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工ntr）Oduc七10n  

The七heoTy Of－cornodl止e algebTaSis a new stibjec七with roots   

jn theinvarian七theoTy Of afTine algebTaic詳－OuPS andin the Hopf   

Galois theory of conmuta七ive，Or nOn－CCm七ative Tings．The no七ion   

Of Hopf－modulesis a useful七001in this stib3ec七．TheTefoTe七he   

theoTy ar出しTeSul七s on Hopf modules are sur｝ely ofin七eTeS七．This   

no七es ヨ＿S a S七udy七○七hま．s ma七eエー1al．  

＝n chap七eT工we glVe a Self－COn七ainedin七roduc七ion to the   

homologlCal七heoTy Of comodules oveT COalgebTaS and Hopf algebTaS．   

Sec七ionlis an e叩OSition of basic concep七S SuCh as co七ensoT   

PTOduc七s，COfユa七comodules，1rueC七ive corrK）dules，PTO3ective ■  

COmOdl止es and change of．coalgebras．Hopf algebTaic pr00f’s are   

dbtained foT SOme TeSul七s of．Cline－Parshall－Sco七t［3］on rational   

mod瓜es oveT af’fine algebTaic gTOuPS．Sec七ion2deals with七he   

repTeSenta七ion七heoTy Of co－Ft｝Obenius coalgebTaS and coseparable   

COalgebTaS．SinTPlified pT00fs ar｝e Obtained for some results of   

LaTSOn［13］and Lin［1LL］．＝nparticular，if C is alef七coq   

取一Obenius coalgebra then anin3ective coveT Of a finite dimen－   

Sionalrigt止 C－COmOduleis fini七e dj皿enSionaland eveTyinjective   

ri帥七 C－COmduleis C－やTOjec七ive．AIso foT a Hopf algebTa H  

the followingaTe equivalen七：（1）H has anon－ZeT01eft（oT  

Tight）1n七egTal．（2）H islef’t（dr Tight）co－FTOberdus・Section  

3corTtajns some TeSul七s on七he cohom010gy Of coalgebTaS・Le七 C  
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beacoalgebTa，N a C－C－bicornod山e（i．e．，alef七 Ce＝C斑COP－  

comodt止e）and X anin3ective TeS01ution  

O→C→Ⅹ0－うⅩ1→‥・  
of C asleft Ce－COmOdule．Thecohornologygroups ffl（N，C）［TeSP．  

Hochn（N，C）］of C withcoefficientsin N aTe the cohomlogy  

grotJPSOf七hecorrplex Copce（N，X）［resp・N□ceX］・mernaP  

入：L→C，入LO（c E）d）＝CE：（d）－E：（c）d，（LJ：C迩C→L the   

cokemelof the comul七iplica七ion △ of C）is auniveTSal   

COdeTivation arld七he f0110Wjng aTe equivalent foT七he coalgebエーa C：  

（1）Cis coseparable．（2）dl（N，C）＝（0）foralln≧1ard  

allleft Ce－COrrmdules N．（3）EveTyCOderivationfromarwleft  

ce＿COmOdule to Cis加ner．（叫）入：L→Cis animer｝COdeTi－   

vation． AIso we show七ha七 ex七ensions D of C wi七h D＝C＾C  

2 
coTreSPOnduniquelytoelemen七sof H（D／C，C）．TheseTeSultsare  

used to glVe a Pr00f of the Sweedler－Sullivan spli七ting七heorem   

［17］foT COalgebras with coseparable coTadical．We also deTives   

SOme related TeSults f、oT au好一len七ed coalgebTaS and Hopf algebras・  

＝n chapteT＝＝weintroduce and．study the concep七Of（A，B）－   

Hopf modules，WheTe A is a Hopf algebTa OVeT a field k and B   

is a Tighb A－COmOdule algebTa．meSe are A－COmOdules血1ich also   

have a BイrlOdule s七ructure and wheTe the comodule s七TuC七uTeS are   

COmpa七ible with七比s module s七ructur＞e．0uT aPPTOaCh to the subjec七  

wasinspired pTjnlarily by七he papeT Of Takeuchi［25］．ourHopf   

moduleis a geneTalization of his Hopf．m3dule・After the defini一   

七ionwe prove tha七 B is anin3ective A－COmduleif ard onlyif  
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theTeis an A－COmOdule map AうB pTeSeTVing七heidenti七y，   

（i七is called a totalln七egr｝alin chapteT＝V），ad wi七h these  

eqpiⅧ1ent conditions every（A，B）－Hopfrnoduleisanin3ec七ive（oT  

equivalently a coflat）A－COmOdule．Using this we show七hat foT   

any Hopf algebra AT ar血any qJlOtient Hopf algebTa A of AT，   

if AY is a cof11a七（Tigh七oTleft）A－COmOdule，theni七is fai七h－   

fully cofla七．In七helat七er part of this chapter we dualize the   

results and give counterPar＞tS for［c，A］－Hopf modules wi七h a   

righ七A⊥rnDdule coalgebTa C．  

＝n chapteT＝1＝we develope a Hopf module七heory．FoT七he   

bes七resul七Sitis fTequen七1y necessary七o assume tha七 B has a   

to七alin七egral，Or eVen七he stTOngeT hypothesis tha七 B is   

Clef七（七ha七is，七hereis an A－COmOdule mapin七he uni七S Of’七he   

conv01血ion algebra Hom（A，B））．Sectionlsumizes some pTe－   

1出ninaTy Temarks on七he ca七egorつy Of Hopf rTK）dules．Section2   

studies（geneTalized）irl七egpals and con七ains an applica七ion七o   

ques七ions of spliセセingsin Hopfmodules・In section3we pTOVe   

七he fundamen七altheorem abol止Hopf rnodules ove工－Clef七comodule  

algebTaS．Section叫gives a constTuCtion of’a smashpTOduct＃（A，B），  

Which plays animpcw七an七T01ein the comodt止e algebTa七heoTy．  

ThTO噛10止Chap七er＞＝一工＝＝we work oveT a fixed field k・All   

algebTaS＞ COalgebTaS and so on aTe OVeT k・Butin thelast   

Chap七eT，allalgebTaS and＿Hopf algebTaS Willbe over＞a fixed   

CO汀mu七a七1ve rlr唱 R．  
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＝n七he finalchap七er｝We are COnCemed wi七h the relationship   

between a ccmodule algebra B over a flxed comm止ative Tlng R  

andt始irNaTiant subalgebTa C＝（b∈B t p（b）＝b斑l）．we  

glVe，in sec七ionl，neCeSSary and sufTicien七COnditions foT B   

to have a七Otalin七egTal．FエーOm七his we deduce a version of   

他schke†s七heorem foT Hopf modules．Ⅶ1en A is the dualHopf   

algebra of七he group algebTa Of a fini七e group which acts as auto－   

rnorphisms of B，七he exis七ence of a to七alintegralis equivalen七  

to七ha七Ofanelemen七 bin B suchthat；Ⅹ∈GX（b）＝lB・  

Section2is devc）ted to a new exposition of the fourdation of七he   

王bpf Galois七heory．＝t tums out七ha七the concepts of A－Galois   

extensions wi七h normlbases（馳－eimeエー－Takeuchi［12］）corTeSPOnds   

t00uT Clef七ness．We tTeat，in sec七ion3，the casein which R   

is a field ard A，B are com札止a七ive．＝n this case we pTOVe  

that七hefollowingareequivalent：（1）Thernap β：B皿cB→B軋  

β（b迎cb7）＝（b皿l）p（b7），issurjectivea血 B hasatotal  

jntegral．（2）The ca七egory of（A，B）－Hopfmdulesis equivalen七  

to the ca七egoTy Of Tight C－mOdules．（3）βis bi3ective and B   

is a faithfullyで1at C－mduユe．Using this we glVe ani∬prOVement   

Of Takeucと止一s七heorem on七he coTreSPOndence between the se七of   

qpo七ient Hopf algebras and the se七Ofleft coidealsubalgebras・  

We fTeelyuse the七erTnin010gyardTeSul七S OfSweedler［19］・  
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Chap七eTI  

Hom010glCalcoalgebra                              ●  

ThTOughout 七his chapter， 七he field k is fixed・   

VectoT SPa．CeS OVeT k aTe Called k－SPaCeS， andlinear7   

maps be七ween k－SPaCeS are Called k－maPS．  

§1． CoalgebTaS and comodules  

A coalgebra over k is a k－SPaCe C toge七her wi七h  

k－maPS △：C ＋ C 斑 C and E：C ＋ k such 七ha七   

（工 正 巳）△ ＝（E 琵工）△＝ 工．工r C Is a coalgebra， aler七  

C－COmOdule is a k－SPaCe  M 七oge七heT With a k－maP  

P：M ＋ C 斑m such 七hat （工 拉 p）p ＝（△ 班 工）p and   

（E 琵＝）p ＝1・If M and N aTelef七 C－COmOdules， a   

COmOdule map fTOm M 七o N is a k－maP f’：M ＋ N  

SuCh tha七（I荘f）pM＝PNf・  The k－SPaCe Of  
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allcomodule maps fromlMT tO Nis denoted by Comc（M，N）and the  

。ateg。ry Ofleft C－COmOdulesis denoted by－．similarl・y，We  

define e叩・，the category ofright C－COmOdules．  

l．l． Cotensor．pr．Qducts andinjective comoduユes．  

＝f M まs a right C－COmOdule and N is aleft C－COmOdule，  

q：N is the kernelof the k－maP  the cotensor、PrOduct M  

Pm 荘エー工麓pN：M麓N 十 川踵C琶N・  

Given comodule maps fl：M ヤ MT and g：N →・N一，七he k－ma．P  

f n g：M・琵 N ＋ M7 琶 Nlinduces a k－maP  

fロc g：M屯N す 野口c N’・  

Itis clear that －q：－is an additive covarian七birunctor from  

㌦ ×Cm 七。簸，thecateg。ryOf k，SPaCeS，andisleftexact・  

The mslpplng m 伍c 十 E（c）m and c 伍 n ＋ 〆E：（c）n yield  

naturalisomorphism 

11yidentify theseisomorphic k－SPaCeS．  

Let C and D be two coalgebras． Suppose that M in   

addition to being．aleft C－COmOdule with  structure map p：   

M  ＋ C 圧 M，is also a right D－COmOdule with  ．structur．e map  

p＋：M ＋ M圧D and that（IⅢp＋）p－＝（p一斑＝）p＋．we then say  

that M is a （C，D）－bicomodule． ＝f N is a’1eft D－COmCdule  

then the map   

PⅢ工：M伍N＋C荘‡Ⅵ窃王N  

glVeS aleft C－COmOdule structure to M甘N and  M tb Nis  

a C－Subcomodule of M辺Ⅳ． similarlyif L is a right C－COmOdule  

then L q：M bec？meS a right D－COmOdule・With the structur  

descr．ibed above we have the assqciativity of cotensor product：  
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（M㌔N）・  

N is a left C－COmOdule whichis finite dimensionalas a  

発 k－SPaC；e 七hen the dualspace N is a right C－COmOdule with  
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S七ructure maP  

N紫 ヰ・HorTL（N，C）＝ N兼ⅢC，n蒐 ＋ （IⅢn＃）pN・  

If M is a right C－COmOdule we have canonically  

m㌔N 巴 C叩と（N＃，M）・  

Since eVery COmOduleis the union of’its finite dimensionalsub－  

comodules，thisimpliesthatthefunctor Mロc－ from C氾七O  

isexactifandonlyifsoisthefunctor C。qc（－，M）from 正：to  

鞍（cf・Takeuc埠［2巧］）・A rlght C－C。m。dule Mis called  

ectlve（or c－ユ  nj畠ctive）if’the functor  CJ⊃m・Cト川）1s exac七，  

andis ca11ed蝉Ptiv甲（or c－Pr03ective）if the runctor  

Comc（M，－）is exact・  

By the f．1atness ofinjective comodules a．nd the associatユVity   

Of cotensor products we have：  

Proposltlonl・ Le七 L 吐旦哩  C－COmOdule and m－  be a  
（C，D）－bicomodule． ＝f L is  C－injectiv早聖迫 M  is D－1nJectユVe  

迦 L Cb M  1s 工）－inJeCtlve．  

We use the opposite coalgebra COp to convert aleft（or right：r  

C－COmOdule Vinto a right・（orleft）COp－COmOdule■ Every（C，D）－  

bicomodule M becom？Saleft C麓DOP－COmOdule・Similarly M  

may be regarded as aleft DOp班C－COmOdule）a right COP置D－  

comodule and a right DⅡCOP－COmOdule．  

Let C，D and E be coalgebras・For a（DOP，Cトbicomodule L，  

a（C，E）二bicomodule M・and a．（E，DOP）－bicomodule N，We have a  

naturalisomorphism   

（L㌔M）屯配N 

Pr。POSiti。n2・（l）と望旦 L 聖旦旦（DOP，C）－bicomodule．If  
L ヨ旦1njectlv隻旦旦  a ＝つ三ght  C ロ D－COmOdule then  ヨユ壬旦拠  

旦旦生叫  D－COmOdule．  

（2）Let L巨旦旦拠  D－COmOdule   聖旦 M 巨旦生地  E－COmOdule．  

竺 工 呈旦 D一号n了ect－1ve堅迫 Ⅵ 圭旦’E一班旦主辿 MⅢN 主j  
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r三ぎh亡  D 圧 E －COmOdule．  inJeCtive as a  

Pr00f．（l） Setting M ＝ C and E ＝ k in the aboveisomor－   

Phismク yields theisomorphism for everyleft D－COmOdule N）  

L鴇N ＝ L □c皿D （C・斑N）・  

This shows that the functor L［ヨD － is exact・  

（2） setting C ＝ k，yields 七heisomorphism for eveTyleft D 琶E －   

COmOdule N，  

（L圧M）‰ほN 巴 工用D（凹凸E N）・  

This shows that the functor（L荘川）qj鉱一is exact・ Q・E・D・  

Let W be a Tight C－COmOdule・FoT eVery krspace XI X 班 W   

is a right C－COmOdule with  structure rnap  

エ斑Pw：ⅩⅢW ＋ Ⅹ慮W斑C，  

which we denote （Ⅹ）琶 W．（Ⅹ）琶 W is a dユrect sum of copies cf   

W． The nex℃ Well－known result is fundamen七al．r  

V be a r，ight C－COmOdule and X  ヒモ a  Proposltlon 3． Let   

k－SPaCe． Then the map  

¢：Co㌔（Ⅴ，（Ⅹ）琶C）ヰ H叩1V，Ⅹ）  

堕ヱ望奴 ¢（F）＝（Ⅰ改E）F 旦竺三旦建 FどCoT℃（Ⅴ，（Ⅹ〉甘C）1S己  

¢ 主星虫ヱ望主泣 叫（r）＝（rⅢ＝）ロTJ  k－isomorphism． Theinverse u of  

担工望辺 rJ∈Hom・しⅤ，Ⅹ）・  

アr00r． StrIaユghtfowa‡－d．  

A right C－COmOdule ：互 is called f’エーeeif’there exists a k－  

space x such that M＝（Ⅹ）屈C．as rig’ht C－COmOdules・  

free comoduleis in3ective．  Coエー011aエーyl． Every  

Note that anin3ective comodule need not be free． For examロ1e，  

take C＝Cl⑳C2，the direct sum of coalgebras Cland C2・Then  

the CliS clearly not free，butisinjective as a C－COmOdule・  

In［24］，Takeuchishowed thatif CIs cocorTmutative 

ible then．ever－yin3ective comoduleis free．  

comodule can be embedded in a f．ree comodule．  Corollary 2．Every  
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Pr00f．・Forevery right C－COmOdule M，its structurle二map  pM 

is a C－COmOdule map from M to（M）琶C・Since（Iロこ）pM＝I，  

PMis a monomorphism・  Q・E・D・  

We note that a C－COmOdule V isinJeCtiveif and onlyif   

it is a direct summand of、a free C－COmOdule．  

＝f・C is a coalgebra，then C穏 ＝＝Hom（C，k）is an algebra， ■  

With multiplication defined by ctβ ＝（α n β）△：C →・k，Where  

竜っ β∴E C堤．1f V is a right C－COmOdule，then defining c揚J v  

＝（＝麓C藩）pv（Ⅴ）for・C渡E C認，V E V，makes Vinto aleft C覚－  

module．In a similar fashion，1ef．t C－COmOdules have a right C＃－   

module structure． For Tigh七 C～COmOdules M，N we have  

Co㌔（M，N）＝Moqc藩（M，N）・  

Th。S ㌦ may be regarded as a fullsubcategory of the ca七egory  

Of’1eft C凝－mOdules． ＝t follows that if’a right C－COmOdule M  

isinjective（resp・Pr03ective）as aleft C龍一mOdule theni七is  

injective（resp．pro3ective）as a right C－COmOdule．  

・Proposition 叫．Let M be a  dimensional riE：ht C－COmOdule．  rlnlte  

塑堅1M 主旦in3ective（resp・  叫）旦旦旦  1ef、t C覚－mOdule if  

ifitisin3ective（resp．pro3ective）as  a riEht C－CCmCduこe．  
■－  

and only  

Pr・00f． We need to show the 7Tif T－ part・ Suppose、that M   

is C－inJeCtive． Then the map  

o 十 M 旦（M）荘C＝ C⑬・‥．⑳C（finite times）  

SPli．ts as right C－COmOdules，and so asleft C龍一mOdules．   

Taklng the dual，the map  

C器 ⑳．‥ ⑬ C叢 ヰ m儲 す O   

SPlits as right C＃一mOdules・ This means that M♯ is proコeCtive  

as a right C＃－mOdule・Theref’ore M＝M… isinコeCtive a苧a  

lef、t・C揚－mOdule．  

Next we Show that if’ M is C－Pr－Ojective thenitis prc）コeCtive   

as a・1ef七 7C覚－mOdule・ Since・・M填 i8－－injective as a・1eft C－COmOdule，  
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it foユユOWS from the above that M兼 isinJeCtive as a ri畠ht C睾－   

module． Therefore M＝ M… is pr03ective as a rlght’C＃－mOdule・   

This completes the prdof．  

l。2． Change of c、○卑ユgebr卑S．  

We sha11consider two coalgebrag C and D＞ and a coalgebra   

map Tr：C う・D．・Every right C－COmOdule V may be treated as a   

right D－COmOdule with   structure map  

（T 技 工）p：Ⅴ → Ⅴ琶 C す Ⅴ甘 D，  

Which we denote VTr・Similarly forleft comodules・＝n particular  

C itself may be regarded as aleft or a right IトCOmOdule・Regar－   

ding C as a．（D，C）－bicomodule，We form the right C－COmOdule  

WTニWqj C，Where Wisaright D－C。m。dule，  

which we ca11the induced comodule 王’oT W．  

aTe equivalent：  Proposition 5． でhe f、0110Wing  

rr。m ㌦ t。MP is exa。t．  （i） でhe runc七Orl－  
□D C  

（ii） C isinjective as  1eft D－COmOdule．  a  

inJeC七ive as aleft  （iii） Everyin3ectiveleft C－COmOduleis  

D－COmOdule．  

Pr00f． The equivalence of－（i）and（ii）has already been  

provedinl．l．（ii）implies（iii）by Propositionl，and（iii）   

implies（ii）since C is anin3ectiveleft C－COmOdule・ Q・三・D・  

The next resul七is a generalization of Proposition 3．  

Proposltlon6。Let V 堕生地  C－COmOdule and W be  

D－COmOdule． Then the map  旦rlht  

¢：叫c（Ⅴ，WT）→伽mD（VT，W）  

虹ヱ竺・吐 ¢（F）＝帯・■nT）F，塑望建．F c・．co㌔（Ⅴ，W¶），建旦 k－  
isomorphl  Sm  

●  

The inverse ヰJ  廷 ¢ 塗紐地 中（r）＝（r腿Ⅰ）pv  でOr eaCh   

r E C叩D（Ⅴ¶，W）・  
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Pro．of・For FE CoTc（Ⅴ，WT），the f0110Wingdiagraふis  
COmmutatlve：  

エロ．¶  W巧）D ～   -W 
WロD C  
い怒△  

WロD C  
↓工色相菅  

↓p  

F琶工  
Ⅴ 伍 C －－＝－＝ニ・・・一一っ  

J工師  

窃C  唇・ レ  

W［もC斑D 
理工→W㌔D圧D ＝W野D・                                   し  

F琶工  
Ⅴ 琶 D  

Thisimplies that ¢（F）E Conb（VT，W）・ 

Nextwe showthat u（f）E叫c（Ⅴ，W汀）for f Eご叩D（VT，W）・  

We have 

（pwⅢⅠ川（r）＝（pwf囚工）pvニ（（で琵Ⅰ）（工笹7り牒Ⅴ田工）pv  

＝（r8工荘工）（・Ⅰ麓7一項工）（工辺△）pv  

＝（工泣（¶伍工）△）（r屈Ⅰ）pvニ（工琶（T・囚工）△）ゆ（で）・  

This concludes that theimage of’the map 山（f）is containedin  

WロDC・S0 0（f）isclearlya C－COmOdulem畠Pfrom Vinto WT・  

Itis easily checked that u¢ ＝I and 帥 ＝ ＝■  Q・E・D・  

● Dqcomodule W is inJeCtive then  Cor01ユary・！壬生些蔓些  

Wa is injective righ七 C－COmOdule．  aS a  

A Tight C－COmOdule V is said to be TT－i  njec七ive if foT  

eVery exact sequence of C－COmOdules  

O ＋ M† す M 十 MI†＋ O  

Which splits as D－COmOdules）the sequence  

O ＋ Comd（M－－，Ⅴ）＋ Comc（m，Ⅴ）＋ C叩c（町，Ⅴ）十 O  

is also exact・Proposi七ion6shows tha七 WTis ¶－in3ective for  

eVeryright Dqcomodule W・Let V＝ Vl⑬V2，Where VlandV2  
ar．e Subcomodules of V・Then Vis ¶－in3ectiveif and onlyif  

Vland V2 are ¶－in3ective・  

For every Tight c－COmOdule V）the struc七ure map p may be  

TegaTdedasa－c－COmOdulemapfrom Vinto（VT）甘＝Vq）C・The  

COmpOSition  
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Ⅴ 丘 Ⅴ㌔C 手当Ⅴ㌔D＝V  

is theidenti七y，Which shows that V map be treated as a．diTeCt  

Summand of（Ⅴ□D C）¶ aS a D－COmOdule，SlnCe IL］Tis a  

D－COmOdule map・ This observationleads us to the f－01lowing result．  

Proposition 7． Th草 f’0110Wing statements  C⊆）nCerning 旦  rlght  

C－COmOdule V are equivalen七：  

（i） V is Tトin3ective．  

（ii） Every exact sequence of C－COrnOdules  

0 ＋ Ⅴ サ M ・十 N す O   

Which spli七S aS D－COmOdules， also splits  as C－COmOdules．  

（VT）T 十 V suchtha七  （iii） There exis七s a  C－COmOdule map g：  

（Ⅴ¶）T as a  Pg ＝ ＝，thatis， V is a direct summand of  C－COmOdule．  

PエーOpOSltlon 8．巨江 Ⅴ 聖主星址  C－COmOdule． ＝f V・is  

7T－injectiv早生旦旦 D－in3ective，迦ヨエ主旦 C－injective・  

Pr00f・By Cor011ary of Proposi七ion6，Ⅴ□D Cis C－injective・  

Since Vis T－in3ective，Vis a direct summand of VT3D C as  

a C－COmOdule． TherefoTe V is C－in3ective．  Q．E．エ・  

l．3． Comodules over Hopf al且ebras  

A至担BL algebra over k is a k－SPaCe H・tOgether with  

k－maPS △：H ＋ H 耳H｝ E：H ＋ kI m：H 皿H す H｝ u：k →・H   

and S：H ＋ H such that （H，△，E：）is a coalgebra over k，   

（H，m，u）is an algebra over・k，m and u are coalgebr．a maps  

is called the antipode  and m（＝ n S）A ＝ uE ＝ m（S 斑I）△． The map S  

Of the Hopf algebra・Let Vi（i＝1，2）be right H－COワOdules with  

the structure map pi：Vi＋ Vi置H（キ＝1，2）・Then the comPO－  

Sltlon  

P ＝（工Ⅲ工圧m）（工旺t拉工）（pl斑P2）：Vl荘V2 十 Vl皿V2伍H  
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gives VlⅢV2 the structur・e OF a right H－COmOdule，Which we  

Vland V2・  COmOdule of’  Callthe tensor prOduct  

Now we sha11consider two Hopf algebras H and L，and a   

Hopr algebra map TT：H・＋ L（i・e・Tr is both a coalgebra map and  

algebra map，and ¶SL ＝Sti¶）・Using the fact七hat the antipode  

is an anti－COalgebra map and an anti－algebr・a mapき We have the next  

result．  

Propos土七10n 9．Let V be H－COmOdule and W  be a  

L－COmOdule． Then the map  rlgh七  

¢：Vn㌦一 寸（Ⅴ¶伍W）T  

窪ヱ望吐 ¢（∑Ⅴ騒W nh）＝∑Ⅴ（0）琶w伍Ⅴ 
（1）h  

Pv（Ⅴ）  （we wrlte  

H＿COmOdules． The inverse  
；Ⅴ（0） 琶Ⅴ（1） 

）  is an isomorr）hism of  

中 廷 中 建紐・奴 ¢（∑Ⅴ迩W辺h）＝∑Ⅴ（0） 笹w唱S（Ⅴ（1））b・  

Taking L＝k，甘＝EH 畠nd W＝k，We havさ：  

H－COmOdule． Then there  Cor011aryl・む弦 Ⅴ 旦主星些感些   

exists an isomorphism  

Ⅴ圧 H ＝ （Ⅴ）Ⅲ H   

as H－COmOdules．  

H－COmOdule and W  be ar, Cor011aエーy 2・ 主主立 Ⅴ 吐旦些皇些  

H－COmOdule． Then the tensor product comodule  1njecセエVe rlght  

● Ⅴ 匹W is H－inJeCtive．  

Proof．・Since W isinJeC七ive，W is a direc七 summand oF ■  

（WE）∈＝（W）灯H・Hence V野Wisadirect surnmandof VⅢ（WE）E・  

Bythe去boveProposition，Ⅴ斑（WE）E ～（VEロW∈）∈，andthisimpl－  

ies tha七 Ⅴ旺W is H－in3ective．  Q．E．D・  

An algebra map（山：L ヰ H is ca11ed a（right）  CェーOSS－SeCtiつn  

Of，Tr：H ■・IL ifitis a right L－COmOdule map，thatis，  

（＝Ⅲ¶）ムHu＝（uⅢ工）△L・Assume that there exists a cross－Se・Ction・  

Then，defining h L且 ＝ h（山（R，） for h E H，鼠 E L， H makesinto   

a right L－mOdule． We compu七e  
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（工 ぼ¶）△（h∠一丸）＝（エ ロ T）△（h）・（Ⅰ囚 ¶）ム（u（り）  

＝（∑h（1） 斑¶（h（2）））。（∑u（且（1））任免（2））  

＝∑h（1） 
ん・且 
（1）窃¶（h（2））え（2）・  

This shows that H is a Hopf module・ So we can aPPly the struct－  

ure Theorem of Hopf modules（Sweedler［19］，P．8Ll）t00btain an  

lsomorphism of－ H to（HY）笹L as L－COmOdulep，WheTe Ht ＝  

（h c HJ（I斑TT）△（h）＝h斑1）．Thus we have proved：  

Proposltlonl0．Let w：H ヰ L 堕生壁  alffebra map・  

T，旦虹 H is rree as  cross－SeCtユon of－  旦哩  
If there exists  

L－COmOdule．  亘て－i帥t  

§2． A bilinear form f．or coalgebras．  

2．1． Co－Frobenius coalgebras．  

We shallconsider a coalgebra C and a bilinear f．0Tm b：   

C x C →・k． Then b induces two k－maPS T：C 琶 C う・k．and  

O：C ＋ C謀 by setting て（c拉d）＝b（c，d）and O（d）（c）＝b（c，d），  

for c，d E：C． The next Lemmais clear．・  

Lemmal．In the above si七uation，  the f0110Wing arIe equiv之1～  

ent：  

（土）∑c（いb（c（2），d）＝：b（c，d（1））d（2），rOr allc，d E G・  

（ii）b（c」c器，d）＝ b（c，C計－ふd），f’or allc，d E C，C叢 E C掌・  

（11i）（工 斑 T）（△ Ⅲ 工‾）ニ（T 旺 工）（工 頂△）．  

0：C ヰ C覚 is aleft C紫－mOdule  （ユⅤ）  maP．  

A bilinear form b：C x C ＋ k is called C－balanced if  

the above conditions h01d．  

Lemma 2． Let b：C X C ■・ k be a C－balanced bilinear  

foIlm and X be a subspace of． C． Then we have：  

is aleft coideal（i．e．  △（Ⅹ）こ C 屯 Ⅹ），then  （1）Ir X  

Ⅹ⊥＝（d E qlb（Ⅹ，d）ニ0 三竺裏ユ．x年Ⅹ‡1s a rlght c－。ユ申al・  

（2）If X is a right coidealof C，then ⊥Ⅹ＝（c E C t b（c，Ⅹ）  
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ニ0 迦生主主 ⅩE X）  土s a lert c01deal．  

Pr00f． Let X be aleft coideal． Note that △（Ⅹ）⊂ C ヨ Ⅹ   

and XんC儲こⅩ are equivalent・ Now we hav 

b（Ⅹ，C紫一Xi）＝b（Ⅹ一」C遊，Ⅹ⊥）⊂b（Ⅹ，Xi）＝’0・  

Hence C凝一Ⅹi⊂ TL，and so X⊥is a Tigh七COideal・This comple－  

tes the pr00f of（1）．工n the similaT Way We have七he pr00f of持）・  

Q．E．D．  

A bilinear form b：C x C す k is ca11ed left non一  

重generatedif C⊥＝ 

if there exists a  A coalgebra C is called Left CO－アrobenlus  
」  

bilinear form b：C x C ヰ k whichisleft non－deどenerated and   

C－balanced，i・e・if there exists aleFt C華－rnOnOmOrPhism from C   

to C紫． we note 七hatif a coalgebra C is co－Semi－Simple then  

itisleft（and Tight）co－Frdbenius・Forwelet C＝¢入C入， Where  

C入 aTe Simple subcoalgebraSof C・Since A入＝C入斑is a simple  

algebTa，We have A入＝A入髄 asleft A入－mOdulesA Hence we have  

C入巴C入紫 asleft C入碁－mOdules，and so asleft C認－mOdules・Thus  

Wehave  

C＝⑳入C入 巴 ◎入C入寮（－→n入C入掌＝C儲  

as left C龍一mOdules．  

Theor・eml（I－P．Lin）． Let C be a   

ebra． Then we have：  

1ert co－Frobeni．us cご邑ユ言－  

（1）坐1njec七1ve  rinまte dimensユonl  裏必技  C－COmndule  

is rinite dimensional．  

（2）堅こ竺ヱ畔地  C－COmOdule ユs   C－PrOJeCtive．  

Pr00f’．（1）Let M be a finite dimensionalr・igh℃ C－COmCdule  

andlet O（M）＝◎呈＝1Sibethe s。Cleof M（i・e・the sum。fall  

Simple ri革ht？二subcomodules of M）・For the notion of’socles  
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andinjec七ive covers，We refer to Green［10］．＝トis easy to see  

that aninjectivecoverJ（M）of Misisomorphic t。⑬；＝lJ（Si），  

WhereJ（Si）denotes aninjective cover of S・・Thereforein order l  

to prove（1）it suff’ices to pr・○Ve tha七 J（S）is finite dimensi－  

onalfor each simple right C－Subcomodules S of M・We may assume  

that S is a minimalright coidealof．C and J（S）⊂ C・Let x  

be a non－ZerO elementin S． Then we have S ＝ C常 山x． Since C   

isleft co－Frobenius∫ there exists an elemen七 C in C such that  

b（c，Ⅹ）〆0．We claim that（c－C凍）⊥ハS ＝ ｛0｝p Suppose that  

there exists a non－ZerO element y in S such tha七 y liesin  

（c－C紫ナ．since・S：C認一Ⅹ＝C祐一y there exists an element  

C認 in C紫 such 七hat c華．iy ＝ Ⅹ． Then  

b（c L c藩，y）＝ b（c，C認」y）＝ b（c，Ⅹ）≠ 0．  

But y。（c・L C可」implies b（c」c普，y）＝0．Thisis a contrad－  

1ctlon．  

since c」C堤is aleft c。ideal，（cLC儲予is a right  

coideal，by Lemma2．It f0110WS that（cんC認）⊥nJ（S）＝（0†・  

＝n genera11y，if Xis a finite dimensionalsubspace of C，TL  

is cofinite dimensionalsince X⊥is the kerneloflthe map  

c ．x兼 defi。ed by c 十 0（c）lx．Th。S We have that（cLC認ナ  

is cofinite dimensional．It f0110WS that J（S）is finite dimen－   

Sional． Thus （1）is proved．   

（2）Let V be aninjective right C－COmOdule andlet cT（Ⅴ）＝  

◎入S入 bethesocleof V・Thenwehavelv 巴 ⑳入J（S入）・Sin＝e  

J（S入）is finite dimensionalit follows fr・Om PTOPOSltion句 th邑t  

J（S入）is aninjectiveleft C紫－mOdule・The embedding   

J（S入）⊂c 皇 c償  

yields thatJ（S入）is a direct sumntand of C兼 as alef七 C＃－mCdule・  

ThereforeJ（S入）is a proJeCtiveleft C＃一mOdule，and sois V・  

Thus V is a pr03ective right C－COmOdule・This completes the pTOOf．  
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Cor011aryl． 工r C Is alert  CO－Frobeni＿1」  S COalgebra 亡hウ！1  

a rlght   ective as  Cpcomodule．  C Is proJ  

Coro11ar．y 2． Let C be a  1eTt co－Frobenius coal菖ebra． The：二  

the category 廷主三三圭  proJeCtlves．  C－COmOdule  

Pr00f．． We have to show that for each left C－COmOdule N   

there exists an epimorphism P ヰ N 十 O with P projective．   

Withoutloss of generality，We may aSSume that N is finite dimen－   

Sional。 Then we consider a monomorphism of、finite dimensionalright   

C－COmOdules O ヰ N遊 ヰ J（N器）嶋 Taking the dual，We have an   

epimorphism ofleft C－COmOdules J（N華）覚 十 N ヰ 0．  Q．E．D．  

2．2． 工ntegraLs．  

An augmented  coalgebra is a coalgebra C together with a  

COalgebra map u：k ＋ C． CleaTly u（l）is a grouplike element   

Of C． Using u：k ヰ C we may convert any k－SPaCe X into a  

left（or right）C－COmOdule uX（or xu）by setting p（Ⅹ）＝  
u（1）Ⅲ Ⅹ （or p（Ⅹ）＝ Ⅹ 伍u（l））．In particular k has aleft（cr｝   

right） C－COmOdule structure．  

X e：C器 is called alert intep：ral．if x is aleft C－  

COmOdule map From C to k，i・e・∑c（l）＜x＞C ＞＝＜Ⅹ，C＞u（l）  
（2）  

Tor all c E C・・ We note that x E C瀞 is aleftintegralif．arTd  

Onlylで c紫・Ⅹ ＝ ＜c競，u（1）＞x ror all c償 ⊂ C淡． An augmented coal－   

gebra need not have a non－ZerOintegral・ However，if C isleFこ   

CO－Frobenius then C has a non－Zer01eftintegral・In flact，iこ  

is easily checked that b（－，u（l））＝ e（u（1））is a non－ZerOlef℃   

integral．  

Propositionll・ Let C be an augmented  ra． 工で  C  
is Finite dimensionalandleft co－Froヒenius then the  k－SPaCe Cご  

left integralsis－one dimensional．  

Pr00f・We have that C 慧 C認 as right C－COmOdules．The：Tモー  

rore  
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Comc（C，k）＝C凝Pt k＝C□c k＝k・  Q．E．D．  

Lemma 3・圭土星旦 H 堕旦B9BL泄・＝fL Jis a nonqzero  
is equalto H．  吐出吐  旦哩  COidea〕．，then’J  ideal and  

Pr00r． 工∫ E（J）＝（01 もhen ror・allh EJ，  

h＝∑∈（h（l））h（2）苧0（since’△（J）⊂J辺H●）・Hence we must  

have E（J）≠（0）．・Thus  七here exists an element h  

inJsuch that E（h）＝l・Sincel＝E（h）＝∑h（1）S（h（2））and  

J・H⊂J，We have l已J．  Q。E・D・  

Theorem2（Lin－Larson－Sweedler岬Sullivan）・迦  

StatementS  COnCerning生壁algebr7a H  are equeval  ent  

（i） H has a non－Zer01pftintegral．   

（1i） H 土Sler七 CO－Frobenlus．  

（ユ1土）H 垣旦星空望一三旦三旦三楚感泣1ntegral。  

（1v）H ヨ逼拠  CO－Frobenユus  

Pr00f、．（i）＝＞（i：i）． Let x・be a non－ZerOlef七integral．   

We define a bilinear f－oTm b：H x H ＋ k as follows；  

b（c，d）＝ ＜Ⅹ，CS（d）＞， rOr all c，d E H．   

Thenwecompute  

∑b（c，d（1））d（2） ＝ ∑＜Ⅹ，CS（d（1））＞d（2）  

＝ ∑c（1）S（d（2））＜Ⅹ，C（2）S（d（1））＞d（3）  

＝ ∑c（1）E（d（2））＜x｝C（2）S（d（1））＞  

＝ E c（1）＜Ⅹ，C（2）S（d）＞ ＝ ■∑・C（1）b（c（2），d）・  

This shows that b：H x H ・＋ k is C－balanced． Next we show that  

H⊥（＝（d。Hlb（c，d）＝O for allc巳H））is・zer0．Let d∈ffi－  

and h 亡 H． For all c E H，We have  

b（c，dh）＝ ＜Ⅹ，CS（dh）＞〒 ＜Ⅹ，CS（h）s（d）＞ ＝b（cS（h），d）＝ 0・  

Hence dh E H，SO H⊥is a・rightidealof H・Since x≠0，吊⊥  

is a proper rightideal・AIso H⊥is a right coideal）by Lemma2・  

Therefore we have H⊥＝（0），by Lemma3．  

（ii）＝＞（iii）・＝n the proof of Theoreml，（1），We Ob七ained that  
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H contains a prOPer right coidealof finit守 COdimension．  

Theref．0re，by（2・lむ）in－Sweedler［20〕，H has a non－ZerO right   

integral．  

（iii）＝＞（iv）．The proof．is the same as （i）＝＞（ii）．   

（iv）＝＞（i）． The pr00f－is the same as （ii）＝＞（iii）．  

2．3． Coseparable coal昆ebras▲  

Let C be a coalgebra． For every right C－COmOdule V，We  

have Corvc（Ⅴ，C）巴Ⅴ認，by Proposition3・Ifinaddition Vis a  

（C，Cトbicomodule then we have anisomoTPhism   

＋ 

Com 
c，C 

C is called coseparable if there exists a  A coalgebrla  

k－maP T：C迅C 十 k such that （I伍 T）（△ 荘I）．．＝（T ロI）（＝ 班 エ）   

and’T△ ＝ E：． We haveimmediately fTOm the aboveisomorphism that  

Cis coseparableif apd onlyif theTe eXists 

map Tr：C ロ C ＋ C such 七hat 7T△ ＝I． We note that △ may be   

Viewed as a （C，Cトbicomodule map from C to、’c 欝 C． Thus we   

may conclude that C is cosepaエーableif’and onlyif C isin3ect三Ve  

as a c圧COP－COmOdule．  

Let C and D be coalgebras andle七 T：C 斑 C 十 k be a  

k－maP SuCh that （IⅢT）（△ 琶I）＝（て Ⅱ ＝）（IE！△）． For any （C，Dト  

bicomodule M，N and for each f E ComlD（M，N），We deFine a k－maP  

fc‥M 十 N  

by setting fc＝．（TⅢⅠ）（＝切P蒜）（I琶f）p蒜－  

Lemma Ll．In the above  rc 主旦生（C，  D）－bまcomclduニe  Situati．0n，  

map．  

Pr00・f．。 We can cons七ruct the f－01lowing commutativ牢 diagran：  
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Ⅰロr  
c馴 サ→C圧C題N ぅN  

↓Ⅰ恥  JI辺Ⅰ翫   

Jo  

M ぅc濫M－  

1p  ↓工即  

MロD 旦c辺川題D  エロで田Ⅰ  
c馴芭D  羊畢旦些う．C野C琶N蘭D  T昏工囚工  

N〔頭D  

This shows that rc  

COrrmlutative diagram：  

ト1 うC琵M  

is a right D－COmOdule map申 We also have a  

Ⅰ班r  T皿工  工Ⅱp  
C琵C辺N   

1p  
1△琶工  

c馴ユ狙う C班C正M 

↓△配  

。琶。馴 畢。国。。。囚N 遇1ラN   

This shows that fcis alef七 C－COmOdule・  

Lemma 5・互生 L，M，N 聖垣 P be（C，  

Q．E．D．   

D）－blcomodules． Forl  

g∈C叩c，D（L，帖r E U叩D勅N）望旦 h E Comcβ（N，P），望  
（hfg）c＝hfcg・  

Pr00f－ （hfg）c＝（T琶＝）（I琶P言）（I囚■hfg）pこ  

＝（T由工）（Ⅰ琶工辺h）（工琶P一寸で）（エロg）p⊥  

each  

have  

h（T斑I）（＝琶pN f）p蒜g＝hfcg。  Q．E．D．  

Lemma 6． Let C be a coseparable coalgebra． Le七 M and  

N be （C，  D）pbエcomodules． ＝f  （C，Dトblcomodul号  r：M 一事トJ  

map，then f’c＝f・  

Pr00で・ rc＝  （T泣工）（工琶p蒜で）p蒜  

（T葺工）（エロコ：毘］H（工Ⅱp蒜一）p蒜  

荘工）p蒜   

こ で．  

r（T 狂 工）（△  

r（E琶工）p蒜  Q．E．コ．   

COalp：ebra and D  Proposition12．If． C is a coseparable  

CO－Seml－Slmp  1e coal戸；ebra then  1s a   C 荘 D is a co－Semi－Simple  

COalgebI－a．  

Pr00f．It suffices to prove tha七 every （C，D）－bicomodule   

M is completely reducible． Let N be al（C，・Dトsub．comodule ofl M．   

Since D is co－Semi－Simple，there exists a D－COmOdule map 王’：M   

＋ IJ such that fi＝I，Where i：N 」・ M is the inclusion．  

We then have・fciニ＝，by Lemma句and5・Since fcis a（C，⊃ト  
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bicomodule map，it follows that N is a direct：Summand ■of M ：まS  

a （C，D）－bicomodule．  

Cor011ary．Ir a coal  

Q．E．D．   

gebra C is coseparlable thenitis  

＄g－Semトsimple  

§3． Cohom010gy  

C 
since Mis an abelian category and has enoughinjectives，  

We Candefinethe funct。r Ext・S（M，N）as thenpthright derived  

functoT Of the functor Comc（一，N）・Explicitly，We take aninJeC－  

tive res01utiQn X of aleft C－COmOdule N：  

0 十 N ヰ Ⅹ0  ヰ Ⅹ1ヰ Ⅹ2 ヰ …  

Then Ex七冒（M，N）isdefinedas the n－thcoh。m。l。gy grOuP Ofthe  

COmPlex しOrnc（M，Ⅹ）・  

3・1・ Cohomology of coalgebrlaS．  

Let C be a coalgebra and N be a （C，C）－bicomodule  

Let Ce＝C伍COP be the enveloping coalgebra of C．Then we  

regard N as aleft（oT right）Ce－COmOdule．In paTticular we  

regard C as aleft CeNCOmOdule．Now we define the n－th cohc－  

堅些里豊里星竺些旦廷 C  With coef．ficients in N as  

㌦（N，C）＝Ex七．冒e鮎C）・  

Thuswehave Hn（N，C）＝Hn（Comc，C（N＞X）），Where Xisaninjective  

res01ution of C as aleft Ce－COmOdule・On七he other hand，  

COnSider the complex N qce X and we define  an。ther n－th  

COhomology group as  

翫chn（N，C）＝Hn（Nロce x）・  

We note thatir Nis finite dimensionalthen Hn（N，C）デ  

Hochn（N誠トC）．  

Next we sha11descTibe a construction of、a standaTd complex．  

For eachinteger n≧－1，let■ sn（C）denote the（n＋2）－f01d  
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tensor product of C・We convert Sn（C）inヒo a（C，C）－biccmcdule  

by setting p‾（co琶cl伍・・・ 琶Cn＋l）＝△（co）ロClロ… n Cn＋l  
and p＋（co斑clm・・ 琶Cn＋1）＝Co闇・・・囚Cn四△（cn＋l）・Clearl  
Sn（C）isinJeCtive as aleft Ce－COmOdule．We now deFine for  

each nヱO a Ce－COmOdule map  

dn：Sn（C）十  Sn＋l（C）  

by dn（c。ロcl琶…狂c。＋1）＝r冒：吉ト1）1c。琶…班△（cl）置…毘C。げ ●  

We def’ine for each n 三I a Tight Cqcomodule map  

sn：Sn（C）ヰ Sn－1（C）  

by sn（co遥cl斑… 打cn＋l）・＝E（co）cl田… 
雷cn＋1・  

One verifies diTeCtly that  

sn＋ldn＋d n－1sn ＝I（n三1）・  

Thisshowsthat  

cごS－1（C）仝 sO（C）蔓O sl（C）皇l…  
e 

is anin3ective res01ution of C as alef・t C－COmOdule．We obsw  

erve that SO（C）＝C荘C coincides with Ce＝C茸COP as a  

ce－COmOdule．More genera11y we have Sn（C）巴Ce8C［n］as a  

ce－COmOdule，Where C ［n］is the n－f01d tensor product of C fcr  

each n＞0，and C ［0］＝k．  

＝n computing the cohom010gy grOupS We uSe theidentif’ications：  

comce（N，Sn（C））＝Comce（N，Ce琶C［n］）＝Hom（N，C ［n］）  

NロceSn（C）＝N口ce（Ce伍C ［n］）＝NnC ［n］ 

Thus ＝n（r寸，C）are the cohomoIcgy groups of七he ccmplex  
［n］ 柑om（N，C）｝n＞O  Wlthdifferentiation  

6n：巳。m（N：c ［n］）ヰ H。m（N，C ［n＋1］）  

by 6n（∫）＝（エロで）p長 一（△伍工函…汗＋（工辺土ゝ句…）r  

－ 
…・＋（工旺…琶△）r享（で琶工）p忘・ ‾■＝  

And Hochn（N，C）are the cohom0logy groups of the comlex  

［n］ 

｛N圧C｝n＞0  With dif．feエーentiation  

Dn：N圧C 〔n］十・N伍C ［n＋1］  
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Dn（Ⅴ伍Cl甘…Cn）＝P＋（Ⅴ）圧cl葺‥・ 
ロcn   

i ＋∑；＝1ト1）v置cl現…△（cl）ロ…囚c。  

by  

＋ト1） 
n＋1ェⅤ 

（0） 
担cIB…ロc 囚Ⅴ 

（－い，  

Where we wTite p‾（Ⅴ）＝∑Ⅴ 
（－1）圧Ⅴ（0） 

E C琶N・  

we obtaエn that ¶0胱q）＝†Y E N龍一（Ⅰ甘Y）p－＝（Y図工）p＋）  

亡Comc 
，C 

A k－maP f：N，＞ C from a （C，C）－bicomodule N into C  

with the propeTty △f＝（＝圧f）p－＋（f拉工）p＋is called a  

coderlivation from Nt into C． The coderivation f is ca11ed  

an 阜竺与竺 COderivation provided that theTe eXists a Y ⊂ N器 such  
＋ 

that f＝（・I斑Y）p－～（Y囚工）p．Thus we h左ve an exact sequence  

o ＋ H8（N，C）ヰ N龍 ＋ Coder（N，C）ヰ Hl（lJ，C）十 0，  

Wher）e Coder・（N，C） denotes the k－SPaCe Of allcodeTivations Frcrn   

N ln七O C．  

We nowin七TOduce an univer）SalcodeTiva七ion． Le七 L be the   

cokernelof △：C す C 泣 C．Then we have an exact sequence of   

（C，C）－bicomodules  

0．十 C 皇 c琶C 聖・L 十 0．  

We denote cocf ＝u（c 野c一）and we define a map  

入：－ L 十 C   

by 入（coc一）＝ CE（c一）－ E（c）c一．Itis easily checked that 九 is  

a codeTivation fTOm L into C・  MoTeOVeT   入 is an univer－  

Salcoderivationin七he f011〇Wing sense：  

Proposition13・担旦ロy （C，C）qbicomodule  fJ，七he map  

C叩c，C（：丁，L） ＋ Coder（N，L）  

to 入口，1s an k－エ  Send  1ng ロ  SOmOrphlsm   

Pr。Of・Let f∈Coder（N，C）・Tnen山（f伍I）p完EC叩c，C（N，L）・  
Foranyn∈N，Wehave   

入山け位工）p芸（n）＝∑入山（で（n（。））Ⅲn（1））  

＝∑r（n（0））E（n（1））－一三：E（r（n（0）））n（1）＝デ（n），  
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入山（デ道工）p㌫  since Ef ＝ O for any coderivation f． Hence we have   

＝デ．  

Coversely，1et u E Com 
C,C 

山（入口琶Ⅰ）p㌫ニu（入国Ⅰ）pこロ＝ロ，Slnce u（入斑工）pこ＝Ⅰ・  

Thus the corTeSPOndence cT ヰ 入口 gives a k－isomorphism，and this   

COmple七es the pエー00f－．  

でheorem 3。里垣坤唱  

C 生≡旦equivalent：  

（i） c is coseparab●1e．  

StatementS  COnCernlng■生地王立三笠  

町，W阜一喝Ve Hn（N，C）＝（0†ror  （ii） For eVery（C，C）－bicomodule  

all n ヱ1．  

（ユユユ）弛  聖エ（C，  C）－bicornoduleinto C is  COderivation from  

inner coderivation．  

一（iv） 入：L ヰ C is aninner codeTivation．  

PTOOf’．（i）＝＞（ii）isimmediate from the fact that a  

coseparable coalgebrla C isin3ective as a Ce－COmOdule．  

（ii）ニ＞（iii）and （iii）＝＞（iv）are obviops．Now we prove  

（iv）＝＞（i）． Suppose that．入 isinner． TheT二 there exists a  

YEL凝・SuChthat 入＝（I琶Y）pこ－（Y匹工）pこ・WedeTinea（C，＝）－  

bic。m。dulemap ∈：L ヰ C掟C by ∈＝（IロY班Ⅰ）（pこEI【）pこ・  

Thenwehave  

∈＝（（入十（Y麓工）pこ）伍Ⅰ）p‡ ⊥」  

＝（入国工）pこ＋（Y旺工琶工）（Ⅰ班△）pこ  

＝（入払Ⅰ）p三＋△（Y辺工）p；・  

Hencewehave 扉≡＝u（入琶二）pこ ＝：・Thismeans thattheexac  

SequenCe  

o 十 C 仝 c伍C 聖 L ＋ 0，  

SPlits as a（C，C）－bicomodule．Therefore we have that C is   

COSeParable＞ and the theoTemis completely proved．  
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3．2． Extensions of coalgebras．   

Let C be a coalgebra． An extension of’C is any coalge叶a  

D which contains C as a subcoalgebpa．  

Now we consider an extension D of C with D ＝ C八 C，i．e．  

△（D）こD召C＋C琶D（see Sweedler［19］，P．179）．＝n this case  

we may regard七he quotient space 昏＝D／C as a（C，Cトbicomodule   

by  

鯉 
百泣D  

＋ 
p：D一せD辺D  

p：D一旦→D迩D  工 琶 p  D 琶 D  
Where p：D柵予D denotes the naturalpTOjection，Since we have  

Im p＋⊂訂正C and ＝m p－こC荘官．  

Le七 ゆ be a k－maP Of D ヰ C such that 叫Ic ＝identity・  

We then have tha．t the following glagramS are COmmutative：  

ロ 生JD琶D  D⊃囚D  
↓p   Jp糾  

D ＋  斗D店C  ㌦
－
 

－
－
－
 

“
 

い屈P  

国 百  

Define a map f：D う・C ロ C by setting  

r ニ（中 ロ ゆ）△ － A中．  

Then f’（C）＝ O and thus f・induces a k－maP テ：百 ヰ C 窃 C t・Jith   

rp＝で．  

Lemma6・f 建旦 2－COCyCle建 Ho血（D，C 
［2］） 

Proof．Wecompute  

62（テ）p＝（Ⅰ荘子）p－p－（△苺工）テp＋（エロ△）テp－（テⅢⅠ）p＋p  

＝（ゆ ロ r）△ －（△ 函工）で 十（工 n△け－（rⅢ ¢）△  

＝（（ゆ琶ゆ・伍や）（工斑△）△－（中ロ叫）△†－（（かレ幻ゆ＝1－（△窃エ）ムい  

＋（（ゆ伍叫）△－（工琵△）△い－（（中包中ヨい（△回工）△ ＋（か申：空叫）Å‡  

＝0．  

Since pIs surjectivewe have 62（f）＝0・  Q．E．D．  

Let や1and ゆ2 be k－mapS Of D ＋ C sudh tha七 吋C  

＝ 02lc ＝identity・Construct themaps fland f2 a5above・  

Lemma7・rl聖迫  r2 聖芝些・  
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Pr00f・Le七 g＝申l一一山2・Since g（C）＝0，ginduces a  

k－maPS g：D ＋ C with gp ＝ g． Then  

61（富）p＝（Ⅰ斑富）p‾p－△訪＋（g拉工）p＋p  

＝（小1拉g）△－△g＋（g田畑）ム・  

This implies that  

で2pご（中2麓㌔）△－△ゆ2  

＝（（叫1－g）囚（申1－g））△－△（叫1－g）  

＝（（ul琶畑）△－△㌧）一（（叫1国g）－△g－（g泣叫）△‡  

1 
＝rlp一占（富）p・  

1 
TheTefore f2＝ fl－6（富） ，and七hisshowsthat fland f2 are  

COhomologous．  Q．E．D．  

Summarizing，We find tha七 an extension D of C with  

D＝ C八C defines uniquely an element ［f］＝ Class of テ，in  

H2（百，C）．  

Theorem 叫． Let D be an  excenslon or  旦 

2 
D＝C∧C・Thenwe have that［テ］＝0 主旦 H（百，C）廷堅迫望吐芝  

旦 COalgebra！望旦 中：D ヰ C 望建立蛙ら 中 C ＝I・  if there exists  

Proof．Suppose that ［f］＝ 0．Let ゆ be a k－maP Of C  

す C such七hat 中1c＝I．f can be viewed as七he2－COCyCle 邑SSCO－  

iated with 中・Since［f］＝O th9re eXists a 富E Hom（5，C）  

such that f：61（6）．Set ¢一＝中一gP．Then 中一is a k－maP  

of D ヰ C such tムat ゆ▼ic＝I．Let f－be the 2－COCyCle  

associated with 中I． The pr00f of Lernma 7 thenimplies that  

1 
テ・＝テー6ほ）＝アーチ＝0，  

thatis， ゆ†is a coalgebra map．  

The t－if．YIpart of the assertionis clear・．  

Q．E．D．  
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Remark・MoTe generally we can show七hat the BeCOnd  

cohom0logy group f｛2（M，C）for a（C，C）～bicomodule Misin  

one－tO－One COrreSpOndence with七he se七Of equivalence classes of   

extensions over C wi七h cokeTnel M  
ノー1  

●         c 主 D 里 M   

（tha七is，D is a coalgeb‡－a，iis aninjective coalgebTa maP，  

i（C）＜i（C） ＝ D，P is a suTjective kMmaP Whichinduces  

D／i（C） 崇 M as a（C，C）－bicomodule・）Two extensions  

c 主 D 拉 M and C 主†D－ B7 M。Ver C wi七h cokeTnelM  

aTe equivalen七if theTe eXists a coalgebTaisomorphism f：D ＋DT  

SuCh that the diagram   

M
 
 

左
ザ
 
 

＿
丁
 
▼
 
 

D
・
・
も
n
〕
 
 

・
ふ
か
 
 

C
 
 

ユS COmmu七aセユve．  

These TeSults are used 七O give a pTOOf of the   

next theoTem foT COalgebra．s with cosepaTable．  

でheorem5（Sullユvan鳩コ）・For C 生地建迫  CO5eF己－  
rable coradまcal  R，there eスエsts   生地竺堅蔓旦 い C →・R 3uCh  
建染．両R＝L  

PTOOf・C hasafiユセTa七ionbysubcoalgebras R＝Co〔cl〔・‥  
whepe Ci＝正十1R（iニ0，ユ，2，．‥）．Th。SiセユSen。。ght。C。。StT。C  
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a SequenCe  中0，中l，・・・SuCh that ㌔． is a coalgebra map of  

Ci＋ R and 吋Cibl＝ ゆi＿l， f。ralli≧1・F。rSince C＝Uci  
thereis a unique coalgebra ma二P ゆ：C ＋ R which extends ali  

the 中i・Itis clear that 中IR＝＝，therefore a11is g。。d・  

To construct the sequence）aSSumeinductively that we have  

中0，中l，・・・，申n for some fixed n之l・LetJn denote the kernel  

Of 中n・Cn＋l／Jn can be viewed as an－eXtenSion coalgebra of Cn／Jn・  

Thenitis easily checked tha七 Cn＋l／Jn＝Cn／Jn＾Cn／Jn and  

Cn／Jn＝R・It f0110 

exists a coalgebra map f：Cn．1／Jn ヰ Cn／Jn  with fI（Cn／Jn）＝I・  

Now we define・a COalgebra map ゆn＋1： Cn＋l ヰ R by the composite  
也 

Cn＋1 →Cn＋l／Jn  →Cn／Jn  
巴 R・  

Thenwe have ゆn．1lcn ＝中n， and this c。mPletes the pr。。f・  

Remar・k．Given two coalgebra maps ゆ andノ申T with u匝  

＝ 叫R ＝identity，We Can find a relation between ゆ an苧 u▼・  

In fact， C becomes a （R，R）－bicomodule by  

－ p‥C  c琵C  埋 R E！C  
p＋：C 仝 c穏C  ユ且旦c琶苧・  

Since R is a（R，R）－Subcomodule of C，C／R is aql（R，R：－  

bicomodule．Since ゆ！R＝中†IR，ゆ－ゆ▼：C －す R induces a k－ニaP  

¢ － ¢－ 1S a  ゆ － u†：C／R 一寸 R． Thenitis easy to show that  

coderivation from a （R，R）－bicomodule C／R into R．・It F01lc二t：S   

from Theorem 3 that ther・e eXists an element Y in （C／R）半 suoh  

that 60（Y）  ＝ 中 一 ゆ一． Rewエーiting this equation，We have  

（申 荘 Yp）△ －（Yp 拉 中一）△ ＝ ゆ － ゆ－  

where p：C ＋ C／R denotes the natural・PrOJection・Set d＃＝  

E － YP （in C器）・ Then we obtain  

ゆ（d＃Jc）＝ ゆ－（c∠－が）  ror all c E C・  
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3・3・Cohom0logy of augmented coalgebras．  

1et（C，u）be an augmented’coalgebra（see 2．2）．Then k  

has aleft C－COmOdule structure，andcoh。m。1。gy gr。uPS Ext冒（Ⅳ，k）  

are def’ined for eveTyleft C－COmOdule N．  

Theorem 6．For eveTyleft C－COmOdule  N，聖旦塾生竺雲  

Ex七冒（N，k）竺が（Nu，C）・  

Pr00f’． we apply Proposition 6 t0 0btain that f－or eveTy  

（C，C）－bicomodule V，  

Comc（N・，Ⅴロck）霊Come，C（Nu，Ⅴ）・  

Thereforeitsufficesto showthat the complex ｛Ⅹn□ck｝isan  

injective res01ution of k as aleft C－COmOdり1e，for each－inJeC－  

e tive res01ution of C as a C－COmOdule；  

c ＋Ⅹ0 受0Ⅹ1呈1Ⅹ2 窒2‥什  

Taking V＝Ⅹnintheaboveisomorphism，We Obtainthat Xnnc k  

isinJeCtive as aleft C－COmOdule．Nowlet Zn＝Ker dn＝＝md n－1  

（n≧l）・Then we have the exact sequences of（C，C）－bicomodules；  

0 す C ヰ Ⅹ0 ヰ Zl十 0  

0 十 Zn ＋ Ⅹn 十 Zn十1十 0  （n≧1）・  

since C and XO areinJeC七ive as alef七 C－COmOduleISOis cleaTly  

zl・＝t f01lows byinduction that Zn（n≧1）isin3ec七ive as a  

left C－COmOdule，Since from Proposition2，（l）Ⅹn（n≧0）is  

in3ective as aleft C－COmOdule． TheTefcre we have the exact seq－  

uenCeS  

o 十 Znロckサ Ⅹn口c昼→ト Zn＋1口ck す 0・  

This shows thatthe comlex ｛Ⅹn口ck）isanin3ect享VereS01u七i〇n  

of k as alef－t C－COmOduleク and completes the pr00f・  

Remark・Similarly，We Can Show foreverYright C－COmOdule  

that HochP（uM，C）coincides withthe n－th cohom010gygrOuP  

㌦（Mq＝X），Where Xis aninjective res。1uti。n⊂げ k as alert  

C－COmOdule， Since we have tha七foT eVery（C，C）－bicomodule V，  
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M臼c（V q k）～ uM㌔e V・  

Now consider the particulaT CaSe When、C is a Hopf algebra・   

We define a k－maP  

∇：Ce＝C班COP →・C  

by setting ∇（c圧dOp）ニCS（d），Where S・is the antipode of C・  

Clearly， ∇ is・a COalgebra map．Given a （C，C）－bicomodule  

N we shalldenote by ∇N（or N▽）七he k－SPaCe N regarded  

as aleft（or right）C－COmOdule by means of the map ∇・＝n part－  

icular（Ce）∇is a（Ce，C）－bicomodule・Assume that Cisinvo－  

1utory）i・e・S2＝identity・Then the map  

α：（Ce）▽ ヰ C区C  

definedbysetting α（c塔dOp）＝∑c（l）班C（2）S（d）isaright  

C－COmOduleisomorphism，Where C伍C regar・ded as a Tight C－COmOdule  

by p：C雷C  」過当 c伍CⅡC．Theihverse of αis glVen by  

x斑y ＋ ∑Ⅹ（1）辺（S（y）Ⅹ（2））OP・Therefore（Ce）∇isfreeasa  

right C－COmOdule．＝t follows that for eachinJective res01utiつn  

of k as aleft C－COmOdule，k ヰ Ⅹ0 ＋ Ⅹ1＋・・・）  

We have an exact SequenCe   

（Ce）∇ロckヰ（Ce）∇口cxO＋ …  （兼）  

Moreover（Ce）∇口cxn（n≧l）isinjectiveasaleft Ce－COmCdule，  

by Cor011ary ofProp．0Sition5・Since（Ce）・∇ロc k＝C，it f011cws  

that the sequenCe（キ）is aninjective res01ution of C as aleft  

ce－COmOdule．Thus we have：  

Theorem7．麺拉 C 堕旦里坤艶逆ヱalgebra・里望工旦竺星空旦  

N，里旦建主竺旦  ＿blcomodule   （C，C）  

Ext冒（∇N，k）ごHn（N，C）・  
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CHAPTER ＝I  

ON THE STRUCTURE OF RELATIVE HOPF MODULES  

Allvector spaces willbe over a field k． Map always rneans k－   

1inear map，and the unadorne（〕tensor product V B W is underst00d  

to be V8k W・We use the slgTna nOtation・Thus′if C is a  

COalgebra，We Write △（C）＝∑c 
（l） 
虫c 
（2）， 
for c∈C・If Mis  

a right C－COmOdule with comodule structure map p：M冊子   

M 虫 C′ We Wr土ヒe for m ∈ M′  

P（m）＝∑m 
（0） 
愈m 

（1）・  
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ユ三薫旦旦Eせ旦迦且日通拗 S・  trljs chapter A  T‡1エーJしユ√てhc・ut                   l．－＿。  

Let B bt：・an と1ユgebra and a right A－COmOduユe． The comodule  

StruCtur）e maP Willbe denoted by  pB：B伽－→B由A and for pB（11）  

B is called a right， A－COmOdule al  We VJrlte ∑l－（0） 
良b（1）・  

if DB is an algebra map・  

A ユs ltseユr a r－igllt A－00mOdul仁ゝ alと三ebra vla ど1：A－・→A 愈 A．   

ト′て（〕r）e Genera11y，iF B is a subal∈：ebT－a and n r）ight coidealof－ A   

th・ゴrl B ヒ）eCOr；ieS a エー1∈；tlt A－COmC－（ユしユ1ビ ュlさ「（∋b‡つこ∴ The ご‡10und rleld k   

has a て二r二、∴しalエーiトて㌣1t A－ごOm（「dtlユe alど；ebr｝a Sヒ11tい二tし1r（ゴ ビi’vren by  

uA ‥1く  A ニご k 由 A．  

Def’1nltエご：1． 工．et B be a‡1ユど‡1t へ－COnl（〕dule al∈てeb三つa． ㌢ノils called  

a right （A，BトHopF moduleif M is a r－ight A－CC）mOdule and a  

rlight B－：‘10dule such that the fc11c）Wing dja誓Tam COmmuteS  

：・・－－－－ う  
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M 良 B 包 A 虫 A  

（u〕Mis the B－mOdule action of M， PMis the A－COmOdule  

StruCture maP Of M，MA is the multiplicationin A＞ Tis the  

七wIst map）．  

The diagTam Can be expressed as  

Pm（mb）＝ ∑m（0）b（0） 
包m（1）b（1）  

forIa11 m ∈ M， b ∈ B．  

We note that B isi七Self a right （A，B）－Hopf modu工e via  

PB and 閏B：B包B㌻うB・  
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Theor－em l． Let  B be a r－ight A－COmOdule algebra wheIつe thereis  

a rj－ght Aqcomodule map ¢：A－－－－－－→B with ¢（1A）＝1B・Then  

every right （A，B）NHopf moduleisinjective as an A－COmOdule．  

Pr｝00f・ Let M be a right （A，BトHopf．module．If M盛 A has   

the right A－COmOdule structure given by I企 △：M良 A l・L＞  

（M拉A）愈A then the comodule stTuCture maP PM：M→M虫A  

is an A－COmOdule map・We show that thereis an A－COmOdule map  

入：M由A→M with 入pM＝＝・Thus Misinjective since  
itisisomorphic to a direct summand of M 拉 A，aninコeCtive A－   

COmOdule．  

Define 入 ‥ M 愈 A →M as the composite  

㌣巧邑A蜃A 
ユ鴎M忠A  川良A 旦∵旦ユぅM包A包A  工 企 S 金 工   

旦華や→M包B ぅM  

SO that 入（m金a）＝ ∑m（0）¢（S（m（1））a）for m∈M，a∈A・  

For any m ∈ M，  

入pⅢ（m）＝入（∑m 
（0） 
愈m（1））＝∑m（0）¢（S（m（1））m（2））  

＝∑m（0）E（m（1） 
）¢（1A）＝m   

SO that 入pM is theidentity of M・  

Next we claim 入 is an A－COmOdule map．  

PM入（m免a）＝PM（∑m（0）¢（S（m（1））a））  

＝∑m（0）¢（S（m（2））a）（0） 包m（1）¢（S（m（2））a）（1）   

¢ be a right Apcomodule mapis e 

r a∈A，∑ゆ（a）（0）色¢（a）（1） ニ∑¢（a（1））ぬ（2）  

Since the antipode S is an anti－algebra map the above exPreSSion  
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equals  

∑m（0）¢（S（m（3））a（1））愈m（1）S（m（2））a（2）   

＝∑m（0）¢（S（m（2））a（l））虫E（m（l））a（2）   

＝∑m（0）¢（S（m（1））a（l））包a（2）   

＝（入良工）（エ愈△A）（m愈a）・   

Thus 入 is an A－COmOdule map．  くユ．e．d．  

In case B ＝ k，the above TeSult reduces to ［19．LEMMAILl．0．2］．  

Cor011ar－y．  The f0110Wing statements concerning a rユght A－COmOdule  

algebr7a B aTe equivalent：   

（i） B is aninjective A，COmOdule．  

（ii）TheTeis a right A－COmOdule map ¢：A →B with  

¢（1A）＝ユB・   

PT00f． Consider the diagTam Of Tigh七 A－COmOdules  

uA  
O rフ k   う A  

去ごヲ′ノノノ′′′；  

If’B is aninJeCtive A－COmOdule then the diagTam Can be completed   

by an A－COmOdule map 4） tO a COmmu七ative diagTam． Thus we have   

that（1）1mplles（ユ1）．  

Since B may be regarded as a Tigh七 （A，B）－Hopf modulei七  

f0110WS from Theor・eml七ha七（ii）implies（i）．  q．e．d．  

Le七 A，A－ be Hopf－ algebTaS and f：A†→A be a Hopf’   

algebra map． Then A－ becomes a Tight A－COmOdule algebra via  

Ⅰ虚 f  
AI 二→ AI金 A†  Al愈 A．   
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F ‥ Al→A be a surJeCtive Hopf aユgebTarnaP．  Theorern 2． Let  

IF theTeis a Tight A－COmOdule map ¢ニA→A†with¢（1A）＝l 
A7  

七hen we have：   

（l） A－ isinJeCtive as a right A－COmOdule．   

（2） For－ anyleft A－COmOdule V，the canonicalmap  

r 包 工  
Al□A V  A□A VごⅤ  

is su‡1jective，Where  □A denotes the cotensoT PTOduct over A・   

Proof・（l）is clear｝by Theoremland thus we need only show（2）．   

Since F is an A－COmOdule map， KeT f becomes a right （A，A一ト   

Hc）Pf’modulein a naturalway． Thus we have fTOm TheoTemlthat   

Kerlf is aninJeCtive A－COmOdule・ Thisimplies that the sequence  

o→Ker∫→A・ ⊥→A→0  

is a split exact sequence of right A－COmOdules・ Cotensoring over   

A by V yields the exact sequence  

0→（Ker r）ロA V→A一口A V－岬－－－うA□A V→0・  

q．e．d．  

Remaエーk．   The above Theorem shows that for suTJeCtive Hopf algebra  

map f：A一 →A， f is right coflatif and onlyifitis right   

ralthrully corla七．  

We retuTn tO 七he first Bet七ing wherle B is a right A－   

COmOdule algebra．  

Define the A－invariant subspace of B 七O be the set  

Boニ∴（〉b∈BIpB（b）＝b愈1A）・   

Itis clear that Bo is a subalgebra of’B・  
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Let V bearight Bo－mOdule・Then V包BBisaright B－  
o   

module in the usualway．It is also a Tight A－COmOdule with  

comodule structure map 
P：Ⅴ拉Bo 
b卜→∑Ⅴ虫Bb 

O 
（0）金b（1）  

（thisis welldefined）． 0ne easily checks that V   

right （A，B）－Hopf module．  

B Is a  

Let M be a right （A，B）－Hopf module． Define 七he set  

Mo＝†m∈MIpM（m）＝m色1A）・  

For any m∈Mo and b∈Bo・We have mb∈Mo and七hus Mo  

is a right Bo－mOdule・Define  

α‥M虚 
oBo 

byα（m包Bob）＝mb for m∈Mo，b∈B・Itisthenan（A，B）－  
Hopf map，thatis，an AMCOmOdule map and a B－mOdule map・  

Theorem 3． Let B be a right A－COmOdule algebra．If．thereis a  

Tight A－COmOdule map 4）：Aト∵うB whichis an algebra map then   

foT eVery Tight （A，B）～Hopf module M，  

α‥m免 
O Bg 
B －－－－→ M  

is anisomoTPhi畠m of （A，B）－Hopf modules．  

Pr00f． Let P：M ∵うM be the composite  

M  JL→朗色A Jし畢」しラm愈A 叫→M企B →M．  

Expllc土も1y P（m）＝ ∑m（0）¢（S（m（1）））・  

Weぬalm P（Ⅲ）⊂Ho：  

m（O）中（S（m（2）））（0） 免m（1）¢（S（m（2）））（1）  

＝∑m（0）ゆ（S（m（3）））愈m（1）S（m（2））  
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＝∑ロー（0）¢（S（m（2）））包E（m（1））1A  

ニ∑m（0）¢（S（m（1）））良ユA＝P（m）愈1A・   

Pisin fact a map M→Mo・  
Define β‥M十M愈 

oBo 

でhus  

β（m）＝∑P（m（0））包Bo¢（m（1））・  

We wlll sllOW 〔1β ＝I and βα ＝＝Ⅰ：   

αβ（m）＝α（∑m（0）¢（S（m（1）））愈Bo¢（m（2）））  

＝∑m（0） ゆ（S（m（1）））¢（m（2））  

＝：m（0）¢（S（m（ユ））m（2））＝m・  

For＋rn∈・N 
o， 
b∈B，   

βα（m虫 

Bg （0））虫Bo¢（b（l））  

＝∑mb（0）¢（S（b（l）））虫Bo¢（b（2））  

∑b（0）¢（S（b（1）））∈Bo∫or any  b ∈ B  SユnCe  

∑m包 
Bg 
b（○）¢（S（b（1）））¢（b（2））  

∑m包B 
b（0）¢（E（b（1））1B）＝m愈Bo 

b・  

o  

q．e．d．  

＝n case B ＝ A and 4）＝I，the above Theorem reduces to ［ユ9，  

THEOREf咋 句．1．1］．  

We dualize Theorem L，2 and 3．   

Let C be a coalgebra whichis a right A－mOdule・ C is a  

COalgebraif the f01lowing hold for all c ∈ C，  right  A－mOdule  

a∈A；   

（1）△（ca）＝∑c（1）a（1） 
愈c（2）a（2）  

（2） E（Ca）＝ E（C）E（a）．  

－ 39－   



Aisitself a righヒ A－mOdule coalgebra via MA：A魚A→A・  

The ground field k has a trivialright A－mOdule coaLgebra struc－   

ture．  

Let N be a right C－COmOdule and a right A－mC）dule． N IS   

Called a right ［C，Aトモ垣旦£叫if the f01lowing folds for all   

n∈N′a∈A：  

P（na）＝∑n（0）a（l） 
虫n（l）a（2）・  

Suppose that there exists a right A－mOdule map lレ：C ェ〉A  

With EAゆ＝こ 
c・ 
For any right［C′A卜Hopf module N，define  

入：N 一ニ→N 虫 A as the composite   

N し →N月C 坤∵〉N愈A し阜せ→N虫A遍A  

u 愈 工  工 愈 S 虫 Ⅰ  
N 虫 A  N 虫 A 愈 A  

エf N 虫 A has  SO that 入（n）＝∑n（0）S（中（n（l））（l））愈¢（n（1））（2）・  

the right A－mOdule structure glVen by （N 虫A）虫A  Ⅰ愈 M  N 虫 A  

then 入 is an A－mOdule map with 山入＝ ＝・Thus N is a proコeCtive  

A－mOdule since’itisisomorphic to a direct summand of N錮 A， a   

free Aqmodule．   

J    We surnmarize thisin the f01lowing theorem：  

Theorem 4． Let C be a right A－mOdule coalgebra where thereis  

a right A－mOdulernaP 中：C→A with 珂ノ ＝E・Then everY  

right［C，A卜Hopf moduleis a projective A～mOdule・  

Remarks．If C is finite dimensionalthen 中（C）i＄ a nOn－ZerO  

finite dimensionalrightidealof A so that A must be finite  

dimensional（］．9，P．107）．In case Cご k．the above Theorem  

reduces to 【19′珊EOREM 5．1．8］・  

we state without pr00f the dualof CorollarY Of Theoremland  

＿叫0 ＿   



Theorem 2  

辿ユ・Let C be a right A－mOdule coalgebra・The fo11owing  
are equivalent：   

（i） C is a pro〕eCtive A－mOdule．  

→ A with Eu ＝ E．  （上土） でhere 土s a righヒ A－mOdule map 申：C  

蝉・Leヒ H be a Hopf algebra and A a Hopf subalgebra・  
If thereis a right A－mOdule map 中：H － うA wiヒh 叫ノ＝ E   

then we have：   

（l） H is a pro］eCtive A－mOdule．   

（2） For anyleft Aqrnodule V，the canonicalmap  

VごA白A V∴十H良A V   

isinコeCtive。  

Leヒ C be a right A－mOdule coalgebra・工f A＋ denotes the  

kernelof E：A州ナk then CA＋is a coidealof C．Hence  

己＝C／CA＋ has a unique coalgebra structure such that the projection  

P：C ∵う C・is a coalgebra map．  

Let N be a right ［C，A卜Hopf module．Then the map p ind－   

uces the right C－COrnOdule structure of N  

N 且－→N超C ⊥堅塁 うN虫己．  

＋  NA＋is then a C－Subcomodulさ6f N．Thus 面＝N／NA has a unique  

COmOdule structure p：厨 十∵∴うN 勉 C making the proコeCtion Tr：  

N－－－→N a C－COmOd山e map′ th計ヒis・PT＝（¶愈p）pN・  

Note that we have 7T（n員）＝ Tr（n）E：（a），  for n ∈ N， a ∈ A．  

Since C has theleft C－COmOdule structureinduced by  

C 才う己虫C  
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for any right C－COTnOdule W・W□己C is defj・ned anditis a  

right ［C，AトHopf rnodule via  

工 愈 △  
W□己C  W□ごC愈C  

Ⅰ金 山   W□己C愈A  Wロ己C・  

For any right ［C，AトHopf module N， define α：N 一∵∵∴テ  

N 良 C be the composite  

打 点 Ⅰ  
N  →N虫C  N 虫 C．  

Itis easy to see that α（N）⊂NロC・Thus αisin fact a  

map N…ラN□己C・Clis then a〔C，A卜Hopf module map・  

In these terms Theorem 3 can be dualized as f01lows：  

be a right A－mOdule coalgebra．If thereis a  Theorem 5． Let C  

right AMmOdule map ヰノ：C →A whichis a coalgebra map then   

for every right ［C，A］－Hopf module N，  

α：N＋Nロ百C  

is anisomorphisrn of ［C，A】－Hopf modules．  

Since the pr00f of Theorem 3 is not so easily dualized we   

include a proof of Theorem 5．  

Pr00f・ Let Q：N J N denote the composite  

工 愈 ゆ  工 愈 S  N P うN愈C  N愈A →N   N 愈 A  

SO that Q（n）＝∑n（0）S（ゆ（n（l）））for n∈N・  

Forn∈Nanda∈A．  

Q（na）＝∑n（0）a（1）S（ゆ（n（l）a（2）＝  

＝∑n（0）a（1）S（中（n（1））a（2））  

＝∑n（0）a（1） S（a（2））S（ゆ（n（1）））  

＝∑n（0）∈（a）S（ゆ（n（l）））＝Q（nE（a））・  
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＋ 
Hence Q vanishes on NA．Thus thereis a map Q making  

二＼ 

COmmute・In particular・if we define Qo：C→C by Qo（C）  

＝∑c（l）S（0（C（2）））ヒhen Qo factors through C，thatis′ thereis  
a map  Qo：C→C with Qo＝Qop・Note that we have  

uc（Qo畠中）△c＝Ic・  

Let β：N□ごC－→N denote the composite  

土nclus土on  0 虫 ゆ  N魚A  うN．  Nロ己C   一寸 虫 C  

For any n ∈ N  

βα（n）＝β（∑¶（n（0））虫n（1））  

＝∑n（0）S（0（n（l）））ゆ（n（2））  

＝∑n（0）S（ゆ（n（l））（l））U（n（l））（2）  

＝∑n 
（0） 
叫（n（l））＝∑n（0）E（n（l））＝n・   

For any Tr（n）∈ N． c ∈ C  

α山N（Q虫’ゆ）（¶（n）虫c）  

＝（¶ 虫 工）p（Q（n）ゆ（c））   

＝（¶虫Ⅰ）（∑Q（n）（0）中（C）（1） 企（＝n）（1）いC）（2））  

＝（T虫I）（∑n（0）S（u（n（3）））ゆ（C（l））愈n（l）S（0（n（2）））0（c（2））  

＝∑¶（n（0））E（n（3））E（c（l））愈n（1） 
S（0（n（2） ）川（C（2））  

＝∑T（n 
（0） 
）負n（l）S（0（n（2）））ゆ（C）  

＝∑T（n 
（0） 
）虫Qo（n（1）川（C）・   

Let ∑¶（n）虫c ∈ 百□己C，thus  
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（石愈Ⅰ）（∑ 7丁（n）遍c）＝（エ愈p愈Ⅰ）（Ⅰ庖△）（∑¶（n）虫c）．   

Since 叩＝（T虫p）pN We have  

（T虫p鰯‡）（PN虫Ⅰ）（∑n愈c）＝（Ⅰ虫p愈Ⅰ）（Ⅰ虫△）（∑7－（n）愈cト   

Applying（I虫Luc）（＝虫Qo色¢）toヒhis，We have  

∑T（n（0））虫Qo（n（l））0（C）＝∑¶（n）虫c・  

Thus we have shown that αβis theidentity on N口己C・q・e・d・  

＿ 柚 ＿   



CHAPⅧR 工工工  

C工EFT COⅣDDUIE ALG王己BRAS A肥HOPF Fa）mS  

＝n七his chapter we develope ouT Hopf rnodule七heoTy OVeT   

COmdule algebエーaS．We work a fixed field k．AllalgebTaS，   

COalgebTaS，and s00n are OVer k．  
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弘」里咄望芝隠  

鴨begin by establishi喝Our nOtation and summarizing backgrl－   

○血results；the∫acts here stated can be foundin［7］．恥oug－   

hout，A denotes a Hopf’algebTa OVer a field k and B denotes   

a ri紳t A－COrTXXiule algebra．A riglt（A，B）pHopfmoduleis a k－   

TrDdule M 血止chis also a ri帥t A－COrrOdule and a right B－mOdule  

SuChthat pM（血）＝∑m（0）b（0）囚m（1）b（1） forallm∈M and b  

e B，血ere pM：M－→M包A denotes七he comodule stTuCturemaP  
On M adwewrite pM（m）＝∑m（0）皿m（1）・If Ml，M2 areright  

（A】B）Jiopfm通ulesand f∈Hcm（Ml，M2）3 then fissaidtobea  

生虻  王竺鼠i王、itis also an A－CO汀Odule map and a B－mOdule  mdule  

rrnp・鴨denoteby嶋七hecateg。ryWh。Se。bjectsareright（A，B）  

嶋ユS  ーHopf mカules，ar通whose morphisms are Hopf－nndule maps．   

an abelian category．   

鱒鱒呼Iel・1＝F。raright Bィ血ule V，Wehave V斑A∈嶋via  

P（Ⅴ幻a）コ∑Ⅴ皿a 
（1）斑a（2） 

肌d（Ⅴ皿a）b＝ 
∑血（0）ロab（1）・  

加partic血甜We旭Ve B皿A∈略N。tethatfor M∈嶋the  

CO∝dule8tmCturer鱒P PM：M－ウM皿Ais aHopfrnodulemap・  

ExgTPlel・2∴ForarWt A－COm。dule W，Wehave WⅡB∈噌via  

P（…b）＝ 
】：w（0）囚b（0）ⅢW（1）b（1） 

血（w侶b）b－ニWぶbb－・  

No七e伽t∫or？∈嶋th拍acti。n旬‥Mq去→MSaHopr  

血1e map．  
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Let Bo＝（b∈B（pB（b）＝b斑IA）and Mo＝（mE M［pM（m）  

＝m迅1A｝f。r M∈略Itiseasyt。Seethat B。isasubalge－  

braof B and Moisaright Bo－mOdule・IRt卜IBo deno七ethe  
CategOry Of－riglt BoJmOdules・TTlen   

R：嶋十 悔。】 M卜鵬ウMo，  

is obviously a covariant n∬1CtOr．TTle fhctor R has aleft adjM  

Oint L defjnedby L（Ⅴ）＝Ⅴ且Bo B for V∈トb wheretherigh七  
o   

O 
A－CO汀血ulestmctureisgivenby p（Ⅴ艮Bb）＝∑ⅤⅢBob（0）ロb（1）：  

Ⅴ皿Bo 
Bisaright B－mOduleintheusJalwayandinfact L（Ⅴ）  

is a right（A，B）qHopfmodule．The adjoint situationis as follp   

OWS；  

蠍L（Ⅴ），M）  「・も（Ⅴ冊））  

0  

（∫or g：L（Ⅴ） 〉M   

r：Ⅴ∵ニニラR（M）七如くe   
put¢町声（Ⅴ）＝g（vnBol）弧d無  

札Mr（Ⅴ斑B 
b）＝で（Ⅴ）b・）  

o  

◎Ⅴ＝甑〟Ⅴ）（1L（Ⅴ））：Ⅴ→軋（Ⅴ）＝（Ⅴ幻B。B）0）Ⅴ”Ⅴ軒  

VM＝ゆR（M），M（1R（M））：LR（M）＝Mo㌔oB岬ウM＞m辺Bobト→Trb・  

嶋  
寧準鱒軍Iel・31We consider B広A∈   asin examplel．1．Since  

（a∈A］△（a）＝a包1）巴kitfollowsthat（B但A）0＝B・Idenレ  

ifyi喝theseiso汀Dr7Phic k－SpaCeSitis ea＄y tO See that the map  

VB窃A ：IR（B屈A）叫－うBQAisequalto   

β：B囚BB鵬→BnA， 

O b駐BoC卜柵ナ∑bc（0） ロC（1）・  

一軒－   



§2． Generalizedinte  

Let A be a Hopf、algebra and B a right A－CO汀Ddule algebra．  

The element（わE Hom（A，B）is called a generalized  1ntegr〉alror B  

if pB¢＝（¢拉I）△A・Equivalently）中isaright A－COmOdulemap・  

The gmしuld field k has a right A－COmOdule algebra structure  

givenby uA‥k－テA＝1｛匁A）andanelement x∈A米＝Hcm（A）  

k）is a generalizedintegTalfor・kif and onlyif yx＝y（1）x   

for all y∈A揖・The set of allgeneralizedintegrals for B will   

be denoted by Com（A，B）．  

The王、0110Wlng reSultis essentially theoreml andits cor0l－   

1aryin［7］，however weincludeit for the convenience of readeT．  

meoェ1em 2．1．  The f01lwing are equivaユent；  

（1）allrま妙t（A，B）－Hopf．mcdules areiruective as A－COmOdules，  

（2）B is aniruective A－COrrdule，  

（3）thereis ¢∈Ccm（A）B）where 中（1A）ニ 1B，  
（u thereis 車∈Com（A，B）where 中（エA）isinvertiblein B・  

B∈略（1）予（2）1sclear・甑（2）吟仇  Pmof、． Slnce   

We COnSider the f0110Wing diagram of right A－COmOdules  

o－ウk 旦→A  

∫B  

B．   

＝f’B is an′iruective A－COmCXiule then thereis ¢∈Com（A，B）  

一句8＿   



SuCh七hat ¢㌔＝㌔・  

（3）ぅ（uistrivial・Nowsuppose 中∈Com（A）B）where ¢（1）  
A  

isinvertiblein B・Replacir唱 ¢ by themap aト→¢（1）－1¢（a）  

We旭Vethat ¢（lA）＝lB and ヰ∈Com（A，B）・Thus 川）ぅ（3）  

h01ds．Finally we prove（3）ご＞（l）：From exaq）1el．1itis  

en。ugh七。Sh。Wthatf。r M∈隠pM‥M→M皿A splitsas  

A－COnndules，Since M q A is anin3ective A－COmOdule．  

Wedefine themap 入M：M迅A㌦→M as the conposite  

入M：・M皿A 一三且主→m囚A屯A  エ 窃 S 斑Ⅰ  
M伍A 斑A  

二＿三三→‥二＝∴ 二＿三二→二．二‥。三 二三＿＞‥‥  

（where S denotest烏eantipodeof A and mA denotes七hemllti－  

Plication of A・）Thus we have for m∈M and a∈A，  

入M（m斑a）＝∑m（0）中（S（m（1））a）・   

＝tis straightforwaTdtoshow七hat 入Misan A－COrnOdulemapby  

ゆ∈Com（A）B）・Moreover  入MPM＝I＞ by ゆ（1A）＝1B（see［ワ］）・  

Thus M is anin3ective A－COrrK）dule・  q．e．d．   

I．et M be aright（A，B）一甲OPfm裏ule and N a right A－  

COm∝王ule．For 4）∈Com（A，B）Emd f E Hom（N，M），We define  

¢J∫∈Hqn（N，M）by二   

トト㍗刃 旦→N斑A 」二＿旦ユ→MⅢA ムM．  
Ths we have for n E N，  

（¢一Ⅲn）＝∑r（n（0））（0）¢（S（で（n（0））（1））n（1））・  

一斗9－   



Lerrm2．2．Let 4）∈Com（A，B）．  LJet M，P be right（A，B）bHopf  

m裏ules and N a right A－COmCdule，f E Hom（N，M），g∈Horn（M，P）．  

（a）¢qif is an A－COmOdule map．  

（b）工f ¢（1A）＝1B and fisan A－COmOdulemapthen 中」f＝f・  

（c）If f’is an A－COmOdulemap then ¢ユ（gf’）＝（¢－ig）f．  

（d）If gis aHopf module map then ゆユ（gf）＝g（中ユf）．  

（e）If A and B are corrmtative，andif gis a B－mCdule  

map，then ¢ユg is a Hopf・rrmdule map．  

Pr00r．（a）  It f01lows n－Om the fb110Wing comTnitative diagTam  

N皿A 
入M  

r・拉・耳・・－－〉M田A二ニ▲∵→叫  

㌻二：：－－ 
＿＝ご．‥ 

㌻二＝二∴：‥こ二 
‥ 

〉‥   

N包A J」澄ユ→N斑A皿A 些担うM斑AnA一週ニ→M辺A．  

（b）¢」r＝入M（∫Ⅲ工）pN＝ケMPMr＝r・  

（c）¢Å（gr）＝入p（g且工）（で包工）pN＝入p（g包工）pMr＝（¢ユg）r・  

（d）Weshowthat 入p（g囚＝A）＝g入M・Infac七，for mEM，a∈A）   

入p（g位I）（m斑a）＝入p（g（m）皿a）＝∑g（m）（0）¢（S（g（m）（l））a）   

＝∑g（m（0））¢（S（m（1））a）＝g（∑m（0）ゆ（S（m（1））a）＝g入M（m窃a）・  

Nowwehave   

¢Å（gf）＝入p（g超＝）（f包I）pN＝g入M（f迅I）pN＝g（¢ユf）・  

（e）（巨J宮川疇）＝入ア（ざn工）（∑m（0）b（0）位1椚（ユ）b（1））  

＝入p（∑帥（0））b（○）針m（1）b（1））   

＝∑帥（0））（0）b（0）¢（S（g（川（0））（1）b（1）加（1）b（2））  
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＝∑多軸（0））（0）b（0）ゆ（S（b（1））s（拘（0））（1））椚（1）b（2））  

＝∑帥（0））（0）b（0）ゆ（S（部門（0））（1））m（1）E（b（1）））  

（since A is commutative）  

＝∑gh（0））（0）ゆ（S（gOn（0））（l））珊（1））b（sinceBiscomnutative）   

＝（ヰユ隻）卸）b・  

q．e．d．  

Proposition2．3．Assume that B isinJec七ive as an A－COmOdule，  

and A，B are corTmtative．IJet M，P be right（A，B）－Hopf modu－   

1es and g：M∴   ＞P a Hopf n℃dule map and f：P    ＞M  

a Br朝Odulemap suchthat gf＝＝p・TTlentheTeis aHopfmodule  

叩p h：P→M suchthat gh＝Ip・  

Pr00f．FtlOm theoTem2．1thereis ¢∈Com（A，B）wheTe 中（1）＝1．  

＝fwe put h＝¢ユf’then bylemma2．2，（e），h is a Hopf－modtile  

rrnp・Moreover＞ gh＝g（¢Jf）＝¢ユ（gf）＝ゆJ＝p＝＝p・q・e・d・   

The next resultis a generalization of［i5．Cor．Ll］．  

Theorem2・Ll．kt A，B be asin above pTOPOSition and P a  

right（A，B）～Hopf nDdule whichis pTOjective as a B■mOdule．If’  

Vp：Po皿BoB－ナP・Po迅Bo b卜→pob＞issur3ective  

thenitis anisomrphism．  

Wecon組der Po麓B asaright（A，BトHopfmoduleby  Pr00r．  

P（po恩b）ヒ∑po包b（0）較b（1） Emd（po皿b）bt＝Po包bbI・Thus  
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therr呵）Po辺B→P，Po囚b＝pob becomesaHopf  

module map andis also surjec七ive．Since P is B－PrOJeCtive this  

嶋  
by proposi七10n2．3．   map spli・七S山1  

Since（Po伍B）onBoBごPo色BoqBoB＝Po且B we旭vethat  

theadjLmCtion YM：Mo且BoB→Misanisomorphismwhen  
M＝Po皿B，hence for M＝P・  q・e－d・  

iも 

＝f．C is a coalgebra and B an algebra then Hom（C，B）has  

an algebra stmcture by conv01ution覚．For f，g∈Hcm（C，B）the  

PrOduct f潔gis 汀も（f辺g）△c・Thet血tofHom（C，B）is uBEc・  

Reg（C，B）deno七es the multiplicative group of a11inveTtible ele－   

ments of Hom（C，B）．  

Deflnltion．LBt A be a Hopf algebra and B a right A－COmOdule  

algebra．Bis ca11ed cl草ftif七hereis ¢∈Com（A，B）n Reg（A〕B）・  

Notes．（a）A may be viewed as a right A－COmOdule algebra via  

△A・IA：A－一丁ヤAisa A－COmOdulem饗）Whichisinvertiblesince  

A has an antipode．Thus A is a cleft A－COmOdule algebra・   

（b）If B is a cleft A－COmCdule algebTa thenit satisfies the   

condition（吊 Of theorem2．l，SO B is aninjective A－COmOdule・  

哩IJet A be anirTeducible Hopfalgebra and B a  
right A－COmαまule algebra・Then B is cleftif and onlyifitis  
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叫ec七ive as an A－COmCdule．  

Lm9．2．30f［1gユ ard theorem2。Iinplies七he result．  

q．e。d．   

Pr00r．  

For ヰ∈Reg（A，B）ゆ－1由notesthelnverseof¢血thresp－  

ect to conv01ution覚．mLIS We have  

nb（ゆ叫－1）△A＝uBEA＝mB（¢－1叫）AA・  

If’¢∈Ccm（A，B）n Reg（A，B）thenthe f01lowir唱diagT－  L訂肌色3．2、  

amls com七atlve；   

A B 食→B。A   

よ  

†ゆ－l迩S 
（wheTeTdenotesthe  

A且A  
七w土st汀叩）  

A 包 A  

Thusfor aeA，PBゆ－1（a）＝＝¢－1（a（2））皿S（a（1））・  

rn the conv01ution algebra Hcm（A，B伍A），We have  Pr00r．  

pB¢－l＝（pB¢）－1   since  pBisanalgebra汀aP   

＝（（ゆ斑工）△A）－1 since¢∈Com（A；B）   

＝（ゆ－1旦S）T△A  byadirectcalculation・  q・e・d・  

meめ○Velemls s加止1ar餌sprlt七0［吼km8・2（b）］・  

The next resultis a generali乞ation of’［7，TheoTem3］．  
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m肥Orem3。3． k七  A be a Hopf algebra and B a right A－COm〇dule  

algebra・If Bis cleft then for every right（A，B）－HopfmoduleM，  

O VM：MonBB－→M＞ mロBob卜鵬ウrrb，  
is anisorTDrphユsm ofL Hopf m⊃dules．  

¢E Com（A，B）n Reg（A，B）．we define amap p：M→  Proo∫． kt  

M by p（m）＝∑m（0）¢－1（m（1））ror m川・men   

pM（p（m））＝∑m（0）¢－1（m（3））皿m（1）S（m（2）） bylerTmn3・2  

＝∑m（0）ゆ－1（m（2））斑E（m（1））lA＝P（m）囚IA・  

Thus pisinfactamap M 柵うMo・Nowdefineamap   

XM：m－－－－－→MonBoB  

by xM（m）＝∑p（m（0））QBo¢（m（l））・Thenfor m∈M   

VMXM（m）＝∑m（0）¢－1（m（l））中（m（2））＝∑m（0）E（m（l））＝m・  

And for m E Mg and b E B 

XMYM（mnBob）＝∑p（地（0））㌔0¢（b（1））■   

＝∑r血（0）¢－1（b（ユ））㌔0¢（b（2））   

＝∑mnBob（0）中一1（b（l））”b（2））since∑b（0）¢－1（b（1））∈Bo   

＝m包Bob・  
Thuswehaveshownthat xMistheinveTSeOf vM・   q・e・d・  
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We deduce severalconsequences．  

些叫率狙ユ生 工f Bis cleft thenthemapasinexanplel・3   

β：B政BoB－－－－うBⅢA，b伍BoC卜紳う∑bc（0）囚C（1），  
is anisomorphism of Hopf mdules．  

Cor01lary3．5． ＝f B is cleft then every right（A，B）欄opf’mod－  

ule Mis afYlee A－COr∝dule；thisrT巴anSthattherr明〕MonA  

ニラM given by m麓a‡一→叫（a）is anisomor7Phism of A－  

co7TKXlules・Theinversenqisgivenby m卜→ ∑m（0）¢－1（m（1））  

昏m（2）・．  

Coro11ary3．6．＝f B is cleft，七heni七iB faithfully flat  

alef七 Boィ旺duleand七he fumC七or  

R：鳩十 鞍。  
is an equivalence of categoTies．  

Remark．  We can dualize the above theoremin the f0110Wing；  

Let A be a Hopf algebra and C a Tight A－mdule coalgebra．If   

thereis an A－m通ule mapin Reg（C，A）thenwe have For every Ti－  

ght［C，AコーHopf module N anisomorphism  

N巴N仰＋□c／CA＋C・  

For the notation for dualization，See［7］．  
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§句．包丁鼠Sh  roducts．  

Ljet B be a r．i跡t A－COrrK）dule algebra．We define the algebTa  

＃（A，B）to be Hom（A，B）as a vector space．Multiplication ＃is   

defined by setting，for f，g∈Hom（A，B）and a∈A，  

（f＃g）（a）＝∑f（g（a（2））（1）a（1））g（a（2））（0）・   

A calculation shows that ＃（A，B）is an associative algebra with  

＃（A，B）is called the smash product of B by A．  皿ユt uBEA・  

We note thatif七he comodule structure of B is tTivial（that  

is・PB（b）＝b題1A foTallb∈B）＞ thenthemultiplicationf＃g  

is equalto the conv01ution product f器g．  

＝f A is finite di∫m∋nSionalthen B has aleft A莱－mOdule   

algebra structurein the naturalway and the canonicallineariso－   

morphlsm Hom（A，B）＝B皿A瀞induces anisomorphismof algebras  

＃（A，B）ごB＃A器．   

Ⅴぬ1ist below some basic properties．  

』ユニ B and A粥 canbe e汀わeddedin ＃（A，B）as subalgebras via   

bト→（aト→E（a）b）and x（∈A非）ト→（a卜→Ⅹ（a）1B）・  

LI．2．＃（A，B）is aleft A－mOdule vla（a．f）（d）＝f（da）fo‡1a，d   

∈A and f亡 ＃（A，B）．＝n fact ＃（A，B）is aleft A－mOdule alge－   

bra，i．e．，A easuTeS ＃（A，B）to ＃（A，B）．Moreover，  

（f∈＃（A，B）la．f＝E（a）f，f．0r a11a∈A）＝B．  
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h・3・Bisaleft＃（A，B）－nudulevia fふb＝∑f（b（l））b（0）・  

Ths thsinduces七he algebra map   

甘：軌B）十輔 
Bo 

Where EndSo（B）den。teSthesubalgebra。fallright Bo増nd。mOr－  
phlβmS Of、B．  

h・句・＝fJis a subspace of B，thenJis a ＃（A，B）－SubrTりdule 二⊥∴  

Of BifardonlyifJisaleftidealof B and pB（J）⊂JnA・  

2 
A beaHopfalgebrawith S＝I．LJet B be  meorem勾．5．k七  

a cleft right A－COrTKXiule algebra．Then七he rrnp asin 力．3is an   

isomrphism of algebras．  

汁00f－．  The pT00fis sirTdrlarin spirit to［2ら，Theoreml．1．］．  

DefinearTaPβ一：B㌔oB→B皿A byβT（b包BoC）＝  
∑b（0）C広b 

（l）・ 
Then β曾isaright fLmoduleTT叩Wherethe B－  

rTXdule structur．e on B置A is def’ined by（b国a）b一 ＝bb7 包a．   

Now we constmct the r0110Wユng co汀mtatlve dla詳笥m  

＃（A，B）  

ヾ；  J  

伽忘（B瓜A，B）  H。汀綽包B。B誹・  
恥us we ar）e aOne When we show that β一 is alinearisomorphism．   

で汁止S follcws from the nex七1emma，Since β asin exanplel．3  
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is alinearisomorphism by cor011ary3．り．  

2 
brrm力．6．IJet A beaHopfalgebrawith S＝I．TTlen  

（a）The map 8：B辺Aニ→B包A given by O（b¢a）  

；∑b（0）囚b（l）aisanlineaTisomoTPhism・meinverseof 8  
1sgivenby8－1（b皿a）＝∑b（0）岱S（b（1））a・  

（b）β－ ＝β（エ史S）β．  

汁00r．Straユgh七でomard．  
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Cf仏PTER Ⅳ  

肌〔正BRAS W工Ⅶm耶工工mGRAエS   

We freely us］e七he si野鼠nOtation of Sweedler for coalgebras and   

COm通ules・For a coalgebra the diagonalmapis denoted by △ and   

the co∬止t map by E・For a comc）dule七he stmcture mapis usua11y   

deno七ed by p・For a Hopf’algebTa the antipodeis denoted by S   

and the co汀pOSite－inverse to S is denoted by S ifit exists．  

TWo明かOu七 R willbe a fixed corrmtative Ting，A wi11be a  

glVenHopfalgebraover R and B willbe an A－Cm・Odule algebras・  

1．でotalj●n七e  

（l・1）By嶋weden。tethecateg。ryOfright（A，B）－H。Pfmodules  

（see［7」and［8］）；thus the objects are righ七 Brmodules M which  
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椚ア土卯A－COmOdulessothat pM（血）＝ 
∑m（0）b（0）迩＝m（1）b（1） 

rOr  

m in M and b in B・Morphisms are right B－mOdule rnaps which  

are A－COm〇dule maps・SimilaTly we can define the category  

Of主璽互（A，B）－Hopfmodules；the objects are室生 Brmodules N  

Whichare空虚生A－COmOdulessothat  
pN（bn）＝；b（0）n（0）nb（l）n（1）  

for n in N and b in B・Morphisms areleft B→mC）dule maps   

Which are A－COmOdule maps．Note that nowhere in the above   

defini七ions haB the antipode S appeared・But七he antipode plays  

an jmportant rolein七his paper．  

（1．2）The antipode S is not necessarily bijective．仙en S is   

bijective，We denote by S the corTPOSite－inverse to S．Since S   

is an anti－algebra，Eulti－COalgebra map，SOis S．AIso we have  

for a in A, ∑a（2）言（a（l））＝E（a）lA＝∑g（a（2））a（1）・  

IJet BOP denote theoppositealgebraof B・TotheHopfalgebTa  

Ais associatedaHopf・algebra AOP as f0110WS・Asacoalgebra  

AOPis A andasanalgebra AOPistheoppositealgebraof A  

ahdtheantipodefor AOPis S．Thenthe stTuCturemaP   

PBinducesaright AOP－COmOdulestruCtureOn BOP vjhichis  

al亭Oanalgebrarnap of BOP to BOP駐AOP．Thus BOPis an AOP－  

㌦＝咤冨・  COmOdule algebra．We note that  

R巴marks． エr A   is a fjnitely generated，PrOjective R－mOdule，  

then the antipcx5eis aユWayS bijective（［12】，Prop．（1．1））．仙en A  

is either comu七ative or coconm七atiⅦ，the・uSualpT00fin（［I9コ，  

PTOP．力．0．1．）shows that SS＝I．This means that Sis bijective  

and S ＝ S．  
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（l．3）Assume that the Hopf algebra A is finitely geneTated，PTO－  

JeCtlve as an R－mOdule・Then A器＝Hom（A，R）has anaturalHopf  

algebra struCture・An A－COmOdule algebra B is aleft A非－mOdule  

algebrabytherule a＃・b＝∑a兼（b（1））b（0） for a髄in A非 and  

b in B．We denote by B＃A兼 the smash product of B with A非；   

thus B＃A＃ is B n A覚 as an R－rTndule，elements b n a兼 wi11   

be written・b＃a謀，and the m止七iplicationin B＃A米is given by  

（b＃a＃）（c＃d兼）＝∑b（a米（1）・C）＃a器（2）d＃・Itiseasytoseethat  

each Nin㌦isaleft B＃A米朝duleby七hemle（b＃a＃）・n  

＝∑a非（n（1））bn（0） foT nin N・Converselyanyleft B＃A龍一  

moduleis aleft（A，B）pHopf modulein a naturalway・ Thus we  

have＃＝，＃A＃卜1，thecateg。ry。fleft B＃A業－mdules・  

（l．句）IJet D be a coalgebra over R．A right D－COmOdule W is  

1r，for every D－COmOduleI憶p  called a relative in ectlve  

i：U→V for血止Ch there e裏．sts an Rpmodule nnp p：Ⅴ→U with  

Pi＝Iu，aLndforeveTy DぺOm泊ule汀印 f：U→W，thereexists  

This is equivalent a D－COmOdule map g：Ⅴ→W wl七h gl＝ r．  

to the e3Cistence of a D－COmOduleI喝p 入：W辺D→W with 入p  

，Where the D－COm〇dule stTuCture On W皿D is given byエ皿△・  

＝nfact，Since pw：W→W位Disa D－COmOdule喝Pand  

（＝辺E）p＝I，i七f0110WS tha七if W is Telativeinjective then   

there exists a D－COmdule map 入：W政D→W with 入P＝＝・  

Conversely，nOW SuPPOSe there exists such a map 入・kt  

u－→Ⅴ 且→U and U嶋エ→W beasabove．Define g by  

入（ft）皿I）pv：Ⅴ－うW・men gi＝入（fD図工）pvi＝入（fpnI）（i威）pu  
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＝入（で皿工）pu＝入甑で＝r・傭COn卯te（g窃エ）甑ニ  

（入現工）他国工囚工）（矩玖工）pv＝（入迅工）（∫p包工班工）（工且△）甑  

＝（入伍＝）（＝題△）（ft）伍＝）甑ニPw入（fp良工）pv＝Pwg・TherefoTe，g  

is a com〇dule map．This conpletes七he pr00f．  

（1．5）Let A be a Hopf’algebra over R and B an A－COrnOdule  

algebra．By Com（A，B）we denote the R－mdule of right A－   

CO汀にdule maps fYlOm A into B；thus  

Ccm（A）B）＝l¢∈馳m（A，B＝p（¢（a））＝；¢（a（1））迅a（2）J・  

me elemen七S Or C皿（A，B）  aTe CalledintegTals．Anintegral ¢  

iscalled些if ¢（1A）＝1B（see h3］）・   

L，et COnSider・B伍A．We can view B囚A as a right（orleft）  

（A，BトHopf 

（b皿a）b†＝∑bbl（0）辺abT 
（1） 
Or b†（b配）＝：b一（0）b麓b7（l）a・  

Note that the stmcture map p：B→B辺A is a moTPhismin  

（。r耳軋  

I＿errm．For any A－COm⊃dule algebra B，the map   

C。m（A，B）－→が（B皿A，B），¢－（bmト→∑b（。）¢（S（b（1）a））  

is anisomorphism of R」nOdules．Theinverse j＿S glVen by  

才一→（aト→y（1B皿a））・  

＝f，in addi七ion，七he antipode S is bijec七ive then the map  

Co勅Bトー→咤（B頼恥¢卜→伽aト→∑中（叔b（1）））b（。））  

is anisom〇rPhism of、R－mOdules．  

恥e pr00fis easy，hence omit七ed．  
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（1．6）Theorem．IJet B be an A－COm3dule algebra．Then the  

f01lowing are eqPivalent：  

（1）There exists a totalintegral ¢：A→B．  

（2）ThereexistsanintegTal¢：A－うB where ¢（1）is  
A  

ユnvertible ln B．   

（3）B is a relativeinjective A－COmOdule．  

（叫）Any Min 

（5）Thereexistsamap8：B皿A→Bin耳やwith8p＝ 
IB・  

＝f，in addition，the antipode S is bijective，these aTe equi－   

valent to 

（6）Any Nin㌦isarelativeinjective A－C。m。dule・  

（7）Thereexistsarrap8・：B拉A→Bin咤with O－p＝IB・  

Pr00r．（1）⇒（2）；trlvial．（2）⇒（1）；put X＝¢（1）．Ⅵ1en  
CI_ 

p（Ⅹ－1）芦Ⅹ－1伍1．Replacing ¢by、them叩 a卜→Ⅹ－1¢（a），it  

f．0110WS that ¢is a totalintegral．（l）＝＞（5），（7）；by krrm・  

（5）≠＞（1）む通（7）⇒（1）；by de∫ユr止セユOn（ユ．勾）．（ユ）⇒川），（6）；  

叩P。Sethat中，isat。talintegTal・這t M∈嶋and NE㌦・  

Def’ine 入M：MⅢA→M and  入N：N葺A→N by   

入M（m瓜a）＝ ∑m（0）¢（S（m（1））a），入N（n勤a）＝；¢（ag（n（1）））n（0）・  

menitis easytocheckthat 入MPM＝IM， 入NPN＝IN and 入M，入N  

are A－COm⊃dule maps．Hence M is a Telativeln3ective A－COmOdule．  

川）＝＞（3）；by B∈略（6）⇒・（3）；by B∈㌔A・（3）＝＞（1）；nOW  

StpPOS＜e that B is a Tela七iveirUec七ive A－COrnOdule．Consider七he  

血七TTnP  Un ：Rr→阜㌢御d 悔：R→B・Notethatthesemaps  

鱒e巧凛乎∴ArcQPPdule鱒pS・nle COunitmap  
∈A： 
A→R satis－  
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fies EAuA＝＝R・Since Bisarelativeln3ective A－COmOdule，it  

f0110WS that there exists a right A－COmOdule map ¢：A→B  

With ¢uA＝uB・恥erefore，¢isatotalintegral・  

ms co汀pletes the pr00f of the theorem．  

入M（入N）isnotnecessarilya B－mOdulemap・  Remark．The above map  

（l．7）Theorem．bt A be a conmtative  Hopf algebra and B an  

A－COmOdule algebra．Assume that there exists a totalintegTal   

¢：A→B with ¢（A）⊂Cent（B），the centre of B．Then：  

（1）F。reVerY Min隠them叩入M‥M迅A－－→M givenby  

入M（m皿a）＝∑m（0）¢（S（m（l））a）isaright B－mOdulem恥 Where B－  

actionon M辺Ais（m伍a）b＝ 
：nib（0）迩ab（l）・ 

Consequently 入M  

isaretractin嶋。f pM：M－－J M皿A・As址1arresult  

㌦・  
h01ds for the category   

（2）F。reVerymapl：M－－→Mまn咤r。r血ChthereexIsts  

a B」mOdule map p：M一∴ニ〉M－ such that plニI，theTe eXists  

ニニー・宝  Wlth qユ＝エ．A s土milar｝：reEul七  a map q：M∴∵ニうM†   

h01dsforthecategory BMA・  

汁00f・（1）入M（（m皿a）b）＝入M（：血 
（0）伍∈血（1））   

＝∑m（0）b（0）¢（S（m（1）b（1））ab（2））＝：m（0）b（0）ゆ（S（b（1））s（m（l））ab（2））   

＝∑m（0）叫（S（m（1））a）（since Aiscommtative）   

＝入M（m辺a）b  （since ¢（A）⊂Cent（B））・  

（2）加fine q＝入M一（p皿I）pM：M→M一・＝tiseasytocheckthat  

q is an A－COrrKXiule rrnp and qi＝I．It remains to show that q  

is左B珊ddulem叩・Wecorrpute q（rrb）＝入M一（∑p（m（0））b（0）皿m（1）b（1））  
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＝ 入M・（（∑p（m（○））皿m（1））b）＝入M－（∑p（m（○））辺m（1））b（s血e 入M－  

is a B→mOdule map by（l））＝q（m）b．  q．e．d．  

Remark．We ob七aユn，  皿der七he assuTrPtions of the above theorem，  

that B＃A井is semトsirrpleif A is a finitely generated＞ PrO－  

jective R－miule眉nd B is semi－SlnPle．  

（1．8）Ex叩1el．  IJet G be a finite gTOuP Withiden七ity element  

denoted by e．I，et A be the free RMm）dule with basis G．Sett－  

ing（Ⅹ≡。rXX）（Ⅹ…。SxX）＝x≡。rXSxX，E（x≡GrXX）＝re）andforx∈G，   
△（x）＝ ∑ y迩Z ＝∑xz－1mz，S（Ⅹ）＝Ⅹ－1，Aisaconml七a－  

Ⅹ＝ツZ  Z∈G  

tive Hcpf algebra．Theidentity elementin A is ∑Ⅹ．Note that  

X∈G  

A is the duaユHppf algebr，a Of the group algebra R［G］．Let B be   

an R－algebra and p an RベロOdule map of B to BⅢA where we  

Write p（b）＝∑Ⅹ（b）艮Ⅹ・Then Bis an A－COmOdule aユgebra with  
X∈G  

respect to p if and only if G acts as a group of automorphisms 

Of七he ft－algebra B・MoTeOV監r，aleft（A，BトHopfmoduユe N is  

3ust aleft B■mOdule and aleft G■mOdule such that x（bn）＝  

Ⅹ（b）Ⅹ（n）for allx jn G，b in B and nin N．   

Nowlet ¢ bein Hom（A，B）＝Map（G，B）．Itis easy to check  

that ¢∈C皿（A，B）if飢donlyif ¢（ⅩZ－1）＝Z（¢（Ⅹ））forx，Z∈G，  
－1 

eqdvalently，¢（Ⅹ）＝X（ゆ（e））for x∈G．Thisshowsthatthe  

map of Com（A，B）to B givenby ¢→¢（e）is bijective．  

A totalintegTal ¢ corresponds to an element b in B such that   

∑’x（b）＝1B・Moreover，中（A）⊂Cent（B）そ⇒ bE Cent（B）・I 
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paTticular，ifIGrl∈B，thereexistsatotalintegTal¢with  

¢（A）⊂ Cent（B）（say b＝IGrl）．rTh。Sthe。rem（1．7）i。aVer＿  

Sion of MaschkeTs th∈○Ⅰでm for Hopf modules．  

Exarrple 2．Suppose  R is a ring of prime characteristic p）and  

q＝Pn for somepositiveinteger n．kt A bethefree R－  

moduleonbasis（co，Cl，‥・ ，Cq－1 ）・Define   

cC＝ 
（1；j）c弼 Ij ユr‥j＜q）CICj＝01r‥Jヱq  

r  

c． 血C 
1 r－ユJ 

C（cl）＝61，0， S（cl）＝（－1）1cl・  Co＝1AJ△（cr）  ∑  
1＝0  

廿1en A is a coTTmltative and coconmutative Hopf a．1gebra．Let B   

be an R－algebra and p an R－mOdule map of B to B皿A 血ere  

wewrite p．（b）＝∑呈：5di（b）迫Ci・If Bisan A－C。mOdulealgebra  

Withrespectto p then do＝IB＞  dlisaderivationof B with  

dlq＝O and d・＝ i dlfor2＜i＜q・Conversely＞if disa  
derivationof B with dq＝0＞ then B becomesan AMCOmOdule  

algebraasf。1lows；P（b）＝ 
l 

∑笠吉d（b）辺Cif。r bin B・   

Alert（A，B）－Hopf module N is just aleft B－mOdule with an  

路側Odulemap 6：N→N suchthat 6q＝O andfora11bin  

B，n in N，6（bn）＝b6（n）＋d（b）n．   

Nowlet 中 bein Hom（A，B）wherewedenote ¢（ci）＝bi，  

i＝0，・‥，q－1．menitis easy to corrpute that 4）∈Com（A，B）if  

euldonlyif d（bi）＝bi＿l （l≦iくq）・Thustheexistence of  

totalintegral ¢ is eq止Valent to the existence of an element b  

in B suchthat dq－1（b）＝1（say b＝¢（cq－1））・Moreover，  

¢（A）⊂Cent〈B）if and onlyif the coTreSPOnding bisin cent（B）・  
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Ex叩1e 3．  Again suppose R is of prime characteTistic p and  

q＝Pn forsomepositiveintegeT n・Nowlet A betheHopfalge－  

bra R［Ⅹ］／（Ⅹq）＝R［Ⅹ］，Where xisther｝eSidue。1ass。f X and  

△（Ⅹ）＝Ⅹ皿1＋1辺X，E：（Ⅹ）＝O and S（Ⅹ）＝一X．Thisis the dual   

Of the Hopf algebrain the previous example．＝n this case an A－  

COmOdulealgebraissuchan R－algebra B with（Do＝I，Dl＞…）Dq－1），  
aset。fiterativehigherde草Vati。nS。f B，bytherule  

p（b）＝∑≡：吉Di（b）払Ⅹ・Vmere”iterativehigherderivations一一means ユ  

t旭t Dr（bc）＝鞋oDi（b）Dr＿1（c）餌alll≦r＜q，∈md  
土j DIDj＝（；）D弼 ユfl＋j＜q，DiPj＝01fl＝三q・   

kt ¢ bein Hom（A，B）wherewedenote ¢（Ⅹ1）＝b．                      ユ （0史＜q）・  

Then 4）is anintegralif ard onlyif   

Dユ（bJ）ニ（ま）bj＿ユ 
1rlエコ，D（b）＝01r土＞j・  

I J 

It f0110WS thatif there exists an element b in B such that  

Dq－1（b）＝lthen B hasatotalintegTal・mfact，Putting  
t＝－Dq－2（b）wehave Dl（t）＝1ard Di（t）＝0王・or2皇i＜q・  
TheTefore we ob七aユn（byinduction）that   

Dl（七コ）＝（ま）tJ‾ユ 王’。r二㍉三j訂d Di（tコ）＝O r。rいj・  

Thus the R－rrDdulem邸〉 ¢：A－－－うB givenbythemle ¢（xコ）＝tJ  

∫or O三j ＜q ユS a tO七al加七e∈raユ．  

2．工mariant  ald the map β  

（2．1）Let A be a Hopf algebra over R and W aright A－  

c00。dule・ByW。Weden。tethekernel。fW 三三w迅A，Where  
ユ  

P is七he stmcture map of W and i（w）＝W圧1for all w∈W．  
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Thus Wo＝（w∈WIp（w）＝W辺l）・Wesaythat Woisthe主三竺聖  

riant subspace of W．   

For an R－mOdule V，V皿A has a Tight A－COm3dし止e structure  

Via v皿a鵬うⅤ皿△（a）・】適t ∑vi囚aibeanelementinthe  

irNariantsubspaceof V凰A・Hence ∑Ⅴ・Ⅲ△（ai）＝：Ⅴ・囚a・Ql・ ユユユ  

Applying to I広巨E位I to both sides of this equation，We COnClude  

that：vimai＝∑E（ai）vi駐l・Thisshowsthat（Ⅴ岱A）0巴Ⅴ・  
＝nparticular）Ao＝R・   

If V is a rlat R－mOdule，then we have for any ri紆It A－  

COmOdule W that（Ⅴ侶W）0巴Ⅴ母Wo・   

Notethat forafamilyof A－COmOdules，（Wi）i∈I，  

（i警IWユ）。巴土冒エ（Wl）0・  

（2．2）IJet B be an A－COmOdule algebra．By C we denote the   

invariant subspace of B．C is a subalgebra of B，Which we ca11  

B．In the exan7Ples of（1．8），C＝  the invariant subal ebra of  

（c∈BIx（c）＝C rOrallx∈G），lc∈Bld（c）＝0）肌d  

（c∈BIDl（c）＝’O r。rl皇i＜q）respec比Vely・   

Let M∈隠mEM。and・C∈C・Then pM（mc）＝mC但1・This  

Showsthat Moisaright C⊥mdule・Si血IaTly，Noisaleft  

Cmdulef。rany N∈㌦・Thus（－）。：鳴→卜b is a covariant 

funCtOr，Where 卜1c denotesthecategoryofright C→mOdules・It  

ha8theleftadjoint L：卜b→咤definedby L（Ⅴ）＝Vn。B，  

Where（Ⅴ斑cb）b▼＝Ⅴ辺cbbl，Ⅴ迅cb→∑v且cb（0）琶b（1）・  
meadj皿C七i。nS訂去asr。1ユ。WS；で。rV紺。弧d M∈隠  

◎Ⅴ‥Ⅴ→（Ⅴ辺cB）0，  Ⅴ卜→Ⅴ伍cl  
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VM：Mo且cB叫うM，m辺cbトーうrrb・  
AsjJTnlaradjointsituationholdsfor（BmA，Crl）；forU∈c卜1，NEBm A   

◎一u：U→（B皿cU）0＞  ul→l監cu  

VTN：B迫cNo→N，  b迫cn卜→bn・  

（2・3）Reca11that BⅢA∈嶋and∈，MA（see（1・5））・Weden。te  

by β（resp・βt）theadjulCtion VB離 （resp・VTB離）・Identト  

fying（B辺A）o with B，Weget   

β：B良cB→B且A，b良cbl卜→∑bb一（0）血b一 
（l）  

βI：B拉cB－－－－うB斑A，b斑cbtト→ ∑b（0）b一店b 
（1）・  

A N。tethatβ（resp・β・）isn。t。nlyamapin鳴（resp・inBM）  

but also aleft（resp．Tight）B－mOdule mapin the naturalway．  

If the an七ipode S of A is bi3ective，then the  

m叩 α：B辺A→B辺A givenby α（b良a）＝∑b（0）辺b（1）S（a）  

is an R－mduleisomorphism．The jnverse of ct is glVen by  

α－1（b且a）ニ∑b（0）退官（a）b（1）・MoreoverβT＝αβh01ds・工nbar－  

ticular β isiJ豆ective，Surjective，OT bijective，reSPeCtively，   

if and onlyif β一 islrUeCtive，SurJeCtive，Or bijective．  

The pr00fi8eaSy，hence omitted．  

Remark．  FoT any SubalgebTaI）of C we can consider the map  

BD：B㌔B→B凰A，b㌔b’ト→∑bb’（0）琶b’（1）・ Itis  

Verifiedinthesa偲WayaS（閑，句・2LerTrna）tha七if βDisbi－  
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jeCtive and Bis a faithfully flat right D－mOdule then C＝D．  

（2・叫）For an A－COnmdule algebTa B，define the maps 7T，TT▼，山  

andLi）1asf01lows：   

7T：Hom（A，B）→Endc－（B），¶（土、）（b）＝∑b（0）f（b（l））   

¶一：Hom（A，B）→End－C（B），¶T（f）（b）＝：f（b（l））b（0）   

W：Com（A，B）－→Hon－C（B，C），W（0）（b）＝∑¢（言（b（1）））b（0）   

Wl：Com（A，B）→Homc－（B，C）⊃ 山一（¢）（b）＝∑b（0）¢（S（b（1）））・  

Obser7Ve tha七the map TT Obtains as the corrposite  

H。m（A，B）巴＝。nb＿（B伍A，B） H。nb＿（B皿cB，B）＝Endc，（B）  

andTT一obtainsasthecomposite  
」竺 

Hom（A）B）＝＝om－B（B頼B） ｝HomTB（B皿cB，B）＝End＿C（B）・  

AIso the rTaP UJObtains bylemma（1・5）as the conposite  

C。m（A，B）崇トC（BnA）B）」㌔嶋（B且。B，B） →Hcm＿。（B）C）  

and the map u）一 ob七ains as the coTrPOSite  

C。m（A，B）巴が（BBA，Bト 彗BMA（B曙cB，B）－ニーウH。nb＿（B，C）・  

Proposユセ土On．・工虐t  A be a Hopf algebra with bijective avlCipode and 

B an A－COmOdule algebra．Asr凱me that the map βis bijective．  

Then：（l）The above Tr，Tr，，，u and（刃T are bijective．  

（2）The f011owing are equivalen七；   

（i）there exists a七Otalintegral¢：A→B，  

（ii）c is a direc七summand of七he Tight C－TrK）dule B，  

（iii）c is a direct sumd of、theleft C－nndule B．  

（3）ThereexistBa七Otalintegral中 With ¢（A）⊂ZB（C）｝the  

Cer止ralizer of C in B，if、and onlyif C is a direct stmTmd  
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Of the（U，C）MbirrK）dule B．  

Pr00f．（1）f0110WS from the above observation．（2）and（3）r0110W   

王Yom（1）．  

（2．5）meorIem．  kt A be a commutative Hopf algebra whichis a  

PrOJeCtive R－mOdule・kt B be an A－COmOdule algebra．Assume   

that theTe eXists a totalintegTal¢：A→B with ¢（A）⊂Cent（B）   

andthemap β：BロcB→BnAis surjective・エf either  

B is a fユa七 R－m∝ユule，C）T B is a flat ri∈かt C－mOdule，then  

βisbijectiveand theadjunction VM：Mo艮cB→Misan  
ls。m。r如Smr。rallM土n・  

Pr00f・We first show that βis bijective．The pr｝00fis similar   

in spirit to（［8J，Theorem2．パ）．Suppose that Bis f’1at as a  

Tight CinOdule（orasan 甑¶Odule）・Noting（BQcB）0巴B（or  

（B匝B）0＝B）♪itis easilyverifiedthat theadj皿Ction VMis  

EmisomTPhismfor M＝B皿cB（or M＝B皿B wheretheright  

（A）BトHopfmodulestmctuTeOn B囚Bis b題b一→b斑PB（b†）  

and（b且b7）b－t＝b伍blb一一）・We claimthat B辺Ais pTOjective   

as a Tight B⊥mOdule．This willcompletethe pr00f because B屯A  

isis。m〇rPhict。a唯心ectsurrmand。f B且。B（。r B凰B）by  

七heorem（1・7），（2）and・VB離＝β・Recall七hat七heTight B－TrK，dule  

StmCttueOf B辺Ais（b伍a）bt＝∑bb†（0）草ab． 
（1）・ 
But B包A  

also has a Tight B－mOdule structure via the first facteT，andit   

is B－PTO3ecもive（since A is R－PrOjective）．Itis easily checked  
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that the two B－mOdule structures of B駐A areisomorphic by the  

corTeSPOndence T（b皿a）＝∑b（0）汲S（b（1））a and T－1（b但a）＝  

∑b（0）国b（1）a（since Aiscormtative）■ Thisco汀担etesthe  

Pr00土’that β is bijective・  

咤・  
By theorem（1．7），（l），M is  Nowlet M be any objectin  

a檻加ectsumd。f M伍A・Theadjuncti。n V 
MBA  
fact。rSaS  

f0110WS：（M包A）0且cB＝MロcB＝MQB（BmcB）  

エ 窃 β  
M斑B（B且A）巴M伍A・  

Therefore，Since βisbi3ective， 
VJ〉餌 
isanisorTK）rPhism・Thus  

VM 
isanis。m。TPhismforallMin噌・  q・e・d・  

（2．6）kt A be aHop王’algebra and B an A－COmOdule algebra．  

For f＞ g声Hom（A）B）】define f賞g＝nb（f¢g）△A Where 汀もis  

the multiplication rnap B挺B→B．Then this pr，Oduct 覚 Trd（eS  

Hom（A）B）in七oanassociativealgebrawithidentity uBEA・me  

se七Of 謀－inveTtible elementsis denoted by Reg（A，B）．Note that   

Alg（A，B）⊂Reg（A，B）・   

We say Bis生墜if there exists anintegralin Reg（A，B）・  

ht －4）：A→B be anintegralin Reg（A，B）・If O：A－－－－→B  

deno七esthe 賽－inverseof ¢ then：¢（a（1））0（a（2））＝∈（a）lBヒ  

∑0（a（1））¢（a（2））fora11ain A・Inparticular¢（lA）¢（1A）＝  

1B＝机1A）¢（1A）・Nowdefine 軍，草：A→B by＄（a）＝ゆ（1）ゆ（a）  

Emd射a）＝u（a）¢（1）・Then 卒isatotalintegraland 弼＝uB⊂A  

＝申瀞軍．恥us we obtain tha七 B is cleftif and onlyif there exユStS   

a to七alintegTalin fieg（A，B）．   

Cons主derthe exanple2 mentionedin（1．8）andlet f，g 地  
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in H。m（A，B）・Since（f＃g）（cr）ニ∑；＝Of（ci）g（crJ and  

EA）（co）＝lB，itf0110WSthat  （uB∈A）（cT）＝O for T皇0，（uB  
f∈Reg（A，B）ifandonlyiF 王、（co）∈U（B））thesetofulitsofB・  

merefore，in七his casewe have thatif B has antotalintegral  

then B is cleft．  

We note thatif A is a finitely generated）Pr・OJeCtive R－  

TTK）dule then the algebra Hom（A，B）isisoTnOrphic to B斑A謀 and  

thisinduces Reg（A，B）＝U（B政A普）．It f01lows that B asin the   

exanplelof（1．8）is cleftif and onlyif there exists an elernent  

bin B suchthat ∑Ⅹ－1（b）ⅩisanunitinthegroupalgebraB［G］．  
X∈G  

（2・7）迦堅・kt 4）：A→B be anintegralin Reg（A｝B）and  

We denote by ¢ the 碁一土nverse of d）．Then：  

（1）pBゆ＝（ゆ寧S）TA h01ds，Where T：A伍A→A窃Aisthe  

七Wist map．  

（2）＝fthe antipcde Sisbijectivethenthemap 蒔‥AOP一→BOP  

is anintegTalforthe AOP－COmOdule algebra BOP and USisin  

Reg（AOp，㌔p）．  

聖望£・The proof of（l）is foundin（［8］，LeTTmn3．2）．  

（2）：Wehave pB（蒔）＝（ゆ皿S）T△富 by（1）  

＝（小皿S）（富迅雷）△  since Sis an anti＜OalgebTamaP  

＝（中宮辺工）△．  

Ths shows that V｝Sisanintegralfor B andsoforthe AOP，  

corrDduleaユgebra BOP・Wealsoconpute   

㌔㌔緑百皿¢吾）△＝慢（¢百Ⅲ嘩）㌔△＝㌔（¢叫）△百＝（中瑚宮＝ 
ワBEA・  
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Similarly）Wehave r悔一Ib（¢宮叫宮）△＝uBEA・missh。WSthat ¢S  

ユSthehverseoま、中宮1n Reg（AOP，BOp）  q．e．d．  

（2．8）meoエつem．For七he r－eX七  Statemen七S COnCerning an A－COmOdule  

組辞bra B，（1〉転（2）斡（3）holds：  

（1）Bisclef、t．  

（2）（i）F。reVeTy Min咤，VM：M。n。B巴軋  

（ii）TheTe eXists aleft C－m3dule，right A－COmOduleiso－  

moTPhism between C鰐A and B．  

（3）（土）β：B且cB巴B⑦A・  

（il）as（2）（土i）．   

＝f，in addition，the antipode S is bijective，then（3）ヰ（ユ）  

holds and七hese are equivalent to  

㈲（1）F。reVery Nユn B㌦， 
（ii）There exists a Tigl七 C－mdule，Tight A－COmOduleiso－  

morphism between C窃A and B．  

（5）（1）βl：BⅢcBごB皿A・  

（弘）as（り）（11）．  

PTOC3F・（1）宗＞（2）（i）may be veTifiedin the sarre way as［8］，Th．3．3．  

（1）＝ス＞（2）（ii）・Now suppose that 中‥A→Bis anintegralin  

Reぎ（A，B）・工tis easy七o check that the map F：C伍A→B  

given by F（cⅢa）＝C¢（a）is a Tight A－COrTK］dule map whichis a   

lだf．七 C－・mOdule map・Define七he m叩 G：B→CロA by G（b）＝  

∑b（0）＊（b（l））1mb（2），WheTeゆdenotesthe 軋1nverseoT¢・  

Since Cbb 
（0）腑（l） 

）∈C bylem陀（2・7）（l）＞ GisinfactaI叩  
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of－ B into C窃A．Itis easy to show that GF＝I and FG＝I、  

（2）⇒（3）土S Clear sユnce βニッB離・  

（3）＝＞（l）．Suppose that βis bijec七ive and there exists alef．t   

C－mduleisomrphism F：C包Aニ→B whichis also an A－COmCdule  

TnaP・Define ¢：A－→B by ¢（a）＝F（1Bロa）・Then ¢isan  

integraland F（c n a）＝C中（a）for all c in C，ain A・We  

willshowthat ¢ ∈ Reg（A，B）．Denote theinverse map of F  

G・and put g＝（＝包EA）G・Since G：B→CQAisaleft C－  

module，right A－COmOdulemap，Wehavethat g∈Homc＿（B，C）and  

G＝（g皿エ）pB・Sjnce ul：Com（A，B）崇Honb＿（B，C）（see（2・q）），  

七heTe eXis七S anintegral n：A一→B such that  

g（b）＝∑b（0）n（S（b（1）））foTa11bin B・  

Thenlc乳aごGF（lc葺a）＝G（＊（a））＝∑g（中（a（1））侶a（2）  

芝∑ゆ極（1））［（S（a（2）））伍a（3）・  

Applying ＝皿E We have that for a11a in A，  

E（a）㌔ニ∑申は（1））¶ほ（a（2）））・  

望止sshows七旭も ゆ茨ns＝㌔∈A・  

＝tTe血nstoshowthat nS粥¢ニuBEA■ Using FG＝IB，   

b＝∑g（b（0））¢（b（1））＝∑・b（0）¶ほ（b（1）））¢（b（2））・  

取止SShowsthat ¶（nS＊0）＝IB血ere ¶isasin（2・畑 Since  

T（uB∈A）＝＝B  and ¶isbijectiveitf01lowsthat nS器¢＝uBEA・  

mユS CO叩1etes t‡海P‡つ00f－or（3）＝ウ（1）．   

wenotebylema（2．7）（2）tha七 Biscleftifandonlyif BOp  

まsclef七asan AOP－C。m。dulealgebra・AIs。＃isnaturally  

lso嘩ic七o P勝地ef。re（1）＜空＞（叫）＜ヰ（5）訂eOb血ed  
by叩pユ宮i咤も始め0Vepr00rtO BOp・  q・e・d・  
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Remark．The cOr通ition（3）is nothing bu七the definj＿tion of A－  

Galois extenSions with norTnalbases（口i］）．  

肋en A is proJeCtive as an R－mOdule）a Cleft comodule algebra   

B is a pTOjectiveleft C－mOdule by（2）（ii）andis then a faith－   

fully flatleft C十mOduユe bylemm（2．り）（2）．It f0110WS that the  

adJunction ◎Ⅴ：Ⅴ→（V怨cB）oisanisomorphismforaJlyright  

CprrKXiule V（consider ¢Ⅴ超cB and・aPPly（2）（i））・Thusinthis  

casethefunct。rト）。：噌→Mcisanequivalence。fcateg。ries・  

5．When R is a field  

甑Ou90ut tl止S SeCtionitis assumed that R is a field．  

（3．1）Proposition．IJet A be a Hopf algebra oveT a field R and   

B an A－COm通ule algebra withinvariant subalgebr｝a C・If B has   

a totalinteg㌘althen for any right C十mOdule，  

町Ⅴ→（Ⅴ畳cB）0， Ⅴト→Ⅴ伍cl  

ls anlsomorphユSm．  

Pr00r． Let O ニ→MT →M ェ＞M7l∵∵ うO be an exact  

sequencein・Since Risafielditissplitasan A－C。m。dule  

SequenCe by theorem（1．ら）．エt f0110WS that the sequence  

O→Mto⊥⊥ナナMo→Ml10→01s also exact・muSthe  
ftmct。rト）。：咤→Pbi8eXaCt・（Thismeansthat Bisa  

隠）   p＝－OJeCセユVe Objec七 土n  

Nowle七 V be any right C－nndule・Take an fY）ee PreSem七ation  

c（J）→C（＝）→Ⅴ→0．By七herightexactnessoftensor  
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PrOductar通theexactnessofト）0＞ WegetacOrrmutativediagrEm  

c（J）十 C（I）十う Ⅴ十0：eXaCt   
♪  ↓  ♭Ⅴ  

（C（J）琶cB）0→（C（I）盈cB）0→（Ⅴ凰cB）0→0：eXaCt  

This showsthat ◎vis anisomorphismbytheFive－Lerm・q・e．・d・  

（3．2）meorlem．  I－et A be a conmlta七ive Hopf algebra over a field．  

let B be an A－COm〇dule algebrawhichis corrmtative as an algebra．  

Then the f01lowing are equivalent：  

（1）（i）β：B皿cB→B斑Ais surjective・  

（ii）BisanirUectiveA－COmOdule．  

（2）The蝕Ct。r（M）。：嶋→Mcisaneq山Valence。fcategories・  

（3）（1）β エs bユjectユVe．   

（ii）B is a fai七hfully flat C－mOdule．  

Proof．（1）⇒（2）：力Ⅷllediate fromtheorem（2．5），pTOPOSition（3．1）．  

（2）烹＞（3）：Clear．   

（3）；ウ（1）：工t suffices，by［餌］，A．2．l．，tO PrOVe that the  

f皿CtOr B口A－ Ofthecategoryofleft A－COmOdulestothe  

CategOry Of’R－VeC七er spacesis exact．For anyleft A－CO汀Odule U，   

B皿c（BPAU）＝（B駐cB）uAU＝（B皿A）ロAU  

＝B皿（A□AU）＝B伍U・  

Since B is a faithfully flat C－mOdule ths shows that the  

ftnctor BロA－isexact・Thispr00fisduetoTakeuchi玖ZL  

q．e．d．  
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This gives a purely Hopfqalgebraic pr00f of（Oberst U6］，  Remark．  

Satz A）．  

（3．3）  a comm止atlve Hopr al  ebra and A is a  仙en B Is  

ebra of B   

Let B be a c07Tmutative Hopf algebra oveT a field R．LJet   

f：B→A be a glVen Surjective Hopf algebra map and汀血くe B  

an A－CO汀血ulealgebrabydefining pB＝（I琶で）△B・Then  

C＝（b∈Bl∑b（1）皿f（b（2））＝b皿1）・Cisaleftcoideal  

Of B，七hatis，AB（C）⊂B包C・Wenotethattherrnp   

β：B但cB→B国A，b包cbT－→ ∑bb一（1）nr（bT 
（2））  

is surjective．工n土●act，itis enouEh to show that the・COrrPOSite  

BnB 与〉B辺B 旦→B駐A  

issurjective，WheTe ∈（b包bY）＝∑bb一（1）迅b7（2）・ But ∈is  

anautomorphism（∈－1（b伍b一）＝∑bS（b・（1））位b一（2））・Hence，  

the above corTPOSiteis surJeCtive because f is surjective・   

Now assu汀e t旭t B is aninJeCtive A－COrrOdule・Then B is a   

faithful⊥y flat C－mCXiule by theorem（3．2）．Viewing A as a Tight  

（A，B）－Hopfmoduleby a－－→△A（a）and a・b＝af（b），Weget｝  

bytheorem（3・2），（2），that R温cB＝A・Applying一皿cB to  

＋         c the exac七 SequenCe O→C →C→R→0，We have  

anexactsequence c＋皿cB→C政cB→R辺cB→0・  
＋ Thus R荘cB＝B／C＋B，Zmdhence A＝B／CB（asHopfalgebras）・   

ConveTSeiy，let D be alef七COidealsubalgebTa Of B・Since  
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D＋BisaHopfidealof B，B／D＋BisaHopfalgebra，Where  

D＋＝（d∈DIEB（d）＝0）・Theaut。m。TPhism ∈：BnB→B伍B  

induces  

B皿DB＝B凰BdB，bⅢDb一→∑bbt 
（1）良bt （2）・  

Noting that D is containedin theinvaTiant subalgebra of the  

＋ 

BmB1－COrrX）dulealgebra B，itf0110WSf加mthererTWl（in（2．3）  

and theorem（3．2）thatif B is a faithfully flat D十m瓜dule then  

＋ 
Bisaniruective B／DB－COmOdulewithinvariant subalgebra D．  

Thus we have proved：  

Theorem（Takeuchi）．iJet B be a corTmtative Hopf algebTa OVer a  

field R．Then thereis a bijective corTeSpOndence between the   

Set Of quotient Hopf algebras B→A where B is anlrueCtive   

right A－COTrX）dule and the set ofleft coidealsubalgebras D⊂B   

OVer Vhich B is a faithfully flat rrK）dule．  

Rerrwks．（1）Itis加OWnin［Ⅵ，Theorem2 that for any Hopf  

quotient B→A⊃ B isinjective as a Tight A－COmOdulei王、and   

Onlyifitis faithfully coflat・Hence the above theoremis essen－  

cially the sa服tO（L2．ぢ］，TheoTem3・）・   

（2）If L）is a Hopf sLわalgebra of B then the D－nX）dule B is   

always faithfully rla七（RI］，TT正OREM3・1・）・Hence B is an  

injective B乃十B－COmOdule・If，m）reOVer，Bm＋Bisirreducible  

asacoalgebra（thisis equivalent to 一一coTadical（B）⊂ Dl’，   

＋ 
see［25LLerrmah），then Biscleftasa B几B－COm〇dule  

algebraby［8］，Prop．3．1・＝nparticular B is a free DJmdule・  
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