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0．  Conventions  

グわ㌘0叩如祝古 土み五β PαPe㌘ αZ乙 βPαeββ αγβ α8β祝mβd わ 鮎 〟α祝βdロ㌘ヂ∫  

8Pαee8 α乃d m叩β eO乃土工托祝0㍑β．  

We shalluse the Greekletters α， 入． K，．‥ tO denote   

Ordinalnumbers．  These same Greek letters will also stand for   

Cardinalnumbers． A cardinalis an initial ordinaland an   

Ordinalis the set ofits predecessors． Thus α∈ 入 and α ＜ 入   

means the same thing， and LO denotes the firstinfinite ordinal  

and  ulthe first uncountableOrdinal・  

For a set A，（AIdenotes the cardinalof A，P（A）is  

the set of all subsets of A and Af the collection of all 

finite subsets of A．  

For a subset A in a space X， CIA or Cl（A） denotes   

the closure of A in X．  

For an ordinal 入，We denote bY W（入） the space 入 with  

the order topology．  
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C托APでER O  

工NでRODUCTェON  

The product of Hausdorff（regular or completely regular  

SPaCeS are alwaYS Hausdorff，regular or c叩Ietely regularl  

respectively・ Howeverl the product of two normalspaces need  

notbe normal（cf・［M3］・［s2］）・Theref。reitisimportant to  

decide whether X X Y is normalor not for glVen tWO nOrmalspaces ＝  

Ⅹ and Y．  

Further，in case C is a class of normalspaces，itis an   

interesting problem to find a necessary and sufficient condition   

Of X to satisfY the fo1lowing condition： Ⅹ × Y is normal   

for anY SPaCe Y of C．  

C・H・Dowker was a pioneer of this aspect・ He provedin   

1951 the followlng．   

（i＝C・H・Dowker［D2・1951】）・ A space Xis countablY  

ParaCOmPaCt and normalif and onlYif X x Y is normalfor anY   

COmPaCt metric space Y．  

After C．H．Dowkerlsinitialwork． severalremarkable results   

WereObtained．   

（ii）（H・Tamano［Tl・1962］）・ A space Xis paracompactif  

and only if X x Y is normal for any compact sDace Y. 

（iii＝K・班Orita［M7・1964】）・A space Xis a normalP－SPaCe  

if and onlyif X X Y is normalfor any metrizable space Y．  

（iv＝朗・AtsujirA2，1976］andM・E・Rudin［R4・1978J）・  

A space X is discreteif and onlYif X X Y is normalfor anY  
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normalspace Y．  

Moreover・COnCerning（ii）Y・Katuta［Ⅹ2，1971】characterized  

the space X for which X X Y is normalfor anY ParaCOmPaCt   

SPaCe Y． Further， COnCerning（i）and（iii） K．Morita  

COnjectured the f01lowing（cf・［M8］）・  

Morita－s conjecture ＝． A space X is metrizableif and   

Onlyif X X Y is normalfor any normalP－SPaCe Y・  

Morita－s conjecture ＝r． A space X is metrizable and   

O－10Cally compactif and onlYif X X Y is normalfor anY nOrmal   

and countably paracompact space Y．  

■   ＝t was shown that the MoritaTs con］eCtureS ＝ and Zlare true  

for everY SeParable space X（［cc2］・［M6］and［M7］）・  

＝n chapterlof this paper we shallprove that the above   

l Moritals con〕eCtureS Z and ＝＝ are true for every M－SPaCe X．  

We shall also investigate the space X whose product X x Y 

With any perfectlY nOrmalspace Y is normal． Further，in § 3   

in chapterl． we shallstudY the normalitY Of X X Y when X   

is a normal皿－SPaCe・ EverY PerfectlY nOrmalspace and every   

normalM－SPaCe are nOrmalP－SPaCeS．  

＝n chapter 2， We Sha11studY the c01lectionwise normalitY Of   

PrOduct spaces． When X and Y are c01lectionwise normalspaces，   

the product space X X Y is not necessarilY C011ectionwise normal   

（even normal）． ＝n this paper we shallfind a sufficient condition   

Of X and Y to be X X Y collectionwise normal． And， under   



the assumption of TT x x Y is normalu（We Sha11find some  

sufficient conditions of X and Y to be X X Y collectionwise   

normal．   

＝n discussing the normalitYOf product spaces・M・Atsuji［A2］  

defined the notion of the pr・OPePty召＊（K）and H・E・Rudin［R4］defined  

a K：－Dowker・8PaCe for eachinfinite cardinal K・ A normalspace  

Xis called a K－Dowker spaceiff X has not the propertY 8＊（K）・   

By considering these notions， theY PrOVed Theorem（iv）・  

On the other hand， Y．Yasuidefined 七he weaた B－Pr）OP＠r7士y・  

A 叩αee ズ 五β βα宜d加 わαびe 班β Ugαた B－P㌘叩紺軸 壬∫ヂ ∬ わαe 七わβ  

pγ叩紺軸 古村Kノ ∫ロ㌘βび紺財宜れ∫五和宜士e eαrd去れα乙 に （LY4］）・   

M・E・Rudin proposedin［R7］that we callthe weak B－PrOPertY・  
the t）－PrOPertY・ But we shalluse the word Tlthe weak 8－PrOPertYl－  

in this paper・ 1n chapter 31We Sha1lobtain the fundamental   

PrOPerties of the weak 8－PrOPertY・  

1n chapter 4′ We Sha11study the ∑－PrOducts・H・H・Corson  

definedin［clO］animportant and usefulclass of subspaces of  

product spaces（Ca11ed ∑－PrOducts・ ManY tOPOlogists studied  

∑ －PrOducts． rn particular，the following resultis てemarkable・   

（Ⅴ） EverY ∑一PrOduct of metrizable spacesis normal（  

S・P・GulTko［G］・Or M・E・Rudin［R3］）・  

Howeverllet us consider some other properties except normality   

POSSeSSed bY ∑－PrOducts・ Every ∑－PrOduct whichis not a product  

SPaCe CannOt be paracompact（［ClO］）・ SimilarlY SuCh a∑‾PrOduct  

cannot be metacompact， CannOt be subparacompact（See Proposition   

4．3in chapter 4）． Further，itis easy to see that such a   



∑－PrOduct cannot be perfectlY nOrmal・ Howeverr manY ∑－PrOducts   

are countablY ParaCOmPaCt（see §1in chapter 4）． Moreover，   

the following relations hold（cf．chapter 3）．  

normal metacompact 

＼＼、  
Weak Z3→COuntablY ParaCOmPaCt  normalsubparaco   

PerfectlY nOrmal   ニpミニこ  

Thereforeit seemsinteresting toinvestigate the weak 8－PrOPertY   

Of ∑－PrOducts． 1n chapter 4． concerning this， We ShalL obtain   

SeVeral results．  

Allthe resultsin this paper except severalresultsin   

Chapter 3（Lemma 3．4． Theorem 3．7 and Corollary 3．4） have  

been statedin［c2］・［C4】・［c5］・［c6］，［c7］and【C8］・  

The author wishes her gratitude to Prof．K．Ⅲorita and   

Prof．Y．Kodama for their kind advices and guidances on the   

OCCation of writting this paper．  
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CHApTER I   

NORMAL＝TY OF PRODUCT SPACES AND HOR＝TAIs coNJECTURES  

1． Morita，sconjectures  

ln［M7コK・・・MoritaintroducedthenotionofP－SPaCeS 
l）  

and proved that a space X is a normalP－SPaCeif and onlYif   

X x Y is normalfor anY metrizable space Y．   

He also conjecturedin rM8］that the converse of this result  

土s true：  

MoritaTs con］eCturel． A space X is metrizableif and   

Onlyif X x Y is normalfor anY nOrmalP－SPaCe Y．   

＝n case Xis separable the above conjecture holds（［cc2］・  

叫〕）・  

A related result of K．Morita states that a metrizable space   

X is cr－locally compactif and onlYif X X Y is normalfor  

anYnOrmalandcountablyparacompact space Y（【M6，Theorem3・2］）・  

1） A space X is ca11ed a P－SPaCeif for any open・COllection  

（G（α1・・・・，αi）lα1・・・・，αi∈n′i： 1，2・…）suchthat  

G（α1・‥・・α土）⊂G（α1・‥・・α土・α土り ）for α1′‥・′α土′α1＋1∈n；  

i＝ 1′2・・・・・thereis acl。Sedcollection（F（α1′・・・，αi＝  

α1′・・・，αi∈n・i＝1・2・・‥）satisfYingthe two conditions below：   

土）F（α1・…・α土）⊂G（α1′‥・′α土）for α1・‥ ‥α土en；土＝ 1′  

2．‥．；  

ii）for anY SequenCe（αiIi＝1，2・…）suchthat  

X＝贈1G（α1′…・α土）・Ⅹ＝＃1F（α1・・‥・吋 holds・   



Furtherr K・Morita conコeCtured that the assumption of metriza－   

bilitY Of X can be omitted：  

Motitals con〕eCture ＝Z・ A space X is metrizable and   

O－10CallY COmPaCtif and onlYif X X Y is normalfor anY   

normaland countablY ParaCOmPaCt SPaCe Y．   

Since everY nOrmalP－SPaCeis countablY ParaCOmPaCt［M7］・  

Whenever the characterizationin Con〕eCture Z holds for a glVen ■■  

SPaCe X． the corresponding characterizationin Conjecture Zl   

h01ds for that space，tOO．   

1   ＝n this chapter we shallprove that the above ConコeCtureS  
2）  ＝ andIr are true for anY M－SPaCe X・  

THEOREMl．1． Let X be an M－SPaCe． Then the f01lowing   

are equivalent．  

（a） Ⅹ is metrizable．  

（b） Ⅹ × Y is normalfor anY nOrmalP－SPaCe Y・  

THEOREMl．2． Let X be an M－SPaCe． Then the following   

are equivalent．  

（a） Ⅹ is metrizable and o■－locally compact．  

（b） Ⅹ × Y is normalfor anY nOrmaland countablY ParaCOm－   

PaCt SPaCe．Y．  

To prove Theoremsl・1andl・2T We first prove the following．   

2）Aspace XiscalledanM－SPCetM7］ifthereexistsas叩emCe  

叱）nSl Ofl∝a11yfiniteoFenCOVerSOf X satisfYirgthefollowjngcordition：  

1f（㌔）n：． isadex＝reaSingseqpenCeOfmn咄Closedsetsin X such  

that㌔⊂∩（UIx∈U鴇｝forea血n＝1・2・・・・ands雅Ⅹ∈Ⅹ′■吐妃n為Kh≠¢・   



THEOREMl・3・ Let X be a space whichis separable or  

compact or Fr昌chet．Zf X X Yis normalfor anY PerfectlY  

normalspace Y， then X is perfectlY nOrmal．  

A space X is called a Fpiehe士8PaCeif，Whenever xeCIA  

in X′ thenthereis a sequence（Ⅹ。In＝1・2・…）in A which  

convergesto x（A・Ⅴ・Arhangel完kii［Al］）・Thedefinitionof  

M－SPaCeSis due toMorita［M7］・  

To prove Theoreml．3， We need somelemmas．  

Let 入 be an infinite cardinal number．  cf入 means the   

COfinalitY Of 入．  

A space X is called a入－Linde乙訂f8PaCeif from everY OPen  

COVering（UαIα∈n†of the space X with 回≦入 acountable  

Subc。Ver（U 
． 

LEM班Al．1．  Let 入 be a cardinalnumber such that cf入＜入．   

●■ ＝f X is hereditarilYリーLindelof for each lJ＜入． then X  

■● is hereditarily 入－Lindelof．  

Pr00f． Of course we maY aSSume 入＞h）． Let A be an   

arbitrarY Subspace of X・ Let u be an arbitrarY OPen COVer  

。f A suchthat 回≦入・Letusput u＝（U。1α＜入）・Put  

Wβ＝U（Uαlα＜β）foreach β＜入・Since cf入＜入・thereisa  
cofinalset r of 入 SuCh thatlTl＜入． Thenitis clear  

that U（WB［β∈r）＝A・Zfweput［Bl＝いβ・ then リβ＜入  

and therefore wg is リβ－Lindel；f・Henceth？COVer（Uαlα＜β）  

Of Wβ hasacountable subcover（UarαenBl・Then  

U（UaIα∈産rnB）＝A・Letusput 儲r吋＝リ・Then Ais  
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世Linde13f，because u≦LJ・け］＜入・ Therefore A has a  

C。untable subc。Ver Of ●■   （Uαlα∈毘rnB）・Hence Ais入－Lindelof・  

The pr00f of Lemmal・1is complete・   

●●   LEMHAl．2． Let X be a space whichisIJ－Lindelof for  

●● each lJ＜ 入 and not 入－Lindelof． Then there exists a subset  
′｝l  

X of X such that  

′、′   

（1） tXl＝入．   

（2）thereis an open neighborh00d Bx  of x in X such  

thatlBxn言■＜入foreach x∈Ⅹ・  

■■   Pr00f． Let X be a space whichisリーLindelof for each  

リ＜入  andnot入－Lindel芯f・Let u＝｛uαlα＜入）be anopen  

cover of X which has not a countable subcover． Then clearly  

lx－U（Uβ［β＜α）］＝入 foreach α＜入・  

BY tranSfiniteinduction，We Can Choose xα∈Ⅹ such that  

Xα∈Ⅹ－（∪（Uβlβ＜α）∪（Ⅹβlβ＜α）） foreach α＜入・  

Letusput；＝｛Ⅹα■α＜入｝・Then貰 hastherequired  
PrOPerties． To show this．let x be an arbitrary element of  

x・Then xeUα forsome α＜入・ Since Uα∩笈⊂｛ⅩβIβ≦α｝・  
′ヽ′  

luα∩Ⅹl＜入・Hence Lemrnal・2has been proved・  

The f0110Winglemmais wellknown．  

＞   LEMMAl．3（Sanin［J】）． Let 入 be an uncountable regular  

cardinalnumber． Let P be a set such that（Pl＝入 and  

（rplp色p†  
′ヽノ  

be a c01lection of finite sets．  Then there exists  

a subset P of P such that   



√ヽ′ （1）1pl＝入．  

（2）｛rp－㌻Ip∈盲｝isdisjointwhere；＝∩｛r 
P 

Ipe盲｝・  

PROOF OF THEOREMl・3・ We shalldistinguish three cases・  

（i） ＝f X is separabie． then x is metrizable bY Theoreml  

in［cc2］and so Xis perfectlY nOrmal・   

（ii） Let X be compact and not perfectly normal． Then X  

is not hereditarilY Lindelt；f． we sha11prove that there exists  

a perfectlY nOrmalspace Y such that X X Y is not normal．   

Let 入 be the sma11est cardinal such that X is not heredita－   

■● rilY 入－Lindelof・ Then thereis an open subspace X★ of X  

■● SuCh that X★ is hereditarilY u－Lindelof for each リ ＜ 入 and■  

●● not 入－Lindelof・ Let us put A＝ Ⅹ－Ⅹ★・ Then A is compact・   

Let Z be the quotient space obtained from X bY COntraCting  

the set A to a point  
zo・  

Let f：Ⅹ→Z be theidentifト  

Cation map・ Then flis a perfect map． Let us put Z＊ ＝ f（Ⅹ★）．  

Then Z＊＝Z－（zo） is hereditarilYu－Linde16f for each u＜入  

■● and not 入－Lindelof． Then by Lemmal．1′ We See Cf入 ＝ 入．  
′ヽノ  

And bY Lemmal．2， there exists a subset Z of Z＊ such that   

（1）向＝入．   

（2）we can choose an open neighborh00d Bz of z in Z＊  

suchthat（Bzn言f＜入foreach z∈Z・・  

We shall prove that there exists a perfectly normal space 

Y such that Z x Y is not normal・ Let Y be the BingTs  
′ヽ′  

SPaCe COnStruCtedbY P＝Z（cf・R・H・Bing［Bl′Example H］）・  

Since our notations are different fromthose of Bing［Bl】・  
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′■ヽ－・  

We reState the construction of Y． Let Q ＝ P（P）（here P ＝ Z）．   

Let Y be the set of a11functions Y：Q→LO． To each  

element p of P，We aSSOCiatethe function YeY which  
p   

is defined bY  

yp（q）＝ 

（こ 

Where q∈Q・Putting Yp＝（Yp［pep）wegeta subset Yp  
f of Y・Let R＝Q・Givenanelement  

yp  
of Yp and a 

POint（r・n）of Rx u・Wedefineasubset V（yp；r，n）＝  

（yly∈Y・y（qいn for q∈Q・y（q）＝Y（q）mod2玩ばqer）  
p  

∪（Yp）・For each Yin Y，Wedefine anopenneighborhood  

base  
Vy  

at y as f01lows：  

こ■ニー 

＝（  

（y）  1f y∈Y－Yp・  

（Ⅴ（yp汀・n）l（r′n）∈RXu）   土f y＝ype㌔・  

Then Yis a perfectlY nOrmalspace［Bl・Example H］・We shall  
PrOVe that Z x Y is not normal．   

Letusput C＝（（p・Yp）‡p∈P）and D＝（zo）×Yp・  

Then C and D are dis］Oint closed subsetsin Z X Y． We   

Shallprove that C and D can not be separated bY OPen SetS   

土n Z x Y．  

Let O be an 

For each p of P，thereis anopenneighborhood Up of zo  
SuChthat   in Z andamember V（yp；rp・np）of V 

Yp  

嘉川。×Ⅴ（y。汀。・n。））⊂0・  
Since 入 is an uncountable regular cardinal， by Lemmal．3，  
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′ヽ■  

there is a subset P of P such that   

（3）l盲l＝入．  

（4）｛r－；lp∈T｝isdisjointwhere7：∩｛r］pe盲｝・  
P p  

Let貰＝P（言）・Foreach s∈貰′ Wedefineanelement  qs  of  

Qby   

qs＝∩（qlq∈Sト∪（qlqe；－S）・  

Then（qsIs∈貰）isa finitedis］Ointcoveringof P・  
′■ヽl  

Therefore′ We Can Choose a member soe R such that  

1・2・…）beasequence  
L盲nqso］＝入・Let P・：（pil」土＝  

pnqso・  
Of mutuallY different point of  Since Z is compact，  

E＝（Z－U 
1 Pi 

Since EこZ＊，bY the condition  

of（2）， for each z of E． thereis an open neighborh00d  

Bz  
of zin Z・suchthatlBzng［＜入・Thenwehave  

．Bn（首nqso｝．＜入because gnqso⊂（P＝）首・Since Z  
Eis Lindel岩f，thereis a sequence（zili＝1・2，…10f  

p。intsin E suchthat E⊂＃lBz 
． 

］Bz 1・2・…′and cf入＞山IWe  
・ ∩（Fnqso）Ⅰ＜”ori＝   

have LEn（㌻nqso）l≦岨（Bzin（gnqso）l＜入・Onthe  
Thereforeγnqs虎E・Hence  

otherhand［gnqsoI：入・ o  

thereisanelement p・of盲nqso－E・Then p・eu pi  
fori＝1′2，…・＝tis obvious that（p＊・Yp＊）∈C・  

Toshow（p＊・Yp＊）∈ClO・1et U beanarbitrarYOPen  

neighborhoodof p＊ and V（yp＊；r，n）beanarbitrarYmember  

Of  

vYp＊ ′ヽ一  ・Then rn（rpi－ご）＝d forsome pieP＊  
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because｛r 
Pi 

bythe same reasOn aSin［cc2，Theorem3］・We have  

，We  
V（yp＊；r′n）∩Ⅴ（Ypi；rpi・npi）≠d・Since p＊eU pi  

have（UXV（Yp＊；r′n））∩（UpiX V（Ypi；rpi・npi））≠d  
andthus（p＊・Yp＊）伝ClO・ Hence Z XYisnotnormal・Since  
f：Ⅹ→Z is a perfect map，叫＝f xIY：Ⅹ×Y→Z X Y  

is a closed onto map・ Hence X X Y is not normal・ The pr00f   

Of（ii）is complete・   

（iii）Let X be Fr昌chet and not perfectly normal・ We  

shallprove that there exists a perfectlY nOrmalspace Y such  

that X x Y is not normal． Of course we maY aSSume that X   

is normal． Let A be a closed subset of X whichis not a  

G6－Set・Let us put P＝Ⅹ－A・Let Y be the Bingls space  

constructedbY P・Letusput C＝（（p・yp）lp丘Pland  
D＝A X Yp・Then C and D are disコOint closed subsetsin 一   

Ⅹ×Y． We shalL prove that C and D can not be separated  

bY OPen SetSin X X Y・ Let O be an arbitrary open subset  

of X X Y such that C⊂0． For each element p of P，  

there are anopenneighborhood U of pin X andanelement  
p  

V（yp；rp・np） of V SuChthat  

Yp  

。ど。（U。×Ⅴ（y。；r。′n。））⊂0・  
Letusput  Pi＝（pIp∈P・lrpl＝i）fori＝ 0，1′2・…・  

Since Ais not a G6－Setin X′ thereis牟nintegerisuch  

that（CIPi｝n A≠d・Let xo beapointof（CIPi）nA・Since  
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Ⅹis Fr昌chet・thereis a sequence （pn  

Pi Which converges to xo・  Let us put  
／‘ヽ′  

．‥‡． we can choose a subsequence P ＝  

】n ＝1′ 2′‥・）土n  

p－ニ（pnln＝1′2・  

（p。Im＝1・2′…）  
m  

of PI such that   

′V   

（1）P converges to  
xo・  

（2）｛rp－7［p∈盲｝isdisjointwhere盲＝∩｛rp［p∈盲｝・  

To show this，let k be the smallestinteger such that there  

is not a subset P長 Of P■ satisfying  

3k）P長 COnVergeS tO  
Xo・   

4k）ln（r。Ipgpk）1≧k・  
The existence of k is sure， because thereis not a subset  

Pi．1 0f P－ satisfYing 4i．1 ）（cf・the definition of Pl  

and Pi）・ ＝f we put P占＝PT・then P6 satisfies 30）  

and 40）・ Hence we have k＞0・ Let Pl＿1 be a’Subset of  

P．satisfying 3k－1 ）and 4k－1）・ Put  

r 
（k－1） 

＝∩（r 
p  

t p∈P長→1）・  

We can ch。。Se a SequenCe（pnlm＝1′2・・‥）in ㌔＿1 SuCh  

m   

that   

5m）pn ¢（pn］j＜m）・   
m j   

6m） r （k－1））＝d・  
rpn n（払r 

m  
P, 

］  

Suppose that this is impossible. Let h be the smallest 

integersuchthatwecannotch00Se  Pnh∈P長一1  

Satisfying 5h）and 6h）・Then，bY the choice of h we  

have  
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‾r rpn（払rpn （k－1） 
＝d foreach p∈P長一1・Letu  

．   ］  

Put Q’＝r －r 
pn 

（k－1）・Then Q＊isafiniteset・If  
．  コ  

WePut P（q）＝（pIp∈P正一1・rp∋q）foreach qeQ＊，then  
we have P長＿1＝∪（P（q）r q∈Q＊）・Since Q＊isa finite set，  

bY 3k－1 ）・P（q）converges to xo for some q∈Q＊・Let us  
Ch00Se SuCh q and put  P長＝P（q）・Thep P長 Satisfies  3k）  
and 4k）・ Thisis contarY tO the choice of k・Accordingly′  

WeCanCh00SeaSequenCe 

（pnmlm＝1′2・…）in P長－1  
Satisfying 5m）and 6m）for each m＝1′ 2・…・We put  

盲＝｛pn lm＝1・2・…｝・Then盲 satisfiestheconditions  
m  

（1）and（2）because言＝∩｛rp［p∈盲｝⊃叫r 
（k－1）・   

Let 芯＝P（；）． F。r ea。h s e盲′ We define  

qs＝∩｛qlq∈Sト∪｛qlqe＝－S｝・Then ｛qs．se芯｝is  
′ヽノ  

a finite disコOint cover of P・ Since P converges to  xo，  

′ヽ■′‾ヽ′ WeCanCh00Seanelement so∈R suchthat Pnqso converges  
′～  

tO Xo・ Letusput P＊＝Pnqs，then P＊isinfinite  

o   

because xo∈CIP＊－P＊・ Let p＊ be an element of P＊・  

Then（Ⅹ0， 
Yp＊ 

）∈AX（Yp＊）こD・Toshow（Ⅹ0・Yp＊）g C10′  

let U be an arbitrarYneighborh00dof xo and V（Yp＊；r，n）  

anarbitrarYmemberin V 

Yp＊ 

Therefore thereis an element p of U n P＊ such that  

rn（r一首）＝d・Thenwehave  
p  

（UxV（Yp＊；r・n））∩（Up XV（Yp；rp，np）＝d（cf・（ii）  
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Or［cc2・Theorem3］）・Hence （Ⅹ0，Yp＊）e C10・Theproof  

Of Theoreml・3is complete．  

REMARKl・1・ ＝n Theoreml．3 the condition … compact 一．of   

X can be replaced by ”cr－COmPaCt 一一 or ”0－loca11Y COmPaCt   

ParaCOmPaCt ‖・ This was pointed out by T．1shii．  

REMARKl・2・ M．E．Rudin provedindependently the fo1lowing  

theoremin［R2］・：1f C is ahinfinite compact space and  

X x C is normal， then x is w（C）－COllectionwise normal．   

Here w（C）is the weight of C．  

Since the spacein BingTs Example H is not ul－COllection－  

Wise normal，in case X is compact Theoreml．3 follows from   

the RudinIs theorem，t00．  

門川廿ダC甘コ柑甘∽沌財二．ヱ．   

Theimplication（a）⇒（b）isin［M7］・ We sha11prove the  

implication （b）＝⇒（a）． Let X be an M－SPaCe Which satisfies  

the condition（b）・Thenby［Tl］，Ⅹis paracompact・By  

［M7］・thereis a perfect map f from X onto a metrizable  

space T．Foreachpoint t of Tlf－1（t）is firstcountable  

bY Theoreml・3・ By Lemmal・3of［T2］lXis first countable・  

Hence X x X is first countable． Furtheritis easY tO See   

that X X X satisfies the condition （b）． Thus X x X is  

Perfectly normalbY Theoreml・3・ Therefore・bY［021′ Ⅹis  

metrizable．  

Theoreml・2is proved fromTheorem3・20f［M6］and  
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Theoreml．1．  

REMARKl・3・ Recently．in rCPR】it has been proved that  

the above Morita－s conコeCtureS ＝ and ＝＝ are true under the  

●● assumption of the GodelTs Axiom of Constructibility V ＝ L・  
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2・ Products with perfectlY nOrmalspaces  

＝n this section we shallconsider the following property  

and some related problems with that of §1．  

★）Ⅹ × Y is normalfor any perfectlY nOrmalspace Y．  

We shalluse the f0110Wing notation． w（Ⅹ）is the weight  

of X．d（Ⅹ）is the densitY Character of 

smallest cardinal which arises as the cardinal of some dense 

Subset of X）． and c（Ⅹ）is the cellular number of X（i．e．′   

the smallest cardinalnumber 入 for which each pairwise dis］Oint   

familY Of nonvoid open subset of X has 入 or fewer elements）．  

Between these notions the relation c（Ⅹ）≦d（Ⅹ）≦W（Ⅹ）h01ds  

（W・W・C。mf。rt・［c9，Theoreml］）・   

工n［CC2］we have proved  

THEOREMl・4（［cc2］）・ ＝f X X Yis normalfor anY PerfectlY  

normalspace Y， then d（Ⅹ）＝ W（Ⅹ）．  

As for c（Ⅹ）， We Obtain  

THEOREMl．5． Let X be alocallY COuntablY COmPaCt SPaCe． 1   

工f X x Y is normalfor anY PerfectlY nOrmalspace Y， then   

C（Ⅹ）＝ W（Ⅹ）．  
J  

Using the following lemmar we can prove this theorem by the 

SameWaYaS thatof［cC2・Theorem3］・  

Lemmal●4． Let X be aloca11y countably compact regular  
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SPaCe SuCh that c（Ⅹ）三u・ Zf u：（Uαlα＜三0）is a collecti。n  

of non－emPtY OPen Subsets of X such thatl可 ＞c（Ⅹ）．then  

LL is not point－finite・  

Pr00f． For each α虐≡ n we can choose a non－emPtY OPen  

Subset Vα  of X such that C1 Va C Ua and C1Va iss 

countablycompact・Let，sput V＝（Ⅴαlαen‡and  

V＝（ClVαIα∈n）・＝tis sufficientto showthat Vis   

not point－finite． Assume that V is point finite． Let，s  

put．pl 
＝（（α1・α2・‥・′α・）lαj∈n for j＝1′2′…・jL； 1  

αj≠αklf j≠k；ぷ土Ⅴα 
j 
≠¢・1払ⅤαjnVα＝d for  

each α∈n－ （α1・α2・・・・，α・））fori＝1，2，…・Let l  

P＝1果upi bethedisjoint sumof（PiIi＝1・2・・・・）・  

For each α∈ n． thereis aninteger i and an element  

p of Pi SuCh that α∈p・ To show this，1et α be an  

arbitrarY element of E2・ Assume that thereis not aninteger  

i and an element p of Pi SuCh that α∈p・ Then  

α≠pl・Therefore thereis anelement α2en－（α）such  

that Vα∩Ⅴα2≠d・Since（α′α2）串P2，thereisanelement  
α3eQ－（α・・α2） 

suchthat Vα∩Ⅴα∩Ⅴα≠・〆・Repeating  
2 3  

thisprocess，We CanChoose a sequence（αiIi：1・2・…）  

ofmutuallYdistinctelementsof n suchthatl薫土Ⅴα ≠¢  

． コ  

fori＝1′2，・・・Where α1＝α・Since ClVα is  
1  

COuntablYCOmPaCt，1≦EtuclVα．≠¢・But・thiscontradicts                                       l  
二  

the assumption that V is point－finite・ Hence thereis an  
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integer i and an element p Of Pi  SuCh that α∈p・  

For each α∈E？， We Ch00Se an element p of P such that  

α∈P and define a mappLng V｝：n→P by 叫（cL）＝P・ Then  

u is finite to one・ To show this，let α be an arbitrary  

element of n and put いα）＝（α1′ α2，…・ αi）・Then  

αe｛α1′α2，・・・・αi｝・ Henceゆ－1…＝｛α1′α2，・・・，αi｝・  

Therefore 叫 is finite t0 0ne・  

SincelE？l＞LO and 小is finite to one′ We have  

lpl≧l叫・ Sincelnl＞c（Ⅹ）≧LJlthereis aninteger i  
SuCh thatlpif ＞c（Ⅹ）・   

P Letusput W＝∩（Ⅴαlα‘；p）foreachelement p of Pi・  

Then Wpisanon－emPtYOPenSubsetof X and（WpIpepi）  
is disコOint． This contradicts the definition of c（Ⅹ）・  

一  

Therefore V is not point－finite・  

＝f X is a metrizable spaceJ then X possesses the property  

★）（Morita［M7］）・But，eVenif X satisfies’），Ⅹ need not  

be metrizable（［CC2，Theorem2］）・  

We donlt know anY neCeSSarY and sufficient condition for a  

space x to possess the propertY＊）・＝t has been showhin［c3］  

and【cpR］that both the perfect normalitY Of X and c（Ⅹ）＝W（Ⅹ）  

are the necessarY COndition for X to posseSS ＊）・But theY CannOt  

be the sufficient condition． Thatis，We have the f01lowing・  

EXAMPLEl．1． There exists a perfectly normalspace X such   

that c（Ⅹ）＝ W（Ⅹ） but does not satisfY ＊）．   

1 Let X be Rlx（Ⅹlx∈R′ Ⅹ≧0‡where Rlisthe  
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realline． For each x∈RIwe define  

B （Ⅹ）＝（（Ⅹ一Ip＜Ⅹ一＜p一′ Ⅹ・≠Ⅹ）x（Ⅹ”Io≦Ⅹ・・＜pTT））  
p，PT，P‖   

∪（（Ⅹ・0））（cf・・J・G・Ceder［cl・Example9・11）・Foreach  

X＝（Ⅹ1・Ⅹ2）∈Ⅹ we define a neighborhood base Bx as follows：   
B 
X 土f x2＞0′   

召 ＝（B 
Ⅹ （Ⅹ1′0） 

‖（Ⅹ1）lp＜Ⅹ1＜p－′p‖＞0） 土f x2＝0・  
p・p・・p   

Thenitis clear that X is perfectly normaland c（Ⅹ）＝W（Ⅹ）．  

1 
Let Y be the Bing－s space constructed from P＝R．Then  

X X Y is not normal・ To show this，let us put  

A＝（（（p・0）・yp）1p∈p）and  

B＝（（（p′Ⅹ）′yp）lp∈p′ Ⅹ＞0）・  

Then A and B are disjoint closed subsets of X X Y． Let   

O be an arbitrarY OPen Setin X X Y such that A⊂0． Then，  

foreach p∈P，there existamember Ug召 
（p，0） 

and a 
p  

such that 
member V（yp；rp・np）∈＝V Yp   

Letusput U＝B 
p㌢p（UpXV（yp7rp・np＝こ0・  P pT，P”，P・・ 

（p）  

PT ＜ p ＜ p‖ and pt‖＞  0． BY Lemmal・3， there exists an  

′ヽノ  

uncountable subset P of P such that  

｛rp－；Ip∈盲｝isdisjointwhere写＝nl｛rpIp∈盲｝・There  
isanelement so’芯＝P（；｝suchthat 

［qso 
n；］＞u・Sinc？  

＼  

Rlx｛0｝isseparable′｛up－p∈盲nqso｝ispointuncountable  
atapoint （po，0）・WemaYaSSume  

P＞po）isuncountable・  P・＝｛pIpe㌻nqso・Up∋（po，0）・  
1Ei＝ 1・2・…）bea sequenceof realnumbeびSuChthat  
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Thenforeach p£PT，（Rlx｛Ⅹi｝）nUp≠¢  0＜Ⅹ．＜．      1   1  

for some i． Therefore we can ch00Se i such that  

p‖＝｛pIp∈P一′（Rlx｛Ⅹi｝）nUp≠¢｝isuncountable・  

Then（（po）×（Ⅹlo≦Ⅹ≦Ⅹi））n Up≠d for・eaCh peP‖・  
＝fwe put  p占＝inf（p［p∈PIT）・then po≦P占 because  

Pg ＜p for each pe P”・Hence （p占・0）∈’Up for each  

P∈P‖・工七is clear that（p占・Ⅹi）eUp for each  

P草P‖－（pこ）・Thereisasequence（pj］j＝112，…‡of  

1
1
・
コ
 
 

＜
 
 

－
O
 
 
 

p
 
 
 

POintsof P”suchthatIpj  Then we have  

（p占）・  
（（（pj・Ⅹi）［j＝1′2・・・・））nUp≠d foreach p of P‖‾  
Put P＊＝P．’－ （p占）′ then P＊is uncountable・Hence  

（Up［p∈P＊）ispointun．countableat（pj・Ⅹi）forsome  pj・  

Then（（pj・Ⅹi）′ ）∈B・  Letusput  ypj   

P岩＝（pIp∈P＊・（pj・Ⅹi）eUp）・Then  

YPj ∈Cl（U（Ⅴ（Yp；rp，np）tp∈P61）bYthesameargument  
as that of［CC2・Theorem3］・＝tis easYtO See  

（（p〕′Ⅹ⊥）′ ）∈ClO・  
ypj  

3）  
EXAmPLEl．2． There exists a normalo－SPaCe X and a  

／  

COmPaCt first countable space Y such that X x Y is not   

normal． Here the definition of cT－SPaCeSis due to A．Okuyama  

【03］・  

Let Y be the H two arrow space ‖ i．e．． Let E be the  

unit square withlexicoghaphic order（cf・E・Michael［M4・  

ExamplelO・4］orv・J・Mancuso【Ml′Example4・8］・etC・）・ 、  
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Let Y＝（（ylo＜y≦1）×（0））∪（（ylo≦y＜1）×（川  

with the subspace top0logY Of E・ Then Y is a compact  

first countable space・ Since Y is not perfectly normal，  

bY the pr00f of Theoreml・3，Ⅹ×Y is not normal when X  

is the spaqein Bingls Example H constructed bY a Suitable   

set p． Then X is a normalo－SPaCe．   

3）A space Xis called a’0－SPaCe rO3】if X has a  

cT－discrete net．  
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3． Products with normalM－SPaCeS  

＝n this section we shallstudy the normality of product   

SPaCeS With one factoris a normalM－SPaCe・  

As for a normalcountablY COmPaCt SPaCe， the following   

is known．   

THEOREMl・6（N・N・Noble［N5・Coro11ary2・5］・A・P・Kombarov  

［K3・Theoreml・1］）・Let X be a normalcountably compact  

space and Y a paracOmPaCt SequenCialspace・ Then X X Y is   

normal．  

＝f we replace the word H countablY COmPaCt 川 bY ‖ M－SPaCell，   

the above theoremis not valid． 1n fact the Michaelline Y  

（see［M3］）is a paracompact sequentialspace such that  

X x Y is not normalfor some metrizable space X・  

As for normalM－SPaCeS We have  

THEOREMl．7．・Let X be a normal択一SPaCe and Y a  

paracompact first countable P－SPaCe・ Then X X Y is normal・   

Proof・BY Morita［M7・Theorem6・1］・thereis a quasi－  

perfect map f from X onto a metrizable space T・ Then  

bY［班7・Theorem5・1］・T X Yis paracompact・ByA・OkuYama  

ro3・Lernma4・3］・themap ゆ from X X Y onto T X Y defined  

ヽ as中（（Ⅹ，Y＝ ＝（f（Ⅹ），y）is a closed map・ Hencein order  

to prove the normality of X x Y, it is sufficient to show 

that for anY POint（t，Y）of T x Y and for any dis］Oint  

closed subsetsA and B such that A，B⊂小－1（（t，y））＝  
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f－1（t）×（Yl，there exist dis］Oint open subsets Oland O2  

0f Xx Y such that ACOland B⊂02（cf・S・Hanai［H′  

Theorem5］）． But this  clearlY holds because X is normal・   

Hence X X Y is normal．  

＝sit possible to replace the word llfirst countableIl   

bY n Sequentialllin Theoreml・7？  

Evenif Y is the cIosedimage of a metrizable space． Z   

donTt know whether X X Y is normalfor any normalM－SI迫Ce X or not・  

＝tis easily seen from［CC2・Theoreml］that the product space  

xxY。。rmalP－SPa。e X andthe。l。Sedimage Y。fa  

metrizable spaceis not necessarilY nOrmal・ Related with these   

We Obtain  

THEOREMl．8． Lett▼ Ⅹ be alocallY COuntablY COmPaCt nOrmal   

P－SPaCe and Y the cIosedimage of a metric space・ Then   

X x Y 土s normal．  

Pr00f． We shallproceed the proof by an analogous method  

With thatin［ccl・Theorem］・ Let X be alocally countablY  

COmPaCt nOrmalP－SpaCe′ Z a metric space and f：Z→Y be  

a closed onto map・lThen by Morita［M7］・Ⅹ×Zis normal・  

BYLa岩nev［Llユ′ Y＝一跳Yn  where  Yn is c10Sedanddiscrete  

foreach n≧1and f－1（Y）iscompactforeach y芭Yo and  
（晶Yn）nYo＝d・Let Ei i：1・2 bedisjointclosed  

Subsetsin X X Y・ Let us put 小＝1Ⅹ ×f：Ⅹ×Z→Ⅹ×Y  

and Fi＝中一1（Ei）fori＝1′2・Then Fland F2 are  

disコ。intcl。Sedsubsetsin XX Z・Foreach yeI執Yn・  
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there are open sets  
Ul′Y  and U2rY in X such that 

ClUl nCIU2 
・Y ′Y ＝d and（Ⅹ×（Y））nEi⊂Ui，YX（Y）for  

i＝ 1′2・Since〕｛cLUl 
．Y 

Xf－1（Y）一y∈・Yn｝UFland  

U｛cIU2 Xf－1（Y）ly∈Yn｝UF2isdisjointclosedsubsets  
，y  

Of X X Z，there areopen sets O and O 
l′n   

in X X Z  
2，n  

suchthat U｛cIUi 
，Y 

Xf－1（Y）■Y∈Yn｝UFi⊂O 
i，n  

and  

O n O2，n ＝¢ fori＝1′2；n＝1・2・… because XX Z  
l．n  

土snormal．   

Nowwecanchooseaco11ection（Uαlα∈ni，Y）ofopen  
SetSin X andacollection（Wa巨ほni，Y）ofopensetsin  
Z for each Y∈≡Yn and for eachi－g（1′2）such that  

、 

（y） 

＝  

for each α（三 n．          1／yJ  

⊂∪（Uα×Wαlα∈●口上′y）⊂0土．n・  
for each α∈㌔′y・   

for each aE nii 
（Y  

To showthislet x∈Ul（Y・ Then thereis anopenneighborhood  

Ux  of xin X such that CIUxis countablY COmPaCt and  

CIUx⊂Ul．Y・Then CIUxX｛1（Y）⊂01．n・Let z bean  
－1 arbitraryelementof f（Y）・Since CIUxiscountablYCOmPaCt  

and Z i占 first countable′ thereis an open neighborhood  

W（z）of zin Z such that CIUx XW（z）⊂01．n・＝f we put  

w去＝∪｛w（z）lz‘三f－1（y）｝・then f－1（Y｝⊂Wよand  

Ux XW去⊂01，n・Since fis aclosedmap，WeCantakean  

－1 
open set Wx in Z suchthat f（Y）⊂Wx⊂W；and  

f－1f（Wx〉＝Wx・＝fweput ni，Y ＝Ui，y′  then  
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｛uα一α∈ni，y ｝and｛wαlα∈ni，Y｝a盈quiredcollections・  
Letus put Li，n ＝U（Uα×Wα   1 ；y∈Y）for  

，y  

i＝ 1′2；n＝1′2，…・Then Li，n  are open sets in X X Z  

＝d・Fin（Ⅹ×f－1（Yn＝⊂Li，n・  suchthat Ll．nnL2，n  
for  （CILl．n）nF2＝d・（CIL2，n一nFl＝d・中一10（Li，n｝＝L i，n   

l＝1．2andn＝1．2．‥．′   

＝fweconsiderthedisjointclosedsubsets F・∩（Ⅹ×f－1（Yn＝ 1  

and X X Z－ 
Li，n  

Of X X Zinstead of Fland F2，by the  

Same argument aS before we can find open subsets J．   of  

xxz suchthat Fin（Ⅹ×f－1（Yn＝⊂Ji，n C clJ i，n⊂Li，n・  
√lnJi，n｝＝J・・ Herewehave  

Cl（0（Ji，n＝⊂いCILj                 l′n）・  

To showthis・1et（X・Y）¢申CILi，n）・Then  

（｛Ⅹ｝×f－1（y＝nCILi，n ＝d・Thereforethereisanopenset  
H⊃｛Ⅹ｝×f－1（y）and Hハムi ＝d・  

，n  
M in X X Z such that  

Let Tr：Ⅹ × Z→Ⅹ be the projection． Then TT（M）1S an   

OPen neighborhood of x． Since X islocallY COuntably compact，  

thereis an open neighborh00d N of x such that CIN⊂Tr（M）  

and CINis countablY COmPaCt・Since Lirn is aninverse  

set．（T（M）×f－1（y））∩  

（CINXf－1（y）川Ll，n  
Li，n 

＝d・Hence  

d． Since CIN is countablY COmPaCt  

and Z is first countable． thereis an open set Z in Z  

suchthat ＝⊃f－1（y）and（NX＝川CIJi，n ＝d・Since f  
－1 

is aclosedmap，WemaYaSSume ff（＝）＝Ⅱ・Herewehave  

l，n）＝d because 中（N X工）∩ゆ（J土，n）＝川×工nJ・  
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N X工＝小一1ゆ（N X＝）・S土nce（Ⅹ．y）E N X fr‖＝叫（N×＝＝  

and 叫（N X＝）is open，（Ⅹ′y）鹿Cl（0（Ji，n））。Thus  

l．n＝・ Cl（いJ土，n））⊂いCIL・   

Then 叫（Ji，n）is an open setin x x Y such that  

Ein（Ⅹ×Yn）⊂0（Ji，n）・Cl（0（Jl．n））n E2＝d・  
Cl（＝J2．n））nEl＝¢ f∝ 土＝ 1・27n＝1・2・‥‥   

Nowletusput Gl＝晶（0（J．，nト＃．cl（0（J2，k＝ and  
G2：鰭（0（J2，nト且cl（uJl．k）））・Then Gland G2 are  

dis〕Oint open subsets of X X Y such that  

1′2・  E土∩（Ⅹ×（晶Y。））⊂Glねrl＝  
Let Ol′O  and O2，O  ●      be dis］Oint open setsin X X Z such  

that Fi⊂Oi，O  fori＝1・2・For each Y已Yo，SlnCe  

f－1（y）iscompact・thereareacollection｛uα一α∈・ni，Y｝  
Of open setsin X and a collection（Ⅴα．lαen・lof l′y  
open setsin Z for eachi’（1′2）such that f－1（y）⊂・Ⅴ  

foreachα∈ni，y′ Fi・∩（Ⅹ×f‾1（Y））⊂∪｛uα×Ⅴα．α藍ni，y｝  
⊂Oi，Or f－1f（Vα）＝Ⅴα foreachαeni，y・＝fweput  

M土 
＝∪川α×Ⅴα】α∈n土 ；y色Yo†  

．y  

fori＝1・2・Thenwehave 中一1川i）＝Mi fori 1・2・  

申出1）∩小冊2）＝d・（CIMl）nF2＝¢・（Cl班2〕nFl＝d and  
一1 Fi一中（Gi）⊂Mifori＝1′2・Bythesameargumentas  

－1 
abovewecantakeopenset  NiSuChthat ゆ川i）＝N・ 1  

and Fi一中一1（Gi）⊂NiこCINi⊂Mifori＝ 1, 2. As beEore 

We have Cl（VJ（Ni））こ中（CIMi）・   

Let us put Hl＝叫（Nl）∪（Gl－Cl（中（N2）＝ and  
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H2＝叫（N2）∪（G2－Cl（叫（Nl）＝・Thenitis easy to see that  

H1 and H2 are disjoint open subsets of X x Y such that 

Ei⊂Hifori＝1′2・Thus X X Yis normal・Theoreml・8  
has been proved．   

REMARKl・4・ Zn［N3］，K・Nagamiposed the following problem  

‖ Let X X Y be normal and Y metrizable．  Let Z be the   

image of Y under a closed map・ 工S X X Z normal？71  

The answer to this questionis 一■no”（［CC2・Theoreml］）・  

But from the proof of Theoreml．8， We See that the answeris   

‖ YeS” for the case X has an additionalcondition   

‖loca11Y COuntablY COmPaCt T．．   

REMARKl・5・1n［Nl〕・K・NagamPrOVedthefollowingtheorem  
）  

” Let X be a collectionwise normal P－SPaCe and Y a   

ParaCOmPaCt CT－SPaCe and X X Y normal． Then X X Y is   

C011ectionwise normal TT．   

And he questioned the following   

一’Let X be a normalP－SPaCe and Y a paracompact o■－SPaCe．   

ThenisXXYnormal？‖  

＝n［cc2］we have shown that the above Nagami．s questionis  
negative・ Here we shallgive a simpler counter example to   

1）A space X is c011ectionwise normalif for everY discrete  

familY（A入l入∈＾）。f cl。Sed sets of X there exists a  

disj。int familY（G入l入e＾lof。Pen SetS Of X such that  

G入⊃A入 for each 入∈・＾・  
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th土s problem．  

EXÅMPLEl．3． There exist a normalcountably compact  

SPaCe X and an Ml－SPaCe Y such that X X Yis not normal。  

A regular spaceis called an MlqSPaCeifit has a o－Closure  
PreSerVing base（Ceder［c〕）・Every M－SPaCeis a paracompact  

l  l  

U－SPaCe（［cl′Theorem2・2］，Siwiec－Nagata［sN，Theorem月）。  

Let X＝W（ul）・ Thenitis wellknown that X is a  

normal countably colr.pact space. We denote by w x wl the 
Se七（（n′α）ln＜u′ α＜山1）。f pa土rs。王。rd土nals・エe七  

us put Y＝（山×ul）U（（山′ul）‡andintroduce the f0110Wing  

top010冒y 土n Y：  

1）each point Y∈LU X Lulisis0latedin Y，and  

2）wetake（（［n，山］×［α′ulコ）n Yln＜山lα＜ul）  

anopenneighborh00dbas？at（山Iul）in Y・  
Here［α′山1コ den。teS the set（βf α≦β≦山1）。f ordina・1sB  

Thenitis easY tO See that Yis an Ml－SPaCe・ AIso X x Y  
is not normal． To show this′ let us put  

A＝Ⅹ×（（山′ul））and  

B＝（（α′n′α）lα＜ul′ n＜u）。  

Then A and B are disjoint closed setsin X X Y。 Let O   

be an arbitrarY OPen SetSin X X Y such that Aこ0。 For  

each point（α・u′ul） of A，by the definition of a neま・gh問  

borh00d base of（ul山1） in Y・We Can find a point  

（nα・Yα） of u x山1SuCh that Yα ＞α and  
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（α）×（（［nα・ulx［Yα′ul】）n Y）⊂0・Let us Put  

nn：（αlα＜u 
l・ 

n 
α no  

iscofinalin  ulforsome n in u・Since n is  
o   

no  

cofinalin 山1・ WeCanChoose a sequence（αiIi＝1・2，…）  

in n such that ya ＜α foreachi＝ 1′2，…・ Let  

no   i 
i＋1・  

us put α★＝SuP（αiIi＝1・2・…‡・Then α★＜ul and  

1・2，・・・）because  We als。have α★＝SuP（Yα．li＝ l  
αi＜Yα ＜α 

i＋1 
for・eaChi＝1′2，…・ Since  

．  l  

＜α★＜LOlfor  
（αi）×（no）×（βlYα．≦β＜ul）⊂o and Yα ．  

eachi＝ 1・2・…・ （（αi・no・α★）Ii＝1′2・…）⊂0・  

Therefore（α★・no・0け）∈（C10）n B・ Thus A and B can not  

be separated by open setsin X x Y． Hence X x Y is not   

normal．  

REMARKl．6． BY Examplel．3， We See that Theoreml．8   

is not trueif Tlthe closedimage Y of a metric space 川  

is replaced bY H an Ml－SPaCe Yll・ Since everY nOrmal  
COuntablY COmPaCt SPaCeis a co11ectionwise normalP－SPaCe 

（【M7］and Theorem3・3in［03］），this example also shows that  

in Nagami－s theorem of Remarkl．5 the condition 川 Ⅹ × Y is   

normal” can not be dropped．  
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CHAPTER 2  

COLLECT工ONW＝SE NORMAL＝TY OF PRODUCT SPACES  

1．  Main theorems  

On collectionwise normality of a product space X X Y， the   

following theorernS are known．   

［1］（Kombarov［K3］）・ Let X be a normalcountablY COmPaCt  

SPaCe and Y a paracompact sequentialspace． Then X X Y is   

C011ectionwisenormal．   

［21（Yajima［Yll）・ Let X be a collectionwise normalspace  

Which has a o－Closure preserving closed cover bY COuntablY   

COmPaCt SetS and Y a paracompact first countable space． Then   

X x Y is collectionwise normal．  

We shall consider another condition of X and Y such that   

X X Y is collectionwise normal． The f01lowing are known．   

［3］（Nagami［N2］）・Let X be a paracompact∑－SPaCe and  

Y a paracompact P－SPaCe・ Then X x Y is paracompact．   

［4］（Theoreml．7in chapterl）． Let X be a normal   

M－SPaCe and Y a paracompact first countable P－SPaCe． Then   

X X Y  土s normal．  

［5］（Examplel．2in chapterl）． There exists a normal   

O－SPaCe X and a compact first countable space Y such that   

X x Y is not normal．  

＝n this chapter we shallprove the f01lowing theorem which   

COntains ［4】．  
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THEOREM2・1・ Let X be a collectionwise normal∑－SPaCe  

and Y a paracompact first countable p－SPaCe． Then X X Y  

is collectionwise normal．   

The definitions of∑－SPaCeS are due toNagami【N2］and  

P－SPaCeS andM－SPaCeS are due to Morita［M7］andローSPaCeS are  
due t00kuYama［03］・  

＝n general， When X and Y are collectionwise normal   

SPaCeS， Ⅹ × Y is not necessarily normal． Further， the   

f01lowing exampleis known．   

［6］（Przumusi孟ski［P2］＝MA＋「CH）・Thereexists a  

paracompact first countable space X such that X2 is normal 

but not c011ectionwise normal．  

But，if we assume that X X Y is normal， then X x Y   

may be collectionwise normal． Concerning this， the following   

theoremsareknown．   

［7】（Rudin and Starbird［RS］・［s3］）・Let X be a  

C01lectionwise normalspace and Y a paracompact M－SPaCe and   

X X Y normal．  Then X X Y is collectionwise normal．   

［8］（Nagami［Nl］）・Let X be acollectionwisenormal  

P－SPaCe and Y a paracompact cT－SPaCe and X X Y normal・ Then   

X X Y is collectionwise normal．   

●   ＝n this chapter we shallprove the follow叩reSults・  

THEOREM 2．2． Let X be a closedimage of a normalM－SPaCe   

and Y a paracompact first countable P－SPaCe and X X Y normal・  

Then X x Y is collectionwise normal．  
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THEOREM 2．3． Let X be a collectionwise normalspace   

and Y a O－locallY COmPaCt ParaCOmPaCt SPaCe and X X Y normal・   

Then x x Y is collectionwise normal．   

A space Xis called a∑－SPaCe［N2】if there exists a  

SequenCe（Fnll≦n＜u）oflocallY finite cl。Sedcovers of  

X satisfying the foll。Wing condition：＝f（Knll≦n＜u†  

is a decreasing sequence of non－emPtY  closed sets in X such 

that Kn⊂∩（Flx∈F∈Fnlfor each」n＝1・2・…and sorne  
U  

X∈Ⅹ・then rt21Kn≠d・  
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2． Pr00f of Theorem 2．1  

For the proof， We Shalluse the following facts．   

FACT2・1・Let A＝（AIY∈r）be adiscrete co11ection  
Y  

of closed subsets of X． ＝f there exists a normalopen cover   

of X each of whose member meets at most one A． Then there   
Y  

areopen sets H Of X suchthat H⊃A for each Y∈r  
Y  Y Y  

and HYn Hリ＝dif Y≠u・  

Fact 2．1 is we11known．   

FACT2・2（［N2・Lemmal・4〕）・Let X be a∑－SPaCe・Then  

X has a∑－net（Fnln＝1・2l…†which satisfies the following  

COnditions；  

（Nl）F。＝（ア（α1・…′α。）‡ 
α1′‥・・α 

∈三）・  
。  

（N2）Every F（α1・…・αn）＝U（F（α1・…・α n・α。十1）lα。＋1 ∈・三）・  

（N3）For everY X∈■Ⅹ・there exists a sequence  α1′α2・・‥  

SuChthat（F（α1・・・・・αn）（n＝1・2・…）is anet of  

C（Ⅹ）．  

Here C（Ⅹ）＝∩（C（x・Fn）ln＝1・2・…）・ C（Ⅹ′Fn）＝∩（Ffx∈F∈FnI・  

P月0ログ ログ rガ∬0月g〟 2．ヱ．  

This proofis a modification of that of［3］（Theorem4．1  
1  

in［N2］）・ Let X be a c011ectionwise normal∑－SPaCe and  

Y a paracompact first c。untable P－SPaCe・Let（F。In＝1′2，  

・・・）be a∑－net Of X satisfYing the conditions（Nl）′〉（N3）  

in Fact 2.2. Since F is a locally finite closed cover of 
n  
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Ⅹ and Xis stronglYnOrmal・byKat茎tov［Kl］′ thereexists  

al。Ca11Y finite cozero－Set COVer Hn＝（H（α1・…rαn）lα1・…  
，α ∈三） such that n   

F（α1′‥・・αn）⊂H（α1・…・αn）for each α1′…′αn∈≡・  

Let A be a discrete familY Of closed subsets of X X Y．  

Let u（α1・…・αn）＝（U入×Ⅴ入（≠〆）l入g＾（α1′…′αn）‡  

be the maximalcollection satisfYing the fo110Wing conditions：   

（1）each U入・is a finite union of cozero－SetS  

（U入，j［1≦j≦m（入））of X suchthat  

F（α1′…′αn）⊂U入⊂H（α1′…′αn）′   

（2）each V入is an open set of Y，   

（3）eachmemberof）入＝（U入．j  XV入ll≦1j≦m（入））mee王s  

atmostonememberofA．   

Letus put V（α1・…′αn）＝U（Ⅴ入I入e＾（α1・…・αn））・  

Then V（α1′…・′αn）⊂Ⅴ（α1・‥・・α 
n・αn＋1 

）for each α 
1′‥・，  

α α 
n，n＋1 

∈≡・ Since Yis a P－SPaCe′ for each α1′‥・′CX 
n  

∈三・there exists a closed set K（α1′‥・′αn） of YIsuch that   

（4）K（α1・…一′αn）⊂Ⅴ（α1′‥・′αn）   

（5）if 邁1V（α1・…・αn）＝Y・then 設1K（al・…．rαn）：Y・  
Since Yis paracompact，for each α1，・‥′α ∈≡′ there  

n   

exists alocally finite collection（Vil入∈＾（α1・‥・，αn））  

Of cozero－SetS in Y such that   

（6）Vi⊂Ⅴ入 for each 入∈＾（α1・・・・，αn），   

（7）K（α1・…・α。）⊂∪（Ⅴまl入∈A（α1′…・αn））・  

Letusput G＝ XViF入∈＾（al・…′αn）， 
α1l…・α n （U入．j  。・  
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1≦j ≦m（入））for each n＝1・2l‥・and put   

G＝U（G。In＝1・2‥‥）・  

Then we have  

（8）each Gnislocally finitein X X Y，  

（9） each member of G meets at most one member of A′   

（10） each member of G is a cozero－Setin X X Y，   

（11） G 土s a cover of X X Y．  

（8）～（10） are clear．  

Pr00f of（11）． Let （Ⅹ，y）∈ Ⅹ × Y be an arbitrarY element．  

Let α1′…′α ・・・・∈≡ be elements such that（F（α1・…lαn）  
n  

ln＝1，2，．‥）be a net of C（Ⅹ）． Then we have  

邁1V（α1・…′αn）＝Y・T。Sh。Wthis，let y－ beanarbitr畠rY  
element of Y・Then・Since C（Ⅹ）is countablY COmPaCt（［N2］）  

andthefamilY Aisdiscrete・（A∈∈A r  

（C（Ⅹ）×（YT））n A∈ ≠d）is finite・Therefore′ bYuSingthe  

firstcountabilitYOf Y，thereisafinitefamilY（Ml  

j ＝ 1．2，‥・．k）of open setsin X and an open set G・in Y  

such that 

（12）C（Ⅹ）⊂舟M〕′ y・∈G′   

（13）each Mj XG meets atmost■Onememberof A・  

BYLemma2・1in［Yl］′ therearecozero－SetS Mjin X such  
that班3⊂Mj and C（Ⅹ）⊂舟M3・ Then  

F（α1′・‥・α土）⊂山う fors。me 土・ムe七usput  

Uj＝M3∩抽1・…・αi）・Then uj areCOZerO－SetSin X and  
（舟uj）×G∈u（a．・…・αi｝ bythemaximalitYOf  
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〟（α1′…′α土）・muS y’∈Ⅴ（α1′‥り（㌔）・   

Thereforewehave 邁1K（α1′‥・，αn）＝Y by（5）・Hence  

Y∈K（α1′：‥・αn）for some n・ By（7）・Y∈Ⅴまfor some  

入G＾（α1′…′ αn）・ Then（Ⅹ′y）∈C（Ⅹ）×（Y）⊂F（α1・…′αn）  

×Ⅴま⊂U入×Vi・ Since x∈U入 for some j≦m（入）・  
，コ  

（Ⅹ′y）∈U入 X Vi∈G ⊂G・ n  
．j  

BY（8）′〉（11），G is a normalopen cover of X X Y，eaCh   

Of whose member meets at most one element of A． BY Fact 2．1，  

there exists a disjoint familY（HAIA∈A）。f。Pen SetSin  

X X Y such that HA⊃A for each Ae A・ Hence X x Yis  
COllectionwise normal・ The pr00f of Theorem 2・1is complete・  

1） The author first proved Theorem 2．1by another method．  

Y．Yajiha pointed out that we can glVe a Simpler proof bY l   

modifying the proof of［3］．  

REMARK2．1． Theorem2．1is neither containdin［1ユ nor［2］  

in §1． ＝n fact，let X be the space ofirrationals of R   

With the euclidean topologY Where R is the realline and．  

Y the Michaelline［M3］・then Yis aparacompact first  

COuntable space and X x Yis notnormal（［M31）・Therefore  

X does not satisfy the conditionin［2］． AIso X is not   

COuntablY COmPaCt． But X is a collectionwise normal∑－SPaCe．  

Moreover， this example shows that the condition M Y is   

a P－SPaCe ‖ can not be droppedin Theorem 2．1．  

REMARK 2．2．  We can not weaken the condition lI Y is  
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first countablell to the condition ‖ for each y e Y is a  

G－Set H・ ＝n fact the following example exists・  
6  

EXAMPLE2・1（Examplel・3in chapterl）・Let X＝W（ul）・  

Thenitis wellknown that X is a normalcountably compact 

SPaCe・ Thus X is a c011ectionwise normal∑－SPaCe■  Let  

Y＝（u x ul）U（（u・ul））with the topology as follows：  

（【α′u］×【β′ul】）n Y［α＜u・β＜ul） is a neighborhood 

base of（LU・ul） and for each y∈Y－（（u・山1））・yis an  

is0lated point of Y・ Then Y is a paracompact perfectly  

normalspace but Y is not first countable． AIso X X Y is   

not normal．  

REMARK 2．3・ The paracompactness of Y can not be weaken   

the condition ‖ collectionwise normal‖・ ＝n fact the f011wing   

example exists．  

EXAMPLE 2・2・ There exists a compact space x and a   

COllectionwise normalperfectly normalfirst countable space  

Y such that X x Y is not normal・ Let Y be the space  

COnStruCtedby R・P01［pl］・Then Y has the above  

PrOPertiesr but Y is not paracompact・ Thereforel bY  

Theoremof Tamano［Tl］，there exists a cornpact space X such  

that x x Y is not normal．  

REMARX 2・4・ The condition llx is a ∑－SPaCe ‖ can not  

be replaced bY the condition ‖ Ⅹ is a P－SPaCe ‖・ ＝n fact1  

1et X be the Sorgenfreyline［s2］・then Xis a paracompact  
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first countable P－SPaCe SuCh that x2＝Ⅹ×Ⅹis not normal．  

REMARK 2．5． The author does not know whether we can   

generalize the condition ”Y is first countable” to ，，Y   

is sequential一’ or not・  
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3．  Proof of Theorem 2．2  

To prove Theorem2・2，We first prove the f01lowing・1emmas．  

Lerruna2・1is usefulin proving co11ectionwis占normalitY Of a  

SPaCe X．   

LEMA2・1・Let（A入f入∈＾）beadiscretefamilY。f closed  

Subsetsofa space X・1fthereexists afamily （G入，nI入e＾・  

n＜Lu† of open subsets of X such that   

（1）∪（G入．nln＜u‡⊃A入 foreach 入eA・   

（2）Cl（Gl．。川Aい＝¢1f 入≠リ′   

（3）（G入′nl入∈＾†isdiscretein X′  

then there exists a disjoint familY‡H入．入∈＾）。f。Pen SetS  

Of X such that H入⊃A入 for each 入∈＾・  

Proof・Letusput H入＝∪（G入，n －U（CIGu，iEi≦n・りしe・＾・  
u≠入＝n＜u）・Then（H入lほ＾‡satisfies the required  

COnditions．  

LEMMA 2．2． Let X and Y be c011ectionwise normalspaces   

and C a closed discrete subspace of X and assume X．× Y is  

n。rmal・Let（A入l入∈＾lbe a discrete familYOf closed  

subsets of X x Y． Then there exists a discrete family  

（G入Ⅰ入∈＾）of open sets of X XY suchthat G入⊃A入n CC XY）  

and Cl（G入）nA ＝dif 入≠u・ リ  

Proof・ Since X X Y is nOrmal，there are open sets H入  

in XXY suchthat A入⊂H入・Cl（H入）∩（U（A早fue＾・両人））＝ニd・  

For each x∈C′ there exists an OPen neighborh00d U（Ⅹ）of x  
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SuCh that（U（x）1Ⅹ∈C）is discretein X． Let us put  

A（入・Ⅹ）＝（Y∈YF（Ⅹ′y）∈A入）for each x∈C・Then（A（入′Ⅹ）I入色＾）  

is a discrete family of closed subsets of Y． Since Y is   

COllectionwise normal， there exist open sets O（入．x）  

SuCh that O（入′Ⅹ）⊃A（入．x）for each 入e＾ and（0（入，Ⅹ）I入∈＾）  

is discretein Y・Then G入＝H入∩（Ⅹ望c（Ux X O（入・Ⅹ））has  

the desired properties．   

2） The referee of［c7］has kindlY POinted out this simple  

PrOOf of Lemma 2．2．  

THEOREM 2．4（Hoshina and Chiba）． Let X′ Y and Z be   

SPaCeS SuCh that X x Y is normaland Y X Z is co11ectionwise   

normal． Suppose Y is first countable and thereis a closed  

OntO maP f：Z→Ⅹ such that X＝r軋Ⅹn，Ⅹn is closed  

discrete for n≧1and f－1（Ⅹ）iscountablYCOmPaCtforeach  
X∈Xo・ Then X X Y is c011ectionwise normal・  

Proof． ＝tis easy to see that X and．Y are c011ection－   

Wise normal． To prove collectionwise normalitY Of X X Y，  

let（A入l入e＾）be adiscrete familYOf closedsubsets of X X Y・  

Then， by Lemma 2．2， for each n ≧1． there exists a discrete  

family （G入．n l入e＾）ofopensetsof X XY suchthat  

G入．n⊃A入∩（Ⅹn X Y）and Cl（G入．n）n Aリ＝4if 入≠   

Letusput B入＝A入一品G入，n・  
Then B入is clOSedin X X Y andr B入⊂Ⅹ0×Y・Letus put  

中＝fxIY：ZxY→Ⅹ×Y and F入＝¢－1（A入）foreach 入e＾・  
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Then（F入I入∈＾）is adiscrete familyof closed subsets of Z x Y・  

Since Z X Yis c011ectionwise normal，there are open sets  
H入  

in Z x Y suCh that F入⊂H入 and H入n H ＝d if 入≠ い   
Let uS Put A（入′Ⅹ）＝（y∈Yl（Ⅹ・Y）EA入）for each x∈Ⅹ0・  

For each YeA（入・Ⅹ）′ there are anopen set Wy（Ⅹ）in Z and  

an open neighborhood Vx（Y）of Yin Y such that  

f－1（Ⅹ）⊂WY（Ⅹ）and Wy（Ⅹ）×ⅤⅩ（y｝⊂H入 because f－1（Ⅹ）is  
COuntablY COmPaCt and Y is first countable・ Since f is a  

neighborhood UY（Ⅹ）of xin X  Closed map， thereis an open  

suchthat f－1（Uy（Ⅹ））⊂wY｛Ⅹ）・   

Nowletusput K 
入，Ⅹ 

＝∪（UY（Ⅹ）×ⅤⅩ（y）lyeA（入・Ⅹ））and  

K入＝∪（K入．x］ⅩEXo）・Thenwehave  

（1）K入isopenin XXY・（2）ゆ－1（K入｝⊂H入′   

（3）A入∩（Ⅹ0×Y）⊂K入・  

Moreover it is easy to see that 

（4）Ⅸ入n Kリ ＝d 土f 入≠リ′（5）Ⅹ入nAリ＝¢1f 入≠リ・   

Since  B入⊂K入 and（B入l入e＾）is a discrete familYOf  

Closed subsets of X x Y， thereis a discrete family  

（G入．0］入∈＾）ofopen sets of X X Y such that B入⊂？入．0・  

CIG入．0⊂K入 because X X Yis normal・Thenwe have  

Cl（G入．0）n A ＝dif 入≠リ bY（5）・Let us consider い  

（G入．nlo≦n＜ul・Then，byLernma2・1・there areopen sets  

P入in X x Y such that A入⊂P入 for each 入∈＾ and  

P入∩㍉＝dif 入≠v・Hence theproof of collectionwise  

normality of X X Y is complete．  
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3） T．Hoshina and the author proved Theorem 2．4   

independently．  

REMARK 2．6． ＝n Theorem 2・4．if we replace the condition  

‖f－1（Ⅹ）is countablY COmPaCt”bY・一f－1（Ⅹ）is compact・・′  

then we can drop the first countability of Y．  

PROOF OF THEOHEM 2．2． Let X and Y be spacesin Theorem 2．2，   

i．e．，   Z be a normalM－SPaCe and f：Z→Ⅹ be a closed   

OntO maP and Y a paracompact first countable P－SPaCe SuCh that   

X x Y is normal． Then Z x Y is collectionwise normalby   

Theo士em 2・．1because everY nOrmal和一SPaCeis a co11ectionwise normal  

∑－SPaCe（［N2］and Theorem3・3in〔03〕）・ By Theorern3・1in［＝1コ・  

Ⅹ＝ 
‾1 

rn・ Ⅹn 
iscloseddiscretefor n≧1and f（Ⅹ）  

is countablY COmPaCt for each x∈Ⅹ0・ Therefore′ by  

Theorem 2．4， Ⅹ × Y is c01lectionwise normal．  

THEOREM 2．5． Let X be a collectionwise normal∑－SPaCe   

and Y a closedimage of a paracompact first countable M－SPaCe   

and X x Y is normal． Then X X Y is collectionwise normal．  

Pr00f． Let X be a collectionwise normal：－SPaCe and Z   

a paracompact first countable M－SPaCe and f：Z→Y a closed   

OntO maP SuCh that X x Y is normal． Then X X Z is   

C011ectionwise normalbY Theorem 2．1because every M－SPaCeis a  

トSpaCe（【M7］）・ BYFillippov【F］・Y＝＃uYn・Y。 is closed  

discretefor n≧1and f－1（Ⅹ）iscompactforeach y・∈Yo・  
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Hence X x Y is collectionwise normal（See Remark 2．6）．  

We proved essentiaLly the f01lowingin Theoreml．8．   

【9］． Let X be aloca11Y COuntablY COmPaCt SPaCe and Z  

a first countable space and f：Z→Y a closed map onto a  

SPaCe Y such that Y＝r※。Yn， Yn is closed discrete for 

n≧1andf－1（y）iscompactforeach yeYo・＝f XXZ  
is normal， then X X Y is normal．  

The following theorem can be proved in a way similar to the 

pr00f of Theorem2．5 using［9］．  

THEOREM 2．6． Let X be aloca11y countablY COmPaCt   

C01lectionwise normal∑－SPaCe and Y a closedimage of a   

ParaCOmPaCt first countable 班－SPaCe． Then X X Y is   

COllectionwise normal．  

REMARK 2．7． Let X and Y be spacesin Theorem 2．2 0r   

2．5．  ＝t is not known whether X X Y is normal or not．  
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4． Pr00f of Theorem 2．3 and a related result  

Evenin case Y has only one non－is0lated point， Ⅹ × Y is   

not necessarily normal for a collectionwise normal space X. 

＝n factlet X be the Dowker space constructed bY Rudin［Rlコ  

and Y ＝ W（u ＋1）． Then X is collectionwise normaland  

X x Yis notnormal［Rl］・However・incase Y has onlyone  

non－isolated pointt the following h01ds・ 11For any   

co11ectionwise normalspace X．if X X Y is normal， then   

X x Y is c01lectionwise normal M．  

We shall prove the following theorem which contains both in 

case （i） Y is o－locallY COmPaCt ParaCOmPaCt， andin case   

（ii） Y has onlY One nOn－isolated point．  

THEOREM 2．7． Let X be a collectionwise normalspace and  

is  Y a parac。mPaCt SPaCe SuCh that Y＝（kiL。Cn）U D where C n  
a locallY COmPaCt Closed subspace of Y for each n ＜ u and   

for each Y∈D is anisolated point of Y・ ＝f X X Y is   

normal， then X x Y is collectionwise normal．  

There exist spaces expressed as the form of Y in Theorem2・7  

but neither（i）not（ii）・ E・g・・the Michaelline［M3］is so・  

Further（if Y is a paracompact subspace of F where F is  

the Bing■s Example Gor H［Bl］・then Y satisfies the  

conditionsin Theorem 2．7 but Y is necessarily neither（i）   

nor（ii）． Thereforeit seems good to consider the space Y   

SatisfYing the conditionsin Theorem 2．7．  

46   



A subspace A of a space X is said to be P－embeddedin   

X if everYlocallY finite cozero－Set COVer Of A has a   

refinement which can be extended to alocallY finite cozero－Set  

COVer Of X（Saplro［sl］）・  

LEMMA 2・3・ Let X and Y be c011ectionwise normalspaces   

and Y is expressed as Y ＝ C U D such that C n D ＝ d and   

each Y∈ D is anis0lated point of Y． Let X X Y be normal  

and（A入l入e＾）a discrete familyof cl。Sed subsets of X X Y・  

＝f there exists adisj。int familY（G入I入∈＾）。f。Pen SetS。f  

X x Y such that G入⊃A入∩（Ⅹ×C）・Then there exists a  

disj。int familY（M＾l入∈＾lof’open sets of X x Y suchthat  

M入⊃A入・  

Proof・We can ch。OSe a discrete familY（E入［入e＾）ofopen  

SetS Of X X Y such that A入∩（Ⅹ×C）⊂E入′  

Then（D入lほ＾）  
CIE入⊂G入－J4入Aリ・Letusput D入＝A入－E入・  
is a discrete family of closed subsets of X X D・ Since X X D  

is c011ectionwise n。rmal，thereis adisj。int familY（J入lほ＾）  

Of open sets of X X D such that D入⊂J入・ We remark that  

J入is openin X X Y・ Since D入 and 抽CIEu aredisコOint  
cLosed subsets of X X Y and X X Y is normal， there are  

OPen SetS K入 and L入in X X Y such that D入こK入′  

叔Cl㌔⊂L入 and K入n L入＝d・Letusput M入＝E入U（J入nK入）・  

Then 山人is openin X X Y・Moreover，itis easY tO See  

that M入⊃A入 and（M入l入∈＾）is disjoint・  
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PROOF OF THEOREM 2．7．  Let X and Y be spaces in 

Theorem2・7・ To prove that X X Y is collectionwise normal，  

1et（A入Ⅰ入∈＾）be a discrete familY。f cl。Sed subsetsof Xx Y・  

For each n＜LJ，Ⅹ×Ynis c01lectionwise normalbY Rudin and  

Starbird［7］in §1． Therefore，for each n＜ LU，thereis a  

discrete family 
（J入′n 

l入∈＾）ofopensetsof XX Cn such  

that A入∩（Ⅹ×Cn）⊂J入．n  foreach 入∈＾   

AIso X x Cnis P－embeddedin X x Y by Theorem5・2in［sl］  

and Theorem4in［M9］・ Thus，by Theorem2・4in［MH］，there  

isaloca11yfinitefamilY（Hi，n［ほ＾）ofcozero－SetSOf  
XxYsuchthat   

foreach 入∈＾・  A n（X x Cn）⊂Hi，nn（Ⅹ×Cn）⊂J 入，n  

Let H be open sets of Xx Y suchthat  
入′n  

㌔∩（Ⅹ×Cn）⊂H入，n ，CIH ⊂H Letusput  
入，。 ，n・  

L ＝H Then L isopenin XXY・  
入．n 入．n－リ某CIH u，n・  入′n   

A入∩（Ⅹ×Cn）こL入′n  foreach 入∈＾ and（L入．n lほA）is  

d土s］0土n七・  

Since X x Y is normal, there is a discrete family 

い∈＾）ofopensetsof XXY suchthat  ｛G入，n  
A入∩（Ⅹ×Cn）こG入．n ，CIG入′n⊂L入．n－J4入Aリ・Ifweconsider  
｛G入．n 一入G＾，n＜u）・bYLemrna2・1・thereisadis］Oint  

family ｛G入l入e＾）ofopensetsOf XxY suchthat  
G入⊃A入∩［Ⅹ×（よ山Cn）］・ByLernma2・3・thereexistsa  

disjointfamily（M入1入e＾）ofopensetsof XXY suchthat  

M入⊃A入 
・Therefore XXYisc01lectionwisenormal・The  

proof of Theorem2・7is complete・  
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4） The author first proved Theorem 2．7 by another method．   

T．Hoshina pointed out the proof can be made simpler bY uSing   

theidea of P－embedding．  

49   



CHApTER 3   

THE WEAK B－PEOPERT  

1． The weak B－PrOPertY  

＝n discussing the normalitY Of product spacesr M・Atsuコ1 ■■   

defined the notion of the property 8＊（K） for eachinfinite  

Cardinal K・ A 8Pαee ズ 宜β 8α宜dわわαリe士九e pγ叩紺秘 計「Kノ  

五∫fo㌘αれ訂d¢e㌘eαβ去れg∫αmる乙訂（㌔lα＜K）0′e乙08ed8“如e七8  

げ ガリ宜班∩（㌔】α＜KI＝〆J 乞わ紺e e∬宜βねα鋤宜Zガ（㌔lα＜K）  

げ叩β托βe如げ ∬ 8祝e九乞わα士 ダα⊂㌔ 二物＝皿兢 α＜に α托d  

n（C乙GαIα＜K）＝〆・  

A space X has the property 8＊（q））iff X is countablY  

ParaCOmPaCt（F・＝shikawa［＝2］）・  

For an accumulation point p of a space x′ an aCCumulation  

degree of p is defined as a（p）：min（1AFIA⊂Ⅹ．  

P∈ Cl（A－（pl））． Atsujiproved the f0110Wing theorem．   

THEOREMA（Atsuji［A2コ）・ Suppose Y contains an －  

accumulation point p with a（p）＝ K． If X X Y is normal，   

then X has the property B★（K）．  

A normalspace X is called a K：－Dowker spaceiff X has not  

thepropertY 石★（K）（［A2］・［R4］）・Au－Dowkerspaceis a  

Dowker space【Rl］・M・E・Rudinhas constructedaに－Dowker  

SPaCe for eachinfinite cardinal K・ Thus the following theorem   

h01ds．  

THEORE班B（Atsujiand Rudin）． 工f X X Y is normalfor  

everY nOrmalspace Xl then Y is discrete・  
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On the other hand，Y・Yasuidefined士he weaた 省一Pr70PePty・  

A 8Pαee 方 宜8 βα乞dわ わαリe 七わβぴeαたB－P㌘ロP紺毎 げ∫ ガ 九α8 抽e  

P㌘叩紺古材 BりKノ アo㌘eリe㌘訂宜れヂ玩壬七βeα㌘d五和αZ K・（［A2］・［Y41）・  

＝tis known that anY nOrmalmetacompact space has the weak  

B－PrOPertY（S・Lefschtz［L2・P・26］）・  

＝n this section we shallprove the f0110Wing●  

THEOREM 3・1・ Every perfectly normalspace has the weak   

雷－prOperty．  

THEOREM 3・2． EverY Subparacompact normalspace has the   

Weak B－PrOPertY．  

A space X is called subparacompact if every open cover of 

X has a o．discrete closed refinement［B2］・  

To prove Theorems 3．1and 3．2， We first prove the f0110Wing   

Propos土tlon．  

PROPOS＝T＝ON 3．1． Let X be a normalspace satisfying the  

C。nditi。n（＊）：for any。PenC。Ver（GαZαe n）of x there  

exists a cover（㌔lαe n）of X bY㌔－Subsets suth that  

KαこGα for each α∈n・ Let Y be a space which has onlY  

One nOn－isolated point  Yo SatisfYing the f01lowing condition  

（＃）：thereis alocalbase V（yo）of Yo in Y whichis  

POint－finite at each Y‘‥Y－（yo）・Then X X Yis normal・  

LEM杢4A3・1（Starbird［s3，Lemma2・9a］）・Let X be a  

normalspace and Y a space wich has onlY One nOn－isolated  
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POint Yo・ Then X x Yis normalif andonlyif for anY Closed  

subset A of X x Y such that AこⅩ×（Y－（Yo））・A and  

X x（Yo）can be separated bY OPen SetSin X x Y・  

PROOF OF PROPOSZTZON 3．1． The proofis essentia11yin  

［CC2・Theorem2］・Let A be a closed subset of X X Y such  

that An（Ⅹ×（Yo））＝d・We shallshowthat A and X X（yo）  

can be separated by open setsin X X Y・ For each x e X′  

there exists a neighborh00d U（x） of x in X and an element  

Vx  of V（Yo）such that Cl（U（Ⅹ）×ⅤⅩ）n A＝d・Letus put  

Uv＝U（U（Ⅹ）1vx＝Ⅴ†for each VE V（yo）・Then  

（Uv  x ClV）nA＝d and（Uvlve V（yo））is anopencover  

Of X・ BY the assumption on X′ there exists a family  

（Fv′i 
［Ⅴ∈：V（Yo），i＜山）ofclosedsets of X suchthat  

KV ＝∪（Fv．i［i＜u）⊂Uv foreach V仁V（yo）and  

U（Kvlv∈V（Yo））＝Ⅹ・Since Xis normal・there exist  

OPen SetS  
Uv′i 

SuCh that FvliこUv′i， ClUV li⊂Uv・Then  

Wehave Cl（Uv．i X V）nA＝d・   

Letusput Wi： U（Uv′iXVlv∈V（Yo）Ⅰ・Then Wi are  

。Pen Subsets of X X Y and X X（Y。）⊂U（Wili＜”）．・Further  

Cl（Wi）n A＝d because V（Yo）is point－finite at each point  

y∈二Y－（yo）・   

We remark that Y－（yo）is cT－discrete・ To show this，  

1et Hn：（yGYly∈V for at most n elements VeV（Yo））・  

Then Hn is a discrete closed subspace of Y and  

Y－（yo）＝∪（H。In＜w）・Since Y－（yo）is a㌔－Setr  
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1li＜u）of open setsin X X Y such thereis a sequence （Z．  

that A⊂U（Zili＜u）and Cl（Zi）∩（Ⅹ×（Yo））＝¢・Let  

コIj≦いIiく吊 and us put w＝∪（Wi－∪（CIZ・  

Z：U（Zi－U（CIWjIj≦iIIi＜u）・Then W and Z are  
●  

clearly disコOint open setsin X X Y such that A（＝z and ●   

Ⅹ×（yoI⊂W・ BY Lernma3・1′ Ⅹ×Yis normal・  

PROOF OF THEOREMS 3．1and 3．2． Let・Ⅹ be a perfectly   

normal space or a subparacompact normal space. Then X 

satisfies the condition（＊）in Proposition 3・1・ Let K be an  

arbitrary uncountable cardinal・ We consider the fo1lowing  

SPaCe  YK  COnStruCtedbYH・Ohta［01］・   

The8Paee㌔；Let ZK  bethe setofmapplngS f from ●   

K tO（0，1）such that f（α）＝O for allbut finitelY manY  

α∈K・Let㌔bethemappingwhichtakestheconstantvalue  
′ヽ■  

lon K，and set YK ＝ZKU（fKl・Let Q be the familYOf  

allfinite subsets of K． For each q∈Q，1et   

V（q）＝（㌔）∪げ∈ZKlf（α）＝1i。rallα∈q）・  

Topologize YK byletting（Ⅴ（q）1qeQ†beaneighborhood  

baseofK  andeachpointof ㌔  tObeopen・Th占n  
ノヽ′  

V（；K）：｛Ⅴ（q）lq∈Q）ispoint－finiteateach f∈YK－（fに）  
／～  

and YK －｛言K｝iso－discrete【01］・Furthermore a（fK）＝K・  

To showthis・let A⊂YK WithIAI＝入＜K・Foreach  

f∈A－（㌔†・Put qf ：（α∈K］f（a）＝1†・Then qfis  

finite and soIu｛qflf∈AII＜u・入＜K・・Hencethereis  

anelement αoeK－∪（qfIf∈Al・Since  
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′ノ  

′V Ⅴ（（α。））∩（A－（㌔†）＝d，Wehave fK庭Cl（A－IfK）l・  

The space YK Satisfies the condition（＃）in Proposition  

3・1・ Therefore′ Ⅹ×YK is normalbyproposition3・1・Since  

′ヽ′  

a（fK）＝KJ・Ⅹ has the property B★（K）by Theorem A・  

On the other hand， Since X is countably paracompact， Ⅹ   

has the propertY B★（LO）． Thus， Ⅹ has the weak 8－PrOPerty   

and our theorems have been proved．   

REMARK3・1・Let u：（Uα1α∈n）be anopen cover of a  

SPaCe X・If thereis an。PenCOVer V＝（ⅤαIα∈n）。f X  

SuCh that ClVα⊂Uα for each α（…n，then u is said  

8hpinたabZe［L2・P・26］・ A space Xis said8hTinたingif  

everyopen cover of Xis shrinkable［R5］・  

RecentlY，in［cpR，§ 4］．it has been proved that everY  

Perfectly normalspaceis shrinking・ Similarlyitis shown   

that every subparacompact normalspaceis shrinking（see or  

【Y6］）・  

Let YK be the spacein H proof of Theorems3・1and3・2 ‖  

for K＞u and・for convinience・1et Y山＝W（u＋1）・ Then  

We have   

THEOREM3・3・Let X be a space・＝f X X YKis normal，  

then X has the property 8＊（K） for each K：≧ u．   

THEOREM3・4・Let X be a space・＝f X x YKis norrnal  

for each K ≧W，then X has the weak B－PrOPertY．  
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A space X is called perfectif every closed setis a  

G6－Set・  

The following are direct consequences of TheoremS 3.1 andd 

3．2．  

COROLLARY 3．1． Thereis no perfect K－Dowker space for every   

infinite cardinal K．  

COROLLARY 3．2． Thereis no subparacompact K－Dowker space   

for everyinfinite cardinal K：・  

＝tis we11known that thereis no perfect Dowker space  

（Theorem2・1in［R6］）and Cor01larY3・1is a generalization of  

this theorem．  

We denote by nw（Ⅹ）the net weight of a space X i・e・′ the  

minimum cardinalnumber of a net of X and by x（yo・Y）the  

Character of a point  Yg in a space Yi・e・′ the minimum  

cardinalnumber of alocalbase of yoin Y［J2］・Let T′  

K and 入 denote infinite cardinals．  

pROPOS＝T＝ON 3．2． Let X be a normalspace andlet Y be  

a space satisfYing the condition（＃）of Proposition3・1such  

that nw（Ⅹ）≦X（Yo，Y）・Then X X Yis normal・  

Pr00f・This pr00fis amodification of［c3，Proposition］  

and［01′Theoremlコ・Letus put X（yo r Y）＝T andletus  

put v（yo）＝（Ⅴβ1β＜T）andlet召＝‡Bα】α＜T）beanet  

of X． Let A be a closed subset of X x Y such that  
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An（Ⅹ×（Yo））＝d・We shallprove that A and X X（YoIcan  

be separated bY OPen SetSin X X Y・ For each x e X′ let us   

choose an open neighborhood U（Ⅹ） of x in X and an element  

Vβ（Ⅹ） 
g V（Yo）suchthatCl（U（Ⅹ）×Ⅴ 

β（Ⅹ） 
）n A＝d andletus  

put   

＾＝（α1α＜T・ⅩEBα⊂U（Ⅹ）and Cl（U（Ⅹ）×Ⅴβ）n A＝d  

for some x e X and some β ＜ T†．  

Ch00Se Xα∈Ⅹ and βα ＜T SuCh that  

and Cl（U（Ⅹα）×Ⅴβα川A＝d・Furthermorewe  
SO that βα≠βα・if α≠α一′ because  

is also alocalbase of yo  for anY Subset n  

＜T・Le七usput W＝∪（U（Ⅹα）×Ⅴβαlα∈A）・  

For each α∈＾，  

Ⅹα∈Bα⊂U（Ⅹα）  

Can Choose  
βα  

（Ⅴβlβ∈T一口）  

of T With 回  

Then Wis openin X x Y and W⊃Ⅹ×（Yo†・Further  

（CIW）nA＝d・ To show this・let（Ⅹ′y）gA・ Then y≠Yo・  

Therefore・ifweput＾（y）＝（αlαe＾・Y色Ⅴβα）・then＾（Y）  
isa finite setbecause（Ⅴβtβ＜T）ispoint－finiteat y・  

Hencewehave（Ⅹ′Y）e；Cl（U（U（Ⅹα）×Ⅴβα lα∈＾（y）））・Since  

Yisanisolatedpoint・（Ⅹ・y）eicl（U（U（Ⅹα）×Ⅴβα1  
α∈＾－＾（y）））．Therefore（Ⅹ．y）威CIW・ Hence（CIW）n A＝＝d・  

By Lemma 3・11Ⅹ × Y is normal・  

THEOREM 3．5． ＝f X is a normalspacel then X has the  

propertY B＊（K）for each K≧nW（Ⅹ）・  

Pr00f・ Let K be an arbitrary cardinal≧nw（Ⅹ）・ Let YK  

be the space usedin the proof of Theorem3・1′ thenitis easY  

to see x（yo，YK）＝K・ByProposition3・2，Ⅹ×YKis  

normal． By Theorem3・31Ⅹ has the propertY 8＊（K）・  
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A space Xis ca11ed T－COmPaCtif anyopen cover u＝（uαI  

oL ＜ T） of X has a finite subcover．  

The f01lowinglernmais obvious・  

LEHMA 3．2． For each T．if X is a T－COmPaCt SPaCe．   

then X has the propertY B＊（T）・  

We have the fo110Wing from Theorem3・5 and Lemma 3・2・  

COROLLARY 3．3． For each regular cardinal 入． W（入） has   

the weak モトproperty．  

The author does not know whether every normal scattered 

SPaCe（see［K 5・P・78］）is countablYParaCOmPaCtOrnOt・  

As a specialcase of scattered spacesI We Obtain  

THEOREM 3．6． Let X be a normalspace whichis a dis〕Oint   

union of C and D such that for each x∈C isisolatedin   

x and D is discrete． Then X has the weak B－PrOPertY・  

＝n fact，if X is a space satisfying the condition of  

Theorem3．6，then X is shrinking（or see 一一 Pr00f that  

Karen NavyTs space S is shrinking．．in［Rjl）・ Here we Shall  

prove the following which contains Theorem3・6・  

THEOREM3．7． Let X be a space whichis a dis］Oint union   

of C and D such that for each xE C is isolated in X 

and D is discrete． Let Y be a shrinking space（respectivelY，  

has the weak B－PrOPerty）・ ＝f X X Y is normal，then X X Y  

is shrinking（resp・′ has the weak8－PrOPerty）・  
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Pr00f．  （i） Zn case f．8hpinたing 一一． Let X be a space   

satisfYing the condition of Theorem 3・7 and Y shrinking・ Let  

G＝（G入1入∈＾）be an arbitrarYOPenCOVer Of X x Y・＝t  

is clear that D x Y is shrinking． Therefore， there are  

Closed sets B入 Of D x Y such that B入⊂G入 for each 入（三＾  

and 入払B入 ＝D x Y・Since  B入 areClosedsetsof X X Y  

and X x Yis normal，there are open sets H入 Of X x Y such  

that B入⊂H入・CIH入⊂G入 foreach 入∈＾・Letusput  

H＝H 
入入・ 

Then Hisopenin XxY suchthat D XY⊂H・  
Since C x Y is shrinking and X x Y－H is closed subset of  

C x Y，Ⅹ × Y－H is also shrinking・・ Thusr there are closed  

sets  K入 Of XxY－H suchthat K入⊂（Ⅹ×Y－H）nG入 for  

each 入e＾ and 贈＾K入＝Ⅹ×Y－H・   

Let us put P入＝（CIH入）UK入 for each 入∈＾・Then P入  

are closed sets of X x Y・P入⊂G入 for each 入∈＾ and  

P＝Ⅹ×Y・Since X x Yisnormal・Gis shrinkable・  
入入  

Hence X x Y is shrinking．  

（ii） 工n case －1七7te weaた 8－PPOPePty ‖・ The proofis   

quite similar to that of（i）・  

The followingis a direct consequence Of Theorem3・7・  

coROLLARY 3．4． Let X be an arbitrary subspace of Bingls  

Example GorH［Bl】and Y a shrinking space・Then X X Y  

is normal if and only if X x Y is shrinking. 
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2． Closed maps  

＝n this section we shallstudY the behavior of the weak   

B－PrOPertY under closed maps．  

THEORE工4 3．8． Let f：Ⅹ→Y be a perfect map． Then we   

have   

（1） 工f X has the weak 王卜propertY， then Y has the weak   

B－prOper七y．   

（2）1f Y has the weak B－PrOPertY， then X has the weak   

石－prOperty．  

Pr00f of（1）． Let K be an arbitrarYinfinite cardinal．  

Let F＝（Fαlα＜K）be adecreasing familYOfclosed subsets  

of Y with n｛㌔一α＜K｝＝d・Letusput Aα＝f－1（㌔）・  

Then（Aα1α＜K）is adecreasing familYOfclosedsubsets of  

X with n（Aαlα＜K†＝d・Since X has theproperty 召’（K）・  

there exists a family（Gαlα＜K）of open se亨S Of X such  

that Aα⊂Gα foreach α＜K and n（CIGα1α＜K）＝d・Let  
ドS Put K（f）＝（入1入⊂K，入is a finite set）・ Then・SlnCe  

lK（f）1＝K，We Canden。te K（f）＝（入αIα＜K）・Forleach  

入（；K（f），1etls c；hoose g（入）∈K SuCh that g（入）＞ β for each  

βe入 and g（入）≠g（入．）for入 ≠入一・ We can choose such   

g（入） bY tranSfiniteinduction・  

For each α＜K，We define Vα  aS fo110WS：  

Ⅴα＝†；刷 ∩‘∩｛Gβ糎｝’  

α   

土f α ＝ 曾（入） for some 入∈K（f）′  

if α ≠g（入）for everY 入∈K（f）・  

Then Vαis openin X anditis easy to see Gα⊃Ⅴα⊃Aα・  
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Let us put  Ha ＝Y－f（Ⅹ－Ⅴα）・Then ㌔is openin Y，  
－1 ㌔⊂Hα and f（Hα）こVα・Furthermorewehave   

n（CIHαlα＜K）＝d …‥ （a）  

To prove（a），SuPPOSe that there exists an element  Yo  Of  

n｛cIHα．α＜K｝・Then Yo∈f（Cl（f～1（Hα））foreachα＜K  

because CIHα＝f（Cl（f－1（Hα））・Hence f－1（Yo川Cl（f－1（Hα）｝≠d  

andso f－1（Yo）nCIGα≠d foreachα＜K・ThefamilY  

｛f－1（yo）nCIGαlα＜K｝hasthefiniteintersectionpropertY  

because・for each 入＝・（α1・α2，・・・・αn）∈K（f），  

1′2・…′n｝⊃ClV g（入）・Since f－1（yo）iscompact・  ∩｛cIGαli＝   

i  wehave n｛f－1（yo）nCIGα一α＜K｝≠d・Butthisisa  

contradiction． Thus， the proof of（a）isCOmPlete and we  

have proved that X has the propertY B★（K：）・  

The pr00f of（2）is easY and so we omit this pr00f・  

LEMMA 3．3． Let X be a regular space・ Then X has the  

PrOPerty 召★（K）for each cardinal K With K：≧W（Ⅹ）－u・  

Here w（Ⅹ） denotes the weight of a space X．  

Lerruna 3．3 follow from the following．  

LE皿MA 3．4． Let X be a regular spaceJ K be aninfinite  

Cardinaland G＝（G入l入＜に）anincreasing。PenCOVer・  

Then the fo1lowing are equivalent．   

（1）thereexistsanopencover（U入，α l入・α＜K）of X  

SuCh thatJ！KCIU入．αこG入 foreach 入＜K′   

（2）there exists an。PenCOVer（Ⅴ入L入＜K） of X such  

that ClV入⊂G入 for each 入＜K・  
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Proof・ Theimplication（2）⇒（1）is obvious． To prove  

（1）⇒（2），let（U入，α l入・α＜K）beanopencoverof X such  
that 詣。CIU入．α ⊂G入 for each 入＜K  

For each α ＜ K， there exists a cofinalsubset ＾  of α  

SuChthat K：U（＾αlα＜K） and ＾α∩＾β＝dif α≠β・  

Let 中；入某（（α）×K）→K be a one toonemapping such that  

ゆ（α′入）∈＾α   and ゆ（α・入）≧入for eachα′ 入＜に・＝tis  

easY tO See SuCh u exists・   

For each β＜K′let us define  vβ aS follows：  

Ⅴβ＝t：入・α  

土f β ＝ 叫（α，入） for some α，入 ＜ K，   

Otherwise．  

Then・for each β＜K・ Ⅴβis defined uniquelY because ゆ  

One tO One． Let β ＝ 叫（α．入）． Then  

ClVβ ＝CIU入．α⊂G入こGβ  
because β≧入  and（G入I入＜K）isincreasing・   

Furtherwe have V＝Ⅹ・To showthis・1et x bean  
βKβ  

arbitrary element of X・Then x∈U入′α  for some入′α＜K  

because （U入．α 1入・α＜K）is acoverof X・Letusput  

β＝中（入′α巨 Then x∈Ⅴ 
β・  

EXAMPLE 3．1． There exist spaces X and Y and a quasi－  

perfect map f：Ⅹ→Y such that X has the weak 8・PrOPerty  

and Y has not the weak8－PrOPertY・ Let Xlbe the product  

space w（ul＋1）×W（ul＋1）and X＝Ⅹ一－†恒1・ul））with  
the subspace topologY Of X一・ Then，Since Xis countablY  

compact，Ⅹ has the propertY 石★（Lu）・ AIso X has the  

property B★（K）foreach K≧ul bYLernma3・3because w（Ⅹ）  
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Lul・  
Thus X has the weak召－PrOPertY・ Let Y be the quotient  

SPaCe Obtained from x bY CO11apsing the subset（ul）×山1tO  

a point  yo and f：Ⅹ→Y be a quotient map・ Thenitis  

easY tO See that Y has not the propertY 召★（山1）and the  

map f is a quasi－Perfect map・  

EXAMPLE 3・2・ There exist spaces A and B and a quasi－   

Perfect map g：A→B such that B has the weak8－PrOPerty  

but A has not the weak B－PrOPerty・  Let A be the space Y  

in Example3・1′ B the one point space  yo，andlet  

g：A→B be a naturalmap・ Then g is a quasi－Perfect   

map・  

RE机ARK 3．2． Example 3．1also shows that ‖ the countable   

ParaCOmPaCtneSS and the weak 8－PrOPerty are nOt equivalent ‖  

（cf・［c4・P・739］）・ Zn fact the space Yin Example3・1is  

COuntablY COmPaCt． But Y is not normal．  

Recently M．E．Rudin proved that in case cfK ＞ LO the  

K－Dowker space constructed bY herin［R4］is countably  

ParaCOmPaCt（［R7］）・This shows that the countable par早COmPaCト  

ness and the weak B－PrOPertY are nOt equivalent even for normal   

SpaCeS・  

REMARK 3．3． The theorems 3．1and 3．2 also fol10WS from   

ムemma 3．4．  
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3． The relations among K－ParaCOmPaCtneSS， the property   

B（K） and the propertY B★（K）  

1n this section we assume that allspaces are regular spaces．   

P・Zenor Z hasintroduced the propertY B・ 工tis known the   

f01lowing relations hold：  

ParaCOmPaCt’→B→Weak B→COuntably paracompact  
［Z］  ［工2］  

The non－equivalence of the property B and the weak召－PrOPerty  

has been shown by Yasui［Y4〕and recently the non－equivalence  

Of the paracompactness and the propertY B has been shown bY  

M・E・Rudinin［R7］・And the weak B－PrOPertY and the  

COuntable paracompactness are also not equivalent（cf．   

Remark3．2in§2）．   

On the other hand・Yasui［Y5］defined the pr。Perty B（K）  

for eachinfinite cardinal K：and proved a characterization   

theorem for the propertY 8（K） by the normality of product   

SPaCeS（see § 4 Theorem C）．  

A space X is called K－ParaCOmPaCtif anY OPen COVer  

u＝（Uα1α＜に）。f X has alocallY finiteopen refinement  

（［㌔］）・  

A space X is said to have the property 召（K）if for anY  

decreasing family（Fα（α＜K）of closed subsets of X with  

n（Fαlα＜K）＝d・there exists a decreasing family  

（Gα1α＜K）ofopensubsetsof X suchthat Gα⊃Fa for  

each α＜K and n（CIGαlα＜K）＝d（［Y51）・  
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A space X is said to have the propertY 8 iff X has  

the propertY Z3（K）for everYinfinite cardinal K Lz］．  

＝tis easY tO See that for eachinfinite cardinal K，   

（a）B（K）ご B（cfK），  

（b） B★（K）くこ 召★（cfK・）．   

Where cfK：is the cofinality of k：．   

But the converse of（b）does not necessarilY hold（see Proof of   

Theorem 3．9（2）， Part 3））．   

Let us consider the f01lowing■ COnditions（i），（ii）and（iii）．   

（土） K－paraCOmpaC七ness．   

（ii） the propertY 8（K），   

（iii） the propertY B★（K）．  

＝tis known that the countable paracompactness， the propertY  

B（山）andtheproperty 8＊（u）areequivalent［＝2l・AIsoitis  

Obvious that に－ParaCOmPaCtneSSimplies the propertY 8（K） for   

normalspaces and the property 8（K）implies the propertY 8＊（K）   

for each K． But， eVen for normalspaces′ the conditions   

（i），（ii） and（iii）are not equivalentin general．．＝n fact，   

the following holds．  

THEORE班 3．9．  （1） Thereis a normalspace X which shows  
●  

non－equivalence of K：一ParaCOmPaCtneSS and the propertY 8（K） for  

each regular cardinal K≧u）2・   

there exists a normalspace Xに  （2）For each K≧ul′  
Which shows non－equivalence of the propertY B（K） and the  
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property 石★（Kト  

LEMMA3・2T・ For each K，if x is aに－COmPaCt SPaCeSl  

then X has the propertY B（K）．  

The minimum cardinalnumber K SuCh that everY OPen COVer  

Of a space X has an open refinement of cardinalitY ≦K：is  

Called the Lindelof number of a space x and denoted by L（Ⅹ）  

LJ］．  

LEMMA 3．5・ A space X has the property B（入） for each 入  

＋ ＋  

with cf入≧L（Ⅹ）． Here α denotes the cardinalsuccessor  

Of α．   

＋ pr00f・Let L（Ⅹ）＝K and 入 be a cardinalwith cf入≧K・  

Let ｛㌔Jα＜K＋｝ beadecreasingfamilYOfclosedsubsetsof  

X with n｛Fαlα＜K＋｝＝d・Letusput Gα＝Ⅹ－㌔・Then  

wehave U｛Gαlα＜K＋｝＝Ⅹ・Since L（Ⅹ）＝K・thereis  

α0＜K＋ suchthat U（GαLα≦α0）＝Ⅹ・Then ㌔＝d for  
each α＞α 

0・  
Let us define  

Hα＝t； 

′  

．  

Then（Hαlα＜K）is adecreasingfamilyof open setsin X  

suchthat Hαつ㌔  and n｛cIHα1α＜K＋）＝6・Thepr00fof  
Lemma 3．5 is complete．  

has the propertY 8（入）for   Ⅹ
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P月0ログ甜ダガ即月茸〃 ∂．β dβり壬dgd 七郎 Pα㌘如．   pr00f of（1）・  

Let us put X＝W（ul）・ Then，bY CorollarY3・5，Ⅹ has the  

PrOPertY B（に）for everY regular cardinal K≧LU2・  Ztis  

Wellknown that Xis not K－ParaCOmPaCt for everY に≧LOl・  
Thus X shows non－equivalence of（i）and（ii） for everY regular  

Card土nal K≧u2・  

Proof of（2）． 1）1n case K is a regular cardinalsuch  

that K≧Wl・Let us put XK＝W（K）・Then・byしZ，Collorary  

2・2］・ⅩK  has nottheproperty B because XKis acountably  

compact regular space whichis not compact・ BY Lemma3・21  

and C01lorarY3・5・ⅩK has not the propertY B（K）・On the  

Other hand，bY Cor011ary3・3，ⅩK  has the property 召＊（K）・  

Therefore XK Shows non－equivalenceof（ii）and（iii）・  

2）＝n case K is anirregular cardinalwith cfK≧‥ul・  

Let us put 入＝CfK・Then 入≧uland 入is aregular cardinal・  

Letus put XK ＝W（入）・Then XK  hasnotthepropertY B（入）・  

Since the propertY B（K：）is equivalent to the propertY B（入）l  

XK  has notthepropertY B（K）・Ontheotherhand，bY  

Cor01lary3・3・ 
ⅩK  

has thepropertY B★（K）・  

3）1n case K is anirregular cardinalwith cfK ＝山・  

Thenwehave K≧山㌦・Let X betheDowkerspace constructed  
byRudin〔Rl］・Then・SincelxI≦uu・bYTheorem3・5・  

Ⅹ has the propertY B★（K）・ Since X is not countablY  

paracompactlX has not the property B（Ld）・ Since the property  

召（K）is equivalent to the property 召（h）），Ⅹ has not the  

property B（K）．  
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REMARK3・4・K・NavY COnStruCtedin［N4］the space S  

Whichis normaland countablY ParaCOmPaCt but not u｝1－ParaCOmPaCt・  
RecentlY Rudin provedin［R7］that the space S has the propertY  

8・ This shows that ‖山－ParaCOmPaCtneSS－1and ‖the  
1   

PrOPertY B（h）1）‖ are not equivalent even for normaland  

COuntablY ParaCOmPaCt SPaCeS・  

REMARK 3．5． ＝tis easY tO See that for any regular cardinals   

K：and 入 with に ≠ 入． there exists a normalspace X which   

has the propertY B（K） but has not the propertY B（入）（see   

Pr00f of Theorem 3．9（2）， Partl））．  

The following relations h01d：  

normal metaeompact 

weakB  Sh駕ニ ノ′ 
）  

PerfectlY nOrmal  

normal subparaclompact 

B★（K）  B（K）  

Theseimplicationsr itis shown that H shrinking ‖ does   

notimpIY ‖ the propertY 8 ‖・ 1n fact（let X be．a  

：－Pr。duct of spaces（ⅩαIα∈nlwhere each Xα is a discrete  

spaceoftwopointsandl呵主ul・ Then Xis shrinking［Ra  

but X has not the propertY 8 by［z］because X is countablY  

COmPaCt and not compact．   But this space X is not   

metacompact（ nOt Subparacompact and not perfectlY nOrmal・  

Next we shallshow that T．perfectlY nOrmalmetacompact   

and subparacompact H does notimply Tlthe propertY BI－J  
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more precisely， for each uncountable regular cardinal K．   

一一 perfectlY nOrmalmetacompact and subparacompact 一’does not   

imply ‖ the propertY 召（K：）］f・ Thatis，We Sha11prove  

THEOREM 3．10． For each uncountable regular cardinal K，  

there exists a space  XK SatisfYing the f01lowing conditions：   

（i）ⅩK is perfectlY nOrmalmetacompact and subparacompact，  

（ii） 
ⅩK  

has not thepropertY 8（K）・   

ToproveTheorem3・10・We ShallusetheBinglsExampleH［Bll・  

We stated this spacein chapterl′ but we restateit here again・  

The BingI8 ExampZe H・  Let P be an uncountable set，  

Q ＝ P（P）． Let F be the set of allfunctions f：Q－→LJ・  

To each pe P，aSSOCiate the function feF definedbY  
p   

fp（q）＝11ff pgq・Le七Fp＝｛fptp∈p｝・Let R＝Qf・  
Foreach f andeach（r・n）己RX山・Wedefineasubset  

p   

V（fp；r・n）＝（fIf∈F・f（q）＞n forqeQ，f（q）＝fp（q）  

mod2 forq∈r）u（fp）・Foreach fin F・Wedefinean  
open neifhborh00d base V（f）at f as f011dws：  

冊’＝に 

F  

f。冊，．…Rx山 

Fis anormalu－SPaCe（inthe senseof Okuyama［03］）・   

Michael［皿21presenteda subspace M of F whichis  

metacompact・ We reca11the definition of M・ M＝FpU  

（f：Q→LU，f（q）＝Odd for at most finitely manY q∈Q）・  

since the Bing－s Example H constructed above depend upon  

68   



OnlY the cardinalnumber of a set P（We denote the space F  

bY H（K）when 回 ＝K；in this case we denote the subspace  

M of H（K） by M（K）．  

Let us put ＝ ＝ K：＋1 andintroduce the f01lowing top0logY                       K   

土n  工 ； K   

l）everY POint α＜Kisisolatedin  ＝K・and   

2）for each α＜K・let us put uα＝一（α′K］（the set  

†Ylα＜Y≦K）ofordinals）andwetake（Uαlα＜K†as an  
OPen neighborhoodbase at Kin ZK（［Y5］）・  

To prove Theorem3・10， We uSe the f01lowing theorem of Yasui．   

THEOREMC（Yasui［Y5］）・Let X be an。rmalspace・Then  

X has the propertY B（K）if and onlYif the top010gicalproduct   

X X ＝  of X and ＝  is normal．       K K  

PROPOS＝T＝ON 3・3・ Let Y be a space which has only one  

non－isolatedpoint  yo andlYJ＝Kis anunc。untableregular  

Cardinalandhasよnopenneighborh00dbase u（Yo）＝（UYI  

Y∈Y－（yoI）of Yoin Y satisfYing the condition・（＊＊）：  

if Y一⊂Yq（Yo）andlYTl＝K・then（1）（UYIYe YTJis  
notpoint－finiteatsomepoint y－e Y一・（2）∩（UYIYe Yll  

＝（Yo）・Then H（K）×Y and M（K）×Y are not normal・  

Proof． We write H and 班 instead of H（K：） and H（K）   

for the sake of brebitY． Since M is closed、in H，itis   

Sufficient to prove that M x Y is not normal・ Let us put  
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P＝Y－ （yo）血1et us put A＝Fp x（yo）and  

B＝∪（（fp）×（Y－Up）Ip∈P†・Then A and B aredis］Oint  

Closed subsets of M x Y． We shallprove that A and B can   

not be separated bY OPen SetSin M x Y．  

Let G be an arbitrary open setin M X Y such that  

A⊂G・For each peP，We CanCh00Se Ple p， rp E R and 
n く u SuCh that  

p   

i）U（（Ⅴ（fp；rp・np）n M）×Up・lp∈Pl⊂G  
and   

ii）if pl≠p2・then pう≠p昌・  

Thischoiceispossiblebecause（UpIp∈■p－PT）isalsoa  

neighborh00d base of yo  for anY Subset P10f P with  

lp－l＜ K・   

By applying盲anin・slemma（Lemmal．3inchapterl）f。r  

p s。。h that卜盲l＝K  

T＝∩｛rp－p∈盲｝・  

we define an element  

′■ヽ■  

we obtain a subset P of   

′＞ Pe P）is disjoint where  

p荏）． For each se貰．  

（rlpg：㌢し  
p  

′ゝl  and（rp－ 
′ヽ′  

Let us put  

qs  of Q by  

9s ＝∩｛qlq∈SトU｛q t q∈ニーS†・  

Hereincase s＝d・qs  meanStheelement P－U（qlq∈盲）  

of Q・Then ｛qsJsg竃｝isafinitecoverof P because  
f。rea。h pe P，ifweput s＝（q∈言Ipeq〉．then p∈qs・  

′ヽJ  

Therefore′ We Can Choose amember so  of R such that  

I盲nqso l＝K・ SinceI｛pT，pe；nqso｝一＝K′aC。11ection  
｛up・・．Pe首nqso｝isnotpoint－finiteatsomepoint  
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p＊G｛p・．p∈盲nqso｝・Letusput等＝｛pLp∈首nqso・  
′ヽ／ P・eUpT｝・Then盲isaninfiniteset・Sincel首nqso，＝K・  
Wehaven｛up）peぎnqso｝＝｛yo｝・Thereforethereisan  

′ヽ′  

element plePnqs 
o  suchthat p＊ぜUpl・Then  

（fpl 
，P＊）∈B・Furtherwehave 

（fpl 
・P＊）∈CIG・Toshow  

this・1et V（f 
P1 

l  ′ヽ′  

of f ′ヽノ   

P1 
／ヽ′  

q r）＝ d because r is finite and a collection   

《ゴ′、 1pep）is disjoint and 盲isinfinite．Letus  

rn（r 
p2  

《ゴ ′、  

｛rp 一言．pep｝isdisjointand盲  

define f as f0110WS：   

つ
‘
 
 
 
 
つ
ム
 
 

｛
 
 

ニ
 
 

）
 
 
 

q
 
 
 

（
 
 
 

【
工
 
 

1
 
 

＋
 
 

）
 
 

つ
ム
 
 
 

p
 
 

n
 
 
 

＋
 
 
 

n
 
 

（
 
 

土f pl∈q∈r or p2eq∈rp2′  
Otherwise．  つ

ん
 
 
 

＋
 
 

）
 
 

つ
ム
 
 
 

p
 
 

n
 
 
 

＋
 
 
 

n
 
 

（
 
 

Pl′P2eqs and rn（r 
o   P2 

q∈rnrp2′ pl庭q土ff q¢so  

Then， from the fact that  

it is shown that for each  

iff p2¢q・ Therefore  

f∈Ⅴ（f 
P1 p2  

；rp・np）（see［cc2，P・170－171］）・  
22  

AIsoitis clear that f∈M・ Since p2∈P，We have  

P＊∈U（p2）l・Hence  

（（Ⅴ（fpl；r・n）nM）×（p＊Hn（（Ⅴ（fp2；rp2・np2川M）×U （P2）T）  

，P＊）∈ CIG， because  
（fpl  

≠ d． This proves that  

（Ⅴ（f 
（P2｝ 

一⊂G・  

P2 P2 P2 

Thus B n CIG ≠ d． Hence M X Y is not normal・  
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PROOF OF THEOREM 3・10・ Let K：be an arbitrarY unCOuntable  

regular cardinal・ Let us put X＝M（に）・Then  Xに1S a  
K  

normalo－SPaCe and so XKis perfectlY nOrmaland subparacompact・  
Further Xis metacompact・ Since the space  

K  

the conditions of Yin Proposition3・3， 
ⅩK  

X  

工  Sa亡isf土es  K   

工  
土s not   

normal・ Therefore  
Xlc 

has not the propertY B（K）bY Theorem C・  

Thus the proof of Theorem 3．10is complete．   

REMARK3・6・ Since（K）is not a G－Setin 
6 IK I it is 

Shown that M X＝is not normalbY the analogous proof to  
IC K  

thatof［c3・Theoreml］，t00・  

REMARK3．7． RecentlY，A．Be昌1agi占and M．E．Rudin  

constructedin［BR］ a normalspace which has the weak B－PrOPerty   

butis not shrinking under the assumption of the GodelTs Axiom   

Of ConstructibilitY V ＝ L・  

RE皿ARK 3．8． The author does not know whether there exists   

a normalspace which has the propertY 召 butis not shrinking   

Or nOt．  
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4． The propertY 8＊（K）  

＝n this sectionr we shallshow that for each pair of   

regular cardinals K and 入 with K ≠ 入，the propertY 召★（K）   

does notimpIY the propertY 8＊（入） and for each regular cardinal   

K， the propertY 8＊（K）is not preserved by product spaces．  

THEOREM 3．11． For anY regular cardinals K and 入 with   

K ≠ 入． there exists a space Z which has the property モ；★（r＜）   

but has not the propertY 8＊（入）．  

Proof． We distinguish two cases．  （i） ＝n case 入 ＜ K．  

Let us．put X＝W（入＋）・ Let us denote by 入×入＋ the set  

（（α．β）Iα＜入．β＜入＋）of pairs of ordinals・Letus put  

Y＝（入×入＋）U（（入．入＋）Iandintroduce the following topology  

土nY；   

1）each point Y∈．入×入＋isisolatedin Yland   

2）we take（（【α．入］×［β′入＋］）n Ylα＜入．β＜入＋）  

an open neighborhood base at（入J入＋）in Y・  

aS  

Here［α．入」denotes the set（β1α≦β≦入）of ordinals・  

Let Z be the top010gicalproduct X x Y． Then Z is a  

c叩Ietelyregular space and has the propertY B★（K）bY Lemma3・3  

because w（Z｝＝入＋≦K・Toprovethat Z has notthepropertY  

B★（入）， We first prove the fo110Wing 3）．  

3）Let us put A＝W（入＋）×（（入，入＋））and B＝（（α，β，α）l  

α＜入＋．β＜入）． Then A and B are disjoint closed subsets  

of Z． And A and B are not separated by open setsin Z・  
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Pr00f of 3）・ Let G be an arbitrarY OPen Setin Z such  

that A⊂G・Foreach α＜入＋r thereexist βα ＜入 and  

Yα 
＜入＋ suchthat ｛α）×（（fβα・入］×［Yα・入＋］）nY）⊂G bY  

2）． Further we see that there exists β★ ＜ 入 such that  

＋ 

l｛αlα＜入＋・βα ＝β畑＝入＋・Le七uspuセ ロ＝｛αIα＜入・  

βα 
＝β＊｝・Then niscofinalin 入＋・Let α0色n bean  

arbitrary element. Let us choose α占＜入＋ suchthat  

α0， Yα 
＜α占・BYinduction・WeCanChooseasequence  

0  

（αi［i＜山）in n andasequence（αi‡i＜u‡in 入＋ such  

that ycl ＜α 
．1  

for eachi＜u・ Let us put  ＜αi＜αi．1 
． 

α★＝SuP（αili＜u）・Thenwe alsohave α★＝SuP（αili＜叫I・  

Thusitis easY tO See that（α★・β★・α＊）∈Bn CIG（Cf・［c2，  

Example2］，Or See Examplel．3in chapterl）．   

4）For each β＜入・1et us put  Fβ＝（（α′Y・α）l  

α＜入＋，β≦Y＜入‡． Then，SimilarlY t0 3），We Can PrOVe  

that A and Fβ Can nOt be separated bY OPen SetSin Z・  
Therefore′ for each open set G of Z such that Fβ⊂G，  

We have A n CIG ≠ d．  

Now we shall prove 

5） Z has not the propertY 召★（入）．   

Pr00f of5）・Let F be the setdefinedin 4）・Then  
β  

F＝（Fβlβ＜入）isadecreasingfamilYOfclosedsubsetsof Z  

With n（Fβlβ＜入）＝d・Let Gβ beanarbitrarYOPen Set  
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Of Z such that Fβ⊂Gβ for each β＜入・For the proof of  

5），itis sufficient to prove the fo110Wing relation   

（a）∩（CIGβlβ＜入）≠¢・  

To pr。Ve（a）・We denote bY ⑳（rα［α＜入）the disj。int  

sum of 
rα  

Where ris a copy of 入 for each α＜入・Since  
α  

博（rαlα＜入）］＝入r thereis anone－tO－OneOntOmaPPlng  

f：Q（rαlα＜入）→入・Letus put ＾α＝f（rα）・Then ＾α  

is cofinalin 入 f。r eaCh α＜入 and 入＝◎（＾αlα＜入1・  

For each β＜入 and each Y∈＾β′1et us put  

Y＝（… H  ＝  

■■ 〉 Gn n G  土f Y ≧ β．  β Y  

if Y ＜ β．  

For each α＜入′ there exists β＜入uniquelywith αE＾β・  

Hence Ha is defined for each α ＜ 入 and we have  

（b）Fα⊂Hα for α＜入・and   

（C）if α∈＾β and α≧β′ then Hα午Gβ・  

BY 4）and（b）・We have AnCIHα≠d・Thus thereis a  

point（Tα′ 入′入＋）e AnCIHα foreach α＜入・Letusput  

T★＝SuP｛Tα一α＜入｝・Then T★＜入＋ andweseethat   

（d｝（T★′入′入＋｝∈CIGα foreach α＜入・  

proof of（d）． Let α be an arbitrary ordinalwith α＜ 入  

and O anarbitraryopenneighborhoodof（T★′入′入＋）in Z・  

Since T★＝Suア（Tαlα＜入）・thereexistsanelement α0＜入  

suchthat（Tβ・入′入＋｝∈O whenever β≧α0・ Since ＾αis  
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COfinalin 入′ thereis anelement Y∈＾α SuChthat  

Then （TY． 入・入＋）∈0・Further・Wehave  ／  

α
 
 

0
 
 

α
 
 
 

＞
ニ
 
 
 

酌
 
 
 

（TY， 入′入＋）∈CIGαbecause 
（TY・入・入＋）∈CIHY and HYこGα  

bY（c）・Hence CIGαn O≠d andso（T★′入′入＋）ぎCIGα・  

The proof of（d）is complete and hense（a）is proved．  

Thus the pr0Of of 5）is complete．   

（ii） ＝n case 入 ＞ r：．Let us put X ＝ W（入＋1）． Let Y－  

be the product space x x x and Y ＝Y．－（（入．入））with the  

Subspace top0logY Of Yl・ Let Z be the quotient space  

Obtained from Y bY COllapsing the subset（入）x（αlo≦α＜入）  

to a point z 
o・  

Thenitis easy to see that Z has not the  

PrOPertY B＊（入）・ On the other hand，Since Z is K－COmPaCt，   

Z has the property B★（に） by Lemma 3．2in §1． The proof   

Of Theorem 3．11is complete．  

EXAMPLE 3．3． For each regular cardinal K， there are   

SPaCeS X and Y both of which have the propertY 召★（K） but   

X x Y has not the propertY 8＊（k：）．  

Let X＝W（K＋）and Y＝（に×に＋）U（（K，K＋））constructed  

in the pr00f of Theorem 3．1l， CaSe（i）． Then both X and   

Y have the property B★（K：） but X X Y has not the propertY   

B★（K）． Therefore for each regular cardinal K， the propertY  

Bよ（K：）is not preserved bY PrOduct spaces・  
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CHApワER 4   

∑－pRODUCでS  

Allspacesin this chapter are assumed to be completely  

reg■ular Hausdorff．  

1・ The weak B－prOPertY and ∑－PrOducts   

H・H・Corson definedin［ClO］animportant and usefulclass  

Of subspaces of product spaces， Called：－PrOducts．   

DEFZNIT工ON（Corson［ClO］）・ Let x＊＝ 
（Ⅹ芸）αeA  

be a specific  

POintof a product X＝Ⅱ（ⅩαIα∈A）・For x∈Ⅹletus  

Put Q（Ⅹ）＝（α∈Alx㌔Ⅹ芸）・The subspace ∑（ⅩαIα∈A）＝  

（Ⅹ∈Ⅹ 7IQ（Ⅹ）J≦W）⊂Ⅹis ca11ed a ∑一PrOduct of the spaces  

Xα′  
αeA・ The point x＊is called a base point・  

A∑－PrOduct。f spaces（Ⅹαlα∈A）is apr。Per Subspace  

Of the product space Ⅱα∈AXαif and onlYif uncountably manY  

SPaCeS  
Xα  

COntain atleast two elements・ Such∑－PrOducts  

We Willca11ppopep・   

EverY Pr。Per∑－PrOduct can not be paracompact（tClO］）・  

SimilarlY We See that every proper∑－PrOduct can not be meta－  

compactl Can nOt be．subparacompact and has not the8－PrOPertY  

（see Proposition4．3below）・ ＝tis easY tO See that everY  

proper∑－PrOduct can not be perfectlY nOrmal・ Further，a  

∑－PrOduct of metrizable spaces need not be an班－SPaCe（see  

Proposition 4．4 below）・  
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However（ manY ∑－PrOducts are countablY ParaCOmPaCt・ For   

example， the f0110Wing are known．  

（＝） Every ∑－PrOduct of compact spacesis countablY COmPaCt  

（H・H・Corson［ClO］）・   

（＝工） EverY ∑－PrOduct of metrizable spacesis a collection－  

Wise normalP－SPaCe（in the sense of K・Morita［H71）  

（S・P・GulTko［G】or M・E・Rudin［R3］；，See also Proposition4・2  

below）．  

（1＝Z） EverY nOrmal∑－PrOduct of strong ∑－SPaCeS（in the sense  

of K・Nagami［N2］）is countablyparacompact（Y・Yajima tY2］）・  

AIso the f01lowing relations are known（see Chapter3，§ 3）・  

normalmetacompact   

normal subparacompa ニゝ  weak 召→COuntably paracompact  

n  

PerfectlY  

B   

Therefore, it seems interesting to investigate the weak 

B－PrOPerty Of ∑－PrOducts・  

＝n the remainder of this sectionlWe Shallgive several  

propositions as preliminaries andinthe next sectionwe shall  

state the results concerning the weak召－PrOPertY Of∑－PrOducts・   

THEOREMA（Yajima［Y3］）・EverY∑－PrOductof（ⅩαlαeA）  

whereeach XαisaparaCOmPaCt∑－SPaCeOfcountabletightness，  

1s normal．  

Th土s 土mply  
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PROPOSITlON4・1・Every∑－PrOduct of（Ⅹαlα∈A‡where  

each  Xαis a paracompact∑－SPaCe Of countable tightness，is  

a normalP－SPaCe．   

Pr00f・Let X＝∑（Ⅹαい咤A）where each Xαis a  

ParaCOmPaCt ∑－SPaCe Of countable tightness． Let Y be an   

arbitrarY metrizable space． Then X x Y is the ∑－PrOduct of  

（Ⅹαlα∈A）U（Y）・ByTheoremofYajima・Ⅹ×Yisnormal・  

Hence′ by Theorem of Morita［M7］・Ⅹis a normalP－SPaCe・  

PROPOS＝TZON 4．2． EverY ∑－PrOduct of metrizable spacesis   

a normalP－SPaCe．  

PROPOS＝T＝ON 4．3． EverY PrOPer ∑－PrOduct can not be   

metacompact， Can nOt be subparacompact and has not the   

B－prOperty・   

Pr。。f・Let∑o be the ∑－PrOduct of（Ⅹαlα＜ulIwhere  

each Xα is a discrete space of two points・Then ∑oisnot  

metacompact by Theorem5・3・2in［E］because ∑ois countablY  

compact and not compact・ SimilarlY ∑ois not subparacompact  

bY［B2］and ∑o  hasnottheB－PrOPertybY［z］・Everyproper  

∑－PrOduct contains ∑o as aclosed subset・Therefore′ SuCh  

a∑－PrOductis never metacOmPaCt，neVer Subparacompact and  

never has the B－PrOPertY・  

A∑－PrOduct of metrizable spaces need not be an M－SPaCe・  

＝n fact we have  
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PROPOS＝T＝ON4・4・Let X be a∑－PrOductof（ⅩαIαeA）  

Where each Xαis metrizable・ Then xis an M－SPaCeif and  

。nlyif（α［αe A・Ⅹαis n。t COmPaCt）is c。untable・  

Proof． We maY aSSume A ＝ T Where T is an uncountable  

Cardinal・Let X＝∑（Ⅹαlα＜T†whereeach Xαismetrizable・  

Put ＾＝Ⅰαlα＜T′ Ⅹαisn。tC。mPaCt‡・1f ＾isc。untable・  
Put Y：n（ⅩαlαG＾）and Z＝∑（Ⅹα‡α∈T－＾†・Then Y  

is metrizable． Z is countably compact and X is homeomorphic   

to Y 〉く Z． Hence X is an M－SPaCe．   

＝f ＾is uncountable・WePut Y：∑（Ⅹα］αE＾）・then Y  

is a closed subset of X・ Let x★＝（Ⅹ芸）α＜T  be the base point  

Of X and denote x★ ＝（Y＊，Z＊），Y＊∈ Y・・We shallshow that   

Y is not an H－SPaCe．in fact Y is not a q－8Paee・ Let  

（U。In＜u）be an arbitrarY SequenCe Of openneighborh00ds of  

Y＊in Y・Let Vn beanopen setin Ⅱ（Ⅹαlα∈＾lsuch  

that Vnn Y＝U。・Put nn＝（αlα∈＾・¶α（Vn）≠Ⅹα）where  

is  
¶α：Ⅱ（Ⅹβlβ∈＾）→Ⅹαistheprojection・Then nn  

finite・Therefore n＝∪（nn］n＜u）is countable・Hence  
thereis αoe＾－n・ Let us put  

C＝n（Ⅹαlα∈：n U（α0））×（b＊lwhere Y＊＝（a＊・b’）・  

b＊∈Ⅱ（Ⅹαlα∈＾－（nU（α0）））・Then C⊂Y・  
n＜u）in Xα which has 

o   

Here we choose a sequence  

no accumulation point and define  

●‾二＝‾＿ 

二  

if α＝α 
0 ′  

1f α≠α0・α∈A・  
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Then Yn＝（y≡）αe＾ ∈Un  
foreach n＜u but（Ynln＜u）has  

no accumulation pointin Y・  
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2．  Theorems  

THEOREM4・1・ EverY∑－PrOduct of compact spaces has the  

Weak B－PrOPerty．  

This follows from Theorem 4．2 below and the theorem（＝） of   

Corson．  

THEOREM 4・2・ Suppose every countable product of spaces  

｛Ⅹαlα＜T｝isLindelごf・Let X beaトproductof ｛Ⅹα1α＜T｝  

Then X is countablY ParaCOmPaCtiff X has the weak 召－PrOPertY．  

Proof． Let us assume that X is countablY ParaCOmPaCt．   

We shallshow that X has the weak Z3－PrOPerty． Let K be   

an arbitraryinfinite cardinal． Let us prove that X has the   

PrOPertY 8＊（K）． We maY aSSume that K is an uncountable   

regular cardinalbecause the propertY 召★（cfK）impIY the  

propertY 8＊（K）（Cf・Chapter3，§3・（b））・Let F＝（F入l  

入 ＜ K† be a decreasing familY Of closed sets of X such that  

n（F入い＜に）＝d・  

BY tranSfiniteinduction，for each α＜wl′  We Choose  

入（α）・㌔′ U入（α） SatisfYingthe followingconditions（1）～（4）：   

（1）入（α）＜K・㌔⊂T・l㌔l≦山・   

（2）U入（α） 
is open in X, 

U入（α）⊃F入（α）・   

（3）For each xGCIU 
入（α）′  

Ⅹ6≠Ⅹ吉 for some い∈㌔ where  

X★＝ 
（Ⅹ言）6＜T 

is the base point of X・   

（4）＝f α≠β′ then 入（α）≠入（B）and ㌔nnβ＝〆・   

For arbitrarY α＜w 
l′ 

let us assume that we have choosen 
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入（β）′ nβ・U入（β） for each β with β＜α・Put  

㌔＝Ⅱ（ⅩYIY∈ホ㍍β）・Za＝∑（ⅩYIY∈T一払nβ）・Then  

X＝Yα×㌔・ Let が＝（y★・Z★）・y★∈Yα′ Z★∈Z 
α 
・ Le七  

usput Kα＝ Yα×（z＊†・Then KαisLindel芯fand Rα⊂Ⅹ・  

Since  
Kα 

is Lindel岩f and（F入l入＜K）is adecreasingfamilY  

With n（F入l入＜K）＝d andcfK＞山′ We Can Choose 入（α）such  

that 二 ㌦（α）n Kα＝d・Herewe can choos軍 人（α）≠入（B）for  

every β ＜ α・  

For an arbitrary element（Y，Z＊）of Kα・there are an  

OPenneighborhood U Of Y andanopenneighborhood V of  
Y  y   

＝d・Since（UYly∈㌔）  
Z・suchthat（Cl（UYXVY））nF入（α）  
is an open cover of Yα  and Yα ●●        is Lindelof，thereis a  

l。Cally finite countable open cover（Wili＝1・2・…）of Yα  

SuChthat Wi⊂U forsome Yi∈㌔fori＝1・2，…・Since  
Yi   

Z＊∈VYi・ 
thereisafinitesubset ri Of T一SuCh  

β  

pY：Zα→ⅩY is the 

that VYi⊃∩｛pY－1（Ⅹ；）lY∈ri｝where   
pr。］eCtion・Letusput ㌔＝＃1riand  

U入（α） 

＝Ⅹ－ 

＃1Cl（WiXVyi）・Then入（α）・㌔′U律）  
sa七土sf土es（1）′、′（4）．  

（1）and（4）areobvious・Since（WiXVyili＝1′2，…）  
islocallY finite′ U入（α） is open・Since  

＝d・Hence  
Yi Cl（WiXV）⊂Cl（UYiXVYi），（Cl（WiXVYi））nF＾（a｝  

U入（α）⊃F入（α）・   

Toshow（3）・let x∈CIU入（α）・Then x∈Ⅹ一品（WiXVyi）・  
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Let x＝（y，Z）′ Y∈㌔・Z∈Zα・Then Y∈Wiforsomei・  

庭Vyi・Therefore x6（＝Z6）≠Ⅹ言 forsome 6Gri   
Then z  

⊂㌔．  

Hence′ bYtranSfiniteinduction，foreach α＜u 
l′  

We  

Can Choose 入（α）・nα r U入（α） Satisfyingtheconditions  

（1）′、′（4）．   

Foreach xen（CIU入（α） Ⅰα＜ul）′（6・16くT・Ⅹ6≠Ⅹ言）  

is uncountable． But， thisis a contradiction． Hence  

n†CIU入（α） 
）α＜ul）＝d・Foreach 入eK－（入（α）Iα＜山1）′  

We Put  U入＝Ⅹ・ Then u入⊃F入 for each 入＜K and  

n（CIU入l入＜K）＝d・Hence X has theweak8－PrOPerty・  

COROLLARY4．1． EverY∑－PrOduct of Lindel岩f∑－SPaCeSis  

COuntably paracompactiffit has the weak6－PrOPertY・  

COROLLARY4．2． Everyトproduct of Lindel岩f：－SPaCeS。f  

COuntable tightness has the weak B－PrOPertY．   

Proof・ Let X＝∑（Ⅹαlα＜T）where each  Xcr is a 

●● Lindelof ∑－SPaCe Of countable tightness． By Theorem A of   

Yajima， Ⅹ is normaland bY Proposition 4．1．X is countablY  

●● ParaCOmPaCt． Since the countable product of Lindelof ∑－SPaCeS  

■● is Linde10f， Ⅹ has the weak 石－PrOPertY bY Theorem 4．2．  

THEOREM 4．3． Suppose everY COuntable product of spaces  

（Ⅹα1α＜山1）is parac。mPaCt・Let X be a∑－Pr。ductof  

（ⅩαIα＜ul）・Then Xis countablYParaCOmPaCtiff X has  

the weak 8－PrOPertY．  
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This f01lows from the following・  

PROPOS＝T＝ON4・5・ Suppose everY COuntable product of spaces  

（Ⅹαfα＜に）is paracompact・Let X bea∑－PrOductof  

（Ⅹα（α＜K）・Then x has the 8＊（u）－PrOPerty foreverY  

リ ≧ K・ Here に ＞ u・   

Proof・Let F：（F入f入＜Klbe a decreasing family of  

Closed subsets of X with n（F入I入＜ul＝d where u≧K・  
Let us denote（AIA⊂K，IAl≦山†by  （Aαlα＜Kl・  

For each α＜K′ there exists a cofinalset  
＾α  

Ofリ SuCh  

thatリ＝U（＾αlα＜K）and ＾α∩＾β＝dif α≠β・   

Foreach α＜に′letusput  Ya ＝Ⅱ（Ⅹβlβ∈A。）and  

×・もet が＝（y★′Zり′  ㌔＝∑（Ⅹβlβ∈K－Aα1・men X＝㌔ 
Y＊∈Y Z＊∈㌔ Where x★is the base point of X and  

α′  

Put ㌔＝ Ya ×（z＊）・Then ㌔⊂Ⅹ and n（F＾f入∈几α）＝d・  

For each α＜K and each 入∈＾α′let us put  

B入．α 
be a subsetof Yα  such that ＝F入∩㌔ andlet Bま，α  

乃丈．α×（z＊）＝B入．α・Then（Bi．αl入e＾α†isadecreasing  
familY。fclosedsubsets。f ㌔  With n（Bi，αl入gAα．）＝d  

because n（F入I入G＾α）＝d・Since  
㌔  

has theweak8‾PrOPerty′  

there are open sets  Ui，α in Yα  SuCh that Bま．α⊂Uま，α  

foreach入e＾αand n（Cl㌔Ui・αい∈＾α）＝d・Letusput  
C入．α ＝（Yα－Ui．α ）×（z＊I・Then C入′α isaclosedsetof  

㌔ and C入．α ∩㌔＝d・   

Claim・Thereis anopen set W in X such that 
入lα  

C入′α ⊂W入．α ′（C川入′α）nF入＝d・  
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Proof・For each y∈Ci．α ＝㌔‾Uま，α′  there exist an  

OPenneighborh00d MY Of yin Yα andanopenneighborhood  
Ny of z＊in Zα  SuChthat（Cl（MYXNy））nF入＝d・Then  

（MYly∈C丈．α）isanopencoverof Ci，α・Since Yαis  
is closedin ㌔・there exists a  ParaCOmPaCt and Ci，α  

locallY finite open family Vin Yα SuCh that V covers  

Cま．α  and Visarefinementof（MYly∈Cま．α）・Foreach  
VeV・1et－schoose・aPOint  yvECi・α  such that VCM 

yv  
andput W ＝∪（Ⅴ×N Satisfies  

入・α YV 入lα  

the conditions in Claim．   

Letusput U ＝Ⅹ－CIW入lα  foreach 入E＾α andeach  
入′α  

α＜K・Then U入′α isopenin X and U ⊃F入・Further   
入lα   

CIU入，α ＝d h。1ds・  
α  

To show this，let x be an arbitrarY element of X・ Then  

X∈Kα for some α＜K・Since′ for each 入e＾α ′  

Kα⊂（U丈．α ×（z＊））UW入．α and入2＾αU丈．α ＝d・Ⅹ∈W入．α f  

SOme 入∈＾α・Then x虐CIU because CIU入，α⊂Ⅹ－W入′α・  
入．α  

For each 入 く り′ there exists ct ＜ K uniquelY With  

入∈＾α・Letusput P入＝U Where 入∈＾α・ Then P入is  
入′α  

defined for each 入＜リ and P入is openin X such that  

F入⊂P入 for each 入＜u and 爪CIP入＝¢・The pr00f of  
Proposition 4．5 is complete・  

COROLLARY 4．3． Let X be a ∑－PrOduct of paracompact  

∑－SPaCeS（Ⅹα［α＜ul†・Then Xis countablYParaCOmPaCt  

iff X has the weak B－PrOPerty．  
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COROLLARY 4・4・ Let X be a∑－PrOduct of paracompact  

∑－SPaCeS（Ⅹαlα＜ul）・＝f Xisn。rmal・then X has the  

Weak B－PrOPertY．  

Proof・ Since everY COuntable product of paracompact  

∑－SPaCeSis a paracompact∑－SPaCe（【N2】）・this corollary follows  

from Theorem A of Yajima and Theorem 4．3．  

COROLLARY 4．5． Let X be a ∑－PrOduct of paracompact  

∑－SPaCeS Of c。untable tightness（Ⅹαlα＜ul）・Then X has  

the weak B－PrOPertY．  
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3．  Remarks  

REHARK4・1・ Let∑o be the spaceintheprcx）fofPropsition4・3・  

Then ∑o is normal・ But ∑ois not metacompact，nOt  

Subparacompact（ nOt Perfectly nて）rmaland has not the B－PrOPerty・  

班OreOVer  ∑o has the weak B－PrOPertybY Theorem4・1・Therefore，  

∑o gives a gap between each of the metac・OmPaCtneSS，the  

SubparacompactnessT the perfect normalitYl the B－PrOPerty   

and the weak 8－PrOPerty for normalspaces．  

REMARK4・2・ Ztis not known whether we can replace tlLOl‖  
bY rT Tll for arbitrarY unCOuntable cardinal T in Theorem4・3（   

Cor01laries 4．3，4．4 and 4．5 0r nOt．  

EXAMPLE 4．1． There exists a non－COuntably paracompact  

∑－PrOduct of二沌1－SPaCeS・  

Let Xo be the space describedin Examplel・3in chapterl・  

1n fact，Ⅹ0＝（u x山l）∪（（u′ul））with the topologY aS  

f01lows：  

（（［α・u］×［β・ul］）∩ⅩoIα＜u・β＜ul）is aneighborhood  

base of（u・ul）and for each x∈Ⅹ0－（（u・Wl））′ Ⅹis an  

isolated point of X．  

ul， 1et X入 be a discrete  ＜
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∧
 
 
 

＜
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1
 
 

h
 
 

t
 
 

・
ュ
 
 

W
 
 

For each 入  

SPaCe Of two points・ Then W（ul）can be embedded as a  

Closed subspace of ∑†Ⅹ入ll≦入＜ul）・   

However，Ⅹ0×W（ul）is notcountablYParaCOmPaCt（chapter3，  

88   



Proof of Theorem3・11・（i））・Since∑－PrOduct of 
（Ⅹ入  

0≦入＜山1）contains a non－COuntably paracompact closed  

Subspace，itis not countablY ParaCOmPaCt．  

Letls remember the f0110Wing relations：  

ShriTlking －・    ＞ nOrmal     J  
Weak 石  －－‖・・l・→ countablY ParaCOmPaCt  

Concerning the shrinking propertY Of ∑－PrOducts， M．E．Rudi  

PrOVedin［R5】the f01lowing・  

（＝Ⅴ） EverY ∑－PrOduct of metrizable spacesis shrinking．   

After that，A・L・Donne［D］obtained a nice generalization  
l  

Of（工Ⅴ） as f0110WS：  

（Ⅴ） EverY ∑－PrOduct of paracompact M－SPaCeS Of countable   

tightnessis shrinking．   

To be a∑－PrOduct of paracompact M－SPaCeS（ⅩαJα∈A）  

Shrinking，the condition H each Xα has countable tightnessIl  

is necessarY bY Theoremof A・P・Kombarov［K4］・ But，in  

Cor01laries 4．1and 4．3Jin this paper， the condition・   

‖ countable tightness”is not necessarY．  

Thusl the f01lowing question seems naturalfrorn the results   

in this paper．  

Question． Has every ∑－PrOduct of paracompact M－SPaCeS   

the weak B－PrOPertY？  
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