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エntroductlon．  

Kaehler submanifold of the complex space -Eorm have been 

investigated bY SeVeralauthors・（For example，See Ogiue【7］・）   

EspeciallY．10CalrigiditY t・heorem of Xaehler submanifolds   

in t．he complex space formsis one of the most fundament．al   

result．in geomet．rY Of complex submanmifolds・ ＝n t．his paper，   

We Shallgeneralize Calabils theorY Of diastasis andSeVeral   

applicat．ions t・O geOmetrY Of complex submanifolds・  

Let M be a complex manifold wit．h t．he complex st．ruct．ure J．  

AJqinvariant sYmmet．ric tensor g  is ca11ed a Raehler tensor if  

the associated2－from o）（Ⅹ・Y）＝g（Ⅹ・JY）（Ⅹ・Y∈TM）is c10Sedl  
g   

＝n addition，if g■ is non－degenerate，  it．is ca11ed an indefinit．e  

A Kaehler t．ensoris called analYtic if it．is  Raehler metr土c．  

real analytic. Zet Cr・＄ be acomplexlinearspace CN（Nzr＋S）  

Wit．h t．he indefinite Raehler metric：  

gr，S＝2（∑宗1d∈♂⑳d㌢－ ∑≡；1d∈かr⑳d書かr l・  

1 N 
where（E．…．E）denotes the canonicalcomplexcoordinate  

SyStem・  

Calabi［2】gave a necessarY ana Sufficient condition for   

a Xaehler manifold to belocallYimmer＄edinto a complex space   

fom as a Raehler submanifold，and shoved t・he rigidity of such  
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1rnmerSlOnS． ＝n t．his paper we di＄CuSS t．he existence and t．he  

local出直d比y of a fullholomorph土c mapp土叩Of 机into Cr，S  

■ PreSerVing a Kaehler t・enSOr，and glVe SeVeralapplicat．ions t．o   

geometry of complex submanifolds，Where －tfull”rneans that．the   

image of t．he mapplng■ does notliein anY COmPlex hyperplanein ●   

cr・S  

＝n §1．we generali2：e the concept of diastases（introduced   

bY Calabi［21for analYtic Kaehler met・rics）for analYtic Raehler   

t．ensors and prepare some basic facts． ＝n §2，We define t．he   

ざ卑旦里Of an analYtic Kaehler t．ensor． For a Kaehler t．ensor of  

Ilextenaed si  finite rank．a pair ofint．egers，Called  nature川  ．土s  

introduced． The Calabils condition for a local existence of  

holomorphic andisometricimmersionsinto  CN・0（whichis said  

to be resolvable of rank N）coincides wit．h the condition t．hat．  

the extended signatureis（N，0）． We prove the fol10Wing：（See   

Theorem 2．7 and Theorem 2．8．）  

COnneCted com  1ex manifold M w土th a  でbeorem．  

Raehler tensor  

A slm  

hlc ma  admlts a full b010mOr  ◎ into  

cr′S such that  ◎＊9ご．S ＝曾  
土f and onl  官 主S analytlc  

（r′S）．  ◎ i薫 ri可id．  and t．he extended si  nature is  Moreover  

Furt．hermore，＝n §3，We mention some fact・S about holomorphic  

mappingsintothe Hilbert・SPaCeJe2・  

工n §4 ′ Weinvestigate the algebra ＾（M） of realanalYt．ic   

functions on a complex manifold 朗．whichis generat．ed by  
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holomorphic functions and anti－ho10mOrPhic functions on M′ and   

Show that．if M is simply connected，t．hen for an arbit．rarily   

fixed point p ∈M such a funct・ion f ∈＾（M）is decomposedinto   

tbe f0110Win9 form  

O 
f≡＝Re（¢）・＝芸ニ1－¢♂】2－ ∑言モ1 －㌔＋r12′  

㌔（p）＝0 （♂；1．‥．，r・S），  

where d）0，…，¢r＋S  are h010mOrPhic functions on M such that  

d）1，・‥，¢r＋S  are c－1inearlYindependent・＝n this decomposition．  

a pair ofintegers（r，S），Vhichis called t・he適旦Of f，is   

uniquely determined and coincides wit．h the extended slgnature   

Of the Raehler t．ensor corresponding t．0 －2√巧∂∂f． Furt．hermore，  

¢O and（¢1，… ，d＞r＋S）are al＄O uniquely determinedup to a  

COnStant t・erm and a C－1inear transformationin the unitarY grOup   

U（r，S） of tYPe（r，S） respectively． ＝tis easily seen t．hat   

the I?receding theorem is geometrfcal restatement of this 

decomposition theorem・ AccodinglY，the rigidity ofindefinit．e  

xaehler submanif01dsin Cr・S comes t・O the uniqueness of the  

decomposition as above・ This suggest・S that．＾（班）is deeply   

COnCerned with the geometrY Of complex submanifolds． ＝n fact．，Ve   

Shovin §5 t・hat anY t・WO Of complex space forms of different tYPe  
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have no Raehler submanifoldsin common．by applying the following   

t・ranSCendentalpropert・ies concerned with ＾（M）：（See Proposition   

4．5．）  

proposit土On・ 建生 p ∈班  be a fixed  roint of a com 

hl′‥リh Ⅳ  
manifold M and let．   be non－COnStant．ho10mOr  

b♂（p）＝0（♂＝1，‥り椚．ワben  functions on M such tha  

（1）exp（鎧1 ♂2 
lht）虔∧佃）′  

（2）1叩（ト鎧1 ♂2 
－b－）卓∧（軋  

（3） （1一覧1 lh♂－2）‾α卓∧（叫  （α〉0）・  

These propert・ies willbe also appliedin §6 t・O PrOVe t．hat．everY   

Einst．ein Raehler submanifold of a complexlinear or hYPerbolic   

SpaCe ⊥s totally 冒eOdesIc・  

エn §7，We mention conditions on the existence and the   

rigidit．y of holomorphic mappings preserving a Kaehler tensor   

into a non－flatindefinite complex space form．  

The aut．horis gratefult．0 Professors Tsuner8 Takahashi   

and Hisao Nakagava for t．heir suggestion and encouragement．．  
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Chapt．erI． Diast．asis   



§1 Diastases Of analytic Raehler t．ensors  

The diast．ases of analYtic Raehler metrics were origina11Y  

int・rOduced by Calabi【2］・ ＝n this sect・ion diast・aSeS are  

introduced for analYt・ic Kaehler t・enSOrS On COmPlex manifolds・  

Let M be a complex manifold wit・h complex structure J．   

A（real）covariant sYmmetric 2－tenSOr g On 班 is said t．o be   

J－invariantifit．sat．isfies g（Ⅹ．Y）＝ g（JX′JY）（X．Y ∈ TM）． For  

aJ－invariant sYrnmetric t・enSOr g t We define t・he associated  

2－form 丘） by  
9   

％（Ⅹ・Y）諾す（Ⅹ′JY） （Ⅹ・Y∈でM）・  

＝f 伽gis closed・then g  is ca11ed a Raehler t．ensor．  ＝n  

it．is called an indefinit．e  addition，if g is non－degenerate，  

A Kaehler tensor is called analYtic if it．is  Raehler metrlc．  

realanalyt土c．  

On t．he complex t．angent space，t．he associated 2－fom  伽 
9  

Of a Kaehler tensor g is a self－COnjugate closed（l，1）－fom，   

namelYit．satisfies t．he following：  

（1）伽＝伽 
g 9・   

（2） ぬ冒這0 ′   

（3）％（勘澗）繁0 土至 芸 and W arebotb of（1・0）or  

（0－1）一type．   

ConverselY．for a given self－COnjugate closed（1．1）－fom a）．We  

can const．mct a Xaehler tensor  
㌔  

by  
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㌔（Ⅹ・Y）＝（わ（∬・Y） （Ⅹ′Y∈ワM）・  

Hence thereis a one tO One COrreSPOndence bet，Ween Raehler   

t．ensors and self－COnjugat．e closed（1，1トforms・   

IJet．g be an analYtic Raehler tensor on a complex n－manifold・  

ThenlocallYlt・here exists a realanalYtic function f such that・  

伽ま－2√汀網f・Where fls calleda  
9  

rlmltlve funct土On Of  冒・  

The primitive function f is determined up to the real part of a 

holomorphic funct・ionlt・hatisr for any hoIomorphic function h，   

f ＋ h ＋ h ls also a prlmitlve functlon・  

Now we introduce t．he multi－index defined as fo11ows： We   

aLrrange alln－t・uPles of non－negat・iveint・egerSin the sequence  

（（m工，1・…′m工．n））工王OJ．2，…  such that 

m＝（0′…・0）′  
o  

画工さ くImェ＋1】（工‡0′1・2′…）′  

where mI三（mI，1′… m ′m工．n）and 吋買電ニ1工．α ・me…e  

denoteby（ヱ）mItbemon。m土al濫1（Zα）mI一竺1nn－Varlables・  

Let． f be a primit．ive funct．ion of g・ For a complex  

1 n 
10Calcoordinate system（z，‥・，Z）・fis expressed as a  

POVer Series expansion：  

f（q）‡ギ，Ⅹ＝。b工衰 （ヱ（q））mI（市汀）取  
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Using this expression we define a complex－Valued funct・ion F   

as follows；  

F（p′q）壬ギ，掴b王宮 （Z（p））mI（盲て前mK・  

Where p，q are POint．sin t・he convergence domain of f  

Now a funct．ional element．0f a diast．asi  Dg（P・q）is defined  

asfollows：   

（1・1）D冒（p・q）霹F（p・p）＋円q・q）－F（p・qトF拍′p）  

Since F isindependent．oflocalcoordinat．e sYStemS，SO  

is D・Usingthe same discussion asin Calabi［l］・the  
g  

following propert．ies are easily verifiea：   

（1）Disindependentof the choiceof aprimitive  
g  

function．namelyit．is uniquelY det．ermined bY g．   

（2）㌔（p′q）羞D9（q′p）・   

（3）Dis a realanalYtic function・  
g  

Thediastasis D（P・q）is definedon some neighborhoodof the  
g  

diagonalsetI（p，P）；P ∈M）of the product．space M x M． For  

P∈M fixed・Dg（P・q） is a primitive function of g・Sove  

maY regard the diastasis as a normaliヱation of the prirnitive   

fuct土ons at the po土nt p．  

Examplell The space Cr・S  （r．s＝0，‥．，N．r＋S＝N）is t．he  

complexlinear space tN with theindefinite Xaehlermetric：  
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gr．s さ2｛∑三三1d∈♂⑳d書♂－∑宗1d∈郎⑳d∈かご｝′  

1 N 
where（E．・・・，∈）is the canonicalcomplex coordinate sYStem  

of CN ・Theassociated2－form山r，S isglVenbY  

伽 ＝－2√7｛∑言；1d∈♂∧d盲♂－ ∑芸＝1d∈折∧d喜郎 ｝′  
r，S  

and the diast＿aSisis given by  

ほ♂（pト∈♂（q）一 
2  

（1・2）Dr．s（p・q）冨∑芸＝1  

一 

∑芸茅1ぱ十ご（pト ∈かご（q）－2 （p′q∈Cr′S ）・  

Example 2．  The indefinite complex projective space 

伊（b）（0≦S≦机  Of constant h010mOrPhic sectionalcurvat．ure  

b＞Oisthe。PenSubm叫f 

農芸ほ♂12－ ∑≡：芸ば‾♂l2＞0｝／♂of伊N＝（♂＋1＼（0））／げ・  

伊（b）  The associated 2－form of the indefinite Xaehler met．ric of  

isdefinedbY（－4√巧／b）∂融og（＝芸：；ぱi2－ 
∑芸：去ぼ‾S－2）  

でbe diasta＄1s15 管主ven by  

（1・3）D（p′q）‡（2／b）1叩（1・境：；ほ♂（q）／∈0（q）∃2  

－ 

∑芸去ぼ‾♂（q）／∈0（q）量2）  
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O 
ere p＝（l，0，…′0）and ∈（q）＝0・＝ncase s＝0，this  

ace coincides with the ordinary complex proコeCtive space  

¶（b）with the Fubini－StudY metric．  

The indefinite com  ヱⅩample 3．  llex h erbol土c s  

（b）（0≦S≦N）of constant holomorphic secti。。alcur，at。re  
⊃  

⊂Oisobtainedfrom CP：＿S卜b）bYrePlacingthemetricof  

（－b）byitsnegative・：ncase s＝0．thisspace  
＿S   

Lnsides with the ordinarY COmPlex hYperbolic space CHN（b）．  

TheindefiniteRaehlermanifolds Cr，S ・CP≡（b）and CH≡（b）  

≧ all called the inaefinite com  1ex s  ace foms w土tb index 2s．  

The diastases have t．he following usefullpropertY．  

～ Let 班 and 班 be com  1ex man土folds  proposltlonl．1．  

g 堂旦 盲  tic Kaehler t．ensors  lectivel ．b anal  and ◎ a  

タmO叩h土Cmappl叩Of Mlnto 芯．塾生 ◎＊写＝す  

頼  

1f and  

4）D冒（p′q）；D写（¢（p）・◎（q））・  

土on of def土nltlon．  1n tbe re  旦旦 p，q ∈ 班  

We suppose t．hat．◎＊ぎ≡g． Then for a primit・ive  proof．  

ハJ ct土On f of 写．we have  

ー9－   



－2√巧∂ポ。◎）＝－2√7◎＊ぷ＝◎＊伽＝伽 
g  

√＼ノ  

Thisimplies that f。◎ is a primitまve function of g・ Since   

◎ is holonorphic．by the definition of the diastasis，We have   

the relation（1．4）． The converseis easily shown bY   

differentiating（1・4）with respect to the variable q．  
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§2  Extended sユgnature Of analytic Kaehler tensors・  

First of all．we prerare some properties ofinfinite   

dimensional matrices．  

Definition． The rank of aninfまnite dimensionalmatrix  

B＝ （bI恵）Ⅰ，K＝1，2．3，．‥ is defined by 

rank（B）ニ1i皿か00 rank（Bmm）∫  

Wbere ㌔皿＝（bi了）i．j可．…′m  

Let a♂＝ （a♂Ⅰ｝Ⅰニ1，2′3．…  
SequenCeS． 工f we set  

く びニ1‥．．Ⅳ） be sYStemS Of  

a♂芸♂－ かで押 

∑…＝ユ 
a 

Ⅹ 
（r＋s＝Ⅳ）・  bI豆＝∑‡。1工K 

then B＝（bI更）I．X＝1，2．3，．．． is an infinite dimensional 

Hernitian matrix∫ thatis b工更＝bK‡・If we put Pm＝  

t 
then Bmm＝㌔Ir，SP皿 一Wbere  （a♂i）♂札…∫Ⅳ．i＝1．…′m・   

1、、イ     ヽ ヽ   
、、、、＼  

1  
工  r∫S  

疇11－   



Eence we have  

rank（B）之11㌔憎 rank（Bm）≦1im 
m憎 rank（pm）≦Ⅳ・  

The eqalit・y holdsif and onlYifli 
刊。 

rank（Pm）＝N・namely  

｛a6｝6＝1．…一N  areC－1inearlYindependent・  

ConverselY，eVery Hermitian matrix of finite rankis  

Obtainedin suchawaY・＝nfact・1et B＝ （bェ衰）＝．R＝1，2，3，… be  

a Hermitlan matrix of rank N＜∞・ FirstlWe SupPOSe  

rank（BNN）芸N・t・hen BNN is known to be writt・en aS fol10WS：  

t 
（2・1）BⅣN 寮エ 

r．s 
p ′  

Where r（re＄P．S）is the number of positive（resp．negative）  

eienvalue of BNN and P三 isanon－Singular  （p6T）0，㌍1′2，3，．．．  
matrix． Since everY COlumni＄ a C－1inear combinat．ion of the  

∈ C （♂＝1．‥．，N．  first N－th columns．there exist   

工‡1，2．3，‥．） sucb that  

（2・2）b工衰≡ 鎧1b工古u㌔ （工′Rゴ1・2′3・…）・  

恥Wlfweset a♂工＝薮1さ♂で芯㌔（♂道1・…′y′ エ＝1・2′3・…）′  

tben  

♂ か♂＋ 

（2・3）b王家‡ 島1aⅠ言㌔ 覧1 a・  
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Next we consider the case rank（BNN）くN・ Since Bi50f  

rank N，there exists a positiveinteger m such that  

r卑nk（Bnm）＝N・ By a suitable simultaneous permutation of the  

first m－th columns andlows，We Can Obtain a new Hermitian matrix  

′ 

B＝ （b更）I，K＝1，2．3，…  SuChthat rank（B気N）＝N・Wedenote  

this permutation bY  

1．．‥． m   

し（1）‥‥．し（m）  
ん ＝  

′  

We have alreadY Shown that each component of B is written   

as follows：  

C♂さβ－ ♂r言♂r 
更＝∑芸＝1ⅠK ∑≡＝1C言芸・  

Hence if we put 

a♂．＝C ♂  

ユ  
（i＝1‥．りm），  

し（i）   

a♂ ＝ 
Ⅰ＋m 工＋m 

（Ⅰニ1′2′3‥‥ ）・  

then each component of B is also expressed as（2．3）．   The   

Pair ofintegers （r，S） determined bY（2．3）is caユIed the   

至ignatur早Of the Hermitian na七rix B ■   For a sufficientlYlarge   

integer n， r（resp・S）is the number of positive（resp．  

negative）eigenvalues of Bmm  

－13－   



Moreover our cOnStruCtion （2．3）is determined up to alinea   

transformation． Let U（r．s）（r＋s＝Ⅳ） be the group oflinear  

transformations of Cr・S which preserve theindefinite Kaehler  

metric gr．s ・Each element of U（r，S）is also regarded as an  

NxNcomplexmatrix T whichsatまsfiest菅工r，S T＝ 
Ir，S  

We  

have the following：  

Lemma2・1・技 B＝ 
（b工更）工∫Ⅹ＝1－2∫3‥‥  

be a Hermitian  

N ＜ 的 Satisf￥ing  （2．3）wまth res  matrまⅩ Of rank  ect to a s  Stem  

Of早equenC甲 ad＝ ｛a6I｝I＝1．2，3．．‥ （6＝1・・・・・N）・ Suppos望  

Onent Of B has another such decom  that each com  OSition：  

／ 

（2・4）bI豆＝ C♂Ⅰ石♂K－ 
′  

＝…＝1 
C 

∑…＝1♂；ご岩♂芸r  
（r・s＝N）′  

′  

for I′Ⅹ＝1．2，3．…・  Then（r′，S′）＝（r′S）  and there exi5tS  

T＝（tij）∈ロ（r′S）  a mat工・ix   （r＋s＝N） such that  

K t♂ C♂＝∑言＝1でaでK  （♂＝1‥‥・n∫ ＝K＝1∫2∫3′…）  

Proof．  Let  

t ⅩⅩ＝（aKい‥∫a Ⅳ  

x）′  

t Ⅳ 

yx＝（CK‥‥・CK）用＝1∫2∫3∫・‥）  

Then（2．3）and（2．4）すive us  

ー14－   



t－ 
＿ X烹  t－  （2．5）   

Since t．he mat・rix B is of rank N，We Can Choose C－1inearlY  

independentvectorsixio）0＝l，…．N  and（y ・Then  
jo6ご1，…，N  

there exists anNxN complexmatrix T suchthat Tx 
ia yjo  

（6＝l，‥・，n）・ Let・Ⅹ．Y be non－Singular matrices defined bY  

X；（a♂ and Y＝ 
土。。，丁叫…．Ⅳ   （c㌔）。，T畑．‥′Ⅳ ・By（2・5）1t  

follows that  

t 
エ   Ⅹ  

r′S  

t tt 音エ′′Y＝支（重工℡）Ⅹ・  
r′S  r  

Since X is non－Singular，We have  

t蚕エご：gで＝工 r，S  

Hence（r′′S／）＝（r，S）and T∈U（r，S）． We also have  

t 
＝ 

t x＝エ 
r．sR r．syR  

＝t支t蚕工ご．syx  

＝tX（t℡工 
r．s 

℡）ワー1yR  

七 －1 
；エ 

r，S 
（でyx）′  

－15－   



－1 thus xKニTyK  （K＝1－2，3，‥．），Which concludes our assertion・  

Let g be a Kaehler tensor on a complex n－manifold M・  
1 n 

For a comPlexlocalcoordinate system（Z．…．Z）′We Put  

gα5 
＝g（∂／aza・a／a妄β）∫then（gα5）α．β＝1． 

・・・，n 
isaHemitian  

matrix． At each point p ∈ M，the sユgnature Of the natrix  

（gαβ 
）iscalledthe星雲gnat些eOf theKaehler tensor g・  

ObviousIY this definitionisindependent oflocalcomplex  

COO工・dinate systems・  

Now we define the extended si  rnature of an anaユytまc Kaehle工■  

tensor g on M． Let p ∈ M be a point of a coordinate  

R neighborhood ｛U；（Zl′・・・tZ）｝・Thediastasis Dg（Plq）has  

the power series expansion at p as a function of variable q：  

Dgくp′q）＝∑冒′K＝1b工更（Z（qいヱ（p））ml（  ）mK．  Z（q）－ Z（p）   

Then B＝（bI更）I，K＝1，2，3，‥． is considered as anまnfinite  

dimensionalHernitian natrix．  The rank of the matrix B is   

Called the rank of the analYtic Kaehler tensor g at p・ If   

the rank of B is finite．we ca11the slgnatuTe Of B the  

extended si  rnature of g at p in this paper． Ⅳote that th  

extended ＄ユgnatureis defined only for analytic Kaehler tensors   

Of finite rank・ We willshowlater that the extended5ユgnature  

isindependent oflocalcoordinate sYStemS and the choice of a   

POint in M．  
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Remark・ Let・（r，S）and（r′．s′）be the slgnat．ure and t．he  

extended signature of an analyt・ic Kaehler tensor g at・P  

respectivelY・Since  gαβ＝bα5・thematrix（gα万）α，5＝1，…n  
COnSidered as a submatrix of B・ So we can easily check the  

′′ 土nequalltles r ≦ r 一・S ≦ S・  

1S  

A holomorphic mapping of a complex manifoldinto Cr・S is  

called史廷主if t・heimage of mapping spans Cr・S Now we proveve 

the follow土n冒：  

Tbeore∬12，2．（【15】） もet  1ex man土fold with a   班 be a com  

g．  Suppose thaLt t・here exists a fu11hplomorphic  Ⅹaehler tensor  

鱒Pp与野 ◎ 垂 加 土星建  Cr′S  ◎＊冒ご．s ＝す・でhen  SuCh that  

（ご．s） at everY  tic and it．s extended si   nature ls  1s anal  

oint．vit．h respect t．o any cOOrdinate systems． Conver層ely仁if  

（r′S）（ご＋S烹Nく∞）  tic and its ext．ended si  natulre ls   is anal  

皇主 P ∈M vit．h res ect t・O a COOrdinat・e S St・em then主here exist・S  

p 辿  bborbood of  Of some nel  a fullh010mOrロhlc ma in （さ  
cr・S  ◎＊gr，S 道管  SuCh tbat  

To prove this，Ve PrePare SOme Lemmas・  

1 
工emma．2．3．整堕 ◎‡（¢‥‥，）堕叫  

1exn＿manlf。1丘 班int。♂  ◎（p）芸 0 圭旦≡  SuCh that  Of a com  

め♂＝ aげⅠ（z－Z（p））mI（♂＝1′…・軋  ギ芸。  and let  fixed  p ∈ 班  
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1 n 
where（Z‥‥，Z）is  5tem Of M．  a local coordinate s  

adニ くa♂Ⅰ）Ⅰ＝1，2．3．…  く♂＝1′…∫椚  Stem Of se  Then the s  uenCeS  

is C－1inearlyindependent if and onlYif ◎ is full．  

Pr00f．  For an open subset U・¢パJis fullif and onlyif  

SOis ◎ bY the analYticity of ¢． Now our assertion   

is immediate．  

Lenma 2．4．  Let M be a com  1ex manifold with a Kaeble工・  

tensor g 堅建 ¢ a holomorphic mapping of Minto Cr・S  

◎＊9r．s ＝9・Then  SuCh that   （で＋s＝Ⅳ）  9 is anal  tic and its  

rank is less than or e  ual to Ⅳ at each  Oint．  Moreover if  

◎ is full then the rank of  rhere N and its 1S eVer  

natureis（r．s）  extended si   

P工・00f．  Since  
gr，S 

is analytic・SOis g・ Let p∈M  

be an arbitrarily fixed point・ Withoutloss of generalityl  
1 n 

we nayput ◎（P）＝O and take a cooTdinate s￥Sten（2：，‥．，Z）  

With the orユgユn P． Then bY Propositionl．1r  

（2・6）㌔（p・q）＝Dr．s（0・¢（q））  

－¢♂（Z（q川2－ ＝＝忘1 ∑…＝1 1㌔聴（Z（q削2  

Substitutまng ¢6＝ギ＝1 adI（Z）mIinto（2・6），Wehave  
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㌔（p・q｝＝ギ．x＝1（∑芸＝1a♂Ⅰ言♂Ⅹ－ ∑…＝1 
a♂言で言㌔r）（Z（q））mI（盲て前）mK  

Now our assertion followsimmediately from Le皿ma 2．3 and the   

discussion of infinite dimensionalnatrices in this section．  

Proof of Theorem 2．2．  BY Le皿ma 2．4，the first assertion  

is ovbious． We prove the converse・ BY uSing a complexIocal  

n coordinatesYStem（Zl・・‥lZ）withtheorlgユn p∈M・Dg  has  

the power series expansion：  

く2・7）D。（p′q）ニぢ．K＝1bI豆 （Z（q））ml一節訂）mK  

Let plt‥・ 
・Pn  

be positive numbers such that the power series  

（2・7）convergesabsolutelyin．zα■＜ヤα（α＝11・・・1n）・Bythe  

aSSu皿PtionltheHermitianmatrix B＝ （bI更）I，K＝1．2，3，．．．  
determined bY（2・7）is of rank N・ Withoutloss of generality．  

We may SuPPOSe that rank（BⅣN）＝N and that B satisfies the  

relations（2・1）and（2・2）for some nonsingula王・matrix P ＝  

and uでⅠ∈C（♂＝1・‥‥Ⅳ′Ⅰ＝1－2′3′…｝  ｛pβT）♂．アニ1∫．‥N  
Ⅳow let  

a♂Ⅰ＝＝≡＝1さ♂で正でⅠ 
（♂＝ユ∫…∫Ⅳ－工＝1．2′3…・）∫  

then we have already shown that each component of B is  

ー19－   



expressed by  

a♂芸♂一 
b工京王∑≡＝1Ⅰ定 ∑≡＝1 a椚言♂芸r  

BYSetting ¢6＝∑；＝1a6工（Z）nIt from（2・7）and（2・8）t wehave  

the reユation（2．6）． Thereforeit suffices to show that each  

4＞O converges absolutelY On SOme neighborhood of p Let BI  

t betheトthcolumn （bl言r…tbN苫）ofthematTix  
BN∞  

（b6‡）0＝1．．．．，N，I＝1．2，3．・・・  Theni七isregardedasan  
Ⅳ
二
Ⅳ
 
一
 
C
 
 

Let（ell・・・・eN）be an orthonormalbasis of  element of  

cN・Since（2・2）implies BI＝ ∑慧＝1㌔u6IIWehave  

慧＝1bdてくer・B工＞・  
u♂工＝∑  

where （hdで）d，T＝1∫‥．．N istheinveTSematrixof（く㌔1BT＞） 
6，で  

・陶Set dl＝maX 
＝1．…′Ⅳ  。．で＝1．‥．．y （lp㌔＝ and d2ニ  

max 
6，r＝1，．．．，Ⅳ 

＝hOT，｝・Thenwehavethefo110Winge5timate5：  

♂ ¢ 
la♂Il≦＝芝；1ipで冊工l  

≦dl∑芝＝1 lu♂Il  

≦dl∑≡′で＝1 
一九て♂－－くeぴヤl  

21／2  
≦Ⅳ2dld2（∑芝＝1Ib㌔－）  
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Takingnumbers pニ （α＝1∫・・・・n）suchthat O＜P；＜Pa  and  

putting R＝ぢ．K＝1IbI更l（p′）nI（p′）mX・Wehave bI監≦R′（p／）mI＋mK  

This．together with the convention of our nultトindecices  

lm♂l≦lmⅣl（♂＝1′‥‥Ⅳ）・yields  

2 
慧＝1R2／（〆）2（恥＋mI）〉1／2  la♂工l≦Ⅳdld2｛＝  

≡＝1R2／∂2t恥l（〆）2mI〉1／2  ≦Ⅳ2dld2｛∑  

＝叩5／2dld2R′∂l恥l）くユ′（〆）皿1）′  

where 8＝nin（1′P；一‥・ ・Pニ）・Henceeach めd（6＝1・・・・・N）  

C。nVergeSabsolutelyinthereglOn（lzαI＜p；1α＝1・…・n）  

1 Ⅳ 
ByLemma2・3，themappin9 ◎＝（¢′‥‥¢）is full・  

Remark． In the proof of Theorem 2．2，We aSSuned that the   

natrix B satisfies the relations（2，ユ）and（2．2）． But this   

nornali2：ation of the infinite di皿enSionaユ Hernitian matrix is   

Obtained by finite exchanges of columns andlows． So these   

assu皿Ptions gユVe nOinfluence on our estま皿ateS．  

P工■OpOSition 2．5． 主筆阜 g  be an anaユ  tic Kaehler tensor  

On a COnneCted con  1ex 皿anifoユd M．  If tbe rank of  g  主睾   

Oint．tben so is ever  bere．  Ⅳ ＜ 00  at SOme  
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Proof． Let．A be the subset of the point・S at・Which t・he  

rankis N． ＝tis sufficient．to show t．hat．A is open and   

closed・ By Theorem2・2t A is obviousIY OPen・ Nov we t・ake  

a sequence（ⅩヱIR＝1．2，3，…  Ofpointsin A・Vhich conveges to  

a point・Ⅹ∞∈班・ On alocalcomplex coordinate neighborhood  
1 ｛U：（ヱ・…′Zn）｝ around x00′ thediastasisisexpressedby  

D9（pパ）芦ギ．睨b工衰 （p）（z（qトヱ（p‖mI  ）mK  （Z（q）一 三（p）   

Since each b＝烹（p）is a contlnuous function of the variable p・  

Ve have rank†（bェ京（Ⅹ00）））≦rank†（bェ衰（Ⅹヱ））I監Ⅳ＜00  

BY Theorem2・2r t・he rank of g islocallY COnStant unless   

itisinfinite． Hence x ∈A，Vhichimplies t．hat A is OO   

Closed．  

The rank and t．he extended ＄i  rnature of a Corollary 2．6．  

Ⅹaehler t．ensor on a connect．ed comlex manifqld areinvariant．   

under t．he chan e of comlexlocal⊆00rdinate s sterns and the   

ChoIse of a polnt．  

でbe rl串dlty bolds for fullbolomorpblc mappln甘Slnto  

cr・S vhich preseve a Xaehler t・enSOr aS follovs：  
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馳eorem2・7・（【15】） 辿 ¢1  （iヨ1′2） be fullbolomor  

lex manifold M wit．h an anal  s of a connected  

into  Cri・Sisuch that  内ri．Si 質す  
Raehler tensor  ワben  

COincide wit．h t．he extended si  （ri・Sl）（i＝1・2）  （ご．s）  rnature 

cr・S 
．  ◎1更埴 ◎2  differ b   エn addlt土On  Of 冒．  a motlon 土n  

町meOrem2・2・We bave（rl′Sl）＝（r2′S2）  proof．  

（r・S）・ We maY aSSume ◎i（p）＝0（i＝1′2）for some fixed point  

p∈班・EachcomponentOf◎1：（め王‥‥，ギ）hasapower  
1 n 

series expansionon a coordinate neighborhood（U；（z′・・・．Z））  

V土th the or土9土n p：  

ギ壬ギ；1 aぴェ（z）m工・  

¢冨‡ギ；1 C♂工（z）mI  

Ontheotherhand′Dg（p・q）has apoverseries expansion：  

D9（p・q）；ギ．R；1bェ烹 （拍））mI（㌫盲）鞍  

エn t・he proof of Lernna 2・4∫ We have areadY Seen t・hat  

㌔芸－ ぴごびr  
bI京＝島1工㌔ a ∑宗1；言芸  

C♂さ－ ♂ご♂r  
∑宗1Ⅰ㌔ ∑宗1C；岩；  
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By applying Lernma 2・1′ t・here exists alinear transformat・ion  

ワ∈U（r・S）such that ワ。◎1＝◎2・ 蝕土S prOVe＄Our aSSertlon・  

Remark． Wit．hout the assumpt．ion’full’．thelocalrigidity  

isnotexpected・＝nfact，theholomorphicmappingof  Cl・Ointo  

c2・1definedbY ◎（ヱ）…（Z，0，0）（Z（：C l・0）is not rigid・  

伽叫甘（ヱ）芸（Z・ヱ2・一三2）alsosat土sfles内2，1；す1，0・  

it．s component．s cannot．be expres＄ed by C岬1inear combinations of the   

COmPOnentS Of（卦． Butin case s ＝ 0．our assumption ■fu11■  

Canbe omitt・ed．because t・he restriction of t・he metric 甘 tO  
r．s   

anY Subspacein CN・Ois also non－degenerate・  

Now we suppose t．hat 班 is connected and sinpIY COnneCted・   

Since t．he extended signat．ureisindependent of the choice of a   

POintt Theorem 2・2 and Theoren 2・7impIY t・hat・eVery full  

ho10mOrphic mapping of some open subset・Of Hint・O Cr・S．  

Which preserves a Raehler tensor，is unlquelY eXt・ended to t・he ■  

Whole of M． So ve obtaln tbe followlnす：  

M be a connect．ed and sim  ℡beorem 2．8．（【15】） Let  

COnneCted comlex manifold・  Then for a Xaehler tensor g 里里 H，   

the follovinq tvo conditions are equivalent，‡  

（1）  g is analt・ic andit・SeXt・ended sinat・ure j旦 （r．s）・   

（2）  There exist．s a fullholomorphic mappinq ◎ 旦皇 宮 麺  

cr′S 
（ご＋S＝机  ◎＊9r．s ＝9・   SuCb tbat  
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§3 餌10mOrph土Cmapp土叩into β2  

＝somet．ric mapplngS Of Raehler manifoldsint・Oinfinit・e ■  

dimensionalspaces have been t．reatedin Calabi【2）・ As a   

● generali2：at．ion of t．hese maps．we consider holomorphic mapplngS   

Of a complex manifoldWit．h a Kaehler t・enSOrinto t・he Hilbert  

space且2・The space 又2 consists ofthepointswith the  

coordinates（∈1・∈2・∈3′…）sucbtbat＝芸＝11㌔‡2＜00  

（EO∈C）・ The＝ermit・ianinnerproduct ＜，＞is  
▲  

definedby くp・q，芋覧1∈♂（pぱ（q）（p′q∈叉2）・  

Definition． Let．M be a complex manifold and ◎ a  

mappingof 朗into R2・ Then ¢is saidtobeh910POrP＊ic  
ifit．sat．isfies t．he f0110Wing two condit．ions：   

（1） ¢♂＝∈♂。◎ 土s holomorphlc for allぴニ1．2．3．‥．  

（2） ◎ islocallY bounaed，thatis，for everY P ∈班．  

there exist a neighborh00d U of p and a positive  

nu血er C suchthat ㈲；く◎沌＞1／2＜C on ロ．  

℡he followinglemma bolds  

Lemma 3・1・ 建泣 ◎ 堅追 甘  
2 ac些p担Ⅹ 

be holomor  ,hic ma ＄ Of  

＝f we define a funct．ion f  
塾ヱ   

f（p，q）＝ く◎（p），甘（q）〉 （p．q ∈M）．  
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Vhere 批 denotes  ,hic function on M x 朗．  then f ls a bolomor  

ate manifold of 班．  tbe con  

Po and qo be arbit・rarY pOint・S On M and 班  proof．  1et  

respect．ivelY． Then t．here exist・COmPlex coordinat・e SySt・emS  

n 1 n 
（U‥Zl・…Z｝ and（Ⅴ：W‥‥・W）of po∈M and qo∈朗 SO  
that  

zα（po）叫Wβ（qo）＝0  （α∫靡1・…n）′  

n 
U苫｛（Zl′…ヱ）‥－ヱα－＜ro（α芝1・…n）｝′  

1 n 
Ⅴ；｛（W・…W）：■wβ－＜ro（β叫…n）｝′  

伸l＜Cl・l刺＜C2・  

Where rot Cland C2are POSit・ive numbers・ We take nurnbers  

rland r2 SOtbat O＜rl＜r 2 
＜r。・Let ロ1運＝ヱαl＜リ  

β and Vl＝りW－＜リ・Weput  

fm（p・q）＝鞋1㌔（p）ゆ♂（q） （m叫2・3′…）′  

Then（fmlare ho10mOrphic funct・ions on 班XM・ We shov that  

（fmIconverges uniformly t・O f・ By CauchYIsintegralfomula・  

We bave  
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¢♂（Z）而  
㌔（p）¢♂（q）＝（  d（z）d（諒），  

1（ヱγ一三γ（p‖（諒γ一石γ（q））   2掃   

β where △芸；｛拉αl＝r2・JWl＝r2（α・β＝l・…・n）｝・＝fwedenote  

l㌔（ヱ）＝ゆ♂（Ⅴ＝ld（三川d挿＝′  L ＝（  
♂  

2方（r2－rl）   

thenl㌔（p）〆（q）】＜㌔（p∈Ul′q∈Vl）・Slnce  

鎧1座♂…♂－≦（鎧1 －♂㍉）1／2（環王11㌔㍉）1／2≦CIC2．  

We bave  

CIC2  2n  
、  

m  

∑炉1㌔≦（  l丘（ヱ）＝d（諒）‡  

2方（r2－rl）  

CIC2  2n  
、  

≦（  

2方（r2－rl）  

This estimatesimplies thatthe sequence（fl 
mm王1．2，3，…  

二」∵ COnVergeS uniformly to f in t．he vider ＄enCe On 班 ×M． Eence   

▼二‾‾ f ls a bolomorphlc functエOnS On M x 班．  
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2  

Nowwe define a diastasis of ＿e by  

2 2 
D00（p－q）ご庸一qi （p∫q∈ゼ）・  

lex manifold with an anal  Let M be a com  Lemma 3．2．   

Kaehler tensor and  

Then the f01lowinq two assertions are equまvalent t0 寧寧ChOther．  

Dg（p′q）  reserves the diastasis，tha七is．  （1） ◎  

D∞（◎（p）′◎（q））（p．q∈M）．  

（2）博I2  ,rimitive function of g・   1S a  

P工・00f．  We have  

（3．1） D∞（◎（p）．◎（q））＝＜⑳（p）′ ◎（p）＞＋＜⑳（q），⑳（q）＞  

－ く ◎（p），◎（q）＞ － く ◎（q），◎（p）＞  

BY Lenna3・1，D∞悼（p），◎（q））（p．q∈M）is a realanaユytic  

functionon M x M．If 悼J2is aprまmitive functionof g，  

ThenbY（1・1）and（3・1）T D00沌（P）・⑳｛q））coincideswith D（PLq）・  
g  

On the other hand．for a fixed p ∈ M，（3．1）implies that  

D00（◎（p）．◎（q））and巨利2 differ bythe realpart of a boユomoぬic  

function with respect to the variable q． Hence the converse   

is obvious．  
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The fol10Wing proposition plays animport．ant rolein thelater   

SeCtlon．  

proposltion3・3・（【15】）  建生 餌 頓  

印し analYt．ic Raehler tensor of ext．ended 軸唯今 （r，S）（r＋S＝N）  

堅建」¢・aI叩車叩0叫与軍mapp土nqof M 主裏盆ノ2  Vh土cb  ,reseves 

葵nd ◎（朗）  tbe dlastas土s．  ℡ben s ヨ 0  11es ln some com  

Ⅳ－plan阜土中 ゼ 
2  

1 N 
proof・Let（E．…．∈）be the canonicalcomplex  

coordinate systemof CN（r＋SkN）・We define a realbilinear  

iormon ♂ by  

βr．s（p′q）；Rei島1 ∈d（pぱ（q）  

－ 

∑芸＝1∈♂＋ご（pほがr（q）｝  
（p′q∈♂）・  

Obvlously the followln冒 土色entlty holds：  

（3－2）βr，S（南；・丙；）＝（1／2）（Dr．s（p′ql）・Dr，S（p′q2）  

＋Dr．s（ql・q2）｝（p′ql・q2∈仁r・S）′  

vbere pq＝q－p（p，q。♂）． 〉  

Let p ∈朗 be an arbit．rary point． Since t．he ext．ended   

Slgnat．ure Of g is （r．s），t・here exists a fullholomorphic  
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mapping 甘 Of some neighborh00d U of pinto Cr・S such that  

V＊gr，S 王9・Nowwesupposethat⑳＊（U）doesnotlieinanY  
rea12N－Plane・ Then t・here exist・POints p，ql′‥・，q2N＋1 ∈U  

） are駅－1inearlYindependent・  
j王1，…．2N＋l  

SuChthat（⑳（p）◎（qj）   

Onthe otherhand・Since（甘（p）甘（qj）  〉 are択一unearly  
ヨ三1，…．2Ⅳ＋1  

1 
realnumbers（a．‥．．   

ご 0． By（3．2）and  

dependent，there exist・S a（2N＋l）－tuPle of  

2… 
a ）≠O suchthat∑…望；1aコ  

propos土t土Onl・1′ We have  

甘（p）甘（qj）  

．戎望；1ak  0羞βr，S（∑鍔1aコ  甘（p）甘（qk）  甘（p）甘（qj）  

（l／2）ギこ三Iajak｛Dg（P・qj）・Dg（p・qkトDg（qj・qk）｝  

．夏空；1ak  ＝Reく弓望；1aコ  甘（p）甘（qヨ）   甘（p）甘（qk）  

Hence∑…望；1aコ  0 ，Which Yields a contradiction．  So   

◎（U）lies in ＄Ome rea12N－Plane． Since p is arbitrarY， ◎（M）   

SPanS a finit．e dimensionalcomplex plane． Thus，bY Theorem 2．7，  

s＝O and ◎（M）1iesin a complexN－Planein A2．  
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§4  Realanalytic functions on complex manifolds・  

A realanalytic function on a connected complex manifoユd M  

g associated  is said to be of finite rankif the Kaehler ten50r  

to the form－2√巧∂if is of finite rank． We caユ1the extended   

Slgnature（r，S） of g the工法2旦Of f・ Suppose that f has   

the power series expansion at a fixed point p ∈M  

f＝ギ．矩。b工豆 （Z）mI（言）mX  ′  

where（Zl，．‥．Zn）is alocalcoordinate sYStemWith the orlgln  

p・ Then f is of finite rankif and onユYif the 王・ank of the  

matrix（b＝豆）I，K＝0，1，2．．．． is finite・ The tYPe Of f coincides  

With the sユgnature Of the HeTnitianmatrix（bI更）I，K＝1，2．3．．．．・  

Let ＾（M） denote the set of 択一1まnear combination亭 Of real   

analytic functions hk ＋ kh （h and k are holomorphic   

functions on M）． Obviously ∧（M） form5 an aSSOCiative algebra   

If M is compact， ＾（M）is nothing but the set of constant   

functions．  

P工・OpOSition 4．1・ 旦呈 f ∈ 八（M）  ，then f is of finite  

rank．  

BYuSing theidentity】痛＋k豆＝［h＋kI2－1h事2－Ikl2，  Proof．  

f is expressed a5  
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三三 
∑；＝1 

土ナご2・  
∑…＝1さご2一  

where d）6（6＝l，‥・，N）are holomorphic functions・ We define a  

holom。rph土Cmapp土叩 ◎ of 出 土nto Cr・S  1 
by ◎芝（¢‥‥．）。  

Then －2√巧∂∂f三◎＊a｝r，S ・thisimpliesthat fisoffinite  
rank．  

The converse is also true．  

Theorem 4．2．（【15］） Let M be a connect．ed and sim  

,lex manifoLd and f a real anal COnneCted com  t．ic function of  

finite rank defined on M．  Then for a fixed  loint p ∈ H．  

蜘ist．a pair of non－negat．iveinte年号r早 （r．s） 卑nd  

¢0，¢1‥‥．㌔（ご．s＝Ⅳ）  hic functions   holomor  On M sucb that  

f＝Reは0）・島1 －め♂l2一覧11㌔照l2・  

㌔（p）葺0（♂毒1．‥‥Ⅳ）．  

1 
建造 ¢．…． are  C－1土nearl  1nde  endent．  エn addltion  

f has the decompos土tion as above．t蜘 （r′S）  COincldes wltb  

thetypeo星 f′堅迫 ¢0 阜坤  
I 

tem．塾追 ◎＝（¢，…．）阜ざ寧軌n主即elYAet町minedup  

to a compl学事11near transfo些皐tiopln U（ご，S）．  
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Proof． Let f be a realanalYtic function of tYPe （r，S）  

（r＋s＝N＜∞）． Since the extended sユgnature Of the Kaehler tensor   

g associated with the foTm －2√巧∂if is（r，S）∫ by Therem2．8．  

1 Ⅳ 
there exists a fullho10mOrPhic mapping ◎＝（4），・・・，4＞〉  

of Minto CrlS suchthat ◎＊gr，S ＝g and ¢（P）＝0・  

This implies that 

座♂（q）l2－ D（p・q）＝＝；＝1 
＝…＝1 

1㌔＋で（q）l2 （q∈M）  

Since f is a primitive function of g，there exists a  

h0lomorphic function ¢O suchthat  

（4・1）f：Re（¢0）・＝芸＝11¢♂l2－ ＝…＝1 1¢♂＋r12．  

Ⅳow we pTOVe the unユqueneSS Of this decompositまon・ Suppose   

that we have another such decomposition：  

O （4．2｝ f＝Re（ゆ）・∑£1－¢♂－2－ ∑…1 －¢竹2  

／ ′ 

¢0（p）＝0（♂＝1′…′Ⅳ′；Ⅳ＝ご＋s）  

Then we obtain a fu．11h01omorphic mapping 甘 Of Minto CT・S  
N／ definedbY 甘＝（¢1，・・，¢）・Hence（r／，S′）＝（r，S），andbY  

Theoren 2．7． ⑳ and 甘 differ bY alinear tTanSfornation  

of CrlS whichpreservesthemetric  
gr，S 

・Moreovert since  

◎（P）＝ 甘（p）＝ O，bY Propositionl・1，We have  
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f（q）－Re（ゆ0（q｝）＝Dr，S（0・甘（q））＝Dg（p′q）  

＝D 
r′S 

O Hence Re（4，0）＝Re（¢），thisimpliesthat ¢O and ¢O differ bY  

a constant term．  

COnneCted com  M be a sim  Cor011aエーy 4．3・  Let: 

COincides with the set of real anal  manifold． Then ＾（M）  

functions of finite rank．  

Ⅳext we show some transcendentalproperties concerned with   

＾（M）． The fo1lowinglenmais a direct consequence of   

Proposition 3．3・  

Lenma 4．4． Let ¢ be a hoIomorphic mapping■ Of a co皿plex  

o  

aCe ユn  

エf ∧（M） does not lie まn an  manまfold H int  finite  

ヱ2・ でben 博Ⅰ2≠八（M）  dimensional subs   

Proof．  Let g be a Eaehler ten＄Or aSSOCiated with the  

2－form －2√巧∂引利2  でhenbyLemma3．2．◎ preserves tbe  

dia5taSi5 D・Since ＾（M）does notlieinanY finite  
g  

dimensional subspace, the rank of g is infinite by Proposition 

3・3・Ⅱence 伸l2≠∧（＝）・  
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proposition 4・5・（【15】） 姓 p  ∈ M be a fixed  0土nt of a  

1 
h ,...rh 

N  
,lex manifold N and let be non－COnStant  

h♂（p）＝0（♂＝1′‥・．椚．  hic functlon on 班 SuCh that  holomor  

でhen  

exp（漂‡1 ih♂i2）卓∧（M）一  （1）  

lo9（ト ロ2 
薮1 Ihー）卓∧（朗）′  （2）  

（ト鎧1 匝♂■2）‾α嗟∧（机  （3）  （α 〉 0）  

proof．  We obt．ain the series expansions  

（4・3）exp（鎧1 022 
lhl）  

（hl）11…（bN）1N／  il王‥・1N王  ＝ 

∑土1＋‥・＋1Ⅳ≧1   

（4・4）－109（ト鎧1 匝♂－2）  

＝∑1＋‥・＋土≧1   
1 Ⅳ   

since h6（p）＝0（6王1，・‥．N）．those series convergein a  

SufficientlY Smallneighborhood U of p・ Thus we revrit・e   

those ser土es as follows：  

疇35－   



（4・5）  exp（漂＝1 －h♂岳2ト1ニ 
環1－¢ゴー2・  

（4・6）－1叩（ト鎧1 ih♂】2）ゴぢ＝1座戚・2・  

where d）｝ and WA（A＝l，2，3，…）areholornorphicfunctions  

determined bY the series expansions（4・3）and（4．4）respect．ivelY．  

1 
ThenwemaYdefine ho10mOPhicmappings ◎＝（め．¢，¢，…）  

1 and Vま（¢′ゆ2，¢3．…）of Uinto A2・Since（d）A）  

and（d＞2｝ have the C－1inearlYindependent subsequences  
Im 

｛（h）／m！｝m＝1・2・3・…  and ｛（hl）m／m｝m＝1，2，3，… reSPeCtively・  

by 工一ema 4．4，We have  

exp（焉≡1 －h♂－2）＝1・ぢ ＝1 ；¢月i2卓∧（軋  

1叩（ト ih♂12）＝ぢ j2 
農1 ＝1 i¢i卓∧（虹  

This proves （l）and（2）・ Next・We PrOVe（3）． BY uSing  

the expression（4，6），We have  

（ト鎧1 ih♂】2）‾α  

貰eXpトα1叩（1一覧1 022 
匝ぎ）｝  
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ヱ2 ＝eXp（αぢ＝1座！）  

＝1・ ∑ 吊甘k㌔‥・ゆ叫2  
＝11＋‥・・ik≧1  

Ifwe arrange the h0lomorphic functions（（花）k¢il・・・¢1k）as  
P 

asequence ｛¢｝］＝1，2，3，… ・Wehavethefollowまng：  

（1－＝慧。1 匝♂l2）‾α＝1＋ぢ＝1－ゆノl2  

sowe obtaina holomorphic nappingof Uinto A2 definedby  

1 
甘＝（¢．¢，¢，…）・Nowwe can easま1Ytake a subsequence of  

J 
｛ゆ｝A＝1，2，3，‥． WhichislinearlYindependent・＝encet by  

Lemma 4．4．we have  

（ト∑≡；1 匝♂l2）‾α＝1十ぢ＝11¢∫l2喀∧（町  
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§5  Ⅹaehler subman土folds of complex space foェ■mS  

Calabi［2】proved that．a complexlinear space，a COmPlex   

hYPerbolic space and complex proコeCt．ive space can not be   

ho10mOrPhically andisometricallYirnmersedin each other．   

＝n this sect．ion，aS an eXt．enSion of t．his result．．we show th   

any two of complex space foms of different t．YPeS have no Kaehler   

Submanifoldin cornmon． ＝n this paper，Ⅹaehler submanifoldis   

assumed to beisomet．ricallYirnmersedint．oit．s ambient．space．  

we den。te by （b）the complete and simpIY COnne。ted  

Raehler N－manifold of constant．holomorphic sect．ionalcurvature   

b ∈駅． We prepare t．he followinglernJna．  

Lemma 5・1・（Calabi［2））  姓（M，g） be an analYt・i（：Kaehler  

∈ M an arb土trar  flxed  01nt．  ワhen a  manlfold  p  

（U・glu）！症 p can be a XaLehler＄ubmanifoldof  bborbood  

（2b）if and。nlYif there exist h。l。m。rphic funCt．i。nS  

1 
¢‥‥，  ㌔（p）董0（♂；1．…郎 and  defined on U such t．hat  

鎧1 1㌔（q）i2  （b ＝；0）  

（1／b）109（ト島1 】¢♂（q）！2）（b＜0）  

（1／b）10頼・鎧1 i㌔（q）…2）（b＞0）′  

（5・1）㌔（p・q）羞  

for all  q ∈ ロ・  
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Proof・  Suppose（U・g［u）is a Eaehler submanifold of  
N 1 
態（2b）irnmersedby ◎芸（¢，…．）．＝n case b≦0，bY a Suitable  

mot．ionin％N（2b）．vemayput ◎（p）＝0．Thenby（1．2）and（1．3）．we  

See that・（5・1）holdsif and onlyif the diastasis of（U・gfu）  

is the rest．rict．i。n。f that．ofが（2b）．S。We have（5．1）bY  

Proposit．ionl．1． Similarly，in case b ＞ 0，uSing the   

homogeneous coordinate，We may ＄uPPOSe ◎（p）＝（1．0，‥．0）． Then  

1 
◎＝（1，¢．…）satisfies（5．1）．Theconverseis novobvious．  

proposltlon 5．2・（【13】） 1et 佃，す）  be a Xaehler  

n－S。bmanlf。1d。f ♂・0  Then an O en Subset of （H，g）  Can nOt  

伊Nてb′）至。ran，Ⅳ′and b′，0  be a Xaehler submanifold of  

Proof・ We suppose that an open subset（U・glu）of 朗is  

a Raehler submanifold of CPN（2b）（b′ヨ2b）．For a fixed  

P∈U・eXPibD（p・＊））∈∧（U）byLernma5・1・Since b＞O and  
g  

（班，9）1s aXaeblersubman土foldof  ♂・0∴by℡beomm4．2．there  

ex土stbolomo叩blc餌nctlons hl′‥＝bN suchthat  

b㌔（p′q）＝鎧1 －bβ（q）－2 （q∈U）一  

b♂（p）三0 （♂董1′‥・′Ⅳ）  

Een℃e eXp（鎧1 極り）∈∧（ロ）・Buttbiscontradlcts（1）of  

proposltlon 4・5・  
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propos土t土On 5・3・（【13】） もet 佃．冒）  be a Xaehler  

cN・0． Then an  n－Subman土fold of  （軋9）  ,en subset of Can nOt  

印Ⅳ1b′）至。ranヱN′and b′＜0  be a Xaebler submanlfold of  

Proof・  We suppo＄e t・hat・an OPen Subset・（U・giu）of 比is  
axaehlersubmanif。1d。f CHN12b）（b′≡2b）．Let p∈。be  

a fixed point・ Then bY Lema5・1′ t・here exist h010mOrPhic  

functions hl′…′hN／definedon U suchtha  

D。（p∫q‥）；（1／b）1叩（1一1 …h¢（q）l2）（q∈軋  

hぴ（p）羞0 （♂…1．‥．，N′）．  

since（M，g）is aⅨaehler submanifoldof CN・0，Ve have  

（1／b）1叩（ト1 ih）∈∧（U） 餌th土scontradlc七月（2）  

Of proposltlon 4．5．  

Proposition 5・4・（【13］）  圭盛土 （班．g） be a Raehler  

cHN（b′）．  Then any open subset．of M can not．  n－Submanl至01d of  

伊Nて。′）f。r旦望N′and。′，0  be a Xaehler submanifold of  

proof・  Since（M．g）is a Xaehler submanifold of CHN（2b）  

（b′＝2b）′ for a fixed p∈比．t・here exist holomorphic  

funCtions hl′…′hN definedon some sufficientlY Small  

ne土管bborhood U of p sucb that  
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（5・2）D冒（p」・q）瑚／b）1叩（1一鎧1 622 匝－）（q∈U）・  

h♂（p）ニ0  （♂王1′‥・．N）・  

N 
N。W WeaSSumethat（U，g［。）isaRaehlersubmanifoldof CP2c）  

（C′＝2c）． BY Lemma5．1．there exist holomorphic funct．ions  

¢1．…，㌔′＄。。hthat  

（5・3）Dg（p・q）叫／C）lo9（ト1 2 ■㌔l）（q∈U）・  

From（5．2）and（5．3）we have  

1㌔l2豪（鎧1 ♂2C／b  
1 匝l）  

Since c／b＜ 0．t．his cont．radicts（3）of Proposition 4．5．  
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§6  Einst・ein Kaehler submanifold  

Einst．ein Xaehler submanifolds of complex space forrns have   

been studied by severalauthors． ＝n t．he case of codimension   

one，SmYth［9］and Chern【3］showed thern to be either tot・allY   

geode＄ic or cert・ain hYPerquadrics of a complex proコeCtive space・   

＝n this classification′ Takahashi【10］showed that．t．he Einst．ein   

condition can be weakened to t．he condition t．hat Ricci t．ensoris   

Parallel． Recent・1Y，T＄ukada【12】st・udied t・he case of codimension   

two and obtained the same classification． ＝n this section，We   

COmPletelY Cla＄Sifyヱinst・ein Kaehler ＄ubmanifolds of a complex   

linear or hYPerbolic space and prove the fol10Wing■：  

Theorem．  Ever Einst＿ein Kaehler subm尋nifold of a comlex   

linear or hvperbolic space is tot．allY qeOdesic．  

Note that our theorem holds for any codimension・ ＝t should be   

also remarked that．t．he theorem does not holdsin t，he complex   

PrOコeCtive spacet t・hat・ist homogeneous Einstein Raehler   

Submanifolds vhich are not totally geoaesic are known・   

Homogeneous Einstein Xaehler submanifoldsin t・he complex   

PrOject．ive spaces are complet・elY Classified・（See Nakagawa－   

でaka曾i【6】andでakeucbi【11ト）  

Let （M．g） be anisometricallYirnmersed Raehler submanifold   

of a Raehler manifold of const．ant holomorphic sectionalcurvature  

2c・ Then the Riccitensor・denot・ed bY Ric班′Sat・isfies  
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（6・1） RicH≦（n＋1）叩・  

The equalit．Y holdsif and onlYif （M，g）is totally geodesic・   

Thisinequalit．Yis anirnmediate consequence of the Gauss   

equat．ion（c．f．【5；P1771）・ ＝n part・icular，the Riccit・enSOr   

alwaYS negative semi－definit・eif c≦0・  

Now ve suppose that・C ≦ O and （M．g）is an Einst．ein  

1 n 
manifold．Let（Z．…．Z）be a10Calcomplexcoordinat・e  

R systemof M・ThentheRiccitensor Ric朗＝2∑：．β＝1α否 
冒αdヱαd言βby  9＝2∑芸，β三1β  is related to the Xaehler metric   

（6・2）Rα百三－〟9αβ（α′β＝1′‥リn）′  

Where Jl≧ O is a const・ant・・ On the ot・her hand．it・i＄ known   

（c．f．【5；p158】）that the Riccltensorls glven by  

（6・3）Rαβ＝－∂2（109G）佃α∂言β（α′β＝1′…′n）∫  

Where G denotes the det．erminant of the Hermitian matrix  

（9αβ）α′炉1．…，n ・エncase 〟≠0・（6・2）and（6・3）土mplythat  

（1／jl）log G is a primit．ive function of g． Since the primit．ive   

is determined up to the realpart of a holomorphic function，   

We have t．he fo110Winglocalexpression：  
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D甘（p′＊）＝（1／〟）（h＋云＋1叩G）′  

Vhere p ∈M is a fixed point and h is a holomorphic function   

defined on some neighghborhood of p・ So we have  

（6・4）exp｛〟D冒（p・＊）｝＝恒p（町2G・  

First・Of a11，We COnSiderEinst・einXaehler submanifolds of CN．  

でheorem 6．1．（【14】） Let （軋甘）  be an Einstein Xaehler  

n－Submanlf。1d。f （n≧1）．  ワhen 冊，9）  土s totall  eodesIc．  

Proof．  Since （軋g）is an Einst．ein manifold．it．sat．isfies   

（6・2）and（6・3）on a sufficient・1y smallcoordinate neighborhood  
1 川；（z．‥＝ヱn）‡of a f土Ⅹedpolnt】P∈M・工f 班1s nottotally  

geodesic，t．hen（6・1）implies that jl＞ 0． By 云Ihomot．het．i  

tran＄ねmatlonof ♂，Vemay aSSume 〟芋1．Byもema5．1．  

t．hereexi＄thol。mOrPhic functions ¢1．…，㌔ on u su。hthat  

D。（p・q）ゴ鎧1 －¢♂（q）f2 （q∈U）・  

㌔（p）＝0 （（アニ1，‥．，椚．  

So we have  

－44－   



gα膏＝∑＝1 （紬♂／∂zα）（紬♂佃β）（α′β＝1‥‥∫n）・  

Sincethematrix（gaβ）a．β＝1．．‥．n isHermitian・its deter皿inant  

G is realvalued． So G ∈ ∧（U）． On the other hand，bY（6．4）．   

We have  

♂ 
exp（∑慧＝1電¢｛＝㌔くp・＊）  

＝lexp（h）12G∈∧叩）．  

But this contradicts（1）of Proposition 4．5．  

Next we consider the hYPerbolic case． The following Lemma   

bolds．  

Let M be a com  1ex n－manifold and  †ロ；  Lemma 6．2．  

1 n 
（Z－…′Z）〉  1ex local coordinate nei   bborbood of H．  a COm  

廷 f∈∧（＝）′迦  fn＋1det（∂2f／∂zα∂言β）∈∧（＝）・  

Proof．  For the sake of sinplicity．we set f ＝∂f／∂2：α． α  

fβ 
＝∂f′∂芝βand fα房＝ ∂2㈹α∂妄β くα・β＝1い‥n）・Then  

∂2logf／∂za∂妄β＝fα／f－fαff2・  
5 
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So we have  

fn＋1det（∂2f／∂zα∂芸β）＝fdet（f 
α万 

ff／f）  
αB  

fl‡ 
－ff／f′‥・・ 

l fl五一flf己／f・0  

＝ f det  

fni －fnf‡／f・・‥・fnn－fnf五／f・O  

fi／f   ′‥・∫   f己／f  ・1  

fl‡‥・‥  
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fi‥・‥f己一 ′  

＝ence fn＋1det（∂2f／∂za∂妄β）is finitelygeneratedbyhoユomorphic  

Or anti－holomorphic functions on U． 工n addition，itis real  
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valued，because thematrix（∂2f／8zα∂妄B）is Hermitian．So we  

conclude that  fn＋1det（∂2f／∂zα∂妄β）∈∧（M）．  

ワheorem 6．3．（〔14】） 1et  M be an Einst．ein Ⅸaehler  

ace 伊Ⅳ（b）．  （n≧1）  1ex h  n－Submanlfold   Of tbe com  erbol⊥c s  

Then M is totallY geOde亭ic．  ■  

Pr00f．  BY（6・1）．t．he Riccitensor of M is negative   

definite． Hence ji≠ O and M satisfies（2．4）on a  

1 n 
sufficientlY Smallcoordinate neighborhoodiU；（Z，…．Z）lof  

a fixed point p ∈M・ By Lemmal・2，t・here exist．holomorphic  

fun。tions ¢1，…㌔ defined on U such that  

（6・5）㌔（p′q）貢－ 1叩（ト鎧1■¢り）（q∈U）′  

㌔（p）≡0 （♂＝1．‥．，N）．  

工fweput f＝1一 
環＝1 

i¢♂t2・then  

（6．6）G三卜1）ndet（∂2f／如α∂妄β）．  

From（6．4）．（6．5）and（6．6）．we bave  
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f－jl＝卜1）niexp（h）幸2det（∂2f／azα∂言β）。  

Hence  

fn＋l－jl ＝（－1）nlexp（h）i2（fn＋1det（∂2f／∂zα∂芸β））．   

By Lemma 6．2，We Obtain  

－㌔－2）n小〟＝ 
fn小〟 

（1一環ニ1 ∈∧川）・  

Then（3）of Proposition 4・5，implies t・hat n＋l－jl≧ 0． On the   

Other hand， n＋1－jl≦ O by（6．1）． Thus Jl＝ n＋1 and M is   

totally 9eOdes土c・  

From Theorem 6．2 and Theorem 6．3，the t．heorem stat．edin   

t．he first of this sectionis directlY Obtained．  
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§7  Non－flatindefinite complex space forms  

＝n this sect．ion we consider holomorphic mapplngSint．o non－   

flatindefinit．e complex space forms preserving Kaehler tensor．   

Since the met．rics of theindefinite complex hyperbolic and   

PrOコeCtive spaces differ by t・he sign，We maY Only discuss on the   

indefinite complex proコeCtive spaces・ ＝n §1∫ We defined t，he   

indefinite complex proコeCtive spaces as open subsets of ordinarY   

COmPlex proコeCtive spaces・ A ho10mOrPhic mapplngint．o  

N CP≡（b）（⊂CP）iscalled史廷主ifitsimagedoesnotlieinanY  

hyperplane of 仁㌔．  

Theorem 7．1．＝15］） 録珪 朗二 be a cq叩plex manifold wit．h an  

甘 旦旦旦 p ∈M  be an arbitraril  tic Raehler t．ensor  anal  至上Ⅹed  

Oint．  Then t．here exist．s a full holomor  ,hic ma Of some  

sufficl叫叶即阜11nelqbbo血00d U辿伊≡（2b）  SuCh tbat  

◎＊90＝9  土f the functlon  exp‡bD（p′＊））土s oftYP阜  
9   

土f and onl  

伊≡（2b）  （Ⅳ－S．S）．  is the metric of   Wbere  
冒0  

Now we suppose that t．hereis such a holomorphic  proof．  

O 
mappingexpressedbY ◎＝（¢，…．）interms。fthe  

homogeneou＄ COOrdinate system． By a suitable mot．ionin  

CP≡（2b），WemayPut◎（p）；（1・0・…・0）・Thenby（1・3）and  

proposltionl．1′ We have  
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‾02 
D。（p・＊）＝‖ノb）1叩（1・墓；1㌔〃0－2一 ∑芸 シ¢－）－  

thatls．  

exp｛b㌔（p・＊）｝＝1・農；－㌔〟0－2一 ∑芸去■㌔‾シ¢0－2  

since¢isfull・｛㌔〟0｝cl，‥．，N  areC－1inearlYindependent・  

HenceTheorem4・2implies that exp（bD（p・＊））is oftYPe  
g   

（N－S・S）・Conversely・We SuPPOSe that exp（bD（P・＊）l  
g  

Of t．YPe （N － S，S）． Then bY Theorem 4．2，there exist  

h。1。m。rPhic f。nCti。nS ¢0，ゆ1．…．㌔ onasimpIYC。nneCted  

nel甘bborbood U of p such that  

1s   

漂：；－ゆ♂－2－ exp｛bD9（p・＊）｝雲Re（¢0）・ ∑≡：去l㌔‾♂】2 ・  

〆（p）苫0 （♂芸1．…．N）′  

1 
vhere（ゆ，．．．．Iare C－1inearlyindependent．Since  

Dg（P・＊）isthediastasis・WeCaneaSilycheckthat¢0＝1  

1nto 伊（2b）by  Now if we define a holomorphic mapping of U 

1 
甘＝（1，¢．…，），tben   

D冒（p・＊）招／b）10す（1・荘；座♂－2－ ∑芸去1㌔‾♂－2）・  

Bypmpo＄1tlonl・1・Webave・甘＊90＝曾・  
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Theorem 7．2。（【15］） Let M be a com  1ex man土fold wlth a  

and let  ◎1（土＝1・2）  Raehler tensor  be full holomor  

叩P如Of朗辿旦璃（2b）  SuCb that  Where  

廷伊≡（2b）  is the metrlc  Then Ⅳ1＝Ⅳ2 堅迫 Sl＝S2・ 

咤（2b）  dlffer b  ◎1堅迫 ◎2  a motlon ln  add土tlon  

proof・  0vbiously Nl＝Ⅳ2（王Ⅳ）and sl＝S2（＝S）  

（bYTheorem7・1）・BYaSuitablemotionin CP（2b）．wemayput  

◎1（p）＝◎2（p）＝（1・0・‥・・0）for a fixed point p∈班・ Byusing  
O thehomogeneouscoordinatesYStem（E，‥・．iN）．◎i（i＝1．2）  

areexpressedbY◎i＝（1．¢王，…．童）・Thenwehave  

exp｛b㌔（p・＊）｝＝1・荘； －ギー2－ 童‾♂l2（1＝1′2）一  
∑芸昌一  

ギ（p）；0（♂＝1′・・‥′机  

Since ◎i（i羞1・2）are full・bY t・he uniqueness of such  

dec。mPOSitions・thereexistsamatrix（t） ∈U（N－S・S）  
。，㌍1，…．N  

SuCb that  

¢g＝藍1t言¢； （♂＝1・‥リN）  

Thetransformation T of CP≡（2b）．vhichi＄definedby  
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ぴ で㈲＝ほ0（q）′漂＝1t吉∈（qし‥′鎧1t芝∈♂（q））（q∈が（2b））．  

isovbiouslyanisometrYOfCP≡（2b）and T。◎1＝◎2・  

Remark・ Recallthat a Raehler tensor g is cailed an   

indefinite Xaehler metricif g is non－degenrate at each point・・   

When g is anindefinite Xaehler met．eic．as a specialcase of   

Theorem2・7 and Theorem7・2t an extension of CalabiIs rigiditY   

t・heorem t・Oindefinite Xaehler submanifolds ofindefinit・e COmPlex   

SPaCe formsis obt．ained・ Romero【8）and Abe一朗agid［1】also   

Obt・ained similar ext．ensions of Calabi’s rigidit．Y theorem   

toindefinit・e Raehler submanifoldsindependentlY Of t．he author．  

As an application of Theorem 7・2．we consider t．he folloving   

example．  

Ex弧ple．蝕e canonlcalmapplng  ♂＋1×♂＋1－→  

cn＋1⑳♂＋1induces the fullho10m。rPhicmapping ◎…CPn x CPm  
n＋m＋nm →CP ，Whichis called t．he Seqreimbeddinq．  ＝t．i  

easytoseetbat ◎ maps CP；（c）×呵（c）into 伊n：m＋m （C）・  

Where r ＝ S（m－t．）＋ t（n－S）＋ S ＋ t．（0≦S≦n，0≦t≦m）． The  

restrlctedmappl叩雀‥伊；（C）×伊‡（c）→伊n；mⅧm （c）土s  

Called the indefinite Se  re imbedd⊥n  ロSin冒 prOpOSitユonl．1，  

we can easilY Show t．hat isisometric． BY Theorem7．2，  

1s r土串d．  
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Remark． The rigidit．Y Of t．heindefinite Segreimbedding was   

pointed out・in ＝kawa，Nakagawa and Romero【4】。 For furt・her  

PrOPert．ies of t・heindefinit・e Segreimbedding，See【4】・  

Now we suppose t．hat M is connected and simpIY COnneCt．ed．   

Then Theorem 7．1and Theorem 7．2impIY that．every fu11  

1nto 伊（2b），  holomorphic mapping of an open ＄ubset of M   

Which preserves a Xahler t・enSOr，is uniquely extended t・O the   

Wh01e of M． So we have t．he fo1lowing：  

Theorem 7．3．（【15】） ちet M be 亭L COnneqted anす」持即pl  

an arbltrar  Oint．  ワhen  llex manifold and p ∈ 出  COnneCted com  

two condit土OnS are  the follow土n  for a Raehler t．ensor  9 旦旦 M．  

号qulvalent；  

（1） 冒  explb（p′＊）‡中ソ鱒」旦些（r′S）■  1s anal  tlc and  

（2）  ℡h争耳寧eXIsts a fullholomorphic mapp土nす ◎ 旦呈 出  

む珪旦伊≡（2b）酔r・S）  ◎㌔。雲g′  SuCb that  Vbere  is the   

げ≡（2b）  metrlc of  
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