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l． rntroduction．  

The notions of compactness and countable compactness are  

among the oldestin topologY・EverY COmPaCt SPaCeis countably  

compactr but the converseis not true・rn fact（thereis a  

wide gap between their notions. a space is said to be compact 

if everY OPen COVer has a finite subcover，On the other hand′   

a space is said to be countably compact if every countable 

OPen COVer has a finite subcover． However，in spite of the   

gap，aS describedlater，itis known that some weak conditions   

COmPelspaces to be compact under countable compactness・ The   

PurPOSe Of this articleis to study the following problem：   

What conditions willmake a countablY COrnPaCt SPaCe COmPaCt？   

This problemisimportant andinteres・ting．Because．firstlY，   

factorization of compactness is useful in proving compactness 

Of spaces． SecondarilY，the problem relates to manY branches of   

generaltop010g●Y． ＝n fact，there were manY queStios concerning   

this problem． For example，   

（1）Es a countablY COmPaCt Ti－SPaCe With a G5rdiagonal  

COmPaCt？［30］  

（2） ＝s a countablY COmPaCt regular perfect space cornPaCt？，   

Where a spaceis called perfectif each open set of Xis a union   

Of countablY manY Closed subsets of X．Ⅰ47］  

（3） ＝s a countably compact Tl－SPaCe With a base of subinfinite  

rank（or，an Ortho－base）compact？［36］  
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F01lowing Bacon［6］，We Calla sapceisocornPaCtif each   

COuntablY COmPaCt Closed subsetis compact． Since Baconls paper，   

a lot of classes of isocompact spaces have been widely studied 

bY manY mathematicians． So．it should seem that a direction of   

StudY for the above problemis to find alarge class ofisocompact   

SPaCeS Which contains manY known classes ofisocompact spaces．   

For the purpose of finding such class，in the next section．we   

Shal1100k over classes ofisocompact spaces which has been  

extensivelY Studied．WeaklY3e－refinable spaces，宗－SPaCeS，  

r 
spaces s・atisfYing property8L，Weakly［叫．CO）－refinable spaces，  

de－Penetrable spaces，Pure SPaCeS and so on arelisted as a class  

of isocompact spaces. Other results relating to the above 

PrOblem are alsointroduced．  

＝n the third section，We nOte a COnneCtion with the above   

PrOblem and closed－COmPleteness． Some classes of spaceslisted  

in the second sectionimpIY Clos・ed－COmPleteness under a condition，  

and closed－COmPleteness sometimes make pr00fs of compactness  

more simpler and systematic．  

As a desiredlarge class ofisocompact spaces（the clas－S Of  

（k－■）neat spaces are definedin the fouセth section． This class  

COntains neighborhood 宗一SPaCeS，SPaCeS SatisfYing propertY eL，  

weakly［叫′の）トーrefinable spaces，4e－Penetrable spaces，  

ultrapure卜spaces andpure spaces・＝tis proved thateverY（k－）  

neat spaceisisocompact and everY 叫－COmPaCt LA）I－neat TI－SPaCe  

is closed－COmPlete・These two theorems strengthen many results  

in this field・Other properties of（k－）neat spaces are also  

investigated，forinstance′ behavior of（k－）neat spaces bY  
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SOme maPS・  

A pseudocompact metacompact TYChonoff spaceis compact［45］［51］．  

And a pseudocompact paraLindel岩f TYChonoff spaceis compact［11］．  

These res・ults and the above problem naturallY raise the following   

ques七ion：When are spaces having a countablY COmPaCt dense   

Subset compact？ rn’the fifth section，this question willbe  

examined． For this question，We Sha11glVe SOme anSWerS．  

Unless explicitlY Stated′ nO SeParation axioms willbe   

required under consideration・ A regular space means a regular   

T真一SPaCe・ Allmaps are assuned to be continuous・For a c011ection  

里of subsets of a space′We denote bY u薯 the union of elements  

of′u．  

Forlater use′ We define here，in thelump，SOme COnCePtS   

relating realcompactness and cardinalfunctions．A space Xis   

Called closed－COmPleteI19］（resp．realcompact上25］，reSP．Borel   

COmPletef27］）in case every closed（resp．z－．reSP．Borel）ultra－   

filter on X with the countableintersection propertY（c．i．p・）   

is fixed． Realcompact spaces are required to be Tychonoff・  

C10Sed－COmPlete spaces are called a－realcompactin 工19］・A space   

Xis called weaklY BorelcompleteI40し］if everY Borelultrafilter  

On X with c・i・P・has a cluster point・Bor白1completenessis  

equivalent to be hereditarily weakly BorelcompleteIdo］・A  

CQlle・Ct土Qnu Of subs・etS Of a ＄・PaCeis・Said to have the countable  

CIosureinter＄・eCt土on propertY ttC．C．i．p・）if for each countable  

subco11ecti。nγ。f u，∩〒 キヰ．where 膏＝‡て＝veγ1．  

A space Xis ca11ed almost realcompactI23］if everY OPen ultra－  

filter on X with c・C・i・P・has a cluster point・The following  
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chart summarizes the relationship of these notions．  

cha工・t l．  

Closed－COmPlete  

†  

realcompact→ almos・t realcompact一斗WeaklY Borelcomplete  
†  

Borelcomplete  

We define severalcardinalfunctions for a space X．   

（1）DensitY，d（Ⅹ）＝minfJSJ！sis densein x．）．   

（2）HereditarY density，hd（Ⅹ）＝SuPtd（Y）IY⊂Ⅹ‡．   

（3）Lindel岩f degree，L（Ⅹ）‥＝min（dIxis d－Lindel岩f．l，  

Where a spaceis said to be ci－Lindelt5fif everY OPen COVer   

Of X has a subcover of cardinalitYidし   

（4）HereditarY Lindelと；f degree．hl（∩Ⅹ）＝SuPiL（Y）IY⊂Ⅹ7．   

（5）Spread，S（Ⅹ）＝SuPモrDIID．is a discrete subspace of  

X．1．   

（6）Tightness，t（Ⅹ）＝SuP‡t（Ⅹ，Ⅹ）lxex），Where t（Ⅹ，Ⅹ）  

is definedin the following manner：t（Ⅹ′Ⅹ）＝min fci［＝f xe五⊂Ⅹ．  

then there exists B⊂Awith xE膏and（BJiCL†・   

（7）Length of free sequences，∂（Ⅹ）＝SuP（tJIthere exists  

a free sequence。flengthd‡，Where a sequence‡Ⅹβlβくd†。f  

POints of Xis called freeif（Ⅹ‘f＝t） and（Ⅹ彗けiqlくd‡  

have disjoint closures for everY d（cL．  

For details，See［34］．  
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2． Classes ofisocompact spaces．  

The studY Ofisocompact spaces started from Bacon－s paper［6］・  

As mentionedin the first section，a SPaCe is sa・id to be  

isocompact if every countably compact closed subset is compact. 

＝n those days（it was known that a countablY COmPaCt SPaCeis   

compact if it is either a Moore space or a paracompact space. 

And then，Baconintroduced a class ofisocompact spaces（i．e・   

the class of spaces satisfYing 一一propertY L”）thatincludes   

allMoore spaces and allparacompact spaces． Since propertY L   

is a specialcase of propertY eL of Davis definedlater，We   

don－t define propertY L．  

We denote bY W（ul）the firstinfinite（nuncountable）cardinal  

and 7？（Ⅹ）denotes the power set of a set X．  

DEFrN＝T工ON 2．1．I14］Ⅰ28］ A space Xis called an 言－SPaCe  

if there、is a function B：uJX X→ 73（Ⅹ）such that the following   

are true：  

〔11 For each nE〔り and x∈Ⅹp Bh＋1，Ⅹい＝B〔n，幻．aLnd for  

each x∈Ⅹ・ ／㌦ぞW B〔n，Ⅹ）＝モⅩ†－  

（2） A subset U of Xis openif and onlYif，for each xe U，  

there exists nxe山 SuCh that B（nx．幻C U．  

〔3） 工f Fis c10Sedin X and xヰF，then there exists new  

SuCh that for each YEB〔n，Ⅹ）－fx†，there exists ny｛CJ such  

thaりⅩ′y 
）ヰUfモF  

Bby・fl・  
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We saY Xis a neighborh00d 3；－SPaCeif B（n，Ⅹ）is an open  

neighborh00d of x for each nGW and xe X・  

The class of 宗一SPaCeSincludes symmetrizable spaces．  

A spaceis called 叫－COmPaCtif the cardinalitY Of each   

C10Sed discrete subsetis countable． Since every countablY   

COmPaCt SPaCeis wI－COmPaCt and each closed subspace of an  

′、．′ヽ一 き－SPaCeis an ＄－SPaCe，isocompactness of 言－SPaCeS f01lows   

from the following theorem．  

THEOREM2．2．Ⅰ28］ Let X be an 貰－SPaCe．The f0110Wing are   

equivalent．  

（a） Ⅹis 叫－COmPaCt．  

（b） Ⅹis LindelモSf．  

rf uis a c011ection of sets，We define ord（Ⅹ．m）bY  

l‡u…さⅩ∈Ull．  

DEFrN＝T＝ON2．3．上53］A space Xis said to be weaklY Jo－  

refinableif each open cover of X has an open refinement り”tW¶n  

SatisfYing that for each x e X thereis ncw such that OくOrd（Ⅹ．   

un）ま揖・  

Wicke and WorrellshowedinI53］that weaklY ＄e－refinable  

SPaCeS areisocompact． More preciselY，theY PrOVed the f01lowing．  
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THEORE班2・4・Ⅰ53］suppose Xis countablY C。mPaCt and ru＝且藍hyn  
is an open cover of X such that for each x¢Ⅹthereis n such that  

OくOrd（Ⅹ，un）まW，thenlJhas a finite subcover・  

Since this theoremisimportant andinteresting，and for   

COnVenience，We glVe a Sketch of the pr00f of Wicke and Worrell．                                                                               ●  

Proof．For each n（W，1et Cn＝‡ⅩE X B Oくord（Ⅹ′ ¶n）iul．  

Suppose thatl人 has no countable subcover． Then we maY aSSume that   

Cd is not covered bY any CQuntable subfamiLY Of 領・   Let Eo ＝  

Ⅹ－ 0．＝f Eois covered bY a CQuntable sub伽mily γofQu，then  

we can see co－γ井is covered by a countable subfamilY Of ruo・  

Thisis a contradiction・Nextly we take the first nJSuCh that  

Eon Cnlis not covered bY anY COuntable subfamilY Of′u・We  

assumecn．＝C．．LetE蓼＝＝E。一璃．BYthesamereas。n，E騒is  

not covered bY any COun七able subfamilY Of ru．BY COntinuing this，  

We Can Obtain a decreasing sequence f Enlハ、‘W Of nonemptY Closed  

SetS With the emptYintersection・Since xis countably compact（  

this is a contradiction．   

1socompactness for the paracompact caseis due to【17］，for  

metaCOmPaCt SPaCeS tO 工2］′ for metaLindelちf spaces to 上l］，for  

O－refinable spaces toI57］・and for J8－refinable spaces to【5］．  
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For a collection 亀 of subsets of a space X and x長Ⅹ′ Set  

工（Ⅹ．ぬ）＝∩‡BIBぞ格．x∈B‡．   

DEF＝N＝T＝ON2・5・工9］We saY that an。Pen COVer 軋仙γn of a  

space xis a e－Penetration（．resp． de－Penetration）of a cover  

u。f Xif，for everY XeX，∩‡＝（Ⅹ，EYn）：n6CJ and OくOrd（Ⅹ，γn）  

く山†⊂U for some U∈u（resp・∩‡1（Ⅹ，γn）；n柑 and OくOrd（Ⅹ．  

≠）呈W‡⊂U for some Ueru），and that xis 8－Penetrable（resp．  

S8－Penetrable）if everY OPen COVer Of X has a 8－Penetration  

（resp．J8－Penetration）．   

Spaces with a point countable separating open cover and weakly  

3e－refinable spaces are JO－PenetrableI9，Remarks 2．1］．  

THEOREM2・6・I12］ Let√は be an open cover of a countablY COmPaCt  

SPaCe X． rf there exi＄tS a d＠MPenetration of ru，thenlJhas a   

finite subcover．  

The above theorem shows that 6e－Penetrable spaces areiso－  

COmPaCt・ And Chaber provedin［12］the following result as the   

answer for Heath－s question mentionedin the first section．  

THEOREM2・7・EverY SPaCe With a quasi－Gi－diagonalisisocompact・  
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Let tu］u denote the set of allinfinite subsets ofW．For  

A，B∈【w］u，We Write A⊂僻B providedlA－BlくLU．A familY謀⊂  

【w］h）has the strong finiteintersection propertY（s・f・i・P・）  

provided everYintersection of finitely many elements of3：is  

aninfinite set． Such a family 3：is ca11ed maximalprovided for  

no AりW］山is AC蓉F for a11Fモ3：．Then pis defined to be the  

Sma11est cardinalitY Of a maximalfamily with s．f．i．p．t18］． 皿A＋   

r CHlmpl土es p＞Wl．  

We recallStephensonls question：＝s a countably compact regular   

Perfect space compact？ For this question′ Weiss proved the   

following．  

THEORE朗2・8・工52］（p〉W．）EverY COuntablY COmPaCt regular  

Perfect spaceis compact．  

We cannot delete the hYPOthesis p＞Lu，． 工n fact，underJensenTs  

CombinatorialPrinciple◇ whichis followed from Gと；del，s Axiom of   

ConstructibilitYt Ostaszewskiconstructed a non－COmPaCtl  

hereditarily separable, locally compact, perfectly normal, countably 

COmPaCt SPaCe上38］，Another non－COmPaCt，PerfectlY nOrmal，COuntably  

COmPaCt SPaCe’isindependentlY givenin［21］．  

Now we define property 8L of Davis whichis a cornmon generali－  

Zation of propertY L and weak do－refinabilitY．Property 8L is  

motivated bY M・MichaelTs characterization of paracompactnessin  

terms of cushioned refinements・We denote bY Card the class of  

allinfinite cardinals・For a cplletj七土on′γof凱血sets of a s－et，  

LA）γis the set of unions of countable subcollections of γ．  
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For keCard，and ′u and γc01lections of subsets of a space  

X，We Sayγis k－WeaklY CuShionedin領if and onlYif there  

exists a function f fromγ to u such thatif W⊂γ with）VIまk  

and x：V一うUWwith x（G）6G for each Gそ7／，thenIx（G）：GeV）ぐ  

U f（W）．  

DEF＝NrTrON 2．9．t15］ For k（Card，We Say a SPaCe X satisfies  

property BkL if and only if for every open cover U of X there 

exists a sequence く£n：nECO〉 of collections of subsets of X  

and a sequence く′転：n抽）。f。Pen refinements。f u such that  

爪頼£ncoversxand for eachn… ′ UBn〔U≠and‘カnis U  
k－WeaklY CuShionedin Luγnin the space U′塩．  

We shallrefer to propertY eLA）L as propertY eL．  

Spaces satisfYing property L and weaklY J8－refinable spaces   

SatisfY PrOPertY eLI15，Theorem 2．2，2．3］．  

THEOREM2・10．【15］ EverY SPaCe SatisfYing propertY OLis   

isocompact．   

DEF＝N＝T＝ON2．11．Ⅰ58］A spaceXis said t。beweaklY［叫′∽  

refinableif for any open cover′u of uncountable regular cardinalitY  

thereexists anopenrefinementwhichcanbeexpressedas  Ycr7f，  
Wherelr7［くIul andif xfX thereis some れr such tha  

OくOrd〔Ⅹ．‘咋1くIuト   

obviousIYWeaklY 6eザefinablespacesareweaklY工w．，∞）㌧  

refinable．  
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THEOREM2・12・t58］EverY WeaklYI叫．OO）「－refinable spaceis  

isocompact．   

A cover E ＝ qnew En of a space xis called aninterlacingif  

f。rea。hn頼 andU＄En，Uisopenin E㌔．LetJゼ beafamilY  

of subsets of X．We say that aninterlacing E ＝ U Enis S－  

suspended from胡■if for each n＜W andxe E堵n there exists a  

countable subfamilY3：of押 such that St（ヌ′En）n（∩盲）＝中．  

DEF＝N＝TrON 2．13．工3］ A space Xis said to be pure（ultrapure）  

if for each free closed ultrafilter（．free cIosed familY）dP on  

X with c．i．p．，there exists aninterlacing on X thatis S－SuSPended  

from ㌦．  

EverY Weakly く柏－refinable spaceis ultrapurer3］and everY  

ultrapure spaceis pure． ArhangelTskiidefined astralspaces   

between ultrapure spaces and pure spaces，butin this article．   

We donTt need to know what an astralspaceis。Spaces with a quasi－  

qs－diagonaland closed－COmPlete s－PaCeS are Puret Spaces with a  

quasi－Gs－diagonalare，in fact，aStralI3］．  

THEORE朗 2．14．工3］ EverY Pure SPa．Ceis 主socompact．   

仁 AnideaofweakI叫′∞）一refinabilityis todefine theproperty  

by restricting the definition of weak Je－refinabilitY tO aPPly  

OnlY tO OPen COVerS Of regular cardinalitY． Vaughan applied the  

Same 土dea to ultrapure spaces・，aStralspaces and pure spaces・  
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He c。nSideredultrapure spaces，aStraユr spaces andpure「spaces． r   

for example（ultrapure「SPaCeS are definedin the fo110Wing manner：  

a spaceis said to be ultrapure「if for each free closed family轟や  

of regular cardinalitY With c・i・P・（there exists aninterlacing  

thatis l－SuSPended fromJl． ＝nI49］，Vaughan showed that everY  

ultrapurer spaceisisocompact（and astral㌢spaces and purerspaces  

are not always． ＝n fact，he proved that the both statement t’EverY  

countably compact pure「Tl－SPaCeis compactTT and川Every countablY  

compact astral卜Tl－SPaCeis compact＝are consistentwith ZFC・  

The following chart summarizes the implications of notions 

apperedin this section・  

Cbart 2．  

√ヽ－■ neighborh00d 3；－SPaCe→ jl－SPaCe  

POint countable  

SeParating open cover  propertyI」→property β1   

†  †  

k工」 －－→  ek工J  

†  †  

J  

JO－Penetrable  

／一／ノ  
weakly［叫，∞－refinable   30－refinable→WeaklY  

Je－refinable  
〉  

1  

ultrapure → astral→pure   

† 

c Clo 
J  

ultrapure卜  sed－COmPlete  

quasi－Gi・－diagonal  
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rn the fourth section，We Show that everY neighborhood 3：－SPaCe  

satisfies propertY ekLr eVerY ＄＠－Penetrable spaceis pure and  

everY ultrapurer spaceis pure・  

Though notions appered in the above are a kind of covering 

propertiesr there exist properties of a different tYPe Which force  

compactness under countable compactness・Gruenhage showedin［26】．  

as answers for Lindgren and NYikos－s question［36］mentionedin  

the first section，that a countably compact space having either   

a base of sIubinfinite rank or an orthopbaseis compact．A base  

払of a spaceis s・aid to have subinfinite rankif for everYあ′c  

such that n亀′手中 and屯Pisinfinite．atleast two elernentS Of  

あ′are related by setinclusion，and仏 土s said to be an ortho－base  

′ if for everYあ／⊂亀，n迫′is open or隠is a neighborhood base of  

SOme POint．S也Ch bas・eSへ Wereintroduced by NYikos as natural   

generalizations of non－arChimedean spaces上36］上37］．Allmetric   

SPaCeS have such bases．  

THEOREM2・15・Ⅰ26］ Every countably compact Tl－SPaCeis compact  

if it has either a base of subinfinite rank or an ortho－base．  

Above base properties are hereditarYr eVerY Tl－SPaCe having  

either a base of subinfinite rank or an ortho－baseisisocompact・  

After Gruenhage－s paper，it was showed thatin r22］that a T．－SPaCe  

having a base of subinfinite rankis metacompact・Since metacompact－  

nessimplies weak 細－refinabilitY，isocompactness of Tl－SPaCe  

having a base of subinfinite rank easily follows from the result・  

But we donlt know whether having an orthoNbaseimplies a weak  

COVering axiom（for example（WeaLk 3＠－refinabilitY and so on）・  
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Other spaces which force compactness under countable compact－  

ness areleft separated spaceslirred血cible spaces andisopara－  

compact spacesland so on・Forinstance′ SeeI32，Lemma2・2］工16，  

Theorem 2．1］．  

Let us denote the f01lowing statement bY S：＝f3：is a familY  

ofless than2W subsets of LJwith s・C・i・P・lthen there exists an  

infinite DCW s・uCh that for each F6茅 D － Fis finite．  

Concerning compactness of separable countably compact spaces（   

the f0110Wing are known・  

THEOREM 2．16．上52］ Under S，if Xis a separable countably  

compact regular space with L（Ⅹ）く2山′then Xis compact・  

THEOREM 2．17．r50］ EverY SeParable countablY COmPaCt regular  

【p，∞トcompact spaceis compact，Where a spaceis ca11ed［p，  

COmPaCtif every open cover has a subcover of cardinalitY Strictly   

less than p・  

Other informations of isocompact spaces can be obtained from 

工54］IlO］Ⅰ50］． Blairls papers 工7］Ⅰ8］t9］are also closelY related   

toisocompact spaces． TheY are treatedin the next section・  
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3． A relation with closed－COmPletenesS・  

＝n this section we consider the problem from a differen七aspect・  

＝n provingisocompactness of spacesr there are tWO methodsr one  

is，Of courser to trY a direct proof（and the otheris to try to  

prove closed－COmPleteness of spaces・Thernethod of making use of  

closed－COmPleteness has some better poins than direct proofs・  

rn fact，the method of c10Sed－COmPleteness generalizes some results  

in former section and make proofs of isocompactness more simpler 

and systematic. Por example, Blair shovved the following theorem 

as a generalization of Theorem 2t7－ We sketch the pr00f for the   

Sake of seeing the essence of anidea．  

THEOREM3・l．工7］ An 叫－COmPaCt T，－SPaCe With a quasi－Gi－  

diagonalis closed－COmPlete．  

Pr00f・Let X be an uI－COmPaCt TJ－SPaCe With a quasi－Gs－  

diagonalI烏n七、＜C。and suppose thatthere exists a freeclosedultra－  

filterポ on X with c・i・P‥ Since胡is free，We maY aSSume that  

foreachx∈ⅩthereexistsnsuchthatxE功ニ andX－St（Ⅹ，An）e  

dP．LetAn＝（Ⅹ‘遊芸Fx－St（Ⅹ，An）edPl．sin。eX＝UAn，  

there exists n such that HnAnヰ¢ for anY H¢胡．we take HCJP  

s。ChthatHぐ蓬芸．N。W．bY Z。rn－slemma，there existsa。1。Sed  

discrete subset Din x contained to HnAn such that，（l）（GnDf£J  

forG（鳥n′〔2｝ HnAn（隻wStCx・＆nl†Since．DIiscountable′  

ガ。Ⅹ－SLt（料船f評t sLo′WegetHn〔rn x－St（Ⅹ，＆n））nAn＝中・  
This is a contradiction．  
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A countablY COmPaCt SPaCeis 叫－COmPaCt anditis easY tO See  

that a countablY COmPaCt Closed－COmPlete spaceis compact・Since  

closed－COmPletenessis closed hereditarY，Theorem2・7easilY  

f011ows from the above theorem．  

We collect the same results as Theorem 3，l．  

THEOREM3．2．The following spaces are cIosed－COmPleteif theY   

are w啓一COmPaCt Tl－SPaCeS・   

（1）Spaces s・atisfYing propertY O叫L・工15，Theorem2・5］   

（2）weaklYI叫（の）｛－refinable spaces・工58，Coro11arY3・6］   

（3） 68－Penetrable spaces・Ⅰ9r Cor01larY2・5］  

′ヽ■′   Since an dl－SPaCeis Lindel岩f under 叫－COmpaCtneSS，anJl－ ′ヽ－   

space has also the same propertY・The case of weaklY 舶－refinable  

spacesis due toI8′Coro11arY3・3］曾 ＝n the next section，We  

generalize the above theorem・  
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4． k－neat SノPaCeS and related results．  

＝n this section we define the class of（．k－）neat spaces，   

and we shallgeneralize the results mentionedin the previous  

sections． We show that everY neat S・PaCe isisocompact and the   

class of neat spaceS COntains allof the f01lowing classes：  

neighborhood 訪－SPaCeS，SPaCeS SatisfYing propertY 8L，WeaklY  

工叫，∞）r－refinable spaces，＄e－Penetrablespaces，ultrapure r  

spaces and pure spaces・ rtis also showed that an CL）I－COmPaCt  

叫－neat T．－SPaCeis closedMCOmPlete・BY these results，We Can  

neatlY reView manY reSultsin the area ofisocompact spaces・  

Define for each free closed ultrafilter粛 on x with c．i．p．，  

ス（評）＝minIi嵩l：3；cdイ′ ハ茅＝¢1・ 入〔押）is an uncountable  

regular cardinal・  

DEF＝NrT＝ON4．1．工44］ Let押 be a free cIosed ultrafilter on  

xwithc．i．p．andkECard・A systemく‡Ⅹt†，「確†，モfTO折r  

is called a k－neat SyStem forJPif the f01lowing are satisfied：   

（1）lrlく入（胡）．   

（2）‡Ⅹか1Jlr is a coverof Xand≠is anopencollection  

ofXsuchthatXTCげ foreach ter7・   

（3）Each f＄is a function fr。mXd t。鶴 such thatif  

A⊂Ⅹ√′iAIik and fTIAisinjective，thenthe closure ofA  

in≠蒼iscontainedin伎eAfr（Ⅹ）・   

〔4】For each Ter and xeXq there exists HF粛 such that  

fよ（Ⅹ）∩Ⅹ√n H＝中・  
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A space Xis called a k－neat SPaCeif for each free closed  

ultrafilter粛 on x with c．i．p．there exists a k－neat SyStem for   

胡． We shallrefer to an w－neat SPaCe aS merelY a neat SPaCe・   

A k′－neat SPaCeis k－neatif k／之k．＝tis easily seen that  

for allkc Card，a SPaCe X with countable tightnessis k－neat   

if and onlyif Xis neat．  

LEMMA 4．2．［9，Lerrma 2．2］1f封）is a free closed ultrafilter  

On X with c・i・P・andifγ＝ 軋制γ一is a e－Penetration（resp・  

3e－Penetration）of¶＝（Ⅹ－H：那d41′ thenγ has a subcover  

thatis a weak＠－refinement（resp．weak 劇－refinement）of ru．  

THEOREM 4．3． The f01lowing spaces are（k－）neat． Moreover，   

theimplications （a）→（b）．（d）→（f）and（e）→（．f）hold．   

（a） neighborhood 宗一SPaCeS．  

（b） spaces satisfying propertY 8L．   

（c）weaklY［cuI，叫）r－refinable spaces．   

（d） ＄e－Penetrable spaces．   

（e）ultrapurer spaces．  

（f） pure spaces．  

Pr00f・（a）」（．b）．Let Eu be any open cover of X′ and set  

S＝Ix＜Ⅹ：Ⅹ＝㍍叫B（n・Z）for eachn柏Jandx∈Ufrul・Wen。te  

that Sis a discrete subset of X．Take xE S，and select Ux（u  

SuCh that xF Ux・For x and X－Ux there exists nx corresponding  

to（3）of Definition 2．1．We may assume B（nx′Ⅹ）c Ux．Since  
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forYそB（nx・Ⅹ），‡Ⅹ†thereexistsnYSuChthat tx・Y†ヰ法明                                B（ny′Z）′  

itfollowsfromxE隻¢X一（nY，Z）thatYヰせe， 
一 

for any Y∈B（nx，Ⅹ）－ixl・Thus Sis discretein X．Set c9。＝  

＝Ⅹ1：ⅩES†．′Ⅵ＝fB（nx，Ⅹ）：ⅩES†and define a function f。  

from cPo to r％ such that fo（‡Ⅹl）＝B（nx，Ⅹ）．9。is k－WeaklY  

cushionedin冤in the space′拓謄 for anYkぞCard．  

For x（Ⅹ－S we can take Ux∈u and nxeu－川†such that  

Ⅹ∈Li‘X－ぜ（nx・Z）・PutXn＝IxそⅩ－S：nx＝nl・Obvi。uSIY  
Xn・Set叢）n＝flx†：ⅩEXnl′ γ、＝‡ux：ⅩEXn†  

Ⅹ¢Ux and  

OO  

X － S ＝ ∪  
爪三l  

and define a function fn from£〉n to ≠such that fn（‡幻）＝Ux  

for n之1．＝tis easilY PrOVed that ＄nis k－WeaklY CuShionedin  

γムinthe spa。e′げf。rk∈Card．Th。SXsatisfiespr。PertY 8kL．  

（b）・Let df be a free closed ultrafilter on X with c．i．p‥  

Then ≠＝‡Ⅹ－H：H（粛†is an opencover of X，For this tu  

there exist sequences くcDn：n（山〉 andくγ1：neLA］） of  

Definition 2．9． Let fh be a function to be k－Weakly cushioned from  

Dn to 山γム．we maY aSSume that each c9nis a disjoint co11ection  

andeachfnisin］e。tive．p。tXn＝琉．F。reaChn‘CU and  

x（Ⅹn there exists uniquely Dx6cDn such that xc Dx．Put Wx＝  

fn（Dx）．7vL＝‡wx：ⅩEXn†and define a function gn from Xn to  

l喘SuCh that gn（Ⅹ）＝Wx・く（Ⅹn†．√仇㌦1．hnlゝ抑 is a desired  

neat sYStem for粛． Thus（b）implies neatness．  

（c）． Let dP be a free closed ultrafilter on X with c．i．p‥  

We take a free subfamily茅 of射 such thatl茅l＝ 入（Jl）．  

Since the cardinalitY Of the open cover′u＝‡Ⅹ－F：Fe盲†is  

uncountableregular・thereexistsanopenrefinement追＝一鉢鼻q  
ofⅦ such thatlrIく1（dP）and for each xeX there exists T＄r  
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such that O〈ord〔Ⅹ′射）（入（dQ）．Now for each d〔TI we put xF＝  

fxex‥ 0くOrd（Ⅹ，葛打）く入（dl）1，％ ＝‡st（Ⅹ．量8・）：Xt Xl† and  

define a f。nCtion fu fromXF tO％ suchthatfd（Ⅹ）＝St（Ⅹ．逮u）．  

くix再．‡Ⅵ†，ff8†〉折r is a k－neat SyStem for封〉 for ke  

Card． Hence X is k－neat for kぞ Card．  

（dトヰ（f）． Let dヤ be a free closed ultrafilter on X with c．i．p‥  

BYIJemma4．2the open coverモⅩ－H：HC胡1has a weak 30－refinement  

7l＝軋＜C。run・Put Xn＝［Ⅹ∈Ⅹ：0く。rd（Ⅹ．un）まCU†for n…・  

＝fwe setどn＝f xnnu：Ue領nl．then E＝軋f山どnisobvi。uSIY  

aninterlacing on X thatisJ－SuSPended from胡・  

（e）→（f）．Let dP be a free closed ultrafilter on X with c．i．p‥  

Let謀 be a free subfamilY Of封）such thatI茅l＝ ｝（N）．Since  

を射土s regular，there exists aninterlacing thatis S－SuSPended  

from3；．Theinterlacingis，Of course．S－SuSPended from dヤ．  

The pr00fis complete．  

（f）． Let押 be a free closed ultrafilter on X with c・i・P‥  

巾仲 ∈nonx  

whichis S－SuSPended from dP．For each nFCJ and Ef En we  

takean。PenSetU（E）。fXs。ChthatU＝U（E）n Eご．N。Wf。r  
eachnEW p。tXn＝Eニ′ YL＝fst（Ⅹ，茅n）：ⅩeXn†．where・3n＝  

｛u（E）：Eeどn†，and define a functionfn fr。mXn to≠such  

that fn（Ⅹ）＝St（Ⅹ．茅n）．く（Ⅹnl′fγn†，ifntLewis a desired  

k－neat SyStem for de for kECard．Hence Xis k－neat for ke Card・  

21   



Davis askedin【14．Question4．2］whether every（neighborhood）  

宗一SPaCe Satisfies propertY 8L．The aboveimplication（a）・→（b）  

affirmatively answers the question in the case of neighborhood 

宗一SPaCeS．The f01lowinglemmais easY．  

LEMMA4．4．Let Y be a closed subspace of a space X，and嵩  

be a free closed ultrafilter on Y with c．i．p‥ Then dP ＝  

‡H：His closedin X and Hn Yぞ嵩I is a free closed ultrafilter  

on x with c．i．p．and ス（言）＝ ス（aP）h01ds．  

LEMMA 4・5・ EverY Closed subspace of a k－neat SPaCeis k－neat・  

Proof・ Let Y be a closed subspace of a k－neat SPaCe X′ and  

宗 be a free closed ultrafilter on Y with c．i．p．．By Lernma4．4．  

dP＝f H：His closed血n x and HnY（3；7 is a free closed ultra－  

filter on X with c．i．p．and ス（宗）＝ 入（胡）．we take a k－neat SYStem  

for押．we naturallY reStrict the system to Y．＝tis easilY  

′－ヽ－■ Seen that the restricted sYStemis a k－neat SYStem for d7．  
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THEOREM4．6． A neat spaCeisisocompact・  

Proof. By the above lemma we show that a countably compact 

neat space is compact. Suppose that there exists a countably 

compact non－COmPaCt neat SPaCe X・Since Xis not Lindel岩f，Ⅹhas  

an open cover ′u which has nc＞ COuntable subcover・We take a  

closed ultrafilter（押 on X containing（Ⅹ－U：UCrt＾†．Now dPis a  

free closed ultrafilter on X with c．i．p．． There exists a neat  

sYStemくix［T，IⅥ1，If身†〉dfr for評・Bythefact Friくス（粛）  

we can get 才らer such that Xゐn H幸¢ for anY HE粛・We fix  

this払．ThereexistsFE評 s。Chthat FC戒 be。a。SeX一採草＃．  
By the waY Of the selecting of 範 we can obtain a countable  

SubsetA＝fxn：nそW†。f FnXち Which satisfies fも（Ⅹn）n f xj：  

j主n＋11＝4）for anY n子W．Take an山一1imit point x of A（i．e．  

any neighborhood of x contains aninfinite subset of A．）． Since  

Fisclosed，ⅩEF（ぜ・Hencex化wfち（Ⅹn）・Thiscontradicts  
the fact that xis an CU－1imit point of A．  

COROLLARY417・ The following spaces areisocompact・  

〔l）neighborh00d 茅qspaces．Ⅰ28，Theorem3．11］  

（2） spaces satisfYing property eL．［15，Theorem2．4］  

「 

（3）weaklY r叫′∞）－refinable spaces．工58，Cor011arY3・3］  

（4） S8－Penetrable spaces，I12，Theorem3．B］  

（5）ultrapurer spaces．［49］  

（－6） pure spaces． 工3，Theorem 5］  

Pr00f． AppIY Theorem 4．3 and Theorem 4．6．  
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′ヽ■＿′   Though an d7－SPaCeisisocompact工28，Theorem3・11］，the  

author does not know whether an 宗一SPaCeis neat・The method of  

the proof of Theorem4・6leads to the fol10Wing theorem，Whose  

Pr00fis omitted．  

THEOREM4．8．An 叫－COrnPaCt Cりl－neat T一－SPaCeis closed－   

COmPlete・  

COROLLARY 4．9． The f0110Wing spaces are cIosed－COmPleteif   

theY are CA）l－COmPaCt Tl－SPaCeS・   

（l）spaces satisfYing property 8叫L・［15，Theorem2・5］   

（2）weaklY［叫．∞）「－refinable spaces・［58，Cor01larY3・6］   

（3） 60－Penetrable spaces．【9，Cor01lary2・5］   

（4）ultrapurer spaces・  

（5） pure spaces・  

Pr00f・ AppIY Theorem 4・3 and Theorem 4・8・  

Corollary 4．2in f54］is also a specialcase of Theorem 4・6   

and Theorem 4．8． We shallgive some mapplng theorems and an   

example． The f01lowinglemmais easy．  

LEM班A 4．10．Let f be a closed map from X onto Y with Lindelちf  

fibers and3；be a free closed ultrafilter on X with c．i．p‥  

Then dP ＝（H：His closedin Y and f－1王用宗†is a free closed  

ultrafilter on Y with c．i．p．such that ス（茅）＝ 1（dP）．  
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TftEOREM 4．1l． Let f be a closed map from X onto a k－neat  

SPaCe Y． ＝f each fiber of fis Lindel岩f， then Xis k－neat．  

′ヽ－   Proof． Letくカ be a free closed ultrafilter on X with c．i．p‥  

Then bY the abo闇elemma 押＝‡H：His c10Sedin Y and f一一HE宗I  

is a free closed ultrafilter on Y with c．i．p．such that ス（茅）＝  

R（dP）・We getak－neat SYStemくIY8T・そⅦ†′軌1〉Ttr  for31・  

PutXd＝f‾’Y3，7h＝［wx：ⅩEXF7，WhereWx＝f．一（gF（f（Ⅹ））），  

and define a function h計from Xu tol鳩 such that ht（Ⅹ）＝Wx for  

each UEr・＝tis easily seen that the system〈fx計t，盲′妬†，  

ih8†〉T6r isadesiredk－neatSyStemfor3・  

COROLLARY 4．12． A perfect preimage of a k－neat SPaCeis k－neat．  

LEMMA4．13．［29］ Let卵 be a free closed ultrafilter on X with   

C．i．p‥ ＝f Bis a Borelset of X，andif B contains no member  

of胡．then there exists Ht評 such that HnB＝ゆ．  

THEOREM 4・14・ Let f be a map from X onto a Borelcomplete Tl－   

SPaCe Y． ＝f each fiber of fis k－neat，then Xis k－neat．  

Pr00f． Let 押 be a free closed ultrafilter on X with c．i．p‥  

setあ＝てB：Bis a Borelset of Y、and f‾fBつ技for some HE〟†．  

工t f01lows from LeTnma 4．13 that あ is a Borelultrafilter on Y  

with c．i．p‥ So n重＝†y†f。r SOmeYfY（i．e．f．1YeJP）．  

Put E＝f‾一y andJイfE＝‡EハH：He粛†・We caneasilY See that  

対極is a free closed ultrafilter on E with c．i．p．such that l（dP）  

＝ 入（抑E）・Let（fEtl，1％1，Igr†〉Ffr beak－neatSYStemf。r  
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胡IE．We extend this systemin the following manner・Set7vi・＝  

（VUX－E：Ve％1anddefine a functionh9from軸tOつ祓 suchthat  

hu（Ⅹ）＝gF（Ⅹ）∪Ⅹ－E for eachter・We get a SyStem COnSisting of  

‡EいⅩ－E：ダげ†，f媚，‡Ⅹ－E†；〝そ㍗† andそhい〕：〆げ† ・  

where jis the trivialfunction from X－E to†Ⅹ－E†・This sYStem  

is a desired one for粛．  

COROLLARY 4・15・A product of a Borelcomplete Tl－SPaCe and   

a k－neat SPaCeis k－neat．  

The same method of the proof of Theorem 4・141eads to the   

fo110Wing theoremT Whose pr00fis omitted・  

THEOR毘M4・16・ Let f be a closed map from X onto a closed－  

COmPlete TI－SPaCe・ rf each fiber of fis k－neat，then Xis k－neat．  

EXAMPLE 4・17・We give a neat space thatis not an言－SPaCe，  

n。t aPure SPaCe，nOtaWeakly【叫，∝ーrefinable spaceand n。t  

SatisfYing propertY OL・Let X be an hereditarilY SeParable non－  

Lindel岩f space constructedin［35］under the continuum hypothesis．  

Xis a O－Penetrable space・hence a neat space，thatis not weaklY  

Je－refinablet9，Remarks2．1．（b）］．xisnot evenweakly【叫′00r－  

refinable because the cardinality of Xis叫．Moreover X does  

not satisfY PrOPertY OL by r15，Theorem2．8］，and Xis not an  

．′ヽ－■ J－SPaCe bYI28，Theorem3・3］・Let Y be the TYChonoff space  

mentionedinI25′9L］・Since Yis a p－SPaCe（i・e・匂－SetS are  

OPen・），itis neat・Since Yis an 叫－COmPaCt nOn－Closed－COmPlete  
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space 工9，Remarks 2．7］．by Coro11ary4．9．（．5），Yis not pure・By  

Cor011arY4・15T XxYis neat because Xis hereditarily realcompact  

（hence BorelcompleteI27，Theorem3．6］）．ObviousIY XX Yis  

r 
not an貰－SPaCe，nOtaPure SPaCe．nOtaWeaklYI叫′Cb）－  

refinable space and not satisfYing propertY eL・  

REMARK4．18．The above space Y answers some questionsin 上15］  

and［16］．Since a P－SPaCe Satisfies propertY L，Y affirmativelY   

answers Question 3．3，3．4 and 3．5in．［15］，because Yis an UJl－  

compact non－C10Sed－COmPlete P－SPaCe（，aS mentionedin Example4・17）  

whichis not weaklY‘摘－refinable bY［8，Cor011ary3・3］・Question  

3．3inI15］was alreadY anSWeredin 上16，Example 2・2］，but the  

spaceis not regular thoughitis Tl・The space negativelY  

answers Question 4．2inI16］． Because an uもーCOmPaCt P－SPaCe   

must be preparacompact・  
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5・ ComlPaCtneSS Of spaces having a countably compact dense   

Subset．  

We recallthe main problem of this article：What conditions   

Willmake a countablY COmPaCt SPaCe COmPaCt？ Aninteresting   

Variation of the problemis to take a property P whichis weaker  

than countable compactness，and find a propertY a SuCh that ア  

and Q imply compactness．For example，let P be pseudocompact－   

ness【20］，then the variation of the above problemis what   

COnditions willmake pseudocompact spaces compact？ Some answers   

are known．  

ワHEOREM 5．1．  

（l） EverY PSeudocompact TYChonoff metacompact spaceis   

COmPaCt［45］［5］二］．   

（2）Every pseudocompact TYChonoff paraLindel岩f spaceis  

COmPaCt［11］．  

More generallyr UspenskiishowedlaPPlying a method of Watsonr  

that everY PSeudocompact TYChonoff d，－metaCOmPaCt SPaCeis compact  

［48］′ Where a spaceis called d’－metaCOmPaCtif each open cover  

of the space has a d・－POint finite open refinement・＝tis natural  

to ask whether every pseudocomDact Tychonoff metaLindelijf space 

is compact. But the answer is negative, in fact, Scott constructed 

under CH a pseudocompact TYChonoff metaLindel岩f space whichis  

not compact工45］．  
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NowIWe trY tO COnSider a medium condition between pseudo－  

compactness and countable compactness・Thatis to have a  

countably compact dense subset・We propose the following question：  

Whenis a space having a countablY COmPaCt dense subset compact？  

From Theorem 5．1，a TYChonoff space having a countably compact   

dense subsetis compactifitis either metacompact or para－  

LindelGf．But，二mOre qenerallY，from Theorem2．4．weaklY 3e－  

refinable regular spaces also have the same propertY・  

PROPOS＝T＝ON5．2．A weakly JO－refinable regular space Xis  

compactifit has a countably compact dense subset・  

pr00f．Let ru be any open cover of X andγ be an open cover  

of X such that for each Veγ there exists Ueu such that守cu．  

we take a weak 6e－refinement W ofγ．Let Y be a countably  

compact dense subset of X，thenfr。m The。rem2．4，‡wnY：WtWl  

has a finite subcover（叫n Y，…‥ ．WnnYlof Y・Each WinY  

m＿ is containedin someVieγ・Since Yis dense・Ⅹ＝U；：lVi・S01人  

has a finite subcover of X． Thus Xis compact．  

The next theorem which generalizes Proposition5・2is proved   

the same waY aS Proposition 5．2．  
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IJEMMA5・3・Let ru be an open cover of a countablY COrnPaCt  

space x．rf there exists aninterlacing e ＝tL．そW Enonx  

s。Chthat，f。reaChn∈C。andxモE笠′ St（Ⅹ′En）Cγ壊forsome  

countable subfamilyγ⊂7l，thenlJhas a finite subcover of X・  

Proof．Thislemmais proved the same waY aS f53，Theoreml・1］・  

THEOREM 5．4． The following spaces are compactif theY are   

regular spaces having a countablY COmPaCt dense subset・  

（1） spaces satisfYing propertY 9L．   

（2） de－Penetrable spaces・  

（3） ultrapure spaces．  

Pr00f．（1）． Let ru be anY OPen COVer Of X andγ be an open  

cover of X such that for each V¢γ there exists UClÅ such that  

V⊂U．For this γ，Since X satisfies property eL，We Can take  

sequences くcDn：n”A）） andくγl；n佃）in Definition2．9．  

Let Y be a countably compact dense subset of X． ＝f we restrict   

the discussion ofI15，Theorem 2．4］to Y，We Can Obtain a   

COuntable subfamilYサ√ofγ which covers Y． So Yis covered  

bY a finite subfamilY Ofフ′．Since Yis densein X，We Can take  

a finite subcover of X from′u．（2）and（3）are similarlY PrOVed  

by r12，Theorem3・B］and Lemma 5・3 respectivelY．  
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Being motivated the definition ofisocompactness，We Calla  

SPaCe CL－isocompactI42］if the closure of each countably compact   

Subsetis compact・ObviousIY CL－isocompact spaces areisocompact・  

Since each propertY Of Theorem 5．4is closed hereditarY，We get   

the fo1lowing corollary・  

COROLLARY 5・5． The following spaces are CL－isocompactif   

theY are regular．  

（l） spaces satisfYing propertY 8L．   

（2） Ja－Penetrable spaces．  

（3） ultrapure spaces．  

Now we recallveaklY Borelcomplete spaces・ Since a weakly   

Borelcomplete spaceis closed－COmPlete′itisisocompact．   

Thereis a pseudocom野aCt WeaklY Borelcomplete space whichis   

not compact，See the exarnPle of 5＝in［25］． NextlY We Shall   

PrOVe that a weaklY Borelcomplete spaceis CL－isocompact．  

THEOREM 5．6． A regular weaklY Borelcomplete spaceis CL一   

土socompact．  

Pr00f・Weak Borelcompletenessis closed heredit？rY匝0］・  

So，We Show that a weakly Borelcomplete space which has a   

dense countably compact subsetis compact． Let X be weaklY Borel   

COmPlete′ and Y be a dense countablY COmPaCt S・ubset of X，  
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We may assume that X土s TychDnOff，because，if we consider the   

absolute EX of XI56］，then EXis a TYChonoff veaklY Borelcomplete  

SPaCe having a countablY COmPaCt dense subset曹 Since Xis a  

COntinuousimage of EX，We maY PrOVe COmPaCtneSS Of EX・So，   

We aSSume XisITYChonoff．  

Suppose that Xis not compact． Since Xis pseudocompact，  

Ⅹis not realcompact．We take a free zero ultrafilter又 on x  

With c．i．p‥ Each element of2：mustintersect with Y．Put  

A ＝fdP －JPis a closed family such that（1）貰C胡．（2）＝f  

H〔粛，then Hn Yヰ¢．（3）JP is closed under the finiteinter－  

sections・）・Let評 be a maximalelement。fA・＝tis easilY  

showed that 胡■ is closed under the countableintersections，and   

X∈dP bY the maximality．  

Put。9＝IBEBo（Ⅹ）lB⊃HnY for some HeJPl．Here Bo（Ⅹ）  

is the set of Borel sets of X． We take a Borelultrafilter 払 on  

X containingP．put E ＝IBeBo（Ⅹ）l＝f BヰHnY for anY HEdP，  

then BnHnY＝¢ f。r S。me射〟・）・  

Now．E satisfies the f01lowing conditions．  

（a） ＝f Fis closedin X′ then FeE．  

（b）＝f BEど．then X－Beど．   

（c）：f∈つモBi環．′thennBieE・  

FirstlY We Show〔al． Let F be a closed subset of X．and  

suppose that F＊HnY for anY HE押・ObviousIY FヰJP・Put  

よ＝JPu‡FnflrHedPト 3 satisfies（1）and（3）ofJA，and  

粛 ヰゴ′ because FEよ．BY the maximalitY Of粛，there exists  
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He胡 such that Fn HnY＝d）．This shows that F∈E．The pr00f  

Of（b）and（c）is a routine matter． We omit the proof．  

Since Bo（Ⅹ）is the smallest d－field containing the set of  

c10Sed subsets of X．we get E＝Bo（Ⅹ）．  

Suppose that B∈あ，and Bn HハY＝申 for some HedP．Then  

X－B∈£c隠． ＝tis a contradiction tha七 亀is a filter． Therefore  

for each BCあ．BハHnY≠d）for any H（粛．＝t f01lows from  

E ＝Bo（Ⅹ）that for each Beあ there exists some H（B）（評 such   

that B⊃H（B）n Y． This fact gives thatめ has c．i．p‥ Since  

叉⊂払．we obtain that n‡zIz（胞∩ 亘（Ⅹ）l＝ゆ・Here 言（Ⅹ）is  

the set of zero－SetS Of X． This is a contradiction that X is   

WeaklY Borelcomplete．  

For a generalcase we shallprove the next theorem．  

THEOREM 5．7． Let X be a regularisocompact space．＝f Xis   

represented as the union of a countably compact dense subset XI   

and an almost realcompact dense subset X久（then Xis compact・  

Proof． FirstlY We Show that Xis almost realcompact． Let M  

be an open ultrafilter on X with c．c．i．p‥ Put ′山Ⅹ1＝‡unxま：  

Uそ領†．Thenitis easilY Seen that 制Ⅹ久is an open ultra－  

filter on Xユ．rf 71Ixn has c．c．i．p．in Xま，then 加Ⅹユhas a  

Cluster pointin xユby・almost realcompactness of X父t Hence  

領has a cluster pointin X．＝f 叙1xlhas not c．c．i．p・in Xl．  
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then there exi昏七S・a COuntableぎubfamilY・yC里SuCh that 椚γ）∩  

Ⅹユ ＝争．since nγis collntablY COmPaCt Closedin X．itis com－  

pact．so we getハ屯ヰ¢．ThusXis almost realc。mPaCt・  

Now we consider the absolute EX of X上56］． Since EXis real－   

COrnPaCtI56，Theorem4．6］and pseudocompact，itis compact・We   

COnClude that Xis compact．  

COROLLARY 5．8． Let X be a regular neat space・ ＝f Xis   

represented as the union of a countablY COmPaCt dense subset   

and an almost realcompact dense subsetr then Xis compact・  

EXAMPLE 5．9． We cannot omit the regularitY Of Theorem 5・7・  

Let X be TYChonoff plankt25］（i．e．X＝勅＋lx（力＋1－‡（L4）t，山）†）  

and Y be the space obtained from X bY COntraCting 叫メi山†to  

the one point・Though this Tl－SPaCe Y satisfies allconditions  

of Theorem5．7 except the regularitYIYis not compact・  
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We note that Theorem 2．16is generalizedin the following   

manner：工f Xis a regular tp，OQ］－COmPaCt S・PaCe．then the closure   

Of each separable countablY COmPaCt Subset is compact・ The   

Pr00fis quite similar to the proof of Theorem 2・16・  

The rest of this section is devoted to some investigations 

Of the classitself of CL－isocompact spaces． The class of CL－   

● isocompact spaces behaves wellwith respect to topologlCal   

Operat曳ons．  

PROPOS＝T＝ON 5．10． The fol10Wing facts hold．  

（a） Let f be a perfect map from X onto Y．Then，Ⅹis CL－   

isocompactif and onlYif Yis CL－isocompact．  

（b） Let X be a regular CL－isocompact space．and Y be an  

FJ－Subset of X・Then Yis Cレisocompact・   

（c）：fX＝訂Xd・WithXdCL－isocompactfor deA，thenXis  
C工一一土socompac七．   

（d）＝f X＝由Ⅹd′With Xd CL－isocompact for d∈A，then Xis d  

CL－isocompact．   

（e）＝f each Xdis a CL－isocompact subset of X・thengXdis  

CL－isocompact．  

（f） The fo110Wing（1），（2）and（3）are equivalent・  

（1） Ⅹis hereditarily CL－isocompact．  

（2） Ⅹis hereditarilyisocompact．  

（3） For each xe X．X－fx†is CL－isocompact．  
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Pr00f，（a）． CompactnesIS and countable compactnesS are  

preserved bY Perfect maps．From this fact，itis easY tO Show（a）・  
00  

（b）・We set Y＝？：。Yi・eaCh Yiis closedin X・Let E be anY  

COuntablY COmPaCt Subset of Y・Since each Yiis CL－isocompact，  

Cl（EハYi）is compact． u Cl（EnYi）contains E as a dense subset・   

Since u cl（EnYi）is a d－COmPaCt SPaCe having a countably compact  
くIQ  

dense subset・itis compact・WegetCIYE＝且Cl（EnYi）・（c）・  
Let E be anY COuntablY COmPaCt Subset of X・Since each PrkEis  

COuntably compact（Cl（PrdtE）is compact・Here PrcLis the pro］eCtion  

Of X onto Xd． The closure of Ein Xis containedin the compact  

SPaCeCl（PrdE）・The closureofEmustbe compact・（d）is  

trivial．（e）．∩ Ⅹd Can be naturallY embedded as a closed subspace d  

into甘Ⅹd・By（b）and（c）・9Ⅹdis CL－isocompact・（f）・The  
equivalence of（l）and（2）is obvious． we assume（3）・ Let Y be  

any subspace of X．Since Y＝∩‡Ⅹ－‡可：Ⅹ∈Ⅹ－Yl，Yis CL－iso－  

COmPaCt bY（e）．  

Bacon provedin 工6］that the product of anisocompact space   

and an hereditarilYisocompact spaceisisocompact． The fo1lowing   

result generalizesit．  

PROPOS＝T＝ON 5．11． Let X be CL－isocompact，and Y beisocompact．   

Then XX Yisisocompact．  
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Pr00f・Let E be anY CO℃ntablY COmPaCt CIosed subset of XxY・  

Since PrxEis countablY COmPaCt，Cl（二PrズE）is・COTnPaCt・Therefore  

PrYEis closed countablY COmPaCtin Y・So′ PrYE must be compact・  

Eis containedin the compact space Cl（PrxE）x PrYE・The proof   

is complete．  

PROPOS＝TrON 5．12．The f0110Wing（月）and（b）hold・  

（a） For each TYChonoff space X．there exists a CL－isocornPaCt   

SPaCe PX with the fol10Wing properties・  
l′  

（l） Ⅹ⊂PXc βⅩ． Here βⅩis the Stone－Cech compactification   

Of X．  

（2） ＝f fis a map from X onto a CL－isocompact space Y，then  

f has a continuous extension fP that maps pX onto Y・  

（b） ＝f a Tychonoff space X has a dense countablY COmPaCt  

Subspace，then pX＝ βⅩ．ConverselY，if pX＝ βⅩ，then Xis   

PSeudocompact．  

Pr00f．（a）is obtained from（b）and（c）of Proposition 5．10   

and Theorem 2．1inI55］．（b）is trivial． Note that pX⊂′VX′   

Where ′UXis the Hewitt－s realcompactification．  
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6． Hiscellaneous notes．  

We shallglVe SeVeralnotesin this・S・eCtion， ●、  

Some clas・SeS Ofisocompact spaces are closelY related to  

Lindel岩f propertY．For example，the f01lowing results are known・  

Theorem 6．1．   

（1）An 叫－COmpaCt 3；－SPaCeis Lindel岩f．Ⅰ28，Theorem3・3］  

（2） Let k主叫，then an（叫－COmPaCt T．－SPaCe SatisfYing  

propertY kLis Linde13f．工13，Theorem3．3］  

（3）An hereditarilY ul－COmPaCt SPaCe SatisfYing propertY  

OLis Lindel岩f．I15，Theorem2．8］  

To be hereditarilY（叫－COmPaCtis equivalent to be countable   

spread．Gruenhage showedin 工26］that for each regular space X  

having a base of subinfinite rank．d（Ⅹ）＝hd〔Ⅹ）之hl（Ⅹ）＝S（Ⅹ）  

holds．Comparing the result，We Show that hd（Ⅹ）ユS（Ⅹ）＝hl（Ⅹ）  

h01ds for each TJ－SPaCe X having■an Ortho－baseI43］・  

we need tw01emmas．For convenience．for a cardinalT′  

we say a space x to be T－developableif there exist T open  

coversト軋Id＜T SuChthat for eachxEX（St（Ⅹ′批）†dく↑isa  

neighborhood base of x・  
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LEM朗A6．2．Let X be a space having an ortho－base 恥 and D  

be the set ofisolated points of X・＝f Dis densein Xr then  

Xis 皇DI－developable．  

Pr00f．Set D＝fdd：c＾＜↑†．whereJT is a cardinal・For  

each x∈Ⅹ－D and d＜で．we take Bd（¶Ⅹ）eあ such that xe Bd（Ⅹ）and  

d。ヰB。（Ⅹ）・Put軋＝＝dd†‥C”T†u（Pd（Ⅹ）：ⅩeX－D7・軋is  

obviousIY an OPen COVer Of X・Let x be a point of X and W be a  

neighborh00d of x．＝f x∈D，then St（Ⅹ．胡d）＝‡Ⅹ1cw for somed・  

So，We aSSume XEX－D．Suppose that St（Ⅹ．軋）ヰW for anY醜くT・  

Then for each d，We Can take HdE軋 such that x∈Hd．and HヰW・  

SinceiHdl。くでCannOt be a neighborh00d base of x，H＝9Hd muSt  

be open．But HnD＝中，because Hd卓dよ・Since Dis densein X′  

this is a contradiction．  

The f01lowinglemmais wellknownin the countable case and   

can be easilY Carried over to the generalcase・So we omit the   

pr00f．  

LEMMA 6．3． Let X be a T－developable T一－SPaCe． ＝f the  

cardinality of each closed discrete subsetis at most rr（then  

Xis’T－Lindel岩f〔i．e．everY OPen COVer has a subcover of the   

CardinalitY ↑．）  
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mEORE甥6！4鴨 LetX be a T）－ぎpaCe having an ortho－base・Then  

hd（．X）上S（Ⅹ）＝ hl（．Xlholds．  

Proof． Since hd（Ⅹi皇 S：（Ⅹiand hl（封之S（Ⅹ1are obvious，We Show   

S（ヌ）之hl（Ⅹ‡．Let s、CX！＝T． Since foT eaCh ぎubs′PaCe Y of X，  

S（Ⅹ）まT and Y has an ortho－base，the pr00fis completeif we  

Show that Xist T－Lindel岩f．Suppose that there exists an open  

COVer ′u of X which has not a subcover of the cardinality rr．  

FirstlY We take x。e X and Uoeu such that x。∈U。．Put Vム ＝Uo．  

Let F＜T＋・We assume that for each β＜T we could take xβE X  

and an open set VB such that the following（＊）is satisfied・  

Ⅶnix。：dくJl＝ixβ† for each 伊くγ・  

There exists U8E領 such that Vb⊂U8for each＠くt  〈  

（★）  

Then，if we set A＝‡Ⅹ。；dくJ†．since‡Afi7．CIAis T－Lindel岩f  

bYLernma6・2and6・3・Thus CIAUVb）is coveredbY T‾elements  

Of¶・Sowecan takex3そⅩ－CIAUⅥ）・We takeUtru and  
an open set vよ SuCh that xd∈Vi⊂Uq and VtハA＝¢・Now bY the  

induction we get the discrete spaceIxdL：ci（T＋1・Thisis a  

contradiction to s（Ⅹ）＝ ↑．  

There exists a space having＿an Ortho－base such that hd（Ⅹ）幸   

dLX）． rn fact，the spaceinI20，3．6．＝］is such a space．  

Concerning SH（Souslin－s hYPOthesis），We nOte the following   

theorem．  
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THEOREM6．5．The following■〔al．（bland〔c）are equivalent・  

（a） SH is false．  

（b） There exisltS・a nOn－metTizable non－arChimedean space   

SuCh that s（Ⅹ）is countablet  

（■c） There exis七S a nOn－metrizable regular space having an   

Ortho－base s・uCh that sCX）is countable．  

Pr00f．The equivalence of（a）and（b）is due to【4］・AIso，  

refer［37，Theoreml．7］．（b）→（c）is trivial・We show（c）→（b）・   

Let X be a space of（c）． Since by Theorem6・4 Ⅹis regular  

Lindel岩f，itis paracompact．Therefore Xis a proto－metrizable  

space（i．e．paracompact space with an ortho－base）・＝t f0110WS  

frorn Fu11erls resultI24．Theorem 6］that Xis the perfectirredu－  

cibleimage of a non－arChimedean space Y・Since metrizability  

is an invariant of perfect maps, Y is not metrizable. Since 

the spread of a non－arChimedean spaceis equalto the cellularitY，  

by theirreducibility of the map，S（Y）must be countable・Thus  

Yis the desired space．  

COROLLARY 6．6．The following（a）and（b）are equivalent・  

（a） SH．   

（b）Each regular space having an ortho－baseis metrizable  

if the spreadis countable・  
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RENLARK 6．7・The pr00f of Th・eOrem 6t4 es・SentiallY Shovs that  

∂（Ⅹ）＝ t（ⅩいL（X）h01ds for anY T．－SPaCe X having an ortho－base・  

1f we see aga土n the proof of Theorem6・4′ We Can See that the  

pr00f claims▲LCX）まQ〔Xi．Since ′in general，9（Ⅹ）≦t（Ⅹ）・L（Ⅹ）  

h01dsI33］，We OBta土n LCX），£9CXIitCXトL（ヌl．So，t（Ⅹ）・L（Ⅹ）  

t（Ⅹ）・∂（Ⅹ）呈tCX卜L田1土sObtained．fIere t（Ⅹl・Q〔Ⅹ）＝ 8（Ⅹ）h01ds，  

becauseitis・eaS■土1Y Showed that tは）＿£a（Xlholds for a space  

X having an orhto－base．Thus a（Ⅹ）＝t（封†L（Ⅹ）・  

0－Penetrabil土tYimplies weak Borelcompletenessin the  

PreSenCe Of a suitable nonmeasurability hYPOthesis． we omit the   

pr00f．  

THEOREM6・8．Ⅰ42］ EverY O－Penetrable space of non－meaSurable  

Cardinal土s・WeaklY Borelcomplete．  

COROLLARY 6．9．Ⅰ42］ A quasi－developable space of non－meaSurable   

Cardinalis Borelcomplete．  

The RudinIs Dowker spaceinI41］is known as a closed－COmPlete  

space whichis not weaklY Borelcompletet46］・BY the above theorem（  

the Dowker space 土管・nOt e－Penetrable，  

A spacei＄Called feeblY COmPaCtif everYloca11Y finite  

familY Of open setsiぎfinite・rf a spaceis TYChonoff，then  
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feeble compactneぎ訝COincide＄With pseudocompactness．Porter and  

Woods s七ud主ed土n T39］，mOtivated bY Stephensont、s quesltionin the  

first sect土on and Weiss・Is papeTI52］′ COmPaCtneS・S Of feeblY  

COmPaCt regular RC－Perfect spaces・，Where a雷PaCe Xis called RC－  

Perfectif each open subs・et Of X tan be written as a union of  

COuntablY many regular closed sLubsets of X．TheY Showedin 上39］   

thatlunder二MA＋rCH二′ eVerY feebly compact RC～Perfect separable   

regular spaceis－COnPaCt・However，under◇ ′ there exists a  

feeblY COmPaCt，10CallY COmPaCt，RC－Perfect zero－dimensional，   

SeParable TユーS・paCe thatis not countablY COmPaCt．  

rsmailand NYikos、defined the class of C－Closed spacest32］，   

Where a spaceis－ Called C－Closedif everY COuntably compact subset   

is closed． For the s七udy of C－Closed spaces，refer to［31］Ⅰ32］．  
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