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PREFACE  

The spaces wi七h geodesics would be（，COmPle七e）Riemannian  

manifolds，（complete）Finsle士manifolds and G－5PaCeS CTeated by  

H．Busemann．The differ・enCe be七ween a Riemannian manif01d and   

a Finsler manifold is that the rormer behaves locally like a 

Euclidean，thelatterloca11ylike a Minkowskispa・Ce．One of the   

impoTtant PrOPer七ies of－ a Riemannian manifold Mis 七ha七   

Euclidean spaces as 七angen七 SPaCeS are developedin a single   

Euclidean space along a curvein M．G－SPaCeS ha．ve no   

differentiability，SO tha七i七is impossible to appTOXimate the   

SPaCelocally by a lineaT SPaCe．＝n this reason 七he 七heoTy Of   

G－SPaCeS is said as a diTeCt method of geometTy．  

＝n 七his thesis Iwilldealwith convexity in Riemannian   

manifolds andin G－SPaCeS．Func七ions and sets with convexi七y aTe   

natuTally defined on 七hese spaces，because geodesics play the   

Same r01e as lines inlineaT SpaCeS．Since 七he beha．vioT Of’   

geodesics depends on 七he metric stTuCture Of the space，七he   

existence of defini七e convexi七y aTe POSSiblyinで1uenced byi七s   

七op0loglCaland metTic struc七uTe．Iwouldlike to show some   

aspects of influences on convexity in Riemannian manifolds and 

G－SpaCeS．  

A fundamen七alpTOPeTty Of a 3－Simplexin an af’fine space   

is thatitis obtained by connecting poin七S Of 七he six segmen七S   

Which 30in the four veT七ices．AIsoitis 七Tivial七hat a 七Tiangle   

△（abc）is decomposedin七O もwo tTiangles △（aba，）and．△（aca，）   

WheTe a，is an arbi七Tary POin七in七he segmen七 T（b，C）30ining b   
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and c．＝n Chap七eT ＝ these propeTties toge七heT Wi七h 七he axiom of  

n－Planes（whichis also called Beltrami，s 七heoTem）willf’urnish   

a necessaTy and sufficient condition foエー a Riemannian me七ric to   

be of constant curvatuTe．  

A f、unction F on a G－SPaCe Ris said to be convex（oT   

concave，affine）if Foxis a one－Vaエーiable convex（or concave，   

affine）f’unc七ion wheTe X（t），－00 ＜ 七 ＜ 00，is a repTeSenta七ion of   

an aTbi七rary geodesicin R．The Busemann func七ion of a Tay（see   

Chapter Ⅱ【）of七en becomes a func七ion wi七h convexi七y．FoT eXamPle，   

the Busemann function of eveTy Tayin a complete noncompac七   

Riemannian manif’01d of nonnega七ive sec七ionalcuTVa七ureis convex，   

and the Busemann f－unc七ion of’every Tay On a Simply connec七ed   

G－SPaCe With nonpositive curva七uTeis concave，and 七he Busemann  

function ofIa ray（Ⅹ‡×［0，00）on a comple七e Riemannian pTOduc七  

N x ヨR is aff’ine．Greene－Shiohama（［15］and［16］）have de七eTmined   

the topologlCaland dif’fer｝entiable stTuCtuTe；Of complete   

Riemannian manifold，S Withlocally noncons七ant convex f．unc七ions．   

They use essentially the pTOPeTties which hold on Riemannian   

manifolds，forins七ance，the existence of s七r＞Ongly convex balls   

and the firs七 and second vaTia七ion foTmulas．＝n con七rusモ モ○ 七he   

Riemannian case where convex functions are automatica11y   

Lipschitz continuous，itis no七 tTuein geneTal七hat convex   

functions on a G－SPaCe is continuous．But if the dimension of   

a G－SPaCeis two，then the space becomeB tOPOloglCally a sur｝face   

andit turns out 七hat every convex f’unction onitis con七inuous．   

This situa七ion makesit possible toinvestigate 七he topology of－   
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2－dimensionalG－SPaCeS Which posseBS COnVeX func七ions，Withou七   

using exis七ence of－ strongly convex balls and variation foTmulas   

＝willshowin Chap七eT Ⅱthatif a G－SuTface R admits alocaユ1y   

nonconstant convex function，then Ris 七OPOloglCally either a  

plane，a Cylinder Slxこ駅or an openMoebius strip・  

＝ wouldlike to emphasizein Chapter Ⅳ tha七 the exis七ence   

● Of an affine f’unction on a comple七e Riemannia．n manifold M glVeS   

a strong restTic七ion to 七he Riemannian s七TuCtuTe．Namely，a   

COmPlete Riemannian manifold M admits a nontTivia．1affine   

func七ionif and onlyif Misisometric 七O a Riemannian product   

N x Ⅱモ．Thus a chaTaCterization of a Euclidean spaceis ob七ained   

Via affine functions．This par七icular pTOPeT七y of aff’ine   

functionsis applied 七o Busemann f．unc七ions on comple七e and non－   

COmPaCt Riemannian manifolds of nonnega七ive（oT nOnPOSi七ive）   

SeCtまOnalcuTVatuTe 七O glVe neW SPliモモing theoTemS．  

Due to convexity of Busemann functions the s七udy or these   

f’unctionsis important．＝n fact，it plays an essentialT0lein   

七he study of complete Riemannian manifolds of nonnega．tive（oT   

nonposi七ive）sec七ionalcurvatuTe．＝n Chap七er Ⅱ［，Ishalldiscuss   

七he ‖differentiabili七y－10f a Busemann function on a G－SPaCe R．   

HeTe it willbe proved thatif the se七 Of a．11I－non－diff’eTen七iableT†   

POints of a Busemann function on Ris bounded，then a neighborhood   

Of 七he point a七infini七y of Ris top0loglCally a cylindeT and   

R has exac七Iy one end．Concerning 七he me七ric struc七uTe Of Ri七   

f01low竿 tha七if dim R＝ 2 and 七he 七Otalexcess of R（which   

COrreSPOnds to the totalcurvatuTein Riemannian case）exis七S   
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andif the set of’all T7non－differ7en七iableTIpoints of a Busemann   

functionis bounded，then七he 七Otalexcessis 2TrX（R）．＝t should   

be no七ed that 七his valueis the possible maximum value by the   

well－known theorem due to CohnpVossenin［12］which has been   

extended to G－SuPfaces by H．Busemannin［句］．  

＝ am deeplyimdeb七ed 七O PTOfessor Ka七suhiro Shiohama for   

introducing me to G－SPaCeS and convexi七yin geome七Ty and f’or   

his con七inuing and stimulatinginteエーeS七in the presen七 woTk．   

AIso ＝ wouldlike to expTeSS my 七hanks 七O PTOfessor Hisao   

Nakagawa f一or his advice and encourgement to carry out this plan．   
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CHAPTER ＝  

The axiom of n－planes and convex hulls  

1．工ntrIOduc七lon．  

A characteriza七ion of’a space of conBtant CuTVa七ureis an   

interesting pTOblemin Riema・nnian geometry・＝t has been done by  

七he various me七hods as seenin［叫］，〔8］and［27］．＝n par七iculaT   

We arein七eTeS七edin the axiom of．n－Planes whichiB S七a七ed a．s  

follows；a Riemannian manif■old M of dimension m之．3is said to   

Satisfy the axiom of n－Planes if’for each pin M and any n－  

dimensionalsubspace T＞ofthe tangenもspace TM，七hereis an  
p  p  

n－dimensional七Ota11y geodesic submanifold N con七aining p such  

七hat the ta・ngent SPaCe Of N a七Pis TJ，Where nis a fixed  
p  

in七eger2≦n＜m．童．cartan pTOVedin［6］七ha七ifMsa七isfies  

七he axiom of n－Planes foT SOme n，then Mis a space of cons七an七   

CuTVature．  

HistoTicaly，E．BeltTamiprovedin［2］七hat a space oft   

COnS七ant curva七ur＞e M satisfies the axiom of 2－Planes，and 七he  

converse was pTOVed by F．SchuT［37］．孟．cartan alsoindicated  

in［7］tha七 Schur，s 七heoTem had been proved by L．Schlaefli［36］  

in combination with F．Klein［26］．  

The purpose of this chapteris to exhibit 七his axiomin   

terms of’convex analysis，i．e．，COnVeX COmbinations and convex   

hulls．  

In this chapterlet M be a Riemannian ma．nifold withou七   
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boundaTy．FoT a pOint pin Mlet B（p，P）deno七e  七he －s七rongly  

Cen七eT P and radius p，i．e．，eVeTy ball  COnVeX Open ball wi七h  

Whichis con七ainedin B（p，P）is convex wheTe the teTm 一一convex一一  

COnVeXifr q，・r  is usedin 七he f0110Wing sense：A se七 Dく二M  

in Dimplies 七hat 七heTeis a unique（dis七ance minimizing geodesic）  

segmen七 T（q，T）anditis containedin D．From［仙］（and also  

See［17］，［19］）we know tha七 For each pin M 七hereis an p ＞ O   

SuCh七hat B（p，P）is s七rongly convex．Since 七he cons七ancy of   

CuTVa七ureis alocalpr｝OPeTtyタ We may TeS七ric七 OuT a七ten七ion 七o   

thein七erior of a s七rongly convex ba11．  

＝f’Uis a subset of B（p，P），七hen we consider the smalles七   

COnVeX Se七 Which con七ains U．We calli七 the convex hull of U  

and denotei七by塑旦．CleaTly HU⊂B（p，P）．  

FoT a Set Uin M，望is by defini七ion the set of a・11poin七s   

each of which belongs 七O SOme Segment Which 30ints 七WO POin七S  
O ofU，andwe put Cku：＝C（Ck－1u）inductively，k＝1，2，…，Cu：＝  

u．cleaTlyHU＝ゑckuh。1ds f。ranyU⊂B（p，。）．Wemaythink  
that Ck coTTeSPOnds to convex combinationsin thelineaT SPaCe．  

k  
＝n fact，Valentine sta七edin［43］七hat C was observed by BTunn  

［3］，SieTPi責ski［40］，Abe一箪ubota－Yoneguchi［1］in Euclidean  

SpaCe．  

It is the nature of a space of cons七ant cuTVa七uTe tha七 the  

COnVeX hullof sufficien七1y close n＋1poin七S qo，ql＞・・・＞qn  Can  

k 
beob七ainedbyC｛qo，ql，‥・，qn｝，WheTe七heintegeTksatisfies  

2k－l＜n＜2k・AndifMsa七isfies the axiomofn－Planes wi七h  

2三n＜dimM，then七he se七Of n＋lpoin七s qo，ql，・‥，qn， Which   
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aTe Sufficiently close to each o七her＞has the property that C k  

‡qo，ql，・・・，qn）＝H（qo，ql＞・‥，qn），Where theintegeT k satisfies  

2k－1三n＜2k・  

Howeveritis not easy 七○ VeTif’y 七he converse．Thisis  

k because C（）does no七in generalcarry七he stTuC七ure of a  

Sm00th submanif01d，and because 七he dimension of H（‡is   

POSSibly gTeater than n．  

Thus our main resul七 Of this chap七eris  

Theoreml．Le七 dim M be gTeater than 3．＝f for each poin七 p  

in M 七heTe eXis七S a COnVeX neighborh00d V of pin M such 七ha七  

H｛qo＞ql，q2，q3｝＝C2｛qo，ql，q2，q3｝foranypoin七sqo，ql＞q2，q3  
in V，then Mis a space of constan七 cuTVa七uTe．  

The au七hoT does no七 know whe七her 七he above 七heoTem foT   

COnVeX COmbina七ions of three poin七Sis true．On this problem   

the f－0110Wing h01ds．  

でheorem 2．  Le七 dim M be gTeater 七han 2．＝f f’or each point  

Pin M 七heエーe eXists a convex neighboThood V of pin M such 七hat  

H｛qo，ql，q2｝＝C2｛qo，ql，m（ql，q2）｝Uc2｛qo，q2，m（ql，q2）｝foTany  

POints qo，ql＞q2inV，Where m（ql，q2）  is the midpoint of the  

Segmen七T（ql ，q2 ）which30ins qland q2，七hen Mis a space of  
COnStant CurVature．  

In the proofs of ouT theoTemS We Shallneed to es七ima七e   
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the dimensions（definedin［20］，P．2Lt）of convex hulls．FoT this  

ma（Ⅹ），0皇a＜∞，Or a  七he a－meaSur｝e  PurPOSe We Wi110f七en use  

（sepaTable）metTic space X whichis definedin［20］，P．102 as  
由  

＝ど、Ai  OD f01lows：GivenE＞0，letmaE（Ⅹ）：＝inf：己［6（Ai）］a，WheTeX                                           ill  
is any decomposi七ion of Xin a coun七able numbeT Of subse七S SuCh  

七ha七for eveTyi七he diame七eT6（Ai）of A・isless than E，and l  

the superscript a denotes the exponen七iation・Le七ma（Ⅹ）：＝ 
SuP ∈＞O  

maE（Ⅹ）・  

ConceTning七his measurei七is wellknown（［20］，p．10Ll）  

七ha七if Xis a metTic space such七ha七mn＋1（Ⅹ）＝0，0皇n＜00，  

then dim X≦n，and七his factis usedin the pTOOf of Lemma叫  

in Sec七10n 2．  

＝n Sec七ion 2 we shallglVelemmas which aTe uSedin 七he ●  

PTOOfs of our 七heorems a．nd we willpTOVe 七heoTemSin Sec七ion 3．   

＝n Section句 we give remarks of七he theorems．   
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2．Convex hull and Hausdor｝ff measuエーe．  

＝n［11］CheegeT－Grom011showed thatif Sis a connected   

locally convex se七in M，then 七heTeis a smooth totally geodesic  

imbedded submanifold N of M such tha七N＜S⊂NC，Where NCis  

七he closuエーe Of－ N．  

This fact and 七he axiom of 2－Planes f’unish the f01lowing．  

Lemma 3．Let m：＝ dim M be gTeater than 2．＝f for each poin七  

Pin M and foT SOme n，2三n ＜m，七hereis a convex neighboThood  

V ofpin M such七hat dimH（qo＞ql，…，qn）≦n for any poin七S  
qo，ql，・・・，qnin V，七hen Mis a space of constant curvatuTe・  

Claim七ha七dimH‡qo，ql，…，qk）≦kh01ds  Pr00f．We f、1エーS七   

f．oT eVeTy k，2＜kin，and foT any POin七s qo，ql，‥・，qkin V・  

Suppose tha七dim H（qo，ql＞・‥，qn－1）＞n－1foT SOme POints qo，ql＞  

‥・，qn＿1 in V，i・e・，dim H‡qo，ql，・・・，qn＿1 ‡＝n・Then there  

exis七s a smooth totally geodesic n－dimensionalirhbedded sub－  

manif01dNsuch七ha七Nく白｛qo，ql，…，qn－1｝く＝NC・Takeapoint  

qin N and a noTmalvector v of N a七q such七ha七expNV∈Ⅴ・  

Then dim H（qo，ql，‥・，qn－1 ，eXPNV）＞n，a COn七Tadic七ion・Thus we  

Obtain dimH（qo，ql，‥・，qn＿1）≦n－1foT any POints qo＞ql，‥・，  

qn－1 in V・ByiteTating七he same aTgumen七we have our claim・  

＝n paT七icular，dimH（qo，ql，q2‡≦2for any poin七s qo，ql，q2  

ユn V．  

Now we show 七わa七 耶：sa七isfies 七he axiom of 2－Planes．Le七  

T ＞be an arbitraTy2－dimensionalsubspace of TpMandle七Vl   
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andv2be vectorsin T＞such七hat ql：＝eXppVland q2：＝eXppV2 p  
belong to V，and p＞ ql， q2aTe nOn－C01inear・Take qin the  

in七eTioT Of七he segment T（ql，q2）30ining qland q2，andtake  

qoin V on the other side of’q with TeSPeC七to p on the  

extenBion of T（p，q）・Let No be七he set of allpoints which  

belong七O Segmen七s from qo to points on T（ql＞q2）・Then Nois a  

T）  p  SmOOth surface except at qo・We need to pTOVe七hat TpNo＝  
and No－‡qo）is totally geodesicin M・Le七N be aL SmOO七h to七ally  

geodesic submanif01dinMsuchtha七N⊂白｛qo，ql，q2｝こNC・Since  

P G NoこH（qo，ql，q2‡and dimH（qo，ql，q2）≦2，it f0110WS tha七  

Noく＝NCanddimNo＝dimN＝2・ThusTpNo＝T，andNo－｛qo｝is                                           p  
to七a11y geodesic in M．  

We know fTOm 七his lemma tha七in ordeT tO PrOVe OuT   

七heorems we have only to es七imate the dimension of H（）．We   

七hen need 七he fIollowinglemma．  

Lemma 叫．Le七  Tland T2be七WO SegmentS COn七ainedin a  

COnVeX Set Vin M．Le七 A be the se七 of■ allpoints each of’which  

belongs to some segmen七30ining a poin七Of Tland a poin七Of T2・  
Then dim A 三 3 a．nd Ais closed．  

Ⅹ（T），0≦T三α，and y（v），0三1J三β，rePTeSen七  Proor．もe七  

Segmen七S Tland T2TeSpeC七ively，and f’oT eaCh qin Vle七W be q  
asubse七ofTMsuch七ha七expIw：W一 →VisadiffeomoTPhism・  

g qq q  

Define a map G of’［0，1］x［0，α］x［0，β］in七o T M by G（リ，T，V）：＝                                            p   
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（exppIWp）‾1［expx（T再（expx（T）1wx（T） ）－1（y（v））｝］for（u，T，V）を  

［0，1］×［0，α］×［0，β］，Where pis a．fixed poin七in V・Then Gis  

dif’feren七iable，and hence Gis Lipschi七z con七inuous・TheTefoTe  

it f．0110WS from the definition of 互＿meaSure 七haセ セhe 叫－meaSure   

Of theimage of－Gis zeTO Since the 小一meaSure Of［0，l］×［0，α］  

×［0，β］is zeTO・Note七hat Ais theimage ofexp。G and七ha七  
p   

the pTOPer七y of having at mos七 dimension n ユs 七OPOlogicalユy   

invaTiant・Thus we conclude dim A5．3by 七he fIac七in Sec七ionl・  

Closedness of A is evident．  

Lemma 5．Le七 p be  a fixed pointin M．For an aTbitTary α ＞  

0，theTe eXists a p ＞ O such 七hat f’or any poin七s q，r and sin  

B（p，P），  

V（1－α）d（㍗，S）三d（wr（β吊，Ws（仰‖土山1＋α）d（㌘，S）  

for any tl∈［0，1］，WheTeWr（T），0≦T≦β，andws（v），0≦V皇Y，  
TePTeSen七 segments T（q，r）and T（q，S）TeSPeC七ively．  

Pr00f1．  By a stTaightforward geneTaliza七ion of PTOpOSition  

9．10in［19］，P．5斗we obtain tha七 for given O ＜ E ＜1thereis   

a p ＞ O such that for any non－COlineaT POin七s q，r and sin   

B（p，P），   

1一己＜lI（expqIBp）一1（r）－（expqlBp）－1（s）Ilq／d（r，S）＜1＋E，  

WheTe＝＝qlS七henoTminTqM，andBpis七he p－ballinTqM  
Centered a七 the oTlgln．  

We 七hen have  

l－∈ ＜   
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tl（expq－Bp）－1（wT（帥）ト（expq［Bp）－1（ws（Y州q／d（wT（βu），Ws（YU））   

＜1＋E，   

∫○エーリ ≠ 0．でheエーerOエーe  

（トE）／（1＋E）＜（1舟）（d（wr（帥），Ws（YV））／d（㍗，S））く（1＋E）／（トE）・  

＝f we ch00Se an E ＞ O which sa七isfies  

l－α ＜（1－E）／（1＋E）＜（1＋E）／（1－E）＜1＋α，  

theni七fo1lows七hatリ（1－α）d（T，S）＜d（wr（紬），Ws（YV））＜リ（1＋α）×  

d（r，S）ror any tlら［0，1］   
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3．Convex hulland dimension  

ln 七his sec七ion we show by es七imating dimension 七haセ セhe   

COnVeX hulls of points sa七isfy the axiom of n－Planes under the   

assumptionsin TheoTemSland 2．  

3．1．Proof of Theoreml．  

We denote six segments each ofwhich joins qiand q3，0＜  

i＜3i3，by Tk，k＝1，2＞‥・，6・Then fTOm the assump七ion  
＝〕 H｛qo，ql＞q2，q3｝ 1三i＜j三6｛qeV；qbelongstosomesegment  

Which connects a poin七OfT・anda point ofT3‡・TheTeforei七 1  
f’0110WS f’rom Lemma Lt and七he sum七heorem（［20］，p．30），］∴e．，a   

SepaTable metric spa．ce whichis 七he countable sum of c10Bed sub－  

SetS Of dimension皇nhas dimension≦n，七ha七dimH（qo＞ql，q2，q3）  
＜ 3．Hence we ob七ain ouT theoTem by Lemma 3．  

3．2．Prooflor Theorem 2．  

Letα＞O sa七isfy七ha七6（（1＋α）／2）3＜1．And for thisαWe  

Ch00Se a P ＞ O such tha七 B（p，P）⊂V satisfies the conclusion of’  

Lemma 5 and七he 勾p－ballwi七h cen七eT Pis s七r｝Ongly convex．  

By Lemma3it suffices七o show七ha七dim H（qo，ql，q2‡≦2・  
2 

＝fdimC｛ro，Tl＞r2｝≦2foTanyPOintsTo，Tlandr2inB（p，P），  
then dim H（qo，ql＞q2‡≦2because of七he sum theorem・   

2 
＝nfact，dimC｛ro，Tl＞T2｝≦2ises七ablishedasfollows・  

2 2 
FTOmthedefinitionofC｛To，Tl・T2｝七hediame七eTOfC｛To，Tl，T2｝  

is not greater than d（ro，rl）＋d（rl，r2）＋d（r2，ro），because  

C2｛ro，Tl，r2｝iscontainedinB（To，（d（ro，Tl）＋d（Tl，r2）＋d（T2＞To））   
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／2）・SinceH｛ro，rl，r2｝⊃C2｛ro＞Tl，T2｝，ith01dsthat   

2 c2｛To，Tl，r2｝こC｛To＞Tl，m（rl，T2）｝Uc2｛To＞T2・m（rl，T2）｝・  

Henceif we pu七To，：＝m（rl，T2），Tl ，：＝m（To，r2），r2 ，：ニm（ro，rl）  

and r，：＝m（ro，ro，），七hen  

2 U2 c2｛ro，Tl，r2｝こC｛To，Tl＞，r＞｝c｛ro，r，，r2 ・｝Uc2｛rl，＞T2，To，｝  

Uc2｛rl， リ2 ，rO，，rリc｛㌘，，rO，，r2 リリc2｛r2，，rO，，㍗ユ｝，  

2 and七he diameter ofeach C（）on七he righ七side aTe nO七  

gr・eateT tha・n（（1＋α）／2）（d（To，rl）＋d（rl＞T2）＋d（r・2＞To））（by Lernma5）・  

2 ＝f we repeat this（n－1）times foreach C（†of七he righ七hand  

side，七henwe obtain6n c2‡），s and七heir diame七eTS aTe nO七  

greater七han（（1＋α）／2）n（d（To，rl）＋d（Tl・T2）十d（T2，rO））・Hence for  

givenE＞0七hereisanno such七ha七n≧noimplies（（1＋α）／2）nx  

くd（ro，rl）＋d（rl，r2）＋拇2，rO））＜E・Slncem3こ（C2｛ro，rlコr2｝）≦  
∑［6（C2｛ ｝）］3三6n［（（1＋α）／2）n（d（ro，リ＋d（rl，r2）＋頼2，ro）］3甑  

n≧no，Wegetm3（C2｛To＞Tl＞T2｝）＝0・Bythefactin七TOducedin  
Sectionl，dimC2｛ro，rl＞r2｝≦2・Thiscompletestheproofof  

TheoTem 2．   
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互．Applications and Temaエーks  

＝f we 七Ty tO descTibe TheoTemlwi七h only convex  

combinations we have Corollary6．Thisisbecause C k＋lu＝Cku  

k 
foT eVery Subset UofB（p，P）inMmeans HU＝Cu・  

Cor011aTy 6．Le七 dim M be gTeater than 3．＝f’foT eaCh point  

Pin M thereis a convex neighborh00d V of pin M such 七ha七  
2 C2｛qo，ql，q2，q3｝＝C｛qo，ql＞q2，q3｝foTanyPOintsqo＞ql＞q2＞q3  

in V，七hen Mis a space of constant curva七ure．  

The following corollaTyis evident by the fac七 tha七  

H｛ro・Tl＞T2｝つC2｛ro，Tl・r2｝foranyro，rl，T21nB（p・P）こM・  

Moreoveritis direc七1y pTOVed by 七he same way asin the pエー00f   

Of Theorem 2．  

Cor011aTy 7．Le七 dim M be greateT than 2．＝f foT eaCh point  

Pin M 七heTeis a convex neighboTh00d V of’pin M such that  

H｛qo，ql，q2｝＝H｛qo，ql，m（ql，q2）｝UH｛qo，q2，m（ql＞q2）｝forany  

POin七s qo3qland q2in V，then Mis a space of constant  

CuエーVa七uエーe．  

＝七is natuTalto ask whe七heT H‡qo，ql＞q2‡inthe assumption  

2 
ofTheoTem2couldbeTePlacedbyC｛qo，ql＞q2｝・Onthisques七ion  

We Show 七he f’01lowing．  

TheoTem 8．Let dim M be  greater than 2．If for each pin M   
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七heTe eXis七s a convex neighborhood V of pin M such 七ha七  
2 c2｛qo，ql，q2｝＝C｛qo，ql，q｝Uc2｛qo，q2，q｝foranypoin七sq o，ql  

and q2in Vand for any point qin七he segment T（ql，q2），七hen  

Mis a space of constan七 CuTVatuTe．  

＝fi七is possible 七o replace qin 七he assump七ion wi七h  

m（ql，q2），七hen七his七heoTemis stTOngeT than TheoTem2・HoweveT  

the author does not know the possibili七y．  

We pTePare alernma foT the pTOOf of Theorem8．  

Lernma9．Let M satisfy the assumptionin Theorem8．Le七  

Ⅹ（T），0≦T≦α，and y（v），0≦、ノ≦β，rePreSen七Segmen七S Tl：＝  

T（To，Tl）and T2：＝T（To＞T2）TeSPeC七ivelyinB（p，P）こVandlet  

七：＝Max（d（Ⅹ（cLリ），y（Btl））；リL ∈［0，1］）．If七he 3p－ballwi七h centeT  

2 
pisstTOnglyconvex，七henC｛To，Tl＞T2｝iscontainedin七he  

union of’七he closedセーneighboTh00d of’Tland the c10Sedモー  

neighboTh00d of T2in M・  

PTOOf of Lemma 9．Choose a par七i七ion O  リ0＜リ1く ‥・ ＜リn  

＝10f［0，1］such七ha七α（リi－リト1）＜t andβ（リi－リ1＿1）＜七f肝  

2 
1≦i≦n・ThenC｛Ⅹ（叫i＿1），Ⅹ（叫i），y（餌i＿1）｝⊂H｛Ⅹ（叫i＿1），Ⅹ（叫i），  

2 
y（紬i－1）｝こB（Ⅹ（叫i＿1），t）CandC｛Ⅹ（叫i），y（帥i＿1），y（βpi）｝こ  

B（y（紬i），七）Cforeveryl≦i≦n，becauseB（Ⅹ（叫i＿1），t）Cand  

B（y（帥i），七）C aTe COntainedinB（p，3p）foTeVeryl≦i≦n，and れ  
2 henceaTeCOnVeX・SinceC‡T。，rl，r2†くよC2（Ⅹ（叫i＿l），Ⅹ（叩i），  

y（餌ト1）｝Uc2｛Ⅹ（叫1），摘リi－1）詔βui）｝パ2｛ro，rl，r2｝iscon七aユned   



－13 －  

in the union of the c10Sed t－neighboTh00d of’Tland the closed  

セーneighboTh00d of T2in M・  

Pr00r Of－ Theo㌘em 8．Le七  qo，qland q2be any pointsin  

B（p，P）⊂V where pis a posi七ive such that the 3p－ba・1lwith   

Center Pis s七TOngly convex．Le七 S be the se七 Of a11points  

each of whichbelongs to the segment T（qo＞q）foT SOme qin  
2 2 

T（ql，q2）・S⊂C｛qo，ql，q2｝iscleaT・WeclaimS＝C｛qo，ql＞q2｝・  

2 
＝nfact，SuPPOSethereexis七sapoin七SeC｛qo，ql，q2トS・Let  

Tlbe 七he di＿S七ance between s and S．Since Sis closed，We have Tl  

＞0・Ch00Se a PaT七ition ql＝S l，S2＞・・・，S  ＝q20f T（qllq2）in  

七his order such thatif zi（T），0≦T≦αi，repTeSen七S the  

Segmen七T（qo，Si）for eachl皇i≦n，andif we put七・：＝Max‡d（ 1  

Z土（α1リ㍉zユ＋1（α1＋1 吊）；りを［0，1］）ror eachl≦i≦n－1，七hen  

七・ 
＜Tlf’or alll皇i≦n－1・By Lemma9and七he assump七ion，  

2 
C｛qo，ql，q2｝iscontainedintheopen町neighboThoodofSinM，  

acon七radlc七lon．   

2 
NextweassertH｛qo＞ql，q2｝＝C｛qo，ql，q2｝・Le七Tandsbe  

2 
anypointsofC｛qo，ql＞q2｝・Thenby七heaboveaTgumenセセhere  

aTe POin七s r，and s，in T（ql，q2）such tha七T6T（qo，T＞）and sを  

2 T（qo，S，）・SinceC2｛qo，ql，q2｝＝C｛qo，ql，T，｝Uc2｛qo，T，，S，｝U  
2 
C｛qo，q2，S，｝，WheTeWeaSSumeWi七hou七lossofgeneralitythat  

ql，T，，S，and q2arein七his oTder on T（ql，q2），and since T（T＞S）  

2 2 
iscon七ainedinC｛qo＞T，，S，｝，T（T＞S）iscontainedinC｛qo，ql，  

2 
q2｝，Whlchlmpliesconvex瑚OfC｛qo，ql，q2｝・   

2 
Thus的0，ql，q2｝＝C｛qo，ql，q2｝＝S・伽nweconclude   



ー1叫 ＿  

dimH（qo，ql＞q2）≦2＞and hence we obtain ouT七heoTemby Lemma  

3．   
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CHA‡）ワER Ⅱ  

Convex func七ions on G－SuTf’aces  

1．工n七roduc七まon  

A func七ion F defined on a comple七e Riemannian mani王’01d M   

Withou七 boundaryis said to be convexif Fis a one－VaTiable   

COnVeX f’unc七ion on each aTC－1ength paTametrized geodesic．Fis   

locally Lipschi七Z COn七inuous，and hence con七inuous on M．＝七is   

a na七uTal question 七o ask to what extent the exis七ence of a   

COnVeX func七ion on Mimplies restrictions to 七he topology of M．   

＝n the recen七WOrk［16］，the 七op0logy of M wi七hloca11y non－   

COnS七ant convex f’unctions has been studied in de七ail．One of   

their TeSul七s glVeS a．Classifica七ion 七heoTem Of 2－dimensional   

COmple七e Riemannian manifolds which admi七locally nonconstant   

COnVeX f’unctions；七hey are diffeomoTPhic to ei七her a plane，a   

Cylinder，OT an OPen Moebius stTip．  

A classicalresult of Cohn－Vossen［12］s七a七es 七hat a complete   

noncompact 2－dimensionalRiemannian manif01ds with nonnega七ive   

Gaussian cuTVa七uTeis homeomoTPhic 七O a Plane，a CylindeT，Or   

an open Moebius stTip．Moreover，CheegeT－Gromollhave provedin   

［11］七ha七if a comple七e noncompac七 Riemannian manifold has non－   

negative sec七ionalcuTVature，七hen eveTy Busemann function onit   

is convex（andlocally nonconstan七）．  

H．Busemann geneTalized Cohn－Ⅴossen，s TeSul七in［句］，   

PTOVing 七ha七 a noncompac七 G－SuTfaces with finite connectivity   

and zero excesses whose angulaT meaSuTeis unifoTm atlTis   
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top010glCally a plane＞ a CylindeT5 0T an OPen Moebius strip・  

The puTPOSe Of 七his chapteTis to prove the fo1lowing：  

TheoTem．Let R be a noncompact 2－dimensionalG－SPaCe．If’R  

admi七s alocally nonconstant convex function，then Ris  

homeomorphic to ei七heT a Plane，a Cylinder Slx n＞OT an Open  

Moebius s七㍗まp．  

＝t should be no七ed tha七in the pTOOf of the above result，   

七heTeis no analogy wi七h the Riemannian case．Thisis because   

eveTy pOin七 of’a G－SuTface R does notin generalhave convex   

ba11s aroundi七．Hence，foT eVeTy Closed convex set C of a Gu   

SPaCe R and f一or eveTy POint q ∈ R － C whichis suf’ficien七1y close   

to C，We CannO七 conclude the unlqueneSS Of a segmen七 Which   

COnneCtS q 七o a poin七 On C，and whoselength realizes 七he   

distance between q and C．＝七 Should be also no七ed 七hat a convex   

function on a G－SPaCe Risin generalno七 necessaTily continuous．   

Butin the case wheTe dim R ＝ 2，Ris a 七OPOlogicalmanifold aてnd   

every convex function onit is locally Lipschitz continu．ous．  

＝n Section 2 we shallglVe the definition and some basic   

notions f’oT G－SPaCeS Which aTe uSedlateT．They are foundin   

the b00k of H．Busemann［互］．＝n Section 3 we shalldiscuss G－   

SuTfaces which possessIocally nonconstant convex func七ions，   

dir｝eCting ouT a上土ention to thelevels of’the f－unctions．＝n   

Sec七ion 勾 we have a classification of G＿Surfaces which admi七   

10Cally nonconstant nearly peakless functions without continuity．   
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This result willbeintroducedin［6］．The me七hodis diffeTen七   

fTOm that 七he convex case・We do no七 glVe Our a七tention to the   

levels bu七 Study only the existence ofinteTSeC七ing closed  

geodesicSaccoTding to theidea of G．ThoTbeTgSSOn［岨］．   
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2．G－SpaeeS  

Let R be a me七ric space，andle七 d（p，q）denote the distance   

between points p and q on R．Let（pqT）deno七e 七hat p，q and T   

are mu七ually dis七inc七 and d（p，q）＋d（q，r）＝ d（p，r）；1e七B（p，P）  

deno七e 七he set（q；d（p，q）＜ p），Whichis called七he（open）ball   

Wi七h cen七eT P and radius p・The axioms foT a G－Spa・Ce R are：  

l．The space is a syTnmetTic me七ric space with distance   

d（p，q）＝ d（q，p）．  

2．The spaceis finitely compact，i，e．，a boundedinfinite   

Set has at leas七 one accumulation point．  

3．The spaceis（Menger）convex，i．e．，for given 七wo   

dis七inc七 POints p and エー，a POint q wi七h（pqr）existB．  

斗・To every point s of the space七heTe COrTeSPOnds p8＞O  

SuCh that foT any tWO dis七inct poin七s p a・nd qinB（s，PB）a point  

r with（pqr）exists．（Axiom oflocalpTOlonga七ion）  

5・＝f（pqrl），（pqr2）and d（q，Tl）＝d（q，T2），七hen rl＝r 
2・  

（Axiom of’uniqueness of pT0longa七ion）  

The axioms ensure the exis七ence of a（con七inuous）cuTVe   

Which connects glVen tWO pOints p and q and whoseleng七his ●  

equalto the dis七ance between them，and this cuTVeis called a   

Segment and deno七ed by T（p，q）．＝f an T Wi七h（pqr7）exis七s，then  

the segment T（p，q）is unique．工T p，q らB（T，P）f’or some rin R，  

then T（p，q）こB（T，2p）．Le七 p（p）be 七heleast uppeT bound of those  

Pp Which satisf：√Axiom力IThen either p（p）＝00for allpor   
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0＜p（p）＜∞andlp（p）－P（p）l≦d（p，q），Whichimplies con七inuity  

Of the func七ion p（．）on R．  

A geodesic gis a ceT七ain class of mappings of七he Teal   

lineinto R whichislocally a segment，i．e．，g has a  

TepTeSenta七ion x（T），－00＜T＜∞SuCh tha七foT eVer＞y To七heTe  

exists an E（To）＞O such tha七d（Ⅹ（Tl），Ⅹ（T2））＝lTl－T2lfoT  

IT白－Til皇E（To），i＝1，2，andforano七her TePreSenta七ion  
y（T），－00 ＜ T ＜ ∞，七here exis七 α＝ ±1，β 6：駅 Which satiBfy tha七   

Ⅹ（T）＝ y（αT ＋ β）foT allT．＝f a repTeSenta七ion of－a geodesic   

is a globallyisome七Tic map of 取into R，OT a plane circleinto   

R，七hen we callit a s七raightline or a gTea七 CiTCle，   

respec七ively．  

Factl．＝f’y（T），α ＜ て ＜ β，α ＜ β，TePTeSen七s a segmentin  

a G－SPaCe，then theTeis a unique repr｝eSen七a七ion x（T），－の ＜ T  

＜∞，Of．a geodesic such七hat x（T）＝y（T）f’oTα≦T≦β・  

＝f．xn（T），－∞＜T＜∞，TePreSentS a geOdesic n＝l＞  Fac七 2．  

2，…and七he sequence（Ⅹn（To））is bounded，七hen（Ⅹn（T））  

COn七ains a subsequence（Ⅹk（で））which conveTgeS（uniformlyin  
eveTy bounded set of：駅）to a TepTeSenta七ion x（て），－∞ ＜ T ＜ ∞，   

Of a geodesic．  

Fac七 3．  A class or homo七oplc closed eurves through p whユch  

is not con七rac七ible contains a geodesicloop（a piece of．a   

geodesic）with endpoin七 p．   
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We use the notion of dimensionin 七he sense defined by   

MengeT and Urysohn  

Fact Ll・A G－SPaCe Of dimension 2is a七op0logicalmanifold・  
2 

B（p，P（p））is ahomeomoTPhic to an openballina plane取．  

Fact 5．EveTy POint of－ a 2－dimensionalG－SPaCeis an  

in七eTior poin七 Of a closed and of．an open convex se七 Whose   

boundary consis七s of七hTee Segmen七s，WheTe a COnVeX Set C means   

七ha七 P，qin Cimplies that T（p，q）exists uniquely andis   

COntainedin C．We callsuch a convex se七 a triangle．   
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3．Locally noncons七an七 convex func七ions  

Le七 R be a 2－dimensionalG－SPa．Ce and F be a convex f’unction  

On R．This means tha七 foT eaCh geodesic wi七h a repTeSentation   

X（T），－∞ ＜ T ＜∞，F satisf－ies theinequality：  

y（Ⅹ（入Tl＋（1一入）T2））三入F（Ⅹ（Tl））＋（1一入）F（Ⅹ（T2）），  

ror any入∈［0，1］，andでor any Tl，T2∈：駅・  

The plane，CylindeT and open Moebius stTip with canonical   

me七Tic evidently possess（locally noncons七an七）convex functionB．   

As we ar＞einteTeS七edin 七he top010gicalstTuC七ure of R，We may  

assume 七ha七 a convex function Fislocally  noneons七an七，i．e．，  

noncons七ant on each open set of’R．1f a non一七rivialconvex   

func七ion Fis constan七 on a．n open se七 UこR，七hen we can   

COnS七TuCt f－rom R a 七OpOloglCally dis七inct R，on which a non－ ●  

七r・ivial convex function is def－ined．This is done as follows：   

TheTe is a disk D ⊂ニU．Rき is ob七ained via 七he connec七ed sum  

（R－D）＃V，Where Vis an aTbitTaTy G－SPaCe Wi七hboundaTy S 
I  

Whichisiden七ified with 七he boundaTy aD．The convex func七ion   

On R，is equal七o F on R，－V and．is constan七 on V，and agree   

Wi七h F on aD．Thus 七he existence of a non一七Tivial convex function   

does no七imply a topologicalTeS七ric七ion on 七he G－BPaCe eXCeP七   

a七rivialone，namely，nOnCOmPaCtneSS（see［15］）．Throughouセ   

セhis sec七ionle七 F belocally nonconstant on R．Andle七［F ＝ a］  

and［a≦F≦b］deno七e七he se七s（q∈R；F（q）＝aland†q∈R；  

a≦F（q）5＿b‡，reSpeC七ively・  

Lemma 6．F まs  10Cally Lipschitz．continuous on R．   
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Pエー00王、．We デ1rs七 Show 七ha七 FIsloeally bounded above．Le七  

ql＞q2and q3be七he veTtices of the convex七riangle C  

mentionedin Fact5，andle七P，∈＝n七C・Ch00Se q OnT（q2・q3）  
SuCh tha七P＞∈」T（ql・q）・Then by convexity of．F，We have  

F（p＞）ミ（d（p，，q）／d（ql，q））F（ql）＋（d（ql，P，）／d（ql＞q））F（q）  

三（d（p㍉q）／d（ql，q））F（ql）＋（d（ql，p，）／d（ql，q））  

×（（d（q，q3）／d（q2，q3））F（q2）＋（d（q2，q）／d（q2，q3））F（q3））・  

Therefore F（p＞）三Max（F（ql），F（q2），F（q3））・  
Secondly，We Show that Fis10Cally bounded．Le七 B（p，P）こ  

＝n七C，P皇P（p），andle七q∈B（p，P）・Then by convexi七y of．二F we  

have  

F（p）三（F（q）＋F（q，））／2，  

Where q，sa七1sで1es 七ha七（qpq，）and d（p，q）ニ d（p，q，）．Hence  

F（q）ヱ2甘くp）－maX‡即ql），円q2），F（qヨ）），  
f’oT q ∈ B（p，P）．Thus FiBlocally bounbed．  

工n oエーdeエー セo pエー0Velocal工」ipschiもz con七inuま亮y oで F，We WOrk   

in the above B（p，P）．Let u，Ⅴ∈B（p，P／3）．Extend T（u，Ⅴ）in both   

diTeCtions un七ili七s endpoints aTTive a七 aB（p，P）．Take points  

ul，u2，V2＞Vlin this ex七ension of T（u，Ⅴ）such七hat ul，u2，u＞  

Ⅴ，V2and vlareln七his order and d（ul，u2）＝d（v2ユVl）ニP／3  

and ul，Vl∈aB（p，P）・menby eonvexi七y or F，   
（F（u2）－F（ul））／d（ul，u2）皇（F（Ⅴ）－F（u））／d（u，Ⅴ）  

≦（F（vl）－F（v2））／d（v2，Vl）・  

Hence theTeis an L＞O suchもhatlF（Ⅴ）－F（u）‡皇Ld（u，Ⅴ）foT  
u，Ⅴ∈ B（p，P／3）．Thus Fislocally LipschitE COntinuous，Which  

ls our goal．   
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［F ＝ a］， a ＞inf F（R），has七he stTuC七uTe Of－an  もemma 7．  

embeddedl－dimensionaltopologlCalsubmanifold wi七hout boundaTy．                                                                                                                           ●  

Proof’．Let p ∈［F ＝＝ a］．Thereis a poin七 q such 七hat q∈  

B（p，P（p））and F（q）＜F（p）．Take an r・On an eXtenSion of T（p，q）   

SuCh 七hat F（r）＞ F（p）and T ∈B（p，P（p））．Let T，be a segment   

七hrough r and containedin B（p，P（p））and whichin七eTSeC七s 七he   

ex七ension of T（p，q）a七 exacセユy r and on which F ＞ F（p）．Then  

T（q，q，）∩［F＝a］is exac七1y one poin七 for every q＞∈T＞，  

because Fis s七rictly mono七OneincTeaSing along T（q，q’）∩  

（R－［F≦F（q）］），and七he七○七ality of七hose pointsis  

homeomorphic to T，．Hence this setis a neighborhood of pin   

［F ＝ a］，andit has no selfin七eTSeCtions．This comple七eB 七he   

pr00f－．  

We conclude fTOm Lemma 7 tha七［F ＝ a］，a ＞inf F（R），is  

1 
homeomoTPhic to either a TeallineⅡioT a CiTCle S．  

Lemma 8．Ris noncompact．  

PTOOf．A bounded convex f’unction is constant．  

Concer・ning七he nurribeT Of componen七S Of alevel［F ＝ a］，   

a＞1nぎ F（R），Of、F七he f10110Wing holds．  

Proposl七lon9．Le七 p and q be dlstinct poin七s or［ぎ＝＝a〕，   
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a＞inf F（R）．If七heTeis a geodesic cuTVe fTOm P tO q SuCh  

七hat F does no七 assumeinf F（R）oni七，七hen p and q aTe  

containedin the same componen七 of’［F ＝ニ a］．  

Pr00r．もe七 Ⅹ（て），α  ミ T 三 β，TepTeSent the geodesic cuTVe  

in the assumption．1f min F（Ⅹ（［α，β］））ゴ a，then F（Ⅹ（T））＝a foT   

eveTy T，OL≦T 三β，by convexity of F・So p and q are contained  

in the Bame COmPOnent Of’［F ＝ a］．Thus we may assume wi七hout  

losB Of generali七y tha七ther・e eXis七s To∈［α，β］such七ha七  

F（Ⅹ（To））＝min F（Ⅹ（［α，β］））＜a・Since F（Ⅹ（To））＞inf F（R），We  

Can Choose anT SuCh that r∈B（Ⅹ（To），P（Ⅹ（て0））／3），and F（T）＜  

F（Ⅹ（To））・Putα，：＝Max‡α，To－P（Ⅹ（To））／3‡，β，：＝min（β，To ＋  

P（Ⅹ（To））／3），and m：＝min（（F（Ⅹ（T））－F（T）Vd（r，Ⅹ（T））；αJ皇T≦β＞l，  

The cht｝ice of Timplies m ＞ 0．For each T，α，＜ T 三 β，，七here 十  

is exac七1y one TePTeSenta七ion y，（V），－00 ＜v＜00，Of a geodesic  
T  

byFactlwhich sa七isfies that yT，（0）＝T，andyT，（d（T，Ⅹ（T）））  
＝ Ⅹ（T）．Then we have  

m（リ ー d（ア，Ⅹ（T）））＋ F（Ⅹ（T））   

≦（（F（Ⅹ（T））－F（r））／d（㍗，Ⅹ（T）））（v－d（r，Ⅹ（T）））＋F（Ⅹ（T））   

皇F（yT，（v）），  

for every v≧d（r，Ⅹ（で））・Slnce yて，（v），d（㌘，Ⅹ（T））皇V＜p（Ⅹ（To））  

／3＋d（r＞，Ⅹ（T）），is containedinB（Ⅹ（To），2p（Ⅹ（To））／3）foT eaCh T，  

α，皇T≦β＞，theTeis a v such七ha七yT，（v）∈B（Ⅹ（To），P（Ⅹ（て0））），  

and mp（Ⅹ（To））／3＋F（Ⅹ（T））皇F（yT，（v））・  

Le七E（T），α，≦T皇β，，be a continuous f．unction which  

Satisfies that E（α，）＝i（β，）＝0，and O＜E（T）＜mp（Ⅹ（To））／3  

f’oT any T，CL＞ ＜ T ＜ β，．convexi七y of Fimplies 七haセ セhe geodesic   
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CuTVe Wi七h a representation y，（v），、ノ＞0，in七eTSeC七s［F＝  
T  

F（Ⅹ（T））＋ E：（て）］a七 exactly one poin七，Whichis deno七ed by y（T）．  

We aTe gOing to see that y（T），α，≦T5＝β，，is a con七inuous  

CuTVe SuCh七hat y（α，）＝ Ⅹ（α，）and y（β∫）＝ Ⅹ（β，）and y（T）∈  

B（Ⅹ（To），P（Ⅹ（To）））・Let a sequenceITi‡七ends七O T，α，≦T≦β，・  

Since（y（Ti））is bounded＞七he sequence（y（Ti））contains a・Sub－  

SequenCe（y（Tk））which conveTgeS tO a POin七yo・Then，Since七he  

equall七y F（yo）＝F（Ⅹ（T））＋E（T）rollowsでrom con七1nulty or E  

andF，yO  belongs七0［F＝F（Ⅹ（T））＋E（T）］・On the otheThand，  

yois on七he geodesic cuTVe Wi七h a TepreSen七a七ion yT，（v），－∞＜  
V＜∞ ，Sincethesequencely 

てi 

geodesics converges七o yT，（v），－∞＜V＜00，・by Fact2when（Ti）  
七ends 七o T．TheTefoTe We have fLTOm the def■inition of’y（T）that  

yo＝y（T）・  

Nex七，foT eaCh T，α，≦T≦β，，1e七zT，（v），－∞＜V＜00→be  

a repTeSen七a七ion of’a geodesic which satisfies 七ha七 z，（0）＝  

Ⅹ（To）and zT，（d（Ⅹ（To），y（T）））＝y（T）・Thisis well－defined  

because y（て）∈B（Ⅹ（To），P（Ⅹ（To）））・FTOm七he cons七ruction of  

Zて，（v）we see七ha七Zα，，（v）＝Ⅹ（To－V），Zβ，，（v）＝Ⅹ（To＋v），  
and hence each of them has a uniquein七eTSeC七ion with［F ＝a］．   

The desiTed curve from p 七O qin［F ＝ a］is ob七ained as fo110WS：  

FTOm七he constTuCtion of z，（v），α，≦T皇β，，V＞0＞We See七hat  
で   

F（zα，，（v））andF（zβ，，（v））aremonotonenondecreasingforv＞0，  

andmoreoveT F（z，（v）），α，＜T＜β，，is s七ric七1ymono七one  
T   

incTeaSingfo料＞d（ⅩC・i。）L，y（T））・Thus，foTeaChT，α，皇T≦β，，  
Z，（v），V＞0，has a uniqueintersectionwith［F＝a］，Which   

T  
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is denoted by z（T），and theinteI－SeCtionis con七inuous wi七h  

T・＝n fact＞七o provei七around T＝α，，fix p，＝Zα，＞（To－α＋l）・  

Then convexity ofFalong zα，，（v），V＞0，implies七ha七F（p，）  
＞ a．Thereis a neighboTh00d of p＞ on which F ＞ a．Ther｝efore  

We find a6l＞O such七hat zて，，（To pα＋1）isin七he  

neighborh00diflT－α’l＜6L・Then con七inui七y of z（T），α’5＝T  

＜α）＋61，is obvious・rn七he same way we find a62＞O such  

七ha七Z（T），β，－62＜T皇β，，is con七inuous・To prove continui七y  

OでZ（T），α，＋61≦T≦β，－62，pu七ml：＝inH［F（y（て））－F（Ⅹ（To））〕  

／d（Ⅹ（To），y（T））；α，＋61≦T≦β，－62l・Thenwe can see七hat  

ml＞O a・ndthat for each T，α，＋61≦T5－β，－ 62＞  
ml（v－d（Ⅹ（To），y（T）））＋甘（y（T））   

三［岬（y（T））－F（Ⅹ（To））‡／d（Ⅹ（To），y（T））］（リーd（Ⅹ（To）クy（T）））  

＋F（y（で））   

≦F（z，（v））っ  
T  

foT eVeTy T＞d（Ⅹ（To），y（T））・Thus七he se七†z（T）；α，＋61≦T  

≦β）－62）is bounded・Continui七y of z（T），α，三T≦β＞，holds  

by means of 七he same aTgument aS COn七inui七y of y（T）．This   

COmPle七es the proof．  

As a direc七 consequence of 七he pTOOf’of PTOpOSition 9，We  

have  

If p and q aTe taken from diffeTen七  Proposi七ion lO．  

COmPOnentS Of’［P＝ a］，then F assumesinf F（R）on every geodesic  

CuPVe Which 30ins p and q andinf F（R）is assumed a七 exaLCtly   
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One POint oni七．  

Theoremll．＝f七heTeis a value a such 七hat 工F ＝ a］is not  

COnneCted，七hen the f’0110Wing h01d．  

（l）F assumesinf F（R）a七 some poin七．  

（2）［F ＝min F（R）］is to七ally convex andi七iB ei七heT a   

Straightline oT a gTeat CiTCle．  

（3）R－［F＝min F（R）］consis七s of七wo components．If  

b＞inf’F（R），then［F＝b］has exactly七wo componen七S  

（1）is a consequence of PropositionlO，＝n（2），  Pr00王’．  

totalconvexity of［F ＝ min F（R）］is trivial．1f a［F ＝min F（R）］   

＝ g aS al－dimensionalmanifold，七henit f0110WS fTOm tOtal  

COnVeXi七y or［F＝mln F（R）］and（9．6）ユn［2］，p．斗6 七ha七  

［F＝min F（R）］is ei七heT a S七Taightline or a gTea七 Circle．  

If∂［F ＝min F（R）］≠β oT［F ＝min F（R）］consis七s of only one   

POint，then we can see 七ha七［F＝ a］is connec七ed，a COn七Tadic七ion．   

In fact，We Can PrOVe this as f’01lows．Take poin七S P and qin  

［F＝a］and r｝in∂［F＝min F（R）］and30in fTOm T七O P，and f－TOm   

T 七o q by segmen七S T（r，P）and T（T，q）．Since B（r，P（T））is no七  

SePara七ed by［F＝min F（R）］，We ge七a con七inuous curve y（T），  

α≦T≦β，joining∂B（r，P（T）／2）nT（r．，P）and∂B（T，P（T）／2）n  

T（T，q）whichis con七ainedin B（T，P（r））and does notin七ersec七  

［F＝min F（R）］・If for eachT，α皇丁皇β，Z（T）is defined by the  

intersection of a geodesic cuTVein the diエーeC七ion fTOm T 七o  

y（T）and［F：a］asin七he pT00f of Proposition9，七hen z（T），   
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α≦T5＝ β，is a continuous cuTVe joining p and q，  

To prove（3），fix a point p of［F ＝min F（R）］．Then B（p，   

p（p）／2）－［F＝min F（R）］has exac七1y 七wo componen七S by（2）．We  

deno七ei七S COmPOnen七s byVland V2・FoT eaCh qe・R－［F＝min  

F（R）］，1e七Ⅹ（T），0≦T≦α，Ⅹ（0）＝P，Ⅹ（α）＝q be a  

representation of－a geodesic curve fTOm P 七o q．Then x（T），0 ＜  

T＜p（p）／2，is containedin only one ofVland V2・Put A‥＝  

（q e R－［F＝min F（R）］；allgeodesic curves from p to q on  

Which sufficien七Iy sma11pa・T七s neaT Pin七ersect Vl），B‥＝（qを  

R一［F ＝min F（R）］；allgeodesic cuTVeS f’rom p 七o q on which  

Sufficiently smallpaTtS neaT PinteTSeC七V‡and C：＝‡q∈・R－  
2   

［F ＝min F（R）］；there aTe geOdesic curves fTOm P tO q SuCh that  

One Of七heiT TePreSen七a七ions y，（T），0≦T≦β，y’（0）＝P，y’（β）  

＝q，intersec七S Vland ano七heT Z，（T），0皇T≦Y，Z，（0）＝P，  
Z，（Y）＝q＞in七eTSeCtS V2）・  

Both A and B a．re open and connectedin R －［F ＝min F（R）］  

if they aTe nOnemP七y・If we show tha七ALj B＝R－［F＝min F（R）］，  

i．e．，C ニq，then the first paTt Of（3）willbe proved．Thisis  

becauseif C＝g，七henVl⊂A and V2⊂B wi11follow from the  

aTgument Stated below．  

Suppose q ∈C exists．Then we have a contTadiction fTOm  

the following considera七ions・Fix a poin七qo＝y（To）such tha七  

F（qo）＝a，WheTe y（T），－00＜T＜∞，is a TePTeSen七a七ion of a  

geodesic de七ermined by y，（T），0 ≦T ≦β，in七he definition of  

C・Andlet z＝（T），0≦T皇巨0－β1＋Y，bea con七inuous curve  

f’rom p七O qo SuCh七ha七if To皇β，then z＝（T）＝Z’（T）foT O皇   
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T≦Y and z‥（T）＝y（T＋β－Y）for Y三下皇To－β＋Y andif  

To＜βthen z＝（T）＝Z，（T）foT O三T≦Y and z＞，（T）＝y（β－T  

＋Y）f’oT Y皇T≦β－To＋Y，WheTe Z’（T）さ0＜T皇Y，isin七he 事＝岩  

definition of’C．We consider the class of－ all cuTVeS f’rom p to  

qo whosein七erioTS arein R－［F＝min F（R）］and such tha七  

Sufficien七1y smallparts near p meet V2but not mee七Vl・This  

Classis nonempty・Since［F ＝ min F（R）］iB tOta11y convex and  

is ei七heT a gTea七 CiTCle oT a S七Taigh七1ine，We f．ind（5．18）in  

［2］，P・25，a geOdesic cuTVe fTOmP tO qo，in七he class，Whose  

interioTis containedin R －［F ＝min F（R）］and whichis  

different from a geodesic cuTVe With a represen七a七ion y（T），05 ＿  

T≦β・Let z（て），05－T≦6＞Z（0）＝P，Z（6）＝qoJ TePreSent七his  

geodeBic curve・Using these representa七ion y（T），0 ＜ T ＜ β，and コ⊂＝こ騨  

Z（T），0≦T≦＝6，We COnneC七any two points qland q2in［F＝a］  
by a continuous curvein［F ＝ a］，a COntradic七ion．Thisis done  

as f0110WS：＝f yl（T），05－T≦βl，and y2（T），0くT皇β2＞ 耳＝＝  

TePTeSentS geOdesic cuTVeS SuCh tha七yl（0）＝y2（0）＝P and yl（β1）  

＝ql）y2（β2）＝q2andlr yl（T），0＜T＜p（p）／2，ユ＝1J2，are  

COn七ainedin Vl，then we can connec七yl（p（p）／3）and y2（p（p）／3）  

by a continuous cuTVein Vl，and hence asin PTOPOSition9we  
find a cuTVein［F＝a］which30ins qland q2・Thus，Without  

loss of geneTality，We may COnSider七hat yi（T），0＜T＜P（p）／2，  

aTe COn七ainedin V．foTi＝1，2．By 七he sameidea asin ユ  

PTOPOSi七ion 9，We Can find two cuTVeSin［F ＝＝ a］such tha七 One  

Of七hem30ins ql七o qo and the o七heT joins q2tO qo・Thus  

［F ＝ a］is connected，a COntradic七ion．Hence C ＝ 好is pTOVed．   
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The above aTgumentS Show七ha七VlこA and V2こB，and hence  
七hey are not empty．Theref’oTe R －［F ＝min F（R）］is the   

disJOint union of A a．nd B． ●  

To pTOVe the second paTt Of（3）itis enough to see 七hat  

bo七h［F：b］nA and［F＝b］nB aTe COnneCted foT any b＞inf’  

F（R）．Thisis eviden七 by the above argumen七．  

To continue ourinves七iga七ions，We need 七he no七ion of’an   

end e：Whichis by definition an assigmen七 to each compac七 Set  

Kin R a component E（Ⅹ）of R－Kin such a way七ha七E（Kl）⊃  

E（K2）if Kl⊂K2・  

TheoTem12．＝f thereis a compac七 COmPOnen七 of alevelof’  

F，tben alllevels aエーe COmpaCt．  

PT00f’．Theoremllimplies that eveTylevelconsists of one  

Or 七wo components．So we fiTSt COnSideT the case wheTe all   

levels aTe COnneCted．  

Let［F ＝ a］be compact．And suppose 七ha七［F ＝ b］is non－   

compact f’oT SOme b with a ＜ b．We f－ix a point pin［F ＝ a］and  

Choose an unbounded sequence（qi），qiく［F＝b］・Le七Ⅹi（T），  

T≧0，be a TePTeSen七ation of aL geOdesic curve such that xi（0）  
＝P and xi（d（p，qi））＝qi， i＝1，2，…・Thenwe have a Bub－  

SequenCe（Ⅹk（て））of‡Ⅹi（T）‡which conveTgeS七o a represen七ation  

X（T），T≧0，Of a geodesic curve・＝f’we see七ha七F（Ⅹ（T））＝a  

foT any T≧0，then亡F＝a］is noncompac七Since x（T），T≧0，   
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TePTeSentS a Tay，i．e．，a half－Straightline．Thisis a  

COntradic七ion．Thus，if［F＝ a］is compact，七hen［F＝b］compac七   

for allb ＞ a．＝t Temains to pTOVe that F（Ⅹ（T））＝ a for eveTy  

T≧0・For each T≧the diarneteT Of［F＝a］，theTeis a number  

ko， SuCh七ha七d（p，qk）＞T rOr k≧ko・For七hls ko，1七で0110WS  

fTOm COnVeXity of F that k≧koimplies F（Ⅹk（T））5－b・Therefore  

Wehave  

F（Ⅹ（T））＝F（1im xk（T））＝1imF（Ⅹk（T））＜b・ i  

On七he o七heT hand，Since T≧the diame七er of［F＝a］，  

F（Ⅹ（T））＝F（1imxk（T））＝limF（Ⅹk（T））三a・  

F（Ⅹ（T）），七he diameteT Of［F ＝a］5＿T ＜ cQ，is bounded and   

monotone nondecreasing，SO Fis cons七ant oni七．TheTeforei七   

f01lows fTOm COnVeXity of F that F（Ⅹ（T））＝a for Tヱ0・  

Suppose that［F ＝ a］is noncompact and［F ニ＝ b］compac七 foT   

SOme a ＜ b．＝n this case，七heTe are atleasセ セwo ends of■ R   

because of the existence of a straightlineinteTSeCting［F ＝ b］   

along which Fis nonconstan七 and mono七One．＝n paT七iculaT，Ris   

not simply connected．UndeT 七he assump七ion above，We Claim七ha七   

F does no七 assumeinf F（R）．1n fact，SuPpOSe F assumesinf’F（R）．   

Then 七he minimum setis noncompact，0七herwise al11evels aTe   

COmPaC七 because of the above argument．Thus 七he minimum set   

COnSis七S Of ei七her a ray or a straigh七1ine．Since Ris no七   

Simply connected，thereis a non－nu11homotopy class of closed   

CuTVeS Wi七h any fixed poin七 P ∈［F ＝min F（R）］as a base point．   

Then we get a geodesicloop at p by Fact 3．Along this geodesic  

loop，FIs cons七an七because則Ⅹ（T））＜F（p），Whe門Ⅹ（T），0皇丁                                                                                      等＝壬   
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三α，is a represen七ation of this geodesicl00P．Since 七his   

geodesicloopis containedin neither that ray nor＞ that   

StTaightline，thereis an open set Uin the neighboTh00d of p   

SuCh that F is conBtant On U．This con七radic七S local non－   

COnStanCy Of F．Thus we can suppose tha七 F does not assumeinf   

F（R）．  

Now，We are gOing t0 0btain 七he f－inalcon七radic七ionin 七his  

CaSe・Put七0：＝inf（七∈：駅；［F＝t］is compactl・＝f we pTOVe that  

［F≦to］is homeomoTPhic to the cユosedhalf－Plane，Whichis  

Pr＞0Vedin Pr－OPOSition13，七hen as Ris no七 Simply connec七ed we  

have a geodesicloop with endpoint p where F（p）＜to・This  
geodesicloop mustin七eTSeCt［F＝to］・Thu5this contradicts  

eonvexlty o王’F．  

Next we consideT 七he case wheTe theTe is a level which is   

no七 COnneCted．＝n thiB CaSe i七 f01lows f’TOm TheoI－em11七ha七 F   

assumeSinf F（R）and the minimum se七is ei七her a straigh七1ine   

Or a grea七 C土工－Cle．  

If 七he minimum setis a gTea七 CiTCle，alllevels are compact   

by the same Tea．SOn aS We have alTeady shown tha七［F ＝ b］is  

COmpaC七1でSO土s［F＝a］for a≦り・  

rn the case where the minimum se七is a straightline，eaCh   

COmpOnen七 Of anylevelis noncompac七．In fac七，SuPPOSe 七ha七   

theTeis a compact component of somelevel．Then R has a七1eas七   

two ends and hence i七is not simply connec七ed．Then foT eVeTy   

P ∈［F ＝ min F（R）］七heTeis a geodesicl00P a七 p whichis no七   

homo七Opic 七O a POint cuTVe．Thus 七he geodesicloop a七 P muS七1ie   
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in the minimum se七 Whichis a stTaigh七Iine，a COn七Tadiction・   

This comple七es 七he pTOOf f’oT allcases．  

The f’01lowing pr＞OPOSitionis diTeC七1y usedin 七he pTOOf   

Of TheoTem12．Once we es七ablish Theorem12，We may find by the  

Same TeaSOning a・S PTOPOSition13that［a≦F≦b］，b ＞ a＞inf  

F（R），is七opologically a paTt Ofa cylindeT Slx［a，b］if  

［F；＝ b］is compac七．  

PTOpOSition13．＝f thereis a value b ＞inf F（R）such tha七  

［F＝b］is noncompact，七hen 七heTe eXistB a homeornOrPhism h of．  

認 ×［a，b］，a＞inf F（R），OntO eaCh componen七Of［a≦F≦b］  

SuCh that F。h（u，Ⅴ）＝ V foT eVeTy（u，Ⅴ）∈：取×［a，b］．  

＝t should be no七ed七ha七eachlevel［F＝C］，a≦C≦b，has  

a neighboTh00d whichis homeomoTPhic to the union of 七Tiangles  

of二駅2，Since from七he sameideaasinLemma7，［F＝C］is  

COVeTed by tTiangles whosein七eTior｝S aTe mu七ually dis30in七．   

Hence ouT aimis to ex七end 七his homeomoTPhism七o globa11y   

Sa七isfy 七he condl七10n．  

PT00f．We know as in 七he firs七 PaTt Of 七he pT00f of  

TheoTem12七ha七eveTy C，C皇b，［F＝C］is noncompac七and hence  

homeomoTPhic 七○ Ⅱi．Fix a value d，inf－F（R）＜ d ＜ a，and choose  

in thiB OTderofan  anunbounded BequenCe‡pil－∞＜i＜00  
orientation of［F ＝ b］in both directions of［F ＝ b］．For each   
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i，－00＜i＜00，1et f・be a pointin［F＝d］such七ha七d（pi，fi） 1  

＝d（pi，［F≦d］）・Then foT eaCh c，a≦C≦b】T（pi・fi）∩［F＝C］  

iB eXaCtly one point which we deno七e by pi（c）・CleaTly pi（b）＝  

Pi foT eVeTyl，－∞＜i＜co・And foT eVery C，a＜C三b，the 一  

BequenCe（pi（c））is unboundedin both direc七ions of［F＝C］・  

0七heTWise 七here exis七s a ray starting a七 an accumula七ion point  

Of（fi）and passing七hTOugh anaccumulationpoint q of（pi（c））  
Oh which Fis bounded above by b and the Tight deTiva．七ive at q  

iB POSi七ive，a COn七Tadic七ion・MoTeOVer，七he sequence（pi（c））is  

in 七his oTdeT．Thisis proved as f01lows：Le七 W be a neighboTh00d  

Of T（po，fo）・Wn［a≦F≦b］is sepaTatedby T（po，fo）in七○七wo  

COmPOnen七s W＿1andWl・Let G be a function of［a≦∴F≦b］七○  

ト1，0，1）which sa七isfies tha七if q∈T（po（b），po（a）），七hen G（q）  

＝0，if q E［a皇F≦b］－T（po（b），Po（a）），F（q）＝C and七he sub－  

aTC Of［F＝C］fTOmPo（c）七O q mee七Wpl，七hen G（q）＝，1・and  

OtheTWise G（q）＝1．By 七he remark above 七he pTOOf，Gis  

COn七inuous except on T（po（b），Po（a）），and hence for eveTy C，a≦  

C皇b，and foT eVer＞yin七egeTk≧1，Pk（c）isin only one of七WO  

Bides of T（po（b），Po（a）），and fork≦pl，isin七he o七heT Side・  

Since 七his fac七is 七Tue foT eaChi，－∞ ＜i＜ 00，七he sequence  

‡pl（c）‡まsin this order on［F＝e］でor eve叩C，a≦C≦b・  

Let M．deno七e the se七 whichis surrounded by［F ＝b］，［F＝ ユ  

a］，T（pi（b），Pi（a））and T（pi＋1（b），Pi＋1 （a）），mOTe PreCisely，七he  

七○七alエセy oで七he subarcs oで［F＝＝C］，sぎrompl（c）七o pェ＋1（c）j for  

all c，aミ．C ＜ b．  

＝七 suffice＄tO COnS七TuC七 a homeomorphism h．of the domain                                                           l   
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｛（u，Ⅴ）∈二駅2；i≦u≦i＋1，a≦Ⅴ≦b｝ontoMiSuChthat  

F。hi（u，Ⅴ）＝Ⅴ・Becauseifwe connect h・，s we get h・Thisis l  
done as f0110WB‥Put p：＝min（p（q）／2；q∈朗in［F＝b］）・＝fwe  

COnSider a neighboTh00d U：＝（q；d（q＞［F＝b］）＜p）of Min  

［F＝b］，then theTeis an E＞O andb，＜b such tha七Min［b，－  

E≦F皇b］こU・Choose s・e［F＝b］nUand T3∈［F＝b，－E］n J  
U，3＝0，1，…，n，in七his oTder，SuCh七ha七So＝Pi（b），Sn＝  

pユ山 
（b），rO＝pl（b，－E）andrn＝ r pい1（b，－E）and sj，Sj＋1，j，  

r 
J＋1 

∈B（七，P／2）for BOme  
3   

七．∈［F＝ b］，J＝ 0，1，‥．，n－1．  
コ  

FoT eaCh 3，0 三3 三n －1，1e七 M‥ be 七he domain whichis ユコ  

SurrOundedby［F＝b］，［F＝＝tゾ］，ワ（sj，rj）andT（sコ十1，rj）andle七  
M‥，be七he domainwhichis suTTOundedbyT（sj＋1・T3），T（s3＋1， ユコ  

T＋）and［F＝b，］・Thenwe can constTuCt・by七he same七echniques  
31  

aBin Lerr皿a 7 and Proposition 9，a homeomoTPhism of’M・・On七O the lコ  

セTaPeZOidinⅡi2whose ver七ices aTe（i＋J／n，b），（i＋3／n，b，），  

（i＋（j ＋1）／n，b）and（i＋ 3／n＋E／n（b －b，＋ E），b，），and a  

homeomoTPhismofMi3，on七OthetTianglein取2whoseveT七ices  

aTe（i＋（3 ＋1）／n，b），（i＋ 3／n ＋ E／n（b －b，＋ E：），b，）and   

（i＋（j ＋1）／n，b，）．The homeomoTPhisms agTee On the segment  

T（T3，Sj＋1）ハ［b∵≦F≦b］・＝fwe connect thesehomeomoTPhisms  

wege七ahomeomoTPhismh・ ，－lofMin 2  

［b∵≦F皇b］七0｛（u，Ⅴ）∈＝駅  

；1≦u≦1＋1，b，≦Ⅴ≦も‡wbユch sa七isrles F。hi，（（u】Ⅴ））＝V  

for allu 6［i，i＋1］．We do no七 know whe七heT M．is compac七，SO l  

the desiTed homeomoTPhismis obtained as follows：Le七bo be the  

gTeateS七10Wer bound of（b，；［b，≦F皇b］へMihas a  

homeomoTPhismh・，－1whichsa七isfies七hecondi七ion｝・Thenbo＝a・                    1   
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OtheTWise we can constTuC七 by 七he same wa．y as above a  

homeomoTPhismh・，－10f［b・≦F≦b］ハMi，forsomeb，＜bo， 1  
Which sa．七isfies the condi七ion，a COntradic七ion to the choice of’  

bo・   

CleaTlyhi 
－1 －1 

andhi＋1 agTeeOn七hesegmentT（pi＋1（b），  

pi＋1 
（a）），SOWeObtain七hedesiTedhomeomoTPhismh－10f［a≦F  

2 
≦b］onto｛（u，Ⅴ）∈訊，－∞＜u＜∞，a5＝Ⅴ≦b｝after  

－1 －1 
connectinghi andhi＋1 foTa11i＞－00＜i＜∞・  

We shallobserve how the existence of alocally noncons七an七   

COnVeX f’unction on R will TeStrict the numbeT Of ends of R．  

Lemma14．＝f七hereis a compactleve10f F，then R has a七  

mos七 two ends．  

PTOOf．Suppose that R has moTe than two ends．Then theTe  

is a cornpaC七 Set K such 七hat R － K consists exac七1y three  

d  

U2 and U3. Therefore F is 
f   

e  

d  

Uland U2・Thisimplies that this  

unbounded components Ul，U2an  

bounded above on tw0 0f 七he  Ul，  
bounded above on exactly 七W0 0   

above．＝n oTdeT tO See this，W  

SuP F（U2）＝00・Then we can fin  

not inteTSeCt K but intersec七S  

1evelis not connected．TheTefoTe F is bounded above  on U 
3，  

Since Theoremll says 七ha七 al11evels excep七 the minimum se七   

COnSist of exactly two components．Choose a．poin七in the   
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minimum set and anunboundedsequence‡qi）inU3・Le七Ⅹi（T），  
T2－0＞ rePreSentS a geOdesic cuTVeュi＝1？23・t・3 Which  

Satisfies tha七Ⅹi（0）＝P and xi（d（p，qi））＝qi・Because ofFact  

2七heTeis a subsequence（Ⅹk（T）‡of（Ⅹi（T））which converges七o  
a representation x（て），T≧0，Of a geodesic cuエーVe．＝n the same  

Way aSin the pr00f of Theorem12，We See tha七（Ⅹ（T）；T≧0‡  

belongs to七heJninimum Be七・Since x（T），T≧0，TePTeSen七s a ray，  

七his contTadic七s compac七ness oflevels．  

Thus we may suppose wi七houtloss of geneTali七y 七hat Fis  

bounded above onU2andU3・1fwe pu七m：＝min F（K），七henm＝  
inf F（R）．＝n f’a．c七，if we suppoBe thaセ セhere exists a poin七 q  

Wi七h F（q）＜ m，七hen we can f－ind a ray on which Fis cons七ant   

equalto F（q）oT nOnincTeaBingin七he same way as above  

argument af七er七aking an unbounded sequence（qi）con七ainedin  

Uj，3＝20T3，Which does no七COn七ainq・HoweveT，Since七his  
Tayin七eTSeCtS K，七hiBis impossible．  

Le七 p∈ K sa七isf－y 七hat F（p）＝m．Then theTeis a ray   

emanating fTOm P，and a・n unbounded subaTC Of whichline8in  

Kリリ2・  But Fis cons七an七 ＝m On七he Tay．Thus 工F＝m］is non－  

COmPaC七，COntTadic七ing TheoTem12．This comple七es the pTOOf．  

Lemma15．Suppose 七here exis七s a noncompac七1evel．＝f R  

has moTe than one end，七hen F a．ssumesinf．F（R）and the minimum   

Se七in七eTSeCtS eVeTy E：（K），WheTe Eis an aTbitTaTy end and Kis   

any compac七 Se七 of－ R．   
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1t turns ou七 from Pご－OPOSi七ion17 七ha七if F has a non－   

COmPaCtlevel，then R has exactly one end．Buセ セhislernma glVeS   

a step of 七he proof of Proposition17．  

Pr00f．From the assumption there exist two ends  E1 and E2 

and a compact se七K which satisfies that El（K）and E2（K）aTe  

distinct unbounded components of R － K．Pu七 a：＝ min F（K），b：＝   

Max F（K）．We willfind tha七 a；＝inf F（K）．0七herwise 七heTeis a   

POint p such tha七 F（p）＜ a．We may suppose wi七hou七losB Of）  

generality that p≠El（K）・＝fFis b。undedon El（K），then  

making use of p and an unbounded sequencein El（K），in the same  

Way aS before，We Ob七a・in a repTeSen七a七ion x（T），T≧0，Of a Tay  

inteTSeCting K and on which Fis constant．This contTadicts 七he   

Choice of p and a．  

The above aTgument also shows 七hat eveTy E（K）in七ersec七s   

七he minimum se七if’R － K has atleas七 two unbounded componen七s．  

Let K1 be any compact set. Then there is a compact set 

KつKISuCh七hat eveTy E（K）in七ersec七S the minimum se七，and  

henqe so does▼E（Kl）・Thus the pTOQf of the f’inalsta七emen七iB  

COmple七e．  

Theorem16．＝f Ris a noncompact G－Surface which a．dmi七s a  

loca11y nonconstan七 COnVeX function，七hen 七he nu血ber of ends   

土S a七 most tw0．  

Proof．Suppose 七hat the number of’ends of Ris notless   
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than 七hree．Then Theoエーem12 says 七ha七 a111evels aTe nOnCOmPaC七   

and Lernma15 concludes that F assumesinf F（R）and the minimum   

Se七intersec七s every E：（K）．Since the noncompact minimum setis   

a ray or a stTaightline，i七 cannotinteTSeC七 more 七han two   

E：（K），s．Thisis a con七radiction．  

Now we classif’y G－SuTfaces which admi七loca11y noncons七ant   

COnVeX f’unctions．FiTSt We COnBider 七he case where fihas two   

ends．  

PTOPOSi七ion17．＝f R has two ends，then each componen七 of  

eveTylevelis homeomoTPhic to a circle Sland Ris  

homeomoTPhic to a cylinder SIx二m．  

PT00f．．In 七he fiTS七 S七ep we willsee 七ha七 a111evels aTe  

COmPaC七．Suppose tha七 theTeis a noncompac七1evel．Lemma15 and   

七wo ends of Rimply tha七 F・aSSumeSinf’F（R）and the minimum set   

is a 5tTaightline．Since R has 七WO ends，theTeis a geodesic   

loop whose endpoin七is con七ainedin the minimum se七 and which   

is no七 homotopIC 七O a POin七 CuTVe，a COntradiction．We know the   

exis七ence of a homeomorphism of R to a cylinder f’TOm 七he Temar＞k   

above Proposユti．0n13．  

In七he case tha七 F does not assumeinf F（R），then a111evels   

aTe COnneC七ed・TheTefoTe eaChlevelin七eTSeCtS a Straightline   

at one point which connects two ends．Thus Ris 七opologlCally a   

Cylま．ndeエー by 七he エーemark above PエーOpOSi七ion13．   
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Next we claim thatif F assumesinf F（＿R），then the minimum   

Betis a great circle．OtheTWise，Sincei七is a point or a   

Segmen七，al11evels aエーe COnneC七ed．The exis七ence of 七wo ends   

implies that 七hereis a compact se七 K BuCh 七hat R － K consists   

Of exactly two unbounded components，SO Fis bounded above on   

One Of－ components of R － K．Thus，in 七he same way asin 七he   

Pr00f of－ TheoTem12，We Can deTive a con七Tadic七ion，namely the   

minimum se七 COntains a ray．＝セ セurnB Ou七 aセ セhe same 七ime fTOm   

this considera七ion 七hat theTe eXis七1evels which aTe nO七   

COnneC七ed．TherefoTe eaCh componen七 Of alevelin七ersects a   

Straight line at one poin七 Which passes 七hTOugh 七he minimum set   

and connects two ends．  

Now we can conclude 七he f’0110Wing；  

TheoTem18．1f Ris a noncompact G－SuTface which admi七s a  

10Cally nonconstan七 COnVeX function，七hen Ris homeomoTphic to  

1 
ei七heT a Plane，a CylindeT Sx＝取」OT anOPen Moebius s七Tip・  

Proof’．The case wheTe R has 七WO ends has already beerl  

tTeatedin Proposi七ion17．We may suppose by Theorem16 that R   

has one end．Firs七 we willprove tha七if 七heTeis a compac七   

1evel，then F assumesinf F（R）．Suppose 七ha七 F does not assumes   

inf F（R）．Then we pTOduce a stTaightline 七hTOugh a ceTtain  

COmPaCtlevelby choosing two sequences‡qi）and（q・，）which l  
Satisfy七ha七1im F（qi）＝inf F（R），andlim F（qi，）＝＋00，and   
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COnneCting qiand qiクby a segmen七・Hence Rhas a七1eas七two  
ends，a COntradiction．TheTefoTe，七he minimum se七 Of Fis   

ei七her7 a POint）a Segmen七夕 Or a grea七 CiTCle，Since the desiTed   

COnStTuC七ion of homeomoTPhismsis the same as in Proposi七ion13，   

We need only 七O See how to map alevel．   

●    When the minimum setis a．point，We maPit 七O the orlgln  

of canonicalplane取2and［F＝a］，a＞minF（R），OntO a Circle  

inⅡミ2with center（0，0）and radius a－minF（R）．  
When the minimum setis a segment，We maPi七 to a segment  

Tincanonicalplane罰2and［F＝a］，a＞min F（R），On七O the se七  
2 2 

（w G二択；d（w，T）＝a－minF（R））inⅡミ．  

If the minimum setis a gTea七 Cir＞Cle，We maPit to the   

Shortest great ciTC⊥e Tin canonicalopen Moebius s七rip M and  

［F＝a］，a ＞min F（R），OntO the set（w6M；d（w，T）ヒa－min  

F（R））1n M．  

Next we consider the case wheTe al11evels are noncompact．   

Zf F does not assumeinf’F（R），Pr・OPOSition13implies 七hat［F ＝  

2 
a］，a＞infF（R），is mappedonto七he set‡（u，Ⅴ）∈Ⅱ；－∞＜u  

＜00，Ⅴ＝a）in canonicalplaneⅡi2andRis topologlCally a  

Plane．Hence we exarnine 七he case wheTe F assumesinf F（R）．  

When the minimum se七is a Tay（oT a Stエーaightline），We maP   

i七 to a half－1ine T（oT a S七Taightline T，）in canonicalplane  

取2and［F＝a］，a＞minF（R）ontothe set（w色Ⅱ2；d（w，T）＝  
2 2 

a－mまnF（R））（‡w∈罰；d（w，で，）＝a－mまnぎ（R）））ユnコモ・  

From these consideTations we conclude that if the minimum   

Setis a g‡－ea七 Circle，then Ris topologlCa11y an open Moebius   
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s七rip and七hat otheTWise Ris aplane訊2top010glCally．                                                                                                                                                                                                        ■   
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Lt．Locally nonconstant neaTly peakless functions  

＝n 七his section we ex七end the classif’ication theoremin   

Section 3 to the case of the exis七ence of functions more   

general七han convex ones・A convex function F on a G－SPaCe R   

hasthef01lowingproperties：   

（1）F（Ⅹ（T2））≦Max（F（Ⅹ（て1）），ア（Ⅹ（て3））‡rorTl≦T2皇T3，  
wheTe X（て），－00 ＜ T ＜ の，is a TePTeSentation of a geodesic．   

（2）WheneveT七he equality holdsin（1），F（Ⅹ（Tl））＝F（Ⅹ（T2））  

＝F（Ⅹ（T3））・   

（3）＝f F（Ⅹ（Tl））＜F（Ⅹ（T2））for Tl＜T2，then F（Ⅹ（T）トー嶋テ  

SuP F（R），a・S T→∞，andif F（Ⅹ（Tl））＞F（Ⅹ（T2））foT Tl＞T2＞  

七hen F（Ⅹ（T））→SuP F（R）as T→－00．  

A function which satisfies（1）（oT（1）and（2））is said 七o   

be neaTly peakless（or peakless）．Those propeTties have juBt  

Played cTuCialr0lesin ouT：reSeaCh of Section 3．H．Busemann   

ac七ually pointed out tha七 all七he TeSul七S Which we have obtained   

in Sec七ion 3 aTe tTue under 七he existence of a continuous   

Peakless func七ion with（3）and we need no changesin materials   

foT 七he pr00fs・Heis Tight．HoweveTif’we aTe nOtinterested   

in the behavior of 七helevels，七hen we willhave the same   

Classifica七ion undeT 七he existence of a nearly pea．kless function   

Wh土ch ユS locally nonconsもant．  

でheoエーem19．  ＝f a G－SuTf’ace R admits alocally nonconstant＞  

neaTly peakless function F on R，七hen Ris topologically ei七her   

a plane，an OPen CylindeT OT an Open Moebius stTip．   
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The au七hoT emPhasize 七ha七 COntinuity of 七he function F are   

not assumed．＝n fact，nearly peakless func七ions aTein general   

no七 con七inuous．FoT 七he pT00f we need tw0lemmas undeT the   

assurnP七ion of TheoTem19．  

Lemma 20．F does no七 aBSume SuP F（R）．  

No七e tha七if△（qqq）is a convex七Tiangユe whose  
l23  

Pr00で．  

VeT七ices aTe q l，q2and q3andif qらA（qlq2q3），七henF（q）≦  
Max（F（ql），F（q2），F（q3））・Suppose tha七there exists apointp  
SuCh 七hat F（p）＝ Sup F（R）．Fromlocalnonconstancy of F we can  

have non－C01ineaT七hree points q l，q2and q3near P SuCh that  
F（qi）＜F（p），i＝ 1，2，3・Thenit follows fTOm the no七e above  

and neaT Peaklessness of F tha七F（r）≧F（p）foT those T Which  

Sa七isfies（qpT）forBOme q∈△（qlq2q3），andhence F（T）＝F（p）・  
Thusif q TunS On△（qqq），then TTunS On七he se七wi七h non－  

l23  

emptyinterioT．This con七Tadictslocalnonconstancy of F．  

Lemma 21．Ris noncompac七．  

is compac七・Let a sequence（pi†  PT00f．Suppose that R  

Satisfy tha七F（pi）→SuP F（R）and‡pi‡七ends七O a POin七in R5  

Say P・There exisセセhTee nOnpCOlineaT POints ql・q2and q3near  

p sucわthat p∈△（qlq2q3）・ByLema20JF（pl）＞Ⅲ餌（F（ql），F（q2），  
F（q））fora sufficientlylaTgei，COntTadictingneaT  

3   

peaklessness oで F．   
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We Te七uTn tO the pr00f of Theorem19．  

Pr00f of Theorem19．＝七is sufTicien七 to pTOVe that if R  

is orientable，then Ris top0loglCally a plane oT an OPen   

Cylinder，because o七herwise the twoqf’01d covering of Ris   

■ Orientable a．nd the composi七ion of F and the covering pTOJeCtion   

is nearly peakless and10Cally nonconstan七．Suppose tha七 Ris   

Or＞ientable．Then Ris 七opologlCally a sphere fTOm Which points   

aTe TemOVed and to which hundles are aセセached．＝f R is   

homeomoTPhic to neitheT a Plane nor an open cylindeT，then theTe   

exis七s a self－intersecting closed geodesicin R oT a Pair of  

Closed geodesicsin R whichin七ersec七 each other（see［hl］）．   

Since Fis constant on eveTy C10Sed geodesic，in 七he same   

technique asin Lemma 20，R con七ains an open set U neaT 七he  

intersection point such that Fis constant on U（also see（9）i  

in［6］），a COntradiction．This completes 七he pT00f，   
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CHAPでER 工江  

Busemann functions and 七○七al excess  

1．工n七roducセユOn  

A G－SPaCeis defined by Busemann［叫］as a me七ric spacein   

Which any two poin七s can be コOined by a segmen七 andin which   

any segment may be prolonged unlquely to a geodesic．Allcomplete   

Riemannian manifolds aTe，Of’couTSe，G－SPaCeS．  

＝f Ais a Tay Wi七h oTlgln q ∈ Rin a noncompac七 Gpspace R，  

七henwe can define a function onR by fA（p）：＝1im‡d（q，Z）－d（p，  

z））where d（q，Z）→∞Wi七h z ∈ A，because d（q，Z）－d（p，Z）皇  

d（q，Z，）－d（p，Z，）≦d（p，q）for z，Z，∈ A wi七h d（q，Z）≦d（q，Z，）・  

七he Busemann function of A  The function fAis ca11ed  

Itis recently known that Busemann functions playimpoT七an七   

rolesin 七he study of comple七e manifolds．For example，Cheeger－   

GTOm011［11］，GTOm01l－Meyer［18］a．nd Wu［叫5］have obtained七he   

top010glCaland diffeI－entiable struc七uTeB Of manifolds of non－   

negative oT POSi七ive sectionalcurva七uTe by using convexi七y of  

Busemann f．unctions on such spaces．EbeTlein－0，Neill［13］used   

them as a usefulimplemen七in deteTmining 七heiT aXialand  

parab01ic manif01ds．Shiohama［38］and［39］discoveTed tha七 the   

existence of exhaustion oT nOneXhaus七ion Busemann functions was   

COn七r011ed by 七he 七0七alcuTVa七urein noncompac七 COmPlete 2－   

dimensionalmanifolds．NeveTthless we have no七 ye七 known what   

POints spoildifferentiabili七y of a Busemann func七ionin non－   

S七raigh七 SPa・CeS・1n stTaight Riemannian G－SPaCeS∫i・e・∫ COmplete   
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Simply connec七ed Riemannian manifolds without conJugate POin七S，  

allBusemann f．unctions are differentiable．EschenbuTg［l叫］ha．s   

PrOVed 七his．  

The puTPOSeS Of 七his chapter aTe 七o exhibi七 points which   

SPOildiffeTentiability of a Busemann func七ion and to   

investigate the se七 Of’such a11poin七S．  

We are，Of course，inteTeStedin Riemann and FinsleT G－   

SPaCeS．Howeverin order to clarify the proper7ties which ensuTe   

OuT COnClusions we make 七he aTgumentS S七ar七 f’TOm geneTalG－SPaCeS   

and put the requisi七e assumptions on the spaces case by case．  

＝n ordeT tO discuss difTerentiabili七y of func七ions on a G－   

SPaCe We need the following notions．A G－BPa．Ce Risin geneTal   

not a differentiable manif01d，SO differen七iability of   

function on R at a point p ∈Ris defined along a．geodeBic curve   

thTOugh p．Let F be a function on an open Bet U of－ R．Fis by   

defini七ion diff’eTen七iable at p くUif F res七Ticted to any  

geodesic cuTVe 七hTOugh p is differentiable at p for a．paTame七eT   

Of a TePTeSen七a．七ion of 七he geodesic cuTVe．AIso Fis   

differentiable on Uif Fis dif’f’eren七iable at each point p ∈U．  

The distance on Ris by definition diffeTentiable around pif  

theTe eXists an open neighborh00d V of p such 七hat the distance  
p  

func七ion f－rom pis diffeTentiable on V －‡p）．we say tha七i  
p  

foT eaCh poin七 P Of R 七he dis七ance on Ris dif’feTen七iable  

if theTe eXists a posi七ive¶ SuCh七hat foT eaCh  
p  

aエーOund p and  

r∈B（p＞np）：＝（r；d（p，T）＜np）we canchooBe anOPen  
neighboTh00d V of T With the propeT七y as sta七ed above arld                 r   
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then the distance of Ris locally dif’ferentiable on R．  Vrヲp，  

＝n a．G－SPaCe R we need 七O aSSume anOtheTimportant   

property concerning the distance function which holdsin   

diffeTentiable manif01ds．For any poin七 P ∈ R the dis七ance   

function f’rom p res七Tic七ed 七O a Segmen七 fTOm Pis diffeTen七iable   

except at p f一or｝ a PaTameteT Of a representation of the segment   

andits deriva七iveis equal七010T －l．We say tha七 the   

dis七ance f－rom p ∈ Ris TegulaT a七 q ∈Rif 七he difTeren七ial  

COefficient of the distance func七ion f’TOm P TeStTicted 七o any   

geodesic cuTVe thTOugh q exis七S a七 q andi七is equalnei七heT 七0   

1nor to －1wheneveT 七he geodesic cuTVe through qis not   

COn七ainedin any segment from p．And also we say tha七 the   

dis七ance of Ris 叫1f’f．0T eaCh point p ＜R the dis七ance  

f’TOm PiS regular at eveTy POin七 q ∈ R a七 Whichi七is diffeTen－   

tiable．  

We denote by弘姐the se七 Of allpoints at each of which  

七he Busemann func七ion of a Tay Ais not diffeTentiable．OuT   

fiTSt aimis to explain B（A）in veTy geOmetTicalwoTds．To do   

七his，We need the notion of co－POin七s to a Tay A which are   

defined as fol10WS．Le七 A be a Tay With oTigin q 卓Rin a non－  

ア  

A co－ray B f－rom 七o A ユs by de王－1nユセlon 七he  COmpaC七 G－SpaCe R．  

1imit of a converging sequence of segments T（pn，Zn）where pn  
→P and znらAwi七h d（q＞Zn）→00・The union of allco－Tay  

Which contain a co－ray B to Ais either a s七raigh七1ine oT a   

Tay．＝n the f’irs七 CaSe，We Ca11七heline，With 七he orientation   

foT Which Bis a positive subray，an aSymPtO七e to A；in the   
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SeCOnd a maximalco－Tay 七O A andits oTigin a  ○－pOint 七o A．  

We deno七e by C（A）the set of allco－POints七O A and by C2（A）  

七he subset of C（A）whose points aTe OTigins of two oT mOre COq  

TayS tO A・C（A）and C2（A）aTein geneTalno七Closedin R（see  

［31］）．Lewis［28］and Nasu［31］，［32］and［33］developed the  

七heoTy Of C（A）and C2（A）（also see Busernann［5］）・  

Under these notations we pTOVe  

Theorem 2．Let R be a noncompact G－SPaCe Wユth ユOCaユ1y  

diff’eTentiable and Tegular distance andle七 A be a r＞ayin R．  

Then C2（A）⊂B（A）こC（A）・FuTtheT＞if a11spheTe S（p，P）：＝（T；  

d（p，T）＝ PIwith O ＜ p ＜ p（p）are not contTaCtible，七hen B（A）  

is densein C（A）．（see Section 2 0f ChapteT Ⅱ foT the   

defl土nltlon or p（p））  

FTOm七his f－ac七 we under，Stand 七he s七udy of C（A）七o be veTy   

inteTeSting．We havein the case where C（A）is bounded  

CoT011aTylO．Le七 R be a noncompact G－SPaCe Wi七h domain  

invaTiance．＝f’七heTe eXis七S a Tay Ain R such that C（A）is non－   

emp七y and bounded，七hen R haLS eXaC七1y one end，nO aSymPtOte 七O  

A exis七S，and七heTefoTe fAis an exhaus七ion function・  

These aTe main contents oF Sec七ion 2．  

＝n Sec七ion 3 we claTify 七he Tela七ion be七Ween the bounded－   

ness of C（A）and the totalexcess of a G－Surface（foT 七he   
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implication of G－Surface see Section 2 0f Chapter Ⅱ）・   

According CorollarylO，thisis a detailof ourinves七iga七ion・   

To do this，We need the notion of angular measure whichis   

defined by Busemann［勾］as f01lows．Let p be a point of a G－  

fTOm，Or）With origin p，is an oTiented  Surface R．A direction  

＋ 
segment T（p，q）oflength u（p）：＝min（p（p）／4，1）．Then for each  

qをSニ＝ S（p，0（p））theTe eXists a unique diTeCtion from p to q．   

We conceive of an angユe A wi七h vertex p as a se七 of directユons  

Wi七h oエー1gln P PaSSing through the points of a．sub－aTC Of’S．A  

IAI which measuTe for the angles a七 Pis a nonnega七ive function   

is defined for a．11angles A with vertex p and has the f01lowing  

PTOPeTties：l）IAl＝7Tif and onlyif A contains exac七1y one  

Segment thTOugh p and connecting points of S，Whichis ca11ed  

a叫J2）工f AlハA2COnSIs七50r eXae七1y one  
diTeC七ion，thenlAlUA2l＝‡All＋IA2ト  We speak of an angulaT  

measuTe On a G－SuTface Rif’a defini七e angulaT meaSure ha5 been  

defined at each ofits points．  

Using the angulaT meaSure above we can define 七he exdesses   

Of 七Tiangles and the to七alexcesses of certain TeglOnS On a G－   

Surface（see section 3）whichis，Of course，in 七he case of   

Riemannian G－SuTfaces with 七he Riemannian angular measure，   

identified with 七he to七alcurva七uTeS Of triangles and the 七Otal   

CurVa七uTeS Of reglOnS by 七he Gauss－Bonne七 TheoTem．  

The main TeSul七 Of Section 3is  

ワheoremlむ．Let R  be a noncompact G－SurraCe Wl七h a   
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COntinuous angulaT rneaSure andle七 the 七otalexcess E（R）of R   

exis七．＝f thereis a Tay Ain R such 七ha七 C（A）is nonemp七y and  

bounded，七hen E（R）≧2TrX（R）wheTe X（R）  

charac七eエー1stlc or R．  

is the Eule  

If the angulaT meaSure has the proper七y whichinsuTeS that，   

in a unifoTm Way，an angle cannot be neaTly s七Taigh七 without   

having a measuTe Close t0 7T，thenin theinequality above E：（R）   

＝ 27TX（R）h01ds．Such an angular measureis said to be 一！unif’orm  

a七 甘－－ on R（see Sec七ion 3）．or couエーSe，七he Rlemannlan angulaI－   

measure on Riemannian G－Surfaces ar｝e uniform at 7T．  

＝n Section 叫 weinves七igate the union of the angles   

COmPOSed of the diTeCtions of co－TayS f’rom each point to a ray．   

In a certain G－Plane R the 七0七ali七y of the measuTeS Of 七hese   

angles at each pointis at most the 七Otalexcess（see Theorem  

21）．As an application，We Show，in combina七ion with Maeda［29］   

and［30］，the existence ofinf．initely many rays from each poin七  

P e R which are not co－TayS fTOm P 七o a ray（see CorollaTy 2斗）．   
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2．Busemann func七ionB and coppoints  

Le七 R be a．noncompac七 G－SPaCe andlet A be a：Payin R．If   

Bis a co－Tay 七O A，then Bis also a co－Tay 七o any Tay   

COn七ainedin oT COntaining A as a sub－Tay．Fuエー七hermore，the   

limi七 Of a conveTging sequence of co－rayS 七O a Tay Aislikewise   

a co－ray tO A．The exis七ence of co－TayS 七O A fTOm a POint p G R   

isin geneI－alnot unlque．HoweveT 七he co－ray tO A fTOm any   

POin七 Of’a co－ray B other 七han the orlgln P Of－ Bis unlque and  

a sub－ray OfB（see［叫］，P・136）・FoT CO－TayS Bland B2tO A，  

unless oneis a sub－ray Of the o七heT Bland B2do notinteTSeCt  
each o七her except at 七he orlglnS．  

0ur first observation is  

PTOPOSi七ionl．Let R be a noncompact G－SPaCe Withlocally  

diffeTen七iable dis七ance andle七 A be a Tay fTOm q．＝f p らRis  

no七a・CO－POint to A，then the Busemann function fAis  

diffeTentiable at p．  

From this we have  

Theorem 2．Let R be a noncompact G－SPaCe Wi七hloca．11y  

diffeTen七iable and regular distance・Le七A be a ray・Then C2（A）  

⊂ B（A）こC（A）．FuTtheT，if allspheres S（p，P）with O ＜ p ＜ p（p）   

aTe COntTaCtibユe，七hen B（A）is densein C（A）．  

工セ ユS known tha七ifIa G－SpaCe Ris flnl七e－dimenslonal，七hen   
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allspheTeS S（p，P）with O ＜ p ＜ P（p）are not con七TaC七ible（see  

［5］，p．16）．  

From TheoTem 2 any noncompact G－SPaCein which no Br7aigh七   

1ines exist does not admit any diffeTentiable Busemann func七ion．  

We say that a G－SPaCe Ris s七Taigh七if allgeodesicsaTe  

S七raightlines．＝n a s七Taight G－SPaCe C（A）is emp七y foT eVeTy   

ray A（see［Lt］，P．138）．  

Coエー011ary 3．  Le七 R be as in f）roposl七lon 3．工で R ユS  

S七Taight，then allBusemann func七ions are difTeren七iable on R．  

Thisis the veTSion of－ the TeSult of Eschenburg［l互］．  

Corollary 叫．Le七 R and S（p，P）be asin Theor）em2．If B（A）  

is empty for a Tay Ain R，then theTeis a homeomoTPhism h of．  

R onto a produc七RlX：『SuCh七ha七Rlis homeomoTPhic to［fA＝  

0］by h－1and（p‡×Ⅱis theimage of an asympto七e七O Abyh．  

Pr00f．The homeomoTPhism his glVen aS fo110WS．＝f for  

each q∈Rhユ（q）is the poin七at which七he asymp七Ote七hrough q  

七o AinteTSeCtS［fA＝0］，thenwe have only to put h（q）‥＝  

（hl（q），fA（q）），Since geneTally fA（y（s））＝S＋fA（y（0））holds  

where y（s）is a TePTeSen七a七ion of a co－Tay tO A（see［叫］，P．13叫）   

and since the asymp七○七e 七hr｝Ough p く・R to A continuously depends   

On p・   
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From 七he definition of ends（see Sec七ion 3 0f’ChapteT Ⅱ）  

a product RlX狽 has one endif Rlis noncompact and otherwiBe  

七wo ends．Hence we have  

Let R and S（p，P）be asin TheoTem2．If R has  Cor011ary 5．  

atleast 七hree ends，then ther・e aTe nO differentiable Busemann   

func七ions on R．  

Nasu［33］s七a七ed 七hatin a noncompac七 G－SPaCeif C（A）is   

nonemp七y and compac七 foT a Tay A，then no asymp七○七e to A exis七s  

（a・lso see［5］，P・89）・Since fA（p）≧d（p，C（A））＋inf fA（C（A））for  

every p ∈Ⅰ㍉ we have  

Coエー011aエーy 6．  Le七 R and S（p，P）be as above，＝f B（A）is non－  

i・e・，ト00くfA皇a］  is exhaustive，  empty and compact，七hen fA  

is compactin R foT eVery a く コR，  

＝n combination wi七h Nasu，s stTuCtuTe theoTem 亡31］of a G－   

SPaCe having anisolated co－POint to a Tay，We have  

CoT01lary 7．Let R and S（p，P）be asin Theor＞em2tIf B（A）  

contains anis01a七ed point p，then B（A）＝（p）and the spaceis   

the union of allco－TayS 七O A with oTlglrlP and Ris con七TaCtible  

七O p・でhelevels of rA are七he ordinary spheres S（p，P）wl七h  

Cen七er p．   
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We return 七○ 七he pr00f’s of PTOpOSitionland Theorem 2．  

Pr00f－ of PTOPOSitま．0nl．Let B be a co－Tay thTOugh p 七o A．  

By 七he definitions of co－TayS tO A and of co－POints to A 七he‡－e  

is a sequence of points wn and z ∈A such that wn→W（∈B）， n  

P follows w on B，d（p＞Zn）→∞，and segmen七s T（w n＞Znト→B・  

FuT七her，f’romlocaldiffeTentiability of 七he dis七ance，Ch00Se  

n，pn  and v aTein  POints u and vn on T（wn，Zn）such that wn，u    n 

a 

snei七。a 
difTeTentiabili七y of the dis七ance．Le七 Ⅹ（s），－E：5＿S三E＝，be a  

TePreSen七a七ion of any geodesic cuTVe With x（0）＝PinVu〔ⅤⅤ・  

We mus七pTOVe that fA（Ⅹ（B））is differentiable a七S＝0・  

By七he triangleinequali七ieB，d（Ⅹ（s），Zn）皇d（Ⅹ（s），Vn）＋  

d（pn，Zn）－d（pn＞Vn）foT eVeTy n and foT eVeTy S，and hence  

d（pn，Vn）－d（Ⅹ（s），Vn）≦d（pn，Zn）－d（Ⅹ（s），Zn）・ AIso d（un，Pn）＋  

d（pn，Zn）≦d（Ⅹ（s），un）＋d（Ⅹ（s），Zn）for every n and foT eVeTy S，  

and theTefore d（pn，Zn） －d（Ⅹ（s），Zn）5＝d（Ⅹ（s），un）－d（pn，un）・  

Hence，because d（pn，Zn） －d（Ⅹ（s），Zn）＝（d（q，Zn）－d（Ⅹ（s），Zn））－  

（d（q，Zn）－d（pn，Zn）‡foT eVeTy S，We have，aS n一→00，－（d（Ⅹ（s），  

Ⅴ）－d（p＞Ⅴ））≦fA（Ⅹ（s））－fA（Ⅹ（0））皇d（Ⅹ（s），u）－d（p，u）foT  

every s．Thus we have only to show tha七1im（d（Ⅹ（s），u）－ d（p，u））   

／s ＝：－11m（d（Ⅹ（s），Ⅴ）－ d（p，Ⅴ））／s．Thls 土s proved as f－0110WS．  

Since 七he f’unction d（Ⅹ（s），u）＋d（Ⅹ（s），Ⅴ）foT S aSSumeS a   

minimum a七 S ＝ O and since d（Ⅹ（s），u）and d（Ⅹ（s），Ⅴ）aTe  

diffeTen七iable a七 S ＝ 0，0 ＝1im（d（Ⅹ（s），u）＋d（Ⅹ（s），Ⅴ）－d（u，Ⅴ））   
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／s ニ11m（d（Ⅹ（s），u）－ d（p，u））／s ＋1ユm（d（Ⅹ（s），Ⅴ）－ d（p，Ⅴ））／s・   

This comple七es 七he pr00f．  

＝t should be noted that，undeT the no七a七ions of the pT00f，   

evenif pis a co－POint to A，theinequality－（d（Ⅹ（s），Ⅴ） － d（p，  

Ⅴ））≦fA（Ⅹ（s））－fA（p）h01ds for eveTy S and七he equality sign  

h01ds at s＝0，SO thatif’fAis diffeTen七iable at p，then the  

diffeTen七ialcoefficient of fA at p along x（B）is equal七o the  

One Of the negative distance func七ion fTOm V a七 p along x（s）．  

PTOOf of TheoTem 2．FTOm Proposi七ionli七 f’0110WS 七hat B（A）  

こC（A）－Suppose ther＞e eXists a point pe C2（A）－B（A）・Let Al  

and A2be七wo distinc七coMTayB fromp七o A・Let y（s），0皇S＜∞，  

be a TePreSentation of a ray A2Wi七h y（0）＝P a・ndle七vbe a  

POin七on AISuCh thati七follows p and p e V・FTOm七he f’ac七 V  

tha七f’A（y（s））＝S＋fA（p）the differen七ialcoefficient of  

fA（y（s））a七s＝Ois equalt0l・HoweveT，by Tegularity of七he  

dis七ance，七he diffeTentialcoefficient of d（y（s），Ⅴ）is not equal  

to－1，a COn七Tadiction to七he above TemaTk・Thus C2（A）こB（A）・  

The denseness of B（A）in C（A）f01lows fTOm a TeSultin［5］，   

p．89．Th土s comple七es 七he pエー00f’．  

We notice tha七if Ris a Riemannian G－SPaCe，then 七he  

gTadient of fAis continuous on R－B（A）・  

＝n the f0110Wing we willdiscuss and paT七ially answeT 七he   

ques七ion；in wha七 SPaCeS 七here exis七S a ray A such 七ha七 C（A）is   

bounded．   
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We say that a HausdoTff’space R has the pr｝OPeT七y of  domaln  

invariance if a subset   of R which is homeomorphic to an open 

Set Of Ris openin R．According七o Busemann［5］，P．16，domain   

invariance holds in fini七e－dimensionalG－SPaCeS．  

Theorem8．Let R be a noncompact GMSPaCe With domain  

invaTiance andlet A be a Tayin R．If C（A）is nonemp七y，七hen  

fA（C（A））is densein theinterval［inf fA（R）〕SuP fA（C（A））］・  

To give cor011ary of TheoTem8 we need a shoT七 Temark．＝f   

a noncompact G－SpaCe R has a七Ieas七 two ends，七hen foT eVeTy  

Tay A七here exists an asymptote to A，and fA，in par＞ticular，  

assumes no minimums．In f－act，f．TOm the a岳SumPtion，there exists   

a compact set K＜ニR such 七ha七 R － K con七ains a七1eas七 two un－   

bounded components and a sub－ra．y Of Ais con七ainedin orle  

COmPOnent W of R － K．Take an unbounded sequence of poin七S  

in R － K each of whichis containedin dis七inct components from  

W・Since for each3a co－Tay A3fTOmp3tO AinteTSeCtS K，theTe  

exist8a Subsequence（Ak）of七hesequence（Aj‡conveTging七Oan  
asymp七0七e to A．  

CoT011aTy 9．Let R be a noncompac七 G－SPaCe Wi七h domain  

invaTiance and with atleast 七WO endst ＝f C（A）is nonemp七y for   

a Tay A，then C（A）is unbounded，＝n paTticulaT，if R has a七   

1easモ モhTee ends，then C（A）is nonemp七y and unbounded foT eVery   

ray A．   
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CorollarylO．Let R be a noncompac七 Grspace wi七h domain  

invaTiance．If七here exis七s a ray Ain R such that C（A）is non－   

emp七y and bounded＞ then R always has exac七1y one end＞ nO aSymPtO七e  

七O A exists，and hence fAis exhaus七ivet  

This coTO11aTy Should be compaTed with CoTOllaTy 6．   

To 七he pr00f of TheoTern 8we need the f01lowinglemma．  

Lemmall．Let R be a noncompa．ct G－SPaCe andlet A be a Tay  

in R・Then，［a≦fA＜00］is pathwise connected foT eVeTy a∈  

rA（R）・  

fiTSt PrOVe七hat we connec七a poin七P With fA（p）  Pr00f∴ We  

＞a and a point q with fA（q）＞a by a cuTVe・To show this we  

Willobtain two curvesin［a5＝fA＜00］fTOmP tO SOme POin七Z e  
A and from q to the same point z ∈A．＝f foT eaCh z 一∈A a  

Segment T（p，Z）fTOm P tO Z（or T（q，Z））in七ersects［fA＝a］，  

then we denote by p（z）（or q（z））a pointin theintersec七ion．  

ワhus d（r，Z）－d（p，Z）三d（r，Z）－ d（p（z），Z）－d（p，p（z））or d（r，Z）  

－d（q，Z）＝d（㌘，Z）－ d（q（z），Z）－ d（q，q（z））で○ご－ eVe‡つy Z ¢A，   

TeSPeC七ively，Where Tis the oTigin of A．＝n geneTalif z，  

follows z on A，then d（T，Z）－d（s，Z）皇d（T，Z，）－d（s，Z，）f’oT  

eveTy POin七 s をR・Hence d（T，Z）－d（p，Z）5＝a－d（p，P（z））oT  

d（r7，Z）－d（q，Z）5＝a－d（q，q（z））foT eVeTy Z そA，From七his，for  

every z∈ A such七hat d（r，Z）is sufficientlylarge，d（p，P（z））  

and d（q，q（z））is negative，a COntradictiont TherefoTe uSing   
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such a・POint z∈A we can obtain a cupve T（p，Z）UT（q，Z）from  

p 七o q．  

FoT a POin七P With fA（p）＝a and f．0r a POint q wi七h fA（q）  

＞a，for｝eXamPle5We pick out a point pl≠p on a・CO－Tay fTOm P  

七O A and a curve T fTOmPltO qin［a5＝fA＜∞］aB abovet Then  

We ge七a curveT（p，Pl）UT fromp to qin［a≦fA＜00］・  

PT00f of TheoTem 8．suppose that 七heエーe eXis七 values a and b  

SuCh七ha七foT eVeTy七，a＜七＜b≦sup fA（C（A）），［fA＝七］  

COn七ains no co－POints七O A・Fix七0，a＜to＜b・Fr70m Lemma11＞  

［to≦＝fA＜∞］is connected・Nowlet X be the set of allpoints  

each of whichis con七ainedin the co－Tay 七o A fTOm SOme POint  

P∈［fA＝to］・Clearly X⊂［七0≦fA＜∞］・We show七ha七Ⅹis  

Closed and openユn［七 
0≦rA＜00］・  

＜  

Assume tha七（pjl⊂ⅩconveTgeS七O aPOintpoin［to≦fA  
可・By the constTuCtionofX，foTeaChptheTe eXis七s aunique  

3  

POin七qj∈［fA＝七0］the co－Tay七O Afromwhich contains pj・  

j  FoT eaCh3the dis七ance betweenp andqjis atmos七svp（fA（p3）） J  

－to andhence（q3）is bounded・Since［fA＝to］is closed，  
七heTeeXis七s asubsequence rq）of‡q）conveTgeS七O aPOint q 

k o  

in［fA＝to］・Because［fA＝to］con七ains no co－POints七o A and  

theTefoTe the co－Tay fTOma pOint qin［fA＝to］to A  
COn七inuously depends on q，（pk）conveTgeS七o po，Whichis  

COn七ainedin a unlque CO－Tay fTOm qo tO A）namely po eX・Hence  
Xis cIosedin［to≦fA＜∞］・  

To pTOVe tha七Ⅹis openin［七0皇fA＜00］we need the   
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PrOPerty Of domaininvariance of R・For any point qlin X  

theTeis a unique poin七qin工f＝七］the co－ray tO A fTOm  
A 0  

Which contains q，・＝f fA（q，）＝to，七henwe have nothingto  

PrOVe because［七0≦fA ＜b］is a neighboTh00d of q，in X・So we  

may assume tha七fA（q，）＞to・Since［七0＜fA＜b］is openin R，  

foT given poin七P∈T（q，q，）∩［to＜fA＜b］theTe eXis七s an  

OPen neighboTh00d V of pin R whichis con七ainedin［七0＜fA ＜  

b］．Define a map of Vin七0 Ⅹby sendj｝ng r そⅤ七o a point T，such   

tha七 T＞is con七ainedin the co－Tay fTOm r tO A and the diB七ance   

between r and T，is d（p，q，）（q，＝P＞ undeT Our neW nO七a七ion）．   

0bviously 七his map his a homeomoTPhism of V ontoi七simage   

COn七aining p．FTOm domaininvariance of R theimage h（Ⅴ）こⅩis  

OPenin［to≦fA＜∞］・Hence Xis openin［七0≦fA＜∞］・  

TheTefoTe X＝［to皇fA＜0］・HoweveT thisisimpossible，  

because X con七ains no co－POints 七O A fTOm the conBtTuC七ion of  

X and because［to≦fA＜∞］contains co－POin七S七o A・This  

COmple七es 七he pr00王、．  

＝n 七he proof above we haveJuS七 Shown 七hat theTe aTe nO  

Values a and b≦Sup fA（C（A））such that no components of［a＜  

fA＜b］exist such tha七it does not contain a・ny CO－POints to A・  

Hence we have  

PTOPOSition12．Let R be a noncompact G－SPaCe With domain  

invaTiance and with a七Ieast 七wo ends．Le七 A be a rayin R．If   

C（A）is nonemp七y，then for＞eaCh compac七 Set K七heTe a．re CO－POints   
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to Ain allunbounded componen七s of R － K，eXCeP七in only one   

Which con七ains a sub－ray Of’A．  

Foエー 七heinvestiga七ions in Sec七ion 3i七is convenient to   

notice heTe 七he case of G－Surfaces in moTe de七ails．  

Let R be a noncompac七 G－SuTface andlet A  Proposiセユon13．  

be a Tayin R．＝f C（A）is nonemp七y and bounded，then no asymp七○七e  

to A exis七s，fAis exhaus七ive，and moTeOVer theTeis a to such  
tha七［fAニセ］is a one－dimensionalembedded subrnanifold of R  

whichishomeomorphictoaciTCleSlfoTeVeTy七≧toand［to皇  
fA＜00］is homeomorphic七o a produc七［fA＝七0］×［0，∞）・  

Proo王、．The first 七wo asseTtions are containedin Coro11aTy  

10・Since C（A）is bounded，theTeis a to such七ha七［to－L≦fA  

＜∞］nC（A）is emp七y・By the same reasoning as CoT011ar・y叫，  

［to≦fA＜00］is homeomorphic to a pTOduc七［fA＝七0］×［to，00）・  
The pT00f of 七he Temainderis as f0110WS．  

FoT given p∈［fA＝七］，七≧to，theTeis a poin七q such  

thaセセ0＞fA（q）＞to－1and the co－Tay B fromq to A contains  

P・Le七T be a segment七hTOugh q such that Tis con七ainedin［to  

－1＜fA＜七0］and七heinteTSeCtion TnB consis七s of only one  
POint q．Note 七hat foT eVery CO－Tay Bク from T ∈ T to A the   

in七eTSeCtion T n B’consists only one poin七，Sinceif T n B，   

COntains two points，七hen q must be a co－POint 七O A．Let D be   

the se七 Of’allpoints ea．ch of whichis containedin the co－Tay   
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frorn SOme POin七 r ∈ T 七O A．Then，Dis homeomoTPhic to a half－   

StTip［0，1］×［0，00），Since the co－Ta．y fr｝Om T く；T to A   

COntinuously depends on T．＝n paTticulaT，Dis a neighboTh00d  

Of p・Obviously theinteTSeCtion D n［fA＝七］is homeomoTPhic  

七O T，SO tha七［fA＝t］is a one－dimensionalembedded submanifold  

Of Rwi七hout boundary・Since fAis exhaustive，［fA＝t］is  
compac七，andhence［fA＝t］is七OPOlogicallyacircleSl・This  

COmPle七es the pr00f．   
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3．Co－POin七s and 七otalexcesses  

＝n this section we see 七o what extenセ セhe to七al excess of   

a G－Bur＞faceinfluences the set of all co－POints 七O a ray．We   

COnfirm the no七ions which aTe uSedin this sec七ion．They aTe   

foundin the b00k of Busemann［叫］，PP．273－305．  

We have alTeady defined the angles and the angulaT meaSure  

in thein七roduc七ion・We say that七he angles A wi七h veTteX Pn                                                       n  

七ends 七O the angle A wi七h  VerteX Pif pn－－－－きP and七he poin七  

Se七 caエーring 七he direc七ionsin A 七ends 七0 七he poin七 set carring  
n  

七he direc七ionsin A．An angulaT meaSuTeis by definition  

→AimplieBIAnl→lAI・The  
。  

COn七inuousif’A 」ニニうAimplieB  excess of a  

七r・iangle △（abc）in B（p，P（p）／8）is the value c（abc）＝ tabc［＋  

IbcaJ＋（ca可 －7T，WheTeIabcI，foT eXample，implies the measure  

Of the angle composed of．七he diTeC七ions with oTigin b and   

七hTOugh poin七s of the segment T（a，C）．Le七 D be a compact   

P9蜘，i・e・，its boundaTy，if exists，COnSis七S Of  

finitely many simple closed geodesic p01ygons．We put E（D）：＝  

h  

E（△（abC）），Where△（abC）is the decomposi七ion of Dinto  
1L1 

七riangles each of whichis con七ainedin B（p，P（p）／8）foT SOme P．  

E（D）isindependent of the choice of七he decomposi七ion andis  

Busemann has s七a七edin［Ll］，p．283，  Called 七he 七Otal excess of D．  

M 七ha七 E（D）＝ 27TX（D）一 三：（T  
わ1  －β3），Whereβ3is七hemeasuTe Of  

七heinneTangle ofDwith veTteXpj On theboundaTy OfDand  
X（D）is the Euleエー ChaTaCteTis七ic of D．An angular measur｝eis   

Said to be†TunifoTm at 甘†T in 七he subse七 G of Rif a nondecTeaS－  

ing posi七ive function 6（E：）＜land a posi七ive function山（p，E）   
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≦P（p）ノ叫defined foT O ＜ E ＜7T and p∈G exis七，SuCh七hat the  

Telations O＜d（al，P）＝d（a2，P）＜Lu（p＞E）and d（al・a2）／（d（al，P）  

＋d（p，a2））＞1－6（E）imply falPa2I＞¶－E・This pT。PeTty  

insuTeS that，in a unifoエーm Way，an angle cannot be nearly   

S七raigh七 withou七 having a measuTe Close to TT．Of course，the   

Riemannian angulaT meaSuTe On a Riemannian G－Surface Ris   

unifoTm at Tr On R（see［句］，P．293），Finally we need the notion   

Of the 七Ota．lexcess of a noncompact reglOn G．Le七 G be a subse七  

Of Rwhichis七he union of anincreasing sequence（Dn）of  

COmPaC七POlygonaldomains G＝UDnsuch that pi∈Dn．＋1 
1 

－Dn 
． 1  

implies七ha七（pi）has no accumulation poin七foT any SequenCe  

（ni）going toinfinity・＝f E（G）：＝1im E（Dn）exis七s foT eaCh  

SuCh sequence（Dn））±∞  admiセセed，then we callit 七he 七otal  

Busemann［LL］，P．300，has pTOVed tha七if．七he G－  excess of G．  

Surface R o王’fini七e connec七ivi七y possesses the to七alexcess with   

respec七 to the angular measuTe Whichis uniform at Tr On R，then  

E（R）≦27TX（R）・Thisis a generaliza七ion of a TeSul七Of Cohn－  

Vossen［12］．  

Under・the notions above we establish  

TheoTemlLl・Let R be a noncornpact G－Surface wi七h a  

COn七inuous angular measure andle七 the to七alexcess E（R）of R   

exis七．＝f 七heTe eXists a Tay Ain R such tha．t C（A）is nonempty  

and bounded，then E（R）皇2TTX（R）・  

AccoTding七o the remark preceding TheoTemlLt we have   
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CoT011ary15．Le七 R and C（A）be  as above・Fur七heT，if the  

angular measureis uniform at Tr On R，七hen E：（R）＝ 2TTX（R）．＝n   

PaT七icular，if Ris a Riemannian G－SuTface wi七h the Riemannian   

angular measure，then the to七alcurva七ure of R，E（R），is equal   

七0 2TrX（R）．  

If for any point p ou七side a bounded setin a G－Surfa．ce   

七heTeis only one ray staエー七ing from p，七hen 七he assump七ion   

COnCeTning C（A）is au七omatica11y satisfies．Hence we ob七ain  

Cor011ar）y16．Let R be asin TheoTemlLl．＝f thereiB a  

bounded set K。f R such that foT eVery P≠K only one Tay fTOm  

P eXists，then E（R）2＝2TTX（R）・  

Before proving TheoTeml斗 we provide 七he notations and   

threelerrmas undeT the assumption of TheoremlLl．  

From PTOPOSition13theTeis a to＞O such that C（A）is  

COn七a土nedlnト∞＜rA≦七0－2］and［七0－1皇fA＜00］is  

topologicallyacylindeTSIx［to，00）・  

≧七0七hereまs a poin七Z（七）∈A such  Le汀ma17．For eveエーy 七  

七hat foT eVery Z ∈ A which follows z（t）on A and foT eVeTy qそ  

［fA＝t］allsegments fTOmq七O Z does no七intersec七［－00＜fA  

三宅ー1］・  

Proof．Suppose 七hat 七hisis f’alse．Then 七heTe eXis七s a．   
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SequenCe（qj）こ［fA＝t］andasequence（z3）⊂Asuchthat  

d（q3，Z3）→∞anda segmen七fromq3七o zj，foTeaCh j，  
in七eTSeCtS［－∞＜fA≦t－1］t The sequepnce of七hese segmen七S  

● COntaines a subBequenCe COnVeTglng tO a CO－ray B from a point  

in［fA＝t］to A・fAIS mOnOtOneincreasing on B，SO B cannot ●   
in七ersect［－00＜fA≦t－1］）a COntradiction・  

Lemma18．Let t  ≧七0・でhenでor every zくA which follows  

Z（七）くA as above theTe eXists a point q（z）∈［fA＝t］such that  

atleast two segments fTOm q（乞）to z exist and七he union of’two   

Of these segments，if chosen，SuTTOunds a compact p01ygonal  

Tegion D（z）which containsト∞＜fA皇セー1］init＄interioT・  

Let p be a poin七On A such七ha七fA（p）＝七o andlet  Pエー00f．  

C（s），0≦S≦α，be a represen七ation of［fA＝七］with c（0）＝  

C（α）ニP・Fix z 6A which follows z（七）on A，For each s，0皇S  

≦α，We denote by X（s）（or Y（s））the set of allcuTVeS fTOm  

C（s）to zin R，：＝R－ト∞＜fA＜t－1］each of whichis  

homotopic to七he curve c（［0，S］）UT（p，Z）（or＞C（［s，l］）U T（p，Z））  

in R，．We no七e that for7 eVeTy 支 ∈Ⅹ（s）and foT eVeTy 斎 ∈Y（s）  

七heunion支U葺is homotopic七O the unionT（z，P）U［fA＝t］U  

T（p，Z）in R，，SO tha七宝U斎suTrOunds［－CO＜fA皇セーl］・FoT eaCh  

S，0≦S≦α，1et支（s）be an element of X（s）such that foT eVeTy  

element 支of X（s）thelength of支（s）is no七 gTea七er than 七he   

One Of 支．SimilaTlylet 斎（s）be an elemen七 of Y（s）wi七h minimum   

leng七hin Y（s）．We deno七e by 入（s）and v（s）thelengths of蓋（s）   
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and葺（s）respectively，Obviously孟（0）＝ T（p，Z）andタ（ci）＝  

T（p，a），SO 入（0）＜リ（0）and 入（α）＞リ（α），because of the unique－   

ness of a segment T（p，Z）．By semicon七inui七y of七helengths of  

CuTVeS（see［4］，P・20）入（s）andリ（s），0≦S≦α，aTe COn七inuous，  

SO that七heTeis an so with O＜so＜αSuCh that入（so）＝V（Bo）・  

Then both支（so）and5（so）aTe Segmen七S fTOm C（so）七o zin R・In  

fact，for every s，0≦S∴≦α，Lemma17irnplies 七hat支（s），葺（s）  

OT both aTe Segmen七sin R，because R，is 七OPOloglCally a half－  

CylindeT・Thus we have only to pu七q（z）：＝C（so），and七hen支（so）  

U葺（so）suTTOunds adesiTedcompac七domainD（z）・This corrple七es  

七he prooで．  

Note that x（R）＝X（ト00＜fA≦セー1］）＝X（D（z））for every  

七三to・  

Lema19．For any E  ＞O and f’oT eVeTy t≧to thereis a  

W（t）∈A such that w（t）f’0110WS Z（t）on A and E（D（w（t）））＞ 2×   

7TX（R）一 己 WheTe D（w（t））is asin Lernma18．  

［fA＝七］is compac七，there exis七s a sequence  Pr00f’．Since  

†ziJon A such tha七d（p，Zi）→∞and q（zi）conveTgeS tO SOme  

POintin［fA＝t］・＝fα（zi）is七he measure ofinner angle of  

D（zi）a七q（zi）and soisβ（zi）a七zi，thenα（zi）→2T aS  

d（p，Zi）→00，Since the angular｝measuTeis continuous and since  

foT eVeTy POintin［f＝t］七he exis七ence ofa co－ray fromi七  
A  

to Ais unique．Hence theTe eXis七s a w（t）：＝ Z． G A which f－ollows  

lo   
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z（t）on A such that E：（D（w（t）））＝ 2TTX（R）－（Tr － CL（w（七）））一（Tr －   

β（w（t）））＞ 2TrX（R）－ E．  

Now we willpTOVe TheoTeml叫．  

PTOOf of TheoTemlLl．We want  七o pr・○Ve 七ha七 E（R）＞ 2¶X（R）  

ーE foT any E＞0・Pu七Do：＝D（w（to））as above・We assume by  

induc七ion hypothesis七hat theTe eXists a sequence D o，Dl，‥・，Dn  

Of compact p01ygonaldomains such七ha七DiこDi＋1 foTiご0，l，  

‥・＞n－1and E（Di）＞2¶X（R）－E foTi＝0，l，‥・，n・＝f a：＝Max  

fA（Dn），七hen we can pu七Dn＋1・                   ・＝ D（w（a ＋ 2））f’TOm Lemma19．  

Obviously the sequence（Di）satisfies the conditions which aTe  

needed for 七he definition of the totalexcess of R．Thus c（R）   

≧2¶X（R）・でh土s comple七es 七he proor・   



－ 69 －  

句．RemaTks on the existence of coprays  

＝n this section we trea七 the case that a Busemann func七ion  

fA On a G－Plane，i・e・，tOP0loglCa・11y a plane，is convex・Itis  
known that every Busemann func七ion on a Riemannian manif01d of  

nonnega七ive sec七ionalcurvatureis convex（see［11］，［勾5］）．In   

a G－Planeif a convex function assumes a minimum，七hen七he   

minimum setis eitheT a POin七，a Segmen七，a ray，Or7a S七r7aight   

line（see Section 3 0f ChapteT Ⅱ）．HoweveT thelas七 does not   

OCCur in 七he case of’convex Busemann functions as in 七he   

で0110Wi．ng．  

PエーOPOSition 20．Let R be a noncompact G－SPaCe．The minimum  

Se七 Of a Busemann func七ion does not sepa．rate 七he space R．  

FoT We have already proved thisin 七he proof of Lemmall．  

＝t is provedin Section 3 0f ChapteT Ⅱ tha七 unless a   

COnVeX function on a G－SuTface R has nonempty minimum se七 Which   

is a one－dimensionalmanif01d wi七hout boundaTy，then al11evels   

aTe COnneCted andlevels excepセ セhe minimum set aエーe One－   

dimensionalembedded submanifolds wi七hou七 boundaTy，and hence   

alllevels aTe 七OPOloglCally ei七heT Circles or reallines．  

Le七R be a G－Plane andlet a Busemann function fbe convex  
A   

and nonexhaustive・Then fTOm the fact above eveTylevelexcepセ  

セhe minimum setis homeomor7Phic to a rea11ine・＝f Aland A2aTe  

distinct co－TayS fTOm P∈C2（A）to A，then theyinteTSeCも  

［fA＝七］at dis七inct poin七B foT allt＞fA（p），and七heTefoTe   
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七hey cut off the sub－aTC芭（七）of［fA＝七］for a11t＞fA（p）・  

TheoTem 21．Le七 R be a G－Plane which possesses an  

continuous anguZar measure with nonnegative excess and let a 

Busemann function fbe convex and nonexhaus七ive・Then for each  
A  

POin七p∈C2（A）the measure of theinneT angle at p of七he  

domalnD：＝ 吉（七）as  
七＞（。）  

excess E（R）or R．  

aboveis no七 gTea七eT than 七he total  

We say 七hat an angulaT meaSure On a G－SuTface R has non－  

non－degeneTate tTianglein B（p，P（p）／8）  nega七ive excess if every  

R has nonnegative excess．We no七ice 七hat since the excess of’   

every tTiangleis nonnega七ive，E：（R）always exists（see［Lt］，P．   

299）．  

PTOOf．We have only 七O PrOVe 七he sta七ernent．f’oT 七WO  eO－rayS  

Aland A2from p to A such七hat a・ny CO－ray fTOm P七o A passes  

七hTOugh七he sub－aTCS Cut Off fTOmlevels by Aland A2・Le七Pl  

and p2be pointsin Aland A2TeSPeC七ively with fA（pl）＝fA（p2）  

＞f（p） A 
・First we show七haモモheTe eXis七s a zo∈A such七ha七if  

zeAf01lowszoonA，thentheunionT（p，Pl）UT（pl，Z）U  

T（z，P2）UT（p2，P）offoursegmentsis asimplequadTila七eral・  

and such tha七 the compac七 domain D（z）whichis surTOunded by   

七he quadTilateraltends 七0 七he domain Din the statemen七．＝f  

まs七he orlg土nof A，七ben d（q，Z）－d（pl〕Z）皇fA（pi）－d（pユ，ri（z）），  
i＝1，2，aSin七he proof of Lemmall，WheTe Z・をA and Ti（z）is，   



－ 71－  

if exis七S，aPOint of theinteTSeCtion of a segmen七T（pi＞Z）and  

［fA＝fA（Pi）］・Hence d（pi＞ri（z）），i＝1，2，tends to zeTO・Thus  
七heTeis a zoくA such that d（pi，ri（z））＜d（pi，T（pj，P）），i≠3＞  

for every z following zo on A・Then ouT quadrila七eralis simple，  

because，for example，a Segment T（pl，Z）inter｝SeCtS the union  

T（p，Pl ）UT（p・P2）LJT（p2，Z）ofsegmentsatonlytwopoin七SP 
l  

and z・Since each of components of R q［fA＝fA（pl）］is  

homeomorphic七O a Plane and since segments T（pl，Z）and T（p2，Z）  

七ends to七he sub－rayS Of’Aland A2TeSPeC七ively as d（p，Z）→00  

Wi七h 乙 e A，the domain D（乙）suTTOunded by the quadrilateTal   

七ends 七○ 七he domain 工）in the statemen七．  

Because the excesses are nonnega七ive，E：（D（z））＝ 27T －（7T －  

α（z））－（甘－ β（z））－（¶ －Y（z））－（T一 占（乞））≦E（R）whereα（Z），  

β（Z），Y（z）and 6（Z）aTe 七he measuTeS Of七heinneT angles of  

D（z）a七P，Pl，P2and z respectively・Henceα（z）＋β（z）＋Y（z）  

－2TT皇C（R）・Since 七he angulaT meaSuTeis con七inuous，β（z）and  

Y（z）tends to Tr aS d（p，Z）－ラ∞With z e A・TherefoTeα（z）皇  

E（R），Whlchls our goal．  

Let D be 七he TeglOn Whichis composed of a11co－rayS fTOm   

P 七O a ray A．＝n geneTalD－（p‡is not connected and each   

COmPOnen七 may contain many co－TayS fTOm P 七o A．For each  

COmPOnent DOf D－tP‡ifwe apply TheoTem21to the boundaTy  
入  

OfD入U（pl，thenthemeasure oftheinnerangle ofD入Utp）a七  

Pis a七 most E（R）．Nevertheless 七he pTOOf of Theor・em21yields   

a s七ronger resul七 than 七hls．   
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CoTO11ary 22．Let R be a G－Plane which possesses a  

COntinuous angular measuTe Wi七h nonnega七ive excess andlet a  

Busemann func七ion fA be convex and nonexhaustive・Then foT eaCh  

車  
POin七 P the totality of 七he measuTe   f 七heinneエー angles of  

D入U（p），s atpis a七mos七the七OtalexcessE（R）ofR・  

＝n a Riemannian G－Pユane M2with the Rユemannian angulaT  
2 

measuTe K．Shiohama has provedin［38］tha七ifMis ofnon－  

nega七ive Gaussia．n curva七uTe andif 七he 七○七alcurva七uTeis not  

2 
gTea七er＞七han T，then allBusemann func七ions on Mare non－  

exhaus七ive．Hence we have  

CoTOllary 23．Let M be a Riemannian G－Plane wi七h 七he  

Riemannian angulaT meaSure and of nonnegaTive Gaussian cuエーVa七ure．   

＝f the totalcurva七ure E：（M）is no七 gTeateT 七han Tr，七hen f－or   

each Tay A and foT eVery POint p the totali七y of’the measures  

Of七heinneT angles of D入U‡p），s at pis a七mos七E（M）・  

As ano七her applica七ion we pr＞○Ve the existence of TayB fTOm   

each point p which aTe nO七 CO－TayS f’rom p 七o a glVen Tay A．To  

do this，We Carefu11y observe Maeda＞sI－eSultin［29］and［30］，   

i．e．，if Mis a Riemannian G－Plane with the Riemannian angulaT   

measure and of nonnegative Gaussian cuTVatuTe，then 七he   

七O七aユユty of’七he measuTeS Of 七he ユnner angユes at each point p of   

七he domains which aTe COmPOSed of allTayS from pis a七1east   

27T 一 己（M）where E（則）1s 七he to七alcuエーVa七uエーe Of■ M．Uslng七hls we   
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have 七he f0110Wlng．  

CoT01lary 2互．Le七 M be a Riemannian G－Plane wi七h the  

Riemannian angular measure and of nonnega七ive Gaussian   

CuTVature．＝f the to七alcuTVature E：（M）is smaller than Tr，七hen   

foT eaCh ray A and for every point p∈ M theTe aTeinfini七ely   

many TayS fTOm P Which are not co－rayS fTOm P 七o A，mOTe   

PTeCisely，the totali七y of the measuTeS Of 七he angles a七 p of   

七he domains which are composed of rays from p 七hat are no七 co－   

rays 七o A 土s atleas七 2Tr － 2E（M）．  

Our estimateis，Of course，Valid at only points of C2（A）・   
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CHAPで訂R：Ⅳ  

Affine f－unc七ions and splitting theorems  

1．In七roduc七10n  

A func七ion F defined on a comple七e Riemannian manif01d M   

Wi七hou七 boundaTyis said to be convexiff on each geodesic Fis  

a one－VaTiable convex function．In［15］and［ユ6］，SuCh functions   

aTe Studiedin deta・ils・FoT eXamPle？if F assumes no minimum∫   

七hen Mis diffeomorphic to N x Ⅱモ，WheTe Nis homeomoTphic to a   

levelof．F，andif F has a compac七1evel，then alllevels aTe   

COmPaCt and the diame七eエー f’unction oflevels of Fis mono七One   

nondecTeaSing as a function foT Values of F．MoエーeOVeT M with a   

10Cally noncons七ant convex func七ion F has at most 七WO ends，and   

M has one endif F has a noncompact level．These fac七s willbe   

usedin Sec七10n 勾．  

In the present chap七er we study f’unctions on M which aTe   

affine functions on geodesics，and we apply them to prove   

SPli古土ing theoTemS Of Riemannian manif01ds．  

Le七 M be a complete Riemannian manifold wi七hout boundaTy．  

。ギ叫geOdesこ‘こ≠「  
affine if for a   A func七ion F on Mis by defini七ion  

¢Ⅹ（s七1＋（1－S）七2）＝SFdX（七1）  representa七ion x（t），－∞ ＜ 七 ＜ 00，  

＋（l－S）F。Ⅹ（七2）f’oT eVeTy S ∈（0〕1）and for every七1，七2∈  

（－∞〕00）．A function F on a Riemannian produc七 manifold M：＝ N x 取   

is cleaTly af’fine on Mif F（p，七）＝ 七 for each（p，t）∈N x 取・  

The main 七heoTem Of ourinvestigationis   
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Main Theorern．A comple七e Riemannian manif01d M without  

boundary admits a non－tTivialafTine functionif and onlyif M   

isisome七Tic to a Riemannian pTOduct N：×  

MoTe PTeCisely，We Pエー0Ve  

a complete Riemannian manif01d withou七  TheoTem l．Let M be  

boundaTy．1f M admits a non－trivialaffine func七ion F，七hen   

［F＝ a］，foT eVeTy a∈・取，is a 七otally geodesic submanif01d   

Of M without boundary，and fuエー七hermore 七here exist anisometric   

map ＝ of［F ＝ a］×：駅 on七O M and a cons七an七 b such七ha七 FoI（P，   

七）＝ b七 ＋ a foT eVeTy P ∈［F ＝ a．］and for eveTy 七 ∈  

Examples and applica七ions of 七his 七heorem are as follows．  

Let V be the totali七y of allaffine f’unc七ions on M．Then   

Vis evidently a vectoT SPaCe COntaining allconstan七 functions   

On M and hence dim V is a七1east one．＝f M is 七he n－dimensional   

Euclidean space，then Vis an（n ＋l）－dimensionalvectoエー SPaCe・   

ConveTSely，fTOm 七he fac七 that grad．F of an affine function F   

is parallelon M and byi七er＞ating TheoTeml，We have  

TheoTem 2．Let M be an n－dimensional  COmPle七e noncompact  

Riemannian manif01d without boundaTy．Thenl＜ dim V ＜ n ＋1．   

＝f dim V ＝ k ＋1，then Mis isometTic to 七he Riemannian pTOduc七  

k 
N＝X＝m，  WheTe N adrni七S nO nOn一七rivial affine functions．In  

PaTticular，Mis the Euclidean spaceif and onlyif dim V＝ n ＋1・   
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Next we discuss when an affine func七ion on M existB．  

A geodesic with a repTeSentation x（t），－∞＜ 七 ＜ 00，（oT  

O ∫七 ＜ ∞）is by def’inition a s七raigh七1ine（or a Tay）if  

d（Ⅹ（tl），Ⅹ（t2））＝し七1一七2Iror all七1，七2e（－00，00）（or七1，t2  

∈［0，00））．  

Theorem 3．Let M be a．comple七e noncompac七 Riernannian  

manif01d of nonnega七ive sectiona．1curva七uTe and wi七hou七  

boundaTy・＝f there exis七two TayS Aland A2With TePTeSen七ations  

Xl（七），0・皇七＜∞，and x2（七），－ひ三t＜∞，and a posl七1ve  
COnStan七a such that for eveTy七そ［0，∞），2セーd（Ⅹ1（t），Ⅹ2（七））  

＜a，七hen the Busemann functions fA．（・）：＝lim（t－d（・，Ⅹl（t）‡， ユ  
i＝1，2，Of A．aTe nOn－tTivialaffine func七ions．＝n par七icular   

ユ  

Mis isome七Tically a Riemannian pTOduc七 N x 二駅．  

Using the Toponogov compaTison theoTem（see［叫2］），We know  

that the existence of Aland A2in the assump七ionis  

equivalent to the existence of a stTaightline．Thus we ob七ain  

a TeSta七emen七 of the Toponogov splitting theoTem（See［10コ，［11］   

and［旦2］）．  

Howeverif Mis of nonposi七ive sectionalcurva七uTe，七he   

exis七ence of a stTaight line does notimply the exis七ence of a  

non－trivialaffine f－unction on M（see Example 6in Section4）．   

Buモ モhe following holds in 七his case．   
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TheoTem Li・Let M be a complete noncompact Riemannian  

manif01d of nonpositive sec七ionalcurva七uエーe and without   

boundaTy．Suppose 七here exis七s anisometTy 6 0f M such 七hatit   

七ranslates a straigh七1ine A wi七h a represen七ation x（七），－CO ＜  

t＜のご亀ereexistsac。nS七an七a≠。s。Ch七hat6。Ⅹ（七）＝Ⅹ（t＋a）  
for eveエーy t そ（－∞，∞），Which connects dif、feTent ends of’M andit   

leaves allfTee homotopy classes of c10Sed cuTVeSin MinvaTiant．  

ThentheBusemannfunctionsfA＋（・）‥＝1im（d（・，Ⅹ＋（t））－t）aTe  
non－七Tiviaユ affine f’unctions arld hence Misisometrically a  

Riemannian pTOduct N x認，WheTe A＋（or A）is a positive（or  

negative）sub－Tay Qf A with TePreSentati・〕nS X＋（t）＝Ⅹ（七）（or  

X（七）＝ Ⅹトセ））ror allt ∈［0，00）．  

＝n Sec七ion 2 we give 七he pT00f－ of Theoreml．＝n Section 3   

We PTOVe Theorem 3．The pT00fis veTy ShoT七 and theideais   

useful七o that of Theoremll．In Section 叫 we dealwith Theorem   

Lland we shallsee theTe anOtheT Sta七ement（PTOPOSition 5）   

Which explains satisf’actoTily the meaning of split七ing．  

Note：Busemann and Phadke（see［6］）haveindependenも1y   

Pr，0Ved the analogous TeSult to Theorem 2in G－SPaCeS．  

Main TheoTemis a contrast 七o a resul七 Of T．Yamaguchi  

亡Lt6］who has s七udied七heisometTy grOuPS Of a．complete  

Riemannian manifold admitting s七rictly convex func七ions．   
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2．Affine functions  

In this section we glVe the pTOOf of Theoreml．ThTOughout   

七his section 七he space we tTea七is a complete noncompact   

Riemannian manif01d wi七hout boundary．  

Clearly foT eaCh geodesic wi七h a TePエーeSen七a七ion x（七），－CO ＜   

t ＜ 00，七here are cons七ants m and n∈：m、SuCh tha七 F。Ⅹ（七）＝mt   

＋ n for all七 ∈（－00，00）and hence F has no minimum on M．＝t   

follows fTOm 七his foTmula 七hat a111evels of F aTe COnneC七ed   

七otally convex set（for defini七ion see［11］）and hence 七O七ally   

geodesic e血bedded hypersurface without boundaTy（Bee［9］，［11］）．   

Becauseif the geodesic passes through 七WO POin七sin alevelof   

F，七hen m ＝ 0．  

We aTe gOing to show thaセ セhe exponen七ialmap of 七he noTmal   

bundle of eachlevelonto M yields the desiTedisometTic map．   

FoT a Subse七 Q of M and foT a POint qin M，We Calla point f   

卓Q a建立Of q on Qif d（q，f）＝d（q，Q）・We sha110ften use this  

no七ion．We take the f0110Wing steps to complete 七he pTOOf．  

given a∈二駅 and for each q卑［F＝a］，  Assertlon l．For  

let f be a f00t Of’q on［F ＝ a］．Then a segmen七 T（q，f’）fTOm q   

to f sa七isfies the following pTOPeTties－  

（1）For eveエーy C ∈［a，F（q）］（or［F（q），a］1f F（q）＜ a），  

T（q＞f’）in七er・SeC七s［F＝C］at exactly one point，Say fc・  

（2）で 1s a 王t00七 ○で q on［F ＝ C］and f土s a foo七 Of r on             C                  ▲     ‾      ‾                         C  

［F ＝ a］．   
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Pr00f．（1）is evident，Since Fis a nonp七Tivial  

affine function along T（q，f）．ConceTning the second paT七 of’（2），  

See（20．6）1n ‖］，p．120．  

SuppoBe that theTeis a point f’，in［F ＝ C］such tha七 C  

d（q，∫c）＞d（q，fc，）＝d（q，［F＝C］）・エでF（q）＞c（orlrF（q）＜c），  

then（F（q）－C）／d（q，fc）＜（F（q）－C）／d（q・fc＞）（oT（c－F（q））／  

d（q，fc）＜（c－F（q））／d（q・fc＞））・Let f，be a poin七in［F＝a］a七  

Which the extension of T（q＞fc＞）mee七S［F＝a］・Then thelength  

Of T（q，f）is gTea七eT than七heleng七h of七he ex七ension of  

T（q，fc，）up to the point f＞・This con七Tadic七s七he choice of f・  

Hence the f’irs七 paTt Of（2）is pTOVed．  

POint q≠［F：a］has a unique f0Ot On  Asserセユon 2．Each  

［F＝a］and moreoveエー 七heTeis a．unique Begmen七 T（q，f）fTOm q   

to f、．  

Pエー00f．FTOm 七he existence of  a s七rongly convex ba．11aTOund  

q（See［叫］）and the to七alconvexi七y of．［F ＝ a．］it f01lows that   

foT Sufficiently smallposi七ive E 七hereis a unlque fLoo七 of q   

On［F ＝ F（q）－E：］（OT［F ＝ F（q）＋E］）．If 七heTe aTe dis七inct feet   

f and f”of q on［F ＝ a］，then AsseTtionlimplies tha．t 七heTe   

aTe atleasセ セwo feet of q on［F ＝ F（q）－E］（or［F ＝ F（q）＋E］）   

七hTOugh which T（q，f）and T（q，f”）pass respectively，   

a con七rad土c七10n．  

The aTgument aboveis usefulto pTOVe 七he second part．If   

unlqueneSS Of－ the existence of 七he segment from q to fis false，   
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七hen theTe eXis七 at least 七WO feet of’q on alevelof F   

be七Ween［F ＝＝ a］and［F ＝ F（q）］，a COntTadiction．  

Let f be a foo七 of q on［F＝ a］andle七 Ⅹ（七），－00＜ t ＜ ∞，  

be a．repTeSentation of the geodesic A de七er7mined by x（0）＝ f  

and x（d（q，f））＝ q．  

d（Ⅹ（七），f）＝d（Ⅹ（り，け＝a］）＝ ttt for all七∈  Asserti〇n 3．  

（－00，00）．  

Pr00f．  Let to be theleast uppeT bound of七hose t such  

七ha七Ⅹ（t）has the f00t f on［F＝a］・We must pTOVe that to＝∞・  

Suppose to＜∞・Then x（to－E）is evidently a foo七of x（七0＋E）on  

［F＝F（Ⅹ（七0－E））］foT Sufficien七1y smallE＞0，Since AsseT七ion  

limplies that Ais peTPendicular to［F＝F（Ⅹ（to一己））］at  

X（七0－E）・However since x（to＋E）has a f00七on［F＝a］diffeTen七  

fTOm f，Ⅹ（七0一己）cannot be a f00t Of x（to＋E）on［F＝F（Ⅹ（to－E））］，  

a con七radlc七10n．  

We can pr，○Ve SimilaTly on 七he nonposi七ive paTt Of A．  

By AsseTtionslto 3 we obtain 七he following，  

AsseT七ion 句．The exponentialmap of the noTmalbundle of  

［F ＝ a］onto Mis a diffeomoTPhism．  

＝t 七uTnS Out that 七his di．ffeomoTPhismis anisometric map   
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by the following asser七ion and thus 七he pT00f of TheoTemlis   

COmpユe七e．  

Assertion 5．Let q and q，be any poin七sin［F ＝ C］andlet  

f and fり be the feet of q and q，on［F ＝ a］TeSPeCtiveiy．Then   

d（q，q，）＝ d（f，f”）and d（q，f）＝ d（q，，f，），  

The first partimplies 七hat a111evels of F areisometric   

七o each others and 七he second paT七implies 七hat there exists   

anisometTic map ＝ or the Riemannian pTOduct［F ＝ a］x：折 onto   

M such tha七 Fo＝（p，t）＝b七 ＋ a foT allp く［F ＝ a］and for a11   

七 色］R．  

Pr）00で．アユrs七  We COnSideT 七he case where q＞is close to q，  

moTe PreCisely，七heleas七 uppeT bound of 七he set of allthe  

lengths of T（fd，fd，），a≦d≦C（or c≦d≦aif c＜a），is  

SmalleI－ than the gTeateS七loweT bound of the set of all七he  

COnVeヌ＝Tadiiof pointsin T（q，f），WheTe fd and fd，are points  

a七which T（q，f）and T（q，，f，）intersect［F＝d］TeSPeCtively．  

Since T（q，f’）and T（q，，f，）are perpendicular to eachlevel   

thTOugh which they pass，i七 f01lows from七he fiTSt Var＞iation   

foTmula（see［17］）tha七 d（q，q，）＝ d（f’，f＞）．  

＝n geneTalcase，七ake a partition of a segment T（q，q，），  

q＝qo，ql，‥・，qn＝q＞，in七his ordeT SuCh七ha七every paiT Of  

and q i＝ 
qi  i＋1， 

0，l，…，n－1，Sa七isfies the condi七ion above・  

Andlet fi，i＝ 0，l＞・・・＞n，be a foo七ofqiOn［F＝a］・Then   
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れ＿1 れ一I  

d（q，q，）＝ ∑d（qユ，ql＋1）＝j二d（rl，rl＋1）≧d（で，f，）・                  ig0             1－O  
FTOm AsseT七ionl，（2），i七 follows 七ha七 f（or f”）is the foot   

of q（oT q，）on［F ＝ a］if and onlyif q（or q，）is the f00t  

Of f（oT f，）on［F＝C］・Thus we ob七ain d（f，f”）皇d（q，q，）・This  

Pエー○VeS 七hat d（q，q，）＝ d（f，f”）．  

On 七he second part，We have only to consideT the vaTiation   

made of the to七ality of segments each of which 30ins a poin七   

Of T（q，q，）andits 王、00t On［F ＝ a］．This completes the pr00f of   

AsserIt土on 5．   
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3．Direc七 applications of a．ffine functions  

＝n this section we give the pT00f一 of TheoTem 3．  

Let M be a complete noncompac七 Riemannian manif01d of non－   

negative sectionaL cuTVatuTe and without boundaTy．＝tis we11   

known（see［11］，［句5］）that a11Busemann functionB are COnVeX  

isconvexonMwheTefAandrAaTe  
OnM・HencefAl＋fA2 1 2  

func七ions in the assump七ion of Theorem 3．MoTeOVeT  fAl＝A2 ユs  

boundedabovebyaonM＞SincefAl（p）＋fA2（p）＝lim（t－  
d（p∫Ⅹ1（七）））＋11m（モーd（p，Ⅹ2（七））‡＝11m（2モー（d（p，Ⅹ1（七））＋  

d（p＞Ⅹ2（七））））5－1im（2t－d（Ⅹ1（七），Ⅹ2（t）））三a for allp∈M・Thus  

fA1 
＋fA2 isconstantonM，SayC，andtheTefoTefA・，i＝1，2，  

1  

is afTine．＝n fact，f’or every geodesic wi七h a representa七ion   

X（t），－∞＜t＜00，   

でAごⅩ（s七1＋（1－‾S）七2）≦SでAl。Ⅹ（tl）＋（1‾S）rAlOX（七2）  
＝S（e－fAごⅩ（七1））＋（1－S）（い でA2やⅩ（七2））  

＝い（sでA。Ⅹ（tl）十（1－－S）fApX（t2））  
2 2  

皇C－fA2 
。Ⅹ（s七1＋（1－S）七2）  

＝fAl さⅩ（s七1＋（1・－S）七2）  

foTeVeTyS∈（0）1）andforeveTy七1，七2∈ト∞，00）・HencefAlis  
COmple七es the pT00f of TheoTem 3   

fA2 
1s・でhls  aflflne and also  
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Ll．Spli七ting theoremsin 七he case of nonpositive cuTVatuTe  

Notions in this sec七ion are due to P．EbeTlein a．nd B．   

0，Neユユユ［13］．  

A HadamaTd manif01d His a comple七e，Simply connected   

Riemannian manifold of’dimension n三 2 having nonpositive   

SeC七ional cuTVature．1n 七his space allgeodesics are s七Taight   

lines．OTiented geodesics A and Bin H with repェーeSen七a七ions   

X（七），－00 ＜ t ＜ cD，and y（七），－00＜ t ＜ co ，are aSymP七Otic pTOVided  

七here exists a posi七ive c such that d（Ⅹ（七），y（t））5＝C foT all  

七 ＞ 0．This def■initionis equivalen七 to 七ha七in Cha．pteT 工江 On   

H．The asymptote relationis an equivalence Telation on 七he se七   

Of alloTiented geodesicsin Ht Let H（∞）be 七he set of all  

asymp七0七e classes of oriented geodesics of H andlet膏：＝H UH（co）．  

重with七he cone七opology（see［13］）is homeomoTPhic七o the closed  

unit n－ball・＝f’Ais an oTien七ed geodesicin H，then A●is by   

defini七ion the asymp七0七e class of A and A ●is 七he asymp七Ote   

Class of 七he reveTSe geOdesic A．＝f 中is anisometry of．H and   

Xis a pointin H（co）we set ¢（Ⅹ）：＝（¢。A）●，WheTe Ais any orien七ed   

geodesic TePreSenting X．Thus we ob七ain a well－defined map ゆ：  

扇坤テ自whichis bi3ec七ive and carTies H（∞）intoitself．  

A complete manif01d M of dimension n之 2 and of nonpositive   

SeCtionalcurvatuTeis pTeCisely the quo七ient manifold H／D wheTe  

Dis a pTOPeTly discon七inuous gTOuP Ofisome七Ties of H・A  

COntinuous curve c（七），0皇t ＜m，is by definition diver・gent  ifl  

foT any COmPaCt Se七Kin M七heTe eXists t＝tK SuCh七ha七for  

S≧七，C（s）らM－K．Divergen七 CuTVeS C and din M willbe ca11ed   
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COflnal  ，if glVen any COmPaCt Set Kin M some finalsub－aTCS  

C（［s，∞））and d（［t，∞））1iein the same component of M－K．This   

is cleaTly a．n equivalence Telation on 七he se七 of alldiveTgen七   

CuTVeS in M，and 七he TeSul七ing equivalence classes aTe the ends   

Of’M．Thisis obviously equivalen上 土○ 七he definition of ends  

● glVenin Sec七ion 2 0f Chap七eT Ⅱ．A geodesic A wi七h a   

r｝ePreSen七ation x（t）， 0 三七 ＜ 00，in Mis by defini七io  00，in Mis by defini七ion almost  

a poslセユve e such 七ha七 d（Ⅹ（0），Ⅹ（七））ヱセ  mユnlml  Zingif theTeis  

－ e で0ェつall七≧0・Furtheエー，Ⅹ∈H（∽）  is by definition almost  

D－minimizingif．foT any geOdesic A TePTeSen七ing X，7T（A）is  

almost minimizing，WheTe Tris the covering pTOコeC七ion of H onto   

M ＝ H／D．P．Eberlein and B．0，Neillhave provedin［13］thatif   

七heTe eXis七S an X e H（∞）such 七hati七is almost D－minimizing   

and a corrmon f■ixed poin七 of D，七hen a Busemann f’unction of any   

A ∈・Ⅹis invaTiant under D．Hence the function f’on M is induced   

fTOm f’A andi七is convex，Since eveTy Busemann function on His  

COnVeX，and hence Mis homeomoTPhic to a product manifold N x：択  

WheTe Nis alevelof f・FuTtheTmOrei七f01lows that f＝ 
㌔（A）  

OnⅢ（see［25］）．  

Now we consideT 七he caBe that 七heTe are tWO POin七Sin H（00）   

Which aTe COmmOn fixed points of D and almos七 D－minimizing．  

PTOPOSition 5．Le七 M be a complete noncompact Riemannian  

manifold withou七 boundaTy and of nonposi七ive sec七ionalcuTVature   

andlet M＝H／D．＝f 七heTe eXist distinc七 POints X and Yin H（00）   

SuCh tha七（1）they aTe COrnmOn fixed points of D，（2）七hey aTe   
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alnost D，minimizing and（3）7T（Ⅹ）and Tr（Y）arein different ends   

Of M＞ then Misisometric to a Riemannian produc七 N x Ⅱ・  

PTOOf．（3）in 七he assumptionimpliesin combination wi七h  

（2）the existence of a s七Taigh七Iine A with a represen七ation   

X（七），－CO ＜ 七 ＜ 00，SuCh七hatit connec七S Tr（Ⅹ）and7T（Y），mOre  

PTeCisely，A∈TT（Ⅹ）a・nd七he reverse geodesic A 
＿ 

Since geodesics B ∈TT（Ⅹ）and C eTr（Y）in M a．Te almos七minimizing，  

and hence divergent，a SequenCe Of segments fエーOm y（t）七o z（t）   

for tヱ O contains a subsequence which conveTgeS tO 七he desired   

StTaightline，Where y（七），－∞く t く00，and z（t），r00 ＜ 七 く00，aTe   

repTeSenta七ions of B and C respectively．  

Le七 Ⅹ．（七），0≦七 ＜∞，be TePTeSen七a・tions of七wo rays such  

七ha七Ⅹ＋（七）＝Ⅹ（t）and x（t）＝Ⅹ（一七）f．or t≧0・The Busemann  

functions fA＋（・）：＝1im（d（・，Ⅹ＋（七））一七）areloca11ynoncons七an七  
COnVeX functions without minimum by 七he pTeCeding TemaTk 七o   

PTOPOSi七ion 5・Moreover，fLTOm七he facts a上 土he beginning of’  

Sec七ionl，Mis topologically a cylinder N＋×二駅（oT N＿X二駅），  

WheTeN＋（orN－）isaleveloffA＋（oTfA），andalllevelsaTe  
COmpaC七．  

［fA＋＝0］く：Ⅹ  There exis七S a COmPaCt Set K of M such 七ha七   

andp∈M一正impliesthatfA＋（p）＜00TfA（p）＜0・＝nfact，  
0七heTWise theTe eXis七S an unbounded sequence（p）of poin七sin  

Msuch that fA＋（pi）≧O andhencetheTeeXists anlo SuChtha七  

rA＋（plo）＞fA＋（pl）≧OandrA（pio）＞fA（pl）≧0・Le七Ⅹ0鮎  
－∞＜七＜∞，be a TePTeSentation of a geodesic Ao such七hat   
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Ⅹ0（0）＝Plandxo（d（pl，Pio））＝Pio・ThefA＋0Ⅹ0（t），t皇d（pl＞Pio），  
arepositiveandmonotoneincTeaSingfTOmCOnVeXityoff 

詑 A＋ 
cleaTlyA。isdiveTgent．WeasseT古土ha七A。i。七ainedin七he  

ends of M containing A＋and A，COntradicting七he facセセhat M －   

hasa七mosttwoends．  

Suppose Ao a・nd A＋（oT A）aTe COntainedin the same end of  

M・＝fK，isacompactsetcontaining［fA＋＝0］and［fA＝0］，  
七hen by the defini七ion of ends七heTeis an s＝七K＞ SuCh that  

Xo（［s＞∞））and x＋（［s，00））（oT X＿（［s，00）））aTein七he same component  

Of’M－K，・＝f七，＞ s andif E（T），0≦T≦l，is a cuTVein the  

COmPOnent Of M－K＞joining xo（t＞）and x＋（t，）（or x（七，）），then  

implies that E：（［0，1］）mus七 meet K，，Since  COn七inulty of－  f 
A＋  

fA＋。Ⅹol［s，∞）＞0（orfAqXoけs，00）＞0）andでA＋¢Ⅹ＋I［s，00）＜0（or  
でA＋〃Ⅹ＋けs，∞）＜0（orfA8Ⅹ－1［s，00）＜0），aCOntrad土c七ion・  

Next we asser｝t 七ha七 theTeis a positive c such 七hat d（p，  

Ⅹ（n））＜cfoTanyP∈M・＝nfact，iffA＋（p）＜0（orfA（p）＜0），  
then by the fact stated at 七he beginning of Sectionl，d（p，Ⅹ（取））  

≦七hediameterof［fA＋＝fA＋（p）］（oT［fA ＝fA（p）］）皇七he  

diame七eTOf［fA＋＝0］（oT［fA ＝0］）皇thediame七eTOfK・   

＝fwepTOVetha七fA＋＋fAisboundedaboveonM，thenfrom ＝F：  

COnVeXi七yoffA＋＋fA】i七isconstantandhencefA＋andfA aTe  
affまne・For any point pそMlet tlbe such that d（p，Ⅹ（n））＝  

d（p，Ⅹ（tl））・Then   

でA＋（p）＋∫A（p）＝1im‡d（p，Ⅹ＋（七）トセ＋d（p，Ⅹ（七‖－七）   
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＝1ユm（d（p，Ⅹ（t））－七 ＋d（p，Ⅹトセ））－t）   

＝lim［（d（p，Ⅹ（七））－（セーtl））＋（d（p＞Ⅹ（－t））p（七l＋t））］   

≦2d（p，Ⅹ（R））≦2c・  

This completes the pTOOf of PTOPOSi七ion 5・  

Now we can proceed七o the pTOOf of Theorem Ll，＝セ セuTnS Out   

七hat the assumption of TheoTem句 would be equivalent to 七hat of   

PTOPOSition 5，and the proof of Theorem斗wi11be achived by   

Proposi．七土on 5．  

Proof．0f Theorem句．Let 支（t），－∞＜ t ＜  ∞，be anyllf七 Ofl  
～  

Ⅹ（七），－CO ＜ t ＜ ∞，tO H．First we willcons七ruc七 anisome七Ty 6  

0Ver 6 such that 6oゆ ＝ 中。6 for・any ¢伝 D and 6。王（t）＝ 支（七 ＋ a．）   

∫or all七 そ ト00，∞）．  

FoエーPOints q and rin Hle七 T（q，T）be a geodesic from q to  
■ヽ■  

rin H．FoT eVery POin七 Pin H，define 6p by a．pointin H which   

is 七he endpoint of 七helif．t of 6勺TT（T（p，支（0）））to H star七ing at  
～  

支（a）．We know fr・Om（28．7）in［Lt］，P．177，tha七 6is well－defined  
′ヽ′～  

and anisometry to H oveT 6．FTOm七he construction of 6，占。支（t）   

＝ 支（七 ＋ a）for all七 ∈ ト∞，∞）．  
～ ～  

Now we pTOVe that 6。ゆ ＝ ¢？6 foT any ¢ ∈ D．Since allfTee   

homo七opy classes of closed cuTVeS in M aTeinvarian七 undeT 6，  

6。7T（T（p，申P））corresponds to ¢ f’or・eVeTy POin七 Pin H．And  
■ヽ■  ～         ′〉  

占qT（T（p，¢p））＝ T。6（で（p，紬））＝ 町（で（6p，6勺中p））．ワhus 6。¢ ＝ ¢勺6．  

Let X and Y be pointsin H（∞）which con七ain 菜and the   

TeVeTSe geOdesic 支（t）：＝支トt），－03 ＜ t ＜ ∞，TeSPeCtively・Since   
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～ †ヽ′ ～ ～  

d（支（na），車重（na））＝d（6nDま（0），¢06nB支（0））＝d（6n。支（0），6nや¢。意（0））  

＝ d（支（0），中。支（0））f’○エーa11integeT n，Ⅹ（oT Y）contains 4）。蓋（oT   

¢o克）and theTefore X and Y aTe COmmOn fixed poin七s of D．Since   

Ais a straightline，Ⅹ and Y aTe almost D－minimizing and hence   

七he assumption of’Proposition 5is sa七isfied．This completes   

七he pr00fI．  

＝t is necessary foT 6 toleave all free homo七OPy Classes   

Of closed cuTVeS in Minvaエーiant．＝n fact，theTeis an example   

Of a surface S of nonposi七ive Gaussian cuTVa七urein the  
叫 Euclidean叫－SPaCe Ewhichis notisometTic七Oa flat cylinder  

and has 七wo ends and on which a non－tTivia．1isome七Ty 6 exis七S   

and transla七es a s七Taightline on S alongitself but 6 does not   

leave all f－ree homo七OPy Classes of’closed cuTVeS invaTian七．  

Example 6．The Sis cons七TuC七ed as a union of countably  

E斗  many congruent flat toriin   With two pla．ne disks TemOVed and  

countably many congTuent七OPOlogicalcylinders Slx［0，1］which  

are コ01ned along their boundaTy CiTCles．  

The constTuCtionis done by putting congr．uen七 fla七 torl，   

to which cylindeTS aTe at七ached，into a d．elibeTa七e orderin such   

a way 七ha七 each touTS COntains 2 parallelplane squaTeS along   

SOmeline fTOm Which disks aTe TemOVed，and the plane squa．TeS   

On the tor＞iand the boundaTy CiTCles of cylindeTS aTe all  

叫 
paTallelalong七helineinE．  

Let（α1（t），α2（t））＞0≦t三人，be an aTC－1eng七h   
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paTametrizedC∞－CuTVeinE2wi七h（α1（0），α2（0））＝（αL（入），α2（…  

＝（0，－1）such七hat（1）it con七ains two segments，（（Ⅹ1，l）；－1≦  

Ⅹ15＝l）and（（Ⅹ1，－1）；－1≦Ⅹ1≦1），（2）i七is containedin the  

S七rlp（（Ⅹ1，Ⅹ2）；－1≦Ⅹ2≦1）and（3）ユセis symetrlc wl七h  

TeSPeCセセO the orlgln OfE2・Andlet X denotei七SimageinE2．  
叫 

Thenwe canconsideT CanOnically Y，：＝Ⅹ×Ⅹas七he figuTeinE．  

Y，has clearly 叫 disjoint fla七 SquaTed faceB and we denote  

七W00∫七h叫（（Ⅹ1んⅩ3，1）；－1≦Ⅹ1JX3≦1）and†（Ⅹ1，－1，Ⅹ3，1）；  
5；1‡，by Aland A2TeSPeC七ively・We TemOVe the disk  －1皇Ⅹユ，Ⅹ3  

Dl（or D2）from Al（oT A2）wi七h center（0，1，0，1）（oT（0，－1，0，1））  

and Tadiusl／2．And we denote 七he TeSulting figure by Y．＝七  

Should be noted that xo（t）：＝（αl（七），α2（t），051），1／2皇七≦（入－  

1）／2，is a shoT七est30in from∂D2七○∂Dlin Y・Becausein七he  

univeTSaユcovering space H of Y＞anylift of xo七o His a  

dis七ance minimizing segment f．rom七helift of∂D2tO thelif七Of  

aDl・  

1 
Yis joinedwith a certain七op010gicalcylindeT Sx［0，再  

along七heiT boundary ciTCles，and thisis donein the a．ffine  

（Ⅹ1，Ⅹ2，Ⅹ3，1）－Subspace as f01lows・Le七C（七）：＝（β1（t），β2（t），0，1），  

00 0 ＜ tエリ，be an aTC－1ength paTametrized C －COnVeX CuTVein the  

（Ⅹ1，Ⅹ2，0，1トspace with c（u）＝（l／2，2，0，1）such七hat（l）c does  

no七in七eTSeCt the x2－aXis，（2）c staT七S at b：＝（1／2，1，0，1）＝  

（α1（（入－1）／2），α2（（入－1）／2），0，1），（3）c contains the segmen七  

SuCh七hat c（［0，1八日＝‡（Ⅹ1，1バ，1）；1ハ皇Ⅹ1≦1／2‡and（月）c  

is symmetric with TeSPeC七to theline（（Ⅹ1，3／2，0，l）；－00＜Ⅹ1＜  
00）inthe（Ⅹ1＞Ⅹ2，0，L）－SPaCe・Revolving c about七he x2－aXisin   
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the（Ⅹ1，Ⅹ2，Ⅹ3，1）－SPaCe PrOduces a suTface Cwithboundary aD 
l  

and aDl）whichis congTuenモモo aDland hence aD2・Attaching C  

to Y along∂DIWe Obtain a suTface with boundary∂Dl｝＜ニC and  

aD2⊂Y，and七hey are on the paTallelplanes noTmal七○七he x2－  

axisin the（Ⅹ1，Ⅹ2，Ⅹ3，1トspace・We denote七his surfacebyW・  

FoT eaChi＝0，±l，±2，・‥，1et中ibe a七ranslation along  

叫 

thex2－aXisinEsuchtha七¢i（Ⅹ1，Ⅹ2＞Ⅹ3，Ⅹ斗）＝（Ⅹ1・X2＋3i，X3，Ⅹ勾）・  
Thus S：＝ UゆiWis the desiTed suTface，namely・Sis ofnon－  

POSitive curva七ure and has anisome七ry 6 which satisfieB the  

assump七ion of TheoTem叫 except forinvaTia．ncy of allfTee   

hornOtOPy Classes of closed curves undeI－ 6．  

The desired6is ob七ained by pu七ting6＝ゆ1・Clearly6does  

no七1eave all fTee homo七OPy ClasBeS Of closed cuTVeS in S   

invariant．Now we find a s七raightline A with a TePTeSen七ation  

X（t），－∞＜t＜00，Whichis tTanSlated by6・Let xo（t），1／2≦七  

≦（入－1）／2，be the distance minimizing geodesic segmen七in W  

Whichis alTeady Tealized，i・e・，the endpoints aTe（αl（l／2），  

α2（1／2）八1）ニ（1／2，－1八1）らaD2and（α1（（入－1）／2），α2（（入－1）  

／2），0，l）＝（l／2，1，0＞1）e aDl・Then aDland aD2aTe Plane ciTCles，  

SO Xo（［1／2，（入－1）／2］）is perpendicular七O both aDland aD2，  

and therefoTe the ex七ention of xo（t），l／2≦七≦（入－1）／2，in七o  

Cin Wis no七hing but a pTOfile curve，and七he endpoin七（1／2，  

2，0，1）isidentif’ied withゆ1（l／2＞－1，0，l）＝（1／2，2・0＞1）∈ゆ1aD2・  

Hence byi七eTating this s七ep xo（t），1／2≦t≦（入－1）／2，is  

SmOO七hly extendedin S and the TeSulting geodesicisidentified  

雨七h U¢ユⅩ0（［1／2，（入－1）／2］）ニ：A・Because xo（七），1／2皇 七三   
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（入－1）／2，is distance minimizing from∂D2tO∂Dlandhence  

SO土s中1Ⅹ0（t），1／2≦七三（久一1）／2，rrOm¢1∂D2七○¢1aDl】for  

everyi＞and because sois a profile cuTVe Of’¢iC，for eachi，  

Ais a stエーaightline．And 6 0bviously 七ransla七es A alongitself．   
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