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DIMENSION THEORY OF GENERAL SPACES  

BY  

K6ichiTsudcI  

Chc］P．0Int「Oduction  

ChcIP．’1Closed embeddings of complete metric spoces  

Chc）P．■2 Non－eXistence of unive・rSqlspc］CeS for some  

StrOtific］ble sp〔】CeS  

ChdP．ミ5 NormoIspqces X x Y sotisfying theinequqlity  
dim（X x Y）＞ dim＋dim Y  

SunlmC］ry．We shollsoIve the following three  

problems，Which come from the□ttemPt tO develope  

hc）rmOnious dimension theory：  

（l）Find c］nOn－SePC］rCIble complete met「ic spoce which  

PIQyS C］rOle of the spqce of「eqlline．  

（2）Find universc］1spc）CeS for gene「CIlized metric spc）CeS  

within the cl□SS Of strcItific］ble spcICeS．  

（5）Find strongly zero dimensionc）1sp□CeS X c）nd Y－SuChthot  

dimension dim（X x Y）of the productis□「bitrory  

high．  
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CONVENTIONS．   

The G「e□klettersα｝βwillindicote ordinolnumbers）  

C）nd ec］Ch ordinc］1日illbe tqken to be the set ofits  

P「edecesso「S．Thusノ α ∈βc］ndα ＜ βmec］nS the sqme  

thing．These sc］me Grec）kletters willc）1so stc）nd for  

CC）「dinqlnumbe「s．h）is the firstW，  

□nd ulis the抑止・We□1so use  
L。tO denote the set of positivさintegers．No difficulty  

Willresult f「Om these c］mbiguity．The c□rdinc］1ity of  

COntinuunlis sometimes denoted by c．   

A sequence（Ai）of setsis c□‖ed decreqsingif  

A五⊃A五十ヱ fo「eochi・  

AllspcICeS COnSidered qre qssumed to be Tychonoffノ  

qnd□11m□PS C）re COntinuous，The dimension dim X of c）  

nQ「mqlspqce X meqns t担郎Ofit，  

which goes b□Ck to theide□Ofモech［1］qnd Lebesgue［1］l  

（When Xis non－nOrmC）1，We Gdqpt the dimension function  

due to Kc］t苔tov［1］．）In pqrticulc）「，We S□y thqt Xis  

軸叩吐Hhen dim X＝0．  

We sh□11use seve「01different topologies T On the  

CcHltOr－Set C，C）nd‖e denoteit by（C，T）．In pclrticul□rノ  

by（CJEo）we denote the usu□1Euclideqn topology on C・  

For c］tOPOlogy T On C qnd for cISubset U of C，We SC）y  

SOmetimes thc］t Uis二二王：別些氾if Uis openin（C，T）．  
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We sc）y thc］t Uis⊆麺ifitis closed cInd open  

simJltoniously．For q subset A of（C，T）T拍denotes  

its雌topology．The unitintervqlwith the  

Euclide□n tOPOlogyis denoted byI（thelette「E  

stclnds forits topology）．Exp（X）denotes the hype「－  

spc）Ce COnSisting of ollclosed sets of c］tOPOlogicql  

SPC）Ce X Hith the蜘．  

For the undefined terminology，We refe「to the  

rec）der to Engelking［l］qnd Kunen［1］．  
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Int「Oduction．   

Itis difficult to dete「mine the origin of the  

COnCePt Of dimension（See Dudc］［1］）．Butノitis no  

doubt to believe th□t the discove「y by Peqno［l］（thqtis，  

C）COntinuous mc］P On the unitintervc］1，theimc）ge Of which  

is the fullsqu（］「e）「eminded the people thc］titis  

necessqry to define the concept’of dimension p「ecisely．  

Nowc］dclyS，We hove some sc］tisfcICtOry dimension  

functions for c）SPOCe X］ind XノInd X，C］nd dim X，  

One of the most remclrkc］ble fc］CtS COnCerning their  

definitionsis thclt We COn C］SSign dimensions to fcIirly  

！担口旦坦1－SPC）CeS．Fo「exc）mPle，We C□n define the qbove  

three dimension functions for every（not necessorily，  

met「izc］ble）鮎Ⅲ坦1spc）CeS．  

On the other hc］nd，We believe thot ou「dimension  

functions□re SC）tisfcICtOry，Since for画  

SPロCeS We hc］Ve O bequtifulhc］「mOnious dimension theory  

（See Hurewicz c］nd Wqllmc）n［1］）．  

Hence，One Of the mc］in prolbemsin dimension theory  

is to construct c］hqrmonious dimension theory  

蛋肝芸層圏円 崇 鳳声蛋壁卜  

From this point of view we hc］Ve remqrkoble  

fo「mo「e  

developments for metrizqble spc）CeS（See Moritc］［2］Qnd  

N□gC］tC］［7］），□nd hcNeimportc）nt 

strcltificlble spc）CeS（Nc）gC）mi［6，7］ond Okq［1］）．  
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The「e cIre，however，mClny theorems，Hhich qre vqlid  

for seporbble metric spoces，but c）re OPen for more  

generc］1（evenノ COmPlete metric）spc］CeSin dimension  

theory．In this thesis He Sh□11discuss three such  

theoremsノ ロnd sh□11solve them completely．  

（1）Thereis no doubt to believe thcIt the reql11ine R  

is one of the mostimportqnt qnd usefull－dimensionc11  

SPqCeS．Ou「first problemis to seqk c）nOn－SePC］rClble  

COmPlete metric spc］Ce，Which pIc）yS C］rOle of the spc）Ce R．  

To specify our proble町ノWe quickly revieH the  

StrOngly O－dimensionoIcose．For the strongly  

O－dimension（】1spc］CeS He believe th□t He hc）Ve O  

SC］tisfc）CtOry One．Itis the BqireIs O－dimension□1spc］Ce．  

The recISOnノ 回hyitisノis thclt the Bc］irels O－dimensionc］1  

SPCICe B（α）of weightα Sqtisfies not only thc］t B（u）  

（thotisノ the sepclrOble cc）Se）is homeomorphic to the  

fc）milior spc）Ceノ／／the sp□Ce Ofirrqtionqlnumbe「S′′ノ but  

OIso thqt  

（1）every strongly O－dimensionc11complete metric spqce  

of weisht a is homeomorphic to C）Closed subset  

Of B（α）（Stone［1］）．  

Closed enlbeddings c］re frequently usedin topology  

（for exqmple，itisindispensclble fo「ANR theory）．  

In pcIrticulc］r，the c］bove result（1）is essentiolly used  

2   



in the recent work ofJoyne cInd Rogers［1］to obtc）in  

thei「representqtion theorem．  

On the other hqnd，itis knoHn thqt every finite  

dimensionqlsepc）rGblelocc）11y compc）Ct SPC）Ce CCln be  

蜘in the finiteiterqted p「Oduct of R  
（Isbell［1］）．  

（Note thc］t We CC）nnOt embed on n－dimensionc］lspc］Cein  

the迎旦dimensionqlproduct Rnin gener□1．We ccIn，  
2n＋ 

hoHeVer，embeditinto the2n十1dimensionqlproduct R）  

Thereforeノ We CC）n SPeCify our problem c）S fol10WS：  

PROBLEM．For c］giveninfinite cc）rdin□1numberα  

find ql－dimensionqlcompletemetric spqce ZαOf  

Weight α SuCh thc）t  

everyl－dimensionoIcomplete metric spc）Ce Of weight α  

C□n be蜘in□f畔d product of Z。・   

In chc］Pterlwe con obtc］in more generc）1results  

together with the solution of this problem：  

THEOREMl．2．For q giveninfinite cc］rdinolnumber ct  

□nd every non－negC］tiveinteger n there exists c）n  

n－dimensionqlcompletemetric spqceZnJαOf＝eightα  

SuCh thc）t eVery n－dimensionqlcomplete metric spc）Ce Of  

（ZれJα）2・   
Weightα Cqn be closed－embeddedin the product  
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（2）Itis one of the mostimportqnt theoremsin  

dimension theory th□t there exist universc］1spc）CeS for  

SeVerC］1subcIc］SSeS C of sepqrc）ble metric spqces．（A  

SPC］Ce Xis cc）11ed c］universc］1spc］Ce for c）CIc）SS Cif  

（C］）Xis c）member of C］  

（b）every member of Cis homeomorphic to c）Subset of X．）   

F。reX□mPle．thecount□bleinf摘eproductofthe  
reqllines R山is o universQIspqce for ollsep□rqble  

metric sp□CeS．Itis c）1so kno州1thc）t there clre universc）1  

SPC］CeS for severol（non－SePqrC）ble）虹SPOCeS（Nc）g□t□［7］）．  

One of theimportc）nt PrOPe「ties of unive「S□1spcICeS  

is thc］tit r＄duces c）g9n釘坦1problem to□幽吐PrOblem  

for q subset of q pc）rticulcIr SPCICe．（ThqtisノWhen we  

WC］nt tO PrOVe q PrOblem for every sepc）「C］ble metric spc］Ce，  

it suffices to showit for□Subset of R山．Hence，  

we c□n uSe SOme SPeCioIproperties of R山for this  

PrOblem．）  

ue believe thcIt One Of the rec］SOnS，Why He CqnnOt  

complete o hc）rmOnious dimension theory for str□tifiqble  

SPqCeSノis thqtit wqs not knoHn th□t Hhether or not  

there exist universc）1spc）CeS．  

Henceノ We SPeCify our problem c）S folloHS：  
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PROBLEM．For everyinfinite c□rdin□1number α  

find q universoIspoce for strongly O－dimensionc］1  

StrC）tific］ble spqces of net囚eight α．  

（Note thc）t the netweight of c）SPqCe Xis equc］1toits  

‖eight when Xisロ坦壬咄，C］nd thc］titis kno回n thc］t  

Hhen we cIc］SSify strc）tific］ble spc］CeS，itis convenient  

to useits netweightinstecld ofits weight．）   

In contrc）St With the known results for met「ic spc］CeS  

We Shc）11give c）COmPlete negc］tive solution to this  

PrOblemin chc］Pter2（Theorem2．1）．We shc）11qlso  

Show thqt there c）re nOne for qlmost c］110f known  

importqnt subcIc）SSeS Of strc）tifiqble spc］CeS．（Mhen  

We uSe their weightinstec］d of their netweight，He  

Obtc）in similc］r reSultsin Corollc］ry2，l．）  

Therefore，Our reSults shoH thc］t there c］re  

unexpected deep gc］PS between the cIc］SS Of met「ic spc）CeS  

C］nd thc）t Of strcItifi□ble spc］CeS．  
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（5）The thi「d p「Oblemis conce「ned with theinequc）lity  

（鴇） dim（X x Y）≦ dim X 十 dim Y．  

Whichis c□11ed地頭in dimension theo「y，   

Itis known thc］t the equc）1ityin t：he obove fo「mulo  

is虻庄VC）1idin generolt Nc］melyノitis PontjcJgin［1］  

Who const「ucted c］5－dimensionc］1compc］Ct metric spc］Ce  

X x Y Hith2－dimension□1fcICtO「SPC］CeS X□nd Y for the  

fi「St timein thelite「C］tu「e．  

Itis c］1so known th□t there c］re higher dimensionc）1  

exc］nlPles（Kuzlnlinov［1］）：Fo「O given t「iple（mノnノk）  

Ce「t□in  Of positiveintege「S Which sc］tisfies c］   

COndition（thc］tis，the Bockstein condition）there  

exist comp□Ct met「ic spc）CeS X c］nd Y such thc］t  

dim X ＝ mノ dim Y ＝ n，but dim（X x Y）＝ m十n－k，  

The「e exists c）n qlgeb「Clic chc］rOCte「iz□tionin  

te「ms of the ho「nology groups of X thc］t  

the equqlityis vc］1id fo「every compc］Ct met「ic sp□Ce Y  

（independently，Boltyc］nSkii（seelくuzlminov［1］）c”1d  

Kod□mC－［1］）．  

On the othe「hc］ndノit seems thc］t OlnlOSt C］11theo「ems，  

Which scly thqt theinequolityis volid，hqve been  

e5t。bliL＊di。。W。yP。r。11elt。thedis。。Very。fthe  
is110「m□1（fo「  theorems，囚hich sc）y thclt the p「Oduct   

exc］mPle，Mo「itc）［l］）．Hence．the「e hcld beenlong  

（for obout20yec）rS）stc］nding the following p「Oblem：  
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PROBLEM．When X x Yis normc）1does theinequqlity  

（せ）hold？  

The first counter－eXC）mPle for theinequqlity（♯），  

C）nd hence which soIves the qbo〉le p「oblem鵬，  

WOS COnStruCted by Wc）ge［1］，unde「the qssumption of  

COntinuum hypothesis（CH）．After thc）t，Przymusinski［5］  

eliminc）teS CH，C］nd constructed q counter－eXC）mPle within  

ZFC．  

Follo囚ing their resultsノ We SPeCify our p「Oblem qs  

folloHS．  

HIGHER D川ENSIONAL PROBLEM．For q given p□ir of  

non－negqtiveintegers（m，n）c］nd k＝1，2，．．．，00ノis  

there c）ny nOrmC］1product spc］Ce X x Y such th□t  

dim X＝mノ dim Y＝nノ While dim（X x Y）＝m十n十k？  

We shc］11soIve this p「01bem qffirmcltively，In the  

CC］Se k空00Ou「eXC）mPle c］1so soIves c］PrOblem nc）isedin  

FedorEuk［2］under CH．  

Thereforeノ We nOW hove fqirly completeinformc）tion  

qbout the behqviour of the dimension function on the   

PrOduct spc］CeS．  
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1Closed embeddings of complete metric spqces．  

DEFINITIONl．1，We sc］y thc）t C）metric spc）Ce X hos  

the也迫（n，α）if Xis of dimension n c）nd of weightα．  

A（COmPlete）met「izc）ble spqce X of type（n，α）is cc）11ed  

（⊆0叩1ete）（n，CL）一輝Iifit sqtisfies thc］t  

（i）eve「y（COmPletely）metrizc）ble spqce of type（n，Ci）  

CC）n be embeddedin X cIS q（Closed）subset．  

When Xis not necessc］rily of type（n，α），回e SCIy thc］t  

C）SPC）Ce Xis（Closed）（nノα）－embeddc］bleif X sotisfies（i）．  

There is no doubt to believe that the real line R 

is one of the mostimpo「tcln．t uSefull－dimensionc］1spc7CeS  

C］mOng SePOrqblq metric spc）CeS．●Our present□ttemPtis  

td sec］k q n9n－SePC］rCIblel－dimen＄ionqlcomplete metric  

SPqCe T of weight α SC）tisfies thot  

（☆）for every n there exists c）n m ＜∞SuCh thqt Tm  

is closed（n，α）－embeddqble］  

（…）T hos some nice properties such qslinec］rly  

O「der〔lble or ANR．  
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REMARKl．1．（q）One of the frequently used  

non－SePqrClblel－dimensionc）1spc）Ceis the hedgehog（Or，  

StC）r）spcICeJ（α）of weightα（See for exc）mPle，Nqgc］tC）  

［7ノ DefinitionIV．8］）．Since everyJ（α）is  

O－10C□11y compcICtノ the spc）Ce・Ofir「qtionc11s P cc）nnOt  

be embedded os c］Closed subsetin ony finiteite「C］ted  

PrOducts ofit（itis only kno州1thc）t the countc］ble  

productJ（α）uis complete（∞，α）⊥universQl）．Therefore，  

J（α）does not serve our purpose．  

（b）On the other hc）nd，We hc）Ve SC］tisfc］CtOry SPC）CeS for  

t佃．He believe thcIt the Bc］ire’s  

O－dimensioncIIspoce B（cL）of weightαis the spc）Ce We  

WC］nt．Itis becc）uSe B（LU）（thc）tis，the sepc）「C）ble cc］Se）  

is homeomorphic to P c）nd eve「y B（α）is complete（0，α）－  

universc］1（Stone［l］）．  

（C）Itis c］1so known（Nogc）tC］［7ノ Theorem VI．10］）thc）t  

there ore（nノα）－universc）1spc）CeS for every（n，α）．  

Finc）11yノWe nOte thc］t Lipscomb［1］defined q complete  

metric spqce L（α）of weightαSuCh thc］t n十1fold  

product L（α） 
n十1 
contoinsqn eosydefinqble  

（nノα）－universcIIspc）CeS．Butノ these embeddings qre not  

necessclrily closed．  
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We begin with the following’1emmc）Whichis c）Slight  

vc）ric）tion of cIlemmq due to Nc）gCItQ．Its proofis  

c］Chievedin c］PC］rC111elmc］nner Of Nc］gOtO［7，VI．2A）］，  

SO thc］t We Omitit．  

LEMMAl．1．Let M be cIn n－dimensionc）1met「ic spc］Ce，  

qndlet（Ui：i…）qnd（Fi：i∈u）be q collection of  

open，C）nd of closed subsets of M，reSPeCtively，With  

Ui⊃Fiforeochi・ThenJfor every pqir  ui＞ViOf  

reqlnumbers there exists □ COllection   

Vi＝（Vi：ui＞t＞ViJtis rqtion□l）  
of open setsin M for e□Chisqtisfying  

（i）Fi⊂Vi，P⊂Vi，P⊂Vi，8 ⊂Vi，S ⊂Uiif r＜S｝  

（ii）Vi，P  ＝∩（Vi，8：S＞「）qndVi，P  ＝U（Vi，8：S＜r）｝  

（ii・i）ord（aV：V∈ V）≦n，Where V ＝ Ui；1（Vi）・  

Nextノ We ShGllprove the following theorem．We  

introduce thefollowing spqciqlsubsetZn of R∞l  

LetZnbethesetofpointsin R00otmostnofwhose  

COOrdin□teS qre rqtion□1・Then｝Znis completely  

metrizqble）Sinceitisq G6－Subsetof R00・Itisqlso  

known thqtZnis n－dimensionql（Cf・Nogqtq［7JPL155］）・  
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T＝EOREMl．1．Let M be c］ny COmPletely metrizqble  

SPqCe Whichis（n，α）－universql．Then，the product spc）Ce  

M x Znis closed（nJα）puniversqll  

Proof．Let X be c］ny COmPletely met「izc］ble spc］Ce Of  

type（n，α）t Since Mis（n，α）－unive「S□1ノ We mOy think  

Of X cIS C）Subspc］Ce Of M．Then，by Lc）V「entiev’s theo「em  

（Kurqtowski［l｝ §55ノⅠⅠ］）Xis q G6－Subset of M・  

If X＝Mノ Our PrOOfis complete，Since M x（q）is q  

closed subspc］Ce homeomorphic to X，Where qis c］POint  

OfZn・Sowem□y□SSume thqt M＼X≠＠I・）Put  
OO  

M＼X＝ ∪五＝ヱF宜qnd F壬⊂F乞ナユノ  

Where eqch Fiis o closed subset of MIFirstJWe Sh□11  

define□COntinuous m叩fi：X十R fo「eqchisuch th□t  

（1）for eqch number r＞1c］nd eve「y point z∈Fi  

there exists□6＞O such th□t f之（X）＞r for qny  

X∈X n B6（Z）J  

（2）f＝Ⅲi；，fi：X・Ruis□Zn－V□1uedmqp（th□tisJ  

fis□COntinuous mopinto Zn）・  

Let（rm）beq st「ictly decre□Singsequenceof地  
口umbeT；Which converges；．to O．Put  

F ＝CIM（Bp （Fi））｝qndUi｝m 去Bp 
i，m m＋1 m 

ThenノforthecollectionS（Fi，m：i）m∈u））（Ui，m：iノm…）｝  

□ndeqchpqi「Ofi「「□tion□1s ui，m＝「m qndvi，m＝rm＋1  

we cc）n CIPPly Lemmc）l．1to get Q COllection  
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V 
iJm ＝（VL，m，士 ‥「m＞t＞「m＋1Jtis「□tion□l）  

Of open setsin M which sc］tisfies（i）－（iii）of the  

lemmd for ecICh pc］ir ofintegeric）nd m．For ec］Chiwe  

Shqlldefine□mqP fi：X＋R os followsL  

（5）f五（×）＝1／「ヱif x〆Uらユノ  

f乞（x）；ユ／「mif x∈U五．m ＼∪レ・                            もJ〝了ノ  

qnd   

fi（x）＝1／inf（r：X∈Vi，m，P ）ifx∈ U V 
i，m ＼Fi，m・  

Then｝itis e□Sy tO See（Nogqt□［1］）thqt fiis  

COntinuous c）nd thcIt  

（句）fi（X）＝rC］tion□1if qnd onlyif x∈ aV for some   

〉∈レ五ノHhereレ五＝  U リ 
mユ五．m・  

F「Om the definition（5）of fiJWe h□Ve fi（X）≧1／rm for  

every x∈Ui，mJ SO thqt（l）holds・We cqn qlso show  

thot（2）holdsノSince（rm）is st「ictly decreqsingJ（句）  

holds，C）nd ord∂V≦n by（iii）．1Let  

g＝X＋M x Zn be g（x）＝（XJf（X））l  

Then，itis ecISy tO See thc［t gis cln embedding  

（Cf．Kurotowski［l，§21XIII，Theorem］）．Let us show  

thc）t gis q closed embedding．・Tqke c）ny POint  

（yノZ）〆 g（X）．  

At firstノ We COnSider the ccISe y ∈ X．Then，We hove  

Z≠f（y），Since（y，Z）≠g（y）＝（yノf（y））．Therefore，  

there exists□nisuch thqt zi≠fi（y）JWhere  

Z＝（Zi）∈Zn・T□ke two open sets U□nd Vin R such  
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th□t Zi∈UJfi（y）∈V□nd U n V＝dlSince fiis  

COntinuous，there exists q 6 ＞ O such thot  

fi（X n B6（y））⊂VI Put  

W＝B。（y）× ¶Jコ（U）．  
Whe「e¶i：Zn＋Ris q restriction of the nqtu「ql  

projection from RLU to the n－th f□CtOr SP□Ce．Then，  

is c］n OPen neighborhood of（y，Z）qnditis ecISy tO See  

thqt H n g（X）＝飢  

Next，We COnSide「the cc）Se y 〆 X．In this cc）Se We Shc］11  

use the prope「ty（l）．Since y‘X，the「e exists c）ni  

With y∈Fi．Thenノfor「＝lzil十1there exists□  

6＞O such th□t fi（×）＞「fo「□ny X∈X n B6（y）lPut  

H＝B6（y）×¶宜－ヱ（「∞ノ「）・  
Then，Wis c］n OPen neighborhood of（y，Z）ond  

吊n g（X）＝飢 Thus，the proofis complete．  
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THEOREMl．2．Fo「every non neg口tiveintege「n c］nd  

everyinfinite co「dinc］1α，the「e exists o（n，α）－universc］1  

SP□CeZn，α SuChth□tthe2n－dimension□1spqce（Zn，α）2  

is closed（nノα）－embeddc］ble．  

Proof．Fo「the c□Se α＝LO（th□tis，fo「the  

SePq「□ble cose）ノPut M＝Zn・ThenJSince Znis  

（nJu）－univers□1（e・g・N□g□tq［7JTheoremIV・8一］）ノZn  

Sqtisfies Theoreml・lJSO thqt Zn，u ＝Znsqtisfies the  

theo「em for the cqse α＝LU，  

For the cc］Seα ＞ uノ1et S（A）be the hedgehog spc］Ce  

Hithits weightα＝lAl（See Nc］gC）tC）［7JDefinition VI．6］  

for the definition of the hedgehog spc］Ce）．Let  

El＝［OJl］1qnd E2＝［OJl］2be some distinct segments  

in S（A）t Put  

T（A）＝S（A）＼（1五：i亡1ノ2）ノ  

＝here e□Chliis the end point of Eiノi＝1｝21Put  
OO  

Z（A）＝Ⅱ 
m＝ヱ 

T（A）mノ  

Where eqch T（A）mis q copy of T（A）・Since  

（EIU E2）n T（A）is homeomo「Phic to the reqlline R，  

We mC）y think of RLO c］S〔】C10Sed subset of the completely  

metriz□ble spqce Z（A）t Let Zn（A）be the set of points  

in Z（A）c］t mOSt n Of whose n9n－ZB＿n COOrdinclteS C］re  

r□tionql・ThenJZn（A）is（n｝α）－unive「SqlノSinceit  

COntqins c］tOPOlogicoIcopy of the universc］1spqce  

Kn（A）definedin［7，Theorem VI．10］，Ond vice versq．  
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On the other hqndノZn（A）is completely met「iz□ble｝Since  

itis□G6－Subset ofZ（A）・Since Ru n Zn（A）is  

homeomorphic to Znノ  

（5）Zn（A）contqins Zn qs□Closed subsp□CeL  

Put  

M＝Z㍑（A）・  

Then｝M sqtisfiesTheo「eml11ノSO th□t Zn，α＝Zn（A）  

c）1so sc）tisfies our theorem from（5）．This completes  

the proof．  

REMARKl．2．（CI）Since ec］Ch Bc）irels O－dimensionc］1  

SPqCe B（α）of weightα≧u）COntqins the spc］Ce Of  

irrotionqlsZn□SqC10Sedsubset□ndB（α）2is  

homeomorphic toitself，Stonels resultin Remc］rkl（b）  

folloHS from Theoreml．2．  

（b）Recently，C］bove StoneIs theoremis used byJc）yne  

qnd Rogers［1］to obtc］in thei「「epresentqtion theo「em．  

（C）Let S（山）be the hedgehog sp□Ce Of weight LO．Put  

Fi＝（1k：k≦i）ノ＝he「elた1S the end point of e□Ch  
03 

segmentofS（u）・Forthe sp□CeX＝S（山）＼ui＝1 FiPut  

fi（×）＝1／p（XノFi）for e□Ch x∈XI  

Then，f（0）＝（1，1，‥．）．where Ois the origin of S（LU）  

□ndf＝Ⅱi＝冒  fi：X＋Ru．Thereforeノtheclosed  

embeddings usedin Kurc）tOWSki［lノ§21XIII，Theorem］  

does not necessqrily scItisfy our condition（2）．  

16   



（d）For spc］CeS Hhich qre not necessqrily completely  

metrizclbleノ the corresponding results c］reロ旦工Vqlid，  

even for sepqrc）ble sp□CeS．In fcICt，OSSume thc）t there  

exists c）finite dimensionoIsepc）r□ble metric spc］Ce Z  

SuCh thcIt eVery O－dimension□1sepc）rqble metric spc）Ce  

Cqn be embedded cIS O Closed subsetin Z． Since Zis  

SePC］rOble，the power of thβSet Of□11its closed  

Subsetsis cIt mOSt the cc）rdinqlity of continuum c．Butノ  

itis known thot there exists q fqmily of power2C Hhich  

is homeomorphic to qny other（l〈urc］tOHSki［1，§55，Ⅰノ  

Therorem5］）．Thisis c）COntrOdiction．  

（e）The following problemis comnunicoted from R．Brown：  

IfZn，α is（nノα）－universoIJthen（Zn，α）2isclosed  
（n，α）－univers〔】1？  

Since there exist c即旧□吐（n，LJ）－universcIIsp□CeSノitis  

nQL the cqse when oL＝ul．  

（f）Professor R．Engelking［5］hc］S kindly communicc）ted  

the problem whether or not the「e exists c）COmPlete  

（n，CL）－universcIIspc）Ce．He c）1so clnnOunCedin［5］thQt  

R．PoIshowed thotitis the cc）Se forα＝u．Quite  

recentlyノ A．uc］≦kd［1］shoHed thc）t for everyinfinite  

CqrdinQlnumbe「αOur SP□CeZn，αinTheo「emlL2is  

COmPlete（n，α）－univers□1．  
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Using her resul，We hqve the folloHing theo「em  

（Tsudc）［5，Theorem2］）whichimproves c）reSult of  

」．Nogot□．  

THEOREMl．5．The n十1fold product ofl－dimensionql  

SPOCe Zl，α is closed（nJα）－embeddoble・  

ThereforeノOur SPqCeZljlhqs the property（せ）・On the  

Other hcInd，though our spc）Ce CC）nnOt SC］tisfy the  

PrOPerty（…）ノ We hc］Ve the following theOrem，uSing cl  

result of Kod〔lmC）［5］；  

THEOREMl．Ll（Tsud□［5ノ Corollc）ry3］）．There exists  

2－dimensionoIcomplete ANR metric spoce whose n十Ifold  

PrOductis closed（nノα）－embeddc）ble，  

Me conclude this chc］Pter With the following simple  

improvement of c）theorem of Fr昌chet（Seeノ Engelking  

［2，Probleml．5．G（b）］），Hhich willbe usedin the  

next chopter．  

THEOREMl．5．Every metric spcICe COnSisting of  

COuntqble points cqn be embeddedin the sp□Ce Of  

rcltionqlnumbers Q c）S □Closed subset．  
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Er99f．Let X be c］rbitrq「y metric spqce consisting  

of countclble points．Thenノ by the theorem of Fr6chet  

We mC］y think Xis cISubspqce of Q．Put  

z＝Q2＼（．0）×（Q＼X）．  

Thenノ Xis c］Closed subset of Z．On the other hc］nd，  

by c）theorem of Sierpinski（Engelking［2，Probleml．5．  

G（b）］）Zis homeomorphic to Q．This completes the  

P「00f．  
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2 Non－eXistence of unive「SC）1spc］CeS for some strc］tifiqble  

SPC］CeS．  

One of remclrkc）ble prope「ties of metric spc）CeSis  

thc］t the「e c］「e universc］1spcICeS With□given weight  

（for exc）nlPle，the Bc］i「els O－dimensionc11spcICe C）nd  

genercIlized＝ilbert spc］CeS）．The purpose of this  

Chopteris to show thc］t there c）re nOne for some  

StrC）tific）ble spc］CeS．囚e c）1so discuss some positive  

result qt the end of this chqpte「．  

T＝EOREM2．1．The「e ore no universc］1spc］CeS for the  

folloHing subcIc］SSeS Of strc）tifioble spoces wi■［h c］given  

netwo「k weight cL≧叫  

（1）u －discr－ete Str〔】tifiQble sp□CeS，  

（2）Mo－SPOCeSin the sense of Heqth□ndJunnilq［1］J  

（5）strc］tifiqble tl－SPC）CeS（Mizokc］mi［1］）ノ  

（Ll）strc］tific）ble spc］CeS With encircling nets（Okq［ユ］），  

（5）（StrOngly O－dimensionc］1）strqtific］ble spoces，  

（6）（St「Ongly O－dimensionol）L－SP□CeSin the sense of  

Nqg□l再［6］ノ  

（7）（StrOngly O－dimensionc］1）free L－SPdCeSin the  

SenSe Of Nogc］111i［7］．  
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When we use□ given Heightinstec］d of c）given network  

Weight，We hqve c］Similc］「「eSult：  

COROLLARY2．l．For c）ny giveninfinite c□rdinc）1  

numbe「α there exists c）CC］rdinc］1numbe「β ＞α SuCh thc］t  

there exist no universc11spoces fo「the obove cIc］SSeS  

（1）－（7）Hith c）given weight β．  

When we consider more「est「icted subcIc）SSeSノ COntQined  

in L□芭nev spcICeS Or N□g□tq SP□C白S，＝e qlso hc）Ve C）  

Similc）r reSult：  

THEOREM2．2．There c］re nO universc）1spqces for  

either countc）ble Lc）芭nev spcICeS Or first－COuntC）bleノ  

SePC］rC）ble，StrOngly O－dimensionc）1strc）tifiqble spoces．  

COROLLARY2．2．There c］re nO unive「SC11spc）CeS for  

sepcIrqble L口篭nev spc］CeS．  
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We stqrt with the following proposition．  

PROPOSITION 2．1．For everyinfinite cc）rdinc）1  
2α numberαthereexists□fqmily S ofc□rdinolity2ノ  

none of whose members qre homeomorphic to ecICh othe「ノ  

C）nd which consists of cT－disc「ete strc）tifioble sp□CeS  

S withISI＝nW（S）＝αqnd－w（S）≦2α．   

Er99f．Let（αi）be countqble disjoint copies of  

α・Thenノfo「eqch ultr□filter ponα｝1et Sp be the  

SPqCeα0 ∪（p）｝＝he「eα0＝U（αi）JWith the following  

topology Tp・  

（i）U∈Tpifondonlyifp d U｝OrP∈Uqndthere  
exist on n∈山口nd□n F∈P SuCh thqt U nαi⊃F  

for everyi≧n．  

Then，Since eqch㌔is q clopen discrete subspqce of  

S, 
Jitis reqdily seen th□t Spisqu－discrete  

Strqtifiqblespoce□ndthqtlSpトヒnW（Sp）＝α□nd  

W（Sp）≦2α・NextJ＝eShq11showthQt  

（ii）thefqmilyofollSqlswhichq「ehomeomorphic to  

Spisofthecqrdinqlity□tmOSt2α・  □ fixed   

LetSqqndSpbe homeomorphic toq fixedSp・ThenJ  

tqkegnihomeomorphisms hq：Sp＋SqqndhT：SpすSpI  

To show（ii）it suffices to show th□t  

（iii）吋αβ≠吋αβifq≠「・  
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On the contrqry，C］SSume thqt there exists c）PermutC］tion  

h：α0・”o SuChthqth＝hqlα0＝hユつEα0・ Sinceq≠rJ  

He CC］n QSSume囚ithoutloss of generQlity thqt there  

exists on F ∈ q＼r．Put  
∞  

壬＝ヱ  
FノHhere eqch Fiis o copy of Fin㌔ノ  Fβ＝ 

∪  

C）nd put  

Uβ＝（q）u Fβ・  

Then，Uois q‥neighborhood of q by the definition（i）  

OfTq・Hence｝hTh｛1（U。）isqneighborhoodofrノqnd  

by the defin’‡tlon（i）there exist□n n ∈ uJC）nd□ G ∈ r  

suchthqtG⊂αi＝hThq－1（Uo）fori≧n・HenceノFn⊃G｝  

sinceαnnhph｛1（U。）＝αnnhh‾1（U。）＝FnL  

Since Fnis q copy of F□nd ris c）n ultrqfilter｝We  

hqve F ∈「． This contrc）diction shows thqt（iii）holds．  

Since（ii）holds qnd there exist2Bαmony ultr□filters  

On α（Engelking［1，Theroem5．6．11］）ノ there exists cI  

fqmily S＝（Sp：P∈＾）｝囚ithl＾l＝22αノnOneOfwhose  

members qre homeomorphic to ec）Ch other．Thus，Our fcImily  

Sis the required one．  
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REMARK2．l．For the cc］Se CL＝LJWe CC］n Show the  

C）bove proposition much ec）Sier，uSing subspc］CeS LU U（P）  

Y′ Of the Stone－Cech compc］Ctificc）tion Bu）（CflNqgc］mi［6］  

C）nd Shelc）h qnd Rudin［l］）．   

蛛．The p「00fs  

for c111the cc）SeS Of Theorem2．1c］nd CoroII10柏2．1c］re  

derived simultc］neOuSly from the fo110Wing observcItion，  

SinCe every clqss（i十l）contc）ins the preceding clqss  

（i）excepti＝5．the cIc）SS（5）contc］ins the cIc）SS（7），  

Ond the collection Sin P「OPOSition2．1consists of  

oMdiscreteトSPC］CeS（Cf．refe「ences citedin Theorem2．1），   

Let us denote by［A］K the f□mily consisting of□ll  

subsets of cJSet A hoving cc）rdinc）1ity K．If K C）nd入  

Qreinfinte qnd K皇入ノthenI［入］Kl＝入K．It follows  

thcltif Xis c］StrCItifiqble spc）Ce（mo「e gene「C］11yノ C）  

pqrqcomp□Ct O－SPOCe）with nw（X）≦2KJWhere Kisinfiniteノ  

then tXl≦I［2K］uI＝t（2K）ul＝2K］COnSequently，  

I［X］KI≦2Kノqnd we see th□t X c□nnOt COntqin copies  

of c］11the spc）CeSin Proposition2．1，・Withα＝K．  
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畔．It suffices  

to show th□t there exists q fc］mily T（respectively，u）  

of cordin□1ity2C，Where c＝2LO，nOne Of whose members  

Clre homeomorphic to ec）Ch othe「，C］nd which consists of  

COuntC）ble Lc］喜nev spc）CeS（respectively，CT－COmPC］Ct，  

fi「St COuntC）ble，SePC）「C）bleノ St「Ongly O－dimensionc）1，  

St「Cltifioble spc）CeS）．  

Let C be the Contor setin the rec］11ine with usuc）1  

Euclidec］n tOPOlogyノ C）ndlet O∈ C．Tc）ke c）COuntC）ble  

dense subset D of CJ□ndlet（×n）⊂C be q sequence  

COnVerging to O．At first，We Show the existence of T．  

Put   

F＝（0）×CJqnd A＝（（×nノdた）：k≦n｝□nd n∈ul｝  

Where D＝（dた：k∈u）L Then）Ais q countqble disc「ete  

subsetin C2with Cl（A）⊃F．For every subset T⊂F  

let  

Yァ＝T u A・  

Toke□POint pT≠ AJqndlet  

Xァ＝（pグ）u A・  

Define q function¢T：YT＋XT C］S  

Oil（T）＝PT Ond¢T（q）＝q for every o∈A・  

Me topologize the set XT qS   
－1 UisopeninXTif¢T（U）isopeninYTI  

By the definition of¢T｝ゆTIS q Closedmqp between YT ●   

qnd XT・Thus｝e□Ch XTIS q COuntqble Lq§nev spqce・  
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By the p「00f of Proposition2．1，One CC）n Show thqt  

there exists□fQmily T＝（XT：T∈F），With（Ft＝2e，  

none of whose members qre homeomorphic to eqch other．  

Nextノ We Show the existence of LI．Me shqllmodify  

the exqmples constructedin von Douwen c）nd Przymusinski  

［l］．Let F be □ free ultrqfilter on uJ．Then，enumerCIte  

the f□mily of c）11elements of f □SIFs：S∈C）｝□nd  

for eqch s E C qnd m∈u Choose q q8（m）∈I）such thqt  

O＜Is－qs（m）1＜1／m，qnd put  

D8＝（q8（m）：m∈山）｝□nd E8＝（×n：n∈F8）・  

We topologize the set  

△Fニ（C x（0））∪（D x（×托：∩∈u＝  

□S follows・Points of D x（×n＝n eu）qreisolqtedJqnd  

bc］Sic neighborhoods of point（S，0）∈ C x（0）hc］Ve the  

fo「m  

Bm（S）＝（（×．y）∈△F：ls－Xl＜1／m）＼（DsxE8∪（s）×（×n：n∈u））ノ  

for m∈ LU．Then，itis known（VqnI）ouwen qnd  

Przymusi百ski［1］）thqt e□Ch△FIS first countobleノ  

0－COmPC）Ctノ StrOngly O－dimensionc）1，COSmic．囚e cc）n Show  

Without difficulty thqt eqch△FIS Strqtifiqble・He「eJ  

We Sho囚mOreOVer thqtit c］dmits □ free L－StruCture．  

Let v：＝（Vi：i∈u）be o countqble clopen bqse of C・  

Put  

Lo＝C x（0）JL2i＝ViX CJqnd L2i＋1＝（ui）ノ  

Where △F＼Lo＝（ui：i∈LO）・  
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Put   

ULo ＝（（u）：＝Loノロnd uLi＝（△F＼Li）  
for eqch Li≠LoIThenノOne C□n e□Sily checks thqt   

（1＝（L・：i∈吊ノリム：L∈」） も  

is□freeトStruCture Of△F・Agqin｝by the proof of  

Proposition2．1，We CC）n Show thc）t there exists c］  

f□mily LI＝（△F：F∈＾），With回＝ 2e，nOneOf  

Whose members c）re homeomorphic to eoch other．This  

COmPletes the proof of Theroem2．2．  

The proof for Corollc］ry gOeS On q WC）y PqrQllelin  

Co「011q「y2．1．  

ProfessorJunnilc］［2］hc）S kindly communicqted to  

the cIuthor the following problem．  

PROBLEM2．1．Does there exist cIuniversqlspc）Ce  

for closedimclgeS Of countc］ble metric spcICeS？  

Though the c）bove problemis stillopen，the  

follo囚ing proposition sho囚S thqtitis enough to  

COnSider the cc）Se Ofllclosedimc］geS Of the spcICe Of  

nqturQlnumbers Qll．  

PROPOSITION2．2．Every closed mqp f：X ＋Y，Where  

Xis cICOuntqble metric spc］Ce．is clreStriction of c］  

Closed mc］P from Q to q countc］ble spc］Ce CO■ntcIining Y．  
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Er99f．By Theoreml．5we cqn ossume thc）t Xis c）  

Closed subset of Q．Then，COnSider the following  

decomposition of Q］   

（（×）：X∠X）∪（f－プ（y）：y∈Y）．  

Then，the decomposition spc）Ce S qnd the nc）turCIl  

quotient mc）P q：Q十S sqtisfies th□t  

qlX＝f一  

Itis ec］Sy tO See thcIt qis c）CIosed mc）P．This completes  

the proof．  

The follo囚ing problemis communicc］ted by T．Noguro：  

PROBLEM2．2． Cqn every closedimc］geS Of countoble  

metric spqce be embeddedin the≡－PrOduct≡00f count□bly  

mqny Q′s？  

Itis known thclt（Sqn－Ou［l］）≡ois q str□tifiqble spqce  

COnSisting of countc）ble points．  

Finc）11y，We discuss some positive result．Me  

believe thot the clqss of simplic拍1complexes with  

Heqk topologylKIwis one of themostimport□nt Clqsses  

C）mOng thoseof generc］1ized metric spcICeS．In purticulq「ノ  

itis known thqt（Ceder［l］）everylKIwis strotifiqbleノ  

qnd thqt（Cquty［l］）everylKIwis ANR（Str□tifiqble）・  
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For q given cqrdinqlα1etlK（α）［w be the工吐1  

COmPlex withits vertices Aノ Where the cc］rdinqlity A  

is equqltoα・Let Zαbe the countqble Cqrtesiqn  

PrOduct oflK（α）lw． ThenノWe COnSider the cl□SS C  

defined qs follo‖S：   

X∈ Oif qnd onlyif Xis□Subset of Zαfor   

SOme CC）rdinc）1number α．   

Itis ec）Sy tO See thqt  

（1）if A⊂X ∈C，then A ∈ C（thcltis，．Subset hereditcIry）‘）  

（2）if Xi∈Cノ・thenⅡXi∈C（thotis｝COuntqbly broductive）｝  

（5）every（not necessqry f出ユ）complex belongs to C．  

Here，We Show th□t eVery metric spc］Ce belongs to c：  

THEOREM2．5．Every metric spoce of weightαCC）n：l  

be embeddedin Zα・   

比鎚娃．It suffies to see thqt the hedgehog spc］Ce  

S（A）of weightα＝lAIcqn be embeddedin Zα・Put  

S（A）＝∪ 
入∈A 
I入｝＝here eqchI入1S□COPyOfunit  

inte「V□1ⅠノOndI入∩Ⅰ山 ＝（0）fordistinct入口ndu・  

On the other hc）nd，for eQCh ve「tex入 ∈ A qnd cIn  

integeri∈u，・・Where入is distinct from q fixed verte央0，  

Put 入・＝（QJl・｝P｝入｝0｝・・・）∈Zα・ t  
之   

Since eQCh f□CtOrlKIwof Zαh□S the ordinory convex  

StruCture，We CC）n define  
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t入i十（1－t）入i＋1 for eqch入iJ入i＋1 qnd O≦t≦11  

Then，Put（】1so  

」九J宜＝（t入乞十（トt）入乞ナヱ：0≦t皇1）・  

（X）  

Note thqtJ入＝U i＝1J入，i ・U（（OJO｝…））is・homeomorphic  

to the unitinte「vql．Itis not dificult to see thc）t  

U 入AJ入is homeomorphic to S（A）・This completes the  
P「00f．  

REMARK2．5．（0）By the definition of C we see thcIt  

the spqce Zα1S q unive「Sqlspqce for the membe「Sin C  

Of Heightα．  

（b）The cIc］SS Cis not contoinedin either the closs  

Of L－SPqCeS Or free L－SP□CeS，Since the fullcomplex  

is not c）free L－SPC）Ce by Nqgomiqnd Tsudc）［l］．  

On the other hc）nd，eVery（StrOngly O－dimensionc］1）  

memberofitisqn EM3（Mo－SPQCe）respectivelyJSince  

every member of Cis q tl－SPOCe．  

PROBLEM2．5．Find c］ninner chcIrC）Cterizc］tion of  

the members of the cllC）SS C．  
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In Chc）Pter3we shc）11discuss the counter－eXC）mPles  

for the inequalitv 

（♯）dim（× × Y）≦dim X 十 dim Y．  

He「e，We mC）inly discuss the problem under the condition  

thc）t X x Yis咄，Since・it seems thc）t thereis still  

room to discuss whc）t the地dimension function  

for non－nOrmC11spc）CeSis（See Nc］gC］tq［7］ノ C］nd compc）re  

the two trec］tmentSin Engelking［1c）nd2］of the  

dimension function due to Kot呂tov［1］．）  

Me believe，however，thc）titis qninteresting c）reC］  

Of dimension theory to trecIt the c□SeS When the product  

SPqCeS C］re nOn－nOrmql．Hence，We Shc］11mentionitin  

the finqlsection．  

The problem whether or not theinequc11ity（髄）is  

VC］1idif X x Yis normc］1hc）S been stc）nding（c）tlec］St  

20yec）rS）（for exc）mPleノ See Gillmqn c）ndJerison［l］）．   

Itis Hclge［1］ノ Who constructed for the first time  

the following counterpexqmple fo「theinequc）1ity（＃），  

C］SSuming Continuum Hypothesis（CH）：  

EXAMPLEl（CH）．There exist two spc］CeS X c）nd Y  

SuCh thc］t dim（X x Y）＞ dim X 十 dim Y ＝ O c）nd thc）t  

X x Yis perfectly normc］1c］ndlocc）11y compc）Ct．  
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Eliminqting the qssumption CH，PrzymusiFiski［1，5］  

COnSt「uCted the following counte「－eXqmPle，Without□ny  

Set－theo「etic c）SSumPtions beyond ZFC：  

EXAMPLE2．The「e exists q sepc）rC）bleノ firsトCOuntClble，  

Linde16f spqce X such thot dimX＝O qndX2is normqlノ  

Hhile dim X2＞0．   

Since Wc）ge［1］discoverd c）COunter－eXC）mPle for the  

inequc）1ity（せ）for the first timeノ We SC］y thc］t O triple  

（X，・Y，X x Y）is o蜘Whenit does not  

S□tisfy theinequc）1ity（♯）．  

The const「uction of the Wdge－tyPe eXCmPlesin  

ExclmPlesIc）nd2 cc］n be outlined qs follows．  

At first，We Show thc）t there exists c）lIspeciol′′  

′ヽノ SePC）rqble complete metric spc］Ce T，Which we wqnt to  

CC］11thel－dimensionc］1Wc］gels metric spc）Ce．Then，We  

extendit to c）metric spc］Ce T．Next，We C）PPrOXimc）te T  

by c）P「Oduct topology of X x Y．Finqlly，uSing some  

P「OPerties of ou「C）PPrOXimc）tion，We COIculc）te the  

dimensions of fcICtOrS X clnd Y，CInd of the p「Oduct X x Y．  

To soIve our problemノ 回e follo回the c）bove procedure．  

Thotis：  
■●  
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§§5，q．We sh〔】11find c）t first on n－dimension□1   

Wc）gels met「ic spoce □nd next findits extension．  

§§§ 5，6ノ7．We shc）11perfornlC）delicc）te C］nd complicc］ted  

C）PPrOXimotion ofit．  

§§§ 9，10，11．We cc］n Sho回thc）t nOt Only dim（X x Y）is  

POSitiveノ but c］1soitis exc］Ctly equc）1to n．Hence，  

He nluSt WOrk very hc）「d，uSing the properties derived  

f「Om Our C］PPrOXimotions．  

One of the mc］in points of ou「COnSt「uCtionis to  

find the metric spcICeSin 叫．Such spqces willbe  

P「Oducedin Theorems句．1c］nd Ll．2．Their completeness  

is hec）Vily relc］teS the吐地建〔けion of CH． We shc）11  

expIc］in this pointin some detqil．  

A spqce囚hich scItisfies c）11the conditionsin  

Theorem Lt．1except completeness would be ec）Sily  

Obtc）ined by c］Simple modificc］tion of Rubin，Scori，qnd  

Wc］1sh［1］const「uction．But，if we use such c）SPC］Ce，  

We muSt qSSume CH throughout ou■「const「uctions．  

Moreoverノ the fc）Ct thot our spcICe SC）tisfies the  

COndition（1）in Theorem句．1is deeE）1y relc）ted to mc）ke  

dim（X x Y）≧n．So，We mUSt t「y tO find c）SPC）Ce Which  

hc］S the p「OPerty（1）qnd completeness，Simultoneously．  

Since the spc］Ce He foundi岳s□tisfqctory for our  

PurPOSeJWe CC）n uSe both of c］PPrOXimc）tion techniques  
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due to Woge［lJ2］（Whichis□lso cdlled玉出」也 ●   

蜘in the「e），C）nd due to P「ZymuSi肴ski［5］．  

（The「eis，howeve「，SOme rOOm tOimprove our spc］Ce for  

P「Oducing othe「Wc）geqtyPe eXqmPles（See the c）PPendix  

qnd Remq「k q．2（b））．）  

Though we cc）n P「OCeed our c］PPrOXimqtionin□Wqy  

Pq「qllelto thei「OneS，rOugh constructions sometimes  

CC）uSe SOme er「OrS tO mC］ke our product spc］Ce being  

ロ旦〔皿吐（See the footenote7in Przymus摘ski［6］），  

Thereforeノ We muSt do the delicc）te C］nd complicqted  

inductive constructions very cc）refully．The techniques  

used here go bc7Ck to theideo of Kunen（OS Citedin  

Przymusi百ski［5］）□nd thc7t Of v□n Douwen［1］，  

resp鞄tivelytIn Chqpte「5we willconstruct bothof  

heighe「dimensionc）1version of ExqmplesIc）nd2．  
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5．A トdimensionc）1Wclgels metric sp□Ce．  

▲
l
 
 

n
O
 
 

n
ハ
U
 
 

S
 
 

鮒m削紺閻 脚  

…
 
 

1
 

円
 

＝
r
 
 

■
1
－
す
ー
ー
邑
誌
 
 

L
脂
 

川
川
 

＋  

l
「
－
 
 

⊥
誰
－
－
1
 
 

l
t
l
l
l
1
－
1
1
・
1
・
・
・
1
．
．
．
1
1
．
1
」
‥
 
 

パ
 
 

■
 
 
 

＋
 
 

－
 
 

．
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
、
 
 
 
 
 
 
 
 
 
 
 
 
 
 
＋
 
弔
〓
 

〓
〓
〓
 
 

、－－－－～－ 、－－－●－－－ 、－－＿  

一一一－■－－－－－－＝－－－－－－一一ヽ  

rつ  
ィrr  

一一一一一一【  

T一丁ーrT－㌣・一－■＿川   
・ 

1l   
‾ －‥ ＝ノーl・・．－′＿  

l‾Tr一‥－ 十「一▼－㌣T－「－γ，＿＿  
′  

、
 
1
 
 
 

．
 
 

57  



5．旦ユ閲ト 

The first Woge，s met「ic spc）Ce WqS COnStructedin  

Wc）ge［l］qs dl－dimensionc11subspcICe Of2－dimensionc）1  

cubeI2・In［2］WQge givesqmoreelementqryone□S  

folloHS：  

THEOREM5．1．There exists ol－dimensionqlsepqroble  

metric topology β on C such thot  

（l） βis the topology generc］ted by the subbqse  

Eo U｛h－1（U）：U ∈E｝｝Whereh：C＋Iis□10Wer  
SemトCOntinuous function）  

（2）the「e exists c）Pqir of disjoint closed sets Al□nd  

Blin（C，β）such thqt every sepc］rCItion S between  

Alqnd Blhc］S the cc）「dinc］lity of continuuml  

Since we shollshow the c）bove result □S the specioIcc）Se  

Of Theorem句．ユ，thereis no need to proveit here．But  

We believe thclt Wc］gels function hin［2］is defined  

more explicitely thc）n OurS，C］ndisinterestinginitself  

（See C）1so expIcInqtion of computer grcIPhicsI＆ⅠⅠ）．  

Thereforeノ We give here the defintion of the function  

hin［2］together with the proof of（2）．We begin with  

the definition of the function h．Let Q be c］COuntqble  

dense subsetin the openintervc）1（0．ユ）．Let  

f：C＋㌔∈Q （0ノ1）q  
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be o nc］turqlhomeomorphism between the Contor set c）nd  

the countc］ble p「oduct of2－POint set（0，ユ）．Then，  

define h：C＋Iqs follows．  

h（x）＝Sup（q：ちf（×）＝l‡J  

Whe「e¶q：nq∈Q （0ノ1）q＋（0ノ1もisthenqturoIprojectiont  

ThenJitis eqsy to see thc］t hislower semi－COntinuous．  

E坤．Put  

Al＝h－1（0）□ndBl＝h－1（1）・  

LetS be ony sepq「qtion betw臼en AlqndBl・Then）the「e  

exist two open sets U and V in X such that 

U u V＝X＼S．U〔V＝ ＠，U⊃ A，C）nd V⊃B．  
仇．  

Fixx∈Uond〈POSitiveintegern・Considerthefollo＝ing  

PrOCedure for gene「C］ting x，，×′∫，Bl，□nd BJ，：  

Let B be c）n Eo－Clopen neighbo「hood of x回ithits  

dic］meter＜1／n． Define  

入＝Sup（h（y）：y ∈ B n U）．  

It follows from the definition of h thqt 入 ＞ h（X）．  

Fix two distinct points xIqnd x′′of B n U such thqt  

Ih（×l）一 入Iqnd川（x′′）一入Iqreless thonlh（×）一入l／2．  

（Note thc）t h（き×′），h（Xl，）＞ h（×）．） Since his10Wer  

Semi－COntinuousノChoose disjoint Eo－Clopen sets B，qnd  

Btlsuch thc）t dic）nlete「S Of Blqnd B′′c）reless thclnl／n十1，  

X，∈ Blノ ×lI∈ B′′，BIu Bll⊂ B，C］nd h（t）＞ h（×）for  

every t ∈ BIu Bl（．  
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Fix xo∈U qnd no＝1・We cqninductively generqte  

SequenCeS（×n）qnd（BnlJBnN）from xo qnd no using the  

C］bove procedu「e：Hqving chosed xm fo「eqch m＜kJfix  

nた＝k clnd xたOS either xた＿110r Xた＿1Il・Since回e h□Ve  

t回O Choises c）t eOCh step，there c］re C POSSible such  

SequenCeS．The construction guo「ClnteeS thc）t eCICh  

SequenCe hc）S O different（unique）1imit pointin the  

Euclide□n tOPOlogy Eo・ Let x＝1im xn・By construction｝  

（h（Xn））is monotoneinc「eqsing・＝ence｝ h（×）≦1imh（Xn）ノ  

Since hislower semi－COntinuous．On the other hondノby  

the definition of hJh（X）≧1im h（×n）・  

Therefore）桁（X）＝1imh（xn）｝qndhencex∈Clる（U）｝  

Since xn∈U・Me complete the proof of（2）by showing  

thc）t XiU．Suppose thclt X∈ U．Thenノ there q「e reql  

numbe「S q｝bJqnd cIn Eo－Clopen set Bn such thot  

x∈Bnn h－1（q）b）⊂U暮  

Thisimplies thot 入 ≧b for ecICh 入 definedin the  

P「OCedure c）bovein the construc’tion of（Xm）m≧nl ButJ  

this controdict：S Ot SOme SteP，the condition thc）t  

lh（×I）一 入Ic］nd Zh（X〃）一 入Ic］reless thonIh（×）一入I／2．  
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REMARK3．1（CZ）（due to Wcfge［1］）．Itis probclbly  

eqsist to think of β qs the restriction of the Euclidic）n  

topology onI2to the subset  

Xご（（×ノh（X））：× ∈ C）  

（h（X）stqnds for the′′height”of xinI2）．  

（b）Compc）「ing two Wc）gels metric spocesin［1J2］，We  

WOuld sc）y thc］t thelc）tteris better，Since topologies on  

Cc］ntOr Set C c）re mOre COnVenient to dete「mine the dimension  

Ofitself，the fqctorsノ C）nd products（See §二5サ19，；10jIll）．  
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帥⊥t  
He shc111expIc］in here the following compute「g「c］Phics  

givenin the next pc）ge，Whichis pe「formed by Mrs．K．Noguro－  

We believe thqt the g「C）Phs show some c］SPeCtS Of Wogets  

metric spc）Ce givenin the preceding section．  

Let（qi：l≦i≦N）be□COllectionofN「qtion□1numbersT  

For eoch NMtuPle x＝（×1）‥・JXN）consisting of O｝1  

sequence we c）SSign ¢（×）by the following fo「mulq：  
～    ¢（×）＝Mqx（q壬：1≦i≦Nqndx・ニ1）・ t  

We c］1so put  

x龍＝： ×2t暮  
乞＝＝コ  

Let  

c♯＝（×瀞：×∈（0ノ1）〃）．  
Then，the g「C）Phs consist of  

′ヽJ  

G鎗＝（（X♯，尋（X））：X♯∈ C♯），  

where N＝8in the bottom holf｝C］nd N＝10in the uppe「  

hc）1f，reSPeCtively．（Weput  

（qコノ…ノ 
qヱβ）＝（1′2ノ1／5ノ1川ノ2／5ノ1／5ノ1／6ノ2／5ノ錮ノ5／5ノ1／7）・）  

We mqy think thqt the grqph G’＃is the restriction of the  

肌柑els metric spqcein Theorem5・lto the following  

Subset  

（（Xノh（×））：×∈｛0ノ1｝∬×｛0｝×｛0｝×‥l｝ノ  

where the first N－termS Of（q．）in Theorem511qre も  
equolto the c］bove ones．  
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For ec）Chilet Bibe c）finite disjoint c10Pen COVer   
は  

Of（CノEo）Hithits meshl／iノqnd／ぜqCh Bi＋1 refines8i・  

Then，Since hislower semトCOn．tinuous，there exists c）  

monotoneincre□Sing continuous functions（hi：C＋Ⅰ）  

SuCh thqt hi（×）十h（X）□nd hilBis const□nt fore□Ch  

BE Bill No軋㌔Wedefine qfunctionH：C2＋Ⅰ□S follows．  

h（×）if x＝yノ  

Oif（×ノy）〆 U｛B2：B∈Bコ｝ノ  

h乞（×）＝h五（y）   

H（×ノy）ニ  

if（×ノy）∈ ∪｛B2：B∈Bi｝＼u｛B2：B∈Bi＋1｝L  

Let p be the topologyon C2gener□tedby the subbqse  

EoU｛H－1（U）：U ∈E｝lThen｝（C2JP）ishomeomorphic  
to the set（（（×ノy）ノH（×，y））：（X，y）∈C2）with the  
restriction of the Euclideqn topologyon C2×Ⅰ．＝ence，   

THEOREM5．2．（C2ノP）is q complete sepqrqblemetric  

SPC）Ce Sqtisfying  

l （1） β ＝ Pl△ ノ Hhere △＝（（Xノ×）：X∈ C）J  
（2）pIC2＼△is homeomorphicto usuqlEuclideqn  

topology onit］  

（5）both topologies pl（（t）×C）Qnd pl（C x‡t））  

C7re homeomorphic to ∈0｝  

（句）pis coqse「thc）n both topologiesβ×Co C］nd co xβ．  
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We sqy thqt the□bove extension（C2，P）is onqturql  

extension of Wc］gels nletric spc］Ce（C，β）．In吊C］ge［l，2］  

diffrent kinds of extensions c）re uSed，Ond the prope「ty  

（Ll）is not mentioned there．We give hereits proofJ  

since it is deeply concerned in constructins our examples 

With q pseudocompoct（0「，metric）fqctor．  

P斬qfし坤．We shQllshow thqt pis coc）Ser thc）n  

β ×Eo．一（the p「00f for co x芦goes onin q porqllelwoy）・  
It suffices to show th□t fo「Clny POint（xノ×）ond q given  

6 ＞ O the「e exists c）P，－OPen neighbo「hood U of x c］nd on  

Eo－OPen neighbo「hood B of x such thc）t  

（i）rH（y，Z）一日（×，X）I＜6for every（y，Z）∈ U x B－  

Since hi（×）十h（×）｝there exists qn n such th□t  

O≦h（×）－hn（X）＜ 6／2・Let B∈8J｝j≧nJbeonEo，OPen  

neighborhood of x such thqtIhn（y）－hn（×）l＜6／2foreve「y  

y∈ B． Let U⊂ B be c）百－neighbo「nood of x such thc）t  

lh（X）－ h（Z）l＜ 6／2for  U．Thenノ nOte thc）t  ∈
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H（yノZ）≦h（y）qnd）hn（X）－h（y）I＜6fo「（yノZ）∈U x B．  

Thus，fo「（y，Z）∈（Y x B）＝ △，（i）holdsノ Since  

H（y，Z）＝h（y）． Let（y，Z）∈ U x B＼△，qnd put  

‖（y，Z）＝hた（y）＝hた（Z）fo「k≧」lThenJif h（y）＞h（x）J  

（i）holds｝ Since hn（y）≦＝（yJZ）≦h（y）≦h（X）十6／21  

If h（y）皇h（×），then（i）holds，Since  

h柁（y）≦H（yノZ）≦h（y）≦h（X）・  
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REMARK5．2．The clbove noturqlextension，uSing c7n  

increosing sequence of continuo’us functionsノis cISlight  

modificc］tion of the construction given by PrzymusiFiski  

［5］．The extension suggestedin Mc）ge［l，2］c］「e tOO  

COmPlicc］ted to verfify the prope「ty（q）in Theorem5t2．  
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ExploncItion of compute「grc）PicsII．  

We shc）11expIc）in he「e the folloHing computer g「qphics  

in the next pqgeノ tOgether回ith the ones givenin the  

f「Ont P〔】geS Of every s白Ctiニ0汀．We believe thot they show  

SOme Outlines of the ncft：ur〔】1extension givenin the  

precedins section as well as the extension siven in 

川口ge［2］．  

Me shc］11use scIme nOtqtions givenin ExpIc）nqtionI．  

For e□Ch x，y∈（0，1）N，回e define  

¢（X，y）＝Min（¢（Z）：for c）11z such thcIt X♯≦Z♯≦y♯）．  

Then，the g「〔】Ph consists of  

G脾＝（（×♯．y♯ノ¢（×ノy））：×ノy∈（0ノ1）Ⅳ）．  

The one givenin the uppe「hcIlf of the next pc）geis  

Performed fo「the cc）Se N＝q．The bottom h□lfis the  

COrreSPOnding Wc］geJs metric spc）Ce givenin expIc］nCItionI．  

The gr□Phicsin eve「y seG‡ilOn qre the ones performed  

for the cc］Se N＝10．In this cc］Se．howeverノ they only  

Show the蜘止（they consist of9  

Pieces），Since the whole grc）Phs need the c□PC］City  

b白yond our compute「．  

We mqy regc）rd thqt the g「C］Ph G＃is the restriction  

Of the nc）turCIlextention of Wc］gels metric spcICe tO the  

Subset  

（（×ノy．‖（×ノy））：×ノy∈（0．1）Ⅳ×（0）×（0）×…｝．  
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Lt．n－dimensionqlWc］gels metric spoces．  

We begin Hith the following twolemqs due to  

McIZurkiewicz［1］．   

LEMMA叫．l．Let h：C十In be q Bqire function of  

Clossl．Thenノ the grcIPh G＝（（X，h（X））：X ∈ C）is o  

G6’－SetOfIn＋昌ndhence，iscompletelymetrizqble．  

LEMMA Ll．2．There exists c）function n：Exp（In）＋In  

SuCh thc）t  

（□）n（M）∈M for e□Ch M∈Exp（In）J  

（b）ifMた⊃Mた＋1 □ndMk∈Exp（王n）fore□Chk EW｝then   

lim n（Mた）＝∩（胃M）inI柁・     た＋∞           た＝ヱ  

P蝿可＝Ler耶〔Lり． 

PreSerVing continuous surjective mc）P（for exclmPleノ See  

Engelking［2，Probleml．5．I）］）．Put  

¢モ叫㍑：C托すⅠれ．  

Let us regc）rd Cn c］S q Subset of the reqlline．Put  

for ec）Ch M∈Exp（In）  

（脾）n（M）去¢（min（¢－J（M））ノ  

where minimumis tqken with respect to the usuolorder  

of the rec］11ine．Note thqt ou「definition（♯）is  

welトdefined，Sincemin（中一1（M））∈Cn for eVery qbove M・  

Then，One COn Show thc）t TISC）tisfies（C）），（b）．  
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T＝EOREM q．1．（An n－dimensionc）1Wc）ge，s metric spc）Ce）．  

Fo「every n＝1，2，‥．，00ノ there exists c］SePC）rC）ble  

COmPletely metrizclble，n－dimensionc］1spc］Ce（C，β（」n））  

SuCh thclt  

（0） β（n）is the topology generc）ted by the subbc）Se  

Eo U｛h－1（U）：U∈Eo｝JWhereh：C＋In・                                       1S O  

Bc］ire function of cl〔】SSl，qnd hislowe「  

Semi－COntinuous when n＝1）  

（1）the「e exists o collection（（AiJBi）：i＝lJ‥・｝n）  

Of n－PC）irs of disjoint closed sets回hich sc）tisfies  

thqt｝if fo「eqchiJC（Closed set SiSePClrqteS Ai   

qndBi｝thentheset望1Sihqsthecqrdinqlity  
i  

Of continuum．  

ELg9f．At first，We COnSider the cqse n＜ ∞．Put  

Aれ十ユ ¶ヱ‾ユ（0）qnd畠ム十ヱ ¶ユ‾ヱ（1）ノ  

Where Tl＝ In＋1 十Ilisthenotur□1projectiontothe  

first fc］CtOr． Let T be the collection of c111continuq  

meetingbothAn＋1 ′ヽノ □ndBn＋1 inIn＋1・ThenノTisclosed  

in Exp（In＋1），qndis compqct metrizqble，qnd hence there  

existsocontinuousmopgf「Om（C｝Eo）onto T SuChth□t  

（2））g．1（T）l＝C for qny T∈ T．  

By the definition of T We nOte thqt  

（5）foreqchp∈C囚ehqveT＝¶1－1（P）ヂ8  

fo「□ny T ∈ 丁．  
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Let nn：In＋1 ＋Inbetheprojectiontothe遮  
n fqctorsIThen｝uSing Lemm口中こ2qnd property（5）‖e  

CC）n Obtc）in q function h：C－・In such th□t  

h（P）＝∩（mれ（g（P）…コープ（P）））  

fo「ecICh p∈ C．Put  

X＝（（P，h（p））：P ∈ C）．  

Thenノ from（2）c）nd（5）we hove  

｛〉 （4）lT n Xl＝C for eoch T∈T．  

To see thqt h sqtisfies（0）Jlet（Bi｝beq sequence  

Of clopendisjointcoversof（CノCo）withitsmeshl／i  

Ond we ossume thot 8i＋1refines8i．Define q function  

hk：C＋In by thefollowingformulq：  

hた（t）＝n（nn（∪｛g（P）＝¶1－1（P）：P∈B｝））  
for e□Ch t∈B∈ Bk・ Since gis continuous qndBis  

ClopenJtheset u｛g（P）n T；1（P）：P∈B）isclosed  
in・In＋1・Hencehた：（CJEo）十Iniswelトdefined□nd  

is continuous．By Lemm□LI．2（b）回e C□n See thot his  

thelimit functionof｛hk｝JSO thqthis□B□i「e  
n  functionofclqssIJOndhenceXis□G6－SetinI  

by LemmcIq．1．  

When n＝l，One COn Show without difficulty thc］t  

hislo＝er Semi－COntinuousJSince（hた）ismonotone  

increc）Singin this cqse by the definition（♯）in  

Le雨Ⅷ〕句．2．  
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To verify the property（1），   

ープ Aた諾又√1Tr 
た十コ ［0ノ1／7］qn  

t e l  

∩
 
 
 

～
∨
＜
 
 
 

芸
 
 

た
 
 

．
B
 
 

パ
u
 
 

IT 
ーヱ 

た十ユ ［6／7ノ1］  

foreqch k記1ノ…JnlThenJeqChAた□ndBkqre nOn－emPty｝  
1 
（0）qnd¶k＋1 

－1 
since一一k＋／ （1）qrecontinuqmeeting  

～ bothAn＋1 qnd豆n＋1・LetSたbeqsepqrqtionofAkOnd  

～ Bたfor eqch k qndlet Sたbe q sepqrqtion of  

Aた霊7T ーユ 

た十ユ （0）□nd畠た＝¶ 
た＋ユ 
ーユ（1）  

～～ Which extends Sた（th□tis｝SたSePqrqteS AkOnd Bたin  

In＋1 qndSた∩又⊂Sた）・Then｝Since n営たCOnt□ins  
～′ヽ′ q continuum meeting both An＋1qnd Bn＋1by Rubin－Schori－  

Wc）1sh［1］ノ the「e exists c］T∈ T such thqt  

n
 
 

U
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∧
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n
 
 

T ⊂  
Sた・  

FroI¶（句）l束n Tl   C SO thotln Sたl＝C，Ond hence  

fo「the cc）Se n ＜ co  the theorem hc）S been estc）bl、iShed∴   

For the cqse n迂i00回e rePlqceI 
n＋1 
by the rlilbert  

cubeI00．Then，the constructioln gOeS On□nqlogously．  

REMARK Ll．1I（C））The c）bove theoremis o slight  

improvement of TsudcL［1ノ Theorem2．1］．Since（Cノ盲（1））  

in our Theorem叫．1sc）tisfies Theorem5．1ノ We believe  

thqt our Theorem Lt．1is c）n n－dimensionc］1version of  

Theorem3．1．  
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（b）Using Lemm□句11JMqzurkiewicz［1］hqs constructed  

n－dimensionqltotqlly disconnetted，SePqrqble，COmPlete  

met「ic spqce．Thelen¶CIis o，lso used．elsewhere．  

efflclently，（See Krqsinkiewicz［1］）．  

（C）Compqring our spoces with other spoces usedin  

Engelking－Pol［1］Or ChqroIc］mbous［2］ノOurS hove  

Se〉erc］1c］dvc］ntC］geS．In the former pqper they used□  

SePC］「C）ble complete metric spc）Ce due to R．Pol［1］Which  

is not A－WeC（kinfinite dimensionc］1．In their setting  

thei「spqce sqtisfies our theorem（See Section5），C］nd  

He believe thqt the property（l）is the key pointin  

their ccISe．tOO．We c］1so note thclt We CqnnOt C）PPly  

thei「method for鮒（See  
Section 5日hy），becc）uSe Oflc）Cking the p「OPe「ty（1）．  

On the other hqnd，though回e CCIn Obtqin his result  

much eqsier（See Section8），We CC）nnOt USe the spc）Ce  

in Ch〔】rqlc）mbous［2］tO PrOduce Wc）ge－tyPe eXC］mPles）  

beccluSe his spc］Ceis ngL COmPletely metriz□ble，・（］nd  

hence we cqnnot obtoin the fo110Wing nc）turC）1extension  

for his spc）Ce．  
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We sh□11embed（C，β（n））in the ncIturqlextension  

（C2JP（n））qsfollows：Usingthefunctions｛hk｝inthe  

PrOOf of Theorem q．1，We get Clfunction H：C2＋In  

dnd the topology p（n）in the some mc）nner givenin§5．  

Thereforeノ 回e h（】Ve：  

THEOREM句．2．For every n＝l，2ノ‥．，∞ノ（C2ノP（n））  

is cICOmPlete sepqrclble metric spqce sc］tisfying  

（1ir）（n）いゝ芯β（n）ノWhere△＝（（XノX）：X∈C）｝  

（2）p（n）CB＼△is homeomorphic to the usuqlEuclideQn  

topology onitノ  

（5）both topologies p（n）l（（t）×C）c］nd p（n）I（C x（t））  

qre homeomorphic to Eo｝  

（q）when n芯l，P（n）is co□Se「thcln both  

P（＝）×Eβqnd Eβ×p（n）・  

REMARK 句．2．（q）The extension spqce givenin  

Engelking＆Pol［1］is some modificotion of the one used  

in岨ge［l］．ThereforeJWhen n＝lJOu「method h□S qn  

Odvqntqge（See §5）．  

（b）Itis qn OPen PrOblem whether or not the nイ01d  

product（CノP）n of仙gels metric spqce（CJP）inTheo「em  

5．1s□tisfies the condition（2）in Theorem真一l・Ifit  

were the cqse，there could be d spqce Sqtifying  

Theorem句．2together with the condition（叫）for every n・  
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5・Some consequences of Kunen construction ond those  
Of vc）rlDouwen construction．  

3j：S88j  

－一丁．  
1  

l  

l                                                                                                                                                                                                           l  
l  

前  
∵・エリl  浩帯草里                                         ‾1  
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5．Some consequences of Kunen construction ond those  

Of vc］n Dou回en COnStruCtion．   

In the followingl）we c）SSume the continuum  

hypothesis，CH．While，in2）we do not c）SSume Ony  

Seトtheo「etic qssumptions beyond ZFC．  

l）Sonle COhsequences of Kunen construction．   

In this pIc］Ce We reView the outline of the mqchine  

giveninJuh6sz，・Kunen＆・Ruldi、・n［1］for refining given  

toDologies－ Whileitis the technique for some  

generc）1topologiesノ We SPeCifyit for our Wc］gels metric  

topo10giesβ（n）on C・Let（×α：α＜ullbe二q－・Well－Ordering  

Of CJqnd put Xα＝（×β：β＜α）・ ThenJ回e hQVe：  

LEMMA5．1（CH）．There exists（】n enumerC）tion  

（Sα：α＜ulJofqllcountqblesubsetsof C（respectivelyノ  

c2）suchth□tSα⊂Xα（respectivelyJSα⊂（Xα）2）・   

餌迫L Let T＝（Tα：α＜ul）be qwelトOrde「ing of  

the collection of cIllcountc）ble subsets of C，Then，for  

eqchαWe define qn o「dinolf（α）＜”1by the following  

fo「mul□：   

f（α）＝min｛β：βi（f（Y）：Y＜α）qnd Tα⊂Xβ）・  
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ThenJSince eqch Tα1S COuntOble｝f（α）is welトdefined．  

Itis eqsy to see thqt f：ul＋ulis bijective・Put  

Sα＝Tデーヱ「αノI  

Then）itis eosy to see thqt（Sα：α＜ul）isq required  

WelトOrderinglThe qssertion forC2follo回Sin q wqy  

Pq「qllel．   

Itis sho州1inJuhasz，Kunen＆1Rudin［1］thc）t（See  

C）1so § 6）there exists c］tOPOlogy O on C such thc］t  

（i）’Ciis fine「thc］n β（n）J  

（ii）fore□Chα＜βJifxβ∈Clβ（n） （Sα）｝then  

×β∈Cl∇（Sα）・  

From（ii）we see（Juh6szJKunen＆・Rudin［1］）thc）t  

（＃）if Ais章一ClosedJthen the set Clβ（n）（A）＼Ais  

COuntC）ble．  

We believe th□t the c）bove property（＃）is one of  

the mostimportont prope「ties of Kunen construction，  

SO thqt we conclude this section to see the follo両ng  

lemmc）ノ Which uses（＃）extensively：  

LEMMA5．2．dim（C，∇）＝Ind（C，竜）＝n．Mo「eover，  

for the cose n＝∞（Cノt5）is stronglyinfinite dimensionc］1．   

里Lg9f・Let（（AiJBi）：l≦i≦n）be the n－Pqirsof  

disjointβ（n）－Closed setsin Theorem q．1（1），ThenノtC）ke  

n－Pqirs ofβ（n）－OPen SetS（（UiノVi））such thqt  
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（2）Ai⊂UiJBi⊂ViJqnd Min Ni＝mJWhere  

Mi＝Clβ（n）（Ui）qnd Ni＝Clβrn）（Vi）t  

ThenJMiOnd Niqre O－ClosedJSince（i）holds・LetTi  

be q closed sepqrqtion between Miqnd Niin（C；草）・ThenJ  

Put Mi⊂GiJNi⊂Hi｝C＼Ti＝GiU Hiノfor some open  

disJoint sets Giqnd Hi・Let  

Si＝Clβ（n）（Ti）∪（Clβ（n）（Gi）n Clβrn）（Hi））I  

ThenノSiis q p（n）NClosed sepqr□tion between AiqndBi  

f「Om（2）．It follows from（＃）thc］t  

（5）the set Si＼Tiis countqblel  

Hence｝the set n Sihqs the cqrdin□1ity of continuum  

fromTheorem句・1（1）・Thereforeノthe set n Ti□1so  

h□S the cc］rdinqlity of continuum from（5）．HenceJ  

dim（C，∇）≧n．On the other hqnd，it fo110WS from  

Fedortuk［1，Lemmqs7，9］th□t dim（C，章）≦Ind（C，草）≦n．  

This completes the p「00f．  

REMARK5．1．（q）We folloH Engelking＆JPdl［1，P，16］to  

SC）y thc］t the construction given here′′Kunen construction′′．  

Itis c）1so cc）11edllJuhqsz－Kunen－Rudin constructionlIin   

E．Pol［1］．   

（b）As mentionedin Remc］rk q．1（C）our condition（l）   

in Theorem Ll．1is c「ucic11c］tlec）St for finite dimensioncII   

C〔）SeS．Indeed，1et（C，P）be the n－dimensionc］1spc）Ce  

in Chqrc11c］mbous［2］or thc）t Of Engelking＆一P・01［1］，Which  

does not necesscI「ily scltisfy（1）．Then，We C□nnOt  
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determine exc）Ctly the dimension of Kunen construction  

（C，V）forit．Asi5shownin FedorEuk［1］（See□1so  

Gru占nhc）ge＆、Pol［1］），回e CCln Only sc］y thot   

n－1≦dim（C，V）≦n C）nd n－1≦Ind（C，V）≦n．  

（C）Let（△，P）be the stronglyinfinite dimensionql  

COmPlete sepqroble metric spc）Ce givenin Engelking＆・Pol  

［1］．Then，1i］tis known thc）tits Kunen const「uctionis  

StrOnglyinfinite dimensionol（See Gruenhc）ge＆POl［1］）．  

Moreove「，We hQVe：  

PROPOSITION5．1．Every stronglyinfinite dimensionc］1  

COmPlete metric spc］Ce SC］tisfies the property（l）in  

Thoerem句．1．   

出廷・Let（（Ai｝Bi）：i∈Wlbe q count□ble  

COllection of pc）i「S Of disjoint closed sets sc）tisfying  

（句）if q closed set S・SqP□「qteS A・qndBifor eqchi｝ も■乙  

then n S五≠飢  

We show th□t the collection｛（Ai＋1JBi＋1 ）：i…）  

Sqtisfies（1）in Theorem叫・1・IndeedJlet Sibe□  

Closed sepqrqtion betweenAi□ndBi・Wemust showth□t  

the set n S：hqs the cc］rdinqlity of continuum，  
五＞ヱも  

Ontheco雨rqryJqSSumethqtl左SiI＜CL Then｝迄Si  
is countc］ble，Since every uncountqble complete sepc）rC）ble  

metric spc）Ce hc）S the ccIrdinc）1ity of continuum．Hence，  
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dim（iもSi）≦OJ□ndtherefo「eJthereexistsq  

SeP□rqtion So betweenAo qndBo which does not meetthe  

Seti21SilThenJthecollection（Si：i∈u）doesnot  
SC）tisfy（q）．This contrc）diction completes the proof．  

2）Some consequences from vc］n Douwen construction．   

In this pIcICe We reView the techniques of vqn工）ouwen  

［1］，Which does not require the continuum hypothesis．  

As′in the preceding section，We SPeCify the construction  

fo「Our Wc）gels metric topologies β（n），thoughit cc］n  

be c）PPlied for some generoltopo10gies（See C）1so § 8）．  

One of the key points of v□n Douwen constructionis  

（i）itis cltOPOlogy‡On C finer thqn石（n）ノ  

（ii）if A c］nd B c）re disjoint T－Closed sets，then the   

SetClβ（n）（A）n Clβrn） （B）iscountqble・  

Though the property（ii）is we□ker thqn（ii）in  

Kunenls，We CC）n deduce fromit thqt（C，‡）is count□bly  

PC）rqCOmPQCt，COllectionwise normc）1（See§10）．Here，  

we shcIllshow the followinglemmc］，uSing（ii）：  

LEMMA5．5（Tsudc）［1，Lemmc］5．6］）．Mhen n＝∞  

（Cノ‡）is not strongly countqble dimensionql．  
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Er99f．If囚e qSSume th□t（C，モ）is strongly  

COuntCZble－dimensionc］1，there exists c）COuntOble collection  

（Hi‡ofclosed subsp□CeSOf（CJモ）such thqtC＝ UHiJ  

qnd dim Hi≦mifor someintege「mifor eochi・By  

Theo「emq・1there exists q countqble collection（（AiJBi））  

Of bc）irs of disjointβ（nトClosed sets such thc］t  

（1）if for eqchi｝β（nトclosed setSiSePqrqteSAiOnd  

Bi，thenIn Sil＝C．  

Toke disjointβ（n）－OPen SetS Uiqnd ViSqtisfying  

Lemmq5・2（2）・Then｝Since di血Hi≦mi）fore□Chmi十1  

Pqi「S   

m）ノ  mJ≦k≦i十∑言＝ユゴ  （（MたノNた）…い∑三三∃  

T, of Hi n Mk and the「e exists q．zero setsepc）rCltion  

Hin Nたin HiSuCh thqt  

（2）∩｛Tた：i十∑ mブ≦k  CZ m）＝8・  
＝ヱゴ  

十
 
 

l
l
 
 
 

＜
一
一
 
 

～ By（i）回e hqve o β（n）－Closed sep□r□tion Sk OfAk n Hi  

Ond Bたn HiSuCh thqt  
一ヽ′  

′】 （5）lSi＼TiI≦u，dndSi⊂（い（MiU Ni））・  

By the hereditc）rily normcIlity ofβ（n），there exists o  

β（n）－Closed sepqrqtion SたOfAたqndBたSuChthqt  

§た＝Sk n‖i・ThenJfrom（l）InSたl＝CJqndfrom（5）  

ln§kl＝C・SinceC＝ UHiJthereexistsqnHiSuCh  
thqtIHin（nSた）l＝C・Ontheotherhqnd｝foreqch  

ksuchthoti十∑d三；1 mj≦k≦i十∑言＝1nbWehqve  

lSk n Hi＼Tたl≦ufrom（2）｝Ondhencefrom（5）wehqve     ■■lノ  
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7Hin（n Sた）l≦u．This contrqdiction shows th□t  

（Cノ草）is not st「Ongly countc］ble－dimensionql．  

REMARK5．l．Recently，Welec）rnedin Engelking・＆）Pol  

［1］thc］t eVery nOrm□11StrOngly countc）ble－dimensionc）1  

SPqCeis A－WeC）klyinfinite－dinlenSionc）11Mo「eove「，it  

is known thclt（VC］nI〕ouHen［2，Theorem5．LI（Cl）］）q normc）1  

SPOCe Whichis the union of countqbly mc7ny Closed  

A－Weqkinfinite dimensionc）1subspc）CeSis A一回e□kinfinite  

dimensioncIl．Thereforeノ OurlemmcIqlso follows from  

their results，  

By c］回Cly PC）rC］11elin the c）bovelenlmC（We h（】Ve：  

LEMMA5．q．dim（C，‡）＝Ind（Cノ㌢）＝n When n ＜∞．  
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6．Hc］geIs fc］CtOrizc］tion technique．  
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6．Wc］ge，s fc）CtOrizc）tion technique．   

In this section we cIPPrOXimqte p（n）in 5Llby the  

method of Wc）ge SugeStedin Wc）ge［1ノ2］．（Note thqt we  

fol10W theimproved method due to Przymusi百ski［5］．  

See□1so Remqrk6．1（q）．）Our cIimis to show thc］t  

there exist two topologies v（i）on C such thc）t  

（i）v＝V（1）×V（2）is finer・thon p（n），C）nd  

（ii）if A clnd B c）re disjoint v－Closed setsノ then   

IcIp（n） （A）n CIp（n） （B）l2≦WノWherelSI2  

denotes the2－C□rdindlityof the set S⊂C2  

definedin Przymusi百ski［2］．  

Since we wc）nt tO mOke our fqctors sqme（thロtis，X＝Y），  

We CIIso mqke our topologies scltisfy  

（iii）ifAondBqredisjointv（i）2－Closedsets，then  

lcIE。2（A）＝CIE。2（B）l2≦u・  

To c）Chieve v sqtisfying（iト（iii），We need the fo110Wing  

lemmq，Whichis c11so used for other ex□mPlesin §§10，11．  

LEMMA6．1．Let G be the（1／m）－neighbo「hood of  
椚  

Zg ＝（Xo｝×0）with respectto themetric p（n）｝Qndlet  

D be o countqble6（n）一dense setin CILet（rm）□nd  

（Z ＝（SmJtm））betwosequences conVergenttO the m  
POintzoinp（n）qndinEo2JreSPeCtively・Thenノ  

the「eexist two sequences（×））（ym）in C□nd three m  

SequenCeS Of descreqsing co－Clopen sets  

65   



（Hm）｝（Um））（Vm）such thqt  

（1）（×0｝ym）∈Hm x Vm⊂GmJ（XmJXo）∈Um x‖m⊂Gmj  

（2）D2∩（XmxYm）□ndRmn（XmxYm）qrenon－emPty｝  
2 （5）ZmnXm2ノZm＝Ymqreqlsonon－emPtyJ  

Where Pm denotes the set（pk：畑≧mIノforo sequence（Pた）・  

Proof．We show the c］SSertion byinduction on k，  

qnd suppose thqt we h□Ve Chosen xi｝yiJHiノUi｝ViJfor  

i＜ 6k．We shc111choosethem fo「C）11m sc］tisfying  

6k－≦m＜6（k十1）．By Thoe「m句．2（3）we cQn Ol囚C）yS Choose  

Eo－Clopen set Hml⊂Hm＿1 SuCh th□t  

H, ，×（×0）u（xo）×＝ml⊂Gm・  

（CI）For m＝6k（respectively，m＝6k十l）回e define  

Xm qnd ym（respectivelyノXm＋1qnd ym＋1）by tqking qny  
2  

pointrk＝（×m｝ym）∈RmnGmn．（Hm・）  

（respectivelyノqnyPOint（XmJym）完GmnD2∩（HmI）2）J  

since（rた）isp（n）－COnVerging（respetively｝DBis  

P（n）－dense）lThen｝tOke ony Hm＋iJUm＋iノVm＋i  

Sqtisfying（1），i＝0，1．  

（b）For m＝6k十2J  We define xmJXm＋1 by t□king  

qnypointzた＝（×mノXm＋1）∈Zmn（Hml）2・T□keEo－Clopen  
SetS Hm＋iJUm＋iSuCh thqt Hml⊃Hm⊃Hm＋1）  

（Xm＋iJXo）∈Um＋L  ・⊂Gm＋i・Tqke qny point       ・×H椚＋阜  

ym＋i＝tた∈Hm＋iJSince（tた）is Eo－COnVerging to xoI  

Let Vm＋ibe□ny Eo－Clopen set sqtisfying（1）Ji＝0｝ll  
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（C）For m＝6k叫｝define（ymJym＋1）by tqking□ny  

pointzた＝（ym｝ym＋1）∈Zm n（Hml）2・T□keEo－Clopen  

SetS・Hm＋iJ〉m＋i SuCh th□t Hm，⊃＝m⊃＝m＋1ノ  

（Xoノym＋i）∈Hm＋iX Vm＋i⊂Gm＋i・ Then）t□ke qny point  

POint xm＋i＝Sた∈ Hm＋iJSince（Sた）is Eo－COnVerging  

to xo・Let Um＋ibe qny Eo－Clopen set sqtisfying（1）J  

i＝0．1－  

This completes the proof of ourlemcI．   

In the sequelノ We C）SSume CHqn」dshow thclt thereii  

C）tOPOlogy sqtisfying（i）－（iii）．   

Since we□SSume CH｝1et（xα：α＜ul）be…elトOrdering  

Of C qndlet  

Xα＝（×β：β＜α）・  

It follows from Lemmc15．1thqt the fc）mily of qllcountc］ble  

subsets｛Aα：α雫ul｝ofC2c□nbewell－Orderedsothqt  

Aα⊂（Xα）2・  

Fo「eqch xαWe define two neighborhood boses（Nm（Xα）i）  

■▼ i＝lJ2，SO thc）t the follo回inginductive c）SSumPtions  

（0）－（5）c］re SCltisfied：  

（0）Nm（×α）i＝D≠m foreqchmJiJWhe「e Dis q fixed  

COunt□ble β（n）－dense set．  

（1）The p（n）－diqmeterofBm＝Nm（×α）1×Nm（Xα）2is  

less thqnl／m．  
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（2）The Eo－di□meter Of Nm（Xα）ilSless thqnl／mJ ●  

Nm（Xα）ilS□COmP□Ct Set COnSisting of countqble ●  

POintsノC］nd fo「□ny y∈Nm（Xα）ithere exists on   

integer k such th□t Nた（y）之⊂Nm（×α）il  

X, whose local base 

Thenノ for every  

（5）Let v（i，α）be the topology on   

is（Nm（Xβ）五‥β＜α qndm…‡・  

i＝1ノ2ノ qnd βノY ＜ α  

（□）if（×αノXα）∈CI p（n）（AY）Jthen  

A; n Bm≠8fo「qnym∈L叫  

（b）if（×αノ×α）∈CIEo2（AY）ノthen   
2 

A, n（Nm（×α）宜）≠8for□nym∈Lり  

（C）if（×αノXβ）∈CIEoX v（i．α） （AY）Jthen  

AY  
n Bm≠8fo「qnym∈呵  

（d）if（×βJXα）∈CIvriJα）×。≦AY）Jthen  

AY  
n Bm≠8forqnym…・  

Suppose thot two such neighborhood boses hQVe been  

COnStruCtedfo「eochxβSuCh th□tβ＜αl   

LetR孟be thecollectionofDond□11A，SuChthqt  

Y＜αqnd（×αノ×α）∈CIp仙（AY）・   

Let R孟bethecollectionofo11AYSuChth□tY＜αJ  

A，∠R孟ノqnd（xαノ×α）∈Cl。。2（AY）・   
Let s孟（i＝l｝2）bethecollectionofqllAYSuCh  
thqtY＜αJOnd（XαJXβ）∈CI 

E？×Vr招ノ 
（AY）forsomeβくα・   

Let T吉（i＝1ノ2）be thecollectionofqllAYSuCh  

th□tY＜αノqnd（×βJXα）∈CI A）fo「SOmeβ＜α・  
v（i，α）×。Y  
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Put  

K＝五重ヱR三∪5もuTも・ ααα  

Then｝tqke q convergent set入（A）fo「eqch A∈KαJWhich  

JI COnVe「geS tO One Of the points（XαJXα））（Xαノ×β）JOnd  
（×βノXα）□CCOrding to the collectionit belongs toIPut  

ぢ（A）＝¶ヱ（入（A））□ndモ（A）＝¶2（入（A））′  

も：C2＋Cistheprojectiontotheトthf□CtOr暮 Hhe「e ¶・  

Then｝by Lem□6・lwe cqn choose□SequenCe＜（×mJXm）＞  

COnVerging to（×αJXα）ノWhich sdtisfies the fo110Wing（q）：  

（句）Let Gm be the（1／m）－nei（ghborhoodof（Xα）×α）with  

respect to the metric p（n）．Then，the「e exist  

㍉－Clopen sets HmノUm｝qnd Vm such th□t  

（q）（×mJym）∈Gmノ（×αJym）∈Hm x Vm⊂GmJqnd   

（×mノ×α）∈Um x Hm ⊂GmJ  

（b）Hm⊃Hm＋1 qnd Hm⊃Um＋1JVm＋1｝  

（C）xm≠xたqnd ym≠yk form≠k｝  

（d）i．1et入＝（（Xm，ym）），E＝（×J）∈＝（ym）ノthen  

（l）入∩入（A）＝8fore□ChA∈R孟，  
I （2）∈2∩入（A）≠8□nd∈2∩入（A）≠8foreqchA∈R£，  

－
ノ
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（5） ら ∩ ∈（A）≠β for ec］Ch A  

－（q） ∈ ∩ ∈（A）≠β fo「e□Ch  
A
 
 

（e）when S三＝80r T孟＝m，WePutUm＝Vm＝m｝□nd  

We do not define xm｝ym for the correspondingm・  
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Since xm｝ym＜×α）there exist t＝Ointege「si（m）qnd  

j（m）’by ou「inductive ossumptions such thcIt  

Ni（m）（×m）1⊂UmノNd（m）（ym）2⊂Vmノqnd  

N乞仙（×m）ヱ×NJrmノ（ym）2 ⊂Gm・  

Put  

Nm（Xα）ヱ＝（xα）∪（∪叫吊ノ（Xた）ヱ：k≧m））ノ  

qnd  

Nm（Xα）2＝（×α）u（∪（Nd（た）（yk）＝k≧m））・  

Thenノ We Shollshow thqt（1）holds．By ou「COnStruCtion   

N Ll＝＝最㍍i（k）（Xk）1 ×Nd（た）（yk）2⊂た望mGkノ   

L2＝ Ni（m）（×m）1×（kゞmNJ（k）（yk）2）⊂Ni（m）（Xm）1×HmJ   
呈N （y L3＝たゞm（Ni（k）（×k）1×‡n≦sたi（8）8）2 m≦＜ks 6  

□n〔】   

L4＝た‰（N〃たノ（×た）ヱ ×（β営たNJrたノ（yた）2））⊂た崇mUた×＝た－  

Therefore，（1）holds，SinceBm＝（（Xα，Xα））u（i皇，Li）．  

Itis eqsy to see thot（Nm（Xβ）i：β≦α｝m∈u）Ji＝lノ2｝  

S□tisfy□11the「em□ining condition 

inductive constructionis completed．Let v（i）be the  

tobology whoselocdlbqseis（Nm（X）i＝×∈C）L Thenノ  

they sc］tisfy thc）t  

（5）v＝V（1）×V（2）is finer thqn p（n）］   

qnd  

（6）fcIp（n）（A）＼Af2≦u for□nyV－ClosedsetAI  

F「Om（5）（b）  

（7）lCIE。2（A）＼Al2≦uforロワy6i2－ClosedsetAノ  
Hhe「e6五＝V（i）ノi＝1ノ2・  
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REMARK6．1．（Cl）In the cIbove const「uction we use  

the method due to Przymusほski［5］ノ Since the procedure  

SuggeStedin Wclge［1］is not sufficient（Seeノ Remclrk9．1）．  

（b）The．reqrdSOnモC）PPlicc］tions of Wc］ge′s fc）CtO「izc）tion  

technique outside of dimension theory（Rudin［2］．  

岨ge［1ノ2］）．  

（C）Be cc］「efulthc］t the「e c］「e地fc）mOuS  

′′fqctorizotionlltheo「emsin dimension theo「yl（for  

exc］mPle，th□t Of MordeちiE［1］dnd thc］t Of PcISynkov［5］）．  

The mec）ningI，fqcotrizc）tionllin thereis different from   

OU「S．  
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7．Przymus摘Skils method．   

In this section回e Shqlldefine topologies TiOn C  

SO thot T＝TlX T2叩PrOXimqt6s p（n）．Ou「methodis  

due to Przymusiriski［5］，Which eliminc）ted the continuum  

hypothesis from the c］rgumentin the preceding section，  

qndis bcISed on c）teChnique of von Dou回eninsteqd of  

Kunen－  

For ourinductlve construction we need the follo回ing  

subsetPofC2・Let F＝｛（AJB）入：入∈＾｝bethecollection  

ofqllpqirs ofcDL叩‡qbl阜Subsetsof C2such th□t  

（0）lcIp仙 （A）n CIpr乃ノ （抑2＞u・  

′ Note thqt for qny（AノB）入 ∈F we hqve．by PLrZymuSinski［2］  

IcIp（n） （A）n CIprn） （B）I2＝C・  

In the sequellet ＜ be q well－Ordering of C c）nd・止et  

fix●．c］’p－（白）：densg countqble set D．Then，define for x∈C  

I（×）＝（y ∈ C：y ＜ ×）u D．  

Then，for ecICh入∈＾，Since fA u BI＝W，there exists  

qnx入∈CsuchthqtAuB⊂Ⅰ（x入）2ノWhere（A｝B）＝（AノB）入・  

HenceJWe Cqn COnStruCt q trqnSfinite sequence＜P入＞  

of pointsin C2sqtisfying  

P入∈CIp（n） 
（A）nCIp（n） （B）＼Ⅰ（X入）2JWhere（A｝B）＝（A｝B）入｝  

□nd  

if入幸ぃノthenβ入＝Pリ＝mJWhereβdenotes the set ■ヽ．   

（PIJ吋Of C for p＝（PIJP2）・Put  

P＝（P入：入∈A）・  
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Since Dis cICOuntqble p（n）－dense set of C，in  

C）‖C）y Pqrqllelin the preceding section we cc］n Choose  

□SequenCe＜（XmJym）＞for eqch p∈PJSOtisfying the  

follo回ing conditlon（1）．  

（1）Let Gm be the（l／m）－neighborhood of p＝P入＝（×oJyo）  

回ith「espect to p（n）．Then，  

（q）（×mノym）∈GmJXm≠xたqnd ym≠yたfor m≠k｝qnd   

（（×3mJy3m））⊂A｝（（X3m＋1｝y3m＋1 ））⊂B｝吊here   

（A｝B）＝（AノB）入口nd（（×3m＋2｝y3m＋2 ）‡⊂D｝  

（b）there exist5－Clopen sets Hmノqn｝Um｝□nd Vm such  

thot p∈Hm x Kmノ（×0）ym）とHm x Vm⊂GmJ□nd   

（×mノyロ）∈Um x Km⊂GmJ  

（c）Hm⊃Hm＋1｝Km⊃Km＋1JHm⊃Um＋1J□nd Km⊃Vm＋1・  

NowJby trc）nSfiniteinduction on ＜We C）SSign to  

eqCh point of C two neighborhood b□SeS（Bm（X）i）ノiニlノ2 ヽ  

SO thqt the followinginductive■qssumptions（2）ond（3）  

Clre SC）tisfies．  

（2）Eoch Bm（X）iis q comp□Ct Set COnSisting of countqble  

POintsJqnd for qny y∈Bm（X）ithere exists q k  

SuCh thqt Bm（X）i⊃Bk（y）i・  

（5）The diqmete「Of Bm＝Bm（×）1×B。（×）2isless th□n  

l／m with respect to the metric p（n）．  

Let eoch point of D beisoIcItedJC）nd suppose thot x ∈C  

□nd such bc］SeS Of neighbo「hoods h□Ve been constructed  

for ecICh y＜ ×．Then，回e COnSider the follo回ing ccISeS．  
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（0）×＝Pl＝P2for some（Unique）p∈Pl  

（b）x＝Pifo「SOme（unique）p∈P qnd pl≠p2・  

（c）×≠pifor qny p∈P□ndi・  

In the cqses（□）□nd（b）we hqve xmJymくPifori＝1J2  

qndm∈uノbec□uSeP入iI（x入）2□ndxmJym∈Ⅰ（×入）・Thus  
inductive cISSumPtions cqn be c］PPlied so thc）t there exist  

integers k（m）for ec）Ch m such thclt   

Bk（m）（Xm）1⊂UmJBk（m）（ym）2⊂Vm）Ond   

Bたrm）（Xm）1×Bたrm）（ym）2⊂Gm・  
ThelcIStinclusion follo回S from the follo囚ing observc］tion．  

If xm＝ ym｝then theinclusion follo川S fronl（5）・If  

Xm≠ym｝then（Xmノym）∈IntEo2（Gm）lTherefore｝the  

inclusion fo＝ows from the fcICt thqt both xm clnd ym hqve  

neighbo「hood bc］SeS finer thqn Eo．  

Cc］Se（q）． Put fo「e□Chi＝1，2 c）nd m ∈ LJ  

Bm（×）壬＝（×）∪（士望mBた＝り（X士）壬）・  

C□Se（b）・If xヒPIJPut for eqch m∈山  

Bm（×）コ＝（x）∪（七望mBた「モノ （×七））ノロnd Bm（X）2＝（×）・  

If x＝P2｝Put fo「eqch m∈LU  

Bm（×）ヱ＝（×）ノq＝d Bm（X）2＝（X）u（七望mBた「士ノ（y士）2）・  

Cqse（C）・Put Bm（X）i＝（×）for eqchi＝1J2Gndm∈u・  

Becquse there does not exist c］rly decrec）Sing chc）insin  

C）囚elトOrdered set c）nd（1）holdsノ We Cqn Show th□t  

（Bm（X）i）sqtisfies（2）ond（5）fo「eqchiin0日qy  

P□rqllelin the preceding section．Thus，inductive  

COnStruCtion hc］S COmPleted．  
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Fronl（2）ond（5）（Bm（X）i：m∈uJX∈C）constitutesq  

loc□ltbqse on C qndit produces□HGuSdorff topology Ti  

for e□Chi＝l，2．This completes the constructions of  

Tヱロndて2・  
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8．An opplicotion toinve「Se SequenCeS一  
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8．An qpplicqtion toinverse sequences．  

The pu「POSe Of this sectionis to give some  

C）PPlicc）tion of the WcIgels metric spcICeSin 叫C7nd of  

theてtechnique of von Douwenin §5．We begin with the  

fo110＝ing theorem due to Chqrc）1c）mbous［1］：  

THEOREM8．1．There exists c）ninverse sequence  

‡XiJfid）＝ith thelimit sp□Ce XsuchthqteqchXilS ●   

0－dimensionc）1，first countcIbleノ SePC）rqble，Linde16f，  

川hi’1e Xis normqlwith dim X＝1．  

REMARK8，ユ．（C］）Me do not give here the proof of  

the theorem，Since we shc111sh（油C）n n－dimensionoI  

Ve「Sion ofit below which contc］ins the c］bove result c（S  

its corollcIry．  

（b）Before Chq「C）1cImbousitis c）1reqdy knownin Engelking  

［1，P「oblem6，5．25］thcIt  

（＃）thelimit of c］ninverse sequence of strongly  

O－dimension□1spc）CeS need not be strongly O－dimensionc）1．  

Compcl「ing these two constructionsノ Chc］rCIlqmbous  

COnStruCtion hqs the qdvqntqge of適地SPdCeSXi1  

0n the other hqnd，by Engelkingls construction we h□Ve  

C）SequenCe With c）頃班SPqCe：there exists on  

inverse sequence，Which scItisfies（＃）JC］hd whoselimit  

皇S metrizc）ble．  
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IndeedノIet X be the RoylsINdimension□1sp□Ce．Since  

X hc）S C）Clopen bqse of cqrdinqlity of continuum cノWe  

CC）n CISSume thc）t Xis q subspqce of the generc11ized  

Cqntor－SetCC・Tqkeqsuitoblesequence｛×i｝ofpoints  

intCsuchthqtthesequence｛∑（Xi）｝of ∑－PrOducts  

With bqse point xiis蜘払出地吐．Put  

X宜＝X u‡∑（Xた）：k≧i）・  

ThenJeqCh Xiis strongly O－dimensionqlJSince XilS ●  

C≠－embeddedin CC（Engelking［lノProblem5．11．25（C）］）．   

Let fiJ：XJ＋Xibe theincIusion mqp・ThenJit  

is rec）dily seen th□t Xis thelimit of theinverse  

SequenCe（Xi｝fid）l  

THEOREM8．2．For every k＝l，2，，．，，00there exists  

Qninverse sequence（Xiノfid）withthelimitsp□CeX  

SuCh thqt eqch XilS O－dimensionoIJfirst countQbleノ ■  

Li。de16f，WhileXi鍔謡品1yp。r。。。mP。Ct，COllectionr  
wise normc）lwith dim X＝Ind X＝k．   

eLQ9i Let（Cノβ（k））be the k－dimensionqlWqge′s  

metric spc］Cein TheoremLL．1．Then，tOke o sequenCe  

｛Ei：i…｝ofpqirwisedisjoin・tBernsteinsets  

SC）tisfying thc］t  

（ユ）thesetA nEihosthec□rdinqlityofcontinuum  

for□nyβ（k）－Closed uncountOble set A暮  
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Let Tibe the qpp「0×im□tion of the topology ui＝β（k）IEi  

On Eidue to von Dou回en（See§5｝2））・ThusJ  

（2）Tiis first count□bleJSeP□rqbleノhc）Ving o clopen  

bqseノ COllection回ise normol，COunt□bly pc）rC）COmPC）Ct，   

qndthesetCl（A）n Cl（B）iscountdble  
リi  早i  

Whenever A qnd Bqre disjoint Ti－Closed setsL  

Now｝We Shqlldefine topologies uiOn CJWhichis  

gen6rqtedby thesubb□Se Eo U（TJ：j≦i）t Letu∞be  

the topologyon Cwhichis generqted by（てd：j∈u）・  

Put for ec）Chi  

Xi＝（CJUi）JC）ndlet  

fid：Xd ＋Xibe theidenbyfunctionl  

Thenノby（1）c）nd（2）ecICh Xiis first countcIble｝  

0－dimensionc］1，SePC）rCIbleノ qnd Lindelt）f．By the  

definitionJfidis continuousILetX∞be thelimit of  

theinverse sequence（Xiノfid）1ThenJit c□n be seen  

f「Om the construction thc）t  

X∞巴（CノU∞）㍉羞（E五ノU五）．  

Hen。e，by（2）X。i措競粘blypdr。。。mP。Ct，C。11e。tion－  
Wise normc）1，C）nd dim X∞＝Ind X∞＝k by the proof of  

Lemmc）5．Ll．  
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REMARK8．2．（C］）The c］bove constructionis c）Slight  

improvement of the one givenin Tsudc）［l］（SePC］rC）bility  

is not cIChieved there）．In Chqrc）1□mbous［2］similc］r  

exc）mPles c）re given，independentl某．Compc］ring ou「S C）nd  

his construction，We believe thc）t Our COnSt「uCtionis，  

much simpler．For exc）mPle，We CQn ShoH thc］t thelimit  

SPOCeis collectionwise normcIIc］nd countc］bly pc］rOCOmPOCt  

much eQ如［thon he doesin ChcLrqlclmbous［2］．  

（b）When we consider more specic］1cqse when thelimit  

sp□Ceis X山口ndits fqctors□re X甘，We hove no仙ge－tyPe  

exomple from the fol10Wing theorem due to Nc）gOmi．   

THEOREM8・1（N□g□mi［5］）・Let e□Ch Xibe q normcII  

SP□Ce回ith dimXi≦n・LetitsJlimit X00be count□bly  

P□rqCOmPGCt□ndeqchbondingmopfiJbe open・ThenJ  

X∞is c］nOrmC11sp□Ce With dim X00≦n．  
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9．Perfecし no「mc］1ity of products．  
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9．Perfect normc11ity of p「Oducts．  

We shc］11show the following theorem under continuum  

hypothesis，C‖：  

THEOREM9．1（CH）．For every n＝1ノ2，．‥ノ∞，there  

exists c）SPqCe X（n）such thcIt  

dimX（n）2＝Ind X（n）2＝n＞dimX（n）＝0，  

qnd X（n）2・     1S Pe「fectly no「mc］1，SePC）rCIbleノ firsトCOuntC］ble，  

qndlocqlly compqct．Moreover．X（∞）2is not  

COuntC］ble dimensionql．  

辿娃．Put  

X（n）ご（CノV（1））申（CノV（2））ノ  

Hhere v（i）is definedin§6．Hence，X（n）2is sepqrqble，  

firsトCOuntC）ble，10COlly compcIC’t，「egulq「Clnd  

O－dimensionqlby the definition．Let us show thc］t Ot  

firstX（n）2is perfectly normql．Webegin with．the  

followinglemmc）eSSentic）11y due to Kunen．  

LEMMA9．1．For everyic］nd every subset A of C  

there exists q Y＜山1SuCh thqt   

ifα・≧Yqndxα∈CIE6（A）Jthen xα∈CIv（i） （A）・  
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LEMMA9・2・Fo「everyA⊂C2thereexists□入＜ul  

SuChthqtifα≠β｝α｝β皇入ノqnd（xα｝Xβ）∈CIE㌔（A）J  

then（×α｝Xβ）∈（CIvrた）×E （A））∩（CIEXv（k） （A））Jk＝1J2l   

LEMMA915・ForeveryA⊂C2thereexists□YSuCh  
thqtif（XαJXβ）∈CIp（n）（A）qndα）β≧Y｝then  

（×αノ×β）∈CIv（A）t   

LEMMA9・句・ForeveryiqndA⊂C2thereexistsqY  

SuCh thqtif（xαJXβ）∈CIEo2（A）qndαJβ≧Y｝then  

（Xαノ×β）∈CIvr五ノ2（A）】  

Proof of Lemmc）9，1．Let L be o countoble Euclidec］n  

dense subset of A．Then，by（5）（□）in §6，if  

xα ∈CIEo（A）withα＞Y）then（XαJXα）∈CIp（n）（A2）＝  

CIp（n） 
（L2）・SinceL2＝AYforsomeY｝eqChneighborhood  

Of xαin v（i）contions q subset of Lby the definition  

Of v（i）qnd（ヨ）（□）in §6．   

The proofs for the remc］ininglemmcIS fol10W from  

（5）｝（6）i 

Przymusi百ski［5，Lemmosl，2，5］．   

Now，We Shc］11show thqt X（n）2is perfectlynormol・  

At first，We Show thqt X（n）is perfectly norm□1by□  

method due toJuh6szノKunen qnd tRudin［1］1  
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It suffices to see th□teqChv（i）isperfectlynormql．  

LetAbeqv（i）－Closedset・ThenJthesetCIEo（A）＼A  

iscountqbleby Lemmq911・SinceCIEo（A）isEo－G6qnd  

hencev（iトG6｝ SOAis qv（i）－G6・LetH｝Kbev（i）－Closed  

disjointlTo see thqt they cqn be sepqrqtedノitis  

Sufficient to p「oduce q countqble cover of（C，V（i））by  

V（i）－OPen SetS U such th□tCIvriメU）intersectsqtmost  

One Of H clnd K｝ CQllsuoh U′′nice′′．By Lemmc］9．1the  

l Set S＝CIEo（‖）n CIEo（K）is countqbleJOnd□rOundeqch  

its points we mc）y Put O nice U，Since C＼Sis  

Eo－Linde16f，We mC）y COVerit with o countc）ble collection  

Of nice U（Which□「ein fqct co－OPen□nd whose Eo－Closu「e  

intersect qt most one of 目口nd K）一 Thus，these two  

COllections together produce the desired cover．  

Therefore，X（n）is perfectly normc］1－   

we see thqt X（n）2is perfectlynormqlby…qy  

pqrollelto the□bove observqtion｝Since vis finer th□n  

p（n）｝］CIp（n） （A）＼AI2≦Ufor□nyV－C10SedsetAJQnd  

＜山forqnyv（i）2－ClosedsetA（See 旧E。2（A）＼AI2＝  

§6（i）－（iii））．   

ByLemllq5．2weh□VedimX（n）2ヱn・（Itiseosy  

to see thqtdimX（n）＝0．）ByFedorとuk［1JLem□S7｝9］  

dimX．（．n）2三Ind X（n）25＿n・ByLemm□5．2X（∞アisnot  

countobl：e・dim8nS：i：OnOIL・This completesthe prooft  
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REMARK9．1．（1）Theoren19．1soIves o problem rc）ised  

in Fedorさuk［2，Problem6］qffirmc］tively．Similqr  

exc）mPleis outlinedin Engelking qnd Pol［1，，Exqmple q．1］．  

（2）Our present const「uction of X（n）is c）Slight  

improvement of the construction givenin Tsudc）［2］．The  

mcIin diffe「ences c）「e  

（i）our spc］Ce X（n）is sepc）r□ble．  

（ii）while t囚O different fc］CtOr SPC）CeS X c］nd Y c）re  

COnStruCtedin Tsudc）［2］ノ We COn COnStruCt here  

One SC］tisfying thc］t X＝Y．  

（5）Since theproductofX（n）2qndk－dimensionqlcube  

Iた・  1S Perfectly normcIl（Engelking［l，Problem LI．5．16（b）］），  

We hqve： For every n＝l，2，5，，．．，CO，C）nd   

．干Or eVery PClir of non－negC］tiveintegers（見，m）  

there exist spqces X c）nd Y such thc）t  

（C］）dim X＝見c］nd dim Y＝mノ Hhile dim（X x Y）＝m十n†且）  

（b）X x Yislocc）11y compc］Ct，SePCIrObleノロnd perfectly  

［0「m□1．  

（句）As mentionedin他ge［2］the first Wc］ge－tyPe eXC］mPle  

in theliterqtureis the one sc］tisfying Theorem9．1for  

the ccISe n＝1．The construction suggestedin Woge［i］  

remoins co［reClif we do not force X＝Y（in other wOrdJ  

in our terminology his proof th□t V（l）×V（2）is norm□1  

iacorrect，thoughthemethod tom□keX2beingnOrm□1  
wqsincorrect（Citedin Przymusi百ski［6，FootenOte7］）・  
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Since he soid nothing c）bout Lemmo9，Lt，We CqnnOt  

conclude thqt v（i）2is normql．By thelemmQWeCOn  

Sh〔州 thc）titis normc）1．  

（5）－●Itis c）nnOuCedin肋ge［1］thc）t Theoren19．1holds  

for gene「C）1dimension．  
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10．Locc］1compc］CtneSS qnd collectionwise normc）1ity  

Of products．  
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10．Locc）lcompc）CtneSS qnd collectionwise normqlity of  

PrOducts．   

In this section回e Sh□11prove the following theorem  

Without c7ny Seトtheo「etic c7SSumPtions beyond ZFC：  

T‖EOREMlO．1．For eve「y n＝1，2，．‥ノ∞，there exist  

two first－COuntqble，SePClrCIble，10CC）11y compc）Ct，  

10Cqlly countqble spcICeS X cInd Y such thc）t  

（□）一 X x Yis countobly pqrcICOmPC］Ct，COllectionHise normql］  

（b） dim X＝dim Y＝0，While dim（X x Y）qndInd（X x Y）  

qre exc）Ctly equc）1to n．Moreover，Our SP□Ce X x Y  

in the cqse n＝∞is not strongly countc）ble dimensionc）1．  

地主．We put  

X＝（C｝Tl）qndY＝（C｝T2）｝  

Whe「e Tiis definedin§7・By the const「uctionit  
follows thc）t X x Yis firsトCOuntC）ble，SePqrC）ble，10Cqlly  

COmPC）Ct，C）ndlocqlly countc］ble．…e shqllshow qt first  

thqtitis countqbly pc）rC）COmPC）Ct C）nd collectionwise  

r10「mql．We need the followinglemmq．  

LEMMAlO．11（CI）If A c）nd B c）re Closed disjoint sets  

in XorY｝then the set CIEo（A）n CIEo（B）is countoble・  

（b）Let A c）nd B be closed disjoint setsin X x Y．Then，  

ICIp（n） 
（A）＝CIprn） （B）12≦u・  
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巳u9f．（□）The c）SSertion follo回S from the fc）Ct thc）t  

iflcIESA）nCl。。（B）卜＝C，thenlCl。＿裾（A2）nCl。，Jd（B2・）I2＞uT  

（b）It follows f「Om the definition of T（See §7）．  

By the clbovelemmcIWe CC］n PrOVe thdt eC）Ch of X c）nd Yis  

COuntqbly pqrqcompqct，COllectionwise no「mc11，Clnd  

ul－COmP□Ct（th□tis｝eVery Closed discrete setsinit  
is countc）ble）．‖ence，囚e CC）n Show thc］t X x Yis c）1so  

COuntClbly pc）r□COmPCICt Ond collectionwise normqlby the  

technique of Przymus摘ski［1J5］．  

Next，We determine the dimension of our p「Oducts  

□nd fcICtOrS．We need the folloNinglemmq．  

LEMMAlO．2．（0）Let U be cICOZe「0－Set Of X or Y．  

ThenJthe set U n CIEo （C＼U）is count□ble・  

（b）Let Z be c）ZerO－Set Of（△ノTl△）．ThenJthe set  

Cl芦rn）（Z）＼Zis countqble・  

（C）Let A be closedin X x Y clnd U⊂A be c］COZerO－Set  

inA・ThenJfU n CIp（n） （A＼U）f2皇u・  

The proof goes on similqrly□S LemmcIlO．1，SO We  

Omitit．  
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Now，We Show thc）t dim X＝dim Y迂0．Let U be cI  

COZerO－Setin X（Or，Y）．Then，by LenlnlC］10，2（0）the  

Set C＼CIEo（C＼U）is countqble－ Then｝there exists  

□n Eo－Clopen collection（Gi：iE u）such thot  

U 
i∈u 
Gi〒C＼CIEo（C＼U）qnd川＼u Gi15：ul  

The「efo「e．  

U＝ ∪（Gi：i∈u）∪（B（y）：y∈U＼u Gi）ノ  

Where B（y）is c］Clopen neighbo「hood of yin X（Or Y）  

SC）tisfying B（y）⊂ U．‖ence，dim X＝dim Y迂O by  

Te・rCISC］WCl［1，Theoreml］．  

Next，We ShGllshow th□t  

LEMMA10．5．dim（X x Y）≧n．  

巳［旦9f．Since△is closedin X x Y，it suffices to  

Show thc］t dim（△，TI△）≧n．Let Z＝（△，TI△）．Put  

－ヱ 

Aた′＝△…た十2 ［0ノ1／5］□ndBた・＝ム…たナ2 －ヱ［2′5ノ1］  

for e□Chl≦k≦n．（Remember・thc）t P（n）ニ盲（n）J△．）Then，  

itis obvious thot eochAたl□nd BたJq「e disjoint ze「0－Set  

in Z・We shqllshow th□tif for eoch kJq ZerO－Set Skl  

SePq「qteS Ak10nd Bk（in Z｝then ＝Skl≠飢  

At fi「stノfo「SuCh o sepq「qtion Sklwe shqllshow thqt  

there exists o closed sepqrqtion Sk OfAたQnd Bkin  

（△，β（n））such thc）t  

（1）Sた＼SたIis□COunt□ble set fo「e□Ch k・  
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Becquse the zero－Set SたIsep□rqteS AたIqnd Bkl｝the「e  

exist two cozero－SetS UたIqnd Vklfor eqch k such th□t  

Uk．n Vたl＝飢UkI⊃Aたl｝Vk，⊃BklノQnd△＼Sたl＝UたU VkJ・  

Since Uた′u SたIis q zero－Setノit follows fromLem□10・2（b）  

thqt  

（2）the set Cl石rn）（UたI）＼（UたIu Sた］）is countdbleJ□nd  

Bた∩（Cl苔（n） （Uた′））＝8fo「e□Ch k＝1川・｝n・  

（Rememberth〔lt  

－1 
Bk＝△…た＋2 ［6／7Jl］qndClβn）（Uたl）⊂△nTた＋2 －1［0ノ2／5］・）  

Put  

Vた＝△＼Cl呑r柁ノ（∪た′）・  

ThenノVた1S OPenin（△｝石（n））ノVた⊃Bk Ond  

Aたn Cl百（n） （Vた）＝飢 Finqlly｝Put  

Sた＝Cl亭「省ノ （〉た）＼Vたt  

ThenJthe set Sk＼Sklis count□bleノSince theinclusion  

△… 
たナ2 
－ヱ［1′5ノ1］⊃∨た∫uSた′⊃∨たholdsノ（2）□nd  

LemmqlO・2（b）holds・Thus｝Sた1S q Closed sepor□tion  

OfAたqndBたSqtisfying（l）・On theotherhqnd｝by  

Theoremq．1（l）wecqn see thqt［n Sたf＝C・ From（1）  

Ond thefqct thqt（＝Sk）＼Skl⊂Sk＼Skl｝回ehqve  

l（nSた）∩（n Sk，）I＝CノSO thot n Sたl≠8・This  

COmPletes the proof of LemmcIlO．3．  

Finqlly，We Shc111show thc）tInd（X x Y）≦n．For  

this purpose we need the followinglem□．  
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LEMMAlO．Ll． Let A be c）Closed setin X x Y such th（】t  

A＝T u S for some p（n）－Closed set T ofITl2皇LU，□nd o  

Set S s□tisfying dim（S，P（n）IS）≦nlfor some non－neg□tive  

integer m．Then，dim（A，TIA）≦Ind（A，TIA）≦m．  

2エ9旦王．Since Ais normc）1，it suffices to show thc）t  

Ind（A，TIA）≦m．We shc］11proveit byinduction on m．  

Bec口uSelTI2≦山ノdim（SノP（n）lS）≦m，qnd the countqble  

Sum theorem holds，We first note thc）t  

（1）dim（A，P（n）IA）≦m．  

（Remember thqtβ（n）l（t）×C qndβ（n）lC x‡t）qre  

homeon10rPhic to（C｝Eo）for eqch t∈C by Theorem q・2・）  

For the cQSe m＝O we tqke c］rbitrqry cozero－Set Uin  

（Aノて拍）．Thenノ the2－Cqrdinc11ity of the set  

FニU n CIp仙 （A＼U）  

is countclble by LemmolO．2（C）．For the p（n）IA－OPen Set  

U＼F＝A＼CIp（n） （A＼U）  

He h□Ve q COllection u of count□bly mc）ny P（n）lA－Clopen  

SetS SuCh thqt  

U U ＝U＼F  

from（1）．For the set F He tCIke □COuntC］ble set M⊂ C  

SuCh thclt  

‖ × C u C x H ⊃ F．  

Then，for ec）Ch y ∈囚We Shc111s鮎川thc）t there exist  

two collections u（y）Qnd v（y）consisting of countobly  
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mcIny TIA－OPen SetS SuCh thqt  

（2） U⊃U u（y）⊃U n（（y）×C）ond U⊃U V（y）⊃U n（Cx（y‡）．  

Let G be□T－OPen Set SuCh thqt U＝G n A．Since Uis  

C）Fo－Setin X x YノPut U＝ U KiノWhere e□Ch Kiis  

T－ClosedlBec□uSe dimY＝0）We hove o clopen set Zi  

in Y for each Ki and G such that 

（5）Kin（（y‡×C）⊂（y）×Zi⊂G n（（y）×C）l  

Let（Gs：S∈山）be q countqble clopen bqse of yin YL  

Put  

Us＝ ∪（V：Vis openin Y ond GB X V⊂G）・  

Then．from（5）（Us‥S∈u）is c）COuntqble open cover of Zi・  

Bec□uSe dim Zi＝0□nd Ziis countobly pqrQCOmPqCt nOrmQl｝  

there exists□disjoint clopen cover u＝（us：S ∈山）  

Of ZiSuCh thqt＝s⊂U8L Put  

u・＝（A n（G8×H8）：S∈山）・ t  

Then，uiis q countqble T［A－Clopen cover of the set  

Kin（（y）×C）sqtisfying u ui⊂U・Similqrly｝for  

ecIChiノ囚e hqve o countqbleTIA－Clopen collection Vi  

S□tisfying  

K宜 
∩（C x（y））⊂リ レ宜 ⊂U，  

Finollyノ P］t  

宜 □ndレ（y）＝ ∪レる・         u（y）＝U u・  

Thusノ（2）holds．Then，dim（A，TIA）≦O by Terqsowc7  

［1，Theoreml］，Since  

U＝リリ U（U（y）．レ（y）：y ∈ H）．  
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This completes the p「00f for the cc］Se m＝OISuppose  

thqt・Ourlemmc）is true for m－1．Fo「the cc）Se mlet目  

口nd■F be disjoint closed setin（A，TIA），qndlet U Qnd  

V be disjoint coze「0－SetSinit such thc）t  

（叫）U⊃HJV⊃F｝□nd CIT（U）＝CIT（V）＝E）・  

Put  

Tl＝CIp（n）（U）n CIp（n）（V）・  

Then，）T’）2≦u by Lemm□10．1（b）．Becquse  

dim（AノP（n））A）≦m from（1），We hc］Ve qn qt mOSt  

（m－1）－dimensionc）1closed sepo「C）tion Slin the spc）Ce  

（A・＼T’｝P（n）拍＼Tl）between the sets Cl。rnJU）＼T1  

0nd CIp（n）（V）＼Tl・（Note thqt Sln（U u V）＝d・）Put  

A′ ＝S′  ∪（T′＼U u 〉）．  

Then，A，is q closed sepclrCItion of H c）nd Fin（A，TIA）  

from（LL）qnd the construction of Sl．Hence．inductive  

OSSumPtion cc］n be c］PPlied to the set AIso thc）t  

Ind（Al，TIA，）≦m－1，Ond therefore，Ind（A，TIA）≦m．  

This completes the proof of ou「1emmcI．  

To show thc）tInd（X x Y）≦n tC）ke two disjoint  

Closed sets H Qnd Fin X x Y．Then，by tqking  

COZerO－SetS U qnd V scItisfying・（叫），We hqve c）C10Sed  

SePC）rC］tion A of＝clnd F which sc］tisfies c）11the  

COnditionsin LemmqlO．Llfor the cc）Se m＝n－1．Henceノ  

＝c］nd F c］re SePOrC）ted by c］Closed set A ofInd A≦n－1，  

thereforeInd（X x Y）≦n．  
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The ossertion for the c□Se n＝∞fo110WS form Lemc）5．5，  

Since the topology‡＝TI△sqtisfies the conditions  

i）qndii）in §5ノ 2）．  

REMARK10．l．（q）For the cc）Se n＝1the existence  

Of our exc）mPle‖C］S SuggeStedin Przymusi百ski［5］．  

（b）Our present exqmples c］re Slightimprovements of  

the ones givenin Tsudc）［1］（Our eXqmPles qre堕咄）．  

（C）Since X x Yis countcLbly pclrCICOmPC］Ct nOrmQl，囚e  

hc）Ve：for every n＝l，2，．‥ノ∞，C）nd for every pQir of  

non－negC］tiveintegers（且，m）there exist tHO SPC）CeS  

X c）nd Y such thc）t   

（i）dim X＝j乙Gnd dim Y＝m，While dim（X x Y）＝且十m十n］  

（ii）X x Yislocc］11y compc］Ctノ SePC］rClble，COuntC）bly  

POrqCOmP〔lCt qnd co11ectionwise normql．  

One of the remqining problemsin this sectionis：  

PROBLEMlO．l．Whether or not we cc）n COnStruCt   

One囚itn X＝Y．  

In Przymusi百ski［5］or Engelking qnd Pol［1］  

itis qnnounced thqtitis the cqse．  
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11．Hith Lindelt）f fc］CtOrS □nd normc］1ity of p「Oducts．  
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1l，With Lindel臼f fc］CtOrS qnd normc］1ity of products．   

In this section we prove the following theorem  

Without c）ny Seトtheoretic c）SSumPtions beyond ZFC：   

仇れ   

THEOREM11．l．F。reVery。＝1，‥．，∞ノ．．．Q。teger  

m．＞1there exists c］SePOrC）ble□nd firstトCOuntqble spc］Ce X  

SuCh thc）t  

（i）Xmis Lindel臼f□nd dim Xm＝0｝  

（ii）X 
m＋1 is norm□1but dimX m＋1 ＝n．Moreover，X m＋1  

is not strongly countqble dimensionc］1when n＝∞，  

COROLLARYll．l．For eve「y n＝lノ2，．．．，∞，the「e  

exists c］SePqrC］ble c］nd fi「St－COuntC7ble Lindelt5f spc］Ce  

X such thc］t   

（i）dim X＝0ノ  

（ii）X2is norm□1but dim X2＝n．Moreover，X2is  

not strongly count〔】ble dimensionqlwhen n＝∞．  

At first，We Shc］11show the followinglemmc］ノ Whichis  

SOme VerSion of the ncltUrC）1extension of β（n）   

（Cf．Theorem LL．2）．  
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LEMMAll．1．There exists o complete sepc］rOble metric  
m＋1 

sp□Ce（C，石（n））sQtisfying  

（1）’石（n）暮△＝β（n），Where△＝（（X，×，，．．，X）：X∈ C）］  

（2）盲（n）lC 
m＋1 
＼△is homeomorphic to the usu□1  

Euclide□ntOPOlogyonit］  

（5）foreqcht∈C（m十ユ）topologies石（n）（Ti－1（t）ore   
m＋1 homeomorphictoEoJWhere¶i：C ＋Cisthe  

P「Ojection to thei－th fc）CtO「．   

Proof・Leth：CすInqnd Bibe thefunctionqnd  

the development givenin Theorenl句．1，reSPeCtively．  

we shollextend h to the．function H：Cm＋1 ＋In qs  

folloHS．  

h（X五）if（X五）∈△ノ  

Oif（×五）∈ ∪｛B肘ヱ：B∈Bコ｝ノ  
h五（×五）   

H（（×五）＝  

if（×宜）…｛B耐ヱ：B∈B・｝＼∪｛B肘コ：B∈B五十ヱ｝・ t  

Since hIBis constQnt for eqch B∈Bi）the qbove  

definition of His 回ell－defined．Let 戸（n）be the  
m＋1 topology on Cgenerqted by the subb□Se  

Eロ∪｛H－ヱ（U）：U∈Eβ｝一  

Then，（Cm＋1ノ百（n））is homeomorphic to the set  

｛（（×五ノH（（X五）））：（×壬）∈C肘ヱ｝  

with the restrictionof the Euclideon topoligyon Cm＋妄In・  

By cIn qrgument PC］rqllelin Theorem q12we see thc）t（1）  
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C］nd（2）hold qnd thqt石（n）is sepqr□ble complete metric．  

Let us show thqt（5）holds．By the definition of H，  

We See thqt the「e exists q sequenceof Eo－OPen SetS  

｛Ui｝inTi－1（t）suchthqt  
1 

uui＝¶ （t）＼（（t，…，t）｝ノHIUiisconst□ntノOnd  

Eom⊥distqncebetweenthepoint（tJ…｝t）qndUilSless ●   
t11□nl／i．  

SincelimH（Ui）＝H（tJI・・Jt）＝h（t）｝HITi－1（t）is ・ナ00  

Co－COntinuous一 日enceノ（5）holds・This completeFthe  
P「00f．  

Next，We need the followinglenlmCl．  

LEMMAll．2．There exist m十2disjoint subsets  

Eoノ…ノEm＋1 in C such thqt them十l－COrdin□1ityof the  

setAn（Ei） m＋1 isthecqrdinqlityofcontinuumfor□ny  
m＋1 

石（n）－Closed setAin Cwhen A h□S unCOuntqble  

m十l－CClrdinc］1ity．  

Proof．Since石（n）is complete sepq「qble metric，  

the□SSertion follows fromPrzymusi百ski［2ノTheorem2］．  

On the other hc］nd，囚e Choose the following collection  

pointsfrom（Eo）m＋1JWhichplqystheroleofP  

givenin section7．  

100   



Let F＝（（AJB）入：入e＾）be the collection of qllp□irs  
m＋1 of countoble subsets of Csuch th□t  

叫抽（A）n Cl石「門ノ（B）l肘コ ＞山・  

Let ＜ be c］WelトOrdering of C c7nd fo「eqch x E C回e  

defineI（×）＝（y ∈ C：y ∈ ×）．Let D be some fixed  

COuntClble p（n）－dense setin C．Then，by cln □rgument  

PO「□11elin Lemmc）7．5we ccIn Choose c］t「qnSfinite  

sequence＜P入‥入∈∧＞Ofpointsin（Eo） 
m＋1 
sqtisfying  

thefollowing（LL）clnd（5）．  

m＋1 
（q）p入∈（Eo）m＋1nc16（n）（A）nC16（n）（B）＼（（1（X入）uD））J  

Whe「e（AノB）＝（AノB）入ノqnd－x入is some element of C   
m＋1 suchthotAuB⊂Ⅰ（X入）・  

（5）If入≠u｝then p入n Pい＝＠JWhere β ＝（Poノ”JPm）  

fo「P＝（Po｝‥l｝Pm）・  

Put  P＝（p入：入∈＾）・  

Fin□11y，回e CC］n Show by□回C）y PClrOllelto §§10，11thqt  

（6）Let Gたbe the（ユ／k）－neighborhood of p入＝（ti）with  

respect to the met「ic 石（n）．Then，there exists □  

SequenCe（Zk＝（Zた，i））such thGt  

（q）zk∈Gk｝Zた，i ≠Zs，ifo「S≠kノ（（Z鈍，i ））⊂Aノ  

｛（Z3k＋1，i ）｝⊂BノZ鈍＋ZEDmilノWhe［e（A｝B）＝（A｝B）入｝  

（b）thereexist2（m十l）Eo－Clopen sets Hた，i□nd Uた，i  

SuChthot  

P入∈ぽHた，iJ（tl｝・hJちゲ…）tm，1）∈n弼＝k，dXUた，i⊂Gk  

for everyl≦i≦m十1．  
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P∫卯．1）Construction of X．  

At fi「Stノ We COnStruCt m十110Cqlbc］SeS  

（‖た（×）五 ＝k∈uノ×∈C）ノ1≦i≦m十1ノ  

SC）tisfying the following conditions c）Sinductive  

C］SSumPtions．  

（7）Eqch Hた（×）iis Eo－Closed｝qnd forqny y∈Hた（x）i  

there exists qn s∈u SuCh thqt H8（y）i⊂Hk（×）iI  

（8）The diqmeter of Hた（X）1××Hた（X）m＋1 isless thqnl／k  

With respect to the metric石（n）．  

Suppose thc］t X ∈ C clnd such bc］SeS Of neighbo「hoods  

hqve been constructed for eqchシ＜×．  

We conside「the following four c□SeS：  

（C）（×J‥りX）＝P入∈△for some（unique）入∈＾lPut  

fo「eqchlく ∈ u  

Hた（×）五＝（×）リ ≦i≦m十1ノ  
リ士≧た日吉仙（Z七J五）五ノ1  

Where k（t）is defined by c）WC）y PC）「qllelto the one  

in §11．  

×＝P＾，iJ□ndp入∈△・Putfore□ChkE u  （d）  

Hた（×）・＝（X）ifx≠P入，dノロnd も  

Hた（×）宜＝｛×｝u  
u士≧k日吉仙（・Z士J五）乞   J   

．
も
 
 

、
人
 
 

P
 
 

＋
 
 

＞
＜
 
 
 

f
 
 

－
1
 
 

（e）×∈Ei｝1三i≦m十1・PutHk（×）5＝（X）fo「j  ′チ
 
 

1ノ   

qndHた（×）iisqnEo－Clopenneighborhoodofxwhose  
di□meter With respect to Eoisless thqnl／S・  

（f）×does not belong to the□bove three c□SeSILet  

Hた（X）i＝｛x｝forl≦i≦m十1｝Ond k∈u・  
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Itis e□Sy tO See thqt（Hた（×k：k E uノX∈C）  

SC］tisfies（7）．Thusノinductive construction hos  

COmPleted．From（7）c］nd（8）they constitutelocc）1bc）SeS  

On C，Ond they p「oduce Hc］uSdoeff topologies o．．This も  

COmPletes the construction of o も  

2）Desired prope「ties of X．We put  

X＝誓三三（い五）・  

Then，it follows from Przymusi百ski［l］thc］t Xmis  

first－COuntC］ble，SePC）「C］ble，Lindelt）f．回e hc］Ve  

dim Xm＝0，Clnd dim Xm＋1＝Ind Xm＋1＝ n by0日□y  

PqrQllelto TheoremlO．1（b）一 The qssertion for n＝00  

folloHS from c］n Orgument PqrOllelto TheoremlO．1（b），  

C）1so．This completes the proof．  
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REMARK11．1．（1）Fo「the cqse（mノ1）our result wc）S  

Stqtedin Przymusi百ski［3］without proof．For the c□Se  

（2，∞）our「esult wqs outlinedin Engelking clnd Pol［1，  

Exqmple叫12］．Co「011qryll．1is c］Slightimprovement  

Of Tsud□［1ノ Theo「eml．2］．HereノOur SP□Ceis sepQrC］ble．  

Itis c］1so□nnOunCedin Chc］「C］1c］mbous［2．Footnote qt  

P．6q8］th□t Engelking c）nd Polhc］Veindependently  

Sho扁ed this coroll□ry．  

（2r）lWe h□Ve nO Wclge－tyPe eXqmPles fo「the cc）Se m＝∞  

（See qlso section 8）：   

THEOREMll．2（Nqgqmi［5］）．Let Xu be norm□l．If  

ec）Ch XLisIPqrqCOmP□Ct（respectively，Linde16f），then  
XLJis pc）r□COmPqCt（respectivelyノLinde16f）．  

One of remc）ining p「Oblemsin this sectionis：  

PROBLErlll．1．Fo「every triple of non－negCltive  

integers（m，k，n）find□SP□Ce X such thQt  

（i）dim XL＝kノqnd Xもis Lindel肝for eqchi≦m）  

（ii）X 
m＋1 is norm□1but dinlXm＋1＝k十m．・  
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12．Non－nOrm□1Wqge－tyPe eXOmPles．  

1）The pu「POSe Of this sectionis to show the following  

theorem due to Wc］ge［2］．We qlso discuss some「elclted   

PrOblems．  

THEOREM12．l．There exists q sepc］「〔】ble metric sp□Ce  

X c］nd clfirsトCOuntOble sepc］rClble Lindelt5f spc）Ce Y  

SuCh thot  

dim X＝dim Y＝0ノ C］nd dim（X x Y）＝l．   

巳工旦廷．1）Const「uctions of X c）nd Y．Letβond p  

be the栂gels metric topolo＿gies givenin Theorem5．1，  

qndTheorem5・2｝reSPeCtively・Let Elqnd E2be two  

Bernstein sets givenin Lemc］1l，2日hich c11so sc］tisfy  

（0）IA n（ElX E2）I2＝C for Qny P－Closed setA⊂い△・  

Finollyノ1et To be the qpp「OXim□tion by themethodof  

V□n Douwen（See§5）of the topology po of the  

restriction ofβto the usbset El・Thotis｝ToIS  

first－COuntC）bleノ10CC）11y countqbleノ10CCllly compc）Ct，  

SePqr□ble topologyon Elfinerthqnβo suchthQt  

（1）ifA□ndB□re disjoint To－Closed setsノthen the  

Set Clβ0（A）n Cl石0（B）iscountqble・  
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Put  

X＝（El）EI）JOndY＝（CノU）J  

Hhe「e El＝CoIElOnd uis the topology generqted by  

the subbqse Eo Uて0・  

2）Dimension of fcICtO「S C］nd the product X x Y．Since  

も1S O－dimensionqlsepqrqble met「ic topology，Xis qlso  

O－dimensionoIsepcIrqble met「izc］ble，On the other hondノ  

Since Elis□Be「nstein setノYis Linde18f（See§11）・  

By the definition of Y，We See thclt Yis sep□rC］ble，  

firsトCOunt□ble，Clnd hcIS C）Clopen bc］Se．‖e shc）11sho回  

th□t dim（X x Y）＝1．  

At fi「St，We nOte thcll：f「Om Theo「em5．2（4）the topology  

Elx uis fine「th□n the topology封ElX C．Hence，  

Since HIX x Yis continuousノit cqn be seenin c）  

PC］rC］11elwc］y□Sin § 5 thqt dim（X x Y）＞ 0．Therefore，  

it suffices to see th□t dim（X x Y）≦1・Let u＝（Ui）  

be q finite cozero－SetS COVe「Of X x YJ□ndlet F＝（Fi）  

be c］finite zero－Set Shrinking of u such thqt Ui⊃Fi・  

We sh□11sho囚C）t first th□t△l＝（（X｝X）：×∈El）is  

COVered by finite cozero－SetS Of order clt mOSt2．Put  

T去 ∪（Clβ0（△′＼Fi）n Clβ0（△I＼Ui））・  

Then，by（l）Tis cICOuntqble setin △l，C）ndis  

To－ClosedノSO th□t When we conside「the finite百0－OPen  

COVer（△l＼Clβ0（△l＼Ui））ofthespoce△J＼TノWehqve  
q po－OPen COVer Vl＝（Vil）of order□t mOSt2such thqt  

（1）Vil⊂△l＼Cl盲0（△l＼Ui）□nd uVJ＝△l＼T・  
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Let po be the restriction of the topology p to the  

Subset ElX C・Thenノby the following theoremwe hqve  

q finite f□mily of po－OPen SetS G sotisfying the  

fol－10Hing（2）．  

THEOREM（K．Kurc］tOWSki［ユノ P．226］）．Given c］fc］mily  

V10fβ0－OPenSetSJthe「eexists q f□mily Gof po－OPen  

SetS SuCh thc］t  

（2）△ln Gi＝ViI□nd the condition VilI＝…n Vi，＝8  
K   

implies Gilnl・・n Gi＝BJfor eve「y（finite）  
K  

SyStem Ofindicesll｝‥り1た・  

Then，Gis c］COZe「OqSet CO11ection of X x Y such thc］t  

（5）（u G）∩ △′ ＝ U U′ ＝＝ △′＼T．  

For ec］Ch t E T囚e CC）n t□ke c）Clopen set  

N（t）＝G（t）×B（t）．  

Whe「e G（t）is qn El－Clopen neighborhood of t qnd B（t）  

is o To－Clopen neighbo「hood of t consisting countc］ble  

POints such th□t N（t）⊂Uifo「SOme Ui∈u・Note  

thc）t N（t）is Linde18f． Put  

S ＝ ∪（N（t）：t ∈ T）．  

Then，Sis c）0－dimensionc］1Lindelt5f spc）Ce，becuc）Se N（t）  

is Lindel仁5f qnd Tis countc］1be．Since Sis〔）COZe「0－Set  

COntC）ining the sero－Set△Jin X x Y，there exists□  

finite clopen collection S＝＝（Si）in X x Y such th□t  

S乞⊂∪宜qnd u5⊃T・  
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Hence，the set W＝U G u u Sis c］COZe「0－Set COntClining  

the set △l．Hence，the「e exists q zero－Set Z ond c］  

COZe「0－Set Gin X 丈 Y such thot  

△′ ⊂ G ⊂ Z＼H．  

Becc）uSe SPOCe X x Y＼△lis O－dimensionc］1Lindelt5f by  

（0），We CC）n Choose c］Clopen set Kin X x Y＼△lsuch th□t  

K n Z＝8 qnd K⊂X x Y＼帆  

Since CIxxY（K）⊂X x Y＼GJKis□1so clopenin X x Y・  

P］t  

Vi（l＝（GiU Si＼K u ud＜iSd）・  

ThenノViHis c）COZerO－Set Of X x Y such th□t  

U〉五′′＝X x Y＼K ⊃△Jノ  

C）ndits orderis c）t mOSt2 by（2）ノ（5）．Becc］uSe Kis  

StrOngly O－dimensionql，there eixsts q finite disJoint  

COllection K ＝（Ki）of clopen sets such thqt  

K宜⊂U五qnd u K＝K・  

Atlc）St，Put  

〉宜＝V壬′′u K五  

for eqchilThenJit cqn be seen th□t V＝（Vi）is□  

COZerO－SetS refinement of u qndits orderis qt most  

2．This conlPletes the proof of our theorem．  
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REMARKユ2・1・（q）Our present construction ofX□nd  

Yis o slightimp「ovement of the costruction givenin  

Woge［2］lIntheresome□PPrOXim□tiononEllSuSed｝  

Whichis defined mo「e e□Sier thqn ours．But，it seems  

that its definition is too simple to see that it 

S□tisfies ou「condition（1）・Therefore｝he cqn only  

□nnOunCe thc］t dim（X x Y）is positive［In our cqse，  

howeve「，We Cqn dete「mine the dimension of our product  

SPOCe eXOCly，uSing the property（l）qnd LemmqlO．2（b）．  

（b）One of the mc］in chc）rqCteristic properties of  

Woge－tyPe eX□mPles with卸顆堕虻is thotits  

PrOduct抑止（See■Kod□m□［q］），In this  

POint of view we cc］n COnSider our sp□Ce Y□S SOme  

V□riotion of the回elトknown腿∵旦埋CEi：Its  

toPolosv is defined by declorins the set of the form 

U u KJWhere Uis Eo－OPen□nd K⊂C＼ElノロSitsopen set・  

（Itis some times cc711ed the坦【n即i廻in C with  

「espect to El）・Sinceitis kno州1（Terqs口付Cl［1］）thot  

dim（Xx CFi）＝Ofo「every stronglyO－dimensionolmetric  

SPC］Ce Xノ Michqelline does not 

the vieH Of Wc］ge－tyPe eXClmPles．（From our constructions  

We See thqt the disc「ete topologyon Elin CElis too  

COnStruCt Wqge－tyPe eXCImPle with o metric  StO「［g tO  

fqctor．）  

（C）The「eis qnother well－known Michoel！1ine CQ）Which  

is the H□nnerizc］tionin C wi・th respeCt tO the countc］ble  
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dense subset Qin C．ItSqdvontogeis th□tits product  

With the spcICe Ofirrqtionqlnumbers Pis  not no「m□1．  

Henceノ We Cqn「Oise q following problem．（Note thclt  

Our SPC）Ce Xin Theo「em12．1cc］nnOt be complete metric．）  

PROBELM12．1．Are there qny Woge－tyPe eXqmPles with  

C］COmPlete met「ic fqctor？  

We oIso note thqt we cc）nnOt rePIc）Ce COmPlete metric by  

叩Ct metricin th早口bove problem，Since  

dim（X xI）＝dim X 十Ifor eve「y X（Seeノ  

Chibq c］nd Chibo［1J．Lemmql］0「Moritq［叫］）．  

We qlso note thc］t the「e exists c）St「Ongly O－dimensionql  

Dwoker spc）Ce（Dow c）nd vc］n Mill［ユ］）．  

We cc］n SPeCify the□bove problem os follows．  

PROBELM12．2．Are there c］ny Wc］ge－tyPe eX□mPles  

With c］n irrc］tion□1fc］CtOr？  

As mentioned c）t the end of Rem□rk12．1（b）ノWhen  

we c］ttemPt tO PrOVe this problem by modifying the  

MichcIelline，Ibelieve thc］t One Of the key pointsis  

（♯）whether or not there exists c］tOPOlogy on P finer  

thc］nβ，WhichisIpdimension□1p□rqCOmPO⊆t qnd  

hc）S C］紬bc）Se．  
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We cc］n rCIise one more problem for highe「dimensionc］1  

exc］mPles：  

PROBLEM12．51Does there exist for eve「y non－negqtive  

integer n q sep□rqble metric spc］Ce X qnd c）first－COuntC］ble  

SePqrClble Lindel臼f spc）Ce Y such thqt  

dim X＝dim Y＝0，qnd dim（X x Y）＝n？  
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2）With c）PSeudocomp□Ct fc］CtO「．  

One of the most renlC］rkc）ble focts cmong the  

PreViously known他ge－tyPe eXC）mPlesis thclt C1110f  

them sqtisfy the firsトCOuntCIblity qxiom（hence qre  

k－SPCICeS）ノ CInd some of their products q「e qlsolocolly  

COmPqCt．The purpose of this sectionis to show thc］t  

there exists c］nOther Woge－tyPe eXOmPle which cqnnot be   

q k－SPC］Ce．  

By c］theo「em due to H．TcImqnO［l］ノ We CCln SPeCify  

Our PrOblem□S follo回S．  

PROBLEM12．Ll．Are there qny．counter－eXC］mPles fo「  

theinequc］1ity（瀞）with Q PSeudocompc）Ct fqcto「？  

The following theorem soIves this p「Oblem  

C］ffi「mc）tively：  

THEOREMILt12（TsudcI［5］）．肌thout qny set－theoretic  

cISSumPtions beyond ZFC there exist clhereditqrily  

sepc）rqble，hereditorily Linde16f spqce X ond□  

firsトCOunt□ble，10CC］11y compc）Ct，SePC）rbble，  

PSeudocompc）Ct SDCICe Y such thc］t  

dim X＝dim Y＝0，While dim（X x Y）＞0．  
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To prove our theo「em we need the follo囚ing□nOther  

fc］CtOrizqtion thechnique：  

THEOREM12．2（Tsudo［5，Key Lemmq］）． For ec］Ch  

POint（×，×）∈ C ond ec］Ch countqble set 入Which  

COnVe「geS tO Xin the usuoIEucl＝idec］n tOPOlogy on C．  

C）nd．for c）given p－OPen neighborhood G of（Xノ×）．the「e  

exists c］β－Clopen set B c］nd o finite set F such thclt  

（×ノ×）∈F）×B⊂G・  

Nowノ We define our spc］Ce X cIS the set C with the  

topology u determined by cISSigning to ec］Ch point x∈ C  

C］bc）Se Of neighborhoods consisting of those subset U  

Of C which sotisfy the condition：  

（1）U contc）ins some石－Cl．open set B with x ∈ B．  

On the other hc］ndノ the spc］Ce Yis c］SPC］Ce Whichis on  

N・u R for some mqximc）1c］1most disJoint collection  

（m．□，d．collection for short）R．By N u R We me□n  

q spqce whichis definedin the following囚Cly On the  

set－theoretic union of c］COuntClbleinfinte set N c］nd  

qn□1most disjoint collection R Ofinfinite subsets of N：   

ec）Ch point of NisisoIc］ted ond入 ∈ R hc］S C］  

neighborhood b□Se  

（（入）∪（入＼F）：Fis o finite subset of N）．  
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REMARK12・2・（q）Spqces N uR hqve beenintroduced  

byMr6wkq［1］｝qndhovebeenfoundtohQVeinteresting  

PrOPerties Mr6wko［2ノ5］，Ter□S馴化［2J5］．The use of  

SPOCeS N u R for dimension theoryis not ne帆 One of  

the remc7「kc）ble results c］mOng themis the one of  

Te「OSq川口［う］．  

（b）Ou「P「eSent eX□mPle wos givenin Tsud□［5］．It  

gives c］PC）「tic）1c）nSWer tO the problem givenin  

P「ZymuSi斤ski［6ノ Problem18］ノ th□t Whether or not there  

exists q Mqge－tyPe eXqmPle with□CQuntOblyQ  

fqcto「．   

（C）We remc）「k thc）t Our foctor spc］Ce Xis perfectly  

咄ノ Sinceitis c］0－SPC］Ce．We cqnnot，howeverノ  

improve X to be □1so pseudocomp（）Ct，Since Yis frist－  

COuntC］bleJlocc］11y compcICt．We oIso note thqt Yis  

neither normcIlnor countc］bly compc］Ctノ Since Y hc］S  

uncountc）ble closed discrete subset．Hence，He CC］n   

r〔】ise the follo囚ing problem：  

PROBLEM12，5．Are there c］ny目口ge－tyPe eXCmPle with  

C］PSeudocompqct fc）CtOr Whose product qre c）1so normc11？  

囚e con rqise one more problem（See C］1so，Remqrk8．1）：  

PROBLEM12．6．For clgiven positiveintege「n clre  

there clny川口ge－tyPe eXC］mPles with q pseudocomp□Ct fc］CtOr  

which sc］tisfy thot dim X＝dim Y＝0ノWhile dim（X x Y）＝n？  
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Appendix．severoIproduct theorems．  
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Appendix－ Sever□1product theorems．  

He「eノ We「eView some址results for the  

inequc）1ity（♯）．becc］uSe囚e CCln COnClude from them some  

topologicc］1p「opert：ies of our exc）mPlesin ChロPter5  
1  

（for exc］mPle，nOn－PC］「□COmPC］CtneSS Of products，‖ith  

non－met「ic fcICtO「，0「With non－PSeudocomp□Ct fcICtOr）．  

It gives c）1so some n10tivc］tions・Of the qttempt tolook  

for othe「Wc）ge－tyPe eXqmPlesin Ch□Pl：er5．In the  

Sequelノ ‖e帥□SSume the normqlity of．products  

unless otherHise specified．Henceノ by the dimension  

Of c］SPC］Ce We me□n the covering dimension due to  

Kqtさtov［1］．Therefore，it gincide＄With the ordinqly  

COVering dimension Hhen the spqceis些町吐．  

We begin Hith the relc）tively st「Ong theo「em due to  

Pc］Synkov．For this purpose we need the fol10Wing  

interesting ondimportnc］t COnCePt Of the ′′（Piecewise）  

rectc］ngul□「ityl10f c］PrOduct（Pc］Synkov［1－5］）．  

Definition A．1．A subset of the product sp□Ce X x Y  

is sc］id to be（Piecewise）cozero rect□ngulq「ifitis  

（q clopen subset of the set）of the fo「m U x V，Whe「e  

U qnd V ore cozero sets of X c］nd Yノ reSPeCtively．  

The product spoceis sclid to be（蜘）  

工蜘if ony finite coze「O COVe「Ofit hc）S C）  
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（両Se）  Llocc）11y finite refinement consisting of  

COZerO「eCtC］ngulcl「Subsetsl  

THEOEM A．1（Pqsynkov［l．Ll］）．Every（Piecewise）  

rectong〕1□r P「Oduct sqtisfies theinequc］1ity（場）．   

In e□Ch of the folloHing cqses（C））through（C），C）nd  

（d）the productis rectc］ngulclr C］nd piecewise rectongul□rノ  

「espectively．  

（C］）Xis c］met「ic sp□Ce C）nd X x Yis countc］bly  

POr（〕COmPC］Ct qnd no「mql（Kodc］mC］［叫］）．Moreove「，  

Xis c］PqrC）COmPC］Ct P－SPC］Ce qnd X x Yis countobly  

PClrCICOmPC）Ct C］nd normql（Filippov［1］clnd  

PcISynkov［l，5］）．  

（b）Xisloc□11y compqct c）nd pc］rC）COmPC］Ct（Mo「itc］［Ll］）．  

（C）The p「Ojection px：X x Y＋Xis q z－C10Sed m□P   

（thqtisノ Px（Z）is closedin X for every zero set  

Z of X x Y）（Filippov［1］，Nc］gqmi［8］．PcISynkov［2］）．  

（d）X x Yis completely pc］rC）COmPCICt．（Thc）tis．for clny  

OPen COVe「u there exists□SequenCe ViOf  

StC］「－finite open cover such thc］t u ViCOntqins  

q refinement of u．In pc］rticulc］rノevery Linde16f  

SPC］Ceis completely pc）「□COmPqCt．）Zolotc）「eV［1］．  
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REMARK A－l．（C］）By clreSult of Rudin ond Stc］rbird  

［1］We CC）n remOVe the□SSumPtion蜘－  
nessin the cc）Se（q）Hhenitis□虹拉f□CtO「．But，  

He CC］nnOt「emOVe the醜Of the product（See §12）．  

（b）Hhen Xis compc）Ct，the resultis due to Terqs〔州□  

（See Chibc］□nd Chibq［ユノ Lemmol］）．  

（C）The concept of the z－Closed mc］P WC］Sintroduced by  

工Shiwc］tq．The proof of Theoreml，ユinIshiwc］tO［1］  

COntC］ins c］PrOOf thqt theinequc11ity（甘）is vc］1id  

in the c□Se（C）ノimplicitly・In pqrticulor｝Pxis  

Z－Closedノ Hhen Xis c）PSeudocompc］Ct C］nd Yis c］k－SPC］Ce  

（implicitlyノ H．T□m□nO［l］），  

（d）rlore generolresults cc）n be foundin Filippov［Z］ノ  

C］nd Pc］Synkov［5］．  

The Pc］SynkovJs theo「emis relqtively st「Ongノ but  

itis kno州1thc］t   

（l） there exist non－reCtC］ngulc）r StO「ngly O－dimensionql  

P「Oducts（Hoshinc］qnd MoritQ［1］，Oht・CI［l］，  

P「ZymuSinski［7］，K．Tqmqno［ユ］ノ C）nd Terqsc］WC］［1］），  

Moreover，Ohtc）［l］showed□叩C牲n旦tO PrOduce normc］1  

non－reCtC）ngulc］r P「Oducts X x Y which sc］tisfy the  

inequ□1ity（♯）for every normc］1non－PC］rC）COmPCICt（not  

necess□ry StrOngly O－dimensionc］1）spcICe X．  
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One of the rem□「k□ble consequences of the  

introduction of the piecewise rectc］ngul□rityis thc7t  

itis q necessq「y c］nd sufficient condition for the  

VC11idity of theinequqlity（♯）when the fqctor spc］CeS  

O「e蜘吐．Hence，011the ex□mPlesin  

（l）c］「e Piecewise rectc］ngulor．In Tsudc）［7］we showed  

thc）t for eve「y positvieinteger n there exists qn  

n－dimension□1ノ COllectionwise nornlC11，ロOn－Piecewise  

「ectc］ngulq「PrOduct which s□tisfies theinequ□1ity（甘）．  

Theidec］We uSed there goes bqck to Chibq ond Chibo  

［2］ノ ロnd Chibq［1］．  

On the othe「h〔1ndJthe「eis q theo「em which cqnnot   

be deduced from Theo「em A．1．  

T＝EOREM A．2（Moritc］［6］）．Let X be o－10CC］11y comp□Ct  

PC］rC］COmPC］Ct，ThenJtheinequc11ity（せ）is v□1id．  

The following problemis communicoted by T．Goto．  

PROBLEM A．1．Is theinequqlity（＃）vc）1id for the  

normc）1product with o Lc］§nev fqctor？   

Itis known（Hoshinq［l］）thclt the normqlity of  
ヽ  

product c）nd countc）bly pc）rC）COmPt］CtneSS Ofitis  

equivc］1entin this cc］Se．  
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Finqlly，We mentioninfinite products．The  

following definitionis suggested by Pqsynkov［5］c］nd  

Y□jim□［5］．   

DEFINITION A・21A Cqrtesiqn product X＝刀入∈＾X入  

is sc］id to be（Piecewise）cylindricolif e□Ch finite  

COZerO COVer Of X hc］S O O－10Clly finite refinement by  

SetSOf（qclopensubsetof）theform¶∈†生（U）ノ＝here  

∈is q地Subset of＾qnd Uis q cozero setin  

X∈＝n削X入・   

Thenノ the following theo「emis obtqinedin c）W□y  

PC）「qllelto P□Synkov［5］c）nd Y□jimc）［5］．  

THEOREM A．5．If Xis piecewise cylindricc）1，then  

（…）dimX＝Sup（dimX∈：∈is q finite subset of＾）・  

Note thqt our definitionis slight蜘  
the piece囚ise「ectqngulc］rity ofinfinte product due to  

Pc］Synkov［5］．The following「esult shows thc］titis  

SO●metimes ec］Sy tO See Piecewise cylindricc11ityinsteqd  

Of picewise rectc）ngulc）「ity．  

Theorem A．Ll（Filippov［2］）．Eve「y Cc］rteSicln PrOduct  

Of p□r□COmPCICt P－SPOCeSis piecewise cylind「icc11．  
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REMARK A．2．Filippov［2・］c］nnOunCed thqtitis  

indeed picewise rectongulqrin the sense of Pc］Synkov．  

Butノーthe proof given the「eis the one for our Theorem A．5．   

coROLLARYA．1（E．P。1［2］）．EveryCesi。。。r。d。。t  

Of metric spqces sc］tisfies（…），  

REMARK A．5．Itis knownin Anderson c］nd Kleisler［1］  

thc］t for every n there exists c］n n－dimension□1sepc）「CIble  

metric space X such that everv finite product Xi is 

（Ond，hence count□ble product Xuis）n－dinlenSionql．  

吊e conclude this section吊ith the following p「Oblem：  

PROBLEM A．2．Does every CcIrteSiqn product of  

PC］rqCOmPqCt∑－SPqCeS S□tisfy（…）？  

When we cISSume COuntC］ble tightness，itis the cqse  

（Yc］」im□［2］）．Itis□1so known thqt every fi揖ユ阜PrOduct  

Of pc）rC）COmPqCt∑－SPqCeSis rectclngulq「（PcISynkov［2］ノ  

c）nd see c］1so，Nc）gClmi［2］）．  
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