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Introduction  

In these dayslarge cardinals playimportant rolesin set theory．  

Not only their properties areinteresting，but also their existence   

isindispensable to show the consistency of many statements  

COnCerening smallcardinalslike theleast uncountable cardinal  
Ql  

and the second  
∽2・  

What arelarge cardinals？   We consider a cardinal K large，   

ifitis alimit point of the set of cardinals with a property which   

K itself also has，Orifit has a combinatorialproperty which   

Smallcardinals never have． The development oflarge cardinalsin   

recent yearsis dramatic and the theory of them has along history．   

Hausdorff［H］had already presented the notion of weaklyinaccessible   

Cardinals before Zermelo introduced his axiomatization of set theory，   

Where K is weaklyinaccessibleifitis a regularlimit cardinal．   

Sierpinskiand Tarski［S－T］introduced the notion of strongly   

inaccessible cardinals，Where K is stronglyinaccessibleifitis   

weakly inaccessible and the cardinality of power set of y is less 

than に for any cardinal v ＜ に．  In this case every operation o王  

Set theory can be carried outinside Vに・‾whichis the set of the  

SetS With their rankless than に・and  Vに becomes a modelof  

Set theory・More 
t 

considered the abstract measure problem：Is there aninfinite set X   

with a rneasure iL：P（X）→［0，1】（where P（X）is the set of subsets   

of X） such that  

（i） け（ズ）＝1and け（（ェ））＝ O for any諾（；ズ；and   

（ii）甚is countably additive・i・e・if Xn⊂X（n＜o）are   



pairwise disjoint・then p（U㌦n）＝∑㌔（X7？・  

Of course，the Lebesgue rneasure on the unitintervalsatisfies（i）   

and（ii），butis not defined for allsubsets of the unitinterval・   

Suppose that such a set X exists，then there exists a cardinal K   

with a measure p on K SuCh that 11 nOt Only satisfies（i）and  

（ii）but alsois K－additive・i・e・i壬 X∝⊂X（∝＜v＜に）are  

Pairwise disjoint・then  p（U。！＜リXα）＝㌔＜㌦（Xc（）・ In case p has no  

atom，SuCh a に is called a real－Valued measurable cardinalnowdays・   

Otherwise，We COnClude that 七hereis a two－Valued に－additive measure   

on K．  Such a cardinal に is called a rneasural）1e cardinaland   

U＝（X⊂K：Ll（X）＝1〉 becomes a non－principalk：－COmPlete ultrafilter   

on K． The technicalinvention of taking the ultrapower of the   

universe by such an ultrafilter due to Scott［S］is veryirnportant・   

He proved that the existence of a measurable cardinalimplies V ≠L，   

i，e． the universeis not equal to Godel，s constructible universe，   

and he also showed that large cardinals introduce some structure into 

the universe of set theory．   Treatinglarge cardinals by elementary   

embeddings or ultrafilters has been popular after his work and many   

strengthenings of measurability have been considered． One of them   

is the notion of strongly compact cardinals．  It first appearedin a   

problem of the Compactness Theorem forinfinitarylanguage． But now   

we have another definition of it using elementary embeddings or   

ultrafilters，Which are main subjects of this paper．  

In Chap七erI，We Characterize the cardinals which are fixed   

points of elementary embeddings induced by fine measures on 

Pに入＝（3：⊂入：I3：I＜に）・  This was first done by Barbanel【B］for  

normalmeasures．   Since every normalmeas11re is 王ine by definition，   



our result improves his one. Normal measures dafine supercompact 
l  

Cardinals and fine measures do strongly compact cardinals． As we   

mention below・a StrOngly compact cardinalis not always s11perCOmpact．  

Therefore，Ourimprovementis essential， Our proofis more   

COmPlicated for this reason．  

Itis a prominent open question whether strong compactness and   

SuPerCOmPaCtneSS are equiconsistent． At early stage theylooked the   

Same COnCePt，but Magidor［Ma］proved that the first strongly compact   

Cardinalmay be either the first measurable or the first supercompact．   

（There exist many measurable cardinals below a supercompact cardinal   

［S－R－K］．） Then，Apter［A】provided a modelof set theory where the   

first strongly cornpactis the least ordinalwith certain degree of   

SuperCOmpaCtneSS．  Though he started with so many supercompact   

Cardinals，We get the same result ass11ming only one supercompactin   

Chapter II．  The second part of the chapteris used for the   

Observation about the normality and the weak norrnality o王 fine   

measuresinvestigated by Menas［Mel］．  

In chapterIII，We eXtend certain properties o王 filters on t：   

to those of fine filters on P 入 Where に is not necessarily large． に  

We show that any fine filter of the Menas type cannot be an extension   

Of the（strongly）closed unbounded filter，and give full   

consideration toits weak normality，improving the resultsin the   

last chapter． We also present two distinctisomorphic fine measure   

containing the closed unbounded filter on P入 in case 入 i▲S K  

inaccessible． Menas［Me2】has proved the corresponding statement   

for 入 StrOnglimit with cofinalityless than tc．  

The authoris grate王ulto NobuyoshiMotohashiand Moto－0   



Takahashifor their helpfuladvice and encouragerr）ent，and to Katsuya   

Eda forinitiating the authorinto the theory oflarge cardinals．  
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STRONGLYCOMPACTCARDINALS，ELEMENTARYEMBEDDINGS  
ANDFIXEDPOINTS  

YOSHIHIROABE   

＄0．J．Barbanel［l］characterizedtheclassofcardinals魚xedbyanelementary  
embeddinginducedbyanormalultraBlteronP’lassumlngthatTCissupercompact・  
Inthispaperweshallprovethesameresults丘omtheweakerhypothesisthatKis  
stronglycompactandtheultraBlterisfine．   

§1．Preliminaries．WeworkinZFCthroughout．Ourset－theoreticnotationis  
quitestandard．Inparticular，ifXisaset，IXldenotesthecardinalityofXandP（X）  
denotesthepowersetofX・Greekletterswi11denoteordinals・Inparticularγ，K，符  
andlwi11denotecardinals．IfKandlarecardinals，thenl＜xisdefinedtobe  
SuPγ＜x・lγ・Cardinalexponentiationisalwaysassociatedftomthetop・Thus，fbr  
examPle，2A＜Kmeans2（A＜K）・Vdenotestheuniverseofal1sets・IfMisaninnermodel  
ofZFC，IXIMandP（X）Mdeno！ethecardinalityofXinMandthepowersetofXin  
Mrespectively．   

Wereview－thebAsic払ctsonfineultraBltersandthecorrespondingelementary  
embeddings．（Fordetai1，See［2］．）   

DEFrNITION．Assume TC andlare cardinals with TC≦l・Then，JLA＝（X⊂  

項ズl〒K）・  

ItislmPOrtanttOnOtethatl且lI＝A＜K．  
DEFINmON・AssuethatUisaco11ectionofsubsetsof射・Uisafneultrqflter  
OnLLAiffthefbllowlngCOnditionshold：  
（i）－ForeachZ∈＆l，（Z）≠U（Uisnonprincipal）・  
（ii）IfX∈UandX＝Y⊂fLl，thenY∈U・  
（iii）ForeachX＝P’l，eXaCtlyoneofX，P’八XisinU・  
（iv）If銑ta＜γ）isチCOllectionofelementsofUwhereγ＜K，then〔呵先∈U  
（Uis好一COmplete）．  

（V）Foreachordinalα＜l，（Z∈射lα∈Z）∈U（Uis丘n9・   
DEFINITION．ForcardinalsKandA，Kisl－COmPaCtifftherelSa丘neultraBlteron  
＆l．KisstrongIycompacti仔Kisl－COmpaCtfbralll≧TC・   
SupposenowthatUisa鮎eultrafilteronP（l・LetVPKA／Udenotetheultrapower  
ofVwithrespecttoU，andlete：V→VPKA／Udenotetheusualelementaryembedq  
dingbyconstantfunctions・Itisstraightfbrwardtoshow，uSlngK－COmPletenessof  

ReceivedDecembモr26，19S2．  

⑥1984，AssociationfbrSymbolicLogic  

002ユー4引ユ／84／4903－0007／SOl．50   
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809  STRONGLY COMPACT CARDINALS   

U，thatVPKユ／Uisweil－fbunded．ThusVPKA／UisisomorphictoatransitiveclassM．  
Let7T：VPドA／U→Mbethisisomorphism．ThenMisaninnermodelandj：V→M  
definedbyj＝7TOeisanelementaryembedding．ItiswellknownthatKistheleast  
Ordinalmovedbyj，j（7e）＞A；and，X＝Mand［Xl≦AimpliesthereisaY∈Msuch  
thatXニYand［YIM＜j（K）．Ourob3ectistodescribetheactionofjoncardinals．  
Onlyafami1iantywithultrapowertechniqueisexpected，andweuseSoIovay，s  

famousresultonpowersofcardinals，WhichwasalreadyusedbyBarbanel・Thatis：   

打Kiぶぶけ0和好JγCOmPαCらり＞K，d乃d2γく叩，血和  

りγ＝ 巧 打cr（叩）＞γ，  

叩γ＝叩1打cf（り）≦γ．  

Inparticular，fbrl＞K，  

ユ‘K＝A 汀cf（A）≧K，  

A‘K＝A十 汀cf（A）＜K．  

Inthefbllowlng，Kisa丘ⅩedstronglycompactcardinalandAisacardinalgreater  

thanorequaltoTC．UisafineultraalteronP’landjisthecanonicalelementary  

embedding；j：V→M巴VPKA／U．Tlalwaysdenotes acardinaland［f］uisthe  
equivalenceclassoffinVPKA／U．Weo鮎ndropthesubscriptU．   

§2．Theactionofjonsmallcardinals．Webeginbyconsideringwhathappensto  

Smallcardinalsunderj．IfTl＜TC，thenj（Tl）＝71．   

LEMMAl．ノ（2A）≧2ユ‘K   
PROOF．Weirject P（P’l）into F＝（f‥P’l→た（Pl））／U・For A＝た  
jL：P＜A→＆（Pl）isdefinedbyf4（x）＝（z∈AIz⊂X）・Wehavetoshowthemapg  
whichsendsAto［f4］uisone－tO－One．LetA，B⊂P’l，A≠B・Wemayassume  

∃y∈A（y≠B）．SinceUisfine，（x∈郡山＝X）∈U・（Weusethehctthat］yl＜TCand  
UisK－COmPlete．）Then（x∈＆lIyEf4（x））∈U・Butfbreveryx∈Pel，y≠j；（x）・  
Thus［jL］u≠［j；］u．Hencegisone－tO－One・Bytheway，Frepresentsろ（K）（P（j（A））  

in〟．  

stronglycompactandcf（2j（l））＞j（TC）・”ThisimpliesMF＝“fFf＝  

＝j（2A）．”Recallthatgisone－tO－One．Hence2A’K＝［P（P（l）l≦  
‘榊is  

2J（     ＝2即）  

げl≦岬l〟＝ノ（2A）．□   
THモOREMl．げK≦り≦2Aくに，血乃ノ伸＞叩・   
馳00F．Weknowthatj（TC）＞2A（see［3］）and21＜托＝2Aor2（A＋）・Hencethereisno  
tr。ubleinthecasethat2A＜疋＝2A．Inhct，叩＜2l’K＝2A＜j（TC）≦j（77）．Suppose  
2A＜忙＝2（A＋）＞2ユ．IfK≦り≦2A，thenq≦2ユ＜j（K）≦j（q）・If2A＜q≦2ユ’に，then  
j（21）＜j（q）・Bythepreviouslemma，Wehavej（2A）≧21’に≧q・Hencej（q）＞q・□   

§3．Theactionofjonlargercardina）s・Wenowconsidercardinalsabove2ユ＜K  
Theorem2isdueto［1］．Theproofin［1］canbecarriedoutalsoinourcasesincethe  
assumptlOnthatユM⊂Misnotusedthere・   
THEOR玉M2．山王叩わedCαr血α～gr摘er血乃2ユくK・げり5d一種eぶ0乃eげぬ  
c（）れd最0托5わgJow，血町勅）＝叩．  

（1）り＝（2AくK）＋．  
（2）り＝γ＋＋♪rぶOmeγ・   
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（3）恒ぶα日加豆cαrd加αJα柁dcr（り）＜にOrCf（叩）＞Aくだ．  

（4）叩＝γ＋ヵrぶOmeγW克如5如才頭e叫3）．   

Nextwecon芦iderthecasethat恒salimitcardinalandTC≦cf（11）≦l＜K．   

LEMMA2・げ恒5d〃m正cαrd血J5け血恒reαfer血乃2Aく‘α柁dK≦c的）≦ん血乃  

．納）＞り．   
PROOF・Supposej（TT）＝叩．Letγ＝Cf（り）andf：γ→りbeacofinalfunctionsuchthat  

∀∂＜γ∃∂′（2A‘K＜′（∂）＝∂′＋＋）．  

Foreach∂＜γ，1et［〈∂xIx∈P（l〉］u＝∂and∀x（∂x＜K）．（Since∂＜γ≦l＜j（TC），this  

Canbedone・）Definek：P＜A→Vby  

（〈  

∂Ⅹ，∪  
㌫三み  
ぞ∈エ  

た（Ⅹ）＝  ∂∈ズand∂＜γ  

（1）Clearly，  

MF＝“［k］isafunctionandIdom［k］l＜j（K）．’’  

Since∀x∈即（Jxl＜TC≦cf（q））and∀E＜γ（f（E）＜り），∀x∈Eu（ran（k（x））⊂q）．  
Hence，  

（2）  九＝＝“ran［た］＝り＝ノ仙’’  

Bythedefinitionofj；∀∝＜叩∃∂a＜γ（∝＜f（∂a））．SinceUisfine，‡x∈即l8a∈X）  
∈U・Hence∂a∈dom［k］and∝＜f（∂∝）＝j（f（∂∝））≦［k］（∂a）．Thus，  

（3）  
MF＝“［k］isco負nalinTT＝j（Tl）．”  

By（1）－（3），MF＝”cf（Tl）＜j（K）．”But VF＝“Cf（17）≧TC”implies MF＝“Cf（q）＝  

Cf（j（11））≧j（TC）．”Contradiction．Therefbrej（71）＞q．□   

DEFrNITION．AK－COmPleteultrafilterWon＆l，isun拘rmiff∀A∈W（［Al＝1P’lI）・   

REMARK．Afineultrafi1terisunifbrm，   

PROOF．Let W be a負ne ultra別ter on P（land A∈肝For each y∈A，  

A，＝（x∈町中＝y）・Since Wisfine，＆l＝〕，∈＾A，・lA，l≦2lyl＜K・Hence  
lAl＝Aくだ＝lた井 口  
Inprovlngthenextlemma，Weneedonlythefactthat・Uisunifbrm．   

LEMMA3．げcf（A）＜Kαnd恒ぶα昆m托cαrd如αJgrgα亡gr血乃2A‘〝w油cq伽抽γA＋，  
混和ノ（り）＞り．  

PR00F・Notethat胴＝A＜K≡A＋二Let（郁＜l’）beanenumerationofP’l  
and f：l＋→叩a CO丘nalfunct10n SuCh that∀∂＜l＋∃∂′（2A＜K＜f（∂）＝∂′＋＋）・  

Supposej（q）＝り・Define k：射→Vby k錘ぞ）＝（〈∂，f（∂）〉l∂＜E）・Itis easily  
veri丘edthat  

（1）   MF＝“［k］isahnction，Idom［k］I≦j（l）andran［k］ 

SinceUisunifbrm，（xぞl∂＜γ〉∈Ufbrevery∂＜Å十・Hence  

（x∈P’l［f（∂）∈ran（k（x）））∈U and j（f（∂））＝f（∂）∈ran［k］・  

Thus，MF：“［k］iscofinalinTTandldom［k］l≦j（l）：’HenceMF＝”cf（り）≦j（l）・”But  

VF＝“Cf（り）＝A＋，，implies MF＝”cf（j（q））＝Cf（q）＝j（l＋）＞j（l）・’’Contradiction・  

Henceノ（叩）＞り．□   



811   STRONGLY COMPACT CARDINALS  

TH王OREM3・げ恒5α存mircαr血αJ♂red£er血乃2A‘にα〃dK≦cr（り）≦AくK，油川  

ノ（り）＞り・   

PROOF・Ifcf（A）≧K，thenl’K＝l．HencetheconclusionisrightbyLemma2．If  

Cf（A）＜t’，thenA’x＝Å＋・Inthecasethatcf（n）≦A，WeuSeLemma2．Ifcf（り）＝Å＋，  
thenweuseLemma3．□   

TheargumentsfbrLemmas4and5areanalogoustothosefbrLemmas2and3。   

LEMMA4．〝りf5α伽言古cαrd如才9reαJgr此れ2AくK d柁dK≦Cr（り）≦A，血乃  

ノ（り＋）＞り＋．   
PROOF・ByTheorem3，j（n）＞り・Supposej（q＋）＝q＋・Sin？eり＜j（q）＜j（り＋）＝  

q＋，VF＝’7（q）isnotcardinalandlj（71）［＝Tl．’’HencetherelSafhnctiongffom  
qontoj（り）・Letiα。7∂＜γ＝Cf（TT）‡beacoBnalincreasingsequencein叩and，fbr  
eachβ＜Tl，∂p＝theleast∂suchthatβ＜αa・De丘nef：ELl→Vby  

／（ズ）＝（〈β，♂（仇〉Ⅰ∂β∈ズ），Where［〈g（軋lズ∈且ユ〉］＝g（β）・  

Obviously，  

（1）  
MF＝“［f］isafunction．”  

AIso，∀x∈射（dom（f（x））＝∪∂∈，（β＜りI∂p＝∂〉）・Since（β＜qE∂p＝∂）＝∝。＜叩  
andlxl＜K≦cf（11），ldom（f（x））I＜q．Hence  

（2）  
ル＝＝“ldom［′］l＜ノh）．”  

Fromourassumptionong，∀e＜j（q）］β＜叩（E＝g（β））・SinceUisfineand∂p＜  

γ≦l，∀β＜q（（x∈LLII∂p∈X）∈U）・Thus∀β＜n（（x∈＆lfg（P）x∈ran（f（x））〉∈  
U，i．e．g（β）∈ran［f］．Hence  

（3）  
〟巨‘ソ（叩）⊂ran［／］．”  

By（1）－（3），MF＝“j（Tl）isnotacardinal・”Contradiction．□   

Thenextlemmaholdswhenever Uisunifbrm．   
LEMMA5．げ恒ぶα〃m正cαr加αJgr郎托er伽れ2A‘托d乃dcr（り）＝A＋，Cr（A）＜K，血柁  

ノh＋）＞叩＋．   
PROOF．Supposej（q＋）＝り＋．Asinthepreviouslemma，thereisafunctiong丘om  
qontoj（q）・Lミtix∈lE＜A＋‡beanenumerationofP（land〈α∂l∂＜A＋）bea  
COfinalincreaslngSequenCe 

． 

（くβ，g（軋〉l∂β＜∈）・Obviously  

（1）  
MF＝“［f］isafunction・”  

AIso，∀x∈∈P’l（dom（f（xe））＝U6＜E（β＜ql∂p＝∂））・Since（β＜〃［∂p＝∂）＝  
∝。＜りandcf（り）＝l’＞ほI，ldom（f（x∈））l＜叩・Weget  

（2）  
ル＝＝“1dom［′］l＜ノ（姐’’  

SinceUisunifbrm，（xE∈郡l∂p＜E）∈Ufbreveryβ＜叩・Then，‡x∈P（lIg（P）x∈  
ran（f¢））‡∈U・Thismeansg（β）∈ran［f］・Hence，  

（3）  
〃巨‘ソ（叩）⊂ran［／］・”  

By（1）－（3），MF＝‘ソ（q）isnotacardinal・”Contradiction・口   
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THEOREM4．げ恒ぶdJi椚i＝αr戯わαJgreαrgr血乃2A‘だα乃dK≦c的）≦Åくだ，血n  

J（叩＋）＞り＋．   
Theorem4fbllowsftomLemmas4and5justasTheorem3did鉦omLemmas2  
and3．   
Wehavecharacterizedtheclassofcardinals丘ⅩedbyjandimprovedBarbanel’s  
results by weakening the assumptlOn Of supercompactness to that of strong  
COmPaCtneSS．   

The proofiof Theorem2and Lemmas3and5needed only unifbrm1ty  
（apparentlyweakerthan丘neness）ofU．Itisnotknownwhetherunifbrmitysu餓ces  
fbrtheotherresults．   
Theauthorwishestoexpr9SShisgratitudetotherefbreefbrhisverythorough  
readingofthemanuscriptandcorrectlngmanyerrOrS．Hissuggestionswerevery  
helpfu1inpreparlngthispaper．  
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YOSHIHIRO ABE   

§0．．Thispaperconsistsoftwoparts．In§1wementionthefirststronglycompact  
Cardinal．Magidorprovedin［6］thatitcanbethearstmeasurableanditcanbealso  

thefirstsupercompact．In［2］，ApterprovedthatCon（ZFC＋thereisasupercom－  

pactlimit of superCOmPaCt Cardinals）implies Con（ZFC十the Brst strongly  
eompactcardinalKis4）（K）－Su甲rCOmpaCt＋noα＜Kis紳）一SuPerCOmPaCt）fbr 

fbrmula¢whichsatisfiescertalnCOnditions．   

WeshallgetalmostthesameconclusionasApter’stheoremassumlngOnlyone  
ヲuPerCOmpaCtCardinal・OurnotionoffbrcingisthesameaSin［2］andatrickmakes  
ltpOSSible．  

In§2westudyakindoffineultraalteron最IinvestigatedbyMenasin［7］，Where  
Kisameasurablelimitofstronglycompactcardinals．Heshowedthatsuchan  
ultrafi1terisnotnomalinsomecase（Theorems2．21and2．22in［7］）・Wesha11show  
thatitisnotnormalinanycase（eveniflCissupercompact）．Wealsoprovethatitis  

Weaklynormalinsomecase．   

WeworkinZFCandmuchofournotationisstandard．Butwementionthe  
fbllowing：theletters∝，β，？，…denoteordinals，WhereasK，l＞P，・・・arereSerVedfbr  

cardinals．R（∝）isthecollectionofsetsrank＜∝．4＞MdenotestherealizatlOnOfa  
fbrmula¢toaclassM・Exceptwhenitisnecessary，Wedrop“M”・ForeモamPle，  

MF＝“TCis4＞（TC）－SuPerCOmPaCt’，means“fCis¢M（7C）－SuperCOmPaCtinM”．IfxISaSet，  
回isitscardinality，Pxisitspowerset，and畏X＝（y∈Pxlly箋FK）・If？1sox⊆OR，  
更denotesitsordertypeinthenaturalordering．TheidentltyfunctlOnWiththe  

domainappropnatetothecontextisdenotedbyid．Forthenotationcohcernlng  

ultrapowersandelementaryembeddings，See［1Ⅰ］．Whenwetalkaboutfbrcing，“Z卜”  
Wi11mean‘‘weaklyfbrces”and”p≦q’’means”pisstr？ngerthanq”・  

il．Onthe丘rststronglycompactcardinal．WestateApter’stheoremprecisely・   

THEOREM（AmR）・AssumeVF＝“ZFC＋∂isa 
． 

ORαnd，inαd繭わ乃，玩ぶ亡ゐeカ〃ow加gproper血∫．  

（1）ForGI左ge柁erfc川戸，tPl＝こK，PαCαrd如才prどぶer扇わ押αr如才order軸，打α＞に；  

rたeny巨“β＝¢（∝）’’好y［G］巨“β＝¢（α）”．  
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⑥1986、AssociationfbrSymbolicLogic  
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（2）げ∝＜β，αfぶ¢（α）－5叩erCO〝lクαCrα乃dノ＝∫¢（β）っ岬erCOmpαCf，血乃¢（α）＜β．   

rわe乃iff5CO乃∫f5励とカr血ねαぶと封ro乃♂JγCO〝1pαCrCαrdれαJ〃わ♭eαrJeαぶr¢（〃）－  

ぶ岬erCO叩αCりef乃OrrO如ルJJヅ∫叩erCOm卯Cr．J乃カcr血reねれ0αあeわw〃f力αfね  

¢（∝）－ぶ叩erCOmpαCf．   

We，insomesense，1mPrOVethistothefbllowlng．   

THEOREMl・A5ぶ以mer巨“ZダC十K～5ぶ叩erCOmpαCと”．エeと¢わeαカr〝1uJαW地力  

d所乃gざα円山creα5f喝ルnc如れ♪0椚ORねORαnd，如αd加わn，力α5血力鮎w軸  
proper如5．  

（A）ダoreびerツタαr如Jorder如e，打α＞旧い九enγ巨“β＝¢（α）”好γ［G］巨  

“β＝¢（げ．  

（も）T九ergねαカrm以Jα¢β以C九r加古  

（1）¢（α）＜¢（α）カrgぴerJ／∝，  
（2）打α＜βα托d卵5¢（β）－5叩erCOmpαCr，〃ば乃¢（α）＜β，α乃d  

（3）打〃，Ⅳαre mOdeJぶげZダC d乃d R伸〟（α））∩〟＝R伸〟（α））∩Ⅳ，〟ほ乃  

¢〟（∝）＝¢Ⅳ（α）．   
T加乃，♪r∫Omgge乃erfcノ抽erG，  

r［G］巨“にiざ血メr5r5加乃gJγCOmクαC亡＋Ki5¢（ゆぶ叩erCOmクdCf  

＋noα＜Kf∫¢（α）一5叩erCO7叩αCr’’．   

Wenotethat¢mayimplyadditionalhypothesis．Forexample，if¢says“Send∝  

totheleastmeasurable＞∝”，thenameasurablecardinal＞打isassumedtoexist．  

AIsonotethatmany4）’ssatisfyourassumption．If4）（c（）＝α＋，2∝，theleastinac－  
CeSSible＞α，then¢（α）＝4＞（∝）＋l．If¢（α）ニtheleastmeasurable＞α，thenゆ（c（）＝  

¢（∝）＋2．   
Ourfbrcingnotionisthesameasin［2］，thatis，Magidor’siteratedPrikryfbrcing  

thatdestroysmeasurabilityofeachelementofaglVenSetAofmeasurablecardinals．  
（Wecallthisfbrcingnotion“theiteratedPrikryfbrcingonA”・）Weasumethe  
readerisfami1iarwiththisfbrcing．See［6］fbrdetails．MostofournotatlOnisthe  

SameaSin［6］．Butweuse＝川fbrthedistantfunctioninsteadofl・lthatisusedin［6］．   

PROOFOFTHEOREMl．LetVF＝“ZFC＋tcissupercompact”．Wemayassumethat  

i庄＝α＋＋fbr∝inaccessibleand2a＝α＋otherwise．（See［8］．）FollowingApter［2］，  
Weinductivelydefinethesequences（Aα；α≦TC）and（A；α≦TC）．   
R）＝Oandl。＝theleastcardinallthatis¢（l）－SuPerCOmPaCt．   

Li＝theiteratedPrikryorderingon（l？lP＜a）・  

la＝theleast ordinalA such that∃p∈島（p（L”lis¢（l）－SuPerCOmPaCt”）．Let  

P＝た．   

LEMMAl・1・∝＜β→A∝＜ん・   

PROOF・Supposenot・Letcebetheleastordinalsuchthat∃β＜α（Aa≦lβ）・LetHbe  
Vgenericon鳥SuChthat  

（1）  
V［H］F＝“lais4・（la）－SuPerCOmPaCt”  

V［H］F＝“Cf（lp）＝W”bythede餌itionof烏・ThusAa＜lp・Letγbetheleastordinal  

SuChthatla＜lγ・lyisnotalimitpointof（l∈lE＜α）・Hence，byLemma2・3in［6］，  

（2）   V［H「ly］andV［H］havethesameboundedsubsetsoflγ・  

嘲≦2Aα＜lγSincelγismeasurableinV・（Nonewmeasurablecardinaliscreated   
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byaniteratedPrikryfbrcing－Theorem3・1in［6］・）Hencebyproperty（A）of¢，  
（1），andtheL6vy－Solovayresults（see［5］），  

¢V（lγ）＝¢V【机γ】（Aγ）andVF＝“AYis¢（lγ）－SuPerCOmPaCt，，．  

AgainbytheLevy－SoIovayresults，  

（3）  V［H「Aγ］t＝“Åγis4）（Aγ）－SuperCOmPaCt’’．  

By（3）andproperty（p）（2）of¢，¢y【Hrlγ】（la）＜Aγ．Thenby（2）and（3），  

尺仲γ【grユγ】（A∝））nr［ガ「Aγ］＝R伸岬Aγ】（ん））nr［椚．  

Byproperty（B）（3）or¢，  

¢叩「ユγ】（AJ＝¢叩】（ん）．  

Using（1），（2），（3）aふdthefactthat4）V［HrAγ】（la）＜Aγ，  

V［H「ly］F＝“lais4｝（la）－SuPerCOmPaCt’’・  

Butla＜lγ・Thiscontradictsthedefinitionoflγ・口   

LEMMAl・2・（んl∝＜K）iぶαn混和わ0“ndedぶ血e相打・   

PROOF・Since‡∝＜KIVF＝“αis抽）－SuPerCOmPaCt”）isupboundedinKand膿I  
＜kfbrevery∝＜K（easilyshownbyinduction），OurClaimlSObvious．□   

Bytheprevioustwolemmas，Weget   
LEMMAl．3．ん≧K．   

LEMMAl．4．げGfぶγ－ge乃erfco乃ア，f力e乃  

F［G］巨“乃0α＜忙ね¢（可－ぶ叩erCO叩αCr  

＋Kfぷ亡んgメrぶfg加和めco〃岬αCr”．   

PROOF．ByLemmal．3，thearstassertionisclear．For∝＜K，  

V［G］F＝“Cf（ん）＝W＋2ん≧l：＋＋laisstronglimit”・  

HencethesecondpartistruebySolovay’stheorem［10］andthefactthataniterated  
PrikryfbrcingbelowKPreSerてeSthestrongcompactnessofK［6，Theorem3・4］・□   
NowwhatislefttoshowISthatforsomegenericfi1terG，V［G］F＝“1’is¢（T’）－  
SuPerCOmPaCt”．   

LetA＝（α∈ORljp∈P（pJL”α＝ゆ（TC）”））・WehavethatlAJ≦2K，SincelPl≦2K・  

Let∂＝UA＋l・Theneveryconditionp∈Pfbrces“∂＞■腑）”・   
Letj：V→Mbeanelementaryembeddingsuchthat  
（1）1Cisthefirstordinalmovedbyj，and  

（2）凧瑚＋〟⊂〟．   

Notethatj（P）K＝PandJR（∂）l＞2K・   

LEMγAl・5・げGねγ一郎汁灯fc o乃P，ズ∈y［G］，ズ⊂〟［G］，α乃d y［G］巨  

“lxl≦I尺（∂）ド’，血和文∈〟［Gユ．   

PROOF．Itwillsu侃cetoassumethatxisasetofordinalssincebothV［G］and  
M［G］aremodelsofAC．LetxbeatermdenotingxinV［G］．SincePsatisfiesTC’－C・C・  
［6，Lemma4．4］，thereisasetD∈VsuchthatlpIト“x⊂D’’andlDl≦lR（∂）卜   
For∝∈D，1etAabeamaximaldigointsubsetof（p∈PIp［卜“∝∈Ⅹ”）・Since  
IA∝】≦K，l叫≦lR（∂）l，and榊）府＝〟，〈Aαiα∈β〉∈〟・如tズ＝（α∈叫ん〔G  
≠0）．Henceズ∈〟［G］．ロ   
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LEMMAl．6．⊥erG 

（i）Gねr－generfc好G～5〃－9e乃〝fc．  

（ii）¢r【G】（K）＝¢叫G】（K）．   

PROOF・（i）isclearbythetwofactsthatlPl≦2Kand2KM＝M．ByLemmal．5，and  

aneasyinduction，R（∂）nV［G］＝R（∂）nM［G］．Sinceゆr【G］（fC）＜∂，  

R（¢れG】（K））nr［G］＝尺伸れG】（打））nM［G］．  

Hence4）V［G］（TC）＝¢M［G］（TC）byproperty（B）（3）of4）．□   
LEMMAl・7・Forざ0〝7er－9eれerfcβJrerGonP，  

r［G］巨“Kf5¢（K）一5uPerCO〝叩αCr”．   

PROOF．Casel．1T＝K．ThereisanMgenericfilterGonPsuchthat  

M［G］F＝“TCis4）（TC）－SuPerCOmPaCt’’．  

LetUbeanormalultrafi1teronFk¢M［G］（K）inM［G］．ByLemmal．6，GisalsoV－  
genericand4）V［G］（f＜）＝¢M［G】（TC）．   

SinceV［G］F＝“lた4）（TC）Ⅰ≦2帥≦2腑）≦lR（∂）r’，Wehavethat  

Pた¢r【G】（K）∩γ［G］＝叩潮岬】（K）∩財［G］  

byLemmal．5．HenceUisalsoanormalultra別teronR（4）V［G】（7＜）inV［G］．Thus  

V［G］F＝“TCis¢（TC）－SuPerCOmPaCt”．   

Case2．1T＞K．LetGbeaV－generic創teronP．ThereisanM－genericBlterH  
suchthat  

M［H］F＝“lTis4）（l㌘）一SuperCOmPaCt’，．  

SinceMF＝“l㌘ismeasurable＋fP］≦2K”，lPIM＜l㌘．Hence¢M（l㌘）＝¢M［H］（lT）  
birproperty（A）or4＞．Moreover，bytheL畠vy－Solovayresults，  

MF＝“lTis¢（l㌘）二supercompact”．  

GisalsoM－generic．AgainbytheL占vy－Solovayresultsandproperty（A）of¢，  

M［G］F＝“l㌘isQ（l㌘）－SuperFOmPaCt”・  

Byproperty（B）（1），（2）of¢，¢M［G】（K）＜¢M（G］（7（）＜l㌘．By Lemmal．6，4）V［G］（TC）  

＜ユニ†．   

WedefineatermUby  

plト“で∈U”肝pi卜“て⊆た（¢（K））”  

and∃q≦j（p）（［lq－j（p）Il＝0，q「K＝j（p）「K＝P，andqlト‘ソ′′4＞（TC）∈j（T）”）・  

Notethatj′′4）V［G】（tc）＝j′′4＞M［G］（K）∈M［G］・Usingthefactthat¢V［G］（K）＜l㌘andl㌘  

isnotalimitpointofj（P），WeCanShowthat  

lpIL”Uisanormalultrafi1teronR（4｝（7C）”・  

Fordetails，See［2］and［6］・□   
ByLemmasl・4andl・7，theproofofTheoremliscomplete・   
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§2・Akindoffineultrafi1teranditsnormality．Inthissection，T（isameasurable  
limitofstronglycompactcardinalsandlisacardinal≧TC，鶴isafineultrafi1terdn  
即fbrα＜TCStrOnglycompact，andUisaK－COmpletenonprlnCIPalultraBlteronK  
SuChthat（∝＜7（Iαisstronglycompact†∈U．懲isdefinedby  

ズ∈懲i打 方＝即and（∝＜KIgn即∈吼）∈U・  

Menasprovedin［7］that懲isafineultraBlteronP’l．   

Weareinterestedinthenextfactthathealsoprovedin［7］．  

THEOR甲（MENAS）・（i）qÅisregulal■and（α＜叶軌isminimal）∈U，then飢snot  
仰rmαJ．  

（ii）〝Kf5血Jeα5f椚eα∫urα地存mifげ5加ngJγCOmpαCfcdrd加αJ5αれdユ≧2K，血乃  

懲i5托O一打OrmαJ．   

REMARK．（1）鶴isminimalifffbrallfunctionsq丘om尉into即SuChthat（X  
⊂郡市‾1［X］∈鶴）isafineultrafi1teron即，qisirjectiveonasetofmeasureone・  

（q‾1［ズ］＝（Ⅹlq（x）∈g）・）  

（2）IfAisregularorcf（A）＜α，theneyerynormalultra蝕eron即isminimal・   
Weextendhistheoremtothefbllowlng．   
THEOREM2．エe拍，U，く鶴l∝＜K〉，α氾d懲わeα5αねびe・r九e門衛fぶれ0拍OrmαJ・   
DEFINmON・（i）Forx∈甲，1etαxbetheleaststronglycompactcardinal＞回・  
（ii）Definef：たl→Vbyf（x）＝Xn∝x・   

LEMMA2．1．げ懲fぶ托Or〝lαい九en［／］勒＝K・   

PROOF．Supposethat懲isnormalandletj：V→M空VPKl／懲bethecannonical  
elementaryembedding．Since勒isnormal，j′′A＝［id］勿and［〈Jx＝x∈Eil〉］省＝  
［j”ÅlM〒A．Hence Mt＝’ソ（TC）is．a strongly compact cardinal＞A”and MF＝  
“［く∝xfx∈即〉］勒istheleaststronglycompact＞l’’・Thus  

［〈αズIズ∈即〉］勒≦ノ（ゆ  

Hence  

K＝ノ′′KnK⊂［〈ズ∩αJlズ∈即〉］勿⊂ノ′′Anノ（K）＝ノ′′K＝K・  

Thus［′］吸＝＝K．□   

PROOFOFTHEOREM2．Supposethat％（isnormal・ByLemma2・1，［f］懲＝TC・Letα  
be5trOnglycompactandα＜TC．Notethatαx≦αforx∈即■Letα＜β＜TC・Since鶴  
is負neandβ＜K≦ん  

A＝（Ⅹ∈尉lβ∈ズ）∈鶴・  

Sinceα＜β＜TC，Xnαx⊂Xn∝⊆xnT（fbrx∈A・Hence  

（ズ∈即車∩αⅩ⊆ズnK）∈鶴・  

Nowweget  

（∝＜にl（ズ∈即車∩αⅩ⊆ズnK）∈鶴）∈U，  

i．e．‡x∈叫f（云）∈XnK）∈軌Since飢snormal，  

［〈Ⅹ〔KIズ∈即〉］勧＝＝K・  

SoTC＝＝［f］偲∈TC．Contradiction．Hence勒isnotnormal・D；   
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OnemayftelstrangeincomparlngTheorem2tothefb1lowlng．“Letlbea J  
measurablecardinal＞Kandサ；beanormalultrafi1teronPcαfbrαbetweenTCand  
l・IfDisanormalultrafi1teronAandWisde血edbyX∈WiffX⊆即and  
（α・＜1．Xnたα∈y；）∈D，thenWisanormalultrafi1teron即．”   
Though啄isnotnormal，ithasweaknormalityinsomecase．Toshowthiswefirst  
StatetWOlemmas．   

LEMMA2・2（SEE［1］AND［3］）・LetvbestronglycompactandWbeajineultrq＃lter  
O乃勒げ【＞2叩くvぶα瑚eぶ0乃gげ（iト（iv）占めw，弛れん（（）＝；．   
（i）；＝∈＋＋♪r∫0椚eぞ．  

（ii）Eisalimitcardinalandcf（E）＜VOrCf（E）＞71＜v．  

（iii）E＝E＋jbrsomeEthatsatidies（ii）．  

（iv）；＝（2叩くり＋．   
LEMMA2・3（i）エefⅣあe8βne以加頑加ro円尾Kα門dd所乃gかあyズ∈♪折方＝Kα乃d  
ズ＝ynK♪r50mey∈Ⅳ．耶脚‖＝＝川－CO〃l〆efeれ0叩血c如J以加頑加roれに．  

（ii）Co乃㍑rぶgレ，Je古か占eαK－COm〆ere乃0叩r加c如才以加頑加ro和好α乃dd所柁gⅣわγ  

g∈Ⅳ折方＝考Kα托dX〔K∈乱丁んe乃Ⅳねα．伽…血頑加ro円尾K．   
PROPOSITION2・4・Aぶ5〟mg（∝＜Kl観ねwgα叫仰rm叫∈Uα乃dA＞2K5α瑚eざ0乃e  
げ亡九gco乃加わ那わeわw．   

（i）A＝∈＋＋♪rぶ0椚e∈．  

（ii）ユfぶα〃mffcαrdf朋Jα乃dcr（A）≠K．  

（iii）l＝E＋jbrsomeEthatsati頭es（ii）．  

（iv）ユ＝（2K）＋．   

げ／iぶαル乃C如れ♪om最ユ如oA5以Cん血と（ズ∈即げ（Ⅹ）∈ズ‡∈懲，血れ（ズ∈  

別け（ズ）≦∂）∈懲♪rざ抑‡e∂＜A・   

PROOF・Since（x∈RcIJf（x）∈X）∈懲，（α＜Kl（x∈即If（x）∈X）∈亀）∈U．By  

theweak－nOrmalityof鶴，  

（∝＜Kl（x∈即け（ズ）≦γ。）∈鶴brsomeγα＜A）∈U．  

Let［〈γa［α＜K〉］勒＝∂・Clearly∂＜ju（l）・ByLemmas2・2and2．3，ju（l）＝l．Pote  

thatTC＜K＝K．ReplaceTlandvbyTC．）Hence∂＜A．   

Since∂≦ju（∂），（∝＜TC［γa≦∂）∈U・Thus  

〈α＜Kl（Ⅹ∈即け（ズ）≦∂）∈鶴）∈U・  

Thismeansthat（x∈尉Lf（x）≦∂）∈ey・口  
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Wea・kly normalfil七ers and the closed  

unbounded fil七er on P 入                                K  

Yosh土h土工10 Abe  

In the theoTy Of K－ultrafilters on a measur－able cardinalK，the   

Closed unbounded filteエー（the club filter）plays animpoT七an七 r01e・   

forinstance，Ketonen showed七hat any two dis七inct K：－ul七Tafilters   

COntaining the club filter aTe nOtisomorlPhic．  

Weakly normalfil七ers on aregularlCaTdinalare alsoimportant。   

A filter｝is weakly normaliffitis a p－POint containing the club   

fil七er．Every countably complete ultTafilteris minimalin the  

Rlく－Orderingiffitisisomorphic to a weakly normalultr－afilter・  

Jechis the first tointroduce some combinatoTialpr・inciples   

into P 入 from 七he usual fields of K．At first P 入 seemed the same as       に‾                                         に  

K．Butit turned out 七O beJnOre COmPlica七ed・Menas proved 七hat every  

normal皿eaSure On P 入where 入is a stronglimit with七he cofinali七y   
K  

less than KisisomoTPhic to a fine measure containing the club  

filter on P入．（See Proposition12in［9］．）＝n［り，Gitik constructed に  

＋ amodelinwhichthereis a s・七a七ionary subse七Of P Ktha七Can nO七 K  
＋ 

be splitinto KdisコOinted s七ationary se七S・ ●  

Applying MenasT result）We PreSent tWOisomor｝Phic fine measures  

on p 入 bo七h of which contain七he club filteT undeT the hypo七hesis 七ha七  
に  

K：is supercompact and入is stronglyinaccessit）1e・  

In［1］，a kind of fine measure on P入inves七igated by Menas，WaS に  

studied・By the embedding aTgunen七）it was pointed ouセセhat such a  

measureis not nomaland can be weakly normalin sui七able conditions。  

We take a co皿binatorialapp工一OaCh and show七ha七 filter，S Of the same  

type do not contain a standard・Club set）indeed strongly closed  
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unbounded．We ex七end七he resul七Sin［l］on七he weak nor－mali七y of   

such a fエ1七er－．  

Atlast，SOme remaTks on 七he rela七ion between the RK－OTder and   

Weakly normalfine measures，七he s七rongly club filteT and the par七i七ion  
「  

PrOPerty are added．  

50・Definitions and notations． t＜is a regular uncoun七able  

Cardinaland入is a cardinal＞K thTOughou七・PK入＝ⅠⅩく入：JxZ＜K）・When  

We SPeak of a filter on P 入itis assumed to be K－COmPle七e and fine，   
K  

whe工－e U 土s f土ne エff（Ⅹ：αそⅩ）くU foエー allα＜入．  

Definition O・1． Uis noTmalif eveTy regreSSive functionis  

＋ constan七ona set of positivemeasure・（We write X＜Uif Xis  

POSitive measure．）Uis weakly normalif every TegreSSive function   

is bounded by some Y＜入 On a Se七in U．We callU a fine measureifit   

is an ul七rafilter．  

A subse七C of P入is said to be unboundedif for each a＜PK入 K  

七heTeis anxくC so七hat aくⅩ・言deno七esthe se七（ⅩCPK入：aくⅩ）・Thus  

qis unboundedif言（C≠ O for alla＜P入．Cis closedif UAeC K  

whenever Ais a く－increasing chain oflength＜Kin C．Cis s七rongly  

Cl。Sedif UA＜C f。r allAくC withlAl＜K・The club fil七er CFK入is the  

filteT gene工一a七ed by七he closed unbounded se七s・The s七TOngly club 

filter SCFK入is the fil七eT genera七ed bythe s七rongly closed unbounded  

Se七s．  

Le七 U be a fine measure on P 入 and f：P 入－→P 入．The ultrafilteT   
K K K  

fふ（U）definedby一一Ⅹ＜f＾（U）if f－1（Ⅹ）∈UT－is afinemeasuTe PrlOVided JヽJヽ   

七hat（Ⅹ：αくf（Ⅹ）‡くU foエー allα＜入．  
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Definition O・2・ Suppose that U andI）are fine measures on p入。 K  

We wTi七e U＜Dif U＝f＾（D）for some f：P入→P入。U and D areisomorphic l ‘、KK  

（U告D）if U＝ fJ．（D）and fis one－七○－One On a se七ⅩモD．Dis minimal ′ヽ   

in the RK－OrdeTif DisisomoTPhic 七O allUくD．  

Definition O．3． Suppose 七hat fis an o工一dinalvalued func七ion   

With domain P 入・fis the fiTSt function of Uif（Ⅹ：f（Ⅹ）＞Y）e u for K  

any Y＜入，and（Ⅹ：g（Ⅹ）＜Y）くU foT SOme Y＜入whenever（Ⅹ：g（Ⅹ）＜f（Ⅹ））∈U．  

The fiTSt func七ion tells us whether a．fine measure is minimal   

OT nOt under the ceT七ain assump七ion on 入．  

I）efini七ion O．叫． A fine measure U has the par－tition pTOPerty  

ifeveryF：［PK入］2＝｛｛Ⅹ，y｝：Ⅹ，y＜PK入andx隻y｝→2hasahomogeneous  

setin U．（Ais homogeneous for fif七hereis a k＜2 so七hat foT a11  

Ⅹ，y（A with xiy，F（（Ⅹ，y））＝k・）  

§1・＝somorphic fine measures・In this section）入is a fixed  

inaccessible cardinalgrea七er七han K＝a SuPe工一COmPaCt・We shall  

presen七twoisomoTPhic finemeasuresincluding CFに入・Thoughwe ex七end  

七he result of Menas，We have to staエーセ fromi七・  

LeⅢnal．1．（Menas［9］） Let 6be a stronglimit cardinal  

vi七h七he cofinali七yless七han K・Then every nOrmalmeasure on P6is K  

isomo叩hic七O a nOnnOrmalfine measuTe COn七aining CFK6・  

IJe七A＝（6：K＜6＜入，6is s七TOnglimit，Cf（6）＜K）・foT eaCh6＜A，  

6so七hatCFK6くq6虫（U6）芸U6WheTeU6  
K  

shallsumup七heseU6－・Sandq6虫（U6）－s  

6  
theTeis a function q）：P 6－→P                                                                                 lノ■                         ⊥  

に  

is a noTmal皿eaSuTe On P 6．We                              K  

＿3－   



with a suitable ultrafilter on 入．   

IJemmal・2・ There exists a K－COmPle七e ultTafil七er on入including  

（A）UcF入・（C㌔is the club．filter。n入・）  

Pr00f・ Since入Iisinaccessible）Ais stationary。Hence we have a  

入－COmPle七e fi 

Seen that（A‡UcF入くE・Then七he s七rong compactness of K gives us a  

K－COmPlete ultrafilterI）ex七ending E．  

We use the above D・Define Fland F2 by  

XくFlif XくPK入and（6∈A：ⅩハPK6モU6）モD・  
6 

X∈F2 ユf XくPK入and｛6くA：ⅩハPK6くq虫（U6）｝eD。  

fland F2 are fine measures on P 入．We want 七O Show七haセ セhey K  

areisomopphic and con七ain CFK入・The nex七is an easy bu七keylemma・  

Lemmal．3． Assume that cf（Tl）＜K and Uis a fine measurle On  

PKn・Then（Ⅹ（PKn：SuP（Ⅹ）＝n）くU・  

Pr00f・Let（nα：α＜cf（n））be a cofinalsubset of n・Since Uis fine，  

（Ⅹ：・nα’Ⅹ）eU foT eaChα＜cf（n）・UsingtheにqCOmPleteness ofU and  

the fact that cf（n）＜K，We ge七‡Ⅹ：nαくⅩfoT eVeryα＜cf（n））6U・  

Cor011aTyl・号・For every£＜A，1（Ⅹ∈PK6：SuP（Ⅹ）＝6）（U6and  

｛ⅩモPK6‥Sup（q6（Ⅹ））＝6｝くU占・  

Pr00f・Since q6央（U6）isalso afinemeasuTeOnPK6andcf（6）＜K，  
｛Ⅹ：SuP（Ⅹ）＝6｝’q6＊（U6）・Thisis equivalenttoL｛Ⅹ：SuP（q6（Ⅹ））＝6）らU6・  

forx∈PK入，1et6 ＝theleas七memberofA suchtha七Ⅹ＜PK6・ Ⅹ  

And q：PK入－→P入is defined by；                 に  
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6  

小五）岩q X（曳）．  

By our constpuction，  

Lemmal・5・Tor＞eVer）Y6＜A？‡Ⅹe・PK6；6Ⅹ＝6）∈U6hence J  
6 

｛Ⅹ：q（Ⅹ）＝q（Ⅹ）｝くU6・  

We can see that Fland F2 areisomor）Phic・  

IJe∬皿al・6・ qis one一七○一One On a Se七in Fl・  

6 

Pr00f・LetB6…6besuchtha七qisone－tO－OneOnB6・Wehave  
6 6 alreadyknownthatC6＝｛Ⅹ＜B6：q（Ⅹ）＝q（Ⅹ），SuP（q（Ⅹ））＝SuP（Ⅹ）＝  

6）＜U6・Hence C＝UIc6：6くA）is amemberofTl・  

Suppose that x，y＜C and q〔Ⅹ）；q（y）．Ther，eis a 6くA such七ha七  

6 ＝ SuP〔Ⅹ）＝ S・uP（q．〔Ⅹ））＝ SuP（．q（．y））＝ SuP（y）・Since x and y aTein  

thesameC6andq「C6＝q6「c6isone－tO－One，Wehavex＝y・Thusqis  

One－七○－One On C∈fl．  

Lemal・7・r2＝q衷（Fl）・  

Pr00f・RecallthatX’F2iff｛6くA；ⅩハP6∈q6虫（U6）｝∈D，andthat K  

XハP6∈q6虫（・U6）isequivalentto｛Ⅹ∈PK6：q6（Ⅹ）＜ⅩnP6｝eu6・Bシ1・5， K▲iく0▲，‾K▲lK  

thelas七Par）aPhraseis the s弧e aSIx∈P6：q（Ⅹ）∈Ⅹ）∈U6・ K  

Let Y＝‡Ⅹ∈PK入：q（Ⅹ）＜Ⅹ）・We have showntha七Ⅹ＜F2is equivalen七  

toI66A；YハP6∈U61∈D・Thelaセセer says七ha七Y6FユandX6q虫（Fユ）。 K  

Hence Xくア2 土ff Xくq虫（アユ）・  

Whatislef七to showis七hat both fland F2COntain CFK入。No七e  

thaセ 

Lemal・8・ CアK入⊂ア1ハr2・  
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Pr00f・SupposethatXくCFK入・ThenXT＝‡6＜入：ⅩハP6eCTK6‡＜Cf入⊂D。                                                                K  

andq6衷（U6）con七ainCFK6，ⅩハP6belongs七ObothU6and K  
for al16くⅩl・Hence Xモアlヘア2・  

Since U6  

6 
q虫（U6）  

Now we have done．  

Theore皿1・9・ ＝f 入is a s七ronglyinaccessible cardinalgrea七er－   

than K a SuPeTCOmPaCt，there are 七WO distinc七isomoTPhic fine measur－eS  

On PK入containing the club filter・  

The au七hor does not know whether a noTJnalmeasuTe On PK入is  

isomor｝Phic to a fine measure con七aining CFK入under七he same assumption。  

Itis also stillopen whe七her two fine measur）eS Can beisomorphic for a   

SuCCeSSOT Car）dinal入．The case that 入is no七 stTOnglimitis als0   

0pen・  

§2・SCFK入，PreStationary sets and the paTti七ion pr）OPer七y・For  

the subse七s of r・egula工一unCOuntable car｝dinals，the situa七ionis simple・   

Thatis，SぐK：is stationaTyiff for any Tegr）eSSive function f oriS，   

thereis an unbounded se七 TくS on which f is constant．But this does   

no七 h01d for the subsets of P 入． に  

In this section，にis a regular，unCOuntable ca工一dinaland 入＞K。   

We begin by Menas†inven七ion again・  

PTOPOSi七ion2．1．（Menas［8］） Thereis a nons七a七ionary subset  

S of P入such tha七every regressive functionis cons七an七On an unbounded        に   

Subse七 Of S．  

I）efinition 2．2． We callsuch a set S －T pTeSta七ionaTyT’・  
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Menas charac七erized S 一一stationary一一 as f0110WS：  

Proposition2・3・（Menas［8］） S⊂PK入is s七ationaTyiff any  

function f：S→入×入 so 七ha七 f（y）∈yXy for allyin S，is cons七an七 On   

SOme unbounded T⊂S．  

In the splri七 Of proposition 2．3，We Can eXPTeSS S七ationari七y   

using presta七ionarity．  

Proposition2・与・ ＝f S⊂PK入is pTeSta七ionary and every regressive  

functionis cons七ant on a p工1eS七ationarly TくS，then Sis s七a七ionaTy。   

Pr00f・ Le七 f：S－→入×入，fl，fl：S一→入 so 七ha七 f（y）∈yxy for ally∈S   

and f（y）＝（fl（y），f2（y））．Since fl（y）∈y for ally＜S，theTeis a   

PreStationaTy TlこS on which flis cons七ant．Again by the fact that   

f2（y）∈y foT eVery y∈Tlthatis pres七a七ionary，七heTeis an unbounded  

T2⊂TISO that f之「T2is constan七・Then f「T2is constant・  

The stationaTy Subsets a工、e the sets which have nonemp七yinter－   

－SeC七ion with every closed unbounded set．Now we charlaC七erlize 七he  

PreS七ationaTy SetS Wi七h SCFK入・First TeCall七he theoTem foT SCFK入in  

Ca工、r［3］．  

Lernma2・5・（Carr） CくSCfに入iff thereis a sequence of se七s  

inPK入，くⅩαJd＜入〉sothat△く芸α［α＜入〉・＝｛y：ⅩαくyfoTallαey）こC。  

Proposi七ion2・6・ S亡Pに入is prestationaryiff S（C≠O foT all  

CeSCアK入・  

Pr00f・ Suppose that Sis pTeS七a七ionaTy and S（C＝O foT SOme C与SCFに入・  

By2・5，theTeisasequence（Ⅹαfα＜入〉s。that△く㌔Iα＜入〉⊂C・F。reVeTy  
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ⅩくS，there exists anαモⅩSuCh七hat xαdx・Since Sis presta七ionarly，  

七hereis an。rdinalY S。that（Ⅹ¢S：Ⅹ4Ⅹ）is unbounded。Con七Taic七ion。  
Y  

For the converse，aSSume that SハC≠O for allC＜SCFK入and S  

is not pTeSta七ionary・There，is a regressive func七ion f such七ha・t for  

everyα＜入七heTeis an aくP入so七ha七（ⅩそS：f（Ⅹ）＝α）ハ宝 ＝0．Let αKα  

C＝△（㌔lα＜入），thenC∈SCFK入・PickanxそC（S and supp。Se七ha七  

f（Ⅹ）＝ α．Since αeX and x∈C，a くⅩ．Then f（Ⅹ）≠ α by七he definition                                         α   

Of a．This is absurd．     α  

We connecセ セhe above fact to the par七ition property of fine   

meaSurIes．  

Cor011ary 2・7・ ＝f Uis a fine measu工一e with七he par七ition  

P工一OPer七y asslgning皿eaSure One tO the s七rongly club sets）七hen Uis ■  

normal．  

Thisis really proposi七ionllin Menas［9］，WheTe he pTOVedit  

for the club se七s version．MenasIpr00fis applicablein ouT CaSe aS   

Well．  

§3・Weakly normalfil七ers on PK入・ ForlWeakly noTmalfil七ers  

on K・regular，See Kanamor，i［7］・We bTiefly TeView the basic facts・  

PエーOpOSition3・1・ For any fil七er on K）the f0110Wing are   

equivalen七・  

（土）U 土s weakly normal・  

（ii）Every filteT eXtenSion of Uis weakly normal・   

（iii）1f‡Ⅹα：α＜K）are se七S Of posi七ivemeasure such七hat Xβ亡X・ α  

wheneverα＜β，七hen△‡Ⅹα‥α＜K）＝（α＜K：αeXβfor allβ＜α）has apositive  
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meaSure．   

（iv）Uis ap－POint filter ex七ending CTK・（Uis a p－POintif・  

every func七ion f：K一→K SuCh七hatに－f－1（‡α））∈U foT allα＜Kis＜K t0  

0ne，bn so皿e Xく；U．）  

＝七is na七uTal七O aSk whether the same七hing happens 七O fil七ers   

on p 入．We easily get that（i）へノ（iii）are also equivalent forlany K  

filter on P入・（Note七hat A（Xα‥α＜入）＝（Ⅹ∈Pに入：Ⅹ＜Xαfor allα∈X）。）               K  

But foT（iv），the author only knows the f0110Wing・  

Proposition 3・2・（i）Suppose that Uis weakly noTmal。＝f fis  

a function with七he domain P入and（Ⅹ：f（Ⅹ）＞α）eu＋foT allα＜入，七hen に  

七hereis a set Xof positivemeasuTe SO that Xハf－1（（α））くPαfo                                                                            K   

allαく入．   

（ii）Suppose that U ex七ends SCrK入and foT anyα＜入thereis an  

x∈U＋suchtha七Xハf－1（｛α｝）くPKβforsomeβ＜入wheneveTfsa七isfies  
l  

＋ 
（Ⅹ：f（Ⅹ）＞Y）＜Ufor allY＜入・Then Uis weakly normal・  

＋  

∈ Pr00f・（i）LetX＝（Ⅹ：f（Ⅹ）＞Elforeach∈＜入。ThenX∈モU and  

XぐX∈if6＜n・Now△｛x∈：∈＜入｝eu＋by（iii）・Ifxく△｛Ⅹ∈：∈＜入｝and  n  

f（Ⅹ）＝ α，七hen ∈＜α for a11∈∈Ⅹ・Hence xくα・  

（ii）Suppose that fis a Tegr－eSSive function on P 入・Since U K  

ex七ends SCfK入，eVeryX of positiveme－asuTeis pTeS七ationary・Hence  

ther，eis anα＜入so tha七Xハf－1（（α‡）is unbounded．By ouT hypo七hesis，  

ⅠⅩ：f（Ⅹ）＜Y）そU for】SOme Y＜入．  

The ques七ionlef七is whe七her every weakly normalfilter extends  

CFK入OP SCfK入・In【1］，the fine皿eaSureinvestiga七ed byMenas was  

TeVisited and shown to be nonnoTmal．We again obseTVei七 and ge七 morle  
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■ information）Which glVeS a nega七ive answer to the question・The authoT  

wishes to express his gra七i七ude七O A．BlaLSS Whose adviceled to a’   

Simplified pT00f・We concentr・ate On a filter defined below．We assume   

that Kis a regular・1imit cardinal．  
／  

LetくUα1α＜K〉be a sequenceoffinefiltersonPα入andDbe a  

K－COmPlete uniform fil七er・On K：．Then a fine measure Uis defined by  

X∈U if XくPに入and（α＜に：XハPα入∈Uα‡∈D・  

Theorem3・3・（＝nspiTed by Blass・） U does no七ex七end SCfK入  

henceisnonnormal．  

Pr00f・ Let C＝（Ⅹ∈PK入：Ⅹハにis an ordinal）・Then Cis s七rongly  

closed unbounded．We shall show that CハP 入is not unbounded forlall                                                    α  

＋  α＜K．If xくXハP入andα＋ex，thenα⊂Ⅹ・Bu七this contradic七S tO α  

lxf＜α・Henceα＋ixforallxeCハPα入andCへPα入4Uα・ThusCiu・Note  
＋  

that α ＜K＜入 since K：is a limi七 CaTdinal．  

FoT Cer七ain A⊂：K：We have a s七rongly club se七whichis no七  

unbounded for anyα∈A・More PreCisely；  

proposition3・叫・Suppose七ha七人＜に＝入andAこに・Thereis a  

C∈SCFK入SO thatifα∈Aand sup（Aへα）≠α，thenCハP入isno七                                                                   α   

unbounded．  

∈ 
Pr00f・Le七・｛Ⅹ：∈＜＾｝beanenunera七ionofPK入andα∈＝theleast  

memberofA掴・Then，WePickay∈フⅩWithfy汗彗＋・Finally，  

C＝Åくダ∈l∈く入〉・  

Suppose thatαそA and sup（A（α）≠α・Thenα＝α∈foT SOme X 
∈・  

Assume七ha七theTe eXis七S anX’CハPα入With∈ex・ByouT definition  

／＼  

＋ ofC，Ⅹつy∈・Thisi皿Plies（再IyE［≧α∈＞αCOntradictingx∈Pα入・Hence   
しCハPq入）へ‡∈Ⅰ＝○・  
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Now we turn七O the weak normali七y of U under七he assump七ion七ha七  

I U is weakly normalfor a11α＜f＜，andimpTOVe PrOPOSi七ion2．号in［1］ α  

by a simple ar－gument・＝n七he nex七theoTem）Kis not necessaTily a  

limi七 Cardinalin（i）and（iii）．  

Theorem3・5・（i）If cf（入）＞K＝，then Uis weakly noTmal．  

（ii）If cf（入）＝ K，七hen Uis not weakly normal．  

（iii）＝f cf（入）＜K and（a）or（b）is satisfied，then，Uis wdakly  

nor・mal．   

（a）UisanultTafil七er．   

（b）Dis cf（入）－decendinglycomplete・Thatis；if（X∈l∈＜cf（入）〉  

is a sequenceofposi七ivemeasure suchtha七Ⅹ⊂XWhenever∈＜n，then   
∈ ¶  

ハ（Ⅹ∈：∈cf（入））ヽ0・（No七ethatDis not required七ObeanultTafilter・）  

Pr00f・ Suppose七ha七 f（Ⅹ）＜Ⅹ for every x＜P 入． K  

（i）For α＜t（，6 is an ordinal＜入 such tha七（Ⅹ＜P 入：f（Ⅹ）＜6）∈U． αααα  
Since cf（入）＞K，6＝SuP（（6：α＜Kl）＜入・Obviously‡ⅩePK入‥f（Ⅹ）＜6）＜U・ α  

（ii）Let（入α：α＜K‡be a cofinalsubse七Of入and入α＜入βifα＜β・FoT  

eachα＜K，（ⅩくPα入：入㌔Ⅹand入Lxl＜入α）くUα・Hencewehave  
恒㌔入：Ⅹ一入圃≒Oi∈U・  

So，七hereis afunc七iong：PK入→入suchthat g（Ⅹ）e・Ⅹandg（Ⅹ）＞入 
lxl  

foralmos七allx（mod・U）・ForanyαくK，Weknowthat｛ⅩePα入：Ⅹフα＋｝∈U  

andthen（Ⅹ：入国＞入α）くU・Hence（ⅩePK入：g（Ⅹ）＞入αⅠくUforeveryα＜K・  
We aTe done because gis an unbounded TegTeSSive func七ion・   

（iii）Suppose that（a）holds．We alr－eady showedin Le皿al・3 tha七   

every fine measure on P 入is weakly no工一皿alif cf（入）＜に．＝n fac七，                              K  

Fact 3．6． A fine measureis weakly normaliffits first func七ion   

maps x to sup（Ⅹ）．（We denote such func七ion by Sup．）  
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When（b）h01ds，1e七（入：α＜6‡be a cofinalsubse七 Of 入wi七h α  

6＝Cf（入）so tha七入α＜入βifα＜β・Suppose七ha七（ⅩらPK入‥f（Ⅹ）＜入α）阜U’  

forallα＜6・Then（∈＜K：（Ⅹ＜P∈入：f（Ⅹ）＜入α）∈U∈‡如foranyα郎・Hence  

C ＝｛∈＜K‥｛ⅩくP∈入：f（Ⅹ）＜入α｝毎U∈｝モD＋・ α．  
＝fα＜β，七hen（Ⅹ∈P∈入：∴f（Ⅹ）＜入β）卑U∈1mPlies（ⅩモP∈入‥f（Ⅹ）＜入αⅠ卑U∈ ●   
Since入α＜入β・So・，Cβ⊂C・Then C＝ハ（Cα：α＜61≒0・ α  
Picka∈′モC・（Ⅹ∈P∈入：f（Ⅹ）＜入α）キU∈foranyα＜6・This con七radicts  

the hypothesis tha七U∈is weakly normal・  

No七e that a filter F on P 入is weakly normalifitis cf（入）一 に  

－decendingly complete．  

Combining TheoTemS 3．3 and 3．5，We have；  

Cor011ary 3・7・ Thereis a weakly noT皿alfil七er which does no七  

extend SCFK入・   

Jech［5］and Ca・Trl［3］showed that CFK入is七heminimalnormal  

filter・＝s theTe a nice analogue foT Weakly normalfilteT？OT，Wha七   

is the consistency of weakly normalfilteTS？（No七e here we assune   

that any filteTis fine and K－CO皿Plete．）  

§Li・Weakly nomalfine measuTeS and 七he RK－OTdeTing． ＝n this   

SeC七ion，Kis a fixed strongly compact car｝dinal．We obseTVe 七he weak   

nor，malityin view of the RK－○工一dering．FiTSt We工一eView七he fac七   

established by Menasin［8］．  

Theo工一e皿1hl・〔封en邑S） しi）工f cf〔入）くK：OT入is T已gulaT⊇ then  

eVeTynOmalmeasur）e On PK入is mininalt  
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（ii）If 入is Tegular and the fir，S七 func七ion of Uis one－tO－One   

On a Set Of measure one，then Uis minimal．  

We hope that eveTy We叫1y normalmeasuTeis minimalasin the  

theoTy Of unifoTm ultrafil七ers on a TegulaT CaTdinal・Zn fact any  

minimalfine mea白ureisisomorphic to a weakly normalmeasur－e。  

Proposition与・2・ Every fine measuエーe has a weakly normalmeasure  

below 土t．   

PT00f・IJet U be a fine measuTe and gi七s fiTSt function．Define   

f：P 入→P 入 by f（Ⅹ）＝ Ⅹハg（Ⅹ）． Kに  
By an easy observation，（Ⅹ：αくf（Ⅹ）1∈U for allα＜入 and fふ（U） ′ヽ   

is a fineJneaSure．  

Suppose that（Ⅹ：f（Ⅹ）6Ⅹ）くf虫（U）・I七皿eanS that  

（Ⅹ：hof（Ⅹ）∈Ⅹハg（Ⅹ））∈U． 

（Ⅹ‥ hof（Ⅹ）＜Y）∈U foT SOme Y＜入・Hence（Ⅹ：h（Ⅹ）＜Y）＜f虫（U）．  

The next fact appeaTed alTeadyin［8］implici七Iy．  

Pr，OPOSition叫・3・ Le七人be r，egular and U a fine measuTe On PK入・  

Uis minimaliff its firs七 function is one－tO－One On a Set X＜U．  

PT00f・Let（A入（α）‥α＜入）be a paT七ition of（α＜入：Cf（α）＝u）in七○  

● disコOinted stationar，y Subsets．Le七 f be the fiTSt func七ion and define  

q by q（Ⅹ）＝（α＜f（Ⅹ）‥A入（α）ハf（Ⅹ）is s七ationaTyinf（Ⅹ））・Then q虫（U）  

is a minimalfine measure．（Theore皿 2．1叫in［8］）  

Suppose that Uis minimal・q「Ⅹis one－tO－One for｝SOme X＜U．  

But q（Ⅹ）＝q（y）if f（Ⅹ）＝f（y）．Hence f「Ⅹis one－tO－One。  

Cor011ary叫・叫・ A weakly normalJneaSure On PK入with入regulaT  
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is minimaliff Supis one－tO－One On a Se七 Of measure one。  

A fil七er F on a regular cardinalpis called a q－pOin七if every   

＜p t0 0ne function fr一Om P 七O P is one－tO－One On a Set XくF．Itis  
／  

knownthat anyfilter extending C㌔is a q－POin七・SCFK入also plays  
a r0le on the minimality of weakly normalmeasuTeS．  

Proposition 与．5・ Let 入 be regular・If Uis a minimalfine  

measuTe On P入七ha七is not weakly normal，then SCf’K入句U・ に  
Pr00f・ Let f be 七he first func七ion・By ouT aSSumP七ion，thereis a  

se七X∈U so that f「Ⅹis one－tO－One and f（Ⅹ）＜sup（Ⅹ）foT allxCX・  

Suppose that SCFK入くU・Then Xis pres七ationary・flor x伝X，Se七  

g（Ⅹ）＝ theleas七membe工一 Of x gTeater than f（Ⅹ）．The工一eis an unbounded  

set YCx such七hat g一一Y ＝，（Y‡for some Y＜入．Thus，f”Y⊂Y and  

fY［＝入＜に＞Y，Which con七radicts七he fact七hat f「Yis one一七○－One．  

Corl01lary Li．6． Le七 人 be Tegular．＝f Uis noTmaland  

f虫（U）⊂SCFK入，then f虫（U）is weakly normaland（Ⅹ：SuP（f（Ⅹ））＝suP（Ⅹ））∈U・  

Cor01laTy 叫・7． For any regular 入＞k：，theTeis a non－minimal  

finemeasure extending CFK入・  

Pr00f． Let A ＝（α＜入：Cf（α）＜K：）whichis stationaryin 入．We TePea七   

theconstructionin亘1．  

Thereis a K－COmPleteultrafilter。n．入，DコC㌔U‡A）・F。T eaCh  

α∈A，fix a finemeasureuOn PαeXtending CF and define U by  
α  Kq，  

XくU 土だ‡α草：XハPにαeUl∈D。 α  

ThenUis afine皿eaSure eXtending CF 
K入・  

馳 sh阜11＄．e．e that Uis not weakly nomaLl，hence non一皿inimal王）y   

PエーOpOS出土on叫t5t  
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白ince AeI），Dis no七normal・Thus七heTeis a func七ion g so that  

［g］D＝入and（α＜入：g（α）＜α）eD・  

FoT XePK入，1etα ＝theleas七αSuCh七hat xePKCX and X  

f（Ⅹ）＝g（αⅩ）・FoT eVeryα∈A，（Ⅹ∈PKα：f（Ⅹ）＜sup（Ⅹ）‡∈UαSince †  

（Ⅹ：αⅩ＝α＝SuP（Ⅹ））∈U・Le七h（Ⅹ）＝theleast member ofx greater α  

七han f（Ⅹ）．his a regressive function on a setin U．  

Pick a Y＜入・Then B ＝（α＜A：Y＜g（α））∈D．For allα∈B，  

（Ⅹ∈Pα：f（Ⅹ）＝g（αⅩ）＝g（α））∈U and（ⅩさPにα：f（Ⅹ）＞Y）∈U・Hence K）x〕’α，■に‾’一‘，‾α  

‡ⅩくP入：Y＜f（Ⅹ））∈U．It shows 七hat Supis not七heleast func七ion．       K  

On the o七her、hand，We have a minimal fine measure whichis  

Weakly nomaland does not extend SCF 
K入・ 
We recaLl the fine measure 

in§3・Suppose that入is regulaT and＜Uαt α＜K〉is a sequence。f  

normalmeasures on P 入 and Dis・a nOr－malmeasurle On K．De‘fine U by  
α  

XくU エ汗 （α＜K：XnPα入∈・Uα1∈D・  

F01lowing the argumen七Of 3．1．3，q・in［10］，We ge七；  

Lemma 与・8．（i）（Ⅹ：the oTder type of xis regular一）e u．   

（ii）Let G be a 山一Jonsson function over 入．（Gis（山一Jonsson overly  

if G：LOy一うy and G‖z＝y Whenever zこy and fz［＝Iyl．）Then we have  

（Ⅹ：G「LOxis u－Jonsson over x）∈U．  

（iii）Ther－eis an X∈U so that Sup「Xis one－tO－One．  

Note that noTmali七y of U －sis necessaryin the above・Using α  

the resul七s provedin §3，We Can Show；  

Theoreml＋・9・ For eveTy regular 入＞K，thereis a weakly normal  

minimalfine皿eaSure Which does not ex七end SCFK入・  

Pr00f・ ＝tis cleaエー that every normalmeasuTeis weakly normal・  
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Hence our Uis weakly normalby Theorem 3．5－（i）．Theorem 3・3 asser七S  

that U does not ex七end SCFK入・Atlast Uis minimalby Fac七3・6，  

Theor，em Lt．1－（ii），and Lemma LL．8－（iii）．  

＝tis not known whe七her U can beisomorphic to some fine measuTe  

extending SCFK入・We also do not know whether non－minimalweakly  

normalmeasures exis七．  
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