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Conven七土ons  0．  

A且色」岬比視亡0舶⊥d飢色dα九邑鮎るL肌色d加b色亡OmPヱ涙αグ九喝此飢  

他山血几舶，α托d地色m叩ムα九色COれ友肌0山．No血五口托α托d加肌血血甜  

山肌b色山色dαムム几［E］α川d［GJ］．  

For a space X，C（Ⅹ）（C潅（Ⅹ））deno七es七he ring of all   

real－Valued（bounde且）con七inuous func七ions on X．A subspace Y   

Of．Xis said七01〕e C－embed．d．ed（C非－embedd．ed）in Xif every elemen七  

of C（Y）（C非（Y））ad．mi七S a COn七inuous ex七ension over X，and Yis   

Said七o be z－embedded・in Xif every2；erO－Se七 of Yis七he TeS七ric一   

七lon 七o Y o∫ a z．ero－Se七 0で Ⅹ．  

FoT an Ordinalα，W（α）denotes七he set of allord＿inalsless  

七hanα，七opologizedvi七h七heorder七opology，andu o（ul）deno七es  

七heini七土al。r且1naloで鴨（㌔）・  

Forase七A，lAlden。七es七hecardinali七y。fA，andmlS七ands  

for七hefirs七measuTablecardinal・Sincem（ifi七exis七S）is  
l  

grea七er七han any non－meaSurable card．inal，七ha七IAlis non－meaSurable  

isdeno七edbylAl＜ml・＝fmisacardinalnumber，thenm＋is七he  
smalles七card．inalgTea七er七han m，and．I）（m）is七he d．iscTe七e space   

Of cardinali七y m． The se七 Of posi七ivein七egersis d．eno七ed．by N．  

Thereis anindex of 七eTmS and syml〕01s aセ セhe end．of 七he  

paper・   
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C王‡AアワER O  

INTROI）UCTIOⅣ AⅣD PRELIMINARIES  

1．  工n七rod．uc七ion  

＝n19h8，Heviセセ［H］in七roduced七henotionofrealcompact  
5  

SPaCeS，under七he name of Q－SPaCeS，aS an aid・in s七udying七he ring  

C（Ⅹ）1．He showed．七ha七for each space X七here exis七s aunlqpe real－   

COmPaC七 SPaCe UXin vhich Xis d・enSe and C－embed．ded． The space uX   

is called・七he Heviセセ realcompac七ifica七ion of X，and．i七 plays七he  

sameT01ein七he七heoryof C（Ⅹ）as七he S七one一己echcompac七ifica七ion  

βⅩdoesin七he七heory of C光（Ⅹ）．Among severalchaTaC七eriza七ions   

Of一 七be class of realcompac七 spaces，i七is mos七1n七ul七土onaland   

COrrV’enien上 土0Vievi七 as七he cla．s5 C of closed sul）SPaCeS Of prod．－   

uc七s of reallines R，七ha七is，aS七he epireflective hullof C＝  

（R）（七hlscbarac七erlza七lonvasで土rs七proved吋Sb土ro七a［s］in  
2  

1952）．when vieved as al〕○Ve，七he Hevi上土realcompac七ifica七ion uX   

Of Xis 七he epireflec七ion of．Xin七o C，七ha七is，i七is七he uniqjle   

realcompac七 space con七aining X densely such七ha七 each ma‡）f from   

Xin七O a realcompac七 space Y admi七s a con七irmous ex七ension uf：   

UX＋Y． For more d．e七ailedinforma七ion on uX，七he Teaderis   

referred七o chap七er80f［GJ］．  

1   Ⅳachbin also definedindependen七Iy（bu七no七Published）  
七he same class of spacesin七erms of uniformi七ies，and so Teal－  

COmPaC七 SPaCeS are SOme七imes called HeviセセーNacht）in spaces．  
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Animpor七an七problemin七he theory of Hewiセセrealcompacセー   

ifica七ions concerns when七he rela七ion u（Ⅹ×Y）＝UX x uYis valid．   

Thisis mo七iva七ed．by Glicksl〕erg－s 七heorem七hat seセセ1ed七he analo－   

＼ノ gous ques七ionin七he七heory of’S七One－Cech compac七ifica七ions：  

1・ユ THEOREM（Gユまcks七打g［G2］）・工fXandYareinで最七e  

spaces，七hen X x Yis pseudocompac七if and onlyifβ（Ⅹ×Y）＝   

βⅩ × βY h01d．s．  

The problem of finding a corresponding condi七ion on X x Yin   

order七ha七u（Ⅹ×Y）＝UX x uY was fiTS七COnSideTed by Comfor七  

andNegrepon七is［cNl］in1966・Al七houghfrom七haセセime七he  

problem vas a上土acked by many resea．rchers（e．g・，Blair，Comfor七，  

Hager，Hu冨ek，McAr七bur），it does no七come七O a Sa七isf’actory   

s01u七ionIand・七here appears七o be no simple answer）aS Ve Sha11   

seein七he nex七 sec七ion．工n1968 comfor七，hovever，eS七ablished・   

七he following七heorem七ha七is one of七he mos七impor七an七resul七S   

abou上 土h土s proも1em：  

1・2 THEOREM（Comfor七［c］）・Le七Ⅹbea10Ca11ycompac七，  
3  

realcompac七SPaCe Of non－meaSurable car且inal・Then u（Ⅹ×Y）：   

UX X UY h01ds for each space Y．  

エn1970McAr七hur［M］aセセemp七ed七OCharac七erize七heclassRof  
l  

allspaces X such七ha七u（Ⅹ×Y）＝UX x uY h01ds for each space Y，  

and．he conjec七ured，in viev ofl．2，七hat Ris precisely七he class   

oでalllocally compac七っrealcompac七spaces of non－meaSurable  
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Cardinals・TheoTeml・2asser七s七hat alocally compac七，realcompac七   

SPaCe Of non－meaSurat）1e cardinalis a memt）er Of R．conversely，  

McArthur［Ml］and伽盲ek［H6］，［H8］independen七1yproved七ha七every  

memberofRisrealcompac七，and＝u冨ekalsono七edin［＝6］，［H7］  
七hat every member of R mus七 be of non－meaSurable cardinal． ＝n   

Chap七erll⊃elowIVe COmPle七e his conJeC七urel⊃y Showing七ha七if X  

is no七locally compac七，七hen u（Ⅹ×Y）≠ux x uY for some space Y．   

This solu七ionleads us七0七he f0110Wing nev pr01⊃1em：  

1・3  PROBLEM・Charac七er・ize七he class R（P），Vhere Pis a   

given七op0logicalproper七y，Of allspaces X such七ha七U（Ⅹ× Y）＝   

UX x uY‡101ds ror eacb P－SpaCe Y．  

The au七hor t）elieves七ha七 fullknovled．ge of七hese classes R（P）   

VOuld supply a deficiency of七he七heory due七0七he absence of an   

analogue of GlicksbeTgTs七heorem・This paper aims a七making a   

SyStema七ic s七ud＿y Of charac七eriza七ions of七he classes R（P）for   

Various f－乱mlllar七op010gicalproper七ies P．工n f－ac七，Prot）1eml．3   

is seセセ1ed for七he f0110Ving values of P：COmPaC七，metaCOmPaC七，   

subparacompac七，P（m），k，locally compac七，10Cally pseudocompac七，   

firs七 coun七able，Moore，metrizat）1e，locally compac七metrizat）1e，   

discre七e，0－dimensional；d・efini七ions of七hese proper七ies are   

S七a七ed vhen七hey firs七 occurin七he course of七he paper．  

The primary organiza七ion of七he paperisin七o six chap七ers．   

Chap七ersl，2and互pTeSen七charac七erizations of the classes R（P）   

S七a七ed・at〉○Ve；七he ma・jor七heorems are formula七ed vi七hou七pr00f a七  
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七he fir・S七 sec七ions・The七heory developed七here has many appli－   

Cations． Forins七ance，in case X satisfies 七he coun七able chain   

COndi七ion and Yis me七rizable）We Can Se七tle七he prot）lem of vhen   

U（Ⅹ×Y）＝UX x uYis valid．（16．6）．These chap七ers end wi七h   

quinaTy OPen qJleS七ions vhich ask at）Out POSSible ex七ensions of our   

resul七s・Chapter 3s七udies七he f．0110Wing七wo problems：  

（Ⅰ） Formapsf・：Ⅹ・すY・（ユ＝1，2），Whendoesu（Ⅹ1×Ⅹ2〉 111  

UXlX UX21mplyu（YlX Y2）＝UY 1 X UY2？   

（I＝） For spaces X and Y，Vhenis X x Y21－embeddedin X x βY？  

As villbe s七a七edin sec七ion 3，barTing七he exis七ence of measural〕1e   

cardinals，U（Ⅹ〉くY）＝UX x uY h01ds whenever X x Yis z－embedded   

in X x βY．TheTefore consid．era七ion of（I＝）yeild．s severalsuffi－   

cien七conditionsin order七ha七U（Ⅹ×Y）＝UX x uY，and．七hat of   

（I）allovs us七O deduce nev sufficien七cond，i七ions from old．．Some   

miscellaneous remaTks are c011ec七edin chap七er 5．The remaining   

SeC七ionsin七he presen七 chap七eris devo七ed，七o prereqJlisi七e ma，七e－   

rials．In七helas七One，Ve q．uO七e批冨ekts七heoTemS七ha七are useful   

for dealing wi七h七he delica七e qpes七ions caused t）y七he exis七ense of   

measurable card．inals，from vhich charac七eriza七ions of．R（compac七）   

and．R（discre七e）are ded．uced．．  
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2．   The si七ua七ion surrounding u（Ⅹ×Y）＝UX x uY  

The rela七ionship be七ween u（Ⅹ×Y）and uX x uYis complica七ed，   

and many fea七ures appear pa七h010glCalcompared vi七h t，he case of  

V  

S七One－Cech compac七ifica七ions． This sec七ionis devo七ed 七o al〕rief   

explana七ion of七he avkvard．si七uation．In七hein七eres七 Of simplici七y   

each cardinalis assu皿ed七o t）e nOn－meaSuTable onlyin七his sec七ion．  

We t）egln by making men七ion of a wiセセy vork d．ue七01iu；ek．He  

Shovedin［H］七haセセhereexis七spacesX・andY（i＝1，2）such   
9 l  i   

tha七Ⅹ1×Ylan且Ⅹ 2 ×Y2aremu七uallyhomeomorphic ye七U（Ⅹ1×Yl）  
＝UXlX UYl andu（Ⅹ2×Y2）≠ux2×uY2・This fac七disappoin七s  
Onels hope of finding七op0loglCalproper七ies of X x Y eqJlivalen上   

土O U（Ⅹ×Y）＝UX x uY．His construc七ionis very simple；1e七R t）e   

alocally compac七，realcompac七space（e．g．，七he realline），and   

P，Q a pair of spaces for vb土cb u（P〉（Q）≠up x uQ．ワheni七   

で0110WS froml．2七ba七U（R x（P x Q））＝UR x u（P〉くQ），Vhlユe   

u（（R〉くP）×Q）≠u（R x P）x uQ．If one use a fini七e spaceinstead．  

∨′  

Of R，七hen七he same holds good of 七he S七one－CectlCOmPaC七ifica七ions，   

and this fac七canl〕e Viewed．as 七he reason vhy Glicksbergls七heor・em   

（1．1）applies onlyinfini七e spaces．From七his poin七of view，One   

migh七 reasonat）1y ask vhe七heT Or nO七，for spaces X，Y neitheT Of   

whichislocally compac七and．：realcompac七，七he rela七ion u（Ⅹ×Y）＝   

UX x uY canl〕e de七ermined．by七opologlCalproper七ies of X x Y・   

The answeris s七illnegative；in fac七，We ShallglVe a COun七er   

examplein sec七ion23． Conseqpen七1yi七is necessary for us to  
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COnCern Our－Selves more deeply wi七h七he propeT七ies of each fac七ors   

X，Y 七han merely vith七ha七 Of X X Yin ord．er 七O de七eTmine whe七her   

or not七he rela七ion u（Ⅹx Y）＝UX x uY h01d．s．  

The problem of vhen u（Ⅹ×Y）＝UX x uYis valid has been   

approached chieflyL from七ⅤO POin七s of view． We nex七 review these   

七WO CuS七omary me七hod．s，and show七ha上 土hey are bo七hinadeqJユate．  

In［H］Hagerapproached七heproblemfrom七hepoin七ofvievof  
3  

uniformspaces・Ifvedeno七ebyリ（β）七heweakunifomi七y  
ズⅩ  

genera七edl〕y C（Ⅹ）（C張（Ⅹ））on x，七hen uX（βⅩ）is known七o be  

七hecomple七ionofXvithrespecセセoux（βⅩ）・Theseuseof  
uniformi七ies villbe found．in chap七er15of［GJ】．In七he case  

Ofβthe si七ua七ionis simple；infac七，i七wasprovedin［I］七ha七  
2  

β（Ⅹ×Y）＝βⅩ×βYまでanaonlyifβ 
Ⅹ×Y 
＝βⅩ×βY，VbereβⅩ 

×βY  

is七he prod・uC七uniformi七ygeneTa七edbyβⅩandβY・Since uX x uY  

Canbe viewedas七he comple七ionofX x Yvithrespecセセo ux x uY，  
itisevidenセセha七U ＝UXUlmPliesu（ⅩxY）＝UXxuY・  

xxYxY  

Unfor七unately七heconveTSeisnoセセrueingeneTal：Onuchic［0］  
S; 

proved七ha七Ⅹis ei七her pseud・OCOmPaC七Or a P－SPaCe2vhenever  

U xx x＝UxX Ux，and七hereallineR has nei七her of七heseproper一  
七ies，Vhereas u（R x R）＝UR x uR（＝R x R）．Therefore七he   

rela七ion u（Ⅹ×Y）＝UX x uY need no七be descTibedin七erms of   

uniform spaces a七1eas七in七he mos七 concre七e case・Among o七her  

2   

AP－SPaCeisaspaceinvhicheveryG6－Se七isopen・  
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七hings，in［H］，HagerchaTaC七erizedthosepairsX，Yofspaces  
3  

SuCh七ba七U ＝U X U x xYx  Y・  
The second・aPPrOaCh七○七he problemis七hrough func七ion  

1 7 SPaCeS，andvasemploye且effec七ivelyin［cN］，［H］，［H8］，［H9］・  
Inpar七icular，Hu盲ek［H］offeredanotherpr00fofComfort－s  

7  

七heorem（1・2）fTOm七his poin七of view．An ou七1ine of his proof   

migh七be ske七ched here七o shov七he s七andard use of func七ion spaces：   

Le七Ⅹbe alocally compac七）realcompa・C七SPaCe）and Y a space・  

Le七 f∈C（Ⅹ×Y）．For our end．i七 suffices七o shov七ha七f admi七s   

a con七inuous ex七ension over X x uY．Le七C（Ⅹ）be en且owed．wi七h   

七he compacセーOPen七op0logy；t・hen C（Ⅹ）is realcompac七．The map  

宇：Y十C（Ⅹ）defi。e且by；（y）＝f＝Ⅹ×（y））isc。n七in。。。S，ands。  

′ヽ i七can be ex七end．ed．七O a COn七inuous map g：UY→・C（Ⅹ）beca．use C（Ⅹ）   

is Tealcompac七・Then，Since Xislocally compac七，七he d．esired  

ex七ensiongoffis ob七ained＿bydefiningg（（Ⅹ，y））＝［；（y）］（Ⅹ）．  

Hence七he pT00fis comple七e．We nov callan ordeTed pair（Ⅹ，Y）   

Of spaces a u－Pairif X x Yis C－e血bedded．in X x uY．Obviously   

U（Ⅹ×Y）＝UX x uY boldsif and onlyir bo七h（Ⅹ，Y）and（uY，Ⅹ）   

areリーPairs．Le七C（Y，Z）d，enO七e七he se七of allcon七inuous maps  

fromYin七O Z，and C七（Ⅹ）七he spaceC（Ⅹ）vi七ha七opology七・The  

argumen七of’七he pr00f sugges七s七ha七（Ⅹ，Y）is a u－Pair vhenever   

七here exis七s a・COmPle七ely regular Hausdorff七OPOlogy七for C（Ⅹ）   

Sa七isfying七he f－0110Ving七hree condi七ions：  

（1）c七（Ⅹ）isrealcompac七，   

（2）c（Ⅹ×Y）⊂C（Y，C七（Ⅹ）），  
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（3）c（uY，C七（Ⅹ））⊂C（Ⅹ×uY），  

Vhere七heinclusions s七and f’or七he canonicalinjec七ions（i．e．，  

′ヽ  

（2）and（3）meantha七f∈C（Y，C七（Ⅹ））foTeaChf∈C（Ⅹ×Y），and  

f∈C（Ⅹ×UY）foreach妄∈C（uY，C七（Ⅹ）），reSPeC七ively）・＝n［H9］  

ヽノ Husek asked vhe七heT Or nOセセhe exis七ence of such a七opology七  

foT C（Ⅹ）is necessary for a pair（Ⅹ，Y）七o be a urpair．＝n   

SeC七ion23，Ve anSWer七his ques七ion nega七ively t）y Showing七ha七   

if Xis no七10Cally compac七｝ 七hen七here exis七S a SPaCe Y such  

七ha七（Ⅹ，Y）is aリーPair bu七C（Ⅹ）has no such a七op0logy．Con－  

Seqpen七1y，in七his sense，七he rela七ion u（Ⅹ×Y）＝UX x uY can   

no七be alvays describedin七erms of－func七ion spaces．  

We never七heless nourish a hope of finding a all－arOund   

七heory七O aセセack七he pr01〕lem． Ac七ually various nev me七hods for   

s七udying七he rela七ion u（Ⅹ×Y）＝UX x uY villbe d．eveloped．in   

七bls paper，al七hougb our goalls s七ill董－ar七o see．  
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3．  Defini七ions and resul七S from theli七era七ures  

For convenience，Velis七 cer七a．in basic defini七ions and．   

fac七S 七ha七villt）e uSedin七he seqJlal．  

3．1  We begln Vi七h a brief accoun七 of measural〕1e cardinals．   

A card・inalnumber mis said・七o t）e meaSurableif a d・iscre七e space  

D（m）of cardinali七y m ad皿i七s a coun七ably additive（0，1）－Valued．   

measureい SuCh七ha七Tl（D（m））＝1andリ（（d））＝O for each d．∈D（m）．   

I七is knovn（cf．［GJ］）七ha七a discre七e spaceis realcompac七if   

and onlyifits cardinalis non－meaSurable． The class of non－  

－meaSurable cardinals con七ainsR，andis closedunder s七andard  

OPera七ions of car且inalari七hme七ric． For d，e七ailed 七reatmen七 of   

non－meaSurat）1e card．inals，See Chapter120f［GJ］．The assup七ion   

七ha七 ea．ch cardinalis non－meaSuTal〕1e is knovn 七O be consis七ent   

Vi七h七he usua・1axioms of seセ セheory；hovever，七he consis七ency of   

七he exis七ence of measural〕ユe cardinals wi七h 七he usual axioms of  

Seセセheory・Teminsanopenqpes七ion（cf・［s］）・  
l  

3．2  Le七 Ⅹbe a space． The veigh七 of Xis the minima，1cardi－   

nali七y of a base for X andis deno七ed by w（Ⅹ）．The densi七y of X，   

d，enO七ed，by d（Ⅹ），is七heminimalcardinali七y of a dense subse七of X．   

＝f x∈Ⅹ，七he charac七eT a七Ⅹin X，Vrit七en x（Ⅹ，Ⅹ），is七he minimal  

cardinality of a neighborh00d，base a七Ⅹ，and x（Ⅹ）＝SuP（x（Ⅹ，Ⅹ）暮  

Ⅹ∈Ⅹ）is called七be cbarac七er of■Ⅹ．でhe celluユar土七y oでⅩ，  

deno七e丘by c（Ⅹ），is d，efined by c（Ⅹ）＝Sup‡luIIL）is a且isjoin七  
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fa皿ily of non－emP七y open se七Sin X）．The follovingineqJlali七ies   

are vellknown（cr．［E，1．う．1，ユ．∋．6，3．5．3］）：   

3．2．1c（Ⅹ）三d（Ⅹ）三W（Ⅹ），X（Ⅹ）三Ⅴ（Ⅹ）．  

3・2・2lxl≦eXpV（Ⅹ）≦eXp eXpd（Ⅹ）・  

3．2．3 w（ux）三Ⅴ（βⅩ）三eXp d（Ⅹ）．  

3．3  The f01loving resul七s ar－e uSed七hroughouセ セhe paper．  

3・3・1工fYisC－embeddedinX，七henuY＝CIux Y（［GJ，8・10］）・  

3・3・2IfGisacozeTO－Se七OfuX，七henu（GnX）＝G（［B2，5・2］）・  

3．3．3 A space Xis pseudocompac七if an且onlyif uX＝ βⅩ，and．   

hence a pseudocompac七realcompac七spaceis compac七（［GJ，8Ah］）．  

3．3．h For a space X，UX＝（Ⅹ∈βⅩ］every zero－Se七ofβⅩcon一  

七aining x mee七s X†（［GJ，8．8］）．  

8 
lXY2is  3・3・5 ＝fY・isG一且enseinX・3fori＝l，2，七henY ll  

G6一触nseinX 
1 
XX2（［cⅣ1，う・1］）・  

3．3．6 A z－embedded subspa，Ceis C－emt）edd．edif．and．0nlyifitis  

COmPle七elysepara七ed互fromeveryzero－Se七disjoin七fromi七（〔BH 
l，  

3．6］）．  

3・3・7 ＝faspaceXa血i七SaCOmPle七eunif。rmi七yandlxl＜m 
l，  

七ben Xis realcompac七．In par七icular，a paraCOmpaC七 space X  

Vi七hlxl＜mlisrealcompac七（cf・［s2］，【GJ，15・20］）・  

3   

Everynon－emP七yG6－Se七ofX■meetSY ・・  

年  Recallfrom［GJ］七haセセvo subse七S A，B of a space X are  

said七O be comple七ely separa七edin Xif七here exis七S f6．C（Ⅹ）  
sucb tha七で（A）＝（0）an且r（B）＝（1）．  
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3・3・8 ＝fDisadiscre七espacevi七hlDl三ml，七henuDisn。七  

ak－SpaCe（［c，p・115］）・  
3  

3・3・9 A pseudocompac七paTaCOmPaC七 spaceis compact（cf．［E，  

3．10．21and5．1．20］）．  

3・3・10Every me七rizat）1e space has aローdiscre七el〕aSe．Conversely  

a space having a u－10Cally fini七e baseis me七rizable（cf．［E，  

L．h．3and h．k．7］）．  

3・Lt By3・3・3above，We Canin七erpr・e七Glicksbergls theoTem  

（1・1）a・S One Suff．icien七condi七ionin ordeT七hat u（Ⅹ×Y）＝UX X UY；  

ac七ually some weaker condi七ions aTe known七01⊃e Sufficien七． The  

f0110Vingchar七describes七hesi七ua七ion・Recallfrom［H］七ha七  
7  

a space Xis pseudo－ml－COmPaC七if eachdiscre七e f弧ilyofnon－emP七y  

OPen Se七sinXis ofnon－meaSurablecardinal・TheproJeC七ion¶：  
Ⅹ  

Ⅹ×Y十Ⅹis z－Closedifit carries zero－Se七s七oclosedse七S（［T］）・  
2  

（器）indica七es七haセセheimplica七ion reqJlires七he assumption七ha七  

el七berlYl＜用lOrXispseudo一用1－COmpaC七・  

（a）β（Ⅹ×）＝βⅩ×βY 

（f）TxlミZ‾Close且  
（b）Ⅹ×Yis C☆－embed．ded→・（g）Ⅹ×Yis C紫－enfbed．d．ed  
inβⅩ×βY in X x BY 

1 

n 

（c）≡Xβ芸≡Sβ言－embeddedメ；b）誉nXxi岩YZ舶e且             1    ／（粥）  l  

（d）Ⅹ×Yis C－emt）edd＿ed．－ト（i）Ⅹ×Yis C－embed．ded．  
in uX x uY  土n X x uY  

‡  

（e）u（Ⅹ×Y）＝UX x uY  
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Here，（a）ィ→（b）and（d）イーサ（e）are vir七ually七he d，efini七ions   

OfβandL U，reSPeC七ively．The eqpivalence（f’）←ケ（g）was firs七   

PrOVed by’Hager and・MT6vka［HM］，and．七he pT00f vas describedin  

［H2］；（g）十（f）wasalsoshovnin［Iし］・＝n［cNl］，Comfor七and  
Negrepon七is prove且a veak form of（f）＋（g），a，nd七ha七（g）implies  

（d）if［Yl＜ml・＝七VaSPr。VedbyHu首ek［H9］七ha七（g）also  
implies（d）ifXispseudo－ml－COmPaC七・Blairhasprovedin［B］  

2  

七ha七（h）implies（d）und．er七he assumPtion（非）．sec七ion15belov   

COnCernS七he qpes七ion of vhaセセopologlCalpTOPer七ies of X and  

make（h）七rue・As七udyof（c）vasmadein［Hl］and［BH］，Vhere  
3  

（c）す（且）vas no七ed．（h）＋（土）as・Wellas（c）＋（d）r0110VS   

from3．3．互，3．3．5and3．3．6．otheTimplica七ions are obvious．  

3・5  The folloving concep七s and TeSul七s willl〕e uSed，Vi七hou七   

TefeTenCe，in chap七ers2，3and．LL．A map f：ⅩサYis called．   

（countably）bi－q．uO七ien七if，Whenever y∈Y and．uis a（coun七able）  

－1 
coveTOff（y）byopense七SOfX，thenfini七elymanyf（U），Vi七h  

UEu，COVeraneighborh00dofyinY（［M］，［sM］）・Recallfrom  
2  

［A2］七hatpseudo－OPenmaPSaredefinedbyres七Tic七ing七hefanlily  

uin七he above defini七ion七o have only one elernen七．The fo110Ving   

Char七 Su皿narizes七he rela七ionship of七hese maps七00七her more   

fam土1iar ones：  

Perfecセーー・quaSi－Perfecセーー・「←Closed  

▼  
▼  

J  

一十PSeudo－OPen－十qJlO七ien七   
COun七al〕1y  

もエー甲10七土en七  
Open－ナbi－quO七ienセー←  
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A spaceis called（countably）bi－SeqJlen七ialifi七is七he  

（coun七ably）bi－qPO七ien七imageofame七rizablespace（［M］，  
3  

［s3］）・Recall∫rom［Mh］七ba七aparacompac七M－SpaCe（＝apara－  

COmPaC七p－SPaCeinthesenseofArhangelTski王［A］）isaspace  
3  

Which has a perfec七map on七o a metrizal〕1e space．Alocally com－  

3 PaC七，PaTaCOmpaC七SPaCeisaparacompac七M－SPaCe（［A］，【Mh］）・  
A spaceis called a（coun七ably）bi－k－SPaCeifi七is七he  

（coun七ably）bi～qJlO七ien七imageofaparacompac七M－SPaCe（［M］）・  
3  

The pseud．0－OPenimage of a me七rizal⊃le（resp．paracompac七M－）  

SPaCeiscalledaFrさche七（resp・Singlybi－k－）space（［A3］，  

［M3］）・＝nternalcharac七eriza七ionsof七hesespacescanbefound  

in［M3］・  

rirs七  

COun七aも1e  
→もi－Seque。七iaユ十：ヲu竺モ竺竺ぎ⊥∴「－＋Fr昌。he七 bi 

－Seq．uen七ial   

l  
1  

paraeompac七 M－・－トbユーk  

†  

COun七at）1y  

bi－k  
→← 

Singly 
・岬■k  

bi－k  

10Cally compac七  

3・5・1IfXandYarebiNk－SPaCeS，七hensoisXxY（［M3，3Eh］）・  

3．5．2 If Xis a t）i－k－SPaCe and Yis a coun七at）1y t）i－k－SPaCe，  

七henXxYisak－SpaCe（［M3，p・11L］）・  
3．5．3 ＝f Xis a．10Cally compac七 SPaCe，七hen X x Yis a k－SPaCe  

でor eacbk－SpaCeY（［cl］）・  

If f．：Ⅹ．＋Y．is a map fori＝1，2，七hen七he produc七map f＝ 111  

flX r2fromXlXX2七oYlXY21Sderinedもy紺Ⅹ1，Ⅹ2））＝  
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（で1（Ⅹ1），で2（Ⅹ2））餌r（Ⅹ1，Ⅹ2）∈Ⅹ1×Ⅹ2・■Ⅵ豆1e七heproduc七Of  
七ⅤO quO七ien七maps need no七be qJlO七ien七さ七he class of t）i－quO七ien七   

mapsis velll⊃ehaved・Vi七h respecセセo pr・Oduc七s：  

3・5・h ＝f f．：Ⅹ．サY．（i＝1，2）are bihquO七ien七maps，七hen llユ  

SOisflXで2（［M2，1・2］）・  

3・5・5 工ffl：Ⅹユヰ・Ylls acoun七ab吋七i一匹0七1en七mapandl＝2‥  

Ⅹ2ヰ・Y2isabi－qJlO七ien七map on七o at正一SeqPen七ialspaceY2，七hen  
flX∫1SCOun七ably七i－quO七1en七（［M，p・110］）・  

2 3  

3・5・6 ＝fXislocallycompac七，七henidxXgisaqJlO七ien七map  

for eachqJ10七ien七mapg：Y十Z，Vhereidxis七heiden七itymap  

OrX（［w2］）・  

＝n3．う．3and3．5．6，七he converseis also valid．See  
Michael，Localcompac七ness and car七esian prod・uC七s of qJlO七ien七  

maps and k－SPaCeS，Ann．＝ns七．Fourier，Grenoble18．2（1968），  
281＿286．  
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h．  Hu呂ek－s七heoremsand charac七eriza七ions of R（compac七）   

an且R（且1scre七e）  

Forlateruse，WequO七e七wotheoremsdue七oHu冨ek［H］，  
7  

from vhich chaTaC七eriza七ions of R（compac七）and R（discre七e）   

are deduced－・They are useful七o exclude difficul七y oTlglna七edin   

七he possible exis七ence of mea．surable cardinals from ourtheory．  

h．1 THEORfM（Hu旨ek）．Le七Ybelocally compac七，realcompac七．  

Thenu（Ⅹ×Y）＝UXx uYholdsifandonlyifei七herlYl＜ml。r  

Xis pseu且○一川－CO叩aC七・   
1   

Lt．2  THEOREM（Hu富ek）．Le七Y be discr・e七e．Then u（Ⅹx Y）＝  

UXx uYb。1且slfand。nlyl∫el七herl可＜仰lOrlYl＜ml・  

Asimmedia七e conse甲1enCeS Of七he above 七heorems and 3．3．2   

ve have七he folloving resul七s七ha七chaTaC七erize R（compac七）and   

R（discre七e）．Le七D紫（m）deno七e七he one－POin七COmPaC七ifica七ion   

of七he d．iscre七e space D（m）of cardinali七y m．  

Lt．3  THEOREM．The folloving condi七ions on a space X are   

equivalen七：  

（a） Ⅹ1spseudo－m－COmpaC七・  
l  

（も） u（Ⅹ×Y）＝UX x uY bolds ror eachlocally compae七，real－  

COmpaC七 SpaCe y．   

（c） u（Ⅹ×Y）＝UX x uY holds for each compact space Y wi七h  

v（Y）三d（Ⅹ）．   

（d） u（Ⅹ×D非（d（Ⅹ）））＝UX x uD☆（且（Ⅹ））．  
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Li．h THEOREM．The f0110Ving condi七ions on a space X aTe   

equlvalen七：  

（a） txlくml・  

（b） u（Ⅹ×Y）＝UX x uY h01ds for each discre七e space Y．   

（c） u（Ⅹ×D（d（Ⅹ）））＝UX x uD（d（Ⅹ））．  

h・う RⅢ棚K・む・kwasno玩dln［H］1mpllc土七1y，andwass七a七ed  
7  

by七heauthoTin［02］・The specialcaseu（D（ml）×βD（ml））≠  
UD（ml）×βD（ml）vasearlierobservedin［cNl］・Inchap七erL，  
i七Villl〕e Shovn七ha七in LL．Lt（b）‖discre七e－T can be weakened七○   

‖10Cally compac七）me七Tizal⊃1e‖・  
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CHAPワER I  

C王IARACTER＝ZAT＝ONS OF THE CLASSES R，R（me七acompac七），   

R（subparacompac七），R（P（m））AmD記（metacompac七P（m））  

For aninfini七e cardinalm，a P（m）－SPaCeis a space each   

Of whose poin七1iesin七hein七erior of everyin七ersection ofless  

七hanmi七Sneighb。rhoods・EveryspaceisaP（）－SPaCe，anda  

P（）－SPaCeuSuallyis calle且aP－SPaCe・Recall七ha七aspaceis  

me七acompact（resp．sut）PaTaCOmPaC七）if each open cover has a   

poinセーfini七e open（resp．cr－10Cally fini七e closed）refinemen七   

（cr．［AS］，［E］）．  

Main 七heorems  5．  

In七his sec七ion，We S七a七e main七heorems of七his chap七er   

and．d．iscuss some remarks． The pr00fs villt）e glVenla七erin   

SeC七ion7． The firs七 one proves McArthurls conjec七ure men七ioned・   

1n 七be in七roduc七ion．  

5．1  THEOREM． The folloving condi七ions on a space X are   

e印ユ1valen七：  

（a） Ⅹisl。Callyc。mpaC七，realcompac七andlxl＜仰 
1・  

（b） u（Ⅹ×Y）＝UX x uY holds f℃r each spaee Y．   

（c） u（Ⅹ×Y）＝UX x uY h01ds foT eaCh me七acompac七 SPaCe Y  

Vi七hW（Y）三Ⅴ（ux）・㌔・  

（d） u（Ⅹx Y）＝UX x uY h01ds でor each suもparacompac七SpaCe Y  

Vi七hv（Y）三Ⅴ（ux）・eXpメも・  
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5．2  REMARK．Inう．1，（a）ヰ（b）is Comfor七一s七heoTem（1．2）．  

Converselyi七wasprovedin［H6］，［H8］，［Ml］七ha七Ⅹisrealcompac七  
wheneverXsa七isfies（b），an且Hu富ekno七e且in［H6］，［H〕tha七such  

7  

a space X mlS七be of non－meaSurat）1e cardinal・The eqJlivalence of  

（a）and（b）hasbeencomple七e且by七heauthorin［0］・   
2   

5．3  REMARKS．（1）A spa．ceis called．0－dimensionalifi七has   

a base consis七ing of open－and．－Closed se七s（【E］）．As七he reader   

Villot）SerVein七he proof，5．1remains 七rueif■ 0－dimensionali七y   

is ad．d，ed七○七he condi七ions on Yin（b），（c）and．（d）．  

（2）Theau七hord。eSnO七knowif expCanbereplaced  

もy汽まn（d）・  

For aninfini七e card．inalm，a SPaCeis weakly－m－COmPaC七   

if each open cover has a subfamily of car且inali七yless七han m  

Wi七hdenseunion・Thisnotionwasin七roducedbyFrolik［F］  
l  

underadifferen七na皿e（cf・als。［H2］）・Aweakly一範－COmPaC七  
SPaCeis pTeCisely a compac七 space，and Lind・ele5f spaces and  

separablespacesareveakly一号ーCOmPaC七・Foraninfini七ecardi－  

nalm，1et m龍deno七e七he smalles七r・egular cardinalno七1ess七han  

＋ m（i．e．，m＃＝mif mis regular and m米＝m if mis singular）．   

The f01loving七heorem gives charac七eriza七ions of疋（P（m））and   

R（me七acompac七P（m））．  
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5．h THEOREM．The f0110Wing condi七ions on a space X a．re   

equi．valen七：   

（a） Each poin七0でUX has a ne土ghl）Orhood Gln uX such七ba七  

GnX土svea瑚ト刑場－COmpaC七，an且ⅠⅩtくm 
l・  

（b） u（Ⅹ×Y）＝UX x uY holds for each P（m）－SPaCe Y．  

（c） u（Ⅹ×Y）＝UX x uY h01ds for eachme七acompac七P（m）－SpaCe Y  

wi七h v（Y）三eXp V（ux）．  

う．う  RE闇KS・（1）A space X土s calle且locally weakly一恥COmpaC七   

if each poin七 has a weakly－m－COmPaC七neighborhood．As far as  

工knov，七hlsno七10nで土rs七appears土n［H］・0加工ously5・h（a）  
9  

implieslocalveak－m非－COmPaC七ness of■Ⅹand・UX，bu上土he converse  

needn。七be七rueifm普＞㌔・＝nfac七，1e七泄＞㌔，andle七us  

Se七Ⅹ＝W（uα），Whereuαis七heinitialor且inalofm米；七henbo七h  
X and uX（＝W（u ＋1））arelocally compac七，加七Ⅹdoes no七 α  

sa七土sfy5．L（a）．  

（2）＝n5．LL（a），m溝canno七be replaced．by min general．  

To shov七his，1et mbea singulaTCardinalwi七hm＜ml，an且1e七  
Ⅹbe七he qJlO七ien七spaceobtaine且fTOmW（u＋1）×D（m）byc01－  

o  

1apsing七he se七（uo）xD（m）七oasinglepoin七・ThenXisveakly  

－m龍一COmpaC七realcompa・C七but no七10Cally veakly－m－COmPaC七・Thus   

i七r01lovs rrom5．L七ba七U（Ⅹ×Y）＝UX x uY holds for each P（mト   

ーSPaCe Y，bu七Ⅹdoes no七sa七isfy（a）vi七h m認changed七o m．  
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＝n ca．se Xisi七Self a P（m）－SPaCe，Ve have the f0110Wing   

七heorem，from which七he equivalence of（a）and．（b）in5．1can  

bededuce且as七hespecialcasem＝㌔・   

5．6  THEOREM．FoT aninf’ini七e cardinalm，七he folloving   

condi七ions on a P（mトspace x are eqpivalen七：  

（a） Ⅹ1slocallywea瑚ト川場－CO叩aC七，realc。mpaC七and！Ⅹ】＜m 
l－  

（も） u（Ⅹ×Y）＝UX x uY hold．sでor each P（mトspace Y．   

（c） u（Ⅹ×Y）＝UX x uY h01d＿S for each me七acompac七P（mトspace Y   

vユセbw（Y）三eXpV（Ⅹ）．   

う・7 RE胴K・工nう・6，（a）＋（も）wasprovedもyHugek【H］・  
9  

5．8  REMARKS．（1）In chap七eT h below，i七Willbe proved．七ha七  

ifXisafirs七c。un七ablerealcompac七spacewi七hlx［ ＜ml，七hen  

u（Ⅹ×Y）＝UX x uY b01ds f■or eac‡1nOmalcoun七at）1y paraeompac七   

space Y．This f．ac七asserts七ha七a m血ber of疋（noTmalcoun七ably   

paracompac七）is no七necessarylocally compac七，and hence ve can   

no七 a且apt七he at）0Ve七heoremlS t）y making Y a noTmalcoun七ably para－   

compac七 spaceinstead of me七acompac七・Since a cr－locally fini七e  

family。faP（旦）－SPaCeiscl。SurePreSerVing5，i七foll。VSfr。m  

Michael－s七heorem［E，5・1・G］七ha七asubparac。mPaC七P（旦）－SPaCe  

isparacompac七・Therefore，incasem＞求0，5・handう・6areno七  

5  A family F of subsets of a space Xis closure preserving  

器聴｛ぅ子1！。胃’｝）＝∪｛clxylF∈F－｝foreacbF’⊂F  
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七rue for sut）ParaCOmPaC七 spaces． FuT七hermore，Since normal   

me七acompac七 SPa．CeS and normalsubparacompac七 spaces are known  

七Obecoun七ablyparacompac七（［G］），in5・1（c），（d），5・h  
l  

（c）and．5．6（c），One CannO七add nornali七y七○七he condi七ions   

on Y．However，i七is f’ully expec七ed．七ha七R＝ニR（normal）＝   

R（coun七ably・para．cOmPaC七）；七he possibili七y villbe且iscussed．   

in sec七ion8and．9．21〕elov．  

・（2）The au七hor d．0eS nO七knov vhe七her，in七he case  

m＞㌔of5・han且う・6，eXPW（ux）andexpw（Ⅹ）canbeTePlaced  

byv（ux）彗，reSPeC七ively・  
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6．   で001sでor provlr唱七beorems  

When proving七heorems s七a七ed．in七he pTeCeding sec七ion，  

SinceamildvaTian七OfComfortTsproceduTe（［c］）proves  
3  

（a）＋（b），七he remainingissueis how七O find a space Y such   

七ha七U（Ⅹ×Y）≠uX x uY when（a）fails．ワbeで0110Ving七Ⅴ○   

七asks arei‡npOSe邑onlユS：  

Taskl・＝f X has a poin七having no weakly－m＃－COmPaC七   

neighborhood，七hen find a sui七able space Y such七ha七 Ⅹ× Yis   

no七 C－embedded．in X x uY．  

でask 2． 工f uX－ Ⅹhas a po土n七 bavlng no ne土ght）Orbood 土n   

UX whose res七ric七ion七○Ⅹis weakly－m粥－COmPaC七，七hen find a suiセー   

able space Y such七ha七Ⅹ × Yis no七 C－embeddedin uX）くY．  

＝n七his sec七ion，Ve PreSen七useful七001s for performing   

七bese 七asks．  

6．1 NOTAT＝ON．Le七た，m beinfini七e cardinals wi七hた三m，and   

D a se七 of cardinali七yた．Let∑be七he family of allsubse七s of  

D血ose car且inali七yisless七hanm．Then∑＋（た，m）deno七es七he  

SPaCe∑∪（s）七opologized as f0110VS：Each point of’∑isisola七ed，  

and．（J（0）［0∈∑），VhereJ（ロ）＝（s）∪（u7∈∑lo一⊃0），is a  

neighborhoodbasea七S．＝ncasemisaregularcaTdinal，∑＋（た，m）  

is a P（m）－SpaCe．  
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＋ 

6・2 ⅣOTATION・Le七Zbea space，andle七∑＋＝∑（k，m）be七he  

spaced－efinedin6・1・ThenF（Z，∑＋（た，m））（or sirrulyF（Z，∑＋））  

＋  
deno七es 七he space01⊃七ained，from七he prod・uC七 space Z x∑ by   

le上土ing each poin七 of Z x ∑ beis01a七ed．．  

6．3  FACTS．The f0110Ving simple fac七s abouセセhese cons七ruc－   

七lonsarel土s七edvl七bou七proofs：  

＋ ＋ 

6・3・1】∑＋（良，項＝Ⅴ（∑（k，m））三eXpk，土npar七1c山ar，】∑（k，㌔）1  
＝W（∑＋（k，ぜ0））＝た・  

6．3．2lF（Z，∑＋）l＝lz卜1∑＋l，Ⅴ（F（Z，∑＋））＝回・W（Z）・W（∑＋）．  

6．3．3 ＝f Z has one of七he folloving proper七ies，七hen so does  

F（Z，∑＋）：me七acompac七ness，Subparacompac七ness，nOrnali七y，  

COun七able paracompac七ness，0－d．imensionali七y．  

＋ 

＋ 6・3・互Ifbo七h Zand∑ are P（m）－SPaCeS，七hen sois F（Z，：）．  

6・L THEOREM・Le七Ⅹbeaspacehavingapoin七Ⅹ0，Withx（Ⅹ0，Ⅹ）  
三Yl，七ha七has no veakly一川」COmPaC七neighborhood．．Le七 Z be a space  

having al。Cally fini七e family F of closed．5ubse七sin Z，Vi七hIFI  

＝托，SuChtha七∩（cl。ZF‡F〔F）≠れ ThenXxYisn。七C－em－  

bed－d・edinXx uY，VhereY＝F（Z，∑＋（w（Ⅹ），m））．  

pr00で・W土七h七heno七a七ionln6．1，∑十（Ⅴ（Ⅹ），椚）＝∑∪（s），  

and・七he se七S。f七he f。rmJ（0）＝（o一∈∑lo．⊃u），0∈∑，are  

basicneighborh。。ds。fs・Le七（G入1入（＾）beaneighborhood  

basea七Ⅹ。inXwith回＝托・Foreach入∈＾，ClxG入isno七Weakly－  

－m－COmPaC七，and七hus七here exis七sanOPenCOVer uOfX such七ha七  
入   

no subfamilyofcaTdinali七yless七hanmhas denseunioninG 
入・  
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Sincei七canbeassumedvi七houtl。SSOfgenerality七hatlu入E＝  

W（Ⅹ），Vedeno七e七hec011ec七ionofallsubfa皿iliesofu入Whose  

Cardinalityislessthanmby（u入。（0∈∑），Vhereo⊂oTifand  

Onlyifu入。⊂u入。T・＝fwese七H入。＝G入－Clx（U（UIu∈u入。））  

foreachu∈∑，七henH入uisanon－emP七yopense七・Pickx入口∈H入0，  

andchoosef入u∈C（Ⅹ）such七hatf入0（Ⅹ入0）＝Oandf入0（Ⅹ－H入u）＝（1）・  

On七he。七herhand，SincelFE＝几，i七canbewriセセenF＝（F入l  

入∈＾l・Foreach入∈＾andeachu∈∑，F入×（0）isanopen－and－  

－Closedsubse七ofY（＝F（Z，∑＋（w（Ⅹ），m））），SO七hereisg入u∈C（Y）  

SuCh七ha七g入。（F入×h））＝（0）andg入。（Y－（㌔×（ロ）））＝（1）・F。r  
each入∈＾and．each（J∈∑，1e七us set  

J入口 
＝（Ⅹ入口）×（F入×h））⊂Ⅹ×Y，  

K入口 ＝H入口 
×（y入×h‡）⊂Ⅹ×Y，   

h入口（（Ⅹ，y））＝min（1，r入口（Ⅹ）＋g入口（y））；（Ⅹ，y）∈Ⅹ×Y・  

Thenh入0∈C（Ⅹ×Y），h入0（J入0）＝†0）andh入0（（Ⅹ〉くY）－K入u）＝†1）・  

Claiml・K＝（K入。い∈A，ロ∈∑）isl。Callyで山七eユn  

X x Y：To prove七his claim，1e七p＝（Ⅹ，y）∈Ⅹ×Y；七hen y＝  

（z，T）for some z∈Z and．T∈∑∪（sl．since Fislocally・fini七e，  

Z has a neighborh00d G（z）in Z vhichmee七s only fini七elymany  

me血bers，SayF 入1，…，F入n，OfF・IncaseT∈∑，Ⅹ×（G（z）×（T））  

K入nT， an且SO  isaneighborh00且ofpvhichmee七SOnlyK入1T，…，  
Ve Only need consider七he case T＝ S・For eachi＝l，‥・）n，  

forsome㌔∈：・If  
Ch00SeUユ∈U入iVi七bx∈Ui；七hen（Ui）＝U入1ロ1  

Ve Se七G（Ⅹ）＝ Uln…nUn，七henG（Ⅹ）isaneighborhoodofxsuch  
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＝再甑eacb］L＝1，…，n・Le七usse七G（p）＝  
七ha七G（Ⅹ）nH入土ロi  

G（Ⅹ）×（G（z）×J（00）），Whereuo＝01∪・・・UOn・ThenG（p）isa  
neighborhood of pin X x Y vhichmee七s no member of K．For，if  

G（p）nK入0≠¢，七henG（Ⅹ）nH入0≠β，0⊃00，and入＝入・forsomei・ 1  
，itfollows七ha七H入0＝＝入iU⊂H入iOi ，and  Sinceu入iOつu入iOo⊃u入iGi  

≠れ Thisisacon七radic七ion，七ha七proves  
henceG（Ⅹ）nH入iOi   

Clalm l．  

Define a f．unc七ion h on X x Y七）y  

h（q）＝土nr（h入。（q）いほ恒ロ∈∑）；q∈Ⅹ×Y・  

Then his con七inuous，Since Kislocally fini七e．  

Claim2． The func七ion h admi七S nO COn七inuous ex七ension  

OVerXxuY‥ Toprove七hisclaim，Cho。Seyo∈∩（cl。ZF入い∈＾）；  
七henlocalfini七enessofFimplies七ha七y∈uZ－Z・SinceZx（s）  

o  

is C－embedded．in Y，i七follows from3．3．1七ha七UZ＝U（Z x（s））⊂  

UY，andhenceyo∈uY－Y・Le七Ⅴ×Wbe a・givenneighborhood・Of  
（Ⅹ0，yo）inXxuY・Thereis入∈＾wi七hG入⊂Ⅴ，an且七henWn（F入×  

（s））≠れト］門n且ヱ∈才人andロ∈∑sucb七ha七（z，S）∈Wand（z，ロ）∈W・  

Thenbothpl＝（Ⅹ入0， （z，U））andp2＝（Ⅹ0，（z，S））belong七○  

Ⅴ×Wan且h（pl）＝0，Vhileb（p2）＝1・批正ssbovs七ba七hdoesno七  
ex七endcon七inuously七0（Ⅹ 0，yo ）・Hence七heproofiscomple七e・   

6．5  REMARKS．（1）Le七Ⅹand Z be spaces sa七isfying七he condi一   

七ions of6．Ll．Then one migh七ask vhe七her X x Zis no七C－embed．aed．   

in X x uZ or no七．ExanlPle16．7provides a nega七ive ansver七○   

七bis q旦eS七ion．  
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（2）Asimilar space七0七he spaceY＝F（Z，∑＋）wasused  

byPrzy7nuSinski［p］七o show七heexis七enceofnormalnon珊eak  
l   

elトSpaCeS．  

6．6  The preceding七heoTem reduces Taskl七○七he problem of   

find．ing a space Z vhich has alocally－fini七e family F of’closed  

Subse七S SuCh七ha七∩（cl。ZFIF6F）≠＠・Ournex七workis七。  

COnS七TuC七 SuCh spaces Z． The f0110Wing defini七ionis neeaed   

for this end．．  

6．6．11〕EFIⅣIT＝ON．Le七Ⅹ．be a space vi七h a base B．for・i＝1，2． 1‾1  
＃ 

Le七Ebeaclosedsubse七OfXl，andle七Zbetheq旦0七ien七space  

ObtainedfromXlXX2bycoユ1apsing七he se七（e）×Ⅹ2七oapoin七  
＃ ＃ 

foTeaChe∈E・Le七¢‥Ⅹ1×Ⅹ2サZbe七hequo七ien七map・  

Ⅹ1×Ⅹ2  

DefineT七obe七henev七OP010gyforZ＃having七hecollection  

U（B（B）】丑∈召1）asa臨se，Vbere  

｛ゆ＃（BXX2）｝   ifBnE≠β，  

＃ ｛¢（BxBリIB・∈B2｝ifBnE＝：れ  
B（B）＝  

We callT七he s七rong七op0logy vi七h respec上土○七hisiden七ifica七ion，  

an且deno七ethespaceZ＃eqJlippe且vithTbyZ・Then七henatural  

map中‥Ⅹ1×Ⅹ2ヰZiscon抽氾OuS，andw（Z）＝Ⅴ（Ⅹ1）・Ⅴ（Ⅹ2）・  
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6．6．2 FACT・For every七woinf．ini七e card．inals m and yl，there  

exis七SaO－dimensionalme七acompactP（m）－SPaCeZ＝Zl（托，m），Vi七h  

lzl＝Ⅴ（Z）＝托・（m＃）十，七ha七hasa且iscre七efamilyF。fcl。Se且  

Subse七sユnZsuch七ha七】Fl＝托andn（cl。Zア1y∈F）≠れ  

Pr00f・Le七山（resp・uβ）be七heini七ialordinalof α  

（m龍）＋（resp・m非）・DefineTl（resp・T2）七Obe七hesubspace  

OfW（uα＋1）（resp・W（uβ＋1））obtainedbydele七ingallnon－  

isola七edpoin七sexcep七wα（resp・Uβ）・Le七usse七T＝（TlXT2）  

－（七0），Vhere七0＝（uα，uβ）・ThenTisaO一且imensionaユme七acom－  
pac七P（m）－SpaCeWi七b回＝W（ワ）＝い㌦）＋．  

Claiml・The spaceTis C一皿bed且edinTX T，andhence  
l  2  

UT⊃TlX T2：Toprove七hisclaim，1e七f∈C（T）・Sinceuαisa  

P（（m＃）＋）－POin七6，VeCanfindaneighborh00dGofuαinTISuCh  
七ba七fiscons七an七onGx‡Y）foreacbY∈ワ2－（㌔）・Tbenf  
七akeson七hecons七an七valueron（G－‡山））×（uB）・Ex七endf α  

○VerTlXT2byseセセingf（七0）＝r・Then七he ex七ensioniscont－  

1 inuous，and一七husTis C－embe且d・ed・inTX T2，fTOmVhichuT⊃  

ワ1×で2f0110VS・  

Le七usse七E＝†u）×（ワ2－（㌔））andF＝ （Tl－（山））×  

七hen E and F are d．isJOin七 closed s豆bse七s of T such七ha七  

（1）   七。∈cl。㌔ncl。㌔・  

（㌔）；  

6  A P（m）－POin七is apoin七vhichliesin七hein七erior of  
everyin七ersec七ion ofless七han mi七s neighl〕Orh00d．s．  
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＃ 
Le七＾be七hediscre七espaceofcardinali七y托，andZbethe  

qpo七ien七SPaCe Obtained from T x＾by・COllapsing七he se七（e）×  

七OaPOintforeache∈E・DefineZ七obethespaceZ＃wi七hthe  

s七rong七op01ogy vi七h TeSPeCセセ○七hisid－en七ifica七ion・Theni七is  

easily checked七ha七Zis a O－dimensionalme七acompac七P（m）－SPaCe  

vl七blzl＝W（Z）＝托・（泄）＋．Le七¢：で×A→∵乙七e七bena七Walmap・  
Se上土ingF入＝¢（Fx（入））foreach入∈几，Wehaveadiscre七efamily  

（F入l入∈A）。でCl。Se且subse七s土nZ・  

F入 

ゆ（×｛川  

「：0 

Claim2・∩（cl。ZF入I沌＾）≠＠：Al七hough七hisclaimis  

apparen七in七helig批 of七he above pic七ure，We make a rlgOrOuS   

Pr00f forla七er use．There exis七s a con七inuous ex七ension◎：  

U（ワ×A）＋UZof中・Cla上皿l七ells七ba七U（ワ×A）つ（ワ1×ワ2）×A・  

＝fvese七z（入）＝◎（（七0，入））for each入∈＾，七hen   

（2）z（入）∈◎（cIu（ワ〉くA） （Fx（入）））⊂  

⊂cIuzゆけ×（入））＝CユリzF入・  

We nov show七ba七z（入）＝Z（リ）for eacb入，リ∈A．Suppose七ha七  

Z（入1）≠z（入2）for some入1，入2∈＾；七hen七hey・havedisjoin七neigh－  

borhoodsUi，reSPeC七ively・SinceVi＝◎－1（Ui），i＝1，2，are  
neighborhoodsof（七0，入i），七hereexis七neighborh00aSG・Of七01n l  

TlXT2SuCh七ha七GiX（入i）⊂Vifori＝l，2・Then since                      l l l  
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◎（Ex（入11）＝◎（Ex‡入2‡）an且UユnU2＝め，GlnG2∩丑is飢p七y，  

Vhichcon七radic七S七hefacセセhaセセ0∈cIuTE・Hencez（入）＝Z（リ）  

for each入，リ∈＾．This fac七combined with（2）proves claim2．  

ThereforeZisthe且esiredspaceZ（托，m）・  
l  

A spa．ce Xis called a M00re SPaCe（or a d．evelopat）1e  

space）if七hereexis七sacoun七ablecollec七i。n（unln∈N）。f  
。PenCOVerSSuCh七ha七（S七（Ⅹ，un）！n∈N†isaneighborhoodbase  

foreachx∈Ⅹ・HereS七（Ⅹ，un）＝∪（U∈unlu∋Ⅹ†・Thecollec一  

七i。n（unln∈Ⅳ）土scalled∈L且evelopmen七紬rX（cf・【AS］，〔別）・  

＝七isknovn（［Bh］）七ha七aM00reSPaCeis s豆bparacompac七・   

6．6．3 FACT．For eachinfini七e card．inalYl，七here exis七s a  

O－dimensionalMoorespaceZ＝Z2（几），Vl七h回＝W（Z）＝托・eXp㌔，  

七ha七has a discre七e fa皿ily F of closed sul〕Se七sin Z such七ha七  

困＝托andn（cl。ZFly∈F）≠れ  

Pr00f．Le七V be七he space of＝sbell［GJ，5＝，P．79］，Vhich   

is made as fL0110WS：Ch00Se a maXimalfamily S of－infini七e sut）Se七S   

of N such七haセセhein七er・SeC七ion of any七wois fini七e（apply  

Zorn－slema七。［E，3・6・18］）・Then［sI＝eXPズ。・Le七D＝ （山sI  

S∈S）be a new se七of disjoin七POin七s，and define V＝＝ⅣUD wi七h   

七he follovlng七op0logy：Each poin七of Nisis01a七ed）Vhile a  

neighborhoo且of山isany se七COn七ainingusa・ndallbut fini七e  
s  

m血ber of poin七s of S・Then Vis O－dimensionalIandi七vas prove丘  

in［GJ］七hat Vis pseud．ocompac七（i．e．，UV＝βV by3．3．3）but   

no七 coun七ably compac七・Further Vis known七o t）e a M00re SpaCe；  
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infac七，Vehaveadevelopmen七（Gnln（N）forVbydefining  

Gn＝（（（uslUS）－Knls∈S）∪（（n）ln∈N），WhereKn＝（i∈Ⅳ  
i≦n），foreachnEN・Le七ussetT＝W（uo＋1）×V・ThenTis  
ao－dimensionalM。OreSPaCeVi七h［T［：Ⅴ（T）＝eXPRb・Since  

W（uo＋1）1sco叩ae七，ま七で0110VSfroml・2七ha七  

（1）uワ＝W（山0＋1）×UV（＝W（山0＋1）×βY）・  

Since Vis no七coun七a・1⊃1y compac七）七here exists a decreasing se－  

quence（Hnln＜u。）。fcl。Sedsubse七SinVvi七hemptyin七er－  
SeC七i。n・SinceuV：BV，VeCanfindapoin七po∈∩（cl。VHnl  

n＜u。）・Le七us se七E＝（uo）×V，F＝∪（（n）×HnIn＜u。）  
and七0＝（山0，Po）；七henEandFaredisjoin七closedsubse七SOfT  
SuCh七ba七  

（2）七。∈cl。㌔ncl。ワF・  

Le七 ＾be七he d・iscre七e space of card－inali七y yl・We make a space Z   

from T x＾by七he same vay asin七he pr00f of6．6．2．Le七¢：T x＾   

＋：乙be 七わe na七ural皿ap．  

×（入））  

W
⊥
 
 

0
 
 
 

Then七he resul七ing space Zis a O－dimensionalMooTe SPaCe Vi七h  

Jzf＝Ⅴ（Z）＝托・eXP㌔・In且eed，den。七ing七hedevel。PmentforT  

by（Vn t n∈N），Vehaveadevel。pmen七（unln∈N）foTZby  
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definingun＝∪（u（Ⅴ）lv∈Vn）foreachn∈N，Vhere  
（¢（Ⅴ×A））  土r VnE≠れ  

（¢（V x（入））I入∈A）if VnE＝れ  
U（Ⅴ）＝  

Le七us se七F入＝中（Fx（入））foreach入∈＾・Then（F入  入∈A）1s  

a d・iscre七e fa皿ily of closed subse七sin Zコ and・a Similar argumenセ  

セ0七ha七。f6・6・2shovstha七∩（cl。ZF入I入（＾）≠＠・HenceZis  

PrOVed七obe七hedesiredspaceZ（n）・  
2  

We nov proceed七○ ワask 2．  

6・7  NOTAT＝0Ⅳ・Le七色，m beinfini七e cardinals vi七h良三m，and  

∑＋（た，m）＝∑∪｛s｝七hespacedefinedln6・1・Then∑毘（た，m）deno七es  

七he q旦○七ien七spaceobtainedfrom∑＋（良，m）×D（几）byc011apsing  

七he se七（s）×D（托）七。aP。in七y。・The space∑芸（k，m）isaO－di－  
mensionalparacompac七 space，and．itis a P（mトspacein case mis  

aregularcardinal・No七e七ha七I∑毘（た，m）［＝k・れandw（∑毘（た，m））＝  

（Ⅴ（∑＋（良，・Ⅲ‖）托．  

6．8  THEOfiEM．Le七Ⅹbe alocally weakly－m－COmPaC七space．If  

UX－Ⅹhasapoin七Ⅹ0，Vi七hx（Ⅹ0，UX）三托，七ha七hasnoneighbor－  
hoodin uX vhose res七ric七ion七0Ⅹis weakly－m－COmPaC七，七hen X x Y  

isno七C－embedde且inuXxY，VhereY＝∑も（Ⅴ（Ⅹ），m）・  

Pr00f・Le七Ⅹo be apoin七of uX－Ⅹsa七isfying七he s七a七ed  

COndi七ions・Le七（G入い∈＾）beaneighborho。dbasea七Ⅹoin  
UXvi七blAl＝仇 恥reach入∈A，Ⅹncl。ⅩG入土sn。七Vea瑚卜用－COmpaC七，  
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and・七hus七here exis七s an open cover LLOfX such七ha七no subfunily  
入  

Ofcardinalityless七hanmhas denseunioninXnG入・Le七us se七  
∑＋（Ⅴ（Ⅹ），m）＝∑∪（s）．sincei七canbeassumedvi七hou七lossof  

generality七ha七Iu入l＝Ⅴ（Ⅹ），Weden。七e七hecollec七i。nOfall  

subfamilies。fu入Whosecardinalityisless七hanmby（u入口1  
ロ∈∑），Whereu⊂G－ifandonlyifu 

入口⊂u入o一 
・If－We Se七H入0  

（ⅩnG入）－Clx（∪（U L u∈u入。‡）foreacho∈∑，七henH入。isa  
non－emP七yopense七・Pickx 入u∈H入u， andchoosef 入口 

tha七f入u（Ⅹ入0）＝Oandf入0（Ⅹ－H入0）＝（1†・Top0loglZe＾vi七h七he  

discrete七opol。gy・Since回＝托，Y＝∑毘（Ⅴ（Ⅹ），m）ismadefrom  

（∑∪（s））x Abyc011apslng七be se七（s）×A七o ap01n七y∈Y・  
o  

Le七車（∑∪‡s））×A十Yもe仙e耶0七1en七map．工f ve se七中（（ロ，入））  

＝y入o  
for each入∈几andeachu∈∑，Sinceyisanisola七eapoint  

入O  

OfY，thereexis七Sg入u∈C（Y）suchtha七g入u（y入0）＝Oandg入0（Y－  
（y入0））＝（1）・ For each入∈＾and・eaCho∈∑，1e七us se七  

p入口 
＝（Ⅹ入口，y入口）∈Ⅹ×Y，  

K入口＝H入口 
×（y入口）⊂Ⅹ×Y，   

b入口（（Ⅹ，y））＝m土n（1，f入口（Ⅹ）＋g入口（y））；（Ⅹ，y）∈Ⅹ×Y・  

Thenb入口∈C（Ⅹ×Y），h入口（p入口）＝Oandh入口（（Ⅹ×Y）－ K入口）＝（1）・  

Clalml・Kニ川入。l入∈A，ロ∈∑†isloeallyで1ni七ein  

X x Y：ワo prove七bis clalm，1e七p＝（Ⅹ，y）∈Ⅹ×Y・工n case y＝  

y入口 
fばSOme入∈Aandロ∈∑，Ⅹ×‡y）土sane土ghbo抽00doでpwhicb  

mee七s onlyKEK・Incasey＝ yo， Ch00SeaVeakly－m－COmPaC七  入o  

neighborh00d・G（Ⅹ）ofx；七henfor each入∈＾七hereis u入∈∑such  
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七ba七G（x）⊂clx（∪（UIu∈u入口入））・1e七usse七G（y）＝∪†ゆ（抽入）  

×（入））い∈＾），VhereJ（ロ入）＝（s）∪（0∈∑iu⊃u入）・ThenG（y）  

is a neighborhood of yin Y，and G（Ⅹ）×G（y）meets no meI血er of K．   

Hence Kis pTOVed七o七）elocally・fini七ein X x Y．  

I）efine a func七ion h on X x Y t）y  

b（q）＝1nで（h入。（q）t入∈A，ロ∈∑）；q∈Ⅹ×Y・  

Then his con七inuous，Since Kislocally fini七e．  

Claim 2． The func七ion h admi七S nO COn七inuous ex七ension   

over ux x Y：To prove七his claim）1e七Ⅴ×Wl⊃e a glVen basic  

neighborhoodof（Ⅹ 0，yo ）inuXxY・TheTeis入〔＾vi七hG入⊂Ⅴ・  

Ch00SeO（∑vi七hy入0∈W・Thenbo七hpl＝ （Ⅹ入G，y入0）andp2＝  

（Ⅹ入u，yO）belong七○Ⅴ×Wan且h（pl）＝0，Whileh（p2）＝1・This  
shovs七ha七hdoesno七ex七endcon七inuously七0（Ⅹ 0，yo）・Hence  

七be pr00fis comple七e・  

6．9  For prac七icaluse，We S一∬1marize essen七ialinforma七ion  

abou七SPaCeS COnS七ruc七ed．above．Le七h，m and－yL beinfini七e   

Cardinals．  

十 
6・9・1＝fZl＝Zl（托，m☆），∑ ＝∑＋（良，m＃）andn・m器三k，七hen  

F（Zl，∑＋）isaO－dimensionalme七acompac七P（m）－SPaCeSuCh七ha七  

Ⅴ（F（Zl，∑＋））＝lzl卜w（Zl）・W（∑＋）  

＝Izl卜l∑十l（＝lF（Zl，∑＋）Ⅰ）  

≦托・（弼＋・eXp良＝eXpk・  

Incasem＝ ㌔，Sincev（∑＋）＝た，  

Ⅴ（F（Zl，∑＋））＝匝（Zl，∑＋）l＝几・鴨）＋・良＝たサ  
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＋ 

6・9・2工fZ2＝Z2（れ），∑ニ∑（k，㌔）an…三良，七ben，Sincea 十  
M00reSPaCeissubparacompac七，F（Z2，∑＋）isaO－dimensionalsub－  

paracompac七 SpaCe SuCh七ha七  

＋ 

w（F（Z2，∑＋））＝lz2l・Ⅴ（Z2）・Ⅴ（∑）  

＝lz2l・l∑＋l（＝毛F（Z2，∑＋）l）  

≦托・（exp㌔）・k＝k・eXp㌔・  

＋ 6・9・3工で∑ ＝∑＋（k，m龍），∑張＝∑毘（k，m粥）andm覚三k，七hen∑≠isa  
a o－dimenslonalparacompac七P（m）－SpaCe SuCb七ba七  

Ⅴ（∑龍）＝（Ⅴ（∑＋））托三（exp良）托and  

t∑詭l＝几・l∑＋l≦托・eXpた・  

6．10 We conclude七his sec七ion by applying ouT七heory七o ansver  

七heqpes七ionofHu首ek［H・P・326］；Do七hereexis七minimalcar且i－  
7  

nals m，托でor vhlchlxl＝m，lYl＝托and u（Ⅹ×Y）≠ux x uY？  

The folloving example provid．es a posi七ive answer 七0七his qJleS七ion・  

6．10．1EXAMPLE．Le七Q be七he space of allra七ionalnunibers vi七h   

七he usual七op010gy． TheTe eXis七S a O－dimensionalme七acompac七  

spaeeYv比hlYl＝Ⅴ（Y）＝彗sucb七ba七U（Q〉くY）≠Qx uY・  

pr。。で・We七akef。rY七bespaceF（Zl鴨，㌔），∑＋鴨，㌔））  

defined a七）○Ve．Then，by6．9．1，Y sa七isfies七he s七a七ed．cond・itions・  

S土ncev（Q）＝X（Q）＝鴇，i＝01lovsfrom6・互七ba七U（QxY）≠  

Q x uY．  

6．10．2REMARK．This qTleS七ion vas firs七 ansvered by七he au七hor  

35   



in［0］；however，七he spaceYexhibi七edthereisno七me七acompac七  
3   

andv（Y）＝eXP㌔・Inll・5・1，VeShallals。makeaO－dimensi。na1  

locallyc。mpaC七spaceYvi七blYl＝Ⅴ（Y）＝㌔sucb七ba七U（Q〉くY）  

≠Q x uY（see als015．8．1）．  
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Pr00fs or七heorems（う．1，5．h and．5．6）  7．  

7・1  PREREQUISITES．We make use of七he folloving resul七S：  

7・1・1（価］，［H2］）IfXIsveakly－m軋compac七andYisa  

P（m）－SPaCe，七hen七hepTOjec七ion¶Y：Ⅹ×Y＋Yis2－Closed・  
（＝七should．be no七e丘七ha七a spaceis a P（m）－SPaCeif and．0nly   

までl七is a P（川普トspace．）  

9 7・1・2（［H］）Le七m＜ml・工fXisaP（m）－SpaCe，SOisuX・  

We t）egln Vi七h七he d．etailed七heorems vhich cons七i七u七e   

par七S O∫5．1，5．h and5．6．  

7．2  TKEOREM． For eachinfini七e card．inalm，七he f01loving  

C。ndi七i。nS。naSPaCeX，Vi七h回＜ml，areequivalen七‥  

（a） Ⅹislocally veakly一例非－COmpaC七．   

（b） Ⅹ×Yis C－embeddedin X x uY for each P（m）－SPaCe Y．   

（c） Ⅹ×Yis C－embeddedin X x uY for each O－dimensional  

me七acompac七P（m）－SPaCe Y■wi七h v（Y）三e琴p W（Ⅹ）．  

＝ncasem＝ 鴇，七hef01lovingc。ndi七ionsareals。eqJliv－  

alen上 土○ 七he above：   

（cl） Ⅹ×Yis C－embed．dedin X x uY for each O－dimensional  

me七ac鱒paC七spaceYvi七bv（Y）三Ⅴ（Ⅹ）・ち・  

（d） Ⅹ×Yis C－embedd．edin X x uY for each O－dimensional  

Subparacompac七SpaCeYv土七hv（Y）三Ⅴ（Ⅹ）・eXp戦・  

PT00f．（a）＋（b）．Le七Y be a P（m）－SPaCe．Since Xis   

locally veakly－m龍一COmpaC七，i七 Suでf土ees七O Sbov七ba七S x Yis  
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C－embedLdedin S x uY f’or each veakly－m非－COmpaC七 subse七S of X．  

Le七SbeaglVenVeakly－m＃－COmPaC七subse七ofX；then¶Y：SxY  
十YIsz－Cl。Se＝y7・1・1・S土ncelsl＜ml，比で。1lovsでmm3・L  

七ha七 S x Y is C－embedd．ed．in S x uY．  

（b）＋（c）．ot）Vious．  

（c）十（a）．suppose on the con七rary七ha七Ⅹis no七locally  

Weakly－m龍一COmPaC七a七Ⅹ0∈Ⅹ・Le七n＝X（Ⅹ0，Ⅹ），andle七us se七Y＝  
F（Zl（几，m龍），∑＋（Ⅴ（Ⅹ），m＊）），aSdefinedin七heprecedingsec七ion・  

Then，by6．9．1，Yis a．0－dimensionalme七a．compac七P（m）－SPaCe Vi七h   

w（Y）三exP・W（Ⅹ）．＝七follovs fTOm6．Lt七ha七Ⅹ×Yis no七C－ehbedded   

ln X x uY．Thus ve have（a）．  

＝ncasem＝㌔，（b）＋（cT）and（b）・（d）areobvi。uS・  

（c．）＋（a）．Apply七he pT00f－of（c）＋（a）七O the case m＝  

㌔・Thenw（Y）三W（Ⅹ）・ち，aSnO七edin6・9■1・  
（d）ヰ（a）．ワbe pr00f土s七he sa皿e aS七ba七Of（c）＋（a）汀  

。neC。nSiderY七。beF（Z2（几），∑＋（Ⅴ（Ⅹ），㌔））（七hen，by6・9・2，Y  
isaO一且imensi。nalsubparacompac七spacewi七hv（Y）三Ⅴ（Ⅹ）・eXP鴇）・  
Hence 七he pr00fis comple七e．  

7．3  REMARK．In7．2，（a）＋（b）is essen七ially due七O Hu首ek，  

血osbovedin［H］七ba七aリー画r（Ⅹ，Y）ofalocallyveakly誹－  
9  

－C。mPaC七spaceXvi七hl可＜mlandaP（m）－SPaCeYcanbedescTibed  

in七ermsoffunc七ionspaces（seesec七i。n2）・F。rm＝㌔，（a）す  

（b）wasearlierprovedbyComfoT七in［c］・  
3  
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7・h REMARK・In the preced・ing proof，七he assumP七ion七ha七lxl  

＜mlSuSefulonlyfor七heimplica七ion（a）＋（b）・  
l  

7・5  THEOREM・For eachinfini七e cardinalm，七he f0110Wing con－   

d・i七ions on alocally・Veakly－m＃－COmPaC七 SP、aCe X are equivalen七：  

（a） Each poin七of uX－Ⅹhas a neighborh00d（；in uX such七ha七  

GnX土s veakly－m龍一COmpaC七．   

（b） Ⅹ×Yis C－e血beddedin uX x Y for each P（m）－SPaCe Y．  

（c） Ⅹ×Yis C－embeddedin uX x Y f・or each O＿dimensional  

paracompac七P（mトspace Y w土七b v（Y）三eXp・W（ux）．  

Pr00f．（a）十（b）．Le七Yl〕e a P（m）－SPaCe，and．1e七f∈  

C（Ⅹ×Y）・For our en且，i七suffices七o find．，for each x∈uX－Ⅹ，   

a neighborhood G of x such七ha七 f can be con七inuously ex七ended  

over（Ⅹ×Y）∪（G x Y）．Le七Ⅹ∈uX－Ⅹ．Ch00Se a COZerO－Se七neigh－  

もorhoodGofxinuXsucb七ha七ⅩncIuxGisveakly－m龍一eOmpaC七・  

Ifve se七Ⅹ1＝ⅩncIuxG，七hen¶Y：Ⅹ1×YヰYis z－Closedby7・1・1，  
andsoi七f0110VSfrom3・htha七Ⅹ×YisC－em七eddedinuXXY・  

1 l  

Thereis acozero－Se七GOf uXVithGnX＝GnX・Thenfcan  
l  1 1 1 

becon七inuouslyex七en且edoveT（Ⅹ×Y）∪（GXY）・By3・3・2，  
l  

Gl＝U（GlnXl）＝U（GnX）＝G・  

Hence f a血1i七S a COn七inuous ex七ension over（Ⅹ×Y）∪（G x Y），aS   

required．  

（b）→（c）．ot〉Vlous．   

（c）＋（a）■ Assumetha七（a）isfalsea七somex∈UX－Ⅹ・  
o  

We七ake forY七he space；毘（Ⅴ（Ⅹ），m米）d・efinedin6・7，Vhere几＝  
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X（Ⅹ0，UX）・Then，by6・9・3，YisaO－dimensionalparacompact  

P（m）－SPaCe Vi七hv（Y）三eXP V（ux）．since Xislocally weakly・  

－m非－COmPaC七，i七follows from6．8七ha七Ⅹ×Yis no七 C－emt）edded   

in uX x Y・Hence七he proofis comple七e．  

＝七migb七bein七eres七ing七o know vhe七herin7．5七he assump一   

七ion七ha七Ⅹislocally veakly－m非－COmPaC七 can be omiセセed・Or nO七．   

The following七heorem shows七haセセhis omissionis possit）1e for  

研＜mユfveallovX七obeaP（用）－SpaCe・   
l   

7・6 THEOREM・Le七ⅩbeaP（m）－SPaCe，Vherem＜m 
l・ 
＝fXxY  

is C－embedded・in uX x Y for each O－dimensionalparacompac七P（m）－  

－SPaCe Y vi七h w（Y）三X（ux），七hen Xis realcompac七．  

Pro。f・Form＝鴇，七bis七heoremvasprovedもyMcAr七hur  

ln【Ml］・Ourpr00f土sasl土gh七mod土flcaセユonorb土spr00f・  

Suppose on七hecon七rary七ha七Ⅹisno七realcompac七・Choosex∈  
o  

UX－Ⅹ，andle七（G入l入∈＾）beaneighborh00dbasea七ⅩoinuX  
Wi七hlAl≦X（ux）・Le七usse七Y＝＾U‡y。），七。P。l。gizedasfollovs：  

Eachpoin七of＾isis01a七ed．and（J（入）llE＾），WhereJ（入）＝  

（y。）∪（入一∈＾［G入一⊂G入），isaneighborho。dbasea七y。・ThenY  
is a O－d，imensionalparac叩paC七space vi七h v（Y）三X（ux）．By7．1．2，  

UXis a P（m）－SPaCe，Whichimplies七ha七Yis a P（m）－SPaCe．FoT  

each入∈＾，Ch0OSef入∈C（ux）such七ha七f入（Ⅹ。）＝Oand㌔（ux－G入）  
＝（1）．Def－1ne a fune七ion b on X x Yl〕y  

互○   



h仙））＝ ’ （：入（∴；：≡：‡A．  
Then h〔C（Ⅹ×Y），and．i七is easily checked，七ha七h canno七be ex一  

七endedcon七1nuously七0（Ⅹ0，yo）∈uxxY・ワhlscon七radlc七ion  
COmPle七es 七he pr00f’．  

We are novin a posi七ion七O PTOVe 七heorems s七a七ed．in   

SeC七ion5．Before pTOVingう．1，Ve give pr00fs of5．互and．5．6．  

7．7  Pr00f of Theorem5．h．（a）＋（b）．Le七Ⅹbe a space sat－   

isfying5．LL（a），and．1e七Yl⊃e a P（m）－SPaCe．By7．う，Ⅹ×Yis   

C－embed．d．ed．in uX x Y． On七he o七her hand，Since uXislocally   

Veakly＋m器－COmPaCt，it f0110VS from7．2七ha七 UX x Yis C－embedded   

in uX x uY，and so u（Ⅹ×Y）＝UX x uY h01d．s．（b）＋（c）is cleaT．  

（c）＋（a）・S土ncelxl＜川1もy＝，比r。u。WSfr。m7・2and7・う  

七ha七Ⅹsa七isf．ies（a）．Hence七he pr00fis comple七e．  

7．8  proof of Theorem5．6．（a）＋（b）is七he specialcase of  

（a）す（b）1nう・h．（b）＋（e）1s obv土ous．（c）＋（a）．slnce回  

＜m吋h・互，1七f01lovs蝕om7・2七ba七Ⅹislocallyweakly－m龍一  
l  

－COmPaC七．I七Temains 七O PrOVe七ha七 Ⅹis Tealco叩aC七． ＝n case  

m≧ml，Ⅹisdiscre七e，becauseXisaP（m）－SPaCeVi七hlxI＜m l・  

Since a discre七e space of non－meaSuTable cardinalis realcompac七，  

Ⅹis realcompac七・Incasem＜ml，Sincex（ux）三eXPV（Ⅹ）by  
3．2．3，i七follovs from7．6七hat Xis realcompac七．Hence七he   

proof■1s comple七e．  

互1   



7．9  Pr00f of TheoTem5．1．（a）＋（b）follovs fTOm七he case  

m＝鴨。f5・6・（b）サ（c）and（b）＋（d）areo加10uS・B。七b  

（c）＋（a）and（d）→（a）f01ユow from h．h，7．2and7．6．且ence   

七he proofis comple七e．  
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8．   on R（normal）and R（coun七a．bly paracompac七）  

In5．8，Ve have conjec七ured．七ha七R＝R（normal）＝   

R（coun七ably paracompac七）．In this sec七ion，Ve PrOVe these   

equali七iesin七he class of firs七 coun七able spaces．  

8・1 THEOREM．Le七Ⅹbe a firs七COun七able space．Then七he   

f01lowing condi七ions on X are eqJlivalen七：  

（a）Ⅹislocallycompac七，realcompac七and tXi＜m 
l・  

（b） u（Ⅹ×Y）＝UX x uY h01d．s foT eaCh nor・malspace Y．  

（e） u（Ⅹ×Y）＝UX x uY h01d5for each coun七ably paracompac七  

SpaCe Y．  

Pr00f．Bo七h（a）＋（b）and（a）＋（c）are七he resul七S Of   

l．2（orう．1）．when provユng（b）＋（a）and（c）→（a），七ha七Ⅹ  

1srealc。叩aC七andlxl＜mlで。11。WSfrom7・6and互・む・加sbov  

七helocalcompac七ness of X，in viev of6．3．3and．6．互，i七suffices   

七0 0t）SerVe 七he f’01loving七ⅤO fac七s．  

8・1・1FACT・Thereexis七sanormalspaceZ＝Z3鴨）七ha七has  

ae。un七ablelocallyf加ユセefa皿11y（F。In紺）。rCl。Sedsuもー  
Se七SinZsucb七ba七∩（el。㌔n‡n∈N‡≠れ  

Proof．Le七Z be Ruain－s example of a Dowker（i．e．，  

normalbutno七coun七ablyparacompac七）space（cf・［R］）・I七  
l  

1 VaSShovnin［R］七ha七ZhasadecreasingseqJlenCe（Dnin＜u。）  
Ofclosedsubse七svi七hemp七yin七ersec七ionsuch七ha七∩（cl。ZFn‡  
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n＜uo）≠れ Since（Dn t n＜w。Iisclearlyl。Callyfini七e，  
Zis七hedesiredspaceZ（）・   

3 O 

8・1・2 FACT・There exis七s a coun七ably paracompa・C七space Z＝  

Zし（鴨）七ha七hasac。un七ablelocallyfinitefa皿ily†Fn］n∈Ⅳ）  
OrCl。Se且suもse七s土nZsucb七ba七∩（cl。ZFnln∈Ⅳ）≠れ  

Pr00f・Weu七ilize七hespaceYdne七oComfor七［c，P・99］  
2  

（independen七1y due to Mack and＿Johnson［MJ］）．The space Yis   

COnS七ruc七ed・aS七he q旦○七ien七 BPaCe Ob七ained from七he pro血1C七 space  

ワ0＝封×Ⅴ（ul＋1）×W（ul＋1）by土den七土fylng，for由cbk印and  

eachY≦ul，七he七WOPOin七s（k，ul，Y）and（k＋1，Y，Wl）・Le七f：  

To＋Ybe七heqpo七ien七map，andle七us se七Z＝Y－（yo），Vherey o  

is七hecen七eTPOin七f（（1，ul，山1））（＝f（（k，Wl，ul）））・Thenhe  
proved七ha七UZ＝Y・Le七ussetT＝ 

Tg 
イ1（yo）andg＝flT・  

Since Tis coun七al⊃1y paracompac七）and since gis a perfec七map   

fromワon七o Zi，ZIs cou皿七al⊃1y paracompac七． Seセセing  

Fn＝f（（ill≧n）×W（ul＋1）×W（ul＋1））nz  
foreachn∈N，VeObtainalocallyfini七efa皿ily‡Fnln6N）。f  
Cl。Sedsubse七sinZsuch七ha七y。∈∩（cl。ZFn［n∈Ⅳ）・HenceZ  

is七hedesire且spaceZh（彗）・Fac七s8・1・1and8・1・2comple七e七he  

proof of8．1．  

8．2  RⅢ岨RK．＝n8．1，一一normal‖oT‖coun七ably paracompa．c七一一can   

no七be replaced by－Tnormalcoun七al〕1y paracompac七TT（see5．8）．  
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9．  Prot）1ems and．remarks  

9．ユ  PRO肌EM．工s主上セrue七ha七R＝R（normal）＝R（coun七al〕1y   

paracompac七）？More generally，for eachinfini七e cardinalm，   

土slセセrue七ba七R（P（椚））＝R（normalP（m））＝R（coun七al〕1y para－   

compac七P（m））？  

9．2 ‡⊃RO〕弧丑M．A space Z＝Z（托）wb土ch has alocally fまni七e  

紬milyF。fclose且subse七s sucb七ha七】F】＝托andn（cl。ZF【F〔F）  

≠¢has played．animpor七an七role throughouセセhis chap七er．＝七   

ⅤOuld．be nice七o have exanPles of．Z（YL）vhich have various o七her   

PrOPer七ies． Among o七her．七hings，Ve Vanセ セhe f01loving ones：   

（1） a normalP（mトspaee z（れ），   

（2） aCOun七a七1y paracompac七P（m）－SpaCe Z（托），  

（3） ame七acompac七subparaco叩aC七Sp乱Ce Z（托）Ⅴ比blz（托＝＝  

Ⅴ（Z（両）＝几・ち・  

The exis七ence of（1）and．（2）guaran七ees9．1七01〕e七rue，a．nd．七ha七   

of（3）ena七1e us七O rePlaceI－me七acompac七‖by‖me七acompac七sub－   

paracompac七1－inう．1（c）．The cons七ruc七ions d．eveloped．in6．6．2   

and6．6．3canno七be duplica七ed七o make（1），beca11Se eVery Pair－   

Vise disjoin七 closed sut）Se七S Of a normalspace T have d＿isjoin七   

closuresin uT．I七should be emphasized七ha七（1）mus七be a Dovker  

SPaCe（see8・2）・Recen七1y，Rudin［R］hasproved七ha七for each  
2   

infini七e cardinalK七heTe eXis七s a normalspace Z，Called a r＜－  

－D。Vkerspace，Vhichhasam。nO七onedecreasingfamily‡㌔l  
α＜h）（K））of cIosed．subse七S Wi七h emp七yin七ersec七ion such七ha七  
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∩（cl。ZFαtα＜山（K））≠¢，Vhereu（に）且en。七es七heini七ial  
Ordinal of K：． The author d．0eS nO七 knov whe七her 七he K－Dovker   

SPaCe has 七he d．esired．10Cally fini七e families or no七．  

9．3  PROBLEM．Do there exis七 any o七her condi七ions on Y for   

Vhich 5．1rema土ns valid？  

9．LL We七emporarilySay七ha七a space Xis anα（m）－SPaCeif   

each poin七 Of uX has a neighborhood．Gin uX such七ha七 GnXis   

Veakly－m－COmpaC七．  

9・h・1PROBLEM・Charac七erizeR（α（m））foreachα＞鴨・  

Sinceanα（範）－SPaCeispreciselyalocally．c。mPaC七，Teal－  

compac七space，9．互．1can be vieved as an ex七ension of七he prol〕1em   

of charac七erizing R（10Cally・cOmPaC七，realcompac七）（see LL．3）．   

The f0110Wing proposi七ion shows tha七R（α（m））＝R（weakly－m－COm－   

pac七）．  

9．h．2 PROPOSrT＝ON．For eachinfini七e cardinalm，七he f01loving   

COndi七ions on a．space X are eq旦ivalen七：   

（a） u（Ⅹ×Y）＝UX x uY holds for eachα（m）－SPaCe Y．   

（b） u（Ⅹ×Y）＝UX x uY holds for each weakly－m－COmPaC七SPaCe Y．  

Pr00f．Since a weakly－m－COmPaC七spaceis anα（m）－SPaCe，   

（a）＋（b）is ol〕Vious．To prove（b）＋（a）， 1e七Y be anα（m）－SPaCe，   

and．1e七f∈C（Ⅹ×Y）．For each y∈UY，Ch00Se a COZerO－Se七neigh－  

borb00dGofy such七ba七YncIuYG土sveakly－m－CO叩aC七・工fWe Se七  

互6■   



Y1 ＝YncIuYG，七henu（Ⅹ×Yl）＝UXxuYlh01dsby（b）・There  
is acozero－Se七GOfuYWi七hGnY＝GnY・By3・2・2，G＝  

1 1 ll l  

U（GlnYl）＝U（GnY）＝G，andsofcanbecon七inuouslyex七ended  

OVer（Ⅹ×Y）∪（ux x G）．since y∈uY vas arbi七rary，七山s sbows   

七ha七 f ad．mi七s a con七inuous ex七ension oveT UX x uY． Hence 七he   

pr00fis comple七e．  

9・5 PROBLEM・Charac七erizeR（realcompac七）7・Hu冨ek［H6］，  

［H8］andMcAr七hur［Ml］proved七ha七eachmemberXof七hisclass，  
Vi七hixいⅧ1，1sreaユCOmpaC七（cf・als。7・6）；bovever，七he  

Charac七eriza七ionis no七 ye七 knownin comple七e form．  

7   Thisproblemhasbeenposedby七heau七horin［0］・  
3  
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CHAPTER 2  

CHÅRACTERIZAT＝ONS OF THE CLASSES R（k），   

R（locally compac七），R（M00re）ANI）R（10Cally pseudocompac七）  

A space Xis called a k－SPaCeifi七 has 七he veak七op010gy   

d・e七ermined・by七he f■amily’Ofi七s compac七 sut）Se七s，i．e．，S⊂Ⅹis   

OPenif and・Onlyif．SnKis openin K f－or each compa．c七 sut）Se七K   

of X（cf．［E］）．Locally compa．c七SPaCeS and．firs七coun七at）le   

SPaCeS are k－SPa・CeS・ No七e 七ha七 aJM00re SPaCeis f－iTS七 coun七at）1e，   

and hencei七is a k－SPaCe．  

10．   Main 七heorems  

＝n七his sec七ion，We S七a七e main七heor∈mlS Of 七his chap七er   

and．discuss some remarks． The pr00fs villl⊃e glVenla七erin   

SeC七lon12．  

10．1 THEOREM・ The f01loving condi七ions on a space X are   

eqJlivalen七：  

（a） uxislocallyc。mPaC七andlxI＜m 
l・  

（b） u（Ⅹ×Y）＝UX xリアbolds ror eacb k－SpaCe Y．  

（c） u（Ⅹ×Y）＝UX x uY h01d・S for eachl。Cally c。mPaCTISPaCeY  

V土七bv（Y）三X（ux）・旦・  

（d．） u（Ⅹ×Y）＝UX x uY h01且s foT eaChM00re SPaCe Y wi七hv（Y）  

≦X（ux）・eXp鴇・  
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10－2 REMARK・InlO・1，（a）＋（b）vasprovedbyHu首ek［H8］，and  

i七vasalsoprovedin［c3］under七heassump七i。n七ha七lxxYl＜ml・  
Conversely，in［0］，七heauthorhasproved（c）＋（a）wi七houセセhe  

3  

Card土nali七ycondi七lononY・m汀（b）＋（a）， Seealso［02］・   

10・3 RfMKS．（1）As七he reader willobseTVein七he proof，   

10．1remains validif O－dimensionali七yis added七○ 七he conditions   

on Y土n（b），（c）and（d）．  

（2）＝七villbe shownin13．1七ha七in（d）一一MooreTT can be  

replacedby一一10Callycompac七，M00reT－ifx（ux）三expポ0；hovever，  
七he au七hor d－OeS nO七 knov whe七her七his replacemen七is possil〕1ein   

general（cf．13．1．1）．  

（3）Recallfrom［c］七ha七aspaceisユocallypseu且ocompac七  
3  

if．each poin七has a pseudocompac七neighbor・h00d・＝f uXislocally   

COmPaC七，七hen Xislocally pseudocompac七，buセ セhe converseis  

false（see［c］）・Asfor七hepTOblemofwheni七villoccur  
3  

七ha七UXislocallycompac七，See［B3］，［c2］，［c3］，［HL］，［I6］，  

［Ⅰ7］and［㌔］・   

10．Lt EXAMPLE．1nlO．1（c），localcompa．c七ness of Y canno七be  

Veakened・七010Calpseudocompac七ness・Le七Ⅹi，i＝1，2，bepseudo－  

×Ⅹ2isn。七pseud。C。mpae七  C叩ae七spacesvl七h吋＜川1SuCb七ba七Ⅹ1  

（e・g・，See［E，P・265］）・ThenuX・＝βⅩiby3・3・3，andsouX ・  

arecompac七，bu七i七follovsfroml・1七ha七U（Ⅹ1×Ⅹ2）≠uxlXUX 2・  

Conse耶・en七1y，R（10Cally eompac七）≠R（locally pseudocompac七）．  

互9   



The nexセセheorem asser七S七ha七R（10Cally pseud．0COmPaC七）  

＝R（10Cally compac七）nR（pseud＿OCOmPaC七）．we now・Say tha七a   

SPaCeis a pseudo－k－SPaCeifit has七he veak七op010gy de七ermined   

by七he fa皿ily ofits pseudocompac七 subse七s・Locally‡）Seudocom－   

PaC七 spaces and k－SPaCeS are PSeud．0－k－SPaCeS． The class of all   

SPaCeS X such tha七Ⅹ× Yis pseud・OCOm玉）aC七 for each pseud・OCOmPaC七  

space Yis且eno七ed by野，an且wasin七ensively s七udied．by Fr01ik  

［F2］andNoble［N2］・Wecallamemberof野as七ronglypseudo－  

COmpaC七 space．  

10．5  TH瓦：OREM． The folloving cond．i七ions on a space X are   

e叫ユvalen七：   

（a） Each poin七of’uX has a neight）Orh00d Gin uX such七hat  

GnXiss七r。nglypseudoc。mPaC七，and LxI＜m 
l・  

（b） u（Ⅹ×Y）＝UX x uY hold．s for each pseud＿0－k－SPaCe Y．   

（c） u（Ⅹ×Y）＝UX x uY hold．s for eachlocally pseudocompac七  

SpaCe Y．   

（且） u（Ⅹ×Y）＝UX x uY hol且s for eacblocally compac七space Y  

and．for each pseudocompac七 space Y．  

10．6 REMARKS．（1）工e七us say七ba七a spacelslocally s七rongly   

PSeudocompac七if each poin七 has a s七rongly pseudocompac七 neigh－   

boThood，． Since a pseud．ocompac七 space vhichislocally s七rongly  

PSeudocompactiss七ronglypseudocompac七（［F］），10・5（a）is  
2  

formally rephra．sed as follovs：（a一）Ⅹis alocally s七rongly  

PSeudocompac七spacesuchtha七UXislocallycompac七and［Ⅹl＜m 
l・  
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In paT七icular，七hisis七he caseif Xis a k－SPaCe SuCh七ha七 UX  

islocalユyc。mpaC七an且lxl＜Ⅲ1（cで・［ワ2］andlO・3（3））・  
（2）The au七hor does no七know whe七herlO．5remains七rue  

Wi七h七hecardinalityc。ndi七i。nl’Ⅴ（Y）三X（ux）・旦一▼added・  

10．7  REMARK． A spaceis called．a qpasi－k－SPaCeif．i七 has七he   

Veak七op010gy d・e七ermined．by七he family of．i七s coun七al〕1y compac七   

Subse七S． Weleavei上 土○七he read＿er 七o f’ind a version oflO．5   

for qJユaSi－k－SPaCeS．I七 villt）e PrOVed．，Vi七h essen七ially七he   

sa皿e prOOf，七ha七R（叫aSエーk）＝R（10Cally coun七aも1y compac七）   

＝R（locally co皿paC七）nR（coun七al〕1y compae七）．  
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11．   To01s for proving七heorems  

＝n七his chap七er，PSeudo－m－COmPaC七ness plays key r01esin  

Placeofveaよ－m－COmPaC七ness・Recallfrom［＝2］七hat，for each  

infini七e cardinalm）aBPaCe Xis pseudo－m－CO叩paC七if eachlocally  

finite（or d．iscre七e，eqJlivalen七1y）family of non－emP七y open se七s   

in X has cardinali七yless 七han m．A spaceis called．10Cally   

PSeud・0－m－COmPaC七if e乱Ch poin七has a pseudo－m－COmPaC七neighborh00d．  

A（10Cally）pseud。一端－COmpaC七spaceispreciselya（1。Cally）  

PSeud・OCOmpaC七 space・ The rela・七ionship be七veen pseud．0－m－CO町PaC七   

SPaCeS and weakly－m－COmPaC七 spacesis sumarized．as f’0110VS：  

COmpaC七→Lindeユぢf  separable   

‡  ＼  ／  

J  Weakly一端－COmpaeセーーVeakly一旦－CO叩aC七→・    l  

pseudo一端－COmpaCトサpSeud。－モーCOmpaCセー・  
‡   

pseudocompac七  

The purpose of七his sec七ionis 七o presen七 useful七001s for   

PrOVing七heoTemS S七a七ed．in七he pTeCeding sec七ion． The cen七ral   

issue of七he pr00fsis how七o cons七ruc七 a sui七al〕1e space Y such  

七ha七U（Ⅹ×Y）≠ux x uY vhen uXis no七10Cally compac七．＝n sec一   

七ion6，Ve have buil七up such a space Y by aセセachingisola七ed   

POin七s 七○七he ou七sid．e of a space Z vhich has alocally fini七e  

知1ilyFsuchtha七∩（cl。ZFIF∈F）≠＠・＝n七hissec七ion，Ve  

七urn our aセセen七ion七0七heinside cons七ruc七ion of’七he space Y，  
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and．observe how七O PrOJeCセセhe problem of ex七ending aCOn七inuous   

func七ion on X x Y oveT UX x uY七0七he prol〕1em of findinglocal   

pseudo－m－COmPaC七ness of X（orリズ）．This ol⊃SerVa七ion enables   

us 七O make七he d・eSired space Y，and yields a num1〕er Of necessary   

condi七ionsin ord．er七ha七U（Ⅹ×Y）＝UX x uY be valid．，Vhich vi11   

be used againin chap七er h七o charac七erize R（me七Tizable）．The   

Paセセern of aセセackis much七he same as七ha七in sec七ion6excep七   

tha七 pseudo－m－COmPaC七ness Teplaces veak－m－COmpaC七ness． The con－   

cep七Sand．resul七sll．1rbll．3，11．互（2）have been presen七ed．by  

七hea血horin［0］・  
3  

A family（F）of subse七s of a space Xis called．expand－ α  
at）1eif七hereis alocally f－ini七e famiユy（H）of open se七sin α  

Ⅹwi七h㌔⊂㌔for eachα・Weintroduce a nevclass of expandable  

famま1ies．  

11・1DEFIⅣrT＝ON・Le七mbeacar且inal・Afamily（Fαlα∈A）  

of subse七S Of a space Xis】〕（m）－eXPandableif七here exis七s a  

l。Callyfini七e紬皿ily（HαⅠα∈A）。f。PenSe七SVi七h㌔⊂HαfoT  

eachα∈A and each F is 七he union of a七 mos七 m sul〕Se七S eaCh of  
α   

Vblchls co鱒ple七ely separa七ed・from X－ H・  
α  

＝n七his d．efini七ion ve may TePlace‖a七mos七m”by－tjus七m一一．   

As a space consid，eredin七his paperis comple七ely regulaT Haus－  

dorff，eVery eXpand．a．ble familyinXisI）（］Ⅹiトexpandable，and・a  

CZ－eXPandablefamilydefine且in［01］isD（1）－eXPandable・Of  
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couTSe，D（m）－eXPandable families a．re工）（yl）－eXPandable vheneveT   

几 ＞ け1．  

11．2  THEOREM． Le七 Ⅹ × Yl）e C－embed．d．edin X x uY．If 七here  

exis七S aD（m）－eXPan且able f弧ily Fin Y suchtha七回＝yL and  

n（cl。Y F［F∈F）≠¢，七heneachpoin七Ⅹ∈Ⅹ，Vi七hx（Ⅹ，Ⅹ）≦托，  

has a pseudo－m－COmpaC七 ne土ght）Orb00d・  

Pr00f．Suppose on七he cc｝n七rary七haセセhere exis七S a POin七  

Ⅹ0∈Ⅹ，Wi七bx（Ⅹ0，Ⅹ）三几，Vhlcbbasnopseudo－m－CO叩aC七neig抽Or－  

h。0且・Le七‡G入い∈＾）beaneighb。rh。。且basea七Ⅹ。inXvith  

回＝托・Then，foTeaCh入∈＾，ClxG入isno七pseudo－m－COmPaC七，  

and七hus七bereまsaユocalユyr土n土七ef血1y（Gエリ1沌M入）of  

non－emP七yopense七sinclxG入Vi七hlM入t＝m・SeセセingG入り＝GiリnG入  

foreachリ∈M入，Vehavealocallyfini七eねmily（G入リlリ∈M入）  
Of non－emP七y open se七sin X． ＝七canl〕e aSSumed．wi七hou七10SS Of  

generaliヤy七ha七Ⅹ。尋∩（G入リJ沌彗）・F。reaChリ∈M入，Pick  
X入り∈G入い， ana⊂血00Se∈C（Ⅹ）such地a七（Ⅹ）＝Oandr（Ⅹ－  柚 入り  

G柚）＝（1）・On七heo七herhand，SincelFf＝町，WemayWri七eF＝  

（F入El∈＾）・ThentheTeeXis七Sal。Callyfini七efa皿ily（H入l  

入∈＾）ofopen se七SinYvithF入⊂H入foreach沌＾，andeachF入  

is aunion of m subse七s each of vhichis comple七ely separa七e且  

fromY－H入て Weexpressi七byF入＝∪†F入v Eリ∈M入），七ha七is，  
七hereisg入u∈C（Y）such七ha七g入り（㌦）＝（0）andg入り（Y一王r入）＝（ユ）・  

For each入∈＾and eachリ∈M入，1e七us se七  

J 
入り 抽 

‡×F入り，  
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K 
入り 

×H入，   

h入い（（Ⅹ，y））＝m土n（ユ，f入u（Ⅹ）十g柚（y））；（Ⅹ，y）∈ⅩxY・  

ワbenh入い∈c（Ⅹ×Y），h入り（J入り）＝（0）an丘b入り（（Ⅹ×YトK入り）＝（1）・  

＝七iseasilychecked七ha七（K入リ1リ∈M入，入∈＾）islocallyfini七e  
in X x Y． TheTeforeif ve define a func七ion h on X x Y by   

h（q）＝ 1nf（h入り（q）lリ∈M入，入∈A）；（Ⅹ，y）∈Ⅹ×Y，  

thenhisc。n七inu。uS・Le七uschoosey。∈∩（cl。YF入Iほ＾）；  

七henyo∈uY－Y，Since FislocallyfiniteinY・Wenowshov  

七ha七ha且mi七SnOCOn七inuous ex七ension七○七hepoin七Po＝（Ⅹ0，yo）  
∈Ⅹx uY・Le七V xWbeaglVenbasic neighborhood ofpinXx  

o  

UY・ワberels入∈Avi七hG入⊂Ⅴ，an且WnF入り≠¢fbrsomeリ∈M 入・  

Ch00Sey∈WnF入り・Thenbo七hpl＝ （Ⅹ入り，y）andp2＝（Ⅹ0，y）belong  
七○Ⅴ×Wanah（pl）ニ0，Vhlleh（p2）＝1・m止ssbovs七ha七bdoes  

no七ex七endL COn七inuously七OPo，WhichcontTadic七S七he assunP七ion  

七ha七 Ⅹ × Yis C－embeddedin X x uY． Hence七he proofis comple七e．  

11．3  COROLLARY． Le七 Ⅹ × Yl）e C－embed．d．ed＿in X x uY．If七here   

exis七S a．Locally fini七e family H of．non－emP七y open se七Sin Y  

SuCh七ha七iHl＝れandn（cl。YHIH∈H）≠¢，七heneachpoin七  

Ⅹ∈Ⅹ，Vl七b x（Ⅹ，Ⅹ）三托，has a pseudo－C（Yトcompac七nelgbborbood・  

Proof・もe七〃＝（H入一入∈A），anaCboosey。∈∩（cl。YH入  
入∈＾）．For each入∈＾，by Zorn－slemma，七bere exis七s a maximal  

disjoin七family FOfnon－emPtyOPenSe七sofHSuCh七ha七each  
入 入  

F∈F入is comple七elysepara七edfromY－ H入・Le七us se七F入＝  

∪＝lF∈F入）・Foreacb入∈A，七bemaximali七y。fF入1mplles  
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七ha七y。∈cl。YF入・Sinceけ入l≦C（Y），（F入l入∈爪）ユsaD（e（Y））－  
一触pandableで弧ilyinYsucb七ha七回＝托andn（cl。YF入1入∈∧）  

≠れ Hence七bls cor011ary f－0110VS rrOmll．2．  

Roughly speaking，Ll．3 sugges七s 七ha七if X x Yis C－emt）edd．ed   

in X x uY9 七hen ei七her Xislocally compac七or everylocally   

fini七e family of nonpemp七y open se七sin Yisloca・11y fini七ein uY．   

A且e七ailed s七udy of七helaセセer・PTOPer七y villbe madein chap七erし．   

The suTPTising fac七is七ha上土he condi七ionis no七only necessary   

bu七also sufficien七PrOVi且ed sui七al⊃le cond・i七ions arei皿POSed   

（see16．6）．  

11．L［ REMARKS．（1）＝nll．2（resp．11．3），七he condi七ion  

’’∩（⊂1。㌔lF∈F）≠か’（resp・－－∩（cl。YHIH甜）≠¢t－）can  

be veakened・七○七he f0110Ving s七a七emen七：There exis七S a POin七of   

UY each of vhose neighborh00d・mee七s allbut fini七ely many me王血ers   

of F（resp．H）．  

（2）Le七us say tha七a family G of subse七s of a space X   

COnVergeS七○Ⅹ∈Ⅹif each neighborhood of x con七ains some me正beT   

Of G）and・七ha七a subspace S of a space Xis rela七ively pseudo－   

－m－COmPaC七in Xif eachlocally fini七e family u of non－emP七y   

OPen Se七sin X，Vi七h SnU≠めfor each U∈LL，has cardinali七y   

less七han m．11．2（resp．11．3）remains七rueif七he conclusion   

is s七reng七hened as follovs：Each convergen七family G of subsets  

inX，Vi七hlGt≦托，has ame血bervhichis Tela七ivelypseudo－m－  

－COmpaC七（resp．rela七土vely pseudo－C（Yトcompac七）in X．  
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11・5・Ournex七Ⅴ。rkis七ocons七ruc七spacesYvhichhaveaD（ト  

ーeXPandablefamilyFsuch七ha七∩（cl。YFJF∈F）≠＠・  

11．5．1FACT． For eachinfini七e cardinal托，七here exis七s a O－  

－dimensionall。Callyc。mPaC七spaceY＝Yl（れ），Wi七hIY［＝Ⅴ（Y）＝  

几・ち，七ba七hasaD鴨卜叩andable蝕mllyFsucb七ba七IFt＝仇  

andn（cl。YylF∈F）≠れ  

Pr00f． Le七 ＾七）e a discre七e space of cardinali七y．yl，and  

＃ 
＾＃＝（∞）∪＾七heone－POin七c叩paC七ifica七ionof＾．Le七Zbe七he  

叫○七ien七spaceo恍a土nedfromで＝（W（ul＋1）×W（uo＋1））xA非by  

＃ 

collapsing七hese七｛（wl，β）｝x＾非七oapoin七z（β）∈Zforeach  

β三uo・DefineZo七obe七hespaceZ＃with七hes七rong七op010gy  
vi七h respecセセ0七hisiden七ifica七ion（in七he sense of6．6．1）．  

Le七中：T十Zobe七hena七uralmap，andle七us se七  

Z＝Z。－ヰ（（（（Y，山。），00）lY≦ul））・  

ThenZi 

＝れ・ち・Slncez（β）1saP（q）一画n七8餌eachβ＜u。，ユセ1s  

easilychecke且tha七ZisC－enibeddedinZU（yo），Vhereyo＝乙（山0），  

andsoy。∈uZ－Z・Se上土ingE入＝0（（（（Y，uo），入）iY＜wl））  
∫oreach入∈A，Vehavead土scre七efa皿11y‡E入い∈A）ofcl。Se且  

Subse七sinZsuch七ha七y。∈∩（cl。ZE入l入∈＾）・Define七hesub－  

SpaCeYof七hepro山c七spaee Z x W（山0＋1）as r0110VS：  

Y＝（Zx（u。））∪（∪（E入×W（山。十1）l入∈A））・  

8  see f00七no七e of p．28．  
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Then Yis a O－dimensionallocally compac七SPaCeVi七hlYl＝Ⅴ（Y）  

＝托・ち，becauseYisclosedinZxW（u。＋1）・I七remains七osh。Ⅴ  
七heexis七ence。faDトexpandablefeLmilysa七isfying七hes七a七ed  

COndi七ions・SinceZx（w）is C－embeddedinY，i七followsfrom  
o   

3・3・1七ha七UZ＝U（Zx（wo））⊂uY，andhenceyo∈uY－Y・  

Se上土ingF入＝E入×W（uo）for each入∈A，Vehavealocallyfini七e  

蝕mllyF＝（F入い∈几）0で。penSe七sユnYsuch仙a七y。∈  
∩（cl。YF入hE＾）・Then，SinceeachF入isaunion。fcoun七ably  
many。Pen－and－Closedstibse七SinY，FisaD）－eXPandablefamily  

inY・HenceYispTOVed七obe七hedesiredspaceY（n）・   
l   

11・5・2REMARKS・（1）sinceY（托）is七heunionofnmanypseudo－  
l  

＋  
COmpaC七 sut）SpaCeS，i七is pseudo一托－COmpaC七．  

（2）A O－d．imensionallocally・COmPaC七space having七he same  

D（トexpan且ablefa皿ilyasabovehasbeencons七TuC七e且by七he  

au七borin［0］七OprOVeaVeak翫汀mOで10・1（c）＋（a）；bovever，  
3  

七he cardinali七y and七he vei．gh七 of七ha七 SPaCe arelarger七han   

七bose or 七be aも○Ve．  

11．5．3FACT． For eachinfini七e cardinal托，七here exis七s a O－  

dimensionalM。。reSPaCeY＝Y2（托），Vi七h回＝Ⅴ（Y）：托・eXP謹0，  

七hathasaD（㌔）－eXPandablefamilyFsuch七ha七国＝托an且  
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∩（cIuYFい∈F）≠れ  

Pr00f・Le七Zbe七heO－dimensionalM00reSPaCeZ（れ）con－  
2  

S七ructedin6・6・3・ThenizI＝Ⅴ（Z）＝托・eXP求。，an且Zhasa  
discre七efamilyIE入）入∈A）。fcl。Sedsubse七SinZsuch七ha七  

1＾7＝几andn（cl。ZE入Il∈＾）≠＠・Define七hesubspaceYof  

七heproduc七SpaCeZxW（山十1）asfollows‥  
0  

Y＝（Zx（u。））∪（∪（E入×W（u。十1）い∈A））・  

ThenYisaO－dimensi。nalMoorespacewi七h（Yl＝Ⅴ（Y）＝托・e3q㌔・  

SeセセingF入＝E入×W（山。）for each入∈＾，WehaveaD（㌔）－eXPandable  
ramily（F入1入∈爪）土nYsuch七ba七∩（cl。YF入い∈A）≠れ  

HenceYisthedesiredspaceY（n）・  
2  

We now pTOCeed．七O 七he d．iscussion analogous 七0 七helaセセer  

par七Of sec七土。n6・Afa血1y（㌔）。でsu七Se七s。fa spaeeXis・  

called hereditaTily closure－PreSerVingif any fa皿ilyIE‡vi七h α  

⊂Fis closure－PreSerVing・  
α   

11・6 DEFIⅣ＝T工ON・Letmbeacardinal・Åfamily（Fαlα∈A）  

of subse七S Of a space Xis veakly工）（m）－eXPand．ableif七here exis七s  

ap。int－fini七eheredi七arilycl。Sure－PreSerVingfa皿ily（Hα［α∈A）  
Of open se七s vi七h F ⊂H for eachα∈A and each F is七he union ααα   

Of a七mos七 m sut）Se七S eaCh of whichis compユe七ely separa七ed from   

X － H．       α  
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11．7  THEOREM．Le七 Ⅹbe alocally pseudocompac七 SPaCe，a，nd   

le七 Ⅹ× Y be C－e血bed，dedin uX x Y．If七here exis七s a veakly  

D（m）－eXPanaablefamilyFinYsuch七ha七困＝托andn（cIYFI  

F∈Fl≠¢，七hen each poin七Ⅹ∈uX－Ⅹ，With x（Ⅹ，UX）三yL，has   

a pseud・○－m－COmPaC七neighborhood．in uX．  

Proof． Suppose on七he con七rary七haセ セhere exis七s a poin七  

O Ⅹ∈リズ－Ⅹ，Ⅴま地x（Ⅹ0，UX）三川，Vhまchhasnopseudo－‰compac七  
neighborh。OdinuX・Le七（G入I入∈＾）beaneighborh。。dbasea七  

Ⅹ。inuXwith回＝軋・Foreach入∈＾，Similarly七o七hepT。。fof  

ll・2，VeCanfin且alocallyfini七e（inuX）feLmily（G入リtリ∈M入）  
。fn。n－emP七yopense七SinG入Wi七h EM入l＝m・ FoTeaChい∈M 入，  

Pickx入u∈G入り∩Ⅹ，andchoose㍉∈C（Ⅹ）such七ha七f入り（Ⅹ入v）＝O  
andf入（Ⅹ－G入）＝（1）・On七heo七herhand，Since困＝几，Ve  

り り  

mayvri七eF：（F入い∈＾‡・Thenthereisapoinセーfini七ehered－  

i七arilycl。Sure－pTeSerVingfanily（H入い∈＾）of。PenSe七sin  

YvithF入⊂H入for each入∈＾，andeach㌔is expressed asF入＝  

∪†F抽1リEM入‡，Wherethereisg入u∈C（Y）such七ha七g入り（F入り）  
＝‡0）andg入u（Y－H入）＝Ⅰ2）・Foreach入〔＾andeachリ∈M入，1e七  

usse七H入り＝†y∈YlIg入り（y）t＜l），andse七  
J ）×F⊂Ⅹ×Y，  
入い 入り 入り  

K＝G×H⊂Ⅹ×Y，   
入り入り入り   

h入u（（Ⅹ，y））＝m土n（1，f入り（Ⅹ）＋g入り（y））；（Ⅹ，y）∈Ⅹ×Y・  
でbenh入u∈C（Ⅹ×Y），h入り（J入り）＝（0）andb入り（（Ⅹ×Y）－K入り）＝（1）・  
Wen。VShov七ha七K＝ （K入リlリ∈加入，入∈A）土slocallyで1n土七eユn  

60   



Ⅹ×Y・Le七P＝（Ⅹ，y）∈Ⅹ×Y・Since（H）ispoinセーfini七e，y  
入  

iscon七ainedinonlyfini七elymanyH入，SayH入1，・・・，H入n・Ch00Se  
a pseud，OCOmPaC七neighborh00d．U（Ⅹ）of xin X；七hen for each入E＾  

七hereisafini七esubse七sMiofM入SuCh七ha七U（Ⅹ）nG入り＝¢for  
eachリ〔M入－ Mi・SeセセingE入＝∪（cIYH入りⅠリ∈Mま）foreach入  

∈＾，Ve have closed subse七s E入OfXvi七hE入⊂H入・Le七us se七  
U（y）＝Y－ U（E入い≠入1，…，入n）・Then，Since（H入）is  
heredi七ariユy・Closure－PTeSerVing，U（y）is a neighborh00d of   

such七ha七U（Ⅹ）×U（y）mee七s only fini七ely many members of K．   

Hence Kis proved．七o belocally fini七ein X x Y．Thereforeif   

We d．efine a func七ion h on X x Yl〕y  

b（q）ごinで（b入い（q）lv∈M入，入∈A）；q∈ⅩxY，  

仙enbiscon七1mous・Le七uschoosey∈∩‡cIYア入l入∈A）・  
o  

Then a similar ar釘ユmenセ セ0七ha七 Ofユ1．2 shovs 七ha七 h ad．mi七s no  

COn七inuousex七ension七○七hepoin七（Ⅹ0，yo）∈uXXY，Vhichcon一  
七radic七s七he assump七ion七ha七 Ⅹ× Yis C－embedd．edin uX x Y・   

Hence 七he proofis comple七e．  

11．8 coROLLARY．Le七Ⅹbe alocally pseud．0COmPaC七 space，and・   

1e七 Ⅹ× Y be C－embed．de且in uX x Y．If 七here exis七s a point－   

－fini七e heredi七arily closure－PTeSerVing fa皿ily H of open se七S  

lnYsuごb地a七回＝托an且∩‡cIYHIH甜）≠¢，七heneacb  

poln七Ⅹ∈uX－Ⅹ，Vi七b x（Ⅹ，UX）三川，has a pseudo－C（Yトcompac七   

nelgbborb00d まn uX．  

Proof■． ワbe pr00f■goes jus七as 七ha七 Ofll．3・  
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11．9 REMARK．Forll．7and．11．8，七he analogous generaliza七ions   

七○七hose ofll．2and．11．3，S七a七edinll．L，aTe allpossible．  

A spaceis called a La言nev spaceifi七is七heimage of  

a me七rizable space un且er a closed map（cf．［L］）．  

11．10 FACT． For eachinfini七e cardinalYL，七here exis七s a O－  

－dimensionalLa岩nevspaceY＝Y3（几），Wi七hw（Y）三eXP几，七ha七  
hasa■WeaklyD（％）－eXPandablefamilyFsuch七ha七IFL＝托an且  

∩（cIYF t陀F）≠れ  

Proof・ Le七 ＾be a discre七e space of cardinali七y Yl，and  

le七Ybe七heqJ10七ien七SPaCeObtainedrromW（u＋1）×＾bycol－  
o  

O 1apsing七he se七（山）×＾七oapointyo・Then，七hequo七ien七map  
ゆ：W（uo＋1）×＾＋Ybeingaclose且map，YisaO－dimensional  

La品evspacevi七hw（Y）三eXPn・Set七ingF入＝¢（W（uo）×（入））for  

each入∈几，VehaveaveaklyD（％）－eXPandablefamily（F入い∈＾）  
inYsuch七ha七yo∈∩†cIYF入［l〔＾）≠れ HenceYis七he且esired  

SpaCeY（れ  
3  
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12． Proofs of七heorems（10．1andlO．5）  

A sul〕SPaCe Of a space Xis said七O be Tela七ively pseudo－  

COmPaC七inXifi七isrela七ivelyPSeud。u鴇－C。mPaC七inthe sense  
Ofll．LL（2）．A regular closed．se七is七he closure Of an open se七．  

12・1 PREREQUIS＝TES・We make use of七he f01loving resul七s：  

12・1・1（cf・［c3，L・1］）Arela七ivelypseudocompac七regular  
Closed sut）SpaCeis pseud．0COmpaC七．  

12・1・2（【M6］）AsubspaceSofaspaceXisTela七ivelypseudo－  
CO叩aC七1nX土fandonユylでclβⅩS⊂uX・  

12・1・3＝f Xislocally compac七，七hen X x Yis a pseudo－k－SPaCe   

for each pseud，0－k－SPaCe Y．  

12・1・3canbeprovedsimilarly七03・5・3due七oCohen［c］  
l  

（cf．also【E，3．3．27］）．The f0110Wing resul七is essen七ially  

aue七OComfor七【c］，Vhoprovedi七under七heassunTP七ion七ha七  
3  

each compac七 sul⊃Se七 of Yis of non－meaSurable card・inal；for   

COmPle七eness veinclude a proof．  

12．1．h＝f uX x Yis a k－SPaCe，七hen X x Yis C－enibedd＿edin uX x Y．  

Proof・We firs七sbo甘地a七Ⅹ1spseu山一m－CO叩aC七・工f  
l  

七hiswerenoセセhecase，then七hereisa且iscre七efamily（G入Ⅰ  

入∈＾）。fnon－emP七y。PenSe七sinXwi七h回＝ml・Ch。。SeX入∈G入  
f。reaCh入〔＾，andse七D＝ （Ⅹ入い∈＾）・SinceDisC－e血bedded  

inX，i七f0110VSでmm3・3・ユセba七UD＝CID，and so uDis ak－  
ux  
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－SPaCe・Thiscon七radic七s3・3・8・HenceXispseudo－m－COmPaC七・  
l  

For our end，1e七で∈C（Ⅹ×Y）．yor eacbyEY，f＝Ⅹ×（y））baB a  

COntinuousex七ensiongoveruXx（y）・Wedefineafunc七iong  
y  

OnUXxYby  

g（（Ⅹ，y））＝g（Ⅹ）；（Ⅹ，y）∈uXxY・  
y  

Then gI（Ⅹ×Y）＝f．＝n order七o pTOVe g∈C（ux x Y），UX x Ybeing   

a k－SPaCe）it suffices七O Shov七haセセhe res七Tic七ion of．g七O eaCh  

COmPaC七Subse七KofuXxYis con七inuous・Sincew（K）is compac七  
Y   

andXispseudo－ⅢーCOmpa叫比follovs距omユLl七ha七Ⅹ×¶（K）is  
ユ Y  

C－如加d且edinuX＝Y（K）・ワhlsfac七sh。VS七ha七g】（uxx¶Y（K））is  
con七inuous，and七hus sois gEK．Tha七comple七es七he proof．  

We d．evide lO．1in七○ 七wo d．e七ailed 七heorems：  

12・2  THEOREM・The f0110Ving condi七ions on a space X，Vi七h  

Ixl＜ml，areequivalen七：  

（a） Ⅹisloeally pseu且oco鱒paC七．   

（b） Ⅹ×Yis C－embeddedin X x uY for each k－SPaCe Y．   

（c） Ⅹ×Yis C－e血beddedin X x uY for each O－d．imensional  

l。Callyc。mpaC七spaceYvl七hv（Y）三X（Ⅹ）・ミ・  
（d） Ⅹ×Yis C－emt）edd．ed．in X x uY for each O－dimensional  

M00reSpaCeYvl地Ⅴ（Y）三X（Ⅹ）・eXp㌔・  

Pr00f．（a）＋（b）．Le七Y t）e a k－SPaCe．Since Xislocally   

PSeud．ocompac七，i七 suffices七o shov七ha七 S x Yis C－embed．ded．in   

S x uY for each pseud・OCOmPaC七 subse七S of X． Le七 S be a glVen   

PSeud・OCOmPaC七 Subse七 of－Ⅹ．Since uSis compac七by3．3．3，it  
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f・0110VS from3．5．3and12．1．L七ha七S x Yis C－embed＿dedin uS x Y．  

SinceIus［＜ml，七hisfac七c。血binedvi七h5・1shovstha七U（S〉くY）  
＝US x uY，and hence S x Yis C－embeddedin S x uY・  

（も）＋（c），（も）サ（d）．01）Ⅴ土ous．  

（c）＋（a）．suppose on七he con七rary七ha七Ⅹis no七10Cally  

PSeudocompac七a七Ⅹ0∈Ⅹ・Le七Ybe七he O一且imensionallocallycom－  

PaC七SPaCeYl（几）cons七ruc七edjnll・5・1，血ere牲＝X（Ⅹ0，Ⅹ）・  
ワhenw（Y）三托・ろ≦X（Ⅹ）・ち，an且ユセfoll。VSfromll・2七ha七Ⅹ×Y  
is no七C＿embed．dedin X x uY．Thus we ha，Ve（a）．  

（d）十（a）．The proofis七he same as aboveif one use  

Y2（托）cons七ruc七edinll・5・3ins七eadofYl（n）・Hence七heproof  

is co町ple七e．  

12．3 RfMAfiK．The eq．uivalence of（a），（b）and＿（c）has been  

PrOVedbytheau七horin［02］，［03］vi七houセセhecarainali七ycon一  
且i七ion on Y．  

12．h・ Rモ：MARK．＝n七he preceding pTOOf，七he assumP七ion七ha七lXI＜  

mlSuSefulonlyfor七heimplica七ion（a）＋（b）・   
l   

12．5 THEOREM．The folloving cond・i七ions on alocally pseud・0－   

COmPaC七 SPaCe X are eqpivalen七：   

（a．） Each poin七of uX－Ⅹhas a compac七neighborhood・in uX・   

（b） Ⅹ×Yis C－emt）ed．d．edin uX x Y for each k－SPaCe Y・   

（c） Ⅹx Yis C－enfbed，d．ed．in uX x Y for each O－dimensional  

La冨nev space Y vi七hv（Y）三eXP X（ux）．  
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Pr00f．（a）＋（b）．Le七Y七）e a k－SPaCe，and＿1e七Ⅹ∈uX－Ⅹ．  

Ch00Se a COZerO－Se七neighborhood GofxinuX such七ha七cIuxGis  

compac七．Then u（GnX）＝G by3．3．2．Since Gislocally compac七，   

i七 f01lovs from3．5．3and12．1．互七ha七（GnX）×Yis C－eml〕edded   

in G x Y・ Since x∈uX－ Ⅹva．s art）i七rary，七hisimplies七ha七Ⅹ×Y   

is C－emt）ed．d．ed．in uX x Y．  

（b）＋（c）．Every La首nev spaceis a k－SPaCe（cf．3．5）．  

（c）十（a）・Assume七ha七（a）isfalsea七somex∈uX－Ⅹ・  
o  

Thenby3・3・3Ⅹhasnopseuao一－COmPaC七neighborhoodinuX・  
。 

Le七Ybe七heO－dimensionalLa昌nevspaceY（れ）cons七ruc七edin  
3  

ll・10，ぬere几＝X（Ⅹ0，UX）・Thenw（Y）三exp几≡eXPX（ux），ana  

i七 f0110VS fromll．7 七ha七 Ⅹ × Yis no七 C－embed．d，edin uX x Y．   

Hence 七he pr00fis comple七e．  

12．6 REMARKS．（1）since a La言nev spaceis a singlybi－k－SPaCe，  

12・5re皿ains七TueifIIk－SPaCe‖is replacedl⊃ylIsingly bi－k－SPaCeTT，   

bu七it canno七be s七reng七hened七○†Icoun七al⊃1y bi－k－SPaCeI†・＝n fac七，  

Ka七oprovedin［K］七haセセhe spaceX＝βR－βN，血ereRis七he  
l   

realline，has七he following proper七ies．   

（i） Ⅹis alocally compac七，M－SPaCe（in七he sense of MoTi七a   

［M互］）vi七hlxI＜ml，andhenceuXisaparacompac七M－  

－SpaCe（cf・［Mぅ，＝］）・  

（ii） uxis no七10Cally compac七，and hence uX－Ⅹcon七ains a  

POin七 having no compac七 neighborhoodin uX．   

Theni七 follovs fTOm3．5．2and12．1．LL七ha七Ⅹ×Yis C－eml〕edde且  

66   



1n uX x Y でor eaeh coun七at）1yl〕i－k－SpaCe Y．  

（2）I七is open whether12．5can t）e PrOVed vi七hou七assu皿－   

inglocalpseudocompac七ness of X． ＝n七he preceding proof．，七his   

assunlP七ion plays no role everywhere excep七 for七he placein vhich   

ll．7is used．Al七hough（c）＋（a）is no七needed foT PrOVinglO．1，   

七he qpes七ionis ofind．epend．en七in七eres七，becausei七 SuggeS七s七he   

possibili七y tha七one can charac七eri21e七he class R（La言nev）．  

12．7 Pr00f of TheoremlO．1．（a）＋（b）f．01lovs fr・Om12．2and   

12．5．（b）十（c）and（b）＋（d）are obvlous．（c）＋（a）．丑y互．L，  

lx】＜ml・工七foll。VS蝕om12・2七ba七UX土sl。Callypseudocompac七・  

Then uXislocally compac七，because of3．3．3．The pr00f of（d．）＋   

（a）is qui七e similar七○七ha七of（c）＋（a）．Hence七he proofis   

COmpユe七e．  

TheoremlO．5 as wellaslO．1is d．evided＿in七○七vo paT七s；  

VereqJlireonemorelemmatha七givesananalogTleOf［p，h・1］  
2  

for Hevlセセ realcompac七ifi．ca七土ons．  

12．8 LEMMA．＝f’u（Ⅹ×Y）＝UX x uY hold．s，七hen七he pr・Od．uc七   

A x B of七ⅤO Tela七ively pseudocompac七 Subse七s A⊂Ⅹand B⊂Yis   

rela七ively pseudocompac七in X x Y．  

Pr00f． Le七A and．Bl〕e relatively pseud，OCOmPaC七 subse七S  

OfXandY，reSPeC七ively・Then，by12・1・2，ClβXA⊂uxandcl βYB  

⊂uY．Since u（Ⅹ×Y）＝UX x uY，i七紬1lovs七ba七  
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cl 
β（Ⅹ×Y） 
（AxB）⊂cl β㌔×clβ㌔⊂u（Ⅹ×Y）・  

Hence A x Bis rela七ively pseudocompa．c七in X x Yl〕y12．1．2again．  

12・9 THEOREM・The f一0110Ving condi七ions on a space X，Wi七h  

lxi＜ml，areequivalen七：  

（a） Ⅹislocally s七TOngly pseud．ocompac七．  

（b） Ⅹ×Yis C－embedd．edin X x uY for each pseudo－k－SPaCe Y．  

（c） Ⅹ×Yis C－e正bedd．edin X x uY for eachlocally pseudo－  

COInpae七 space Y．   

（d） Ⅹ×Yis C－embedd＿edin X x uY foT eaChloca．11y compac七  

SPaCe Y and for each pseudocompac七 space Y．  

Pr00f．（a）＋（b）．Le七Y t）e a PSeudo－k－SPaCe，andle七S   

be a s七rongly pseud・OCOmPaC七 subse七 of X． Since Xislocally   

S七rongly pseud．ocompac七，i七 suffices七o show七ha七 S x Yis C－em－   

bed－d・edin S x uY． For each pseudocompac七 subse七K of Y，S x K   

is pseu且ocompac七，and so S x Kis C－e正bedd．edin uS x K t）yl．1．   

Then，US x Y（＝βS x Y）being a pseud．0－k－SPaCe by12．1．3，七he   

Same ar釘ユmen七asin七he proof of12・1．LL aSSureS uS七ha七S x Yis  

C－embeddedinuSxY・SinceuSisc。mPaC七andlusl＜ml，it  

f01lovs from 5．1七ha七 US x Yis C－embed．d．ed．in uS x uY． Thus   

S x Yis proved．七01〕e C－embed．dedin S x uY．  

（b）＋（c）十（d）．obv土ous．  

（d）＋（a）．suppose on七he contrary七ha七Ⅹis no七10Cally  

S七ronglypseudocompac七a七Ⅹ∈Ⅹ・By12・2，Ⅹhas anopenneigh－  
O o   

もorboo丘G such七ha七clGis pseudocompac七・ワben clG xYis no七  
x   x  
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PSeud・OCOmPaC七foT SOmePSeudocompac七spaceY・Since clG xY  
x   

is a regular closed・Se七 of X x Y，itis no七rela七ively pseudo－   

COmpaC七 土n X x Y t）y12．1．1，and s01七 で0110VS でrom12．8 七ha七  

U（Ⅹ×Y）≠uxxuY・SinceuYisc。mPaC七by3・3・3and［Ⅹl＜m 
l，  

i七f0110VS from h．1tha七Ⅹ×UYis C－embed＿且ed．in uX x uY，Vhich   

Shovs 七ha七 Ⅹ × Yis no七 C－embeddedin X x uY． This con七ra丘ic七ion   

COmple七es 七be pr00f．  

12・10 THEOREM・ The folloving condi七ions on alocally pseudo－   

COmpaC七 SPaCe X are equivalen七：   

（a） Eacb poin七○でUX－Ⅹbas a neigbborh00且G土n uX sucb七ba七  

GnXis B七rongly pseudocompac七．   

（b） Ⅹ×Yis C－embed．ded．in uX x Y for each pseud＿0－k－SPaCe Y．   

（c） Ⅹ×Yis C－errfbedd．ed．in uX x Y for ea．ch k－SPaCe Y and．for  

eacb pseud・OCOmpaC七 SpaCe Y．  

Pr00f’．（a）す（b）．Le七Y be a pseudo－k－SPaCe，andle七   

Ⅹ〔ux－Ⅹ．Ch00Se a COZerO－Se七neighborhood．G of xin uX such  

七hat cIGnXis s七ronglypseudocompac七・Ifve se七Ⅹ＝GnX，  
ux   1  

七henXislocally s七TOnglypseudLOCOmPa・C七and・UX＝Gby3・3・2－  
l  l  

SinceclβⅩG⊂uXby12・1・2，UXlislocallycompac七・Wenovshov  
七ha七Ⅹ×Yis C－eI血eddedis uXX Y・To且○七his，Since uXX Y  

1   l   l   

is apseudo－k－SPaCeby12・1・3，i七suffices七O PrOVe七ha七Ⅹ×K  
1  

isC－embedded・in uXX Kfor eachpseud・OCOmPaC七Subse七KofY・  
l  

Le七 K be a glVen PSeudocompac七 Subset of Y． Then，for each  

S七rongly・PSeudocompac七s豆bse七S ofXl，S xKisC－e血bedded・in  
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S x uKbyl・1・SlnceXislocally s七ronglypseudoconpac七，  
l   

七his shovs七ha七Ⅹ×Kis C－embed・dedinXX UK・No七e七ha七UK  
1  l   

is compac七by3・3・3・Then，UXl X UKbeinglocally⊂OmPaC七，i七  

f011ovsfrom12・1・h七ha七Ⅹ×UKisC－embeddedinuXX uK・Thus  
1 l   

XX Kisproved七obe C－embed・dedinuXXK，andhence XX Y  
l   l  l   

（＝（GnX〉×Y）isC一血beddedinuXXY（＝GxY）・Since  
l  

X∈uX－Ⅹvas art）i七rary，七hisimplies七hat X x Yis Cpemt）edd．ed   

ln uX x Y．  

（b）＋（c）．ot）Ⅴ土ous．  

（c）＋（a）・Assume七ha七（a）isfalsea七SOmeX∈uX－Ⅹ・  
o  

Since Xislocally pseud．0COmPaC七，eaCh poin七 of X has a compac七  

neighborhoodinuXby12・1・2（cf・also［c］）・Thisfac七com－  
3  

bined・Vi七h12・5implies 七ha七 UXislocally’COmPaC七． Ch00Se a．n  

OPen neighborhoodGofxin uX such七ha七cIGis compac七・＝f  
o   ux   

Ve Se七Ⅹ 
1 
＝CIux GnX，Ⅹispseudocompac七by12・1・1and12・1・2，  

1  

and soXX Yis no七pseudocompac七for somepseudocompac七space  
l  

Y・Then，Ⅹ×Ybeing regular closed・inX x Y，it follovs from  
1  

12．1．1and．12．8tha七U（Ⅹ×Y）≠ux x uY．Since uYis compac七by   

3．3．3，UX x uYislocally compac七．Hence土七 f01lowsでrom12．1．L   

七ha七 UX x Yis C－embed＿d．edin uX x uY，Vhichimplies七ha七 Ⅹ× Y   

is no七 C－embed．ded．in uX x Y． This con七radic七ion comple七es七he   

pr00f．  

12．11 Proof of TheoremlO．う．（a）＋（b）follovs from12．9and   

12．10．（b）十（c）and．（c）＋（a）are oもvlous．（且）す（a）is七be   

resul七Of互．il，12．9and．12．10．Hence七he pTOOfis comple七e．  
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13．   Problems and remarks  

13・1Recall七he＝sbell－sspacev＝NUD，VhereD＝ （usIs∈S），  

explainedintheproofof6・6・3・＝n［M8］，Mr占wka shove且七ha七a  

maximalf乱mily S ca・n be chosen so tha七βVis七he one－POin七compacセー   

ification・Le七V be such七he space．Then，aS nO七edin6．6．3，V   

is a pseudocompac七M00re SPaCe，a．nd so uV＝ βV by3．3．3．FuT七heT   

i七is easily checked・七ha七Vislocally compac七・Divid・ing Din七o   

a pairvise disjoin七 family of coun七able sut）Se七s，Ve have a dis－  

Cre七efEunily（D入】入∈＾）ofcl。Sed5ubse七SinVsuch七ha七回＝  

expべoan且∩（cl。VD入い∈＾）≠＠・Then，foll。Ving七hesame  

PTOCeduTe aSin6．6．3，Ve Can make alocally compac七Moore space  

Y七ha七hasaD鴨）－eXPandablefamilyFsuch七ha七rFI＝eXP㌔  

andn（cl。YF t F（F）≠＠・Thisfac七canbec。mbinedvi七hlO・1  

and．11・2 七O yeild．七he following resul七：  

13・1・1PROPOS工ワ工0Ⅳ． ワhe f■0110Vlng cond．1七土ons on a space X，Ⅴ土七h  

X（ux）三expボ0，are呼止val弧七：  
（a） uxIsl。Callyco叩）aC七andlxl＜m 

l・  

（b） u（Ⅹx Y）＝UX x uY hold．s for eachlocally compac七Moore  

SpaCe Y．  

13．1．2PROBLEM．Does13．1．1remain七rueif七he cond，i七ion x（ux）  

≦eXpis。m土セセe丘？  

13．2 PROBLEM．Do 七here exis七 any o七her cond．i七ions on Y for   

VhlcblO．1remai．ns val土d？  
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13・3 yolloving［工8］，VeSay仙a七aspaceXIsリーユOCallycompac七  
if■ uX 土slocally compac七．  

13．3．1PROBLEM．Cbarac七er土ze R（リーlocally compac七）9．  

＝n［H］，HagerTaised七heproblem：Wha七propeTtyOfXis  
2  

necessary and sufficienセ セha七 foT eaCh pseud．0－m－COmPaC七 space Y，  

七hepTOjec七ion Tx：Ⅹ×Yう・Ⅹis z－Closed？Bythe following  

PT。P。Sition，Veremark七ha七13・1・1essen七iallyis七hecasem＝ 
㌔  

of his problem，and．七ha七R（リー10Ca11y compac七）＝R（pseud．ocom－   

pac七）．  

13．3．2PROPOS工TION． The f01lowing condi七ions on a space X are   

equlvalen七：  

1 （a） Ⅹispseudo－m－COmPaC七an且¶Ⅹ：Ⅹ×Y＋Ⅹis z－Closedfor  

each pseudocompac七 space Y・   

（b） u（Ⅹ×Y）＝UX x uY h01ds for each pseud．ocompac七space Y，   

（c） u（Ⅹ×Y）＝UX x uY h01ds foT eaChリー10Cally compac七SPaCe Y．  

Pr00f．（a）＋（b）f0110WS from3．h．工でUYislocally   

COmpaC七，七hen by12・1・1and・12・1・2each poin七of uY has a neigh－   

borhood Gin uY such七ha七 GnYis pseud．ocompac七．Thus七he proof   

of（b）＋（c）f01lovs七he sa皿e argumen七asin七he proof of9．互．2．  

（c）す（a）・Byh・3，Ⅹispseudo－ml－COmPaC七・Le七Ybeapseudo－  

9   Thisproblemhasbeenposedby七heau七horin［0］・  
3  
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COmPaC七 space；七hen X x Yis C－emt）ed．d．ed．in X x uY■． Since uY ＝  

βYby3・3・3，エセrouovsfrom3・む七ha七Tx：Ⅹ×Y＋Ⅹ土sエーClosed・  
Hence七he proofis compユe七e．  

13・h pROBLEM・Doesll・2remin七Tueif’’∩（cl。YFIF∈F‡≠＠TT  

is veakened七0七he condi七ion‖Fis no七10Cally fini七e a七 some   

y∈uY－Y一一？11．2and．11．3vould＿be more usefulif七his replace－   

men七is possible（cf．11．h and17．2）．  

13・5 PROBLEM・In［c］，Comfor七shoved七ha七alocallypseu且0－  
3  

COmPaC七 spaceis charac七erizied as a C－embedd．ed subspace of a   

locally compac七 space． 0ur qJleS七ionis vhe七her a pseud．o－k－SPaCe   

is charac七erized．as a C－e血bed．d．ed subspace of a k－SPaCe OT nO七．  
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CHAPワER 3   

MAPPIⅣGでHEOREMS Am〕z－EMBEDD工ⅣG 工ⅣⅩ × βY  

As preliminaries 七○七he nex七 chap七er，■We discuss七Ⅴ○   

七opICS Vhich arein七eres七ingin七hemselves．All七he resul七s   

and．prol〕1emsin七his chap七er，eXCeP七1L．8，15．7and15．8（B），  

havebeens七a七e且in［02］，［03］and［oh］・  

1h． Mapplng七heorems工  

Oneline of aセセack on七he problem abou七 Uis七o seek for   

七he analogue of a knowTlreSul七 abou七 β・We nov fix ouT eyeS uPOn   

七he following fac七vhichis animedia七e conseqpence of Giicks－   

berg－s七heorem（1．1）．  

1互・1FACワ・Le七f・：Ⅹ・ヰ㌔（1＝1，2）もeon七。mapS・ 11  

β（Ⅹ1×Ⅹ2）＝βⅩ1XβⅩ21mpliesβ（YlXY2）＝βYlXβY2・  

ワben  

The ana，logous TeSul七 foT Uisin generalfalse． ＝n fac七，  

1e七Ⅹbe七hediscre七espaceofcardinali七y，andftheone一七0－  

－OnemaPfTOmXon七oY＝＝W（ul）；七henu（Y〉くZ）≠uYxuZforsome  

realcompac七SPaCe Z by7．6，Vhile u（Ⅹ×Z）＝UX x uZ．  

Asis vellknoⅥユ，for a map f：Ⅹ＋Y，七here exis七s a   

con七inuous ex七ension uf：UXヰ・UY（βf：βⅩ＋βY）of f（［GJ］）．   

The f0110Ving 七heoTemis 七he fundamen七alresul七 of七his sec七ion．  
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1L．2 THEOREM．Le七f．：Ⅹ．＋Y．（i＝1，2）be on七o maps． 111  

＝f uflX Uf2is aquo七ien七map fromuXlXUX20n七o uYlX UY2，  

七henu（Ⅹ1×Ⅹ2）＝UXlX UX21mPliesu（YlXY2）＝ UYlXUY2・  

More generally，Ve have七he folloving 七heorem：  

′、■・′‾l－′ 1互・3 ワⅡEOR肌 Le七F・‥Ⅹ・すY土（i＝1，2）beon七OmapS ll  
SuChthatF＝＝FXF1SaquO七ien七map，andle七Ⅹ・（resp・ 

1 2 1  

′、．′ ′■■′  

Y・                                                                     1  

＝Fi（Ⅹi））bedenseC－enibeddeasubspacesofX・（resp・Y・）・                                                      1            1   

●、′ ′ヽ一′  

＝fXlX X2is C－embedd・edinXlX X2，七henYl X Y2is C－embed・ded  

′■｝        ノ■ヽ一 ユnYlX Y2・  

Pro。で・Le七usse七fi＝吋Ⅹ土（i＝1，2）an且コF＝＝flXで2・  
．～ ′‾、ノ  

Toshov七ha七YlXY21SC－embeddedinY 3 XY2，1e七g（C（YIXY2）・  

Sinceh＝gOf∈C（Ⅹ1×Ⅹ2），byourassunP七ion，thereexis七SH∈  

′ヽ＿′  

～ C（Ⅹ1XX2）sucb七ba七Hl（ⅩユXX2）＝b・Weshallsbow七ha七  

S 

（謀）† ′へ■′ ノヽ＿′   

P 

－fb 

Le七Ⅹ∈Ⅹ1；七henh（Ⅹ，・）＝g（fl（Ⅹ），・）of2，Whereh（Ⅹ，・）＝h＝（x）  
×Ⅹ2）・Sinceg（fl（Ⅹ），・）∈c（Y2），i七hasacon七inuousex七ension  

′【ヽ一■ 一■、－′  

2・ 
Hence  GxoverY2・Then，Ⅹ2beingdenseinX2，H（Ⅹ，・）＝GxoF  

－1 
l＝皿0VS七ha七H（Ⅹ，・）1scons七an七On｛Ⅹ｝×F（y）foreacby  

2  

ー1 －ユ 
∈Y2・批simpl土es七ba…iscons七an七Onrユ（yl）×F2 （y2）  

′～  

触each（yl，y2）∈YlXY2・S土mllarly，HIscons七an七Onアユー1（yl）   
′ヽ′  

×f2－1（y2）foreacb（y ユ，y2）∈YlXY2・Tosee（器），1e七p＝  
～ ′ヽ－ノ■  

（yl，y2）∈YlXY2・Theni七follovsfrom七hesefac七S七ha七  
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H（Ⅹ，・）＝H（Ⅹ・，・）foreachx，Ⅹ－∈Fl－1（yl），  

H（・，Ⅹ）＝H（・，Ⅹ・）甑eachx，Ⅹ・∈F2－1（y2），  
andfromvhich（普）isproved・Defineafunc七ionGonY 

1 
X盲2  

byG（p）＝七pf。rP∈YlXY2・ThenH＝GoFandG】（YlXY2）＝g・  
Since Fis a quo七ien七map and・His con七inuous，i七 f01lovs 七ha七   

Gis con七inuous（cf．［E，2．h．2］）．This comple七es七he proof．  

1k．h REMARK．1LL．3remains七rueif一一c－embedded‖is TePlaced．  

by Hc米－embed・d・edIT・ThenlLt・1can be viewed as a cor011ary of  

lh・3，becauseβflXβf2isalvaysaperfec七mapfTOmβⅩ1×βⅩ2  
0n七0βYlXβY2・  

In［＝］，Ishiiproved七ha七iffisanopenperfec七on七o  
3  

map）SOis uf・Thislead・S七0七he folloving corollary oflLt．2．  

1L．う CORO工」LARY．If：L：Ⅹ．→∴Y．is an open perでec七On七o map lll  
fori＝1，2，七henu（Ⅹ1×Ⅹ2）＝ UX1 X UX21mPliesu（YlXY2）＝  
UYX UY 
l  2・   

1h．6 THEOREM．Among七he following cond＿i七ions on a space X，  

（a）＋（b）＋（c）are valid．．Conversely，（c）＋（a）holdsiflxl   

＜m 
l・  

（a） uxislocally compac七．   

（b） FoT eaCh space Y sa七isf．ying u（Ⅹ×Y）＝UX x uY and each  

qvo七ien七ima．ge Z of Y，U（Ⅹ×Z）＝UX x uZ holds．   

（c） Asin（b），Vi七h‖perfec七一一ins七ead of一一qpo七ien七‖．  
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Proof・（a）＋（b）．Le七Y be a space sa七isfying u（Ⅹ×Y）   

＝UX x uY）andle七 Z be七heimage of Y under a q．uo七ien七map f一・  

SinceuXislocallycompac七，by3・5・6，iduxx fisaqpo七ien七  

map．＝七 f0110WS fromlh．3七ha七Ⅹ× Zis C－embeddedin uX x Z．  

＝fweapplyh・1七。OurCaSe，七henei七her tuX［＜ml。rYis  

PSeudo－ml－COmPaC七・＝fYispseudo－ml－COmPaC七，七hen sois Z・  
Hencei七follovs fTOm h．1七ha七U（ux x z）＝UX x uZ．Thus ve   

have u（Ⅹ× Z）＝UX x uZ．  

（b）＋（c）．ot）Vlous．   

（c）－＞（a）・Supp。Se七ha七lxE＜mlanduXisn。七1。Cally  

COmpaC七a七Ⅹ0∈uX・By3・3・3，Ⅹ。hasnopseud。一馬－C。mPaC七neigh－  
borho。dinuX・Le七托＝maX（lux］，X（Ⅹ。，UX））；七henyL＜m 

l・  

＋  
Le七 LJ be七heini七ialordinalof n・，and．1e七us se七  

α  

ワ＝（W（uα＋ユ）×W（uo＋1））一†七0‡，  

Vhere七0＝（wα，uo）・ThenuT＝W（uα＋1）×W（uo＋1）・Le七E一＝  

（2nIn＜uo）andF一＝（2n＋11n＜u。）・SeセセingE＝†wα）×  
E－ and．F＝（Lu）×FT，Ve have disjoin七closed．subse七s E and F of α  

ワsucb七haセセ0∈cl。ワEncユ。㌔・  

0
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叫
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Le七 ＾be a discre七e space of cardinali七y Yl，andle七 S be七he   

qJlO七ien七 spa．⊂e01〕七ained・from R＝T x ＾t）y COllapsing七he se七   

（e）×∧七O a POin七s（e）∈S for each e∈E．We no七e七ha七  

（1）uR＝（W（u ＋1）×W（山0＋1））×A・ α  

Le七g‥R・Sbe七heqp。七ien七map，andle七usse七E。＝（s（e）E  

e〔E）and㌔＝g（Fx（入））foreach入∈＾・ThenasimilaTargu－  

menセ セ0 七ha七 0王● 6．6．2 shovs 七ba七   

（2）∩（cl。SF入い∈A）≠れ  
－1 Novgisaclosedmapandg（s）iscompactforeachs∈S－ 

Eo・  

If ve se七G＝g（（W（Lu ＋1）×E一）×＾），七hen Gis a cozero－Se七 α  

Of S，and so G＝SnG米 for some cozero－Se七G並of βS．Le七us   

Se七 Z＝SUG米．we nov nee且七he follovinglemma．  

1EM肌 Le七Ⅹ⊃Ⅹ1⊃Ⅹ2・Suppose七ba七Ⅹ21s denselnX  

andis C－embeddedinXl・Then，for eachopen se七HofX，Ⅹ2UH  
is C－e正be且d－e丘inXlUH・  

The proofislefセセ○七he reader，Sincei七 TequiTeS Only   

rou七ine verifica七ion．We con七irme七he pr00f oflLL．6．since  

Gn㌔＝β，七heabovelema shovs七ha七cl。SF入＝Cl。ZF入for each  
入∈＾・Hencen（cl。ZF入い∈＾）≠¢by（2）・SeセセingG入＝  

g（（W（h）＋1）×F一）×（入））for each入∈A，Ve Ob七ain alocally α  

fini七efeunily（G入l入∈＾）ofopense七SinZvi七hG入⊃F入，and  
七hus（F入l入∈＾）isaD（鴇トexpandablefamilyinZ・Since  

X（Ⅹ。，UX）≦l帖i七f。110VSfromll・2七ha七U（Ⅹ×Z）≠uxxuZ・  

For our end．，i七 suffices七o shov七ha七 Zis七he perfec七image  
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of a space Y sa七isfying u（Ⅹ×Y）＝UX x uY．There exis七s七he   

ex七ensionβg：βRlすβS of g．Le七us se七Y＝＝RUH並，Where H班＝  

（βg）－1（G≠），andsetf＝（βg）lY・SinceG普コEo，itiseasily  

Checked 七ha七 f．is a perfec七map from Y onto Z． On七he o七her   

hand，Since H＃is a co乙erO－Se七ofβR，UY＝URUH＃by3・3．LL・  

S土nceYIsalocallyc。mpaC七SpaCeVl七h回＜ml，1七fouows  
from7．2 tha七 Ⅹ× Yis C－e正bedde且in uX x Y．I七 remains 七O  

pr。Ve七ha七。Ⅹ×Yis C－embeddedinuXxuY．Sincel叫＜几＋，  

UXxW（山）×W（uo＋1）isC－enbeddedinuXxW（u ＋1）×W（山0 αα  

＋1）．Thus t）y（l）ux x Ris C－e血bedd．e且in uX x uR．Since   

UX x H非is an open set of uX x βR，i七 follovs from七he at）0Ve   

lemma 七ha七  

（ux x R）∪（ux x H米）（＝UX〉くY）   

1s C一日11bed．ded．1n  

（ux x uR）∪（ux x H＃）（＝UX x uY）．   

Hence七he pr00fis co町Ple七e・  

1h・7 REMARK・1ncaselxt三ml，（c）＋（a）inl互・6neednotbe  
七rue・＝nfac七，1七でouovsfrom互・2地a七D（m）sa七土sfies（c），  

1_ 

bu七UD（m）1sno七ak－SpaCeby3・3・8・   
l   

1h．8 coROLLARY．Le七f．：Ⅹ．－＞Y．（i＝1，2）be胆．0七ien七On七0 111  

maps・＝fbo七huXlanduY2arelocallycompact，七henu（Ⅹ1×Ⅹ2）  
＝UXIXUX2叩11esu（YlXY2）＝ UYIXUY 2・  

Proof．Thisis proved＿by usinglh．6repea七edly．  
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Since七he pTOd．uc七ofl〕i－quO七ien七 on七o mapsis again a   

bi－qJ10七ien七map（cf．3．5．h），lit．2bring七o mind七he qJleS七ion   

Of vhen ufis a bi－quO七ien七 On七o map．In sec七ion 20，We anSVer   

七his ques七ion by considering七he specialcase vhere fis a peT－   

fec七nap，and give ano七her virsion oflLi．6vhichis apparen七1y   

StrOnger． On七he o七her hand・，Veryli上土1e canl〕e Said al〕Ouセ セhe   

inverseinvariance of七he equali七y u（Ⅹ×Y）＝UX x uY under maps．   

We conclud．e 七his section wi七h the folloving pr01〕1em and．coun七er－   

exa皿ple abou七i七．  

1h・9 PROBLEM・Le七fi：Ⅹi＋Yi（i＝1，2）beon七omaps・  

mendoesu（YlXY2）＝UYlX UY2 1mPlyu（Ⅹ1×Ⅹ2）＝UXlXUX2？   

1Li．10 EXAMPLE．Le七f：Y十Z be perfec七on七o map．Then u（Ⅹ×Z）   

＝UX x uZ d．oes no七necessaTyimpiy u（Ⅹ×Y）＝UX x uY even vhen  

id・uX 
X Ufis aqpo七ien七on七omapanduXis compac七・To see七his，  

1e七us se七Ⅹ＝W（w）；七hen，by7・6and3・3・7，七hereexis七sa  
l  

realcompac七SPaCeYISuCh七ha七U（Ⅹ×Yl）≠uxx uYl・By［N2，  
2・3］，YCanbee血beddedasaclosedsubspaceofapseudocompac七  

I  

SPaCeY2・Le七i：Yl＋Y2be七he embed・ding・Le七us se七Y＝  

Yl⑳Y2andZ＝ Y2，Vhere七he synibol（垂means七he七opologicalsum・  

Def土neで：Y→∴乙byf（y）＝土（y）1ry∈Ylandf（y）＝ylfy∈Y2・  

Then fis a perfec七map and ufis a qJlO七ien七map from uY（＝  

Yl㊤uY2）on七ouZ（＝UY2 ）・SinceXislocallycompac七，i七  

follovs from［E，3．10．26］七ba七Ⅹ×Z土s pseudocompac七，and so  
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u（Ⅹ×Z）＝UX x uZ byl．1．On七he o七her han且，U（Ⅹ×Y）≠  

UXx uYobviously・Fur七heT，UX（＝W（山l＋1））beingcompac七，  

i七f0110WS蝕om3・5・6七ha七土dxで1saquo七1en七map・  
ux  
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15．   乙－embedd土ngln X x βY  

As no七edin3．h，barring七he exis七ence of measurat）1e   

cardinals，U（Ⅹ×Y）＝UX x uY h01d．s wheneveT X x Yis z＿embe且d＿ed．   

in X x βY・＝n七his sec七ion，Ve COnSider七he pTOblem of vhen   

X〉く Y■is 2－eribedd・edin X x βY．The analogous problem for βⅩ×  

βYhasbeendiscussedbyBlairandHagerin［BH］・Ourresul七s  
3  

Tefine七heiT VOrks，and．glVe neW Charac七eTiza七ions of me七r・izal〕1e   

SpaCeS・  

15・1 PREREQU＝S＝TES・We make use of七he following resul七s：   

1う．1．1（Terasava）For each fini七e cozero－Se七cover G of七he   

PrOduc七 space X x Y of a space X vi七h a co叩aC七 SPaCe Y，七here  

exis七aユocallyfini七ec。Zer。－Se七coveT†UαJα〔A）ofXand  

fini七eopencovers Vα，α（A，。fYsuch七ha七‡Uα×VlvGVα，  
α（A）is a refinemen七of G（七he pr00f vas describedin［cc］）．  

15・1・2（［F3］）Anopenperfec七mapcarriesazero－SeセセOa  

ZerO－Se七．  

Folloving［Hl］，byacozero－TeC七angleinaproduc七Ⅹ×Y，  

Ve mean a Se七 of七he foTm U x V，Where U and＿V are cozero－Se七S   

in X and．Y，reS‡）eC七ively．  

15・2 PROPOS＝T＝ON・The folloving condi七ions on a pTOd．uc七 SPaCe   

X x Y are equ土valen七：   

（a） Ⅹ×YIs z－e血be且de且in X x βY．  

（b） Eachcozero－Se七OfXxYis七heunionofafamily（Uα×ⅤαI  
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α∈A）。fcozero－reC七anglesinXxYsuchtha七（Uαlα∈A）  
is ロー10Cally f一土nl七e 土n X．   

（c） Each fini七e cozeropse七cover of X x Y has a refinemen七   

（Uα×Ⅴαlα∈A）byc。ZerO－reC七anglesinXxYsuch  

七ha七（UαIα∈Aliso－locallyfini七einX・  

PTOOf．（a）＋（b）．Le七G be a cozero－Se七Of X x Y．Then  

by（a）thereis acozero－Se七G非＝（p∈Ⅹ×βY L g（p）≠0），Vhere  

g∈．C（Ⅹ×βY）， ○でⅩ× βY vl七h G韮∩（Ⅹ×Y）＝G．For each n∈Ⅳ，   

1e七usse七  

Kn＝（p∈Ⅹ×βYl‡g（p）い1／n），  
㌔＝（p∈Ⅹ×βYllg（p）い1／n），  

andGn＝ （Kn＋1，Ln）・ThenGnisacozero－Se七coverofXxβY，  
and．hencel〕y15．1．1七here exis七 aloca11y fini七e cozeTO－Se七 cover  

（UnαIα∈An）ofXandfini七eopenc。VerSunα，α∈An，OfβY  

such七hat（Unα×W［wEunα，α∈An）isarefinemen七ofGn・  
SinceβY－iscompac七，unαhas aTefinemen七VnαCOnSis七ingof  
fini七ely many cozero－Se七s of βY．For eachα∈A，if ve se七  

Vnα＝∪（Ⅴ訓nαlunαXV⊂Kn十1）nY，  
七ben V Is a coz」erO－Se七 Of Y sucb 七ba七  

nα  

（Ⅹ×Y）nKn⊂∪（UnαXVnαlα∈An）⊂Kn＋1・  

Since伊＝∪（Kn】n∈Ⅳ），土七f。11。VS七ba七G＝∪（Unα×Vnαl  
α〔An，n∈Ⅳ），and七hen（Unαlα∈An，n6N）iso－locallyfini七e  

in X．でhus ve bave（b）．   

（b）・（c）・Le七G＝（Gi］i∈＝）beafini七ecozero－Se七  
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COVer Of X x Y．By・（b），eaCh G．is七heunion of a family                                    l  
（Ulα×Ⅴユα  α（A．）of cozero－reC七anglesin X x Y such七ha七     1  

（Uiα lα∈Ai）isG－locallyfini七einX・Then（Uiα×Vi。 l  

α∈Ai，i∈I）is七he desired・refinemen七ofG・  

（c）十（b）．ワhe pr00でgoes j11S七as七ha七of（a）＋（b）1で   

one use（c）ins七ead．of15．1．l．  

（b）＋（a）．Le七Gl〕e a COZerO－Se七of X）くY．＝七suffices   

七O Sbov七ba七G＝G鴇∩（Ⅹ×Y〉で打SOme COZerO－Se七伊of X x βY．  

By（も），Gis七beunion。fa∫amユユy（UαXVα‡α∈A）ofeozer。－  

－reC七anglesinXxYsuch七ha七（Uα7α∈A）is⊂トユ。Callyfini七e  
in X．For eachα∈A，七hereis a cozero－Se七Ⅴ溶ofβY vi七h V＃nY  

C1 α  

＝Ⅴα・Le七usse七G普＝∪（Uα×Ⅴ言霊α∈A‡・Sincecozer。－Se七s  
aTe Closed und・er O－10Cally fini七e union，G＃is a cozero－Se七 Of   

X xβY vi七h G器∩（Ⅹ×Y）＝G．Hence七he proofis comple七e．  

The f01loving七heorems15．3 andlう．5 are main resul七s of   

七his sec七ion・A space Xis said七O be extremally disconnec七ed．   

if七he closure Of every open se七is open（cf．［GJ，1H］）．For   

七he no七ions of P－SPaCeSin七he sense of Mori七a and of’MT－SPaCeS  

in七hesenseof＝siva七a，七hereaderisTeferred七0［Mh］and［＝5］｝  
respec七ively・＝n par七icularさ an M†－SPaCeis knovn七01⊃e Pre－   

Cisely a C－embedded sul⊃SPaCe Of七he produc七of■a me七ric space   

Vi七h a compac七 SPaCe（see［IO］）．  
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15・3 THEOREM・The f0110Ving condi七ions on a space X are   

eqp土valen七：   

（a） Ⅹis me七r土zable．   

（b） Ⅹ×Yis z－e正bed．dedinX xβY for each ex七remally  

d土sconnec七ed space Y．  

（c） Ⅹ×Yis z－erribedded・inX xβY for eachnormalP－SPaCe   

（in七hesenseofMori七a［M］）Y・  
h  

（d・） Ⅹ×Yis z－embed，dedinX xβY foT eaChM一－SPaCe（in  

七hesenseoでIslva七a［M］）Y・  
5  

（e） Ⅹ×Yis z－embedded・inX xβY foT eaCh discre七e spa．ce  

YviⅧlYt≦tXl・Ⅴ（Ⅹ）・  

Proof・（a）＋（b）．Le七Y be an ex七remally disconnec七ed．  

SPaCe，andle七G＝（p∈Ⅹ×Y（g（p）≠0）（g∈C（Ⅹ〉くY））be a  

COZerO－Se七○王、Ⅹ×Y・By3・3．10，Ⅹhas aローlocally f土ni七el）aSe  

（UαIα∈A）・No七e七ha七eachU＆isacozero－Se七・ForeachnEN  

and．eachLα〔A，1e七us se七  

Vnα＝∪（HJHisanopense七inY  

SuCh七ha七U xH⊂㌔）， α  

WheTeGn：（p（Ⅹ×Yllg（p）1＞1／n）・ThenVnαisopeninY  
andUα×cIYVnα⊂Gn＋1・SinceYis ex七remallydisconnec七ed， CIYVnα  

isopen－and－ClosedinY・Hence，SeセセingVα＝∪（cIYVnα ln∈N），  

Vehaveafa皿ily（Ⅴαlα〔A）。fcozero－Se七sinYsuchtha七G＝  

∪（Uα×ⅤαⅠα∈A）・mmS土七f。1lovsでromlう・2七ba七Ⅹ×YIs  
Z－eITfbedded．in X x βY．  
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（b）十（e）．ot）Vlous．  

（e）＋（a）．The proofis a sligh七mod．ifica七ion of七hat  

Of［BH3，3・1］・Le七召beabaseforX，and七op0logize七hese七  

Y＝（（Ⅹ，B）lx〔B∈召）vi七hi七s d・iscre七e七。P。1。gy・・Then［Y［≦  

回・Ⅴ（Ⅹ）・Foreach（Ⅹ，B）∈Y，thereisf ∈C（Ⅹ）such七ha七  
（Ⅹ，B）  

f （Ⅹ）＝1andj 
（Ⅹ，B） （Ⅹ，B） 

（Ⅹ－B）＝（0）・Defineg〔C（Ⅹ×Y）by  

g（Ⅹt，（Ⅹ，B））＝r（Ⅹ，B）（Ⅹ－），  

a．nd se七G＝（p∈Ⅹ×Ylg（p）≠0）．sinceX x Yis z－embedded  

inXxβY，bylう・2，Gis七heuni。nOfafamily（Uα×Ⅴαlα（A）  
。fcozero－reC七anglesinXxYsuch七ha七（Uα1α∈A）iso－1。Cally  

fini七einX・＝七iseasilychecked七ha七（UαI沌A‡fornSa  
base for X． Thus Xis me七ri乙able by3．3．10．  

Since七he eqJlivalence of（a），（c）and（d．）isincid．en七al   

in our subseqJlen七 discussions，Ve S七a七e only ouモー1ine of七he  

pr00f・ワbeproofor（a）→（e）1s仙es弧eaS七ba七Of［Mいし・h］  

if one use15．2（c）．To prove（a）＋（d．），1e七Yl〕e an M一－SPaCe．  

Thenby［M，し・h］（cf・also［＝］）七hereexistsaparacompacセ  
5 5  

ノ、′′、′′ヽ－′ M－SPaCe Y vi七h Y⊂YCuY．Since X x Yis a k－SPaCe by3・5・2，a   

similar ar即menセセ○七ha七Of12．1．互shovs七ha七Ⅹ×Yis C－e血bedded  

inXxマ・SinceapaTaCOmPaC七M－SPaCeisanormalPpspace（［M 
い  

6．3］），Ⅹ×首is z－e血bed．dedjnXxβY（＝Ⅹ×βY）．conseqJlen七1y ′’■〉  

Ⅹ×Yis z＿enibedd．edin X x βY．（c）＋（e）and（d）＋（e）are   

Obvious． Hence七he pr00fis comple七e・  
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15．k REMRK．T．Hosblnainでorme且me七ba七dユm S＜d土m X boユds   

whenever Sis z－e血bed．d．edin XlO．This fac七can be coI血ined．vi七h  

［M7，Theoreml］七Oyeild七hef0110Vingresul七：＝fXxYis  

z－embed．d．ed．in X xβY，七hen dim（Ⅹ×Y）三d．im X＋dim Y．On七he  

O七herhand，Wagehasprovedin［w］七haセセhereexis七ame七Tic  
1. 

space x and．a Lind．elt5f space Y such七ha七d．im（Ⅹ×Y）＞dim X＋   

dim Y． Therefore七he produc七Ⅹ×Y of a me七ric spa，Ce X wi七h a   

Lindei8f space Y need．no七 be z－eml〕ed．d．ed．in X x βY．  

15．5  T江EOREM． The folloving condi七ions on a space X are   

e甲1ivalen七：   

（a） Ⅹislocally compac七，me七rizable．   

（b） Ⅹ×Yis z－e血bedd．edin X x βY for each space Y．   

（c） Ⅹx Yis z－enibedd．edin X x βY for eachloca11y compac七，  

M。。reSpaCeYぬ七bv（Y）≦回・Ⅴ（Ⅹ）・eXp㌔・  

Pr00f．（a）＋（b）．Let Ylbe a space．By3．3．10，Ⅹhas a  

O－1。Callyfini七ebase（Uα暮α∈A）such七ha七clxUαisco叩aC七  
for eachα∈A．To prove15．2（b），1e七Gbe a cozeTO－Se七Of X x Y．   

For eachα∈A，1e七us se七  

Ⅴα＝∪（HIHisanopense七inY  
SuCb七ba七elxUα×H⊂G）・  

ワbenG＝∪（Uα×Ⅴαlα（A）・工七sufflces七OSb。Ⅴ七ba七eachV α  

10   For a space X，dinX deno七es七he covering dimension of  

X（er．chap七er70f■［E〕）．  

8T   



is a cozero－Set Of Y．   

¶ from cl 
α  α 

¶α（（clxUα×YトG）・  

a co2ニerO－Se七 of Y．   

S土ncecl土scompac七，七heprojec七まon  
X a 

Yis an open peTfec七map and．Ⅴ ＝Y－  
α   

Thusit f01lovs from15．l．2 that V is  
α  

（も）十（c）．ot）Vious．  

（c）＋（a）．By15．3，Ⅹis me七rizable．Suppose七ha七Ⅹis  

n。七10Callyc。mpaC七a七Ⅹ。∈Ⅹ・Thenx（Ⅹ0，Ⅹ）≦鴇andx。hasno  
PSeud。一鴇－C。mPaC七neighb。rh。。dinXby3・3・9，Asno七e且in13・l，  

七hereexis七salocally■COmPaC七Mo。reSPaCeY，Vithw（Y）三eXP鴇，  
七hathasaD（鴇）－eXPandablefamilyFsuch七ha七IF（＝eXPRband  

n（cl。Y FIFぴ‡≠れ Then封ニfoll。VSfr。mll・2七ba七Ⅹ×Yis  

no七 C－embedded．in X x uY，and．so X x Yis no七 z－embedd．ed．in X x βY   

by3．k．This con七radic七lon comple七es七be proof．  

15・6 REM姐K・＝n［BH3，2・2］，BlairandHageressen七iallyproved  
七he eq．uivalence of七he following七hree cond．i七ions：  

（a） Ⅹispseudo－－C。mpaC七・  

（b） Ⅹ× βYIs z一如be且且edinβⅩ× βY for eacb space Y．  

（c）Ⅹ×βD（も）土sz－embe皿edlnβⅩ×βD（う）・  

Sincepseud。一－COmPaC七nessc。incidesvi七hseparabili七yformeセー  

rizal〕1e spaces，One Can Ob七ain charac七eriza七ions of separable   

（resp．separablelocally compac七）me七rizable spacesl〕y rePlacing   

‖Ⅹ× βY”by‖βⅩ× βY－fin15．3（resp．15．う）．For separable case，  

SOmeOf七hosevereprovedin［BH］・   
3   

15．7  PROBLEM． Do七here exis七 any o七her condi七ions on Y for   

Vhich15．3 and．15．5 rema．in valid？  
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15．8 we can apply our七heory七O anSVer七he f01loving ques七ions  

POSedbyBlairandHagerin［BH］・  
3  

（A） I）oes七he f01loving condi七ion（d一）imply七ha七Ⅹ×Yis  

Z－e血be且d．edinβⅩ× βY？（d一）For each f∈C（Ⅹ×Y）and  

E ＞ 0，七hereis a coun七al〕1e open rec七angular cover（G ）  
n   

。fXxYsucb七ha七sup（l拍トf（q）l】p，q∈Gn）＜E  

でoreacbn．  

（B）IfXiso－COmPaC七andYispseudo－q－C。mPaC七，thenis  
XxYz－eIT血edded．inβⅩ×βY？  

＝n［BH］，七heyproved七ha七ifXisaseparableme七rizablespace，  
3  

七hen X x Y sa七isfies（d．，）for each space Y．Hence七he f0110Ving   

example ansvers（A）and．（B），Simuユセaneously，in the nega七ive．  

15．8．1EXÅMPLE．Le七Q be七he space of allra七ionalmmibers vith  

七heusual七op010gy・Then七hereexis七SaO－dimensionalpseudo－－  

－C。mp雛七locallye。mpaC七spaceYwl七blYI＝Ⅴ（Y）＝㌔sucb七ba七  

U（Q）くY）≠Q x uY（and．hence Q x Yis no七 Z－eml〕edd．e且inβQ x βY   

by3．互）．  

Pr。。f・We七akef。rYthespaceY（）c。nS七ruc七e且inll・  
l  

5．1． Then Y sa七isfies七he s七a．七ed condi七ions by11．5．1an且1l．5．2  

（1）・Sincex（Q）＝鴇andQisn。七1。Callypseu且。－鴇－C。mPaC七，it  
f01lovs fromll．2七ba七 U（Q x Y）≠Q x uY．  

15・8・2REMARK・（A）wasfirs七ansveredby七heauthorin［0］・  
2  
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CHA門ER L  

CHARACTER＝ZAT＝ONS OF THE CLASSES   

R（me七rizable）ANI）R（10Cally compac七me七rizable）  

Two d・is七inc七1ines ofinves七iga七ionin chap七er3willbe   

combined．＝n且ealing wi七h R（P（m））and R（k），SOme kinds of   

localcompac七ness were七he cen七ralideas．By con七ras七，in七his   

Chapter veak cb器－Pr・OPer七y plays a crucialTOle・A space Xis  

Calledaveakcb碁－SPaCeifforeachdecreasingseqpence‡Fn F  
n∈Ⅳ）of regular closed se七Sin Xvi七h emp七yin七ersec七ion，  

∩（cl。ⅩFnln（Ⅳ）＝¢holds・Thisn。七i。nfiTS七appearedin  

［HW］vi七houtaname，andvasnamedbyIsiwa七ain［I］・Recall  
8  

from［MJ］七ha七a space Xis a veak cb－SPaCeif for each decreas－  

ingseqJlenCe（Fnln∈N）。fregularcl。Sedse七sinXvith  

emp七yin七ersec七ion，thereisadecreasingsequence（ZnIn∈Ⅳ）  
Of 21erO－Se七sin X vi七h emp七yin七ersec七ion such七ha七F ⊂Z for   

n n 

each n∈N・Weak cb龍一PrOPer七yis a sirnul七aneous generaliza七ion   

Of weak ct）－PrOPer七y and realcompac七ness．Since normalcoun七ably   

ParaCOI□paC七 SPaCeS，eX七remally disconnec七ed．spaces and．pseudo－   

compac七spaces（or more generally，MT－SPaCeSin the sense of  

＝siva七a［＝］）areweakcb－SPaCeS，七heyareveakcb雅一SPaCeS・  
5  

The mos七impor七an七fac七abou七veak cb第一SPaCeS Xis tha七UE（Ⅹ）＝  

E（ux）is valid，Vhere E（Ⅹ）deno七es the abs0lu七e of X．A brief   

aecoun七 Or at）S01u七es and var土ous cbarac七eriza七10nS Of－veak ct）非－   

－SPaCeS are givenin sec七ion17belov．  
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16．   Maまn 七heorems  

We s七a七e main七heoTemS Of七his chap七er and．discuss   

some remarks．The proofs villbe givenla七erin sec七ion18．  

All七he resul七sin七his sec七ion ha．vel〕een PreSen七ed．in  

山 
Hereaf七er Xd・enO七es七he pr・Oduc七of coun七ablymany copleS Of   

a space X．  

16．1 THEOREM．The f0110Ving condi七ions orla SPaCe X are   

equivalen七：  

（a） Ⅹ土saveakcがしspaeeandl可くⅢ 
ユ・  

（b） u（Ⅹ×T）＝UX x uT h01d，S for each me七rizal⊃1e space T．  

（c） u（Ⅹ×D（d（Ⅹ））u）＝UX x uD（d（Ⅹ））u．  

16．2 REM膿KS．（1）工七is七obe no七ed七ba七D（d（Ⅹ））u土s a O－  

－d．imensionalme七rizable space，and七ha七Ⅴ（D（d（Ⅹ））Lu）＝且（Ⅹ）if  

d（Ⅹ）≧咤（cf・［E，2・3・13］）・  

（2）＝n view oflO．1，”me七rizal〕le space，一canno七be wea太一   

ened．七○一一M00re SPaCe一一in（b）．Further，i七canno七be weakened七0  

‖Lagnev space‖．＝n fa．c七，Since anM－SPaCeis aweakcb器－SPaCe，  

Ka七01s example X（＝ βR－ βN）qJlO七edin12．6（1）is a weak cl〕龍一  

－SPaCe，bu七U（Ⅹ×Y）≠uX x uY for some Lagnev spaceYby12．5．  

In sec七ion19，Ve Shall，hovever，PrOVe七ha七R（me七Tizat）1e）＝   

R（paracompac七M）under七he assu叩七まon七ba七each card土naユis   

non一皿eaSural⊃1e．  
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工n七he folloving七heorem，七he eqJlivalence of（a）and．   

（c）has been describe且in互．互；however，Ve rePea七i七here七O  

compare vi七b16．1（c）．  

16．3 THEOREM．The following con且i七ions on a space X are   

equlvalen七：  

（a）lxl＜ml・  

（b） u（Ⅹxワ）＝UX x uワboldsでor eacbユocally compac七，  

me七rizable space T．   

（c） u（Ⅹ×D（d（Ⅹ）））＝UX x uD（d（Ⅹ））．  

16．互 REMARK．＝七is open vhe七her T－10Cally compac七，me七Tizable”   

Can be veakened七0’’10Cally co叩aC七，ParaCOmPaC七‖oT nO七in（b）   

（cf■．21．1）．  

One more purpose of七his chap七eris七0且iscuss 七he pTOblem   

Of finding necessaTy and．sufficien七 condi七ions for X and．Yin   

ord．er七ha七U（Ⅹ×Y）＝UX x uY h01dsin七he res七ric七ive si七ua七ion   

Vhen Yis a（10Cally compac七）me七rizable space．The following  

七heorem generalizes TheoTem互．2due七o Hu首ek．  

16．う THEOREM．Suppose七ha七Tis alocally compac七，me七rizal〕1e  

SPaCe・Then u（Ⅹ×T）＝UX x uT hold・Sif and onlyif ei七herIxl  

＜mlOr回＜m 
l・  

＝七ⅤOuld・be nice七O have a七heoTem analogous七○ 七he ahove   

in七he case vhere Tis only・aSSumed七O be me七rizable・Our nex七  
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七heorem glVeS a PaT七ialanswer 七0 七his TeqPiremen七，  

16．6 THEOREM．Suppose七ha七Ⅹsa七isfies七he coun七able chain  

C。ndition（i・e・，C（Ⅹ）≦範）andTisame七rizablespace・  

Thenu（Ⅹ×T）＝UXx uTh。1dsifand。nlyif（i）ei七heTIxJ＜ml  

。r回＜mland（ii）ei七herXisaveakcがしspaceorTisIocally  

COmpaC七・  

16．7 EXAMPLE．16．6fails七o t）e Validif we drop七he乱SSumP七ion  

tha七c（Ⅹ）≦㌔（in七his sense16・6isbes七possible）・Tosee  

七his，Ve七akef。rX七he spaceZh（鴇）cons七ructedin8・1・2・The  

proof of8．1．2essen七ially shovs七ha七Ⅹis no七a veak c研一SPaCe．   

Le七 T be七he space of allrationalnl皿bers with七he usual七OPOlogy．   

01〕Vlouslyで1s me七rlzable bu七 no七locally compac七．ワo prove七ha七   

u（Ⅹ×T）＝UX x uT（＝UX x T），1e七f（C（Ⅹx T）．Recall七haセ  

セhe。nlypoin七ⅩoinuX－ⅩisaP－P。in七inuX・SinceIT［＝鴇，  
Ⅹhas aneighborh00d・Gin uX such七ha七f七akes on七hecons七an七  
o  

ValuerOn（GnX）×（七）foreach七∈T・Ex七endfoveruXxTby  
七  

Seセセingf（（Ⅹ，七））＝rfor七∈T・Thentheex七ensioniscontinu－  
0 七  

OuS，and so X x Tis pTOVed七o be C－embeddedin uX x T． Hence   

U（Ⅹ×T）＝UX x uワh01ds，bu七Ⅹ1s no七a veak cも米－SpaCe andでis   

no七10Cally eompac七．  
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17． Abs0lu七es and veak cb第一SPaCeS  

17．1 Recall七ha七 a space Xis ex七rema11y disconnec七edif七he   

Closure of every open se七of Xis open．A map f：Ⅹ＋Yis called   

irreducil⊃1eif f carries a proper closed subse七 of X七o a proper   

Closed sut）Se七of Y・Associated wi七h each space X，七here exis七 an   

ex七remally disconnec七ed．space E（Ⅹ）and．a perfec七irTeducit）1e map  

exfromE（Ⅹ）on七0Ⅹ・ThespaceE（Ⅹ）isuniqJleuP七ohomeomorphism  

andis called．七he al〕S01u七e（or projec七ive cover）of X．More  

detailedinforna七iononabsolu七esmaybefoundin［＝F］and［s］・   
5   

17・1・1（［工F］，［w3］）ForaspaeeX，βE（Ⅹ）＝E（βⅩ）andβex＝  
eh01d，WhereβeIS七heex七ensionofeoverβE（Ⅹ）・   
βⅩ X x   

17・1・2（［エア］，［s］）工ff：Ⅹ＋Yisaper触七on七omap，七ben  
ぅ  

七here exis七S a Perfec七map h from玉：（Y）on七o a closed subse七of  

X sucb七ba七e＝fob・  
Y  

E（Y）  

Ⅴ
⊥
 
 

e
 
 
 

↓
 
Ⅴ
⊥
 
 

Ⅹ
 
 

f  

Al七hough E（ux）is usually differen七from uE（Ⅹ），七he   

Si七ua七ionis simplerif Xis a veak cb龍一SPaCe・In七he f01lov－   

ing七heorem，七he equivalence of（a）and（b）follovsimmedia七ely  

蝕om［耶，2・互］and［HJ，1・2］（cf・also［Il］）；forcomple七eness  

Veinclude a pr00f．  

如   



17．2 THEOREM．The folloving condi七ions on a space X aTe   

eqvまvalen七：   

（a） Ⅹis a weak cl〕龍一SPaCe．  

（b） uE（Ⅹ）＝E（ux）（and七henue＝e）・  
X uX 

（c） uex：UE（Ⅹ）十UXisacoun七ablybi－qJ10七ien七On七omap・  

（d．） Ⅹ×Yis C－embedd．ed．in uX x Y for each bi－Seqpen七ial  

SpaCe Y．   

（e） Ⅹ×Tis C－embedd．ed．in uX x T for each me七ri2：at）1e space T．  

（f） Ⅹ×D（c（Ⅹ））LUis C－embedded．in uXx D（c（Ⅹ））u．  

（g） Each coun七al〕1elocally fini七e f息mily G of open se七sin X  

Islocally fエni七ein uX．  

（h） Eachlocally fini七e fami1y Gof open se七sin X，Vi七hlGI  

＜Ⅲ1，1slocaユ1yでinl七eまn uX・  

Pr00f・（a）＋（b）・SincecI 
uE（Ⅹ）G＝CI uE（Ⅹ） 

（GnE（Ⅹ））for  

ea．ch open se七Gin uE（Ⅹ），UE（Ⅹ）is ex七remally d．isconnec七ed．By  

七heuniqJleneSSOfE（ux），it suffices七oshow七ha七Uex‥UE（Ⅹトリx  
is aperfec七irreducibleon七OmaP・ClearlyueisiTreducible・  

x  

Suppose七ha七UexISnO七perfec七on七○；七hen七heTeeXis七spo∈βE（Ⅹ）  

－UE（Ⅹ）such七hat（βex）（po）∈ux・By3・3・h，七hereisazero－Se七  
Z＝（p∈βE（Ⅹ）lf（p）＝0）（r∈C（βE（Ⅹ）））。fβE（Ⅹ）vi七hp。∈Z⊂  

βE（Ⅹ）－UE（Ⅹ）・Foreachn銅，1e七us se七Hn＝Ⅹ－ex（E（Ⅹ）－Gn），  

VheTeGn＝（p∈E（Ⅹ）Ilf（p）l＜1／n）・Then，exbeingaperfec七  
irreduciblemap，Hisanon－e叩七yopense七inXvi七hclH＝  

n xn  

ex（cIE（Ⅹ）Gn）・Sincepo∈clβE（Ⅹ）Gn，（βex）（po）∈clβⅩHnforeach  

95   



n〔N，andhence（βex）（po）∈∩（ cl。㌔n［n∈Ⅳ）・Thiscon七radic七s  

七he fac上土ha七 Ⅹis a weak cも非－SpaCe．  

（も）サ（c）．As no七edin17．ユ．1，βE（Ⅹ）＝E（βⅩ）bolds．工で  

wese七貰＝（βex）－1（ux），then意土sex七remallydisconnec七edande＝  

（βex）l支isaperfec七irreduciblemap。n七。UX・Becauseof七he  

～  

uniquenessofE（ux），Ⅹ＝E（ux）ande＝e 
ux・ 
SinceuE（Ⅹ）ニE（ux）  

′ヽ一 by（b），Ⅹ＝UE（Ⅹ）ande＝Uex・Henceuexisaperfec七On七omap，  

and solセ エs a coun七at）1y t）i－q旦○七ien七mp．  

（c）ヰ（且）．Le七Y七）e a t）i－Seqpen七ialspace；七hen thereis   

a biqqpo七ien七map f from a me七rizable space T on七O Y．By15．3，   

E（Ⅹ）×Tis z－ernbed．d．ed．inβE（Ⅹ）×T，and soi七is C－embeddedin  

UE（Ⅹ）×Tby3・h・Sinceuexisacoun七ablybi－qJ10七ien七On七omap，  

土七f0110VS距Om3・う・う七ha七UexXでユs aquo七1en七mapfromuE（Ⅹ）  

×T on七o uX x T．Hencei七 f0110VS fromlh．3七ha七Ⅹ× Yis C－em－   

bedded．in uX x Y．  

（d）す（e）＋（f）．0七）Vious．  

（f）＋（g）．suppose七ha上土hereis a coun七ablelocally  

fini七efamily（Gnln∈N）ofopense七sinXsuch七ha七i七is  

no七1。Callyfini七einuX・Then，SeセセingHnニ∪†GiIi≧nl  
foreachnEN，Vehaveal。Callyfini七efanily（HnIn∈Ⅳ）  
。fopense七sinXsuch七ha七∩‡cl。㌔nln∈Ⅳ）≠れ S土nce  

x（D（c（Ⅹ））u）；鴇andeacbp。in七。でD（c（Ⅹ））山hasnopseuao－C（Ⅹト  

ーCOmpaC七neigbborhood，i七で0110WSでmmll．3七ba七Ⅹ×D（c（Ⅹ））餌  

is no七C－embeddedin uX x D（c（Ⅹ））u．Thus ve have（g）．  

Since（h）＋（g）＋（a）aTe Obvious，i七remains七O PrOVe  
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七ha七（b）implies（h）・Todo七his，le七（Gαtα∈A）bea  
l。Callyfini七efamily。fopense七sinXvi七hlAl＜ml・Wemay  

assune Vi七hou七10SS Of generali七y七ha七i七 covers X． Seセセing  

H＝CI 
E（Ⅹ）ex－1（Gα）   

foT eaChα∈A，Ve Ot）tain alocally f．ini七e  

C。VerH＝（HαIα∈A）ofE（Ⅹ）by。Pen－and－Cl。Se且subse七S・  

Forour end，SinceeuISaPerfec七mapfromuE（Ⅹ）on七ouXby  
uX 

（b），i七suffices七o shov七ha七〃土slocally f土nユセe土n uE（Ⅹ）．   

Define A七o be七he family of allfini七e subse七s of A．If，for   

each B∈A，We Se七  

U（B）＝∩＝αlα〔BI－∪（Hα1α∈A－B），  
七hen（U（B）‡B（A）is alocally fini七e cover ofE（Ⅹ）．since  

each U（B）is open－and－Closedin E（Ⅹ），Ve Can find a disjoin七  

open cover（Ⅴ（B）［B〔AIof E（Ⅹ）vi七hV（B）⊂U（B）．For each  

B〔Å，1e七usse七W（B）＝CI 
uE（Ⅹ）Ⅴ（B）・ 

ThenW（B）isanopen－and－  

＿elosed st血se七of uE（Ⅹ）Ⅴ土七b W（丑）nE（Ⅹ）＝Ⅴ（B）．we sballshow  

七ha七UE（Ⅹ）＝∪‡w（B）IB∈A）・Suppose七haセセhereexis七SPo∈  

uE（Ⅹ）－∪（W（B）IB∈Å）．Le七P（A）deno七e t，he pover se七of A，  

and define aでunc七10nリ：P（A）＋（0，1）by  

01fpo卓cIuE（Ⅹ） （∪（W（B）lB〔B）），  

1 ifpOEcl 
uE（Ⅹ） 
（∪（W（B）tB〔B‡）・  

い（B）＝  

Then tl（Å）＝1and．い（（B‡）＝O f・or each B〔A．since（b）implies   

（g），Ⅹsa七isfies（g），and soi七follows七ha七Vis a coun七at）1y  

addi七ive（0，1トvalued measure On A．This con七radic七s七he fac上  

土ha七回＜ml・Thus（W（B）［B∈A）isproved七Obean。Pen  

cover of uE（Ⅹ）．since each U（B）mee七S Only fini七ely many memもers  
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of〃，SO土s W（B）．Th土simplles七ha七〃islocally fln土七eln   

UE（Ⅹ）．Hence七he pr00f．is comple七e．  

17．3 RfMARK．The e甲1ivalence of（a）and．（e）has t）een PrOVed・  

by七beau七horin【0］・   
3   

17．互 RⅢ岨RKS．（1）＝n17．2，（d．）and．（e）are七o t）e COmPaTed   

vith12．5．In par七icular，12．6（l）shovs七ha七‖bi－SeqJlen七ial”   

canno七be veakened．七0一一Fr昌che七一一in（d）．nユr七her，if一七he exisムー   

ence of measura七）1e cardinalsis assumed．，七hen one ca・n See七ha七   

i七Ca．nnO七be veakened一七o even‖coun七ably一⊃i－Sequen七ialT†・In  

fac七，1e七Ybe七heone－POin七compac七ifica七ionofX＝D（ml）；七hen  

i七isknovn［M，10・15］七ha七Yiscoun七ablybi－Seqpen七ial，an且  
3  

Ⅹis clearly a weak cb龍一SPaCe，Vhilei七f01lovs from LL・2七ha七   

Ⅹ x Y is not C－e血bedded．in uX x Y．  

（2）The Tead．eT migh七 ask whe七her七he prod．uc七Ⅹ×T of a   

vea．k cb龍一SPaCe X vi七h a me七rizable space Tis z－embeddedinβⅩ   

×T．Since Lindelt5f spaces are veak cb非－SPaCeS，15．h provides   

a．nega七ive answer七0七his qJleS七ion・  

（3）A more d．irec七pTOOf of（a）＋（e），nO七using E（Ⅹ），   

Can t）e given t）y Sligh七1y mod．ifying七he proof of19・2belov・  

Thefollovingcor011aryimprovesaresul七ofW00ds［w 
h，  

2．10］，Vho provedi七vi七h七he assumP七ion七ha七UXislocally   

COmpaC七．  
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17．5 COROLLARY．＝f uXis a coun七ably bi－k－SPaCe，七hen Xis   

aveak ct）龍一SPaCe，and hence uE（Ⅹ）＝E（ux）．  

Pr00f．Le七T be a me七rizal〕1e space；七hen uX x Tis a k－  

pspaceby3・う・2，and・SO X x Tis C－embeddedin uX x Tby12・l・L・  

Hencei七 fo110WS from17．2七hat Xis a veak cl〕＃－SPaCe．  

17．6 RⅢ仏RK．In17．5，‖coun七ably bi－kT’canno七be weakened・七0  

一一singlybi－k’’・Toseethis，1e七Ⅹbe七hespaceZh（㌔）cons七ruc七ed  

in8．1．2．Then，aS nO七edin16．7，Ⅹis no七a veak cb龍一SPaCe・   

On七he o七her hand，UXis a singlyl〕i－k－SPaCe，becausei七is七he   

closed．image of alocally compac七，ParaCOmPaC七 SPaCe・  

17．7 The f0110Ving char七provid．es a summary of七he rela七ionship   

Of veak ct）粥－SPaCeS七00七her more familiar ones：  

M－SpaCein七be  

SenSeOでMorl七a［Mh］  

＼  
M－－Spaeein七he  

pseudocompac七 space  

／  
SenSeOf工s土wa七a［Ⅰ］  

5  

ex七remally d＿isconnec七ed  
s3?ace 

／  

normalcoun七ably  
paracompac七 space  

＼  
Veak cl〕－SpaCe  

SpaCe X七ha七 UXIs a  
COun七aも1yl〕エーk－Spaee  

／  
realcompac七 space  

＼  
Veak cb祐一SpaCe   

‡  

UE（Ⅹ）＝E（ux）  
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18． proofs of七heorems（16．1，16．3，16．5and．16．6）  

⊥8．1 Proof ofでheoremユ6．1．（a）＋（も）．工e七Ⅹもe a veak ct）非－  

－SPaCeVithlxf＜mlandTame七Tizablespace・Since fE（Ⅹ）f＜ml，  
i七f0110VS fr・Om3．h and．15．3七ha七U（E（Ⅹ）x T）＝UE（Ⅹ）× UT．By・  

17・2，Uex：UE（Ⅹトリxisperfec七on七○，andsouexxi且uTISa  
Perfec七map from uE（Ⅹ）×UT on七o uX x uT．Hencei七follows fTOm   

lh．2七ba七 U（Ⅹ×で）＝UX x u℡．  

（b）十（c）．ot）Vlous．   

（c）＋（a）・Le七（Fnln〔N）beadecreasingseqJlenCeOf  

regulaT Closed se七sin X vi七h emp七yin七ersec七ion・Clearlyi七is  

locallyfiniteinX・Sincec（Ⅹ）三d（Ⅹ），eaChpoin七pofD（d（Ⅹ））Lu  

hasn。PSeud。－C（Ⅹ）一C。mPaC七neighb。rho。danax（p，D（d（Ⅹ））山）＝ 
㌔・  

Since Xx D（d（Ⅹ））uis C－e血bed，d＿ed．inuXx D（且（Ⅹ））山，i七follows  

fr。mll・3七ha七∩‡cl。ⅩFnlnEN）＝＠，an且七husXisaweak  

Cb龍一SPaCe・T。PrOVe七ha七lxl＜ml，findadiscre七efanily（Gαl  
α〔A）ofnon－e叩七yopen se七sinI）（d（Ⅹ））LUwi七hlAL＝且（Ⅹ）．pick  

Pα∈Gαforeachα〔A，andseセユ〕＝（pαjα∈A）・Theni七is  
ea．sily checked七ha七Ⅹ×Dis C－embeddedin X x D（d（Ⅹ））u．since  

uD⊂uD（d（Ⅹ））uby3．3．1，（c）土mpユ1es七ha七U（Ⅹ×D）＝UXx uD．  

℡heni七で。1ユ。VS加mh・2七ha七lxいml。riDl＜ml・工∫回くml｝  
七henl可＜mlby3・2・2・Hence七hepr。。fisc。mPle七e・   

18．2 Pr00f of Theorem16．2．（a）サ（b）fo1lows from3．Lland   

15．5．（b）＋（c）土s ot）Vious．（c）ヰ（a）bas七）een S七a七ed．1nむ．む．   

且ence七he proofis comple七e．  
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18．3 R弧KS．（1）Micbaelproved仙a七1f XIs a space and   

Sis a closed．sut）SPaCe Of a me七rizal〕1e space T，七hen X x Sis  

C－embeddedinXxT（fortheproof，See［sh］）・＝fonemake  

use of■七his resulセセO prOVe16．1，七ben（c）＋（a）七wns a corol－  

1ary ofし．h and＿17．2，because bo七hI）（d（Ⅹ））andD（c（Ⅹ））Lu aTe Closed  

subspaces ofD（d（Ⅹ））u．  

（2）In16．1and．16．3，‖d（Ⅹ）一一canno七be weakened七0一一c（Ⅹ）一一  

ingeneral・To see七his，1e七Ⅹbe theproduct ofmCOPleS Of  
l   

D（2）；七benc（Ⅹ）三exp㌔by［K3，5・れ］（cで・also［E，2・7・10］）・  

Hence u（Ⅹ×T）＝UX x uT（＝Ⅹ×T）h01d．s for each me七rizal〕1e  

SpaCeワvl七bv（ワ）≦C（Ⅹ），Vhユ1elxl＝ml・Orcourse，ifve  
assume 七hat each cardinalis non－meaSurable，七hen七he above   

replacemen七is possible．  

18．it pTOOf of Theorem16．5．Since七he sufficiencyis s七raight－   

forvard by use of3．h and15．5，We Shallprove only七he necessi七y．  

Supp。Se。n七becon七rary七bat tXl≧川1，l可≧川1andu（Ⅹ〉くで）＝  

UXx uT・Thenv（T）≧mlby3・2・2，andhenceby3・3・10vecan  

findadiscre七efamily（Gαlα∈A）ofn。n－emP七yopense七sinT  
Vi七hlAI＝ml・Picktα∈Gαforeachα〔A・Ifvese七D＝（七α［  

α∈A），七hen a similar argumenセセ0七ha七of18．1shows七ha七U（Ⅹ×I））  

＝UXxuD・SincelDI：ml，七hisc。n七Tadic七s互・2・Hence七he  
proof まs comple七e．  

18・5 Pro。f。fTheorem16・6・Ⅳecessity：Theproof七ha七lxJ＜ml  

OrI可くml土ssimilar七0七ba七Of16・う・Suppose七ba＝isno七  
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locallycompact；七heni七isno七10Callypseudo一－COmPaC七by  

3．3．9． Hencei七 f0110VS fromll．3七ha七 Ⅹmus七 be aWeak cl〕龍一  

－SPaCe．Sufficiency・：＝n case Xis aveak cb龍一SPaCe andl引  

くml，Slnceワ1srealcompac七by3・3・7，1七f01lows from17・2  
七ha七u（Ⅹx T）＝UX x uT（＝UX x T）．The remaining cases   

fol10V from16．1and．16．5，a．nd hence七he pr00fis comple七e．  
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19． On R（paracompac七M）  

In七his sec七ion，Ve PrOVe七he eqJlali七y R（paracompac七M）   

＝R（metriza．ble）under七he assumPtion七ha七each cardinalis non－   

－meaSurable，fTOm Which severalcor011aries are d．ed．uced．  

19．1 PREREQUISITES．We make use of七he following resul七s：  

19・1・1（［T］）Le七Sbea且ense subspaceofaspaceX・ThenS  
l   

is C龍一embeddedin Xif and．only’if every七WO disJOin七 zeroMSe七S   

of S have d土sjoin七Closuresin X（cf．also【E，3．2．1］）．  

19・1・2（［s互］）工fXユsaspaceandSis aco叩aC七su叫aceoで  

a s‡）aCe Y，七hen X x Sis C－embedd，edin X x Y．  

We deno七e七he folloving condition on a space by（C）．   

Each compac七 sul〕Se七 Of七he spaceis of non－meaSuTable   

Cardinal．  
（C）  

19．2 THEOREM．Le七Ⅹbe a weak ct）非－SPaCe and Y a paracompac七  

M－SPaCe・＝fei七heTXispseudo－m－COmPaCtOrYsa七isfies（C），  
l  

七hen X x Y is C＿e正bedded in uX x Y．  

Pr00f．By3．3．h，3．3．5and3．3．6，ユセsurflces七o prove   

七hat X x Yis C☆－embed．ded．in uX x Y．To verify19．1．1，1e七 Z 
． 1  

（i＝1，2）be disjoin七zero－Se七sin X x Y；七hen七hereis f∈  

C（Ⅹ×Y）sueh七ba七f（Zl）＝（0）andr（Z2）＝（1）・1e七po＝（Ⅹ0，yo）  

∈uXxY・侮sballsbov七ba七p。年cl。Ⅹ×㌔1nCl。Ⅹ×㌔2・S土nce  

Y土saparaco叩aC七‰space 
，yo 
土s con七ainedinacompac七Subse七  

103   



K七ha七has a coun七able neighl〕Orhoodl〕aSein Y．Then，Since Xis  

1 pseu且。一肌－C。mpaC七。r困＜川1，1七foll。VSfr。mLl七ba七U（Ⅹ×K）  
＝UX x K，and so fI（Ⅹ×K）is ex七ended．七O h〔C（uxx K）．Le七us   

Se七  

El＝†p〔Ⅹ×Ylf（p）三1／3），  

E2＝（p∈ⅩxYい（p）≧2／3），  
Wl＝（p〔uXxKlh（p）く2／3），  

W2＝（p〔uXxKIh（p）＞1／3）・  

でhen（Ⅹ×K）nz・⊂（Ⅹ×K）nE・⊂（Ⅹ×K）nw・and（Wl，W2）1sa lll  
COZerO－Se七 cover of uX x K．By15．1．1，七here exis七 alocally  

fini七ecozero－Se七cover uofuXandbinaryopencovers＝  

（㌔（1），㌔（2）），U∈u，。fKsuch七ha七UxVu（土）⊂W・餌ri＝1，2・ 1  

Ch00SeU（uvi七hxo∈U・Le七us se七S＝UnX；七henuS＝Uby3・3・2，  

and．1七is easily checked七ha七 Sis a veak cl〕器－SPaCe．Since Kis   

compac七，七here exis七a cozero－Se七cover（A（L），A（2））of K an丘  

ZerO－Se七sB（i）ofXsucb抽a七A（i）⊂B（i）⊂Vu（i）forl＝1，2・   

（1）工ncaseyo∈B（ユ）nB（2），1e七usse七Ko＝B（1）nB（2）；  
七hen（SxKo）∩（ElUE2）＝＠・SinceKhasacoun七ableneighbor－  

hoodbaseinY，and sinceKis a zero－Se七ofK，Kalso has a  
o   o  

COun七ableneighborhoodbase‡Gnln（N）inYvi七hGn⊃Gn＋1・  
For eacb n∈Ⅳ，1e七us se七  

Hn＝（Ⅹ〔Slxhasaneighborho。dHinS  

SuCb地a七（HXG）∩（ElUE2）＝β）， n  

F ＝CIs（S－CIsHn）・ n  

Then（cIsHnxGn）∩（ZIUZ2）＝¢，and（HnIn∈N）isaincreasing  
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O OPenCOVerOfS，becauseKISCOmPaC七・Thus（FnlnEN）is  
a decreasing se甲1enCe Of regular closed se七sin S wi七h emp七y  

in七ersec七i。n・Then，Sbeingaweakcb龍一SPaCe，∩（cl。SF。I  

neN）＝＠，andsoxoヰcIusFf。rSOmen∈Ⅳ・Ifwese七J＝US－  
n  

CIusFn（＝U－CIuFn），七henJxGisaneighborhoodofpoln n  

UXxYsuch七ha七（JxG）∩（ZlUZ2）＝¢sinceJnS⊂cIsHn・Hence n  

po年Cl。Ⅹ×YZlUcl。Ⅹ×YZ2・   
（2）Incaseyo年B（1）nB（2），theny。4A（1）oryo唾A（2）；  

VeaSSume七ha七y。車A（2）・Ifwese七Ko＝K－A（2），七henK。1Sa  

ZerO－Se七ofKcon七ainingyosuch七ha七（SxKo）nE2＝＠・Hence，  
Z by七hesa皿eaTgumen七as above，VeCanPrOVe七ha七poヰcl。Ⅹ×Y2・  

Z＝れandsoi七fouows  There飢汀eCIuxxYZlnCIuxxY2  
fr・Om19．1．1七ha．七Ⅹ×Yis C器qeI血eddedin uX x Y．Hence七he‡）rOOf   

is eomple七e．  

19．3 REMARKS．（1）since a paracompac七M－SPaCe Of non－meaSura－   

ble cardinalis realcoInpaC七by 3．3．7，七he preceding七heorem19．2，   

七oge七her vi七h16．1，Shovs七ha七R（paracompac七M）＝記（me七rizable）   

under 七he assump七ion七ha七 allcardinals are non－meaSurabユe． The   

au七hor d．0eS nOt know vhe七her七his equali七y holds oT nO七in general．  

（2）The converse of19．2is also valid；七ha七is，if七he   

PrOduc七Ⅹ×Y of a veak cb龍一SPaCe X wi七h a paracompac七M－SPaCe Y  

is C－embedd・eainuXxY，thenei七herXispseudo－ml－COmPaCt OrY  
Satisfies（C）．In fa．ct，mOre geneTa11y，h．lcomt）ined vi七h19．1．2   

Shovs七ha七，for each spaces R，S，if R x Sis C－enfbeddedin uR x S，  

七henei七herRispseudo－m－COmPaC七orSsa七isfies（C）・  
l  
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19．Lt coROLLARY．Le七Ⅹbe a veak cb瀞－SPaCe and Y a t）i－k－SPaCe．  

Ifei七herXispseudo－m－COmPaC七orYsa七isfies（C），thenXx  
l  

is Cqembedded．in uX x Y．  

Pr00f． Thereis a bi－quO七ien七map f fTOm a PaTaCOmPaC七  

M－SPaCeTon七oY・IfYsa七isfies（C），thenby七heproofof［M 
3，  

3E3］T can be chosenin such a way七ha七each poin七is con七ained  

inac。mPaC七Subse七K，VithIKl＜ml，七ha七hasac。un七ableneigh－  
borh00d．basein T． Hence，in any case，Ⅹ × Tis proved．七01〕e   

C－embed・ded・in uX x T similarly七○七he proof of19・2・Sinceid 
ux  

X］Fまs a q坤○七ien七map by3．5．h，i七rollovs fromlh．3七ha七Ⅹ×Y   

is C－embedded in uX x Y．  

19．5 COROLLARY．Le七Ⅹbe a vea，k cb非－SPaCe and．Y a realcompac七  

bi－k－SPaCe・＝fei七herXispseudo－m－COmpaC七orYsa七isfies（C），  
l  

七hen u（Ⅹ×Y）＝UX x uY（＝UX x Y）hold．s and X x Yis a veak   

Cb第一SpaCe・  

Pr00f．The firs七asser七ion f0110WS from19．h．If Y saセー  

isfies（C），七hen sois Y x D（c（Ⅹ×Y））Lu．since Y xI）（c（Ⅹ×Y））u  

is a bl－k－SpaCe t）y3．う．1，ユセfollovs rrom19．互t血a七  

Ⅹ×Y x D（c（Ⅹ×Y））u   

isCreInbedd＿edin  

ux x Y x D（c（Ⅹ×Y））山（＝U（Ⅹ×Y）x D（c（Ⅹ〉くY））u）．   

Hence X x Yis a veak cb龍一SPaCe t）y17．2．  
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In［H8］，凱遥ekproved七ha七ifaloca11ycompac七realcom－  

pac七spaceXsa七isfies（C），七hen回＜ml，andheaskedvhe七her  
七his resul七remains 七rue for realcompac七k－SPaCeS．Our nex七   

COr011ary provides a par七ialanSWer七○七his q旦eS七ion・  

19．6 coROLLARY．＝f Xis a realcompac七bi－k－SPaCe Sa七isfying  

（C），七benlxlくml・  

Pエー00f．m土s follovs f－rom h．h an且19．5．  
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20．  Mapplng七heoremsI＝  

In七his sec七ion七heinves七iga七ion of mapplng七heorems   

Vhich vas begunin sec七ionlhis con七inued．．We have anin七eres七   

in七he conseqJlenCe Of veak cl⊃☆－PrOPer七y，and・Surrmarize some of   

Pleasan七 properties vhich resul七 f．rom七he a且di七ionalassump七ion．   

The f01lowing七heorem gives o七her versions of17．2．  

20・1 THEOREM・ The f0110Ving condi七ions on a space Y ar・e   

equivalen七：   

（a） Y土s a weak ct）龍一SpaCe．   

（b） For any・Per・fec七On七o map f：Ⅹ＋Y，七here exis七s a closed  

S豆bse七Ⅹ。。fuXsuch七ha七（uf）1Ⅹ。isaperfec七mapfrom  

X on七O UY・  
o  

（c） For any perfec七On七O maP f：ⅩヰY，Uf：UXすUYis al）i－  

－qJlO七ien七 on七o map．   

（d） yor any perfec七on七o map f：Ⅹ＋Y，Uf：UXすUYis a counセー  

ably t）i－qpO七ien七 on七O map．   

（e） For any perfec七irred．ucil〕1e on七o map f：Ⅹ→Y，Uf：UX＋UY  

is a perf－ec七 on七O map．  

Proof．（a）＋（b）．Le七f：Ⅹ＋Y be a perfec七on七o map．  

By17・1・2七here exis七aclosed subse七Ⅹ0fXandaperfec七map  
1  

hfromE（Y）on七0Ⅹ1SuChtha七eY＝foh・Le七usse七Ⅹ 
2＝ClβXXl  

andぎ＝（βf）fx2・SinceX2isc。mpaC七，hhasaCOn七inu。uSeX七en－  
sion芸fromβE（Y）on七0Ⅹ2・ワben  
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′ヽ′    ′ヽ■′  

βeY＝でOh・  （1）  

Le七us se七Ⅹ0＝Ⅹ2nUX・We shallprove七ha七  
～  

（2）  h（uE（Y））＝Ⅹ0・  

‘一1 l since宕isperfec七，宗（Ⅹ0）isrealcompac七and㌃（Ⅹ0）⊃E（Y）・  

ヮbisl叫土es地a七UE（Y）⊂㌃1Ⅹ。），ands。h（uE（Y））⊂Ⅹ。・Tosb。Ⅴ ～   

七heconverseinclusion，SuPPOSe七haセセhere exis七s apoin七p∈Ⅹ 
0  

一石（uE（Y））．Then忘（q．）＝P for some q∈βE（Y）－UE（Y）．sinceY  

is aweakcb非qspace，i七f0110VS from17・2七ha七Ueis aperfec七  
Y   

mapon七ouY，andso（βeY）（q）∈βY－UY・Hence妄（p）∈βY－UYby  

（1），Vhich con七ra姐c七S仙e facセセba七（βf）（ux）⊂uY．ワhus（2）is  

PrOVed・SinceueY：UE（Y）十UYisperfec七on七○，   
（3）   uE（Y）＝（βeY）－1（uY）・  

Hencei七follovs from（1），（2）and．（3）七ha七  

ノヽ′   

Ⅹ。＝b（uE（Y））＝h（（βeY）‾1（uY））＝㌻㌔uY）・ ノヽ＿   

Since盲isperfec七，七hisshovs七ha七首lxo（＝（uf）lxo）isa  

Perfec七map fromX on七o uY・  
o  

（b）＋（c）．Le七f：Ⅹ＋Y be a perfec七on七O maP．By（b），  

七hereisacl。Sedsubse七Ⅹ0。fuXsuch七ha七（uf）Ixoisaperfec七  

－1 
mapon七o uY．Le七y∈uY，andle七ubeacoverof（uf）（y）by  

－1 
opense七sinuX・Since（uf）（y）∩Ⅹ1SCOmPaC七，i七iscovered  

0  

吋aでin比e suもで弧ily（U 
l，…， 

U 
n 

G＝UY－（uf）（Ⅹ0－（UlU…UUn）），  

七henGisanopenneighborh00dofyinuYsuch七ha七G⊂（uf）（Ul）∪  

‥．∪（uf）（U）．Hence ufis a bi－qPO七ien七On七O maP． n  

（c）＋（d）is oもvious．（d）十（a）and（e）ヰ（a）f01low  
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from17．2．（a）十（e）can t）e PrOVed similaTly七0七ha七of’17．2   

（a）十（b）．Hence七he proofis comple七e．  

20．2 RfmARK．The reader migh七ask vhe七heT，in20．1（e），‖ir－   

reducible†lcan be omiセセed or no七．The ansveris nega七ive・In  

fac七，＝siwa七a［I8］an且七heau七horindependen七1yproved七ha七Uf‥  
UX＋UYis perf■ec七 On七o for any perfec七On七o map f：Ⅹ＋Yif and   

onlyif Y sa七isfies七he f0110Ving condi七ion（非）：  

ForeverydecreasingseqJlenCe（Fnln∈N）ofclosed  
（溝）subse七sinYvi七hemp七yin七ersec七i。n， ∩†cl。YFn［n∈N‡  

土s emp七y・   

A space Y sa七isfying（龍）is called．a ct）非－SPaCe，and．七heTe eXis七S  

aveakcb龍一SPaCetha七isno七acb龍一SPaCe（e・g・，（W（wl＋1）×  

W（山0＋1）トⅠ（ul，uo）））・Weno七e七b且七normalcoun七a勒para－  

COmpaC七 SPaCeS are Cb龍一SPaCeS・  

20．3  THEOREM．Among七he f011owing condi七ions on a space Y，  

（a）＋（b）＋（c）arevalid．Conversely，（c）ヰ（a）holdsifIYl   

＜m 
l・  

（a） Yis aWeak cl〕☆－SpaCe．   

（b） For each peTfec七On七o map f：Ⅹ＋Y and each space Z sa七is－  

fying u（Ⅹ×Z）＝UX x uZ，U（Y〉くZ）＝UY x uZ bolds・   

（c） For each perfec七on七o map f：Ⅹ＋Y and each peTfec七map  

g‥Zl＋Z20n七oaveakc研一SPaCeZ2，U（Y）くZ2）＝UYxuZ2  
holdsvheneveru（Ⅹ×Z）＝UXxuZ 

1 l・  
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Pr00f．（a）＋（b）．since Yis a veak ct）瀞－SPaCe，Uf：UX  

＋UYisbi－qPO七ien七on七Oby20・1・Then，by3・う・h，UfxiduzIS  

al〕i－qPO七ien七map from uX x uZ on七O UY x uZ・Hencei七 follovs   

fromlし．2七ba七 U（Y〉く Z）＝UY x uZ．  

（b）＋（c）・By（b），U（Y）くZl）＝UYxuZl・Then，Z2being  

aveakcb龍一SPaCe，U（Y〉くZ2）＝UYx uZ2by（b）again・   
（c）・（a）・Supp。Se。n七hec。n七rary七ha七tYl＜mlan  

is no七a weak cb非rspace．By16．1，七here exis七s a me七rizal〕1e  

space T such七ha七U（Y〉（T）≠uY x uT．Le七us se七Ⅹ＝E（Y）and  

f＝eY・Thenf：Ⅹ＋YisapeTfecton七omapandu（Ⅹ×T）＝  
uxxuT，becauseXisaveakcb普－SPaCeVi七hIx［＜ml・Thiscon一  
七radic七S（c），and．hence七he pr00fis comple七e．  

20．h RfMARK．The au七hoT d．0eS nO七knov vhe七heT（c）＋（a）c01ユ1d  

bepr。Vedwith。uセセheassump七i。n七ha七（Ylくml・  

The preceding七heoTem raises七he qJleS七ion of vha七happens   

if七he second fac七or・gis merely a qJlO七ien七map・Our nex七resul七   

ansvers七his ques七ion，andimpTOVeSlh．6at）0Ve．  

20．5  THEOREM．Among七he f01lowing condi七ions on a space Y，  

（a）＋（b）＋（c）arevalid．Conversely，（c）＋（a）holdsiflYl  

UYislocally compac七．   

For each perfec七 On七o map f：ⅩヰY and each qpo七ien七  

On七omapg：Zl＋Z2，U（Y）くZ2）＝UYx uZ2holdswhenever  
U（Ⅹ×Zl）＝UXx uZl・  
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（c） For eachperfec七ontomaps f：Ⅹ＋Yandg：Zl十Z2，  

U（Yx Z2）＝UYx uZ2holdsvheneveru（Ⅹ×Zl）＝UX  
x uZ 

l・  

Proof．（a）＋（も）．工f uYislocally compac七，七hen Y土s   

a weak ct）龍一SPaCel〕y17．5．Hencei七fo1lovs from20．3七ha七  

U（Y〉くZl）＝UYxuZl，andsou（YxZ2）＝UYxuZ2bylh・6・（b）  
＋（c）is01〕Ⅴ土ous．（c）→（a）rollovs fromlL．6．Hence七he prooで   

1s comp⊥e七e．  

20．6 REMARK．As no七ed．inl互．7，（c）＋（a）canno七be proved  

Vi七b。uセセbeassump七lon七ha七回＜川 
1・  
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21．  Prol〕1ems and．remarksll  

21．1 PROBLEMS．D016．1and，16．6remain七rueif－1me七rizal〕1e   

space‖is weakened七○一一par・aCOmPaC七M－SPaCe”？D016．3an且16．5   

remain七rueif†Ilocally co叩paC七，me七rizaJble space‖is weakened・   

七oIIlocalユy compac七IparaCOmpaC七SpaCeII？  

To a上土ack七hese prot）1ems，七he following fac七S may t）e  

available（cf・［A3］，［Mh］）；Alocallycompac七，para点OmpaC七  
space（resp．a paTaCOmPaC七M－SPaCe）Ⅹhas a perfec七map f from   

X on七O alocally co叫PaC七，me七rizable space（resp．a me七Tizable   

space）T．Moreover，Since a me七rizable space sa七isfies（器）in   

20．2，Uf：UX＋UTis 七hen a perfec七on七o map・  

21．2  PROBLEM．Do七here exis七 any o七her condi七ions on T for   

vhich16．lremains valid？  

21．3 PROBLEM． Find necessary and sufficien七 COnd．i七ions foT X   

and．Tin ord．er七ha七u（Ⅹ×T）＝UX x uT hold．sin七he case where   

Tis a me七ri乙aも1e space．  

21．LL PROBLEM．Charac七erize R（veak cb龍）．we no七e七ha七i七   

f0110WS fromlLL．2and17．2七ha七R（veak cb溝）＝R（ex七Temally   

disconnec七ed）．Moreover，Since every par・aCOmPaC七 spaceis a  

11   prol〕1ems21．1，21．3and21．h have been posed，by the  

au七borln〔0］  
3  
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Veak cb祐一SPaCe，i七f0110VS from互．h and7．6七hat everymember  

of R（veak cb粥）is a realcompac七space of，non－meaSurable cardi－   

nal．  

21・5 PROBLEM・Find charac七eriza七ions of an on七o map f：Ⅹ＋Y   

SuCh七ha七 uf：UX＋UYis bi－quOtien七on七0．We arein七eres七edin   

七hユs pr01〕1emユn vユev of22．1（3）below．  

1ユむ   



CHAPTER 5   

MISCELLAⅣEOUS REMKS  

22． Comon proper七1es of R（ア）  

22．1 ＝七 SeemS七haセセhe classes 疋（P）consid．eTed．at）○Ve have   

SeVeralcommon proper七ies．Welis七 some of七hese below：Le七   

P be a七OPdlogicalproper七y of spaces．Each asser七ion follovs   

from resul七s in 七hel〕TaCke七．   

（1） R（P）includes al⊥10Cally compac七，realcompac七spaces   

of non－meaSurable card．inals（1．2）．  

（2） R（P）isclosedun且ercozero－Subspaces（［BH，3・2］）・  
2  

（3） R（P）is closed und．e主open perfec七images（lL［．5）；mOre   

generally，if uf：UX＋UYis bi－qPO七ien七on七○，七hen Y∈R（P）   

vhenever X∈R（P）（3．5．Lt andl互．2）．   

（h） ＝f f：ⅩヰYis a perfec七map on七o a veak ct）龍一SPaCe Y，   

七hen Y∈軍（P）vhenever X∈R（P）（20．3）．   

（う） 工f eacllP－SpaCeisリー10Cally compac七，七hen R（P）is   

closed．under甲10七ien七images（1h．6）．   

（6） ＝f X∈R（P）and．Yis alocally compact，realcompac七SPaCe  

Vi七blYIくml，七henXxY∈R（P）（1・2）・   

22．2 REMARK．（1），（2），（3）and（5）have been s七a七ed by七he  

au七hor土n【0〕・  
3  
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23．   A con七inua七ion of sec七ion 2  

This sec七ionis devo七ed．七0七he exa皿Ple and七he resul七   

announCedin sec七ion2．In七hein七eres七 of simplici七y，Ve aSSune   

七ha七 all card．inals are non－meaSurable．  

23．1 EXAMPLE．There exis七SPaCeS X．and Y．（i＝1，2），nei－   
i 1  

七her ofvhichlslocallycompac七andrealcompac七，SuCh七ba七ⅩX  
1  

YlandX2×Y2arehomeomorphic，bu七U（Ⅹ1×Yl）＝UXlXUYlan丘  

U（Ⅹ2×Y2）≠ux2×UY2・  

Pr00f． Le七R be an aTbユセraTy PSeudocompac七 non－COmPaC七   

SPaCe，and．1e七P be an arbi七rary firs七 coun七at）1e non－Weak ct）非－  

－SPaCe（e・g・，Y（）c。nS七ruc七edinll・5・3），andle七Q＝  
2  

D（d（R x P））u．Then，Since uRis compac七by3．3．3andP x Qis  

a k－SpaCe，i七 r0110WS f■romlO．1七ba七  

u（R x（P）くQ））＝UR x u（P x Q）．   

On七he o七her hand．，it follows from16．1七ha七  

u（（R）くP）×Q）≠u（R）くP）× UQ．   

Therefore，if．ve se七  

Ⅹ1＝R，  Yl＝P x Q，  

Ⅹ2＝R x p，  Y2＝Q，  

七hen X．and Y．sa七isfy七he s七a七ed．condi七ions．  
1  1  

We nex七 Show七he exis七ence of aリーPair which canno七be   

d．escribe且in七erms of func七ion spaces．The f0110Ving七heorem  
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glVeS a nega七ive ansver 七O Husek†s problem，quOtedin sec七ion2．  

Tha七（a）implies（b）wasobservedbyHu基ekin［H9］（or［H7〕）；  
however，Veinclude a pr00f for co叩1e七eness．  

23．2 THEOREM．The f0110Ving condi七ions on a space X aTe   

e甲1ivalen七：   

（a） Ⅹislocally compac七．   

（b） For each space Y，if（Ⅹ，Y）is aリーPair，七heni七Can be  

describedin七erms of func七ion spaces，七ha七is，七here  

exis七S a COmPle七ely regulaT Hausdorff七op010gy七for C（Ⅹ）  

Sa七isfying七he f01loving七hree condi七ions：   

（1）c七（Ⅹ）isrealcompac七，   

（2）c（Ⅹ×Y）⊂C（Y，C七（Ⅹ）），   

（3）c（uY，C七（Ⅹ））⊂C（Ⅹ×UY）12・  

Before pTOVing七he 七heorem，1e七us agree on some七ermi－  

n010gy・Recallfrom［K］七ha七a七opology七forC（Ⅹ）isjoin七1y  
2  

COn七inuousif七hereal一Valuedfunc七ionαOnXxC（Ⅹ）defined  
七  

α（（Ⅹ，f））＝f（Ⅹ）is con七inuous．The func七ionαis called．七he   

evalua七ion・Le七H be a fa皿ily of s止bse七s of a space X．In C（Ⅹ），   

七he七opology of uniform convergence on memt）erS Of His七ha七  

having七he familyIS（H，f，E）IH∈H，f∈C（Ⅹ），E＞0）as a sub－  

base，Vhere S（H，f，E）＝（g∈C（Ⅹ）lsupJf（Ⅹ）－g（Ⅹ）Ⅰ＜E）．  
X∈H  

12  See sec七ion2（p．8）．  
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Proof ofワbeor∈Ⅲ123．2．（乱）す（b）．since XIslocalユy   

compac七，七he compacセーOPen七op0logy七for C（Ⅹ）sa七isfies（2）and．   

（3）for each space Y（cf．［E，3．Lt．8］）．on七he o七heT hand，  

10Callycompac七spacebeingak－SPaCe，C（Ⅹ）hasacompleteuni－  
七  

fomi七yby［K2，Theorem12，P・231］・Sinceallcar且inalsare  
assume且七oben占n－meaSurable，i七follovsfrom3・3・7七ha七C七（Ⅹ）  

is realcompac七．Thus we have（b）．  

（b）＋（a）．suppose on七he con七rary七ha七Ⅹis no七locally  

C。mPaC七a七Ⅹ。∈Ⅹ・Le七†G入l入∈A）beaneighb。rho。且basea七  
ⅩinX・Then，foT eaCh入∈＾，七here exis七s anopencoveruOf  
o  入  

Xsuch七ha七nofini七e subfamilycoveTSClxG入・Le七H入be七he  
fa皿ily of allopen se七sin X vhose closures are containedin some  

membersofu入，andleセセ（入）be七he七op010gyfor C（Ⅹ）ofuniform  

COnVergenCeOnmembeTSOfH入・＝fwese七Ⅹ入＝C七（入）（Ⅹ），七henX入  
hasacomple七eunifomi七yby tK2，TheoremlO，P・228］，andhence  
i七is realcompac七by3．3．7．Since七（入）is jointly continuous by  

【K2，TheoremlO，P・228］，七heevalua七ionα入‥ⅩxX入十R（＝七he  
real 

Ple七elyregularHausdorff七op0logies七foTC（Ⅹ）such七ha七C（Ⅹ）  
七  

isrealcompac七・Foreach七∈◎，1e七㌔＝C七（Ⅹ），andle七us se七  
Y＝（針Ⅹ入l入∈A））⑳（針Ⅹ七い∈◎1）・  

Then Yis realcompa，C七，and．so（Ⅹ，Y）is aリーPair．＝七r飢a．ins七o   

prove七ha七（Ⅹ，Y）canno七be descrit）edin七erms of func七ion spaces．   

To do七his，1e七 T be an a．rbi七rary comple七ely reguユar Hausdorff  

七opologyforC（Ⅹ）sa七isfying（1），andletα‥Ⅹ×CT（Ⅹ）十Rbe  
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七he evalua七ion．Then T∈◎．We shallshov七ha七ei七her（2）or   

（3）falls for T．  

工n case TisJOin七1y con七inuous，七hen pick an arbi七rary  

′＼ elemen七g of C（Ⅹ），and define a func七ion f from uY（＝Y）in七o  

CT（Ⅹ）吋  

1f b∈Ⅹ入，入∈A，  

ifh∈Ⅹ七，七∈◎「ぬ七h七≠T，  

if－ h∈Ⅹ．         T  
；（h）＝f享  

＜ Thenf∈C（uY，CT（Ⅹ））obviously，bu上土hereal－Value且functionf  

onxx uYdefinedbyf（（Ⅹ，h））＝［手（h）］（Ⅹ）isn。七c。n七in。。uS，  

becausefI（Ⅹ×ⅩT）＝αandTisno七j。in七1yc。n七inu。uS・Hence  

i七f。11。VS七ha七C（uY，CT（Ⅹ））ヰC（Ⅹ×UY），i．・e・，（3）fails・  

In case TisJOin七1y con七inuous，七hen d．ef．ine a Teal－Valued．   

func七土on f－ on X x Y by  

α入（（Ⅹ，b））1fb∈Ⅹ入，入∈A，   

0  土f b∈㌔，七∈◎・  （  

f（（Ⅹ，h））＝  

Thenf∈C（Ⅹ×Y）・Toshov七ha七筈：Y・＋CT（Ⅹ）（＝七hefunction  

且efinedby；（y）＝f（（Ⅹx（y）））isno七con七inuo。S，aSSune七ha七  

i七is con七inuous・Ch00SeaCOnS七an七func七ionk∈C（Ⅹ）vi七hk（Ⅹ）  
T  

ニ（0）・Sincek（Ⅹ0）＝α（（Ⅹ0，k））＝Oandαiscon七inuous，七here  

exis七 入∈A and．トneight）Orhoo且V of kin C（Ⅹ）such tha七 T  

lα（（Ⅹ，h川＜1foreach（Ⅹ，h）∈G入×Ⅴ・  

Since封Ⅹ入：C七（入）（Ⅹ）・C（Ⅹ）is七heiden七i七y，andsincei七is T  
con七inuous，七hereis a七（入）－neighborh00d W of．k vi七h W⊂Ⅴ．Then   

some basic七（入）－neigh七orhood  
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∩（S（Ⅱi，k，㌔）1i＝1，…，n）  

Ofkmus七be con七ainedinW・Since clGCannO七be coveredby  
x入   

fini七elymanymenfbers ofu入，Ve Canfin且apoin七Ⅹ1∈G入－  
∪（cl㌔il土＝1，…，n）andj∈C（Ⅹ）such七ba七j（Ⅹ1）＝1and  

j（∪（cl㌔土い＝1，…，n））＝（0）・Sincej∈W，（Ⅹ1，j）∈G入×Ⅴ，  

bu七α（（Ⅹ1，j））＝j（Ⅹ1）＝1，七ha七isacon七radic七ion・Therefore  

妄isn。七C。n七inuous，Vhichshovs七ha七C（Ⅹ×Y）4c（Y，CT（Ⅹ）），i・e・，  

（2）fails．Hence七he pr00f■is comple七e．  

23．3 REMARKS．（1）The essen七ialid．ea of七he proof of（b）＋  

（a）is且ue七OArens［A］・  
l  

（2）＝n七he pr00f of（b）十（a．），We Can deform Yin七O a．  

non－realcompac七SPaCe・ConsiderYxW（）ins七ea且ofY，Vhere  

uαis七heini七ialordinal。f（回・1Yl）＋；七hen七hepTOOfg。eS  
JuS七 as above．  
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2h． Dieu且onn昌七OPOloglCalcomple七ions of pTOduc七S  

A spaceis called七opologlCally comple七eifitis comple七e   

Vi七h respecセセOi七S fines七uniformi七y・For each space X，七here   

exis七S a．unlque七OP010glCally comple七e space YX con七aining X   

densely such七ha七each map f：Ⅹ＋Y ad・mi七S a COn七inuous ex七ension  

Yf：YX＋YY．The space YXis called．七he Dieud．onn昌七OP010glCal   

COmPle七ion of X，and YX as vellas uX has been s七ud・ied by seveTal  

researchers・ForasuTVeyOfYX，七hereaderisrefeTred七○［cN2］・  

In general，a reSul七at）Ou七Hewiセセrealcompac七ifica七ions of prod－  

uc七S ha．s an obvious analogue for Dieu且onn昌七opologlCalcomple七ions  

（cf・［Bl］，［cH］，［cN2］・［I6］，［Mぅ］，［02］，［p2］），andmos七Of  

our resul七s abou七U，eXCeP七those of chap七erlt）Can also be七rans－   

formedin a s七raigh七forward．mannerin七O reSul七S al〕Ou七Y．In七his   

SeC七ion，Ve Only s七a七e七he corresponding七heorems七0七hose of   

chap七er互vl七hou七proofs．  

2Lt．1 THEOREM．Consid．er七he following cond・i七ions on a space X：   

（1） Eachlocally fini七e family of open se七Sin Xislocally   

でinl七einYX．  

（2）E（YX）＝YE（Ⅹ）（and七heneYX＝Yex）・  

（3） Yex‥YE（Ⅹ）＋YXisabi－qJlO七ien七on七omap・  

（h） For any perfec七On七O maP f．：Y＋Ⅹ，七here exis七S a Closed  

Subse七YoofYYsuch七ha七（Yf）lY。isaperfec七mapfrom  
T on七OYX・  
o   
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（5） For any perfec七on七o map f：Y十Ⅹ，Yf：YYすYXIs a t）i－  

一即ユ0七まen七 On七o map．   

（6） For any perfec七irreducible on七O maP f：Y＋Ⅹ，Yf：YY＋YX  

is a perfec七 on七O map．   

（7） For eachper・fec七on七o map f：Y＋Ⅹand each space Z sa七is－  

fying Y（Y＞くZ）＝YY x YZ，Y（Ⅹ×Z）＝YX x YZ bolds．   

（8） For any perf．ec七on七o map f：Y＋Ⅹ，Yf：YY＋YXis a counセー   

ablyt）ユーquO七ien七On七omap．  

（9） Yex：YE（Ⅹ）十YXisacoun七ablybi－qPO七ien七on七omap・  

（10） Ⅹ×Yis C－embeddedin YX x Y for each bi－k－SPaCe Y．   

（11） Y（Ⅹ×Y）＝YX x Y h01ds for eacb paracompac七M－SpaCe Y．   

（12） Y（Ⅹ×T）＝YX x T h01d．s foT eaCh me七rizable space T．  

（13）Y（Ⅹ×D（c（Ⅹ））u）＝YX x D（c（Ⅹ））u．  

（1互） Each coun七ablelocally fini七e family of open se七sin Xis  

locally fin土七e 土n YX．  

（15）Eachlocally fini七e familyG of open se七SinX，VithIGl  

くml，islocallyfinl七einYX・  
Then 七hese condi七ions are rela七ed as follows：  

（1）ヰ→（2）←ナ（3）ィ→（k）ヰ→（5）←ナ（6）←ナ（7）＋（8）す  

＋（9）＋（10）－（11）やヰ（12）←（13）ヰ→（1む）…（1う）．  

2h・2 REMARKS・（1）IncaselxI＜ml，allof七hesecondi七ions  
are equivalen七．The au七hor does no七knov vhe七her（10）＋（9）ヰ   

（8）＋（7）a．Te七rue oT nO七in general．  
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（2）＝n［01］，七heau七horcalledaspaceXsa七isfying（1）  

a veak t）龍一SPaCe，Where a veak b龍一SPaCeis defined byin七ernal   

PrOPer七ies of X．Ex七remally disconnec七ed spaces，Mf－SPaCeSin  

七hesenseofIsiva七a［I］，andcollec七ionvisenoTmalcoun七ably  
5  

ParaCOmPaC七spacesaTeVeakb袈－SPaCeS（cf・［01］）・  
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