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Abstract  

LetTbeacompletetheorylnafirstorderlanguage・  

AmodelM ofTissaidtobeminimalifthereisnoproperelementary  

submodelofM．In［17］ShelahshowedthatifTistotallytranscendentalthen  

thereis noin負niteindiscernible setin a minimalmodel．On the other hand  

Marcus has construCted a minimalstruCture With aninfiniteindiscernible set  

（【11】）・HisstruCtureisstablebutnotsuperstable・Inchapterlweshal1prove  
thefo1lowlngtheorem：   

TheoremA（【9］）・LetTbesuperstab］eand］e仁AbeanYSet・Thenthereis  
nomiLLi皿atmOde］0VerA whichhasanin月nitesetofindiscernib］esoverA．  

LetTbecountable．ItisstillopenwhetherthereisThavlngeXaCtlyNl  
non－isomorphicminimalmodels，？rnOt・In［12】Marcusshowedthatifatheory  

withoneunaryfunctionhasaminlmalnon－PrlmemOdel，thenTha＄2拭0・minimal  
models．OurpurposeistogeneralizeMarcus’sres111t・Inchapter2wewillprove  
thefo1lowlI唱theorem：   

TheoremB（［8］）・LetTbestaJb］eandtriyiaJ・SupposethatThasamodel  
〟βud姐af何〟蓮皿血imaJand皿OJ叩∫血e，弧d（叫打（α）≦1，ゐraJJα∈〟・  

me皿rムぉ2Ro m血imaJ皿Odek．   

In【16］ShelahhassoIvedthecentralproblemonthenumberofunCOunt－  
ablemodels・Inhisproofheintroducedadividingline，thedimensionalorder  

PrOPe吋（DOP）．AtheorysaidtohavetheDOPifthereexisttuplesa，b，a  

finites感F and anon－algebraic typep suchthatp LabF，P⊥aF，P⊥bF and  

alFb・LetatheorySbeinterpretableinTandpaformulainTwhichdefines  
the一ユniverseofanS－mOdel．ThenwesaythatSisfu11yinterpretedinTif  

foranyS－mOdelMthereisaT－mOdelNsuchthat？N望M・Inchapter3we  
Showthe払1lowlngtheorem：   

TheofemC（【10］）・LetTbekトCategOricaJandLJ－Stable・馳enThastheDOP  
ifaJ）donb，jfSl，S20［S芸（Lbrsomeq＜LJ）ca，lbeAz）LyinterpretedinTF7Lbr  
ざ0皿e讃戯嘉e駅沌ダ．   



Chapt即0．IntrodⅦC七ion   

Inthischapterwesummari2；eSOmebasicde五nitionsandresultsnecessary  
k）rprOVlngOurmaintheorems・  

0．1．StruCtureS，LanguagesandSa七isfaction  

0．1．1．Definition．（1）AsimilaritytypeTisa5－tuPle（］，1K，α，β）such  
thatα：∫→山・andβ：J→軋  

（2）AstmctⅦreJuOfsimilarity七ypeTCnSistsof：   
（i）AnonemptysetM（calledtheunlVerSeOfM）；   
（ii）Ahmily（Rr：i∈I）suchthatforeachi∈I，Rrisanα（i）－Place  
relationonM．Ann－PlacerelationonMisasubsetofMn・Ifal，‥，an∈M，  

thenitiscustOmarytOWriteR（al，．．．，an）insteadof（al，・‥，an）∈R；   

（iii）Afamily（〝＾：j∈J）suchthathreachj∈J，㌣isaβ（j）－Place  
functiononMisafllnCtionfromMninto M；   

（iv）Asub＄et（c㌘：鳥∈∬）of〟・  

Ausefu1formofnotationforJuis（M，Rr，fr，C㌘）i（］，jeJ；heK・The  
cardinalityofJu（insymboIsLJu［）isdefinedtobethecardinalityofM・Wedo  
notoftendistinguishbe七weenastruCtureJuanditsuniverseM・  

Associatedwitheachsimila．ritytypeTisa鮎storderlanguageLT・   

0．1．2．Definition．ThepnmitivesymboIsofL，are：r                                                                             ●  
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Variables諾1，諾2，…；  

i）logicalconnectivesr（not），∧（and），］（thereexists），＝（equal）；  

ii）α（i）－Placerela・tionsymboIsRi払ri∈I；  

V）β（j）－placefunctionsymboIsfiforjeJ；  

individualconstantsckibrk∈K．  

0・1・3・I）efini七ion・The七ermsofLTaregeneratedbytworu1es：   

（i）al1variablesandindividualconstantsa，retermS；   

（ii）iffis an n－Placefunction symbolandil，i2，…，in are terms，then  

／い1，f2，‥．，まn）isaterm．  

0．1．4．De£ni七ion．TheatomicformⅦlasofL，areglVenby：  

1   
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（i）ifilandi2aretermS，thenil＝i2isanatomicformula・   

（ii）ifRis an n－place relation symbolandil，i2，・・・，in are terms，then  

点（ま1，電2，…，りisanatomicformula・  

0．1．5．De航nition．The払rmulasofL，aregeneratedbytworules：   

（i）everyatomicformulaisaformula；   

（ii）if¢and4，arefbrmulas，thenr¢，¢∧¢and］x¢areformulas  

0．1．6．Note．ThesymboIsv（or），→（implies）and∀（foral1）areusefu1abbre－  

via一七ions：  

¢∨ゆ払rr（「¢∧「軌  

¢→車払rr¢∨¢；  
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）∀¢払rr（］諾（「¢”・  

0．1．7．De航nition．Thenotion offree variableofa払rmulaisde£nedinduc一  

七ively．Theinductionisonthenumberofstepsneededtogeneratetheformula：   

（i）if¢isatomicandxoccursin¢，then訂isa丘eevariableof¢；   

（ii）ifa，isaffeevariableof¢，thena＝isafreevariableof∃yi；   

（iii）ifa＝isfreevariableof¢，thenxisfreevariableofr¢andof¢∧4，・  

A sentenceis aformula without正ee variables．The cardinality of L，  

（insymboIsILTI）isthecardinalityofthesetofallformulasofL，・Clearly  

lエrl＝mα∬（択0，け巨抑l呵）・  

IfMisanL－StruCtureandA⊂M，thenL（A）denotesthelanguageob－  

tainedbya4ioinlngtOLnewindividualconstantscafora∈A・   

0・1・8・Definition（Satis払ction）・LetMbeastruCtureOfsimilaritytypeT・  

（1）FbratermiofL，（M）withoutffeevariables，WedefineiMasfo1lows：   

（i）c㌘＝α；   

（ii）（押1，…ん））〟＝J∬（f㌘，…，f㌘）．  
（2）Let¢beasentenceofL（M）．Thenrelation“M巨¢”（read¢istrueinM）  

isdefinedbyinductiononthenumberofstepsneededtogenerate¢・  
肝
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¢i∬〟巨¢and〝巨守・  

i∬itisnottruethatM巨¢・  
∧
¢
 
 
∃拍（諾）iぽ〟巨¢（c。）払rsomeα∈鳳L  

0・1・9De載nition．Let¢（3：1，．．．，Xn）beaformulaofL，andletal，…，an∈M・  

（1）Then al…anis said to satis柑（or reali2；e）¢（諾1，・・・，Xn）in MifM巨   
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¢（al，．．．，an）．Let¢Mdenotethesetofrealizationsof¢inM・  
（2）¢（xl，・・・，Xn）issaidtobevalidinMif（∀a，1・・・∀諾n）¢（a：1，…，Xn）istrueinM・  

（3）MiselementarilyeqllivalenttoN（insymboIsM≡N）means：M巨¢  
iffN巨¢fbreverysentence¢ofL・  

0．2．The Nllmber ofModels  

0．2．1．De航nition．I，et M and NbeL－StruCtureS．  

（1）LetmbeamapfromMintoN・misanelementarymappingmeans：  
M巨¢（al，・・・，an）i∬N巨¢（m（al），‥・，m（an））forevery払rmula¢ofL and  

everyal，…，an∈M．Notethatmisanelementarymappingiq（M，a）。（M≡  

（Ⅳ，m（α））α帥ト  
（2）MisanelementarysubstruCtureOfN（insymboIsM＜N）iftheidentity  
mapもM：M⊂Nisanelementarymapplng・IfM＜N）thenNissaidtobe  
anelementaryextensionofM．  

0．2．2．Remark．（T如Ski－Vaught）W占canseethatM－＜Nifandonlyif，払r  

every¢（∬）∈L（M）ifN巨］函（x）thenthereisaelementa∈Msuchthat  
Ⅳ巨¢（α）・  

0．2．3．Definition．LetTbeasetofsentencesofsomelanguageL，andlet¢  

a払rmulaofL．¢isalogicalconseqllenCeOfT（insymboIsTト4），if4，is  
amongtheformulasgenerated血・OmTasfollows：   
（i）if¢∈T，thenT卜¢；   

（ii）if¢返礼logicalaxiom，tben了「ト¢；   

（iii）ifTト¢iWhenl≦i≦n，andif¢istheresultofapplyingsomelogical  

ruleofinferencetotheseq11enCe¢1，．．．，¢n，thenTト¢・  

0．2．4．De丘nition．（1）Tisconsistentifnosentenceoftheform¢∧「¢isa  

logicalconsequenceofT．  

（2）MissaidtobeamodelofT（insymboIsM巨T），ifeverymemberofTis  
tr11einM．   

ItisclearthatifT卜¢，then7bト¢払rsomefiniteTb⊂T・Exploiting  
repeatedlythis負nitarycharaL：terOftheconsequencerelationト，WeCanprOVe  

thefb1lowlngtheorem：   
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0．2．5．Theorem（Completeness）・HTisacons嘉tentsetofsentences，tLen  
r五郎amOdeJofcard血aJ毎≦mα諾（択0，lrl）．  

0．2．6．Definition．（1）TissaidtobeatheoryinLifitisaconsistentsetof  

L－SentenCeS．  

（2）TissaidtobecompleteifeitherTト¢orTト「¢fbreverysentence¢of  
r．  

（3）LetTh（M）denotethesetofa11sentencesofLtrueinM・  

ByO．2．5，TiscompleteifFal1model＄OfTareelementarilyequivalent・  

0．2．7．Theorem（Compactness）・Le亡TbeatheorysucムthateveTy鮎ite  
stzbsetofThasin鮎itemodel．T71enTLasamodelofcardinalityJCLbreveu  

花≧mα諾（拉0，lrけ一  

Proqf Let（cα）α＜凡beasetofindividualconstants，nOneOfwhichoccurinthe  

lmguageofT．Letr＝Tu（cα≠cβ：α＜β＜可・IfScrisfinite，thenS  

isconsistent，SinceSnThasaninfinitemodel．ByO．2・5，rhasamodelMof  

cardinality≦fC．ButMmusth乱VeCardinalityatleastJC，Sincecα’smustname  

distinct elementsofM．口  

Considerthe number ofmodels．By O．2．5，a皿y theory has atleast one  

model．Ifacompletetheoryhasafinitemodel，thenithaJSeXaCtlyonemodel，  

uptoisomorphism．Butifnot，thesituationchanges．ByO．2．7wehave‥  

0・2・8・Theorem（Upward L6wenheim－Skolem）・Let M be aninBJlite  
structure．T71班Mムasan eIementaTyeXtenSion N ofcardina］毎IC血revery  

佗≧mα諾（財l，Irl）．   

Itisclearthat，iftwostruCtureShavedi鮎rentcardinality，thentIleyare  

non－isomorphic．Therefore，bytheabovetheorem，ifThasaninfinitemodel  
thenThasinfinitelymanymodels．  

Soweconsiderthenumberofmodelswithcardinality入，forfiⅩedÅ．I（Å，T）  
denotes the number ofmodels ofT ofcardinality入，uP tOisomorphism・If  

Z（入，T）＝1，WeS叩thatTis入－CategOrical．   



5  

0．3．Countable Models  

Wもconsiderthenumber ofcountablemodels．Let Tbe acountablecom－  

PletetheoryinL．FirstobservethefollowlngeaSyeXamPle・   

0・3・1・Example・LetLbethelanguagewithnorelationotherthanequality  
andTthe theory which says that there areinfinitely many elements．Then  
ClearlyI（No，T）＝1（i・e・，TisNo－CategOrical）・   

IsthereatheoryTsuchthatI（No，T）＝n，払reverynwithl＜n＜u？  

Fbreverynwith3≦n＜w，thereisatheoryTwhichsatisfiesI（No，T）＝＝n  

（Ehrenftucht）．Ontheotherhanditisknown that thereisnoTsuch that  

I（拉0，T）＝2（Vaught）・ToprovetheVaughttheorem，Weneedsomenotions  

andresultsofclassicalmodeltheory．   

0．3．2．De且nition．IJetTbeacompletetheoryinL．  

（1）A complete n－tyPe OfT（n＜u）isaset of∑ofL－k）rmulasinnfree  
Variables，SayXl，X2，…，Xn，WhichismaximalconsistentwithT．AtypeofTis  

ann－tyPeforsomen＜w．  

（2）Thesetofn－tyPeSOfTisdenotedbySn（T）andweputS（T）＝Un＜uSn（T）・  

Typesaredenotedbyp，q，r，．．．．  

（3）IfMisanL－StruCture，A∫M，and石isatuplefromM，thenipM（石／A）＝  
（4（塾∈L（A）andM巨嘩））・LetSn（4）denoteSn（Th（M，a）aEA）・Thus  
ipM（b／A）∈㌫（A）・LetipM（b）denoteipM（b／＠）．  

0・3・3・Definition・Let∑（衰）beaconsistentsetofL－fbrmulas・Then∑issaid  

tobeisolatedifthereisaconsistentL－formula4｝（虎）suchthatTト（∀5）（＊（盃）→  

¢（盃））払revery¢∈∑，and¢issaidtoisolate∑（relativetoTofcourse）．  

0・3・4・Theorem（0mittingTypes）・LetTbeacountab］etムeowinLfbr  
eachn＜w］et∑n beacons］stentseiofL－Lbmu］awith丘eevariab］es・Suppwe  
thatjbreachn，∑nisL］OL）－iso）ated．ThenTI）鮎aCOunLab］emode）whjcho  

eacム∑乃．  

Proof Tbsimpli＆ourproofweconcentrateoIlOmitting“one”non－isolatedtype  
∑（3，）・LetMbeacountablemodelofT・Bycompactnesswegetnextclaim：  

Ctaim：LetA⊂Mandlet¢（x）∈L（A）・Thenif∑（a；）isnon－isolatedover  

A，then七hereisarealizationaof¢inMsuchthat∑isnon－isolatedoverAa．  

tJsingtheclaimrepeatedly，WeCanCOnStruCtinM a（countable）model  

SuChthat∑isnon－isolatedoverN．ClearlyNomits∑．口   
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0．3・5・Theorem（拉0－Categoricity）・LetTbeacountabletheoⅣinL・Tムen  

TisNo－CategOrica］iRILbTeaChn＜叫a］）p∈S，L（T）isisoIated．  

Proof（onlyif）Ifthereisanon－isolatedtypep，then，byO・3・もWehaveamodel  

Whichomitsp．Ontheotherhandthereisamodelrealizingp．Thisiscontradicts  

蚊0－C乱tegOricityof了1・  

（if）Bytheback－and－forthmethod・□  

0・3・6・De触ition・（1）Apri誓emOdelofthetheoryTisamodelMofT  
SuChthat，forallNF＝T，therelSanelementarymappingofMintoN．  

（2）MissaidtobeanatomicmodelofTifipM（盈）isisolated払revery虎∈M・  

0．3．7．Remark．ByO・3・4and（onehalfof）the back－and－forth method，We  

ObtainthatMisprlmeifandonlyifMisco11ntableatomic．  

ByO．3．7，Wehave：  

0・3・8・Theorem（PrimeModels）・LetTbeacomp］e七e七heoJyin  
何∬g（r）jβC？u血a恥沌即で五郎 

． 

0．3．9．I）e航nition．（1）Missaidtobe炬Satllratedif，foranyA⊂Mwith  

fA．）＜K，foral1p（豆）∈S（A），Pisrealizedin  

（2）Missaidtobeco11ntablysaturatedifi七iscoun七ableand択0－Saturated・  

0・3・10・Theorem（SatllratedModels）■LetTbeacomp］etetbeoryinL・  
何∬g（ア）蓮cou皿ねbJち仏即rム㍍aCOu山a坤5aれ汀aねd皿Odd．  

槻A野毛wocou血abかぶa紬ra毎dmodeJβOfra∫ej50皿0岬ムjc・  

Proof（1）LetMbbeacountablemodelofT・LetX＝∪‡S（F）：F⊂Mb，）F）＜  

蛇0）■ ThenXiscountable，SinceS（T）iscountable．ByO．2．8wecanget a  

COuntableelementaryextension弧ofMbwhichrealizeseverymemberofX．In  

thesimi1arwayweobtainacountableelementarychain（鳩）i＜u・SetM＝Uj軌・  
ByO・2．2MisamodelofTandmoreovercountablysa．turated．ロ  

0・3・11．TIleOrem（Ⅴ如1ght）・Pbranycomp］eteT，Z（択o，T）≠2．  

Proof S11PPOSethatZ（扶0，T）＝2・ThenS（T）iscountable．ByO・3．8andO・3・10，  

there are acountably saturated modelM and aco11ntable atomicmodelN．  

SinceTisno川0－Categicalwecanfind，byO・3・5，anOn－isolatedtypep∈S（T）・  

ⅡenceMandNisnon－1SOmOrPhic．Let虎realizep．SinceS（瓦）isalsocountable，  

thereisacountモ血1emodelN（atomicovera．Thenweobta，inthatN／isbothnon－  

Satura七edandnon－atOmic・Itfo1low＄thatI（浜0，T）≧3・Acontradiction・□   
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0．3．12．Example．（1）Let Tbethetheoryofalgebraica11yclosedfieldsof  

SOmefiⅩedcharacteristic・AnymodelofTisdetermineduptoisomorphismby  
itstranscendencedimensionovertheprlmefield．Namely，foranymodelMof  

Tal1maximalalgebraica11yindependent subsetsofMhavesamecardinality，  

whichis the transcendence dimension ofM．Moreover two models with same  

transcendencedimensionareisomorphic・ThereforewehaveI（No，T）＝決0．  

（2）LetTbethetheorywhichsaysthatEnisanequivalencerelation払reach  
n＜w，S11ChthatEohastwoinfiniteclassesandEn＋1PartitioneachEnclas  

intotwoinfiniteclasses．LetEbetheinfinitaryconjunCtionofal1the昂1．Each  

modelwillhaveinfinitelymanyE－Classes，butthecardinalityofeachclasscan  

bechosemarbitrary．ThuswehaNeI（択0，T）＝2矩0．   

IsthereatheoryTsuchthatI（No，T）＝rC，fbrsomelCWith択0＜IC＜2Ho？  

Buttheq11eStionisstillopen：   

Ⅴ五11ght Conjecture．I（No，T）≧拍oimp）iesI（蛇0，T）＝2No．  

Shelahpartia11ysoIvedtheconjecture，uSlngmaChineryofso－Called“sta－  

bilitytheory”．  

Thefollowlngtablesummarizesthediscussionabove．Thecolumnsindicate  

then11mberofcountablemodels．Anentryof“×”meansthereisnotheoryof  
thiskind；anentryOf“？”meanstheexis七enceofsuchatheorylSunknown．  

The Number ofCountable ModelsI  

2   3   
◆ ■ ● ●   No  2No   

0   ×   0   0   0   ？   0   

0．4StabilityTlleOry  

0・4・1・De航nition．（1）Le七人≧蛇0．ThenTis入－Stableif，forallA，lAl≦入  

impliesJSl（A）l≦＾．  

（2）TisstableifTis＾－Stableforsome入．  

（3）TissllPerStableifTis入－Stableforal1入≧2Ho．  

0・4・2・Remark・（1）TissaidtohavetheorderpropertyifThasamodel  
Whichcontainsasettota11yorderedbyafbrmula．Thenitiswe11－knownthatT  

isunstablei∬Thastheorderproperty．   
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（2）WbcanseethatifTisw－Stable，thenTis入－Stableforal1入・lIencewehave  

“w－Stable⇒superStable⇒stable”．  

0・4・3・Definition・（1）LetA⊂B・Letp∈S（A）andq∈S（B）s！Chthatp⊂q・  

Thenqissaidtobeaforkingextensionofpifthereare¢（訂，b）∈L（B）and  
M⊃Asuchthat¢isnotsatisfiedinM・Andwesaythatqisanotl－tbrking  
extensionofpifqlSnOtaforkingextensionofp．  

（2）Let虎beatupleandletAandBsets・Thenwesaythat虎isindependent  
fromBoverA（insymboIs盃1AB）ifip（虎／BuA）isnon－forkingextensionof  
極（虎／A）・  

（3）LetA，BandCbesets・ThenwesaythatCisindependent駐omBoverA  
（insymboIsCl＾B）if，払revery瓦∈CisindependentfromBoverA．  

0．4．4．Remark．IfTisstable，Wehavethesymmetryproperty：BIA C⇒  

CIA月．  

0・4・5・Theorem（Existenceofnon－fbrkingextensions）・LetTbestable．  

TムeLILbranYP∈S（A）andB⊃AthereisanoLl－LbrkjTJgeXtenSionofpoI・erB．  

0・4・6・Definition・LetAbeanysetandletpFS（A）・W6saythatpis  
Stationaryifithasexactlyonenon－fbrkingextenslOnOVeranySet（⊃A）・  

0・4，7．De混nition．（1）LetAbea・Set．Letpandqbestationarytypesover  

A・Thenpandqarealmo＄tOrthogonal（insymboIsp⊥aq）ifwhenevera巨p  
andb巨qthenaandbareindependentoverJ4．  

（2）LetAbeaset・Letpandqbestationarytypesov？rA・Thenpandqare  
Orthogonal（insymboIsp⊥q）ifanynonforkingextenslOnSOfpandqoverany  
Setarealmostorthogonal．  

（3）LetAandBbeanysets・LetpbeastationarytypeoverAandlet 
． 

OfpandqoverAuBareorthogonal・  
（4）I｝etAandBbeanysets．Letp∈S（A）bestationary．Thenpisorthogonal  

七oB（insymboIsp⊥B）ifanytypeoverBisorthogonaltop．  

0・4・8・De丘nition・Tbestable．ThenU－rankisdefinedon（complete）types  
as払1lows：   

（i）Ifp∈ぶ（A），仙en打（p）≧0；   

（ii）tr6islimit，P∈S（A）andU（p）≧αfora11α＜6，thenU（p）≧6；   

（iii）Ifα＝β＋1，P∈S（A），andphasaforkingextensionq∈S（B）for  
SOmeB⊃AsuchthatU（q）≧β，thenU（p）≧α；   

（iv）Ⅵ毎s叩th乱t叫p）＝αif打（p）≧αandnot打（p）≧α＋1・   
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（v）IfU（p）≧αforal1α，WeSayU（p）＝∞，WiththeconverLtionthat  
α＜∝〉払rallordima－1sα．   

0・4・9・Remark・（1）Letp，qbetypessuchtha七草⊂qandU（q）＜∞・Then  
U（p）＝U（q）ifandonlyifqisanon一払rkingextenslOnOfp・  

（2）W占canseethatTissuperstableifandonlyif，forallp∈S（A），U（p）＜∞・   

0．4．10．Definition．LetAbea・Setandletpa．stationarytypeoverA・Then  
pissaidtoberegularifany払rkingextensionofpISOrthogonaltop・   

0．4．11Remark．Ifp∈S（A）isregularandM⊃A，thenallmaximalinde－  
pendentsets払rplnMhavethesamecardinality・So㍑dimension乃existsfbr  
regulartypes・   

0．4．12．TlleOrem（ExistenceofReg111arTypes）・LetTbew－Stab］e・Let  
M⊂N．T71en t）lereisane）emellta∈N－Mst）Chり】atip（a／M）isrqguIar・   

0・4・13・Theorpm（ExistenceofPrimeModels）・∬Tisw－Stab］e，thenT  

ム舶au皿JqueprJ皿emOddovera旦y5ef・  

Bytheaboveexistencetheorems，manyuSefu1res111tscanbeproved．We  
summarizesuchres111ts：   

0・4・14・Theorem（Morley）・∬hranuncotzJltablecardinal入atheoTyTis  
入－CatqgOrica］，thenTisFL－CatqgOricalゐreveTyunCOuntab］ecardiJlalp■   

0・4・15・Theorem（Baldwin－Lachlan）・∬jbran uncountablecardinal入a  
仏eoヱγri5入－Ca晦Oricaいム棚∫（択0，ア）＝lo∫餃0■   

0・4・16・Theorem（Lachlan）・IfTissuperstableand餃0－CategOrical，thenT  
isLJ－Stable．  

0・4・17・Theorem（Lachlan）・HTjssuperstablethenI（択0，T）＝lor≧蛇0・   

0・4・18・Theorem（Shelah）・HTisLU－Stab］e thenI（択0，T）＞景oimpぷes  

J（浜0，r）＝2氷0．   

0・4・19・Theorem（Hr－1Shovski）・Thereisan択0－CategOricaltheorywhichis  
StableandunSuPerStable．  

Thenex七problemsare＄tillopen．   
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0penProblems・（1）鳥thereastab］eunsuperstable七heorYTstlChthatl＜  
∫（択0，r）＜拭0ア  

槻鳥沌αea」nO刀一山一雨abね沌eo∫y了「sud鮎f拉0＜丁（No，ア）＜2補07  

The払1lowlngtable summarizesthe aboveresults・Therowsdescribe a  
placeinthestabilityclassi丘cation・Thecolumnsindicatethenumberofcounト  
ablemodels．Anentryof“×”meansthereisnotheoryofthiskind；anentryOf  
“？”meanstheexistenceofsuchatheorylSunknown．  

The Nllmber ofCollntable ModelsII  

● ● ● ■   択0   ● ● ● ●   2No   
択1－CategOrical   0   X   0   ×   ×   

not浜1－CategOrical，LJ－Stable   0   ×   0   ×   0   

notw－Stable，SuPerStable   ×   ×   0   ？   0   

notsuperstable，Stable   0   ？   0   ？   0   

ⅦnStable   0   0   0   ？   0   

0．5．Uncollntable Models and DOP  

We consider the n11mber ofuncountable models．I，et T be a，COmplete  

theory・W6saythatThasmanymodelsifI（Å，T）＝2入forevery入＞）Tl．  
AndwesaythatTisclassifiableifTdoesnot王1aVemanymOdels．Shelahhas  

SOIvedthecentralproblemonthenumberofuncountablemodels・Hisstrategy  
is as払1lows：   

（1）FirstheintroducedanumberofconditionsofT（stable，SuPerStable，  

NDOP，ShallowandNOTOP）・   

（2）Nextheprovedtha七ifTdoesnoth乱Vethesecondition，thenThas  
manymodels．   

（3）OntheotherhandifThastheseconditionthenheprOVedstructure  
theorems（Existence oftheindependence relation，Ofregulaxtypes，Ofprime  

modelsandofpresenta七ions…．）・  

ThenShelah，smaintheoremstatesthat   
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0．5．1．Theorem（Shelah）・TiscJassiBab］eifandonlyifTisstlPerStab］e，  
ⅣDO考5ムa胱）Wa月dⅣOT、OR  

Tlle ntlmber ofuncollntableInOdels  

仁  
⇒manymodels  
DOP⇒manymodels  
（deep⇒manymodels  a抽eory   

ⅣDOP〈苛  OTOP⇒manymodels  
NOTOP⇒classifiable  

Wbobservehereoneoftheaboveconditions，thedimensionalorderprop嶋  

erty．   

0．5．2．Definition．Wesaythatatheoryhasthedimensionalorderprop・  

erty（hrshortI）OP）ifthereexisttuplesa，b，afinitesetFandanonpalgebraic  

typepsuchthatp享abF，P⊥aF，P⊥bFanda↓Fb．  

0・5・3・Example・LetL＝（VE，R），WhereV（vertex）andE（edge）areunary  

PredicatesandRisaternaryPredicate．LetTbethefollowlngtheoryinL：any  

modelofTi＄theⅦnionofthetwodi毎ointinfinitesetsVa．ndE；R⊂VxVxE；  

foreachpair〈u，V）∈VxVande∈E，R（u，V，e）holdsiffR（v，u，e）holds；払r  

eachpair〈u，V〉∈VxVsatis＆ingu≠vthereareinfinitelymanyelementse∈E  

SuChthatR（u，V，e）holds；foreache∈Ethereisauniquepairくu，可∈VxV  

Satisfyingu≠vsuchthatR（u，V，e）holds．′mkeanydistinctelement＄a，bofV．  

Letp（a，）＝R（a，b，X）．Thena，bandpwitnessthatTha＄theDOP．Bachmodel  

OfTaboveisconstruCtedbyfirstchooslngitssetofvertices，andthenforeach  

PalrOfvertices，bychooslngtheedgesbetweenthem．Inthiscasesecond－level  

血oiceisafunctionofapaユrOfverticeschosenattheBrstlevel．Thenwecan  

COuntthenumberofmodels‥Z（択0，T）＝1andI（JC，T）＝2ふ・Itfb1lowthat  

hasmanymodels．   

Inchapter3wesha11showthatifTisanhトCa七egoricalw－Stabletheorywith  
DOP）thenessentiallyTcanberegardedasoneofthreeconcreteexamPles・   
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0．6．MinimalModels  

WerestrictourselvesheretoacountablecompletetheoryT．Missaidto  

beminimalifithasnoproperelementarysubmodel（andhenceitiscountable）・  
Our concern hereis to co11nt the number ofminimalmodels．VVe observefirst  

easyexamples：  

0・6・1・Example・LetTbethetheoryofaninfiniteset（see？ⅩamPleO・3・1）・  
Then anyco11ntablemodels ofTisprlme．But eachofthemlSnOtminimal．  

HenceThasnominimalmodels．  

0．6．2．Example．LetTbethetheoryofanalgebraical1yclosedfieldwith a  

glVenCharacteristic．Thenthealgebraicclosureoftheprimefieldisprlmeand  

minimal．Moreoveritisthe11nlqueminimalmodel．  

EachoftheabovetheorieshasaprlmemOdel・Ingeneralifatheorywith  
apnmemodelhas aminimalmodel，ithas theun1queminimalone・Sowe  

consideratheoryhavingaminimalnon－Primemodel．In［6］FbhrkengaNean  

exampleofsuchatheory：   

0・6・3・Example（【6］）・Foreachl／＜2＜wwede航neafunctionFL：2W→2W  

by（凡（11））（i）＝L／（i）＋77（i）mod2for71∈2u，i＜w・Andfor77∈2＜w，  

吊＝（丁∈2∪：叩ぺ弓・1et〟＝（2U，‡凡）〝く2くり，（ち‡叩＜2＜ぴ）andr＝アん（〟）・  

Theneachmodelgeneratedbyonlyoneelementisminimalandnon－Prlme．Then  

Thas2No minimalmodels．  

Anaturalquestionwillarise：IsthereatheorywhichhasfCminimalmodels  

forsomefCWithl＜IC＜2No？In［12］MarcusshowedthatifTisatheoryof  
one11naryfunctionsymbolandThasaminimalnon－PrlmemOdelthenThas  
2景o minimalmodels．OntheotherhandShelah【15］showedthatforeveryJC  
Withl≦fC≦No，thereisatheorywithexa｝CtlyfCminimalnon－PrlmemOdels・  

ByMorley’sresult，WeCanSeethatifThasmorethan狭1minimalmodelsthen  

ithas2沢0minimalones・Thefo1lowlngPrOblemisstillopen：   

OpenProblem．鳥thαeatheorYWhichha＄eXaCt＆蛇1minimaImodeLs？   

Indla．Pterlweproveatheoremonindiscemiblesetsinaminimalmodel・  

Inchapter2weglVeareSultonthen－1mberofminimaJlmodels・Ourresultis  
弧eXpanSionofMarcⅦS，sresult【12］・  

Thefollowlngtablesummarizesthediscussionabove・Thecolumnsindicate  
thenumberofminimalmodels．Anentryof“×”meansthereisnotheoryof  
thiskind；a，nentryOf“？”meanstheexistenceofsuchatheoryisunknown・   



13  

The Number ofMinimalModels  

0   1   2  No   Nl  2試0   

0   0   0   0   0   ？   ×   0  
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Chapterl．hdiscernibleSetsinMinimalModels  

AmodelMissaidtobeminimaIifthereisnoproperelementarysubmodel  

ofM．W占consider the si2；e Ofindiscernible setsin a minimalmodel．Shelah  

Showed thatif atheory Tis totally transcendentalthen thereis noin£nite  
indiscerniblesetinaminimalmodelofT（see【15，ⅠⅤ，Theorem4・21】）．Onthe  

Otherhand，in［11】MarcusconstruCtedaminimal（andprime）structurewithan  

infiniteindiscernibleset・lIisstruCtureisstableandnon－SuPerStable．O11raim  

isthere払retoextendShela・h’sresulttoas11perStabletheory．   

Theorem A．Let T besuperstable andle仁A be anyset．men thereisno  

minima］mode］0VerA whicムhasanin£niteset ofindiscemiblesoverA．  

Tbi11ustrate our proof，We Observe Shelah，s proof：Let M be a model  

hⅣinganinfiniteindiscerniblesetI・Pickany a∈IandletJ＝I－‡a‡・  
SinceTistotallytranscendental，thereisN＜MwhichisatomicoverJ．By  

indiscernibilityofZ，Wehavea¢N．1IenceMisnotminimal．  

Ⅱowever，ifTisnottotallytranscendental，thenwedonotnecessarilyhave  

anatomicmodelinsideM．So，insteadofNabove，WetakeinMamaximalset  

EwhichincludesJb11tisindependentfroma・Weca・11suchEaip（a）－enVetOPe  
OfJinM（seeI）efinitionl・2・1fbrtheexactdefinition）・Firstweshowthatif  
Tissuperstable，EisanelementarysubmodelofM（IJemmal・2・3）．Itfbllows  

thatMisnotminimal，andhencewecanobtainourtheorem．Intheendofthe  

PaPer，Wegiveastablestructurehavinganin£niteindiscemibleset（Example  

l・3・2）・ThewayoftheconstruCtionisessentiallythesameasMarcus，sone【11］．  

1．1．Nota七ion．  

WefiⅩa（possiblyuncountable）stabletheoryT．Weusuallyworkinabig  

modelCofT．Ournotationsarefairlystandard．A，B，．．．are11Sedtodenote  

Smal1subsetsofC．亮，b，．．．are11Sedtodenote£nitesequencesofelementsinC．  

P，¢，…areuSedtodenoteformulas（withparameter）．p，q，…areuSedtodenote  

types（withparameter）．Thenon払rkingextensionofas七ationarytypespto  

thedomainAisdenotedbypIA・ThetypeofaoverAisdenotedbyip（a担）．   
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R∞（p）（resp・RCQ（p））istheinfinityrankofatypep（resp・aformulap）・Ⅵ屯  

simplywriteR∞（a／A）instea，dofR∞（ip（a／A））．Thesetofrealizationsofatype  

p（resp．afbrmulap）inamodelMisdenotedbypM（resp．pM）．  

1．2．Lemma．   

1・2・1・：De£nition・Let M beamodelandA⊂B⊂M．Letp∈S（A）  

be stationary．Then ap－enVe（ope ofBin Mis a maximalset E s11Ch that  

B⊂E⊂Mandanyelementof（pIB）Misindependentf王omEoverA．  

1・2・2・Remark・Thenotionof“envelopes”wasintroducedin［4］，andwas  

definedinthecontextoftotallycategoricaltheories・OurdefinitionisaJgener－  
alizationofthatin［4］・  

1．2．3．Lemma．LetT besuperstabJe．LetM beamode］andA⊂M．Let  

P∈S（A）bestationary SupposethatMcontainssomeinBniteMorIqysequeJICe  
∫ofp・Tあ飢ap－e月代J叩eOf∫A血〟i5aneJemeJlねけぶuわmodeJof〟．   

ProoflForthesimplicityofthenotation，WemayaSSumethatA＝臥％ke  

anyp－enVelopeEofZinM．If（p［f）M＝¢，thenE＝M．Soweassume  
that（pII）M≠臥Assumebywayofcontradiction七hatEi＄nOtanelementary  
SubmodelofM．Then，bytheTarskicri七erion，thereisaconsistentformula  

P（a，，鴎）∈L（E）suchthat甲MnE＝臥Bysuperstability，pickanelementbof  

pMsuchthatR∞（b／E）isminimal．  

Claim・Anya∈（p］I）Misind甲endenf舟omboverE．  

ProqF Assume otherwise・Then thereis an element a of（pfI）M suchthat  
ip（a／Eb）forksoverE・Takeafbrn－ulae（諾，6－L）∈ip（b／E）suchthatR∞（b／E）＝  

R∞（0）・Nowip（a／Eb）forksover8，SOthereis否∈Esuchthatip（a／6b）fbrks  

OVer臥Thenwemayassumethat鴎，6i⊂豆．Notethatip（a／百）doesnotfork  

OVer¢（because百∈E）・Itfo1lowsthatip（b／ia）forksover百．Sowecangeta  

払rmula¢（£，百，α）∈極（り如）sⅦCbtb叫ば巨榊′，ちα）then電招′／ね）払rksover  

百・LetT（a，百）denote（］2：）（p（2＝，6b）∧ゆ（x，百，a）＾C（a＝，6i））．Nowtheweightof  

百isfinitesinceR∞（百）＜∞・There払rewecanpickaJ∈Isuchthatip（aI／e）  
doesnotforkover＠・Reme血berthatip（a／e）doesnotforksover＠．Itfbllows  

thaJtip（a／百）＝ip（a／／百）・Hencell（aJ，百）hold＄．Therefore七hereisanelemen七  

b’∈pMsuchthatR∞（bl／百）≦R∞（b／E）andip（bl／Eal）forksover百．Tlms  
点∞（り句≧点∞（り吾）＞忍∞（り由′）≧点∞（が／句．Moreover属∞（り呵≠0   
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becausebIsatisfiesp．ButthiscomtradictstheminimalityofR00（b／E）．1Ience  

theclaimholds．  

Thusanya∈（p［I）MisindependentfrombEoverI．Butthiscontradicts  
thatEisanenvelope・lIenceEisanelementarysubmodel・Thiscompletesthe  
PrOOfofthelemma．口  

1・2・4・Example・LetPer（w）denotethesetofpermutationsofwwhichmove  
Onlyafinitenumberofelements・Fbreachi＜w，de丘neafunction汀i：Per（LJ）→  

WSuChthat汀i（q）＝q（i）・LetA＝LUUPer（LJ）．ConsiderthestructureM＝  

（A；W，Per（LU），（町i）i＜。）・ThenLuisaMorleysequenceofip（0）．Notethatfbr  

anyq∈Per（Lu），山⊂dcl（q）（＝thedeAnableclosureofq）．Thereforew－†0‡is  

theip（0）－enVelopeofLJ－（0‡inM・lIowever‘リー‡0‡isnotamodel．Moreover  

T＝Th（M）isnotsupers七able（sincetheweightofo・isinfinite）．Thisexample  

Showsthatweneed〉inlemmal・2・3，theassumptionthatTissuperstable・  

1。3．Theoremand Example．   

1・3・1TheoremA・LetTbesupe膵tab］eand］etAbeanYSet．Tnenthereis  

nominjma）modeJovcrAⅣhich hasaninガIlitesetofIndisceTIliblesoverA．   

ProoflSupposetha七MhasaninfinitesetIofindiscerniblesoversomesetA．  

W占canassumethatJisalreadyaninfiniteMorleysequenceofsomep∈S（A）  
becauseK（T）iscountable・Pickanya∈I．Bylemmal．2．3，aP－enVelopeEof  

（Z－‡a））uAinMisanelementarysubmodelofM．Itisclearthata¢E．  

ⅡenceMisnot minimal．Acontradiction．ロ  

1・3・2・Example（see【11】）・Theoreml．3．1cannotbeex七endedtoastable  

theory．W占construCt a minimalstruCture With aninfiniteindiscernible set．  

Reca11thestructureM＝（A；W，Per（w），（7Ti）i＜u）（seeExamplel．2．4）．Notethat  

thisstruCtureisnotminimal・Butbymodifyingtheconstruction，WeCanObtain  

aminimalone：Fbreachn＜LJ，Wedefineinductively鳥and（汀；：a∈島）  

WhichsatisfythefolloⅥngPrOPerties：  
（i）昂＝叫and打£＝打。（α∈昂）；  

（可島＋1＝アeγ（島）（m＜u）；  

（iii）璃＋1：島＋1→島isahnctionsuchtba七甘苦＋1（打）＝巾）（α∈島，陀＜山）．  

LetA＊＝∪（島：n＜w）・ConsiderthestruCtureM＊＝（A＊；（島：n＜w‡，（甘言：  

a∈島，n＜u‡）・Thenfbreachn＜w，ifq∈島＋1thenwehaNe鳥⊂dct（q）．   



17   

HenceM＊isaminimalmodel（Proof：TakeanyN＜M＊anda∈M＊．Then  

thereissomensuchthat a∈島・Now fL＋1nN≠¢，SOWeCanPicksome  

q∈島＋1nN・Thereforea∈dcl（0・）⊂N，SOa∈N・ItfollowsthatN＝M＊）．  

ItiseasytoseethatB〕＝LJisaninfiniteindiscernibleset．MoreoverM＊isnot  

SuPerStable，SinceMisinterpretedinM’（RecallthatMisnotsuperstable）．   
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Chapter2．TheN11血berofMimimalModels  

ThealgebraicclosureQoftherationalsQinthecomplexnumberfieldC  
issma嬰inthefollowingtwosenses：（i）Thereisnopr？Pereleme中rysubfield  
KずQ，and（ii）everyReldwhichiselementarilyequlValenttoQhasacopy  
ofQinit．Inalgebraicmodeltheory，itisoftenthecasethatoneofthetwo  

propertiesstatedaboveimpliestheother・Butingeneralmodeltheorywehave  
todistinguishthesetwonotions・ThenotionexpresslngthefirstpropertylS ●  
Cal1ed‘minmal’，andtheotherfbrthethesecond‘prime’（seeI）efinition2・1・1）・  

ThefollowlnglSaneXamPleofatheoryhavingaminimalnon－PrlmemOdel‥   

Exampte（壱ee何）・The払1lowingtheoryTsatisfiesourassumption：Fbreach  
L／＜2＜w wede£neafunction凡：2W→2W by（凡（77））（i）＝U（i）＋77（i）mod  
2for叩∈2W，i＜LJ・Andfbr71∈2＜w，昂＝（T∈2W：Tl＜丁）・LetM＝  
（2W，（凡）v＜2＜u，（ろ‡叩＜2＜u）andT＝Th（M）・Theneachmodelgeneratedby  

Onlyoneelementisminimalandnon－Prlme．  

Ourconcernisthenumberofminimalmodelsofatheorywithnoprlme  
model（hfactifatheoryhasaprimemodelthenithasatmo＄tOneminimal  
model）．In［12】Marcus showedthatifTis a・theoryofoneunaryfunction  

sy血bolandThasaminimalnon－PrlmemOdelthenThascontinuouslymany  
sucllmOdels．Ontheotherhand，Shelahprovedthat五）reVeryfC，1≦代≦拉0，  

thereisatheorywithexactlyJ6minimalnon－Primemodels（see［15】）．   

1IereweextendMarcus，result．Theoriesofone11naryfunctionsymbolmay  

haNetheLascarrankgreaterthanl（U（T）＞1），howeverifsuchatheoryT  

hasaminimalmodelthenanyelementaofthemodelhastheminim11mLascar  

rank（i・e・U（a）≦1）・Moreoveratheoryofoneunaryfunctionsymbolhassome  

’naive’propertycal1edtrivial．Inthispaperweshowthefo1lowlngtheorem：   

TIleOremB．LetTbestab］eandtriviaI．SupposethafThasamodeJMsuch  

紘af何〟義皿血血aJ弧d皿0月ザ血e，and（叫び（α）≦1，ゐ∫誠α∈加L］Ⅷ凪nr  

ム揖2拭0皿旭y皿血血d皿Ode應・  

2．1．De航nitionsandPre追miIlaryreSults  

Our：nOta七ion＄andconventionsarestandard．We負ⅩaCOmPletetheoryT  

formulatedinacountablelanguageL・WeworkinabigmodelCofT・A，B，…  

are11Sedtodeno七esmallsubsetsofC．虎，b，．．．areuSedtodenote£nitesequences   
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0felementsinC・甲，¢，・・・areuSedtodenote払rmulas（withparameter）．p，q，．．．  

areusedtodenotetypes（withparameter）・ThetypesofaoverAisdenotedby  
ip（a／A）．？MdenotesthesetofrealizationsofpinM・TheLascarrankofpis  
denotedbyU（p）・WesimplywriteU（a／A）insteadofU（ip（a／A））．U（a）means  

打（α／町   

2．1．1．De航nition．I，etMbeamodelofthetheoryT．   

（1）Missaidtobeminimatifthereisnoproperelementarysubmodeloaf  
〟．   

（2）MissaidtobeprimeifMcanbeelementarilyembeddedinanymodel  
of7’．   

2．1．2．De£nition．（1）LetAbeaset・ThenanL（A）－typeIl（3，）（notnecessarily  

complete）issaidtobeprincipaloverAifitisgeneratedbyoneL（A）一払rmula  
p（a，）（乎neednotbeaformulainF）・   

（2）Afbrmulap（x）∈LissaidtobeaiomZessifthereisnoformula¢（x）  
withthefb1lowlngPrOPerties：   

（i）rト∀諾（ゆ（諾）→や（昔））；   

（ii）4，（x）iscompletei．e・¢（x）determinesacompletetypep（x）・   

IfS（＠）iscountable】thenthereisapriTe（andatomic）model・Onthe  
otherhand，ifS（¢）isuncountablethentherelSanatOmless払rmula・  

WbproveaversionofLemmal．30f［12】．  

2・1・3・もemma・上ef嘩）bea皿0叩やCipaJわ0血相血compJ叫如eovα  
acouLltablesetA．StlPPOSethattherelSanatOmlessjbrmuIa4，（y）over¢such  
thatifdisarealizafion of4，thendandA areindqpendent・Then there are  

co皿血uouβかma叩COu雨abJe皿Ode嘉（⊃AJom地点gJl・   

Proof．Firstweshowthe払1lowlngClaim：   

Claiml．LetO（盃，y）andp（y）beL（A）－ゐrmulas．∬0（虎，y）∧p（y）isconsistent  

f鮎血塊ere義a皿エ（A）血皿扇a〆（y）南仏〆C⊂甲Csucム鮎川（盃，d）doe5・nOf  
ge刀e∫aねr長汀弧γreaユfgafjoJldof〆．   

Proof SinceJ「isnon－principaloverAthereisarealizationdofpsuchtha｝t  
O（盃，d）doesnotgenerateJ「．Sowecanpick7∈IIsuchthatO（盃，d）∧「7（盃）is  
consistent．De航nep＊（y）＝（］盃）（p（y）∧0（虎，y）∧「7（盃））・Then〆isaconsistent  

L（A）－formula．ItisclearthatfTisnotgeneratedbyO（x，d）foranyd∈〆C   

I，etT（盃）haNek－Variables．LetOn（盃，y）（n＜u）beanenumerationofall  
L（A）－formulawith（k＋1）－Variables．   
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Claim2．Ⅵちcande血einductive＆L（A）－jbrmu］a＄4，り（y）andL－ゐrmula勒（y）  
rり＜2＜リ5a七jsかng紘eゐ肋前月gCOndifion5ニゐreacム叩＜2＜u，  

何¢＜＞（y）＝¢（y）；  

拘巨（∀y）（¢叩（i（y）→¢叩（y））（盲＝0，坊  

拘沌ere長a朋エーゐrmuねα叩（y）5uCム沌af巨（∀め（¢叩（0（y）→叫（y））and  

巨（∀y）仲叩（1（y）→「α叩（y））；   

（4）u擁（y）＾Gn（盃，y）isconsistentthenen（盃，a）doesnotgenerateF血r  
肌y∫ealigaf血αOf¢叩r仏eね喝沌of恒s氾＋り・  

Proof Supposethat4，叩，s（thelengthof77is≦n＋1）havebeendefined・Fix  
any叩Withlengthn＋1．FirstweseethatthereisanL－formulaα（y）suchtha七  
bothα（y）∧擁（y）andrα（y）∧¢叩（y）arヲCOnSistent・Ifnot）¢叩generateSSOme  

completeL－tyPeq．Since4，isatomlessqlSnOn－Principal・Ontheotherhand，by  

theassumption，¢叩doesnotfbrkover臥So¢りisrealizedbyeverymodel・This  
meansthatqlSPrlnCIPal，Whichisacontradiction・Thereforewegetsuchan  

α（y）．Put勒（y）＝α（y）・Let血（y）＝勒（y）＾擁（y）and軌（y）＝「αり（y）∧擁（y）・  
Supposethat4・0（y）＜On＋1（x，y）isconsistent・ByclaimlweobtainanL（A）－  
formula¢B（y）with4，岩C⊂4，oCsuchthatOn＋1（盃，d）doesnotgenerateJ「（虎）for  
anyrealizationdof哺・Put¢叩ハ0＝購・Similarlywecanget¢叩八1・Thenthey  
satisfyourrequlrement．ThiscompletesourconstruCtion・  

ForT＜2W，defineE，（y）＝（¢，Ln（y）：n＜u）・Itiseasytoseethat  
E，，sareL（A）－typeSWhichsatis秒thati）T≠入impliesip（d，）≠ip（d入）forany  
realizationdTOfE，andd入OfE入，andii）ifdTisarealizationofみthenTis  
non－PrincipaloverAud，．Byii），払reveryT＜2Uthereisacountablemodel  
M；（⊃Audr）omittingT・Byi），fbrチnyMrthereareatmostcountablymany  

MrsisomorphictoM，．Tlm＄therelSanX⊂2Wwith凶＝2蚊osuchthat  
M；（T∈X）arepairwisenon－isomorphic・lIenceweobtaincontinuouslymany  
countablemodelsomittingF・Thiscompletestheproofofthelemma・ロ   

2．1．4．De魚nition．Tissaidtobeiriviatifithasthefo1lowlngPrOPerty：for  
anythreeelementsa，b，C∈C andanysetA⊂C）ifa）bandcarepalrWise  
independentoverAthentheyareindependentoverA・  

2．2．TIleOrem and Proof   

2．2．1TheoremB．LetTbestableandtrivia］．StzpposethatThasamode］  
〟βud紘a古  

川〟j5皿血血aJ弧d月0かpヱ血ぢ  

伸び（α）≦1，ゐr誠α∈〟・  

丁もe皿アム揖COJl血uouβか皿a町皿血imaJ皿Odej5・   

ProoflFirs七weshowthefo1lowlngClaim‥   
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Claiml．T71ereareaneJementa ofM andaBnitesubsetFofMsuch that  
極（α伊）jsnoかpr正妃ipaJ■  

ProofMisano叩rimemodel・SoitisnotatomチC，hencethereisaminimal  
finitesubset EofMsuchthatip（E）isnon－PrincIPal・Pickanyelementaof  
E．LetF＝E－（aI・BytheminimalityofEip（F）isprincipal，SOip（a／F）is  
non－prlnClpal．  

Byaminima［componeniwemeanasetwhoseanytwoelementsareinter－  
algebraic．LetC＝aCl（a）－aCt（¢）andA＝M－C・Cisaminimalcomponent  

SinceこJ（α）＝1．   

Claim2．Therearea鮎itesubsetF／ofAandanatomlessjbrmu］aゆ（y）ov訂  
ダ′5uCム沌afaヱ1J′r紬JigafJo点dofゆ義元d甲ende点f鮎皿Aoverダ′・   

Proof SinceMisaminimalmodel，bytheT乱rSki－Vaughttest，WeCaneaSily  

findanL（A）－formula¢（y，虎）suchthat4，M⊂C・LetFI＝Fu乱Wenoticethat  
undertheass11mPtion（2），inMthegeneralno七ionofindependencecoincides  

algebraicindependence・SoCandAareindependentbyuslngthetrivialityofT・  
FirstwewillshowthatゆisatomlessoverFI．Ifnot，thereisacomplete払rmula  

¢l（y）overF／suchthat¢lC⊂¢C．Then4，IisrealiヱedbysomeelementeofC・  
Ontheotherhand，byclaiml，ip（e／F）isnon－Pざincipal・ThususingtheOpen  

MapTheoremweobtainthatip（e／FI）isnon－PrlnCipal，Whichcontradictsthat  

¢liscomplete．Ⅱence¢isatomlessoverFl．Nextweshowthatanyrealization  

dof4，isindependen七fromAoverFJ．TakeanyformulaC（y）∈ip（d／A）・Then  
¢（y）∧0（y）isconsistent．Noticetht¢M⊂C・SowecanPickarealizationdI  
ofCinC・Nowip（dI／A）doesnot払rkoverF′sinceCandAareindependent・  
Henceβdoesnot払rkoverFI．Thisshowstha七ip（d／A）doesnotforkoverF’・  

De点neF（x，y）＝（xandyareno七interalgebraic）∪（x≠c：C∈A‡∪（y≠  
c：C∈A‡・∫isnon－principaloverFIbecauseourmodelM（⊃F／）omitsit・  
駄omclaim2itfo1lowsthatIland4，Satis抒theassumptionsofthelemma．So  

wege上土hefbllowingclaim（NotethatFlisfinite）：  

Claim3．Tberearepairwisenon－isomorpムiccountab］emode鳥吼什＜2No）  
皿j出血gr．   

Claim4．EachM，jsamlLlimaImodel．   

ProofSinceM；omitsFthereisaminimalcmpOnentDsuchthatM；＝DuA・  
SupposethatM；isnotminimal．ThentherelSaPrOPerSubsetBofAsuchthat  

DuBisanelementarysubmodelofM；・Sowecanpicka車nimalcomponent  
E⊂A－B・BytheminimalityofMthereisaformula¢（諾，りoverM－Esuch  
th．at¢MiscontainedinE．Bythetriviali七yofTEandbareindependent．  
Therefbre¢doesnotforkover¢，SO¢MrnD≠臥Ontheotherhand，bythe   
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minimalityofM，thereisaformulap（x，瓦）overAsuchthat乎Miscontainedin  
C．BythetrivialityCand虎areindependent．Thereforepdoesnotforkover  

¢，SOやMrnD≠臥IIencewecanassumethatpMTn4，MT≠¢（because竺ny  
twoelementsofDareinteralgebraic）・SowehaveM巨（］x）（甲（a，，虎）∧4・（訂，b））．  

ThiscontradictsthatCandEaredi房oint．HenceM；isminimal．  

Byclaim3，4weobtain2Nominimalmodels・Thiscompletestheproofof  
thetheorem．ロ   

2．2．2．Remarks．（1）Itisknownthatatheoryofoneunaryfunctionsymbolf  

isstableandtrivial（seee・g・【18］）・Moreoveraminimalmodelofsuchatheory  

hasminimumLascarrank．Thiscanbeshownasfo1lows：Pickanyelementaof  

aminim乱Imodelofthetheory・Letip（a／B）beanyforkingextensionofip（a）．  

ThenbyLemmalin［1礼thereisanelementbofBwhichiscontainedin  
theconneciedcomponeniC（a）ofa，Whereb∈C（a）ifandonlyiftherearen，m＜  

LUSuChthat fn（a）＝fm（b）・Ontheotherhandweseetha・teaChconnected  
componentin aminimalmodelisaminimalcomponentinourlanguage（see  
Lemma3・1in［12】）・TherefbreC（a）isaminimalcomponent，SOaandbaモe  

interalgebraic．Tlmsip（a／B）isalgebraic．HenceU（a）≦1・）SoourtheoremlS  

ageneralizationofMarcus’one・   

（2）ThefbllowingtheoryTsatisfiesourassumption：Fbreachu＜2＜w  
we define afunction凡：2W→2u by（凡（Tl））（i）＝L／（i）＋77（i）mod2for  

71∈2W，i＜w．And fbr叩∈2＜w，昂＝（T∈2W：17一くT）・Let M＝  

（2W，（凡）v＜2＜〕，（ろ）叩＜2＜u）andT＝Th（M）・ThenitiseasytoseethatT  

isstableandtrivial．Eachmodelgeneratedbyonlyoneelementisminimaland  
non－Prlme．AndtheLascarrankofthemodelisminim11m・   

（3）In［15】ShelahhasshownthatanyKWithl≦K≦択othereis㌣COmPlete  
theory，WithnoprlmemOdel，andexactlyJCminimalmodels．TheorleShegave ●  

arestable，trivialandhaveaminimalnon－PrlmemOdel．Butallminimalmodels  

ofthemhavetheI，aSCarrank2．Thisshowsthatthecondition（2）ofourtheorem  

isessential．   
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Chapter3．く小Categoricalw－Stabletheorieswi七hDOP   

In［16］Shelahclassi鮎dthesufRcientlysaturatedmodelsofasuperstable  
theory．Inhisproofheintroducedadividingline，iheDimensionatOrderProp－  

eriy（DOP），andshowedthatifasuperstabletheoryhastheDOPthenithas  
2入models払runcountable入．  

Ⅵ厄saythat atheoryhastheDOPifthereexistt－1Plesa，b，afinitesetF  

andanon－algebraictypepsuchthatpjabF，P⊥aF，P⊥bFandalFb・Shelah’s  

proofdistinguishesthreetypesofsuperstabletheorieswiththeDOP）i・e・！  

Casel．ip（a／F）andip（b／F）a・retrivial；lp（a／F）⊥ip（b／F）；  

Case2．極（αげ）and極（あげ）aretrivial；極（α／ダ）＝極（占伊）；  

Case3．Eitherip（a／F）orip（b／F）is＝nOntrivial・  

Examplesl，2and3belowhaNetheDOP，andfallintocasesl，2and3  

respectively．   

励amptel・LetSlbethetheorywhichsaysthat ElandE2areequivalence  
relationswithin且nitelymanyinfiniteclassessuchthattheintersectionofeach  
El－ClassandE2－Classisinfinite（see，e．g．，［1］）・Letcbeanyelement・TaJkea  
andbsuchthatEl（a，C）∧rE2（a，C）andE2（b，C）∧rEl（b，C）・Thenip（a／c）and  
ip（b／c）aretrivialandorthogonal・Letp（x）＝El（a；，b）∧E2（x，a）・Thena，b，C  
andpwitnessthatSlhastheDOP・ⅡenceSlfallsintocasel・  

Exampte9・LetL＝（VE，R），WhereV（vertex）andE（edge）areu†aryPred－  
icatesandRisaternarypredicate．LetS2bethe正）1lowlngtheorylnL：any  

modelofS2istheunionofthetwodi由ointin鼠nitesetsVandE；R⊂VxVxE；  
fbreachpair（u，V）∈VxVande∈E，R（u，V，e）holdsi∬R（v，u，e）holds；for  
eachpair〈u，V〉∈VxVsatisfyingu≠vthereareinfinitelymanyelementse∈E  

suchthatR（u，V，e）holds；foreache∈Ethereisauniquepair〈u，V〉∈VxV  
sati卸ingu≠vsuchthatR（u，V，e）holds・恥keanydistinctelementsa，bofV・  
Clearlyip（a）＝ip（b）istrivial・Letp（∬）＝R（a，b，X）・Thena，bandpwitness  
that量ha＄theDOP．HenceS2fa11sintocase2・  

ExampIe3．Letq＝Pn（pisaprimenumもer，n＜w）・LetS言bethetheoryofthe  
struCture（DuG，7T，g）definedasfollows：g＝（G，Cl）isaprojectivegeometry   
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0finfinitedimensionoverafinitefield彗，WhereclisaclosureoperatoronG；  

D＝WXG；汀isafunctionfromDontoGsuchthat7T‥（m，9）－9・Take  

anydistinctelementsa，bofG・Thenwecanget c∈cl（a，b）－（a，b）・Define  

thetypep（∬）by7r（諾）＝C・Thena，bandpwitnessthatSghastheI）OP：Now  

p⊥臥ThuswehaNeP⊥aandp⊥bsinceclaandclb．Ontheotherhandwe  

havep∫absincec∈acZ（ab）・lIenceS芸hastheDOP．ClearlyQisnon－trivial・  

Itfo1lowsthatS言fal1sintocase3・  

Clearly these examples are w－CategOricaland w－Stable．In this note we  

PrOVethefo1lowlngtheorem．   

Theorem C．LetatheoTyTbew－Ca去egorica］andw－Stable．ThenThas the  

DOPifandon＆ifSl，S20r現世rsomeq＜w）canbe血］＆interpretedlnTeq．  

3．1．Preliminaries．  

WefiⅩa COuntablestabletheory T．Weusuallyworkin thebigmodel  

CeqofTeq．OllrnOtationsarefairlystandard．Typesarecompletetypeswith  

parameters，and theyaredenotedbyp，q，…・Thenonforkingextension ofa  

stationarytypeptothedomainAisdenotedbypIA．ThetypeofaoverAis  
denotedbyip（a／A）．AndthestrongtypeofaoverAisdenotedbysip（a／A）・  
IfpandqarestationarytypesoverA，thenp⑳qdenotesthetypeip（ab／A），  
wherearealizespandbrealizesqfAa．Whenatypepisorthogonaltotheset  
Awewritep⊥A．Thecanonicalbaseofastrongtypesip（a／A）isdenotedby  
Cb（a／A）．RM（p）isaMorleyrankofatypep・W6simplywriteRM（a／A）  
insteadofRM（ip（a／A））．Thesetofrealizationsofatypep（resp・a払rmulap）  
inamodelMisdenotedbypM（resp．pM）・  

Thefo1lowingdefinitionoftheDOPisdi触ent丘omoriginalone（［1＝7】，  
［16］）．Butitiseasytoseethattheyareequivalent（ifTissuperstable）・  

3．1．1．De£nition．W占saytha．tThasiheDimensionaIOrderProperiy（DOP  
forshort），iftherea，retuPlesa，b，afinitesetFandanon－algebraictypepsuch  
thatpメαゐ彗p⊥α彗p⊥れFa瓜dα1ダあ・   

3．1．2．Definition．W占saythatastationarytypep∈S（A）isirivia［ifithas  
thefo1lowlngPrOperty：foranysetBcontainingAandanyrealizationsa）band  
cofpIB，ifa，むandcarepairwi＄eindependentoverBthentheyareindependent  
over月．  

Thefo1lowingdefinitionisduetoBaudisch［2】・   
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3．1．3．De航nitiorL．I，etatheorySbeinterpretableinTandpaformulainT  

whichdefinestheuniverseofanS－mOdel・ThenwesaythatSis舟IIyinieTPreied  
inTifforanyS－mOdelMthereisaT－mOdelNsuchthatpN望M・  

Ingeneralthe DOPis not alway＄PreSerVed11nderinterpretations．But  

BaudischshowedtIlatthesituationchangesiftheinterpretationisfull，i．e．，   

3．1．4．Fact（［2］）・LetTbesuperstab］eandassumethatSisLh柑intezpreted  

jn T．I［S］1aS theDOP tムen T］laS亡71eDOP．  

Finallywestatesomefactsonw－CategOricalw－Stabletheories‥   

3・1・5・ぬct（【4】）・A由0叩かm血imaJ5efjgねca砂皿oduねr・   

3・1・6・ぬct（TIleCoordinatizationTheorem［4】）・fbranyelementaand  
5efAw地α¢αCJ（A）沌e∫e義e∈αCJ（αA）南柏兄〝（e／A）＝1・   

3．1．6．Fact（［4】）・ri5ユーba5ed・  

3・1・7・馳ct（【3】）∴叫押0紀血夕空a如ew地肌rJ町ra止ユ血jdjβ刀0か  
oTLhogona］toasetjl．171Cn f］1ereisr∈S（A）withMor］eYTanklsuch that  

タメr．  

3．2．Lemmas．  

FromnowonTisw－CategOricalandLU－Stable・   

3・2・1・Lemma・SuppchSetha七ThastheDOア・T71entherearetupl鰐a）b）dand  

aBnitesetFw血chsat］s＆theLb］IoⅣiJlgCOnditions：  

仲卸（d／α膵）⊥αダパp（d／α膵）⊥ゐ彗α1ダあ；  

何物（d／αゐダ）ム粛肋r上野r弧五j；  

匝り旬（α／ダ）a刀d極（りダ）are5七山c醇血nj血叫  

〃りまp（α作）＝極（あげ）or極（α伊）⊥旬（姉町   

ProofiFirstweprovethefo1lowlngClaim：   

Claim．Therearettzplesa，b，amOdeJMandanonaなebraictypepsatis＆ing  

紘e丘朋0Ⅵ喝ご  

「りp享αあ叫タ⊥α叫p⊥あ〟弧dαJ∬あ；  

仲ノpム㍍独和raJ止j；   
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何極（α／〟）a皿d極（り〟）are由0叩沙m止血叫  

伸極（α／〟）＝極（あ／〟）orfp（α／〟）⊥極（町財）．  

ProofBythedefinitionoftheI）OP，Wヲgeta，b，M）andpsatis＆ingモOndition  

（a）．InadditionwecanassumethatpISregular．Bykat3．1．5therelSatyPe  

PIwithMorleyranklwhichisnon－Orthogonaltop・Bytheregularityofp，We  

havep／享abM・Replacingpbyp’，WemayaSSumemOreOVerthatpsatisfies（b）・  

Nowweshowthattherearea＊andM＊withRM（a＊／M＊）＝1andRM（b／M＊）＝  
RM（b／M）s－1Chthata＊，b，M＊andpsatis伽（a）and（b）．ThiscanbeshownaS  

fo1lows．Byftat3・1・5，thereisa／∈act（aM）withRM（a／／M）＝1．Ifp⊥aIbM，  

thenwefinish（byrenaminga／bya＊andMbyM＊）・SoassumethatpjaIbM，  

％ke aprime modelM／over Malsuch that abCJMa／MJ，WhereCis the  

domainofp．Thenwehavep⊥aMIandpJ－bM（・Tlmsa，b，MIandpsatis＆（a）  

and（b）．MoreoverRM（b／M）＝RM（b／Ma／）＝RM（b／MI）andRM（a／M）＞  

RM（a／Ma／）＝RM（a／M′）・So，byiteratingthisprocesswecangeta＊andM＊  

asrequired．  

Again，byuslngthesimilarargumentabove，WeCanaSSumethat a，b，M，and  

PSatis伽（a），（b），and（c）・Finallywearrangethatip（a／M）＝ip（b／M）and  

ip（a／M）⊥ip（b／M）・Supposethatip（a／M）andip（b／M）arenotorthogonal・By  

W－Stabilitytheyarenotalmostorthogonal・SowehavearealizationbIofip（b／M）  
SuChthataandb′areinteralgebraicoverM．Leta／bearealizationofip（a／M）  

SuChthatip（ab，／M）＝ip（a／b／M）．ReplaceabyabIandbbya／b・Thenthey＄ti11  

Satisfy（a），（b）and（c）．Henceweassumethatip（a／M）＝ip（b／M）・Itfbllows  

thata，b，Mandpsatisfy（a），（b），（c），and（d）．  

NowwecanassumethatC（thedomainofp）isRnite・Thuswecanreplace  
themodelMbysome航nitesetF（bytakingFsatis＆ingabC↓FM）・Then，  

byw－CategOricitya・nd（a），WeCanaSSumethatip（a／F）andip（b／F）arestrictly  

minimal．Using（a），（b）andfact5，WeCamgetq∈S（abF）withMorleyrank  

lwhichisnon－Orthogonaltop．Let dbearealizationofq・Sothequadr11Ple  

〈a，b，d，F〉satisResconditions（i），（ii），（iii）and（iv）・□  

ByaDOP－guadrupTewemeanaquadruplewhichsatisfiesconditions（i），  

（ii），（iii）and（iv）oflemma3．2．1．Bylemma3．2・1（iv），aI）OP－quadruPle  

（a，b，d，F〉alwayssatisfiesoneofthefbllowingconditions：  

Casel．ip（a／F）andip（b／F）aretrivial，ip（a／F）⊥ip（b／F）；  

Case2．ip（a／F）andip（b／F）aretrivial，ip（a／F）＝ip（b／F）；  

Case3．極（α／ダ）oTまp（りダ）isnon七rivial・   

3．2．2．Lemma．Lei〈a，b，d，F〉beaDOP－quadmp］e・Ifcaselorcaβe20CCtZrS，  

fムel】  

何αCJ（嵐F）∩匝（αげ）Cu極（りダ）C）＝iα，軌  

伺AnYStlbsetofip（a／F）Cuip（b／F）C融ichispairwiseindqpendentoverFis  
血d甲eJld餌藍0γerダ．   
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Proof．Tbsimplifythenotationweass11methatF＝臥  

（i）Firstweshowthata，b∈act（d）・Supposenot・Withoutlossofgenerality，  

weassumethata¢acl（d），SOald・Thenwehavebgacl（d）（Ifnot，Wehave  

albd・Thuswegetip（d／ab）⊥ip（d／ab）sinceip（d／ab）⊥b・Acontradiction）．So  

Wehavebld・Letc 
． 

theothertwo・LetbIcIbearealizationofip（bc）suchthatabcJbIcI．Let aI  

anda′′berealizationsofip（a）suchthatip（abc）＝ip（alblc）＝ip（a′′bc／）．Then  

a，a／anda′′arerealizationsofip（a／bIcl）whicharepairwiseindependentbutnot  

independent・Thiscontradictsthatip（a）istrivial・Itfbllowsthata，b∈acZ（d）．  

Nextweshowthat（a，b）＝aCl（d）∩（ip（a）Cuip（b）C）．Ifnot，thereisc∈  
acl（d）∩（ip（a）Cuip（b）C卜（a，b）・Bystrictminimalityandtriviality，‡a，b，C）  

isindependent・Soclab・Thenwehaveip（d／ab）⊥ip（c／ab），Whichcontradicts  

thatc∈acl（d）．Hence（i）holds．  

（ii）Clear1ycase2satisfies（ii）．Soweassumethat caseloccurs．LetXbe  

apairwiseindependentsubsetofip（a）Cuip（b）C．LetXadenoteXnip（a）C  
andXbdenoteXnip（b）C．Bythetrivialityandthestrictminimality，both  
Xa andXbareindependentsets・Sinceip（a）andip（b）areorthogonal，X。is  

independent駐omXb・HenceX（＝XauXb）isindependent．□   

3．2・3・Lemma・Lef〈a，b，d，F〉beaDOP－quadrup］e．∬caselocculち，fhen  

何α，占∈dcJ（dダ）；  

笹ノT71eCqPie50fip（d／abF）underF－autOmOTPhismsarepairwiseorthogonal．   

ProofJForthesimplicityofthenotation，WeaSSumethatF＝＠．Inthiscasewe  

hz”eip（a／d）≠ip（b／d）・Ⅱence（i）fo1lowsffomlemma3．2．2（i）．Tbshow（ii），itis  

enoughtoseethatifip（dl／alb，）isacopypfip（d／ab），thenip（d／ab）⊥ip（dJ／aIbJ）．  

Ifa≠aIand b≠b／，then‡a，a／，b，bl）ispairwiseindependen七・Bylemma  

3・2・2（ii），Wehzweabla／bl．1Ienceip（d／ab）⊥匝（d／／aIb／），bylemma3．2．1（i）．  

Ifa≠aland b＝b／，bylemma3・2・2（ii）again，Wehaveablb aJbl・Hence  

ip（d／ab）⊥ip（dl／a，b，）・Ifa＝alandb≠b／，thenwehaveip（d／ab）⊥ip（dJ／a／bJ）as  

above．□  

LetebeatupleandAaset．Herewecallthet11Pleesiricitycoordinaiiza  

OVerAiftherearetuplesel，e2，・・・，enWithRM（ei／A）＝1（i＝1，2，．．．，n）such  

thateandel，e2，．．”enareinteralgebraicoverA．   

3・2・4・Lemma．Lef〈a，b，d，F〉beaDOP－quadmp］e．Hca＄e20CCurSthen  

thereisaneleme雨e鵬ichisstric吋coordinatizab］eoverabFsuchthat  
何句（α／eダ）義aなebraゴcw抽muJfわぷdtγ2弧dゆ（αりeダ）＝桓（ぬ／eダ）；  

（句Tムec呼遠ofまp（e／αあダ）underダーa雨omo坪山5皿5arepairw由eor沌瑠OnaJ．   

ProofJForthesimplicityofthenotation，WeaSSumethatF＝＠．Sinceaandb  

areindependent，WehaNeip（ab）＝ip（ba）．Sothereisanautomorphismfsuch  

thatf（ab）＝ba・Fbrn＜LJ，defineDn＝（fi（d））i≦n・Ourproofseparatesinto   
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two cases：   

Cαβe．4．かmi5血depende雨0Verαあ，血、aJIJ′氾＜肌  

Thereisn＜usuchthatsip（fn＋1（d）／ab）＝Sip（d／ab）sincethemultiplicity  
Ofip（d／ab）isfinite・Sowehaveip（f“Dn／ab）＝ip（Dn／ab）sincebothdand  

fn＋1（d）areindependent丘omDnoverab．I，etebeaJnimaginaryelementfbr  
thefinitesetDn．Clearlyeisstrictlycoordinatizableoverab．Bylemma3．2．2  

（i），WeObtainmoreoverthatip（ab／e）＝ip（ba／e），andthatip（a／e）isalgebraic  

withmultiplicity2，bylemma3．2．2（i）・Hence（i）holds．Ontheotherhand，by  

lemma3・2・1（i），Wehaveip（fi（d）／ab）］－ak）ranyi＜ 
． 

proofoflemma3（ii）・   

CaseB．Dnisnotind甲endentoverab，jbrsomen＜w．  

Takemaximaln＜LJSuChthatDnisindependentoverab．Then，forevery  

i，fi（d）isalgebraicoverDn（Recal1thatRM（d／ab）＝1）・SothesizeofUi＜山Di  
isfinite，byw－CategOricity・LetebeanimaginaryelementforUi＜。Di・Thene  

isstrictlycoordinatizableoverab．Ontheotherhand，bytllemaXimalityofDn，  

dandfn＋1（d）areinteralgebraicoverDnq（d）．Sowehavef（eab）＝eba．Thus  
（i）holds，byusinglemma3・2・2（i）・BythesimilarargumentofcaseA，（ii）also  

holds．［コ   

3．2．5．Lemma．Let（a，b，d，F〉beaDOP－quadmple・Hcase30CCurSthen  

仏erearea紬〆ega11da鮎jね5e電ダ′5UCム沌af  

何句（g／ダ′）長刀0∬kj扇aJ古土∫icfかm玩jmaJmoduねr，属〟（d／タグ′）＝1andg∈  

dcJ（抑′）；  

匝）mec叩j併Offp（d／タグ′）uJlderダ′－auわ皿0坪山5皿5arepairwi5eO∫は瑠0皿al  

Proof・Withoutlossofgenerality，We 

． 

modular，byfact3．1．5．By adding asuitable realizationofip（a／bF）to the  

domain，WeCanaSSumethatip（a／bF）ismodular．LetFf＝Fb・Andletgbe  

thesetofrealizationsofip（a／Fl）whicharealgebraicoveraFf・Itisclearthat  
9∈dcZ（aFt）anda∈acl（9FI）・Ⅱenceip（9／Fl）isnontrivial，Strictlyminimal  

andmodular．NowwehaNed払Fa，SOg∈acl（dFl）・Weobtainthereforethat  

9∈dcZ（dF／）（Assumeotherwise・Thenwecanpick9Isuchthatip（9／dF’）＝  
ip（9I／dF／）and9≠9／・Reca・11thatip（d／abF）⊥bF，SOip（d／9FI）⊥F／・Since  

91FJ9fwehaveip（d／9FI）⊥極（9I／9Fl）．Thiscontradictsthat9I∈act（dF，））・  
Alsoitisclearthat RM（d／9Fl）＝1・Hence（i）holds・Moreover（ii）holds，  

becauseip（d／9F，）⊥F（andip（9／FI）isstrictlyminimal・□   

3．2．6．Lemma．Letcbeattzple血ichisstric吋coordinatizableover＠・Let  
pc∈S（c）血osereahzafionisstrictbrcoordinatizab］eoy巳rC・LetZbean血Bnite   
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Mbrl町SequenCeOfip（c）・LetNlbeaprimemodeloTTerI・Ebreachcl∈ip（c）Nl  
］etIc／beanin鮎iteMor］qYSequenCeOfsomestationarizationp；，Ofpc10VerNl．  
LetNbeaprimemodeIoverⅣ1UUcJEfp（c）NIIcJ・Supposethatthecopiesofpc  
訂epaJrW義eo∫絶唱OJlaJ．Tムe血  

相極（c）Ⅳ1＝極（c）Ⅳ；  

r叫∬p。′義acoⅣOrp。沌e可拷l＝裾，ゐreacムc′∈爪．  

Proori（i）Assumeotherwise・Thenthereisa∈acl（ip（c）N卜爪withMor－  
ley ranklsincecisstrictlycoordinatizable．InparticularaJNi．Onthe  

Otherhandwehzwe⑳p：l⊥¢sincethecopiesofpcarepairwiseorthogonal．So  
⑳p：liip（a／Ⅳ1）・Hencea¢爪（UIJ＝N，Whichisacontradiction．  
（ii）WeshowthatJpyJ≦JIc11・Notethatthemultiplicityisfinite．Soitisenough  
toshowthatifqisastationarizationofpcJOVeraCl（cJ），thenl曾Nl≦［Icl［．  

Letdbearealizationofq・Thentllerearedo，dl，…，dnsuchthatacl（dcI）＝  

acZ（dodl・・・dnc／）andRM（di／acl（cl））＝1（i＝0，1，．．．，n）sincedisstrictlycoor－  
din乱ti笈ableoverc′・Le七郎＝旬（df／αCJ（c′））．F反乱narbitrary壱．  

Claiml．が＝㌦眈′）  

ProげAssumeotherwise・Thenwecanpicke∈q㍗－れ（Ic／）．SinceRM（qi）＝1，  
WehaveeyNl（tcJ）N・SoeyTVl（］c，）Uc′′∈tp（c）Nl圭′′（becauseNisprimeover  

爪リリe′′etp（c）NIZc′′）・Notethatcopiesofpcarepairwiseorthogonal・Therefore  

thereisc′′（≠cI）suchthateyTVIIc′′・Hencewehaveqi一捗cJ／，SOPcl享pc／I．This  

is acontradiction．   

Claim21Cl∈acE（I）・   

ProOF Assumeotherwise．Thenwecanpicka∈acl（cl）－aCl（Z）withMorley  

rankl（becausecisstrictlycoordinatizable）．SoalI．Thenip（a／I）isisolated  

oversomefiniteIb（⊂I）sinceNlisatomicoverI・Ontheotherhandwecan  
pi止αノ∈αCJ（J）－αCJ（ん）su血thatβ極（α）＝β極（αり・ThⅦSα′1ん・Sowehave  
匝（a／Ib）＝ip（aJ／Ib）．Butthiscontradictsthattp（a／I）isisolatedoverlb・  

LetNb（⊂Nl）beaprimemodeloveracl（cI）・PickamaximalsubsetXof  
NISuChthatXINb．   

Claim3．Ⅵ屯c胤皿a鮎乱川efムa古典（∫。′）⊂〃b（ズ）（ム′）．  

Proof FirstweobtainI⊂Nh（X）叩not，thenthereisa∈acl（Z）－Nb（X）  
witIIMorleyrankl．ThenwehavealNbX，SOaXい悔・Thiscon七radicts七he  

maximalityofX）・SinceIcIisaMorleysequenceofp：′，WehaveIcJIcJ爪・So，  

byclaim2，WehaveZcrJacl（Z）爪・OntheotherhandwehaveZcJIN。XsincepcJ  

isorthogonalto臥So，byclaim2again，WehaveIcJlacT（Z）Nb（X）（becauseI⊂  
Nb（X））．Tlmsthereisanautomorphismf触ingZL：JSuChthat爪⊂f“Nb（X）  
sinceれisprimeoverI．HencewecanaSSumethatNl（LJ）⊂Nb（X）（JcJ）・   
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Claim4．曾㍗0（左′）（ズ）＝曾㍗0（∫e′）  

Proof Reca11that XJN。IcJ・Soip（X／Nb（IcJ））doesnotforkover臥 Tlms  
qi⊥ip（X／Nb（ZcJ））（sinceqiisorthogonaltoO）・IIencetheclaimholds．   

Byclaiml，3and4，Wehave［qrl（［c／） ［≦］qrO（X）（Ic／） 1＝IqrO（］cI）（X）l＝  

tqro（］cJ）I≦IIcII．1IenceweobtainIqNf≦lqF［×［qFlx・・・×lqFl≦lIcIIn＝LZc，l．  
Thiscompletestheproofofthelemma．口  

3．3．Theorem and Proof」   

3・3．1・TheoremC．LetatheoヱγTbew－CategOricalandu－Stab］e．ThenThas  

theDOPifandon＆ifSl，S20rSg笹rsomeq＜LJ）canbe血LbTinteTPretedin  
T㌢肋ざ0皿e鮎jfe5et凡  

Proofi（→）Assumethat ThastheDOP・Bylemma3・2・1thereisaDOP－  
quadruple〈a，b，d，F）・Theproofseparatesintothreecases：   

Casel．ip（a／F）andip（b／F）are亡r］Yia）；ip（a／F）⊥ip（b／F）．  

ForthesimplicityofthenotationweassumethatF＝＠．Bylemma3．2．3  

（i），thereare¢－definablefunctionsf，gSu血thatf（d）＝aand9（d）＝b・Let  

p（x）＝ip（d）．WedeRneEl（a＝，y）by“f（x）＝f（y）”∧p（x）∧甲（y）andE2（x，y）  
by“9（諾）＝9（y）”∧や（x）∧p（y）．W占provethat払ranySl－mOdelMthereisa  

Teq－mOdelNsuchthatM望（pN，E㍗，E㌢）．  
T乱keanarbitrarySl－mOdelM．I｝etdi／El（i＜fCl）bealltheEl－Classesappear－  

inginMandei／E2（i＜fC2）a11theE2－ClassesinM．Le七人ij＝IEl（x，di）Mn  
E2（x，ej）MIforeachi＜fCl，j＜K2・Notethat入ij，sareinfinite・Nowwe  
con＄truCt aTeq－mOdelN satis矩ingourrequlrement・LetIlbeaMorleyse－  
quenceoflengthIClOfip（a）andI2aMorleysequenceoflengthJC20fip（b）・  
LetI＝IlXZ2．ThenfisaMorleysequenceofip（ab）・Let爪beprimeover  

I．Thenlip（a）Nll＝fClandlip（b）Nlt＝rC2（sinceip（a）⊥ip（b））・I｝et（ai†i＜応1  

beanenumerationofip（a）Nland（bj‡j＜凡，anenumerationofip（b）Nl・Then  
‡aib3）i＜馬1，j＜h，isalsoanenumerationofip（ab）Nl・Letpab＝ip（d／ab）・IJetPij  
beacopyofpabOVeraibj・LetIij beaMorleysequenceoflength入ij Ofsome  
stationarizationofpijOVerNl・LetNbeaprimemodeloverNIUUi＜応1，j＜応， Lj・  

Rememberthatip（a），ip（b）andp。bhaveMorleyrankl・Thusip（ab）andp。b  
axestrictlycoordinatiヱable・MoreoverpabSatisfiestheassump七ionoflemma6  
（bylemma3・2・3（ii））・So，bylemma6，（ai）i＜斤1and（わ）j＜応，areenumerations  
ofip（a）Nandip（b）NrespectivelysuchthatlpHI＝iijforeachi＜代1，j＜毘2・  

llence（pN，E㌣，E㌢）空M．   
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Case2・頓（α伴）a点d極（らノ伊）a∫ef∫jv叫tp（α伊）＝旬（あ／巧・  

Tbsimplifythenotationwe assumeF＝臥 W占canchoosesuch e asin  
lemma3・2・4・DefineV（x）＝ip（a），E（a：）＝ip（e）andp（x）＝V（諾）vE（x）・And  

definearelationR（x，y，Z）byip（abe）．Weprovethat払ranyS2－mOdelMthere  
isaT軋modelNsuchthatM望（pN，VN，EN，RN）．  
恥keanarbitraryS2－mOdelM・Let（vi）i＜応beanenumerationofVM・Le七  
人ij＝IR（vi，り，Z）Mlforeachi，j＜IC，i≠j．NowweconstruCtaT軋modelN  
Satisfyingour 

． 

（aiaj‡i，j＜㍍，i＄jlSanenumerationofip（ab）Nl・Letp。b＝ip（d／ab）・Letpij be  
acopyofp。bOVeraibj・Notethatpij＝Pji・I｝etLj beaMorleysequenceof  

length入ijOfsomestationarizationofpijOVerNl・IJetNbeaprlmemOdelover  
Niリリi，jく八潮 Lj・Fromlemma3・2・4itfo1lowsthatip（ab）andpabareStrictly  
COOrdinatizable，and that thecopleSOfp。b arePalrWiseorthogonal．Tlmsthe  

assumPtionoflemma6issatisfied．So‡ai）iく凡isanenumerationofVNsuchthat  
IR（ai，aj，Z）N［＝Åijforeachi，j＜毘，i≠j．Hence（やN，VN，EN，RN）望M．  

Case3．極（α／ダ）or七夕（りダ）i5月O血甘j扇al  

Taked，9andFJasinlemma3．2．5．Tbsimpli＆thenotationweassumethat  

Fl＝臥DefineD（a；）＝ip（d），G（x）＝ip（9）and？（訂）＝DuG・Since9∈dcl（d）  

thereisadefinablefunction汀：DGeq→GCeqsuchthat汀（d）＝9．GCeqis  
anontrivialmodularstrictlyminimalset．SoGCeq associate＄theprojective  
geometrygofin負ni七edimen＄ionoveraJfiniteReldFb・ThenwecaJnPrOVethat  
電isfullyinterpretedin等号，bythesimilarargumentasintheproofofcasel  
and2．   

（←）SupposethatSl，S20r電isfu11yinterpretedin7T・EachofSl，S2  

andS言hastheDOP（seeintroduction）・So，byfact3・1・4weobtainthatTT  

hasthe DOP．HenceThastheDOP．口   
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