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A Heyting algebrais not onlY alattice theoretic object，   

butis also related to theintuitionitic loglC and a topo－   

loglCalspace and others． ＝n this paper，We ShaLlinvestigate   

about completions and co－PrOducts of HeYting algebras．  

＝n §ユ′ We Shallstudy about a Stone space as a complete  

HeYting algebra，mOre PreCiselY aS a COmPletion of some  

distributivelattice．＝n S2，the canonicalcompletion of  

a HeYting algebra willbe studied．Some proofsin Sl，百2  

and烏6 are doneintuitionisticallY．Those cares are  

necessary for §6．A co－PrOduct of HeYting algebrasis  

definedin 百3．＝n 呑4′We Sha11studY the space of鱒aXimal  

ideals and Wallman－COmPaCtifications and Stone－Cech－   

COmPaCtificationsin the HeYting algebraic view． The relation－   

Ships between some properties，COmPletions and co－PrOducts  

definedin the previous sections willbe discussedin5’5．  

Complete Heyting algebras in a Heyting extention will be studied 

in 言6．  
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盲1．An open algebra of a Stone space  

We shall use usualiattice－theoretic notations and set－   

theoretic ones．  

Definition l．1  Alattice L is distributive′if  

a＜（b＞c）＝（a∧b）∨（a＾C）h01ds・  

Alattice L is bounaed，ifit has the Least element ①  

and the greatest element 皿．  

Alattice L is a boundea distributive Lattice，ifit is   

bounded and distributive．  

Alattice L is a HeYting algebrarifitis a bounded   

distributivelattice and relativelY PSeudo－COmPemented・ We   

denote the relative pseudo－COmPlement by a⇒b．where  

X≦ a考b if and onlYif a∧Ⅹ≦b・  

Definitionl．2 Alattice L is completeif 七heleast   

upper bound for any subset X of L exists・We denote the  

least upper bound by Vx．  

Definitionl．3 Alattice L isinfinitelY distributive，  

if a＾VB＝ V a∧b h01dsin the case that VB exists・  
b∈B  

Definitionl．4 A subset F of alattice I，is a filter，   

if the f0110Wing h01d： a≦b ＆ aGF ＋b∈F， a∈F ＆ b∈Fう・a＜b∈F  

and 且∈F if there exists a greatest element 且in L・  

A subset ＝ of alattice L is anideal，if the following   

hold： a≦b ＆ b已工 ＋a∈＝， a∈＝ ＆ bを＝ ＋ aVb∈＝ and O∈＝   

if there exists aleast element ①in L．   



Anideal ＝ is prime，if a＜b⊆＝ implies a∈＝ or   

b∈＝ and ＝ is neither L nor emptY．  

Anideal ＝ is maximal，if ＝ is neither L nor emptY   

and anYidealwhichincludes ＝ is ＝ or L．  

JL is the set ofideals of L．  

PL is the set of primeideals of L・  

TrtL is the set of maximalideals of L．  

Va is the set of prime ideals which do not contain a, 

Whichis a basic open set for FL・  

＝a is the principalideal（Ⅹ；Ⅹ≦a）・  

Definitionl．5 A function ¢：L ＋Llis a morphism′   

Where L and L－ arelattices，if ¢ preserves the operations   

＞ and ∧′i．e． ¢（aVb）＝ ¢（a）∨¢（b） and 4）（a．へb）＝ ¢（a）へ中（b）   

for a，b∈L．  

Am。rPhism ¢is c。mPlete，ifit preseves V，i．e．  

ゆ（Vx）＝∨¢一一Ⅹin the case that Vx exists・  

A morphism 申：L＋Llis a（丑，且－mOrPhism，if 車（①）＝ ¢   

and 4）（iL）＝ 且 h01din the case 正）and 丑 existin L   

respec七土vely．  

A morphism ゆ：A⇒・A－ is a strong HeYting morphism，  

Where A and AT are HeYting algebras，ifitis a O，且－  

morphismand PYeSerVe3 ⇒・  

We sha11use abbreviations： a BDL for a bounded distributive   

lattice′ an Ha for a HeYting algebra，a CHa for a complete   

HeYting algebra，a CH－mOrPhism for a complete fIeYting morphism   

and s0 0n．  
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Definition 1.6 A subset X of a complete lattice L 

COmPletely generates L，if a＝ V（Ⅹ；Ⅹ≦a臥Ⅹ∈Ⅹ）h01ds  

for each a∈L・A completelattice L＊ is a completion of   

alattice L，if there exists aninjective CD，Ji－mOrPhism   

コ：L＋L＊ such that the range of コ COmPletelY generateS  

L＊・ This j is called the related morphism．  

Definitionl・7 0（Ⅹ）is the cHa whichis the set of open   

Subset of a top010glCalspace X′ Where 七heinfinite sum and   

the finite intersection are the set theoreticalones． We calL   

it an open algebra．  

R（H）is the set of regular elements of an Ha H．i．e．  

R（H）＝（Ⅹ；（Ⅹウ¢）⇒¢＝Ⅹ）．we denote（Ⅹ皐別⇒① by R（Ⅹ）．  

By Def・1・4，PL can be regarded as a topologicalspace・  

＝tis known as a Stone space．  

Theoreml．1（Stone） Let L be a distributive lattice  

andi：L十0（FL）be the function such that i（a）＝Va・ThenF  

O（pL）is a completion of L and iis the related rqorphism・  

Andif L is an Ha，i is a strong H－mOrPhism．  

Proof・i（aへb）＝Vaへb ＝Va（Vb＝i（a）∧i（b）and  

i（aVb）＝VaUVb ＝i（a）Vi（b）・For thein］eCtiveness・nOtice  

that a車b implies the existence of a primeidealwhich  

contains b but does not contain a． Since ‡i（a）；a芭L‡  

formsatopologicalbasefor pL，0＝∪｛i（a）；i（a）≦0＆a∈L｝  

for each O亡0（pい・  
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Let＝beaprimeidealofL・  

：eVa（Va⇒b －a車＝＆a今b年1…a∧a⇒b車：・b車＝・So・  

Va⇒b ⊆Va号Vb・On the otherhandl＝eVa⇒Vbimplies that  

thereis c such that ＝∈Vc S；（pL－Va）uVb・Then，C∧a≦b  

and so c≦a⇒b・Hence，Va⇒Vb＝V 
a⇒b・  

土（甘）＝車andl（且）＝紆・  

Theoreml．2 Let L be a BDL and A be a cHa． And   

let ¢：L＋A be an ①′且－mOrPhism・Then，there exists  

a unique cH－mOrPhism 坤：0（FL）＋A that satisfies the  

O（pL）  left diagram. And if A is completely 

土†、、、や こ 二、享ニ  
generated by the range of 4），then ゆ   

土s sur］eCt土ve．  

Pro。f・1et ゆ（a）＝ V（ゆ（Ⅹ）；i（Ⅹ）≦a）for a∈0（紆）・  

Since O（PL）isac。mPleti。nOf L・a＝V（i（Ⅹ）；i（Ⅹ）≦aI  

for a∈0（FL）・And so′the uniqueness of ゆis clear・  

い皿）＝ （中（x）；i（Ⅹ）≦a）＝ゆ（乱）＝且・  

いⅩ＜y）＝〉（中（u）；i（u）≦Ⅹ∧y‡  

＝〉（中（u）八ゆ（Ⅴ）；1（u）≦Ⅹ′土（Ⅴ）≦y‡  

＝中（Ⅹ）∧坤（Y），by theinfinite distributive－neSS   

OfacHa，  

To show the preservation of theinfinite sumV，itis  

sufficient to show that 中（Vx）＝V中TTx for X⊆i川L・Suppose  

that ゆ（Vi‖Ⅹ）＝V¢7，Ⅹ d。eS n。t h。Id f。r SOme X⊆L・Then・  

by the definition of V），there exists u in L such that  

i（u）≦Vi一一Ⅹ holdsbut や（u）≦∨ゆ‖Ⅹ does not hold・So′there  

exists aprimeideal＝in A such that 中（u）車＝ and   



V¢‖Ⅹ∈1・LetI¢ bethesubset of L definedbythepostulate：  
a∈1”¢（a）∈＝・Then，＝isaprimeidealin L andcontains  

¢ ¢  

every element of XJ but does not contain u・ However，this  

COntradictstothefact：Vu⊆法ⅤⅩ・  
＝f Ais completelYgenerated bY 中T・L，Ⅹ＝V‡中（u）；中（u）≦Ⅹ‡  

for each x∈A．Then，0（V（i（u）；中（u）≦Ⅹ））＝V（ゆ（u）；¢（uト≦Ⅹ‡  

＝Ⅹ．   

Hence， ゆ is surjective．  

Cor011arYl．1 Let A be a cHa and a completion of a distri   

butivelattice L． Andlet j be the related morphism・ Suppose   

that for anY COmPletion AT of L with the related morphism j－  

r 

e 

L jトモゆ 0炉）・  

Pr00f． ＝f L does not contain ①nor n＿，We Can add   

G）or 且．and extend コ and j－ as the related morphisms of   

COmPletions of the extended distributivelattice of L． So，   

we assume that L is a BDL．  

Let A．be O（PL）・Then，bY Th・1・there exists a surコeCtive  

CH－mOrPhism やT：0（FL）すA・Now′itis easY tO Check that the  

ゆ  

diagram：  A亭 ±0（PL）  cornmutes・  
ゆ■  

Nextwe shallshow another representation of O（FL）for  

a distributive lattice L．  

Definitionl・8 For ＝，J∈L，＝∧J＝＝nJ．For r⊆9L，  
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Vr is the set of finite sumS Of elements of Ur・  

For X．⊆ L， ＝（Ⅹ）is the minirnalidealthat contains X．  

For the sake of 吉6，in some casesitis necessary that the  

Pr00fs areintuitionistic． So′ We Shallmarklemmas，theorems   

and cor01laries bY ＊ in the case that theY are PrOVed   

土n七u土七土on土s七土cally．  

Lernmal．1＊ 3L with the operationsin Def．8is a cHa and  

a completion of L for a distributivelattice L．  

Pr00f．Since ＝（J∈3L holds for ＝，JG，9L，工∧Jis the  

maximalidealwhichisincluded bY ＝ and J． ＝t f01lows from  

the distributive－neSS Of L that VT∈4L for T≦jL．  

Vr is the minimalidealwhichincludes every ＝in T・  

s0．V＝＾J三＝＾Vr．converselY，Ⅹe，＝∧VT implies that x∈＝  
J∈r  

and x is a finite sum of elements of UT． S0． X is a finite  

sum。f elements。f U工∧J．Hence，Ⅹ∈V＝∧J．Nowwehave  
J∈r J∈r  

proved that．3Lis a cHa，Since theinfinite distributive－neSS  

of a completelatticeimplies the relatively pseudo－COmPlemented－  

ness．By the waY，＝ヰJ＝（Y；Ⅹ∧y∈J for each x∈＝）・  

Let j be the function such that j（Ⅹ）＝＝Ⅹ  for xEL,,,, 

Then，j（Ⅹ）∈3L・S。′jLis a c。mPleti。n Of L and．jis the  

rela七ed morph土sm．  

Corollaryl・2 1土s土somorph土c to O（控）・   

Proof・BY Lemmal・1and Th・1・21there exists a surコeCtive  
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cH－mOrPhism ゆ：0（CL）・3L・Let 叫（0）＝叫（P）・Then′  

V（j（Ⅹ）；i（Ⅹ）≦0）＝V（j（Y）；i（Y）≦P）・Sot i（Ⅹ）≦Oimplies  

x∈V（j（Y）；i（Y）≦P‡・By the definition of theinfinite sum，  

i（Ⅹ）≦P． This argumentimplies O＝ P．  

套2 The canonicalcompletion  

＝n this section we shallprove the existence of the canonical   

completion of a HeYting algebra andits uniqueness・ This has  

been proved by FunaYama［5】．and Rasiowa and Sikorski［9】，but   

We Want tO PrOVeitintuitionistica11y for our purpose・ Our   

Pr00fis on the sameline of FunaYamals・  

Lemma 2．l＊ A HeYting algebraisinfinitely distributive・  

Pr00f． A usualproofisintuitionis七ic． See［9］・  

Definition 2．1 Anideal ＝ of a lattice L is closed，   

土f the follow土n曾 h01ds：  

－－a＝∨（Ⅹ；Ⅹ∈エ＆Ⅹ≦a）‖ 土mpl土es川a∈エー■・  

j。Lis the set of cl。Sedideals of L・  

Lemma 2．2＊ For anY X⊆L， there exists a unlque minimal  

Closedideal＝c（Ⅹ）thatincludes X・1f LisinfinitelY  

distributivet 工c（Ⅹ）is the set of allelements ufs such  

that u＝∨（Ⅴ；Ⅴ皇tl＆Ⅴ≦Ⅹ f。r SOme X∈Ⅹ）・  

Proof・＝c（Ⅹ）is theintersection of allclosedideals  

that include X．  
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Let L beinfinitelY distributive and J be the set of   

all uTs in thelemma． ＝f u∈J and w≦u，then  

＝∨｛Ⅴ川≦u＆Ⅴ≦Ⅹ知s。me X∈Ⅹ｝   

＝V（Ⅴ；Ⅴ≦w＆vfx f。r SOme X∈Xi  and s。W∈J・  

＝f uEJ and wGJ，uVw＝〉（Ⅴ；（Ⅴ≦u or V≦w）＆Ⅴ≦Ⅹfor some x∈Ⅹ‡  

＝V（Ⅴ；Ⅴ≦uVw＆Ⅴ≦Ⅹ foごSOme X∈Ⅹ）  

andhenceuVw∈J．  

Suppose七ha七 a＝ V（Ⅹ；Ⅹ≦a＆Ⅹ∈J）・  

Let A ＝（Ⅴ；Ⅴ≦Ⅹ ＆Ⅴ≦Y for some Y¢Ⅹ） for xGJ・Then， Ⅹ  

Ⅹ＝∨㌔  for xgJ・S。′ a＝V（VAx；Ⅹ≦a＆Ⅹ∈J‡  

＝VU（Ax；Ⅹ≦a＆Ⅹ∈J）  

＝ V（Ⅴ；Ⅴ≦a＆Ⅴ∈Ⅹ），Wh土ch土s土nJ・  

Now′ We have proved that J is a closedidealr which   

includes X． The minimalitY Of Jis clear・  

Herewe define the。Perations for 3cL，Which are alittle  

different from those for jIJ．We shalluse the same notations，  

since no confusion will occur．   

Definiti。n2・2 F。r：，J6一旗′：∧J＝＝〔J・For rS；j。L，  

Vr＝エ。（Ur），i・e・theminimalcl。Sedidealthatincludes Ur・  

Lernma2・3＊ Let A be an Ha・Then，jcAis a cHa and  

the embeddingi：A十JcA；i（Ⅹ）＝＝ⅩT is an injective strong 

CH－mOrph土sm．  

Pr。Of・4。Ais closed underthe。Perati。nSinDef・2・2・  
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Hrl！1J≦工＾Vr for r・Let x beanelementof＝＾Vr・  
Then，Ⅹ己＝ and x＝∨（Ⅴ；VSx＆Ⅴ∈J for some J6r‡bY  

Lema2・2andDef・2・2・S。′Ⅹを：c（蕊：∧J）＝∨：∧J・Hence′ Jer  
J。Ais a cHa・  

土（Ⅹ∧y）＝工Ⅹ∧y 
＝工Ⅹハェy＝土（Ⅹ）∧i（y）・  

Suppose that Vx exists for XS：A．Let T ＝（i（Ⅹ）；Ⅹ∈Ⅹ）．  

thenVx∈工c（Ur）・So′土（押＝工。（Ur）＝い＝Ⅹ監土師  
土（乱）＝工ユ＝A＝皿・  

Let J be the closed ideal that satisfies the condition：  

J∧工Ⅹ≦工 
y・ 
でhen′ Z∧Ⅹ≦y for any zモJ・餌d so′ Z5Ⅹラy■  

So′J≦＝ Ontheotherhand′ ＝ⅩやY⊆＝Ⅹ⇒＝ 
Y・ 

Hence′  
Ⅹキy・   

工 

x,yyy ＝工Ⅹ⇒工y・  

Theorem 2．1＊  Let A and A7  be an Ha and a cHa   

respectivelY． Andlet 4）be a cH－mOrPhism from A to AT．   

j。A  Then，there exists aTlnique cH－m。rPhism ゆ   

芹、、、輌   fr。m jcA t。A－suchthattheleft   

A・A・  d土叩amC。mmuteS・  

pr00f．Let ゆ（＝）＝ ∨中（Ⅹ）．BY theinfinite aistributiveM  
X∈エ  

∨中（ⅩトヘVゆ（y）＝ ソ ソ¢（Ⅹ∧y）  
Ⅹ∈エ  y∈J  x∈工 y∈J  

ness of A－′ ゆ（工）ノ＼ゆ（J）  

く ∨ゆ（Ⅹ）ニ叫（エ八J）．  
X∈エ八J   

Le七 Ⅹ∈エ。（Ur）ねr r⊆ダ。A・℡hen′ Ⅹ＝いu；1ユ≦Ⅹ＆u∈折‡・  

中（Ⅹ）＝ V（ゆ（u）；u≦Ⅹ＆u∈Ur）′by the completeness of 中・  

u∈Urimplies u∈工 for some ＝∈r and so 4）（u）≦ゆ（工） for  

some ＝∈r．Hence，叫（Vr）≦ V中（＝）．And ゆ（且）＝止．  
工∈r  

The uniqueness of ゆ is clear from the fact that ゆ is  

10   



COmplete．  

Definition 2．3 A completion of an Ha A is canonical，   

if the related morphism i is complete． We denote the   

CanOnicalcompletion of A by A．  

C。r。11arY2・1＊（FunaYama［∫］）3cAis a can。nical  

completion of an Ha A and every canonical completion of 

A 土s土s。m。rph土c七OJ。A・  

Pr00f． ＝tis sufficient to show that the morphism ゆ   

in Th．2．1isinコeCtive and surコeCtivein the case that Alis ●  

a canonicalcompletion of A and ¢ is the related morphism・  

For any x邑A－′ Ⅹ＝ ∨（¢（a）；ゆ（a）≦Ⅹ＆a∈A）．  

中（V（i（a）；¢（a）≦Ⅹ＆aeA））＝Ⅹ h01ds and so 叫is surjective・  

Suppose that V中（Ⅹ）＝ Vゆ（y）．中（Ⅹ）≦ V¢（Y）implies  
Xを工  yそJ  y∈J  

¢（Ⅹ）＝ ∨中（Ⅹ八y）．Let z be an element such that x∧y≦  
y∈J  

for any y∈J． でhen′ ¢（Ⅹ首ヽy）≦ ヰ（z） for any y∈J・ So′  

ゆ（Ⅹ）＝ ∨¢（Ⅹ∧y）≦ゆ（z）．蝕d so，¢（Ⅹ）＝中（Ⅹ）∧ゆ（z）＝¢（Ⅹノ1Z）・  
y∈J  

BY theinjective－neSS Of 4）， Ⅹ ＝ ⅩへZ and hence x≦z・ So，  

Ⅹ＝ Vx八Y∈J．TheseimpIY エ＝J．  
yGJ  

From now on，We Shallassume that i in Def．2．3is the   

土nclus土on map．  

崖3・A co－PrOduct of Heytinq algebras  

We shalldefine a co－PrOduct of bounded distributive   

lattices，the existence of which have been well－known． Our  
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Objectis a co－PrOduct of Heyting algebras as bounded distributive   

lattices・ The fact thatit forms a HeYting algebra has perhaps   

alreadY known，but we sha11proveit to check additionalproperties   

for the following chapters. 

Definition3・1Fordistributivelattices Lα （α∈＾）′ 
i）  

theco‾PrOduct Lαisthesublatticeof O（PLα）finitelv  
＾  

generatedbY（pJ l 
va；a∈Ld，αe＾｝′Where pα is the 

PrOコeCtionfromPLα tO PLα foreach αGA・Theembedding  

‾l 

iα：Lα＋恩Lαisdefinedbythepostulate：iα（a）＝Pα va  

for α∈A．   

Lerrma3・1AnYelement x ofLα Canberepresented  
acn 

bYthefollowingtwoforms．   

kk jα X＝霊Alα（a芸）＝息霊 j  

j 

are finite subsets of A．  

The pr00f can be done bY theinduction on the construction  

OfLα・＝tisaroutine・SOWeOmitit・  

Theorem3・1（Sikorski［10］）Let Lcc and L be  

distributivelattices ana：㌔ be a O，弘－mOrPhism from Lα  

to L for each α‘⊆A．Then，there exists a unique ①′且－  

morphism 中 that makes theleft diagram   

COmmutative． And ゆ isinjectiveif and  

OnlYif AFhα（aα）≦霊hα（bα）implies  
1 α  

＿ ニ 

i） To avoid the trivialitY and for the simplicity，We aSSume that  

㌔ has atleast twoelem占nts，Whenwe treat the co－PrOducts ㊥・  
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that aα呈bOL for some α∈FnG，aα＝ O for some αらF  

or bα＝且 for some αeG，Where F and G are finite．   

Proof・For x∈Lα′ ⅩCanberepresentedas  
＾   

蕊 
k 

中（Ⅹ）＝ ∨ ∧  
k＜nα∈Fk  

α 

hα（a芸）・Supp。Sethat£iα（a）≦Ⅹ・Then，  
Ⅹ＝ 払if（k）（a≡‘k’）bYthedistributive‾neSS・  
f 

n 

Remind thatiαis theinverse of the projection and finite  

sumS andintersections are the set theoretical ones． Then，  

1α（aα）≦f 

（＝α 引＝α 

α             V a芸）＝且 holds f。r a＝□）王orsomeα∈F・Orlα（fk 
（）＝α  

s。me αヰF・  

S。′J2Fhα（aα）≦藍hf（k）（a≡ （k’）foreach feたFk・Hence・  
hα（aα）≦’∧  

F  
vhf（k）（a…（k’）＝kヒ£ 

fFkk＜n  k 

These aboveimplies the we11－defined－neSS Of 4）・  

BY the definition of ¢， V，∧′ C3 and 且 are preserved   

under¢．   

Supp。Sethat申isinjective・Then，£hα（aα）≦よhα（bα｝  
α 

implies£Fiα（aα）≦嘉iα（bα）ands。aα≦bf。rS。me  
α∈F，へG，aα＝CD for some α∈F or bα＝皿 for some α∈G．  

The converseis similar bY Lernma 3．l．  

Lemma3・2㌔ 土shomeomor担CtO 紳α）・  
A  
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Pr00f・Let ＝α be aprimeidealfor each α∈A and  

defined bY the following：  be the subset of  
・ 

二＿ 

there exist some finite FS A and  

SuChthat x≦α監iα（aα）・Then・恩：α  

Ⅹ∈工αifandonly土f  

aα∈工α  f∝eaCh α∈F  

isclearlYanideal・Supposethat x＾Y∈工α・ByLemma3・1，  

Ⅹand Y havetherepresentations； 
αFk 

コ 霊£lα（b冒）respectivelY・BYthedefinitionof叙㌔′  
j  

Ⅹ∧y≦αYFiα（aα）f。rS。mefinite F andsome aα∈＝αf  
each α∈F． Without anYloss of generalitY，We may aSSume that  

Fk＝Gj＝F f。rany k′j・So′£F土α（a芝）＜£土α（b冒）≦嘉土α（aα）  
f。ranY k′j・Ands。′ a芸∈工α。r b冒∈工α fors。me α∈F・  
For each α∈Frlet Aα and］㌔  be the subsets of m and n  

respectivelYSuChthat k∈A ⇔a芸∈＝αand コ∈B ⇔b？芭I・ ■ ααコα  

Supp。SethatふAα＝m，then x＝k塩よiα（a芸）∈盈：α・  
Otherwise′thereexists k＜m；kヰAα foranY α∈F・Then・there  

isαin F suchthat b冒e＝αforanY j＜n・Hencer ふBα＝n  

］ and Y＝監ムiα（b冒）∈票＾＝α・Now・Wehaveprovedthat恩：α  
土s a pr土me 土deal．  

Let（＝）ct be the subset of ㌔ for a primeideal＝ and  

each α∈A such that x6（＝）αHlα（Ⅹ）∈＝・Then′（1）α1S a  
Primeidealand（＝α）α＝：α  foreachαGA・And＝＝（：）α  

h01ds・Let c＝よdA 
k 

工己Vc…£ 
k 

－a芝草（：）α foreach α6Fk foreach k＜m・  
These aboveimpIY thelemma．  
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The。rem3・2 Let Aα beanHaforeach α庄A′then 澄AAα  

is an Ha andlαis a strong cH－mOrPhism for each α∈＾・  

Pr00f・Let pα be the projectionin Def・3・l・Pα is  

an open continuous map and hence an easY Calculation shows  

thatiαisastrongcH‾mOrPhismfrom Aα tO 票＾Aα・   

BYTh・3・1，Whatwemustproveis－thatAαisrelativelY  

pseudo－COmPlemented・BY Th・l・1and Lemma3・2ritis sufficient  

tosh。Wthat x⇒yisinAα foreach x′Y∈恩Aα′Where  
atfl 

⇒土sinthesense O（αuAa）・Letx＝よ£kiα（a芸）and  

． 

Y＝Aよ1α（b冒）・Wecanassume Fk＝Gj＝F foreachk＜mand  

j＜n・Then，Ⅹ今Y＝£（よiα（a：）⇒j霊鳥iα（b冒））  
盛土α（a芸）⇒α籠土α（b冒））  

（よ忘土α（a旨b冒‖  

∧ ∧  
k＜m j＜n  

∧ 〈  
k＜m j＜n  

Hence，Ⅹ如∈Aα andAαisanHa・  
A  

＝n some cases，a CO－PrOduct of open algebras O（Xα）Is  

0（Ⅹα）・  in the categorY Of the cHalsisisomorphic to  

（cf・＝sbell［8】）We next show that O（5，L）Ys are such cHa’s・  

Theorem・3・3IJet：㌔ be a distributivelattice and lα  

betheembeddingsuchthatlα：0（cLa）→0（α）and  
－1  

． 1α（Ⅹ）＝PαⅩ′Where pα‥PLα十cLuistheprojection・for  

each α∈A．  

工f A 土s a cHa and hα 土s a cH－mOrphism from O（縛α）to Å  
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for each αe＾，then there exists   

a unique cH－mOrPhism ¢ SuCh that   

theleft diagram corrmutes．  

㌔
∴
、
 
 

㌢
 

丁
⊥
 
 

／
 
 ） 
 
 α
 
 

工
 
 

．
b
r
 
 

T
 
 

（
 
 

0
 
 
 

タ
 
 

T
甲
 
 

－
 
－
 
■
 
 

ヨ
 
 

Pr00f・BY Th・1・l・there exists a unique q且－mOrPhism  

hα  
SuCh that the diagram（l）commutes・Where  

コα：㌔十0（CLα）  

is them。rPhisminTh．1才f。r ea。h α∈＾．BYTh．3．l，there  

exists a unique（3J且－mOrPhism 4）SuCh that the diagram（2）   

COrrmuteS・ Now′ by Th．1．2，there exists a unique cH－mOrPhism 4）   

SuCh that the diagram（3）commutes．  

（1）  （2）  

0（ヂ1α）  
㌔  

（3）  

悠
り
・
 
 

′
1
 
 
0
 
 
 

α
 
 

一二三l三  
＿三  

ミニ主∴三二  
＿  

T
山
 
 ∧
い
 
⑳
眠
 
 

BYLemna3・2，0（Lα）and O（㌔）areisomorphicto  

each other and so we regard them as the same thing．  

Now′the onlYthingwemust proveis ゆ・iα＝㌔ for  

each α∈A・1et p＝U（Va；Va⊆p＆a∈1α）∈0匪α）・  

土α（P）＝しj（p；1va；Va⊆p＆aGムα｝＝U｛土α（a）；Va⊆p＆a∈L‡                                                                        α  

S。′ す・㌔（p）＝〉（す・土α（a）；  

＝ V（中・土α（a）7  

＆a∈Lα）  

＆a∈ムα）  

Ⅴ ⊂ p  a～   

Ⅴ ⊂ p  a‾  

V（hα（a）；Va⊆p＆a∈1α）  ＝hα（P）・  

喜4．A space of maximalideals  

We have studied about the open algebras of the spaces  

Of primeideals・ ＝n this section we shallinvestigate the  

OPen algebras of the spaces of maximalideals．  
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Definition 4．1 For distributivelattice L，the topologY  

of mLis the subspace－tOP0logY Of pL・（See Def・1・4）  

Definition4．2 ABDL L has the T－PrOPerty，if aヰb  

implies that thereis an element c；aVc＝且＆bVc≠且・  

A BDL L is normal，if aVb ＝ 皿 implies that there are  

elements u and v such that u八Ⅴ＝ O and avu＝bVv＝且．  

A BDL L is compact，if Vx＝且implies the existence of  

a f土n土te subset F of X sucb tha七 VF＝且・  

An element x of a BDL L is a co－atOm，if there exists  

no element between x and 乱 and x is not 且．  

By the definitionst the f0110Wing areirnmediate・  

Prop． Let X be a top0loglCalspace・  

＝f Xis a Tl－SPaCe，then O（Ⅹ）has the T－PrOPerty・  

Ⅹisnormal， （i）if andonlyif O（Ⅹ）is normal・  

Prop・ Let L be a BDL・L is compactif and onlyif   

everY maXimaiidealcontains a co－atOm・  

Prop． エf L is a BDL with the T－PrOPertY，then O（mL）   

is a completion of L and the related morphismis elWhere  

e（a）＝Va＜「mA  for a∈A・  

Prop。 Let A be an Ha．A is compactif and onlYif   

A 土s compac七．  

Prop． 0（mL） has the Tqproperty．  

（i） This 一一normal” has the・uSualtop0loglCalcontext・  
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Lernma 4．1 Let I｝ be a BDL and AT be a compact cHa with   

the T－PrOPertY・Andlet j：L ＋Al be an（帰一mOrPhism such  

that j（Ⅹ）＝且implies x＝且 and j‖L completelY generateS AY．  

0（m工）  Then，there exists a unique cH－mOrPhism d）  

SuCh that theleft diagram commutes． And  

＞ガ ¢ 土s surject土ve．  

Pr00f・Let ¢（Ue（a））＝ V j（a）．We prove the well－  
aく芸A a∈A  

defined‾neSS・Supposethat e（b）⊆よAe（a）and j（b）ヰH＾j（a）・  
BY the conditions，there exists c；j（b）Vj（c）＝ 且 ＆  

Vj（a）＞j（c）≠ 皿・Let ＝ be a maximalidealwhichincludes  
a∈A  

AU（c）． Then′ b does not belong to 工，Since bv′c＝丑． But，  

this contradicts to e（b）⊆ U e（a）  
a∈A  

Now′itis easy to prove thelernma．  

Notice that the condition TTj（Ⅹ）＝且＋Ⅹ＝丑”is equivalent   

to theinコeCtive－neSS for a BDL A with the T－PrOPertY．  

Lemma 4．2 Let L be a BDL． Andlet Ll be a compact   

● COmPletion of L and コ be the related morphism．  

0（m工）  ■ Then，there exists a unLque CH－mOrPhism   

坤：LT 十0（mL） such that theleft diagram   

COmmuteS．  

↑
L
 
 

e
 
 
 

山
T
 
 

－
 
－
 
r
 
 
 

ヨ
．
 
 

㌣
 
 

→1’  

Pr00f．Let 中（Ⅹ）＝ u（e（a）；j（a）≦Ⅹ′ a∈L）．Then，the  

unique－neSS Of 坤 and the fact ゆ・j ＝  e 

Zきゆ（Ⅹ）implies that j（a）≦Ⅹ and a車＝ for some a・  

So′ thereis b such that b∈＝ and aVb ＝滋． Hence，  
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xvVj．一＝＝且・ConverselY，ⅩVVj”＝＝且＿implies the existence  

Of a and b such that j（a）≦Ⅹ′ b∈＝ and j（a）V j（b）＝皿′  

by the compactness of A］．BY the property of j，aVb＝且，  

and so a年工・So′ 中座）＝（工；Ⅹ∨〉〕‖工＝且）・  

Now′itis easY tO Check that ゆ is a cH－mOrPhism．  

Theorem 4・l Let L be a BDL with the T－PrOPerty．   

Thent everY COmPaCt COmPletion of L with the T－PrOPertY   

isisomorphic t0 0（mL）．  

Proof． BY Lemma 4．2， ¢：0（mL）＋AT in Lemma 4．1is   

土nコeCt土ve．  

The next cor01larYis one characterization of the Waliman－  

COmPaCtification of a Tl－SPaCe・  

Cor011ary4・1（Wallman）Let X be a Tl－SPaCe・Then，  

0（mO（Ⅹ））is the unique compact completion of o（Ⅹ） with the   

T－PrOPerty uP ヒO anisomorphism．  

Cor011ary 4．2 ＝f L is a compact BDL， e：工j ヰ0（mL）   

is complete．  

Pr00f． Let コ be the related morphism of A． Then，   

］is complete． A is compact since A is compact． So， e   

is complete bY Lemma 4．2．  

Cor011arY 4．3 Let A be a compact cHa with the T－PrOPertY．   

Then， 0（rnA）isisomorphic to A．  
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Next，We ShallstudY about a normalcHa・  

Definition 4．3 Let A be a cHa・ U is the se七 Ⅹ  

（u；Ⅹ∨Ⅴ＝且 ＆u∧Ⅴ＝① for some v‡for x∈A・  

T：A一寸Ais the funCtion such that T（Ⅹ）＝ Vux・  

A＊ is the range of T．  

I，emma 4．3 Let A be a normalcHa． Then，T is a cD，止－   

morphism．   

pr00f・Ux⊆Uy ねr x≦y and so ワ（Ⅹ）≦；ワ（y）・  
For uをUx and u7∈U there exist v and vt suchthat  

Y，  
xVv＝YVvl＝皿 and u．∧Ⅴ＝ul′へVf ＝ O T by the definition・  

ワhen′ （Ⅹ八y）∨（Ⅴ∨Ⅴリ ＝＝迫 and（uノ＼u－）∧（vVv－）＝ ①・  

So′u∧u．∈U 
x∧y・ 

Hence［T（Ⅹ）∧T（y）＝T（Ⅹ∧Y）・  

Let u＊ be an elementof U 
xvy・ 
Then，there exists v★  

SuCh that xVYVv★＝：皿 and u＊∧Ⅴ★ 

there exist uo and vo suchthat xVVo＝yVv★Vuo＝且and  
uo∧Vo＝O・Aqain by the normality，there exist uland vI  

SuCh that YVvl＝Ⅴ＊VuoVul〒皿 and  ulへVl＝CD・Then，  

uo責ロⅩ and ul己Uy and u央≦uoVul・So′ で（ⅩVy）≦で（Ⅹ）冊（y）  
and so T（ⅩVY）＝T（Ⅹ）VT（Y）．Clearly，T（①）＝CD and T（皿）＝且．  

Lernma4・4 Let A be a normalcHa・Then，U 
T（x） ＝Ux  

and so T（T（Ⅹ））＝ T（Ⅹ）． And A＊is a cHa，Where theinfinite   

Sum in A＊ is as same as that in A．  

Proof・T（Ⅹ）≦Ⅹ ana SO  
UT（Ⅹ）⊆Ux 
・Let u be an element  

Of Ux・ThenlXVv＝且and u∧Ⅴ＝COfor s。me V・By the  
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normalitYT there exist wo and wISuCh that xVwo＝VVwl＝且  

and wo八Wl＝①・So′ WIGUx and ueUwl・Hence，u∈UT（Ⅹ）・  

BY Lernma4・3r A＊ is a BDL・Let X be a subset of A＊  

and Y＝Vx．Since T（Ⅹ）＝Ⅹ for x∈Ⅹ，Y＝ Vx≦T（y）・  

So′ T野）＝Y and hence y∈A＊・  

So， A＊ is a cHa and theinfinite sumin A＊ is as   

same as that in A．  

＝n the nextlemma we need to discern the operations of A   

and those of A＊ and so we shalldoit fixing A，A＊ or ＊ to   

the operations．  

Lemma 4．5 Let A be a normalcHa． Then， T＊（x）＝ Ⅹ   

forxをA★．  

pr。Of・Let uGU豊 and x∈A・・Then′ Ⅹ∨Ⅴ＝且and  

u′へⅤ＝CD for some v．ByI．emma4．1，T（Ⅹ）VT（Ⅴ）＝皿and  

＊ T（u）；・＼T（Ⅴ）＝0・So，T（u）∈U：・Hence，T－Tu…⊆U：＊⊆U： 
・  

Asindicatedbef。re，f。r u∈U…，thereis w∈UA suchthat X   

u≦で（w）．   

Theseab。VeSh。W Vu≡★＝Vu豊・Sor  

x＝Vu…＝Vu㌘＝∨吋…央・Hence′ 凹Ⅹ）＝Ⅹ・  

Lemma 4．6 Let A be a cHa．   

＝f T is theidentitY， A has the T－PrOPertY・  

＝f A is normaland has the T－PrOPertyt T is theidentitY・  

pr00f．Suppose七ha七 ⅩVc＝且 土mpl土es yVc＝且 for  

any c・Then，Ux5；UY and so T（Ⅹ）≦T（Y）・Bythese  
reasoning the first propositionis obvious・  

Suppose that T（Ⅹ）くⅩ for some x・The T－PrOPerty Of  

21   



A implies that T（Ⅹ）Vc≠且and xVc＝皿 for some c・BY  

the normalitY Of A， there exist u and v such that  

XVv＝CVu＝迫and uへⅤ＝ぴ・So・uGUx and u≦で（Ⅹ）・  

Hence， C VT（Ⅹ）＝且′ Whichis a contradiction．  

Theorem 4．2 Let A be a normalcHa． ThenI A＊ is   

a normalcHa with the T－PrOPertY．  

Pr00f． Let x and Y be elements of A＊ such that  

xv★Y＝且． Then，ⅩVY＝止h01dsin A．By the normalitY  

of A，there are u and v such that xVu＝yVv＝且 and  

u∧Ⅴ＝¢．By Le汀ma 4．3′ で（Ⅹ）V℡（u）＝ワ（y）＼／で（Ⅴ）＝皿 and   

T（u）｛＼T（Ⅴ）＝ 0・Hence，A＊ is normaland so A＊is a normai   

CHa with the T－PrOPertY by Lernma 4．4′ 4．5 and 4．6・  

Lemma 4．7 Let A be a normal cHa． Then， e ＝ e・T．  

Proof． ClearlY， e・T（Ⅹ）⊆e（Ⅹ）． Let ＝∈e（Ⅹ），then  

XVY＝血for some Y∈＝・BY the normalitY・ⅩVwo＝YVwl＝  

and wo∧Wl＝CD for some  wo and wl・Since wleUx′  

Wl≦T（Ⅹ）and so YVT（Ⅹ）＝且・Hencel＝∈e・T（Ⅹ）・  

Lemma 4．8 Let A be a normal cHa． Then， mA and mA＊   

are homeomorphic to each other・  

Pr00f． For ＝∈mA，1et エ★ ＝ ＝ハA＊． ClearlY， ＝＊ is an  

ideal・Supp。Se that x車＝＊ and x∈A＊・Then，Ⅹヰ＝・S。t  

XVY＝且 for some Y∈＝・Since T〔T）5；Y，T（y）＝＊・BY Lernma4・31  

ⅩVT（y）＝且 1n A☆． Hence′ 工★∈mA☆・  

Suppose that ＝＊ ＝J＊．BYIJernma4．7， a∈＝←ケT（a）e：＝   

＋ヰ T（a）已＝＊ ヰ→・T（a）∈J＊ ←ト T（a）∈Jヰ→ a∈J． S0． ＝ ＝J・  
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AnYidealof A＊ can be extended to a maximalidealof  

A and so the above correspondenceisinコeCtive and surコeCtive・ l  

By Lernma4．7，1∈e（Ⅹ）十ヰ＝∈e・T（x）ヰヰ＝＊∈e★・T（Ⅹ）・  

Cor011arY4・4 Let A be a normalcompact cHa・Then′   

0（mA） 土s 土somorph土c to A☆．  

Proof． The compactness of A implies that of A＊・BY   

Th．4．2，Lerrma 4．8 and Cor．4．3，the cor01iarYis clear・  

LeIma 4．9 Let A be a normalcompact cHa ana L be a   

sublattice of A which completelY generateS A and contains   

LD ana 且． Andlet 4）be aぴ．且－mOrPhism from L to L一，   

where LT is a BDL．  

For ＝∈mL， there exists a unlque maXimalidealof A  

that土ncludes エ¢＝（Ⅹ； 中（Ⅹ）∈工）．  

pr00f．Since 温ヰ＝¢．thereis amaximalidealwhich  

includes ＝¢■ Suppose that there exist such differentidealsr  

then there are different co－atOmS a and b such that  

V：¢≦a八b．Then，aVb＝且．BYthenormalityof A，  

aVu＝ bVv＝（u今a）V（Ⅴゴa）＝ 且 for some u and v． Since   

L completely generates A and A is compact，there are  

elemen七S uo′ul′Vo and vl Of l such七ha七 aV■uo＝bVvo  

＝ulVvl＝凰 and uo＾ul＝Vo∧Vl＝0・Then，uo and vo  

¢ donotbelongto ＝・Sot ¢（ul）and ¢（vl）areelements  

。f 工・Bu七′ 且＝¢（ulVvl）＝中（u⊥）V¢（vl）ヰエ・Wh土ch土s absurd・  

Lemma 4．10 For ＝∈mL一．1et f（＝） be the maximalideal  
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Of A whichis determined bYI｝emma 4●9． Then′ f：mLI＋mA  

is a continuous function．  

＝n additionif 4）（Ⅹ）＝¢implies x＝①in the condition  

Of Lemna 4・9， f is surjective．  

proof・Let ＝ be an element of f－le（Ⅹ）．Then′  

Vf（工）ソⅩ＝ 止 and so Vf（工）Vu＝ⅩVv＝且 ＆u．へⅤ＝ひfor  

SOme uandvin L・Sot ＝∈Ⅴ 
¢（u）・ 

LetJbe anelement  

of V 
ゆ（u）・ 
Then′ ¢（Ⅴ）∈J・So′ VeJゆ andhence f（J）∈e（X）・  

So． f is continuous．  

Let a be a co－atOm Of A and ＝ be the subset of L7   

defined bY the f01lowing： Ⅹ∈＝ヰ→uVa＝皿 ＆ u＾Ⅴ＝CD ＆ Ⅹ≦¢（Ⅴ）   

for some v∈L and some u． Then， ＝ is anidealof L，and  

且車＝ by the condition・Let ＝ be the maximalidealtha  

contains 工・Suppose that a≠ Vf（f）．Then，aVVf（吉）＝且．  

BY the property of A and L，aVu＝ Vf（亨）∨Ⅴ＝且 ana  

u予Ⅴ＝ CD for some u and v which belong to L．BY the  

definition of ＝， 4）（Ⅴ）∈＝ and so v∈f（亨），Which contradicts  

to the fact Vf（雷）Vv＝止．Hence′ fis surコeCtive．  

Let C be the conコunCtion of the f0110Wing conditions：   

l）A is a normalcHa andis completelY generatea bY a  

Subiattice L with ① and 且．   

2） A－ is a cHa andis completelY generated bY a Sublattice L一．   

3） ゆ is a cH－mOrPhism from A to A， and ¢，．L⊆ L7．   

4） p is a cH－mOrPhism which makes  O（mLl）  

p
 
 

↓
A
 
 

可
・
′
一
′
｝
 
 
㌧
 

／
′
－
 
 

†
⊥
 
 
工
 
 

e
 
 
 

the right diagram commutative．  
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■    Theorem 4．3 under the condition C，there exists a unlque   

continuous function f：mL ＋mA such that theleft diagram  

commutes． 工n additionif   

ゆ（Ⅹ）＝ 也土mpl土es x＝¢ ′ ヒhen   

l f 土s suごっeC七土ve．  

0（瓜■）← 0（咄  
I  1＝T Å 爪 

－
I
・
i
A
 
 

Pr00f． Let f be the function defined in Lemma 4．10．  

Then′f‾1e（Ⅹ）＝ 
。 

u∈W ヰすu∈1＆ u∧Ⅴ＝①＆ Ⅹ∨Ⅴ＝ 且 for some v． X  

On the。therhand，Ⅹ＝Vwx for x仁A＊ bY the compactness・  

s。，p・f‾1e（Ⅹ）＝ ∨¢（u）＝¢（Ⅹ），  
ue・W X  

Suppose that a continuous function g：mLT ＋rnA satisfies  

the diagramin the theorem and g≠ f．Then， f（＝）≠g（＝） for   

some ＝∈mL一． so′ there exist u and u－in L such that  

Vf（工）Vu＝ Vg（＝）∨′ul＝ 温 and u∧ul＝1ゆ・Since  

＝∈f－1e（u）［rg－1e（uT）t thereis vin L－ such that  

＝∈eL・（Ⅴ）⊆f－le（u）ハg－1e（u7）・Hence，  
c）≠Ⅴ＝P・eL一（Ⅴ）≦p・f－1e（u）′へP・g－1e（u亨）＝＊（uハu・）＝①′  

which is a contradiction．  

Since mA is a Hausdorff space and O（rnA）isisomorphic   

to A＊t the uniqueneSS Of the continuous function f has  

the same meaning of theun1queneSS Of the cH－mOrPhism from   

A永 to O（m工」－）．  
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喜5・Completions and co－PrOducts  

＝n Def・4・2t we have defined properties of BDLTs・ ＝n   

this section we shallstudY about the preservation of such   

PrOPerties under the operations defined alreadY・  

Theorem 5・1 Let A and B be BDL－s． A命B is compact   

if and onlYif A and B are compact・  

Pr00f． Let ＝ be a maximalidealin A⑳B and  

工A＝（Ⅹ；1A（Ⅹ）∈工）and 工B＝（y；1B（y）∈i）・Then・工A and 工B  

are maximalideals． So′ there are co－atOmS a and b such  

that a＝ ∨工A and b＝ V＝B・Then7iA（a）ViB（b）is a co－atOm  

and belongs to ＝．  

The compactnessis not preserved under aninfinite co－  

PrOduct・Let An be a compact BDL，Cn be a co－atOmin  An  
andin betheembedding：An ＋盈An，foreachn＜W・LBt  
lbethesubsetof票uAn suchthat x∈：ifandonlYif  

X≦蕊ik（ck）forsome n・Then，：isanidealanddoes  
not con七a土n a′ bu七 Vエ＝止holds．  

Differing from the compactnesslthe T－PrOPertY and the   

normaiitY are PreSerVed underinfinite co－PrOducts．  

Theorem5・2 Let Lα be a BDL for each α∈A・  

Lα hastheT－PrOPerty，ifandonlYif ㌔ hastheT．propertv  

A  

foreachα∈＾・ La isnormal・ifandonlYif㌔isnormal  
A  

for each αGA．  
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i（ao）峯b・Let X be the subset of A definedby‥ Ⅹ∈Ⅹ⇔  

Ⅹ≦a。＆i（Ⅹ）≦b・Then・ViT・Ⅹ＝i（a。）∧bくi（a。）・So・Vx＝ao  
does not h01d・Since x≦ao  for each xをⅩ′ there exists al  

SuCh that x≦alfor each x∈Ⅹ and aoキal・By theT‾PrOPertY，  

there exists c suchthat aoVc＝且 and alVc≠且・Then，  

avi（C）＝且・Supposethat bVi（c）＝且・Thenl（i（ao）八b）Vi（c）＝且  

andsoVi”ⅩVi（c）＝瓜・Hence，i（alVc）＝i（al）Vi（c）＝且′  

whichis a contradiction．S0．bVi（c）≠ 且．  

Let a and b be elements of A such that a辛b・Then，  

there exists c in 亘 such that i（a）Vc＝且 and i（b）Vc≠ 且．  

Since c＝V（i（Ⅹ）；Ⅹ∈A＆i（Ⅹ）≦c）and c≠弘，there exists c。  

in A suchthat c≦i（co）and co≠且・Then′ aVco＝且  

and bVco≠且・  

Theorem 5．4 Let L and L－ be a normalBDL and a compact   

complete BDL respectivelY． ＝f there exists an W，且qmorphism  

］：L＋L7 such that j71L completelY generateS L－ and j（Ⅹ）＝鼠  

implies x＝旦，then Ly is normal．  

Pr00f． Soppose that xVY＝弘 for x′yGLl．Then，bY the   

COmPaCtneSS and the propertY Of コ′ there exist a and b  

such that j（a）≦Ⅹ and j（b）≦Y and aVb＝且，BY the   

normalitY，there exist u and v such that aVu＝ bVv＝ 且  

and uへⅤ＝Cb・Then′ ⅩVj（u）＝YVj（Ⅴ）＝且 and j（u）∧j（Ⅴ） ＝O・  

CorollarY 5．1 ＝f L is a normalBDL，then O（mL）is   

normal．  

Proof． The morphism e：L ＋0（mL） satisfies the condition   

Of the theorem．  
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0 幸 

Byle：；；：1′ 

SOme a孟7b5，FjandG 
j・ Then，よ．1α（aま）ヰα霊kiα（b≡）for  

コ  

some j and k. We now define c for clEF 
j・ 

＝f α∈Gk′then  

a三幸b慧・Let cα betheelementsuchthat a孟vcα＝軋and  

b慧Vcα≠且for α∈Gk・Andif α∈Gk′ a孟≠皿・Let cα  

theelement suchthat a孟Vcα＝且 and cα ≠皿f。r α∈Gk・  

Let c＝よ．1α（㌔）・Then′aVc＝且and bVc≠丑・  
コ   

and aVb＝凰・  
Let a and b beelementsof慧ALα   

be  

よぅiα（a孟）andb＝A霊klα（b慧）   
ByLen皿a3・1′ a＝ハ  

コ＜m  

for  

s。me aま′b慧rFjandGk・WithoutanYloss。fgeneralitY，We  
● canassune Fj＝Gk＝F for j＜mandkくn・Then，a孟Vb慧＝皿  
for some α（主F，for each jくm and k＜n． BY the normalitY Of  

㌔L  foreach αGA′there exist ujk andv jk  SuCh that  

jk 嘉iα（aま）Vu ＝且and嘉iα（b慧）Vvjk＝且and ujk∧Vjk＝O  

for］くmandk＜n・Let u＊＝コ霊よnujk  and v★＝kAvjk・ ■   
でhen′ aVu★＝bVv女＝ 且 and が∧Ⅴ貪＝ び．  

On the other handlthe T－PrOPerty and the normalitY Of L  

Canbededucedfromthoseof盈㌔reSPeCtivelY・  

Theorem 5．3 Let A be an Ha． A has the T－PrOPertY，if   

and onlYif A has the T－t）rOPertY．  

Pr00f． Let i be the embedding：A＋A． For anY atb∈  

SuCh that a睾b・there exists a。∈A such thati（ao）≦a and  
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Cor01larY 5．2 ＝f A is normalBDL，then O（mL）is   

normaland compact．  

Pr00f． Since A is compact and theinclusion map：A十A   

Satisfies the condition of Th．5．4．the cor01larY h01ds．  

0与A  

The normality∧does not alwaysimply that of A・We shall  
i）   

See SuCh an examplelater．  

Aαis  
Theorem5・5 票AAαisisomorphicto 票A瓦α′Where   

an Ha for each α∈A．  

Proof・Let iα and コα  be the embeddings definedin Def・3・i  

as 土nd土ca七ed 土n 七helef七 d土agram．   

Then，there exists a Q，皿－mOrPhism   

ゆ that makes theleft diagram   

COmu七a七土ve′ by Th．3．1．  

Aαこラ Aα  
／
／
 
 
 
町
広
 
 
 

・
⊥
 
 
 

、‾－tl三三  
一‥ラAAα  
∴
¢
・
 
 

α
 
A
 
 

恩
 
 
 BYTh・3・2，AαisanHaandsointhescopeofCor・2・lwhat  

A  

We muSt PrOVeis that 4）isinjective and complete and the  

rangeof¢ completelYgenerateS盟＾瓦α・：nthiscase′ ¢is  
ClearlYinコeCtive and the range ofit completelY generateS  

Supp。Se that 中isn。t C。mPlete・Then，thereexist aα，a買′  

finiteFandfiniteF入SuChthatよiα（aα）＝入法A入土α（a買）but  

S。′七hereex土st∃  

よ急jα（aα）幸入法よ入コα（a買）・  

入 土nAαandf土n土te G such七hat£jα（aα）£鳥∃α（㌘）知  

i） After the completion of this paper，the author has found   

SOme reSults of C．H．Dowker，D．Strauss and H．Simmonsin ［l］，   

【2】and［11］・ He has noticed that manY SeParation axioms there   

are preserved under the canonicalcompletion and the co－PrOducts・  
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each入∈＾but£jα（aα）竿霊jα（6a）                                                       l  

Here．  

aα≠ぴf∝ α∈F＆αヰG．aαヰ㌘for αとF＆α∈G and 古α≠且  

for α車F＆（ユ壬G・Let cα be the element。f Aα foreach  

α∈G such that aα＾5C＊5＝cα5：aα for α∈F and 石α≦c－α＜且for  

入 α年F・ThenT£1α（a買）≦藍iα（cα）知each入∈Abut  

£iα（aα）ヰ嘉iα（cα）・Whichisabsurd・So′q）iscomplete・  

＝n the rest of this section，We Shallinvestigate abou七   

OPen algebras．  

Theorem 5．6 Let X and Y be top0loglCal spaces． Then，  

0（Ⅹ×Y）isisomorphic t0 0（Ⅹ）㊤0（Y）．  

Pr00f・Let jx：0（Ⅹ）十0（Ⅹ×Y）and コY：0（Y）＋0（Ⅹ×Y）be  

the cH－mOrPhismsinduced bY the proコeCtions． Then，bY Th．3．1，there  

exists a unique q′且－mOrPhism ¢  

that makes theleft diagram   

ll COmuta七土ve′Where lx and lY  
are the embeddings definedin   

De王．3．1．  

（ 

li jx  

＼ 

二こプ：×Y’   
0（Y）  

Ⅹ／  

仁′  

0（Ⅹ）⑳0（Y）一  

．R     IY  

．By Th．3．2， ○（Ⅹ）㊤0（Y）is an Ha． So，What we must proveis that  

¢ isinjective and ¢ preservesinfinite sums and the range of  

申 completelY generateS O（Ⅹ×Y）．  

Suppose七haセ コⅩ（u）八コY（Ⅴ）≦jx（u－）VjY（Ⅴ－）・蝕a七土s  

・uXvこ u－xYしノⅩ×Ⅴ－． so′ u⊂u－ or v⊂Ⅴ讐．Hen⊂e′ ¢ 土s 土njec七土ve．  

To show the preservation ofinfinite sums，itis enough to  

treatthecaseix（u）′へiY（Ⅴ）＝ふix（uα）八iY（Ⅴα）・Supposethat  

jx（u）！rjY（V）芦α呈jx（uα）へjY（Ⅴα）・Then，thereexist x and Y  
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such七ha七（Ⅹ′y）∈uXV and（Ⅹ・y）ヰuα×Ⅴα f。rany αeA・  

1Ⅹ（uα）∧1Y（Ⅴα）去土Ⅹ（Ⅹ一夜‖∨■土Y（Y－‡封）f∝eaCh α∈A′bu七  

1Ⅹ（u）∧iY（Ⅴ）ヰ1Ⅹ（Ⅹ－（＝））ViY（Y－（il）・These c。ntradict to the fact  

土Ⅹ（u）∧土Y（Ⅴ）＝よ土Ⅹ（uα）∧土Y（Ⅴα）・  

The range df 4）forms a base of XXY and so completelY   

9enerateS O（Ⅹ×Y）．   

工e汀皿a5・1mムα 土shomeomor担CtO もα・  
A   

Pr00f． We use the same notation asin the pr00f of Lemma 3．2・  

ByLema3・2・itissufficienttoprovethat＝αbelongsto  

m㌔formaximalideals：α 7s（α∈A）and（エ）αismaximal  

for a maximalideal l for each αeA． Suppose that  

j 
，監£jlα（a冒）ヰ鮒℡hen・Aiα（a冒）ヰ慧A：αforsomej＜m・  
S。′a定工foreach 

α∈Fj・ 
TheseimpIYthat＝αismaximal・  

α A  

The otherimplica七ionis obvious．  

C。rOllary5・3 0（p（L6）Ll）） isisomorphic to O（d，L）珂0（PL一）・  

And O（mく1㊥エー）） 土s 土somorph土c t0 0（mL）⑳0（mIjt）．  

Pr0Of． ＝tis clear bY Lemma 3．2，Lemma 5．land Th．5．6．  

We have proved that the canonicalcompletion of a finite   

CO－PrOduct of open algebrasis an open algebra． However，in the   

CaSe Of aninfinite co－PrOduct，that does not h01d．  

Let Xn be a discrete space of two elements for each n・  

Then，0（Ⅹn）isaBo01eanalgebraandconsequentlY盈0（Ⅹn）is  
aBo。1ean algebra andis c。－atOmless・S。′ ⑳0（Ⅹn）is a complete                                             n＜u  
Bo0lean algebra and atomless・ Thisis the regular open algebra   

Of the Cantor space． ＝tis well－known that an atomless complete  
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B00lean algebra cannot be an open algebra．（Remind that there   

exist no cH－mOrPhism from an atomless complete B00lean algebra  

to（O）皿）・）So・inmost casesr ㊦0（Ⅹα）is not an open algebra                               αをA  

for aninfinite A． ＝tis contrasted with the case of regular open  

algebras・For，RO（Ⅹα〉isisomorphicto RO（Ⅹα）・（cf・［3］）  
A  

As stated before，the normalitY Of an Ha A does notimpIY   

that of A．IJet X be a normalspace such that XxX is not   

normal． Then， 0（Ⅹ）⑳0（Ⅹ）is normaibY Th．5．2． On the other hand′  

0（Ⅹ）くg）0（Ⅹ）isisomorphic t0 0（Ⅹ×Ⅹ）and．sois not normal．  

56 Complete HeYting algebrasin a Heyting extension  

＝n this section，We ShallstudY about a completion of a co－   

PrOduct and a completionin a Heyting extension． So′ We aSSume   

that the readers are familiar with an extension of a universe of the   

Set theory with a cHa．（cf．Grayson［7］and Takeuti［13 ユ）   

we shallusethenotation 阻◎』（H）or 旺◎月 forthevalue  

of ◎in a cHa H・Asin［12］r we assume that V （H）is seperated，  

1・e・ ．Tx＝Y一一is equivalent to”駐Ⅹ＝Y皿＝ jL．T・Just asin a B001ean  

extension，is the element。f V （H）s。。h that d。m￥＝（y；Y∈Ⅹ‡  
H and range貰⊆（且）。合istheset（Y，虹yらⅩ玉＝軋‡．wesay 一一◎  

isH－Valid7・，if 肛◎頂（H）＝且・  

Asindicatedin【13］，the maximalprinciple does not alwaYS  

h01din v（H），but aweak formofith01ds．Next threelemmas can  

be proved asin the case of a B00lean extension and the proofs can   

be seenin［13】． So′ We Omit them．  

Lernma6・l＝f 江ヨ！Ⅹ◎（Ⅹ）コ（H）＝丑′thenthereexists uin  

v（H）suchtha七 駐◎（u）ヨ （H）＝皿・  
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Lernma6・2 Let ◎（Ⅹ0・・‥′Ⅹn）be a△0－formula・Then，  

駐◎（首0・…′妄n）ヨ＝鼠ifandonlYif ◎（Ⅹ0・… 
′Ⅹn 
）h01dsan  

駐◎（Ⅹ0′…′Ⅹn）コ＝（pif and。nlYif ◎（Ⅹ0′… ′Ⅹn）d。eS nOt hold・  

＜  
Lemma 6．3 ＝f ”E？is a cHa”is H－Valid． E？is a cHa．  

Theorem 6．1 Let H and S7 be a cHa and an Ha respectively．  

H  
（H） 

An。1et bethe。an。ni。alc。m，1eti。n。fin V．  

争  
Then． 日  工s 土somorph土c 七O R（H）拶n．  

Proof． Let ◎（＝） be the formula that asserts ．I＝ is a  

、′ ＼．／ 

ヽ／ closed土deal土n ロー－′ 土．e．∀Ⅹ∈n Uy∈n（Ⅹ仁王 ＆y≦Ⅹ＋y∈工）＆  
ヽ／  

∀Ⅹ∈首（∀。∈Ⅷ（Vy壬n（y∈エ＆y≦Ⅹ→y£u）十Ⅹ宣u）＋Ⅹ∈工）．  

Suppose that ◎（＝）is H－Valid． Then，We Can aSSume that  

＼／ ヽ／ ）′  

d。m＝＝d。mn and x≦yimplies ＝（）≦＝（Ⅹ）and  

＝（芸）へ工（y）＝＝（芸vぎ）f。r ea。h x．Y∈n．For each xe  

∧ ∧（工（ぎ）ノ、江ぎ≦鉦初夢≦遥』）朝ざ≦岩』）≦エ（貰）．S0．  
u壱n yさn  

＾（jへ（＝（首）⇒庄）？d））≦ ＝（鉦．Theleftpartof thisinequalitY  
uくⅩ y≦Ⅹ  

y卓u  

is equalt00r greater than（＝接）．⇒虻）⇒CD．Hence，＝（富）is  

a regular element of H． So，We Can aSSume that an element of  

isaf。n。ti。nWhi。hma，S d。mint。R（H，． i）  

We nowdefine jR（H）（p）and コn（q）for p∈R（H）and  

qヒn aS f01lows・  

i） Dr．HaYaShihas pointed out that after this point we maY WOrk  

in V （R（H）），beca。Se評全音R（H）．However，regularelementshave  

animportant r01e for the calculationin V（H）andhereis an  

example・ So，We PreSent the origlnalpr00f．  
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ヽ′  

are bo七h dom n．  The domains of jR（fI）（p）and〕n（q）  

コR（H） 
（p）（富）＝軋 for xニ①′  

＝ p Otherwise．  

ヽ′ ● コn（q）（Ⅹ）  ＝ 且 for x≦q′  

＝ ① 0七herw土se．  

Then，◎（jR（H） （p））and ◎（jn（q））are H－Valid for each p∈R（H）  

and eacb q亡n．  

A straight calculation shows the f0110Wing：   

コRは） 
（p）八jn（q）（富）＝皿  for x＝α′  

＝ p  for x≦q and x≠ぴ′  

＝ 0  0therwIse．  

コR（H） 
and コn are CD；a－mOrPhisms・Sor by Th・3・l・there exists  

R（H）  a unique CD，且－mOrPhism ¢ such  
ユ川＿．＿＿、ノー／ － 
R（H．レ／   

／  
鍵   thattheleftdiagramcommutes・  
n  R（Hy雪  

ン  下＼＼＿  ゆ  
／  

㌃＼■．／ 〕。  
Suppose that jR（H） （p）∧jn（q）≦jR（H） （p’）Vjn（q7）and p車P’－  

Then，thereexists r∈R（H）suchthat cD≠r≦軋首∈jn（q！用・  

So′ q宝q，h01ds by the definition of jE？and hence 中is  

土n］eC七土ve．   

Le七 巌AIR（H） （p）八土n（q）＝ i R（H） （po）∧土n（qo）・  
（。′  

ヽ．′  

Andlet A be the subsetof nin v （H）definedbythe fo110Wing．  

A（￥）＝VR（H）｛p；ヨq（Ⅹ粥＆（p′q）机）｝ 知 Ⅹ≠α and  

A（這）＝且・Let ＝o be コR（H）（po）八jn（qo）・1f紅◎（＝）刀＝且  

and 紅iR（H）（p）八in（q）⊆：刀＝鳳foreach（p・q）∈＾r then甘A⊆：距且・  

BY Lernma 2・2，the unlque minimalclosedideal ＝ that contains                                                                                    ●  

事I  

A exists． BY Lemma 6．1，We Can aSSume that ＝ is an element of n．  

Cleady 紅吉⊆工0頂＝乱・  
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s土。。e 甘∀Ⅹ正吉∀y摘（Ⅹ≦yすⅩGA沌＝＝ 丑′  

駐Ⅹ∈i頂＝紅Ⅹ∈冨＆Ⅹ＝V｛y；y∈景＆y≦Ⅹ＆y∈A）刀 bylemma2．2．  

Weclaimthat：。isequalt。：・Supposethat p。・£駐も∈f』  

d。eSn。th。1d・Then・Since 蟻∈吉』isaregular占1ement，  

thereexists p．∈R（H）suchthat CD≠pT≦po and p7八嶋∈亨E＝0・  

蠍畑戊 
。。 u。 

s。′thereexists。＜q。S。Chthat p”＝ P∧（A（￥）朝，≠飢  

Then，P一・ER（H）and pH八A（y）＝CD foranY Y；Y≦q。and yヰu・  

Sincel 
R（H） 

is a cH－mOrPhisml  

釦土R（H） 
（。′ （p）へ土n（q）＝よ土R（H）（A接））へ土n（q）・  

餌s。・土 
R（H） 
（p。）ハエ。（q。）＝ ∨土R（H） （A（宣）＜土詑（q））・  

q鋼o  

Hence′  工R（H）（p－－）八土。くq。）＝ ∨⊥R（H） （A（首）一へp‖）∧土。（q）  
q≦q  

0  

（A（首）へp‖）∧土n（q）  

＝よ主R（H）  

呈土R（H） （p－－）八1n（u）′ ■   

Which contradicts to the fact that u＜qo・So′ ¢ preserves  

土nf土n土七e sums．  

＝∨（jR（H） （p）∧j。（q〉相克（H） （p）∧j。（q）⊆エ』＝且）  

S土nce jR（H） （Ⅰ（首））八コ。（q）≦Ⅰ′Ⅰ（首）≦紅ざ責エ・刀  

1e土  工†  

轟i  

for エ∈口．  

for q∈・n． So′ エ ＝ エー．  

Cor01lary 6・l Let B be a complete Bo01ean algebra and  

。beanHa．Then′土s土s。m。r。h土。t。B鋸．  

Pr00f． ＝tis clear form the theorem and the fact：B ＝ R（B）．  

For B001ean algebras B and C， B拶C isisomorphic to  
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the co－PrOductin the category of B00lean algebras and the  

CanOnicalcompletion of B as an Haisisomorphic to the   

canonicalcompletion as a Bo01ean algebra・ Sor Th・6・lis   

a gerleralization of the next result of Kunen and Sco七t・  

Corollary 6．2 （Kunen and Scott［12］） Let B and C be  

c。mPleteB。。1eanalgebras．Then，isis。m。rPhi。t。B⑳c．  

Theorem 6．2 Let L and L－ be distributive lattices．  

Then， 花T］Lisis。m。r。hict。4（L＠L7），Where  距T3Lis  
土n v 直） 

pr。。王．ByエeImal．1′ ‖拍化  土sa。Ha‖ 土s由一Val土d．  

コL and jLT be the fo11owing W，弘一mOrPhism：  

コ1：い 花直andコも（a）（盲）＝且  知。＝①．  

エ 
0七W土 

コも，：L・十紳 an。榊，（）且。  

1e七  

＝¢○七herw土se．  

Then′ コL（a）へ〕も，（q）（古）＝且   f。r p＝α′  

＝エa  
forび≠p≦q  

＝ ⑦  otheごW土se′   

for each a L and p，qeLT．  

BY Th．3．1，there exists a unlque 〔‡一皿   

morphism ¢ such that theleft diagram  

COmu七es．  

Then，there exists a unlque CH－mOrPhism   

ゆ SuCh that theleft diagram corrmutes，   

by でh．1．2 and Cor．1．2．  

てさ二 
＿． 

勇  
もl  

ムI  

j（Lβエー）  

′「－  

土  

．へ  

ラ   箋克・ガム  1⑳エー 人  
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／＼．  Let ＝∈細jL，then a∈＝（ざ）implies jL（a）＾〕L一（p）≦エ  
foreacha（三LandpらLT．so，  

∨（jL（a）へ〕もー（p）；jl（a）・へjL管（p）£工‡＝工・で出smeans七haモモhe  

range。f¢c。mPletelYgenerateS花T9L ．He。。e，ゆiss。rjective  

by でh．1・2・  

Now′let X be the set；   
p  

（a；ヨF（Fis a finite subset。f A ＆a≦∧（F）0＆p≦V（F）1））′  

Where（F）kis the set－Of the k－th co－Ordinates of elements of F・  

Claim）LetJ＝V（i（iL（a）八iL．（p））；（a・P）∈＾）forJ∈4（L＠LT）・  

Then′ 冊）（㌫＝＝（Ⅹp）・   

1et K（旨）＝エ（Ⅹp）foreach p亡エl・Then′Ⅹ（芯）＝1＝＝nand  

p≦qimplies K（盲）≦Ⅹ（ざ）．Let x∈Ⅹ（盲）′＼K（首l），then thereexist  

hl， ‥l thm・hi・l‥and hよ SuCh that  

1霊mh土∧h∋and h土空Ⅹp知1≦血  
1≦〕≦n   

Since hi＾h3∈Ⅹ 
pvpT  
foreachl≦iSm   

So′紅ⅩG丹頂＝且・監〕1（頼＼〕1－（p）⊆K刀＝已  

．一中（J）i；KT■ is H－Valid． On the other hand，   

ゆ（J）＝ K． Now，We have proved 七he claim・  

Ⅹ≦Vh土へ1基。h∃    1≦i≦m  

for lま〕≦n．  

x痘Ⅸ（p－）．  

and hlらⅩ 
p，      ］  

and l宣j≦n′  

for each （a，p）∈A． so，  

甘K⊆中（J）m＝ 瓜．Hence，  

Suppose that u（＝）＝u（J）and ＝幸J・Then，there exist a  

and p suchthatiL（a）八土L・（p）∈工 butiL（a）ハiLl（p）章J・  

By七heclaれ a 叫ほ）（首）＝中川く首ト ムe七 △＝（（a′p）；11（ah土1響くp）空れ  

then there exi＄t alT… and finite subsets Fl， … 

′an  ′Fn  
of △  

such七ha七 a≦alV…Va。′ a土忌〈（Fi）。and p≦∨け⊥）1forl≦土ゞn・  
SinceJis anideal，（∧（Fi）0・V（Fi）l）を△ f。reaChl≦isn・  

So′（ai，P）を△ foreachl≦i≦n andso（1よnai，P）GA・Hence・  
（a，P）∈△ whichis a contradiction． So， ゆ isinjective・  
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Cor011arY 6・3 Let 工」and LI be aistributivelattices・  

でhe。′ 
詭直  isisomorphic to iI，tPiL一．  

Pr00f． j（L命L一）isisomorphic to jLく重けLT，by Cor・l・2，  

Lernma 3．2 and Th．5．6． Now′ the cor011arYis clear from the theorem4  

The nextlemmais an easy consequence of Lemma 6・2・  

ヽノ  

川 Ⅹ 土s  Lemma 6．4 IJet X be a topologlCaL space・ Then′  

at。P。1。gi。alspacewithabaseT）・TisH－Valid．  

Theorem 6．3 Let H be a cHa and X be a topologlCalspace．  

へ  〉  

Then， 0（幻 isisomorphic to HaO（Ⅹ）， Where O（Ⅹ）is an open  

algebr主。fthe t。P。l。gicalspace  withitsbase ）in V （H）   

Pr00f・Let jHd j。 befunctionsdefinedbythe  

f0110W土n9： 

（ 

＝ ¢ otherw土se．  

Then′］H and コo are O）且－mOrPhisms・So′there exists a  

q且－mOrPhism ¢ such that theleft  

diagram commutes，by Th・3・l．  

へ′  
Le七 Uを 0（Ⅹ）′ then  

≡‡＝＝＝ー＝モ  

←ヽ／′  

紅芸告U』＝註ヨP∈0（Ⅹ）；ざ与p＆P⊆U』＝ ㌧／甘首ゝU』for xeX・  
Ⅹ∈P  

Pだ0（Ⅹ）  

S。′ U＝∨（jH（h）．へj。（P）；jH（h）＾j。（P）≦U），i・e・therangeof ゆ  

／ゝ  

COmPletelYgenerateSO（Ⅹ）．   

supposetha七 jH（h）∧j。（p）≦jHくh－）Vj。（p－）and p皐p－ for  

SOme h，P，hland PT・Then′thereis xo in P thatis notin Pl・  

コH（h）∧〕。（p）（範）＝h andコH（h・）∨ヨ。世）（範）＝h讐 andsoh飢－・  
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Hence，¢isinjective．   

LetiH（h。）八i。（P。）＝V（iH（h）∧i。（P）；（h，P）eA†f。rSOme A・  

Supposethat jH（ho）∧j。（Po）幸∨（jH（h）∧j。（P）；（h，P）∈A）・Then′  

there exists xo∈P。SuChthat hoヰh占′Where  

h占＝〉加Ⅹ。己p＆（h′P）丘Aねrs。meP）・Ⅹ0車P 土mpl土es（再‡ハp＝申  

and s。土mpl土es P⊆Ⅹ－（再）礪 S。′1H（h）ハエ。くp）≦iH（h占）Vi。（Ⅹ－（再1）  

for each （h′P）∈A．  

On the other hand，1H（h。）∧i。（Po）∧（1H（hら）Vi。（Ⅹ－‡Ⅹ0）））  

＝（1H（hら）ハ土（po））∨（1H（ho）八⊥。（po一（Ⅹ0））） l  

＜iH（ho）／＼io（Po）′ Whichis a contradiction・  

Cor011arY 6・4 Let X and Y be topologlCalspaces and  

V O（Ⅹ） be an open algebra of the topologlCalspace X withits  

base。）土n v 
（0（Y）） 

．   

The。，）土s土s。m。叩hl。七。。（Ⅹ×Y）．  

ノ｛＼  

pr00f．Byでh．6．3，占（貰）土s土somorph土c七0 0（Ⅹ）ゆ0（Y）and  

SO 土s 土somorph土c 七0 0（Ⅹ×Y）．  

＝n the preceding three theorems，We haveinvestigated the  

へ structureof n for some cHa nin v（H）．BY the theorem of  

Fourman and Scott【4】′ Our reSult can beinternalizedinto  Ⅴ（H）  

1n SOme SenSe・ For that，We Shallintroduce their results by   

a different presentation． 工n many cases we shallomit the proofs，   

Since they arein［4】and essentially as same asin the case of   

B001ean extensions．［12］  

Lemma 6．5＊ Let n be an Ha and F be a filter of it．  

Then・％is an fIa・Where γ妄is thequ。tient bYthe  

equivalence relation （（a，b）；a⇒b∈F and bニ争a∈F‡．  
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Pr。。f・Let T：n・兢 be the can。nicalqu。tientmap・  
Thent 7Tis a strong H－mOrPhism and n／F  is an Ha・  

Let H and E2 be cHa！s． And let F be the element of E  

v（H）suchthat dom㌔＝dom冨and㌔（旨）＝∨｛h；E（h）≦p｝′  

V Where ∈：H＋E？is a cH－mOrPhism・Then，TIFEis a filter of nn  

is H－Valid． BY Lemma 6．5，  is an Ha■T is H－Valid． We  

denote the canonicalquotient map bY 7T．  

Lemma6・6 旺T（首）≦；¶（竃）茸＝V触E（h）≦p朝‡f。r p．q∈n・  

ConsequentlY，  

、／ 

．＿  a）蟻紅T（苗）≦T＝q）ぷ 土f andonly土f E（h）．≦p⇒q′   

b）h≦こT（さ）＝T（盲）ごif and。nlYif E（h）八P＝E（h）＾q・   

pr。Of・虹丁蘭室町（盲〉』＝紅什這）皇T（占箋q）．召＝ 蒜q∈F∈  

＝V鮎 E（h）這pやq）・  

BY the completeness of E′ a）and b）are clear．  

BY Lemma 6．6，We understand that   

defined in Th．8．13 of［4］．  

is the same thing  

′＼  

軽′右  上s   
Theo工・em 6．4   

土somorph土c 七0 幻．  

is a cHa －1is H－Valid and  

Lemma 6．7（Fourman and Scott［4】） Let 一一 E？is a cHa 一一  

isH－Valid．Then′f。ranyX∈V（H）．there exists xT∈昔  s。Chthat  

仁Ⅹ＝Ⅹ－コ ＝紅Ⅹ∈n．』・  

Thislemma implies that as far as concerning cHa？s manY things   

Willgo welllike a Bo01ean extension．  

Let 一■ S？is a cHa 7T be H－Valid and e be the function such  
ノヽ  

that e：H→－ n．and 一．e（h）  ㌦（且直・・土sH－Val土d・Andle七 ロー  
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and e7 be defined similarly．  

Lemma 6．8（Fourman and Scott【4】） e is a cH－mOrphism．  

Theorem 6．5（Fourman and Scott［4】） Let ”4）：S7 ＋nr  ユS  

＜   ∧ r2 ＋ S7T be the function；  

土s a c王トmorph土sm and   

be the cH－mOrPhism that  

中 土n V （H）such tha七  

a cH－mOrPhism Tlbe Hqvalid．Andlet ：  

狂言くⅩ）＝中（Ⅹ）］＝ 且f∝ Ⅹ⊆合．でh恥 甘   
．ヘ  

ノヽ へ   ∧ e・¢ ＝ eY．And conversely，let ゆ；E？ヰ nl  
＜  

Satisfies e・中 ＝ eT． Then，there exists  

・・¢：n＋nTis a cH－mOrphism一・is H－Valid and 訂¢（Ⅹ）＝令（Ⅹ）瑠＝且  

′＼  

for x∈n．  

工n the above，ll¢isinjective’’is H－Valid ′if and onlYif  

／＼  

4）isinjective． And TT ¢is surjective”is H－Valid，if and onlY  

ノ＼ 土f ゆ 土s sur〕ec七土ve．  

h≦江pぎq薫．＋e（h）≦p⇒q，f。r p′q∈合．s。′if  
＼／  

e（h）＝ ¶（E（h））．  

Lemma 6．9   

ヽ、／ n 土s 隼・／壱‥  
E  

Theorem6・6 Let E bel 
R（H） 
。R：HすR（H）事Ⅷ and n＊ be  

話is土s。m。rp山七0極E川土sH瑚1土d・  R（H）㊦n．でhen， ‖ n 土s 土somorph土c七0  

Pr00f・ We use the notationsin the proof of Th．6．1．  

Theleft diagram cornmutes and ゆ  
〉 

and T（）areisomorphisms．  
＼′  

And Vn｛立直＝jR（H）・R（h）・  

So，the theorem holds bY Lernma 6．9，   

Tb．6．1 and でh．6．5．  

R  

コR（H）・R 

＼    ヽ  

Theorem 6・7 Let E：be the unlque CH－mOrPhism that makes  

the diagram（l）commutative and £★ be j（L命LT）．  
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Then， T－3‡讐isis。m。rPhicto 岩頭・！is、如－Vaiid・  

T
山
 
 

－
■
二
－
 
 

、
 
「
 
 

↑
・
重
き
二
⊥
 
 

‾二∴ ニ ニ  

ー 

JL  ご －、・一－－ L  

（2）  

Pr00f． We use the notationin the pr00f of Th．6．2・ Let  

コL be the unique cH－mOrPhism thatmakes the diagram2）commutative・  

Then，jLニ叫・E and Vj岩・｛且；＝｝＝jL（工）・So′thetheoremh01ds・  

Theorem6・8 Let E be lH‥H＋H⑬0（Ⅹ）and 口☆ be HQO（Ⅹ）・  

＼′ヽ′ Then・”0（Ⅹ）isisomorphicto n斉∈”isH‾Valid・  

Pr00f． Similarly as the pr00fs of Th 6．6 ana 6．7，  

、－′  

v O（Ⅹ）｛ユ；h｝＝コH（h）andsothetheoremholds・  

Cor011ary 6．5 Let L and LT be distributivelattices． Then，  

・・○（嵩－）土s土s。m。rpb土。七。J吉川  土sムーVal土d．  

Pr00f． ＝tis clear from Th．6．7，Th．6．8，Cor．6．3 and Cor．1．2．  

ヽノ  Next we shallroughly s七ate the relationship between X and  

xTin VO（T），Where XTisasheafrepresentationof Xin  vO（T） 
・  

′＼  
＝tis known that O（ⅩT）isisomorphic t0 0（Ⅹ×T）・BY Cor・6・4r  

itisis。m。rPhi。t。）．Wen。Winter。alize this fact．  

f belonqs to（Tx）Pif and onlYif fis a continuous  

function fr。m㌔′。Pen Subset。f T t。Ⅹ．For f∈（Tx）P，言  

is the element。f V（H）such that d。m冨＝d。m占竃）and  
1 釘y）＝｛p・domXT＝｛㌫f∈（Tx）P｝ and XT萬＝domf・  

■ －1 For p∈0（Ⅹ）′ domす＝domXで and首ぼ）＝fp・Ånd  

√、－′ domB＝（首；Pミ0（Ⅹ））and・B（P）＝盈・ Then・”ⅩTisatop010qlCai  
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＼′  

space with a base B n is O（T卜valid・And，，Ⅹis a dense  

lノ  

Subset of XT  t－is O（T）－Validlifwe embed Xinto XT  

naturally．  

Theorem6・9 日○（貰）isisomorphict0 0（ⅩT）t・is O（T卜valid・   

Pr00f・Similarly as Th・6・3・We Can PrOVe that O（ⅩT）is  

isomorphic t0 0（T）事0（Ⅹ）．Next，WeinternaLize thisコuStlike  

でp でh．6．8．狂言∈VO（Ⅹで）悠；p‡コ＝p（dom王，foご 王∈（Ⅹ）・And so′  

the theorem holds by Th．6．6．  

Let R be the set of realnumbers and R（H）be the set of  

Dedekindrealnumbersin V（H）・Then，一・R（0（T））＝RT 青書1S  

o（T）－Valid．And so一・0（R）isisomorphic t0 0（R （0（T＝）‖is  

0（T）－Vaiid． However，this of course does not h01d for many   

B00lean extensions． Let B be the complete Boolean algebra that  

＝R satisfies 工芸 （B）ヱ（B）＝O．Then′T・R （B）is connected′but  

貰is n。t C。nne。ted一一is B－Valid．So′ ‖0掻）is notisomorphic  

七0 0（R （B））用 土s B－Valid．  

A simiiar situation occurs concerning Th．6．7 and Cor．615．   

Let B be the complete Bo01ean algebra such that ‖ The generic  

fiLter d。eS n。t belong to 苛・・is B－Valid．Then′・一J富is  

isomorphict0 0（FE）and O（mg）・・is B－Valid，bYCor・l・2・  

sin。e一・0（芸名）isnotcompactT・is B－Valid，‖0（浄isisom。rPhic  
to溺‖ isnot B－Valid・Let E belB：B十吉富謁 and  

土s土s。m。叩h土cto O（薄）…1sB－Val土d′  V  n太＝B郎B・ でhen′－一 
E  

bYTh・6・8・S。′ 一一妄 
。 
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