
Geometry ofn）talCurvature andTitsMetric  

OfNoncompact RiemannianManifolds  

Fumiko OHTSUKA  

AdissertationSubmittedtotheDoctoralProgram   

inMathematics，theUniversi七yofTsukuba  

inpartialfu1fi11mentoftherequlrementSfbrthe  

degreeofDoctorofPhilosophy（Mathematics）  

December 1994 

95314178   



Table of Contents 

IntrodⅦC七ion   

Acknowledgements   

Chapterl．Preliminaries  

§1・FundamentalpropertiesofRiemannianmanifo1ds  

§2．Tbponogov’stheoremandlocalrigidity   

Chapter2．Totalc11rVatureand Titsmetric  

§1．TbtalcurvatureofanoncompactRiemannian2－manifbld  

§2．TitsmetriconaHadamardmanifold  

§3．RelationsbetweentotalcurvatureandTitsmetric   

Chapter3・GeometryoftotalcurvatureandTitsmetric  

§1．Existenceofastraightline  

l．1Measureofrays  

l．2ProofofTheoremA  

§2．Rigidityofproducts  

2．1Isometrybetweenidealboundaries  

2．2ProofofTheorem B  

§3．Rigidityofcompactidealboundaries  

3．1Ⅱausdorffconvergence  

3．2ProofofTheorem C  

3．3Thecaseofmanifo1dsofasymptoticallynonnegativecurvature   

Re鮎rences   



Introduction   

Itis awell．knownfactd11etOthecelebratedtheoremofGauss－Bonnet that   

thetotalcurvatureofacompactRiemannian2－manifo1disactual1yatopologlCal   

invariant．Thatis，OnaCOmpaCt Surface theintegrationoftheGa11SSiancur－   

vature，WIlichisprlmarilyaninvariantinRiemanniangeometry，iscompletely   

determinedbytheEulercharacteristicofthes11rface，Whichisaninvariantin   

topology・  

Contrarytothis，foracompletenoncompactRiemannian2－manifold，the   

totalcurvatureisnolongeratopologicalinvariantandre且ectsconsiderablythe   

metricstruCtureOfthesurface．Infact，itgivesrisetoaquantitymeas11rlngthe   

sumoftheexpandinggrowthrateofeachendofthesurface・  

Inhigherdimensionalcases，WeCande魚netheso－Ca11edTitsmetric正）ra   

Ⅱadamardmanifo1d，i．e．acompleteconnectedsimplyconnectedRiemannian   

n－manifo1dofnonpositivesectionalcurvature，Whichgivesrise七oaquantityof   

the samekind．  

Inthisthesis，WeShallstudythegeometryof七otalcurvatureandTitsmetric   

Ofcomplete noncompact Riemannian manifolds．Our objectis to glVe SOme   

characterizations ofthesemanifblds丘omapoint ofviewofthe geometry of   

totalcurvatureandTitsmetric．  

LetMbeaconnected，COmPlete，nOnCOmPaCtandorientedRiemannian2－  
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manifbld・Missaidtobe＄niie］yconneciedifitishomeomorphictoacompact2－   

manifoldwithfinitelymanypointsremoved，andi7diniie（yconneciedifotherwise．   

ThetotalcurvatureC（M）ofMisdefinedtobetheimproperintegral  

C（〟）＝  Gd〟  

OftheGaussiancurvatureGofMoverM，WheredMdenotesthevolllmeelement   

OfM．It has beeninvestigated by many authors towhat extent the metric   

StruCtureOfMhasanin兄uenceonthetotalcurvatureofM・Amongstthem，   

apioneeringworkdueto Cohn－Vbssen［Col】provedin1935thatifafinitely   

COnneCtedMadmitstotalcurvatureC（M），thenitisdominatedby27Ttimes   

theEulercharacteristicx（M）ofM，thatisC（M）≦2汀X（M）．Ontheother   

hand，WhenMisinfinitelyconnectedandadmitstotalc11rVattlre，Weknowby   

Huber，stheorem［Hu］in1957thatC（M）＝－∞・  

UndersomerestrictionsontheglobalgeometryofM，therehavebeenob－   

tainedseveralestimatesforC（M）・Fbrinstance，ColmーVossen【Co2］alsoproved   

in1936thatifaRiemannianPlaneMadmitstotalcurvatureandifthereexists   

astraightlineonM，thenC（M）≦0．ⅡerebyaRiemannianplanewemeana  

completeRiemannianmanifbldhomeomorphictoR2，andbyastraightlinea   

distancepreservlngmaXimalgeodesic・Itisknownthatthisisgeneralizedtothe   

casethatMisaconnected，COmPlete，nOnCOmpaCt）Orientedandfinitelycon－   

nectedRiemannian2－manifo1dwithonlyoneend．Infact，ifsuchanMadmits   

totalcurvatureandcontainsastraightline，thenC（M）≦27T（x（M）－1）・  
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Itisthennaturaltoasktheconverseofthistheorem・InSectionlofChapter   

3，WeSha11studytheexistenceofastraightlinefromthispointofviewandprove   

tbefbllowlng  

T耶OREM A・エeま〟ゐeαCO几陀eCJed，COm〆e7e，犯…トCOmpαCち押盲e花七edα几J   

動如Jyco犯犯eCぜedR盲emα氾几査α氾g－mα吋oJdゐα労両β犯ee几d．〝班eねねJc祝γ℃αねre   

O′〟盲ββmα批γ班α乃2打（x（〟）－1），翫犯〟c8犯ね盲朋αβ什α盲抑J盲犯e．   

InthecasewhereC（M）＝27T（x（M）－1），TheoremAdoesnotremaintrue．   

Infact，WeCanCOnStruCtaC2－PlaneMwhosetotalcurvatureisequaltoOand   

OnWhichtherearenostraightlines・（See§1，1・20fChapter3・）Notethatif   

MisthestandardEuclideanplane，thenC（M）＝OandMcontainsastraight   

line．FurthermoreitshouldbenotedthatifMhasmorethanoneend，thenitis   

easytoseethatthereisastraightlineinMwhichcombinestwodistinctends・  

TbproveTheoremA，Weneedtheestimatefbrthemeasureofraysviatotal   

curvature．1IerearayisadistanCepreSerVinggeodesicdefinedon［0，∞）・This   

estimateisoriginallyduetoMaeda［Ma2］，【Ma3］whostudiedin1984themea－   

sureofraysonanoncompactRiemannian2－manifo1dofnonnegativecurvat11re・   

Subsequently，throughhisidea，thegeometricslgni五canceoftotalcurvaturehas   

beenclarifiedinamorepreciseform．Thereareseveralresultsforthemeasure   

ofraysinmoregeneralsituation（cf・［Og＝Sg2】and［Sy2］）aswellasthatfor   

theisoperimetricproblem（cf．【Sh3］，［Sh4】，［Sh5］and［SST］）・  

AsotherinvestigationstoglVeageOmetricslgnificanceofthetotalcurvature，  
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Shiohama［Shl］，［Sh2】provedtheconditionsforaBusemannfunctiontobean   

exhaustion ortobe anonexhaustion，amdShioya［Sy5］thenstudied theself－   

intersection number of a maximal geodesic. 

Ftomapointofviewofanalyticmethods）therearealsomanyresultsfbrthe   

estimateoftotalc11rVature．Forexample，WeknowtheinequalityofOsserman   

【Os］foracompleteminimalsu血ceintheEuclidean3－SPaCeandtheresultof  

White［Wh］foracompletesurfacewhosesecondfundamentalfbrmhasfiniteL2   

nOrm．  

In1973，Eberlein and O）Neill［EO］introduced the concept oftheideal   

boundaryM（∞）foraHadamardmanifoldM，Whichmarkedamilestoneinthe   

studyofthegeometryofarbitrarydimensionalnoncompactmanihlds・They   

definetheideatboundary M（∞）ofagivenHadamardmanifbldMbytheset   

ofpoinis aiinJiniiyofM，Which aredefinedto betheequivalenceclassesof   

thegeodesicsundertheasymptoticrelation，OriginallyduetoBusemann［Bu］・   

Ingeneraltheasymptoticrelationisnot anequlValencerelation・However）if   

thesectionalcurvatureofMisnonpositive，thenitisnothardtoseethatthe   

asymptoticrelationbecomesanequivalencerelationandwecande航netheideal   

bo11ndary．  

NotethatsinceMissimplyconnectedandnonpositivelycurved，ifpISa   

pointinMaIldzisapointinM（∞），thenthereisauniqueray7SuChthat   

7（0）＝P，7∈z．HenceforanarbitraryfiⅩedpointp∈M，thereisdefineda  

naturalbijection¢：Pp（M）→万＝MUM（∞），WherePp（M）denotesaclosed  
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diskonthetangentspaceofMatp．EberleinandO’Neillinducedtheso－Cal1ed  

coneiopotogyon万viathisbijection4，SOthat万withtheconetopologygives   

risetoacompacti£cationofM．ThisfactplayedacruCialroleintheirstudy．   

Forinstance，thisenabledthemtoclassifyvisibilitymanifoldsintothreetypes：   

Parabolic，aXialandfuchsian．  

Subsequently，in1985Gromov［BGS］definedtheTitsmetricontheideal   

boundaryM（∞）ofaHadamardmanifo1dMandobtainedfurtherinformation   

OnM（∞）・TheTitsmetriconM（∞）iscloselyrelatedtothe鮎tnessormore   

PreCiselytheasymptoticnatness ofaⅡadamardmanifo1d・Tbillustratethis，   

WeOnlyremarkheretypicalexamples．Fortheexplicitdefinition，SeeSection2   

0fChapter2・IfMisEuclidean，then（M（∞），Td）isisometrictoastandard   

SPhereandifMisahyperbolicspace，thatis）aCOmPleteconnectedandsimply   

COnneCtedRiemannianmanifoldofconstantnegativesectionalcurvature，then   

Td（zl，Z2）＝∞foranytwodistinctpointszl，Z2∈M（∞）．  

In2－dimensionalHadamard manifolds，the totalcurvature and the Tits   

metricbothmeasuretheexpandinggrowthratesatinfinity・Infact，Studying   

arelation between the totalcurvature and theTits metric on a2－dimensional   

Ⅱadamardmanifbld）WeObtainthefollowlng  

THEOREMl・上e慮〟ゐeαβ－d吏me氾β壷0冊α柑α血mαγdmα花押Jdα乃dααd盲αm－   

eまe…J〃（∞）Ⅷ盲班γ叩eCJね血ア抽mefr壷c・rんe几侮ねねJc髄γ…ねγeC（〟）0∫   

〟明Ⅶαねま∂2（汀－α）・九ダαrま壷c髄J叫げα＝∞血几C（〟）＝－∞．  
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ThistheoremwillbeprovedinSection30fChapter2．Wewillalsoprove   

thefo1lowlngtheoremconcern1ngrelationshipamongthetotalcurvature）the   

Titstopologyinduced蝕omtheTitsmetric）andthespheretopologywhichis   

therestrictionoftheconetopologyontheidealboundary・  

THEOREM2．エeま〟あeαガαdαmαγd mα犯げβJd．rゐeTl班eわ抽び古雅g沌γee   

co≠d盲如朋αγe印≠五…Je恥1ご  

（1）〟（∞）吏βCOmクαC＝犯班護r盲ねま叩OJ叩y・   

（2）mer古ね電叩0わ押盲β印祝言即αJe花慮ね血叩ゐeγe7叩OJ叩yβ几〟（∞）■   

（3）釣γg盲…諾∈几rα托dg＞0，翫γee£壷β由αpOβ血…髄mゐeγ∂（諾，亡）βⅦCん   

班αぜ班亮一βねJc附…加eC（ダ）ロブダ＝ダ（γu，≠）血旬払用最  

C岬）＞一己 か細叩叫U∈鳥〟ひ嗣∠（叫即）＜∂，  

wゐeγeダ（≠，≠）de乃¢JeβαCOm即侃e花fco那盲β如g∂′m古雅盲m古g恒ダ印deβ首c叩me陀ね   

面前叩≠（f）Jβ7u（f）かαJJ電≧0α几dぶぉ〟吏β翫髄凡才電ね叩e乃寸叩ゐereαJ諾・  

Theidealbolユndary can bealso de丘nedfor other classes ofRiemannian   

manifoldsandtheirgeometryhasbeeninvestigated・Forinstance，aCCOrdingto   

Gromov，ssuggestion，Kasue［Ks］construCtedametricspaceM（∞）foraRie－   

mannianmanifo1dMwithasymptotical1ynonnegativecurvat－1reanddefineda   

counterPartOftheTitsmetric．ForaRiemannsurface，Shioya［Syl］，［Sy3］，［Sy4］   

definedanequlValencerelationonraysonthesu血ceand，uSlngthetotalcurva－   

tureofthedomainboundedbytworays，definedadistanceontheeq－1ivalence   

Classesofrays．  
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FbrarbitrarydimensionalHadamardmanifo1dsweshallalsostudythere－   

lationbetweentheglobalgeometryofthemandthein払rmationrelatedtothe   

Titsmetricon theiridealboundaries．  

It is an interesting problem to study to what extent the structure of 

（M（∞），Td）determinesthestructureofM・Infact，fbrgiventwoHadamard   

manifoldsMandM＊，eVenif（M（∞），Td）isisometricto（M＊（∞），Td），Mis   

notnecessarilyisometrictoM＊．However，itisknownthatifMisasymmetric   

spaceofrank≧2andiftheisometry9：（M（∞），Td）→（M＊（∞），Td）isa   

homeomorphisminthespheretopology，thenMisisometrictoM＊uptoanor－   

malizingconstant（Appendix40f［BGS］）．Inpar七icular，forsymmetricspaces   

Ofrank≧2，theTitsmetriciscloselyrelatedtotheirTitsbuildingandhasbeen   

utilizedbymanyauthors七ocharacterizesymme七ricspaces（e．g．，［BGS］，［BS2〕，   

［EH］and［Th】）．  

Asoneofotherrigidityproperties）WeShallprovethefbllowlngtheoremin   

Section20fChapter3．   

THEOREMB・山一〟ゐeα氾0灯行盲u盲αJダγ0血cま∬αdαmαγdmα吋0叫査．eリガ＝   

怖×鳩α犯d〟＊α∬αdαmαγdmα几的ほⅧ盲班 d盲m〟 ＝ d吏m〟＊ β祝Cん翫J   

翫γee∬吏βねαC川ま盲柁祝…β，頼ec書斎veα冊dp可ec慮右uem叩◎：〟→〟＊．rんe穐翫   

m叩◎‥〟→〟＊盲βα几吏βOme恒叩ま0α花押mαJざg両cβ那加まげα穐d川Jyげ  

” 申：（〟（∞），Td）→（〟＊（∞），Td）よ乃血cedあy缶盲βα几如m叶祈  

HereaprojectivemaplSmeantageOdesicpreserv1ngmap．  
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Ontheotherhand，bythe＄truCt11reOf（M（∞），Td）wecanalsocharacterize   

thestructureofMitself・Wesha11hereremarkthat，aSareSult丘omthispoint   

ofview，WeObtainedin［AO〕thattheEuclideanfactorofMischaracterizedby   

certainclassofpointsofM．  

Asanothercharacterization，reCently，Ⅸubo［Ku］provedthatgiventwocon－   

nectedcompleteorientedandnoncompact Riemannian2－manihldswithfinite   

totalcurvature，ifthereisaⅡausdorffapproximationbetweenthem，thentheir   

idealboundariesareisometric．（ForadefinitionofaHausdor仔approximation，   

SeeSection3inChapter3・）Thismeansthatifidealbo11ndariesarenotiso－   

metric，thenthereisnoHausdorfFapproximationbetweentheirunderlyingopen   

surhces．  

ThesamerigiditypropertyonidealboundariesfbrHadamardmanifo1dsis   

Validandweprovethefollowlngtheorem．  

THEOREM C．上e電〟α犯dⅣるe∬αdαmαγdmα几小脇ひ前古deαJる0肌dαγ盲eβ   

〟（∞）“M仁Ⅳ（∞）γe叩eC慮よγeJ肌W鳥五cゐαγeαββ祝medねゐecomクαCまⅧ祝γe叩eCfわ   

班e r盲ね－わpβJ叩y．〝班eγe e∬吏βねα∬α髄βdβ†ガ叩ダrO諾古mα青首β犯舟om〟ねⅣ，班e犯   

（〟（∞），Td）ね五郎用肌励戒cれ（Ⅳ（∞），Td）．   

InthisthesiswestudyonⅡadamardmanifo1ds，butthispropertyisvalid   

alsoformanifo1dsofasymptoticallynonnegativecurvatureandisabletoprove   

inasimi1arfashion．So werefertothiscase．Namelythefb1lowlngtheorem   

bolds：  
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THEOREM D．上e慮〟α冊dⅣゐe mα乃的Jdβ〃′α叩mpねま盲cα勒犯0花犯叩αま盲γe   

c附Uα加eⅧ首班戎deαJゐ0祝陀dαr窟eβ〟（∞）α几dⅣ（∞）re叩eC抽埴．甘地eγe e諾査βね   

α∬α祝βdo†ガ叩prO諾壷mα山花函m〟わⅣノ班e花（〟（∞），Td）盲β去βOme什豆cね   

（Ⅳ（∞），Td）・  

Fina11ywesummarizethecontentofthisthesis・Thisthesisisorganizedas   

払1lows．  

ChapterlisdevotedtofundamentaldefinitionsandpropertiesofRieman－   

nianmanifolds．InChapter2，Wefirstrecal1thedefinitionsandsomefundamen－   

talpropertiesoftotalc11rVatureOfanoncompactRiemannian2－m弧i払1dand   

Tits metricon aHadamard manifbldin Sectionsland2．In Section30fthis   

chapter，WeShallinvestigate somerelationsbetweentotalcurvatureandTits   

metricandproveTheoremsland2statedabove・Chapter3isthemaincontent   

ofthisthesis，WherethethreecharacterizationtheoremsonRiemannsurhces   

andHadamardmanifo1ds正omapointofviewoftotalcurvatureandTitsmetric   

willbeproved．InSectionl，WeStudytheexistenceofastraightlineandprove   

TheoremA．Section2isconcernedwiththerigidityofproductsandTheorem   

Bisprovedthere・LastinSection3，WeStudytherigidityofidealboundariesin   

atermofaⅡausdorffapproximationandproveTheoremC・Thencontinuously）   

wereferto Theorem D．  
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Chapterl．Preliminaries  

§1．FundamentalpropertiesofRiemannianmani払1ds  

W占sha11start with reviewlng relevant fundamentaldefinitions and prop－   

ertiesofRiemannian manifolds．For backgroundmaterialswerefermainlyto   

［BGS］・  

Throughoutthisthesis，unlessotherwisestated，Riemannianmanifbldsare   

alwaysassumedtobeconnectedandcomplete，andgeodesicsareunderstoodto   

be parametrized by arc length. 

Ageodesic70fMissaidtobea maxirT”Igeodesic，ageOdesic rayora   

geodesic se9meniaccordingasits domainisR，［0，∞）oracompactinterval，   

respectively．Ifvisaunitvector，then7v denotesaunlquegeOdesicsuchthat   

7L（0）＝V．Ageodesicsegmentγ：J→Missaidtobeminimizingiffbrany   

β，ま∈J，itIlOldsthat  

（＊）  d（7（β），7（り）＝lβ一叶  

Weoftencal1ageodesicraysimplyaray．AIsoamaximalgeodesiciscal1eda   

油両砂川偏if（＊）holds駄）rallβ，f∈R．   

Theexponenlia（mapexpp：1；〟→MofMatpisdefinedbyexpp（v）＝  

7v（1）forallv∈7；M，WhereちMisthetangentspaceofMatp・Ingeneral，eXpp   

isdefinedonaneighborhoodoftheorlglnin了もM・However，itfo1lows血omthe  
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fo1lowlngⅡopf・Rinowtheoremthatexppisdefinedontheentiretangentspace   

providedMiscomplete・  

THEⅡopトRINOW THEOREM．rんeJo〃川和βねねme几ねαγe明視盲…Je陀才ご   

（a）〟盲βαCOmpJeねmeまγ吏c叩αCeノび扇re血d吏βね犯Ce函mpねヴ盲几叫  

de几0ねdゐyd（p，れ盲βdeかedま0ゐe班e古癖m祝mO′血Je叫んロメαJJダ吏eceⅧ哀βe   

βmOO班c髄γ℃eβ舟ompね曾・  

（b）抽ββmep∈叫expp盲βdq伽edo几兢ewんoJeち肌   

（c）動γαJJp∈叫expp壷β叫言乃edβ先山ⅧんoJeち〟・   

動r兢eγmOre，eαCゐoJ班eβeCO犯d壷ま吏0朋盲m〆盲eβ班αfα叩抽β即盲犯ま叩，曾¢J〟cα犯   

ゐeJo壷氾edあyαgeβdeβ査cⅧん銅eJe叫んよβ血d盲βね陀Ce♪、Ompね曾・  

ThelaststatementismostimportantinthestudyofcompleteRiemannian   

manifolds・Inparticular，ifMhasnonpositivecurvature）thentheexponential   

mapexppISnOnSlngulareverywhereandhenceweobtainthefbllowlng  

THEⅡADAMARD－CARTANTHEOREM．LeiMbeann－dimensiona］comp［eie   

肋mα花雅言α氾mα乃卿doJ犯0叩0β盲ま査即e C附…如e・r混和かα叩p∈〟JeXpp：   

ち〟→朗「ぬαCO㍑r古池ダm叩・∬e几Ce山裾乃i眠γβαJc…γ両叩αC…J〟盲β   

d吏節omo叩ん吏cね乱用．   

Acomplete，COnneCtedandsimplyconnectedRiemannianmanifbldofnon－   

POSitivecurvat11reiscal1edaHadamardmanUb］d．NotethatbytheIIadamard－   

Cartantheorem，alIadamardmanifbldisdi∬eomorphicto Rn．Othersimple   

examplesofRiemannianmanifoldsareprovidedbythespacesofconstantsec－  
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tionalcurvature．Wbcallaconnected，SimplyconnectedandcompleteRieman－   

nian manifbld ofconstant sectionalcurvature a siandard sphere，a hyperbo（ic   

spaceoraEuc］ideanspaceaccordingasthesectionalcurvatureispositive，nega－   

tiveorO．Inthisthesis，WeShallonlydealwiththespacesofconstantsectional   

curvaturel，－lorO，WhicIIWedenotebySn，HnorRn，reSPeCtively．  

Now，We Sha11review the‘くconvexity”whichis animportant toolin the   

st11dy ofmani払1ds ofnonpositive c11rVature・Werecallheresome elementary   

factsconcernlngtheconvexityofsetsandfunctions・  

Asubset WofaRiemannianmanihld Missaidto be convexifforany   

P，q∈WtherelS，uPtOparametrization，aunlqueminimlZlnggeOdesicsegment   

OfMcontainedinW，WIlichjoinsptoq．LetW⊂Mbeaconvexset．For   

s11bset A⊂W we de航ne the convex hu（（ofA as the smal1est convex s11bset of   

W whi血containsA．  

Afunction9：R→Rissaidtobe convexifwehavetheinequality  

g（α＋β（占－α））≦g（α）＋β（g（り一夕（α））  

fora＜bands∈（0，1）・Iftheinequalityisstrict，then9issaidtobesiric   

Cβ兜即e∬．  

Afunction fonaRiemannianmanifbldMissaidtobe（siric拘）convex   

ifforeverynontrivialgeodesicsegmentcthefunctionfocis（s七rictly）convex・   

Notethatthisdefinitionisindependentoftheparametrizationofgeodesics．If   

fisaconvexfunctionoIlaCOnVeXSetW，then玩Iranya∈Rthesublevelset  
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（p∈Ⅳけ（p）≦α）isconvex．  

LetfbeadifFbrentiableconvexfunctiononaconvexsetW．Ifthereexist   

CriticalpointsoffintheinteriorInt（W）ofW，thentheyattaintheabsolute   

minimumoff・Inhct，1etp∈Int（W）beacriticalpointoffwithf（p）＝a．   

Supposethatthereisapointq∈Wwithf（q）＜aandletc‥［0，1］→Wbe   

thegeodesicsegment（whichisnotnecessarilyunitspeed）fromqtop．Bythe   

COnVeXitywehavef（c（i））＜afori∈【0，1）and（f。C）I（1）＝＜gradf（p），C／（1）＞＞   

0，COntradictingto gradf（p）＝0．Ananalogousargumentshowsthatforany   

COnVeXfunctionfonW，ifpisalocalextremumoffintheinteriorofW，then   

PISanabsoluteminimum．  

TheconvexityofthedistancefunctiononaRiemannianmanihldofnon－   

POSitivec11rVatureWillbeusedfrequentlyinthelaterdisc11SSion．  

LEMMAl．1．1（Theoreml．3in［BGS］）．LeiMbeaRiemαnnianmanifb（d   

OJ兜0叩0β査一盲γe Clげ…血γe．rんe几班e d盲βね犯Ce再犯Cl壷0犯d：Ⅵ′×Ⅳ→R衰＝馴Ⅲ瑠   

カγeVeγyCO花里e諾β髄あβe青W⊂〟．   

PROOF．It sufncesto provethatforanygeodesicsegments ci：［0，1】→   

W（i＝1，2）七hefunctioni→d（cl（i），C2（i））isconvex・Let qt beaunique   

geodesicsegmentfromcl（i）toc2（i）andL（i）：＝1ength（qt） ＝d（cl（i），C2（i））・   

Ifcl（i）≠c2（i）foralli∈［0，1］，thenLisdiuerentiableanditfo1lowsfrom   

nonpositivecurvednessandthesecondvariationformulathat L′′（i）≧0・If   

cl（io）＝C2（io），thenL（io）＝Oisanabsoluteminimum，andLisalsoconvexin  
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thiscase．1   

Let W be aconvex二Subsetin a Riemannian manifo1d M ofnonpositive   

curvatureandWb⊂Waclosedconvexsubset．Lemmal．1．1impliesthatfbr   

eachp∈WthereisaunlquepOint廓inWboftheminimaldistancetop．We   

definetheprpjeciionqwb：W→Wbby訂W。（p）＝卓．Thenwegetthefollowing   

LEMMAl・1・2（cf・Sectionl・6in【BGS］）・Thedisiance舟nciiond（Wb，・）   

盲βCO犯Veごr O乃Ⅳ．   

REMARK・Thetermcf・inthebracketsmeansthatthefo1lowlngStatement   

Canbeseentherewithoutproof．   

PROOF・Foranygeodesicsegmentc：【0，1】→W，1etpl＝C（0），P2＝C（1），   

ql＝汀W。（pl），q2＝汀W。（p2）・Ifco：【0，1】→Wisthegeodesicsegmentfromql   

to翫，tIlen  

d（c（り，Wb）≦d（c（り， Co（り）  

≦（1－りd（c（0），Co（0））＋トd（c（1），Co（1））  

＝（1一書）d（c（0），l穐）＋ま・d（c（1），Wb），   

Whichmeansthatd（l穐，・）isconvexonW．］   

W占continuetopreparesomede重nitionsandpropertiesconcernlngnOnCOm－   

PaCtRiemannianmanifblds．   

DEFINITIONl・1・1・An endofaHausdorぽspaceXis afunction E that   

assignstoeachcompactsubsetKofXaconnectedcomponentE（K）ofX＼K  
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SubjecttotherequirementthatE（K）⊇e（L）wheneverK⊆L．   

Asubset N⊆Xisa nei9hborhoodofanendEifN⊇E（K）fbrsome   

COmpaCtSetKofX・Acurvec：［0，∞）→Xisdive7Veniifcultimatelyleaves   

anycompactsubsetofX・ForeachdivergentcurveC，WeSaythatcconvergesto   

anendEiffbranycompactsetKthereisaconstanti（K）suchthatc（i）∈E（K）   

払ranyf≧f（∬）・  

LetMbeaconnected）COmPleteandnoncompactRiemannianmanifold・By   

thecompletenessofM，fbranyendEOfMthereisarayemanating正omany   

POintp∈MandconverglngtOE・  

DEFINITIONl．1．2．Anoncompac七surfaceMissaid七obe＄niielyconnecied   

ifMis homeomorphic to acompact2－manifo1d withfinitelymany pointsre－   

moved．MissaidtobeinPniietyconneciedifotherwise．   

WhenanoncompactsurfaceMisfinitelyconnected，theendsofMcorre－   

SpOndpreciselytothepointsremoved．  

TheBusemannfunctionforageodesicc，Whichisveryusefu1tothestudy   

Ofnoncompactmanifolds，isde重nedasfo1lows・  

LetcbearayonM．払rx∈Mweconsiderthefunctioni→d（諾，C（i））－i・   

Thisfunctionisboundedfrombelowandmonotonedecreaslng．Infact，bythe   

triangleinequalitywehave  

ま≦d（∬，C（0））＋d（ご，C（り） 払r電＞0  
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and  

d（∬，C（り）≦d（諾，C（β））十才一β   払rβ＜1・  

Hencethefunctionisbounded企ombelowby－d（∬，C（0））andmonotonedecreas－   

1ng．Thusthefunction  

ム（諾）＝1im（d（諾，C（り）－り         f→00  

iswelldefined on M．  

DEFINITIONl．1．3．TIlefunctionfciscalledtheBusemannfunciion払ra   

ray C・  

A Busemannfunction差is Lipschitz continuouswith Lipschitz constant   

l，thatis，げc（p）－fc（q）［≦d（p，q）．In general，Busemannfunctionsarenot   

necessarilydi鮎rentiable，butitisknownbyEberleinthatBusemannfunctions   

areC20naHadamardmanifbld・（Fortheproof，SeeProp．3．1in［HI】）  
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§2．1bponogov，stheoremandlocalrigidity   

Wもrecal1heretheTbponogov）scomparisontheoreminthecaseofnonpos－   

itivecurvatureand，applyingtherigiditypartofthistheorem，WeShal1prove   

SOmerigidityresultsforlateruse・   

THETopoNOGOV’s THEORBM・上e官財占eα見ょemα犯犯吏α犯mα吋oJdoJ花㈹－   

pββ盲ま盲γe C祝γ…加eα几dⅣαCβ花里e諾β鮎ゐβeゴoJ〟・ムeまci（五＝1，2，3）あeダeOdeβよc   

β叩m紺ねカγm如αまγ壷α几〆e古雅Ⅳα几d筏αCOm卯γ吏β0几か盲α几〆e壷耽R2w哀摘Je唖ゐ   

上（ろ）＝エ（ci）α陀d恥蒜iCOrr叩8几d両α叩Jeβ・me几αi≦蒜iα几d血叩髄αJ軸か   

0犯e五∈（1，2，3）査m〆盲eβ翫富加ciβ卯几αねねJJ＝β¢deβ吏cJγ五α吋e盲ββme舟吏cま0   

班e仇cJ盲deα…几e・九pαγ寸言cⅧJαγ，α1＋α2＋α3≦汀α几d翫明Ⅶα∫和ん0偽げα冊d   

β花塚げ班欄まγ盲α乃〆β壷β飢cJ査dβα軋   

ForatrianglespannedbyciWithai＝L（ci），itfbllows丘omthistheorem  

togetherwiththelowsofcosineintheEuclideanplanethatthefollowlngtWO  

inequalitieshold：  

（1）firstlowofcosine  

α孟≧α至＋α…－2α1α2COSα3，  

（2）secondlowofcosine  

α3≦α2COSα1＋α1COSα2．  
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Inthissection）apPlyingtherigiditypartofthelbponogov，scomparison   

theorem，WeprePareSOmereSultsconcern1nglocalrigidity．   

LEMMAl・2・1（cf・Sectionl．4in［BGS］）・椚herearegeodesicsegmenisci：   

【0，り→〟（宜＝1，2，3，4）Ⅷ壷班cf（り＝q＋1（0）触最cゐde石汀m査几eα曾髄αかょJα石汀αJ  

4  

Ⅷ鵡α乃ダJeβαiαまcf（叫侮犯∑α五≦2打α几d翫叩祝αJ軸ゐβ協げα乃d87埴卯ゐe  
古＝1  

ci叩α職αねね勒♂eOdeβ盲cβαま飢cJ盲deα犯押αかょJαfeγαJ．   

PROOF．Let7beageodesicsegmentftomcl（0）toc3（0）・Thenwegettwo   

triangles71and7b wherenisspannedbycl，C2aIld7and7ちisspannedby   

c3，C4amd7・ApplyingtherigiditypartoftheTbponogov）scomparisontheorem   

toTland7ち，WeSeethesumofthreeangles払r71（resp・苅）islessthanorequal   

to7T，andhencethesumoftheamglesofquadri1ateralislessthanorequalto27r・   

Iftheequalityholds，then71and了ちareEuclidean・Since∠（cl（0），－C左（l4））＝   

∠（cl（0），7′（0））＋∠（7′（0），－Cl（I4）），7land了ちfbrmtheEuclideamquadrilateral・l   

LEMMAl．2．2（cf．Sectionl・5in［BGS］）・Leicl：［0，a］→M be   

αダeOdeβ五cβeダme几まα犯d c2，C3：【0，∞）→〟ダeOdeβicγ叩βemα几α如タかm   

c2（0）＝Cl（0），C3（0）＝Cl（α）β伽Cゐ沌αまd（c2（り，C3（電））壷βゐβ肌ded」恒mαあoueか  

αJ丁子≧0．ムdα2＝∠（cら（0），Cl（0））α乃dα3＝∠（c㍍0），－Cl（α））・me犯α2＋α3≦汀   

α犯d印加αJ軸盲mダおeβ班Ⅶf翫g紺deβ壷cβ叩α犯αわね勒ダeOdeβよc動膵髄CJよd8㈹β什壷ク・   

PROOF．Let7f：【0，lt］→Mbeageodesicsegmentfromc3（0）toc2（i）  

andOt‥＝∠（－Ci（a），7i（0）），勅＝∠（－7i（lt），－CM））・ThenbytheTbponogov’s   

comparisontheorem，α2＋Ot＋勅≦q・SinceOtconvergestoα3aSi→∞，We  
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haveα2＋α3≦れ  

Tbshowtherigiditypa，rt，1etJtbeageodesicsegmentjoiningc2（i）andc3（i）   

andletFbeacomponentspannedbygeodesicsegmentsc2，C3andqt（i≧0）．  

d（c2（り，C3（ま））  ＝O bythefirstvariationfbrm111a．Since  Ifα2＋α3＝汀then   
離  

d（c2（i），C3（i））isbounded，itholdsthatd（c2（i），C3（i））≡L（cl）＝a払ral1i≧0．   

1Iencealso by thefirst variationformula，We have∠（cら（i），q；（0））≡α2and   

∠（c；（i），－qi（a））≡α3．ByLemmal・2・1，thedomainboundedbycl，C2，C3and   

qtinFisaEuclideanrectanglefbranyi・Therefbrecl，C2andc3SpanatOtally   

geodesicAatEuclideanstrip．bl  

FbrtwosubsetsX，Y⊂MwedefinetheHausdorPdisianceHd（X，Y）by  

Ⅱd（ズ，y）‥＝inf（γ＞叫∬⊂夙（y），y⊂月r（ズ）），  

WhereB，（X）：＝‡x∈M）d（a＝，X）＜r）isther－nCighborhoodofX．  

DEFINITIONl・2・1・TwototallygeodesicsubmanifoldsYiand鴇ofMare   

SaidtobeparatteIiftheHausdorfrdistancebetweenthemisfinite．  

ThenthefbllowlnglSValidforaHadamardmanifo1dM．   

LEMMAl・2・3（Lemma2・3in［BGS］）．Le‖1，鴇ゐepara］［e（compleieioia］Iy  

geβdββ盲cβ鋸ゐmα花押ゐα兜dα‥＝Hd（れ，鴇）．me兜班erど盲βα和才β∂mβゴr£cα花d  

ま0ね勒ダeβdeβ盲c emゐedd盲陀gP：坑×［0，α］→〟Ⅷ嗣甲（れ×（0‡）＝Ⅵ．“ほ  

？（れ×（α））＝鴇．  

PROOF・Ifc：R→Y；isageodesic，thend（c（i），Yl）≦a．Henced（c（i），n）  
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isconstant，foritisaboundedconvexfunction．Inconseq11enCe，itfo1lowsthat   

d（・，Yl）isconstantonY；，andbythesameargumentd（・，Y；）isconstanton坑・   

Clearly，theconstantequalstoainbothcases．Let町n‥M→Yl，町汽‥M→Yb   

beprojections・Then d（p，7TYb（p））＝a払rp∈n，andhence了rllOm’％isthe   

identityonYl．Sincetheprojectionsaredistancedecreaslng，汀Yiand打鴇are   

isometriesonYlorY去．  

Nowdefinep：n X［0，a］→M，P（p，i）＝ち（i），Wherecp：［0，a］→M   

is thegeodesic segment frompto7r鴇（p）．For（pl，il），（p2，i2）∈n x［0，a］   

weconsiderthegeodesicsegmentsち1，ち，，Cl：【0，1】→n frompltOP2and   

c2：【0，1】→Y；丘om町汽（pl）to町汽（p2）・By Lemmal・2・1the geodesics  

boundsatotallygeodesicrectanglesinceeachangleisequalto竺・Therefore 2  

d（p（pl，il），P（p2，i，））＝d（（pl，il），（p，，i，）），Wheredisdistancewithrespectto  

theproductmetricofYix［0，a］．NotethatthegeodesicsegmentonM正om   

p（pl，il）top（p2，i2）iscontainedintheimageofp・Thiscompletestheproofof   

thelemma．）   

Let Y beacomplete tota11ygeodesicsubmanifo1dofM・W占definethe   

subset彗′⊂Mtobetheunionofa11total1ygeodesicsubmani払1dsparallelto   

y．   

LEMMAl．2．4（Lemma2．4in【BGS］）・乃′isisomeiricioYxN，WhereN   

盲βαCJ朋ed即几即e訂β髄あβe慮0′〟．  

PROOF．Letn，S∈Sbethesetofallparal1elstoY・HereSdenotesan  
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indexset．Lemmal．2．3impliesthat払rsl，S2∈StheconvexhullofYilUY；2   

consistsofafamilyofpara11elstoY・Hence凸′isaconvexsubset，Whichis   

clearlyclosed．Theinteriorof抒isamani払Idwhichpossessesaparallelfbliation   

glVenbythepara11elstoY・Thisparallelk）1iationde触cscanonicallyaparallel  

distribution〝．LetL／⊥betheorthogonaldistribution・BecauseL，isparallel，U⊥   

isintegrable・LetHbeamaximalintegralmanilfoldfbrthedistribution〝⊥・Let   

p∈H．ThenbyLemmal．2．3，・n－Yl（p）∈H払ra11projections7r㌔．Furthermore   

it holdsthat  

打㌔10灯れ。（∬）＝汀れ1（諾）  

forarbitrarya：andY；1，Y：。in抒・Now航Ⅹ3：∈YandletN‥＝（7rYe（x）Is∈S）・   

De丘ne  

◎‥yXⅣ→為′‥（y，町yβ（諾））→打y〃（y）．  

Then払ranyyl，y2∈y  

d2（町㍍1（yl），汀㌔。（y2））  

＝d2（町㍍1（yl），打㌔。0汀㌔1（yl））＋d2（ Ⅳ㌔。0町㍍1（yl），町靖3（訂2））  

＝d2（町㍍1（諾），灯れ。（訂））十d2（yl，y2）  

＝よ2（（yl，灯れ1（∬）），（y2，打㌔。（瑚），  

′l WheredisdistancewithrespecttotheproductmetriconYxN．Hence缶isan  

isometry・Because抒isconvex，Nisconvex．蓼  
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Chapter2・TotalcurvatureandTitsmetric   

§1．TotalcurvatllreOfanoncompactRiemannianmanifold  

Inthissectionwewi11brie丑yreviewbasicmattersontotalcurvatureand   

showsomeexamplestoillustratethegeometricmeanlngOfit・  

Let M be a connected，COmPlete，nOnCOmPaCt and oriented Riemannian   

2－manifbldandGtheGaussiancurvatureofM・Definenonnegativefunctions   

G＋（p）andG＿（p）by  

G十（p）：＝mα諾（G（p），0） and G－（p）：＝mα∬トG（p），0）  

forp∈M，reSpeCtively．ThenthetotalpositivecurvatureCl（M）（resp．the   

totalnegativecurvatureC＿（M））ofMisdefinedtobe  

C土（〟）：＝  G土d〟，  

theimproperintegralofG＋（resp・G＿）overMwithrespecttothevolume   

elementdM OfM．   

DEFINITION2・1・1・WheneitherCi（M）orC＿（M）isfinite，theimproper   

integralofGoverMwithrespecttodMisdefinedandisdenotedbyC（M），   

仙atis，  

C（〟）：＝  Gd〝．  

Inthiscase，WeCallC（M）theioia（curvaiureofM．  

24   



ⅥねsaythatM admii8ioia（curvaiureifC（M）isdefined・Notethatthe   

totalcurvatureC（M）mayattaintheinfinityvalues，namely，－∞≦C（M）≦∞・   

It also holdsthat  

C（〟）＝C＋（〟）－C－（〟）・  

Tbbemoreprecise，C（M）isobtainedas払1lows・Let（Ki）毘1beamono－  

∞  

toneincreasingsequenceofcompactsubsetsofMsuchthat UKi＝M・Let  
i＝1  

C（Ki）：＝Jk‘GdMbethetotalcurvatureofeachKi・IfMadmitstotalcurva－  

ture，thenthelimitofC（Ki）asitendsto∞eXistsindependentlyofthechoice   

Of（Ki），andwehave  

C（〟）＝．1imC‘（∬i）・ l－■・Cく）  

Ontheotherhand，WhenMdoesnotadmittotalcurvature，i・e．，C士（M）＝   

∞，thenthefo1lowlngisknown・  

LEMMA2．1．1．〝〟doe…∂まαdm盲JねねJc髄γ即α電視γe，班e几♪γα竹花祝mふeγα   

β祝Cゐ班欄才一∞≦α≦∞，班護ree∬よβねαβ叩祝e犯Ce（垢）αβαゐ0γeβαま壷β面几g  

1imC（動）＝α・  
l→00   

PROOF・Wecanconstructsuch（Ki）asfbllows・IJet  

〟十＝（p∈叫G（p）≧0），  

〟‾＝（p∈叫G（p）≦叶   

ThenM土areclosedsetsofMandM＝M＋uM－・Fixapointp∈Mandset  

月土（α）＝月（α）∩〟土，  
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whereB（a）denotesaclosedbal1withcenterpandradiusa・Thenthetotal  

curvaturec（B＋（a））（resp・C（B－（a）））isamonotoneincreasing（resp・de－  

creasing）divergentfunctionon［0，∞）・Hence払r∞＞α＞0given，Wemay  

choosetwodivergentsequences（ai）and（bi）suchthatC（B＋（ai））＝i・αand   

C（月‾（勘））＝－五・α・  

Now set  

∬f＝月＋（α什1）∪β‾（α盲）・  

Then（Ki‡isamonotoneincreasingsequenceofcompactsets，andC（Ki）≡α・   

Inthecaseα≦00rα＝土∞，WeCanCOnStruCt（Ki‡inasimilarfashion・   

Henceweobtainthelemma．一  

Notethatwhenthetotalcurvat11reOfanopenmanifbldexists，itisobtained   

asthelimit ofC（Ki）as above・Thefb1lowing Gauss－Bonnet theorem fbr a   

compactdomainwithpiecewisesmoothboundarythenplaysanessentialrolein   

investigationsoftotalcurvatureinnoncompactcase・W占recallitherefbrlater   

uSe．   

THE GAUSS－BoNNET T椚ユOREM．加電βゐeαCOm卯CJdomα盲几げα花押盲－   

e陀ねdβⅦ巾ce叫Ⅷゐ朋eゐ0肌血γy川椚首βねげcJββed，β盲m〆eα几dp五eceⅧ盲βe封剛0沌   

Ⅲ肺腑βCl，…，qい馳タグ∂βe班αまeαC九qざβ即β古山eJy卯古e陀Jed，ダ卯αme什首gedゐy   

αrCJ明班βα乃dJeまβi，‥・，軋fゐe班ee∬緑γ犯αJα乃ダJe…Jq・邦e犯  

妄上代g（相互紬・妄差♂j＝2汀刷  
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Ⅷんeγe代g（β）盲β班七夕eOdeβ盲cc髄r…わげeげqα犯dx岬）壷β沌e飢JeγC鬼αγαC加古βま吏c   

O′β．   

ApioneeringworkduetoCohn－Vossen［Col］onthetotalcurvatureofan   

opensuぬcestatesthatifafinitelyconnectedMadmitstotalcurvature，then  

C（〟）≦2町X（〟）・  

Ontheotherhand，byIIuber，stheorem【IIu］，ifaninfinitelyconnectedMadmits   

totalcurvature，then  

C（〟）＝－∞・   

HenceifMadmitstotalcurvature，thenC（M）isboundedfromabove，Which   

yieldsthat thetotalpositivecurvature C＋（M）ofMisfinite・ThereforeM   

admitstotalcurvatureifandonlyifCi（M）isfinite・  

Next wewillshow someexamplestoillustratethegeometricmeanlng Of   

totalcurvat11re．  

ExAMPLE2．1．1．Thetotalc11rVatureOfaEuclideanplaneisO，Whilethat   

Ofahyperbolicplaneis－∞．  

TbexplainthenextexampleweglVethefollowlngdefinition・   

DEFINITION2・1・2・WesaythatMisconicaIifMisaRiemanniansurface   

WhichisAatoutsidesomecompactset．  

ItiseasytoseethateachconicalMisfinitelyconnectedandadmitsfinite   

totalcurvature・IfMhask－ends，thenoutsidesomecompactsettherearekAat  
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tubes打1，‥・，Ui．EachnattubeUiisisometricallyembeddedinaAatcylinder   

orinanobjectobtainedbyidenti＆ingedgesofasectorwithvertexangleOi，   

0＜8i＜∞．SincethisobjectisaconeifO＜Oi＜27r，WeCallthisalsoacone．   

ExAMPLE2．1．2．Let Mbeconicalwithk－endsand Oi（i＝1，‥・，k）the   

VerteXangleofaconecontainlngaAattubeUiwhichisaneighborhoodofeach   

end，Where Oiis understood to be OifUiisisometrically embeddedin aflat   

cylinder．ThenthetotalcurvatureC（M）ofMisgivenby  

た  

C（叫＝2汀X（叫－∑♂ト  
i＝1   

Infact，ifUiisembeddedina鮎tcylinder，thereisaclosedgeodesic7iinUi．   

IfUiisinacone，thereisabrokengeodesicγihomotopicto∂Uiwithnibroken  

♂i  

points）SuChthattheangleateachbrokenpointis7T－～，nibeingapositive  
氾i  

integersatisbring（ni－1）訂≦Oi＜ni7T．Let Kbeacompact domainon M   

Whoseboundaryconsistsof（broken）geodesics71，…，7k．SincetheGaussian   

CurVatureOfMisOoutsideK，itfb1lowsbyapplyingtheGauss－Bonnettheorem   

OnthecompactsetKthat  

た  

C（叫＝C（勘＝2打方（叫－∑♂f・  

i＝1  

ExAMPIJE2．1．3．Let S⊂R3be a surface of revolution around z＿aXis   

Parametrizedby  

g（β，り＝（α（恒osβ，坤）sinβ，占M），  
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wherea（i）isanonnegativefunction・Assumethatthegeneratingcurvec（i）＝   

（a（i），b（i））isparametrizedbyarclength・ThenSadmitstotalcurvatureifand   

onlyiftherightandleftlimitsofal（i）exist・FurthermoreifSishomeomorphic   

toaplane，then  

C（β）＝2汀（1－α′（∞））．  

Whileifitishomeomorphictoacylinder，then  

C（g）＝2汀（α′ト∞）－α′（∞））・   

Infact，fromasimplecalculation，WeSeethattheGaussianCurVatureG（＄，i）  

｝andthevolumeformofSisa（i）dsdi・   
ats（s，りequalsto一   
WhenSishomeomorphictoaplane，thegeneratingcurvecisdefinedon   

［0，∞）andal（0）＝1，b′（0）＝0・ThenthetotalcurvatureC（S）ofSexistsifand   

onlyifthereexiststhelimitofal（i）asi→∞，denotedbyal（∞）・Thereforewe   

have  

c（g）＝上∞上2∬一課・ α（榊   

＝上2∬dβ上∞叫堰  

＝2可1－α′（∞））・  

Similarly，WhenSishomeomorphictoacylinder，ifa／（∞）anda／卜∞）exist，  

tllen   

C（ぶ）＝2汀（α′（－∞）－α′（∞））・  
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AtypICalexampleoftheformercaseisglVenbyaconnectedcomponentof  

thehyperboloidof七woshee七sS＝（（x，y，Z）∈R31（xsinO）2－（y2＋z2）cos20＝1）・  

ThenC（S）＝2q（1－SinC）．Atypicalexampleofthelattercaseisgivenby  

hyperboloidofonesheetS＝（（∬，y，Z）∈R31（xsinO）2－（y2＋z2）cos20＝－1）・  

ThenC（∫）＝一触sinβ．  

These examples show that the totalcurvature ofan open surfaceis no   

longeratopologlCalinvariantanddependsdeeplyonitsmetric・Moreprecisely   

Speaking）thetotalcurvatureofthesu血cedependsonthesumoftheexpanding   

growthrateofeachend．  
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§2．TitsmetriconaHadamardmanifbld   

In this section we will recall definitions and some properties about Tits 

metric・W占willalsoglVeSOmeeXamplestoillustratethegeometricmeanlngOf   

it．  

DEFINITION2．2．1．Fortworaysclandc20naRiemannianmanifoldM，   

wesayclisasympioiictoc2ifthereexistaconvergentsequence‡pn）ofpoints，   

pn→Cl（0），andadivergentsequence（in），in→CqSuChthat7£（0）converges   

tothevectorci（0），Where7nistheminimizinggeodesicsegmentonMjoining   

pれandc2（㍍）．   

NotethatbeingasymptoticisnotanequlValencerelationingeneral・  

NowwedefinetheidealboundaryofaIIadamardmanifo1duslngthea5ymP－   

toticrelation．Throughout therest ofthis section，We aSSume that Misa   

lIadamardmanifo1d．OnaⅡadamardmanifbld，theasymptoticrelationhasthe   

fb1lowlngmOretraCtableandexplicitexpression・   

LEMMA2．2．1（Propositionl．2in［EO】）・1haHadamardmanUold，aray   

cl盲βα叩mp…壷cねαr叩C2げα冊do7舟卯ゐereねαC…β励まα∈Rβ髄Cん班αま  

d（cl（f），C2（り）≦α  かα〃電≧0・   

PROOF・Letclbeasymptotictoc2・Thenthereexist〉bythedefinition）  

aconvergentsequence（pn）ofpointsandadivergentsequence（in）suchthat  

31   



7L（0）convergestothevectorcl（0），Where7nisthegeodesic企ompntoc2（in）・   

Letabeaconstantsuchthatd（pn，C2（0））≦afbralln・Letsnbethenumber   

suchthat7n（sn）＝C2（in）・Bythetriangleinequalityithold＄that  

lβれ一子ml≦d（pn，C2（0））≦α・  

NowfiⅩS≧0．Foralargensuchthats≦sn，Wehave  

d（7れ（β），C2（β））≦max（d（7m（0），C2（0）），d（7m（βn），C2（βn）））  

血omtlleCOnVeXityofthefunctioni→d（≠（i），C2（i））・But  

d（7れ（β乃），C2（βn））＝d（c2（り，C2（βm））＝lβ和一㍍l≦α  

and  

d（≠（0），C2（0））＝d（pm，C2（0））≦仇  

Then  

d（7m（β），C2（β））≦α   払rallβ≧0・  

Hence，bycontinuityoftheexponentialmap，Wehave  

d（cl（β），C2（β））≦α   払rallβ≧0・   

Conversely，WeSuPPOSethattworayscl（i）andc2（i）satis村ingd（cl（i），C2（i））   

≦a鮎ralli≧Oaregiven．Foradivergentsequence（in），letγnbeageodesic   

segmentsf上omcl（0）to c2（in）．Then砿（0）convergesto ci（0），thatis，Clis  
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asymptotictoc2，becauseoftheunlqueneSSOfaraycemanatingfromsome  

fixedpointsuchthatd（c（i），C2（i））≦aIfbra11i≧Oandforsomeconstanta’・   

TheunlqueneSSOfsucharaylSObtained丘omtheconvexityofthefunction  

i→d（ql（i），0・，（i））foranytwogeodesicsql，0’2・Infact，iftherearetworays  

c，言emanatingfromsamepointxsuchthatd（c（i），C2（i））andd（坤），C2（i））are  

bounded丘omabove，thenthereisaconstant諒suchthatd（c（i），叩））≦言fora11i・   

Fromtheconvexityofthedistanceれ1nCtionbetweentworaysandd（c（0），司0））＝   

0，Wehavec（り＝印）・申   

Thislemmameansthatthe asymptoticrelationisanequlValencerelation   

onaHadamardmanifo1d．ThentheidealboundaryofMisde且nedasfo1lows．   

DEFINITION2．2．2．TheequlValenceclasscsofallraysonaHadamardman－   

ifo1dMwithrespecttotheasymptoticrelationarecalledpoinisalinPniiyofM   

andthesetoftheseclassesiscalledtheidea［boundaryofM，denotedbyM（∞）・   

Fbrageodesicc：R→M，1etc（∞）∈M（∞）bethecorrespondingclassof  

theraycl［0，∞），andc（－∞）theclassofthereversedgeodesici→C（－i）・Wb  

Willnotethatfbrapointx∈Mandapointz∈M（∞）given，thereisauniquc   

rayc：［0，∞）→Mwithc（0）＝Xandc（∞）＝Z．Infact，七akearay7SuChthat  

7（∞）＝Z・ThenwecanObtainsucharaycasalimitofthesequence（7i‡of   

geodesicsegments丘oma；tO7（ii）fbradivergentsequence（i；）．There払re，払r  

anypointp∈M，thereisabijectivemapbetweentheidealboundaryM（∞）of  

MandtheunittangentsphereちMatpofM．ThismapISeXPlicitlyexpressed  
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by  

宙‥ち〟→〃（∞）：せ（可：＝≠（∞），  

where7uisaraywithinitialvectoru・ThetopologyonM（∞）inducedfrom   

SbMby甘iscalledthesphereiopo（ogy・ThespheretopologylSindependentof   

thechoiceofapointp∈M・  

Fbr zl，Z2∈万＝MUM（∞）andx∈Mwedefine  

∠∬（gl，g2）：＝∠（cl（0），Cち（0）），  

whereciisauniqueray丘om諾tO2ri（i＝1，2）．For2，∈M，Z∈M（∞），E＞0  

1etCb（z，E）bethecone（y∈珂y≠諾and∠∬（z，y）＜E）・Theconeiopo］ogyon  

万isthetopologygeneratedbytheopensetsinMandthesecones．Inother  

words，thisisthetopologyinduced丘omBpMby4，：PpM→粛suchthat  

払rl匝‖＜1，  
¢（u）＝   

7v（∞）  払rlト＝＝1，  

WherePpMistheunitcloseddiskof7i，Mandhencetherelativetopologyon   

M（∞）coincideswiththespheretopology．  

Next，WeWilldefineametriconM（∞）・Notethatweallowthatpoints   

havetheinfinitedistance・Theangle∠onM（∞）isdefinedasfbllows・   

DEFINITION2・2・3・Thean9［e∠（zl，Z2）betweenzlandz2inM（∞）isde－   

finedby  

∠（zl，Z2）：＝SⅦp∠訂（zl，g2）．  
∬∈〟  
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Clearly∠isadistancefunctiononM（∞）．Furthermore（M（∞），∠）isa   

completemetricspace．Inf批t，1etzibeaCauchysequencein（M（∞），∠）・Then   

fbrallx∈M，ZiisaCauchysequenceinthemetric∠D（・，・）・HenceziCOnVergeS  

toapointz∈M（∞）withrespecttothemetric∠c（・，・）・Forx，y∈M，∠c（・，・）  

and∠y（・，・）definethesametOpOlogyinM（∞）・IIencezdoesnotdependonx・  

Tbprovethatzi→Zin∠，1etE＞Obearbitrary・Thenthereexistsio∈Nsuch   

that  

∠（ヱ古，勺）＜…  払両≧よ0・  

Fora£Ⅹedk≧iothereisapointx∈Msuchthat  

ど ∠（z，Zたト∠∬（g，Z鳥）＜盲  

Nowzi→Zin∠x（・，・）andZc（zi，Zk）≦∠（zi，Zk）＜…foralli≧io・Thisimplies  

∠∬（g，Zた）＜…・Thus∠（g，gゐ）＜抽allゐ≧盲0・   
Wewillhereintroducetheinteriormetricofametricspace・Let（X，d）be   

ametricspace．Foracontinuouscurvec：［0，1］→X，Wedenotethelengthofc   

withrespecttothemetricdbyL（c）．ThenwedefineanewmetricdiOnXby  

infL（c）ifthereisacontinuouscurvecfrom諾tOy，  

∞  Otherwise，  
di（∬，y）：＝  

whereinfisattainedoveral1continuouscurvesfrom訂tOy．Thismetricdiis   

calledtheinieriormeiricof（X，d）・Ametricspace（X，d）iscal1edaten9ihspace   

ifd＝dト  
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DEFINITION2．2．4．The TiismelricTdonM（∞）isdefinedastheinterior   

metricoftheangle∠，thatis，  

Td（g，ぴ）：＝∠f（z，ひ）・  

Bythedefinition，itholdsthatfbranyz，W∈M（∞）  

Td（g，W）≧∠（g，可・  

Furthermore the following is known. 

LEMMA2．2．2（Lemma4．7in［BGS］）・fbrz，W∈M（∞）げihereis no   

ダeOdeβ盲cc：R→〟榔首班cト∞）＝Zα陀dc（∞）＝叫翫几  

Td（z，Ⅷ）＝∠（z，W）・  

PROOF．TbestimatetheTits distancef王omabove，Wehavetoconstruct a   

CurVeinM（∞）fromztowwithlength∠（z，W）．  

Firstweprovethatthereisapointm∈M（∞）with∠（z，m）＝∠（m，W）＝  

∠（z，W）・Fkapoint諾arbitraryandlet餉berayshom諾tOZ，W・For  

j∈Nletpj betheuniquepointonthegeodesicsegment丘omcE（j）tocw（j）   

Whichhastheminimaldistancetoa；・SincetherearenogeodesicsinMjoinlngZ   

andw，thegeodesicsegmentfromcz（j）tocw（j）havenoaccumulationgeodesics   

andhencethesequence（pj）hasnoaccumulationpointsinM．There払rethere   

isanaccurrmlationpointm∈M（∞）of（pj）withrespecttotheconetopology  

onM・Byacarefu1estimationwecanseethat∠（z，m）＝∠（m，W）＝∠（z，W）・  
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ThuswecanconstruCtthepointm・Clearly∠（z，m）＝∠（m，W）≦言and  

hence m and z（resp．w）cannot bejoined by a geodesic on M・There－   

fore we can use this constr11Ctioninductively and construCt a map h from  

〈基ぃ∈NU｛0｝，ゐ≦2う⊂【0，1］into叫∞）with∠（ゐ（芸），ん（呈））   
∠（g，ぴ）・  By the completeness of（M（∞），∠）this map extends to a  

continuous map h：［0，1】→ M（∞）withlength L（h）＝ ∠（z，W）・Hence   

Td（z，W）≦∠（z，W）．書   

ThislemmaimpliesthatifTd（z，W）＞7r，thenthereisageodesicc：R→M   

WithC（－∞）＝Z and c（∞）＝W・If there exists a ray joining z and w，   

then Td（z，W）≧∠（z，W）＝q．Therefore this alsoimplies that∠（z，W）＝   

min（Td（z，W），7T）andhenceTdinducesthesametopologyon M（∞）as∠・It   

shouldbenotedthatTitsmetricTdinheritsthecompletenessofangle∠．  

TbillustratethegeometricmeanlngOfTitsmetricandtouselater，WeShow   

thefo1lowlmglemmas・   

LEMMA2．2・3（Lemma4．2in［BGS］）．Forz，W∈M（∞），Jeic：【0，∞）→   

〟ゐeαγ叩Ⅷ首班c（∞）＝g・馳p（り：＝∠。（f）（行可・rゐe犯  

1im拍）＝∠（z，W）． t→00   

PROOF・By Lemmal・2・2it holdsthat p（i）＋（7T－P（s））≦訂fbrs＞i・   

Hencep（i）ismono七oneincreasingandtherefbrethelimi七exists・Clearlyp（i）≦   

∠（g，W）．  

37   



Tb prove the oppositeinequalitylet x ∈M be arbitrary andletα＝   

∠3（z，W）・W占havetoshowthatlimp（i）≧α． f－ナ∞   
Fbri≧Oletct：R→Mbethegeodesicwithct（0）＝X，Ct（1）＝C（i）．Let  

αf：＝∠∬（c電（∞），ぴ），  

βf：＝∠。（り（cf（∞），ぴ），  

7f‥＝∠。（f）（z，C古（∞））・  

Because ct（∞）convergesto zasi→∞，αt COnVergeStOα．Theargument   

Ofmonotonicityofp（i）appliedforthegeodesicctimpliesβt≧αt．Applying   

Tbponogov’stheoremfbrthetrianglex，C（0），C（i），WeSeethatγ亡COnVergeStOO．   

Thusp（i）＋7t≧βf≧αt→αand7t→Oimplieslimp（i）≧α．鶏 f→∞  

LEMMA2・2・4（Lemma4・3in［BGS］）．Leiz，W∈M（∞），X∈M andlei   

Ci‥【0，∞）→〟（五＝1，2）ゐer叩β榔胡c‡（0）＝諾，Cl（∞）＝Zα几dc2（∞）＝W．   

geまαf：＝∠。1（f）（諾，C2（拙βf：＝∠。2（り（諾，Cl（り）■rんe犯  

∠（g，W）＝1im（汀－αf－βf）．          f→∞  

PROOF・Fors＞iweconsiderthequadrilateralwithverticescl（i），Cl（s），   

C2（i），C2（s）andangles一打－αt，訂－βt，α8，P8．Becausethesumoftheanglesis   

notgreaterthan2訂，Wehaveα8＋β。≦αt＋βt．Itfo1lowsthat汀－αt－βtis   

monotoneincreaslngandthelimitexists．  

Letp（i）：＝∠cl（t）（z，W）・Thenp（i）convergesto∠（z，W）asi→∞byLemma  

2・2・3・Considerthetrianglecl（i），C2（i），W・Since∠c，（f）（Cl（i），W）＝訂－βt，Wehave  

∠cl（t）（c2（i），W）≦βt・Furthermoreasp（i）＋∠cl（f）（c2（i），W）＋α＊≧打，Wehave  
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p（り≧汀－αf－βトTherefbre  

1im（汀－αモーβt）≦∠（z，可・ t→00   

Ontheotherhand，1eti。∈［0，∞）ande＞Obearbitrary・Fori＞iolarge   

enough，Wehave   

ど       l∠cl（亡0）（g，C2（f）ト紳0）l＜盲  

and  

ど l∠c3（f）（cl（電0），Cl（り卜鋸＜言  

Because of  

∠。拍。）（g，C2（t））＋∠。拍）（cl（吊，Cl（り）＋αt≦町，  

wehave  

抽）＜∠cl（f。）（g，C州＋…   
≦打－αモー∠c。（り（cl岨cl㈲＋…  

＜汀－αモーβf＋ど．  

BecauseioandEarearbitrary，  

∠（g）ぴ）≦書聖浩（汀一αf－βf）・l  

NowweintroduceotherapproachestodefineTitsmetrichere．  
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Fbrz，W∈M（∞）andx∈Mletcl，C2beraysffomxtoz，W．Thefunction  

d（cl（り，C2（f））  
ismonotoneincreaslngandboundedby2．Therefbrewecan  f→  

definethemetriclonM（∞）by  

d（cl（り，C2（り）  
J（z，W）：＝1im          f→∞   

Itiseasytocheckthatthede£nitionoflisindependentofthechoiceofxand   

thatlisindeedametriconM（∞）．Thenwehavethefbllowingrelationbetween   

Jand∠．  

LEMMA2・2・5（Lemma4・4in［BGS］）．Forz，W∈M（∞）iiho］dsih  

J（g，ひ）＝2sin  

PROOF・For諾∈Mlet cl，C2betheraysfromxto z，Wandlet f（i）：＝  

d（cl（り，C2（り）  Becausethedi鮎rentialofexpD：7LM→Misanisometryat  

）  

∠∬（z，W）  
theoriginin了忘M・Wehave惣f（i）＝2sin   

Nowf（i）isincreasing  

∠∬（z，W）  
Withlimf（i）＝l（z，W）・Thereforel（z，W）≧2sin f→∞   
arbitrary  

and since a: is 

J（g，ひ）≧2sin  

Ontheotherhand，1etαt：＝∠el（f）（諾，C2（i））andPt：＝∠c。（t）（x，Cl（i））・By  

thesecondlawofcosinewehaved（cl（i），C2（i））≦icosαt＋icosβtwhichimplies  

押）≦cosαf＋cosβf．  
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Sinceαt，βt≧Oandαt＋βt≦7T，Wehave  

αf＋βf  
COSαf＋cosβf＝2cos  

TlluS  

打－αf－βf   αf＋βf  
押）≦2cos  ＝2sin  

Because7T－αt－βtconvergesto∠（z，W）byLemma2・2．4wehave  

J（z，W）≦2sin  

REMARK．Similarlytotheproofofthislemmathefbllowlngformulaholds．   

Forz，W∈M（∞）andx∈Mletcl，C2beasabove．Thenfbrpositiveconstants   

α，あ  

d（cl（αり，C2（叫）  ＝（α2＋あ2－2α占cos∠（z，Ⅷ））圭．   1im  
f→CQ  

Thislemmaimpliesthatl（z，W）≦∠（z，W）fbrallz，W∈M（∞）andhence   

fortheinteriormetricliOflwealsohaveli（z，W）≦∠i（z，W）＝Td（z，W）．Fur－   

thermoretheoppositeinequalitya．1soholds．Infact，Foranypointa；∈Mand   

anycurvec：［0，1］→（M（∞），Td），Cinducesacurveintheunitspherein了もM．   

Itiseasytoseethatthel－lengthofcisgreaterthanthelengthoftheinduced   

CurVeinthetangentsphere，thustheZ－1engthofcisgreaterthan∠D（c（0），C（1））   

andhence∠（c（0），C（1））・Thereforeli（z，W）≧∠i（z，W）＝Td（z，W）．Hencewe   

baveJi＝Td  

41   



Themetrics∠and11eadtothesamelengthspace（M（∞），Td）．Thereis   

athirddefinitionofTitsmetric・Forx∈M）WeCOnSiderthesphericaldistance   

d言OnthedistanCeSPhereSt（x）：＝（y∈Mld（a：，y）＝i），Whichisdefinedas   

theinfimumofthelengthsofthecurveSinSt（x）joininggiventwopoints．Fbr   

POintsz，W∈M（∞），1etcl，C2betheraysfrom諾tOZ，W．Thenthefunction  

dHcl（ま），C2（f））  ′ヽ′■  

d（z，ひ）‥＝．1im  iswe11－defined and coincideswitIITd．  
、′ ′   f→∝〉  f   

Wewillnotethatthetopologyof（M（∞），Td）doesnotnecessarilycoincide   

with thespheretopology on M（∞）asshowninthefo1lowingexamples．To   

distinguishthesetopologieswecallthetopologyonM（∞）definedbytheTits   

metricthe Tiisiopotogy．ButtherearesomerelationsbetweenthesetopologleS・   

Itisclearthatifasequence（zi）⊂M（∞）convergestozintheTitstopology，   

thenitalsoconvergestozinthespheretopology．Converselyforz∈M（∞），the   

functionTd（z，・）onM（∞）isnotnecessarilycontinuousinthespheretopology・   

Howeverthisissemicontinuousinthistopology・Infactuslngthethirddefinition   

oftheTitsmetric，itholdsthatfor（wi‡convergingtowinthespheretopology  

軋（z，叫）吼（g，ぴ）   ▼         ＝  1i甲infTd（g，叫）≧1i町inf   
l一－■00  l一■・∞  fo  電0  

whereioisarbitrary．TlmslipinfTd（z，Wi）≧Td（z，W）・  
l・→Cく〉   

Inthenextsectionwewillgivetheconditionforthesetopologiestocoincide   

eacb．other．  

Finally，WeWillgivesomeexamples．  

ExAMPIJE2．2．1．IfMisann－dimensionalEuclideanspace，then（M（∞），  
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Td）isisometrictoan（n－1）－dimensionalstandardsphere．  

ExAMPLE2・2・2・IfMisann－dimensionalhyperbolicspace，then  

∞，forgl≠g2∈〟（∞），  

0，fo一之l＝g2∈〟（∞）．  
Td（zl，g2）＝  

There払retheTitstopologyonahyperbolicspaceisadiscretetopology・  

ExAMPLE2・2・3・LetM2beconical・IIencethereisacompactdomainK   

SuChthatM＼Kisisometrical1yembeddedinaconeofvertexangleO，27r≦0・   

Then（M（∞），Td）isisometrictoacircleofgirthO．  

ExAMPIJB2・2・4・LetMbeaproductofthehyperbolicplaneH2andthe   

real1ineR，i・e・，M＝H2×R．WedenotebyR（∞）apairoftwoasymptotic   

Classes（N，S），WhereNistheasymptoticclassofaray7definedby7（i）＝   

（p，i）∈II2×Rforp∈H2andSisthatofaray7With7（i）＝（p，＾）．Wealso  

denotebyH2（∞）thesetofasymptoticclassesofraysonH2－factor．Thenwe   

COnSiderM（∞）astheunitsphere，WherethenorthpoleisNandthesouthpole   

isSandtheequatorisH2（∞）．  

NowweconsidertheTitslength丘omNtoS・Foraray7inH2，1etHbe   

theAathalfplane（7）×RofM．Thenthesetofasymptoticcla5SeSOfrayson   

H，denotedbyH（∞），isahalfcirclefromNtoS．Hence  

Td（Ⅳ，ぶ）＝れ  

Nextweconsidertwopointsz，WOntheequator．Thereisageodesicαin  

H2joiningthesepointsandF＝（α）×RisaAatplaneinM・ThenF（∞）isa  
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circleinM（∞）containingz，W，NandS・WecanchooseacurveinF（∞）from  

ztoN（orS）andfromthispolebacktowasaminimalcurveinM（∞）joining   

z and w．Therefbre wehave  

Td（g，ぴ）＝れ   

Fbranypointszl，Z2∈M（∞），aminimalcurveinM（∞）joiningzlandz2   

isalsoacurvefromzltON（orS）andfromthispolebacktoz2anditholds  

Td（zl，g2）≦れ   

Inthisexample，WeShouldnotethat acloseddistanceba11Be（N）at thc   

north poleisnot compact，and hence Tits topologylSnOt neCCSSarilylocally   

COmpaCt．  

AsumderstoodfromLemma2・2・3，七heseconddennitionortheseexamples，   

TitsmetricexpressestheexpandinggrowthrateoftheequlValenceclassofrays．  
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§3．Relations betweentotalcurvatureandTits metric   

Intheprevioussectionswesawthatbothquantitiesoftotalcurvatureand   

Titsmetricareconcernedwiththegrowthrateofends・Motivatedthisfact）   

WeinvestigatesomerelationsbetweentotalcurvatureandTitsmetricandprove   

two theorems．  

LetMbeaHadamardmanifo1d．Firstwewillprovethefbllowlngtheorem・  

THEOREMl．上eJ凡才あeαg－d壷me陀β盲β犯αJ∬αdαmαγdmα乃ゆJdα犯dα班e最－   

αme抽∂J〝（∞）w首班γe叩eCまね班er壷ねmeまr盲c．アゐe犯加ゎねJc脚Uα如eC（〟）   

OJ〟叩祝αねね2（∬－α），W玩γe古雅鮎cαβe摘欄Jα＝∞班吏βmeα几βC（〟）＝－∞・  

FirstapplyingLemma2．2．4weshallshowarelationbetweentotalcurvat11re   

and Titsmetric．  

LRMMA2．3．1．ムd」M「れ巳α托¶－d盲me兜β壷0几αJ∬α血mαγd mα花押Jdα冊dα，β   

r叩βemα氾α抽ダか）mp∈〝鋸南卸両Td（α（∞），β（∞））＜れ上eまダゐeαC¢m一   

匹兜e犯fco那盲β1盲几gO′ダeOdeβ壷c叩meⅣねノβ盲几如α（りα犯dβ（りかαJJf≧0．rんe犯  

C岬）＝∠（α′（0），β′（0））－Td（α（∞），β（∞）），  

ぴんeγe Cげ）de几ローeβ班eねねJc髄γ…加…ノダ・  

PROOF．FromLemma2．2．4，Wehave  

∠（α（∞），β（∞））＝f聖監（汀－αモー恥  
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Whereαt＝∠α（t）（p，β（i））andβt＝∠β（t）（α（i），P）・Nowfromtheassump－  

tionthat Td（α（∞），β（∞））＜打，WehaveTd（α（∞），β（∞））＝∠（α（∞），β（∞））・   

Hence we have  

lim（打－αf－βf）＝Td（α（∞），β（∞））． f→∞   

Then，aPplyingtheGausS－Bonnettheoremtothetrianglep，α（i），β（i），Wehave  

Cげ）＝1im（∠（α′（0），β′（0））＋αf＋βf一打† t→00  

＝∠（α′（0），β′（0））－Td（α（∞），β（∞）），  

asrequired．l   

Ina2－dimensionalHadamard manifo1d，thislemmaimplies thefbllowlng   

proposition．  

PROPOSITION2．3．2．上e才〟ゐeα2－d壷me†lβ査0犯αJ∬αdαmαγdmα札的Jdα乃dα，   

βゐeγ叩βemα犯α青吏几♂かフmαβαme即壷耽まp∈〟．〝Td（α（∞），β（∞））＜∞，班護犯，   

舟r班ecom即㍑e凡慮ダゐ摘花dedゐy紬0γ叩βαα陀dβwん盲cんco几ね古雅β班er叩7β祝Cん  

加Td（α（∞），7（∞））＝Td（γ（∞），β（∞））＝土Td（α（∞），β（∞）），Weダeま                             2  

Cげ）＝∠（α‘（0），β′（0））－Td（α（∞），β（∞）），  

ぴゐeγe∠壷βmeαβ附edw鵡γ叩eClれ仁ダ．〝Td（α（∞），β（∞））＝∞，班護几C岬）＝   

－∞わreαCゐc8m即几e耽まダゐ0髄兜dedあyαα雅dβ．   

PROOF・Inthecasethat Td（α（∞），β（∞））＜∞，thereexistsacontinuous   

CurVe C：［0，1］→M（∞）fromα（∞）toβ（∞）suchthatthelengthofcisequal  
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to Td（α（∞），β（∞））on M（∞），SinceM（∞）ishomeomorphictoSl．choose   

thes－1bdivisionio＝0＜il＜i2＜・・・＜im＝loftheinterval【0，1］satis矩ing  

thatthelengthofcl［ii＿1，ii］ issmal1erthan7rforanyi∈（1，2，・・・，m）・Let  

彗bethe componentboundedbytworays ci＿1and ciWhichareemanating   

frompto c（電i＿1）and c（ii），reSPeCtively・Thenfromtheabovelemma，Wehave  

C（瑚＝∠（c；－1（0），C；（0）トエ（c廟＿1，り），  

WhereL（cF［ii＿1，ii］）isthelengthofc［［ii＿1，ii］・lIence  

m  

C岬）＝∑c（瑚  
i＝1  

＝∠（α′（0），β′（0））－エ（c）  

＝∠（α′（0），β′（0））－Td（α（∞），β（∞））・   

NextweshallconsiderthecasethatTd（α（∞），β（∞））＝∞・Letr＞Obean   

arbitrarylargenumber．FixapositiveintegerF＞（r＋∠（αI（0），β′（0）））／汀and   

chooserays7i（i＝0，1，…，7）onFsatisfyingthefo1lowingconditions‥  

竹＝α，  γF＝β，  

Td（7ト1（∞），¶（∞））＞訂  

r ∑∠（T；＿1（0），7“0））＝∠（α′（0），β′（0））・  
i＝1  

払rl≦五≦㌻，  

′、′ Let彗 ⊂ F be a component bounded by7i＿1and 7iand 彗 ⊂彗be a   

component bounded bythestraightlineJSuChthat q（∞）＝7i＿1（∞）and  

′ヽ■′ cr（－∞）＝7i（∞）．Notethat C（彗）≦0，becausethe sectionalcurvatureis  
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nonpositive・Then）aPPlyingtheGauss－Bonnettheorem，Wehave  

C腫）＝∠（王＿1（0），7榊）卜汀＋C（薫）  

≦∠（王＿1（0），T“0））一爪  

Henceweobtain  

r  

C（ダ）＝∑c（瑚  
‡＝1  

≦∠（α′（0），β′（0））一貫・町  

＜－γ．   

Beca11Serisa・rbitrary，C（F）＝－∞．］  

ThispropositionmeansTheoremlasfo1lows．  

PROOF OF THEOREMl．In thecasethatα＝∞，theaboveproposition   

impliesthatthetotalnegativecurvatureofMisinfinity，henceC（M）＝－∞・  

FbrafinitediameterαOfM（∞），WeCanChooseapair（z，W）ofpointsof   

M（∞）suchthatTd（z，W）＝αbecauseM（∞）ishomeomorphictoSl・Then   

thereexists・ageOdesicJ・SuChthato・（∞）＝Zandq卜∞）＝W・LetFl，為be   

twocomponentsofMboundedbyq．ApplyingtheabovepropositiontoFland   

Ebrespectively，Wehave  

C（旦）＝C（為）＝汀－α・  

Therefbre   

C（〟）＝C（旦）＋C（為）＝2（打－α）・1  
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Next）aSannOunCedintheprevioussection）WeShowtheequivalentcondi－   

tionsfortheTitstopologytocoincidewiththespheretopologyonM（∞）．We   

recallthemap宙‥Sb〟→M（∞）definedby  

宙（祝）‥＝7u（∞），  

Whereγuisaray withaninitialvectoru・Fortworays7andJemanating   

丘omthesamepoint，letF（7，Cr）beacomponentconsistingofgeodesicsegments   

joining7（i）tocr（i）foral1i≧0・Thenwehavethefo1lowing  

TⅡEOREM2．動舶川南ぜ地相＝制最浦山ほ椚℃叩扉…h止  

（1）〃（∞）吏βC¢m押C五言冊班護r如1叩0わ♂y・  

（2）甘言βゐ¢meOm叩ん壷c，翫1盲β，血耶わ電叩0わgy盲β明Ⅶ盲…Je犯fね班欄叩ゐere   

恒扉朋．  

（3）動r甘言即e花器∈〟α氾dど＞0，翫ree∬盲βねαp朋盲ま盲むe陀髄mゐer∂（諾，E）β髄Cゐ   

沌α青かe㈹ry叫U∈島〝ひ舶∠（叫U）＜∂，加ゎねJc髄γ…加eCげ（γ町∵れ））古β   

ダreαfer沌α和一ど．  

PROOfl．  

（1）⇒（2）‥Itisclearthat宙isbiiective．AndV．1iscontinuoussinceit   

holdsalwaysthatfbrevery z，W∈M（∞），  

Td（g，ひ）≧∠（g，W）≧∠。（z，可・  

Furthermoresupposing（1），丘omthepropertythat（S；M，∠）isⅡausdorfF，We   

CanCOnCludethat宙ishomeomorphic．  

49   



（2）⇒（1）：ThecompactnessofM（∞）isinducedh：Omthecompactnessof   

島〟by宙．  

（1），（2）⇒（3）：Fix諾 ∈ M and E ＞ O arbitrarily・We may sup－   

poseE＜7T Withoutlossofgenerality．FromthecompactnessofM（∞）we   

canchooseasequence（zili＝1，2，・・・，m）offinitelymanypointssuchthat  

（Ui：＝B号（zi）ri＝1，2，・・・，m）isanopencoveringofM（∞），WhereB号（zi）  

den。t。San。Penballc。nt。r。datziWithradius三．Th。n（宙－1（UJ）isalso                                 2  

anopencoverlngOfacompactsetScM・Nowlet6beaLebesguenumberof   

（せ‾1（坑））．Thenforu，V∈SiMwith∠（u，V）＜6，thereisatleastonenumber   

io∈（1，…，m）suchthat（u，V）⊂せ‾1（抗。）．Hencea‥＝Td（7u（∞），7v（∞））is   

smal1erthanE．Therefore wehave  

C岬（7“，≠））＝∠（叫U）－α≧－α＞－ち  

Wheretheequalityfo1lowsf上omLemma2・3・1・  

（3）⇒（2）：Inordertoshowthisassertion，itissufncienttoprovethat宙  

訂 iscontinuous・Fix諾∈MandE＞Oarbitrarily・WemaysupposeE＜盲Without  

lossofgenerality．Thenwechoose6（x，E）＜Einthecondition（3）・Nowfbr   

u，V∈ScMwith∠（u，V）＜6wehave  

∠（叫む）－C岬（≠，7り））＜∂＋E＜2E＜れ  

ThereforebyLemma2．3．1itholdsthat  

Td（7u（∞），≠（∞））＝∠（叫γ）－C（ダ（≠，≠））＜2己，  
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whichmeansthat宙iscontinuous．電   

REMARK．NotethatM（∞）isnotnecessari1ycompactintheTitstopology   

evenifthediameterofM（∞）determinedbytheTitsmetricisbounded，aS   

understood丘omExample2．2．4．  
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Chapter3・GeometryoftotalcurvatureandTitsmetric  

§1．Existenceofastraightline   

Inthissection，1etMbeaconnectedcompletenoncompactandoriented   

Riemannian2－manifo1d．Theaimofthissectionistoinvestigateanexistenceofa   

straightlineviatotalcurvature．Asstatedintheintroduction，itisknownthatif   

aconnected，COmPlete，nOn－COmpaCt，OrientedandfinitelyconnectedRiemannian   

2～manifbldMhavlngOneendadmitstotalcurvatureandifMcontainsastraight   

line，thenthetotalcurvatureofMisnotgreaterthan2汀（x（Mト1）・Weconsider   

theoppositeofthisandprovethefo1lowlngtheoremasthefirstcharacterization   

ofnoncompactmanifolds．  

THEOREM A．エeま〟あeαCO冊花eC電ed，COm〆eJe，犯β氾COmpαCま，Ⅳ盲e冊宜edα耽d   

郎吏まeJy co几几eCまed戯emα氾雅言α犯β－mα乃拘Jdゐαγ両0刑e e几d・〝〟αdmiね…αJ   

c…α仙川九盲cん盲ββmα批γ沌α乃2打（x（〟）－1），翫犯〟co花ね吏椚…かⅦ盲抑J盲犯e・   

WbwillalsocommentonastraightlineinMwhosetotalcurvaturelSgreater   

thanorequalto27r（x（M）－1）orwhichhasmorethanoneend・  

52   



1．1MeasⅦreOfrays  

FirstwestudyaboutameasureofraysfortheproofofTheoremA・  

Foranypointp∈M）1etApbethesetofallinitialvectorsofraysemanating   

丘omp，thatis，  

Ap＝（む∈ち叫7γisaray），   

Where7v denotesthegeodesicwithinitialvectorv．SinceMiscompleteand   

noncompactitholdsthatAp≠¢foral1p∈M．  

TbmeasureAp，WeCOnSidertheLebesguemeasuremon SbM，Whichis   

inducedfromtheRiemannianmetriconMandhencesatisfiesm（ちM）＝27T・   

Sinceraysconvergetoalsoaray，ApisaclosedsubsetofSbMandfbrasequence   

（pj）ofpointsonMconvergingtop，itholdsintheunitcirclebundleoverM   

that  

limsupApj⊂Ap・  
J→CO  

Thereforethefunctionp→那（Ap）isuppersemicontinuousandhencelocally   

integrable in the sense of Lebesgue. 

DEFINITION3・1・1・W占callm（Ap）themeasureofraysatp・  

ThrollghthefollowlngeXamplesweconsiderthemeasureofrays・  

ExAMPLE3．1．1．IfMbeaHadamard2－manifo1d，thenforeachpointp，   

Ap＝SLMandhence  

飢（A♪）＝2れ  
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ExAMPLE3・1・2・LetMbeaconicalRiemannianplane・ThenaAattube   

U＝M＼KisisometricallyembeddedinaconewithvertexangleO，0≦0＜∞，   

fbrsomecompact set K，WhereO＝O meansthat Uisin a且at cylinder・If   

O≦0＜27r，thenforp∈Ufarenough丘om∂U  

飢（Ap）＝β  

andifO≧2汀，then   

Sup飢（Ap）＝2爪  
p（∬  

Infact）ifUisinaflatcylinder）thenAp）P∈U）COnSistsofonlyonevector   

andhencem（Ap）＝0・  

IfUisin acone withvertexangle O＜0＜2汀，then we can choose a   

pairofraysαandβinUsuchthatβiscontainedinacutlocusofanypoint   

onα．Roughlyspeaking，αandβcorrespondtothemeridians，OneOfwhich   

isantipodaltoanother，Onthecorrespondingflatcone・Reparametrizlngα，if   

necessary，WemayaSSumethatanyminimizinggeodesicsegmentjoiningα（0）   

andβ（i）doesnotintersecttheboundaryofUforal1i≧0・Sincethereareexactly   

twominimizinggeodesicsegmentsjoiningα（0）andβ（i）inU，WeCanObtaintwo   

distinctraysβ1andβ2emanatingfromα（0）suchthattheyareasymptoticto   

β．LetDbethecomponentinUboundedbyβ1∪β2andcontainingα・Then  

Aα（0）＝（む∈ち叫≠⊂β）・  
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SincetheinnerangleofDatα（0）isO，Wehave  

駅（A可0））＝針  

Last weconsider thecasethat O≧2汀．Let  

亀＝（り∈ち叫7γ∩Inば≠町，  

WhereIntKdenotestheinteriorofK．ForanyE＞0，WeCanChooseaconstantR   

SuChthatm（鱒p）＜E払rapointp∈Uwithd（p，K）＞R・SinceAp⊃ちM＼K；，   

Wehaveforsuchapointp  

那（Ap）≧肌（ち〟＼鱒p）＞2訂一己・  

ExAMPLE3．1．3．LetMbeaparaboloidofrevolutionandpthevertexof   

M．ThenAp＝SbM，Whileforanypointq≠pinM，Aqconsistsofonlyone   

vectortangenttothemeridian・Therefbre  

飢（Ap）＝2汀，  

飢（A9）＝0  払rヴ≠p・   

Example3．1．3impliesthatthemeasurem（Ap）ofraysatpofasurface   

dependsonthechoiceofp・Neverthelesssomeestimationsfbrthemeasureof  

raysweregiven．Thefirstone，WhichisduetoMaeda［Ma2】［Ma3］，StateSthat  

ifMisaRiemannianplanewithnonnegativeGaussiancurvature）then  

叫み）＝2汀－C（叫・  
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TheextendedversiongivenbyShiga［Sg2】，WherethesignoftheGaussiancur－   

VatureChanges，isthe払1lowlng・IfMisaRiemamianplaneadmittingtotal  

C11rVat11re，then  

2汀－C・（叫≦鵠叫Ap）≦2汀－C（叫・  

Essential1y theseresultscomefromthefact thatwecanestimatethemeasure   

Ofthe complement ofApinちM by the totalcurvatureofthesubsetin a   

RiemannianplaneMwhichdoesnotintersecttheraysemanatingfromp・Maeda   

andShigatreatedonlythecaseofRiemannianplanes．Howevertheproofofthe   

estimationofthecomplementofraysisessemtia11yindependentofthetopologyof   

M．Thefo1lowlngLemmaistheestimationofitandusedtoproveourtheorem．  

LEMMA3・1・1（cf・【S叫）・Aββ髄me班αま〟αdm摘まβねJc祝γ…加e・上eプ   

ア∈〟んα即e翫pr叩e巾偏f〟＼‡≠（瑚u∈4，ま≧0）≠¢α几dJeまかゐeα   

compo乃eれまげ班盲ββeま．ガ〟＼か壷βゐomeβm叩ん盲cl∂αCJ8βedんαげ〆α犯e，兢e几  

C岬）＝2灯（x（〟）－1）＋∠（叫V），  

w九ere加，む∈Apαγeね叩和ま青0翫γ叩C…盲βま盲兜ダ翫あ…dαry8Jβα几d∠（叫む）   

壷β血α叩Jemeαβ髄γedⅧ鵡re叩eClま0β．  

PROOF・Wedividethewholeproofintoanurhberofsmallsteps・Inthe   

鮎sttwostepsweshal1showtheexistenceofpointsandminimlZmggeOdesic ●●   

segmentsemanatingfromthesepointssatisfyingsomeangleestimationandin   

thelaststepprovethislemmauslngthe＄ePOintsandgeodesics・  

56   



Stepl：Letcbearayand3apOintinM・ThenfbranyE＞Othereexists  

adivergentsequence（ij）suchthat  

∠（c′（fブ），つ川誹＜∈  

払ranyminimizinggeOdesicsegment7‥【0，lj］→Mfrom諾tOC（ij）．   

Infact，thefunctionf（i）：＝d（a；，C（i））isLipschitzcontinuouswithLipschitz   

COnStantlandhenceitisdiff6rentiablealmosteverywhere．In particular，f   

isdifferentiableatiifandonlyifeveryminimizinggeodesic企omx to c（i）  

makesaconstantangleO（i）withcandthenf／（i）＝COSO（i）．Hencei－f（i）＝  

瓜トcosO（u）］duJ（0）．Bythetriangleinequalitywehavei－f（i）≦f（0）＜∞  

foranyi≧0・Thereforel－COSO（u）convergestoOasu→∞．Thisimpliesthat   

thereexistsadivergentsequence（ij）asrequired・  

Step2：Fromtheassumptionofthelemma，itfo1lowsthatMhasonlyone   

end・Thenforanyi＞Othereexistsacurvebf‥【0，1】→万from7u（i）to7v（i）  

suchthatd（p，bt（s））≧iforal1s∈［0，1］，Where万denotestheclosureofD．   

Thenhranye＞0，thereexistsie＞Osuchthatforanyi＞iethereareapoint   

諾t∈bt（（0，1））andminimizinggeodesicsegmentsα＊，βf‥［0，Z］→万homptoxf   

Satisfying  

亡 ∠（β肋可＜盲，  ∠（α潮，“）＜…  and  

Wherelisthedistancebetweenpand勘．  

Infact，Sincetherearenoraysemanating血omponD，thereisaconstantie  
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ど SuChthatitholdsthateither∠（u，T／（0））＜言Or∠（v，TI（0））＜…foranyi＞iぞ，  

anys∈（0，1）andanyminimizinggeodesicsegmentT：［0，q→万hompto  

占f（β）．  

Fixi＞iearbitrary・Wbmaysupposee＜∠（u，V）・LetI。＝（s∈［0，1］l  

∠（u，Tl（0））＜…fbranyminimizinggeodesicsegmentT丘omptobt（s））andIl  

＝（sE［0，1］（∠（v，TI（0））＜…foranyminimizinggeodesicsegmentT＆ompto  

bt（s））・ThenL）andZlarenOnemptySubsetscontainingOandl，reSpeCtively．  

Ifthereisanso∈［0，1］＼（ZouIl），thenthepointxt＝bt（so）hasthedesired   

property・Inthecasethat【0，1］＼（IbUZl）＝¢，letso＝SupS．Thenwecansee  
Jo  

thatthepoint諾t＝bt（so）alsohasthedesiredproperty・There血re【0，1］＼（んUZl）   

isnotempty．   

Step3：Let（ej‡beamonotonedecreasingsequenceconvergingtoOand  

（電j）adivergentsequencesatis矩ngij＞ie，・ByStep2，foranyjthereexist  

apoint∬j＝btj（so）andtwominimizinggeodesicsegmentsαj，Pj：［0沃】→万  

hompto3jSuChthat∠（αi（0），u）＜箸and∠（Pi（0），V）＜箸■LetDjbea  
boundeddomainwhoseboundaryconsistsofαjand角・Takingasubsequence，   

ifnecessary，WemaySuppOSethat（Dj）isamonotoneincreasingsequencesuch   

thatUDj＝D．Thenwehave  
J  

C（や）≧．1imC岬J）＝2打（x（〟）－1）＋∠（叫け  
J■一一ト00  

Infact，1et Oj be∠（α；（い凋（い）measuredwithrespect toDj・Then，  

58   



applyingtheGa11SS－Bonnettheorem，Wehave  

C（巧）＝2打（症町ト1）＋∠（α；（0），薫（0））＋βブ・  

Notethat丘omtheassumptionofthislemmaitholdsthat  

1imx岬；）＝X（〟）．  
J一→∞  

SinceC（D）exists，thesequence（Oj‡hasitslimitandhence  

C岬）＝2訂（x（〝）－1）＋∠（叫U）＋．1imβブ  
J→∞  

≧2訂（Ⅹ（〝）－1）＋∠（叫叶  

Tbprovetheinverseinequality）WeCOnStruCtanOthermonotoneincreaslng   

sequencecoverlngOVerD・Forany］）aCCOrdingtoStepl）WeChoosenumbers   

mj，nj，mjand苑jlargeenoughsuchthatitholdsthat                        ′ヽ  

∠（入胸），7こ（旬））＜号  and ∠（小江仙））＜箸  

fortwominimizinggeodesicsegments入j：［0，mj］→万from入j（0）＝Xj tO  

入j（mj）＝7u（7hj）andFLj：［0，nj］→万from朽（0）＝XjtO朽（nj）＝7v（hj）・   

LetFj⊂万beaboundeddomainwhoseboundaryconsistsof≠（【0，rhj］），  

入j（［0，mj］），〃川0，氾j］）and7v（【0，品鼎Itisclear仏atヱ）j⊂旦・恥kingasⅦb－  

sequence，ifnecessary，WemaySuPPOSethat（旦）isamonotoneincreasingse－  

quencesuchthatUFj＝D・IJetLJj＝∠（入；（0），FL；（0））∈【0，2汀）measuredwith  
J  
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respecttoEi・ThenapplyingtheGauss－Bonnettheoremwehave  

C（均）≦2汀X（句）一触＋∠（叫び）＋叫＋勺  

≦2打（x（旦）－1）＋∠（叫む）＋gj・  

Hence   

C岬）＝．1imC（旦）≦2訂（x（〟）－1）＋∠（叫叶I  
J→∞  
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1．2ProofofTheorem A  

NowweareinthesituationtoproveTheoremA・   

PROOFOFTHEOREMA．FirstweconsiderthecasethatJL4GpdM＜∞・  

WeputE＝（2汀（x（M）－1トC（M））＞0・ThenthereexistsacompactscL  

∬⊂〟sⅦCh that  

んG－d〟＞んG－d〟－ど  

M＼KishomeomorphictoSlx［0，∞），  

whereSldenotesa11nitcircle．FbranarbitrarypointponM＼K，WeShallshow   

thatthereexistsarayemanatingfrompwhichintersectswiththeintcriorofK・  

Now，WeSuppOSethatsucharaydoesnotexist．Letndenotethesc七ofall   

elements（u，V）∈ApxAp・Notethatnisnonemptyandclosedon範Mx量   

sinceApisnonemptyandclosed・Then thereexists theelem・ent（u，V）inil   

Satis付ing  

∠（叫即）≦∠（餌′，γ′） 払rall（祝′，U′）∈n，  

WheretheangleismeasuredwithrespecttothedomaincontainlngK・Itsl10uld   

benotedthatifu＝V，thentheangleisunderstoodas∠（u，V）＝27r．LetE   

beacomponentcontainingKandboundedby7u（［0，∞））and7v（［0，∞））．From  

Lemma3．1．1，Wehave  

C岬）＝2訂（x（〟）－1）＋∠（叫ル）＞2汀（x（〟）－1）．  
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Ontheotherhand，Wehave  

上G＋d〟≦上G＋d〟≦⊥G＋d〟  

and  

上G－d〟≧上G－d〟＞⊥G－d〝－ち  

WherethelastinequalityholdsundertheconstruCtionofK．IIence  

C岬）＜C（〃）＋ど＜2打（x（〟）－1）．  

Thisisacontradiction・Thereforethereexistsarayemanatingfrompwhich   

intersects with theinterior ofK．  

Let（pj）bethesequenceofpointsonM＼Ksuchthat（d（pj，K））isamono－   

tonedivergent sequence・Asisshownabove，fbreachj thereexistsarayっリ   

emanatingfrompj WhichintersectswiththeinteriorofK・SinceKiscompact   

thereexistsasubsequence（7klof（¶）suchthat7たCOnVergeStOaStraightline   

asktendstoinfinity．  

NextweconsiderthecasethatんG－dM＝∞・SinceMadmitstotal  

curvature，itholdsthatんG＋dM＜∞・WecanchoosethepositivenumberE  

satisfyingE＞L4G＋dM・ThenthereexistsacompactsetK⊂Msuchthat  

んG－d〟＞－2可x（〝）－1）＋£  

M＼KishomeomorphictoSlx【0，∞）．  

Similarlytothepreviouscasewecanprovetheexistenceofastraightlinepasslng   

throughK．ThustheproofofTheoremAiscomple七e．1  
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Intheseq11elwewillgivesomecommentsonstraightlinesinthediffbrent   

situationsfromthe above．  

FirstwenotethecasewhereC（M）＞2打（x（Mト1）．ThenMhasnostraight   

lines・ThisisunderstoodfromthegeneralizedCohn－Vossentheoremstatedthat   

ifaconnected，COmplete，nOn－COmPaCt，OrientedandfinitelyconnectedRieman－   

nian2－manifbldMwithonlyoneendadmitstotalcurvatureandifMcontains   

astraightline，thenC（M）≦2汀（x（M）－1）．（ConfbrSection4in［Sh5】・）  

Theideaoftheproofofthisgeneralizedtheoremissummarizedasfo1lows．   

Constructamonotoneincreasingsequence（Ki）ofcompactsuitabledomains   

S11ChthatU勘＝M，X（勘）＝X（M）andeachcomponentof∂Kjisasimply   

Closed curve consisting ofa broken geodesic．Then，by applying the Ga11SS－   

BonnettheoremtoKiandbyestimatingtheanglesofedgesof∂Ki，theestimate   

OfC（M）＝limj→∞C（Ki）isobtained．  

Similarlyasabove，itholdsthatfortwocomponentsMi，Miboundedbya   

Straightline，C（弧）≦2∬（x（弧）－1）fori＝1，2－Notethatx（M）＝X（Ml）＋   

X（〟ち）－1．  

When C（M）＝2打（x（M）－1），thereare botb cases that M containsa   

Straightlineornot．  

The typical example of a surface M whose total curvature equals to 

2汀（x（M）－1）andonwhichstraightlinesexistisaEuclideanplane．  

Asthecounterexample，WeCOnStruCtaC2－SurfaceMhomeomorphictoR2   

inR3whosetotalcurvatureiseq11altoOandonwhichtherearenostraight  
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1ines．The constr11Cti。nis carried out as fbllows．Consider the C2－function   

f：（－∞，1］→［0，∞）definedby  

梱＝〈 
1．  

ThenMisde丘nedasasurfaceofrevol11tionaroundtheかaXiswhosegenerating   

lineisthegraphoffinthe（ⅩZ）－plane・  

Infact，aPplyingExample2・1・3，itiseasytoseethatC（M）＝0・Nextwe  

willseethattherearenostraightlinesonM・LetK＝（（x，y，Z）∈MIx≧一言）・  

Since the boundary ofKis a closed geodesic，itis obviously that there are   

no straightlines passlngthro11gh any point on K・Furthermore there areno   

StraightlinesonM＼Kasfo1lows・Supposethatthereexistsastraightlineα   

On M＼K．Thenαdivides Minto two components Ml⊃K and M2・Now   

丘omthecommentstatedaboveitfo1lowsthatC（Ml）≦OandC（M2）≦0・In   

particular，C（城）＜O because the Gaussian curvatureisnegativeon M＼K．   

HenceC（M）＝C（Ml）＋C（M2）＜0．Thisisacontradiction．  

NowwenotethatifMhasmorethanoneends，thenthereisastraightline   

inMcombiningtwodistinctends．Infact，1etElandE2bedistinctends．Then   

thereisacompactsetKsuchthat61（K）nE2（K）＝0．Let（可）（resp・（x？））   

beadivergentsequenceinEl（K）（resp．E2（K））andciaminimizinggeodesic   

segmentfrom諾ftox？．SinceciintersectsK，thereisanaccumulationgeodesic   

WhichisastraightlineJOlnlngElandE2．  

Fina11y wewillnote thefo1lowlng払ct・As pointed outin Section20f  
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Chapter2，fbraHadamardmanifbldM，ifTd（z，W）＞打払rz，W∈M（∞）then   

thereisageodesiccJOlnlngZandw・  
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§2．Rigidityofprod11CtS   

Asthesecondcharacterizationofnoncompact manifblds，WC WillglVe a   

Su伍cientconditionforaprojectivemaptobeisometricintermsconcernlngTits   

metric．  

Let M，M＊beHadamard mani払1ds with dimM ＝ dimM’such that   

thereexists a continuous，bijective and projective map缶：M→M＊．By   

definition，ageOdesicpreservlngmap¢iscal1edaprojeciive map．Wcwillshow   

that缶preserves七heasymptoticrelationonraysandhenceinducesthcmap◎  

betweentheiridealboundaries，namely，壷‥M（∞）→M＊（∞）．Th｛さ∫lWCh  

thefo1lowlngrigiditytheorem．   

THEOREMB・上ef〟みeα恥0恥舟首里査αJpγOd祝Cまmα吋0は，よ．eリ財ニAれ×鳩．   

m用αCO凡慮有礼髄∂叫頼ec書斎むeα陀dp両ecま古即em叩◎‥財→〟＊哀βαγと盲β川．eわ、y  

叩ね…抑mαJ盲z如c…血相α几do埴げ壷‥（叫∞），Td）→岬＊（∞），T（l）  

f几d≠Cedゐy缶よβα几五郎me恒．  
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2・1Isometrybetweenidealbo一ユndaries   

TitsmetricdeterminesthewholestruCtureOfproducts・Thatis〉theisome－   

tryontheidealboundaryofanontrivialproductinducestheproductstruCture   

ontheⅡadamardmanifo1dwhoseidealboundaryisthetargetofthisisometry・   

Ⅱereweshal1seethisfactwhichistheresultofSchroederin［BGS］・  

First wewillinvestigatehowstruCtureeXistson theidealboundaryof   

nontrivialproduct〟－＝勅×城■  

LetAi＝M云（∞）．ThenM；（∞）iscanonicallyembeddedinM（∞）andthe   

fo1lowlngholdssimilarlytoExample2・2・4＝：  

（i）Ifgf∈射＝1，2，thenTd（gl，Z2）＝芸・   

（ii）Ifz∈M（∞），thentherearezi∈Ai，i＝1，2suchthatziscontaincdin   

theminimalgeodesicin（M（∞），Td）fromzltOZ2・   

In fact，fbr any zi∈Ai，i＝1，2and x∈M，1et7ibe maximalgeodesics   

emanatingfromxwith7i（∞）＝Zi，reSPeCtively．Then71and72SpanatOtally   

geodesicEuclideanplaneonMand7i（0）and7ら（0）areorthogonalatx．Hence  

Td（zl，Z2）＝言・Forz∈M（∞），RxarayγWith7（∞）＝Z・Let¶bethe  

PrOjectionofγOn雅一factor・Thenwecanchoosetheasymptoticclassofthe   

ray7iaSZi∈AiSatisfyingthecondition（ii）．  

Converselytheseconditionscharacterizetheproductofamanifbld．  

LEMMA3・2・1（LemmaCinAppendix4in［BGS］）．LeiMbeaHada7nard  
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mα可oJdα几dJeJAl，A2⊂〟（∞）あeβ≠ゐβeねⅧん盲c九βα雪盲励似「可・調川〟五βα   

叩d祝Cプ勅×〟2址，壷班弧（∞）＝A古・  

Befbretheproofofthislemma，WePreparethefbllowlnglemmas・   

LEMMA3．2．2（cf．Section4・2in［BGS］）・UihereisapoinixeMsuch   

班如∠（ちⅧ）＝∠。（g，W）＜町かβOmeZ，棚∈〟（∞），翫花班egeodeβ吏cβCヱ，Cw   

函m諾ねz，Wゐ0肌dαねね勒ダeOdeβ壷c飢cJ盲deα几βeC紬γ・   

PROOF．LetFbeacomponentconsistingoftheraysγt aSymPtOtictocz   

emanatingfromcw（i）fbral1i≧0・ByLemmal・2・2，Cz，Cw，7tboundatotally   

geodesicEuclideanstrip都foral1i＞0・Since都istotallygeodesic，鳥isinF   

andhencethislemmaisobtained．J   

1，EMMA3．2．3．Lcic be a ray andIc Lhc B7LSema77・n／7L77・Ciio721／orc・Then   

一夕γα〃。盲β翫よ乃壷おαJ里eCねγOJ班er叩α叩mp…壷cねc・   

PROOF．Firstweseethe払ctin［Eb2］thatifαisasymptotictoc，theni七   

holdsthat  

J。－′α≡′。（α（0））・   

W占putp＝C（0），曾＝α（0）∈〟and諾＝C（∞）＝α（∞）∈〟（∞）・Let（諾m‡  

beasequenceonMconverglngtO影Withrespecttotheconetopologyof許  

Thenforanypointr∈M，itholdsthatfe（r）＝」藍‡d（r，Xn）－d（p，Xn））and  

ん車）＝1im（d（γ，諾m）－d（ヴ，諾れ））．Hence           m一■・∞  

ん（r）－ん（γ）＝1im（d（飢∬乃）－d（p，諾れ））＝ム（ク）・  
n→（：〉0  
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FbranyP∈Mthereistheun1querayαemanating丘ompandasymptotic   

toc．sincefα（α（i））＝－i，Wehavef。（α（i））＝pi＋fc（α（0））・Hence（fcoα）′（0）＝   

＜（gradfe）p，α′（0）＞＝－1・BecauseBusemannfunctionsareLipschitzcontinu－   

ouswithconstantl，JlgradfJ（≦1・Therefore－gradfム＝α′（0）・『  

REMARK．Let Vbethevectorfieldconsistingoftheinitialvectorsofrays   

asymptotictoarayc．Weprovedthislemmasimplicityassumlngthedi鮎ren－   

tiabilityoffc，butthemethodoftheproofofdi仔erentiabilityoftheBusemann   

functionfcin［EO］（tobeCl）and【HI］，istoshowthat（fco7）I（0）＝＜竹71（0）＞   

foranygeodesic7bycarefu1estimation・   

PROOF OF LEMMA3．2．1．WbdefineAi（2：）：＝（v∈SD（M）lcv（∞）∈Ai），   

wherecvisthegeodesicwithinitialvectorv．WenotethatthesetAi（3＝）are   

invariantunderreflection．Infact，ifcv（∞）∈AithenTd（cv（－∞），Cv（∞））≧q・   

Nowtheconditions（i），（ii）implythatthepointszinM（∞）withTd（z，Cv（∞））≧   

汀arePOintsinAi．Thereforecv（－∞）＝C＿V（∞）∈Aiandhence－V∈Ai（x）・  

′汀  Firstweshowthatifvi∈Ai（x），i＝1，2，then∠（vl，V2）＝盲andthe  

geodesicscvl，Cv。SPanatOtallygeodesicEuclideanplane・Because∠（vl，V2）≦  

Td（cvl（∞），Cv。（∞））＝言and∠ト叫，V2）≦言weconclude∠（vl，V2）＝芸and  
Lemma3・2．2impliesthatcvl（【0，∞））andcv。（［0，∞））spanaflatsector・Bythe   

samearg11mentWeSeethatthreeothersectorsspannedbycvl，Cv，are且atand   

togetherspana鮎tplane．  

Usingthecondition（ii）oneeasilyseesthatAl（x）andA2（x）areorthogonal  
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greatspheresinScMwithdimAl（3＝）＋dimA2（x）＝n－2．LetDl（a，）andD2（諾）   

bethesubspacesofnMspannedbyAl（3：）andA2（諾），reSPeCtively．ThenDl（諾）   

andD2（3）areorthogonalsubspaceswhichtogetherspan了去M．  

NextweshowthatDlandD2de丘neintegrabledistributionsandtheintegral   

manifbldsaretotal1ygeodesic．Fbr諾∈Mletvl，・‥，V8beanorthonormalbasis   

OfDl（x）andul，‥・，ukanOrthonormalbasisofD2（x）・I，etZi‥＝Cvi（∞），Wα：＝   

Cu。（∞）andbi＝fzi，9。＝ん。bethecorrespondingBusemannfunctions．Then   

byIJemma3・2・3，Vi＝－gradbi（x）and uα＝－grad9。（x）・Let V；＝－gradbi   

andWふ＝－grad9a・ThenlうandWよaredi鮎rentiableandlう（y）∈Dl（y），   

Wふ（y）∈D2（y）fbranyy∈M・Furthermore坑，…，V：spanDlandWi，・・・，Wk   

SPanD2foranypointinM・Notethatり⊥l仇bythe払rmerassertionandhence   

＜∇ⅥⅥ，W云＞＝－＜Ⅵ，∇viⅥ㌔＞・Becauseateverypointy，Ⅵ（y），l軋（y）are   

tangenttOatOtal1ygeodesicplanePbytheformerassertionandinthisplane   

Ⅵand勒areparallelvector£elds，Wehave∇扉侃＝0．Therehre∇vtⅥis   

normaltoD2andhenceinDl・Bythesameargument∇w。勒∈D2・This   

impliesthat Dland D2areintegrableandtheintegralmanifo1dsaretotally   

geodesic．  

Thereforefor諾∈M，thesets弼（x）＝eXP∬（Di（a：））arecompletetotally   

geodesicsubmanifo1dsofM）WhereexpistheexponentialmapofM・  

Because朗；（∬）andMi（y）areconvexsubsetsofM，f＝d（弼（諾），・）isa  

COnVeXfunctiononM；（y）・Oneeasilyseenthatfisconstanton弧（y），because  

弧（∬）（∞）＝M；（y）（∞）・Simi1arlyd（弧（y），・）isconstanton弧（x）．Hencethe  
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Hausdorffdistanceisfinite．  

UsingtheargumentintheproofofLemmal・2・4，itiseasytoseethatMis   

theproductMix城where」坊isisometrictoJ坑（x）foranyx∈M・温  

NotethatifAICOnSistsonlytwopoints，thenthislemmaimpliesthat M   

SplitsintoRxMl．1IereM／mayhavethenontrivialEuclideanfactor．Thenwc   

havethe払1lowlng・   

CoROLLARY3・2・4（cf・Appendix4im【BGS］）．q（M（∞），Td）i8is   

ね翫βね花d肝d叩九eγeぶれ－1′翫几〟壷β盲βOme電γ査cfβRm．   

PROOF・LetAl＝‡N，S）bethesetofpointsinM（∞）correspondingto   

thenorthpoleandthesouthpoleinthestandardsphereandA2thepoin七s   

COrreSpOndingtotheequator・Then，aPPlyingLemma3・2・1，MsplitsintoRx  

M’・NoteherethatM′（∞）isisometrictoSn－2・Hencewecanusethissplitting  

inductivelyandobtaintheresult．靂  
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2．2ProofofTlleOrem B  

′ヽ一I   Before the proofofTheorem B we see that申：M→M＊induces◎：   

〟（∞）→〟＊（∞）  

LEMMA3．2．5．me舟諏CJ盲0几◎preβeγγeβ翫α叩mpね寸言creねプ盲0軋   

PROOF・If71isasymptoticto72，thenforadivergentsequence（ii）（i∈N）   

thesequenceofgeodesicsegments（FLi：［0，ai］→M）joiningFLi（0）＝71（0）and   

Pi（ai）＝72（ii），Whereai＝d（71（0），72（ii）），COnVergeStO71・Bycontinuityof   

◎，thesequenceofgeodesic segments（＠（pi））joining◎（71（0））and◎（72（ii））   

convergestotheray缶（71），thatis，◎（71）isasymptoticto缶（72）・［  

Therefbre◎induces壷：M（∞）→M＊（∞）de触edby壷（α）＝◎（7）（∞）fbr  

everyα∈M（∞），Where7isaraycontainedinα・  

′ヽ■l■  NowweproveTheoremBwhichstatesthatif◎isanisometry）then◎is   

anisometry11ptOanOrmalizingconstant．   

′ヽ′  

PROOFOF THEOREM B．Since◎isanisometry，aPPlyingLemma3・2・1we   

canobtainthatM＊isalsoaproduct manifbld，PreCiselyM＊canbedenoted  

M＊＝MIxM；suchthatM；（∞）＝壷（弧（∞））fori＝1，2・For語∈Mand  

cri∈弧（∞）（i＝1，2），1etE＝E（x，α1，α2）（resp・E＊＝E＊（x＊，α；，α芸））be  

thetotallygeodesicEuclideanplanespannedbytwounitspeedgeodesics7iOn  

M（resp．7IonM＊）suchthatっHO）＝X，7i（∞）＝ai（resp・7；（0）＝坤）＝  

諾＊，7；（∞）＝壷（α‘）＝α；）・  
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Nowwedividethewholeproofintoanumberofsmal1steps・  

Stepl：Ify∈E，then缶（y）∈E＊・  

Fbr any y∈E，let7beageodesic asymptotic to71throughy・The   

intersectionofγand72isdenotedbyyl・Then¢（γ）isageodesicasymptoticto  

7；＝◎（71）through◎（yI）∈E＊．Ⅱence◎（7）liesonE＊，namely，◎（y）∈E＊・   

FtomStepl，叫E：E→E＊iswell－definedanditisclearthat叫Eis   

bijective．  

Step2：叫Eisanisometryuptoanormalizingconstant・  

Ⅵ屯denoteapointy＝（γ1（il），γ2（i2））∈MlxM20nEby（il，i2）inbrief・   

Forexample，X∈Eisdenotedby（0，0）・Wbalsodenotey＊＝（7；（il），7芸（i2））∈   

MIxM；onE＊by（il，i2）．Notethatforanytwopointsy＝（sl，S2），Z＝（il，i2）  

onβ（or且＊），d（y，Z）＝（（β1－り2＋（β2－ま2）2）与．   

Now，Since缶（71）＝7；，thereisapositivenumberrsuchthat◎（1，0）＝   

（r，0）．Thenwehave㊤（i，0）＝（ri，0）and缶（0，i）＝（0，ri）foreveryi∈R・   

Infact，1etqlbeageodesiconEdefinedbycrl（i）＝（i，i）andfbranyi∈R   

glVen，1etq2，q3，Cr4andq5begeodesicsasymptotictoql，71，72and72through   

xl＝（i，0），X3＝（0，i），Xland3：2＝（2i，0），reSpeCtively．Furthermoreyland   

y2denotetheintersectionsqlnq3nq4andq2nO・3nq5reSPeCtively，namely，   

yl＝（i，i）andy2＝（2i，i）・Thenitisimmediatelyseenthat  

d（¢（諾），缶（諾1））＝d（缶（yl），◎（y2））＝d（缶（諾1），嬰（∬2）），  

Since◎preservestheasymptoticrelation・Thereforewehave¢（x2）＝2◎（xl）．  
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Bytherepetitionofthesameargumentwesee  

（i）  
◎（ni，0）＝n缶（i，0） foreveryintegern．  

Inparticular，Wehavefori＝1  

（ii）  ◎（n，0）＝n◎（1，0）＝（nr，0） fbreveryintegern・  

Hence払ranyrationalnumbera＝（p，q：integers），Wehave  

（芸，0）  ＝0）  ◎（α，0）＝◎   

＝…（州＝（芸γ，0）＝（αγ，0），  
wherethesecondequalityisobtainedffom（i）incasethatn＝Pandi＝旦  

p  

andthethirdequalityfrom（ii）．Thusthefirst equationofourclaimiscle   

bycontinuity・Ontheotherhand，Cr；：＝缶（crl）isageodesiconE＊whichcan  

beparametrizedbyq；（i）＝（i，i）∈E＊，Since壷isisometry．Furthermoreq芸：＝  

缶（q4）isageodesicasymptoticto7芸through（r，0）．Thereforetheintersection   

◎（yl）ofq；andq芸is（r，r）・Hencetheintersection申（x3）of7芸andq芸is（0，r），   

Whereq；：＝◎（ob）isageodesicasymp七oticto7；through缶（yl）．Thensimilarly   

asweobtainedthe鮎stequation，Wehavethesecondequation・  

Usingthesetwoequations，Weultimatelyobtain缶（y）＝（ilr，i2r）fbrevery   

pointy＝（il，i2）∈E・Infact，letqlandq2begeodesicsasymptoticto71arld   

72through（0，i2）and（il，0），reSPeCtively．Thenyistheintersectionofqland   

q2・Ⅱence缶（y）istheintersectionofq；andq芸，Whereq；：＝缶（qi）（i＝1，2）．  
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Sinceq；andq芸areasymptoticto7；and7芸through（0，i2r）and（ilr，0），We   

have◎（y）＝（ilr，i2r）．Afteral1，foranytwopointsy，Z∈E，it holdsthat   

d（◎（y），◎（g））＝γ叫y，Z）・  

Sincethisnormalizingconstantrmaydependonthechoiceofanatplane   

E，WedenotethisconstantonEbyr（E）．  

Step3：r（E）doesnotdependonthechoiceofa鮎tplaneE・  

Fixa且at E／＝E（3′，αi，αち）arbitrarily・Let7bearayonMemanating   

from2：through諾′．Then therearetwo pointsα；l∈MJ∞）（i＝1，2）such  

thatTd（αT，T（∞））＋Td（γ（∞），αy）＝芸・Wenowconsiderthesequenceof  
且ats；β1：＝ガ（諾，α1，α2）＝∬，β2：＝β（諾，α1，α冒），β3：＝ガ（諾，αr，αぎ）＝   

E（a：／，ar，α宣），E4‥＝E（xI，αi，αぢ），E5‥＝E（諾′，αi，αら）＝EI・Sincedim（Ein   

Ei＋1）≧1fori＝1，2，3，4，Wehaver（Ei）＝r（Ei＋1）fbri＝1，2，3，4・lIenceit   

boldsthatγ＝γ岬）＝γ岬′）．  

Fina11ywecanconcludetheproofasfbllows．Foranytwopointsxl，X2∈M，   

1et7bearayemanatingfrom3；1through諾2・Thentherearetwopointsαi∈  

Mt（∞）（i＝1，2）suchthatTd（α1，7（∞））＋Td（7（∞），α2）＝言・Since71iesona  

AatE（xl，α1，α2），theargumentintheabovethreestepsshowsd（缶（xl），缶（x2））＝   

rd（xl，X2），thatis，缶isanisometryuptoanormalizingconstantr・［  

REMARK．ItisessentialfbrMtobeaprod11Ctmanifo1dinourproof，but   

theauthordoesnotknowanyexamplethataprojectivemap◎onaHadamard   

manifbldwhichinducesanisometryontheidealboundarylSnOtisometric・  
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§3．Rigidityofcompac七idealboundaries   

TheconceptofidealboundaryisdeRnednotonlyfbrHadamardmanifolds，  

butalsofbrmanifbldsofasymptotically nonnegativelycurvatureorforopcn   

2－manifo1dsadmittingtotalcurvature，aSStatedintheIntroduction・  

Recently，Kubo［Ⅹu］provedthatgiven two connected complcteoricntcd   

andnoncompact Riemannian2－manifo1ds with finite totalcurvature，ifthcrc   

is aHausdorぼapproximation between themJthen theiridealboundarics are   

isometric．Thismeansthatifidealboundaries arenotisomctric，then thcrcis   

noIIausdorffapproximationbetweentheirunderlyingopcnsurfaces・  

Inthissection，aSthethirdcharacterization，WeSha′11studythesamcrigidity   

PrOblemonidealboundariesforHadamard manifolds uslngIfausdorfrconver－   

gence，andprove thefbllowlngtheorem．We refbr to the precisc（lcfinitioI10f   

aHausdorffapproximationandtotheconceptofHau＄dorfrconvergenceinthe   

next smallsection．   

THEOREM C・加電〟α氾dⅣゐe∬αdαmαrdmα几的協Ⅷ首班吏deαJ占0肌dαγ盲eβ  

〟（∞）α几dⅣ（∞）γ叩eC蕗靴J飢Ⅷん壷c九肝eα朗髄mβdねあecom即ほJw嗣γ叩だCまゎ  

翫ア吏ね一坤叫甘酢舶m壷机Ⅷ…血ぜ明珊血融㈹仲山断両町舶  

（〟（∞），Td）盲βよβOme什壷cfo（Ⅳ（∞），Td）．   

InthisthesiswestudyonHadamardmani払Ids，butthispropertyisvalid  

alsoformanifbldsofasymptoticallynonnegativecurvatureandisabletoprove  
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in asimilar fashion．So we refbr to this case．Namely the払1lowlng theorem   

holds：  

THEOREM D．玩＝オ㈹れⅣ毎m朋姉協q＝即叩抽砧明用朋叫画抽   

c附γαわげeⅧ壷班盲deαJあβ初犯dαγ盲eβ〝（∞）α犯d〃（∞）r叩eCJ品拘・ガ班eγe e∬盲βね   

α翫髄βdo†甘叩pγ0∬盲mαJよ0花」恒m〟ねⅣノ班護耽（〃（∞），Td）壷β去gome行盲cね   

（Ⅳ（∞），Td）．   

ItshouldbenotedthattheidealboundariestreatedinbothKubo，stheorem   

andourTheoremsC，DarecompactwithrespecttotheTits－tOpOlogy．Theresul七   

seems to remain trueeVeninthecase whenidealboundaries arenoncompact，   

butweshallneedanotherapproachtoproveit．  
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3・1Ha11Sdorffconvergence  

Firstweshal1introduceHausdorfFconvergencefo1lowing【Fu］・Thedefinition   

in［Fu］isslightlydifFerent丘omtheoriginaloneintroducedbyGromovin［GLP］・   

Howeveritismoretractableinourdiscussion．  

Let打てe官denotethesetofallisometryclassesofmetricspaces．Forany   

isometry classX∈訂te官，We denote arepresentativemetricspaceofXalso   

bythesamesymboIX．ForX，Y∈me官，a（notnecessarycontinuous）map   

¢：X→YissaidtobeaA－Hausdo7ガapproximaiionif4・Satisfiesthefbllowing   

conditions：  

（1）TheA－neighborhoodB△（¢（X））＝（x∈Yld（x，¢（X））＜△）of¢（X）in   

yiseq11altoy．  

（2）Fbranypointsa＝，y∈X，Wehave  

板（∬，y）－dy（¢（諾），¢（y川＜△・   

TheHausdo7ndisiancedH（X，Y）betweenXandYisdefinedtobethe   

infinimumofthepositivenumbersAsuchthatthereexist△－Hausdorffapprox－   

imations丘omX toY and血omYtoX．  

Weshouldnotethatitisneitherametricnorapseudometric・Tobemore   

precise，itholdsthatdH（X，X）＝0，butdH（X，Y）＝Odoesnotimplyingeneral  

thatXisisometrictoY．Forexample，1etX＝［0，1］andY＝Qn【0，1】・Then  

dH（X，Y）＝0，butXisnotisometrictoY・Furthermore，thoughdHSatisfiesa  
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symmetriclaw，itdoesnotsatisfythetriangleinequality．Neverthelessitholds   

that  

壷（ズ，g）≦2（壷（X，y）＋壷（㌣g））  

払rX，YiZ∈mCて，andhencedH definesametrizableunifbrmstruCtureOn   

me官．Infact，if¢1：X→YisaAl－Hausdor仔approxima七ionandif¢2‥Y→Z   

isaA2－Ⅱausdorffapproximation，thenwehave  

ldg（¢20¢1（諾），¢20¢1（∬′））－dズ（諾，諾′）l＜△1＋△2 forany諾，諾′∈ズ，  

Z＝月△。（¢2（y））＝月△。（¢2（月△1（¢1（ズ））））＝月2△。＋△1（¢20¢1（ズ）），   

andhence4・2041：X→Zisa（△1＋2A2）－Hausdorfrapproximation・Thercforc   

壷（ズ，g）≦max（ね（ズ，y）＋2壷（rg），2壷（ズ，y）＋壷（㌣g））≦2（転（∬，y）＋   

壷（㌢Z））．  

Now，letemc官denotethesetofallisometricclassesof“compact”metric   

SpaCeS・Thenthefollowlngtheoremholds．   

THEOREM3・3・1・（Theoreml・5in［叫or Proposition3．6in tGLP］）   

e駅eで吏β∬α髄βd8†ガα花d印m〆efe．   

ThismeansthatifdH（X，Y）＝0forX，Y∈emC！官，thenXisisomet－   

rictoY・Hence）nOtingthemetrizableuniformstruCtureOnmC！質，Wemay   

treatdHaSifitisadistancefunction・AIso）Theorem3・3・1impliesthatfbra   

Cauchysequence（Xn）inemc鴛，thereexiststhelimitX∈e江汀e霊SuChthat   

limn→00dH（Xn，X）＝0，Whichisdenotedbylimn→∞Xn．  
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Finally weshallconsiderthenoncompactcase・Inthiscase，Weneedto   

studyinthecategoryofpointedandlocal1ycompactmetricspaces・  

Wedenotebym巴官othesetofal1isometryclassesofpointedmetricspaces  

（X，P）withabasepointpsuchtha，ttheclosure膏R（p，X）ofR－neighborhood  

ofpinXiscompactforeveryR＞0・Let（X，P），（Yiq）∈飢ビ3：。and¢：   

X→Ybe apointedmap，namely¢（p）＝q・Wesaythat¢isaA－POinied  

Hausdorgapproximaiionif¢（B去（p，X））⊂B去（q，Y）andiftherestrictionof¢  

OnB去（p，X）intoB去（q，Y）isa△－HausdorfFapproximation・Thenthepoinied  

HausdorHdisiancedp，H（（X，P），（Yq））isalsodefinedtobetheinfimumofthe   

numbers△suchthatthereexist△－POintedⅡa11SdorfFapproximationsfrom（X，P）   

to（㌣曾）and丘om（γ用）to（ズ，p）・   

The counterPart OfTheorem3．3．1also holds and we write（X，P）＝  

limn＿∞（Xn，Pn）ifitsatisfiesthatlimn→∞dp，H（（Xn，Pn），（X，P））＝0・Were－  

markthatthelimitspacedependsonthechoiceofbasepoints・  
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3．2ProofofTheorem C   

OnaHadamardmanifoldM，ifitsidealboundary（M（∞），Td）iscompact，   

thenthereexiststhetangentconeofMatinfinity，thatis，thepointedHausdorfF  

limitofpointedspaces（（M，吉dM），P）fori→∞，anditisisometrictothecone  

OfM（∞）・WeshallprovethisandmakeuseofitintheproofofTheoremC．  

W占hererecallthedefinitionofthecone（e（M（∞）），0）ofM（∞）withvertex   

O・Forapairofpoints（s，W），（i，Z）∈【0，∞）×M（∞），WeSet  

ノ■■‾J β2＋f2－2βまcos（Td（址㍉g）），  ∂“β，ぴ），（ま，Z））：＝  

一一、．＿■′  

WhereTd（w，Z）：＝min（汀，Td（w，Z））．Usingthisfunction，Wedefineanequiv   

lence relationas正Ⅲows：  

（β，ぴ）～（ま，Z）⇔∂“β，ひ），（f，ヱ））＝0．  

Thenitisclearthat6isadistancefunctiononthequotientspace（［0，∞）×  

M（∞））／～・Thismetricspace（（［0，∞）×M（∞））／～，6）iscal1edthecone  

OfM（∞）anddenotedbye（M（∞）），Wecalltheequivalenceclass［（0，Z）］（z∈   

〟（∞））thevertexof巴（〟（∞））．  

Thenthefollowlngholds：   

PROPOSITION3・3・2・ザ加古deαJゐβ肌dαry盲βC〃m即Cりび鵡γe叩eCまね翫   

r壷ね－1叩0わ押ノ，翫几班eβe押e几C＝J翫即盲凡才edmeJγよcβ卵Ceβ（（〟，d㌢），タ）か  
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α叩β諾edクβ盲几まpo几叫c川即叩eβわ班ecβ犯e（ピ（〟（∞）），0）oJ〟（∞）び捌㈹γ血  

0壷乃翫…両po査托まed伽相加町Ⅷんeγed㍗＝d〟′  

1im（（叫げ），p）＝（ビ（〟（∞）），0）， f→∞  

PROOF・Let Rbean arbitrarylarge number・In anaturalway）We Can  

identifytheclosedgeodesicball電（p）aroundpwithradiusRinM壱：＝（M，dF4），  

withthecloseddisk亨兄＝（v∈7LMIIIvl］≦R）andalsotheclosedball育R（0）  

ine（M（∞））withit；  

ち〟⊃耳托如・→扉）∈電（p）⊂賄  

ち〟⊃亨兄∋u←→【（州，7繭（∞））】∈亨R（0）⊂ピ（叫∞））・   

Theinducedmetricon耳R丘om（電（p），dr）or（否R（0），6）throughthisidenti一  

ficationisdenotedbythesamesymboldror6，reSPeCtively．  

Nowweprovethatasequence（dr‡offunctionson膏RX耳RCOnVergeS   

uniformly to thefunction60n BR XBR）Where BRis equlPped a standard   

metric・Notethatitisknownin［BGS］thatasequence（dr）convergestothe   

function6．   

Since耳Rishomeomorphicto（電（p），dr），drisa。。ntinu。uSf。nCti。n  

OnBRXBR・Ontheotherhand）itisprovedinTheorem2intheprevious  

Chapterthat（M（∞），Td）iscompactifandonlyiftheunittangentsphere  

ishomeomorphicto（M（∞），Td）・Therehre膏Rishomeomorphicto耳R（0）．  

Hence6isalsocontinuouson首RX耳R・Sincethesequence（dr）ofmonotone  
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non－decreaslngCOntinuousfunctionsconvergestoacontinuousfunction60nthe   

compactsetBRXBR，theconvergenceisunifbrm・  

Thismeansthat  

紬（り：＝ l∂（町中湖作棋）l  
（叩）×百月  

COnVergeStOOasttendsto∞．   

NowfbranyE＞0，letR＝．ThenthereisanumberiESuChthatER（i）＜E  
E  

foral1i＞ie．Sincethemap  

奉書：（叫げ）→（ビ（〟（∞）），∂）：軋（諾）＝［（げ（p，∬），≠∬（∞））】，  

Wherel毎denotesthegeodesicemanatingfrompthroughx，lSane－r［ausdorfr   

approximationfbri＞ie，thiscompletestheproof・曹   

REMARK．Wecanalsosee丘omtheproofthatif（M（∞），Td）isnoncom－  

pact，thenasequence（（（M，dr），P））ofpointedmetricspacesdoesnotconverge   

inthesenseofpointedⅡausdor∬distance．   

In払ct，ifthesequenceconvergesinthissense，thenthesequence（dr）of   

thecontinuousfunctionsonBRXBRCOnVergeSuniformlyto6・Hence6isalso  

continuouson膏RX膏R．Thismeansthat（M（∞），Td）ishomeomorphictoa   

Standard＄Phere，andhencecompact．  

PROOF OF TIIEOREM C．NowweshallrecalltheassumptionofTheorem   

C．Weassumethata△－Ha11Sdor∬approximation¢：M→Nisgiven．Letpbe   

anyfixedpointofMandq：＝¢（p）∈N．  
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馳omtheaboveproposition，thereisasequenceofE（i）－pOintedHausdor仔  

approximation動：（（N，dr），q）→（C：（N（∞）），0）suchthatE（i）→Oasi→∞・  

Ifweregard¢asamap血om（M，dr）to（N，dr），then¢isa－Hausdor仔 ま  

approximationandthecomposite動‥＝動0¢：（（M，dr），P）→（e（N（∞）），0）  

i→∞，itholdsthat  

isa（手＋26（i））－POintedHausdor仔approximation■Since（‡＋2E（車oas   

1im（（〟，d㌘），p）＝（ピ（Ⅳ（∞）），0）・ f→∞  

Ontheotherhand，theleftsideofthisequalitycoincideswith（e（M（∞）），0），and   

hence（e（M（∞），0）isisometricto（e（N（∞）），0）・Since（M（∞），Td）isisometric   

tothemetricsphereine（M（cx）））aroundavertexoofradiusIwiththeinterior   

distanceind11Cedf上omtherestrictionof6，WeCanCOnCludethat（M（∞），Td）is   

isometricto（N（∞），Td）・I  

Tbconcl11dethissection，WeShallgiveanexampleofHadamardmanifblds   

SuChthattheiridealboundariesareisometricbutthereisnoHausdorfrapprox－   

imationbetween them．  

ExAMPLE・LetMbeaHadamard2－manifoldequlPPedwithametricglVen   

asds2＝dr2＋f（r）2dO2，Where（r，0）isapolarcoordinateofMwithoriginoM   

andf：［0，∞）→【0，∞）isasmoothfunctionsatisbTing  

′（0）＝0，J′（0）＝1，′′′（0）＝0  

′′′（0）≧0（払ranyf≧0）  

r（り≡2（払rま≧2）．  
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LetNbeaHadamard2－manifbldwithametricds2＝dr2＋9（r）2dO2，Where9   

satisfies  
g（0）＝0，〆（0）＝1，〆′（0）＝0  

〆′（0）≧0（払ranyf≧0）  

㈹＝2一 （払rま≧2）・  
†   

Then the difrbrence ofthe girths ofthe geodesic spheres ofM and N with   

Center OM，ON，reSpeCtively，and radiusi，equals to2汀（f（l）－g（i））・Thisis  

log（芸）・f（2卜9（2）fori≧2，andgoestoinfinityasi→∞・Hencethereisno  

Hausdor打approximationbetweenthem．  
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3．3The case ofmanifo1ds ofasymptotically rLOnnegative curva－  

tnre   

Nowweshal1introducethedefinitionsandbasicpropertiesconcernlngthe   

manifoldsweshal1study，thatis，manifbldsofasymptotical1ynonnegativecur－   

Vature・Fbrdetails，Werefbrto［Ⅸs］・  

W占callMamanifbldofasymptoticallynonnegativecurvature，ifthesec－   

tionalcurvatureKM OfMsatisfies  

‰≧－た0γ。，  

wherer。isthedistancefunctionfroma£Ⅹedpointo∈M，Calledthebasepoint   

ofM，andk（i）isanonnegativemonotonenonincreasingfunctionon【0，∞）such  

thattheintegralJTi・k（i）diisRnite・  

LetpbeanarbitrarilyfixedpointofM．ForsufRcientlylargei，themetric   

sphereSt（p）aroundpofradiusiisaLipschitzhypersurfaceofMconsistingof   

kconnectedcomponents，WherekisthenumberoftheendsofM・OnS亡（p），We   

introducetheinteriordistanCe）denotedbydp，t）inducedfromthedistancedM   

restrictedonぶf（p）．  

Now，SimilarlytothecaseofHadamardmanifolds，WeCande瓜neanequlV－   

alencerelation～Ontheset鱒財OfallraysofMandtheidealboundaryasthe   

SetOfeqlllValenceclasses．FurthermorewecandefinetheTitsmetricTdonthe   

idealboundary．  
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Infact）tWOraySq）7∈gtMareCalledequiva［enianddenotedbyq～7if  

d〟（（申），7（り）  ＝0．Wewriteq（∞）払rtheequivalenceclassofqand  1imf→∞  

M（∞）forthequotientspace沢M／～・Wecal1M（∞）theidealboundary ofM．  

Moreoverwedefinethe TilsmeiricTdonM（∞）by  

dp，t（Jn5’f（p），7∩ぶf（p））  
（＊）   T申（∞））γ（∞））‥＝f！藍   

Wherepisany鼠ⅩedpointofM・ThenTdiswelトde鼠nedonM（∞）．Actual1y，the   

払1lowlngprOpertiesarevalidforanyfiⅩedpointp∈Mandanypalrq，γ∈沢〟   

（cf・Proposition2．1in［Ⅸs］）；  

屯，f（Jnふ（p），7∩筑（p））   
（1）J～7⇔1im              f→00  

＝0，  

屯，f（Jnぶt（p），7∩晶（p））  
（2）thereexiststhelimit：1im ‘→∞   

dentofthechoiceofp．  

，Whichisindepen－  

REMARK．Here we make some comments on therelation between the deト   

initionsmadeforthesetwoclassesofRiemannianmanifblds，thatis，theclass   

OfHadamardmanifo1dsandthatofmanifoldsofasymptotical1ynonnegatively   

Cu．rVatⅦre．  

Ingeneral，theasymptoticrelationduetoBusemann［Bu］isnotanequiv－   

alencerelation．But onⅡadamard manifolds，thisrelationcoincideswith the   

bo11ndednessofthedistanccbetweentwopointsonraysstatedpreviously）and   

henCeitisanequivalencerelation．Hencethiscanbeusedforde丘ningpoints   

atinfinity．Ontheotherhand，OnaSymptOtical1ynonnegativelycurvedmani－   

folds，thoughtheasymptoticrelationisnotanequivalencerelation，thisglVeS  
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risetotheequivalencerelation…de£nedabove・Thatis〉ifqisasymptoticto   

7，thenq～7・Asinferred正omthedefinitionofthemetricl）theequlValence   

relation～isanaturalextensionoftheasymptoticrelation．W占canalsoseethat   

theequivalencerelation～COincideswiththeasymptoticrelationonHadamard   

manifblds．  

Theequation（＊）de鼠ningthemetricTdfbrasymptoticallynennegatively   

c11rVedmanifo1dsissimilartothethirddefinitionofTdfbrHadamardmanifolds．   

Fbranasymptoticallynonnegativelycurvedmanifold）itsidealboundaryis   

alwayscompactandthereisacounterpartOfProposition3・3・2）Whichisseenin   

theproofofProposition2．40f［Ks］duetoKasue・  

PROPOSITION3．3．3．上eま〟ゐβαmα几折はβJα叩mpわま吏cα勒几0乃几egα寸志ue   

c肝Uα加eα犯dpあeαあ朋e即古雅18J〟■ 丁九e犯翫明視e几CeOJ沌e即豆乃1edme行盲c   

叩αCeβ（（叫d㍗），p）cβ犯む叩eβね侮cβ犯e（巴（〟（∞）），0）βJ〟（∞）Ⅷ首班Mγ血0  

壷陀翫β……擁犯ねd肋β棚紬町ぴんeγed㌣＝d〟′  

1im（（叫げ），p）＝（ピ（〟（∞）），0）． f・→00  

ItshouldbenotedthattheHausdorff1imitinthepropositionisindependent   

ofthechoiceofbasepointsp∈M．  

TheoremDcanbeprovedinaquitesimilarfashiontothecaseofⅡadamard   

manifoldsbyapplyingtheaboveproposition．  

Final1ywenotethatfortwoasymptotical1ynonnegativelycurvedmanifblds，   

thereexistsnoHausdorffapproximationbetweenthemingeneral）eVeniftheir  
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idealboundariesareisometric・Indeed）theexampleoftheprevioussectionalso   

glVeSaCOuntereXampleinthiscase．  
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