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ABSTRACT OF THE D＝SSERTAT＝ON  

The presentinvestigationis an experimentalstudy of the  

acoustic oscillations of a 

SPOntaneOuSIY→generatedin tube or plPe With steep temperature  

gradient． Spontaneous acoustic oscillations occurin tubes   

Which are warm at their closed end and c01d at their open   

end． 工n this thesis，SOme PrOPerties of such oscillations，   

the stabilitY，the frequency．higher harmonics and the effective   

thermalconductivitY are eXPerimentallY Studied．  

The stabilitY CurVeS for heliun 

and no oscillations are determined under a nead．YSteP－funCtional   

temperature distribution．whichis established bY a COntinuous   

flow ofliquid or gaseous heliumaS COOlant． TheY are diBCuSSed   

On the plane of the dimensionles’s variables，the temperature   

ratio αbetween warm and cold parts versus the rati00f a   

tube inner radius to the Stokes boundary layer thickness 

fomed On the tube wallfor the ratio ∈（＝0．3，0．5，1，2，5，   

and10）of warmle叩th of the tube to coldlength as a parameter・  

Measurments are performed belowα巴70・FrequencY Of the acoustic  

OSCillationsis also determined corresponding to the stability   

CurVeS． For small∈（＝0．3），We find．new phenomena，Which   

are the transitions from the fundamentalto a second－harmonic   

and from the second－harmonic to a third－harmonic． These   

transitions occur at α巴15 and α巴60 at one hand branch of the   

StabilitY CurVe． The unStable reglOnis experimenta11Y and  

numerically determined for the fundamental and higher harmonic 

in order to explain such transitions・  

1V   



Results obtainedin our experiments for the fundamental   

are compared with the theorY Of Rott．1n order to   

qualitativelY eXPlain the results，StabilitY CurVeS and   

appearen9eS Of higher harmonicsr we roughly make some  

SuggeStions．  

The effective thermalconductivitY Of the oscillations   

is estimated from the evaporation ofliquid helium．Experi－   

mentalresults are made a rough comparison with the theorY   

Of the second－Order heat flux takinginto account a finite   

boundarylayer thickness．  

Ⅴ   



CHAPでER 工  

工N℡RODUCで工ON  

Spontaneous acoustic－OSCillations of a gas c01umn maY be   

● generatedin along cYlindricaltube or pIPe With non－unifom   

temperature distribution a10ngits axis． This oscillating   

instabilitY Can beinduced，aS Well－known，When the open end of   

the tubeis cold and the closed endis warm．Inlow temper－   

ature sYStem SuCh oscillations have often been observed，   

in particular，in a transferline ofliquid heliurn andin the   

pumping line from liquid helium reservoir to room temperature 

SYStem，along which a steep temperature gradientis maintained．   

The acoustic pressure amplitudes are sometimes surprisinglY  

4 
high；10paormore．TheY are aCCOmPaniedbY aCOnSiderable  

heat flux toliquid helium reservoir；the attainable evapor－   

ation rate under the oscillations is empirically more than 

three orders of m争gnitudelarger than that without them・Thus  

the problems of the oscillations become of greatimportance   

for developements of crYOgenics． Although the phenoTnenOn has   

been one of a good many years standings in Low temperature 

SyStem Since helil皿gaS WaSliquifiedverYlittle was   

SYStematically performed bY eXPerimentalstudies．  

We have beeninterestedin this phenomenon occuredin   

liquid helium reservoir for some YearS．A deeperunderstan－   

d土n9 0f  

l．the stabilitY and the frequencY Of the oscillations・  

2．excitation of higher harmonic（second and third）・  

－ 1 －   



3．thermaleffects accompanied bY the oscillations．   

has been acquired by experiments. Our experimental results 

are supported bY the theorY Of Rott（Surnmari2：edin1980）or   

expans土on of 土七．  

This phenomenon was already known before the beglnning   

Of the studiesin crYOgenics by more than a century at higher   

temperature sYStemS．We refer to the phenomena associated   

With the name of MSondhauss（1850）’一；When a 

to a pleCe Of a narrow tube．such as a flask，is heated bY a   

burner，audible sounds are spontaneousIY PrOduced′ aS glass－   

blowers sometimes experience．1n his paper the earlier   

Observation by Pinaud（1837）and Marx（1841）are quoted． Sondhauss－s   

experiments and other topICS related to therma11Y driven ●  

acoustic oscillations have been described in the text book   

‖The TheorY Of Sound”by Lord RaYleigh（1945）．  

＝n crYOgenics，SPOntaneOuS OSCi11ations of heliungaS   

COlumns were observed by Keesom（1945）and Taconis et al．（1949）   

at the Kamerlingh Onnes Laboratory at Leiden where helium   

gas was firstliquified The oscillating instability is called 

一’Taconis Osci11ations‖in cryogenics． On severaloccasions   

in the Leiden experiments a disturbing phenomenon occured；   

a c01umn of helium gasin crYOStat began to oscillate． When   

these oscillations appear，COnSiderable heat transport takes   

Place，Which g・1VeS rise to abnorTnalevaporation ofliquid   

helium for severalexperiments under crYOgenic condition．   

Clement and GaffneY（1954）or Gaffney and Clement（1956）applied  

ー 2 －   



them to aliquid heliun1evelfinder based on the disconti－   

nuous change of the frequency and the amplitudes of the   

OSCillations that occur when the open end of a tube reaches   

theliquid helium surface． Twenty yearslater，this phenomenon   

is theoreticallY eXPlained by Zouzoulas and Rott（1976）．   

A considerable heat flux along the tube．whichis paid to   

maintain the oscillations，has been measured by Banister（1966）．   

Although severalexperimentalstudies were performed，these   

WOrks were not essential to characterize the Taconis oscill－   

ations． Such delaY Of experiment to find the stabilitY Of the   

OSCillations would be due to the lack of the theoreticaL   

investigation．  

The first theoreticalstudies of the stability problems   

Of themallY driven acoustic oscillations were carried by   

Kramers（1949）using the boundarylaYer aPPrOXimation that the   

boundarYlaYer thickness（StokeslaYer）formed on the tube wall   

is sufficientlY Smallcompared with the tubeinner radius．   

His theorY has not been sufficient tointerpret the experi－   

ments． ＝t took twenty years untilthe comparable theorY With   

experiments was considered． The theoreticalapproaches that   

f0110W has been developed by Rott（1969），Who has discussed the   

stability limits of the oscillations using a long tube 

approximation，Where a finite boundarYlaYer thickness neglected   

bY Kramersis takeninto account． The temperature distribu－  

tion along a tubeis assumed to be pleCeWise constant with   

a steepcbange at a glVenlocation． The stabilitY CurVeS  

ー 3 －   



between oscillation and no－OSCillation have been theoretically   

Predicted for helium gas bY Rott（1973），Which consists of   

two branches：at One hand branch the boundarYlaYer fills a 七ube   

at warm part，and at anotherlimititis sufficiently samll   

COmPared with the tube radius． Such two branches predicted   

by the theory were first recognized by Hoffman et al．（1973）   

roughly． Experiments heretofore have been rough or quali－   

tative because no experiments has been carried out under a   

■ glVen temPerature distribution along a tube．especia11yin the   

C01d part．  

1n our experiments，tWO developements are performed：   

Oneis the establishment of temperature distribution and   

another is the continuous variation af the boundary layer 

thickness． A U－Shaped tubeinstead of a half opentube employed   

in previous works enables us to perform such developements・   

The stability curve for helium gas was first determined bY  

Yazakiet al．（1979）or Tominaga et al．（1979），Where a comparison   

between the theory and experiments was directlY Performed・   

The frequency diagrams and more detailed stability curves  

were experimentally determined by Yazakiet al．（1980）or   

Narahara et al（1980）． Our experimentaldata willbe．in   

future, useful when one designs apparatuses for low temperature 

SyStem＄ aVOiding the Taconis oscillations・  

1n studies up to present onlY the fundamentalmode of   

OSCi11ations was discussed or observed． At one－hand branch   

On the stability curve we found the transitions from the  

ー 4 －   



fundamental to a second－harmonic and from the second－－   

harmonic to the third harmonic【Yazakiet al．（to be published   

in1980）］． These transitions occur on account Of the   

intersection between the stability curves．  

Melkli and Thomann（1975）have studied the thermaleffects   

（second－Order heat flux）produced bY the standing acoustic   

WaVeSin the tube with uniform temperature distribution，  
■  

executed by harmonic oscillation of a piston． More general   

theorY takinginto account a nOn－uniform temperature distri－   

bution，Whichisinte羊eStedhere．has been discussed by Rott   

（1975）． The effective thermalconductivity of the oscillations   

WaS meaSured by Yazakiet al．（to be submitted）． Theyindicated   

that the abnormalevaporation ofliquid helium，aS above stated，   

is due to the second－Order heat fluxincluding the temperature   

gradient．  

＝n this thesis，工 willsumarize the experimentalresults   

andit＄ analysis performedin the works up to present． Zn   

Chapter Ⅱ．qualitative explanations for the occurrence of the   

SPOntaneOuS OSCillations are sug・geStedinstead of the theorY   

Of Rott． They are too rough to glVe the stabilitY CurVeS but   

are usefulto glVe a qualitativeinterpretation of our  

experimentalresults・The experimentalapparatusin cryogenics   

is describedin chapter 工旺including the pressure measure－   

ment sYStemr bY Which a step－funCtionaltemperature dis七ribu－   

tionis able to be established．1n chapter二Ⅳ ＝willglVe  

the experimental results and discussion of, mainly the stability 

－ 5 －   



CurVeS and the frequencY diagrams of the acoustic oscillations．   

the transition from the fundamentalto the second－harmonic   

and from the second－harmonic to the third－harmonic．and   

the effective thermal conductivity comparing with the theory 

Of Rott or our rough explanations．  

－ 6 －   



CHApでER Ⅱ  

でHOREで工CAム  

Theoreticalinvestigations on the stability problem for   

thermally driven acoustic oscillations of gaseous helium have   

been performed bY Kramers（1949）and Rott（1969－1980）using   

linearized hydrodYnamic equations．A series of the studies bY   

Rott，et al．has predicted the stabilitY CurVeS between   

OSCillation and no－OSCillation，takinginto account a finite   

thickness of boundary layer formed on a tube wall neglected by 

Kramers． Their studies enable us to make a complete comparison   

With our experimentalresults for the stability curves of helium   

9aS●  

We think that their theoreticaltreatments of the stabilitY   

PrOblem are correct，but are too mathematicalfor tlS tO   

qualitativelY understand this type of thermallY driven acoustic   

OSCillations；namely we feelitis not clear what role the   

temperature gradient plaYS tO maintain the oscillations． Then   

the quantitative treatments for deriving the stability curves   

depend on the theory of Rott・ We wi11glVe′in this chapterr   

the quantitative explanation for the occurrence of the spon－   

taneous oscillationsinduced by a finite temperature gradient．  

＝tis t00∴qualitative to 

butis useful to glVe a qualitativeinterpretation to our ●  

experimentalresultsin chapter：Ⅳ′ and throwlight on the   

distinct difference from a normalcase（uniform temperature）．  

We start from a intuitive model simplified a motion of 

a fluidin a pIPeinstead of exact treatment performed by Rott，  
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and hYdrodYnamic equations and acoustic variables are obtained   

under the model． So as to examine the r01e of shear viscositY   

and thermal conductivity of gas to sustain the oscillations, 

firstly we consider the case including only thermal conductivity 

and thenintroduce the effect of the viscositY． The energY   

COnSiderations are performed for such two case．  

We willalso study thermaleffect（second－Order heat fLux）   

PrOduced bY the standing acoustic waves・The most drastic   

phenomenon, a large amount of evaporation of liquid helium, 

is able to beinterpreted bY the second－Order heat flux．which  

has been theoreticallY derived bY Merkliand thomann（1975）   

Or Rott（1975）with slight different approach． The results are   

used to explain our experiments．  

Atlast section we roughly review the outline of the theory   

Of Rott predicted the stability curves for the fundamental・  

Let■s consider briefly the mechanism for the spontaneous   

acoustic oscillations，Whichis shown to be compatible with   

many features of the experimental data. An essential 

quastionisIIwhatis the energY SOurCe tO maintain the  

oscillations wi七h finite amplitudesin the system without  

the mechanical energy source such as an oscillating piston 

Or SPeaker‖？ 工n a pIPe With a steep temperature gradient ■   

alopgits axis，the heat（thermalenergY）acquired from the ttibe  

Wallshould possiblY become the driving energY for the   

OSCi11ations． Recalling the firstlaw of thermodYnamics，   

such anideais realistic；a Part Of the therrnalenergYis   

transformed to theinternalenergY Of the oscillating gas  

－ 8 －   



and the restis transformed to the mechanicalenergy，Which   

isinterested here． Aninflow of heatis not a sufficient   

COndition toinduce the mechanicalenergY，but the suitable   

Phase differences be七Ween the acoustic pressure and the   

displacement of the particles（or velosity）is needed．   

When the driving energy overcomes all dissipative energy 

due to the shear viscosity and thermalconductivity of gas（   

it will be possible that the acoustic oscillations are 

SPOntaneOuSIYinduced and sustained with finite amplitudes・  

Thus we willcallthis tYPe Of the oscillations Mtherma11y   

driven acoustic oscillations‖ or 一一netsu－ShindoT．inJapanese．   

corresponding to TTpistonqdriven acoustic oscillationsM・  

＝n the section2．6，We WillglVe theincrement of the mechanical  

（acoustic）energyunder aboveintuition before we quantitatively  

caluculateit with hydrodYnamic equations・  

2．1  ENERGY CONS工DERAワ工ON  

There are 七WO meanS tO SuStain the acoustic oscillation   

of a gas columin a cyrindricalcavitY・One of themis a  

piston－driven oscillation and anotheris thermallY driven  

osci11ation・The energy sourcein the former methodis the  

moving piston executed bY eXternalmeans；the pressure agains七  

the piston variesin such a way that energYis transmitted to  

a gasr whose aver叩e POWer delivered perunit piston areais  

glVen bY the time average of the product of the acoustic  

pressure and the velocity at the piston, as investigated by 

Temkin（1967，1968）and other authors． ＝n thelatter case  

－ 9 －   



（we consider thel．Taconis oscillation■f），Where only a finite  

temperature gradientinstead of a piston exists along a tube   

axis and whichisintersted here．we willdiscuss whether a   

temperature gradient plays a r01e of the energy source to  

induce soundin a tube′ COmParing with the uniform temperature   

CaSe．  

Letls consider the acoustic osci11ations transmittedin   

along cYlindricalcavity as a plane waves．As shownin fig．   

2．1，We COnSider a v0lune element enclosed bY a tube wa11and   

two cross－SeCtionsnormalto the tube axis（Ⅹ－aXis）．whose   

location is situatedin x and x＋△Ⅹ ． The work done on the   

”slab of ring．一 at x by the pressure Pin time 6t，aS Statedin   

the text book 一一The TheorY Of 訣）und‖ bY Lord RaYleigh，is   

glVenby  

諜＝p（Ⅹ）∈（Ⅹ・r）2¶rdr＝（pm＋pl）u2Trdr（2・1・1）  

Where ∈（＝u）denotes the x－COmPOnent Of the velocitY Of a  

particle, and p, and pl show the static and acoustic pressure 

respectivelY． rf theinvestigation with respect to time   

extends over anY number of complete periods，Or Wheneverits  

rangeis sufficientlYlong，the periodic term（the first order）．  

the product of the static pressure and the velocitYin eq．（   

2．1．1）should not contribute to the work． Takinginto account  

fig・2・1   V01ume element   

sorrounded bY tWOIIslabsH   

in cYlindricalcavitY・   

二二田－→  
Ⅹ  Ⅹ十△Ⅹ  
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● the dissIPative terms of shear viscositY and thermalconductivi七y  

Of gas．the velocitY depends on the distance from the tube wall．   

Thus after taking the time average of eq．（2．l．1），the work   

done on the slab at x per unit time is written as 

Q（Ⅹ）＝  pl（Ⅹ）u（Ⅹ・r）2Tr dr  

/O 

（2．1．2）  

●                  ro inner tube radius of pIPe   

Where the barindica七eSthe time average・The quantitYplu  

is called the acoustic energy density flux or sound intensity 

（refer to text book．＝toh；1979 0r Rohashi；1978）． The net work   

△Q which the volume element△ⅩTr does to the external  

system is, taking into consideration the contribution from the 

Slab at x＋△Ⅹ  

△Q（Ⅹ）＝0（Ⅹ・Ⅹ）－・Q（Ⅹ）＝△Ⅹ録（Ⅹ）  （2・1・3）  

The radialaverage of a value X（abbreviation ＜Ⅹ＞）is given bY  

iぎ  
（2．1．4）  

2甘r dr   く Ⅹ ＞  

Using the definition（2．1．4）．eq．（2．1．3）can be expressed as  

△石ユ△X巧く福〉 十く碩ゝi（2．1．5）  

Negative value of △a means the damplng Of the acoustic wave  

in the v。1uneelement△ⅩTr呂，aS discussedlater・P。Sitive  

Value of△Q means that the energY tO SuStain the oscillations  

is supplied there・For exampletletlsimagine such a system7  

－ 11 －   



PrOgreSSive harmonic wave，that the pressure and the velocitY  

′ヽ ′ヽ  

are given bY P＝Asin（k｝ト山t）and u＝Bsin（kx－ut），Where A and B  

㌧ are constants everywhere． ＝n this case ACL is vanished．   

Therefore the soundis not excited and not damped． Taking   

into account the dissIPative effects，A and B depend on x and                                                                                          ●  

‾■ decrease with x，SO that the value AQis negative． The sound   

is damped． Thusin the normalsystem（uniform temperature），   

there exists no system thatムQ takes positive value．  

Nextly we will consider a system in which a finite 

temperature gradientis established along a tube axis． Ztis   

expected that theimportant value ムQ may be able to take a  

positive value．＝n order to discuss a sign of虚 ′ くu喜告〉  

andくPr鍛〉willbe calculated from a set of the fundamental  

hYdrodYnamic equations with non－uniform temperature distribution．  

2．2  DER＝VAT＝ON OF HYDRODYNAM＝C EQUAT＝ON  

The fundamentalequations（the axialand radialmomen七um   

equationsT the continuitY equationr the energY equation and  

the equation of state）governing a oscillatorY mOtion of a flui  

in along cylindricalpIPe With non－unifom temperature  

distribution have been given bY Rott（1968）with along tube  
☆  

approximationin cYlindrical c00rdinates・・The following  

assumptions were performedtkough his theorY；  

1・a Strictlinearization of allhYdrodynamic equations．   

★ ＝n the case ofuniform temperature the acoustic solutions  
of the basic differential equation were given by Bergh and 

で土jdemanく1965）．  
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2．as a radialmomentum conservation，the radial   

gradient of the acoustic presswre pl is neglected 

■   through a plpe；  

∋Pl  

ニ0  （2．2．1）  

3. the radial gradient of the mean temperature T,iss 

neglected；  

a「ふ  
・・一・・・・・・・ 

もト  
＝D   

（2．2．2）  

4．The dissipative tems（viscositY and thermalcon－  

ductivity）in the basic equation which contain the  

axialgradient are neglected．   

Assumption 1 may be accepted, because the main purpose of this 

investigation is the determination of the critical points 

（StabilitYlimits）between damped and excited oscillations with   

Smallamplitudes．Next simplificationis also accepted for   

reason that when the radial averages are carried out in the 

following section，the term containing the radialcomponent of   

of the velocity are vanished, and moreover the radial velocity 

is sufficientlY Sma11compared with the axialone・Rott pointed  

out that the above ass叩tions are sufficientlY Satisfiedrif  

the tubeinner radius rois much smaller than the wholelength  

L（10ng tube approximation）．After all，his theorY takesinto  

account the fullandunreStricted range of the boundarYlaYer   

thickness neglected by Kramers under the boundarYlaYer aPPrOX一   

土mat土on．  

The mean value of pressure, temperature and density will 

beindicated bY the subscription m，SO that the mean pressure  

－ 13 －   



Ph＝RTmPm（R；gaS COnStant and pm；mean density）・The time－  

■ Variation of the acoustic variablesis assu皿ed to be glVen bY   

the factor exp（i（山t）． ＝n acoustics，Where onlY Smallvariations   

Of the flow properties about a basic state occur，a following   

Perturbation calculation can be emloYed；  

P＝Pm ＋Pl（Ⅹ）exp（iut）  

T＝ワ ＋ワ1（Ⅹ・r）exp（土ut） m  

P＝Pm ＋pl（Ⅹ・r）exp（土地）  

u＝  u（Ⅹ，ご）exp（土ut）  

● ● ● ● ● ● ● ■ ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●  

（2．2．3）  

＝tis sufficient，in acoustics，tO COnSider terms up to first   

Order only．  

＝n Appendix（1），We Willgive onlY an Outline of a slight   

different derivation of the basic equations comparing with that   

Of Rott． Of course results arein agreement together．   

1ntuitive derivation of themis presentedin the next section．  

2・3   RAD＝AL AVERÅGES OF TIAND u UNDER S＝MPLE MODEL  

As givenin Appendix（2），the velocitY and the temperature   

distribution near the tube wallare stronglY dependent of the   

distance from the wallon account Of viscositY and thermal   

COnductivitY． ＝n the place sufficientlY far from the wall，   

theY areindependent of the distance from the wa11． The   

behaviors of r－dependence for oscillatorY Viscous fluid（   

Poiseuille flow or Couette flow）are discussed in several text   

b00ks（1mai1978 and Landau and Lifshitz1950）． The distribution  

－ 14 －   



of them over the cross－SeCtion maY be able to be classified  

七WO  
into∧reglOn；One Of theminllbounaarYlaYerI－ where the fluc－   

tuations are neglected and anotheris the”core．．where the   

amplitudes of them are not dependent of the distance from   

the tube wall．  

RAD＝AL AVERAGE OF u  The distribution of the velocitYin a   

pipeis classifiedinto two parts as shownin Fig・2．3・（a）・  

One of themis velocitY COreindicatedbY uc and anotheris  

the velocity boundarYlaYerindicatedbY ub Whichis practical二  

equalto zer0．The reglOn OCCuPied bY the respective velocitY  

should be dependent of the viscous effect. Therefore in order 

tointroduce such a effect，Weimpose on the normalized   

－TweightTT F and（1－F）to the boundarylaYer and the core   

respectivelY． The values F and（トF）may physica11Y Show the   

OCCuPation rates of the respective area to the wh0le cross…  

SeCtionland qenerallY are COmPlex・＝n the fo110Wing section′  

the quantitative formulation of F willbecomes to be clearer・  

Using the aboveidea（the radialaverage of the velocitY   

is simpIY glVen bY the equation  

（2．3．1）  くu〉 ＝ F ub十（1－F）uc   

This equation suggeststhat F appr？aChes tounity or zero■′  

according as viscous boundarYlaYer becomes sufficientlY thick   

Or th土n．  

mD＝AL AVERAGE OF Tl   ＝n the samewaY aS the velocitY  

distribution，the temperature fluctuation（refer to Appendix2）  
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（C）  

The simple model for the mothion of a fluid 

in a pIPe・（a），the：VelocitY di・Stributionis  

classifiedinto two reglOn；the velocitY COreimposed  

by the weight F and the boundarylayer（1－F）．（b），  

temperature distributionis classified as same as（a）．  

（c）．the case takinginto account both of（a）and（b）．  

F土gure 2・3  
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is simplifiedinto the modelwhichis shownin Fig．2．3．（b）．   

＝n the core reglOn Where the．Tweight”（1－F＊）isimposed，the   

motion of fluidisisentropIC． On the other hand′in the thermal   

boundarYlaYer reglOnimposed F＊，the motionisisothermal  

（Tb＝0）・Thus the radialaverage of temperature fluctuation  

is glVen be  

（2．3．2）  くTl〉＝ F★でb十（1－FりTc   

Where T and Tb are temPerature fluctuationin the core and C  

the boundarYlaYer． According as the thermalboundarYlaYer   

thicknessis sufficientlYlarge or sma11compared with the tube   

radius，F＊ willbecome unitY Or Zer0．  

After the cross－SeCtion of a tube may be classifiedinto   

three region as shownin Fig・2・3・（c）；the first－regionirnPOSed by   

（1－F＊）is the velocity core and moreover the temperature core，   

SeCOnd regionimposed bY（F＊－F），Which maY beimportant for   

Taconis oscillation to be induced is the velocity core and 

temperature boundary layer where a gas is able to move freely 

andisothermal，andlast reglOnimposed bY F，Where a gasis   

t00 Viscous to move，SO tO SPeak，has same effects as the wall   

Of a plpe．  

2．4  MOMENTUM ÅND ENERGY EQUAT＝ON UNDER S＝MPLE MODEL  

Under the modelwhichis consideredin the previous section   

the hydrodYnamic basic equations，in particular，the momentum   

equation and the energY equation，are derived． The derivation   

takinginto account the temperature distribution have been  
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Perforrned bY Rott（1969）．and reviewedin Appendixlin order   

to compare with the resultsin this section．  

One dimensionalmomentunequationis written as  

‰砦 ヰ票亡0  （2・4・1）  

Where the second order terms are neglected． The core velocity   

u in eq．（2．3．1）should correspond to the velocitYin eq．（2．4．1）．   
C  

＝f so′ uin eq・（2・4・1）is able to be stibstituted to uc and  

We Simply obtain the momentum equation for viscous fluid；  

ヂ仇おぞを  十豊吉0  （2・4・2）  

Which coincides with eq．（A．1．14）if Fis assuned to be a   

Suitable form． Letls consider the asymptotoc behavior of F．   

＝n the case that the boundarylaYer fills up the entire tlユbe   

the fluid in a tube wi11become viscous due to the kinematic   

ViscositY and the axial一VelocitY distribution becomes parab01ic・   

Thus a fluid has to be．in a moment，aSSOCiated with thelaw   

Ofpo土seu土11e；  

mげくu）ニ 
叛ゞ 

…小ニー 
（2．4．4，  

Comparing eq．（2．4．4）and eq．（2．4．2）．we obtain the asYmPtOte  

。＝t。beい悔），匝h庵．  

The energy equation corresponding to the adiabatic motion   

Of fluidis glVen by，uSing the Lagraglan differentialformu－   

1at土on．  

ヂT‡書 コ0  （2．4．5）  

Sc；entrOPY Of core   
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Where S亡meanS the totalentropY． Equation．（2．4．5）is expressed   

in the Eular formulation． Moreover from thermodynamicidentical  

equation dH＝TdS＋坤dp（H；enthalpY），We Obtain  

－す勘  
aS。   1  

㌃モ ＝＝「千       丁  

く2．4．6）  
もS仁  1  

言質；了   
＿ ユ∴汗  一   
f言ヌ   

Thus a combination of eqs．（2．4．5）and（2．4．6）1eads t0 0ne   

dimensionaladiavatic equation；  

L付く縞T。－81‥－u‰浩箪0  （2．4．7）  

3日  

where we employ the relation TFさ山亡pT，and again neglect  

the terms more than second order． BY the waY remember the   

geometric modelpresentedin the previous section，and we wi11   

recognize that the motion in the temperature core must be 

Satisfied bY eq・（2・4・7）・SO that Tland uwillable to be  

changedt。T＝くT）／トF＊andu吉（the velocitYin the temperature C  
COre）． Thus the energy equation taking account Of the dissi－   

Pative terms and the variable temperature distributionis   

written as  

可‰（，くTl〉－（トF－1P11ヰくl一打）（pu！乱8≠亡0  
（2．4．8）  

持去能  
BYthehelp。fresults。fR。tt，We findthatu三sh。uldbe  

assumed to be  

くH〉 高P，ち．ユニエ  
l－P  

㌣－F  
ユ ー   （2．4．9）  （l－r）（l－F）  

〆；Prand七1nuTnber．  

This formulation maY be reasonable，because for vanishing■ CaSe  
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。fshearviscositY（＜＝OandF＝0），ubecomes equivalenttothe  

VelocitYin the corein eq．（2．3．1）．Equation．（2．4．8）is   

Change to′ uSing eq．（2．4．9）  

L山l恥く1）－（ト冊卜叫㌦¢＜u〉卜 た沫1ご0  （2．4．1。）  

whichis also given from a coIT血ination of eqs．（A．1．12）and   

（A．1．13），if the formulation of F and F＊is suitablY determined．  

2．5  BEHAV工OR OF F AND F★  

The fundamental equation derived in the previous section 

are equivalent to those glVenin the Appendix 2，if the f01lo－   

Wing expressions for F ana F＊ areimposed by  

FニくJo（こ劣（こ。。）〉  

F丼こ く エくLl：彷誹ナ，〉  

（2．5．1）  

（2．5．2）  

with h電h惇， l＝嶋  and l離＝庁t  

where レ（＝Y／㌔）and dis kinematic viscositY and Plandtl  

number respectivelY． ＝n Fig・2・51the numericaldata calculated   

by a computer about imaginary and real parts of F are illustrated. 

＝tis reasonable that the weight F and F＊ tend to zero for   

non－dissIPative case′ When we remember the physicalmeaning ●   

Of F suggestedin section 2．3． The asymptotic behavior of F   

is glVen by the f0110Wing；  

Fこ1十‡（苧fヰ 十樫ト・ f。r嘲≪1（2．5．3）  
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and  

Fヨエ     へ。  一寸（孟トよ（j汁・‥  forlqbl刈（2．5．4）  

As suggested below eq．（2．4．5），the value F approaches to  

（l－n巌）f。r怖14l．  

2．6  SUMMARY OF FUNDAMENTAL EQUAT工ON  

＝n order to discuss，1n f0110Wing section，the effects   

Of the thermalboundarYlaYer and the viscous boundarYlaYer   

to characterize the therrnallY driven acoustic oscillations   

We PreSent here the basic equation where the effect Qf viscositY   

is not taken into account but the effect of thermal conductivity 

only is taken into account or where the both effects are taken 

into consideration． For the first case，Since F and 6 is   

Vanished，We Obtain from eqs．（2．4．2）and（2．4．10）as momentum and  

energY equation；  

いJ只…u 十 豊ニ0  
（2．6．1）  

L山‡叫く¶）－（l－F嘉一P、い加芯日くu川‾F－）亨0  
（2．6．2）  

On the other handr the equationstakinginto acount the   

V土scos土ty are；  

毎㌔k ヰl卜F）普コ0  
（2．6．1－）   

叫（pくT－＞－（トF叫十蹄 可卜だまF）†ニ0（2・6・2－）  

Other basic equationr the continuitY equation and the寧quation   

Of state foridealgas are not varied for above two caseS；  
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lZI  

Behavior of realandimaginarY PartS Of F（Z）・  
Realpart andimaglnary Part Of F are always positive  

and negative respectivelY．  

F土gure 2．5  
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namely  

土山＜Pl＞＋pm∂＜u＞／ax＋＜u＞apm／∂Ⅹ＝0  （2・6・3）  

（2．6．4）  
pl／pm＝＜pl＞／pm＋＜Tl＞／Tm  

Before we calculate the increment of the mechanical   

energy △Q on the basis of these fundamentalequationsr  

we willintuitivellY deriveit asindicatedinintroduction   

in this chapter・ For the simplicity′ the effect of the  

viscositY Of gasis neglected（F＝0），SO that the axial  

Velocity uisindependent of radialcoordinate・ Only the  

effect of the thermalconductivitY（F＊≠O）is considered．   

As shownin fig．2．61etTsimaglne the periodicaldisturbance 二   

of displacement of particles along the tube axis with finite   

temperature gradient． Since enthalpY andinternalenergy  

Ofidealgas depend on temperature onlyltheY are Written  

as H＝C T＋constant andU＝CvTm＋constant respectivelY・Thus      p m  
theincrease of enthalpy andinternalenergy per unit mass  

for such disturbanceis c△T ana Cv△Tm respectivelY［△Tm＝ pm  
Tm（Ⅹ＋△ⅩトTm（Ⅹ）】・BY the way the particlesin the reglOn Of  

temperature coreis not able to acquire the heat from the   

external（tube wall），but onlythdsein the region of temper   

ature boundarYlayer canacquire the heat；the particles  

。CCuPiedinTrZF＊sh。Wninfig・2・6tanacquire。rglVeOff  

the heat． Takinginto account the totalmass passed per unit   

time，the firstlaw of thermodynamics shows that theincre－   

ment of the mechanical energy hQ is given by 
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（Cp－Cv）（彗。／dx）puF’△Ⅴ  

△Ⅴ＝Tr△Ⅹ  

where we take the time average on account Of the priodic  

motion of the particle（the first order termis vanished）  

Using the first order of the state equation for ideal gas 

and the momentunequation；  

Pl＝pl／RTm  

土山plu＋dpl／dx＝0  

Where Tlis n9glected since Oe consider thethermal  

boundarylaYer OnlyJWe Willobtain the equation related with  

acoustic pressure，Which accords with eq．（2．7．4）shownlater・   

When we takeinto account the effect of the viscositY Of gas，   

F＊－F maY be、adoptedinstead of F＊ as studiedin the section   

2．3． The quantitY F＊is closelY related with the phase  

differences between the radialaverage of Tland Tc（temperature  

in core）and plays animportant r01e for theincrement of the   

mechanicalenergy．Asindicatedin eq．（A．l．16），F＊is also  

fig．2．6  

thermalboundarYlayer  

g¶rF★   
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Tm（Ⅹ＋△Ⅹ）‾‾  … Ⅹ＋△Ⅹ  

Tm（Ⅹ）‾‾  

Wall  Wall   
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related with phase differences between the acoustic pressure   

and the velocitY． When the phase differences 島re 90 degrees   

the time average of the product between the acoustic pressure   

and the velocityis zer0． The phase of F＊ shifts such phase  

differences from90degrees For ro／6＞＞1・the argument Of F＊  

approaches to7T／4and for ro／6＜＜1to zero・  

a  

2・7   CA工」CUIAで工ON OF 盲言 ＜plu＞  

The main purposein this sectionis to calculate the  

quantities 息市＞ whichis consideredin secti。n2．1andto  

discuss the possibilitYOf spontaneous osci11ations・The  

quantity R恵くu〉is reducedt。OrdinarYdifferentialequati。n  

for the acoustic pressure pl，uSing the basic equations presented  

for two casesin previous section，reSults are．for the first  

CaSel  

Pl豊 亡  lRli u訂瓦（け）丁仙F＃－  
一入 語譜ふFガ （2．7．1，★  Z毎M軋   

Where Mis m01ar mass of gas（4 for helium gas）．   

And for other case  

迅  
L  （2・7・2）★  

dX  日豊霊山墨（卜l）㍍ダー  ヱ仙M軋  

Substitution of eqs．（2．7．1），（2．7．2）and（2．6．11）Yields the   

final results；  

ニAxⅡば（ム古十4筏十よ屯）  △竃   （2．7．3）   

Where for the first case  
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並通工鴫Fi  
‾   （2．7．4）  封U Mh、dx・盲用  

△竃2雲 諾 （トl）丁叫F＃  

and for other case  

（2．7．5）  

瓜漣  （2．7．6）  
ふ一票）  ▼∴▲ △Qlニ ー  

ーニ‾ △Q2ニ   

～りh㌦ dx  さX  

（2．7．7）  hlRl～   
（いl）丁ふF鼻  

（2．7．8）  蒔3モ  
ー㌍I音lユェ～F  

These equations glVe uS SeVeralimportantinfomation to   

discriminate the possibititY Of the maintenance of the acoustic   

WaVe．  

At firstletTs consider the case for a pIPe With constant   

temperature distribution，Where ムQis associated with△Q2  

and △Q3． Sinceimaglnary Part Of F and F＊is alwaYS negative  

■■－－● as shownin Fig・2・5，△Q2and △Q3 neVer take positive value・  

Thereforein such a’・tube onlY damplng Of oscillationislOf ●   

COurSe′ POSSible and spontaneous oscillationis neverinduced・  

QualitativelY △Q2 and △Q3 Show parts of potentialand  

kinetic energY dissIPated bY thermalconductivitY and viscosity   

respectivelYIWhose ratesis shown bYimaglnary PartS Of F＊   

and F respectivelY．   

★ The apprximationis performed for second termin the right…  
hand side of eqs．（2．7．1）and（2．7．3）；thatis we employ dlR知x  
instead of the exact form Rd翫ぺ・For stationarywave′the  
acousticpress 

妄言…㌣＝冒a≡n≡言吉‡e芸。…Sト票＊慧㌘L憲≧よn？； 
is vanished，SO that eqs．（2．7．1）and  
for practical case the problem of phase 

p）  
主芸  

imaglnarY Part Of  

（2．7．2）are exact．  
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NextlYletTsim争glne a PIPe With temperature gradient，  

Whichisinterested here． ＝n this caseitis possible that  

ム6 takes positive value，because AQICan takelarge enough  

POSitive value to make g00d theloss ofムQ2and AQ3・Thus  

in a pIPe With suitable temperature distribution to make   

POSitive value．ムQlt net aCOuStic energYis supplied to gasr  

and enables a gas to sustain the oscillations． A finite   

temperature gradient plaYS the same role of energY SOurCe aS   

Piston，Whichis emploYedin piston－driven oscillations（refer   

to Betchove195【り．  

The driving termムQlis proportionalto theinverse of  

M，SO that thelight gases as helium，hYdrog■en and neon   

is t00 eaSy tO be unstable． Thisis confirmedin ＝ntroduction．   

Members of cryogenics well－know that the oscillations are   

OCCured when the closed end of a pIPeis at warm part and the   

OPen endis at cold as shownin Fig．2．7．a． Thisis able to   

be explained from above discussion． ＝n this situation the  

prod。。t。f dラ去x and dt塊x arep。Sitive（seeFig．2．7．a），  

moreoverimaglnarY Part Of F＊is alwaYS negative，SO that  

ムQICan take positive value！＝n the tube with configuration  

SuCh as Fig．2．7．a，OnlY the damplng OCCurS at the warm and   

C01d parts・However near midalelocation with a steep temper  

。re，radie。t翫s，。SSiblet。be，。Sitive．Th。SWhenム盲  

Shiftsis produced，aSindicated bY Merkliand Thomチnn（1975）・  
This problem is very difficult. However the approximation 
is sufficient to glVe a qualitative explanation of our exper－  
imentalresults． Of course′in order to glVe mOre detailed  
discussionlthes01utionof 
BE主i言霊王1eb…○器器f；…芸；；． uniform temperature case．  
A calculationincluding theimaglnary Part Of plhas to be  
Performed bY a COmPuter．  
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Figure 2．7．（a）   A half open tube with a temperature  

gradient alongitTs axis．And the distribution  

Of the square of the pressure amplitudes for  

COnStant temPerature CaSe and wide tubelimit．  
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Figure2．7．b  Behavi。r。f－：m詳for heliumgas（0＝2／3）・  
The slgn Ofitis varied from negative to positive  

atJ言咋l竺2．3  
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becomes positive through the wh01e tuber the acoustic wave   

are able to be sustained．Takinginto account the effect of  

viscosity（refer to eq．2．7．6），We Canunderstand that since the  

∴ effect ofit F makesムQlnegative at sam11er恥Ias shownin  

Fig・2・7．b′ the unStable reglOn」is reduced・These show a  

g00d correspondence with our experimentalresults as showninthe  

next chapter．Equation．（2．7．6）suggests the f01lowing pheno－   

mena：  

1．the existence of 七WO branches on the stabilitY   

CurVeS．  

2．the possibility of the oscillationsin the cavitY  

Closed both ends．  

3・the appearence of the second－harmonicinstead  

Of the fundamental．   

These willbe discussedin the next chapter as compared with  
l  

SeVeralexperimentaldata．  

2．8  SECOND－ORDER HEAで FIJUX  

The second－Order heat fluxisimportant tointerprete   

the thermaleffect produced by TITaconis oscillationTT・This   

consists of 七WO PartS． One of them which existsin a pIPe  

with constant temperature distribution has been theoretically  

given bY Merkliand Thomannく1975）and experimenta11Y COnfirmedin  

a pIPe Where the standing acoustic wave executed bY a Piston  

at one end are induced． Another which is interested here，   

COmeS from finite temperature gradient．Alarge amount of   

heat transfer toliquid heliunSyStemis caused bY thelatter  
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Of the second－heat flux．  

The thermaleffect（the c001ing and the heating effect）   

Observedin a experimentis time averages． Therefore onlY   

terms of second and higher order in the fundamental equations 

COntribute to the experiments． Then we have to carry out the   

Perturbation calculation up to the second orderinstead of the   

first orderin acoustics．Thus we emploY the equation simplified   

bY Setting（with モ・≪l）  

2 ヮ＝ワ ＋Eワ1＋ET2 m  

2 p＝pm＋Epl＋Ep2  
u＝   

2 
Eul＋Eu2  

2 k＝k＋Ekl＋∈k2       m  

（2．8．1）  

where we take into account the variation of the thermal   

COnductivitY and the shear viscositY aSSOCiated with temperature   

fluctuation． The basic energY equation containing the terms up tO   

the second orderin cylindricalco－Ordinates modified bY Other   

basic equationisintegrated over the cross－SeCtion of the tube   

and furthermore averaged bY time（in detailreffer to the paper   

bY Merkliand Thomann or Rott）． ConsequentlY thelocalsecond－－  

Order heat flux q2Perunit area penetratinginto the t止e wall  

isobtained；  

－q一塁叫訊叫 ＋（噌）トhニ去語（2．8．2，  
ーニ▼＿ －－－－－→■   

E；＝餌専＜hlut），hl＝CpTl；firstorder  （2・8・3）  
enthalpy  

Where E2is totalaxialfirst order enthalpY flux over the  
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CrOSS－SeCtion of the tube． The angular brackets and bar   

Show the radialand time averag■eS． The equation．（2．8．2）is   

related with the heat exchange be七Ween the tl血e walland the  

oscillating fluid. Thus E2 is able to be obtained from the 

product of the first order solutions ul and T1. The expression 

of eqs．（2．8．2）and（2．8．3）have been＞Merkliand Thomann（1975）  
der土ved by  

Or Rott（1975）with a slightlY different approach．  

We willobtain the acoustic variables ulandTlunder the  

Simple modelsuggested bY uS．From eqs．（2．6．1T）and（2．6．2T）   

the radial averaged acoustic variables are given by 

レ  

くul〉ニ硯 （1－【F）d烏ぺ  
（2．8．4）  

くトF葉（2・8・5）  
ロ′ 伊  且  

⊥  ▼ ■ ■  ＆〔－＜巾＝【R－  くトl）（ト♂）恥 L       1て7■  け－1）け－1）げ  

Afterinserting F and F＊into above equations，Stillmore   

taking off the angular brackets，the radialand time averages  

PrOduct of uland Tlis again calculated・Thenwe obtain the  

resulting equation of E2；  

∂乱凸上  成呵（2．8．6）  可 
之Iu  

t才一1）くl－㌻）  

と dPt  
uいⅦコマ  

Where 
、  

9＝1一 品F－て去声  （2・8・7）  

The quantitY E2COnSists of tNO PartSin the righトhand side of  

eq．（2．8．6）． The first term produces thelocalheating and   

the c001ing・For the 8tanding waves，the first term  
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becomes  

a一日ll  
■  

）X  

一  犯ト㌔  

Ej ゴ ー一        之り軋  
r㌣き  （2．8．8）  

Sinceimaglnary Part Of gis everywhere positive asillustrated  

in Fig・2・81this equationindicate that the derivative of  

云…  is positive（heating）at velocity node andis negative（c001ing）  
★  

at pressure node． For steep temperature gradient，the second   

term of the inner brackets dominates over the first term．   

This termis purelYimaglnarYr SO that onlY theimaglnary Part  

Of gis needed for the finalresults， Therefore  

仁王g  
l－す1  
J叫畿  

（2．8．9）  
衰‡忙げ去u亡肯バー（  

This equation can be rewritten as，uSing the effective heat   

COnductivity by thermallYLdriven acoustic oscillations produced   

by Rott  

止  
＿      h   E三 毛 ー∧求t簡・dぺ  

（2．8．10）  

Where Ais the cross－SeCtion of area and k 
eff 
is given by 

★★  

拓い柴嗅工仙       ヱ【リレ  

yF－Fた  
J  

（2・8・11）   

This heat flux may contribute to a large amount of evaporation 

Ofliquidhelium・QualitativelY牢eff is proportional to the 

Square Of the amplitudes of the oscillation・  

★ Mr．Haruyama ana Mr・1kedain cryogenic centerin the univer－  
sitY Of Tsukuba show that the top ofliquid heliumlevelmeter  
becomes warm When Taconis oscillations are generated and verY  
vlgOrOuS・This phenomenonis explained by eq・（2・8・8）・  
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2．9  STAB＝LrTY L＝M＝TS FOR THERMALLY DR＝VEN OSC＝LLAT＝ONS  

We will roughly give the review of the theory of Rott 

Where the stabilitY CurVeS for helium are nunericallY Predicted・   

The stabilitY PrOblems are started from the differential  

equation（wave equation）for the acoustic pressure plalong the  

tube axis glVenin Appendixl；   

2  

（2・9・1）  

u   
－【叶1）呵鳥【話（ト鳩一考詳霊＝0  

Which can be also derived from a set of equations glVenin ●  

SeCtion 2．6 under the simple model． This equation under the   

assumPtionTlalong tube approximationITis ofinterst over the  

fullandunreStricted range Of the variableInol，Which  

represent the ratio of rg to the Stokes boundary layer 

thickness，． The acoustic solution for  8＝O was first s01ved   

by Bergh and Tijeman（1965）． However as coefficientsin eq．   

（2．9．1）depend・：On the temperature distribution with x for O ≠0，  

the s01ution of plaPPearS eXtremelY difficult・  

The part except for time factor for right running plane  
ノヽ ′ヽ  

WaVeis given bY eXP（－ikx）′ Wherein generalk is complex   

due to the effects of a dissIPation． Thus dispersion relation   

for O＝O is obtained from eq．（2．9．1）；  

1＋（Y－1）F★  
′ヽ k＝呈（  

1 － F  

l－F  （2．9．2）  a★ ＝ a（  
1＋（Y－1）F☆  

a；adiabatic sound velocity  
′ヽ  

Where the proper slgn Of the r00tis chosen as k＞O in the  
／ヽ  

inviscialimit．The condition ＝mk ＜O has to beimposedin  
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Order t00btain the pressure amplitude converged to zero at   

X＝帥．1Therefore we must select a suitable branch of ‰ ′   

Which has two branches，l＋i．Equation．（2．9．2）shows a g00d   

COrreSPOndence with the modelglVeninthe previous section．   

For simplicitY theinviscidcase，i．e．，F＝0（but thermalconduc－   

tivityis finite，i．e．，F＊≠0）is considered． Then the relation   

is   

ノヽ 掲ユ  ▲■  ‾  

山l  

F緻  

a～  
（ト戸）   
■  ■  

q；  
ヰ  

（2．9．3）  

Where  

玖三言憎）s三軋  （2．9．4）   

as；adiabatic sound velo占itY（＝a）  

at；isothermalsound velocity  
0子繁（舘）T  

When the thermalboundarYlaYer thicknessis sufficientlY   

Sma11compared with the tubeinner radius′ the weight F＊   

approaches to zero′ SO that the right－hand side of eq．（2．9．3）  

bec。meS t01／a三．Thus for such a case′the acousticwaveis  

a normaladiabatic sound． On the other hand′ When the thermal   

boundarylaYer thickness fills up the wh0le tube，F＊ approaches  

to unityJSO that the sound sp声ed becomesisothermalone．  

For examplein narrow tubelimitr theleading term of the wave  

＊＊ This equation shcws a g00d correspondence with normal  
thermalconductivitY derived fromthekinetic theory，炬＋狛叫  
Where 叉is a mean free pass・The following expression of  
keffin占q・（2・8・11）is convenient to comparewith normalone；  

緑ご豊～トCp‡佃（  

Where the particle displacementin the coreis given u‰  

－ 36 －   



number is written as  

貪 三 下去し…賞いL）   2  

Thus in a capillary tube, the wave is strongly damped. As 

■ SuCh strong damplngis compensated bY the driving due to the   

SteeP temPerature gradient，thermallY driven acoustic osci11－   

ations are sustained．  

Theimportant quantities柁。and】げare funCtion of xin  

the case of a non－uniform temperatrue distribution． The   

assumPtion of a pleCeWise constant temperature which has a   

discontinuitY at SOme Situation along the tubeis emploYed as   

Shownin Fig．2．9，Where a half open tubeis cold at the open   

end and  warm at the closed end，and temperature has  

a constant value Tmc（mean temperature at c01d part）between  

X＝O and x＝●且・and TmH be七Ween X＝鼠and x＝L・We discuss the  

differentialequation under such a discontinuous modelfor  

leading the stabilitylimits of the osci11ations・Ecruation・  

（2．9．1）is written as  

〔＝くトりF算j帥十㌫【意（卜F）撼〕王0  
（2．9．5）  

wi th 

F祥一F  ∋B  
－－ニ∴，i「＝二 1・－  

aK   

（2．9．6）  
（トF）（卜ー）  

where Bis so normalized thatit takes unity for non－dissIPative   

case（lへ．い轟OQ）．工n order to discuss the boundary condition for  

the pressure with the temperature aiscontinuitY at X＝貞 ・the  

f01lowing set of equation equivalent to eq・（2・9・5）  

＿⊥dヰ  駐 コヌ  （2．9．7）   
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G  dpl  
＿ 二  

註2dx  （2．9．8）  

where G＝【1＋（γ1）F＊］B and だis wave number．The symetry between  

P1 and Y requires that they can not take a function such as 

6－function or steprfunCtion′ because VwillalwaYS be one  

degree more singular than pl，and eq・（2・9・7）introduces a  

previously excluded singularity in pl. Such demand can be 

recogni2：ed bY analogYltthe problem of well－tyPe POtentialin  
Schradinger equationI．；the wave funCtion can be continuous  

in allreglOn・＝n order to avoid ・Singularitiest V and Pl   

－Should be continuous along the tube axis，eVenif the   

temperature distributionis step－funCtional：SQ that at the   

locat土on x＝且  

Pl（且－0）＝pl（見＋0） （2・9・9）  

Y（且－0）＝Y（見＋0）  （2・9・10）  

The boundary conditions at the open end x＝O and at the  

closedena x＝L are pl去O and u＝0，i・e・・dpL／dx＝O reSPeCtively・  

Theformerisidealized for a half open tube，because the open   

end correctionis not takeninto account，and osci11ations of   

the U－Shaped cavitY emPloYedin our works whichisclosed at   

both ends and established a symmetrical temperature distribution 

Satisfies pl＝O exactlY・Thus the f0110Wing expressions for  

the pressure account for the above stated boundarY COnditions   

and eq．（2．9．9）；  

′ヽ  

COS kH（レⅩ）  
Al  （2．9．11）   

for 見 5Ⅹミ L  pH＝  ′ヽ  

COS kH（1一見）  
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ノヽ  

AIS土n k x           C  

ねr o ≦Ⅹi見  pc＝  

s土n£見       C、  

where AIis the pressure amplitudes at x＝R／land subscript c  

and Hintend the c01d and the warm part respectivelY． The   

finalcondition eq．（2．9．10）gives us the keY equation for   

StabilitYlimits；  

Gc 
G  

ノヽ ㌃cotkc－て 墜 

（2・9・12）  
tan£H（レ員）  

‘、 

c  ▼‾H  

The oscillating instability is due to an amplification of the 

accidental and infinitesimal disturbance which is not able to 

be separated from anY PhYSicalsystem． The angular frequencY   

in eq．（2．9．12）is generallY COmPlex．According as theimaginarY   

Part Of the frequencyis positivelZerO and negative′ the   

SYStemis stable．neutral（stabilitYlimits），and unstable   

respectivelY． The subsequent studies concentrate on the   

● question of conditions for a realvalue of the frequencY，1．e．．   

the relations between the warm and the c01d states willbe   

SOught，Which give the stabilitYlimit of the oscillation、（refer   

to the theory of Rott）．  
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CHApTER 工Ⅱ  

EXPER工MENでAエ  

There have been many experimental investigations about 

this type of the oscillatinginstabilitY（Taconis oscillations）  

associated with thermally driven acoustic oscillations in 

CrYOqenic▲sYStemS・TheYr howeverr are too roug・h or too  

qualitative to glVesufficientunderstanding of this phenomenon．  

One reasonfor such failuresis that the temperature distribution   

along a tube was not paid  attentions．Anotheris that，in   

earlY daies．owing to alackof theoreticalinvestigations，it   

WaS nOt underst00d whatis essentialparameter to characterize  

the oscillating instability. The latter problem was 

S0lved through・ a Series of the theoreticalstudies bY   

Ro七t．e七 al‥  

Zn our experimentalinvestigations，tWO main develope－   

ments are made comparing with some previous experiments；   

Oneis the use of 

in previous works bY Other authors． Such a new tYPe Of a   

CaVitY enables us to compare our experimentalresults quantit－   

ativelY With the theorY Of Rott，et al．．Anotheris the   

establishment of the temperature distribution along a tube  

axis，Which was performed bY the use of the techniquesin  

CryOgenics・High sensitivityin thermalmeasurementsis able  

to be obtained there・ Allexperiments were made over a wide  

range from4・2K to about60K as temperature at the c01d part・   

The warm partis maintained at r00m temPerature・  
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For obtaining the stabilitYlimits of the oscillations，  

the experimental apparatus consists of three relatively distinct 

parts；the cavitYin which the standing acoustic waves are  

set up（section3．1），the pressure measuring system（section 3・2）  

and the cryogenic sYStemS for establishing a nearlY SteP－－  

functionaltemperature distribution along a tube axis（section   

3．3）．  

LastlY Weintroduce a crYOStat for measuring aliquid  

heLiumeVapOration rates under the osci11ations relating to   

SeCOnd－Order heat flu女discussedin the previous section．  

＝n this cryostatr the developement of temperature distribution  

is also performed comparipg to the earlier experiments bY  

Banister（1966）．  

3．1  CAV工TY  

The cylindrical cavities are made of long stainless steel 

tlユbes with a wallthickness of O．3mm，inner radiusl．2－4．7rnm．   

The wh01elength of themis more thanl．5meter． Thus those   

tubesare sufficient for the experimentalstudies of plane waves   

in gases（when souna WaVeS ■Oflow enough frequencY are PrOPagated   

in a pipe．theY Can be considered to be plane wave）． Znstead   

Of a half open tube，へWhichis usedin the previous section and   

most of earlier worksla U－Shaped tubeis emploYedin our  

experiments・The U－tube and the sYrnmetricaltemperature   

distribution alongit are shownin Fig・3．1．a．  

＝n the position of x＝0，tWO half open tube6are SmOOthly  

COnneCted by a U－Shaped brass whoselength（about 3rrLm）is  

－ 42 －   
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SufficientlY SamllcornPared with wave－1ength・Two tYPeS Of tube，  

a half open and U－Shaped tubelare mathematicallY equivalent  

aslong as the ftmdamentalfrequencY mOde or higher odd  

harmonic modes are considered・＝n the tube schematica11y  

Shownin Fig・3・1・ar the f01lowing expressions for the pressure  

fluctuations corresponding to eq・（2・9・11）acount for pl＝O at  

X＝○′dpl／dx＝O at x＝tTJand the continuity of the pressure；  
〈  

S土n k x       C  

lxl≦且  pc＝Al  
′ヽ S土n k 丸       C   

ノヽ  

pH＝Al坐苧＿チm（一望L  且≦Ⅹ≦1  

COS kH（レ且）  

p－H＝－A 

′ヽ  

l 
≦Ⅹ≦一見  

WhereAlis pressure at x＝且including the time factor・  

Another boundarY COndition as discussedin section2・9（ V   

also has to be continuous at x＝＋ 且． ＝tis underst00d，tlSing   

above equations，that the boundarY COndition at x＝RIis the   

Same aS that at x＝一見・ Thus the U－Shaped tubeis mathematically   

equivalent to a half open tube treatedin chapterⅡJSO that  

the theoreticaL results are held true fou the tube employed in 

Our eXPeriments．  

There are two experimentalevidencesin favor of this  

equivalence；Oneis that the acoustic pressure amplitudes are  

observed to be the same at two closed ends of the U－Shaped tlユbe．   

and anotheris that the phase differences be七Ween them are  

180 degrees・The X－Y diagram of the pressure fluctuations  

observed on an OSCi110SCOPeis shownin Fig．3．1．b′ Whose   

horizonalaxisis connected to the pressure at x＝L，and  
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F土9ure 3．1．（b）  

The relation between the pressure fluctuations at   

two closed endsin the tトShaped tube．X axisin this   

figure shows the pressure fluctuations at x＝L and Y   

axis shows that at x＝－L． From this photograph，tWO   

important matter are understood；Oneis that the phase   

differenees between the pressure at two ends are180   

degree and another is that these amplitudes are the 

same． Thusitis considered that thisinstabilityis   

a kind of the standing waves with fundamental   

frequency mode．  
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another x＝－L・This photograph confirms that ‖Taconis  

OSCillationTlis a kind of the standing acoustic waves whose  

PreSSurel00PS（velocitY nOde）exist at x＝聾and pressure node  

（velocitYl00P）at x＝0． The acoustic osci11ations with the   

fundamentalfrequencY mOde are excitedin both tYPeS Of the  

CaVities・From the symmetry between a half open and U－Shaped  

tube the discussion and the conclusionsin capterⅡis appLied  

to our case・ But a higher harmonic modes（as discussedin the   

next chapter）except for the odd harmonic（fundamental，third，‥．）   

inducedin the U－tube do not satisfY the above explanationr  

because two tYPeS Of tubes are not equivalent・ Zn such higher  

harmonic mode as reported by Yazaki，et．al．（1980）the U－tube   

is equivalent to the closed tube at the positions x＝L and x＝0，   

Where velocity node exists．  

The new tYPe Of the cavities glVeS uS SeVeralfollowing   

advantages：  

l． Thelowest acoustic mode excitedin such a symetric  

tube provides the exact boundarY COndition，Pl＝0，  

in the middle of the tube．＝n ahalf open tube this  

COnditionisidealized，because the dynamics of the  

OPen ends arelgnOred′ and n0 0SCillations of a  

finite cavitY COnneCting to the tube are admitted．  

2． The oscillating gases can be separated from a coolant  

（1iquid heliumin our experiments），SO that we can  

★  

make use of severalkinds of crYOgenic gases as sample・  

★ The oscillations have been observea for gaseous neon during  
the course of our stadies．  
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3・the mean densitYqn Can be varied through a needle  
Valve and a capillary whose dead v01uneis negligible  
COmpared with that of the cavitY． Therefore the  

boundary layer thickness 6 can be continuously 

Varied through the density of oscillating gas．  

3．2  PRESSURE MEASUREMENTS  

The self－SuStained acoustic pressure measurements are   

Performed at x＝L，Where the pressure amplitudes are maximum．   

Therefore，main purposein our experimentalinvestlgations，   

the determination of the boundaries be七Ween OSCillation and   

n00SCillation（stabilitYlimits）willbe sufficiently achieved   

by measurements p．At other position x＝－Lr the mean pressure   

is measuredin order to determine the kinematic viscosity at   

the■Warm and cold parts． The contact between a pipe and a   

PreSSure tranSducersis performed using a rubber band and the  

★  

1eak tightis tested by aleak detector．  

PRESSURE TRANSDUCERSS The pressure measurementsin our   

experiments were carried out using the microminiature semi－   

COnductor pressure transducers（differentialtypes）made use of   

the Piezo electronic resistance effects． The pressureis   

determined from the v01tage whichis proportionalto a small  

distortion produced on diaphragms4 Such transducers have   

been developedin detailbY members of the Toyota Ltd（1969；   

Tomohisa andlgarashi）． Attainable pressure fluctuations are  

4 sometimes surprisinglyhigh aslOpaormore′andtheir  
frequencies are usuallY belowlOOHz． The transducers are able  
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5 
tobeemploYedbelowlOpar and their resonance frequency  

（diaphra甘m）ismorethanlOXHz，SO that theY are Suitable to  

Our eXPeriments・ The acoustic and the mean pressure are  

★★ measured by tYPe OflF DDlO2（No51）andlF DDIO2（No58）respectively．   

The relation be七Ween the output voltage through an amplifier   

and pressure calibrated by a mercurY manOmeteris shownin  

Fig．3．2．a forlF DDlO2（No51）as anillustration′ Where one side   

Of the transducer is connected to the manometer and the other  

－3 sideispumpedoutbya rotarYPumP（10torr）；the calibrated  
l土ne 土s  

p；tO工・r  

V；VOlt  
p ＝155．1V ＋ 0．2  

Where the transducerres01utionis below O．2torr（27Pa），   

including the following electronic sYStemS・  

FOLLOW＝NG ELECTRON＝C SYSTEM  A block diag・ram for the pressure   

measurement systemis schematicallY Shownin Fig●3．2．b● At  

first the acoustic slgnalcame from the press・Ⅶre tranSduceris ■   

amplified bY tWO hundreds times using・Amplifier－A．A．3000（ToYOda  

Koki）and their amplitudes are measured bY a digitalvoltmeter  

（T・R6858Takeda Riken）．The amplified slgnalbY tWO hundreds  

times，Stillmore，is monitored bY an OSCillosrcope（Tectronix  

★ Theleak tight thereis verYimportant；in’our earlier  
experiments, on account of no leak tight the oscillations is not 

able to be sustained，but damped，SO that the determinations  

Of the stabilitylimits was not able to be carried out． Still－  

more the gaseous nitrogen or oxygen are solidified at cold 

Part through theleak，and are filled up the 七ube cross－SeCtion．  

By sudden vaporization of themr a diaphragm of the pressure  

transducer was destroyed．  

★＊ pressure transducers  
－ 48 －   
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7603）and whose frequencies are measured usipg universalcQunter  

（T．R．5103 Takeda Riken）． SecondlY the voltage corresponding   

to the static pressureis amplified bY 50 times using D．C   

AmplifierrA．A．3000 and measured bY a digitalvoltometer．  

The wave－forms of the pressure fluctuations are normallY   

sinusoidal near the stability curves as long as only the 

fundamentalor onlY the second harmonicisinduced．According   

to Hoffman．et．alJ1973）the wave－forms excitedin a U－Shaped   

tube become to be deviated from sinusoidalshape of the   

PreSSure－time curve for very vigorous oscillations．We also   

Observed the same phenomenonin such a tube． Such new pheno－   

menon maY be due to the nonl・inear effects or the superposition   

betweenlthe fundamentaland the higher harrnonics．Our experi－   

ments，Of course，are Performed within thelimits of the   

Sinusoidalpressure fromes．  

3．3  ApPARATUS  

The cryostat consists of a three litter helium dewar 

madeofpYreX－glasswhichis evacuatedto10－3torrbYa rOtarY  
PunP and surrounded．by aliquid nitrogen dewar．The experimental   

apparatus schematicallyillustratedin Fig・3・3・ar bY Which a  

nearlY SteP－funCtionaltemperature distributionis able to be   

established，is consisted of a separated two reservoirs，a Warm   

Part and a c01d part，andisinsertedinto such a double dewar．   

We obtained more homogeneous temperature distribution，in   

particular, at the cold part, using this apparatus instead of 

the use of an earlier cryogenic apparatus（not shownin this   

PaPer）introducedin our first paper（Yazaki，et．al．1979）．  
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Apparatusin Fig・3・3・ais employed for c001ing uniformly the  

COld part of the U－tube with ∈三1．A simpler apparatusis  

used for ∈≧1．As explainedin chapter二Ⅳ．the experimental  

results for ∈＝1in both cryostats agree each other・   

Thereforein the following weintroduce the forrner apparatus only．  

WARM PART Thewarmpart（a＋等撃≦L）isiTnmerSedinto  
the reservoirs atliquid nitrogen（77．3K）or room temperature   

SYStem made from vacuum pump oilin copper jacket（with diameter  

30rnrn and wallthickness 2mm）．Near the top end of the tube．   

the entrance for pouring or punPLng the oscillating gases ●   

（helium gas）is connected to vacuum rotarY PumP through a   

needle valve and a capillary（0．5mminner radius copper tl血ing）   

Whose v01umeis negligible compared with that of the U－tubes．   

The c001ing transmitted from the cold part（due to the heat   

COnduction of two stainless steeltube．the second order heat   

flux caused bY the acoustic oscillations and the radiation   

across the valuum space）are compensated bY heaters made of   

COnStantan Wire（normallYless than five watt）wound around the   

COPPer〕aCket． A copper versus constantan thermocouple（0．2rnrn   

diameter）is used as a thermometer and we check the uniformitY   

Of the temperatrue bY mOVing up or downit．  

COLD PART Thecoldpart（且一簑lxl）iscooledbythecontinuous  
flow of c01d helium gas（Orliquid）as shown schematically   

in Fig．3．3．a．Using this cooling method，the temperature at   

the c01d part was able to be sufficiently varied from4・5Ⅹto  
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about 60K continuously. The cold reservoir is made of copper 

CYlinder（withleng・thl．3m，Outer diameter30rnm and2rnm wall   

thickness）around which a c001ing tube（2rrtminner diameter and   

3m wholelength）is wound and soft－SOldered for heat exchange．  

Through this tuber c001antlheliungaSis pumped bY KennY－－  
★  

PumP（RRP－30001itter per minute）．The c01d partis precooled   

by liquid nitrogenthrough vacuum space and becomes about 200X, 

and after liquid helium is transfered, it normaliy takes about 

five houres to be co01ed down to near 30K．The variation   

Of the temperatureis performed bY the aajustments of a g■aS   

flow rate through a needle valve．  

Even using such a waY Of c001ing（it was not so sufficient   

that along tube（〟1m）was uniformlY able to be cooled・Futher－   

more under the oscillations the thermaleffect（SeCOnd order   

heat flux）are different according to the position of the pipe・   

Therefore the temperature control should be demanded at the 

localposition of the tube・Takinginto account SuCh circum－  

StamceS，We COuld succesfullY Obtain more homogeneous temperature  

distribution at the c01d parts using the method described   

below．  

The cold part of the U－tubeis thermallY keptin contact  

with three separated copper blocks and foils which are directlY  

soft－S01dered on the wallof the tube． This plaYS a r01e to  

enhance the heat capacitY Of the wall，SO that the assumption  

in the theory that the wall temperature fluctuations are 

negligible becomes more eXaCt・  

★ DA＝A vacuum englneering co・′ LTD・  
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TEMPERATURE MEASUREMENTS AND CONTROL  A七 three  

SeParated position A，B and C（see Fig．3．3．a），three carbon   

resistors and a series of chromelversus g01d O．07 at ％iron   

thermocouples（Osaka oxYgen ＝ndustrialLtd Bach No 812001－－   

812089）are directlY attaCed on the tube wallbY Varnish（G．E  

7031）・The temperature Tc are measuredbY One Of the resistor  

（A11en Bradly nominalvalue 510 0hml／8 watt）calibrated   

against chromelversus g01d themocouple（1iquid helium4．2K as   

a constant point）． The calibrated curveisillustratedin   

Fig．3．3．b． A simple D．C electric bridge circuit for measuring   

the resistance thermometrYis shownin Fig．3．3．c wherelead   

lines（with methoa of three wire）are Mn－Niwire with O．08mm   

Outer diameter．  

Furthermore for obtaining more homogeneous temperature   

distribution，temPerature differences occurred between two  

SeParated position are detected bY Chromel－gOld thermocouples   

at each position．・Thermoelectric power caused bY temPerature  

difference are monitored by two microvolt－meterS（Ohkura Elect－  

ronic co）． Futhermore theY are amPlified by D．C amplifiers  

（Bip01ar Power SuppIY KikusuiElectric Corp，35－1A） Their  

output v01tages are automatically supplied to the respective  

heaters B and Cin such a waY that thermoelectric power vanishes   

A schematic．block diagramis shownin Fig・3・3・C・  

Thus we could obtain such a near step－functionaltemper－   

ature distribution that the part △ⅩWhere the steep temperature   

change occur畠 WaSless than three percents of L・Two  

reservoirs, a warm and a cold, is inserted into the vacuum 
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（A）  
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E3V  

（B）   

Fキgure 3．3．（c）   （A）；A sirnple D・C bridge circuit for  

measuring the resistance R of a carbon thermometer up to  

lOKf2 ．（B）；A schematic block diagram for establishing  

the temperature uniformity along the tube axis．  
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コaCketinsulated from surroundingliquid helium reservoirs  

（a stainless steelpipewithl．5minwholelength，50rnm outer  

diameter and O．5rnm wallthickness）．  

3．4  MEASUREMENTS OF LIQUID HELIUM EVApOIRT＝ON RATE  

＝n order to measure a second－Order heat flux due to the   

Taconis oscillations caused by a steep temperature′We emPloYed  

anotherapparatus schematicallY Shownin Fig．3．4．whichis  

insertedinto the double pYreX－glass dewar subc00led bYliquid  

nitrogen・Thus two reservoirs are directlY SeParated；the c01d  

Partis soakedintoliquid helium4・2K and anotherisimmersed  

into vacuum pump oil maintained at room temperature. The 

ternPerature meaSurementS are the same as above． Bellows attached   

in the vacuum］aCket prevents the s01dered ］Oint be七Ween   

COld and warm part from being de毘trOYed bY thermalcontraction．  

The evaporation rates ofliquid heliumis measuredinstead   

Of thelocalsecond order heat flux penetratinginto the   

tube wall． The totalheating came from a cold part contributes   

the evaporation・A helium gas evaporated passes through a   

Calibratedimpedance′ Whichis made of a splralcopper tubing ●  

（inner radius 4rnm and wh01elength O．5m）． Thus the evaporation   

rateis estimated bY the use of the PoiseuillTslaw・The   

PreSSure difference between an entrance and exit of theimpe－  

danceis measured bY the pressure transducer（Toyoda LtdlD101，  

0．1F）with  D．C amplifier．The calibrated equation of a   

flow rate was  
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Figure 3．4  The crYOStat for measuring the totalsecond－  

order heat flux produced by Taconis oscillations  

－ 59 －   



h；mOl／sec   

V；mm VOlt  

n ＝1．30Ⅹ10－5v＋2．0Ⅹ10－4  ●  

（Ⅴ；COrreSPOnding to pressure difference between an entrance  

and exit of theimpedance through amplifier（200 times））   

Which was estimated using the method ofleast square fiting．  

The timeindependentheat currentQexproduced bY the oscilla－  

tionsis estimated experimentallY through a relationship；  

Qex＝L（ムーム0）  （3．4．1）  

● where品is flowrate（mol／sec）including the backgroundno  

without the oscillations，and Lis the heat of vaporization  

● Of heliunat4・2K（80Joul／mol）・The quantitY Lxno contains  

severalcauses of heat production；  

1．radiation heat from the top flange，Warm  

reservoir andliquid nitrogen reservoir・  

2．heat conduction transmitted through helium g■aS  

in the U－Shaped tube and stainless steel  

tube．  

Radiative heating from the top flangeis reduced byinserting  

SeVeralthin copper plates・  
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eHAPTER 3-V 

RESULTS AND D＝SCUSS＝ONS  

＝n this chapter we willpresent the experimentalresults  

about，in particular，three sl血jects：the stabilitY CurVeS  

and the frequency diagrams of thermallY driven acoustic  

OSCillations for gaseous helium′ the transition from the   

fundamentaltothesecond－harmonic and the thermaleffect（second－   

Order heat flux）produced bY the oscillations．At first the  

existences of two branches on the stability curves predicted  

bY Rott et al・（1973－1976）is confirmedin our experiments．  

For the ratio ∈ of thelength（Lq R，）to 且 as a parameter，  

the stability curves and the frequencY diagrams are experimentallY  

determined and quantitatively compared with the theory of Rott   

and qualitativelY eXPlained from the results presentedin   

Chapter Ⅱ． The optimalconditions for driving the oscillations  

are also discussed・At the ‖left－hand branch‖for small∈，  

We have found the oscillations with higher harmonics（second－   

harrnOnic and third harmonic）which have never been observed on   

PreVious works． SecondlY the classification of theunStable   

reglOn for the fundamentaland the second harmonicis experi－   

menta11Y and nunericallY Performed．LastlY the evaporation of   

liquid helium accornpanied bY the oscillationsis measured and   

the effective thermal conductivity of the oscillations is 

determined fromit． Results are compared with the theory of the   

SeCOnd－Order heat flux introduced in section 2．8．  
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4．1  STAB工L工TY 工．工M工TS  

The first approaches of the stabilitYlimits has been   

Perform声d crudeユy by Von Hoffman et al．（1973）． Their results   

are shownin fig．4．l，Where the excistence of two branches  

isindirectlY SVggeSted by use of t血es closed at one end（  

half open tubes）． Howeverin their experimentsit was   

difficult to saY that the stability curves were exactlY   

determined′ because thereis no continuous variables to approach   

to the criticalpoint（neutralpoint）． ＝n our case where a   

U－Shaped tubeinstead of a half open tube was employed，We   

COuld confirm not onlY the existence of two branches but also   

determine the stabilitY CurVeS．  

The relationship between the cold and the warm parts   

which gives the stability limits of the oscillations is 

determined from the s01utions of eq．（2．9．12）with real   

ln order to characterize the stabilitYlimits，nOn－dimensional   

Variables  

1  

α＝ln。。レl¶oHl＝でH／叛．l¶ol＝ro（u／U）言（4・1・1）  

are employed．These suggest us thatinstead of the tube  

radius ro，We Select the boundarYlaYer thickness at the tube  

Wallas a continuous variable． ＝n our ttibes the boundarY   

layer thicknessis able to be varied continuousIY・  

The onlY temPerature dependent term uis proportionalto  

Tl＋β （v∝Tβ；forheliumgas，thebestfittingvalueof   

βis equalt00．647：refer to the paper of Keesom）・As  

Shownin Appendix工旺′both of the coefficient of viscositY  
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and thermalconductivitY Of gas areindependent of the static  

PreSSure but dependent of onlY the temperature．1n the ahalYSis  

Of experimentaldata，We emPloyed′aSthe values of viscositY for  

temperatures，the experimentaldata obtained by previous  

WOrks．orinterporated ones of them．  

Determination of the stabilitYlimits be七Ween OSCillations   

and no－OSCillations are experimentallY defined as follows．   

The gasin the cavitY becomes unstable and oscillates with   

finite amplitudes，When．near theleft－handlimit（see Fig．4．1），   

a smallquantity of gasis graduallY POuredinto the U－Shaped   

tube through a needle valve（see Fig．3．3．a）under constant   

temperature ratio；namely the wam and the cold temperatures are  

keptconstant．＝n the unstableregx）n，Whenthedensity of gasis   

reduced，the boundarylaYer thickness becomeslarge，then the   

SYSte aPPrOaChes to the stabilitYlimit where the oscillations   

are neutral． Near the other handlimits．under constant   

temperature ratio′ the reverse operations to the above   

PrOCedures are carried out・Amplitudes of the oscillations   

near the stabilitylimits areillustratedin Fig・4・1for  

typICalexamples．TheY have a tendency toincrease（1eftlimitン  

and decrease（rightlimit）in proportion toITtocl・The critical  

Valueslnodwhere the oscillations are neutralmaY be determined  

bY the extraporation of theline・PracticallYinstead of the  

extraporation′ the valuesh。。Iwhere the acoustic pressure  

amplitudes are within the range be七Ween27pa（resolution of  

the pressure transducers including the following electronic 

SYStemS）andlO7pa are emploYed as the criticalpointsin our  

experiments．Figure・4・1shows clearlY that the differences  
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between them are sufficientlY Small（1ess than 5％）． ＝n the  

● reglOn arOund the minimumOf the stabilitY CurVeS′ Where the  

Criticaltemperature ratiois10WeSt，thatis α巴6 for∈＝1  

（seelater section）the criticalpoints oftnoc．－iare determined  

■ by slowly changlng the temperaturein the cold part with heater   

While the amount Of gasin the tubeis kep七   COnStant．  

Near the critical points the angular frequency of a harmonic 

gas motion（relative erroris below 2％）is almostindependent   

Of the pressure amplitudes． Zn the following discussion，  

the quantitiesl¶ol；α and．入 represent the criticalvalues  

On the stabilitY Cur豆es．  

4．2  STAB＝L＝TY CURVES FOR THERMA工LY DR工VEN ACOUST＝C  

OSC＝LLAT＝ONS FOR GASEOUS HEL＝UM．  

The stabilitYlimits for various temperautre ratios are   

experimentallY determined bY the methods described above  

SeCtion（4．1）． Under constant ∈ we could obtain the stabilitY   

CurVeS nOrmalized on the plane of the dim声nSionless variables  

α VerSuSIT10d・The experimentalresults of the stabilitY  

curves for helium gas are shownin Fig．4．2．a（∈＝1，2，5 andlO）  

f土9．4．1  

0scillations observed   

With half－OPen tubes of  

different diameter for  

∈＝1［Hoffman et al．1973］   

Tn；WarntemPerature  

do；diameter of tube   

′  

○ ′  x  
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／  

○  

／  
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／  
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J  
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and Fig・4・2・b（∈＝1，0．5，and O．3）where the temperature  

ratio TH／Tc for driving the oscillationsis plotted on a  

logarithmic scale as a function of the ratio of tubeinner   

radius to the viscous boundarYlayer thicknessin the cold  

Part・Cavities with variousinner radii（ro＝l。2－4・7mm）are  

employed according to the viscous boundarYlayer thickness；   

thatis，narrOW enOugh tubes are utilized near theleft－hand   

branches and wiae ones near the right－hand branchesr because   

the mean pressure which can be measured bY Our PreSSure  

5 transducersisless thanaboutl・1Ⅹ10pa・Alldatashownhere  

are obtained for the case that the wam temperatureis roorn   

One（297K）．For the case that the warm partis atliquid   

nitrogen temperature（77．3K）we also obtained almost same the   

StabilitY CurVe aS thatin Fig．4．2．a for ∈＝1． However not   

Shown here．because these data are unreliable；the warm part   

is sufficientlyimmersedinliquid nitrogen on account of the   

PreSSure tranSducers．  

Stating the survey of experimental results, each stability 

CurVeS for various ∈as a parameteris coFISisted of two branches．   

Hright－hand branchIland ‖1eft－hand oneI一・Such two branches  

コOin together near the reglOn Where the minimunCritical  

temperature ratio is found. Of course, thermally driven 

acoustic oscillations areinducedinsides of these curves  

（unStable region）and notinduced outsided（stable region）・  

Thelowest criticaltemperature ratiois found for about∈巴1；  

near tno。1 巴10the stability curve takes aminimumvalueα巴5・5  

andlnoc）。fab。ut8atα巴7is the smallestvalue forwhich  

neutraloscillation can exist（see fig．4．2．a）． After the bend．  
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the stabilitY CurVeS rise sharply；for any glVen temPerature  

ratio more than 5．5 thereis a minimun（leftlimit）and a  

maximl皿（rightlimit）value f。rlno。しshowing the endsofthe  

intervalin which excited oscillations are found． At the   

COld part the boundarYlaYer thicknessis smallenough   

COmPared with the tubeinner radius at allreglOnS． ■  

The solid curves are from the numericalstudies bY Rott．   

For convenience his resulting equation determining the   

Stability curves and the frequencYis presented here． The   

key equation（2．9．12）is written as  

Gccot入さ  GHtan入昌  

（4．2．1）  
∈入さ  入昌   

withthenotation  

（4・2・2）  
入★＝u且／a芸′人品＝u（もー戊）／a昌and∈＝（レ見）／且 C   

where the quantity G indicates the effects of the dissipation 

andit s value takes unity for non－dissipative case（．1Tlo卜co  ）．  

（1一見）  
‘‘   ）土s nearly  

＿1  aH   ⊥＿＿、  

tan入H   equalto zero′because入H＝∈α宮入H・SO thatin eq・（4・2・1）  巴 1．  

AsIT10cトslarge（more than about8asindicatedin experiments），  

theleft－hand side of eq．（4．2．1）is expandedinto seriesin  

term of a2／TT10c、  Consideripg that the angular frequencY  

is real，We Obtain readily the f0110Wing set of equations，  

after splitting the eq・（4・2・1）into realandim叩inarY PartS；  

COF入c／入c＝∈（ReGH十ZmGH）  （4．2．3）   
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ノ官  

（c【1・望哲＋入。C。七2入］                         C  †  lれ0。1   入c ノ（4．2．4）  ∈工mGH  

The coefficients c and d are Kirchhoff and Kramers constant of   

gases；0．90825 and O・0022 for helium gas respectivelY・Fromthe  

above two equatiorf；the stabilitY CurVeS are′in principle′   

determined． The experimentalresults arein qualitative   

agreements with the theorY Of Rott．   

●    The stabilitylimits are able to be glVen On the plane  

Ofα VerSuSl¶oHl′Whicharemathematicallyequivalentto that  

Ontheplaneof αVerSuSlnocll・Figure・4・2・C Shows the stabilitY  

CurVeS COrreSPOnding to Fig．4．2．a，Where the temperature ratio   

is plotted on the logarithmic scale as a function of the ratio 

Of the ratio of ro to the boundarYlaYer thickness at the  

Warm Part．As discussedlater，the plotsin Fig．4．2．c maY   

be phYSicallY mOre Valuable than thatin Fig．4．2．a to charact－   

eri2：e the thermally driven acoustic oscillations． Zn the   

following we willglVe the qualitative discussion about the   

respective branches．  

R＝GHT HAND BRANCHES  At the right－hand branches，Values of   

Viscous（thermal）boundarYlaYer thicknessin both c01d and   

Warm PartSare Sufficiently sma11compared with the tubeinner   

radius；namelY the part of the 一一core”is’dominant compared to   

that of the boundarylaYer，aS Shownin Figs．4．2．a，4．2．b and 4．2．c  

Thereultssh。Wthat・forc。nStanttnoJ・aVeryflatminimum  

Of αis foundin the regionl≧∈≧1／2・The ∈－dependence  

Of the stabilitY CurVeS，in particular for ∈≦1，is fitted  
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With the asYmPtOte equation for heliungaS；  

‾1 
logα＝0・60【lo9t［。。1・1叩（1・∈＋入喜∈＝－0・22  

where∈－＝  as wi11be discussed in the next section．  

The above behavior can be explained bY the use of the   

eneギgYCOnSideration discussedin section2．7．The driving  

term A61in eq．（2．7．4）is pr。POrtionalto the term，imaginarY  

Part Of F＊，Which characterizes the effect of the thermal   

COnductivitY Of the gas． Figure 2．5indicates that when the   

boundarYlaYer（consider the thermallaYer here）becomes thin   

COmPared with the tubeinner radius，imaglnary Part Of F＊   

graduallY decreases，SO that the osci11ations should become   

unfavo羊able． The gradualslope of the stability curvesin   

this branch is on account of such gradual decrease of the 

driving term・ ConsequentlYr rOughly speakingt the right hand   

branch maY be characterized as f01lows；the thermalboundary  

laYer thicknessノ∇声万becomes sma11，SO that the oscillations  

are not able to be sustained because of the lack of sufficient   

heating and c001ing from the tube wall． The effects of the   

thermal conductivity plays an important role to maintain the 

OSC土11at土ons．  

The driving term is also proportional to the derivative 

Of the square of the acoustic pressure amplitudes．As shown   

in Fig．2．7．a，the derivative takes maximumin the middle   

location of the half open tube（wide tube）． Therefore the  

maximum driving of the oscillations occurs when the gradient  

Of mean temperaturesis establishedin the middlelocation  
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Of the tube・This qualitativelY agreeS With the experimental  

results stated above．  

LEFT HAND BRANCHES  On the other hand，at theleft hand－－   

branch the boundary layer thickness at the cold part is still 

Sma11compared with tubeinner radiusr but the boundarYlayer  

thicknessis not smallin the warm part，aSunderstood from   

Fig・4・2・C・ Thus the damping of the oscillationsin the wam   

part is dominant compared with that in the cold part. The 

damplng at theleft－handlimitis not dueto the effect of the ●  

thermalconductivity．but that of the shear viscositY Of gas．   

When we takeinto account OnlY the effect of viscositYinstead  

of thermalconductivitY，the driving term△611S neVer POSitive  

in the case that the closed end is at warm and the open end 

is at c01d，SO that the effect of the viscosity does not   

COntribute to the drivipg but contribute to the damplng Of the  

OSC土11a七土ons．   

ヽ    LetIs consider the driving term△Qlincluding both effects  

Of viscositY and thermalconductivitYr Whichis proportional  

toimaginary parts of F＊－F／トO Shownin Fig・2・7・b・  

When onlY the effect of thermalconductivitYis takeninto  

account，the oscillations are favorableindependent of the   

thickness of the boundarylaYer・However comparing Fig・2・5  

With Fig．2．7・b′We Sha11understand that the effect of viscosity  

restricts theunStable region；namelY at about fT10t巴2．8，the  

Sign of △萱1drasticallY Varies frompositive to negative value・  

SO that belowIno巨2・80nlY the dampingis possible along the tube  
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in spite of a steep temperature gradient・The steeper slope  

Of the stabilitY CurVeS at theleft－hand branch compared with   

that at the rightqhand branch maY be caused bY SuCh a drastic   

Change of the slgn Of the driving term． Thus the viscous   

boundarYlaYer thicknessinstead of the thermalone plaYS an   

important role to characterize the damplng Of the oscillations   

in theleft branch；qualitativelY because the viscouslaYer   

fills up the tube in the warm part and near the location with 

temperature gradient，the oscillations are unfavourable．  

The ∈－dependence of the stabilitY CurVeS at this branch   

is qualitativelY Same aS that at right hand branch；near ∈＝1   

the osci11ation are easY tO beinduced． This comes from   

the gradient of the acoustic pressure amplitudes．  

でhe  OPT＝MUM COND＝T＝ON TO EXC＝TE THE OSC＝LLAT＝ONS   

OSCillations are verY POWerful，for example under suitable   

conditionsin the unStable reglOn，eSPeCiallyin helium gas－－ ●   

filled pIPe COeXisted withliquid heliununder atmospheric  

pressurer the acoustic pressure amplitudes sometimes run uP  

to a few hundred torr． Some experimentalstudies on the   

amplitudes up to now have been described and suggested  

qualitativelY that the amplitudes take a maximunWhen theinner  

diameter of a cYlindricalcavityis about3－5rnm（L 巴1m）・Self”  

sustained oscillation with suchlarge amplitudes maY be applied，   

in future，tO an englne・The optimum conditionr where the こ   

pressure amplitudes take maximum′ Wi11beimportant as a point   

Of the operation of the englne・  
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Figure・4・2・d Normalized acoustic pressure amplitudes as a  
functionofIno。IandlnoH］fordifferenttemperature  

ratio and different the rati00f thelength at warm part  

to that at c01d part・  
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The acoustic pressure amplitudes（rms）normalized by the  

mean pressure areplottedas a fun。tionof］no。IandhoHlunde主  

COnStant temPerature ratio as a parameter． The results are   

Shownin Fig．4．2．d． Since the experiments were perfomedin   

the neigbborh00d of the stabilitY CurVeS，the amplitudes are   

two or three orders of magnitudes smaller than mean pressure．   

Theleft and the rightlimitsin Fig．4．2．d correspond to two   

branches stated previously． The normalized pressure takes   

a maximum between twolimits．Figure 4．2．d suggests that the   

optimum condition is determined at the warm part rather than 

at the c01d part．The condition occurs when the valuelTl。Hlis  

near 2．5．Thisis alsounderstood from Fig．4．2．c where the  

StabilltYCurVeS takeaminimumattⅦHI＝2・5independentof∈・  
Therefore when therma11y driven acoustic osci11ations are   

induced in helium gas coexisted with Ziquid helium under one 

atomospheric pressure，in order t0 0btain the maximum amplitudes，   

the optimum conditionis  

lo9ro＝－1／21？gu ＋1092・68  

sincevHisequaltoO・15cm2s－latroomtemperature・Since  
angular frequencY nOrmallY Varies from about 250 t0 350 rad／SeC   

nearliquid helium surface（L＝1m），We maY Select the tube with   

inner radius betweenl．4mmandl．7mm． These tubes are usuallY   

emploYed as thelevelindicator ofliquid helium asindicated   

bY Clement and GaffneY（1955）or GaffneY and Clement（1956）． Rott   

（1976）calculated the power function for helium gasin the case   

Of constant cross section tube and predicted that the oscill－  
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ations take amaximumwhenInoHlis equalto about2．2for  

VarlOuS Values of parameter TH／Tc・  

D＝SCREPANCY BETWEEN EXPER＝虻ENTAム RESULTS AND THEORERIC   

The experimentalresults were compared with the theory of Rott   

by solid curvesin Figs．4．2．a，b and c，Where as temperature  

distribution，the step functionaloneis emploYed（discontinu－  

OuS mOdel）． The numericalstudies have been carried out at   

the right hand branchunder continuous modeltakinginto   

account a finite temperature gradient． The steepness of the   

mean temperature at x＝R／is characterized by  

2 且  
【dワm／dx】Ⅹ＝且  

TH一丁c   

and S＝ ∞COrreSPOnds to the discontinuous model． The numerical   

data calculated bY Rott using a computer show thatif Sis enough  

large，the stabilitY CurVeS are nOt SO different from those   

in the discontinuous ones・But with the reduction of S，the  

discrepancY between them becomeslarge・ ＝tis probably  

attributed to the decrease of S that the experimental data 

deviate from thetheoreticalcurves to moreinside；in our   

experiments Sis more than about40，24 and12 for ∈＝1，5 and   

10 respectively．  

At theleft－hand branches for small∈（＝0．5 and O．3），  

We have discovered the acoustic waves with higher harmonic  

frequencY mOdes（second and third）which have a velocity node  

at x＝0・ Such a higher harmonic has never been foundin the  
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previous works・More detailed studies wi11be discussed   

in the section 4．4．  

The stabilitY CurVeS glVen here willbeimportantrin   

future，When we willmanufacture a cryos七at atlow temperature  

experiments avoiding such oscillatinginstability・ Therefore  

we present herein this paper the experimentaldata（Table・4・2・1）  

relating with the stabilitY CurVeS・  
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3 
（K）Pst（Ⅹ10pa）て（msec）nc  nH   入c（rad）α  

q
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●
 
 
 
●
 
 

4
5
7
7
9
 
 

10．5  19．0  
10．4  18．5  

10．7  16．5  
10．9  16．0  
12．1  15．5   

12．9  15．0  

14．1  15．0  
16．2  14．0  

20．0  13．0  

25．7  12．0   

22．5  12．0  

19．8  
18．9  

15．2  
14．3  

13．3   

12．8  
12．1  

10．9   

9．8   

8．9  

9．5  
18．8  

18．4  
17．4  

14．9   

12．0  

10．8   

8．7   

8．7   
8．6  

8．6   
8．7   
9．2  
11．8  
10．8  

0．647  1．260  

0．652  1．265  

0．701  1．206  

0．721  1．187  

0．770  1．129   

0．808  1．109  

0．845  1．045  

0．937  0．994  

1．080  0．918  

1．274  0．853   

1．193  0．921  

0．579  1．276  

0．612  1．290  

0．630  1．264  

0．682  1．178   

0．879  1．092  

1．027  1．008  

1．361  0．839  

1．482  0．833  

1．610  0．807   

1．734  0．770  

1．865  0．762  

2．100  0．733  

2．708  0．697  

2．540  0．701  

60．2  
56．7  
40．9  
37．3  
31．7  

28．6  
25．4  

20．0  

14．7  
10．8   

12．6  

64．1  
59．0  
53．6  
41．5  

10．3  
11．6  

14．7  
20．0  

27．2   

23．3  

4．6  8．62  19．5  

5．0  9．14  18．5  
5．5  9．45  18．0   
7．1   

12．2  

16．6  
30．6  

33．9  
37．8   

41．6  
44．5  

48．1  

48．9  
50．2  

10．4  17．0   

14．3  14．0  
18．1  13．0   
28．1  11．5   

31．9  11．0   
36．8  10．7  

42．6  10．7   
48．1  10．5   

61．1  10．5  
106  10．9   
91．5  10．5  
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6
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（ro＝1・2m・L＝1m・∈＝1）  

15．5  114  16．7  
15．3  119  16．8  
14．1  139  17．5  
13．3  142  17．9  
18．7  76．6  15．3   

23．2  52．8  14．0  
16．0  104  16．3  
20．6  69．4  14．6  
26．2  44．2  13．3  
30．6  32．2  12．4  

78．8  
80．9  

91．8  
96．6  
57．6   

41．8  

74．2  
51．8  

35．5  
26．6   

16．0  

12．1  

12．1  

10．0  
33．8  

7．03  0．812  
7．13  0．812  

7．56  0．812  
7．57  0．818  
6．00  0．807   

5．21  0．792  
6．79  0．819  

5．85  0．805  
4．89  0．784  
4．32  0．778   

3．09  0．752  

2．70  0．739  
2．71  0．737  

2．32  0．731  

4．90  0．790  

19．0  
19．2  

20．9  
22．1  

15．7   

12．7  

18．4  

14．3  

11．2   
9．6  

7．4   

6．2   

6．2   
5．9  

12．1   

39．4  

47．3  

47．6  
49．3  
24．3  

15．0  11．3  
10．7  10．5  

10．7  10．5   
7．79  10．4  

45．7  13．7  
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Tc（R）Pst （Ⅹ103pa）T（msec）nc  nH  入c（rad｝ α  

11．6  20．3  3．66  
15．7  67．9  6．61  
12．7  31．5  4．63  
11．9  24．9  4．14  
11．6  22．2  3．90   

10．8  16．4  3．35  
10．5  14．2  3．09  
14．9  54．2  5．94  

（roニ3・7mm・L＝1m′  

20．6  20．1  0．77  
20．6  18．9  0．79  
18．9  17．1  0．89  
18．7  16．8  0．91  
17．6  15．3  1．01   

36．3  21．6  
17．2  95．3  
28．4  37．9  
32．8・   28．3  
35．2  24．5   

42．1  16．8  
45．6  13．9  

19．9  73．2   

0．764  8．1   
0．820  17．1   

0．789  10．3   

0．783  8．9   
0．776  8．3  

0．762  7．0   
0．753  6．4   
0．803  14．7  

∈＝1）  

1．067  50．0  

1．016  45．3   

0．980  35．5   

0．973  34．3   

0．918  27．0  

5．9  16．4   

6．5  17．2   

8．3  20．1   
8．6  20．4  
10．9  23．8  
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27．4  

46．3  
13．3  

14．1  
15．0  

16．9  13．8  1．11  

15．4  11．3  1．51  
23．1  22．1  0．66  
21．6  18．8  0．70  
21．1   18．6  0．73   

17．3  14．2  1．06  
16．3  12．7  1．24  
16．2  12．3  1．29  

15．5  11．3  1．46  
15．2  10．9  1．57   

22．9  22．8  0．67  
22．3  21．9  0．69  
21．7  21．4  0．72  

19．6  19．3  0．84  
19．0  17．7  0．89   

18．2  16．9  0．96  

17．6  15．9  1．01  

14．7  10．7  1．77  

14．7  10．9  1．81  
14．7  11．2  2．05   

14．7  11．8  2．23  

（ro＝1・2m′も＝1・5m′  

22．1  79．2  6．84  
20．6  61．7  6．14  

0．856  21．7  

0．692  11．7  

1．089  65．5  

1．035  51．7  

1．033  49．1   

0．869  23．5  

0．787  17．0  

0．760  15．6  

0．698  12．1  

0．668  10．6   

1．111  67．0  

1．092  61．4  

1．089  57．8  

1．044  43．4  

0．999  37．3   

0．967  32．0  

0．936  28．1  

0．637  9．0  
0．633  8．9  

0．600  8．0   

0．585  7．6  

∈＝2）   

0．625  19．8  

0．616  16．6  

0．612  14．7  

0．602  12．5  

0．590  9．8   

12．6  25．9  

17．3  ユ3．4  

18．8  35．6  
24．3  43．7  
27．6  49．8  

4
8
ュ
8
q
ノ
 
 
 

●
 
 
 
●
 
 
一
 
 
 
●
 
 
 
●
 
 

4
4
 
5
6
 
7
 
 

13．7  

14．3  
15．1  
18．6  

19．8   

9．2  22．5  
10．5  24．0  

32．5  61．2  

32．9  63．9  

36．7  81．8   

38．5  96．7  

14．9  143  
17．7  108  

20．0  81．9  19．5  
23．5  62．3  18．3  
30．0  37．2  16．5  

49．8  5．50  

39．3  4．95  

26．1  4．03  
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Tc（K）pst（Ⅹ103pa）T（msec）nc  nH 入c（rad）α  

33．0  29．9  
36．9  22．5  

16．0  131  
19．3  96．5  
26．0  50．2   

35．1  27．1  
39．5  18．6  

41．6  14．4  

40．9  12．0  
39．8  17．2   

17．5  128  
21．5  78．4  

22．5  67．6  
28．7  41．1  
14．2  2．68   

32．2  32．8  

15．9  22．3  

15．2  17．9  

21．3  72．7  

19．9  55．1  
17．5  33．2   

15．4  20．3  

14．6   15．7  
14．2  13．4  
14．3  12．3  
14．5  15．0   

20．4  68．2  
18．7  46．9  

18．3  42．4  
16．7  28．3  
16．1   13．2   

16．0  23．5  

14．7  11．2  
16．8  14．2  
15．2  12．2  

14．8  11．8   

15．1   11．8  

3．71  0．584  8．9  

3．27  0．578  8．0  

6．66  0．626 18．4  

5．90  0．610 15．2  

4．54  0．598 11．3  

3．56  0．585  

3．03  0．582  

2．70  0．583  

2．46  0．583  

2．92  0．583  

4
 
4
1
 
2
 
4
 
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

8
 
7
7
7
 
7
 
 

6．72  0．625 16．8  
5．49  0．615 13．7  
5．15  0．615 13．1  
4．20  0．596 10．2  
1．09  0．880 20．7   

3．84  0．588  9．1  
1．43  0．743 12．3  
1．04  0．910 24．1  
1．28  0．808 15．6  

1．37  0．778 13．7   

1．29  0．792 14．7  

23．9  
12．2  

18．9  

21．5   

19．9  

4．23  
2．52  

3．49  

3．90   

3．51   

（ro＝3・7mmィも軍1・5m・∈＝2）  

7．8  108  

20．5  10．3  
11．4  48．6  

12．7  40．1  

14．4  30．6   

14．6  30．1  

15．2  27．6  

15．8  25．7  

16．5  22．9  
18．0  18．9   

18．4  18．3  

18．7  17．3  
19．3  15．9  

19．9  14．9  
20．1  14．4   

20．7  12．6  

21．3  10．9  
12．4  38．3  
14．0  31．3  

11．0  54．8  

26．6  139  

17．6  23．2  
22．6  72．8  

21．6  61．5  
20．9  49．2   

20．8  48．3  
20．4  45．2  
20．1   42．5  

19．7  39．1  
19．0  33．7   

18．9  32．6  
18．7  31．5  
18．1  29．8  

18．0  28．3  

18．0  27．5   

17．0  25．8  

17．0  

21．5  61．6  
20．8  51．0  
23．1  78．8  

6．89  0  

2．61  0  

4．99  0  
4．64  0  

4．12  0   

4．10  0  
3．96  0  

3．86  0  
3．67  0  
3．40  0  

．430 37．5  
．401 14．2  
．419 25．7  
．415 23．0  
．403 20．3   

．402 20．0  
．402 19．2  
．400 18．5  
．399 17．7  
．397 16．2  

3．36  0．394 15．9  
3．28  0．395 15．6  
3．19  0．401 15．1  
3．10  0．39∈き 14．7  
3．05  0．396 14．5   

2．93  0．413 14．1   

4．55  0．422 23．6  
4．18  0．411 20．9  

5．25  0．417 26．6   
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Tc（K）Pst（Ⅹ103pa）T（msec）nc  nH   入c（raa） cL  

14．9   

9．0  
10．5  

11．4  
13．9   

17．0  
16．4  

18．3  

28．7  24．0  
83．1  25．2  
60．0  23．5  
49．4  22．6  

30．5  20．6   

20．1  19．2  

21．6  19．4  
17．3  18．7   

46．8  4．04  0．406  19．6   

110  6．19  0．423  32．5  
85．0  5．44  0．420  27．9  

73．4  5．04  0．419  25．7  

51．0  4．15  0．416  21．0  

36．2  3．49  0．404  17．2  

38．5  3．59  0．407  17．8  

32．0  3．27  0．400  16．0  

（ro＝4・7m・エ＝1・8m′ぢ＝5）  

44．2  3．99  0．395  18．6  
38．4  3．71  0．393  17．1  
33．3  3．45  0．389  15．9  

30．4  3．25  0．390  15．2  

24．7  2．85  0．389  13．8  

22．4  2．62  0．395  13．6  

15．7  

17．0  
18．3  
19．2  

21．1   

21．4  
14．2  

15．3  
16．4  

17．8   

20．2  
20．6  

21．4  
20．4  

18．7   

17．7  
15．3  

13．1  

84．7  20．4   
70．5  19．7   
59．4  19．2   

51．4  18．7   
37．8  17．9  

31．3  17．5  
110  21．1   

93．0  20．5   
81．9  20．0   
66．8  19．3  

49．7  18．5   
45．3  18．2   
38．3  17．8   

24．8  17．4  
18．2  17．1   

17．0  17．2  
14．7  17．3  
12．4  17．7  

53．9  4．47  0．402  

47．3  4．18  0．399  
42．4  3．97  0．395  

36．3  3．65  0．393  

28．8  3．21  0．384  

27．3  3．09  0．387  
24．6  2．88  0．388  

20．8  2．34  0．407  
19．4  2．02  0．432  

19．5  1．95  0．442  

20．6  1．82  0．472  

21．2  1．64  0．499  

（ro＝2・7m・L＝1・8m′∈＝5）  

33．2  1．04  0．680  

32．5  1．12  0．662  

32．6  1．16  0．658  
33．5  1．19  0．668  
32．6  1．23  0．638  

31．2  1．24  0．623  
30．4  1．28  0．603  
30．0  1．33  0．606  

29．3  1．37  0．575  
27．0  1．53  0．544  

25．9  1．60  0．519  
33．4  1．09  0．654  
26．7  1．40  0．575  

（ro＝1・2mm・エ＝1・8m′∈＝5）  

20．5  

19．0  
17．8  

16．4   

14．4  

14．1  

13．6  

14．3  
15．6   

16．5  

19．0  

22．3  

7
 
2
 
4
 
4
 
7
 
 

●
 
 
 
●
 
 
 
■
 
 
 
●
 
 
 
●
 
 

4
5
 
5
5
 
5
 
 

31．0  21．7  
35．1  2・1．2  

37．3  20．9  
38．8  20．6  

41．ユ  21．0   

42．4  20．8  

45．1  20．8  
47．3  20．1  

51．0  20．6  
60．6  19．5   

65．7  19．5  

34．7  22．1  

49．9  19．3  

61．7  

55．7  

53．7  
53．7  
50．8  

47．5  

44．6  

42．0  
39．7  
31．8   

29．0  
59．1  

34．9   

⊥
5
 
q
ノ
3
 
1
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

6
 
6
 
6
 
7
9
 
 

0
 
▲
q
ノ
 
3
 
 

●
 
 
 
●
 
 
 
●
 
 

0
 
4
 
8
 
 

⊥
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Tc（K）Pst（Ⅹ103pa）T（msec）nc  nH  入（rad）α  
6
7
3
0
6
 
 

●
 
 
 
＿
 
 
 
●
 
 
 
●
 
 
 
●
 
 

5
7
8
5
5
 
 

48．1  21．4  
20．1  18．3  

16．0  17．6  
48．2  22．4  

36．9  20．0   

34．9  20．6  
32．8  20．4  

28．0  19．7  
16．4  17．8  
39．5  21．5   

36．7  20．9  

24．5  18．9  
19．1  18．1  

13．6  16．9  
10．2  16．1   

42．2  20．5  

34．9  19．6  
31．8  19．3  

29．1  19．1  
24．6  18．4  

139  5．11   
73．0  3．57   

62．1  3．25  

150  5．00  

125  4．63   

117  4．44  
112  4．32   
99．2  4．06   

64．0  3．28  

132  4．62   

125  4．52   

89．6  3．88   

73．2  3．50   

55．9  3．05   

47．4  2．71   

128  4．89  
111  4．55  

105  4．38   

95．9  4．20   

85．5  3．94  

0．316 52．1  
0．315 37．9  
0．315  35．1  
0．319  58．4  
0．338 52．1   

0．322  50．3  
0．333 49．5  
0．323 46．3  
0．315  36．0  
0．323 55．1   

0．326  53．1  
0．327  43．5  
0．322  38．9  
0．321 33．5  
0．327 31．7   

0．324 50．3  
0．325 46．3  
0．327 45．6  
0．321 42．9  
0．324  40．5  

0
0
Q
ノ
3
⊥
3
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

5
5
′
b
 
8
5
 
 

5
7
5
 
7
2
 
 

●
 
 
 
 
●
 
 
 
 
●
 
 
 
 
●
 
 
 
●
 
 

5
6
7
8
9
 
 

8
3
4
8
2
 
 

●
 
 
 
 
■
 
 
 
 
●
 
 
 
 
●
 
 
 
●
 
 

5
 
′
b
 
6
 
6
 
7
 
 

（ro＝4・7m′工＝1・65m・∈＝10）  

●98．1  4．47  0．300 41．1  

80．7  4．00  0．303 37．4  

70．4  3．69  0．301 35．1  

64．2  3．54  0．301 33．1  

53．1  3．13  0．295 30．7  

47．1  2．85  0．300 29．8  

88．4  4．33  0．298 37．9  

59．7  3．46  0．298 31．4  

56．4  3．36  0．296 30．4  

53．3  3．23  0．297 29．8  

51．1  3．12  0．299 29．5  

48．3  3．02  0．296 28．6  

46．5  2．93  0．296 28．3  

39．9  2．13  0．338 34．3  

39．3  2．34  0．316 30．4  

41．6  2．54  0．310 29．5  

38．6  2．21  0．323 31．7  

40．5  2．09  0．347 35．6  

40．8  1．86  0．368 41．1  

（ro＝2・7mm・1＝1・65m′∈＝10）  

⊥
8
3
8
5
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

7
7
 
8
 
8
 
q
ノ
 
 

104  20．0   
78．9  18．9   

65．1  18．4   

58．0  17．9   
44．8  17．6  

36．0  17．0   

94．3  19．3  
54．8  17．6   
51．1  17．4   
46．7  17．2  

43．0  17．0   
40．2  16．9   
37．7  16．8  
19．1  16．2   
23．2  16．3  

27．6  ユ6．4  

20．8  16．3  
18．4  16．1  

14．7  16．3  

0
0
 
7
 
3
 
6
8
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

9
7
9
 
9
9
 
 
 

9．9  
10．2  

10．3   
8．5   
9．6  

Q
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2
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●
 
 
 
 
■
 
 

0
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9
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－ 84 －   



3 Tc（K）Pst（Ⅹ10pa）T（msec）nc  nH  入c（rad） α・  

55．1   

56．8   
58．8   

59．8   

63．9  

65．0   
67．5   

70．9   
73．8   
77．3  

79．3   
84．9   
86．2   

95．1   
96．1   

102  

107  

7
 
8
 
9
 
つ
ム
3
 
 
 

＿
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

4
 
4
 
4
 
5
 
5
 
 

ユ．47  0．386  

1．50  0．382  

1．53  0．382  

1．55  0．371  

1．61  0．371   

1．62  0．363  

1．66  0．362  

1．71  0．338  

1．75  0．353  

1．79  0．347   

1．82  0．344  

1．88  0．339  

1．91  0．335  

2．00  0．324  

2．02  0．321   

2．08  0．321  

2．13  0．314  

19．1  47．2  

19 1  46．9  

18．9  47．0  
18．9  45．0  
18．7  45．9   

18．6  44．2  

18．5  44．5  
18．4  39．9  
18．2  43．3  
18．2  43．1   

18．1   42．6  

18．1  42．9  
17．9  41．9  
18．0  41．7  
17．8  40．8   

17．8  42．1  
17．8  41．2  

61．7  

60．4  

59．1  

55．7  
54．7   

51．7  

50．8  
43．9  

46．7  

45．3   

43．9  
42．6  
40．8  
38．6  
37．1   

37．1  
35．3  

6
 
7
 
6
つ
‘
4
 
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

5
 
5
 
6
 
6
 
6
 
 

′
b
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●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

6
 
6
 
7
 
7
 
7
 
 

8
 
つ
ん
 
 

●
 
 
 
 
●
 
 

7
 
8
 
 

（ro＝1・2m皿′L＝1・65m・∈＝10  

40．2  19．9  

37．3  23．6  

34．9  27．9  
33．0  31．3  

31．1  29．5   

29．8  23．9  

27．2  39．0  
24．6  42．4  

22．6  49．0  

21．0  56．8   

19．9  61．6  
18．1  72．3  

16．0  89．5  

15．2  96．5  
19．1  53．2  

14．2  16．2  

14．6  18．5  
15．0  20．9  
15．4  22．9  
15．8  23．1   

16．1  24．9  
16．9  28．7  

17．4  32．0  
18．2  36．1  

19．1  40．3   

19．5  43．4  

20．5  49．6  
21．2  60．1  

21．7  64．5  

19．5  41．8  

3．17  0．996  

3．41  1．006  

3．66  1．012  

3．82  1．014  

3．67  1．018   

3．82  1．020  

4．07  1．017  

4．18  1．039  

4．40  1．036  

4．63  1．024   

4．77  1．031  

5．04  1．028  

5．51  1．057  

5．65  1．060  

4．43  1．052  

つ
ん
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3
 
7
3
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

7
7
8
8
q
ノ
 
 
 

9．7  
10．6  
11．7  

12．8  

13．8   

14．6  

16．0  
18．1  

19．0  
15．1   

（ro＝3・7mm′ム＝1・26m′ ∈＝0・5）  

8．84  9．99  1．86  0．982  
8．91  9．49  1．73  0．988  
9．04  9．26  1．58  1．011  
8．96  9．85  1．65  1．032  
9．37  9．26  1．42  1．042  

37．8  12．0  

36．8  10．4  
34．1  8．91  
33．3  9．63  
29．9  7．44  

8
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6
0
0
 
0
0
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7
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3 Tc（K）Pst（Ⅹ10pa）T（msec）nc  nH   入c（rad）α  

26．9  6．82  
22．8  5．89  

19．8  5．06  
39．0  11．4  

39．8  12．2  

9．50  9．61  

10．0  9．95  
10．3  10．24   

8．48  9．71   
8．44  9．87  

8．41  9．76   

8．40  9．79   
8．76  14．5   

8．86  15．2   

8．97  15．7  

9．13  17．1   

9．40  18．7  

10．1  23．6  
10．9  28．0  
11．6  33．9   

13．3  44．9  

1．35  1．083  

1．22  1．115  

1．12  1．165  

1．86  1．008  

1．92  1．003   

1．93  0．995  

1．98  0．983  

2．88  0．955  

2．96  0．955  

3．02  0．952   

3．17  0．955  

3．31  0．954  

3．64  0．959  

3．82  0．963  

4．09   0．974   

4．46  0．957  

10．9  

12．9  

14．9   

7．5   
7．4  

7
8
7
8
⊥
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

0
 
⊥
 
0
 
9
 
9
 
 

4
 
4
4
 
3
3
 
 

12．3  

12．9  
28．5  
30．4  
32．0  

2
0
2
4
5
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

7
 
7
 
7
 
7
7
 
 
 

37．5  36．0  

35．4  40．4  
29．9  52．8  
25．8  62．5  
22．2  76．1   

17．6  103  

7．8   
8．3   

9．8  
11．4  
13．2   

16．7  

（ro＝2・2m′工＝0・75m′ ∈＝0・5）  

46．3  46．1  
45．2  42．6  

43．8  40．0  
41．8  36．0  

39．1  32．6   

36．8  30．3  

32．5  26．0  
29．4  24．1  
26．8  22．4  

22．4  19．8   

19．4  17．9  
17．2  16．7  

34．8  31．1  
21．2  18．9  
14．1  14．1  

9．5  10．8  
12．0  12．8  

8．44  

8．48  
8．44  
8．52  

8．61  

2
 
0
 
0
 
0
0
 
8
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

9
 
9
 
9
 
0
0
 
8
 
 
 

2．03  0．929  
1．95  0．936  
1．89  0．956  
1．79  0．969  
1．69  0．991   

1．62  1．008  
1．47  1．031  
1．40  1．060  
1．33  1．088  

3
5
7
0
亡
コ
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

6
 
6
 
6
 
7
 
7
 
 
 

8．73  8．9   
9．08  8．9   

9．29  9．2   
9．48  9．5   

9．99  10．1   

10．4  10．6  
10．8  11．1   

8．83  9．4  
10．1   10．3  
11．5  11．6   

13．6  13．2  
12．2  12．3  

8．0   
9．0  
10．0  

11．0  
1．22  1．129 13．1   

1．14  1．160 15．2  

1．07  1．184 17．1  

1．63  1．025  8．4  

1．19  1．146 13．9  

0．96  1．229 20．9   

0．77  1．274 31．0  

0．88  1．250 24．5  

（ro＝1・2m・も＝0・75m・∈＝0・5）  
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Tc（K）  Pst（Ⅹ103pa）T（msec）nc  nH  入c（rad）α  

20．3  31．0  

16．6  39．7  
15．0  52．7  
13．3  62．4  
10．9  71．9   

9．9  92．4  

9．3  96．1  
8．25  102．1  
23．6  23．0  

22．6  24．6   

21．9  23．9  
21．2  25．4  

16．2  38．3  
14．1  55．2  

12．4  68．0   

11．8  70．1  
10．5  84．1  

7．7  117．0  

16．6  33．1  
18．3  42．2  
19．3  51．7  
20．1  61．1  
21．6  75．2   

23．0  89．1  
23．6  95．0  
25．1 105．5  
15．7  25．8  
16．0  27．5   

16．1  27．8  
16．5  29．0  
18．8  42．1  
20．0  54．8  
21．0  66．3   

21．0  70．2  

3．66  1．203 14．6  
3．95  1．210 17．9  
4．43  1．208 19．9  
4．73  1．233 22．5  
4．89  1．269 27．5   

5．37  1．245 30．1  
5．41 1．253 32．0  
5．41 1．255 36．4  
3．25  1．181 12．6  
3．33  1．184 13．1   

3．27  1．198 13．6  
3．33  1．186 14．0  
3．83  1．196 18．5  
4．45  1．202 21．2  
4．82  1．222 24．1   

4．90  1．254 25．4  
22．1  82．3  5．23  1．258 28．3  

26．1 117．5  5．68  1．246 38．8   

（ro＝0・37mm・工＝1・07m・∈＝0・3）  

13．0  12．7  2．20  1．120  8．6  
13．0  12．0  2．02  1．131  8．8  
13．3  11．8  1．89  1．141  9．3  
13．6 11．4 1．75 1．150  9．9  
13．9 11．4 1．65 1．163 10．6   

14・5 11．6 1．52 1．177 11．9  
14．8  11．7  1．48  1．184 12．5  
15．2 11．9 1．39 1．206 13．7  

34．3  24．7  

33．2  21．0  
31．5  18．7  
29．6  16．4  
27．6  14．8   

24．7  13．3  
23．6  12．8  
21．4  11．7   
4．85  2．68   

5．05  2．83   

34．9  33．7  
33．7  37．6  
32．5  39．8  
31．5  43．2  

30．0  46．3   

29．2  48．5  
27．8  53．5  

26．8  57．5  
26．0．  60．0  

25．3  64．1   

23．9  69．4  
22．6  75．3  

21．6  83．3  
20．6  88．4  
25．6  13．8  

9．2  26．6  0．86  4．210  60．8 ★★  
9・2  26．5  0．88  4．125 58．4 …  

13．2  14．6  2．55  1．093  
13．3 15．7  2．68 1．098  
13．6  16．5  2．73 1．094  
13．9  17．5  2．82  1．093  
14．3 18．6  2．88 1．089   

14．4  19．3  2．92  1．090  
14．8  20．9  3．03 1．091  
15．1  22．1  3．11 1．089  
15．2  23．0  3．16  1．094  
15．5  24．1 3．24  1．089   

16．0  25．9  3．32 1．089  

：  

16．9  32．2  3．64  1．106  
14．4  11．5  1．57  1．169  
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10．1  
10．6  

11．0  
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11．6   

12．4  
13．0  
13．6  
14．3  

11．5   



でいR）pst（Ⅹ103pa）  T（msec） TIc  TIH 入c（rad）cL   

5．0  2．81   
5．2  2．91  
15．8  6．86  

9．2  26．4  0．88   
9．2  26．0  0．90   
8．4  15．8  1．44  

（ro＝0・22mm′L＝1・07m′  

12．7  10．6 1．88  
12．8  10．6  1．85  
12．9  10．5  1．81  
13．0  10．5  1．76  
13．2  10．5  1．69  

4．128 59．0 ★★  

4．065  56．7 ★★  

2．539 18．6 貴  

∈＝0．3）  

1．078  
1．085  
1．083  

1．099  

1．100  

35．6  59．8  
34．7  58．1  
34．3  56．1  

33．1  52．3  

31．7  50．3   

30．5  48．2  
29．2  45．5  

27．4  43．1  
26．4  41．3  

25．3  39．4   

23．9  37．3  
22．4  35．4  
21．2  34．0  

20．3  33．1  
19．3  31．1   

18．5  29．2  
17．8  28．0  
17．2  24．8  
16．2  24．1  
15．0  21．9   

13．7  19．7  

12．2  18．2  

10．6  15．9   
7．8  13．0   

5．1  10．1  

つ
ム
．
4
一
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Q
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つ
ー
 
 

●
 
 
 
●
 
 
 
●
 
 
 
●
 
 
 
●
 
 

8
8
8
8
 
q
ノ
 
 

13．4  
13．6  
13．9  

14．1  
14．2   

14．6  
14．9  

15．2  
15．4  
15．7  

8．32   

8．46   
8．45   
8．67   

8．93  

9．21   
9．59  

10．12  

11．25  
13．55   

13．2  

12．8  
12．3  

11．9  

11．4  

8．34   
7．99  

12．84  
12．88  
13．03  

10．5  1．65  

10．5  1．59  

10．7  1．52  

10．7  1．49  

10．8  1．44   

10．9  1．39  

11．0  1．34  

11．2  1．30  

11．4  1．27  

11．4  1．22   

15．7  1．63  

15．8  1．58  

15．3  1．49  

15．7  1．45  

15．7  1．36   

15．8  1．27  

16．4  1．20  

16．9  1．09  

18．9  0．93  

22．2  0．75   

21．3  0．75  

21．1  0．78  

20．2  0．81  

18．9  0．85  

18．8  0．90   

15．4  1．54  

14．9  1．60  

11．0  1．94  

11．0  1．90  

11．0  1．83  

1．106  9．6  
1．116 10．0  
1．128 10．7  
1．132 11．1  
1．146 11．5   

1．152 12．2  
1．164 13．0  
1．174 13．8  
1．178 14．4  
1．189 15．1  

2．297  
2．303  
2．345  
2．355  
2．376  

☆
・
鸞
 
上
下
 
ヰ
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●
 
 
 
●
 
 
 
●
 
 
 
●
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′
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7
0
0
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ュ
ュ
⊥
ュ
ュ
 
 

2．411 21．3  
2．453 24．0  
2．495 27．6  
2．616 37．5  
2．686 57．4  
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★
 
★
 
★
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●
 
 
 
●
 
 
 
●
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6
7
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10．0  

10．4  

10．9  

11．4  
12．2  

2．679  

2．701  
2．668  

2．597  
2．628  

貴
 
大
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貴
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8
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0
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5
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4
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17．8  26．3  

19．3  27．0  
35．0  63．8  

34．3  61．9  
32．8  57．5  

2．336 16  ．4  ★ 
☆
 
 
 

2．341 15．1  
1．082  8．4  
1．089  8．6  
1．101  9．0  
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3 Tハ（K）Pst（Ⅹ10pa）T（msec）nc  nH   入c（rad） α   

1．104  9．2  
1．120  9．9  

1．133  10．6  

1．140  11．0  

1．149  11．9   

1．179  13．2  

2．645  35．2 ★  

2．599  32．8 ★  

32．0  55．5  

29．8  50．8  
27．9  46．0  

26．7  －  44．3  

24．7  41．3   

22．4  37．2   

8．4  12．7   
9．0  13．0  

13．1  
13．4  

13．7  

13．9  
14．4   

14．7  
10．7  
10．5  

11．1  1．78  

11．0  1．69  

10．9  1．59  

11．0  1．55  

11．2  1．47   

11．4  1．38  

17．9  0．94  

17．2  0．96  

（ro＝1・2mm・工声1・Om′∈＝0・3）  

no mark  

★  

★★  

the fundamental   

the second harmonic   

the third harmonic   

temperature at the c01d part   

mean PreSSure   

Period of the oscillations  

l［。。1  

1noHl  
山且／ac  

temperature ratio TH／Tc  

T C  

pst  
て   

C
 
H
 
C
 
 

¶
 
 
¶
．
 
、
人
 
 
 
α
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4．3  FREQUENCY OF THE ACOUSTIC OSC＝LLATlONS  

The frequencY Of the oscillation corresponding to everY   

POint on the stabilitY CurVeSis discussedin this section．  

Thedimensi。nlessnuntbers入candln。。l天王／もree叩loYedas  

variables characterizing the acoustic oscillations instead 

Of the angular frequencY LO：  

入。 ＝鵡／a。and 天王／〒n。。1＝／珂r。（4．3．1）  

★ The value入c means the phase of the amplitudes of the acoustic  

PreSSure at thelocation x＝且（入cat x＝Ois equalto zero・  

Where the pressure node exists）． The relationship between   

the stabilitY CurVeS and the frequencY diagrarnis schemati－   

CallYillustratedin Fig．4．3．a． One pointin unstable reglOn   

COrreSPOnds to the one state（frequencY）in the frequency   

d土a9ram．  

The experimentalresults are shownin Fig．4．3．b．where  

the frequencY Parameter 入cis plotted as a function of the  

variablel TbJ天王く2becausethefrequencYisinitia11YnOtknown・  
★  Theimportant feature of the stationalwaveis that the  

X ard t variables are separated as  

p＝ f（Ⅹ）exp（iut）  （1）  

Thisis the characteristic of standing wave・ The quantitY  
f（Ⅹ）is the amplitudes of the standing wave at thelocation  
X and wr土七ten as  

掴＝AIS土遥cx／〆i這c且／a⊂  

′＼  

forwide tubes・The expression（iut＋ikx）n0longer appear andeq．（1）  
does not represent a traveling wave．  
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α  

Figure・4●3．a  The relationship between the stabilitY・  

CurVe and the frequencY diagram for the fundamental  

ー 91－   



Thus the frequency of the oscillations near the stabilitY CurVeS  
1／2 

［。。l入； 土s  is able to be determined using Fig．4．3．b，Since   

independent of the angul畠r frequencY．The s01id curves show  

the nunericalresults derived bY Rott fromimportant  

equation（4・2．1），Which determinesnotonlY the stabilitYlimits  

but also the frequencY Of the osci11ations． The agreements  

between the experimentaland the theoreticalresults are  

satisfactory. The behavior of the frequency is able to be 

Classified bY three separated reglOnS；thelower branches′ the   

upper branches（入c＝TT／2）and the region be七Ween SuCh two  

branches・We are going to give a qualitative explanation of  

these resultsin the following．discussion．  

At firstletls consider thelower asYmPtOteS Of the  

frequencY diagrams for each∈．Theselimits correspond to  

the righトhand branches（or asYmPtOteS）in Figs．4．2．a and  

4・2・b・The boundarylaYer thicknessis sufficientlY Small  

compared with tubes inner radii at both cold and warm parts 

so that both viscosity and thermal conductivity should not 

influence on the frequencY Of the oscillation everywhere．  

ThekeYequation f。rnOn－dissipative（lnoI＋00）casewhich  

● ．glVeS the frequencyis  

∈tan入H  COt 入c  

C   

（4．3．2）  

入 H   

Since both G and GH take unity as shownin Fig・4・3・C Where C  

the quantity Gis plotted as a funCtion of2／Tnoドrefer［16］）．  

Equation（4．3．2）shows that the velocitY at X＝且   is essentia11y  

COntinuous・ Forlarge temperature ratio入His：nearlY equal  
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to zero，SO that eq．（4．3．2）is equalto eq・（4・2・3）where  

the realparts of G andGH are reduced tounitYbutthe C  

imaglnary PartS Of them are equalto zero；namely                   ■  

（4．3．3）  COt入c／入c だ∈   

This equation shows a g00d correspondence with our experimental  

results at thelower branches of Fig．4・3・b・ The solutions  

Of eq．（4．3．3），for the fundamentalmode，takel・07．0・86，  

0．65 and O．43 for ∈＝ 0．5，1，2 and 5 respectivelY． These   

values are excellentlyagreed with the experimental data. 

Thus atlower branches the equation for non－dissIPative case   

is suitable． The sound velocitY at the warm and c01d parts  

is equalto the adiabatic velocitY，ac and aH reSPeCtivelY  

becausein the dispersion relation（2．9．2），the effective sound  

●1 － y  becomes adiabaticone f。rlargeln。l（F＝F＊＝0  Veloc土七y a【  

forl¶0卜00）・  

SecondlY We COnSider the other hand branch（upper）of  

the frequency diagram・At upperlimits，Which correspond to  

theleft－hand branches of the stabiLity curves，the boundary   

laYer fills the wh01e tube at the warm part but at the c01d  

partr the bounaarYlaYer thicknessis stillsmallcompared with  

tubeinner radius． QuantitativelY Since bothimaginarY Part  

andrealpartofGHaPPrOaChtonearlYZerOforlargelnot－1as  

Shownin Fig．4．3．c．eq．（4．3・2）becomes  

COt入c／入c ＝ 0  （4．3．4）   
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（C）  

0  

（C－）  

0  

l2／¶ot  

Figure．4．3．c The G－function for helium gas neglecting the  

the term［1＋（Y－1）F＊］．  

Figure．4．3．c－  The G－funCtion calculated bY Rottincluding  

the term【1＋（Y－1）F☆】．  
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Where Gctakes sti11unitY・The solution of eq・（4・3・4）is  

nearlY equalto TT／2independent of ∈．This means that the  

location at a sudden temperature change behaveslike a closed   

end（of course exact boundarY COndition at clbsed end corre－  

SPOnds to 入c＝Tr／2）because the fluidin the warm part can   

not move on account Oflarge viscous and thermalboundarYlayer   

thickness． There may be no variation（Ⅹ－dependence）of the   

acoustic pressure amplitudesin the warm part and the pressure   

in the c01d part occupleS mOSt Of the variation of the   

amplitudes． Practically such alimitis difficult to be   

COnfirmed bY eXPeriments because of thelarge temperature   

ratio． Our experimentaldata，however，Show a tendency to   

approach to TT／2・  

Lastlyin the reglOn COrreSPOnding to near minimum of   

the stabilitY CurVeS，Where the dissIPative effectsin the   

Warm Part are mOderate． ＝tisinteresting that the frequencY   

Parameter 入cdoes not directlY tend from the non－dissipative   

SOlution to TT／2，but takes valuesless than the solutions   

derived from eq．（4．3．3）． ＝n order to express the minimum′   

Figure．4．3．d rather than Fig．4．3．bis convenient where the  

quantitYspl。ttedasafunCtionoflnod・Theminimun  

in Fig．4．3．b corresponds to the maximumin Fig．4．3．d． The  

position。f the maximunis situated atIno。Tだ2・5independent  

Of ∈． ＝tis understood from eq・（4・2・3）that such a maximum  

comes from. that of the addition of imaglnarY Part Of  

GH and the realpart of GH・LetTsimagine the qualitative  

meaning of such a maximum． The maximum comes from the term   

Of F＊in the quantity［1＋（Y－1）F＊］． The adaition of   ＝mG  
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and エmG excluding the term F＊isshownin Fig．4．3．cIwhere   

any peak does not exist．Therefore the maximumin Fig・4・3・d  

is due to the effect of thermalconductivity．   Another   

reason is as following．  As discussedin section  

2.9 previously, the effective sound velocity is written as 

1－ F  ＿1／2  
a eff＝a★＝a【  

1＋（Y－1）F★  

Where F＊shown the effect of thermalconductivity． We ag・ain   

COnSider the effective sound velocitY（practicallY the real  

PartOf a eff）・Neglecting the viscous effect（F＝0）・血en the  

thermalboundarYlayer graduallY becomes thick′ the sound   

Velocity approaches from adiabatic to theisothermalones．   

At the warm partr such an effect of the sound velocitY Should  

be remarkable．sincelnoHlvaries fromlargevalue to the small・The  

value。f＾芸variesfromuRaHb：whenInoHIchanges  
frominfinity to zero・ Therefore the right hand side of eq・  

（4．3．2y takes the value more than ∈ because  cOme s 

1arger than unity as shownin fig．4．3． Thus the minimumin   

Fig．4．3．b comes from the thermaleffectin the warm part．   

Af七er taking the minimum′ the frequencY diagram approaches to   

constant value TT／2 0n aCCOunt Of stronger dissipative   

effects at the warm part． The sound velocity at the cold part   

is still adiabatic one．  

望三上且  

6  

4  

2  

0   

fi冒．4．3．  

☆ 見■；ミュー見）  
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4．4   STAB＝L＝TY L＝M＝TS FOR TUBES WZTH VAR＝ABLE CROSS SECT＝ON  

Spontaneous oscillations of a gas c01umn with temper－   

ature s七ratification were firstinvestigated experimentallY   

bY Sondhauss（1850）． His paperis quatedin the text book   

by Rayleigh and the device emploYed bY himis called a   

一一sondhauss TubeT一． The earlier experiments were as follows：   

When a 

flaskis heated by a burnerr as glass－blowers sometimes   

experience′ audible sounds（a air gas oscillation）are spontane－   

OuSly produced● Estimating from the melting temperature of   

glass，the temperature ratio between the warm part and c01d   

Partis considered as about 3 0rless． As studiesin previous   

section, the minimum critical temperature ratiofor helium 

gasis about 5．5 for exciting the oscillations． Although the   

gasis not heliunbut air，in such a device corresponding to   

the tube with variable cross－SeCtion，the criticaltemperature   

ratiois reduced． The part with constant temperature distri－   

bution contributes only to the damplng Of the oscillationsr ●   

SO that theenlarglPg Ofinner radius，in particular，Of the  

Warm Part Where the kinematic viscosityis highmay contribute   

to widen the unStable reglOn． ＝n order to confirm this，the   

Stability curves were experimentallY determined for the tube   

With configuration as shownin Fig．4．4．a；tubes haveinner  

radii・rH＝1・7mm and r＝0・8rnmor rH＝4・7rnm andr＝2・2rnm for ∈＝l CC  

With wh01elengthlm． The steep change of mean temperature   

WaS eStablished near x＝L／2 within 6Ⅹ′L＝3％． The warm part  
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is immersed into the reservoir at room temperature and the 

temperature at the c01d part varies from about 70K to 5・5K・   

The results for helium gas are shownin Fig．4．4．b where the   

left－hand branch of the stabilitY CurVe Shifts  towards   

theleft and the right branch towards the right，and the  

Criticaltemperatureis reduced compared with that of constant  

CrOSS－Section tube・Thus the experiments of Sondhauss were  

quantitativelY COnfirmed by our experiments・  

Mathematical approaches have been investigated by Rott 

and Zouzoulas（1976）． Takinginto account the x－dependence of   

the tubeinner radius，We Obtain the differentialequation   

（wave equation）for the acoustic pressure corresponding to   

eq．（2．9．1）；  

か・（Y－Ⅲ彗吋怠［ご三か －F）掛一定孟詳穏1＝O  

rw（Ⅹ）；t血einner radius  

Where the notationis the same as before．  Using the   

Same PrOCedure as section 2．9，the keY equationis obtained．   

The solid curvein Fig．4．4．bis the stability curve calculated  

bY Rott and Zouzoulas for主＝1andrH／rc＝2・The agreement  

between theorY and experimentis satisfactorY．  

The optimumCOnfiguration of a tl血e for ariving the   

OSCi11ationsis schematicallY Shownin Fig・4・4・C；namelY aS   

only the damping is possible at both warm and cold parts, 

the optimum configurationis thatbothinner radiir and rH C  
arelarge as possible（in particular rH）・but the tubeinner  

radius with temperature gradient must be suitably so narrow  
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that the drivingis effective．According to the discussion  

in section2・7，the。Ptimumvalue ofln。1is ab。ut3（refer  

to F土g．2．7．b）．  

The frequencY atlower branch are determined from the   

equation for non－dissipative case【eq．（4．3．3）］，Where has to  

beredefinedasthev。1umerati。VH／V。，（VH＝¶r（L項and  

2 

v＝¶r且）．andthatatotherbranchapproaches to constant CC  
Tr／2． The experimentalresults，nOt Shown here，SatisfactorilY   

agree with such qualitative discussions．  

BY the waYitis considered that when the tubeinner   

radius is sufficiently small compared with the thickness of 

the boundarYlaYer，the quantities F＊ or Fis also small，   

SO that the damplng energyis reduced．However，in such a   

case，the driving energyis also reduced because the g■radient   

Of the square of the acoustic pressureis smallon account  

Of入cヰ¶／2・Thus onlY enlarglng the tubeinner radiusis  

favorable forlowering the minimunCriticaltemperature ratio．  
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2  5  10  20  

l［0。l  

Figure．4．4．b Th畠 Stability curve for the tube with variable  

cross－SeCtion． The solid curve is due to the  

theoreticalone bY Rott and Zouzoulas（1976）．  
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ワ  

Figure．4．4．c  Optimum configuration of tubes for  

driving thermally oscillations．  
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4．5  SECOND－HARMONZC  

The experimental results for the fw?damental were 

quantitativelyinterpreted by thelineari2；ed theorY Of Rott・   

For small ∈（0．3 and O．5），We found a new phenomenon，Which  

is the second－harmonic spontaneousIYinducedin a u－Shaped   

tube． The second－harmonic with smallamplitudes was generated   

independent of the fundamentalin this sYStem・ Zn experiments   

up to present，the second－harmonic as treated here has not   

been found，but onlY the fundamentalhas been observed．We   

experimentallY determined the stabilitY CurVe Of the second－   

harmonic・1t was concluded from experiments that the unStable  

r甲10nis classifiedinto three reglOnS，Where the fundamental，  

the second－harmonic and the superposition of them areinduced．   

We willalso svggest that the results for the second－harmonic  

are supported bY eXPanSion of thelinearized theory of Rott．  

When we draw up the stabilitY CurVeS Of the fundamental   

for ∈＝0．3，We found a higher harmonic at theleft－handlimits・  

As shownin Fig・4・5・ar the stabilitY CurVe  SuddenlY Shifts   

to the moreinside stabilitY CurVe at about15 0f temperature  

ratio（TH＝300K and Tc＝20K）・From thewave－forms monitoredby  

an oscilloscopeandthe value measured bY the frequencY COunter，   

it was confirmed that the new oscillations were second－   

harmonic． Of course the phase difference be七Ween X＝L and x＝－L  

for pressure fluctuationsis not180 degree but zero（in phase）  

for the second－harmonic．  

Theimportant variables which characterize the s七abilitY  
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CurVe are，alreadY Studied here，the temperature ratio between   

the warm and the cold parts and the ratio of tube inner radius 

to the Stokes boundarYlayer thickness．However，the ratio 好  

一no。I  to the square r。Ot Ofthe frequencYParameter入c  

＝鵡／acIS emploYedhereinsteadoflnoclinordertoobtain こ  

the variableindependent of the frequencY．  

＝n Fig．4．5．b，the stabilitY CurVe COrreSPOnding to  

Fig．4．5．aisrearrapged。ntheplaneα－tn。。1穏／2・Theneutral  

POints for the second－harmonic and the fundamentalare marked   

bY the sYmb01＄ ［A and O】and［①，O and △】respectivelY・   

The experimentalresults are glVenin Table・4・2・1・  

The second－harmonicis observed onlY at theleft－hand   

branch、of the stability curve and at the right－hand branch  

only the fundamental is observed, so that the respective 

StabilitY CurVeS maY be extraporated as shownin Fig・4・5・b  

（dashed curves）．The stabilitY CurVeS Of the second－harmonic   

intersects with that of the fundamentalat theleft－hand   

branch near cL＝15．Thusif higher harmonic more than third（  

whichisinduced by bigger temperature ratior are not taken  

into consideration，theunStable reglOnis classifiedinto three   

● r甲10ns工′ Ⅱ′ 工江・  

＝n the reglOn＝r onlY the fundamentalisinduced，and  

tYPICalwave－forms of the pressure fluctuations observed at  

the closed ends of the pipe are shownin Fig・4・5・C（a）where  

α．入。andITbJポre13・0，1・16andlO・6respectively・：n  

the r9glOnⅡ′Only the second－harmonicisinduced and the  

wave＿f。rmSareSh。WninFig．4．5．。（b）whereα′入c andhJre  
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Figure・4・5・C Pressure fluctuations observed at the  
closed end of the pIPe． a）；the fundamental  

b）；the second－harmonic and c）；the super－  
POSition of them・  
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15・212・34 andlO・O respectively・In the r9gion＝′ the  

WaVe－forms are expected to be the superposition of them・＝n  

fact as shownin Fig．4．5．c（c）the wave－forms are the superpo－   

Sition of the fundamentaland the second－harmonic． These   

Photographs are taken using the storag・e－OSCilloscope（National   

C0．，LTD VP－5701A）． Thus the second－harmonicis excited on   

account Of theintersection between the stability curves of   

the fundamental and the second－harmonic． Under constant   

temperature ratio more than15，When a helium gasis poured   

into the U－Shaped tube．whichisinitially vacuum，at first   

OnlY the second harmonicis excited，then the superposition   

Of the wave－forms between the fundamental and the second－   

harmonic willbe observed andlastlY Only the fundamentalis   

favorable to oscillate． ＝tisinteresting■ tO See that the higher：   

harmonic  are able to be induced before the fundamental．  

The frequency parameter 入clies between Tr and7T／2・  

Therefore one pressure node exists between x＝O and x＝R・．  

Such a higher mode was not observed for∈三1below α≦70．   

1tis expected that such a modeis set up at theleft－hand   

branch for small ∈．where the dissipativelaYeris so thick   

thatit fills up the wh01e tube at the warm part・The stability  

CurVe for the second harmonicis numericallY derived from the   

Suitable boundarY COnditions below・  

The boundary condition corresponding to the second－  

harmon土c 土s  
●1＝0  at x＝O and x＝L  

pl（見＋0）＝pl（見－0）  
（4．5．1）   
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Step chapge of the temperature exists at x＝且・The fo11owing  

expression for the pressure account for eq．（4．5．1）  

′ヽ cos k，，（エーⅩ）  
pH＝A  且≦ Ⅹ ≦1  

COS kH（エー且）  

p ＝A 
三  

cos k 且  
一見＜Ⅹ 三見  （4．5．2）  

C  

P－H＝Acos£H（L＋Ⅹ）／coskH（L一見）  一見≧Ⅹ≧－L  

Where Ais the pressure at x＝且 ・Equation．（4．5．2）shows   

that the phase difference of the pressure fluctuation between   

X＝L and x＝－L should bein phase for the second－harmonic．   

From the other condition corresponding to eq．（2．9．10），the   

key equation for the second harmonic is given 

★  

－Gctan入芸  GHtan入H  （4．5．3）  

∈入さ  ★             入H  

As already pointed out，Simplifications are performed for big  

Values of αand smallor moderate ∈；then入H巴O and the  

right－hand side of eq・（4・5・3）is GH・We obtain the following  

pa土r equa七土on；  

吐－∈（＝mGH＋ReGH）  入c  

ノ官  ｛c【1＋ta晶。一号小生酔 （4・5・4）  lno。t＝  
∈工mGH  

C；kramers constant，d；kirffihoff constant  

The stabilitY CurVeS determined from eq・（4・5・4）certainlY  

intersects with that for the fundamentalat theleft－hand  

branch for ∈＝0．3，SO that thelinearized theorY SuPPOrted that  

the second－harmonicisinducedindependent of the fundamental  

as shownin Fig．4．5．d．  

The excitation of higher harmonic is gualitatively able 

to beunderstood from eq・（2．7．6）・Figure・2・7・b shows that  
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belowln。匝・30nlY dampingis possible through tubelepgttl・  

and the drivingis not possible・Thevalueln。l。f the second  

harmonicislarger than that of the fundamentalbecause the   

former frequencyis about twicelarger than thelatter．   

Therefore at theleft－hand branch there exist some reglOnS   

Where the second－harmonic is favorable but the fundamental   

is not favorable． ＝t is concluded that the excitation of   

higher harmonicis due to the viscosity of gas・  

The stability curve for a second harmonic excitedin a   

U－Shaped tubeis equivalent that for the fundamentalinduced   

in a closed tube at x＝O and x＝L． Therefore the spontaneous   

OSCi11ations should be expectedin such a closed tube．   

Sergeev et al．（1979）shows that the oscillations were not able   

to be observed in such a tube． The cause of no oscillations   

maY be due to the fact that thelocation of the temperature   

Stratificationis not suitable．The positive gradient of the   

Square Of the pressure amplitudeslies between x＝且 and x＝L   

for the wide tube with constant temperature．so that recalling   

eq．（2．7．6），We find that the oscillations willbe possible   

t0 0SCillate for smaller ∈ than unity．We confirmed that   

the oscillations were able to be produced for ∈ ＝0．3in a   

Closed tube and the stabilitY CurVe for such a tube agrees   

With that for the second－harmonic．  

We observed a third harmonic at left－hand branch for  

∈＝0．3． At about α巴 60，the transition from the second－   

harmonic to the third harmonic occurs，aS Shownin Fig．4．5．a．  
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1t is also considered that this is on account Of the  

intersection，。ntheplaneof αVerSuSh。cl）才2，Ofthe  

StabilitY CurVeS between the second－harmonic and the third－   

harmonic． The stability curve for the third harmonicis   

Obtained from the key equation．（2．9．12）． The relationship   

Of the stabilitY CurVeS amOng themis glVenin Fig・4・5・dl   

Whichis calculated by use of data of G－function derived bY   

Rott． The transition occurs at the left－hand branch near  

α巴60．  
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4．6  SECOND－ORDER HEAT FLUX  

When”Taconis oscillationsT．are sustainedin crYOgenic   

SYStemS．；1iquid helium transferline，PunPl叩1ines from  

low temperature to room temperature sYStem and thelines to   

measure the pressure，theY are uSuallY aCCOmPanied bY alarge   

amount Of the evaporation ofliquid helium．The attainable   

evaporation rates are empericallY three orders of magnitudes   

larger than those without the oscillations． However thereis   

Verylittle quantitative data on the heat flux produced bY   

the oscillation under a established temperature distribution．  

Experiments are performed bY the apparatus shownin   

Fig．3．4，Where the warm partisimmersedinto the reservoir   

at room temperature and the cold partisimmersedinto the   

reservoir atliquid helium（4．2K）．The heat produced bY  

thermally driven acoustic oscillations is estimated from 

the evaporation of theliquid helium・班easurements are  

performed near theleft－hand branch for ∈＝2 and3，Where the  

boundarYlaYerin the warm part fills up the whole tube・As  

shownin Fig．4・6・a（When heliumgaSis graduallY POuredinto  

the pIPe through a needle valveunder constant temperature ●   

ratioα＝70・5（TmH＝296K andT ＝4・2K）・the oscillationwith mC  

smallamplitudes are，generated at a certain mean densitY・  

For exampleits criticalvalues，IT10。Ifor ∈ ＝2is22・6for  

ro＝1・2mmor22・4forro＝2・2rnminourexperiments，血ichisin  

good agreements with theoreticalvalue：the frequencY and the  

criticalmean densitY are273 rad／SeC and91・8torr for ro＝1・2mm  

and273rad／SeCand27・Otorrforro＝2・2mm・When17，cIincreases′  
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the acoustic pressure amplitude rapidly increase, and the 

evaporation ofliquid heliumis stronglY dependent of the  

PreSSure amPlituaes・Theheatdue to the oscillations缶ex  

ispl。ttedas a funCtion。fthe square。fthe realpressure（昌1）  

amplitudes（a half of peak to peak value）at x＝L as shownin  

Fig・4・6・b・Theheatisproporti。nalto昌…independentof  

and r 
o・ 
′ヽ  According to the section2・8，Plis proportionalto  

the displacement of particles at x＝R・・The experiments bY  

● Banister（1966）show that Qexis proportiOnalto the product  

Of the pressure amplitudes and the frequency． Howeverin   

his experiments，animportant parameter，temPerature distri－   

bution along the tube（half open tYPe）was not sufficiently  

established● The experiments＊using a half open tubet along  

Which the temperature distributionis not established，  

〈2  COnfirm the pl－dependence obtainedin the U－tubep（refer to  

【25】）．  

As discussedin section 2．8，the heat flux penetrating   

into the tube wall should come from the second－Order heat flux   

derived bY Merkliand Thomann（1975）． ＝n particular，itis   

expected that such a consiaerable heat flux producedin the   

tube with a steep temperature gradient may be caused bY the  

云…  glVen bY Rott． Thus we wi11  SeCOnd termin eq．（2．8．6），  

rearrange the experimentaldata glVen above comparing to the   

SeCOnd－Order theory．  

The totalheat flux penetratinginto the tube wa11in   

the cold part，Which contributes to the evaprationis・from  

eq・（2・8・2） 

2TroJ。害呈。d芸a；tAkeffdTm／dxlx＝且  
★ our experiments  
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Figure・4・6・b The effective thermalconductivitY Of the  
OSCillations versus the square of the pressure  

amplitudes at x＝L・0（1）；∈＝3・rO＝2・2rnm andL＝1・33m  

O（2）；∈＝2′rO＝2・2mand工声1・5m・Ⅹ（3）；∈＝3′rO＝1・2m  

andL＝1・33m・Ⅹ（4）；∈＝2・ro＝1・2mmandL＝1・5m・  
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Since a temperature．gradientis vanished everYWhere except  

near the position x＝且．Here Aisinner cross－SeCtionalarea  

Of the tube andkeffis，aS・givenin eq・（2・8・11）・formallY  

the mean effective thermal conductivity due to thermally 

driven acoustic oscillations．  

＝f the evaporationis dominantlY based on the second－   

Order heat flux′ We Can Obtained the f0110Wing equation′ from   

eqs．（4．6．1）and（3．4．1）．  

Qex＝2Akeff  dTm／dxlx＝且  （4．6．2）  

f  klul。戸  
工m（ロ2F一脚）     1 一 口   

（4．6．3）  
kef  

2LuV  

Where the factor 2 means the contribution from x＝±見 ． Oue   

datais arranged bY eq．（4．6．2）． ＝n order to perform this，   

We are Obliged to make severalassumptions as following：   

【1］the temperature gradient dTm／dxis replaced bY the  

meanvalqe（TmH－Tmc）／Ax・  

【2］ the mean value of viscositY，thermalconductivitY  

Without oscillations and mean densitY are Substituted bY  

those at the mean temperature（＝150K）．   

【3］in order to estimate the velocitY Of the core at x＝R，  

the acoustic pressure variationis neglected at the  

Warm Part，SO that from  

●  

pl＝ （4．6．4）  

the velocitY Of the core at x＝RJis given bY  

2  
2  

lulcl≡且一 （レ見）王  
（4．6．5）   
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Figure．4・6・C  The effective thermalconductivitY Obtained  

bY・experiments［Qex／2A・（dTm／dx）－1］versusthatderived  
bY the theory of the second－Order heat flux for  

∈＝2 Marks are the same as thatin Fig．4．6・b．  
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Where令Iis realpressure amplitudes atx＝L andisexperimentally  

Observable．  

Thus we can numerically determirek 
eff  
fromthemeasure－  

ments of the pressure amplitudes at the closed end．the mean  

PreSSurein the cavitY and the frequencY Of the oscillations・  

The effective heat conductivitYis proportionalto the  

Square Of the pressure amplitudes asindicated by eq．（4．6．3）．   

As pressure amplitudes near the stability curves increase 

abruptlY，itis dominant term comparedwith othersin k 
eff・  

Thus the resultsin Fig．4．6．bis explained by second－Order   

heat fluxquall七ati．vely．  

Quantitative comparison between theory and experiments   

are shownin Fig．4．6．c and Fig．4．6．d． The order of magnitude   

agreement be七Ween themissatisfactorylThus maコOrity of七he   

evaporation of the helium under the oscillations is dominantly 

due to the second－Order heat flux contributed from the par   

● With alarge temperature gradient・An excessin QexmaYbe  

at七ributed to the higher order heat flux or alarge temperature   

gradient compared with an averaged value assumed here・  

The effective heat conductivity becomes an order of  

m？gnitudelarger than that of gas without anY disturbances  

evennearthestabilitYlimit（km＝0・9Ⅹ10－1watt・m－1Ⅹ－1at150K）・  

＝n moreinside reglOn Of the stabilitY CurVe Where the oscilla－  

tion．are so vlgOrOuS thatitis difficult to rnaintain the  

temperature constantin the warm part，the pressure amplitudes  

becomes more than an order of magnitude larger than those 

achievea here．Thusitis expected from Fig．4・6・b that the  
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effectivethermalconductivitYmaYbe the orderoflO2（Watt・m－1  

K－1），血ichis the sameorder as thatof ametal（aluminiumalloY  

at150K）・ Such a high conductivity willenable us，in future，   

to appIY for preco01ing alarge crYOgenic sYStemS．  
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Appendix 1 

Mot土on  Governin  the Osc土11ator  FundamentalEquation  

The basic equations governing the motion of viscous and  

compressible fluid are，aS Well－known，the mass conservation，   

the axialand the radialmomentum equations，the energy equation   

and the equation of state・ ＝n cylindricalco－Ordinates′ these   

are  

ヰVi㌻り〔＋誌叫卜注い0  
）P  

伏‾  ＿＿塁上＿ ＋   
a七  

川音1ニー意ヰ÷‡畠卜昔）十鵠許十手揖卜呵  
∂u  

ヰ u．＿  
ふX  ヤ〔音  

十鮒鑑喘卜号卜鵠ヰト豊  ふP  
こ・－－－ ＝  

iト  …註】  ア【豊…  

＋吾も卜芸）・えぇ竺               もX之  
ヰV ，u  

at  aト  ）九  f〔p〔票…ユ十Ⅴ豊1苫             さX   

琵ぷ十哺げ  

＋号卜t濫ト（業卜琵卜塁‡－誓票－ぞ票〕吋  

p；ヤR′T， R′三  

＝f we accept the severalassumption（long tube approximation）  

● glVenin section2・2t the above set of equations，aS glVen bY ■   

Rott（1969）for non－uniformed temperature distribution，  

the continuitY equation  

十u十も  
）X  

∂（トV）  

トaト  
L山ヂ．＋乳業  ニ0  （A．1．1）  

the radialmomentum equation  

∂Pl                   －一ニ ミ＝ 0  

）ト  

the axialmomentum equation  

（A．1．2）  

L…寸志  ニレ ㌶7卜詰） （A・1・3）  
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the energY equation  

L叫…一忍＋和語三食素直酎（A・1・4）  

the equation of state foridealgas  

も ． 

‰  

＋」L  
「㍉  

（A．1．5）  

Where thermalconductivitY kis equalto be rlラ有・  

The boundarY COnditions are，at the tube wa11，  

Tl＝O  

u ＝ 0  

V ＝ 0  

（A．1．6）  

When the wallsubstance haslarge heat capacity oris good  

thermaltconductor compared with a oscillating gas′ theinflu   

ence of the wa11temperature fluctuationis negligiblein most   

CaSeS．The second and third boundarY COnditionsare due tO  

finite viscositY Of gas and shows unmovable wall・工n principler  

the five equations（A．1．1）－（A．1．5）determines the five unknoむn  

VariablesT l・Pl・Pl，u and v・The s01ution of eq・（A・1・3）  

determining the distribution of radialvelocityis glVen by．   

us土n9 eq．（A．1．6）  

†  
（A．1．7）  

Jこくil）  t ）Pl  u ニ 一  
札如 さX   丁．（こヤー）  

WhereJois the BesselfunCtion of the first kindin term of  

the complex variables  

lミ ト愕   
an。 ‰ミh屠  （A．1．8）  

The variable qbis concerned with the complex viscous boundarY  
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1ayer thickness glVenin the next Appendix 2． The first order   

temperature s01utionis derived from eq．（A．l．4）′ uSing eq．   

（A．1．7）；  

悔も 
．1．9，  

〆β   q之d  J。（と狩り  8  dldR  
‰qT貰〔p．－  

u－I）（卜㌻）山Idh   tト11（卜∫）（♂dx  

wherethenotation Oヒ去藷 sh。WS  thesteepnessofthe  
mean temperature． The valueJ3：qo is associated with the thermal   

boundarylaYer thickness treatedin next Appendix． From eqs．   

（A．1．7）and（A．1．9），the gradients of temperature fluctuation   

and the velocitY at the wallare determined as  

こ 
ド（芸）妬 F ,, （A．1．1。，  

Which phYSicallY meanS the tangentialforce per unit area acting   

On the wa11surface．and  

良（豊）軌 
A・1・11）  二幸卜山内十ま掛語悪い  

Whichis the heat flux to the tube wallper unit area．1n   

eqs．（A．1．10）and（A．1．11），F and F＊ are determined by  

Jo（i軋）  （A．1‘12）  F＝  
く  

Jo（in・）  

J。（し仔軋）  （A．1．13）  

F■ニ く  
J●（しJ言恥1  

Which express  effects of the viscositY and thermalconduc－   

● tivity of gas respectivelY，and vanishin the non－dissIPative   

CaSe． The next step consists of the reduction to one－dimen－   

Sionaldifferentialequations of（A．1．1）－（A．1．5）．  

Let these equations be multiplied bY the factor Z忙再ト and  
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integrated from zero to the ttibeinner radius ro with  

notation（2．1．3）． The results are，uSing the boundarY COnditions  

こ…ヂl〉＋㍍ ＋くu〉；0  

ん叫抽）十  軍票（詳）柚  

玩く輝く¶〉－P）十拓1βくu＞；霊（誓）巨h  

P  く待〉  く¶〉   

寸   

（A．1．1－）  

（A．1．3リ  

（A．1．4リ  

（A．1．5－）  

Where the a 

A combination of eq．（A．1．2一）and（A．1．10）1eads to  

d P1 
山㌦くh）十（卜  F）甘㌃ ニ0  （A．1．14）  

and also from eqs．（A．1．4T）and（A．1．13）we obtain an equation  

L（F貞一F）  

⊂pも噌（A・1・15）  坤時くT・〉－（トF佃十代笹腑恒   
因（卜㌻）   

From eqs．（A．1．15），（A．1．11）and（A．1．5一）we have an equation of  

expressedbYPland ；  

tヰ（トl）P＿   と（F井－F）一く斥‥拍  ユくh＞  

さ X  
（A．1．16）  ‡ －LIJ  

dx dぺ   
■ト■  

ふP叫  b（トヶ）丸ふ  

Our finalpurposeis to calculate the eq．（2．1・5）・The time  

averaged product of the pressure fluctuation and the radial  

averaged gradient of u becomes，from eq．（A．1．16）  

山1日l之  Rニ …u絆－  
もぺ  

声丸賢芸（A・1・17）  
ヱ仙丹良．  

SimilarlY the product ofくu〉and apl／dxis  

くu漂こ誓I菩l～ユF  （A．1．18）   
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We employ that the time average of the product of complex  

quantities A and Bis the realpart of a half the product of  

a complex con］ugate Of A and complex conコuqate Of A and   

COmPlex expression B．  

By the way, we present here the differential equation 

for the acoustic pressure（the wave equation）in order to  

derive the stabilitylimits of the oscillations；   

8語ご℃ 
巨＝十両円Plヰ震【悪く卜F湛卜怒号吉 （A．1．19）  

whichis obtained by elimination of＜u〉 from eqs．（A・1・15），  

（A．1．14）and（A．l．16）． Such a generalization of the wave  

e・quation appling to the case of a variable walltemperature  

have been performed by Rott（1969）．  
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Appendix 2  

Visco’tis ■ahld Thelrrrta■1■ Boundar  

Zn order to understand thermaland viscous boundarYlaYer   

formed at the wall，OSCillating flowin the planeinstead of  

in the cYlindricalpipe willbe discussed below・When a solid  

bodyimmersedin a viscous fluid oscillates，the flow thereby  

Set uP has a nurnber of characteristic properties・As a simple  

but tYPICalexampleJletlsimaglrethat anincompressible fluid ■   

is boundby an infinite plane surface which executes a simple 

harmonic oscillationinits own plane，With frequencY h）・   

We take the solid surface as the YZ－Plane（and the flui  

OcCuPies the region x＞0；the Y－aXisis takenin the direction  

of the oscillations． The velocitY Of the oscillating surface   

is a function of time．0f the form  

u ＝ ub eえPトL山t）  （A．2．1）  

The fluid velocity must satisfy the boundary condition u＝ Ⅹ  

uz＝O anduY＝uforx＝0・工tis furtherevident fromsYmmetrY  
that the velocityiseverywhere in the Y－direction・Therefore  

from the simplified Navie－Stokes equation for one dimentional  

incompressible viscous fluidr we obtain，for v＝V                                            y  

ユよv  
Lz ---- 
）X丸  

巨ご％嶋） （A・2・2）  

whichis equivalent t00ne dimensionalheat conduction equation・  

＝f the solution of this equationis periodicin x and t of the  

レ＝u。e可と（倉x一両））  form   
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wefind“両釦where程主侍望ま莞（．十り，SOthatthevelocitYis  

vご払√筋xeL（屈X一灯り   （A．2．3）  

′＼ We have taken名 to have a positiveimaglnarY Partr Since the ■   

VelocitY WOuldincrease withoutlimitin theinterior of the  

fluid, which is physically impossible. The solution obtained 

represents a transverse wave；namelY the transverse wave can   

occur in a viscous fluid, but they are rapidly damped in the 

interior of the fluid，SO that practicallY the character of   

them does not appear（0Ver a distance of one wavelength the   

amplitude aiminishes by a factor 540）・  

At the solid surface x＝Or when the temperatureis executed  

－iwt 
aharmonicoscillationT＝Toe ，thedistributionofthemat  

x is determined by the equation of one dimensional heat 

COnduction corresponding to eq．（A．2．2）；  

∂¶  
■■  

）七  発  
（A．2．4）  

′ヽ ∝；thermaldiffusivity  

The solution of eq．（A．2．4）is  

T・ニ1も針叩卜蠣〕e里卜【x店瑚】i（A・2・5）  

The most important property of both waves of velocity and 

temperatureis that the amplitude decreases exponentia11y・aS   

the distance x from the s01id surface increase．  

The distance S over which the amplitude falls bY a factor  
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eis called the viscous Sv and the thermalboundarYlaYer  

S7 thickness；thus  

忘∨ニ厚 and  j，≡厚  （A．2．6）  
・企  

貪も   

The factor／芝is neglectedin this paper．The ratio of the  

thermal boundary layer thickness to the viscous one is 

⊥  
三こ  ▲    ‾   

Jモ戸  

＞1  （A．2．7）  

ロ＝2／3 for hel土um 冒aS  

where6，（＝）is Plandtln。Inber；（「＝O for か陶。r〃＝O and   

Cr→鴎  for8芸C）・For reaL gases the Plandtl number亡r range王  

usuallY froml／3 toldepending on the kinds of gases，SO that   

the thermalboundarYlayer is ordinarilY thicker than the  

Viscous boundarYlaYer・Thisisimportant to excite the acoustit  

OSCillation thermallY．because when ＄is more than unitY，  

the oscillation is not excited as understood in section 2．7．  

＝n the oscillating flow（Poiseui11e flow）in cYlindrical  

Pipe，aSillustratedin severaltextb00kd＝mai，1977），When  

丸＞＞1，the radialdistribution of the axialvelocitY muSt  

be parab01a  ，and when X。≪1，Poiseuille flow consists  

Of two parts；the uniform flowin the ‖coreIIand the boumdarY  

layer covered over the wall．  
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Appendix Ⅱ The Transport Coefficients of Gaseous Helium  

＝ brieflYintroduce the temperature and pressure   

dependences of viscositY and thermalconductivity for helium   

gas refering to the experimentalresults up to present．  

The phenomena of diffusion′ Viscosity and thermalconduc－  

tivitY are allphYSically similarin thesense that theyinvolve  

the transport of some physicalpropertY throvgh the gas；for  

example viscosityis the transport of momentum．．‥  

A detai藍dclassicaltreatments of rlgOrOuS kinetic theory  

Of dilute monoatomic gases and mixtures has been earlY  

investigated bY Chapman and Enskog・According to rigorous   

theorY for rlgidsphere m01eculesr the shear viscositY COeffi－  

Cient and the thermalconductivitY Can be written as following   

expressions；  

FL ＝2．6693Ⅹ10－5ほ再／d2 g／cm・SeC  

k ＝1．9891Ⅹ10－4J箭／d2 cal／cmdegsec  

Where  m＝ mOlecular weight  

b d ＝ m01ecular diameter in A   

T ＝ ternPeraturein R  

＝n the first approximation the coefficients of viscositY ana   

thermalconductivity are bothindepensent of the pressure ana  

increase with the square of the temperature．The above  

equation would be correctlY Suitable to those propertisif the  

m01ecules actuallY Were rigid sphere． As statedlater，these  
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results give only the approximate pressure and ternperature 

dependence must include the effect of the interactions which 

take place be七Ween realm0lecules．  

Atlow temperature severalauthors experimentallY  

investigated the temperature effect of viscosity・A complete  

discussion of experimental results obtained prior to 1942 

WaS glVen bY Keesom・ These results can be represented   

emprically bY the straight－1ine relationinlog－log co－Ordinatesr   

according to Reesom，  

リ＝5．023T O・647 m土cropo土se  

With a deviation ofless than ＋1％，SO that we should emploY   

the value O．647 as the best fitting value of β for analYSing   

Our eXPerimentaldata． This experimentalvalueis slightlY   

different from that due to the classicaltheory as stated above．  

The pressure effect was measured by Kestin and Pilarczk   

in the rangel－124 atn at room ternperature．Their experimental   

resultsindicates that the effect of the pressureis negligible．   

Thisis accorded with the kinetic theory．  
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SU規ARY AND CONCLUS＝ONS  

We have experimentallY Studied f01lowing properties of   

SpOntaneOuS OSCillations of a gas columns generatedin a   

tube with steep temperature gradients；  

1．determination of the boundaries between unStable  

and stable reglOnS．and the frequencY Of the osci11－  

at土ons．  

2．transition from the fundamental to the second－harmonic  

and from the second to the third harmonic．  

3．rough estimate of the effective thermalconductivitY  

Of the oscillatinginstabilitY．   

＝n experiments u－Shaped tube was emploYed′ Which was separatelY  

immersedinto two reservoirs・C01d（temperature Tc）andwarm（TH）  

OneS．  

The stability curves and frequency diagrams for heliun   

gas were determinedunder established temperature distribution   

for several∈：（＝0．3，0．5，1，2，5，10；the ratio of the   

length of warrnPart tO that of cold）as a parameter． The   

experimentalresults were compared with the theorY Of Rott．   

The agreements between them are satisfactorYT and the existences   

Of two branches on the stability curves were confirmea．Two   

tYPeS Of the boundarYlayer formed on the tube wall，Viscous   

and thermal，PlaY animportant r01e to characterize the stabilitY   

Of the osci11ations．  

For small∈（＝0．3），higher harmonics（second and third）   

Were Observed at one－hand branch． The transitions from the  
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fundamentalto the secondqharmonicoccur near TH／Tc＝15・  

and that from the second to the thirdharmonic near TH／Tc＝60・  

These take place on account・Of a finite viscosity of gas，   

and are theoreticallY eXPlained from theintersections   

be七Ween the stabilitY CurVeS．  

A effective thermalconductivitY Of the oscillations   

was estimated from the evaporation rate ofliquid helium   

under glVen boundarYlaYer thickness・Under suitable   

conditions，the conductivitYis more than three orders of  

magnitudelarger than the normalone of gas・Such a high  

conductivitY WaS able to beinterpreted from the theorY Of   

the second－Order heat flux．  
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