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Conventions  

All spaces are assumed to be rlausdorff topologic＆l spaces   

and allmappings are continuous．   

Ån ordinal number is equal to the set of its predecessors and   

cardinal nunbers are initial ordinals．   

山 and olare uSed to denote the firstinfinite ordinaland the   

first uncountable ordinalrespectively．   

TheletterIvillalways denote the closed unitinterval【0，1】．   

JAlis the cardinality of a set A．  

For a subset A of a ＄PaCe X，ClxA（Or CIA）denotes the c10Sure  

Of A in X．  

Let 里 be a cover of X．   A refinement γ of 引is a cover   

which refines 里．  

Undefined  notions  ancjl terminologies  will  follow   

R．Engelking【1989］．  
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CHAPTER O   

INTRODUCTION  

The notions of shrinkages of open covers have played an   

important rolein the deve10Pment Of many areas of set－theor・etic   

topology（R．Engelking【1989］）．   

An open cover剋＝（uαIα∈A）of a space Xis said to be  

ShrLnkab乙eif there exists an open cover（ⅤαJα∈A）of剋such  

that cIVoE⊂Uαfor each c＜∈A・  

The fo110Wing theorem is the first one which shows the   

usefulness of shrinkages of some open covers in normal spaces   

and has aninfluence on related properties．  

Reca11 that a space is countably paracompact if every   

COuntable open cover admits alocally finite open refinement．  

0．1． TheoreJA （C．H．Dowker【1951】）  

r九e ′0乙乙OU痛g eo孔dttto孔S αre e可視tびα乙e籠t ′oT－ α Ⅶ0γ耽α乙   

SPαe8 ∬ご  

（〃 ズ ー9 eO㍊籠tαム1γ PαγαeO諏Pαet．  

〔2） ズ×J t3 職0丁・肌α1．  

r3） 古びβγγ eO㍊孔ねム乙e opβ籠 eOひ6γ 0′ズ ts g九r抽たαあ乙8．  
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If we do not assume the normality o王 Ⅹ in the above   

theorem，the following one which contributed the development in   

COVering properties is we11－known and shows the values of   

Shrinkages o王increasing open covers．  

Åco11ection A＝（A入l入∈＾）of subsets of a space Xi＄  

LncreasLng（resp・deereasing）if＾is wel卜Ordered and A入⊂A 
I-I 

（resp・Å入⊃A）for any入，Ll∈A with入くFl・              〃  

0．2． TheoreJn （F．Ishikawa【1955】andJ．Mack【1967】）  

r九e ′0乙乙OIJt花g e8Ⅶd㍑to花9 αrβ 明視iひα乙e花王Joγ α 3Pαeβ∬ご  

‖） ズ t3 eO㍊花£αム乙y pα㍗αeO訊Pαet．  

（2） gひ8γy eO㍑花tαム乙e t籠ereαgt籠g OPβ孔 eOひβ㍗ 0′ ∬ t3  

3九γt几たαム乙e．  

蝕卯y eO肌ねム乙e血rβα9瑚OP飢eOひeγr㌦l花＜弟（げ∬  

旭3 α花 摘e柑α如補訂 Ope乃 eOび8r ル乱一花＜也j g㍊e九 土地t  

Cl㌦⊂U乱′押βαeゐ犯＜飢  

（3）  

Under considerations of the above conditions（2）apd（3）of   

Theorem O．2，We have the following notions which have the rich   

developmentsin wide areas of topo10gy：  

0．3． Definitio爪  

Let X be a sp＆Ce and t（aninfinite cardinalnumber・  
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Then X has property 9「K）（resp・PrOPerty 盟（K））if every  

increasing open cover（uαIαくに）of X has an（resp・a  

increasing）open cover（Ⅴαlαくに）such that cIVα⊂Uαfor each  

α く に．  

If X has property 9（K）（resp・PrOperty 男（k：）） for any  

infinite cardinaln11mber k＝，Ⅹis said to have property 9（resp．  

PrOPeγtγ 男）．  

Clearly property 盟（に）implies property 9（k：），andin case   

に ＝ 山， prOperties 男（也） and 9（O） coincide with countable   

paracompactness．  

Property 男 wasintroduced by P．Zenor【1970］and property 9   

WaS defined in Yasui．s paper 【1972】 under the name of   

びeαた 男－Pγ・OPer紬．  

It is difficult to check for a lot of spaces whether every   

（increasing） open cover is shrinkable or not，eVen if we know   

their normality．  For instance the proof th＆t eVery OPen COVer   

Of ∑－PrOducts of metric spaces，Or COmpaCt Or p－SpaCeS With   

COuntable tightness i＄ Shrinkableis moreinvolved and technical   

than that of normality（A．P．Xombarov【1978】，K．Chib＆［1982】   

and Y．Yajima【1984】）．  

AIso we have another difficultyin finding spaces which are   

normal countably paracompact but not having property 9（に）；   

indeed， the only such an example is obtained by M．E．Rudin  

－ 4 －   



【1978】．  

Therefore to st11dy the shrinkability of （increasing） open   

COVerSis one of the subjects which we cannot fail to notice．  

Most covering properties are defined by refining arbitrary   

Open COVer With an appropriate open cover such as compactness   

paracompactness，Linde16fness，S11bparacompactness，   

Submetacompactness（SeeI）efinitions 4．2 ＆nd 4．3）．  

One of our purposes is to characterize property 沼 along   

this line without using increasing open covers．   Indeed we   

Sha11prove that a space X has a property 盟if and onlyif every   

infinite open cover 里 of X h＆S an Open refinement γ with the   

following property： Each x ∈ Ⅹ h＆S a nbd O such that the  

cardinality of（Ⅴ∈γlo n v≠¢）isless than 細l（Theorem3．3）．  

This characterization is useful when we apply property 男   

and study the relations among covering properties（Coro11aries   

3．4 and 3．5）．  

To study the normality of product spaces is one of basic   

and diffic111t problemsin general topology．  

Next we will characterize property 男（K）in tern＄ Of   

normality o董 product spaces．  Asis known，for a normalspace X  

the product XXIt（is normalif and onlyif Xis に－ParaCOmpaCt  

（Ⅹ．Morita【1961］）．  

Since every normal k：－ParaCOmpaCt SPaCe has property 劇（に）  

一 5 －   



（See Theoreml．1），it seems to be desirable to find a specific   

SpaCe Y with the property that for a normal space X，XxY is   

normal for this space Yif and onlyif X has property 男（に）．  

1n Chapter 3 we wi11 construct such a space which is  

denoted byIに・  Thatis，IK is a test space for property B（K）・  

Several compact spaces that are test spaces for   

k：－paraCOmPaCtneSS Or  に－COllectionwise normality have been   

COnSidered （See C． H． Dowker ［1951】， k． Morita ［1961］ and  

O・T・Alas［1971】）・  We note thatIにis not compact and besides  

these compact spaces and ourI Other specific spaces that can  
に  

be test spaces for other covering properties are not yet   

Obtained．  

As to shrinkability of （not necessarily increasing） open   

COVerS，there has not been any other equivalent condition・  

In1984，Ⅹ．Chiba obtained a sufficient one thatif a space   

is either normalsubparacompact or perfectly normal，then every   

open cover is shrinkable・  Our Theorem 4.7 will extend thissss 

result to normalsubmetacompact sPaCeS． Notice that a class of   

submetacompact space＄includes both subparacompact spaces and   

perfectly normal spaces, and that a wider class of spaces than 

that of our caseis not known for which the same resultis tr11e・  

Ånother purposeis to study shrinkability of a certain kind  

of open cover．  In【1983コ，Gr11enhage and Michaelshowed that  

every cover of a regular space by open subsets with Linde16f  
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boundaries is shrinkable．   In their paper they posed the   

following problem：   一．Is every cover of a regular space by open   

Subsets with metrizable c10S11r・eS Shrinkable？‖  

We shall show the following theorem’on shrinkability   

（Theorem 4．8）：  一．Every cover of a space by open subsets with   

perfectly normal closures is shrinkable．●一  This theorem   

COntains a positive answer to the problem above．  

Fina11y we shalldiscuss on the product spaces of countably   

many spaces having property男．  

－ 7 －   



CHAPTERI   

RELÅTIONS AMONG VARIOUS COVERING PROPERTIES  

In this chapter we see how our properties 盟 and 9 relate to   

Other covering ones．  

Basically the fo1lowingimplications hold：  

1．1． Theore皿  

PαγαeO況PαetTほ39＝⇒ P7－Opβr毎男 ＝⇒pγOpβγ紬9  

⇒ eO肌tαム乙8pαγαeO耽Pαet籠郎3．  

Main purpose of this chapter is to see that all the reverse   

implications of Theoreml．1do not hold．  

Before welist the spaces inillustration of their gaps，We   

Observe a proposition for later use； the proof is easy and   

Omitted．  

1．2． Proposition  

ム8t ガム8 α 9Pαee α籠d に α籠 軌′t花山β eαγd一花α乙 籠㍊耽ムβγ．   

rた8籠 ズ たαS pr－OP8γty 9rに）（㍗郎P．pr・Opβr旬 溜「に））1げ α犯d o71乙y tJ，  

わrα籠y鹿eγ6α9瑚eo乙乙ee㍑mけαtα＜にj o′飢OSβd s祝あ3eね0∫ズ  

ー 8 －   



舶用。乱㌔ ニ ¢・ 柏餅e 土台 α「㍗朗P・α deeγβα如籠9）即乙乙eeHo祐  

一Gαlα＜にj o′op飢3㍊如eね0′∬g祝eわ土地t  

（〃 Fα⊂G∝わγ8αe九αくに  

α籠d  

（2） α9にCIG∝ニ¢・  

As the first example，We Shallshow the fol10Wing：  

1．3． Example  くY．Yasui［1972］）  

ムe七  山l ム8  t九β Jtr3上  皿eO混乱土αあ乙6  0丁・dれα乙  m㍑耽ムβr．   

J′ 山1九α9 α犯 Ordβr tOpO乙Ogy，班e籠 ¢1たαS PγOPβr旬 9，ム祝t doβ3   

籠Ot たαびe pT，Op卯tT暮y 盟（3土rte土乙y spβαたt籠g，01doβ9 花Ot 九αリβ   

proper相 思「山1‖．  

PrOO′   ∬ ねα3 pr（）p（∋rty 9．  

It is known that this space 山1is normal．  In order to   

Show by Proposition l．2 thaLt（Dlhas property 9，let k：be any  

infinite cardinaland g＝（F入．入くK）any decreasing collection  

Of c10Sed subsets of X with入？k＝F入＝¢・ We may assume each F入  

is not empty．   

Foreachα（：ol，Welet  

f（a）＝thefirst of（＾・入くK・【0・α】nF入＝¢）・   

Since【0，α】is compact and（F入l人くに）is the decreasing  

－ 9 －   



COllection with入？c＜F入＝¢，f（α）is wel卜defined・  

We shallshow that，if welet∧＝（f（α）1αく01），then＾is  

COfinalln k：．   For this purpose， We aSSume that ＾ is not   

COfinalin k：， that isI there exists some 入0 く TC SuCh that  

f（∝）5：入o for anyαく∽1・This means that【0・α】n F入o＝¢for  

anyαくOl・thatis・ 
F入0 

＝¢・ Thisis contradictory・   

－1 Now・WeSelect anypointα入Of f（入）for each入∈∧・Then  

itis seen th＆t（α入l入∈＾）is cofinalin wl・ If welet  

G入＝（α入・01）  if入一∈∧  

＝［0，也1） if入∈に－∧，  

then（G入l入∈K）is acollection of open subsets of oISuCh that  

F入⊂G入 for each入 く k：・and furthermore入官に G入is enpty by the  

cofinalityof（α入い∈＾）・＝enceXhas property9・  

Spαee山1doe3 花Ot たαひβ Pγ－OP8γ旬 男「山1）．  

For eachαく01，Welet Fα＝【α・山1）・Then（Fαlαく山1）is  

a decreasing co11ection of closed subsets of oIWithα？。1 ㌔＝¢・  

If 仏1 has property 男（山1）， there exists a decreasing  

co11ection（Gα】αくOl）of open subsets of olbyPropositionl・1  

SuChthat  

（1） ㌔⊂Gα  for eachαく山1  

and  

（2）α？∽1CIGα＝¢・  

Foreachαく山1，Welet  

f（α）＝the first of（βく山1l（β・Ol）⊂Gα）・  

一 10 －   



Then fis a mapping from【1，仏1）to olby（1）such that  

（3） f（α）く C（for each o【Withl≦ c（く 也1   

and  

（4） f（β）£董（α）for α，β く 山1With β く α．  

By definition of f（α），We have【f（C（）＋1，山1）⊂Gc（for each  

α く Ol 
and henceα？山1 

【f（α）＋l，山1）⊂α？。，1Gα ＝¢・  This means  

that  

（5）（f（∝）Jαく山1）is cofinalin山1．  

By pressing down lemma（see X．Kunen［1980］）and（3），there   

exists some（Xo く 山1（Where we may assume that c（0 ≧1）such that  

（6）（αlαく山1，f（α）≦α。）is cofinalin㊥1．  

On the other hand，there exists some C（1く a）lby（5）such   

that  

（7） α0 く f（α1）・  

For α1，there exists some α2 く 山1by（6）s11Ch that  

（8） α1く ∝2 and f（α2）£α0・   

By（4），（7） and （8），一α0 く f（∝1）≦ f（α2）く α0・  This is   

COntradictory．  tj  

Re皿arks  

l． W．M．Fleishman （［1970コ）proved the fo110Wing theorlem   

almost simultaneous with our Example l．3： ●一Every open cover of   

alinealy ordered spaceis shrinkable・lt  Soitis seen that   

every open cover of‘01is shrinkable・  

－11－   



2． Asin the proof of the above example，We C＆n Show that：  

Foγ・αれγ γ6g祝乙αγ eαγdtⅦα乙 乱視耽あβγ に， £わ8rβ β諾igt9 α 犯0γ・耽α乙   

9Pαee びゎte九 ねα9 PT・OPeγtγ 9 あ祝t does 籠Ot たαひe■PT－（）Peγtγ 盟（K）．  

In fact，the space k：With order topology is such a space．   

Furthermore it is seen that thBre i．s a nor訊a乙 SPaCe L）hLeh has   

pT－Op（∋r土y 男（入）∫0γ－ eび8㍗y 入 ＜ に，あ㍊t doβS 花0£ たαひβ PrOpβγty 男（に）．  

To discuss the gap between property 9 and countable   

ParaCOmpaCtneSS，let us first mention the following theorem due   

to M．E．Rudin．  

1．4． Theore皿  （M．E．R11din【1978】）  

Foγ βαe九 t籠′t祐㍑β eαrd‘籠α乙 籠㍑耽ムeγ に， t力eγe 8ヱt9t3 α 孔Or肌α乙  

9pαeeズに両班0㍊t PrOP即ty9（に）・  

A normal space without property 9（に）is genera11y called a   

t（－Douker space which was previously defined by Rudin 【1971】   

means a normal but not countably paracompact space．   Thus，an   

山一Dowker spaceis nothing but a Dowker space．  

Let Xにbe theに－Dowker space givenin Theoreml・4・ Let里  

be any open cover of XにWithl叫 くCf（い・  Then剋is shown to  

be refined by a cover of mutua11y disjoint open sets（that is，  

Ⅹに 
is u乙tra 入－ParaeO岬aet for any 入 く Ck（K））・  Therefore・  

－ 12 －   



taking K ＝ Ql，We have the fol10Wing：  

1．5． ExaJnple （M．E．Rudin【1983－aコ and【19＆5］）  

r九eγe tS α 花Or況α乙 3Pαe（き ∬ u九te九 ts eol川ねム乙γ PαγαeO況Pαet   

あむt does 籠Ot 九αびβ PT－OPβγtγ 9．  

Next we shallintroduce a Navyls space which is repeatedly   

quotedin this paper．  This spaceis normal and paraLinde16f   

but it is not paracompact（Ⅹ．Navy【1981］），Where a space Xis   

called to be paraLLnde乙∂fif every open cover of X ha＄ a10Cally   

COuntable open refinement．  

We present this space due to the definition which is   

appearedin Rudin．s paper［1983－a］．  

〟avy′9 SPaee S  Let F be the set of a11functions from 山  

intool・For n（1くnく0）・let＝n＝（flnlf（…F）・andPnbe  

the set of allsubsets of∑n・ Let∑＝nY。 ∑n and P be the set  

Of a11finite subsets of nY∽Pn・  

Letム＝（（0，て，d）l（1）d∈P・ando，て∈∑n for some n  

（2）A∈Jn P for some m＜ n，then qlm∈ Åiff m  

てIm∈ A  

（3）ロ（0）くて（0）く¢（1）くて（1）く．‥ くび（n－1）くで（n－1））．  

For p ∈ ∑，and 男 ∈ P，1et  

B（P，盟）＝（f∈Flf⊃P）u（くロ，て，d〉∈ムl（1）J⊃P Orて⊃P  

－ 13 －   



），  （2）盟 ⊂ d   

Where f ⊃ P meanS that f extends p．  

〟auy′9SPaee Sis Fリム topologized by having（B（P，盟）Jp∈∑  

and男∈P）u（（（0，て，，J））［（q，て，3J）eム）as an open base．  

1．6． Exa皿pIe （M．E．R11din【1983－a］and［1985］）  

〟αひy′3 Spαe6 S ts α 籠0γ一訊α乙 SPαeβ 机上九 pr・OPertγ 男 α籠d   

¢びerγ OPe≠ eO肌汀（げ S t3 3たγt≠たαあ乙e，ム祝t もS 籠Ot PαγαeO耽pαet．  

If we apply our theorems of a later chapter，it is very   

easier than Rudin．s one to prove that every open cover of S is   

Shrinkable and S has property 男． So we sha11show them．  

Pγ00′ 0′ so取6 Pαγt OJg諾α耽P乙¢ ∴6  

Since it is known that S is countably paraLCOmpaCt and   

paraLinde16f（Ⅹ．Navy【1981】），S has property 男 by the below   

Corollary 3．4．  

Next we can show that every open cover of S is shrinkable．   

By Fleissner［1984］the subspace F of Sis ultra paracompact．   

So every open cover of Fis shrinkable． On the other hand，ム   

is a discrete subspace o董 S．   Hence every open cover of S is   

Shrinkable（by Proposition 4．1）．  ロ  

In 1951， Bing introduced the concept of collectionwise  

－ 14 一   



normality and constructed the valuable example G．  

Example G and its subspaces have proved to be rich source   

Of examples among topological properties （ref．Ⅰ． W． Lewis   

【1977］）．  

For completenesslet us recallBing．s example G：  

Let P be uncountable set and D two－pOint set（0，1）．  

Furthermorelet タ be the power set of P and F the product space  

ofダーCOPies of D，thatis，F＝（flfis a mapping fromヂto D）．  

For each p ∈ P，define f ∈ F as follows；  
p  

fp（Q）＝1  if p E Q 

＝0 0thervise．   

Let Fo as（fpIp e p）・For eah現∈【ヂ】and p∈P・let  

U（P・現）＝（‥Flf（R）＝f（R）foranyR∈銑）・Where【タ】denotes  
p  

the set of all finite subsets of タ．   Let us define a nbd base   

里（f）of f ∈ F as follows：  

剋（f）＝（（f〉）  if f∈F－F。  

＝（u（p・訊）l銑∈［タ］） if f＝ fp∈Fo・  

Therefore each point f ∈ F － Foisisolatedin F and each point   

fp 

∈ Foisisolatedin Fo（but f is notisolatedin F）・   
p  

1．7． ExaJnPle   （Ⅹ．Chiba［1984】，Or ref・Y・Yasui［1989］）  

ムetダムβαβ抽g′3eごα肌p乙8Gα籠d∬α花γ S㍊あ3Pαee O′F・  

rた留れ eひeγγ OP白花 eOひ8γ 0′ ズ t3 3よげt融αム乙¢，ム㍊土 F does 花Ot たαひe   

pγOPβγ£y 男．  

－ 15 －   



pγ100′  

Since the shrinkability of any open cover of X is due to・   

Proposition 4．1， We Sha11 sketch the outline that F does not   

have property 盟．  

Withoutloss of generalityIWe may aSSume that P ＝ 山1・  So  

Welet Fo＝（fαIαくOl）・ If welet＝α＝（fβ一α≦βく山1）for  

eachαく01・then（＝αlαく山1）is a decreasing collection of  

Closed sets withα？也1＝α＝¢・Itis seen thatif（uαlαくO）  

is a decreasing open collection such that Hc（⊂ Uα for anyα・  

thenα？。1CIU ≠¢・ 臼  

Ås thelast example of this chapter，We Shallconsider that   

in the definition of property 盟（也）＝ PrOperty 9（山）（Theorem O．2），   

We CannOt Weaken to the fo110Wing：   Any countable increasing  

open cover（unJnく山）of X has a countableincreasing closed  

cover（Fnln＜o）such that Fn⊂Un for each n・  

1．8． Exa血ple  

山姥ズニごト化，y）lヱ，y αre rβα乙 乱視耽ムer3 出土九 y ≧ Oj u出た   

〟tβ耽ytZたt′3  ね孔gβ籠t dt9e tOPO乙Ogγ． r九e籠 βびβry eO㍊花王αム乙β  

一花ereα3t籠g Op飢eOび即rU花l花＜00j oJ∬厄sα籠摘erβα吉相e乙osed  

eoび即げ花l稚く山j3祝e九抽αt F籠⊂U孔わγβαe九孔＜臥  
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p7100J  

We recall Niemytzki●s tangent disc topology．   Let L ＝  

（（Ⅹ，0）Jx：real）andてbe the Euclidea。t。p。1。gy f。r X．  
＊  We generate a topologyて on x by adding toてallsets of  

the form（p）U D，Where p ∈ L and Dis an open discin X － L  

whichis tangent to L at the point p．  Then て＊is called the  

〟t6耽γtZたt′9tα乃g8籠tdtgetopo乙Ogy．  

Let（unlnく0）beanycountableincreasingopencover ofX・  
We select a countable open base（BnlnくO）for open half－plane  

X－ L such that（ClxBn）n L＝¢and each clxBnis containedin  

SOme Um・ Let f be a mapping from o to o as follows：  

f（m）＝min（nlclxBm⊂Un）foreach mくW・  

Ifvelet  

Fn＝∪（elBmlf（m）‘n，m≦n）  

for each nく0・thenitis seen that（Fnlnく山）is anincreasing  

Closed cover of X such that F ⊂ U for each n く O．  ロ                                     n n  
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CHÅPTER．2   

FUNDAMENTALS OF PROPERT‡ES 男 AND 9  

In Chapter 2 we shallsee the fundamentals of properties 盟   

and 9 and their applications．  

It is seen that properties 男 and 9 ＆re Closed hereditary，   

thatis，eVery Closed subspace of a space with property 男（resp．   

property 9）has property 男（resp．property 9），butit does not   

hold for open subspace．・  

We shall next consider the c10Sed images of spaces with   

property 男（resp．9）．  Itis known that the closedimage of a   

paracompact space is neces＄arily paracompactI but M・E・Rudin   

［1983－aコ and［1985］（resp．H．Ohta【1985コ）showed th＆t prOperty   

男（resp．property 9）is not preserved under a c10Sed mapping・   

As a matter of course，in a class of normalspaces，prOPerty9   

is preserved under closed mappings．  

Really Rudin used Navy．s space S for this example （See   

Example l．6）． Using the notationin the front of Examplel・6，  

forαくOl・1et㌔＝（fCFIf（0）＝α）・Let T be the quotient  

SpaCe gOtten from S byidetifying the terms of Fα for each  

α く 山1．  

Furthermore f is a quotient napping from S to T．   Then   

Rudin showed that fis clos占d but Tis a normalspace which does   

not have property 9．  

－ 18 －   



On the other hand，Ohta●s example showed that the countable   

paracompactness is not preserved by closed continuous mapping．   

Such a space vas assured by P．Zenor［1969］，b11t the range space   

Of Zenor－s mapping is not regular．   But Oh ta showed thatt 

COuntable par－aCOmpaCtneS＄is not aninvariant of closed mappings   

in the realm of Tychonoff spaLCeS．  

As mentioned above，any Closed continuous image of property   

慮 does not，neCeSSarily have property B，but the following is   

Seen：  

2．1． Proposition  

古びβrγ Per′ββ毛 細αg8 0′ α 9pαeβ UHゐ prop8γtry 男「に）九α3 α乙30   

propβrty 男〔に）′0γ・α乃y t几′抽出e eαrdt籠α乙 孔㍊耽ム8γ K．  

A mapping is called to be perfect if it is c10Sed and   

everyinverseimage of any one－pOint setis compact．  

From this fact，We have easily the following coro11ary with   

respect to the union of spaces with property B：  

2．2． Corollary  

J′ α 3pαeβ ∬ 九αS α  乙Oeα乙乙y ′t籠上土β e乙03ed eoびeγ  
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ダニげα1α∈月j g㍊e九土地土色αeたFα如月PrOPer紬乳 t九飢＝αS  

α乙30 PγOPβrty 男．  

2．3． Corollary   

lβt伸花l籠くOjムβαeO肌ねあ乙βOP飢即び即0′αSPαeeズ・  

J′cIU乃九αg PrOP卯ty思わγα籠y籠＜恥 tたβ詭ズ旭s pγOper抽乱  

PT－00′   

If welet Fn＝ CIUn－ iYnUifor n ≧2 and Fl＝ CIUl・then  

（Fnlnく∽）is aloca11y finite c10Sed cover of X each of which  

has property 男． So X has property溜 by Coro11ary 2．2． 臼  
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CHAPTER 3   

CHARÅCTERIZATIONS OF PROPERTY 男  

The purpose of Chapter 3 is to give characterizations of   

PrOperty 盟 and to apply them and furthermore to clear up this   

COneept．  

1． Property 感 and certain10pen COYerS  

Most covering properties are defined by refining an   

arbitrary open cover with an open cover having an appropriate   

local property such as paracompactness， metaCOmpaCtneSS and   

Subparacompactness（See Definitions 4．2 and 4．3）．  

One of the purposes of this section is to study the   

fo110Wing problem：  ．．For anyincreasing open cover of a space   

having 男－prOperty， Can We take its refinement with a tnlCe’   

localproperty？●一  

3．1． Theorem   （Y．Yasui［1986］）  

ムet∬ムβα9Pαeβα籠d にα取 扱∫上根土eβαrdt花α乙乱視訊あβγ・   

rたe花 t九e わ乙乙飢Ji職g eO籠d㍑toT13 αγ白 粥㍊£びα乙飢tご  

（J） ズ 九αg pγ10pβγty 男「に）．  
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伽即y 土龍eγeαS摘g op白花e相即 rUαlα ＜にj oJガムα3肌   

叩飢eOひ即rVαlα＜にj o′∬3祝eゐ£地毛  

（2－ノ） Vα⊂ぴα   
わγα職yα＜K・  

α籠d  

（2－2） わr eαeん諾∈∬，抽卵白8加宮上30訊80Pe籠血d Oヱ0′  

諾α犯d90汲eαくにS㍊e川αtO n「α望αヱyα）ニ¢・ ヱ‾’‾‾‖‾‾‾‾ご   

餌ery 抽er8α如叩 OP飢eOび¢r rUαlα ＜ にj oJ∬九α3肌   

Ope籠eOひ即ルαlα＜にj o′∬g祝eね土地t  

〔3－〃 cIVα⊂Uα   わγα箱yαくに・  

α花d  

（2）  

（3）  

〔3－2）  forβαe九ご∈∬・抽即8e飢9t90m8叩e籠血d O諾0′  

諾肌dso孤8αご＜に9祝e鼻毛如0諾∩（α望αごyα）ニ¢・  

P才一0（）∫（J）ヰ「3）ご   

Let（uαlαくに）be anincreasingopen coverofX・Then we  

haveT’twoincreasing open cover9（TαlαくK）and（sαJαくに）of X  

SuCh that cIS∝⊂T ⊂CITα⊂Uc（for e＆Ch o（・                       C（  

Withoutloss of generality，We may aSSume that   

（＊）Tα＝U（TβJβくα）foranylinit ordinalαくに・  

Let  

Vα＝Tc（ －Cl（Sα－1） if c（is notlimit  

＝¢ ifc（islimit．   

Then the collection（Ⅴα［αく k）of open sets willbe a  

cover of X．  Let x be any point of X andα。the first of（αI  

－ 22 －   



Ⅹ∈Tα）・thenαois notlinit by（＊）・ So xぜcl（Sα。hl ）・  

Therefore we have x  ∈Ⅴ   
α√   

To see that（ⅤαlαくK）satisfies（3－2），let xbe anypoint  

of X・Since（sαlαくK）is a cover of X，there exists someα 
Ⅹ  

くにWithx∈SαⅩ・Thenforanynon－1imitordinal…ithαⅩくα  
くに・WehaveSα ⊂Sα ）⊂Sα 

Ⅹ Ⅹ 
－1 

Ⅹ Ⅹ Ⅹ 

（3）⇒ 「2）ご  elear  

（2）ヰ「J）ご   

Let（uαlα ＜ K）be anincreasing open cover of X and  

（Ⅴ∝lαくに）as givenin（2）・  

Ifwelet  

Tα 
＝U（olois open andOn（β望αⅤβ）＝¢）  

for eachαくK，then（TαIαくに）is anincreasing open cover of  

X・ So we shallshow that cITc（⊂Uc（for any c（・  

We have Tc＜∩（β望c（Vβ）＝¢ and hence（CITc＜）∩（β5！c＜Ⅴβ）＝¢  

for each α く に．  

Therefore  

CITc＜⊂Ⅹ‾（β望αVβ）⊂βYαV8⊂βYc（Uβ⊂Uα・  
E］  

Almost a11 the covering properties are defined by   

terms that an arbi trary open cover has a refinement wi th some 

property（See Definitions 4．2 and 4．3）．  If it is possible to   

have such characteri21ations of property 男，its utility wi11be  
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exploitedin more areas．  

The second purpose of this section is to have such   

Characterizations：  

3．2． Theore皿   （Y．Yasui【1986】，【1987］and［1989］）  

エ白土 ズ ムe α 9Pαe8 α孔d に α籠 上靴′t籠上土e eα㍗dt花α乙 籠む耽ム8γ．   

rた飢 t九e′0乙乙0山花g eO花d上土to孔S αγ8 印加ひα乙β籠tご  

（ノ） ズ たαS PrOPeγ土y 男〔に）．  

（2） 加e叩 Ope孔eOひ即 rUαt α＜にj o′∬旭s肌OP飢eOび¢r  

rUαβlβ く∝∫α＜にj o∫ズ3㍊e九土地t  

〔2－〃 Vαβ⊂Uβ  ′or肌yβ・α雨用βくα・  

α花d  

（2－2）   eαeた ご ∈ ズ 九α3 30耽8 孔ムd O α花d 30孤β OTldt籠α乙  

a5 ＜K3㍊e九抽α土0∩〔u rVαβIβ＜αJα≧α諾ぃ  

二 ¢．  

〔3） 古びery OPe籠 eOひer引 0′ズ 出土たeαrdt乃α乙出y に ゐαS α詭 OPe籠  

γβ′t籠e訊β孔t γ uたteた 3αttS∫te3 tゐβ ′0乙乙OUt≠gご  

（＃）   gαeた 諾 ∈ ズ 九α3 30取e 籠ムd O g㍊eた 土九αt t九β  

eα㍗dt籠α乙上旬 0′ け ∈γ10n y≠ ¢j ts 乙ess t九α籠に．  

PrOO′（〃ヰ「2）J   

Letせ1＝（uαlαくK）be an open cover of X・ ＝welet Wα  

＝8∀αUβfor eachαくK・then（wαlαくに）is anincreasing open  

COVer Of X s11Ch that Wc＜：βYc＜Wβ for eachlimit ordinalαくK・  
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Since X has property 盟（k：）I there exists anincreasing  

OPen COVerγ＝（vαlαくK）of Xsuch that clVα⊂Wαforeachα・  

We may assume th＆t Vα＝βYαⅤβfor eachlimitα・  

For each c（，β く K With β く α，let  

Vc（β 
＝Uβ－Cl（Vc（－1）if c（is notlimit andβくC＜  

＝¢ otherwise．  

Thenitis clear that Vαβ⊂Uβfor each町・βwithβくα・  
To see that（vαβlβくα）is a cover of X・let x be any  

POint of X・ IfαⅩis the first of（∝lαくに・Ⅹ∈Wα），thenax  

isnotlimitandx＝α 
－1・ 

Hencexicl（Ⅴα 
Ⅹ Ⅹ 

Sincex∈WαⅩ＝βYαⅩUβ・thereissomeβくαⅩWithx∈Uβ，  
and hence  xβ∈U－Cl（Ⅴα 

－1 
）＝VαⅩβ・  

This means  that  

X  

（vαβIβくα）is acoverof X・  

Since Vc（β⊂Uβfor anyβ・αWithβくC（・itis sufficient to  

show th＆t（Ⅴαβlβくα）satisfies the condition（2－2）・   

Let x e X andα0くにWith x∈Vao・We have Vα0∩（Ⅹ－ClVα）  

forany…ithα0く∝くに・because（vαIα）isincreasing・Then，  

for any non－1imit ordinatl c（With c（ 〉 c（0＋1 and any ordinal   

β with β く C（，it follows that  

Vα0∩Ⅴαβ ⊂Ⅴ恥∩（Ⅹ－elVα－1）＝¢・  

（2）ヰ（3）ニ  

Let 引 be an open cover of X with cardinality k：and 引  

express as（uαlαくに）・  

－ 25 －   



By（2）・thereexistsanopencover（ⅤαβIβ くα；αくに）of X  

that  

（2－1） Ⅴαβ⊂Uβ  for anyβくα  

and  

（2－2） each x∈Ⅹhas some open nbd Ox＆nd some ordinal  

αⅩ 
SuehthatOxn（∪（Ⅴαβlβくα；α≧αⅩ））＝れ   

Then thecover（ⅤαβJβ くα）is arefinement o…by（2－1）・  

On the other hand，1et x be any point of X and Ox，α be as X  

givenin（2－2）・Then the cardinality of（vαβloxnvαβ ≠¢）  

isless than or equalto the cardinality of（（α，β）lβ くC（；C（よ  

αⅩ）・Then the cardinality of（vαβJoxnvαβ≠¢）isless than  

に ＝ 佃l．  

（3）ヰ「I）： Itis clear by Theorem 3．1．   

These complete the proof． ロ  

By Theorem 3．2，We have the following：  

3．3． Theore皿   （Y．Yasui［1986】，【1987］and【1989】）  

rたeJo乙Loびt籠9 eO71dもtto花3 αγe βq机ひα乙e籠tJoγ α gpαee ズご  

〃） ズ ねα9 PγOPer土y 男．   

「2）紬e叩細れ机t80P8籠eOひ卯fuαtα＜てj o′∬旭3α籠Op飢  

eoびeγけαβlβ＜α∫α＜てj o′∬9眠ん抽αt  

（2－ノ）Vαβ ⊂Uβわγα籠yβ・α舶用β＜α，  
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α籠d  

（2－2）eαe九諾∈ズ厄s30耽e血d O肌d90批βOrdも犯α乙α諾＜て  

S祝eわtねαt On（Uけαβlβ＜鋸 α≧㌔＝ニ¢・  

（3） 古びβγy 班′も籠上土e Opβ孔 eOびβr 里 0′ ∬ 九α3 α籠 OP（∋籠  

re′班β耽8籠t γ び九te九 3α上土3′te3 抽βJo乙乙0もJ摘gご  

「＃） gαeた ご ∈ ∬ 九α9 α 孔ムd O s㍊e九 拍α£ 班e eαγd拍α乙・乙ty o∫  

ル（；＝ 0∩Ⅴ≠¢〉 t9 乙朗9 抽αれ 畑卜  

In Chapter O，We reCalled a Navy●s space．   A value for   

the existence of the space is to show that paracompactness is   

StrOnger than paraLinde16fnessin normalspaces．  

Furthermore such a space is only one as far as Iknow，and   

M．E．Rudin showed tha「t this space has also property 男   

（【1983－a］and【1985］）．  

If we show the following as a corollary of Theorem 3．3，Our   

PrOOf that Navyls space has property 劇is very simpler than   

Rudinls one．  

3．4． Corollary  

gびe叩 eOlmねム乙y pαγαeO耽pαet αⅦd pαγα土用de乙∂f spαee たαS   

PT－OPer£y 男．  
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P㍗00′  

Let tt be an infinite open cover of X and 剋 express as  

（uαJαここて）for someて・Whereてis the minimalordinalwhose  

cardinalityis equaltoI叫．  

eα3eJ A3S祝訊e eO′（て〕（ニ 紬e eoJt孔α乙ttγ 0′ て）ts eo㍊籠ねム乙臥   

Let（αnlnく仏）be anincreasingsequence of ordinals which  

converges toて・Since（wαInく仏）is a countableopen cover of  
n  

X・Where Wα ＝c（∀c＜Uo（・ 
there exists＆10Cally finite open cover  

n 

（vn）nくO）ofXsuch that Vn⊂Wα  for each n・  
n  

Then each x ∈ Ⅹ has an open nbd Ox  such that the  

Cardinalityof（wα 
n n 

less than 佃l．  

eα3e 2  月93従犯8 eO′（て）t9 孔0土 eolmねム乙6．   

By paraLinde16f property of X，剋 has a10Cally colユntable open  

refinement γ・  Hence each x ∈ Ⅹ has an open nbd Ox whcih  

intersects V for at most countably many V ∈ γ，this means that  

thecardinalitypof（ver）0ⅩnV≠¢）isless thanl叫・□  

As a corollary of the above theorem, the following will be 

Seen．   
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3．5． Corollary   （T．Taniand Y．Yas11i【1972】）  

A spαe6 ズ ねαS PTIOP葛γty 男 tJα籠d（）籠乙γ ぴ βびeγy 抽eγ¢αSも花g   

Op6孔 eOl柑r O′ ズ ねαβ α e祉9たtoれ¢d op白花 γ8Jt花白me花t．  

Pγ－00′”0籠乙yげ－－pαγtご  

Letモ1＝（uαIαくて）be anincreasingopen cover ofX・  

By Theorem3・1・there exists an open coverγ＝（vαlαくて）  

Of X such that  

（1） Ⅴα⊂Uα   
for anyαくて  

and  

（2）  each x ∈ Ⅹ has an open nbd O and some（X く て SuCh                                                     X X   

that  

Ox n（α望α Uα）＝¢・ Ⅹ  

Welet Wα＝∪（oxl∝Ⅹ＝α）for eachα・ To see that: a 

cover甘＝（wαIα）is cushionedin町1et A be any subset ofて，  

Where we may assume that Ais not cofinalin て，andlet o（o be   

the sup of A（and hence α0 く て）．  

We have（誹A Wa）∩（α望a。Uα） ＝¢・and  

Cl（謎A Wc（）⊂  αYα。Uα⊂ α払Uα・  

This me＆nS Y’is cushioned in 引．  

”tf●●pαγtご  

Let剋＝（uαlαく て‡be anincreasing open cover of X・  

Then we have an open coverY＝（vαlαくて）whichis cushionedin  
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剋．  

Let Wc（：βYc（Vβ for each c＜，thenitis seen that the  

collection（wαJαくて）is anincreasing open cover of X such  

that cIWc（⊂Uαfor anyα・ □  

Re皿ark  

ltis welトknown that a regular SpaCe Xis paracompactif   

and only if every open cover of X has a cushioned open   

refinement（E．Michael【1959】）．   Since paracompactnessis not   

equivalent to property 勘 we cannot exchange ●leveryincreasing   

Open COVer．．for．一every open covert●in Corollary 3．5．  

2． Property 盟 and the nor皿ality of product spaces  

Some  interesting and useful  characterizations  of   

Separations and covering proper．ties of a space X are given in   

terms of the normaLlity of the product spaces XXY with a11   

members Y of some class of spaces．  ln other wards，this means   

the existences of test spaLCeS Of covering properties．  

We know them for the classes of paracompact spaces，   

に－paraCOmpaCt SpaCeS and co11ectionwise normal countably   

paracompact spaces（Theorem O・1，E・Morita【1961】，0・T・Alas  
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【1971】and H．T＆manO【1960］）．  

so we shall find a test sPaCe Of normal spaCeS With   

property 男（k：）in this section．  

Before we give such a characterization Of prOperty ＄・We  

Sha11define some terminology．  

For aninfinite cardinalnumber K・Welet a SPaCBIk：aS  
follows：   

（1）Ⅰにis the set of allordinals≦に・  

（2）Ⅰにhasanopenbase（｛α｝－αくに）∪（（α，に】lαくに）・  

isolatedinIに and the point K has  Therefore each c（く t（is   

a usualorder nbd baseinIk：・  

3．6． Theore皿  （Y．Yasui【1983］）  

ムβt ∬ ムe α 花0丁・取α乙 9pαeβ αれd に α几 土間J机上t6 eαγdt花α乙 乱視mん戌γ▲．  

rた白花ズ厄3PrOp即ty男〔に）げ皿d o孔乙甘げズ×Jにt9乱0γ刑αL・  

pT100′’’け’’pαrtご   

To see that X has property9（に）・1et（uαJαく に）be an  

increasing open cover of X．  

Let＝＝U（（Ⅹ－Uα）×｛a｝Iαくに）andX＝Ⅹ×｛K｝・  

Since H and X are disjoint closed sets of XxI 
K， 

there are  

disjoint open sets W and V of XxIにSuCh that H⊂W andⅨ⊂V・  
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Foreach（Xくに，1et  

Vα＝（Ⅹ吋0×（α，K】⊂V for somenbd Oof x）・  

Thenitis seen that（Ⅴαlαく に）is anincreaSing open  

COVer Of X which satisfies clVc（⊂Uc（ forαくに・ トIence X ha  

property 男．  

●to籠乙y t∫＝ pαγtJ  

Let H and X be any disjoint closed sets of XXIに・  

Since H n（Ⅹ×（k：）） and K n（Ⅹ×（k：））are c10Sed and disjoint   

in XX（k：），thereis an open set O of X such that  

（a）  H n（Ⅹ×（K））⊂ 0×（に）   

and  

（b）  （（e10）×（K））∩（Ⅸ ∩（Ⅹ×（に）））＝ ¢．   

Foreachαくk：，Welet  

（C）Uα＝（Ⅹ－C10）∪（U（pJp：Open，Px［∝，K］n K＝¢））・  

Since（uαlαくK）is anincreasing cover of X，We have an  

increasingopen cover（Ⅴ。IαくK）ofXsuch that  

（d） clVα⊂Uc（  for eachα・   

If welet P＝U（（ⅤαnO）×（α・K］Iαくに），then Pis an open  

Set Of XXIk：SuCh that  

（e）  （Ⅹ×（に））n H ⊂ P  （by（C））   

and   

（f） 
（ClxxIに P）nE＝¢（by（d））・  

Quite similarly we have an open set Q of XxISuCh that  
k：   

ノ′      （e）  （Ⅹ×（K））∩ Ⅸ ⊂ Q  
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and   

′ノ  （f） （ClxxI Q）nH＝¢・  
に  

On the other hand，thereis an open set Pc（Of XX（α）for  

each c（SuCh that  

（g） H n（Ⅹ×（机）⊂Pα  

and  

（h） 
（Clxx（α）Pα）∩（Ⅸ∩（Ⅹ×（α〉））＝¢・  

because H n（Ⅹ×（C（））and X n（Ⅹ×（α））are disjoint closed sets of   

XX（O（）whichisnormal．   

By the topo10gy OfIK，eaCh Pc（is openin XxIにand clxx（α）Pα  

＝ClxxIにPα ・Henceifwelet U＝PU（αYにPαいCIQ・thenUis  

an open set of XXIに Which contains H（by（e），（f）／＆nd（g）），  

and cIUis disjoint from X（by（e）’，（f）and（h））． □  

By the above theorem，We have a class of test spaces of   

property 男 as fo1lows：  

3．7． TheoreJn （Y．Yasui［1983】）  

ムβ土 方 ムe α 孔0γ・孤α乙 3Pαee． r允8孔 ∬ たαS pγ・OPeγtγ 盟 び α職d  

O籠乙yぴズ×Jにtg籠押況α乙わγα昭t耽れ机t8eαγdも籠α乙皿諏ム8γに・  

Re皿arks   

l． On’．only if‖ part of the above Theorem 3．7，it is  
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sufficient to show only the case X ＝ Ⅹ×（k：） by M． Starbird   

（【1974］）．   But in the above proof we did not use his theoremmm 

because we wanted to explain the characteristic property Of   

SpaCeIに・  

2． When we characterize the countable paracompactness aLnd   

ParaCOmpaCtneSS etC．by using the terms of normality of sone   

PrOduct spaces， a1l of the spaces which are te芦t SpaCeS are   

COmPaCt．   For count＆ble paracompactness， the test spaces are   

山＋1，I and a11compact metric spaces（See Theorems O．1）and for   

ParaCOmpaCtneSS，   their  test  spaces  are  ヽ′       Stone－Cech   

COmpaCtification and a11compact spaces（See H．Tamano［1960】）．  

But our spaceItc whichis usedin Theorems 3・6 and 3・7is  

not compact for any K 〉 o．   Therefore the fo1lowing question   

Will be raise：  ＝Is there any class y of compact spaces such   

that a normal space X h＆S prOPerty 男if and only if XxP is   

normal for any P ∈ タ？．． But this question answered negatively   

by M．E．Rudin under some set－aXiom（【19＆3－aコ and［1985】）．  

In fact，1et S be Navy－s space and T some quotient space   

Of S which is described in explanation of Chapter 2．   Since T   

is the cIosed contin110uS image of S，TxCis normal for compact C   

Whenever SXC is normal（M． E． Rudin ［1975】）．   Ås mentioned   

above，S has property 男 but T does not have property 盟．  
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CHAPTER 4   

SHRINRING PROPERTY  

1． Spaces haYing shrinking property  

In1984，K．ChibaL PrOVed that every open cover of a normal   

Subparacompact or perfectly normalspaceis shrinkable．  

One of the p11rpOSeS Of this section is to generalize the   

above theorem．  

Åt first we shallstudy the shrinkability of open covers of   

SpeCific spaces which are usefulto study some examples  

4．1． Proposition （ref．Y．Yasui【1985】）  

ムet∬ムeα花0丁・兜α乙 3Pαe8 九αひ上関αd上告如土間t eOひ8r rん βJ．   

J′ A t9 α dt3erete S祝ム9βt O∫ ズ α籠d eひerγ OP飢 eOひ8γ 0′ β t3   

9九γt籠たαム乙8，t九e孔 6びβγy OPe籠 eOひ8γ 0′ ∬ ts 3加血たαあ乙臥  

Pγ－00′   

Let（u入l入‘≡＾）be an open cover ofX・Since（u入nBl入∈∧）  

is an open cover of the subspace B，there exists an open cover  

－ 35 －   



（v入l入‘…＾）of Bsuch that cIBV入⊂U入for any入・Since cIBV入＝  

ClxV入⊂U入，We have sone open set W入Of X such that  
ClxV入⊂W入 ⊂ClxW入 ⊂U入（for入∈∧）・   

If welet W： 入臥W入 and O入 ＝W入∪（（Ⅹ‾W）n U入），then  

（0入l入∈∧）is an open cover of X・ Since W is an open set 

COntaining B and each point of X － Bisisolatedin X，We have；  

ClxO入＝ClxW入U clx（（Ⅹ－W）n U入）⊂U入∪（（Ⅹ－W）n U入）  

Hence clxO入⊂U入・ This completes the proof・ 口  

Secondly we shall study a class of spaces whose open covers   

are shrinkable．  

To begin with，We Sha11define the terminoIogies：  

4．2． Definition  

A space Xis subparaeo耽Paetif every open cover of X has a   

q－discrete closed refinement．  

4．3． Defi爪ition  

A space Xis sub孤etaeO批Paetif every open cover of X has a  

sequence（unln く∽）of open refinements such that for each  

X ∈ Ⅹ，thereis some n such that ord（Ⅹ，里n）is finite・Where  

Ord（x・朝礼）denotes thecardinalityof（ulx∈U，U…n）・   

Furtherふore the above sequence（里n－ n く ㊥）is ca11ed  

8－3e可視β籠ee Or 8－γe′t籠e況白花t Of 引．  
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Subparacompactness wasintroduced by McAuley who calledit  

as Fo－9ereenab乙e（［1958］）・ He showed that every collectionwise  

normalFq－SCreenable spaceis paracompact・  

A submetacompact space wasintroduced by Worrell and Wicke   

Who ca11ed it as O－rBfinab乙e sp＆Ce （【1965】）．   After then   

Junnila called it to be．submetacompact● （【1978】）．  Junnila   

Showed that a space X is subparacompact if and only if every  

open cover of X has a sequence（unlnくW）of open refinements  

SuCh that for each x∈Ⅹ，thereis some n with ord（Ⅹ，引n）＝1・  

Therefore it is seen that every subparacompact space is   

Submetacompact．  

Next，We reCall the following：  

4．4． Definition  

A space X is said to be perFeetLy nor7na乙if X is nornal   

and every open subset of X is a union of countably many closed 

Subsets of X，thatis，eVery Open Subsetis a Fq－Set・  

Whenever we discuss the shrinkage of all open covers of a   

SpaLCe，the space must be normal．  

Before we shallhave a generalization of Chib＆．＄ theorem，  

We Shall show some lemmas：  

－ 37 －   



4．5． Lemma  （Y．Yasui［1984－b］）  

上et引ニ rUαlα∈AJムeα籠OP8孔eOびeγ0∫α籠0柑α乙SPαeβ∬  

肌d∬′ニー諾∈封押d（諾，剋）も9f抽tt8j・  

r九β籠わγ8αe九α∈ん 抽即6β飢StSαS8叩飢eβfuα几l籠＜山j  

O′ opβ孔 S祝ム3¢tg g㍑e九 tわα土  

L‖ elUα籠 ⊂Uα わγα昭花・  

α孔d   

〔2）∬′⊂リーUα籠Iα∈ん花＜¢j・  

PT－00′  

Let Xn＝（Ⅹく…Xlord（Ⅹ・里）£n）for each nく山・  Then X is        n  

Closed・in X and Xf＝ ∪Ⅹ・ nn   

For e＆Chα∈A・Welet Fα1＝ 
Uα 

－∪（uβlβ≠∝）・Then㌔1  

is closed andis contaLinedin Uα・  

Since Xis normal，Ve have an open set Uc（lOf X such that  

㌔1⊂Uα1 ⊂CIUα1⊂Uα・Then（uα1lα∈A）is acoverofXl・  

We assume that for some n，there exist open sets HαiOf X  

for c（C A andi＝1，2，・・・，n－1such th＆t CIUαi⊂Uc（for eachα＆nd  

eachi＜n－1・andXn－1⊂∪（uαil∝∈A・i＜n－1）・  

LetforeaehαモA，  

Fcm：Uα∩Ⅹ 
n 

－U（uβilβ∈A・i＜n－1）・  

Since Fc（nis a closed subset of X whichis containedin Uα，  

there exists an open set Uαn SuCh that㌔n⊂Uc（n ⊂CIUαn ⊂Uc＜・   

Then（uαilα∈A・i≦n）is an open cover of  
Xn・  

By  

induction on n，We COmplete the proof of Lemma． ロ  
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4．6． Le皿Jna （ref．A．Be岩Iagi6【1986】）  

A33祝耽e拍雨βび卯y OPβ籠eOび即（Uα暮α∈ノり0′α3Pαeβ∬九α9  

α≠OPe孔即びβわ付α職lα‘…凡・Ⅵ＜¢j扉ズg祝e九土地t cIVα籠⊂U∝∫押  

α籠γ α ∈ ん αⅥd α昭 籠 ＜ 山・  r九β籠 βひeγy OPβ孔 eOびβr O′ ズ 寝  

ぎ九γtⅦたαあ乙8．  

Every normal subp＆raCOmp＆Ct Or Perfectly normal space is   

submetacompact． We sha11prove the following theorem by using   

the above Lemmas：  

4．7． TheoreJn  （Y．Yasui［1984－b］）  

古びβγy OP白花 eOひβγ 0′ α 孔0用α乙 9甘ム耽8tαeO瓢Pαet gPαe¢ tS   

3九rtⅦたαあ乙e．  

Pγ－00′   

Let Xbe a normalsubmetacompact space and剋＝（咄CH A）  

anopencoverofX．   

Then there exists a sequenCe（ynlnく山）of open refine－  

ments of 引 satisfying that，for each x ∈ Ⅹ，thereis sone n such  

that ord（Ⅹ・γn）is finite・  Since eachγnis a refinement of里・  

vemayassume thatγn＝（vαnlα∈A）andVαn⊂Uαforanyαand  

any n．  
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Welet，foreachn  

Xn ：（Ⅹ∈Ⅹlord（Ⅹ，γn）is finite）・  

Then by Lemma4・6，there exist open subset5日c（ni （i＝1，2・‥）  

Of X such that cIHαni 
⊂Vαn  

for any c（and anyi，and  

Xn⊂∪（＝αniJα∈A・iくO）・   

Then（＝αni［cH A；n・iく0）is acover of Xwhich satisfies  

the condition of Lemma 4．6，and hence 引is shrinkable． □  

By the above theorem，eVery nOrmal submetacompact space has   

PrOperty9，and so we have the fol10Wing question：  

●■∂089 6ひβγy 籠Or・乱α乙 3祝ム耽白土αeO耽Pαet gPαeβ たαリβ pγOP（∋γtγ 男？¶t   

But this does not hold（See Examplel．7）．  

2． Gruenhage and Michael，s probIem  

On the shrinkability of certain open cover each of which   

has some property，G．Gruenhage and E．Michael（【1983］） raised   

SOme queStion：  

t一丁3 βひe叩 eOl柑γ 0′ α r¢g祝乙αγ SPαeβ ムγ OP¢花 3祝ム9etS もJ㍑わ   

況βtγtZαあ乙8 e乙03祝γβ3 g九rt籠たαム乙e？’’  

We sha11give an affirmative answer to the above question as a  
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COrOllary of the fo110Wing：  

4．8． Theore皿 （Y．Yasui【1984－a】）  

gひβry eOひeγ 0′ α 3Pαeβ 如 OPβ籠 飢仏gβt9 U㍑わ pβr′eet乙y   

籠Or孤α乙 e乙03祝re3 t3 9たγt籠たαあ乙8．  

PrOO′   

Le…＝（uαlα∈A）be an open cover of aspaceX such that  

CIUαis perfectly normalfor any c（∈A・  

Since cIUαis perfectly normal，there exists a collection  

（uα。Inく00）of opensubsets ofX（for eachα）such that   

（1） clxUc（n⊂Uαn＋1 for nくa），   

（2）Uα ＝∪（u∝nlnく¢）  

and   

（3） Uα0＝¢・  

For each（X ∈ A and each n ＝1，2，‥．，Welet  

Fαn＝U∝n－（uβn－11β∈A）・  

Furthermore，let for each c（∈ A，  

Fα 
＝Clx（∪（㌔n】n＝1，2・…））・   

Then we shallshow that the collection矛＝（Fαlα∈A）of  

c10Sed sllbsets of X satisfies the fo1lowing claims：  

e乙α細ノ ダα⊂Uα′orα昭α∈九  

Let x∈Ⅹ－Uα・Since（uβLβ∈A）is a cover of X・there  
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is someβ0∈A with x∈Uβ0（henceα≠β0）・  

By（2）thereissomeno∈（1・2，‥・）withx∈Uβ。n。・andby（1）  
and the definition of Fc（n，itis seen that   

（4）Uβono  n Fcm＝¢ for anyn〉no・  

For no，We have x∈Ⅹ－ ClXU,tno （by（2））and   

（5） （Ⅹ－ClxUαno）n Fαm＝¢for anym≦no  

by（1）．  

By（4）and（5）・ 
Uβono  

n（Ⅹ－ClxUαno）is an open nbd of x which  

does not intersect  

This shows x   

m
 
 
 

α
 
 

F
 
 
 

U
m
 
 
 

h
 
 

t
 
 
 

●
l
 
 

W
 
 

）
 
 
 

m
 
 
 

∝
 
 

F
 
 
 

U
m
 
 
 

（
 
 
 

Ⅹ
 
 

l
 
 

e
 
 
 

ぜ
 
 

l  
thatis・ⅩぜFoE・  

e乙α摘 2 霹 t3 α e乙OSβd eoびβr OJズ．  

Since the closedness of Fαis clear，it sufficies to show  

that 9is ＆ COVer Of X．   We let x e X and n be the first X  

number of（nlx∈昆U∝n），andαⅩanyIpOint of A with x∈Uαn・  
Ⅹ  

Then we have x E F, n ⊂Fa・  Hence 9 is a cover of X, 
ⅩⅩ Ⅹ  

Lastly，Since clxUαis normal，We Can find an open set V 
c（  

in clxUc（SuCh that   

（6） Fα⊂Ⅴα⊂ClαⅤα⊂Uα，  
Where cIc（Vc（denotes the c10Sure Of Vc（in clxUc（・  It is seen  

that Vc（is openin X and clαVc（＝ClxV∝・  

Therefore by（6）and claimsland2・（Ⅴαlα∈A）is an open  

COVer Of X such that clxVα ⊂ Uα for each α ∈ A・  Then 刊is  

Shrink＆ble．   □  
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Re皿ark  

There are several results for shrinkage of open covers in   

∑－PrOducts． Let us recall a ∑－prOduct which wasintroduced by  

H・H・Corson【195g］・Let（Ⅹ入f人‘≡＾）be a collection of spaces  

andX＝¶Ⅹ入theproduct space of（Ⅹ入l‥∧）and f＝（f入）入 ∈Ⅹ・  

If welet＝＝（ⅩeX［｛入Ix入≠f入｝is at most countable）・then the  

Subspace∑of Xis ca11ed＝－PrOduct of spaces（Ⅹ入L入）with the  

base poLnt f ∈ Ⅹ．   On the shrinkage of open covers of   

∑－PrOduts， there are many results （M． E． Rudin ［1983－b］，   

A．L．I）onne【1985］and Y．Yajima【1986］）．  

As characterizations of many covering properties，it is   

enough to show that every increasing open cover has a   

COrre＄POnding refinement． For example（J．Mack【1967】）：  

●一A space Xis paracompact if and onlyif everyincreasing   

OPen COVer Of X has alocally finite open refinement．●一  

For submetacompactness （resp． metacompactnes＄）， SuCh a   

theorem was proved by H・J・E・Junnila 〔1978】  （resp．   

W．B．Sconyers【1970コ）．  

So we haLVe the fo110Wing question：  

〃If anyincreasing open cover of Xis shrinkable，thenis   

any open cover of X shrinkable？1’  
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This que＄tion means：  

”If X has property 9， then is any open coVer Of X   

shrinkable？”  

This question was answered negatively under some set aXiom：  

4．10．Exa皿Ple（q’（E））（A・Be岩1agi6and〟・E・Rudin［1985］）  

上et に あeα籠 班′t籠tte γeg㍊乙αr eαγdt≠α乙 孔㍊耽ムβr．   

r九β恥 tたere t9 α SPαeβ ム 9祝e九 tわαt ム t9 ㍊乙tγα に－PαγαeO肌Pαet α乱d   

eo乙乙eetto籠Ut3β  籠Or況α乙， α籠d eびe叩  t籠eγβα9上れ9  0P白花  eOびβr  

ruαlα∈ノり‘ガムわαSαγ折箱β肌β花t rVαlα∈Aj即花3tSt瑚0′opβ孔  

肌d e乙OS8d sβt9，抽t 抽即βtS肌OP飢…即 付入一 入∈∧J山汀加  

地3乱O e乙03βd r8′班e耽飢tげ入l入∈人J雨用F入⊂W入・  

3． Cot）ntably 皿any prOduct spaces  

It is seen that two many prod11Ct SPaCe Of the spaces with   

property男（resp．9）does not have property男（resp．9），because   

the square of Sorgenfrey line which is paracompact is not   

COuntabky paracompact．  

Hence we m11St add some conditions whenever we discuss   

PrOperty男 of product spaceS．  

In this section we shall comment about the countably nany   

product spaces of property男．  
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Let X＝〔（ⅩnlnくO）be a product space．Asis well－  

known：  

（＊）llIf Xn has some property P for each n，then X also has  

one．〃   

does not hold for almost allthe covering properties P． But：   

（＊＊）’’i空n Xihas property P andis perfectly normalfor  

any n，then X has property P．n   

holds for many properties（A．Ok11yana【1968】for paracompactness   

，E．Michael【1g71】for Linde16f property and T．C．Przymusinski   

【1984］for countable paracompactness）．  

For shrinkage of open covers， the fol10Wing theorem is   

known：  

4．11． Theore皿 （A．B岩slagi6［1986】）  

土合モズムβα籠0γ孜α乙pro血et9pαee O′f∬乱l花＜oj・  

r九8籠 eひeγy OPe几 eOびβγ OJ∬ ts 3九rtⅦたαム乙β・け α籠d o籠拍 げ eひery  

叩飢eOひeγ0′汀ーズtl＝籠j t83加も融αム乙βわrα乙乙孔＜臥  

We shallreplace －is shrinkable．with －has property B．．   

Thoughits proof is the almost same way but thelast part，SOme   

Characterization of property 男is useful：  
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4．12． Theore皿  

ムet∬あeα花Or耽α乙pro血et3Pαeβ0∫r∬孔I籠＜∞j・  

r九郡ズ旭3prOP卯ty男びα籠d o花乙y tJ巾∬tlt≦職jんαS PrOP即tγ男  

′0γ α乙乙 籠 ＜ 臥  

pγ－00′   

Let（ua）αくて）be＆nincreasing open cover of X・ If we  

let for each α く て and each n く 山，  

Uαn 
＝U（olois openini空nXiandOXi晋nXi⊂Uα）・  

then（ucmJα）is anincreasing collection of open sets ofi空nXi  

for each n・ Furthermore welet On：（αYてUαn）×i亨nXifor each  

n・Then（onlnく山）is anincreasingopen cover of X・ Since  

Xis countably paracompact（T．C．Przymusinski［1984】），there is  

anincreasing open cover（snJn＜仏‡of Xsuch that cISn⊂On for  

any n（Theorem O・2）・ Let pn be the projection from X toi空。Ⅹi  

and T。＝ i空nXn－p。（Ⅹ－CISn）for any nく山・then Tnis a c10Sed  

Subset ofi空nXiand Tn⊂ 昆Uc＜n・  

Since T has property 盟，thereis anincrea＄ing open cover n  

（Ⅴαn．αくて）ofTnsuchthatcITn（Vcm）⊂UαnforeachcHwhere  
the closure of Vαnin Tn：the c10Sure Ofitini空nXn）・  

Welet for each n and each c（，  

Wα。＝（Vc（n nInt（Tn））×i亨nXi・   

Then（wαnlα）is anincreasing collection of open subsets  

Of X such that cIWαn⊂Uα for any C（and any n・  Sinceitis  
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seen that（Wc（nI∝くて・nく0｝is a cover of X・Ⅹhas property男  

（T．Tani and Y．Yasui【1972］）． □  
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