36] and so on.
Among the nonlinear techniques, Scholkopf et al. [39] have developed an
attractive algorithm because it does not involve nonlinear optimization, it is
as simple as the PCA, and it does not need to specify the number of principal
components prior to modeling compared to other nonlinear methods. The
technique is called the kernel principal component analysis (KPCA). In the
next subchapter, the detailed KPCA will be presented.

16



2.2 Kernel Principal Component Analysis

Assume we have a function v : RP — F, where F is the feature space
which we have assumed is an Euclidean space of higher dimension, say pg,
than p. Then, we define ¥ = (Q/J(Xl) Q/J(XN))T, C = %\IIT\II =
~ Zfil W(x;)0(x;)" and K = W7 where sizes of ¥, C and K are N X pp,
pr X prp and N x N, respectively. We assume that Zij\iﬁb(xi) =0. If F
is infinite-dimensional, we consider the linear operator ¥ (x;)1(x;)? instead
of the matrix C [40]. The relation of eigenvalues and eigenvectors of the
matrices C and K was studied by Scholkopf et al. [40]. However, we restate

it in the following theorem.

Theorem 2.2.1. [50, 51, 53] Suppose A # 0 and & € F\{0}. The following

statements are equivalent:
1. X and & satisfy Aa = Ca.

2. X and & satisfy \NKb = K2b and a = ®"b,

T
for some b = <b1 by ... bN> € RV {0}.
3.\ and a satisfy ANb = Kb and a = ¥'b,
T
for some b = (El by ... Z;N) € RV {0}.
Proof. See Appendix B.1. O]

Let pr be the rank of ¥ where pr < min{N, pr}. It is well known that
the rank(¥) is equal to rank(K) and rank (U7 W¥). Hence, the rank(K) and
rank (U7 W) are equal to pr. As we see that the matrix K is symmetric and
positive semidefinite, implying that the eigenvalues of K are nonnegative
real numbers. Let 5\1 > 5\2 > ... > 5\,: > 5\,:+1 > ... > S\pF > S\ﬁF+1 =
... = Ay = 0 be the eigenvalues of K and B = (by by ... BN) be the

matrix of the corresponding normalized eigenvectors b, of K. Then, let

17



T -~
al=<all i ... OélN) :b—iandél:\IlTal fOI"l:LZ,...,ﬁF. By

Theorem 2.2.1 we obtain

>

lal

z|

a forl=12,... pp
1

=C
AT ifi=y4, fore,j=1,2,...,pF,
0 otherwise,

or equivalent to

Na =0TWa  forl=1,2,....pF

o J1iti=g, forigj=1,2,... pp

0 otherwise.

Note that 7 W has pp eigenvalues. Since the rank of ¥7 W is equal to pp,
then the remaining (pr — pr) eigenvalues of 7 W are zero eigenvalues. Let
j\h, (h=pr+1,pr +2,...,pr), be the zero eigenvalues of UTW¥ and 3, be
the normalized eigenvectors of WX ¥ corresponding to A,. Theorem (A.7)
ensures that &, (I = 1,2,...,pr) and &, (h = pp + 1,prp + 2,...,pp) are

orthogonal. Hence, we have

Ma, =9TWwa, forh=1,2,.... pp

o J1oiti=g, forigj=1,2,... pp

0 otherwise.

The eigenvectors a;, (h = 1,2,...,pr), however, cannot be found explicitly
since we do not know W7 W explicitly. However, we can obtain the principal
component of ¥(x) corresponding to nonzero eigenvalues of ¥ by using

the kernel method. The [-th principal component of ¥ (x), I = 1,2,...,pp,

18



is given by

— Zazﬂﬁ(x)T@/J(Xi) for x € R”. (2.2.1)

Unfortunately, we do not know the term ¢(x)74(x;) explicitly yet. To over-

come this limitation, we use the following theorem.

Theorem 2.2.2. (Mercer’s Theorem) [26, 39] For any symmetric, continuous
and positive semidefinite kernel £ : RP x RP — R, there exists a function

¢ RP — F such that

Exy) =o(x)"d(y) forx,y € RP.

By using Theorem 2.2.2, if we choose a continuous, symmetric and positive
semidefinite kernel x : R? x RP — R then there exists ¢ : R? — F such that
k(xi,%;) = ¢(x;)Tp(x;). Instead of choosing ¢ explicitly, we choose a kernel

 and employ the corresponding function ¢ as ¢. Let K;; = r(x;,x;). Hence,

we have
Kno Ky Kin
K — Ko Ko Kan ’
Kn1 Ko Knn

and it is explicitly known now.

Furthermore, Eq. (2.2.1) can be written as

N
n(x) = Z auk(x,%;) for x € RP. (2.2.2)
i=1

19



and called it the the I-th nonlinear principal components corresponding to k.
The key difference between KPCA and PCA is in the extraction of princi-
pal components. For data X, the linear PCA can find at most p principal
components while the KPCA can find up to N principal components.

In summary, the following steps were necessary to compute the nonlinear
principal components : (1) compute the matrix K, (2) diagonalize matrix

K and construct a; = b—;, (3) compute projection of a vector x onto the
l

eigenvectors a, which is given by Eq. (2.2.1).
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Chapter 3

Principal Component
Regression, Ridge Regression,
Weighted Least Squares and
M-Estimation

We introduce principal component regression (PCR) and ridge regression
(RR) as linear methods for dealing with multicollinearity and collinearity.
PCR and RR will be presented in Subchapter 3.1 and Subchapter 3.2, re-
spectively. In Subchapter 3.3, we consider the regression model with variance
of random errors having unequal values in diagonal elements. In this sub-
chapter, we present weighted least-squares (WLS) which is a widely used
technique to this regression. Afterward, we consider the regression model
where the observed data are contaminated by outliers. In subchapter 3.4,
we present M-estimation which is a widely used technique to eliminate the

effects of outliers in the regression model.

3.1 Principal Component Regression

The standard centered multiple linear regression model corresponding to Eq. (1.1.2)
is given by
Y,=723_,+e€,, (3.1.1)
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where Z = (In—+1n10)X, €, = (In—+1810)e, Bo = (61 B2 ... B,)7,
Y, = (Iy — +181%)Y and 3; (j = 1,2,...,p) are defined in Subchapter
1.1. Let p be the rank of ZTZ where p < min{N, p}.

Since Z*Z is symmetric and positive semidefinite, the eigenvalues of ZTZ
are nonnegative real numbers. Let 5\1 > 5\2 > ... > 5\7, > 5\r+1 > ... > 5\]3 >
Api1 = ... = Ay = 0 be the eigenvalues of Z'Z and A = (a; &, ... a,)
be the matrix of the corresponding normalized eigenvectors &; of Z*Z. Then

AT — A-! and
ATZTZA =D,

where
~  (Dp O
O 0/
N0 0
. 0 A 0
) = ,
0 0 A

and O is a zero matrix.
Using AAT = 1,,, we rewrite the model (3.1.1) as

Y, = Uw +e,, (3.1.2)

where U = ZA and w = AT3 . Let

T
U= (U(m U(p—ﬁ)) and w = (w@) w@_ﬁ)) 7
where sizes of Uy, Up_p), wip), and w,_p) are N x p, N x (p —p), p x 1
and (p — p) x 1, respectively. The model (3.1.2) can now be written as

Yo =Upwe) + Up-p@e-p + € (3.1.3)

As we know that D = ATZTZA = UTU, we obtain
Ui Ui) = D),
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U, »Uwpp =0,
and
Ul U = O.

Since (Up—p@wp-p)  Up-pwp—p = 0, we see that Ug,_pw(,—p) Is equal to
0. Thus, the model (3.1.3) reduces to

YO = U(ﬁ)(d(ﬁ) + €. (314)

Let us assume that A\,.41, A\ryo,. .., \s are close to zero. Let

T
Up) = (U(m U(M))a Wp) = <°"€~) “’@—r))

and
. Dy O
D(p) = ( o D )v
(p—7)
where
A0 0
. 0 A 0
(r = )
0 0 Ay
5\7“4-1 0
= 0 5\1”Jr2
Dgr) = :
0 0 As

and sizes of U, Ug_y), w(ry, and wp_py are N x 7, N x (p —r), r x 1 and

(p —r) x 1, respectively. The model (3.1.4) can now be written as
Y, =Upwe +Up_nwep—r + €. (3.1.5)

Since ]3(13) = U&U@), we obtain that
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U(, Ui =D,
Up r)U(p ) :D(p r)

and
It is evident that the estimator of w(_,), say @pr) = (Ory1 Oryo .. p)7,
is given by

N T —1q1T 1

W(ﬁ_r) = (U(ﬁ—r)U(ﬁ—T’)) U( Y D(p T)U(p r) Y (316)

The terms U@_T)YO and U@_T)Y are related by the following lemma.

T T
Lemma 3.1.1. U(p TY U(p TY
Proof. See Appendix B.2. O

By using Lemma 3.1.1, we obtain
@ =Dy, UG Y, (3.1.7)
and the variance of w; is

Var(;) = o*(D}! Vi J=TH1L P (3.1.8)

(p—r

Since 5\r+17 5\T+2, cee ;\ﬁ are close to zero, the diagonal elements of ]AD(’;_T

) and
also the variance of w; (j =7+ 1,...,p) will be very large numbers. Thus,
we encounter the ill effect of multicollinearity in the model (3.1.5). To avoid
the effect of multicollinearity, we drop the term U;_,yw(—r) as in [44] and
obtain

Y, = U(r)w(r) + €,, (319)

where €, is a random vector influenced by dropping U, w@—p) in the
model (3.1.5). The model (3.1.9) shows that the effects of collinearity and
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multicollinearity on Z are avoided by using the orthogonal matrix A,
Note that U%;)U(r) = f)(r), which is invertible. Hence, the estimator of

W), Say Wy, is given as
@y = (U Up) 'UL Y. (3.1.10)

Let y, = (Iyn — %1n1%)y € RY be the observed data corresponding to
Y,. Let &,

Eq. (3.1.10). By using the fact that Ug)y = Ua)yo (see Lemma 3.1.1), we

obtain

y € R" be the value of @) when Y, is replaced by y, in the

@iy = (U, Up) ' ULy, (3.1.11)

Then the prediction value of y, say y, is given by
¥V i=9ln + U@, (3.1.12)
where § = +1}y. Since
U= (Um Ug-n) U(p—m) = <ZA(T> ZA () ZA(p—m) )
we obtain U,y = ZA (.. The Eq. (3.1.12) can now be written as
¥ =ly + ZA@),. (3.1.13)
The prediction by PCR model is given by

Joer(2) = ?j"‘ZTA(r)‘:JEFT)» (3.1.14)

T
where f. is a function from R” to R, z = (xl —T1 Ta— Ty ... Tp— i’p>

1To detect multicollinearity (collinearity) on Z, we use the ratio A\; /A for [ = 1,2,...,p.
If A\;/A1 is smaller than, say < 1555, then we consider that multicollinearity (collinearity)

exists on Z [27].
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3.2 Ridge Regression

As mentioned before, we can use ridge regression to avoid the effects of mul-
ticollinearity and collinearity. Let us consider the standard ordinary multiple
linear regression model (1.1.2) again. The ridge estimator of 3 is found by

solving the following problem
min (Y —B)(Y - 8) + 388 (3.2.1)
for some ¢ > 0. Let B(c) be the solution of problem (3.2.1). Then, we have
Br(c) = (XX + el ) ' XTY. (3.2.2)
Br(c) is called the ridge estimator of 3.
. . . . T
Furthermore, let 3*(c) = (ﬁ;}o(c) Bri(c) ... ﬁ}}p(c)> € R?™! be the
value of 3 when Y is replaced by y in the Eq. (3.2.2). Hence,

B*plc) = (XTX + eI,y ) X y. (3.2.3)

Then, the prediction by RR is given by

fr(x) ﬁRo +ZﬁR] c)zj, (3.2.4)

where fr is a function from R? to R. The appropriate ¢ of the prediction by
RR can be found by the cross validation (CV) method? or other methods.

2The detailed CV method is given in Subchapter 4.1
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3.3 Weighted Least Squares

In some cases, we face the regression model with variance of random er-
rors having unequal values in diagonal elements. The model is given by the

following regression model

Y =XB +e, (3.3.1)
E(e) =0,
Var(e) = va,

where V' = diag(1/wy, 1/ws,...,1/wy) and w; is a positive number for
1 =1,2,...,N. The weight w; is estimated by using the data y and X, see
for example [14, 30, 27]. An implication of the assumption Var(e) = o2V
are the OLS estimator and hypothesis testing based on the OLS estimator
of the variance matrix become invalid [14, 27, 30, 41, 44]. This limitation
is avoided by transforming the model (3.3.1) to a new model that satisfies
the assumption of the OLR model. This technique is known as the weighted
least-squares (WLS) in linear regression.

Let L = diag(1/\/wy, 1/\/wg,...,1/\/wy). It is evident that L7 = L,
LL” =V and L' = diag(y/wy, /Wz, ..., \/wy). The above difficulties can
be avoided by multiplying the model with L=!. Then, we have

LY =L"'XB3+L e (3.3.2)

Let Y; = LYY, X; = L™ !X and €; = L7 'e. It is easy to verify that
F(€1) = 0 and Var(e;) = o*Iy. Hence, model (3.3.1) becomes

Yl = XIIB + €1, (333)
E(El) - 07

Var(e) = o?ly.
It is evident that the error €; in the model (3.3.3) satisfies the ordinary linear
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model assumption. Then, the least-squares function is

S(B) = ele, (3.3.4)
= (Y1 —X48)" (Y1 —XuB),
= (Y -XB)"V (Y - Xp).

To obtain the estimator of 3 in model (3.3.3), we solve
min (Y — X8)"V-1(Y — XB). (3.3.5)

with respect to 8. Let 61 be the solution of the problem (3.3.5). Hence, ,31

satisfies the least-squares normal equations
(XTV~IX)B; = XTVly. (3.3.6)
It is evident that if the row vectors of X are linearly independent, then the

row vectors of X; are also linearly independent. Hence, X;7X; = XTV~!X

is invertible and we obtain

By = (XTVIX)'XTVly. (3.3.7)
Here, ﬁl is called the WLS estimator of 3. The covariance matrix of ,51 is

Var(B:) = o*(XTVX) ™ (3.3.8)
Note that, elements of X can be chosen such that multicollinearity does not
exist in X. Unfortunately, eigenvalues of X?X are not equal to eigenvalues
of X;TX;. Hence, there is no guarantee that multicollinearity does not exist
in Xl-

~ ~ ~ ~ T ~
Let B} = (6{0 By ... ﬁ{p> € RPHL be the value of 3; when Y is
replaced by y in the Eq. (3.3.7). The prediction value of y;(= L™'y), say
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V1, is given by
T N
V1= (3)11 J12 .- §1N> = X187,

and the residual between y; and ¥, is given by

T
€1 ‘= (611 €12 ... €1N> =Y1—Y1.

The RMSE for the WLS regression model is given by

elTel

N

RMSE,; ==

and the prediction by the WLS-LR is given by

Fus(x) = Bio + > _ Bi,

=1

where f,;s is a function from R? to R.

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

As we see that WLS-LR yields a prediction in the linear form. Since the

most of real problems are nonlinear, the model has limitations on applica-

tions. Beside that, there is no guarantee that multicollinearity does not exist
in L='X. Although we can use KPCR or KRR to overcome the limitations

of the linearity and multicollinearity, these methods can be inappropriate

in this regression model. Since these methods were constructed by the as-

sumption that the variance of random errors having equal values in diagonal

elements.

3.4 M-Estimation

Let us consider again model (1.1.2) again

Y =XB+e¢,
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Note that y is the observed data corresponding to Y. Hence, we have
y =XB+e, (3.4.2)

where e € R” is a vector of residuals. Note that the aim of regression analysis

is to find the estimator of 3, say ,@, such that the least-squares function,

S(B) = e'e
= (y-XB8)(y—X8), (3.4.3)

is minimized and the procedure to obtain the estimator of B by solving
Eq. (3.4.3) is called the OLS method.

The main disadvantage of the OLS method is its sensitivity to outliers,
i.e., residuals of the observed data are large numbers. Outliers have a large
influence on the prediction value because squaring residuals magnifies the
effect of the outliers. If the outliers are contained in the observed data, the
predictions of OLR, PCR, RR, KPCR and KRR become inappropriate to be
used since those methods were constructed based on OLS method.

Andrews, Carol and Ruppert; Hogg, Hubber, Krasker and Welsch; and
Rousseeuw and Leroy proposed robust regression methods to eliminate the
influence of the outliers [27]. M-estimation is one of the most widely used
methods for the robust regression but the method yields a linear prediction.
We notice that Fomengko [13] proposed a nonlinear robust prediction based
on M-estimation with specifying a nonlinear regression model in advance. In
many situations, however, a specific nonlinear regression model for a set of
data is unknown in advance. Hence, the proposed method has limitations in
applications.

M-estimation method can be considered as a modification of both re-
gression based on OLS and maximum likelihood estimation that eliminate
the effects of outlying observation on the regression estimation. Note that,
Eq. (3.4.3) can be written as

> el (3.4.4)



where ¢; = y; — X/ 3 and X! = (1 sz> In the M-estimation method, the
term e? is replaced by p(e;) where p is a function from R to R. Hence, we

must find the estimator of 3 such that the function

N N

> ple) = plyi =% B), (3.4.5)
i=1 i=1
is minimized. Consequently, RMSE of linear robust regression based on
M-estimation is calculated by using p(e;). The function p should be symmet-
ric (p(e;) = p(—e;)), positive (p(e;) > 0), strictly monotonically increasing
(p(leir]) > p(leiz]) if |eisr| > |eia]), and convex on R. The most common choice

of p is the Huber function [3]

1/222 lz| <k,
p(z) = (3.4.6)
klz| — 1/2k* |z| > K,

where k € R. Another choice of p is the Tukey biweighted function

o(z) = 1/6[(1— (1-2%)% [2] <1, (3.47)
1/6 2] > 1.

To minimize Eq. (3.4.5), equate the first partial derivatives of p with
respect to 3; (j =0, 1,...,p) to zero. This gives the system of p+1 equations

> plek] =0, (3.4.8)
where p’ is the derivative of p. Then, we define the weight function

w(z) = P 1220, (3.4.9)

1 if z=0,
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Then, Eq. (3.4.8) can be written as

Jeix! Z wie; %! (3.4.10)

=1

where w; = w(e;). Since e; = y; — X! 3, we obtain

szyz Zw X! 3%t (3.4.11)

In matrix form, Eq. (3.4.11) becomes
XTWX3 = X"Wy, (3.4.12)

where W = diag(wy, ws, ..., wy) and called the weigthed least squares equa-
tions. Let B, be the solution of Eq. (3.4.12). Hence, we have

X"WXg,, = X"Wy. (3.4.13)

The estimator ,[;'*M is called the robust estimator of 3. The weights, however,
depend upon the residuals, the residuals depend upon the estimated regres-
sion coefficients and the the estimated regression coefficients depends upon
the weights. An iterative solution, called iteratively reweighted least-squares
(IRLS), is therefore required. The IRLS algorithm is given in the following
steps:

1. Select the initial estimator of 3, say BXEIO), by OLS.

2. At each iteration t, calculate residual e (tfl) =19; — 'TB*(t 2 , w'Y =

(D) and WD = ciglu ™, wl )
3. Solve the new weighted least squares equations

XTW(t_l)Xéﬁt) _ XTw(t—l)y

Step 2 and Step 3 are repeated until the estimated regression coefficients

converges.
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In general, the convergence of IRLS algorithm is not quarantee. However,
IRLS works well in practice [7, 19] and is frequently used in the computa-
tional statistic community [12, 32]. By adding some other assumptions, the

convergence proof of IRLS can be found in [54].
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Chapter 4

Nonlinear Regressions Based
on Kernel Principal
Component Analysis

In this chapter, we consider some nonlinear methods based on kernel principal
component analysis (KPCA). In Subchapter 4.1, we present kernel principal
component regression (KPCR) which was constructed to overcome the limi-
tations of PCR. We show that the previous works of KPCR have theoretical
difficulty in the procedure to derive the prediction by the KPCR. The re-
vised method of the KPCR will also be presented in this subchapter. In
Subchapter 4.2, we propose a combination of WLS and KPCR to overcome
the limitation of WLS method. Then, a combination of M-Estimation and
KPCR as a nonlinear method for dealing with outliers is given in Subchapter
4.3.

4.1 Kernel Principal Component Regression

4.1.1 The Previous Works

As mentioned before that PCR can be used eliminate the effect of multi-
collinearity and collinearity. However, PCR still yield predictions in the

linear forms. Since the most of real problems are nonlinear, PCR has limi-
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tations on applications. Rosipal et al. [33, 34, 35], Hoegaerts et al. [18] and
Jade et al. [20] used the KPCR to overcome the limitations. We refer their
KPCR as the previous KPCR.

They transformed x; (i = 1,2,...,N) into F by using a function I
R? — F. Note that the function ¢ is not explicitly known. Then, they

constructed two matrices

U= ((x1) dx) ... D)

where sizes of ¥ and K are N x pr and N x N, respectively. Roman et
al. [33, 34, 35], Hoegaerts et al. [18] and Jade et al. [20] defined the standard

multiple linear regression model in the feature space as the following model
Y = ¥+ €, (4.1.1)

where np = (171 N2 ... on>T is a vector of regression coefficients in the
feature space and € is a vector of random errors in the feature space which is
assumed that Zfil ¥(x;) =0, E(é) = 0, E(é€") = 6*Iy where 6> € R. They
denoted that pu; > po > ... > pp > ppp1 > ... > iy, be the eigenvalues of
\ilTli', 0 = (0r1 0k2 ... oxn)” be the normalized eigenvector of K corre-
sponding to i and V. = (v; vy ... v,,) be the matrix of the correspond-
ing normalized eigenvectors v, of &' where vy = @T% (k=1,2,...pp).
It is evident that VVT =1, . They rewrote the model (4.1.1) as

Y = Bw + ¢, (4.1.2)

where B = OV and @ = (o wy ... @) = VIn. As we see that
the element QZ(XZ')TV]C of B is the k-th principal component of 1/?()(@) for
k=1,2,...,pr. By choosing a kernel function x and applying Theorem 2.2.2,
they obtained that the element ¢ (x;)vy is equal to Zjvzl %ﬁ(xi, x;) (i =
1,2,...,N). They stated the estimator of o, say @ = (&, @y ... ﬁpF)T,
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is given by

& = (B'B)"'B'Y (4.1.3)
= A'BTY, (4.1.4)
where
L 0
1 )
A= |
0 0 L
Hpp

Further, the estimator of i, say 7, is written as

PFr
A=Ve =Y ulvv/ o'y, (4.1.5)

=1

and its corresponding covariance matrix as
PF
cov()) = 6° Z p;tvivk (4.1.6)
i=1

It is evident from (4.1.6) that the influence of small eigenvalues can signif-
icantly increase the overall variance of the estimator of 1. To avoid the effect
of multicollinearity, PCR deletes some eigenvectors of @T\i corresponding to
small eigenvalues y;. Let @0* = (@] @5 ... @;.)" € R? be & when' Y
is replaced by y in the Eq. (4.1.3). Using the first 7 vectors of v, va,..., Vy,,

they stated that the prediction by the previous KPCR model is written as

N
Ip—kper (X) = Z a;k(Xi, x) +d, (4.1.7)

i=1
where ¢ is a function from R? to R, a; = 22:1 wp2k for i = 1,..., N,

N
and d is a bias term. The term d will vanish when Zf\il y; = 0 as shown

in [18, 20, 33, 34, 35|, where y; is the ith element of y. The number 7 is
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called the retained number of nonlinear principal components (PCs) for the
previous KPCR model.

Note that the size of B (= ¥V) is N x pp. We want to show the
theoretical difficulty of the previous KPCR. Let us consider in the cases
of N < pr and N > pp. In the case of N < pp, the column vectors of
B are linearly dependent. It is well known that rank(BTB) = rank(\ilT\i’).
Since column vectors of B are linearly dependent, rank(BTB) < pp, and
hence some eigenvalues of ' are equal to zero. As a result, Eq. (4.1.3)-
(4.1.6) become undefined. Consequently, g,—kper(X) is undefined either. As
we see that we do not know @(Xi)Tv,; explicitly when f; is equal to zero for
ke {1,2, ..., pr} since v, is not known explicitly either'. It implies that some
elements of B are not known explicitly. Hence, we cannot use the generalized
inverse of BTB to obtain the estimator of .

In the case of N > pp, the column vectors of B can be linearly dependent,
which offers the difficulty that we have explained as above. In OLR model,
we can construct X so that it consists of linearly independent columns. In
the KPCR, however, the matrix B is defined by the function ¢ and ¢ is
provided implicitly by a kernel function . It is a difficult task to choose
the kernel function x in order to make the column vectors of B be linearly
independent. Thus, the procedure to derive the KPCR suffers theoretical
difficulties.

We also note that they [34] used the CV technique for model selection
in the KPCR. In the CV technique, the original data are partitioned into L
disjoint subsets data where L is a positive integer. A subset data, say Gy
(k=1,2,...,L), is chosen as the validation for testing the prediction model
and the remaining L — 1 subsets data are used to estimate the regression

coefficients ©o. The CV technique uses the prediction error sum of squares

'KPCA can find up to N principal components corresponding to nonzero eigenvalues.
2% = (BTB)"B”Y where (BTB)~ is a generalized inverse of BTB. (BTB)~ is said
to be a generalized inverse of BB if BTB(B”B)"B”B = B'B.
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(PRESS) to obtain the appropriate 7. The PRESS of Gy, is given by

mg

PRESS(Gr) = Y (4% = gp-tper (X)), (4.1.8)

s=1

where x* and y* are contained in G} and my, is the cardinality of Gj. Then,
PRESS(Gy) is summed over all the subsets data. As we see, the PRESS(GY,)
becomes undefined when g,_jp.(x) is undefined or the PRESS(G},) is difficult
to define when we have difficulty to obtain g, j,.-(x). Hence, the procedure

based on CV to obtain the appropriate 7 also suffers theoretical difficulty.

4.1.2 The Revised of KPCR

The standard centered multiple linear regression model in the feature space is
given by
Y, =Py +E, (4.1.9)

where v = (fyl Yo ... fpr>T is a vector of regression coefficients in the
feature space, € is a vector of random errors in the feature space and Y,
is defined in Subchapter 3.1. We assume E(€) = 0, F(€€") = 5 where
o2 € R. Here, we cannot use the generalized inverse matrix to obtain the
estimator of ~ since W is not known explicitly. We refer to our proposed
KPCR as the revised KPCR.

As mentioned in Subchapter 2.2 that K is explicitly known by choosing
a kernel function x and the rank of K is pr where pr < min(N,pg). The
eigenvalues of K are 5\1 > 5\2 > ... > 5\,: > X:H > ... > S\pF > S\ﬁF+1 =

.=Av=0 B= (Bl by ... BN) are the matrix of the corresponding
- T -
normalized eigenvectors b; of K, o = (a” ap .. alN> = % and
l
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8=V forl=1,2,...,pp. Then, we have

Ma, =9TWwa, forh=1,2,... pp

T 1 ifi=y, fori,j=1,2,... pp,

0 otherwise.

Furthermore, we define A = (& ay ... &,,). It is evident that A is
an orthogonal matrix, that is, AT = A~!. It is not difficult to verify that

ATOTOA =D,
where
p - [Pen O

O 0
A0 0
- 0 o 0

Dy =
0 0 ... X\
By using AAT =1, we rewrite the model (4.1.9) as

Y, =Ud +¢ (4.1.10)

where U = WA and 9 = ATW. Let

(pr—pr)

~ - - T
U= (U@F) U(pp—ﬁF)> and 9 = (%m 9, > )

where sizes of ﬁ(ﬁF), fJ(pF,ﬁF), Y p), and U,y are N X pp, N X (pp—pr),
pr X 1 and (pr — pr) x 1, respectively. The model (4.1.10) can be written as

Y, =UpnY6r + Upr—pr)O@r-pr) + € (4.1.11)
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As we see that D = ATUTWA = UTU, and we obtain

Ui Uer = Dy
) -0,

(pr—>r) (pr—pF)

and
U@F)U(PF_IaF) =0.
Since (U(pF_ﬁF)ﬂ(pF_ﬁF))TU(pF_ﬁF)ﬂ(pF_ﬁF) = 0, we see that U p,—5,) 0 (pr—pr)

is equal to 0. Consequently, the model (4.1.11) reduces to

Y, = Uy, + €. (4.1.12)

Let us assume that 5\,:“, 5\;+27 ..., A\pp are close to zero. Let

~ - - T
Ugr) = (Um U(ﬁF—f>>7 Fior) = (19%5 19&4))
and
= Dy O
D) = ( o b )
(prp—7)
where
MO 0
~ 0 o 0
De = ;
0 0 s
5\7"—0—1 0 0
~ 0 Ao 0
Dgp-r = :
0 0 D

and sizes of ﬁ(f), INJ(I;F_f), ’19(;), and 19(151?—7:) are N X T, N x (ﬁF — f), rx1
and (pr — 7) X 1, respectively. The model (4.1.12) can now be written as

Y, = fj(,:)’l?(,:) + Ij(pF_,:)’ﬂ(ﬁF_f) + €. (4.1.13)
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The term ﬁ(ﬁF,f)ﬁ(ﬁF,,:) in the model (4.1.13) will give us the ill effect of
multicollinearity. To avoid the effect of multicollinearity, we drop the term
ﬁ(ﬁF_f)ﬂ(ﬁF_f) and obtain

Y, = Ij(,:)'ﬁ(,:) + é, (4.1.14)
where € is a random vector influenced by dropping ﬁ(ﬁF_f)ﬁ(ﬁF_F) in the
model (4.1.13). The model (4.1.14) shows that the ill effect of collinearity
and multicollinearity on ¥ are avoided by using the matrix A.

Note that fJ%';)INJ(,:) = ]5(;), which is invertible. Hence, the estimator of
V), say 1%:), is given by

V) = (ﬂ(F)ﬁ(fﬂilﬂ(ﬂYo- (4.1.15)
The terms fJ?,;)YO and ﬁé)Y are related by the following lemma.

Lemma 4.1.1. fJTT

— UT
»Y = Ue

( )YO'

Proof. See Appendix B.3. m

Let @IF) € R” be the value of 1§(7~.) when Y, is replaced by y, in the Eq. (4.1.15),
where y, is the observed data corresponding to Y,. By using Lemma 4.1.1,

we obtain

The prediction value of y, say y, is given by

S’kpcr = g]-N + ﬂ(?)é?*) (4117)



we obtain Uz = WA ;. The Eq. (4.1.17) can be now written as

Ak

Viper = Y1y + WA HD ;. (4.1.18)
The prediction by the revised KPCR is given by

Grper(X) ==Y + ¢(X>TA(f)1§ 7)) (4.1.19)

where gpper is a function from RP to R. The elements of z/;(x)TA(;) =
(@/}(X)Tél w(x)Téf) are the 1st, ..., 7th nonlinear principal compo-
nents corresponding to v, respectively, which are given by Eq. (2.2.2).

Since ﬁ(;) = \I'A(f) and A(;) =(a, a ... a;) = \IITI‘(;), we obtain
that

Uy = 8T ;) = KT, (4.1.20)

where I'(z) = (041 as ... a,:)- Note that o = B—{ and Bl is a normal-

VA

ized eigenvector of K for [ =1,2,...,7. Hence, INJ'(T:) is explicitly known now

and Eq. (4.1.16) becomes
7 = (KT)"(KT)) (KL @)y, (4.1.21)
the prediction value yj,.. can now be written as

Fiper = 1y + KL, (4.1.22)
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and the prediction by the revised KPCR is written as

N
Grper(X) = T+ D _ cir(x, %), (4.1.23)
i=1
r A~ %
where (01 cy ... CN) = I‘(,:)ﬁ(f). The number 7 is called the retained

number of nonlinear PCs for the revised KPCR model.

4.1.3 Revised KPCR’s Algorithm

We summarize the procedure in 4.1.2 to obtain the prediction by the revised

KPCR.

Algorithm:
1. Given (yza Ti1, X525 - - - 7xip)7 L= 17 27 s 7N'

2. Calculate y = %1%}7.

3. Choose a kernel k : RP x RP — R.
4. Construct K;; = k(x;,%x;) and K = (Kj;).

5. Diagonalize K.
Let :\1 > 5\2 > .. > 5\,: > :\;H > .. > 5\N > 0 be the eigenvalues
of K and Bl, bs... ,B;, B;H, . ,BN be the corresponding normalized

eigenvectors of K.

6. Detect collinearity and multicollinearity on K.

Let 7 be the retained number of nonlinear PCs such that 7 = max{r| i—; >
1
0007
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7. Constructal:%forlzl,Q,...,fandI‘(;):<al ay ... oz,:)-

Al

8. Calculate U = KI5, '5‘}{

T

5 = (UL UE) ULy
T
and ¢ = (61 Cy ... CN) = I‘(f)ﬁ(f)'

9. Given a vector x € RP, the prediction by the revised KPCR is given by

Gkper (X) - g + Zjvzl Ci%<x7 Xj)'

Note that the above algorithm works under the assumption ZZ]\LI V(x;) =
0. When ZZJ\LI ¥(x;) # 0, we have only to replace K by Ky := K — EK —

KE + EKE in Step 4, where E is the N x N matrix with all elements equal

to % Further, we diagonalize Ky in Step 5 and work based on Ky in the

subsequent steps.

4.2 Weighted Least Squares in Kernel Prin-

cipal Component Regression

4.2.1 WLS-KPCR

Let us consider the linear regression model in the feature space

Y, = Uy + e, (4.2.1)
E(€2> = 0,

Var(ep) = o—g\"/',
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)T is a vector of regression coefficients in the

where v = (v, 3 ... 9,
feature space, € is a vector of random errors in the feature space, Y, =
(In — £151%)Y and V = diag(1 /4y, 1 /s, . .., 1 /wy) and i is a positive
number for ¢ = 1,2,..., N. The weight w; is estimated by using the data
Yo = (In — £1x1%)y and X. Let L = diag(1 /41, 1 /v Wz, ..., 1/v/ W)
Hence, LY =L, LL” =V and L! = diag(v/w;, v/Ws, . ..,+/y). Then, we

have

ZO = 0’7 —+ gg, (422)

Var(&) = o3y,

where Z, = L1Y,, 8 = LW and & = L 'e,. Furthermore, we define two
matrices K := 007 = L' KL" and C := £0760 where K = ¥¥”. Note
that K is explicitly known by choosing a kernel function . The relation of
eigenvalues and eigenvectors of the matrices C and K are related by Theorem
2.2.1.

Let pr be the rank of @ where pr < min{N, pr}. Since the rank of 0 is
equal to the rank of K and the rank of 076, then the rank of K and the rank
of 870 are equal to pr. Note that, K is symmetric and positive semidefinite.

This implies that the eigenvalues of K are nonnegative real numbers. Let

M>h> >8> > > > At = .= Ay =0
be the eigenvalues of K and B = (by by ... by) be the matrix of the
corresponding normalized eigenvectors b, (t=1,2,...,N) of K. Then, let
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Q= BS\ and 8, = 07, for 1 =1, 2,...,pr. By Theorem 2.2.1 we obtain
1

=Cs forl=12....pr

Z|x
EJ(

ifi=y4, fore,j=1,2,...,pF,

s
|
o

0 otherwise,

or equivalent to

v

;\lé—l :0T0z§l for [ = 1,2,...,pF

1 ifi=j, fori,j=12... pp

0 otherwise.

Since the rank of 870 is equal to Pp, then the remaining (pp — pr) eigen-

values of 870 are zero eigenvalues. Let 5\;6, (k=pr+1,pr+2,...,pr), be
the zero eigenvalues of 870 and J; be the normalized eigenvectors of 676

corresponding to S\k Hence, we have
&G =60708, forl=1,2,... pp
1 ifi=y, fori,j=12,...,pF,

0 otherwise.

Furthermore, we define A= (8, & a,,)- It is evident that A is

an orthogonal matrix, that is, AT = A-!. It is not difficult to verify that

ATOTOA =D,
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where

f) _ D(ﬁF) O ’
O O
A0 0
y 0 N 0
Dy =
0 0 ... X

and O is a zero matrix.

By using AAT =1,_, we can rewrite the model (4.2.2) as

Z, = UV + &, (4.2.3)

Var(ég) = O'%IN,

where U = QA and 9 = AT~ Let

Y]

T
o - g — T T
U= (UwF) U(pp—m) and 9 = (’%F) "9<pF—f»F>) !
where sizes of Ij(ljF), fj(pF—ﬁF)? 19(151?)7 and 19(pF—I5F) are N XﬁF, N x (pp—ﬁp),

pr x 1 and (pp — pr) X 1, respectively. The model (4.2.3) can be written as

Zo = Uy Or) + Upr—pm)Opr—r) T €2, (4.2.4)
E(€&) =0,

Var(&) = o3ly.
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As we see that D = AT879A = UTU, and we obtain

U%’;%F)U(ﬁF) = D(ﬁF)?
Ul

(pFr—PF)

U(pF—ﬁF) =0,

and

Since (IUJ(pF_ﬁF)'L?(pF_ﬁF))T(Ij(pF_ﬁF)ﬂ(pF_ﬁF)) is equal to zero, we see that

Um0 op—p 15 equal to 0. Consequently, the model (4.2.4) is simplified

to
Zo = U9, + €2, (4.2.5)
E(é) =0,
Var(&) = o3ly.
Let us assume that 5\,41, 5\,42, e XﬁF are close to zero. Let
T
Ugr) = (U(F) U(ﬁp%)>> Vi) = ("9%’;) ﬁ%;;F_;)>
and
y Dy O
D(ﬁF) = g )
O Dgrn
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where

N0 0
y 0 N 0
D(qz) - )
0 0 py
A1 0 0
y 0 Aigo 0
D(ﬁF—*) - )
0 0 o A

and sizes of IVJ(;), IVJ(I;F,;), V), and V(. are N x 7, N x (pp —7), 7 x 1

and (pp —7) X 1, respectively. The model (4.2.5) can now be written as

It is evident that the estimator of 9, _y, say 5(%4) = (5“1 Oypo

is given by

3 7T % -1717 )1 (77
Bip—1) = (UipnUer—1) " UppnZo = D, o Ui Zo,

(Br—7)
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and the variance of 1§j (j=7r+1,...,pp—7)is

Var(d;) = o*(Dgl ) - (4.2.8)
Since Xzﬂ, S\HQ, cee S\pF,,z are close to zero, the diagonal elements of IVD(;T_%)
and also the variance of 15]- (j=7+1,...,pr—7) will be very large numbers.

Thus, we encounter the ill effect of multicollinearity in the model (4.2.6).
To avoid the effects of multicollinearity, we drop the term IVJ(Z;F,,:)ﬁ(ﬁF,;) as

in [44] and obtain

mn

Z,= fj(,:)'ﬂ(,z) + €, (429)

where € is a random vector influenced by dropping IUJ(ﬁF_;)ﬂ(ﬁF_;) in the
model (4.2.9). The model (4.2.9) shows that the ill effects multicollinearity
on ﬁ(ﬁF) are avoided by using the matrix A.

Note that Ij%';)lj(;) = ]5(;), which is invertible. Hence, the estimator of

D), say Vs, is given by
Vi = (Ul Ui) U3 Zo. (4.2.10)

Let zo = L™ (Iy — +1n1%)y be the observed data corresponding to Z, and
1§>(;) € R” be the value of 1\9/(%) when Z, is replaced by z, in the Eq. (4.2.10).

Hence

(4.2.11)
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U= (Um U U(pF—m) = (9A<f> OA (5 —) 9A(pp—st>)’
we obtain ﬁ(;) = 9;&(;). As we see that A(%) = 07 (fiu &y ... (‘if).
Hence,
[“J(f) — engm - 1"(1““(%)7 (4.2.12)
where f‘(;) = (5!1 &y ... éf). Since K is known explicitly, K = LKL,

f‘(;) and U(;) are also known explicitly.

The prediction value of z, (= L™ (y —71y)), say %, (= L™ (¥ — 71y)) is
given by

T
Zo = (201 202 ... éoN) = KF(;)’& ) (4.2.13)

The residual between z, and Z, is given by

T
€ = <€21 €22 ... eZN) =Zy — io, (4214)

and the prediction by the WLS KPCR is given by

N
gwls—kpcr(x) =y -+ Z éiﬁ(X, XZ‘), (4215)
i=1
T *
where gy5—kper 15 @ function from R? to R and (51 Gy .. 5N) = LflI‘(,:)t‘) -

The number 7 is called the retained number of nonlinear PCs for the WLS

KPCR.
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4.2.2 WLS KPCR’s Algorithm

We summarize the procedure in 4.2.1 to obtain the prediction by WLS

KPCR.
Algorithm:
1. Given (y;, Ti1, Tigs - -, Tip), 1 = 1,2, ..., N.
2. Calculate j = +1%y and y, = (Iy — +1n1%)y.
3. Estimate V and find L.
4. Calculate z, = L'y,
5. Choose a kernel x : RP x RP — R.
6. Construct K;; = k(x;,x;) and K = (Kj;).
7. Construct K = LKL .
8. Diagonalize K.
Let Ay > X > ...> A > ... > N5, > Asoer = ... = Ay = 0 be the
eigenvalues of K and Bl,Bg . ,BN be the corresponding normalized
eigenvectors of K.
9. Detect collinearity and multicollinearity on K.
Let 7 be the retained number of nonlinear PCs such that 7 = max{s ?\‘—5 >
1
1
Tooo )
10. Construct &; = B—; fori=1,2,...,7 and Iu‘(,v,) = (o"q Qo ... o"z;).
l
11. Calculate Uy = KT (), 19;) = D&%Uﬁ)zo
and e = (& & .. ay) =L T,
12. Given a vector x € RP, the prediction by WLS KPCR is given by

gwls—kpcr(x) =Y+ Zjvzl \éi/{(x7 Xj)‘
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We also notice that the above algorithm works under the assumption
Zi]\il ¥(x;) = 0. When Zf\il ¥(x;) # 0, we have only to replace K by Ky

in Step 7.

4.3 KPCR and M-Estimation in Robust Re-

gression Model

4.3.1 Robust Kernel Principal Component Regression

Let us consider again the standard centered multiple linear regression model

in the feature space

Y, =¥y +E€, (4.3.1)

T
where v = (71 Yoo o... %F) is a vector of regression coefficients in the
feature space, € is a vector of random errors in the feature space and Y, =
(Iny — %1N17]§)Y. Note that y, is the observed data corresponding to Y,.
Hence, we have

Yo=Tv+e, (4.3.2)

where € € RY is a vector of residuals.

As mentioned before that ¥ = <¢(x1) ¢(XN)>T, K=9v0"T, C=
%\IIT\II, pr is the rank of ¥ where pr < min{N,pr}. The eigenvalues of
Kare \y > > .> N> M > 0.2 0, > Apg1 = ... = Ay =0
andB=(b; b, ... b N) are the matrix of the corresponding normalized

eigenvectors b; of K. We have defined that a; = b oand 3, = 9T

X
for I = 1,2,...,pr. We have also defined that A = (a, ay ... a,, )
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Upp) = TA and Vpp) = AT')/. Note that A is an orthogonal matrix, that
is, AT = A~!. Then, Eq. (4.3.2) reduces to

Yo = U4 + €, (4.3.3)

where U, is explicitly known. Note that, U,y = KL,y and L',y =

<a1 a ... aﬁF)' Furthermore, model (4.3.3) is written as
Yo =UwnVw + Upp-nFpp—r + €. (4.3.4)
If we only use the first 7* vectors of a1, o, . . ., @, model (4.3.4) becomes
Yo = Uy + &y, (4.3.5)
T
where €; = <é11 €10 ... €1 N) is a vector of residuals influenced by drop-
ping the term U, 1Y 5,—s inmodel (4.3.4). Let Uy = (u; wy ... up)’-

Now, we apply M-estimation method for model (4.3.5) which minimize

N N
Z p(é1;) = Z P(Yoi — 1] V), (4.3.6)
=1 =1

with respect to ¥(y. To minimize Eq. (4.3.6), equate the first partial deriv-
atives of p with respect to ¥; (j = 1,...,pr) to zero. This gives the system

of pr equations

Z p(é)ul =07, (4.3.7)
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Then, we define the weight function

W(z) = Aalfz iz 70, (4.3.8)

1 if z =0.

Now, Eq. (4.3.7) can be written as

() 3
Z( —)éu] = Z@z‘éuuiT =07, (4.3.9)
i=1

6 .
i=1 17

where w; = W(éy;). Since é1; = Yo; — uj Yz, we obtain

N N
Z WiYortt; = Z lDiuiTﬁ(f)llf- (4.3.10)
i=1 i=1

In matrix form, Eq. (4.3.10) becomes

UG WU (9 = U Wy, (4.3.11)
where W = diag(ﬁ/l,wg,. .. ,IZ}N). Let ﬁjw(r) = (é*Ml @*MQ o 19}6\/[14)71 be

the solution of Eq. (4.3.11). Hence, we have

U%;‘)WU(f)ﬁL(T) = U,{)Wyo (4312)

T

As mentioned before, the weights, however, depend upon the residuals, the
residuals depend upon the estimated regression coefficients and the estimated
regression coefficients depends upon the weights. Therefore, we use IRLS

algorithm to obtain 1§*M(,;).
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The prediction of y with the first © vectors of o, au, ..., 0., say Y, is
given by
Far = Jly + KL d, . (4.3.13)

The residual between y and y is given by
&1:=Y — ¥V, (4.3.14)

Then, the prediction by the R-KPCR with the first ©* vectors of o, aa, . .., oy

F

is given by
N
Grkper(r) (X) =Y + Z Gik(X, X;), (4.3.15)
i=1
T A~k
where gypper(r) 1s a function from RP to R, (51 Gy .. 5N) = L)

The number 7 is called the retained number of nonlinear PCs for the R-

KPCR.

4.3.2 R-KPCR’s Algorithm

We summarize the procedure in 4.3.1 to obtain the prediction by R-KPCR.

Algorithm:
1. Given (y;, Ti1, Tis - -, Tip), 0 = 1,2,..., N.
2. Calculate j = ~1%y and y, = (Iy — +1n1%)y.
3. Choose a kernel k : RP x R? — R and p: R — R
4. Construct K;; = r(x;,x;) and K = (Kj;).

5. Diagonalize K.
Let 5\1 > 5\2 > .. > )\74 > /N\T'_H > ... > S\ﬁF > S‘ﬁF-I—l = ... =
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Ay = 0 be the eigenvalues of K and by, bs, ..., by be the corresponding
normalized eigenvectors of K.
6. Construct oy = -2 for [ = 1,2,...,7 and Ly = <a1 o ... a,:)

Al

where 7 € {1,2,...,pr}.
7. Calculate Uy = KI' ().

8. Find estimator of ¥ by IRLS

(a) Select an initial estimator of ¥y, say 19 )» by OLS.

Ax(t—1)

_1) = Yoi — 11?’191\/1(7:) )

(b) At each iteration ¢, calculate residual éli

(t-1)
AGT] if € elZ -1 # 0,

~(t-1) 0D
w’i = 1q
1 if € e (= 1) =0,
and WD = diag(a!™" @™, ... ,zD](\t,_l)).

(¢) Solve the new weighted least squares equations

Ak

T x7(t—1 T 1
UL WO DU 010 = UL, WDy

Step (b) and (c) are repeated until the estimated regression co-

efficients converges. Let the estimated regression coefficients is

Ak i A N A (F ~ n T
convergence at 9 ]V([t(),c) = (ﬁﬁtl) ﬂﬁtz) . 19}%? )
- o _\7r ax(t)
9. Calculate ¢ = <cl Cy ... CN> = I‘(f)’l?M(f)'

10. Given a vector x € RP, the prediction by R-KPCR with the first 7

vectors of o, g, . . ., o, is given by
_ N ~
grkpcrf(x) =y+ Z]’:l CiK’(X7 Xj)?
Note that the above algorithms work under the assumption SV | ¢ (x;) =

0. When Zf\il ¥(x;) # 0, we have only to replace K by Ky. Further, we

diagonalize Ky in Step 5 and work based on Ky in the subsequent steps.
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Chapter 5

Nonlinear Regressions Based
on Ridge and Kernel Method

In this chapter, we consider some nonlinear methods based on ridge and
kernel method. In Subchapter 5.1, we review kernel ridge regression (KRR) to
overcome the limitations of RR. In Subchapter 5.2, we propose a combination
of WLS and KRR to overcome the limitation of WLS method. Then, a
combination of M-Estimation and KRR for dealing with outliers is presented
in Subchapter 5.3.

5.1 Kernel Ridge Regression

Let us consider model (4.1.9) again. The ridge estimator of « is found by
solving the following problem [49]

min (Y, — Uy)7(Y, — Uv) + Ty (5.1.1)
for some ¢ > 0. Let 4(¢) be the solution of problem (5.1.1). Then, we have

Ap(@) = ("W + eI, ) ' oY, (5.1.2)
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Let 4*z(c) be the value of 4 when Y, is replaced by y, in the Eq. (5.1.2).
Since ¥y, = ¥y (see Appendix B.3), Eq.( 5.1.2) becomes

Ae(@) = (T eI, ) oy, (5.1.3)
Let us consider the following lemma.
Lemma 5.1.1. [49] ("W + ¢l )"0y = U1 (WW" + cly)ty.

Proof. See Appendix B.4. n

By using Lemma 5.1.1, Eq. (5.1.3) can be written as
Ae() = UL (BOT +aIy)y. (5.1.4)
Then, the prediction by KRR is given by
Gerr(X) = G+ (%) AR(C)
= g+ px)TOTK +éy)y (5.1.5)
where g, is a function from R? to R.
As we see that the elements of ¢(x)" ¥’ = <¢(X)T¢(x1) . 1/1(X)Tw(XN)>

are provided implicitly by choosing a kernel function k. Hence, Eq. (5.1.5)

can be written as

N
Gerr(X) = G+ Y €kl ;) (5.1.6)
i=1
T
where ¢ = (c’l Co ... c’N) = (K + ¢ély)'y. The appropriate ¢ of the

prediction by KRR can be found by the cross validation method or other
methods.
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5.2 Weighted Least Squares in Kernel Ridge

Regression

5.2.1 WLS-KRR

Let us consider the model (4.2.2) again. Here, we use the ridge regression to

avoid the effects of multicollinearity in model (4.2.2). Hence, we solve
min (Z, — 0¥)(Z, — 6~) + v, (5.2.1)

with respect to v and for some ¢ > 0. The solution of the problem (5.2.1)

can be found by solving the following equations
070 +ql,,)y=0"Z, (5.2.2)

It is evident that matrix 7@ + I, is invertible. Let ¥(§) be the solution
of the problem (5.2.1). Hence, we obtain

¥(q) = (076 + qL,,.)"'6" Z,. (5.2.3)

Since (070 + ¢1,,)"'0"Z, = 67(00" + GIy)'Z, = 07 (K + GIy)"'Z,, we
obtain
3(q) = 6" (K + qly) ' Z,, (5.2.4)

where K = LKL is known explicitly.
Let z, = ffl(]N — %1N1]T\[)y € RY be the observed data corresponding

T
toZy. Let ¥°(q) = (41(@) #i(a) - %,() R be the value of %(q)
when Z, is replaced by z, in the Eq. (5.2.4). The prediction value of z,, say
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Zo, (= L7}y — yln)) is given by

T
5, = (201 P éoN) (5.2.5)
0

The residual between z, and Z, is given by

T
€2 = (621 €2 ... €2N) = Z, — Zo, (5~2~6)

and the prediction by the WLS KRR is given by

N
gwfkm‘(X) = 37 + Z éﬂﬁ(X, Xi), (527)
i=1
T "\
where g, _gr is a function from R? to R and (él Gy ... éN> = (KL +

quJ)_lzo. The appropriate value of ¢ can be obtained by the cross validation

method or other methods.

5.2.2 WLS-KRR’s Algorithm

We summarize the procedure in Subsection 5.2.1 to obtain the prediction by
WLS KRR.

Algorithm:
1. Given (y;, Ti1, Tis - -, Tip), 0 = 1,2, ..., N.
2. Calculate j = ~1%y and y, = (Iy — +1n1%)y.
3. Estimate V and find L.

4. Calculate z, = L'y,
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5. Choose a kernel x : RP x RP — R and a positive number q.

6. Construct K;; = r(x;,x;) and K = (Kj;).

7. Construct K = LKL !

8. Calculate (c’l éy ... c’N)T = (KL + ¢L) 'z,

9. Given a vector x € RP, the prediction by WLS KRR is given by
Gu—trr(X) = T+ D0 GiR(X,X;).

Note that the above algorithm works under the assumption sz\il P(x;) = 0.
When Zf\; (x;) # 0, we have only to replace K by Ky in Step 7.

5.3 KRR and M-Estimation in Robust Re-

gression Model

5.3.1 Robust Kernel Ridge Regression

Let us consider the model (4.3.2) again. We solve

min (y, — )7 (y, — ®v) + ¢y, (5.3.1)

with respect to «v and for some ¢ > 0 if we use the ridge regression method
to obtain the estimator of «. If we use the M-estimation method, the term

(Yo—BY) " (yo—¥Y) = 310 (yor —(x:))? is replaced by Y1) p(yor —¥(x:)).
Hence, we find the estimator of < such that minimizes the function

N

> plyor = V(x:) ) + vy (5.3.2)

i=1
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To minimize Eq. (5.3.2), equate the first partial derivatives of p with respect
to; (j=1,...,pr) to zero. This gives the system of pr equations

N
= r @)’ +24y" =07, (5.3.3)

i=1

where p’ is the derivative of p. Then, we define the weight function

w(z) = ARz itz #0, (5.3.4)

1 if z =0.

Then, Eq. (5.3.3) can be written as

N (6. N
-3 ie) Jerb(xi)" +2¢7" = =Y aménb(x;)" +2¢y" = 0", (5.3.5)
’ =1

=1

where w; = W(¢;). Since & = yo; — ¥ (x;)T, we obtain

N N
> e (x:)T =D i (x:) Ty (x:)T + 2477 (5.3.6)
=1

i=1

In matrix form, Eq. (5.3.6) becomes
(W + 241, )y = T Wy,, (5.3.7)

where W = diag(ty, s, ..., wn). Let 4(d) be the solution of Eq. (5.3.6).
Since (\I!TW\I’ +2¢I,,,.) is invertible, we have

A(g) = (F"W + 241,,.) ' ¥ Wy, (5.3.8)
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Let @ = W2 and z, = W'/2y,. Hence, Eq. (5.3.8) can be written as
A(d) = (670 + 241,,.) 0" z,. (5.3.9)
Since (076 + 241,,)"'0"z, = 07 (00" + 241\ )'z,, we obtain

A(q) = 67007 +24Iy) 'z,
— ‘IIT‘VNI/Q(WI/Z\II‘IIT‘VNl/Q+2quN)71W1/2yo
= UIWIYA(WYZKWY2 4 241y "W 2y, (5.3.10)

The prediction of y, say yar, is given by

Yur = yly+¥5(q)
= iy + BOTWI2(WIZKWY2 4 241 ) " W2y,
= Jly + KWY2(WY2KWY2 4 24Ty) "W 2y, (5.3.11)

where y = %l%y. The residual between y and y is given by

&: =Yy — Yun (5.3.12)

As mentioned before that the IRLS is a widely used technique in the robust
method based on M-estimation. Unfortunately, we cannot use the IRLS to
obtain the estimator of « since we do not know W explicitly. The estimator
of 4y is required to obtain the prediction by the R-KRR. Alternatively, we
use the prediction value y to obtain the prediction by the R-KRR. As we see
that prediction value y depends upon W, W depends upon the residual, the
residual depends on y. An iterative solution to obtain ¥y is therefore required.

Furthermore, the prediction by the R-KRR is given by
N
Gr—krr () (X) =Y+ Z Ci/€<x7 Xi)7 (5313)
i=1
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where g, i) is a function from R? to R and

T X 5 ¥ v
(0 e o en) = WAWIRW2 4 241y) "Wy,

5.3.2 R-KRR’s Algorithm

We summarize the procedure in Subchapter 5.3.1 to obtain the prediction by
R-KRR [52].

Algorithm:
1. Given (y;, Ti1, Tizs - -, Tip), 1 = 1,2,..., N.
2. Calculate j and y, = (Iy — ~151%)y.
3. Choose a kernel k: RP x R? — R, p: R — R and a positive number ¢.
4. Construct K;; = r(x;,x;) and K = (Kj;).
5. Find the prediction value of y:

(a) Select an initial prediction value of y, say 5’5\(/)[)1%’ by OLS.

a(t—1 g
(b) At each iteration ¢, calculate residual g0 y — gt égt D _

@), @Y = w(E V), and Wiy = diag(@! ™ al Y, alY).
(c¢) Find the new prediction value
~(t) - $71/2 A%1/2 1ekrl/2 T \—1vkr1/2
Yair =Yinv + KW 7 (W 5 KW (7 4 2¢1y) " W7y
Step (b) and (c) are repeated until the prediction value converges.

Let the prediction value is convergence at {-th iteration.

6. Calculate:

+ 24Iy) T W2

%1/2 %:1/2
(W2 KW oy Yor

T
~ - . - %.1/2
= <61 Cy ... CN) = Wl/ do1) do1)

(i-1)

7. Given a vector x € RP, the prediction by R-KRR is given by
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_ N ~
Gr—krr(7) (X) =Y+ Zj:l Ci/f(x> Xj)a

Note that the above algorithm works under the assumption Zf\;l »(x;) =
0. When vazl ¥(x;) # 0, we have only to replace K by Ky throughout the
steps of the algorithm.
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Chapter 6

Case Studies

In this chapter, we present the performances of our proposed methods (See
Table 1.1). We wrote the programs of our proposed methods by using Matlab
R2007a. In Subchapter 6.1, we compare ordinary linear regression (OLR),
principal component regression (PCR), ridge regression (RR), the revised
KPCR, kernel ridge regression (KRR) and other nonlinear regressions. In
Subchapter 6.2, we show that both of KPCR and KRR can be inappropriate
to be used in regression model with variance of random errors having unequal
values in diagonal elements, while both of WLS-KPCR and WLS-KRR give
better results than that of WLS-LR, KPCR and KRR. In Subchapter 6.3,
we present the comparisons between robust linear regression, KPCR, KRR,
R-KPCR and R-KRR in regression model with the observation contaminated

by outliers.

6.1 Case Studies for The Revised KPCR

In these case studies, we used the Gaussian kernel x(x,y) = eXp(_”x;yHQ),

the polynomial kernel x(x,y) = (x'y)? and the sigmoid kernel x(x,y) =
tanh(r,(xTy)™ + ), where o,d, 1,75 and 0 are parameters of the kernel

functions.
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6.1.1 The Household Consumption Data

As an illustration of the problem introduced by multicollinearity, we consider
the household consumption data which are given in Table 6.1 [5]. The OLR

of the household consumption data is given by

Yi = Do+ Prza + Doz + € (6.1.1)

where y; is the i-th household consumption expenditures, z;; is the i-th
household income and x;5 is the i-th household wealth. In this study, e; is
a real number generated by a normally distributed random noise with zero

mean and standard deviation 0.01.

Table 6.1: The household consumption data.

Yi 70 65 90 95 110 115 120 140 155 150
r;; 80 100 120 140 160 180 200 220 240 260

o 810 1009 1273 1425 1633 1876 2052 2201 2435 2686

The prediction by OLR is given by
forr(x1, ) = 24.7807 + 0.935921 — 0.0419x5. (6.1.2)

The eigenvalues of XX of the household consumption data are \; = 3.4032e+
007, Ay = 6.7952¢ + 001 and A3 = 1.0165. We obtain 3 = 1, 32 =
1.99667¢ — 006 and i—f = 2.9868e — 008. Hence, multicollineary exists on
the X of the household consumption data. The 95% confident interval of 3,
in Eq (6.1.2) is [—0.2331, 0.1485] which contains include zero. It means that
we cannot be confident whether x5 makes contribution to Eq (6.1.2) or not.
Let us use the principal component regression (PCR) to the household

consumption data. Note that the mean of y;, z;; and ;5 are 111, 170 and
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1740, respectively. The matrix Z of the household consumption data is

—-90 640
—70 839
—-50 1103
—30 1255
—10 1463
10 1706
30 1882
50 2031
70 2265
90 2516

and the eigenvalues of Z are 5\1 = 3.8525e + 005 and 5\2 = 7.5329. Hence,
N
sponding to A; = 1.8621e + 003 and A\, = 8.2338 are (0.09746 0.9952)7 and
(—0.9952 0.0975)7. As we see that multicollinearity exists on Z. To avoid

the effects of multicollinearity, PCR only uses the eigenvector corresponding

we obtain 1, ;—f = 1.9553e — 005. The normalized eigenvectors corre-

to A;. The prediction by principal component regression (PCR) is given by

Foer(1,m5) = 111+ (21 — 170 25 — 1740)(0.09746 0.9952)70.0496
= 111+ (2, — 170 25 — 1740)(0.0048 0.0494)7,
= 24.2280 + 0.0048z; + 0.0494z5. (6.1.3)

The 95% confident interval of 4, in Eq (6.1.3) is [0.0409, 0.0581]. According
to the t-test, we can be confident to accept the value 0.0496 as the estimator
of 4. Tt implies that z; and x5 make contribution to Eq (6.1.3). When we
use ridge regression, the prediction by RR with ¢ = 20 is given by

fro(1, 22) = 1.1945 + 0.62362; + 0.000825. (6.1.4)

Let us now use the revised KPCR to the household consumption data.
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Note that the eigenvalues of K of the household consumption data are A\, =
Ao = ... = Ag = 1.0000 and Ay = 0.0000. The prediction by the revised
KPCR with the Gaussian kernel (o = 5) is given by

Gkper (X1, 22) = 111 — 40.9912k((z1, z2), (80, 810)) — 46.001K((z1, z2), (100, 1009))
21,0064k ((x1, 2), (120, 1273)) — 15.9753k((21, x2), (140, 1425))
—0.9636k((21, 22), (160, 1633)) + 3.9886k( (1, 2), (180, 1876))
+9.0012((x1, 2), (200, 2052)) + 28.9829x( (21, z2), (220, 2201))
+44.0127k((x1, x2), (240, 2435)) + 38.9518k((x1, 22), (260, 2686)).
(6.1.5)

The prediction by the revised KPCR only used the first nine nonlinear prin-
cipal components corresponding to « to avoid the effects of multicollinearity.
The RMSE of OLR, PCR, RR and KPCR are 5.6960, 6.2008, 9.4442 and
0.0021, respectively.

Besides that, we can use the Akaike Information Criterion (AIC) to select
the best model among the four models. Readers may consult other statistics
books for the detailed discussion, see for example [41, 42]. The AIC of the

linear model is given by
AIC = NIn(2m6*) + N +2(p+ 1) (6.1.6)

where 62 the estimator of 02 (See Appendix C). For example, the unbiased
estimator of 02 in Eq. (6.1.1) is +(y — §)"(y — ). A model is selected as
the best model when it has the smallest AIC among other models. However,
selection of the best model by using AIC can be inappropriate since AIC does
not use a set of testing data in its calculation. The AIC of OLR, PCR, RR
and the revised KPCR model are 72.7589, 71.1182, 109.3479 and -215.0172,
respectively. According to those values, the revised KPCR model is the best

for the household consumption data.
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6.1.2 The Sinc Function

The toy data were constructed by the sinc function

Lsin@)] ¢ 4 #£0,
flx)y=4 (6.1.7)
1 for x = 0.

The toy data were constructed by the Eq. (6.1.7) with z;; = —10 + 0.2 X
(1 — 1),y; = f(zin) + éi,i = 1,2,..., N, where N is equal to 101, y =
(1 vo ... yny)T and f:= (f(zy) f(za1) ... f(zy1))'. The number é;
is a real number generated by a random noise. We assume that the random
noise is normally distributed with zero mean and standard deviation o; €
[0,1]. We also generated another set of data for the predictions by the linear
regression, the Nadaraya-Watson regression and the revised KPCR. The set
of data was also constructed by the Eq. (6.1.7) with Z;; = —10 + 0.25 x
(G —1),9; = f(zj1) +¢é5,5 = 1,2,..., M, where M is equal to 81, § :=
(g1 92 - gu)" and fi= (f(@11) f(@21) ... f(@an))". The number &;
is a real number generated by a normally distributed random noise with zero
mean and standard deviation o € [0,1]. The set of the data (y;, ;1) and set
of the data (y;, ;1) are called the training data set and the testing data set,
respectively.

To test the performance of the three methods, we generated () sets of the
training data and the testing data. Call the set of (yz-(k)
(g)](.k), Zj1), k=1,2,...,Q, the kth training data set and the kth testing data
set, respectively, where yfk) = f(zin) + égk), g)j(-k) = f(2;1) + é;k), él(-k) is a real
number generated by a normally distributed random noise with zero mean

,x;1) and the set of

and standard deviation oy, and ég»k) is a real number generated by a normally
distributed random noise with zero mean and standard deviation o,. Let
v* and $® be the predictions of £ and f corresponding to the kth training
data set and the kth testing data set by the revised KPCR, respectively. The
RMSE for the kth training data set and for the kth testing data set by the
revised KPCR are given by \/LN
mean of RMSEs (MRMSE) for the training data sets and for the testing data

y ) —f|| and \/Lﬁny(’“) —£||, respectively. The
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Table 6.2: The comparison of the linear regression, Nadaraya-Watson re-
gression and the revised KPCR for the Sinc function data (N-W: Nadaraya-
Watson, fi: N-W with the Bowman’s and Azzalini’s method, §:N-W with the
Silverman’s method).

Noise MRMSE
o1
(02)
OLR N-W Revised KPCR  Kernel T
0 0.3516 0.0222°  5.0679e-004 Gaussian 34
(0.5) (0.3513)  (0.0222)F (5.1257e-004) o=1
0.02 0.3516 0.0221F  0.0133
(0.5) (0.3513)  (0.0221)F (0.0134)
0.2 0.3535 0.0598F  0.0967
(0.5)  (0.3532)  (0.0598)% (0.0966)
0 0.26628 3.6712e-004 Gaussian 16
(0.5) (0.2824)%  (3.7534e-004) o=5
0.02 0.2628%  0.0084
(0.5) (0.2790)%  (0.0085)
0.2 0.2885%  0.0835
(0.5) (0.3079)%  (0.0835)
0 1.6912e-004 Gaussian 11
(0.5) (1.7086e-004) o =10
0.02 0.0085
(0.5) (0.0085)
0.2 0.0511
(0.5) (0.0513)
0.02 0.3134 Polynomial 1
(0.5) (0.3131) d=2
0.02 0.3364 Polynomial 1
(0.5) (0.3360) d=4
0.02 0.1066 Sigmoid 8
(0.5) (0.6895) r=2,r9 =2
6 =0.1
0.02 0.1116 Sigmoid 9
(0.5) (0.6337) ry=2r=4
6=0.1
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sets are given by —~ vy —f|| and 3 f Y2y ®_¢ ||, respectively.
In this study we Set Q to 1000. The RMSEs (MRMSEs) for the linear

regression and the Nadaraya-Watson regression are calculated in the same

manner.

Lin reg., Nadaraya-Vaston reg. and revised KPCRtrain set Lin reg, Nadaraya-Maston reg. and revised KPCR - test set

() (b)

Figure 6.1: The linear regression (green), Nadaraya-Watson Regression (blue,
Ry = 0.6987) and the revised KPCR (red and 7 = 11) by applying the
Gaussian kernel with o = 10 for the first toy data. The black circles are
the original training (testing) data. The black dots are the original training
(testing) data by adding the random noise. The standard deviation of the
noise for the training data is 0.2 and for the testing data is 0.5: (a) training
data (b) testing data.

To estimate the Nadaraya-Watson regression, we used the Matlab pro-
gram which was construted by Yi Cao [6]. In this program, Yi Cao used the

function
1 1

() = = exp(—gu')

and h; is estimated by the Bowman’s and Azzalini’s method [4]. The esti-

mator of h; by Bowman’s and Azzalini’s method, say P, 1S given by

}Allba =V hl:}chlya

—t—median(|x; —median(x;)|) (55 )%? and hy, = s=-median(|Jy—

where by, = N

0. 6745 0. 6745

73



Lin reg., Nadaraya-Vaston reg. and revised KPCRtrain set Lin. reg, Nadaraya-Maston reg. and revised KPCR - test set

() (b)

Figure 6.2: The linear regression (green), Nadaraya-Watson Regression (blue,
his = 2.4680) and the revised KPCR (red and 7 = 11) by applying the
Gaussian kernel with ¢ = 10 for the first toy data. The standard deviation
of the noise for the training data is 0.2 and for the testing data is 0.5: (a)
training data (b) testing data.

median(y)|) (35 )"?. Another choice of the estimator of h; is

his = 1.068N /5,

where § = \/ﬁ Zi]\il(wil — 1) and Ty = % Zf\il 2. We refer to hy, as
the estimator of hy by Silverman’s method [16].

The comparison of the three methods is shown in Table 6.2, where the
standard deviations and the MRMSEs of the training data sets are repre-
sented without parentheses while the standard deviations and the MRMSEs
of the testing data sets are represented with parentheses. According to this
study, the revised KPCR together with the Gaussian kernel provides the
small enough MRMSEs. Two plots of the prediction of linear regression,
the Nadaraya-Watson regression and the revised KPCR for the toy data are
given in Figure 6.1 and Figure 6.2.
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Table 6.3: Growth of the Son of the Count de Montheillard

Age Age

(yr, Height (yr, Height
mth (cm) mth (cm)
[day] [day]

0 51.4 9,0 137.0
0,6 65.0 9,7[12] 140.1
1,0 73.1 10,0 141.6
1,6 81.2 11,6 141.9
2,0 90.0 12,0 149.9
2,6 92.8 12,8 154.1
3,0 98.8 13,0 155.3
3,6 100.4 13,6 158.6
4,0 105.2 14,0 162.9
47 109.5 14,6[10] 169.2
5,0 111.7 15,02] 175.0
5.7 111.7 15,6[8] 1775
6,0 117.8 16,3[8] 181.4
6,6[19] 122.9 16,6[6] 183.3
7,0 124.3 17,0[2] 184.6
7.3 127.0 17,1[9] 185.4
7.6 128.9 17,5[5] 186.5
8,0 130.8 17,7[4] 186.8
8,6 134.3
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Lin reg., Nadaraya-Vaston reg. and revised KPCRtrain set Lin reg., Nadaraya-Waston reg. and revised KPCR train set
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100 100 [

50° - . - - t t L t ! 50
() (b)

Figure 6.3: The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, o = 5 and 7 = 19) for the growth of
the son of the Count de Montbeillard. The black circles are the given data:
(a) Nadaraya-Watson Regression with hy,, = 9.1208 (b) Nadaraya-Watson
Regression with ﬁls = 2.8747.

6.1.3 Growth of the Son of the Count de Montbeillard

We use a subset of the famous set of observation taken on the height of the
son of the Count de Montbeillard between 1959 and 1977. Only the first ten
years of data were used in this analysis. The growth of the son of the Count
de Montbeillard data are given in the Table 6.3 [42]. A plot of the prediction
of linear regression, Nadaraya-Watson regression and the revised KPCR for
this data is given in Figure 6.3. The comparison of the linear regression, the
revised KPCR, KRR and Nadaraya-Watson regression are shown in Table
6.4.

6.1.4 The Puromycin Data

In this case study, we want to predict the reaction velocity and substrate
concentration for the puromycin data. The reaction velocity (y) and sub-
strate concentration for puromycin (x) are given in the Table 6.5 [41]. A plot

of the prediction of linear regression, Nadaraya-Watson regression and the
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Table 6.4: The comparison of the linear regression, the revised KPCR, KRR,
and N-W regression (N-W: Nadaraya-Watson, §: N-W with the Bowman’s

and Azzalini’s method, §:N-W with the Silverman’s method).

Data Model RMSE
The son of the Count Linear regression 5.8055
de Montbeillard The revised KPCR (o =5,7=14)  1.3856
KRR(0=5,¢=0.1) 3.8689
N-W regression® 259011
N-W regression® 8.5353
The puromycin data Linear regression 28.2062
The revised KPCR (o =1,7=3) 10.7231
KRR(¢ =5, ¢ = 0.00001) 65.8873
N-W regression® 49.7743
N-W regression® 28.9019
The radioactive tracer data Linear regression 0.0991
The revised KPCR (o = 5,7 = 8) 0.0002
KRR(p=5,¢=1) 0.0004
N-W regression® 0.0086
N-W regression® 0.1182

Table 6.5: The Puromycin Data

) Z; Yi
1 0.02 76
2 0.02 47
3 0.02 97
4 0.06 107
5) 0.11 123
6 0.11 139
7 0.22 159
8 0.22 152
9 0.56 191
10 0.56 201
11 1.10 207
12 1.10 200
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Lin reg., Nadaraya-Vaston reg. and revised KPCRtrain set Lin. reg, Nadaraya-Maston reg. and revised KPCR - test set
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Figure 6.4: The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 19) for the puromycin
data. The black circles are the given data: (a) Nadaraya-Watson Regression
with hype = 2.3170 (b) Nadaraya-Watson Regression with his = 0.2571.

revised KPCR for this data is given in Figure 6.4. The comparison of the
linear regression, the revised KPCR, KRR and Nadaraya-Watson regression

are shown in Table 6.4.

6.1.5 The Radioactive Tracer Data

In this case study, we consider the radioactive tracer data. The radioactive
tracer data are given in the Table 6.6 [42]. A plot of the prediction of linear
regression, Nadaraya-Watson regression and the revised KPCR for this data
is given in Figure 6.5. The comparison of the linear regression, the revised
KPCR, KRR and Nadaraya-Watson regression are shown in Table 6.4.

6.1.6 The Linear Distributed Data

In this case study, we observed the toy data which were constructed by the

linear function
flx)=3+2z x€[-1,2]. (6.1.8)
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Table 6.6: Radioactive Tracer Data.

. T

! (hours) Y

1 0.33 0.03
2 2 0.01
3 3 0.14
4 ) 0.21
) 8 0.30
6 12 0.40
7 24 0.54
8 48 0.66
9 72 0.71

0.9r 0.9r

0.8f 0.8

(a) (b)

Figure 6.5: The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 19) for the radioac-
tive tracer data. The black circles are the given data: (a) Nadaraya-
Watson Regression with il'lba = 9.1208 (b) Nadaraya-Watson Regression with
his = 1.1079.
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Lin reg., Nadaraya-Vaston reg. and revised KPCRtrain set Lin. reg, Nadaraya-Maston reg. and revised KPCR - test set

() (b)

Figure 6.6: The linear regression (green), Nadaraya-Watson Regression (blue,
hibe = 4.5724) and the revised KPCR (red and 7 = 8) by applying the
Gaussian kernel with ¢ = 20 for the second toy data. The black circles are
the original training (testing) data. The black dots are the original training
(testing) data by adding the random noise. The standard deviation of the
noise for the training data is 2 and for the testing data is 2: (a) training data
(b) testing data.

The training data were constructed by the Eq. (6.1.8) with z;; = 0.25 x (i —
1),y = f(za)+é,i=1,2,...,81. The testing data were also constructed by
the Eq. (6.1.8) with &1 = 0.3x (j—1),3; = f(&;1)+¢;,j = 1,2,...,67. The
comparison of the linear regression, the revised KPCR and the Nadaraya-
Watson regression are shown in Table 6.7. A plot of the prediction of linear
regression, the Nadaraya-Watson regression and the revised KPCR for this

toy data is given in Figure 6.6.

6.1.7 The Cars and Chickens Data

In this case study, we used the stock of cars in the Netherlands (period 1965-
1989) and the weight of a certain kind of female chickens in [23]. The data
of the stock of cars and the weight of female chickens are shown in the Table
6.8 and Table 6.9, respectively; and used the Gaussian kernel for the revised
KPCR. Jukic et al. [23] used the Gompertz function given below to obtain
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Table 6.7: The comparison of the linear regression, Nadaraya-Watson regres-
sion and the revised KPCR for the linear distributed data (N-W: Nadaraya-
Watson, fi: N-W with the Bowman’s and Azzalini’s method, §:N-W with the
Silverman’s method).

Noise MRMSE
o1
(02)
OLR N-W Revised KPCR Kernel T
0 9.0152e-015 3.5066°  0.0526 Gaussian 34
(0.5) (8.89042e-015)  (3.4591)%  (0.0529) o=1
0.02 3.4740e-003 3.5134%  0.0540
(0.5)  (3.4282e-003)  (3.4659)* (0.0553)
0.2 0.0138 3.5953%  0.1342
(0.5)  (0.0139) (3.5485)%  (0.1366)
0 0.2662° 0.0788 Gaussian 11
(0.5) (0.2824)%  (0.0754) 0=10
0.02 0.2704% 0.0792
(0.5) (0.2872)%  (0.0758)
0.2 0.2870%  0.1034
(0.5) (0.3027)%  (0.1039)

Table 6.8: The stock of cars (expressed in Thousands) in the Netherlands
(period 1965-1989, x;; is year - 1965 and y; represents the stock of cars.)

Tix 0 1 2 3 4 B) 6 7 8
y; 1273 1502 1696 1952 2212 2465 2702 2903 3080

Tir 9 10 11 12 13 14 15 16 17
Yy, 9214 3399 3629 3851 4056 4312 4515 4594 4630

ZTi1 18 19 20 21 22 23 24
y; 4728 4818 4901 4950 5118 5251 5371

Table 6.9: The weight of a certain kind of female chickens observed once a
week (z;; in week and y; in kg).

T 1 2 3 4 5 6 7 8 9

y; 0.147 0.357 0.641 0.980 1.358 1.758 2.159 2.549 2915

i 10 11 12 13

y; 3.251 3.510 3.740 3.925
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Lin. reg., Nadaraya-VWaston reg. and revised KPCR-train set Lin. reg., Nadaraya-Wiston reg. and revised KPCR-train set
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Figure 6.7: The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, o = 5 and 7 = 19) for the stock of
cars in Netherland. The black circles are the given data: (a) Nadaraya-
Watson Regression with hip, = 62.8357 (b) Nadaraya-Watson Regression
with Ay, = 4.0981.

Lin. reg., Nadaraya-Wston reg. and revised KPCR-train set Lin. reg., Nadaraya-Wston reg. and revised KPCR-train set
4.5 4.570
at /‘ al
3.5 / 3.5
3 3
2.5 2.5
2 2
1.5f 1.5
1t 1
0.5 / 0.5
0 L - ! 0
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
(a) (b)

Figure 6.8: The linear regression (green), Nadaraya-Watson Regression
(blue) and the revised KPCR (red, ¢ = 5 and 7 = 10) for the weight of female
chickens. The black circles are the given data: (a) Nadaraya-Watson Regres-
sion with hyp, = 1.7682 (b) Nadaraya-Watson Regression with hys = 2.4715.
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the nonlinear regressions for these real data:
q(z,a,b,c) =exp(a —bexp(—cz)), bc>0,a R, (6.1.9)

We refer to the nonlinear regression proposed by Jukic et al. as the Jukic’s
regression. In this study, we compare the performance of the linear regres-
sion, the revised KPCR, KRR Nadaraya-Watson regression and the Jukic’s
regression for these real data.

The RMSEs by the revised KPCR for the stock of cars and the weight
of female chickens are 1.9623e-012 and 6.8926e-016, respectively, when p is
equal to one. However, the predictions by the revised KPCR seem to be an
overfitting, i.e., it provides the very small RMSE for the given data, but the
testing data do not obtain so small RMSE as the given data did. According
to our case studies, the overfitting can be avoided by setting o to five. The
comparison of the linear regression, the revised KPCR, KRR, Nadaraya-
Watson regression and the Jukic’s regression are shown in Table 6.10. We
see that the RMSEs by the revised KPCR are smaller than that of the linear
regression, KRR, Nadaraya-Watson regression and the Jukic’s regression. A
plot of the prediction of linear regression, Nadaraya-Watson regression and
the revised KPCR for the stock of cars data is given in Figure 6.7, while a
plot of the prediction of linear regression, Nadaraya-Watson regression and
the revised KPCR for the weight of female chickens data is given in Figure
6.8.

6.2 Case Study for WLS-KPCR and WLS-

KRR

There are several methods to estimate the weight w; [30, 14, 27, 41]. Here,
we use the method based on replication to estimate the weight w;. First, we
arrange the data x in order of increasing y;. Then, we make several groups,
say M (< N) groups, of the ordered data. Let the kth group, k =1,2,..., M,
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Table 6.10: The comparison of the linear regression, the revised KPCR, KRR,
N-W regression and the Jukic’s regression (N-W: Nadaraya-Watson, f: N-
W with the Bowman’s and Azzalini’s method, §:N-W with the Silverman’s

method).

Data Model RMSE

The stock of cars Linear regression 205.8677
The revised KPCR (¢ = 5,7 = 19) 7.8016
KRR(p =5, ¢ = 10%) 29.4920
The Jukic’s regression 63.2097
N-W regression® 1.2359e+003
N-W regression® 246.5681

The weight of female chickens Linear regression 0.1023
The revised KPCR (g = 5,7 = 10) 0.0040
KRR(p=5,¢=1) 0.1230
The Jukic’s regression 0.0141
N-W regression 0.1452
N-W regression® 0.2662

Table 6.11: The restaurant foods sales data (y; x 100)

Obs. 1 2 3 4 5 6 7 8

T 3.00 3.150  3.085 5.225 5.350  6.090 8.925 9.015

y 81464 72.661 72344 90.743 98.588 96.507 126.574 114.133

9 10 11 12 13 14 15 16

8.885  8.9509.00 11.345 12.275 12400 12.525  12.310

115.814  123.181  131.434 140.564 151.352 146.426 130.963 144.630

17 18 19 20 21 22 23 24

13.700  15.000  15.175 14.995 15.050 15.200 15.150  16.800

147.041 179.021 166.200 180.732 178.187 185.304 155.931 172.579

25 26 27 28 29 30
16.500  17.830  19.500  19.200 19.000  19.350
188.851 192.424 203.112 192.482 218.715 214.317
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Figure 6.9: A plot of the residual and its corresponding predicted value for
training data: (a) ordinary linear regression model, (b) WLS KPCR.

contains { (s, ©;;,)} for some i =1,2,..., N where Ui € {Y1,%2,...,yn} and
43 € {T1, 29, ..., 2x}. Let £4 and s? be the average of {#;,} and variance of
{¥:.}, respectively. Then, we make the prediction from the set {(7y, s3)}, say
fi(x) = ¢ég + ¢z, where f; is a function from R to R and ¢y, ¢; € R. Further,
we calculate the estimated variance of y; by using the predictor f;(z;). The
weight w; is chosen inversely from fi(x;). When fi(x;) is equal to zero, w;
is set to be one. The procedure to obtain the WLS KPCR’s weights and
the WLS KRR’s weights are straightforward as the explained procedure. We
just replace y; by y,; where y,; is the ith element of y,.

In this case study, we use the Gaussian kernel and the average monthly
income from food sales (y) and the corresponding annual advertising expenses
(x) for 30 restaurants which are given in Table 6.11 [27]. We use some
of the data to test the prediction by the ordinary linear regression, WLS
regression, KPCR and WLS KPCR. Note that the plot of the residual e; and
the corresponding g; is useful to check the assumption of constant variance.
The plot of e; and g; is shown in Figure 6.9 (a). Figure 6.9 (a) shows that
the variation of the residuals increases significantly as the prediction values

increase. Hence, the assumption of constant variance is not met.
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Table 6.12: The RMSE of OLR, WLS-LR, KPCR, KRR, WLS-KPCR and
WLS KRR for the restaurant foods sales data.

Model RMSE
M=2 M=4 M=5
Training ordinary linear regression 869.8845 869.8845 869.8845
data KPCR (¢ = 0.5, 7= 18) 601.3838 601.3838 601.3838
KPCR (0 =1, 7= 17) 624.2270 624.2270 624.2270
KRR (0= 0.5, ¢ = 1079) 29729.3585 29729.3585 29729.3585
KRR (o=1,¢=107%) 33302.2060 33302.2060 33302.2060
WLS linear regression 0.3834 0.5471 0.6958
WLS KPCR (90 = 0.5, = 18) 0.2769 0.4178 0.5258
WLS KPCR (¢ =1, 7=17) 0.2874 0.4336 0.5457
WLS-KRR (¢ = 0.5, ¢ = 107°) 0.2976 0.4279 0.5275
WLS-KRR (o =1, ¢= 17) 0.3095 0.4436 0.5465
Testing  ordinary linear regression 834.9586 834.9586 834.9586
data KPCR (0 = 0.5, 7=18) 689.8944 689.8944 689.8944
KPCR (¢ =1, 7=17) 721.4072 721.4072 721.4072
KRR (0= 0.5, ¢ =107%) 29617.2494 29617.2440 29617.2494
KRR (o=1,¢=107%) 28415.9128 28415.9128 28415.9128
WLS linear regression 0.5380 1.2599 0.5639
WLS KPCR (¢ = 0.5, 7r=18) 0.3973 0.7893 0.4314
WLS KPCR (¢ =1, 7=17) 0.4229 0.8984 0.4573
WLS-KRR (¢ = 0.5, ¢ = 1079) 0.4499 0.9033 0.4432
WLS-KRR (¢ =1, ¢=107%) 0.4648 0.9739 0.4605
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We can also see that the residual e; has a relatively large number. This
implies that RMSFE,;, is also a large number. For the sake of comparison,
the values of M are chosen to be two, four and five. For instance M = 2,
it means that the ordered data is divided into two groups where each group
contains 50 percentage of the ordered data. The plot of residual ey; and
its corresponding prediction value Z,; with M = 2 and p = 1 is shown in
Figure 6.9 (b). In comparison to the plot in Figure 6.9 (a), it is much more
improved since the residual eg; has a much smaller number than e;. Beside
that, Figure 6.9 (b) shows a residual plot with no systematic pattern around
zero. It seems that the assumption of constant variance is satisfied for the
data.

The results of this study are given in Table 6.12. Note that, multi-
collinearity exists in the regression matrix for both of the ordinary linear
regression model and the WLS regression model. In Table 6.12, we can see
that the WLS KPCR and WLS KRR significantly decreases the RMSEs of
OLR, KPCR and KRR.

Prediction by lin. reg., robust. lin. reg, KPCR and R-KPCR-train set Prediction by lin. reg, robust. lin. reg, KPCR and R KPCR - test set
151 L] 01

107

(a) (b)

Figure 6.10: A plot of predictions for the linear regression (Green), robust
linear regression (Magenta-dash line), KPCR (Blue) and R-KPCR (Red)
with o and 7 equal to 5 and 10, respectively. The robust regression methods
used the Huber function with k is equal to 2. The black dots are the toy
data by adding the random noise: (a) training data, (b) testing data.
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Prediction by robust lin. reg., KRR and R KRR - train set Prediction by robust Iin. reg., KRR and R KRR - test set
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Figure 6.11: A plot of predictions for the robust linear regression (Magenta-
dash line), KRR (Blue) and R-KRR (Red) with ¢ and ¢ are equal to 2.5 and
0.1, respectively. The robust regression methods used the Huber function
with k is equal to 2. The black dots are the toy data with random noise: (a)
training data, (b) testing data.

6.3 Case Study for R-KPCR and R-KRR

6.3.1 The Sine Function with Outliers

In this case study, we use the Gaussian kernel and the toy data constructed
by the function
f(z) =25sinz, (6.3.1)

with ;1 = 27+ 0.2 x i for: =0,1,...,62; and

(

flzi) + ¢ ifie{0,1,...,62}\ {5,40,55},
15 + é5 if i =5,
—154é4  if i = 40,
| —15+¢és5  if i = 55.

(6.3.2)

Yi
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where é;, €5, €49 and €55 are real numbers generated by a normally distributed
random noise with zero mean and standard deviation o; € [0,1]. The set
of the data (y;, x;1) is used as the training data set. Here, ys,vs0 and yss
are the outliers of the training data. We also generated another set of data
for the predictions by robust linear regression, KPCR, KRR, R-KPCR and
R-KRR. It was also constructed by the Eq. (6.3.1) with &;; = —274+0.25 x j
for 5 =0,1,...,50; and

f(fjl)—l—éj lfj € {0,1,,50}\{5,20},
Ui=1499+¢és if j =5, (6.3.3)
—10+4é5 if j =20,

where €;, €5 and €y are also real numbers generated by a normally distributed
random noise with zero mean and standard deviation oy € [0, 1]. The set of
the data (g;,%;1) is used as the testing data set. Here, g5 and g9 are the
outliers of the testing data.

Then, we generated 1000 sets of the training data and the testing data to
test the performance of the five methods. For the sake of comparison, we set
o1 and oy are equal to 0.2 and 0.25, respectively. A plot of the predictions of
the robust linear regression, KPCR and R-KPCR corresponding to the toy
data are shown in Figure 6.10, while a plot of the predictions of the robust
linear regression, KRR and R-KRR corresponding to the toy data are shown
in Figure 6.11. The averages of RMSEs of the five methods are given in Table
6.13. Compared to robust linear regression, KPCR and KRR; R-KPCR and
R-KRR yield the better results as shown in Table 6.13.
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Table 6.13: Comparison of the robust linear regression, KPCR, KRR, R-
KPCR and R-KRR.

Model RMSE
Training Testing
Tukey robust linear regression 0.5331 0.5306
biweighted KPCR (p = 1,7 = 21) 2.5968 2.0875
function KPCR (p =2.5,7 = 14) 2.8100 1.9047
KRR (0 =1,4=0.1) 7.1038 3.4783
KRR (0 =2.5,4=0.1) 8.0810 3.0135
R-KPCR (o = 1,7 = 21) 0.1461 0.1518
R-KPCR (¢ =2.5,7=14) 0.1627 0.1523
R-KRR (0 =1,§=0.1) 0.1782 0.1617
R-KRR (0 =1,5=10.5) 0.1801 0.1641
R-KRR (0 =2.5,§=0.1) 0.1782 0.1617
R-KRR (0 =2.5,§=10.5) 0.1795 0.1631
Huber robust linear regression 1.6909 2.0350
function KPCR (p=1,7 = 21) 2.5960 2.0821
KPCR (p =2.5,7 = 14) 2.7875 1.8995
KRR (0=1,4=0.1) 2.6624 1.8932
KRR (0 =2.5,G=0.1) 2.8427 1.7359
R-KPCR (o = 1,7 = 21) 1.1763 0.7520
R-KPCR (o =2.5,7=14) 1.1540 0.7217
R-KRR (0 =1,§=0.1) 1.2088 0.7246
R-KRR (0 =1,G=0.5) 1.1692 0.7634
R-KRR (0 =2.5,§=0.1) 1.3207 0.7250
R-KRR (0 =2.5,§=10.5) 1.2015 0.7635
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6.3.2 The Sinc Function with Outliers

In this case study, we fit the toy data constructed by the Sinc function
Eq. (6.1.7) with z;; = =74 0.2 x i for = 0,1,...,70; and

yi=134¢é5  ifi=5, (6.3.4)
—14 4+ é99 if 1 = 20.

where é;,é5 and éy are real numbers generated by a normally distributed
random noise with zero mean and standard deviation o; € [0, 1]. The set of
the data (y;,z;1) is used as the training data set. Here, y5 and yyo are the
outliers of the training data. The testing set is constructed by the Eq. (6.3.1)
with #;; = =57 +0.25 x j for j = 0,1,...,40; and

f(En)+¢; ifj€{0,1,...,40}\ {8,30},
Ui = 15+ ég if j =8, (6.3.5)

where €;, g and €3 are also real numbers generated by a normally distributed
random noise with zero mean and standard deviation oy € [0, 1]. Here, s
and gj99 are the outliers of the testing data.

We also generated 1000 sets of the training data and the testing data to
test the performance of the five methods. For the sake of comparison, we
also set o1 and o9 to 0.2 and 0.25, respectively. A plot of the predictions of
the robust linear regression, KPCR and R-KPCR corresponding to the toy
data are shown in Figure 6.12, while a plot of the predictions of the robust
linear regression, KRR and R-KRR corresponding to the toy data are shown
in Figure 6.13. The averages of RMSEs of the five methods are given in Table
6.14. Compared to robust linear regression, KPCR and KRR; R-KPCR and
R-KRR also yield the better results as shown in Table 6.14.
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Figure 6.12: A plot of predictions for the linear regression (Green), robust
linear regression (Magenta-dash line), KPCR (Blue) and R-KPCR (Red)
with ¢ and 7 equal to 5 and 10, respectively. The robust regression methods
used the Huber function with k is equal to 2. The black dots are the toy
data by adding the random noise: (a) training data, (b) testing data.

Prediction by robust Iin. reg., KRR and R KRR - test set Prediction by robust Iin. reg., KRR and R KRR - test set

20 20
15 (] 1 15 - .
10 T 10
5 5k
0 W‘f&m 0 W«W
5 -5
10t ] ‘10t
15t g st
-20 [ T -20 [
-25 - : - ; - ® - : -25 ®
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
(a) (b)

Figure 6.13: A plot of predictions for the robust linear regression (Magenta-
dash line), KRR (Blue) and R-KRR (Red) with g and ¢ are equal to 5 and
0.1, respectively. The robust regression methods used the Huber function
with k is equal to 2. The black dots are the toy data with random noise: (a)
training data, (b) testing data.
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Table 6.14: Comparison of the robust linear regression, KPCR, KRR, R-
KPCR and R-KRR.

Model RMSE
Training Testing
Tukey robust linear regression 0.2383 0.2830
biweighted KPCR (p = 1,7 = 24) 1.8669 4.9884
function KPCR (p =2.5,7 = 18) 1.9676 4.8796
KRR (0 =1,4=0.1) 3.6380 23.9891
KRR (0 =2.5,4=0.1) 4.0974 22.5408
R-KPCR (o = 1,7 = 24) 0.0686 0.0901
R-KPCR (¢ =2.5,7 = 14) 0.0685 0.0901
R-KRR (0 =1,§=0.1) 0.1370 0.1803
R-KRR (0 =1,5=10.5) 0.1370 0.1803
R-KRR (0 =2.5,§=0.1) 0.1370 0.1803
R-KRR (0 =2.5,§=10.5) 0.1370 0.1803
Huber robust linear regression 1.0202 1.4842
function KPCR (p=1,7 = 24) 1.8642 5.0004
KPCR (p =2.5,7 = 16) 1.9660 4.8587
KRR (0=1,4=0.1) 3.6297 24.0610
KRR (0 =2.5,G=0.1) 4.0933 22.6309
R-KPCR (o = 1,7 = 24) 0.8539 1.3466
R-KPCR (0 = 2.5,7 =16) 0.8459 1.3530
R-KRR (0 =1,§=0.1) 1.0506 1.3533
R-KRR (0 =1,G=0.5) 1.0246 1.3538
R-KRR (0 =2.5,§=0.1) 1.0603 1.3523
R-KRR (0 =2.5,§=10.5) 1.0263 1.355
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Chapter 7

Conclusions

7.1 Conclusions

KPCR is a novel method to perform a nonlinear regression analysis. However,
the previous KPCR still has theoretical difficulties in the procedure to derive
the KPCR and in its choice rule of the retained number of PCs. In this
dissertation, we revised the procedure of the previous KPCR and showed
that the difficulties are eliminated by our revised KPCR. Regarding our case
studies, the revised KPCR together with the Gaussian kernel provides the
small enough RMSEs. The revised KPCR with the Gaussian kernel gives
the better results than that of the ordinary linear regression and the Jukic’s
regression for the given data which are nonlinearly distributed. The revised
KPCR with an appropriate parameter of the Gaussian kernel also gives better
results than the Nadaraya-Watson regression.

In some cases, however, we face the regression model with variance of ran-
dom errors having unequal values in diagonal elements. WLS is widely used
to handle the limitations. However, applying WLS yields a linear prediction
model and there is no guarantee that the effects of multicollinearity can be
avoided by applying this method. Although KPCR and KRR can be used
to handle the limitations of the linearity and the effect of multicollinearity,
but KPCR and KRR can still be inappropriate since KPCR and KRR were
constructed by the assumption that the variance of random errors having

equal values in its diagonal elements. In this dissertation, we proposed WLS
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KPCR and WLS KRR for the regression model with unequal variance of ran-
dom errors. These methods yield nonlinear prediction model and can avoid
the effects of multicollinearity. In our case study, the WLS KPCR and WLS
KRR yield the better results that of the OLR, WLS-LR, KPCR and KRR.

If the outliers are contained in the observed data, the predictions of OLR,
KPCR and KRR can also be inappropriate to be used. Fomengko et al. [13]
proposed a nonlinear robust prediction based on the M-estimation where
their method needs a specific nonlinear regression model in advance. In
many situations, however, an appropriate nonlinear regression model for a
set of data is unknown in advance. Hence, their method has limitations
in applications. In this dissertation, we proposed R-KPCR and R-KRR to
obtain a nonlinear robust prediction where our proposed method does not
need to specify a nonlinear model in advance. Our case studies showed that
both of R-KPCR and R-KRR yield the better results than that of the robust
linear regression, KPCR and KRR.
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APPENDIX

A Review of Linear Algebra and Random Vec-
tors

This appendix summarizes some basic concepts from linear and matrix al-
gebra that are related to some important statistics concepts with emphasis
on random variable, expected value and random vectors (matrices). Read-
ers may consult other linear algebra, matrices and statistics books for the
detailed discussion, see for example [1, 2, 15, 21, 25, 43, 46].

A.1 Eigenvalue and Eigenvector

Definition A.1. Let A be an p X p square matrix. A nonzero vector x in

R? is called an eigenvector of A if Ax is a scalar multiple of x, that is
Ax = X\x

for some scalar X\. The scalar X is called an eigenvalue of A, and x is said to

be an eigenvector of A corresponding to .

A.2 Orthogonal Projection

Definition A.2. Let W be a finite-dimensional subspace of an inner product

space V. A vector u in V is said to be orthogonal to VW if it orthogonal to
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every vector in W, and the set of all vectors in V that are orthogonal to W

is called the orthogonal complement of W and is denoted by W+.

Definition A.3. Let W be a finite-dimensional subspace of an inner product
space V and u be a vector in V. A vector wy in V is said to be orthogonal
projection on of won W if wy is in W and < (u — wy), wg >= 0 for every

wo in W. Then, w; is denoted by projyu.
Theorem A.4. If W is a finite-dimensional subspace of an inner product
space V, then every vector u in V can be expressed in exactly one way as

u = projyu + wo (A.1)

where projywu is in W and wo is in W*.

A.3 Best Approximation-Least Squares

Theorem A.5. If W is a finite-dimensional subspace of an inner product
space V, and if u is a vector in V, then projwu is the best approrimation to

u from W in the sense that

[u = projwul| < [lu—wl| (A.2)

for every w in W that is different from projmu.

A.4 Symmetric Matrix

Symmetric matrices have a lot of interesting and aesthetically pleasing prop-

erties with respect to eigenvalue decomposition. A sample of the most im-
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portant results that form the background for our analysis is given here.

Theorem A.6. If A is an p X p matriz, then the following are equivalent.
(1) A is orthogonally diagonalizable.
(2) A has an orthonormal set of n eigenvectors.

(3) A is symmetric.

Theorem A.7. If A is a symmetric matrix, then:
(1) The eigenvalues of A are all real numbers.

(2) Eigenvectors from different eigenvalues are orthogonal.

Definition A.8. Let A be an p x p matrix. A is said to be a positive
definite if xT Ax > 0 for all x € R\ {0}, is said to be a positive semidefinite

if xTAx > 0 for all x € RP.

Theorem A.9. A is a symmetric matriz and positive semidefinite matrizx,

then all of the eigenvalues of A are nonnegative real numbers.

A.5 Random Vectors and Matrices

We define random variable, random vector and random matrix that are used
in the subsequences chapters. We start with definition of experiment. Ex-
periment is defined as any process of observation or measurement. Then,
the results of an experiment are called the outcomes of the experiment. A
sample space is a set of all possible outcomes of an experiment and denoted
by Q. A random wvariable is defined as function from 2 to R. Let X be a

random variable with probability density function f(x). The expected value
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of X, denoted by F(X), is defined as

B(X) = > vergx) Tf(x) if X is a discrete random variable,

Joer 2f(x)dx if X is a continuous random variable,

where Rg(X) is a range of X.

A random vector is a vector whose elements are random variables. Sim-

ilarly, a random matriz is a matrix whose elements are random variables.

The expected value of random vector (matrix) is the matrix consisting of the

expected values of each of its elements.

B Theorems and Lemmas

Lemma B.1. Let § = {x1,X2,...,Xn} be a set of vectors in RP, X =
T .

(xl Xy ... XN) and C = & SV xxT. Suppose A # 0 and ¥ € RP\{0}.

If A and ¥ satisfy Av = Cv, then A and ¥ also satisfy \xtv = xr Cv, for

kE=1,...,N, and v € span {x1,Xz,...,Xn}.

Proof. Suppose A and ¥ satisfy A\v = Cv,

= \v =Cv

= (a) XxIv =xICV, for k=1,...,N.
(b) ¥ = ;C¥, since A £ 0.

= V=18 D xx V=30 15 (xI)x.

AN i i=1 NX
Let a; = 75 V,
= V= Zf\il (a7p. O
= ¥ € span {X1,X2,...,Xy}.
= X and ¥ satisfy AxTv = x ' Cv, fork =1,..., N, and v € span {x1, Xy, ..

B.1 Proof of Theorem 2.2.1

Proof. We prove (1) = (2), (2) = (3) and (3) = (1).
(1) = (2):
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Suppose A and & satisfy A\a = Ca.
= X and & satisfy \p(x;)Ta = ¢(x;)TCa, for k =1,..., N,
and a € span {¢(x1),¥(X2),...,¥(xy)} (By Lemma B.1).
= X and & satisfy Mp(x;)Ta = ¢(x;)TCa, for k =1,..., N,
and a = 31", bith(x;) for some b = (b1 by ... bN>T e RV \ {0}.
= X and & satisfy M (x)” S b (x;) = ¥ (x,) TC S biah(xy),
for k=1,...,N,and a = >N bab(x;) for some b € RN\ {0}.
= X and & satisfy AN, bt (xx) (i) = SO, bih (x4) T Cp(xy),
for k=1,...,N,and a= Y.~ bab(x;) for some b € RN\ {0}.
= Aand asatisfy AN 30, bitp(xe) "0 (x:) = S0 bih (3u) ™ 3010 00(x5) (%) Teb(xs),
for k=1,...,N,and a= >~ bab(x;) for some b € RN\ {0}.
Since SN | by (x)Th(x;) = (Kb)y, and
S bt (ki)™ D2 (k)0 () T (xi) = (K2b)y for k=1, N,
where (Kb)y, is the kth element of Kb and (K?b);
is the kth element of K?b.
= ) and & satisfy AN(Kb), = (K2b);, for k=1,..., N,
and a = 3V bith(x;) for some b € RV \ {0}.
— A and 4 satisfy A\NKb = K2band a = Y. | b;)(x;) for some b € RN\ {0}.
— A and & satisfy ANKb = K?b and a = ¥”b for some b € RV \ {0}.
2) = (3)
Suppose A and 4 satisfy ANKb = K?b and a = ¥’b for some
b= <b1 by ... bN>T€RN\{O}.
= ANKb = K?b and & = ®7b for some b € RV \ {0}.

=3 ANKb = K2b and 4 = ¥'b.
b:(b1 b2 Ce. bN)TeRN\{O}

Since K is symmetric,

= E]pl,pg ..... pnE{p|p is an eigenvector of K} {ph p2,..., pN} is an orthonormal
basis for RV.

Let A; be the eigenvalue of K belonging to p;, fort=1,..., N.
:>/\zpz:pr for ¢ = 1,...,N.
Since b € RV \ {0},
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Case 1: \; >0fori=1,..., N.
= ANK YV aipi = K22 ayp; and 4 = ¥Th
for some b € RV \ {0}.
= ANY Y, aiKp; = Y 0;K?p; and 4 = ¥’
for some b € RV \ {0}.
= AN YN adpi = 3N, a\?p; and 4 = ¥7b
for some b € RV \ {0}.
= Zi\il(S‘No‘i)‘i —a;A)p;=0and & = Pp for some b € RY \ {0}.
Since {p1,...,pn} is linearly independent,
= (ANash —aX2) =0, (i=1,...,N), and 4 = ¥Th
for some b € RY \ {0}.
= M(ANa; —a\) =0, (i =1,...,N), and 4 = ¥7b
for some b € RV \ {0}.
Since A\; >0 fori=1,..., N,
— (ANay —ai\) =0, (i=1,...,N),and 4= 0"b
for some b € RV \ {0}.
= ANa; = as)i, (i=1,...,N), and 4 = ¥Th
for some b € RV \ {0}.
= ANap; = ai\ipi, (i =1,...,N), and 4= ¥7b
for some b € RV \ {0}.
= AN 2511 a;pi = Zfil a;A\Pp; = Zf\;l a;Kp;, and 4 = ¥'b
for some b € RV \ {0}.
Since b = sz\il Py
= ANb = Kb and &4 = ®Tb for some b € RV \ {0}.
= \and & satisfy ANb = Kb and a = ¥Tb, for some b € RY \ {0}.

Case 2: My > X >...2 N > N1 =...= Ay =0.
= ANK Zf\il a;p; = K2 Zf\il a;p; and &= ¥Tb
for some b € RV \ {0}.
= XNK(ZL a;p; + Z'Ji\;qul aipi) = K* (3, aipi + Zi]\irJrl a;Pi),
and & = ¥'b for some b € RV \ {0}.
Let v; = (1111 Uiy ... le>T = 22:1 o;iP;
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T
N
and Vo = <U21 V2o ... ’UQN) = Zi:rr+1 ;P

=b=vi+vy= <U11 + v Vi +U2 ... UlN+UzN>T
and Kvy, = Zﬁ\;ﬂr
= 37 vg(K)p =0fork=1,2,...,N.
=N vyt (xp) (%) = 0 for k=1,2,..., N.
=(xp) " SON  vgith(x;) = 0 for k=1,2,...,N.
We claim that S vyah(x;) = 0 (Why?).
Suppose Efil v91h(x;) # 0.
= (XN, ’U2i¢(xi))T(Z;’V:1 v2jh(x;5)) # 0.
= vp1tp” (x1) Z?le V2 h(X;) +v221)” (X2) Z;yzl v (X5) + - ..
van YT (xy) Zjvzl U2 (x;) # 0
= 0 # 0 (Contradiction).
= ANK(vi+v3) = K2(vi+v,) and & = &b = Zij\il(vlﬁ—vm)@b(xi)
for some b = v; + vy € RV \ {0}.
Since Kvy, = 0 = K2v, = 0; and by the fact Zf\il vosth(x;) = 0,
= ANKv; = K2v, and 4 = Zfil v1;9(%;) for some v; € RV \ {0}.
= ANK S api=K*Y ' o;p; and & = sz\il v1;9(x;) for some
v, € RV \ {0}.
= AN S aKpi =Y o;K?p; and & = Zf\il v10(x;) for some
v, € RV\ {0}.
= AN YL aidipi = 3 a\?p; and & = 3 v (x)
for some v; € RV \ {0}.
= 37 (ANagh — a\)p; = 0 and 4= SN vyt(x;)
for some v; € RV \ {0}.
Since {p1,...,p-} is linearly independent.
= (ANa\i —a)2) =0, (i=1,...,7), and &= SV vyah(x;)
for some v; € RV \ {0}.
= )\i(j\Nai —aN)=0,(i=1,...,7r),and & = Zfil v1;0(%;)
for some v; € RV \ {0}.
Since \; >0 fori=1,...,7r,
= (ANa; —az\) =0, (i =1,...,7), and & = SN vyap(x;)
for some v; € RV \ {0}.

1 OéZKpZ =0.
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= ANa; = o\, (t=1,...,7r),and & = Zf\il v10(X;)
for some v; € RV \ {0}.
= XNaipi =a\pi, (i=1,...,7r),and & = Zf;l v10(x;)
for some v; € RV \ {0}.
= AN 22:1 QiP; = 22:1 QiAipi = 217:1 a;Kp;and a = Zz]il V1) (%;)
for some v; € RV \ {0}.
Since vi = Y7, a;pi,
= ANv, = Kv; and 4 = Zf\il v (%)
for some v; € RV \ {0}.
— \ and & satisfy ANv; = Kvy and a = 3>~ vy0(x;)
for some v; € RV \ {0}.
= X and & satisfy ANb = Kb and a = SV b (x)
for some b € RV \ {0}.
= X and & satisfy ANb = Kb and a = 7D for some b € R \ {0}.

Case 3: My =X =...= A, = 1 =...= Ay =0.
— Kb =YY" a;Kp; = 0.
= SN bi(K) =0for k=1,2,...,N.
=38 bab(x)T(x;) = 0 for k=1,2,..., N.
= (xp) 7 Ef\il bip(x;) =0 for k=1,2,... N.
= a=Y" bip(x;) =0 (Why?).
Suppose sz\il bib(x;) # 0.
= (DL b ()" (20, bith(x;)) # 0.
= b7 (x1) Yo bytb(xs) + bothT (x2) S0y bytb(xs) + -
v (xi) YO0, bt (x;) # 0
= 0#0.
(Contradiction)
(A3) = (1): i i ] ]
A and & satisfy ANb = Kb and a = ¥”b, for some b € RV \ {0},
= ANb = Kb and 4 = ¥'b, for some b € RV \ {0},
= AN®Th = ¥TKb and a4 = ¥”b, for some b € RV \ {0},
= ANTTD = U7 WTh and &4 = ¥T'b, for some b € RV \ {0},
= ANa = 073,
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= \a=Ca,
= X and & satisfy A\a = Ca. O

B.2 Proof of Lemma 3.1.1

Proof. In 3.1, we have defined Z = (Iy — %1]\;1%)5( and y, = (Iy —
+1n1%)y. Let B = (Iy — +1y1%). The matrix B is a symmetric anfi
idempotent matrix, since B = B? and BB = B. Hence, we have Z = BX
and y, = By. This implies

7'y, =Z'By
= X"B"By
= X"BBy (symmetric).
=X"By (idempotent).
=X"B"y  (symmetric).
= (BX)"y
=7y

Since

U= (Um U U(p—m)

= <ZA<T> ZA (p-r) ZA(p—m) )
we obtain U;_,) = ZA;_,y. This implies,

UTA )yo = (ZA(i)—r)>Tyo-

(p—r
_ AT T
= Ap-nZ Yo
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B.3 Proof of Lemma 4.1.1

Proof. As mentioned in 3.2, we assume that Zf\il Y(x;) = W'y = 0. This
implies +1y13 ¥ = O. Hence, we have ¥ = (Iy — +151%)¥ and y, =
(In — x1n1%)y. Let B = (Iy — 1y1%). The matrix B is a symmetric and
idempotent matrix, since B = BT and BB = B. Hence, we have ¥ = BW
and y, = By. This implies

vy, = U'By
= ¢'BTBy
=U'BBy (symmetric).
=¥ By (idempotent).
=¥ BTy  (symmetric).
= (B®)"y
=vly

Since

we obtain ﬁ(;) = ‘IIA(T:). This implies

fj%;*)YO = (‘IIA(F))TYO'
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B.4 Proof of Lemma 5.1.1

Proof. Note that if E is invertible matrix, we have the following statements.
e If EA = EB, then A = B.
e If AE = BE, then A = B.

It is evident that (¥7 W + ¢I,,.) invertible matrix. Then,

(T'® + L, ) (T +cL,,) 'y = Uy (B.1)

(U7 + L, VO (OOT + )y = (PTOw’ 1o, O (W 4 cly)y
= (WTwe” + 0T (O’ +aay)ly
= OH(OOT Iy (PP +ay) "ty
= Uy, (B.2)

By letting E = (¥7 W +cI,,.), A = ($'W+el,, ) 'y and B = U7 (007 +
cIy)~'y, we have proven Lemma 5.1.1. O
C AIC for KPCR
Let consider the KPCR model (4.1.14) again

Y, = Updgp + &, (C.1)

where € is normally and independently distributed with mean 0 and constant

variance o2, or € is distributed as N(0,02Iy). The normal density for the

errors is ) )
5(&) = o exp(—@é) fori=1,2,..., N (C.2)
The likelihood function of €y, &, . .., ey is

= z 1 1 zrz
L(€, 95, 0%) = I s5(6;) = )N exp(—5 € €). (C.3)
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Since € =Y, — ﬁ(f)ﬁ(;), the likelihood can be written as

1 1 . .
—Yo—Undm)" (Yo—Undm)).

x 2
L(Y,, Ugy, O, 07) = @) N eXp(_20_2

The log of the likelihood function is

5 N . -
In L(Y,, Ugy, Oy, 0°) = ) In(270?) (Yo—Umn )" (Yo—Urdm).

1
202
It is evident that for a fixed value of o the log-likehood is maximized

when the term
(Yo = Ug¥@)" (Yo — Unda)

is minimized. Therefore, the maximum-likelihood estimator of ¥ is

and the maximum-likelihood estimator of 2 is

Yo_ﬁféf TYo_fJféf
52 ") <>)N( 09 (C.5)

Furthermore, the Akaike Information Criteria (AIC) is defined by
AIC = —2In(Lpq,) + 2t (C.6)

where In(Ly,,,) is the maximized value of the corresponding likelihood func-
tion and ¢ is the number of parameters in the statistical model. Hence, the

AIC for KPCR is

AICyper = N1In(276%) + N + 27. (C.7)
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