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Abstract

Consider a network system such as the Internet or Grid. The network system consists of
enormous number of network components (e.g., computers, routers and communication
media) and users who require services from the network system. Each individual user may
have different requests to the network. Consequently, there exist various kinds of packet
flows (e.g., voice, video and data) required by independent users in the network. Owing
to the diversified needs of the users, the service providers (or the network administrators)
often face difficulty in guaranteeing Quality of Service (QoS) for all users.

Considering optimal control in communication networks with multiple users, we can
think of the following two optimization schemes: the noncooperative and cooperative
optimization schemes. In the noncooperative optimization scheme, each user strives to
optimize its own performance measure (the utilities of the user) unilaterally. On the
other hand, in the cooperative optimization scheme, a single agent optimizes a single
performance measure (e.g., the sum of utilities of all users).

In this thesis, we study the following three problems on optimal control in communi-
cation networks where multiple users share the system resources.

First, optimal flow control problems of multiple-server (M/M/m) queueing systems
are studied. Due to enhanced flexibility of the decision making, intuitively, we expect
that grouping together separated systems into one system provides improved performance
over the previously separated systems. In this thesis, we present a counter-intuitive result
against such an expectation. More precisely, we consider a noncooperative optimal flow

control scheme of M/M/m queueing systems where each of multiple players strives to
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optimize unilaterally its own power where the power of a player is the quotient of the
throughput divided by the mean response time for the player. We report a counter-
intuitive case where the power of every user degrades after grouping together K (> 1)
separated M/M/N systems into a single M/M/(K x N) system.

Second, a paradox in dynamic routing in the Cohen-Kelly network is studied. Intu-
itively, we expect that adding capacity to a network improves the performance of the
users. Braess, however, showed an example where the opposite occured. We refer to such
a situation as a paradox. In this thesis, we deal with a class of queueing networks where
Cohen and Kelly discovered a paradox in static routing by individual users. We consider
the dynamic routing problems in the above mentioned class of networks, and show the ex-
istence of a paradox in dynamic routing of the above mentioned class of networks through
simulation experiments analogous to what Cohen and Kelly showed.

Third, fair and Pareto optimal solutions to a load balancing problem are studied. Var-
ious fairness objectives are studied in relation to Pareto optimal sets and Nash equilibria.
We examine an already discussed general parameterized fairness objective that covers a
variety of fairness criteria and the newly introduced Nash-proportionate-fairness objec-
tive. We mainly study them numerically on a simple static load balancing model with
two identical servers (computers) each of which has an independent arrival process and
its own queue. Through numerical results, several counter-intuitive results are shown.
For example, we observe that the points that achieve the general parameterized fairness
objectives may cover a part but not all of the Pareto set, and at times, do not cover the

Nash-proportionate-fair Pareto optimal point.



Acknowledgements

First of all, I would like to express my gratitude to Professor Hisao Kameda, my supervisor,
for his many suggestions and comments to lead me the completion of this thesis. His
insightful instruction inspired me to make further efforts. Without his support, this work
could not have been completed.

I am also deeply grateful to Associate Professor Jie Li for his continueous encourage-
ment. Although I had few opportunities to receive directly his instruction, he was very
helpful in many ways.

I would like to thank Corinne Touati who has given me many advices. [ deeply
appreciate her helpful comments on my research.

My deep gratitude also goes to Professor Hiroyuki Kitagawa, Professor Koichi Wada,
Associate Professor Shigetomo Kimura of the Institute of Information Sciences at Univer-
sity of T'sukuba for their constructive comments and suggestions.

I would like to thank all members of our laboratory, especially, Atsushi Kubota, Vasi-
lache Adrian and Chang Woo Pyo who have greatly contributed to my research through
their system administration work and comments on English writing.

Finally, I am also indebted to Professor Katsuhisa Ohno, who was my previous pro-
fessor when I has been a student at Nagoya Institute of Technology. He had supported

me so that I could enter University of Tsukuba.

vii






Contents

1 Introduction
1.1 Background . . . . . ...
1.2 Noncooperative Optimization . . . . . . .. ... ... ... ... .. ...
1.3 Cooperative Optimization . . . . . . . . .. ... .. ... ... ......
1.3.1 Pareto Optimality . . . . . . . .. ... ... ... .. ...,
1.3.2 Fairness . . . . . . . .
1.4 Our Problems . . . . . . . . ...
1.5 Organization of the Thesis . . . . . . . . .. . ... ... ... ...
2 Related Work
2.1 Network Routing . . . . . . . . . . .
2.2 Flow Control . . . . . . . . .
2.3 Load Balancing . . . . . . . ...
2.4 Braess Paradox . . . . ... ..
3 A Paradox in Flow Control of M/M/m queues
3.1 Imtroduction . . . . . . . ..
3.2 The Model and Problem Formulation . . . . .. .. .. ... ... .....
3.3 ACaseofaParadox . ... ... ... .. ...
3.31 TheResults . . . .. .. .
3.3.2 Discussion of the Results . . . . . .. ... ... ... ... ...,

X

11
11
16
20
23



X CONTENTS

3.4 Conclusion . . . . . . . 41

4 Braess Paradox in Dynamic Routing for the Cohen-Kelly Network 45

4.1 Introduction . . . . . . . .. L 45
4.2 The Model and Assumptions . . . . . . . .. ... .. ... 47
4.2.1 Initial Network . . . . . . . . . . . 48
4.2.2 Augmented Network . . . . . . . . ... 49
4.3 Simulation Experiments . . . . . . ... .00 oo 53
4.3.1 The Method . . . . . . . .. ... 53
4.3.2 TheResults . . . .. .. . Y
4.4 Conclusion . . . . . . .. L 62

5 Case Study of Pareto Set, Fairness, and Nash Equilibrium in Load Bal-

ancing 63
5.1 Introduction . . . . . . . ... 63
5.2 The Model and Assumptions . . . . . . . . . . . ... 65
5.2.1 Pareto set and weighted-sum optimization . . . . . .. ... .. .. 66
5.2.2  General Fairness Objective . . . . . . . . ... ... .. ... .. .. 67
5.2.3 Nash proportionate fairness . . . . . .. ... ... ... . ... 68
5.3 Numerical Results. . . . . . .. .. ... 69

5.3.1 A case where weighted-sum objective does not cover all the Pareto

5.3.2 A case where the Nash equilibrium is not Pareto optimal . . . . . . 74

5.3.3 A case where only one Pareto optimum point achieves the fairness

objectives (5.7) with various valuesof . . . . . .. ... 83
5.3.4 A case where only one Pareto optimum point exists . . . . . . . .. 83
54 Concluding Remarks . . . . . . .. .. .o 83

6 Conclusion 87



CONTENTS xi

A Existence and Uniqueness of Solutions in Flow Control Problems of

M/M/m queues 113

List of Publications and Presentations 119






List of Tables

3.1

4.1
4.2
4.3
4.4

Power of each player and degree of paradox in the noncooperative opti-

mization scheme, for N = R = 11 and various values of K. . . . . . . . ..

State-transitions for T} from @ = (x¢, z1, x3,24) to another state. . . . . .
State-transitions for T{! from @’ = (g, 1, ), 23, 74) to another state (1).
State-transitions for T/ from =’ = (z¢, x1, 2}, T3, 14) to another state (2).

State-transitions for T3 from x = (g, 71, x3,74) to another state. . . . . .

xlil






List of Figures

1.1

2.1

3.1
3.2
3.3
3.4
3.5

3.6
3.7

3.8

Pareto border and feasible region in a two-user network control problem

where Uj; is the utility of user 4. . . . . . . . . . . ... ... ... ... 5

The Braess networks: Left: Before adding link (1,2). Right: After adding

link (1,2). . . . o o o 25
A system consisting of K separated M/M/N queues (S7).. . . . . . . ... 33
An M/M/(NxK) queue (Sy). . - v v v v v v i i e 34
Noncooperative optimization scheme . . . . . . . . .. ... ... ..... 37
Overall optimization scheme . . . . . . . . . ... ... ... ... ..... 37

Powers of each player in the noncooperative (p) and overall optimization
(p) schemes as functions of the number K of subsystems grouped together,
for N=R=1. . . . . . 39
Degree of inefficiency of the Nash equilibrium (p/p), for N=R=1. . . . . 39
[Effect of the number of servers on the mean response time of
M /M /n]: The graph shows how 1/T (T is the mean response time given by

(3.1)) increases as the number of servers increases with the traffic intensity

p at each server remaining the same. . . . . . .. . ... 0000 40

Degree of paradox 9 in noncooperative flow control for various combinations

of N and R in the case where K =16. . . . . . . . . . . . . . . . .. ... 42

XV



xXvi

3.9

4.1

4.2

4.3

4.4

4.5

5.1

5.2

5.3

5.4

LIST OF FIGURES

Degree of paradox ¢ in noncooperative flow control for various combinations

of N and R in the case where K =512. . . . . . . . . . . . . . . ... ... 42

Initial Network: The network has two paths (0-1-2-5 and 0-3-4-5). . . . . . 48

Augmented Network: The network has three paths (0-1-2-5, 0-3-4-5 and
0-1-4-5). . . o 51

Mean transit time of jobs routed through each path in the initial and
augmented networks with dynamic routing for each value of arrival rate A

(= pg=05.0,and po =3 =0.5). . . . .. 58

Overall mean transit time of jobs routed through all paths in the initial and
augmented networks with dynamic routing for each value of arrival rate A

(,u1 Mg = 2. 5 and Mo = U3 = 05) ....................... 60

Mean transit time of jobs routed through each path in the initial and
augmented networks with dynamic routing for each value of arrival rate A

(i =pg=25,and po =3 =0.5). . . . . .. 61

Load balancing in a distributed system consisting of two servers . . . . . . 65

Combinations of response times, respectively, T} and T5, of users 1 and 2
that achieve all solutions and Nash equilibrium (Nash proportionate fair-

ness). The values of system parameters are ¢; = 2.1, u3 = 3, ¢ =

2.7, o =37, and t = 0.001. . . . .. 70

Combinations of response times, respectively, 77 and Ts, of users 1 and
2 that achieve all solutions and minimization of weighted sums of costs.
The values of system parameters are ¢ = 2.1, pu3 = 3, ¢o = 2.7, ps =
3.7, and t =0.001. . . . . ... 71

Combinations of response times, respectively, T7 and T5, of users 1 and 2
that achieve all solutions and Fairness Objective (5.7). The values of system

parameters are ¢1 = 2.1, pu; =3, ¢ = 2.7, uo = 3.7, and t =0.001. . .. 72



LIST OF FIGURES

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

Combinations of response times, respectively, 77 and 75, of users 1 and 2
that achieve all solutions and Fairness Objective (5.5). The values of system
parameters are ¢y = 2.1, uy =3, ¢ = 2.7, uy = 3.7, and ¢t = 0.001.
Combinations of response times, respectively, 77 and 75, of users 1 and 2
that achieve all solutions and Nash equilibrium (Nash proportionate fair-
ness). The values of system parameters are ¢; = 0.9, pu; = 1.5, ¢y =
0.8, o =2, and t=0.35. . . . . . . ...
Combinations of response times, respectively, T} and T5, of users 1 and
2 that achieve all solutions and minimization of weighted sums of costs.
The values of system parameters are ¢; = 0.9, uy = 1.5, ¢o = 0.8, o =
2, and t=0.35. . . . L
Combinations of response times, respectively, T; and 75, of users 1 and
2 that achieve all solutions and Fairness Objective (5.7). The values of
system parameters are ¢, = 0.9, uy = 1.5, ¢o = 0.8, pus =2, and ¢t = 0.35.
Combinations of response times, respectively, 77 and 75, of users 1 and
2 that achieve all solutions and Fairness Objective (5.5). The values of
system parameters are ¢, = 0.9, u; = 1.5, ¢o = 0.8, pus =2, and ¢t = 0.35.
Combinations of response times, respectively, 77 and 75, of users 1 and 2
that achieve all solutions and Nash equilibrium (Nash proportionate fair-
ness). The values of system parameters are ¢; = 0.7, pu; = 1.0, ¢y =
0.9, po =12, andt=3. . .. . ...
Combinations of response times, respectively, 77 and 75, of users 1 and
2 that achieve all solutions and minimization of weighted sums of costs.
The values of system parameters are ¢; = 0.7, py = 1.0, ¢o = 0.9, o =
1.2, and t=3. . . . . .
Combinations of response times, respectively, 77 and T5, of users 1 and
2 that achieve all solutions and Fairness Objective (5.7). The values of

system parameters are ¢; = 0.7, uy = 1.0, ¢2 =0.9, puo = 1.2, and t = 3.

Xvil

73

7

78

81



xviii LIST OF FIGURES

5.13 Combinations of response times, respectively, 77 and 715, of users 1 and
2 that achieve all solutions and Fairness Objective (5.5). The values of
system parameters are ¢, = 0.7, u; = 1.0, ¢o =0.9, pus = 1.2, and t = 3. 82
5.14 Combinations of response times, respectively, T and T3, of users 1 and 2
that acheive all solution and only one Pareto optimum. The parameter

values are ¢1 = 0.5, 3 =0.7, ¢ =04, o =0.7, and t =20. . ... ... 84



Chapter 1

Introduction

1.1 Background

For a number of years, the computer and communication network environments around
us have been changing dramatically. Personal computers and communication equipments
have been improving their cost-performance, and they have been downsized. Although
such rapid growth and development of the networks are great satisfactions to us, they
yield a need for next-generation network control technologies.

Consider a wide-scale network system such as the Internet or Grid. The network sys-
tem consists of enormous numbers of network components (e.g., computers, routers and
communication media) and of users each of who requires various kinds of services for the
network system. Each individual user may have different requests to the network. Con-
sequently, there exist various kinds of packet flows (e.g., voice, video and data) required
by the independent users in the network. The users also require a satisfactory level of
the network performance and the cost (e.g., the communication delay and the network
pricing). Owing to the diversified needs of users, the service providers (network adminis-
trators or agents) often face with difficulty in guaranteeing Quality of Service (QoS) for
all the users.

In this situation, we can consider the following two network control schemes: In the
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first one, there exist an infinitely large number of users in the network where each user
belongs to a group of providers. Each provider optimizes unilaterally its own performance
objective without cooperation with the other providers. It is called the noncooperative
optimization scheme. If the number of providers is finite, then the corresponding equi-
librium is referred to as a Nash equilibrium [165]. If infinitely large number of users
optimize unilaterlly their own performance objective, then the corresponding equilibrium

is referred to as a Wardrop equilibrium [202].

The other is that a single provider on behalf of the entire users optimizes a performance
objective in order to satisfy all the users. It is called the cooperative optimization scheme.
In this scheme, satisfying (Pareto) efficiency of network performance may be compara-
tively easier than in the noncooperative optimization scheme. The solutions which we
can regard as efficient, however, are not unique in the cooperative optimization scheme,
and we cannot find any absolute preference among these solutions. Consequently, it is
difficult to provide satisfactory performance for all users. In this thesis, we consider a

fairness concept [41, 59, 153] as a kind of criteria deciding the preference.

The rest of this chapter is organized as follows: In Sections 1.2 and 1.3, we briefly
describe the noncooperative and cooperative optimization schemes, respectively. In Sec-
tion 1.4, we introduce our problems and in Section 1.5, we show the organization of the

remaining chapters in this thesis.

1.2 Noncooperative Optimization

As described in the previous section, in the noncooperative optimization scheme, multiple
providers strive to optimize their own performance unilaterlly. This scheme has been
developed in the noncooperative game theory [18, 57|, and has been applied to various
kinds of problems in many fields, such as management sciences, communication networks,

and transportation systems.
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Nash Equilibrium: Considering a network shared by a finite number of groups each
of which has a single provider (i.e., decision maker). Each provider optimizes unilaterally
its own performance objective, that is, there is no coordination among providers. In this
situation, if no provider can improve its own performance by changing its strategy, then

the achieved equilibrium is called a Nash equilibrium [165].

A feature of a Nash equilibrium is that there exist several helpful mathematical prop-
erties found by many researchers. Especially, if the strategy space is convex and compact,
and the utility functions are semi-continuous, then a Nash equilibrium exists (see, e.g.,
[57]). Rosen also [177] showed some conditions for existence, uniqueness, and stability of

Nash equilibria in convex problems.

Nash equilibria are, however, not always Pareto optimal. A famous example is the
prisoner’s dilemma, that is, making decision without coalition among providers sometimes

leads to the worst result.

Wardrop Equilibrium: Consider a case where a network is shared by an infinitely large
number of users and where each individual user optimizes unilaterally its own performance
objective. In this situation, it is assumed that the behavior of each individual user has
little impact on the entire system since the effect of the decision of each user is negligibly
small. Wardrop [202] first studied this situation on a routing problem in a transportation

network, and therefore the achieved equilibrium is called a Wardrop equilibrium.

The definition of the Wardrop equilibrium is different from that of the Nash equilib-
rium. The Wardrop and Nash equilibria, however, have the following relation: A behavior
in the Nash equilibrium approaches to a behavior in the Wardrop Equilibrium when the
number of users is infinitely large. Haurie and Marcotte [72] observed this relation in
state-independent noncooperative optimization problems on two transportation networks
that had finite number and infinitely large number of users. Wie and Tobin [204] also

showed this relation in a dynamic traffic assignment problem.
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1.3 Cooperative Optimization

In this section, we describe Pareto optimality and fairness. Both Pareto optimality and

fairness are important concepts of efficiency for the network and for users, respectively.

1.3.1 Pareto Optimality

In a network shared by multiple users, a state of the network determines performance
(i.e., the utilities or the costs) of the users. Then, we need to determine whether the
performance of the users in a state is absolutely superior to that given by any other state
or not. We may explain the absolute superiority by using two concepts called Pareto-
inefficiency and Pareto-optimality, which have been introduced by Vilfredo Pareto [170].

Consider a network shared by n users. Let U; denote the utility of user i where U;
should be maximized. Then, the definition of Pareto-inefficient is as follows: A utility
vector U = (Uy, ..., U,) is called Pareto-inefficient if there exists a utility vector U’ such
that U; < U] for all i = 1,2,...,n, and U; < U} for some j, j = 1,2,...,n. If a utility
vector is Pareto-inefficient, then it is possible to improve the performance for some users
without the degrading performance for any other user.

Also, the definition of Pareto-optimal is as follows: A utility vector U is called Pareto-
optimal if there exists no utility vector U’ that satisfies U; < U/ for all i = 1,2,...,n,
and U; < U]’~ for some 7, 7 =1,2,...,n. In other words, a utility vector is Pareto-optimal
if it is not Pareto-inefficient.

We next define strong Pareto superiority and strong Pareto-inefficiency. Consider two
utility vectors U and U’. If a utility vector U’ satisfies U; < U/ for all i = 1,2,...,n, a
utility vector U is strongly Pareto-inefficient, and a utility vector U’ is strongly Pareto-
superior to U.

In general, there can exist an innumerably large number of Pareto optima in a network
control problem. For example, let us consider a two-user network control problem where

the objective is to maximize the utilities of both users simultaneously. Then, the Pareto
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Uz

Pareto optimum

Feasible Region

Ui

Figure 1.1: Pareto border and feasible region in a two-user network control problem where

U; is the utility of user 7.

optima cover the upper right part of the feasible region in this problem (see Figure 1.1).

1.3.2 Fairness

From the viewpoint of users, fair use of the network is important. Defining fairness is,
however, not simple. In fact, fairness is inherently subjective, and depends heavily on the
network and on the traffics of users that should be optimized. In [59], the fairness scheme
in computer and communication networks is classified into the following three classes: fair
resource utilization, equal performance, and balanced interference among user. Jain [81]
also suggested a fairness index.

Here, we must note that usually achieving simultaneously both fairness and effective
use of resources in the network is difficult since maximizing the performance in the whole

network is often incompatible with achieving fairness for all users'. We therefore need to

!Tang et al. [193], however, found a counter-example, that is, a fairer strategy is always more efficient.
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find a tradeoff between the fairness and the network performance.
There exist various types of fairness concepts that have been already proposed. In
this section, therefore, we introduce some fairness objectives. Note that these fairness

objectives are Pareto optimal.

Max-Min Fairness: Maz-min fairness [21, 68, 79, 82, 152, 154, 158, 176] is one of the
most common concepts of fairness. The basic idea of the Max-min fairness is to optimize
the performance for the user whose performance is the worst (see e.g., [21]). In other
words, the Max-min fairness makes performance for all users as equal as possible.

Note that the fairest utility vectors in the concept of fairness by Bonald and Massoulie
[22] corresponds to a max-min fair point. Note also that a max-min fair point always
satisfies Pareto optimality. It is known that there exists a unique max-min fair point if

the numbers of users and of network resources shared by users are finite [154].

Proportional Fairness: Although a max-min fair point satisfies Pareto optimality,
it may sometimes utilize resources in a network inefficiently for all users. In fact, this
question was discussed in the literature (e.g., [22, 97, 154, 176, 189]). For example, in
[97] the max-min fairness does not make efficient use of the resources in a network since
it provides users whose performances are comparatively worse with better performances.

Kelly et al. [97, 98] then proposed an alternative concept, called proportional fairness.
Let U denote the utility vector in a feasible state. If U is the proportionally fair point,

then for the utility vector U" in any other feasible state, we have

Ur —-U;
i Tt <) 1.1
>~ =0 (1.1)

i
where U; and U} are i-th elements of U and U™, respectively.

In [97], it has been shown that the logarithm of utility function is intimately associated
with the concept of proportional fairness. In other words, the maximization of the sum of

logarithms of utilities for the users leads to the proportionally fair point. It is well-known
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that the proportionally fair point corresponds to a kind of Nash bargaining solutions [164]
(see Remark 2.3 in [206]).

Generalized Fairness Objective: Recently, in the context of congestion control, Mo
and Walrand [162] proposed a general and simple uniform description (parameterized by
a) of a wide family of fairness objectives, including in particular, the proportional fairness
and the max-min fairness. In their article, it is called a-proportional fairness. Touati et
al. [196, 197, 198] further generalized the fairness objective by taking into account the
utilities for the users. Some applications to this fairness objective appear in, for example,
La and Anantharam [128, 130] in window-based congestion control, and Fang and Bensaou

[52] in wireless ad-hoc networks.

1.4 Owur Problems

In this thesis, we focuses on the various types of optimal control problems of computer
and communication networks where multiple users share the network noncooperatively or

cooperatively. Especially, we deal with the following three problems:
1) A paradox in optimal flow control of M/M/m queues [75, 78].
2) Braess paradox in optimal routing for the Cohen-Kelly network [77].

3) Case study of Pareto set, fairness, and Nash equilibrium in load balancing [76, 199,
200].

Note that 1) and 2) deal with noncooperative optimization, and 3) deals with cooperative
optimization.

First, optimal flow control problems of multiple-server (M/M/m) queueing systems
are studied. Flow control is a means to utilize limited system resources effectively and
to guarantee proper quality of service (QoS) in computer and communication networks.

Consider a network that is shared by multiple users. Due to enhanced flexibility of the
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decision making, intuitively, we expect that grouping together separated systems into one
system provides improved performance over the previously separated systems. In fact,
it has been shown analytically that grouping together separated systems improves the
average response time although the utilization factor of each server remains the same (see
[106]). This thesis, however, presents a result counter-intuitive against such an expec-
tation. We consider a noncooperative optimal flow control scheme of M/M/m queueing
systems where each of multiple players strives to optimize unilaterally its own power
where the power of a player is the quotient of the throughput divided by the mean re-
sponse time for the player. We show numerically a counter-intuitive case where the power
of every user degrades after grouping together K (> 1) separated M/M/N systems into a
single M/M/(K x N) system in noncooperative optimal flow control scheme. Especially,
we show that grouping together the systems decreases the power of every user about 10%
in the worst case. On the other hand, we see the opposite behavior (that is, it agrees to
our natural intuition) in the overall flow control scheme. Also, in this thesis, we prove
the existence and uniqueness of solutions to the overall and noncooperative optimal flow

control problems, and present an algorithm that computes the solutions.

Second, Braess paradox in dynamic routing for the Cohen-Kelly network is studied.
Cohen and Kelly [36] studied static routing in two queueing networks, called the initial
and augmented networks. The initial network has two paths, and the augmented network
has an additional path. In both networks, an individual user arriving at the network only
knows the expected transit time of each path in the network, and the user is routed by
using that information. Intuitively, we expect that adding capacity to a network improves
the performance of the users. In that situation, Cohen and Kelly [36], however, showed
that the opposite occurs, that is, they found a case where the augmented network gives
worse performance than the initial network. We refer to such a situation as a (Braess)
paradox. In this thesis, we consider the dynamic routing problems in the above mentioned
class of networks. Here, note that Calvert et al. [36] have already shown the existence of a

paradox in dynamic routing for the networks. We may, however, think that some of their
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results are improper. For example, their simulation study is not based exactly on their
analytical study, and they just compared between overall mean transit times of jobs in the
initial and augmented networks. We therefore pay attention to some confusions of their
study, and show that a paradox also occurs in dynamic routing of the above mentioned
class of networks analogous to what Cohen and Kelly showed.

Third, fair and Pareto optimal solutions to a load balancing problem are studied.
Load balancing among computers in a distributed system is a means of efficiently sharing
resources among users. An important objectives of a load balancing system is the Pareto
optimality. That is, there exist no other states where all users have better benefits si-
multaneously in a Pareto optimal situation. In general, there exist a number of Pareto
optima in a load balancing problem. Therefore, we may face to choosing an appropriate
preference among them. Fairness objective is a criterion for this requirement. Various
fairness objectives have been already proposed, for example, max-min fairness [21], pro-
portional fairness [97]. Furthermore these objectives have been generalized by Mo and
Walrand [162]. In this thesis, we also consider a Nash equilibrium based Pareto optimum,
called Nash-proportionate-fairness. We examine an already discussed general parameter-
ized fairness objective that covers a variety of fairness criteria. We study them mainly
numerically on a simple static load balancing model with two identical servers (computers)
each of which has an independent arrival process and its own queue. Through numerical

results, several intuitive results are shown.

1.5 Organization of the Thesis

This thesis is organized as follows: In Chapter 2, we describe the previous and current
work on network routing, flow control, load balancing and Braess paradox. In Chapter
3, we present a paradox in optimal flow control of M/M/m queues. In Chapter 4, we
consider a dynamic routing problem in the Cohen-Kelly network, and show a paradox. In

Chapter 5, we consider load balancing in a distributed computer system, and characterize
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the Pareto set, the Pareto solution based on Nash equilibrium and the fairness objective.
In Chapter 6, we conclude this thesis. In Appendix A, we show the existence and the
uniqueness of solutions to the optimization problems, and present algorithms that obtain

the solutions.



Chapter 2

Related Work

In this chapter, we present a survey of control problems in some communication networks
and distributed computer systems, that is, network routing, flow control, and load bal-
ancing, which are intimately relevant to our work. We further describe a counter-intuitive
phenomenon observed in network control for some classes of networks, called the Braess
paradox, and introduce some network examples where the Braess paradoxes occur. Some

related surveys are given, for example, in [7, 12, 60, 91, 95, 96, 109, 111].

2.1 Network Routing

Network routing is deciding paths and the amount of traffic lows for users in a network
in order to maximize the performance for the users or the network. In fact, routing
is regarded as a special case of resource sharing [140]. Methods and technologies of
routing are developed in transportation sciences as well as in computer and communication
engineering. In this section, we describe a survey of network routing.

When we consider a network routing problem, the goal is to optimize one or several
objectives. The objectives that we can think of are, for example, average delays, commu-
nication costs, and network prices. If the capacities of network resources are finite, then

we also must consider the loss probabilities of network traffic.

11
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Lee and Cohen [134] dealt with a set of parallel M/M/m queues where users could
adjust the amount of flow in each queue. They considered both the mean queue length
and the delay of each user as performance criteria, and showed that there exists at most
one Nash equilibrium. Economides and Silvester [46] found the existence and uniqueness
of the Nash equilibrium in routing among two parallel exponential servers with two users
where the average delay and blocking probability are used as performance criteria.

Orda et al. [166] dealt with routing in a communication network shared by multiple
users each of who had a flow of demand. Each user distributed its own flow to each link
in order to minimize a sum of the cost functions of links. They first considered a network
with parallel links, and they showed the uniqueness of a Nash equilibrium under some
assumptions on the cost functions, and showed the convergence to a Nash equilibrium
in the simple model that consisted of two users and two links. They further studied a
network of general topology that consisted of a finite set of nodes and a set of direct links
between two nodes. They showed that Nash equilibrium in this network was unique if the

network model satisfied diagonal strict convexity [177].

With both network models studied by [166], La and Anantharam [125, 129] studied
repeated games, and showed some additional properties. They further considered more
general networks where the networks have a single source-destination pair [125]. That
is, every user has the same source and destination nodes. It is shown that there exists a
Nash equilibrium that corresponds to the minimization of the overall cost of the network.

Libman and Orda [140, 141] also studied noncooperative routing in parallel links as
studied in [166]. They claimed, however, that splitting the flow of each user was often
impractical, and considered noncooperative networks with atomic resource sharing in
which each demand cannot be split among two or many resources. They showed the
convergence of a Nash equilibrium in the case where the costs of the network were given
by the remainder of the link capacities [141].

Altman et al. [3] considered network routing in which a number of users share two

parallel links with linear holding costs. They obtained the properties of the convergence to
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the unique Nash equilibria under two dynamic routing schemes: round-robin and random
polling schemes. Liu and Simaan [147, 148] also studied two node parallel links shared by
competitive multiple users. They applied a game theoretic approach, called Non-inferior

Nash strategy [146] to their model.

Korilis et al. [114] studied a Stackelberg equilibrium in routing for the parallel link
model of [166]. More specifically, an agent (leader) wishes to optimize the overall network
performance. The agent, however, also understands that the users (followers) behave
noncooperatively to him. More specifically, the agent needs to predict the behaviors of
the users. This situation is called leader-follower problem [7, 190], and its solution is a
Stackelberg equilibrium. They [114] derived a necessary and sufficient condition of the
existence of a maximally efficient strategy in the Stackelberg routing policy. Roughgarden
[181] also studied Stackelberg equilibrium routing in a class of networks. They [115] also
studied optimal capacity allocation under noncooperative routing. They considered a
situation where a network designer endeavored to allocate link capacities in the network
in order to make a Nash equilibrium efficient (i.e., Pareto optimal), and showed that the
performance degradation did not occur in noncooperative routing of their network when

adding the capacity to the network. It is a similar behavior to that of cooperative routing.

Korilis et al. [118] studied pricing in a noncooperative network using routing in the
model of [166]. Indeed, in the last few decades, pricing have attracted much attention
in computer and communication networks (see e.g., [29, 30]). In their study, the cost
function for a user is the sum of the average delay of the user and the monetary cost
of the user required by using network links. Considering pricing in parallel links, they
introduced link weights referred to as discount factors. The agent seeks a set of discount
factors such that a Nash equilibrium coincides with a Pareto optimal solution, which
is called incentive compatible. Assuming that the monetary cost of any network link is
proportional to the average delay of the link, they showed that the agent can always
determine the discount factors. Korilis and Orda [117] considered pricing in routing for a

class of general topology networks with multiple users where their cost function is based
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on the delay of a generalized processor sharing system [58, 168, 169]. They showed the
existence of incentive compatible price functions in this network. Park et al. [171] studied
a QoS provision queueing system model where m service classes and n users. In fact, their
formulation is very close to that in [166] although the utility of each user takes the value
of either 0 or 1 (that is, if the system satisfies the requirement of user 4, then the utility
is 1, otherwise it is 0).

Altman et al. [4] studied a class of general topology networks with multiple users.
In their study, they showed that when the costs of the links are polynomial, there exists
a unique Nash equilibrium. Furthermore, they showed some explicit results when the
costs of the links were affine. Boulogne et al. [24] studied mixed equilibrium [71], that
is, mixing of Nash and Wardrop equilibria in multiclass routing games. They showed
the existence and uniqueness of an equilibrium under several assumptions. Azouzi and
Altman [17] studied a coupled Nash equilibrium [177] in optimal routing for the same class
of networks as [4]. They showed that there exists an equilibrium under some assumptions
on the cost functions. Boulogne and Altman [23] studied competitive routing in multicast
communications where multicast communication is a process to send the same message
from a source node to an arbitrary number of destination nodes. They dealt with two
specific networks: three-node and four-node networks, and discussed the uniqueness of
Nash equilibria and their convergence in these networks.

Altman and Kameda [9] dealt with static routing in open BCMP queueing systems
[19] with multiple users. They showed some properties of the existence and uniqueness of
overall, Wardrop and Nash equilibria. Kameda et al. [90] studied overall and individual
routing for networks of general topology with multiple users and general costs of links.
They showed that there exist a link-traffic loop-free property® in these problems.

Some significant results in routing of loss networks are described in [95]. In this study,
the goal is to minimize the average blocking probability of each link in a network. Altman

et al. [2] studied noncooperative routing in loss networks with multiple users. They

'Loop-free property is that there is no link-traffic loop within each user.
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considered a network consisting of J parallel links, and adopted two concepts of solutions:
Nash and Wardrop equilibria. They showed the existence of a Wardrop equilibrium using
a result by Patriksson [172] although it is not unique. They also showed that there exists
a unique Nash equilibrium if the network has some properties. Mitra and Gibbens [160],
and Chung et al. [184] considered state-dependent routing in symmetric loss networks.

Altman [1] considered dynamic routing for queueing systems in a non-zero game theo-
retic framework. Altman et al. [6] studies a Markov decision process (MDP) [173] model
of dynamic routing in M parallel servers.

Roughgarden and Tardos [178, 180, 182] studied a general topological network with
general link costs. They used the price of anarchy (or coordination ratio) [119, 167], which
is the ratio between the worst-case Nash equilibrium and the overall optimal solution.
They concentrated on selfish behaviors of users, and proved that if the cost function of
each link is linear, then the total cost by selfish routing (Nash equilibrium) is at most
4/3 times as the total cost by overall routing. They also proved that if the cost function
of each link is continuous and nondecreasing in the flow, then the total cost by selfish
routing is at most twice as large as the total cost by overall routing. Further studies in
selfish routing can be found, for example, in [37, 53, 54, 157, 183].

A recent trend in routing applications is noncooperative routing in overlay networks
[13, 186]. In an overlay network, end hosts choose their routes individually. Hence, the
behaviors of users can be expressed by using concepts of noncooperative games. In fact,
some publications related to overlay networks appear [33, 83, 149, 174].

Chun et al. [33] applied an approach of the noncooperative game to their network
where their work was inspired by [51]. Liu et al. [149] studied the interaction between
overlay routing and Traffic Engineering (TE). They formulated it as a two-player nonco-
operative non-zero sum game where the goal of the overlay network is to minimize the
average delay, and the goal of the TE is to minimize the network cost. They showed
that a noncooperative behavior of the hosts in the overlay network causes increase of the

cost. Furthermore, Jiang et al. [83] considered the interaction of multiple overlay routing.
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They proposed a new concept, called overlay optimal routing and formulated their model
as a noncooperative optimization problem. They showed that there always exists a Nash

equilibrium, and the equilibrium is not Pareto optimal.

2.2 Flow Control

Flow control is one of the most important technologies in communication networks to use
the limited resources efficiently. In fact, flow control adjusts the input traffic flow (i.e.,
the instantaneous throughput of the network) in order to avoid the waste of resources
in the network and to prevent the performance degradation by traffic congestion. The
term congestion? is used commonly in the sense of a phenomenon, that is, a heavy traffic
in the network leads to the higher delay and the lower throughput for all users. This
phenomenon is similar to a traffic jam in a highway network.

Here, we must note that flow control is not a direct approach decreasing the delay
for users of a network. More specifically, decreasing the delay of the network causes de-
creasing the throughput of the network, and vice versa. A primal advantage achieved
by flow control is prevention of a disastrous congestion in the network that would cause
inconvenience to many users. If a user wishes to decrease the network delay without de-
creasing the throughput, he will just increase the communication resources of the network,
or improve the routing algorithm.

Thus, an important problem involved in flow control is how to determine a trade-off
between the average delay and throughput of the network. In studies of computer and
communication networks, several performance measures satisfying the above requirement
have been considered. Lazar [132] has used the maximization of the average throughput
subject to a bound on the average delay as a performance requirement for flow control.
Giessler et al. [62] have introduced the notion of power, which is defined as the quotient

of the average throughput over the average delay. Kleinrock [108], Kumar and Jaffe [120],

2Indeed, in some articles, congestion control is used interchangeably with flow control.
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and Selga [187] later generalized the power as follows: Denote the average delay and the
average throughput of the network by 7" and A, respectively. Then the power P of the
network is given as

p="2 (2.1)

where 5 > 0 is the trade-off parameter (i.e., The definition of Giessler et al. [62] is the
case where 3 = 1). Fortunately, in the concavity of power is shown in some queueing
system models (for example, see [75, 78, 109]). Kolias and Kleinrock [110] applied the
power to ATM switching systems.

Jaffe [80] first studied flow control of an M/M/1 queue that has multiple users. He
gave a class of decentralized (i.e., each user strives to optimize its own performance mea-
sure) flow control algorithms, and found that a solution obtained by the algorithms were
inefficient even in an optimization problem with any considerable performance objective.
Kumar and Jaffe [120] also dealt with the same problem as [80]. In their study, three
types of powers are considered and compared. After their study, Douligeris and Mazum-
dar [43] studied a Nash equilibrium in noncooperative flow control of an M/M/1 queue
with multiple users. They further studied a Stackelberg equilibrium in a two user case.
They showed that increasing the number of users caused the degradation of the overall
throughput of the queue. Shenker [188] also considered Nash equilibria in another class of
flow control problems of M/M/1 queues, and discussed their Pareto inefficiency. Pareto
optimal (efficient) flow control in a telecommunication network with multiple users was
studied by Douligeris and Mazumdar [42], and Kumar et al. [121]. Douligeris and Mazum-
dar [42] showed a necessary and sufficient condition for a solution in flow control for the
same model as [43] to be Pareto optimal. They further suggested several algorithms that
achieved a Pareto optimal solution, and they compared the behaviors of the convergences.
Kumar et al. [121] proposed another iterative algorithm.

Zhang and Douligeris [209] proposed the synchronous and asynchronous greedy algo-
rithms in order to obtain a Nash equilibrium in flow control for the same model as [43].

The synchronous greedy algorithms were based on the Gauss-Seidel method, and the con-
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vergence of a decentralized synchronous greedy flow control algorithm was shown. Also,
in the asynchronous greedy algorithm based on the Jacobi method, they showed a neces-
sary and sufficient condition for the convergence of the algorithm. As a note on study of
Zhang and Douligeris [209], Ching [31] studied the convergence of the asynchronous algo-
rithm with relaxation, and suggested some relaxation parameters such that the algorithm

converges fast.

Another algorithmic studies in optimal flow control were studied by Gibbens and
Kelly [61] Kar et al. [94], Kunniyur and Srikant [122, 123, 124], La and Anantharam
[127, 128, 129], Liu et al. [145], Low and Lapsley [150], and Wang et al [201]. Their
model is close to the model by Kelly et al. [97, 98] where the objective is to maximize
an aggregation of utilities for users. They presented algorithms to achieve overall optimal
solutions, and proved their convergence and stability. Furthermore, Athuraliya and Low
[15] developed a practical implementation of their algorithms. Low [151] also studied flow
control algorithms in several transmission control protocols. La and Anantharam [129]

extended the algorithm introduced in [162].

Lazar [131, 132] studied dynamic flow control of M/M/1 queues, where the meaning
of “dynamic” is that the decisions for users depend on the state of the network that
the users see. He formulated a throughput maximization problem subject to a delay
constraint. He showed that the problem was transformed to a linear programming one,
and analytically derived an optimal dynamic flow control decision. Furthermore, he [133]
expanded the problem of M/M/m queues. Hsiao and Lazar [73], and Korilis and Lazar
[112] studied more general model. Hsiao and Lazar [73] obtained a threshold equilibrium
for the network by the product form solution of the queue network. The existence of an
equilibrium was shown in [112]. Korilis and Lazar [112] studied the existence of Nash
Equilibria of the flow control model introduced in [73] for a general product-form network
where the monotonicity assumptions of that reference did not necessary hold. Douligeris
[40] considered multi-objective flow control in the model as [131, 132]. He formulated

the model as a weighted-sum optimization problem, and showed some numerical results.
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Libman and Orda [142] studied sliding-window strategies in a noncooperative flow control
problem. Their goal is to minimize the expected cost/throughput ratio, and they proposed
an algorithm for calculating optimal solution. Another dynamic flow control is studied

by Imer and Bager [74].

Combined flow control and routing problems in a network of parallel links with mul-
tiple users have been studied by Haurie and Marcotte [72], La and Anantharam [126],
Patriksson [172], Rhee and Konstantopoulos [175], Altman et al. [5], and Wang et al.
[201]. They assumed that each link in the network was an M/M/1 queue with a deter-
mined capacity. In particular, Altman et al. [5] showed an asymptotic behavior in the
case where the number of users was close to infinity. Dynamic flow control combined with
network routing is considered in Wie [203]. In his work, a simple traffic network model
is formulated as a noncooperative N-person game, and a dynamic mixed equilibrium is
computed. Sahin and Simman [185] especially brought up a two-node parallel link net-
work where their objective is to maximize a class of the values given by the throughputs

minus the delays.

Fair flow control is also significant problem to guarantee QoS. In general, maximizing
the total system performance is often incompatible with guaranteeing fairness [41]. Hence,
a trade-off between fairness and the total system performance is also required. Mazumdar
et al. [159] studied a fair flow control problem of a Jackson network model of M/M/1
queues with multiple users. They applied a cooperative game theoretical framework to
the models and derive Nash bargaining solutions (it is referred to as the Nash arbitrated
scheme in [159]). They showed that maximizing the product of the powers for all users
gave a unique Nash bargaining solution. They also showed that maximizing the product
of the average throughputs subject to bounds on the average delays for all users gave
a unique Nash bargaining solution. Wong and deMarca [205] described fairness in win-
dow flow control in a network where a new performance measure was proposed. Chang
[28] investigated the interrelationships of there conflicting performance criteria, delay,

throughput and fairness in routing and flow control problems for a number of networks.
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2.3 Load Balancing

A distributed computer system is a set of computers connected by a communication
network. Load balancing is a technique to improve performance of a distributed computer
system. It is to dispatch jobs for users among the resources (e.g., CPU, memory and
disks) among the users, and is to avoid that particular set of resources are overloaded.
Indeed, load balancing is similar to network routing (or resource sharing). A recent trend

application in load balancing is GRID computing (clustering) [55].

Tantawi and Towsley [195] dealt with overall optimal load balancing in a distributed
computer system with single class® job, where the system consists of heterogeneous host
computers connected by a single channel communication network. More specifically, each
node has a number of resources, and all nodes may have different configurations, that is,
different processing rates. An external job arrives at each node according to a Poisson
process. They formulated this distributed computer system as a class of product form
queueing network models, and considered an optimal static load balancing policy which
determines the optimal load at each node in order to minimize the average response time
in the whole system. They proposed an algorithm (called a single-point algorithm) that
determines the optimal load at each node for given system parameters. Kim and Kameda
[102] considered the model in Tantawi and Towsley [195], and proposed another single-
point algorithm. It is shown that the algorithm is simpler and its convergence is faster

than the algorithm of Tantawi and Towsley [195]

Tantawi and Towsley [194] also studied a distributed computer system that consists
of a set of heterogeneous host computers connected to a central host. They derived
the optimality condition in this problem, and show a load balancing algorithm to solve
the problem. Based on the their work, Kim and Kameda [102] proposed an improved
load balancing algorithm to obtain the solution to the problem in [194]. In Tantawi and

Towsley’s model [194], however, there is only one-way traffic from the external nodes to

3In this section, we refer to a user as a class.
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the central node in the sense that jobs can be forwarded for remote processing only from
the external nodes to the central node. As an extension of this work, Li and Kameda [138]
proposed an algorithm for optimal static load balancing in star network configurations
with two-way traffic.

In [136, 137], Li and Kameda proposed an algorithm for optimal static load balancing
in tree hierarchy network configurations. Kameda and Zhang [93] studied the uniqueness
of solutions in optimal static load balancing of open BCMP [19] queuing networks. They
obtained the linear relations that characterize the set of the optimal solutions.

The models presented above deal only with single job class environment. In [100,
101, 103], Kim and Kameda extended the single job class model by Tantawi and Towsley
[195] to multiple job class environment where their assumptions were almost the same
as Tantawi and Towsley, and they proposed an optimal static load balancing algorithm
for multiple job classes. As a generalization, Li and Kameda [139] proposed an optimal
static load balancing algorithm in a multi-class jobs distributed /parallel computer system
with general network configurations. In fact, we can express any configuration with this
models except for a single channel model [100, 101, 102, 103, 195]. Furthermore, Zeng and
Veeravalli [207] proposed a more efficient algorithm to obtain a solution to the problem

in [139], which was based on the Newton’s method.

Noncooperative static load balancing is studied in [10, 25, 89, 91]. In [91], Kameda
et al. studied Wardrop equilibria in static load balancing for single channel and star
networks. They analytically derived the effects of the system parameters on the behavior
of the system by overall optimum and Wardrop equilibrium. Altman et al. [10] focused
on load balancing in two-node distributed systems, and showed the uniqueness and exis-
tence of the Nash equilibrium. Boulogne et al. [25] studied load balancing problems in
distributed computing. They considered greedy algorithms, and showed the convergence
of a Nash equilibrium.

Kleinberg et al. [104, 105] introduced fairness in load balancing. They dealt with

homogeneous and heterogeneous load balancing and applied the Max-min fairness to
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these problems. Grosu and Chronopoulos [64, 65] studied noncooperative load balancing
in distributed systems. They dealt with a system consisting of n heterogeneous M/M/1
queues shared by m users. They compared the fairness indices [81] of proportional [32],
overall, noncooperative (Nash and Wardrop equilibria) schemes. Grosu et al. [66] studied
static cooperative load balancing in the same model as [64, 65]. They formulated it as
a Nash bargaining problem, and derived distributed load balancing algorithms to obtain
Nash equilibria and Nash bargaining solutions. They compared the fairness index of
cooperative with those of proportional, overall, noncooperative (Wardrop equilibrium)
and shortest expected delay schemes. Touati et al. [200] applied the fairness objective
proposed by Mo and Walrand [162] to a two-node load balancing system.

Dynamic (adaptive) load balancing is also an important problem in distributed com-
puter systems. FEager et al. [45] studied dynamic load balancing policies in parallel
M/M/1 queueing systems. They analytically derive the average queue lengths under
random, threshold, and shortest policies. Dynamic load balancing in parallel queueing
systems was studied by Down and Lewis [44]. They formulated his model as a Markov
decision process [173] to minimize the average total costs consisting of the holding cost
of jobs for each queue per unit time and the transfer cost of jobs. Zhou [210] studied
dynamic load balancing in homogeneous distributed systems. Zhou compared seven load
balancing algorithms with simulation. Kencl and Boudec [99] studied dynamic load bal-
ancing in a router model where different processors are dedicated to the data and to the

control plane. They presented a novel packet processing scheme.

Mitzenmacher [161] studied dynamic load balancing in parallel M/M/1 queueing sys-
tems where arriving jobs made use of old information on the loads of the servers when
it decided a route. In fact, if information on the loads of the servers is old, a system
may behave badly. He investigated dynamic load balancing system models where load
information was updated periodically or continuity. Dahlin [39] dealt with the same prob-
lem as [161]. He proposed load balancing algorithms that utilized old information on the

loads of the servers, and examined the algorithms in large-scale parallel queueing systems
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through simulation experiments.

Altman and Shimkin [11] considered dynamic load balancing in a system consisting
of a mainframe (MF) node and infinitely many personal computer (PC) nodes. The MF
node is a processor sharing queueing system, and each PC node is identical and has a fixed
service rate. In their model, each job sees the current system state, and noncooperatively
chooses between the MF node and a PC node. They showed an optimal threshold policy
corresponding to a Nash equilibrium. El-Zoghdy et al. [47] compared numerically static
and dynamic load balancing in the same model as [11] where they considered overall and

noncooperative (Nash equilibrium) situations.

2.4 Braess Paradox

The service providers (network administrators or agents) often face a necessity to im-
prove the network performance. In this situation, they may try to add server capacities
or network links in the network. Intuitively, we expect that the whole system performance
improves when the capacity of a part of the system increases. In noncooperative opti-
mization, however, it is well-known that the following phenomenon can occur: Increased
capacity of a part of the system may sometimes lead to the degradation in the benefits of
all users. Braess [26] first exhibited this paradozrical phenomenon, and Murchland [163],
Stewart [191], Frank [56], Taguchi [192], Dafermos and Nagurney [38], and Cohen [34]
evolved it. It is called the Braess paradoz, and it attracted the interest of many re-
searchers. A survey of the Braess paradox appears in [86], and many publications appear
on the Braess’s homepage (http://homepage.ruhr-uni-bochum.de/Dietrich.Braess/).
Braess [26] discovered a deterministic mathematical model of a congested network in
a Wardrop equilibrium. That is, when a link (path) is added in the network and each user
determines a path in order to minimize the mean response time unilaterally, the mean
response times for all users in the network are worse than before adding the link. Later on,

Frank [56], and Hagstrom and Abrams [67] gave mathematical properties of this model.
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We show an example of a network where the Braess paradox occurs: Consider two
networks as shown in Fig 2.1. Each network has one origin, four nodes, and one destina-
tion. The left hand side in Fig 2.1 has four links (1,2), (1,3), (2,4) and (3,4), and the
right hand side has a link (2, 3) in addition to the links that the former has. That is, the

former is before adding a link and the latter is after adding link.

We consider a routing problem in these networks where each individual user determines
the best path unilaterally. Each network has a fixed traffic flow rate A from the origin
to the destination. A traffic needs the time C;;(z) when it moves from node i to node
j where x is the traffic flow rate in link (¢,7). Now, we set Cia(x) = Csyu(z) = 10z,
Ci3(x) = Coy(x) = 504z, Coz(x) = 10+ 2 and A = 6. Then, the flow of each path in the
former is 3, and the total time of traffic in the former is 83. On the other hand, the flow
of each path in the latter is 2, and the total time of traffic in the latter is 92. Hence, it

shows that adding a link leads the performance degradation for all users.

Cohen and Kelly [36] reported the Braess paradox in a queueing network model based
on the model described in [26]. Their network consists of an entrance, four queues (two
First-Come-First-Served (FCFS) queues and two Infinite-Server (IS) queues), and an exit,
and they assume that arrival streams are according to a Poisson process. They mathe-
matically showed a Braess paradox in optimal static routing by individual users for the
network. Calvert et al. [27] found a paradox in dynamic (state-dependent) routing for
the same network as that studied by Cohen and Kelly [36]. In their study, individual
users know full information of all the instantaneous queue lengths of the network servers
and they can make use of that information in their dynamic routing. They analytically
derived the recursive equations that lead a dynamic routing decision, and showed that a

Braess paradox occurred in dynamic routing for the network analogous to what Cohen
and Kelly showed.

Cohen and Jeffries [35] reported examples of single-server queueing networks in which
adding servers or increasing the processing capacity of existing servers lead to degrading

the network performance. Bean et al. [20] found a paradox occurred even in a loss
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Figure 2.1: The Braess networks: Left: Before adding link (1,2). Right: After adding
link (1,2).

network. Arora and Sen [14] studied a Braess paradox in software multi-agent systems
where a genetic algorithm (GA) was used to evolve agent societies that are faced with
the Braess paradox. Masuda and Whang [155] considered a capacity expansion/reduction
problem for a network in individual routing. They further developed a mechanism to

avoid Braess paradoxes.

As described above, there are many studies about paradoxes in optimal routing by
Wardrop equilibria. Similarly to them, it had been expected that a paradox could also
occur in Nash equilibria. Indeed, a Nash equilibrium corresponds to a Wardrop equilib-
rium when the number of users is infinitely large [72]. Hence, we can also expect that
in a Nash equilibrium, a similar type of paradox occurs. In [87], this paradox is called
the Braess-like paradoz. Korilis et al. [113] found some examples wherein the Braess-like
paradox appears in a class optimum where all user classes are identical in the same topol-
ogy for which the original Braess-like paradox (for the individual optimum) was in fact
obtained. Furthermore, Korilis et al. [115, 116], and Altman et al. [8] derived a sufficient

condition for avoiding the paradox.

Kameda et al. [87, 88, 89, 92] found a paradox in load balancing for distributed
computer systems. In [89, 91, 208], they showed that increased capacity of a part of a

system might lead to the degradation of the overall performance measure in distributed
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computer system models in Wardrop and Nash equilibria. They called it the weaker
Braess-like paradox. Furthermore, Kameda et al. [89] noticed that in a Nash equilibrium,
mutual forwarding between two processing nodes (servers) occurred although that should
never occurred in the overall optimum and the Wardrop equilibrium in the same system
model. Finally, Kameda et al. [87] discovered some cases where a Braess-like paradox
appeared in the Nash equilibrium. They dealt with a distributed computer system model
consisting of two nodes and a communication network that connects both nodes each
of which has a single exponential server and a Poisson arrival stream. They considered
two types of communication networks: a single-channel communication network and a
network consisting of two-way communication lines, and showed that a paradox occurred
in the system with either type of the network in Nash equilibria. Furthermore, Kameda
et al. [88] investigated the model in [87] numerically, and show that a paradox appears
most strongly in the case where arrival and service rates of nodes are identical.

Later on, Kameda and Pourtallier [92] considered a system with homogeneous nodes
(i.e., both job arrival and server processing rates of each node are identical). Consider-
ing static load balancing for such a system, we intuitively may expect that no mutual
forwarding among nodes since it leads to the degradation of the system performance for
every user. They, however, showed that such paradoxical behavior occurred in a Nash
equilibrium. Also, they found that the performance degraded without bound in their
distributed computer system.

As described above, there are many publications about the Braess paradox. Unfortu-
nately, it seems that finding the existence of a paradox in a given network effectively is

impossible [178].

The Degree of Paradox: Other interest in Braess Paradox is to investigate, “How
system performance is degraded.” The degree of paradozes [47, 48, 49, 50, 86] is a measure
to show the degradation.

It is defined as follows: We consider a system shared by n users, and two states @ and
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' in the system. x is a state before adding a link or capacity, and x’ is a state after

adding. Let C;(x) and C;(z’) denote the costs of user i, i = 1,2,...,n at the system

states are x and @', respectively. Then,

k* =min{k;, i =1,2,...,n}, k; =

(2.2)

is called the degree of Paradox. If k* is greater than 1, then we see that a Braess paradox
occurs in the system.

Kameda [84] investigated a paradox in general networks that had been studied by
Cohen, Kelly and Jeffries [35, 36]. He considered to use the measure of cost degradation
as the ratio of the cost for each user of a network before adding capacity (a link) to
that after adding capacity. That is, performance degradation occurs in a network if the
measure is larger than 1. He showed a value of the measure was at most 2 for any general
Braess network. Furthermore, Roughgarden and Tardos [178, 179, 182] showed more
general results. They dealt with a direct network with N nodes including one source node
and one sink node. Then, they showed that the degree of a paradox was not over n/2 in
the network. In particular, the degree of a paradox is not over 4/3 when the cost functions
are linear. A stronger bound on Braess’s paradox is showed in [143]. Kameda [85] studied
the bounds on the degrees of coincident cost improvement and degradation of Wardrop
and Nash equilibria in Braess network and distributed computer system models.

El-Zoghdy et al. [47, 48, 49, 50| studied the impact of the worst-case degree of the
paradox (WCDP) on the values of system parameter through a number of numerical
studies in a distributed computer system. They showed that WCDP was the largest in
the case where the parameter values for each node were completely symmetric, and job
arrival rate approached the server processing rate. Lin et al. [144] studied the worst-case

severity of Braess’ paradox in multi-commodity networks.






Chapter 3

A Paradox in Flow Control of

M /M /m queues

3.1 Introduction

In computer and communication networks, flow control is one of the important means
to utilize limited system resources effectively and to guarantee proper Quality of Service
(QoS). Flow control adjusts the input flow (throughput) in order to provide good perfor-
mance. Considering an optimal flow control problem, one may face the trade-off between
the throughput and the response time. These two performance measures are mutually
contradictory, that is, if one improves the system throughput, then the system response
time degrades, and vice versa. Therefore, as the utility of each user (player), we use the
power that is the quotient of the throughput divided by the average response time for the
user (see, e.g., Giessler et al., [62], Kleinrock [107, 108]).

We consider a system where multiple users (players) share an M/M/m queue and where
the utility of a player is the power. We can think of two typical performance optimization
schemes: the noncooperative optimization scheme and the overall optimization scheme.

In the noncooperative optimization scheme, each player strives to optimize unilaterally

29
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its own power given the decisions by others. In the overall optimization scheme, a single
agent optimizes a single performance measure that is the total sum of the powers of all
players. The former is regarded as a noncooperative game, and the equilibrium is called

a Nash equilibrium [165]. In this chapter, we study the Nash equilibrium.

Douligeris and Mazumdar [43], and Zhang and Douligeris [209] studied algorithms
to obtain Nash equilibria in flow control of M/M/1 queues with multiple users. Their
performance objective was to maximize the powers of all players. They proposed greedy
algorithms, and showed convergence properties of them. State-dependent flow control was
analyzed by Hsiao and Lazar [73], and Korilis and Lazar [112]. They considered a closed
queueing network model, and maximized the average throughput subject to an upper
bound on the average response time. In particular, Korilis and Lazar [112] derived the
existence of equilibria using fixed-point theorems. Altman et al. [5] combined flow control
and routing in a network model with several parallel links. Lazar [133] studied optimal
flow control problems of an M/M/m queue where one player maximizes the throughput
subject to the constraint that the average time delay should not exceed a specified value.
In this chapter, we deal with flow control problems of M/M/m queues that have multiple

players, where each player strives to optimize unilaterally its own power.

Consider the operation of grouping together separated systems into one system. Due to
enhanced flexibility in resource utilization, we expect that system grouping improves the
system performance. For example, it has been shown analytically that grouping together
separated M/M/m queues improves the average response time although the utilization
factor of each server remains the same (see [106]). We therefore expect performance

improvement in term of power by grouping together separate systems.

In noncooperative optimization of routing in networks and load balancing in dis-
tributed systems, however, it is known that the following phenomenon can occur, that
is, grouping separated systems together and/or adding connections to the system may
sometimes degrade the utilities for all users. The first example is the Braess paradox [26].

Other examples have been presented, for example, by Bean et al. [20], Calvert et al. [27],
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Cohen and Jeffries [35], Cohen and Kelly [36], Kameda et al. [87], Kameda and Pourtal-
lier [92], Korilis et al. [113] [116], Roughgarden and Tardos [182]. However, most of the
previous results are on routing (or load balancing) problems, and the paradox is observed
in very limited models. Flow control is essentially different from them. In optimal flow
control, it seems that no such paradoxes have been reported yet.

In this chapter, we show that a paradox similar to the above ones may occur in
noncooperative optimal flow control of M/M/m queues. More specifically, we show a case
where grouping together separated M/M/m queues leads to the degradation of the power
to all players in noncooperative optimal flow control.

The rest of this chapter is organized as follows. In Section 3.2, we describe a queueing
system model and formulate overall and noncooperative optimal flow control schemes
as nonlinear programming problems. In Section 3.3, we show the case of a paradox in
noncooperative flow control of M/M/m queues. Finally, in Section 3.4, we conclude this
chapter. In Appendix A, we show the existence and the uniqueness of solutions to the

optimization problems, and present algorithms that obtain the solutions.

3.2 The Model and Problem Formulation

We first consider an M/M/m queueing system. The system has an arrival stream of jobs
that forms a Poisson process with rate A (jobs per unit time). Also, the system has n
servers. The processing time of a job at each server is independent, identically distributed
and according to an exponential distribution with mean 1/u. Then, the mean response

time 71" of an arbitrary job is given by

—1—1, ifO<A<mpu
T=TA)= mp—A p (3.1)

00, if A>mpu

for I =1,2,...,r, where

(3.2)
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is the probability that all servers are busy (called the Erlang delay formula).

We next consider the M/M/m queueing system with r players. Each player sends
the multiple-server an arrival stream of jobs that is mutually independent and forms a
Poisson arrival process with rate A;, I = 1,2,...,7. Note that A = >, \; and that the
processing time is independent of the player that sends the job. Then the mean response

time 7" of an arbitrary job in this model is given by (3.1).

As the utility for each user in the flow control problems, we use the power for the user.
Since the throughput is equivalent to the rate of the arrival flow (i.e., the arrival rate),

from [108], the overall power P of the system and the power p; of player [ are given as:

A

P=PA) = (A)’ (3.3)
0, otherwise,
and
A fO< N <mp—> .\
TOAY’ = A= T ZjA N
pl:pl(>\17>\27"'7)\l7---7>\7“) = T<A) ! (34)
0, otherwise,

for { =1,2,...,r, respectively, where note that A = >, \;. From (3.3) and (3.4), we have
P =3",p. P and p; are positive for A < myu, and zero for A = 0 and A = mpu.

We formulate, for the system described above, two typical optimal flow control schemes:
the noncooperative optimization scheme (I) and the overall optimization scheme (II). The
noncooperative and overall optimization schemes in an M/M/m queueing system with r

players are presented as follows:

(I) The noncooperative optimization scheme: Each player strives to maximize unilat-
erally its own power, that is, the noncooperative optimization is to find XZ for each

[ =1,2,...,r, that satisfies:

D = SV ID YD VS W
Di I;llggpl( A2 AL, A)
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R
playerse

Figure 3.1: A system consisting of K separated M/M/N queues (S7).

As shown in our numerous experiments we always observed symmetric solution to
A; and py, that is

>
I
>)
Il

S| =)

,and pp=p, k=1,2,...,r. (3.5)

(IT) The overall optimization scheme: A single agent maximizes the overall power of

the system, that is, strives to find A that satisfies:

P

P(A) = max P(A).

A>0

Then, the agent distributes equally to each player [ the power p;, and thus the
throughput XZ. Thus,

SR

=N
s o

o]

B

[oN
>

S
= |

(3.6)

In Appendix A, we show exsitence and uniqueness of noncooperative and overall optimal
solutions, and provide algorithms that obtain them.

Based on the above definitions, we consider two queueing system models as shown in
Figures 3.1 and 3.2:

1) One system, called Sy, consists of K subsystems each of which consists of a separated
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RxK i
players

Figure 3.2: An M/M/(N x K) queue (Sy).

M/M/N queue (N exponential servers with Poisson arrivals of jobs) and R independent

players (Figure 3.1).

2) The other system, called Sy, results from grouping together all the above separated
M/M/N queues. That is, the system consists of one M/M/(K x N) queue and K x R
independent players (Figure 3.2).

Obviously, we can formulate each subsystem of S; and the system Sy using M/M/m
queues where m = N and r = Rin Sy, and m = K x N and »r = K X R in Sy,
respectively. We express the parameters of a system by a quadruplet. That is, S; given
in 1) corresponds to (N, R, K, i), and Sy given in 2) corresponds to (N x K, R x K, 1, ).
We note that in S; the power of users is independent of the value of K. Therefore, the
solution of Sy for a given (N, R, K, 1) is identical to that of a system with parameters
(N, R, 1, ).
For both S; and Sy, there are K x R players numbered by (1,1), (1,2), ..., (K,1),
.., (K, R). Denote the throughput of player (i,1) by A;. A subsystem k of S;, has R
players (k, 1), (k,2), ..., (k, R). Note that for system Sy, we associate the symbols with

the mark /.
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From (3.5), in the noncooperative optimization scheme, we have for each subsystem k

of S[

Mt = A =

| =)

,andﬁkl:ﬁ,lzl,Q,...,R, (37)

and for system Sy
A/

NN

and pl, =7, (3.8)

fore=1,2,....K, l=1,2,... R.

We define the degree of the paradox, 4, as follows:
~
L >,
0= p (3.9)
0, otherwise.

Note that a paradox occurs when § > 0.

From (3.6), in the overall optimization scheme, we have for each subsystem k of S;

~ ~ A P
>\kl:>\:}—%, andﬁkl:ﬁ: E, l:1,2,...7R, (310)
and for system Sy N N
~ A P’
L\ = o= A1

fori=1,2,....K, 1=1,2,...,R.

3.3 A Case of a Paradox

In this section, we show a case where a paradox occurs. Without loss of generality, we
assume a time scale such that g = 1. We compare the two systems presented in Section
3.2: St — a system consisting of K separated M/M/N queues (Figure 3.1) and Sy — an
M/M/(N x K) queue (Figures 3.2). In the former, the flow control schemes are concerned
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with each separated M/M/N queue. On the other hand, in the latter, the flow control
schemes are concerned with the M/M/(K xN) queue. We recall that the latter is the

result of grouping together the former.

3.3.1 The Results

Table 3.1: Power of each player and degree of paradox in the noncooperative optimization

scheme, for N = R = 11 and various values of K.

K 1 2 4 8 16
power of each player 0.4248 0.4208 0.4135 0.4061 0.3999
degree of paradox 6  0.000 0.009 0.027 0.044  0.059

K 32 64 128 256 512
power of each player 0.3951 0.3915 0.3888 0.3868 0.3854
degree of paradox 4  0.070  0.078  0.085  0.089  0.093

In Table 3.1 and Figures 3.3 and 3.4, we show the cases where N = R = 11 with the
numbers N of servers and R of players in each subsystem.

Table 3.1 and Figure 3.3 illustrate how the noncooperative optimal powers of each
player in S; and Sy depend on the number K of the subsystems grouped together. Figure
3.3 shows a trend observed for the noncooperative optimization scheme. That is, in the
scheme, the power of each player in Sy decreases as the number K of subsystems grouped
together increases, for N = 11 and R = 11, as shown by the curve associated with
the symbol Sy. On the other hand, naturally, the power of each player of each separated
subsystem S} remains constant regardless of the value of K as shown by the line associated
with the symbol S;. The trend looks counter-intuitive. Thus, we should not always
expect that system grouping improves the system performance in the noncooperative

flow control although we anticipate the opposite. As shown in Table 3.1, the degree of
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paradox increases in K.

On the other hand, Figure 3.4 shows a naturally-expected trend observed for the overall
optimization scheme. That is, in the scheme, the power of each player in Sy increases
as the number K of subsystems grouped together increases, for N = 11 and R = 11, as
shown by the curve associated with the symbol S;i;. On the other hand, naturally, the
power of each player of each separated subsystem S} remains constant regardless of the

value of K as shown by the line associated with the symbol S;.

3.3.2 Discussion of the Results

To give some idea on the above-mentioned results, we present Figure 3.5 for the case where
N = R = 1. In the overall optimization scheme, each player always enjoys the increase
in the power as the number K of subsystems grouped together increases. On the other
hand, in the noncooperative optimization scheme, for the values of K from 1 till about 10,
the power of each player increases although the improvement is smaller than that of the
overall optimization scheme. For the values of K larger than 11, the power of each player
decreases as K increases, which shows the same trend as the above-mentioned paradox-
ical result. Note, from the definition, that the system Sy with parameters (1,1, s, p) is
identical with each subsystem of the system S; with parameters (x, k, 1, ) for any x > 1.
Therefore, each curve associated with the symbol Sy in the Figures 3.3 and 3.4 that starts
at K =1 with R = N = 11 shows the part of each corresponding curve in the Figure 3.5
for the domain of K > 11 with R = N = 1. In Figure 3.5 (R = N = 1), we see that,
in the noncooperative scheme, the power of each user is the largest for K = 11 (which is
identical to that of a subsystem of S; with R = N = 11) and decreases as K increases.
Therefore, we see that if R = N the paradox is the largest for the case with S; with
R = N =11 and the value of K as large as possible.

In the following, we seek the underlying structure of the system that may lead to the
fact that the paradox is the largest for the case with S; with R = N = 11 and the value
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of K as large as possible. We see in Figure 3.6 that the degree of the inefficiency of the
Nash equilibrium (p/p) with N = R = 1 increases as K increases. That is, the possibility
of paradox may start at some small value of K. We call this the effect A. On the other
hand, we see in Figure 3.7 that for small values of K, the grouping of servers improves
the performance (responsiveness) of the system although the traffic intensity p of each
server is kept identical, while this improvement is very small for large values of K. We
call this the effect B. We, therefore, see that the effects A and B eliminate each other for
small values of K whereas only the effect A is remarkable for the large values of K. Thus,
as shown in Figure 3.5, in the noncooperative optimization scheme with N = R = 1, the
power is the largest for some intermediate value of K, that is in fact 11, and decreases as
K increases. Therefore, we see that the paradox is the largest for the case with S; with
R = N =11 and the value of K as large as possible.

Furthermore, we have investigated the paradoxical behaviors exhaustively regarding
the various combinations of the values of the number, N, of servers and the number, R, of
players in each independent subsystem and the number, K, of subsystems to be grouped
together. Figures 3.8 and 3.9 show the degree of paradox for various combinations of the
values of NV and R in the two cases where K = 16 and 512, respectively. Also, we observe
that the degree of paradox tends to be larger in the cases where the values of N is nearly
equal to R than the other cases relevant to them. Thus, we observe again that the worst
case of paradox may occur in the case where N = R = 11 and K has a large value. We
have seen so far, however, no simple underlying structure that would support the fact

that the worst case of paradox occurs in the case where N = R.

3.4 Conclusion

In this chapter, we have studied the existence of a paradox in noncooperative flow control
in M/M/m queues. We have formulated the overall and noncooperative optimal flow

control schemes of maximizing the power and have shown the existence and uniqueness of
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solutions. We have found a paradoxical behavior in noncooperative optimal flow control
similar to the Braess paradox of noncooperative optimal routing.

We have been interested in this research because optimal flow control may essentially
be different from optimal routing and also because the paradox has been found to occur
only in limited types of problems except optimal flow control. Our example of the paradox
found in optimal flow control would suggest that the paradox could occur also in various

other types of problems.






Chapter 4

Braess Paradox in Dynamic Routing

for the Cohen-Kelly Network

4.1 Introduction

An important problem in current high-speed and large-scale computer and communication
networks (e.g., GRID, Internet) is to provide all users with satisfactory network perfor-
mance. Intuitively, we expect that the total performance of a network will increase in its
capacity. In noncooperative optimization (which results in a Nash [165] or Wardrop [202]
equilibrium), however, adding capacity or a link to a network may sometimes degrade the
performance for all users as exemplified by the Braess paradox [26]. That is, Braess [26]
considered a network routing problem in which all the costs of the links are linear. In a
Wardrop equilibrium, he discovered a paradoxical phenomenon as described above. The
Braess paradox attracted attention of many researchers, and was found in various types
of network optimization problems, for example, Cohen and Kelly [36], Bean et al. [20],
Calvert et al. [27], Cohen and Jeffries [35], El-Zoghdy et al. [50], Korilis et al. [113, 116],
Kameda [84], Kameda et al. [87, 92], Inoie et al. [78], and Roughgarden and Tardos [182].

Cohen and Kelly [36] studied static routing in two queueing networks, called the

45
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tmatial and augmented networks. The initial network has two paths, and the augmented
network has an additional path. An individual user arriving at the network only knows
the expected transit time of each path in the network. In that situation, they showed
the existence of a paradox. Also, in [36], the authors raised the question of whether the
paradox also occurs in networks where users have knowledge not only on the expected
transit time of each path in the network, but also on the instantaneous length of each
queue.

Calvert et al. [27] considered dynamic routing in the same networks as introduced
by Cohen and Kelly [36]. In their study, individual users have full knowledge of all the
instantaneous queue lengths of the network servers and they can make use of that knowl-
edge in their dynamic routing decisions. They analytically derived the recursive equations
that provide the dynamic routing decisions. Through some simulation experiments, they
contended that they showed that a Braess paradox occurred in dynamic routing analogous
to what Cohen and Kelly showed.

To show the existence of the paradox, however, they only compared between the
overall mean transit times of jobs in the initial and augmented networks. That is, they
did not show that the mean transit time of jobs routed through any path was higher in

the augmented network than in the initial network.

Furthermore, the system used in the simulation study performed by Calvert et al.[27]
does not seem to be identical to the one they used in their analytical study. We particularly
note that, in the analytical study, they assumed that the total number of jobs entering
the system is finite while in their simulation study, the total number of jobs entering the
system is infinite.

In this chapter, we therefore deal with dynamic routing for the Cohen-Kelly network.
Based on the assumptions and formulations of the network in [27], we derive dynamic
routing decisions in the initial and augmented networks. We make experiments on the
simulation system that reflects exactly the analytical model given in [27]. Through the

simulation experiments, we show a case where the paradox occurs for all users. Also, we
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compare our results with the results by Calvert et al. [27], and point out that their results
are not sufficient to show that a paradox occurs in the network, in our sense.

This chapter is organized as follows. In section 4.2, we describe the Cohen-Kelly net-
work and derive the dynamic routing decision. In section 4.3, we describe our simulation

method, and show some simulation results. In section 4.4, we conclude this chapter.

4.2 The Model and Assumptions

We consider the two networks as shown in Figures 4.1 and 4.2. Note that the model and
assumption described in this section are based on the analytical study of Calvert et al.
(see Section 2 in [27]). We call the former the initial network and the latter the augmented
network. Both networks consist of an entrance (node 0), four queues (nodes 1, 2, 3 and
4), and an exit (node 5). Nodes 1 and 4 are first-come-first-served (FCFS) queueing
systems, each of which has an exponential server with mean 1/pu; and 1/py, respectively.
Nodes 2 and 3 are queueing systems with infinite servers (IS), each of which service time
is exponentially distributed with mean 1/us and 1/us, respectively. Let x1(t), z2(t), z3(t)
and x4(t) denote the numbers of jobs in nodes 1, 2, 3 and 4 at time ¢, respectively.

A flow of jobs arrives at the system according to a Poisson process with rate A. As
assumed in [27], the total number of jobs that enter the network is finite, and we denote

it by N. Also, we denote the number of jobs before arriving at Qg by xg.

Let D denote the set of states in the whole system using dynamic routing, that is,
D:{zc]wEN4andx0+x1+x3+x4§N}, (41)

where & = (xg, 21, x3,24) is the state vector for dynamic routing decision, and N =
{0,1,2,...}. Note that we can ignore x5 in any routing decisions since node 2 is an IS
queueing system, and hence the expected transit time of jobs routed through any path is

not affected by xs.
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7“1 Node O

Entrance
NOde 1/ \Node 3

FCFS(L1) 1S (Us)

v Node 2 v Node 4
1S (U2) FCFS(LL4)

Nt

Node 5

Figure 4.1: Initial Network: The network has two paths (0-1-2-5 and 0-3-4-5).

4.2.1 Initial Network

The initial network (Figure 4.1) has two paths, 0 —1 —2—-5and 0 —3 -4 —5, and a
job dynamically chooses one of these paths in order to minimize its own expected transit
time from the entrance (node 0) to the exit (node 5). Let T{(x) and T{(x) denote the
expected transit times of jobs routed through nodes 1 and 3, respectively, when the job
sees at node 0 that the system state is @ in the initial network.

We denote the two subsets of states in the whole system in the initial network by DI
and D! where we use them for dynamic routing in the initial network. D! and D! are
given as follows:

D] ={x |z € D and T](z) < T} (z)}, (4.2)

and

DI ={z | x € D and T/(z) > T (x)}. (4.3)

Note that DI N DI = ¢ and DI U DI = D. If a job sees at node 0 that the system state

is in DI, then the job is routed through node 1, and otherwise (i.e., the system state is in
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D?) it is routed through node 3.

To obtain DI and DX, we need to give expressions of T/ (x) and T{ (x). When a job
at node 0 sees that the system state is @, then the expected delay of the job at node 1
is (z; + 1)/p1. Noting that the expected delay of any job at node 2 is 1/uy, then T is
given by

11
nrl, . zeD (4.4)
H1 H2

To express T4 we suppose that a job (called the marked job) sees at node 0 that the

Ti(x) =

system state is «, and that it is routed through node 3. Then, the network has the
state-transitions depicted in Table 4.1. Note that the inter-event time is exponentially

distributed with mean 1/(Ix,A + Ix,p1 + (23 + 1)us + Ix,p14) where X; = {x; > 0}, and

1, if X is true,
Ix = (4.5)

0, otherwise.

Then, T{ (x) is given by the following equation:

| + 1 -+ 1 —+ + 1 [
1
XO)\ X M1 ($3 1)#3 X4 M4

Ti(w) =

$3M3T3{(I’0,$1,$3 - 17 T4+ 1)

+ [Xo)\TgI(xO — 1,331 + [Cl,iL'g + 1-— 101,334)

+ ]X1M1T31($07$1 - 1,1’3,I’4)
Ty +1

n p3(zy +1) (4.6)
H4

+

+

[X4M4T3[(330,331,$3,$4 — 1)]7 reD,

where Cy = {(zg — 1,21, 23 + 1,24) € DI},

4.2.2 Augmented Network

The augmented network (Figure 4.2) has a path 0 — 1 — 4 — 5 in addition to the paths

that the initial network has. Therefore, there exist two decision-making points (nodes 0
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Table 4.1: State-transitions for T from @ = (x¢, z1, 3, 24) to another state.

state . transition next remaining
condition
transition rate state time
... |T>0 ;
Next arriving job is A (ko — Lz + 1,x3,24) T5(xo— 1,21 +1,23,24)
(vo — 1,21,23 +1,24) € DI
routed through node 1
... | T0>0 I
Next arriving job is A (xo — Lz1,x3+ 1,x4) T5(xo— 1,221,234+ 1,24)
(w0 — 1, 21,23 + 1,24) € D}
routed through node 3
Node 1 serves a job 1 >0 1 (xo, 21 — 1,23, 24) TH(wg, x1 — 1,13, 74)
Node 3 serves the | (none) [3 (xo, 21,23 — 1,24 + 1) (xg +1)/pa
marked job
Node 3 serves a job | z3 >0 T3l3 (zo, 71,03 — L,mq +1) T4 (x0, 21,23 — 1,24 + 1)
(not the marked job)
Node 4 serves a job x4 >0 L4 (zo, 21,23, 24 — 1) T (xg, 21, 23,24 — 1)
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Figure 4.2: Augmented Network: The network has three paths (0-1-2-5, 0-3-4-5 and
0-1-4-5).

and 1) in the augmented network. At node 0, a job chooses a path by using dynamic
routing decision. If the job is routed through node 1, then it needs to choose between
the two paths (nodes 2 or 4). Note that if a job at node 1 sees that the current state
is (xg, 21,3, 74), then the expected delays at nodes 2 and 4 are 1/us and (24 + 1)/,
respectively. Therefore, if 1/us < (24 + 1)/p4, then the job is routed through node 2.
Otherwise, it is routed through node 4.

Let T} (x) and T3 () denote the expected transit times of jobs routed through nodes
1 and 3, respectively, when the job sees at node 0 that the system state is & in the
augmented network. Then, similarly to the initial network, we define two subsets of D,

Dit and D% as follows:
DY ={z| x € D and T{}(x) < T§'(x)}, (4.7)

and

DE ={x| x € D and T{}(x) > Ty (x)}. (4.8)
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Note also that D N D4t = ¢ and D{ U D4 = D.

As to T{*(x), we note that the expected transit time of a job at node 1 is affected by
the number of jobs waiting behind. We denote the number of jobs behind the job at node

1 by 2, the state vector including x| by @’ = (z¢, x1, 2}, x3, 4), and the set D" of &’ by

D' ={x' |« €N and zo+ 2, + 2} + 23+ 74 < N}. (4.9)

Suppose that a marked job sees at node 1 (that is, routed through node 1) that the
system state is «’. Then, the network has the state-transitions depicted in Tables 4.2 and
4.3. Note that the interevent time is exponentially distributed with mean 1/(Ix A+ p1 +
w3p3+ Ix,pt4). Then the expected transit time of the marked job, Tj*(2'), is given by the

following equation:

1
TIA .’BI [1
r(@) Ixxo A+ pa + x3pis + Ix,>ofta
Ix N (g — 1,20, 28 + Ioy, 23 + 1 — Iy, 24)

pin (I, TY (o, 21 — 1,2, 33, 24 + L) (4.10)
1 1
le:() Il'liIl(—, Tat )
M2 4
wapsTy (xo, o1, 2, w3 — 1,24 + 1)

+ o+ o+ o+ o+

A
I, pua Ty (o, 1, ), w3, 04 — 1)}, ' eD

where Cy = {1/ps > (x4 + 1)/pu4} and C3 = {(xo — 1,21 + 1, 23,24) € D;}. Note that

TlA('T07 Z1,7T3, $4) = T{A<IO7 €, 07 x3, x4)'

As to Ty!, the network has the state-transitions as shown in Table 4.4. Therefore,
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similarly to the initial network, 7' (z) is given by the following equation:

1
s (@) IxgA + pindx, + (23 + Dps + Ix,pia
4 M3(134 -+ 1)
M
+ ]XO)\T:;A(ZEO—1,1’1+]Cl,$3+1—fcl,$4)
+ Iy T (o, 21 — Liyso, 73,74 + Icy) (4.11)
+ l’gﬂng(l‘o,lL’l,l’g — 1,1'4 + 1)
+ [X4/L4T§4(33’0,171,$3,ZL‘4 — 1) , x €D.

4.3 Simulation Experiments

4.3.1 The Method

In this section, we describe our simulation method. Note that it is different from the
simulation method of Calvert et al. [27].

We programmed the simulator using Microsoft Visual Studio 2003 (C++ Language),
and used Mersenne Twister [156] as a pseudo-random number generator. We ran simulator
on several personal computers, each of which has an AMD Athlon64 FX-51 (2.2GHz) CPU,
and 2GB memory.

We can obtain dynamic routing decisions in the initial (D{, D1) and augmented (Dj!,
D4) networks by solving (4.4) and (4.6) for & € D (in the augmented network, (4.10) for
x' € D' and (4.11) for & € D) recursively, and comparing between T} (x) and T4 (x) (in
the augmented network, 77 (x) and T3 (x)) for & € D, respectively.

We perform the following simulation in both the initial and augmented networks.

First, we set the initial state of the network.

(20(0),21(0), 22(0), 25(0), 24(0)) = (N, 0,0,0,0),
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Table 4.2: State-transitions for T{* from @’ = (xg, 71,2}, z3,74) to another state (1).

state o transition next remaining
condition
transition rate state time
S : To > 0 / 1A /
Next arriving job A (xo — 1,1, 2] + 1,23, 24) 17 (w0 — 1, 21,2) + 1,23, 24)

is routed through

(ko — L,z1 + 1, 2], 23, 24) € bw

node 1
S : To > 0 / 1A /

Next arriving job A (xo — Lz, 2,23+ 1,2q) T7%(zo — 1,21, 20, 23 + 1, 24)
. (w0 — 1,21 + 1,24, 23, 24) € D
is routed through
node 3

X 1 =0 /
The marked job 21 (xo,x1 — 1,20, w3, 24) 7

1 < (x4 +1

served at node 1 [2 < (@4 )/
is routed through
node 2

. 1 =20 /
The marked job H1 (xo,z1 — 1,27, 23,24 + 1) (xa+1)/pa

served at node 1
is routed through
node 4

pe > (w4 +1)/pa
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Table 4.4: State-transitions for T3 from @ = (g, 71, 23, 24) to another state.

state . transition next remaining
condition
transition rate state time
e zo >0 A
Next arriving job is routed A (xo— Lz + 1,23,24) T35 (xo— 1,21 + 1,23, 24)
(zo — 1,21,23 + 1,24) € D!
through node 1
e o >0 A
Next arriving job is routed A (xo — Lz, 23+ 1,24) T35 (xo— 1,221,234+ 1,24)
Aaolu_.“mﬂu—g&wl_lu.“mﬁ%vm@%
through node 3
. . x1 >0 N
A job served at node 1 is 11 (xo,x1 — 1,23, 24) T3 (o, z1 — 1,23, 24)
pe < (za+1)/p4
routed through node 2 /n ( i
. . 1 >0 N
A job served at node 1 is y : 1/ L1 (xo,21 — L,xg, x4+ 1) T35 (xo,21 — 1,23, 24 + 1)
2 > (14 + 4
routed through node 4 s a
Node 3 serves the marked job | (none) e (xo, 21,23 — L, z4 + 1) (x4 +1)/pa
Node 3 serves a job (not the | 3 >0 T33 (zo,x1,23 — 1, x4 + 1) H%AH?HTHMW —1,z4+1)
marked job)
Node 4 serves a job x4 >0 4 (xo, 1,23, 24 — 1) H%@?&TH?HRP -1)
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at time 0. We start each simulation at the initial state, and the simulation continues until
the state becomes (0,0,0,0,0). We regard it as one simulation cycle. In all the results
shown in next section, we set the parameter value as follows: N = 100. We then discard
the first 20 jobs since initial states are not always steady-states. We obtain the mean
value of transit times of the remaining 80 jobs. We then compute the expectation of the

mean transit times obtained by 50000 simulation cycles.

We repeat the above procedure 20 times using random numbers of different seeds, and
calculate the 95% confidence interval for each value of arrival rate A. Note, however, that
the lengths of the confidence intervals are so short that the errorbars in the graphs are
invisible. Also, note that the capacity of the initial and augmented networks is (f1 + pt4).

Because of the recursive nature of the equations giving the expected transit time, the
size of memory needed for the computation increases rapidly in the total number of jobs.
More precisely, from (10), for a given N, the program stores in memory the different values
of T{* corresponding to the different cases of &', which is a subset of N°. We therefore

limit the parameter value N to be 100 in our simulations.

4.3.2 The Results

An example in which the paradox occurs: Figure 4.3 illustrates the mean transit
times of jobs routed through the two paths, 0-1-2-5 and 0-3-4-5 in the initial network,
and three paths, 0-1-2-5, 0-3-4-5 and 0-1-4-5 in the augmented network with dynamic
routing for each value of arrival rate A where the parameter values are given as follows:
w1 = pg = 5.0, and ps = p3 = 0.5. Note that these networks are symmetric. For static
routing, the worst-case paradox has been shown to occur in a case where both the initial
and augmented networks are symmetric [84].

We say that “the Braess paradox occurs” if the mean transit time of the jobs routed
through any path in the augmented network is larger than the mean transit time of the

jobs routed through any path in the initial network. In Figure 4.3 we observe that the
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Figure 4.3: Mean transit time of jobs routed through each path in the initial and aug-
mented networks with dynamic routing for each value of arrival rate A (u1 = py = 5.0,

and pg = 3z = 0.5).
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Braess paradox occurs in the case where the range of the value of the arrival rate is

6.5 < X\ < 10.

Note that if we consider static routing in the initial and augmented networks described
in [36], the mean transit time of jobs routed through any path may have the same value.
On the other hand, in Figure 4.3, we observe that the mean transit time of jobs routed
through 0-1-4-5 is different from the mean transit times of jobs routed through 0-1-2-5
and 0-3-4-5 in the augmented network. Therefore, the behavior of individual users in

dynamic routing may not be similar to that of individual users in static routing.

Discussion of a result by Calvert et al. [27]: Figure 4.4 illustrates the overall mean
transit times of jobs in the initial and augmented networks with dynamic routing for each
value of arrival rate A\ where the parameter values are given as follows: p; = s = 2.5,

and po = p3z = 0.5.

Note that the values of A and p; are the same as the values in [27], and the simulation
method is different from in [27]. When A is larger than 2.5, the overall mean transit time
of jobs in the augmented network is larger than the overall mean transit time of jobs in
the initial network. This behavior is very similar to the result shown in [27]. Calvert et
al. [27] said “Braess paradox appears for \ greater than the crossover value, i.e. about
A = 2.65.” Figure 4.5 shows that the mean transit time of jobs routed through each path
in the initial and augmented networks with dynamic routing. The parameter values are

same as those of Figure 4.4.

In Figure 4.5, we observe that the mean transit time of jobs routed through the path
0-1-4-5 in the augmented network is smaller than the mean transit time of jobs routed
through the path 0-3-4-5 in the initial network. We think that the Braess paradox occurs
when by “adding capacity (a link) to a network degrades the costs for all users.” Therefore,

Figure 4.4 does not show any paradox in our sense.
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Figure 4.4: Overall mean transit time of jobs routed through all paths in the initial and
augmented networks with dynamic routing for each value of arrival rate A (u; = py = 2.5,

and pg = puz = 0.5).
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Figure 4.5: Mean transit time of jobs routed through each path in the initial and aug-
mented networks with dynamic routing for each value of arrival rate A (u1 = py = 2.5,

and pg = 3z = 0.5).
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4.4 Conclusion

In this chapter, we have studied the existence of the Braess paradox in dynamic routing
for the Cohen-Kelly network. Based on the analytical study by Calvert et al., we have
obtained the dynamic routing decisions in the initial and augmented networks. We have
compared the performance of the initial and augmented networks by simulation, and have
found a paradoxical phenomenon similar to the one that Cohen-Kelly showed under static

routing. We have touched on the results of Calvert et al.



Chapter 5

Case Study of Pareto Set, Fairness,
and Nash Equilibrium in Load

Balancing

5.1 Introduction

There exist many systems where multiple independent users, or players, may strive to
optimize their own utility or cost unilaterally, which can be regarded as noncooperative
games. The situation where each user attains its own optimum coincidently is a Nash
equilibrium. Nash equilibria may, however, be Pareto inefficient. In particular, we call a
situation of a system strongly Pareto inefficient if all users have more benefits in another
situation than the considered situation. As for the communication and transportation
networks, examples of such strong Pareto inefficiency have been shown with respect to
noncooperative routing, first by Braess [26], and a number of related studies followed
[35, 36, 56, 96, 113, 116, 163, 182]. As for the non-cooperative load balancing in distributed
computer systems, the existence of paradoxes that appear only in the case of a finite

number of players but not in the case of infinitesimal players has been shown [87, 92]. Note
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that load balancing and routing have mutually similar logical structures [8, 91, 139, 195].
On the other hand, there can exist innumerably many Pareto-optimal situations. The
choice of one to achieve can be controversial among users. One selection criterion is
fairness among users. Various fairness concepts that achieve Pareto optima but are not
directly related to Nash equilibria have been already proposed [21, 97, 98, 159, 162].

In contrast, each Nash equilibrium is fair on all users in the sense that it is achieved by
the fair competition (with no coalition) among users. Then, among the Pareto-optima,
only those that are strongly Pareto-superior to the Nash equilibrium could satisfy all
users. In particular, as the situations that would make all users to feel fairness similar
to that of the Nash equilibrium, we consider a group of situations where each user’s
utility is proportionately larger than that of the Nash equilibrium. We say that such
situations are Nash proportionately fair to the Nash equilibrium. If we identify a Nash-
proportionately-fair Pareto optimum, the resulting situation will satisfy all users since it
reflects the competitive fairness given by the Nash equilibrium and is Pareto optimal, at
the same time.

By the Pareto set of a system, we mean the set of all Pareto optima of the system. We
are quite interested in the positions that the already proposed and Nash proportionate
fairness objectives occupy in the Pareto set. Since it may seem difficult to study this
problem in a general framework from this beginning stage, in this chapter, we use a
simple model of load balancing in distributed computer systems as the platform of the
present research. We numerically obtain the cost (the mean response time) of each user
at the points in the Pareto set, at the solutions that achieve various fairness objectives,
and at the Nash equilibrium (which is unique in this case [10]).

This chapter characterizes these fairness objectives through numerical results in simple
static load balancing model with two identical servers (computers) each of which has
an identical arrival and its own queue. In numerical results, we compare the fairness
objectives. For example, we observe that the points that achieve the general parameterized

fairness objectives generally cover a part of the Pareto set, and at times, do not cover the
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X1 i)

P1 D2

Figure 5.1: Load balancing in a distributed system consisting of two servers

Nash-proportionate-fair Pareto optimal points.
The rest of this chapter is organized as follows. Section 5.2 describes our model and
formulates as various types of fair and optimal load balancing problems. Section 5.3 shows

some numerical results. Section 5.4 concludes this article.

5.2 The Model and Assumptions

We consider a distributed computer system consisting of two servers (computers), num-
bered 1 and 2, with two flows of demands ¢; and ¢, arriving from users 1 and 2 at servers
1 and 2, respectively, as shown in Figure 5.1. This model is similar to the system studied
in Kameda et al. [87]. Let a fraction z; (0 < x; < ¢;) of a flow of jobs be forwarded from
server ¢ to the other server j (# i). Denote by @ the vector (z1,z3). Denote further by

01 and [, respectively, the resulting loads on nodes 1 and 2. Then,
Bi=¢i —xi+xy, i,j=1,20+#7).

We assume that node i has an exponential server with mean 1/p;, ¢ = 1,2. Then, the
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expected delay at server ¢ under the load of rate 3; is given by (u; — 3;)~!. For simplicity,
we assume that forwarding a job requires a fixed delay t. Therefore, the cost of user i,

that is, the delay of each flow arriving from the user 7, can be written:

1 ¢i — i 1
Gi (Wi — i+ — By — 5 +x; —

Ti(x) )| (5.1)

for i,j =1,2(j # 4).
We denote by C' the feasible region of . Note that the forwarding rate x;, 1 = 1,2 is

non-negative, bounded by arrival flow, and the load ; is positive. Then, we have

Clearly, C is a convex set. Also, we call the set of points (7}(x),T»(x)) for x € C
achievable set.

On the other hand, T}, i = 1,2 satisfies the following proposition [199]:

Proposition 5.1. The function T;, 1 = 1,2 is non-convex in x € C.

5.2.1 Pareto set and weighted-sum optimization

Denote by IT the Pareto set defined as follows:

rxeCVx e C,3i=12T(x) <Ti(x)
IT = ¢ (Ti(z), Ta(z)) : (5.3)
= dj # 1, Ti(x') > Tj(x)
The Pareto set II is the lower left border in the achievable set. We therefore also refer to
it as Pareto border.

There may exist a number of Pareto optima in a distributed computer system. Then,

one of our interests is how to obtain all of them. Consider the following objective:
Qz) = &Ui(x) + &Us () (5.4)
where &;, i = 1,2 is the weighting factors that satisfy

51207 i:172> and? €l+£2>0
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Then, any given solution by maximization of (5.4) with respect to € C is Pareto
optimal. Also, under the assumption of convexity, the maximization problem has the

following property [16]:

Proposition 5.2. If the feasible region C is conver and the functions T;, 1 = 1,2 are
convezr in x € C, then (5.4) gives all the Pareto solutions for the different combinations

of the weighting factors &, 1 =1, 2.

Remark 5.1. In fact T;, © = 1,2, are not conver in x as noted in proposition 5.1.
Therefore, there may exist Pareto optimal points that are not a solution of minimizing a

weighted sum of costs as shown in the numerical examples given in Section 5.3.

5.2.2 General Fairness Objective

Recently, in the context of congestion control, Mo and Warland [162] proposed a general
and simple uniform description (parameterized by parameter «) of a wide family of fair
criteria, including in particular proportional fairness and max-min fairness. With the
general parameterized fairness objective of Mo and Warland [162], our load balancing

problem is given as follows:

F.(z) = min F,(x), (5.5)
where
R
— > (BTi(x) ™, ifa>0, a1,
F(x)y=¢ , =! (5.6)
ZlogTi(a}), ifa=1.
i=1

where « is the fairness parameter and ; (> 0) is the weighting factor associated to the
utility of user i. Note that when o = 0, Eq. (5.8) corresponds to the weighted sum of the
costs of the users. When o = 1 the criterion converges to a Nash bargaining solution or
weighted proportional fair point. Finally, as @ grows to infinity the solution converges to

the one given by the max-min fair criterion (see Corollary 2 in [162]).
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Similarly as (5.5), we consider maximization of the utilities of the users, and formulate

the following fairness objectives:

where

2
! Z (ﬁiUi(w))liav if « 2 Oa « 7é 17

N I et

Fo)=q 2 7 (5.8)
ZlogUi(w), ifa=1.
i=1

and U;(x) = 1/T;(x), i = 1,2.
Obviously, (5.7) also follows the lines of already proposed general parameterized fair-

ness objectives.

Remark 5.2. Denote
T -«

l—«

for a>0,# 1 while C;j(x) = log T;(x) for « = 1. Then, we have

Ci(z) Z Ci(x') & Ti(x) = Ti(a'), fori=12.

That s, a Pareto optimum for user cost C;, 1 = 1,2, is also a Pareto optimum for user
cost T;, 1 = 1,2, and vice versa.

Similarly as (5.4) gives a Pareto optimum for user cost T;, i = 1,2, (5.5) will give
also a Pareto optimum for user cost T;, i = 1,2. The same arguments hold for (5.7), and

the objective (5.7) will also give a Pareto optimum for user cost T;, i = 1,2.

5.2.3 Nash proportionate fairness

In this system, a Nash equilibrium « is given as follows:

Ty(Z) = minT;(x;, ), st. (x;,%;) € C, i,j=1,2 (i # j). (5.9)

T
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For the model in question, there exists a unique Nash equilibrium [10]. The Nash equi-

librium, T;(Z), i = 1,2 may, however, sometimes be Pareto inefficient [87]. Consider
P = nTy(#), fori=1,2. (5.10)

By decreasing n (> 0), if (P1, P) hits the Pareto border II, and reaches a Pareto optimal
point, (P}, P,), it is called Nash-proportionate-fair point. Note that a Nash equilibrium

corresponds to exactly one Nash-proportionate-fair point if it exists.

5.3 Numerical Results

We characterize fair and optimal load balancing problem through some numerical results.
For convenience, we add the constraint & + & = 1 in minimization of weighted-sums
without losing generality. Also, we set the parameter value as follows: 1 = 6, = 1. We
have paid special attention not to catch local optima that are not global optima since the

functions to be optimized are not convex in general.

5.3.1 A case where weighted-sum objective does not cover all

the Pareto optima

Figures 5.2-5.5 show the Nash equilibrium, the part of Pareto set obtained by the weighted-
sum optimization and the fairness solutions that achieve (5.5) and (5.7). The values of
the system parameters are ¢1 = 2.1, pu; = 3, ¢ = 2.7, pus = 3.7, and t = 0.001.

In Figure 5.3, we observe that the part of the Pareto set obtained by the weighted-sum
objectives are divided into two parts and do not cover all the Pareto set. We note that
T, and T3 are nonconvex in x, and, therefore, the optimal solutions to the weighted-sum
objectives may not cover the Pareto set since the conditions of the Aubin’s theorem are
not satisfied. Thus, the above result presents a counter example that shows that if a

condition of the Aubin’s theorem is not satisfied, the theorem does not hold.
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Figure 5.2: Combinations of response times, respectively, T} and T5, of users 1 and 2 that
achieve all solutions and Nash equilibrium (Nash proportionate fairness). The values of

system parameters are ¢; = 2.1, uy =3, ¢ = 2.7, pus = 3.7, and t = 0.001.
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Figure 5.3: Combinations of response times, respectively, T and T5, of users 1 and 2 that
achieve all solutions and minimization of weighted sums of costs. The values of system

parameters are ¢ = 2.1, pu; =3, ¢o = 2.7, us = 3.7, and t = 0.001.
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Figure 5.4: Combinations of response times, respectively, T} and T5, of users 1 and 2 that
achieve all solutions and Fairness Objective (5.7). The values of system parameters are

¢1 = 21, H1 = 3, ¢2 = 277 Mo = 37, and t = 0.001.
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Figure 5.5: Combinations of response times, respectively, T} and T5, of users 1 and 2 that
achieve all solutions and Fairness Objective (5.5). The values of system parameters are

le = 21, H1 = 3, gbg = 27, Mo = 37, and t = 0.001.
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In Figures 5.4-5.5, we observe that, as to the solutions obtained by the already pro-
posed fairness objectives (5.7), the optimal points converges to the point of the Pareto set
satisfying 77 = T, as the value of « increases. (Note, however, that, in this case, we were
unable to obtain numerically the optimal values for very large values of a (> 100). This
is perhaps because of accumulation of round-off errors.) In particular, some such optimal
points are in the part of the Pareto set which the weighted-sum objective cannot cover.
On the other hand, the points optimal for the objectives (5.5) diverge from the Max-Min
fair point as the value of «v increases. Superficially thinking, both the objectives (5.7) and
(5.5) would be anticipated to show similar behaves, but, in fact, the objective (5.5) is not

good as a general fairness objective.

It is seen in Figure 5.2 that the Nash equilibrium is almost Pareto optimal, and almost
identical to the Nash proportionate-fair Pareto optimum. In this case, however, the Nash
proportionate-fair Pareto-optimal point is not in the part of the Pareto set obtained by

weighted-sum objectives and any fairness objectives.

5.3.2 A case where the Nash equilibrium is not Pareto optimal

Figures 5.6-5.9 show a case where the values of system parameters are ¢; = 0.9, p; =
1.5, ¢ = 0.8, uy =2, and t = 0.35.

In Figure 5.6, we observe that the Nash equilibrium is not on the Pareto set. The
Pareto set and the straight line passing through the origin (0,0) and the Nash equilibrium

intersect at a point, which is the Nash proportionate-fair Pareto-optimal point.

In this case, Pareto optimal points that achieve the weighted-sum optimization cover
all the Pareto set. The Pareto optimum corresponding to the Nash proportionate fairness
is given by & ~ 0.934 and & ~ 0.066. In this case, the Nash-proportionate-fair optimal
point happens to be the point that achieves the fairness objective (5.7) for v ~ 26.4. On
the other hand, in this case, no points that achieve the fairness objectives (5.5) with any

values of v can be identical with it.
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Figure 5.6: Combinations of response times, respectively, T and T5, of users 1 and 2 that
achieve all solutions and Nash equilibrium (Nash proportionate fairness). The values of

system parameters are ¢; = 0.9, uy = 1.5, ¢o = 0.8, ps = 2, and t = 0.35.
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Figure 5.7: Combinations of response times, respectively, T} and T5, of users 1 and 2 that
achieve all solutions and minimization of weighted sums of costs. The values of system

parameters are ¢1 = 0.9, pu; = 1.5, ¢ = 0.8, s =2, and t = 0.35.
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Figure 5.8: Combinations of response times, respectively, 17 and 75, of users 1 and 2 that
achieve all solutions and Fairness Objective (5.7). The values of system parameters are

(bl = 09, H1 = 15, QZ52 = 08, Mo = 2, and t = 0.35.
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Figure 5.9: Combinations of response times, respectively, 17 and 75, of users 1 and 2 that
achieve all solutions and Fairness Objective (5.5). The values of system parameters are

(bl = 09, H1 = 15, ¢2 = 08, Mo = 2, and t = 0.35.
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Figure 5.10: Combinations of response times, respectively, T} and 75, of users 1 and 2
that achieve all solutions and Nash equilibrium (Nash proportionate fairness). The values

of system parameters are ¢; = 0.7, pu; = 1.0, ¢po = 0.9, uy = 1.2, and t = 3.
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Figure 5.11: Combinations of response times, respectively, 77 and T5, of users 1 and 2 that
achieve all solutions and minimization of weighted sums of costs. The values of system

parameters are ¢; = 0.7, uy = 1.0, ¢ =0.9, ps = 1.2, and t = 3.
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Figure 5.12: Combinations of response times, respectively, 77 and 75, of users 1 and 2
that achieve all solutions and Fairness Objective (5.7). The values of system parameters

are ¢1 =0. 7 H1 = 1. 0 sz 09, Mo = 12, and ¢t = 3.
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Figure 5.13: Combinations of response times, respectively, T} and T3, of users 1 and 2
that achieve all solutions and Fairness Objective (5.5). The values of system parameters

are 1 = 0.7, uy = 1.0, ¢ =09, ps = 1.2, and t = 3.
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5.3.3 A case where only one Pareto optimum point achieves the

fairness objectives (5.7) with various values of «

Figures 5.10-5.13 show a case where only one Pareto optimum point achieves the fairness
objective (5.7) at T} ~ 3.333 and T, ~ 3.333, that is, the case of no load balancing (z; = 0
and xo = 0). The values of the system parameters are ¢; = 0.7, pu; = 1.0, ¢o = 0.9, py =
1.2, and t = 3. Note that in this case, the following relation is satisfied: ¢; —p1 = ¢o — .
Note that, in this case also, the Nash proportionate-fair Pareto-optimal point is different

from the Pareto optimum that achieves the fairness objective (5.7).

5.3.4 A case where only one Pareto optimum point exists

Figure 5.14 shows a case where only one Pareto optimum point exists. The value of the
system parameters are ¢; = 0.5, uy = 0.7, ¢ = 0.4, puy = 0.7, and ¢ = 20. We note that
load balancing must be ineffective when job forwarding time ¢ has a large value. In Figure
5.14, all optimal points that achieve the weighted-sum optimization for any combinations
of the values of & and &, the points that achieve both fairness objectives (5.5) and (5.7)
with any values of o, and the Nash equilibrium point happens to be the Pareto optimal

point.

5.4 Concluding Remarks

We have numerically examined the generally parameterized fairness objectives and the
Nash-proportionate fairness recently introduced. The platform of this research has been
simple static load balancing model with two identical servers (computers) each of which
has an identical arrival and its own queue.

The points that achieve the general parameterized fairness objectives generally cover
a part of the Pareto set, and at times, do not covered the Nash-proportionate-fair Pareto

optimal point. Since each Pareto optimum may have its own significance, we may wish to
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Figure 5.14: Combinations of response times, respectively, T} and Ts, of users 1 and
2 that acheive all solution and only one Pareto optimum. The parameter values are

gbl = 05, M1 = 07, gbg = 04, Mo = 07, and ¢t = 20.
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have a more generally parameterized fairness objective that all the Pareto optimal points
may be achieved with a certain choice of the values of the parameters.

We have observed that careful consideration is needed in establishing the concrete form
of the fairness objective along the lines of the generally parameterized fairness objectives.
Otherwise, we may have an inappropriate objective that would not give us truly fair
assignment of resources to users.

Future problems that remain to be solved are numerous. For example, we may need
to examine other categories of models, and the analytical investigations to reveal the

underlying logical structures of the problems.






Chapter 6

Conclusion

In recent large-scale networks such as Internet, one important issue is to guarantee Qual-
ity of Service (QoS) for all users. In this thesis, we have studied various types of optimal
control problems in communication networks where multiple users share the system re-
sources.

We have first introduced a survey of related work in Chapter 2. An overview and
several problems on network routing, flow control and load balancing, have been presented.
We have also described the Braess paradox, and its examples.

In Chapter 3, we have studied a paradox in noncooperative flow control of multiple-
server (M/M/m) queues. We have considered the overall and noncooperative optimal flow
control schemes, and have formulated those schemes as nonlinear programming problems
to maximize the power, that is, the quotient of the throughput divided by the mean re-
sponse time. To observe a paradox, two queueing systems have been considered, which
are K separated M/M/N queues, and an M/M/(K x N) queue, respectively. We have
reported a counter-intuitive case where the power of every user degrades after grouping
together K (> 1) separated M/M/N systems into a single M/M/(K x N) system. Es-
pecially, it have been numerically shown that grouping together decreases the power of
every user about 10% in the worst case. We have also described our interpretation of the

worst case.

87
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In Chapter 4, we have studied Braess paradox in dynamic routing for the Cohen-Kelly
network. We have dealt with two queueing networks, called the initial and augmented
networks, where the augmented network is a result of adding a link to the initial network.
Intuitively, we expect that adding a link to a network improved the performance of the
users. Cohen and Kelly discovered that the opposite occured in static routing for those
networks. We have first introduced a previous study on dynamic routing in the Cohen-
Kelly network by Calvert et al, which may, however, include some confusions. We therefore
have retried the same problem as Calvert et al. to avoid those confusions. We have derived
dynamic routing decisions in above mentioned two networks based on the analytical study
by Calvert et al. Through simulation experiments, we finally have shown that a paradox
occurs in dynamic routing for the networks, that is, adding a link to a network degrades

the performance of all users analogous to what Cohen and Kelly showed.

In Chapter 5, we have studied fair and Pareto optimal solutions to a load balancing
problem. There exists various fairness objectives studied in relation to Pareto optimal
sets and Nash equilibria. We have examined the general parameterized fairness objec-
tive proposed by Mo and Warland, which can achieve max-min or proportional fairness
when the parameter of the objective has a certain value. We have also introduced Nash-
proportionate-fairness objective where a Nash-proportionate-fair point is Pareto optimal,
and is proportional to a Nash equilibrium solution. We have dealt with a simple static
load balancing model with two identical servers (computers) each of which has an inde-
pendent arrival process and its own queue. Although our load balancing model may look
simple, the analysis is complicated due to the non-convexity of the delay functions. We
therefore have applied those fairness objectives mainly numerically on the load balancing
model. We have further studied the Pareto border of the load balancing model that are
achieved by the weighted-sum optimization of the delay functions. Through numerical
studies, several counter examples have been found: Points achieved by the weighted-sum
optimization sometimes do not cover all the Pareto border, a delay minimization problem

with the fairness obective by Mo and Warland always show a counter-intuitive behavior
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while the utility maximization problems always show a natural behavior.

As future work, we can consider many extensions of the above studies. Although many
publications in the context of Braess paradox have appeared, the paradox is observed
in very limited models. Especially, there exists few examples of the Braess paradox
in dynamic networks. We can also find some computer and communication networks
where users mutually compete to satisfy their requirements. As described in Section 2,
overlay networks may be a possible target of research. In mobile ad-hoc networks, each
mobile terminal often moves and communicates with other terminals unilaterally. We
can therefore study noncooperative and cooperative (fairness) control problems in those

networks.
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Appendix A

Existence and Uniqueness of

Solutions in Flow Control Problems

of M/M /m queues

First, we show in this appendix, that there exist solutions to problems (I) and (II) in
Chapter 3. Then, we prove that they are unique. Note that for M/M/1 queueing system
models, closed form solutions to noncooperative and overall optimization problems have
been obtained (see e.g., [43]). It seems, however, that there is no solution to M/M/m

models for m > 1, has been published.

Lemma A.1. 1) For 0 < A < myu, the overall power, P(\) is strictly concave in A.

2) For 0 < A\ < mp— Z#l Aj, the power of player I, pi(X), is strictly concave in X\, for
[=1,2,...,7.

Proof. Since 1) is equivalent to 2) in the case where r = 1, we prove 2). The second

derivative of p; with respect to \; is as follows:

p(N) 0 1 0? 1

o 2a7l{m}“la—v{m} (A1)
- 2 AT P [ 1
= TP on “laAf{T(A)}'
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Now, we wish to show (A.1) is negative. From [63], [69], and [135], the response time

T(A) is strictly increasing in p, where

WY A
pP = = T
=1 " mp

and hence T(A) is also strictly increasing in \;. Therefore, the first term of (A.1) is
negative.

We rewrite the second term of (A.1) as follows:
NSNS BN 9p\*
"ox (TN [~ a2 L\ TN f \oN )

i {7} <

From [70], we have

Note that
ap 1
— = A2
oN  mpu (4.2)
Therefore, the second term of (A.1) is nonpositive. Finally, the left-hand side of (A.1) is
negative.
[
We define the function g by
T(A) A
A) = S — A.
o0) = e~ (A3

where T"(A) = dT'(A)/dA.

Lemma A.2. Any solution to the noncooperative optimization problem (1) is symmetric,

that is,

~

=My =

=)

LU =12, (A.4)

and satisfies g(A) = 0.
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Proof. We denote a solution to (I) by X. It satisfies \; > 0 for all [ = 1,2,...,r and
> N < mu. Moreover, it is a solution to dp;(X)/ON = 0, | = 1,2,...,r, which is

equivalent to
IT(A)
o\

Since T'(A) depends only on A, then

i

~T(A)=0,1=12,...,r (A.5)

OT(A)  OT(A)  dT(A)
N Oy an o b= b2

Then, any solution to problem (I) satisfies \; = T'(A)/T"(A) for all [ = 1,2,...,r with
T'(A) = dT'(A)/dA. X is therefore symmetric, and given by g(/A\) =0and \ = K/r, l=
1,2,...,r. [

Therefore, we obtain the following proposition:

Proposition A.1. 1) The solution to the noncooperative optimization problem (I) is

unique, and is a solution of the following equation:

g(A) = ~Z—o (A.6)

2) The solution to the overall optimization problem (II) is unique, and is a solution of

the following equation:
T(A)
T'(A)

—A=0. (A7)

Proof. 1) From Lemma A.2, a solution to problem (I) is given by g(A) = 0, which is
(A.6). If g is a strictly decreasing function of A for 0 < A < myu, and satisfies g(0) > 0
and g(mp) < 0, there exists a unique solution to (A.6). The derivative of g with respect
to A is
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where

dQT(A)
1" -
T"(A) = I

In [70], it is shown that d*T~'/dA? < 0, that is to say that
T(A)T"(A) —2T"(A)* > 0.

Then, we have dg(A)/dA < 0 for 0 < A < mu. Therefore, g is a strictly decreasing
function of A.

Next, we show ¢(0) > 0 and g(mpu) < 0. From [63], [69], and [135], the function T is
increasing and strictly convex in A for 0 < A < mpu. Then T"(A) is positive for A = 0.
From (3.1), T'(A) is also positive for A = 0. Therefore, from (A.3) we have g(0) > 0.

The derivatives of T and B,,, are

dT(A) _ Bl(A)(mp— A) + Byu(A)

dA (mp — A)?
and
By = )
_ BuW)[mpA(l = B (A)) + m(mp — A)?]
muA(mp — A) ’

respectively. Then if A # 0, g(A) is rewritten as follows:

mA(mu — N)(uBp(A) +mp — A) A

I = B iA1= Bo(A) + m(mn — A7 1

Since B, (mu) = 1, we obtain g(mpu) < 0. Therefore, (A.6) has a unique solution.

2) We denote a solution to (II) by A. Note that P is positive for 0 < A < myu, and zero
for A < 0 and A > mpu. Also from Lemma A.1, P is strictly concave for 0 < A < mpu.
Then problem (II) has a unique solution, and A is a solution to dP(A)/dA = 0 for
0 < A < my, which is equivalent to (A.7). O

Each of eqs. (A.6) and (A.7) has a single variable, respectively. Therefore, we can

obtain the solutions simply by using an iterative algorithm. We provide such an algorithm.
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Algorithm
Step 1. Set xg =0, yo = mpu, €9 = yo — o, € > 0, and k£ = 0.

Step 2. (I) If

T(A) A
— =<0,
T(A) r —
then set y, = 5 otherwise set xj = ¢y.
(IT) If
T(A)
—A<Z
) =Y

then set y, = e otherwise set xp, = €.
Step 3. Compute €, = yp — k.
Step 4. If |ex| > € then go to step 2.

Step 5. (I) Set A = &y
(I1) Set A = &y






List of Publications and

Presentations

1. Atsushi Inoie, Hisao Kameda and Corinne Touati, ”A Paradox in Optimal Flow
Control of M/M/m queues,” Proc. 43rd IEEE Conference on Decision and Control
(CDC), Dec 2004, Bahamas.

2. Atsushi Inoie, Hisao Kameda and Corinne Touati, ”A Paradox in Optimal Flow
Control of M/M/n queues,” Computers and Operations Research, vol. 33, no. 2,
pp 356-368, 2006.

3. Atsushi Inoie, Hisao Kameda and Corinne Touati, ” Pareto Set, Fairness, and Nash
Equilibrium: A Case Study on Load Balancing,” Proc. 11th International Sympo-
sium on Dynamic Games and Applications (ISDG), Dec 2004, Tucson, USA.

4. Corinne Touati, Atsushi Inoie and Hisao Kameda , ”Some Properties of Pareto Sets

in Load balancing,” Proc. 11th International Symposium on Dynamic Games and

Applications (ISDG), Dec 2004, Tucson, USA.

5. Atsushi Inoie, Hisao Kameda and Corinne Touati, ”Braess Paradox in Dynamic
Routing for the Cohen-Kelly Network”, Proc. 4th TASTED International Conference
on Communications, Internet and Information Technology (CIIT), Oct-Nov 2005,
Cambridge, USA.

119



120 Existence and Uniqueness of Solutions in Flow Control Problems of M/M/m queues

6. Corinne Touati, Hisao Kameda and Atsushi Inoie, ”Fairness in Non-convex Sys-

tems,” CS Technical Report CS-TR-05-4, September, 2005.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


