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This paper is the compilation of the three separate studies. See Introduction of each

part.
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Part 1. An equivariant map from (SLs x G Ly, (AN?C%) ® C*) to (GLy4, Sym?(C*))
INTRODUCTION OF PART 1

The prehomogeneous vector space (SLs X GLy4, (AN2C®) ® C*) of quadruples of quinary
alternating forms is known as the classification number (11) in [7, Theorem 54 (I)]. In
this part, we construct an equivariant polynomial map from (SLs X GLg4, (A2C%) @ C%)
to the prehomogeneous vector space (GLg,Sym?(C?*)) of quaternary quadratic forms.
The presented result was obtained by Kogiso, Fujigami, and the author [1] to get an
expression of the irreducible relative invariant of the former space explicitly. Then I heard
that the equivariant map had further importance as follows. For a field & in general, the
structure of the space (SLsx GLy, (A?k%)®k*) has an arithmetic significance by reason of
the correspondence between its non-singular orbits and isomorphism classes of separable
quintic k-algebras (see [8]). Kable [3, Theorem 5.7] listed all equivariant polynomial maps
from this space to any other prehomogeneous vector space and showed those maps could
be obtained from two maps; the map presented here is one of the two. Such equivariant
maps seem to be used in [4, 5] for arithmetic purposes. (Though we consider the map
over C conventionally, it is defined over Z by the construction.)

Let Alt, be the set of all skew-symmetric n x n complex matrices (i.e. Alt, = {X €
M,(C) | *X = —X}). One sees that the C-vector space (A2C®)®C* is isomorphic to Alt$*.
The space (SLs x GLy4, (AN2C%) @ C*) is identified with (SLs x GLy, p = Ay ® Ay, AltT?)
in which the representation p is defined by

p(A, B) . (Xl, XQ, X3, X4) [ (AXltA, AXQtA, AthA, AX4tA)tB

for (X1, Xa, X3, X4) € Alt2* and (A, B) € SLsx GL4. Our construction of the equivariant
map is inspired by the method treated in [6, §3], constructing an equivariant map from
(SLs x GLs, (ANC%) ® C®) to (GLs, Sym?(C?)). Especially a certain SLs-equivariant bi-
linear form B : Alts x Alts; — C®, which is introduced originally in [2], plays an important
role. As in [2, 6], we define SLs-invariant polynomials on Alt?,94 by

[i7kim] (X1, Xa, X3, Xa) 1= *B(Xi, X;) XiB( X1, Xm)

for X1, Xy, X3, X4 € Alts and 4,7, k,1,m € {1,2,3,4}. Here each image of 3 is considered
as a column vector. We identify Sym?(C*) with the space of 4 x 4 symmetric matrices.



Then the equivariant map ® : Alt$* — Sym?*(C*), X — (p.(X)) will be defined like
Pst = > Cstighimi''kvm [E7KIM) (8§ K I'm],
b, lmd! g kU m!
where the coefficients Csujkimirjiwym are determined suitably.

In §1.1, we define the map £ and the polynomials [¢jklm], and describe some properties
of them which are used to obtain the result. The equivariant map ® will be defined in
§1.2 and we will show the equivariance and the SllI‘JGCthlty of ® (Proposition 1.2.1 and
Theorem 1.2.2).

Notations. For ai,aq,as,a4,6 € C, let diag(ay,an, a3, a4) and E. be the following

matrices:
op 0 0 O 1 ¢ 00
. 0 a 0 O 0100
dla’g(ala Qg, 3, Oé4> = 0 0 2 Qs 0 ) Ee = 0010
0 0 0 oy 0 001

Let &4 be the fourth symmetric group. In &4, a transposition between ¢ and j is denoted
by (i j). One sees each permutation o € &, is considered as the 4 x 4 matrix such that
its (¢, j)-element is 1 or 0 with respect to ¢ = o(j) or not. So we may apply for regarding
one as the other.

1.1. SL5-INVARIANT POLYNOMIALS ON Altge4

In the beginning, we define a certain SLs-equivariant map 8 : Alts x Alts — C® which
is used in [2, 6]. Let Pf be the Pfaffian on Alty. For X € Alts and i =1,---,5, let X®
denote the matrix in Alty which is obtained by deleting i-th row and ¢-th column from
X. For X = (z45),Y = (yi5) € Alts, B(X,Y) is defined by

( Pf(X® + YW ) Pf(X®) - Pf(v ™)
( f(X@ 4 Y@) - PF(XP) - PE(Y D))
B(X,Y) = | PF(X® 4 Y®) - PHX®) - PfY®)
—(Pf(XW 4+ Y®) — Pf(X<4 ) — PE(Y ™))
Pf(X® 4+ Y®) - Pf(X®)) - Pf(Y®)

( To3Yas — Ta4Yss + Ta5Ys4 + Ya3Tas — Yo4T35 + Y25T34
T34Ys51 — T35Y41 + T31Y45 + Y34T51 — Y35%41 + Y3145
= T45Y12 — Ta1Ys2 + Ta2¥s1 + YasT12 — Ya1Ts2 + Ya2Ts1
T51Y23 — Ts2Y13 + TssYi2 + Ys1T2s — Ys2Z13 + Ys3Z12
T12Y34 — T13Y24 + T14Y23 + T12Y34 — T13Y24 + T14Y23




Then, for i, 4,k,1,m € {1,2,3,4}, we define a polynomial [ijklm] on Alt2* by
[i7kIm] (X1, X2, X3, X4) 1= *B(X;, X;) XpB(X1, Xim)
for X1, X0, X3, X4 € Alts. They are fifth multilinear forms, and satisfy the following
lemmas:
Lemma 1.1.1 (]2, §2, Lemmal). For all ¢,j,k,l,m € {1,2,3,4}, the polynomial [ijkim)
1s tnvariant with respect to SLs, i.e.
[iGkIm](AX1PA, AXPA, AXSP A AX(EA) = [ijklm](Xy, Xo, X3, X4)

for all A € SLs.
Lemma 1.1.2 ([2, §2, (4)]). If there are only one or two kinds of numbers among
{i,7,k,1,m}, then [ijkilm] = 0.
Lemma 1.1.3 (6, Lemma 3.1]). For each i,j,k,l,m € {1,2,3,4},

(i) [tgklm] = [jiklm)], [ijklm] = [ijkml], (i) [i7klm] = —[Imkij],

(i) [zjklm] + [jkilm] + [kijlm] = 0, (iv) [¢tklm] = —2[kiilm],

(v) [iikld] = —[ialki] = [iklit] = —[ilkis], (Vi) [idilm] = 0, [ijkij] = 0.

Finally in this section, we consider the action of GL4 on [ijklm]. GLy is generated
by the following three types of matrices: diag(ai, as, as, ), permutation matrices, and
E.. Thus we only need to think on these types. For B € GL4 and P a polynomial on
Alt*, let PP denote the polynomial such that PB(X) = P(X*B). Diagonal matrices
D = diag(ou, a2, a3, a4) and o € G4 act on [ijklm] by

[ijklm]? = oo aronamliikim),
ijkim]” = [o7 (@)o" (f)o K)o Do~ (m)].
Since [ijklm] are multilinear forms, we see, for 7,5, k,[,m € {2,3,4},
ijkim)Ee = [ijkiml,
[Ligkl)Pe = [lijkl] + €[2i5Kl],
[113jk]Be = [11i5k] + 2e[12i5k] + €3[22i5k],
[114351]%= = [11231] + e(2[12451] + [11452])

(2[12232] [22z'j1])+a3[22z'j2}, ete.
1.2. CONSTRUCTION OF THE EQUIVARIANT MAP

Our first objective is to define a map ® : Alt?* — Sym?(C*), X ~ (ps(X)), where

each @, is written like
ot = ) Cotsjitme ket 1 KL [1'5 K V).

Then we will show the following lemma.



Proposition 1.2.1. For X € Alt$* and (A, B) € SLs x GLy4,
®(p(A, B)X) = (det B)>B®(X)!B.

First we observe that ® should be determined uniquely from ;; and 12, so that &(X)

is equivariant with respect to the action of Gy:
(11) Pss = (P%. ? (S = 17 cee 74)’ Po-1(1)o—1(2) = 90?2 (U € 64)

Furthermore, @1, should also be determined from ¢3;. To obtain ®(p(A4, E.)X) =
E.®(X)'E. (A € SLs), the polynomials ,; should satisfy at least the following:

(1.2) orr = 11+ 26010 + 20,
(1.3) Vs = P
(1.4) 0y = (a3,
(1.5) V5 = Pt eps,
(1.6) Vs = P
(12)

If we obtain 11, then o = ¢7; “ and @12 will be determined from (1.2).
Considering the action of diagonal matrices for ®(X), we start by assuming that each
term [ijklm][¢'5'k'l'm/] in 1, is constructed by the following numbers:

{Z‘7j7 k7l7 m7il7j/7 kl? ll? m,} = {17 ]‘) 17 17 27 2) 35 3747 4}'

But from Lemma 1.1.2 and Lemma 1.1.3, we need not to think on the all combinations
of the above numbers. By choosing combinations and using the method of indeterminate
coefficients, it is possible to determine the polynomial (13 so that the equations from (1.2)
to (1.6) are satisfied. Indeed, we conclude that the following definitions are suitable:

@1 = 160[31114)(3[24132] — 2[21342] — 2[23412])
+160[41112)(3[32143] — 2[34213] — 2[31423])
+160[21113](3[43124] — 2[41234] — 2[42314])
+50([11233][11244] + [11322][11344] + [11422][11433])
—288([13241] + [14321]* + [12431]?)
+224([13241][14321] 4 [14321][12431] + [12431][13241]),



012 = 400[31114][32224]

—100(]21113][22344] + [21114][22433)])

]+ ]
—100([12223][11344] + [12224][11433))
+20[11422] (4[31423) — [34213] — [32143])
+20[11322](4[41324] — [43214] — [42134])

—25([22144][11233] + [11244][22133])

+368[13241][23142)

+112([13241]([21342] + [23412]) + [23142]([12341] + [13421]))
+192([14321][23412] + [13421][24312))

—208([14321)[21342] + [12431][23412)).

These polynomials satisfy the following properties:

(i) If o € B4 and 0(1) = 1, then ¢, = 11,
(ii) If o € &4 and {o(1),0(2)} = {1,2}, then ¢, = 2.

Then we define the map ® : Alt§* — Sym?(C*), X — (px(X)) so that (1.1) is satisfied;
the well-definedness follows from (i), (ii). It is easily seen that s = @i and %, =

Po-1(s)o-1(x) for all o € Gy,

Proof of Proposition 1.2.1. Let D = diag(oy, ag, a3, a4) and let A be an arbitrary element
of SLs. Since ¢f = (ajanazas)?asaups: for all s,t € {1,2,3,4}, and each ¢ is invariant
with respect to SLs, we have

®(p(A, D)X) = (det D)*D®(X) D.
By the definition, it follows
@(,O(A,O')X) = (wa‘l(s)a‘l(t) (XD = U(I)(X) ta

for all o € &,.
The rest of the proof is to show ®(p(4, E.)X) = E.®(X)*E,, ie.

e Sﬁff = 11 + 2612 + €202,
hd @ﬁs - (pge = Q1t + EPar fort = 27 3747
o ol =l — o, for 5,1 = 2,3, 4.



Recall that we defined @, to satisfy the equations from (1.2) to (1.6) (in fact, they are
shown directly). By E2? = B, and (1.2), we have

E2 2
w11 = Y11 + 4Ep1a + 4e% o,

On the other hand, by (1.2) and (1.3),

2
Sﬁff = (p11+ 2ep12+ 529022)E5

= F + 2601y + % 0hs

= 11+ 2ep10 + 264,0]1525 + 262g022.

Therefore @15 = @19 + €20 Similarly by (1.5),

EZ
013 = Q13+ 2€p93

= 13+ Epas+ 5902%-

Hence o5 = 3. By (1.5) and E.(3 4) = (3 4)E., we have

(3 4)E: E:(34)
s —

P =1 = (PT)B Y = p1s + e

Similarly by (1.4), we have

. B34 (34)
8054—9033( )—S0§,3)—9044-

Now the proof is completed. O

To prove that ® is surjective, we only need to find five points in Alt$* such that each

image has rank 0,1,2,3,4. For
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Therefore @ is surjective and especially det ®(X) £ 0. This fact and Proposition 1.2.1
implies that det ®(X) is the relative invariant in degree 40.
Theorem 1.2.2. (i) The map ® : Alt* — Sym?(C*) is surjective.

(ii) f(X) = det ®(X) is the irreducible relative invariant of the prehomogeneous vector

space (SLs x GLg, Ay ® Ay, Alt$*) in degree 40 corresponding to the rational character
(det B)*.
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Part 2. Archimedean local zeta functions which satisfy G, -primitive

difference equations
INTRODUCTION OF PART 2

Let K be the complex number field C or the real number field R, (G, p, V) a reductive
prehomogeneous vector space defined over K, and Vi the set of K-rational points of V.
Let Pi(z),--- , P,(z) be the basic relative invariants of (G, p, V) over K. For a Schwartz
function ®(z) on Vx and s = (s1,- - ,s,) € C", the integral

Zk(s,®) = H |Fi(z)

VK =1

%O (x)dx

is called the archimedean local zeta function associated with (G, p,V). When we take
O(z) as

| exp(=27z'z) (K =C)
(z) = { exp(—rzlz) (K =R),

Zx (s, ®) will be denoted by Zx(s) simply.
In the case r = 1, Igusa suggested in [7, §3, Remark] and proved in [8, Chapter 6] the

following theorem:

Theorem (Igusa). Let P be the basic relative invariant of (G, p,V), assuming r = 1.
Let d = deg P and b(s) = cH‘le(s + o) the b-function of P(z).
(1) When K =C,

d
Zels) = (240 T s

=1
(2) When K =R and when every term of P(z) is a multilinear form,

Za(s) = *0* [ [ —”(;(ij%/ 2)

In this part, we extend this theorem to several variables (r > 1). Though basically our
proof presented here is an easy modification of the proof given in [8], a careful treatment
of the Ore-Sato theorem (see Section 2.1) is needed. The most important point of the
proof is the fact that Z¢(s) and Zg(2s) satisfies a difference equation in a certain type,
called hypergeometric (or Gy, -primitive) which is written by the b-functions. The proof
can be divided into two steps. The first step is to characterize a desired solution of such a

difference equation, written as a product of an exponential function and gamma functions.



The next step is to prove that the characterization can be adapted to Z¢(s) and Zg(2s).
To obtain a suitable difference equation (especially for Zgr(2s)), very delicate facts which
are seen in the proof of the Ore-Sato theorem are needed. For this reason, we include a
detailed proof of the theorem in Section 2.1. The main results will be described in Section
2.3, 2.4 (Theorem 2.3.1 and Theorem 2.4.3).

2.1. THE ORE-SATO THEOREM

Let k be a field of zero characteristic and k(s) = k(si,...,8,) the rational function
field of r variables. Let = be the free abelian group of rank r (£ ~ Z") and 74,...,7,
a basis of Z. Then E acts on k(s) as k-algebra automorphisms by 7;f(s) = f(s + &;)
(f(s) € k(s)) where e; = (1,0,...,0),...,e, = (0,...,0,1), the canonical basis of £".
Consider the group algebra k= as a Hopf algebra in the usual sense, k(s) a k=Z-module
algebra, and k(s)#k= the smash product; i.e. k(s)#k= is k(s) @ k= with the semi-direct
product: (f1®g)-(fa®h) = f1(gf2)®gh (g,h € Z). We say that a k(s)#kE-module V is
G -primitive, or hypergeometric, iff dimy) V' = 1. (We will see in Part 3 that the Picard-
Vessiot group scheme of such a k(s)#k=-module is a closed subgroup scheme of Gy,.) Let
k(s)* = k(s)\{0}. For a fixed k(s)-basis v of a Gp,-primitive k(s)#kZ=-module V', we have
an associated map b, : E — k(s)*, g — by ,(s) defined by gv = by, (s)v. Since by, (s) =1
and by (8) = (gbny(8))by.(s) for all g,h € E, b, is in the set Z1(Z; k(s)*) of 1-cocycles.
Let v’ be another k(s)-basis of V. Then there exists an f € k(s)* such that v' = f(s)v.
It follows by (s) = (gf(s))f(s) ™ beu(s) for all g € =; this implies that both of b, and
b, define the same cohomology class in H(Z;k(s)*) since the map g — (gf(s))f(s)~*
is in the set BY(Z;k(s)*) of 1-coboundaries. Thus G-primitive k(s)#kZ-modules are
classified by H*(Z; k(s)*).

An explicit description of Z1(Z; k(s)*) is given by a result called the Ore-Sato theorem,
which was first obtained by Ore [13] for the case » = 2 and by Sato [16] for arbitrary r.
Detailed proofs are also seen in [11, §1.1} and [5, §1]. The purpose of this section is to
introduce the theorem for later use. Since some delicate facts such as Corollary 2.1.4 are
important to us, we follow carefully the discussion given in [16, Appendix|. (Thus our
statement of the theorem may be verbose according to the interest of the reader. For a
more elegant description of H1(Z;C(s)*), [11, Proposition 1.1.4] is recommended. See
Remark 2.1.5.)

10



k(s)* has a natural ZZ-module structure as follows:

(Z nin‘) f(s) = H(gif(s))"”' (n; €Z, g¢;€X).

We easily see k(s)* ~ k* x k(s)*/k* as Z=-modules. Moreover, by decomposing to
irreducible polynomials, it follows that k(s)*/k* is a free ZZ-module. We have the
following Z=-module isomorphisms:

k(s S o (PZEf = ke PLE/E),
f f

where f runs over a ZZ-basis of k(s)*/k* and =5 :={g € E | gf = f}. We observe that
we can take such a ZZ=-basis that each f is the image of an irreducible polynomial.
Since = is a finitely generated group, we have

ZHE; k(s)) = Z'E k) @ @D 21 (S Z(E/Ey).
f

One sees that Z1(Z;k*) is equal to the character group Hom(Z, k*). The structure of
each ZY1(Z; Z(Z/Ey)) is described by the following two lemmas.

Lemma 2.1.1. Let f be an irreducible polynomial in k[s| = k[s1,...,s;]. Then Z; :=
{9€=|gf = (const.)f} ={g€=]|gf = f}.

(i) E/=f is a free abelian group of rank Z/Z; > 0.

(ii) Take an arbitrary o € ZY(E; Z(Z/Z¢)). Then a(g) =0 for all g € Ey.

(iii) If rankE/Z; > 2, then H(Z;Z(Z/Ey)) = 0.

Proof. (i) Since f is not a constant, =y # =. Suppose g € = and g" € Z; for some
positive integer n. There is an m € Z" such that ¢gf(s) = f(s + m). Consider P(t) :=
f(s+tnm)— f(s) as a polynomial in k(s)[t]. Since P(l) = g'*f(s) — f(s) =0 for alll € Z
and since k(s) is an infinite field, we have P = 0. Hence 0 = P(1/n) = gf(s) — f(s), and
so g € Zy.

(ii) Take a ¢’ € E which is not in =;. Let § be the image of ¢’ in =/=;. Then for all
g € Ey, we have

a(gg’) = alg) + alg) = §alg) + a(g).

Thus (§' —1)a(g) = 0. Since Z(=/Zy) is an integral domain by part (i), we have a(g) = 0.

(iii) By part (ii), we have H(Z;Z(E/E;)) ~ HY(E/E4;Z(Z/Ey)). Let A1,..., A\ be a
basis of 2/Z;. For all a € Z}(E/Ey; Z(Z/Z5)), we have

a(MAg) = Xa(Ag) + alh) = Aja(h) +a(dy)
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and hence (A\; — 1)a(Aj) = (\j — 1)a(N;) for 4,5 =1,...,1. Since Z(ZE/Zy) is the Laurent
polynomial ring, there exists an a € Z(Z/Z;) such that

a(h) = (N —1a (t=1,...,0).
Moreover, since
0=o0a(l) =a(A7'N) =X Ta(d) + (A7) = (1= A Da + a(Ah),
we have a(\; 1) = (\;! — 1)a. Therefore

alg) =ga—a (g€E/5),
concluding o € BY(E/Z;Z(E/Z;)), follows by induction. Indeed, if a(g') = ¢'a — a for a
g € E/Ey, then
a(Aig) = Ai(ga—a) + (A — L)a = Aig'a —a,
a(\lg) =N ga—a) + (N —Da=X\"ga—a
fori=1,...,1 ]

Lemma 2.1.2. Let f be an irreducible polynomial in k[s]. Suppose that rank=/=; = 1
and let X\ be a basis of 2/=y.

(i) There exist a linear form u(s) = nysy+---+n.8, (n1,...,n, € Z) and an irreducible
polynomial h(t) € k[t] of one variable t, such that f(s) = h(u(s)) and Af(s) = h(u(s)+1).
Moreover, there exists an m € Z" such that u(m) = '1, i.e. the greatest common divisor
of non-zero coefficients of u is 1. ‘

(ii) For every a € ZY(Z;Z(Z/=;)), there is an n € Z(Z2/Zy) such that

([ p(m)-1
n YN (u(m) >1),
a(r™ -1 = ¢ 0 (u(m) = 0),
-1 >N (p(m) < 1),
[ v=u(m)

for allm = (my,...,m,) € Z".
(i) HY(S; Z(2/Z;)) ~ Z.

Proof. (i) Let Ay,..., A, be a basis of E such that the image of \; in Z/=; is A and

A2, ..., A € Zf. Then there exists an invertible 7 x r matrix (n;;);; in GL,(Z) such that
Ty = A A for ¢ =1,...,r. Put u(s) := nu181 + -+ + nys, and take linear forms
si(=p(s)),...,s by (sh,...,s.) = (s1,...,8:)(ng)i;- Then we have A;s; = s;+0d;;, where
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d;; denotes the Kronecker’s delta. There exists an irreducible polynomial A(t,...,t.) €
k[ty,...,t.] such that f(s) = h(s},...,s.). But

B(S1, 8y a8, ) = NP2+ NP £(5) = £(5) = B(shy o )

for all mg,...,m, € Z, since Ay,..., A, € Zf. Thus it follows that A is actually a
polynomial of one variable ¢;. The second part obviously follows by the definition of u.

(ii) By part (ii) of Lemma 2.1.1, we have Z!(Z; Z(2/Ey)) ~ ZY(E/Zs; Z(E/Zy)). For an
arbitrary o € Z}(Z2/=4; Z(ZE/Ey)), set n = a()). Then the assertion follows by induction
on u(m), since the image of 7{™ - - - 7/™ in Z/Z; is AHm),

(iil) We see that Z1(Z2/2; Z(E/Ey)) — Z(E/Zy), a — a(]) is a ZE-linear isomorphism.
Then B*(E/Ey; Z(Z/Ey)) is isomorphic to Z(Z/Ef)T = Z(Z/Z;)(A—1), the augmentation
ideal, under this isomorphism. Hence H(Z/Ef,Z(E/Ey)) ~ Z(E/E;)/Z(E/Zs)T ~ Z;
the last isomorphism is induced by the counit ¢ : Z(Z/Z;) — Z, 3, zA" — >, 2. O

By translating the lemmas above, we have the following theorem.

Theorem 2.1.3 (Ore-Sato). Let = — k(s)*, g — by(s) be a 1-cocycle in Z'(Z; k(s)*).
g

Write 7™ = 7" - - 1™ for m = (mq,...,m,) € Z". Then b is written as the following
form:
[ pi(m)—1
1T Rslus(s) +v)  (uilm) > 1)
v=0
m s+m
21)  bon(s) = clr )chf’(f ll ) P 1 (15(m) = 0
J i=1
1
oy ((m) < -1
H e 1) MW=
for all m € Z". Here, ¢ : Z — k™ is a chamcter, hi,...,h € k[t] are irreducible
polynomials of one variable, p, ..., W € Zs1+ - - - + Zs, are non-zero linear forms whose
each greatest common divisor of non-zero coefficients is 1, n; € Z(Z/Z,,5)) G =1,...,1),
f1,-.., v are drreducible polynomials in k[s| which satisfy that rank=Z/Zy > 1 (j =

L N) and fi(s), ..., fn(8), h1(u1(9)), ..., hi(w(s)) are ZE-linearly independent, and
G ELE/E) (i=1,...,N).
Let € : Z(E/Z,,(s)) — Z denote the counit (see the last sentence in the proof of Lemma
2.1.2). We normalize each 7;, 4, h; in (2.1) so that e(n;) >0 (¢ = 1,...,1) (whene(n;) <0,
replace 7;, i, hi(t) with —mi, —pi, hi(—t — 1)). Put f(s) = [T}_; ¢ fi(s).
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Corollary 2.1.4. In Theorem 2.1.3, assume b, (s),...,bs.(s) are polynomials. Take the
expression (2.1) with f(s) = 1 (which necessarily holds) and n;, ;, hy normalized as above.
Then they satisfy the following conditions (1), (2).

(1) All coefficients of each w; are non-negative integers.

(2) For each i =1,...,1, let \; be the basis of 2/Z,,s) such that Xpi(s) = pi(s) + 1.
Write 1 = S5 2\ (25 € Z, Ziny zie # 0). Then hi(pi(s) + n)» and hy(us(s) +
n' + u;(m) — 1)% are not cancelled in the product H’;;n ffig“)_l hi(ui(s) + j + v)%i

(0 #m e Z%,). Hence zy, and zyy are positive integers.

Proof. (1) Necessarily w;(e1)e(m;),. .., pi(er)e(n;) are non-negative integers fori =1,...,1
by the assumption.

(2) This is easily seen. O

Remark 2.1.5. (i) The 1-cocycle given by (2.1) and the following one both define the same
cohomology class in H(Z; k(s)*):
[ pi(m)-1

hi(pi(s) +v)" (pi(m) > 1)
0

! v=

™ (™) H $ 1 (u;(m) = 0)

TT Aulis(s) + ) (u(m) < 1)

\ V=Hi (m)

In [5, §1], m;, wi, hy are normalized to be €(n;) < 0. Another normalization is given in
[11, Proposition 1.1.4] with a restriction on u; instead of £(n;). To describe the group
structure of cohomology classes, such descriptions are more elegant. But, in this article,
the Ore-Sato theorem should be introduced in the presented form for a reason which will
arise later (especially in Lemma 2.4.2). Here we are interested in Z'(Z;k(s)*) rather
than H(Z; k(s)).

(i) The assumption in Corollary 2.1.4 does not imply that each m;h;(1i(s)) is a poly-
nomial; for example, let 7 = 2 and consider the 1-cocycle defined by (2.1) with ¢ = 1,
f(s) = 1,1 =1, hi(t) = t, u1(s) = 281 + 389, m = 1 — A+ A? (here X is the basis of
E/E,.(s) Tepresented by 77 '72). In addition, we observe that the conditions (1), (2) in
the corollary are not sufficient for the assumption; consider the 1-cocycle where 7, in the
above example is replaced with n; = 1 —XA— 22+ A3+ )% (But these two examples define
the same cohomology class in H'(Z; k(s)*)).
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Let k = C. Take a l-cocycle b € Z*(Z;C(s)*) and keep the notation in Theorem
2.1.3. Write h; =t + o; (o; € C) and ¢(7™) = " -+ ™ (c1,...,¢ € CX). Then the
G -primitive difference equation associated with b has a solution

!
7(s) = & - e f(s) [ [ mT (i) + ).
i=1

Assume b,,,...,b; are polynomials. In this case, v(s) has no zeros by Corollary 2.1.4.
There are several methods to characterize v(s) among other solutions; by asymptotic
behavior (see [1, §1], [11, §4.1], and [14, Ch. 11]) and by log convexity: M. Fujigami [4]
gave a generalization of the Bohr-Mollerup theorem [2, Theorem 2.1]. Further methods
may be suggested in [2, §6].

2.2. REDUCTIVE PREHOMOGENEOUS VECTOR SPACES AND ITS b-FUNCTIONS

Let V be an n-dimensional C-vector space and G a connected reductive linear algebraic
group over C. Suppose (G, p,V) is a reductive prehomogeneous vector space. Then, by
the definition, there exists a proper algebraic subset S of V' such that V' \ S is a single
G-orbit. Let Sy denote the union of the irreducible components of S with codimension
1. We always assume that Sy is not empty. Since p(G) is connected reductive, it is self-
adjoint with respect to a C-basis of V' by the theorem of Mostow [12]. By such a basis,
we identify the coordinate ring C[V] of V with Clz|] = C[zy,...,z,], the polynomial
ring of n variables. Let Py,..., P, € C[z] be irreducible polynomials which define the
irreducible components of Sy. These polynomials are relative invariants and every relative
invariant is uniquely expressed in the form cPi(z)™ --- P.(x)™ (c € C*, (my,...,m,) €
Z"). In this sense, Pi,..., P are called the basic relative invariants of (G,p,V) [10,
Definition 2.10]. They are necessarily homogeneous polynomials [10, Corollary 2.7]. Let
Py, ..., P. be the polynomials obtained by complex conjugation of coefficients of P, ..., P,
respectively. By the choice of the basis of V', those are the basic relative invariants of the
dual prehomogeneous vector space (G, p*, V*), when we identify C[V*] with C[z] by the
dual basis (see [6, Lemma 1.5] or [10, Proposition 2.21}).

In the following, we consider P;(x)®! - - - P(z)* as a many-valued holomorphic function
on C" x (V'\ Sp). Write grad, = (8/0z1,...,0/0x,). For each m = (my,...,m,) € Z%,,

Pl (gradm)ml .. PT (gradw)mr (Pl (m)s1+m1 .- P, (x)sr—l—mr)

Cls1,...,5%1,...,Tn
Pi(z)% - P.(z)* € Cls1,..., 821 )

15



is (absolutely) invariant under the action of G. Since every absolute invariant in Clz] is
a constant [10, Proposition 2.4], it is independent of z. Thus there exists a polynomial
b (s) € Clsy,. .., s,] such that

Py(grad,)™ -+ P (grad,)™ (Py(z)™ ™ -+ Po(x)* ™) = b (s) P ()™ -+ Pro(z)".

Moreover, it is known that the degree of by, (s) (on s) is equal to the degree of [];_; Fi(z)™
(on z); this follows from an easy modification of the proof given in [6, Lemma 1.7] or [10,

Proposition 2.22].
Definition 2.2.1. The polynomials b,,(s) are called the b-functions of P, ..., P,.

By calculating
Pi(grad, )™+ -+ By (grad, )" (B () AT P (2

in two ways, we have

for all m = (my,...,m,),m" = (my,...,m) € ZL,. Hence the map Z, — C(s)*,
m — bp(s) is uniquely extended to a 1-cocycle b : Z" — C(s)*. By the Ore-Sato theorem
(Theorem 2.1.3), each by (s) (0 #m = (my,...,m,) € Z%,) is written as

pi(m)—1
(2.2) b (s) = ¢ - HH IT wis) + i+ +v)™,
=1 3 v=0

where the notations are taken as in §2.1 and 7; = ), ;)] satisfying the conditions
in Corollary 2.1.4. We take them so that (u1(s) + &1),..., (u(s) + o) are Z=-linearly
independent. It is known that each o; + j (with z;; > 0) is a positive rational number

(due to M. Kashiwara [9]). Moreover, we have ci, ..., ¢, € Ry since
bm(0) = Py(grad, )™ - - - P,(grad, )™ (Py(z)™ - - - P.(z)™) € Rsg

for all m = (mq,...,m,) € Z%,. Let di, be the degree of Py(z) for k=1,...,r. Then the

observation just before Definition 2.2.1 implies that

l
(2.3) dy = Zm(ek)s(m) (k=1,...,7),

where e; = (1,0,...,0),...,e, = (0,...,0,1).
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2.3. LOCAL ZETA FUNCTIONS OVER C

We identify V' with C" by the basis fixed in §2.2. Let dz denote the Haar measure on

V normalized to satisfy

/ exp(—27z'z)dz = 1,
%

where z = (z1,...,2,) € C* and *Z denotes the transposition of the complex conjugate
of z. Let | - |¢ be the valuation of C defined by |z|c = 2Z = |2|? for 2z € C. The integral
/ |Pi(z)|& - | Br(z) |2 exp(—272'Z)dz

converges when (s1,...,8,) € {(s1,...,8,) € C" | Re(s1),...,Re(s;) > 0}, and hence
Zc(s) is a holomorphic function on this region. Our purpose is to show that Z¢(s) is

equal to

1e(s) = H(zw e [ T (M0 )

=1 3
with the notations in (2.2) (recall that y¢c(s) has no zeros in C" by Corollary 2.1.4):

Theorem 2.3.1. Z¢(s) has a meromorphic continuation to C" and Zc(s) = ve(s).

Actually, the first part of this theorem has been known (see [3]) and our aim is to
obtain the second part. To prove this theorem, we need the following lemma:

Lemma 2.3.2. For s = (s1,...,8;) € C" and m = (my,...,m,) € Z,, we have
Fa(grad Y Prgrad, )™ (P @) - [P @) Pra)™ - Prle)™)
= bm(s)|A1(2)I¢ - - |Pr(2)[g
onV\ S.
Proof. Locally we choose the branching of the value of log F;(z) and log P,(z) = log B;(Z)
= P,(z)*F;(z)* holds. Since P;j(grad,) and P;(Z)* commute as differen-
tial operators for 7,7 =1,--- ,7, we have
1 (grad,)™ -+~ Pr(grad,)™ (|1Pi(z)|g -+ | B (@) Pa(@)™ - - Prol2)™)
= Pi(grad,)™ - - Pr(grad,)™ (PA(Z)" - -+ Pr(2)™ Po(@)™*™ - Pr(m)* ™)
= P(@)" - P (z)" Pi(grad,)™ - - - Py (grad,)™ (Py(z)" ™ - - Po(z)* ™)
= P(@)" - P(2)" b(s) Pr(2)™ - Fr(2)™
= bm(s)|P(2)C - [Pa(2)]c
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Proof of Theorem 2.3.1. By Lemma 2.3.2, we have

bm(s)Zc(s)
= /V { (HP(grad ) <H |P;(z)|g P (z)™ > } exp(—27z'z)dz
= / (H}P](x)fc’ ) (HP —grad,) )exp(—%wt:ﬁ)dx
— (o) Sk i / H[P(x)[ P(m)mJHP (%)™ exp(—272t7)dz

= (2n)Xh= ld’“mk/ H|P ()| ™ exp(—2mziz)d

= (2m)Xk= d’cmec(s +m)

for (s1,...,8;) € {(s1,...,8) € C" | Re(s1),...,Re(s;) > 0} and m = (my,...,m,) €
Z%,. Hence Z¢(s) satisfies the following equation:

(2.4) Ze(s +m) = (2m)~ Zk=1 %™ () Zc(s).

Then Z¢(s) has a meromorphic continuation to C” by this equation (as in [3]). Further-
more, (2.4) implies that both Z¢(s) and 7yc(s) satisfy the same (Gp,-primitive) difference
equation. Therefore C(s) := Z¢(s)/vc(s) is a holomorphic and periodic function with pe-
riods ey, ..., e,. To show that C(s) is a constant function, we investigate the asymptotic
behavior of C(s) on the strip & = {(s1,...,8,) €C" |1 <Re(s;) <2 (i=1,---,r)}
Put S"}(C) = {z € V | 'z = 1} (~ SO(2n,R)/SO(2n — 1,R) as real manifolds).
We identify V' \ {0} with Rso x S 1(C) via = — (£,u) = (VaiZ,z/V/x'Z). Take the
SO(2n,R)-invariant measure du on S™(C) such that dz = 2"¢**~1dédu on V' \ {0}. Let

v =2 [ R R
§7-1(C)
Then we have
Ze(s) = [ IR@IE - R ep(-2na's)ds
VA{0}

— () [ TRt exp(me?) e
0
= (2n) Tha by (T (dysy + - + dysy + 1)
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when Re(s;) >0 (¢ =1,---,r). Since

1(27'(')_2;=1 dksk—n¢(8>| < (27‘.)-—22___1 dkRe(sk)-nQn_lf

sy P Bl du

|(2)~ Zh=1%sk="9)(s)| is bounded in S. Let ay, ... ,a, be arbitrary positive real numbers
and t; a real variable. Then the well-known asymptotic behavior of the gamma function
and (2.3) imply that

C(1 +v—laity,...,1++v/—la,ty) = o(exp(|to|)) (Jto] — 00).

Unless C(s) is a constant function, this is impossible. Thus the proof is completed since
C(0) =1. O

2.4. LOCAL ZETA FUNCTIONS OVER R

In this section, we assume that the prehomogeneous vector space (G, p, V) is defined
over R (in the sense of [15, §1] or [10, §2.1]) and replace Py,..., P, and b as follows.
Since Sy is defined over R (see [15, Lemma 1.1]), we can take irreducible polynomials
Py, ..., P, € Rlz| which define the R-irreducible components of Sy (possibly r becomes
smaller). Here, we are assuming the basis of V is fixed so that the R-rational points of
p(G) is self-adjoint with respect to the induced R-basis of Vg, the R-rational points of V.
Those P, ..., P, are often called the basic relative invariants of (G, p,V) over R. They
are also considered as the basic relative invariants of (G, p*, V*) over R. Then there exist

polynomials b,,(s) such that
Pi(grad,)™ - -+ Pr(grad,)™ (Py(z)" "™ - Po(2)**™) = bm(8) Pi(z)™ - - Pr(z)™

for m = (my,...,m,) € Z%,. All properties on b,,(s) described in §2.2 also hold. Keep
the notations in (2.2) and in (2.3).
Let dr denote the Lebesgue measure on Vg identified with R". As in the previous

section, the integral
Zg(s) = / |Pi(z)|** - - - |Pr(z)|° exp(—nmztz)dz
VR

converges when (s1,...,s,) € {(s1,...,8) € C" | Re(s1),...,Re(s,) > 0}, and hence
Zg(s) is a holomorphic function on this region. From now on, we assume the following:
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Assumption 2.4.1. Every term of Pj(x) is a multilinear form on z fori =1,...,r, ie.
each P;(xz) is of the form:

R,(SE) = Z ajl...jdile---a:jdi (Z:].,,’f')

1<51<<jq; <n
We will see that Zg(2s) satisfies a certain Gp-primitive difference equation in such a

case. By the assumption above, we see
Pi(grad,) exp(—nz'z) = (—21)%Pi(z) exp(—7z'z)  (i=1,---,7).

Thus
b072(5) = [ (Rlerd)(P@)" - P@)

o B (@)} expl(—na'z)ds
= (1% [ (@ |Pa)l o) P(grad, ) exp(-ma'o)do
= 0% [ IR@P - [PE) RERE ep(-r')ds

sit2. | Bo(z) | exp(—7rtz)dz

= (2n)% /V Pi@)] - |P()

= (2n)%Zg(s + 2¢;),
fort=1,...,r. Hence Zg(s) satisfies the equation
(2.5) Zr(s + 2¢;) = (27) " %be,(s) Zg(s) (i=1,...,r).

We can obtain a meromorphic continuation of Zg(s) to C". By considering Zg(s + 2e; +

2ex) in two ways, we have
26) bey(5)bes (5 + 265) = bey (5 + )by (5) (o =1, 7).

Lemma 2.4.2. When Assumption 2.4.1 holds, wi(e;) ¢ = 1,---,1, j =1,---,r) are
equal to either 0 or 1 and hence each n; - (u;(8) + ;) s a polynomial.

Proof. For each ¢ = 1,--- 1, take any j, k such that u;(e;), ui(ex) > 0 and write n; =
S 2\ (i, i # 0). By (2.6), we have

iy

wile;)—1 hiler)—1
H (us(8) + oy + u + v) H (wi(s) + 2u;(ej) + 0o + v+ w)

v=0 w=0

iy

H (ui(8) + 2ps(ex) + i + u+v) H (wi(s) + s + u+w)

v=0 w=0

K/
U=K

& f piles)—1 piler)—1
U=~rK
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In each side, the constant terms of the factors

(i(s) + 2pi(e5) + o + 6" + paler) — 1),

(wi(s) + 2us(er) + c; + &'+ ps(ej) — 1)
are maximal respectively; recall that these factors are not cancelled (Corollary 2.1.4).
Hence the two factors coincide and we have y;(e;) = p;(eg). Therefore the all non-zero

numbers among u;(e1), ..., ui(e,) coincide. This proves the lemma since the greatest

common divisor of them is 1. O

Theorem 2.4.3. When Assumption 2.4.1 holds, we have

r

. zil T((ui(s) + i +7)/2)\™
Zg(s) = [[(m%ci)? HH( (%E(i: +j)72]))/ )> '

k=1 i=1 j

Proof. Let B : Z" — C(s)* be the map given by

( pi(m)—1 &+ ]
[T e +32L 40 (ulm) 2 1)
T 1 v=0
Bn(s) = [T %)™ T T ¢ 1 (ui(m) = 0)
k=1 =1 -1 .
IT e+ 252407 (us(m) < -1
L v=ni(m)

We see that 3 is a 1-cocycle since Zg(2s) satisfies the Gp,-primitive difference equation
Zr(2(s + m)) = B(s)Zr(25)

by (2.5) and Lemma 2.4.2. In addition, the second assertion of Lemma 2.4.2 implies that
all z;; is non-negative. Let

T

N ! ({1 i+ ) /2)\ Y
1r(s) = [[(r™%c)? HH( ((/;Ezjfj;/_;))/ )> .

k=1 i=1 j

Then both yg(2s) and Zr(2s) satisfy the same difference equation.

Put S"HR) = {z € V& | zz = 1} (~ SO(n,R)/SO(n — 1,R)). We identify Vg \ {0}
with Rsg X S" Y(R) via z — (§,u) = (Vziz,z/vztz). Take the SO(n,R)-invariant
measure du on S"1(R) such that dz = " 'd¢du on Vg \ {0}. Let

v =3 [ g B B
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Then we have

Za(s) = / PL(@)[* - | Py ()| exp(—maa)da
Ve\{0}

— 2(s) [ ehadhontn expl-me?)a

2
when Re(s;) > 0 (i = 1,---,r). Therefore, similarly to the proof of Theorem 2.3.1, we
obtain that Zg(2s)/vr(2s) = 1. O

= p(-Zk= dksk—’N«)/z,(/}(S)I-\ (dlsl + o+ dys,+ n)
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Part 3. Picard-Vessiot theories for artinian simple module algebras
INTRODUCTION OF PART 3

The purpose of this part is to develop a unified Picard-Vessiot theory, including Picard-
Vessiot theories for differential equations and for difference equations. The presented
result was obtained by the author and Masuoka [1, 2].

In the usual sense, the “Picard-Vessiot theory” means a Galois theory for linear ordinary
differential equations. See [21] for modern treatment. For example, consider the following

differential equation over C:

(3.1) y'(z) =y (@) —y(z) = 0.

Let C[8] (0 = d/dz) be the ring of differential operators with constant coefficients. The
differential module (C[9]-module) associated with the equation (3.1) is

Cla]/(8” — 8 — 1) = (C[A]/(9 — (1+V5)/2)) & (C[9]/(0 — (1 - V5)/2)).

Thus the space of solutions is given by the 2-dimensional C-vector space Ca + C3 with

a= el+2\/g", G = 61—2\/33". A differential field (i.e. a field given a derivation) L including

this space is called a splitting field for the equation. If L is minimal with this property,
it is called a minimal splitting field. For the equation above, L = C(a, () is a minimal
splitting field. Like Galois extensions, L/C is then an extension of a special type, called
a Picard-Vessiot extension. For such an extension, we can take a Galois group, called
the differential Galois group (or the Picard-Vessiot group) as an algebraic group defined
by Autcs,c-alg(L) =: G(L/C), where Autc(s)c-alg denotes the C[J]-linear and C-algebra
automorphisms. We have G(L/C) = G,, x G, in this case, and we can obtain the Galois
correspondence between closed subgroups of G(L/C) and intermediate differential fields
of L/C. For example, the differential field C(a) corresponds to {1} x G, (or G,, x {1}
according to the choice of the group action).

An analogous theory for difference equations is also known. Biatynicki-Birula [4] and
Franke [8] first developed such a theory for inversive difference fields, i.e. fields given
an automorphism (though the Bialynicki-Birula’s paper was intended for more general
theory, not only for difference fields). A definition of Picard-Vessiot extensions of inversive
difference fields and Galois correspondences were obtained there. But the theory had a
difficulty on the existence of suitable solution fields. For example, consider the Fibonacci
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recurrence
(3.2) a(n+2)—a(n+1)—a(n)=0.

Let C[r,77! (7 : n — n+1) be the ring of difference operators with constant coefficients.

The difference module (C[r, 7~!]-module) associated with the equation (3.2) is
Clr, 7 /(r? =7~ 1) = (Cl7]/{r — 1+ V5)/2)) @ (C[r)/ (7 — (1 = V/5)/2)).
Let Sc denote the ring of complex sequences (see [20, Example 3]). The space of solutions
in Sc is given by the 2-dimensional C-vector space Ca + C8 with a = {(%5)”}, 8=
{(1_7‘/3)“} € Sc. But one can not take any splitting field which becomes a Picard-Vessiot
extension for this equation. If a subring in S¢ contains «, 3, then it has a zero divisor:
(af—1)(ap+1)=0.

On the other hand, if we take any inversive difference field which includes a 2-dimensional
C-vector space of solutions of (3.2), then it necessarily contains a new constant (see [20, p.
2]). However, overcoming this difficulty, the Picard-Vessiot theory for difference equations
in modern sense was developed by van der Put and Singer [20] with the notion of Picard-
Vessiot rings, as follows. Consider the Laurent polynomial ring Clz,y, (zy)~!] as an

inversive difference ring by

14++5 1-+/5
5% TY= .

On sees that ((zy — 1)(zy + 1)) C C|z,y, (zy)~!] is a maximal difference ideal. Put
A =Clz,y, (zy)~')/{(zy — D(zy + 1)).

Then A is a Picard-Vessiot ring for the equation (3.2) in their sense (see [20, Definition

1.4]). The total quotient ring of a Picard-Vessiot ring is called the total Picard- Vessiot ring
[20, Definition 1.22]. For the equation (3.2), we have the following total Picard-Vessiot
ring:

Q(4) ~ C(a)xC(a)
(3.3) z = (20

y — (a7t —at).

Then the difference Galois group for the equation can be defined by G(Q(4)/C) =
Autgp r-1),c-alg(@(4)). In this case, we have G(Q(A)/C) ~ G X Z/2Z. We obtain
the Galois correspondence between closed subgroups of G(Q(A)/C) and intermediate
difference subrings of Q(A)/C such that every non-zero divisor is invertible (see [20,
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Theorem 1.29]). For example, C(a) (= C(a)(1, 1)) corresponds to {1} x Z/2Z and C x C
corresponds to Gy, x {1}.

A unified approach to both differential and difference cases was first attempted by
Bialynicki-Birula [4], though it was a theory for field extensions. Including the case that
the solution algebras can have zero divisors, André [3] gave such a unified approach from
the viewpoint of non-commutative differential geometry with the theory of tannakian
categories [5, 6]. Alternatively we develop a unified Picard-Vessiot theory by a different
way based on the Takeuchi’s Hopf algebraic approach: Takeuchi [27] beautifully clarified
the heart of the Picard-Vessiot theory in the generalized context of C-ferential fields, in-
trinsically defining PV extensions and the minimal splitting fields of C-ferential modules.
By replacing linear algebraic groups with affine group schemes (or equivalently commuta-
tive Hopf algebras), he succeeded in removing from many of the results the assumptions
of finite generation, zero characteristic and algebraic closedness. For a cocommutative
coalgebra C with a specific grouplike 14, a C-ferential field [27] is a field given a unital,
measuring action by C; the concept includes differential fields, A-fields [13], fields with
higher derivations [18], and difference fields (even non-inversive ones are included). How-
ever, it was also a theory for field extensions and the assumption that the tensor bialgebra
T(C*) [27, p. 485] is a Birkhofl-Witt coalgebra (see [27, p. 504] or Assumption 3.3.1), is
required for the existence theorem of minimal splitting algebras.

In this article, we consider module algebras over a cocommutative, pointed smooth
Hopf algebra D. Thus D is of the form D = D'#RG over a fixed field, say R, where
G is the group of grouplikes in D, and the irreducible component D' containing 1 is a
Birkhoff-Witt coalgebra. An inversive difference ring which includes R in its constants is
precisely a D-module algebra when D' = R and G is the free group with one generator.
Differential rings are also within our scope, though only in characteristic zero because
of the smoothness assumption. Precisely a differential ring which includes R (of zero
characteristic) in its constants is a D-module algebra when D' = R[d] with a primitive
0 and G is trivial. Algebras with higher derivations of infinite length fit in the assump-
tion, in arbitrary characteristic. An algebra (over R) with R-linear higher derivations
dp = id, dy,ds, ... of infinite length is precisely a module algebra over the Hopf algebra
R(dy,ds,...), which denotes the (non-commutative) free algebra generated by di,ds, . . .,
and in which 1,d;,d,,... form a divided power sequence. This Hopf algebra becomes a

Birkhoff-Witt coalgebra in arbitrary characteristic.
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Throughout this article, D-module algebras are all supposed to be commutative. A D-
module algebra K is said to be artinian simple (AS) if it is artinian as a ring and simple
as a D-module algebra. The last condition means that K has no non-trivial D-stable
ideal. For example, the total Picard-Vessiot ring considered in (3.3) is an AS C[r, 7]
module algebra. Of course differential fields over C are AS C[d]-module algebras. In this
sense we can generalize and unify the Picard-Vessiot theories for differential and difference
equations, involving the theory of van der Put and Singer [20].

Let L be an AS D-module algebra. If P C L is a maximal ideal, then one will see that
Ly := L/P is a module field over the Hopf subalgebra D(Gp) := D'#RGp, where Gp
denotes the subgroup (necessarily of finite index) of the stabilizers of P. Moreover, L can
recover from Lq, so as

L =D®pp L1 = @ g® Ly,
g9€G/Gp
where the product in K recovers from the component-wise product (¢ ® a)(g ® b) =
g ® ab in the last direct sum; see Section 3.3. (For example, when D = C[r,77!] and
L = Q(A) ~ C(a) x C(a) as above, take P = (zy — 1) C Q(A). Then Gp = {g* | g €
G} = 2Z under the group isomorphism G =~ Z.) The D-invariants L” = {a € L | da =
e(d)a forall d € D} (where £ denotes the counit of D) in L form a subfield, such
that LP? ~ LP°?) Following [27], we say that an inclusion K C L of AS D-module
algebras is a Picard-Vessiot (PV) extension iff KP = LP and there exists a (necessarily
unique) D-module algebra K C A C L such that the total quotient ring Q(A) equals
L, and H := (A ®x A)P generates the left (or right) A-module A ®x A. Then H
has a natural structure of a commutative Hopf algebra over K? (= LP), with which
A/K is a right H-Galois extension; see Proposition 3.5.2. (In the example (3.3), we have
H = Clz, %)/ (#3222 —1) with grouplikes 2; = z®z ™!, 2, = y®y~!.) If an inclusion K C L
of AS D-module algebras is a PV extension, then the induced inclusion K/PNK C L/P
of D(Gp)-module fields is a PV extension, where P is an arbitrary maximal ideal of L.
The converse holds true if Gp is normal in Gpng; see Proposition 3.7.4 and Theorem
3.7.6.
As our main theorems we prove:

Galois Correspondence (Theorem 3.5.4): Given a PV extension L/K of AS D-module
algebras, there is a 1-1 correspondence between the intermediate AS D-module algebras
K ¢ M C L and the Hopf ideals I in the associated Hopf algebra H; L/M is then a PV
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extension with the associated Hopf algebra H/I (Proposition 3.5.7). This has the obvious
interpretation in terms of the affine group scheme G(L/K) = SpecH corresponding to
H, and G(L/K) is isomorphic to the automorphism group scheme Autp g.515(A) (see
Section 3.6).

Characterization (Theorem 3.8.7): An inclusion K C L of AS D-module algebras with
KP = [P is a finitely generated (see Definition 3.8.6) PV extension iff L/K is a minimal
splitting algebra for some K# D-module V of finite K-free rank, say n; this means that
dimzp Homgup(V, L) = n and L is “minimal” with this property (see Proposition 3.8.3).

Tensor Equivalence (Theorem 3.8.13): If this is the case, the symmetric tensor category
ME of finite-dimensional right comodules over the associated Hopf algebra H (or equiv-
alently that category Repgr k) of finite-dimensional linear representations of G(L/K))
is equivalent to the abelian, rigid tensor full subcategory {{V'}} “generated” by V, in the
tensor category (xupM,®x, K) of K#D-modules; cf. [21, Theorem 2.33].

Unique Eristence (Theorem 3.8.11): Suppose that KP is an algebraically closed field.
For every K#D-module V of finite K-free rank, there is a unique (up to isomorphism)
minimal splitting algebra L/K which is a (finitely generated) PV extension.

One cannot overestimate the influence of the article [27] by Takeuchi on this article of
ours. Especially the main theorems above except the third are very parallel to results in
[27], including their proofs. A C-ferential field is equivalent to a module field over the
tensor bialgebra T'(C*+). We remark that even if K, L are fields, the first two theorems
above do not imply the corresponding results in [27] since the notion of C-ferential fields
is more general than D-module fields in the sense of ours. The last one only generalizes
[27, Theorems 4.5, 4.6] in which T'(C*) is supposed to be of Birkhoft-Witt type.

The last section (Section 3.9) treats the solvability theory for liouvillian extensions.
The notion of liouvillian extensions of differential fields first appeared in the Kolchin’s
historical work on the Picard-Vessiot theory [12], to make clear the idea of linear differen-
tial equations being “solvable by quadratures” which was used by Picard and Vessiot not
being stated clearly. An extension of differential fields (of zero characteristic) is called
liouvillian iff it contains no new constants and it is obtained by iterating integrations, ex-
ponentiations, and algebraic extensions. It was shown that a Picard-Vessiot extension of
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differential fields is liouvillian iff the connected component of its differential Galois group
is solvable. By the Lie-Kolchin triangularization theorem and others [12, Ch. I], we can
characterize several types of liouvillian extensions in matrix theoretical way. For example,
a liouvillian extension is obtained only by iterating integrations iff its differential Galois
group is unipotent. For the case of an arbitrary characteristic, Okugawa [18] studied the
Picard-Vessiot theory for fields with higher derivations of infinite length, and obtained
similar results on liouvillian extensions.

Liouvillian extensions of difference fields were first studied by Franke [8]. In the context
of [20], Hendriks and Singer [10] studied on liouvillian solutions of difference equations
with rational function coefficients. They defined the notion of “Liouvillian sequences”
and showed that a linear difference equation can be solved in terms of such sequences iff
the difference Galois group is solvable. (Moreover, they gave an algorithm to find such
liouvillian solutions, using the Petkovsek’s algorithm [19].)

In the last section, we define the notion of liouvillian extensions of AS D-module
algebras and prove a solvability theorem in the unified context.

When we study liouvillian extensions with affine group schemes, we will meet the fol-
lowing difficulty: the Lie-Kolchin triangularization theorem can not be extended generally
to affine group schemes (see [29, Ch. 10]). Certainly there are gaps between the trian-
gulability and the connected solvability, even if the base field is algebraically closed. So
we need some intermediate notions and have to study how they are related each other.
In Section 3.9.1, we define “liouvillian group schemes” so that it is suitable for liouvil-
lian extensions defined later, and study how strong the definition is. An algebraic affine
group scheme G over a field k is called (k-)liouvillian (cf. [13, p. 374)) iff there exists a
normal chain of closed subgroup schemes G = Go > G; > --- > G, = {1} such that
each G;_1/G; (i = 1,...,r) is at least one of the following types: finite etale, a closed
subgroup scheme of G,, or a closed subgroup scheme of G,,. When k is algebraically
closed, G is liouvillian iff the connected component G° is solvable (Proposition 3.9.5).
But in general it does not holds; we show this fact by examples. For connected affine
group schemes, we will see the condition to be liouvillian is properly stronger than the
solvability but weaker than the triangulability.

Let L D K be an inclusion of AS D-module algebras. For finitely many elements
Z1,...,Tn € L, let K{(zy,...,z,) denote the smallest AS D-module subalgebra in L
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including both K and zi,...,z,. L/K is called G,-primitive extension (resp., G-
primitive extension) iff there is an z € L such that d(z) € K for all d € DT = Kere
(resp., z is a non-zero divisor of L (which is necessarily invertible) and d(z)z~! € K
for all d € D) and L = K(z). We say that L/K is a finite etale extension iff L is a
separable K-algebra in the sense of [7], i.e. L is a projective L ®x L-module. Then we
define liouvillian extension as such a finitely generated extension L/K that LY = K?
and there exists a sequence of AS D-module algebras K = Lo Cc Ly C --- C L, = L
such that each L;/L; 1 (i =1,...,7) is at least one of the following types: G,-primitive
extension, Gp-primitive extension, or finite etale extension. As the last one of the main

theorems, we will show the following:

Solvability (Theorem 3.9.17): Let L/K be a finitely generated PV extension. Then the
following are equivalent:

(a) L/K is a liouvillian extension.
(b) There exists a liouvillian extension F'/K such that L C F.
(¢) G(L/K) is liouvillian.
When £k is algebraically closed, these are equivalent to:
(d) G(L/K)" is solvable.
Moreover we will characterize ten types of liouvillian extensions just being compatible
with [12, §24-27]; see Definition 3.9.15, Corollary 3.9.19 and its following paragraph.

Conventions. Throughout this part, we always work over an arbitrarily fixed field R.
All vector spaces, algebras and coalgebras are defined at least over R. All algebras are
associative and have the identity element. All modules over an algebra are unital, left
modules unless otherwise stated. All separable algebras are taken in the sense of [7]; see
also [29, Ch. 6].

The notation Homp (resp. Endg) with a ring R always denotes the set of all R-
linear maps (resp. R-linear endomorphisms), but the unadorned Hom may indicate group
homomorphisms or homomorphisms of group schemes. Algebra (resp. coalgebra) maps
are always dentoed by Alg (resp. Coalg). The notation Aut indicates automorphisms
in some sense; for example, Autp k., means D-linear and K-algebra automorphisms.
Aut in the bold style indicates an associated group functor as in [29, (7.6)]. Coalgebra
structures are denoted by (A, ¢). If we need to specify a coalgebra (or a coring) C, the
notation (Ag,e¢) is also used. For a coalgebra C, C* denotes Kere. The antipode of a
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Hopf algebra is denoted by S. We use the sigma notation (see [23, §1.2, pp. 10-11] or [16,
§1.4, pp. 6-7]):
Afc) = Z cu®cg  ete
(o)
When (M, }) is a right (resp. left) C-comodule, A(m) (m € M) is denoted by the sigma

notation

A(m) = Zm(o) @ma) € M®rC (resp. A(m) = Zm(_l) Q@ m) € C ®r M).
(m) (m)

By “a symmetric tensor category (2, ®,I)” we mean that (2, ®) is a symmetric tensor
(or monoidal) category [16, §10.4, p. 199] with a fixed unit object I. We can define
algebras, coalgebras, etc., in (A, ®, I) naturally by commutative diagrams. For an algebra
Ain (2, ®,1), left A-modules (resp. right A-modules, resp. (A, A)-bimodules) in (%, ®,I)
can also be defined and the category of them is denoted by 42 (resp. 24, resp. 4%4).
For a ring R, g M (resp. Mz) denotes the category of left (resp. right) R-modules. For
a coalgebra C, M (resp. “ M) denotes the category of right (resp. left) C-comodules.
Moreover, further notations, such as 4 M¥# | & M, etc., which indicate categories of relative
Hopf modules are used as in [16, §3.5].

3.1. BASIC NOTIONS AND RESULTS ON D-MODULE ALGEBRAS

Let D be a cocommutative bialgebra. An algebra A is called a D-module algebra (see
[23, §7.2, p.153] or [16, §4.1]) iff A is a D-module and the action of D measures A to A.

The last condition means that
pa:A— Homg(D,A), aw~ [d— da]

is an algebra map, where Hompg (D, A) is considered as an algebra with the convolution
product (see [23, pp.69-70] or [16, §1.4]); or in other words, using the sigma notation,
d(ab) =Y (dnya)(d@b),  d(1) =e(d)1
(d)
hold for all d € D and a,b € A. Throughout this part, we assume D-module algebras are
commutative unless otherwise stated. Note that the algebra Homg(D, A) is commutative

in our situation, and it has a D-module algebra structure given by

(3.4) (dp)(c) = p(cd) (c,d € D, p € Homg(D, A)).
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One sees p4 is an injective D-module algebra map. For a D-module algebra A, the smash
product A# D means the algebra which is A ® g D with the semi-direct product:

(agkc) (b#d) = > alcuyb)#cd
©

(see [23, pp. 155-156] or [16, §4.1]). For A#D-modules V,W € 4upM, we have an
A# D-module structure on V ® 4 W given by

(a#d)(v@w)=a) doyw®dow (a€A deD,veV, weW)
@

Thus we have an abelian symmetric tensor category [6, Definition 1.15] (axpM,®4, A)
with the canonical symmetry V@, W — W @4V, v® w+— wQ v. For a D-module V,

VP ={veV|dv=e(dv foral de D}

is called the constants (or the D-invariants) of V. Especially AP becomes an algebra.
We see Hom a5 (4,V) = VP, o+ (1) is an AP-module isomorphism and in particular
Endaup(A) ~ AP as algebras. The functor (—)? : 44pM — 40 M is an exact functor
since A is a projective A# D-module (indeed, A#D ~ AG(ARr DY) as A#D-modules via
aftd — (ae(d),a® (d—e(d)))). Let B be a D-module algebra including A as a D-module
subalgebra, V an A# D-module, and W a B#D-module. If D is a Hopf algebra with the
antipode S, then Hom 4 (V, W) has a B# D-module structure given by the D-conjugation:

(3.5) (b#d)p)(v) =D dyy(p(Sld)v)  (veV)
(d)

forb € B,d € D, and ¢ € Homy4(V, W); see [27, Proposition 1.8]. We see Hom4(V, W)? =
Homxp(V,W). Especially Homy, is an internal Hom [6, p. 109] of (4xpM,®4,A) in
such a case.

The following proposition, like the Schur’s lemma, is very important:

Proposition 3.1.1. Let %A be an abelian category. An object X in 2 is simple iff

(a) the endomorphism ring E = Endg(X) is a division ring, and
(b) for every object Y in 2, the evaluation map

ev: Homy(X,Y)®r X =Y

18 1njective.
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Proof. 1t suffices to show that the proposition holds for every small abelian full subcat-
egory of 2 containing X as an object. By the Freyd-Mitchell embedding theorem (see
[9]), we may assume 2 = g M for a ring R.

(“If” part.) Let Y be an R-submodule of X. Since Homg(X,Y) is a right ideal of
E = Endz(X), Homg (X,Y) equals 0 or £ by (a). If Homgz (X,Y) = E, we have Y = X
since X ~ E®g X — Y is injective. If Homg (X,Y) = 0, then £ — Homg (X, X/Y) is
injective. Since all E-modules are flat, we have that X ~ E®z X — Homz(X,X/Y) Qg
X — X/Y is injective and hence Y = 0.

(“Only if” part.) (a) For 0 # f € E, Im(f) is a non-zero R-submodule of X and hence
Im(f) = X, Ker(f) = 0. Thus f is invertible.

(b) Since X is simple, each 0 # f € Homz (X, Y) is injective and hence Im( f) is simple.
It suffices to prove that the sum Y., Im(f;) C Y is direct if f1,..., f, are E-linearly
independent in Homz(X,Y"). To prove this, we shall use induction on r. When r = 1,
the assertion is clear. When r > 1, suppose that the assertion is true for {fi,..., fr-1}.
Seeking a contradiction, assume Im(f,) N 37— Im(f;) # 0. Since Im(f,) is simple, we
have Im(f,) C @)} Im(f;). Then there exist ¢; € E (i = 1,...,7 — 1) such that the
diagram

r—1 L
Im( fr) inclusion @Im( fz) projection Im( fz)

=1
X & X
commutes for ¢ = 1,...,7 — 1 since f; : X — Im(f;) is invertible. Then f, = f1 01 +
«+++ fr_10@,_y. This contradicts that fi,..., f. are E-linearly independent. O

Remark 3.1.2. T heard the above proposition from Professor A. Masuoka. Though it
seems well-known, an explicit citation was not found as far as I searched. It is said that
Professor Masuoka knew this by a comment from Professor T. Breziriski on [15, Theorem

1.1 and the Theorem on p. 232]; see the proof of [2, Proposition 3.1].
Definition 3.1.3. A D-module algebra A is called simple iff it is simple in 4xpM, ie.

A has no non-trivial D-stable ideal.
The next corollary follows immediately from Propositoin 3.1.1.
Corollary 3.1.4. A D-module algtebra A is simple iff
(a) AP is a field, and
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(b) for every A#D-module Y, the map
YP@umwA—Y, y@ar ay
(or AR YP =Y, a®y+— ay)
s injective.
Proof. Recall that Endazp(A) ~ AP and Homayp(A,Y) ~ YP. The evaluation map is
identified with the map in (b) above. O

Let A be a D-module algebra and ps : A — Hompg(D, A) the associated algebra
map. Then Hompg(D, A) has two kind of A-module structures: A ® g Homg(D, A) —
Hompg(D, A), given by (I) a ® ¢ +— pala) * ¢ = @ x pa(a), and (II) a ® ¢ — ap =
[d — ap(d)]. The structure given by (II) can be considered through the following algebra
isomorphism:

o: A= Homg(D, AP, aw aep,
which has the inverse given by ¢ — ¢(1). Here we are taking the D-module structure on
Hompg(D, A) in the sense of (3.4). As in [27, Corollary 1.4], the next lemma follows from
Corollary 3.1.4.

Lemma 3.1.5. If A is simple, then the following map:
B:A®s0 A— Homg(D,A), a®b— pa(b)* (acp) = apa(b)
is a two-sided A-linear (left through o, right through pa) injection.

Proof. Consider Y = Hompg(D, A) as an A# D-module by the A-module structure given
by (I) and by the D-module structure in the sense of of (3.4):

(a#td)p = pa(a) = (dp) (a€ A, deD, peY).
This is well-defined:
(a'#d)((atd)p)) = pa(a’) * Y _(diyypa(a)) * (diydp)

(d)
= pa(a)* Y _paldya) * (dyde) = > _pald(dyya)) * (digydy)
() (d)
= ((a'#d")(a#td))e.
Then 3 is injective since A ~ Y'? through o. O

This lemma has an application when one needs to think of the AP-linear dependence of
elements in A. Takeuchi generalized the Wronskian (and Casoratian) criterion as follows:
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Proposition 3.1.6. ([27, Proposition 1.5]) Let K be a D-module field. Then ay, ..., a, €
K are KP-linearly independent iff there exist hy,...,h, € D such that det(h;(a;));; # 0.

Proof. We include the proof for convenience.

(“If” part.) If -7 cja; =0 (c1,...,cn € KP), then 330 | cihi(a;) =0fori=1,...,n.
Since the matrix (h;(a;));; is invertible, we have ¢; = --- = ¢, = 0.

(“Only if” part.) Put W = KPa; +-- -+ KPa,, an n-dimensional KP-vector subspace
of K. Consider the K-linear injection

B: K ®yxp W — Hompg(D, K) ~ Homg (K ®r D, K)

which is restricted by the map 8 in Lemma 3.1.5. Let {d,}aen be an R-basis of D and
dy be the dual of d, in Homg(D, K). Then Homg (K ®g D, K) =[], Kdg as a K-
vector space. Notice that pa(a) = > cp(daa)dy (a € K). Since pa(ai),...,pa(an) are
K-linearly independent and since K is a field, we obtain a K-basis vy,...,v, of KQxpo W
such that

,6(’01) = h\1/+ Z Cl,adx

a€A

dahy
Blvg) = hy + Z C2,ady
acA
da7#hi,ha
Blvn) = hy, + Z Cn,ad
ac
da#hi,..., hn,
for some n elements hy,...,h, € {do}aear by sweeping-out. Consider the transposed

K-linear map of §:
v: K ®rD — Homg(K Qxo W, K), a®d— [b®w+— ab(dw)].

Let vy,...,v) be the dual basis of vi,...,v,. Then we have *(y(hy),...,v(hn)) =
Ty, ..., vY) with a strictly lower triangular matrix T’ € GL,(K). Thus y(h1),...,7(hs
form a K-basis for Homg (K Qo W, K) ~ Homyp (W, K). The K-isomorphism

K* = Homgn(W,K) = K"
@ — > evlh) (Zczhz (aj))
=1 =1

J
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is precisely the right multiplication of matrix (h;(a;));;. It follows that the matrix has

an inverse. O

Remark 3.1.7. In the above proof, we see that Ker~ is a left ideal of K#D. If D = R[0]
with one primitive 9, then Ker+y is generated by a monic differential operator of order
n. Thus we can take hy = 1,hy = 0,...,h, = 0! in such a case. Namely we have the
Wronskian criterion in the usual sense. Similarly we also have the ordinary Casoratian
criterion for difference fields.

3.2. TENSOR EQUIVALENCES ASSOCIATED TO HOPF SUBALGEBRAS

In what follows we assume that D is a cocommutative Hopf algebra. Let C' be a Hopf
subalgebra of D. A coalgebra in the tensor category (pM, ®g, R) is called a D-module
coalgebra. D is a D-module coalgebra, and D := D/DC™ is its quotient. The R-abelian
category B M of left (D, D)-Hopf modules is defined as follows (see [26, pp. 454-455] or
[16, §8.5].):

Objects. An object of BM is a left D-module which is also a left D-comodule with a

structure Ay, say, such that

Ae(dm) = A(d) Ay (m) = DY dgym-y @ dgyme) € D®r M
(@) (m)
forallde D and me M.

Morphisms. Morphisms of BM are D-module and D-comodule maps.

Given objects M, N in gM, let MUpsN denote the cotensor product; this is by defini-
tion the equalizer of the two D-colinear maps

M®N_=D®M®N
given by the structure maps of M, N, or in other words,

MOpN = {qu}by@ S @)y ® @) ®@u=_ > W) ®T® U)o

i (z:) i (yt

This is a D-submodule of M ® N, and is further an object in M. We see that DM =
(B M,0p, D) is a symmetric tensor category. Indeed, the associativity (MOpN)OpL =
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MUOp(NOpL) and the symmetry MUpN — NUOpM are induced by those of (p M, ®r)
naturally. We have isomorphisms

MOpD =M, > mi®a;i— Y me(as),
DOpM =M, Y ai®@mi— Y e(ag)m,

whose inverses are obtained by Az;. Thus D is a unit object.
For an object V' in ¢ M, define

O(V)=D®cV.
This is naturally an object in BM. We thus have an R-linear functor
®:cM—2M.
Proposition 3.2.1. ® is an equivalence of symmetric tensor categories.
Proof. By [26, Theorem 2 and 4], ® is a category equivalence; its quasi-inverse N — ¥ (V)
is given by
U(N)=*PN={neN|In)=1®n in D® N},
where Ay : N — D ® N is the structure map on N. It is easy to see that
¥(M)®¥(N) = ¥(MOpN), m@n—maen,
R—¥(D), 11
are isomorphisms in cM. We see that the isomorphisms, as tensor structures, make ¥

an equivalence of symmetric tensor categories. O

Let D! denote the irreducible component in D containing 1; this is the largest irre-
ducible Hopf subalgebra. If the characteristic ch R of R is zero, then D! = U(g), the
universal envelope of the Lie algebra g = P(D) of all primitives in D; see [23, Ch. XIII|
or [16, §5.6]. Let G = G(D) denote the group of all grouplikes in D.

In what follows we suppose:

Assumption 3.2.2. D is pointed, so that
D = D'#RG,

the smash product with respect to the conjugate action by G on D?'; see [23, Theorem
8.1.5] or [16, Corollary 5.6.4].
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In the following, we take as C' a Hopf subalgebra of the form
C = D(G,) := D'#RGy,
where G; C G is a subgroup of finite index. The equivalence ® will be denoted by
(3.6) ®¢, : pegM =DM,

if one needs to specify Gj.

The vector space R(G/G1) freely spanned by the set G/Gy of left cosets is a quotient
left D-module coalgebra of D along the map D = D'#RG — R(G/G4) which is given by
the counit ¢ : D' — R and the natural projection G — G/Gj. Since the map induces an
isomorphism D = R(G/G1), left D-comodules are identified with (G /G )-graded vector
spaces: for N € P M,

N= @ N. N.={neN|i(n)=sn}).
s€G/G1
An object in BM is a left D-module N = @, ey N, which satisfy that giN, C Ny,
(9€G,s€G/G1). U M =D/, Ms is another object in D M, then
MOgN = @ M, ® N,.
s€G/G1
We have D = @ cq/q, 9D(G1)-
Notation 3.2.3. Here and in what follows, g € G/G; means that g lies in a fixed system

of those representatives in G for the left cosets G/G; which include the neutral element
linG.

The neutral component N; = ¥(N) in N is a D(G)-submodule. We have the identi-

fication
o(N) = P g®N.

g€G/G1
Here D acts on the right-hand side so that if d € D!,

dlgon)=g® (g "dg)n (n € Ny),

and if h € G,
hg®@n)=¢ ®tn (ne€ Ny),

where ¢’ is a representative and ¢ € Gy such that hg = ¢g't. Hence, by Proposition 3.2.1,
we have an isomorphism ®(N7) = @geG/Gl g®N; = N in BM, given by g ® n — gn.
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An algebra A in (g/\/l, Op, D) is precisely such a D-module algebra that is the direct
product [] . /6, As of D'-module algebras A, (s € G/G), satisfying gA; C Ay (9 € G).
It is identified with ®(4:1) = P c5/q, 9® A1, Which is endowed with the component-wise
product. We observe that e, = g ® 1 € ®(A;) are orthogonal central idempotents.

Let A = ®(A;) be as above. An A;-module V in p(g,)M is precisely a module over
the algebra A;#D(G,) of smash product: 4, (p(e)M) = a,¢pc)M. ®(V) is naturally
an A-module in g/\/t; this is in particular an A# D-module.

Proposition 3.2.4. Let A; be a D(G1)-module algebra and A = ®(A;). The functor
®: 44pe)M — aupM

is an equivalence of R-abelian categories.

Proof. By Proposition 3.2.1, it suffices to prove that the category 4(8M) of A-modules

in BM is isomorphic to 4(pM) = agpM. Given N in 44pM, define N, = e,N (e, =

g®1 € A= ®(A1), g € G/G1). Then N = @ 5/, Vg so that N is in A(BM). This
gives the desired isomorphism. O

This proposition can be extended as follows:

Proposition 3.2.5. Let A = ®(A;) be as above. The functor
o (Al (D(Gl)M)A1 ) ®A1 ’ Al) - (A(gM)Au R4, A)

18 a tensor equivalence.
Proof. For V,W € 4,(p()M)a,, we easily see
(V) @a0(W)= > g8 (V ey W) =0V s W)
9E€G/G1
in (4(BM) 4, ®4,A). O
We see that the functor ® preserves constants and simple module algebras:
Lemma 3.2.6. (i) Let V be a D(Gi)-module. Then an isomorphism VP©) = &(V)P

is given by v — deG/Gl gu.
(ii) Let Ay be a commutative D(Gy)-module algebra. Then A; is a simple D(G1)-module
algebra iff ®( A1) is a simple D-module algebra.

Proof. (i) If ), g®u, € ®(V)P, one sees first vy € V', and then v, = v; forall g € G/G1.
(ii) This directly follows from Proposition 3.2.4. O
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3.3. ARTINIAN SIMPLE D-MODULE ALGEBRAS

Let D = D'#RG be a cocommutative pointed Hopf algebra as in the previous section.

In what follows we further assume:
Assumption 3.3.1. The irreducible Hopf algebra D! is of Birkhoff-Witt type.

This means that every primitive element of D lies in a divided power sequence of
infinite length; an infinite sequence {1 = dy,d1,...,dn,...} in D! is called a divided
power sequence if A(d,) = > v d;®d,,—; (see [23, p. 268]). This assumption is necessarily
satisfied if ch R = 0 (for each primitive 8 € P(D), {1,8,8%/2,...,0"/nl,...} is a divided
power sequence of infinite length). If ch R = p > 0, this is equivalent to the Verschiebung
map D' — RY?P @ D' being surjective; see [11]. The assumption is also equivalent to
saying that D is smooth as a cocommutative coalgebra.

Moreover this implies that, for a commutative algebra A, the A-algebra Homg(D?!, A)
with the convolution product is the projective limit of power series A-algebras (see [23, p.
278]). Thus, if A is a domain (resp. reduced), then Homg(D?, A) is also a domain (resp.
reduced). Furthermore, Homg(D, A) is isomorphic to the direct product of A-algebras
isomorphic to Homg(D?', A) indexed by G:

Homp(D,A) = Homp(RG,Homg(D', 4)) = []Homg(D!,A)
geG
p lg — [d — w(dg)]] — ([d— ©(dg))),-
Hence, if A is reduced, then Hompg (D, A) is also reduced. (These facts implies that D?
and D are convolutionally reduced in the sense of [28, Definition 5.2].)

As in [27, p. 505], we have the following:

Lemma 3.3.2. Let A be a D-module algebra and ps : A — Hompg(D, A) the algebra map
associated with the structure on A.

(i) If J C A is an ideal, then p;'(Hompg(D,J)) is a D-stable ideal, which is maz-
imal among D-stable ideals included in J. Therefore J is a D-stable ideal iff J =
p2 (Homg(D, J)).

(ii) If I C A is a D-stable ideal, then also the radical \/T is a D-stable ideal.

(iii) If P C A is a prime ideal, then (pY) " (Homg(D', P)) is a prime D*-stable ideal.
Here pY : A — Hompg(D?!, A) is the algebra map associated with the D'-module algebra

structure on A.

Proof. (i) This is easily seen.
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(i) Since the algebra Homg (D, A/v/T) ~ Homg(D, A)/ Homg(D,/T) is reduced, we
have Hompg(D, v/T) is a radical ideal of Homp(D, A). Hence its pull-back p3' (Homg(D, /1))
is also a radical ideal. By part (i), it includes I. On the other hand, p;'(Homg(D, /1))
is included in v/I. Therefore p;'(Homg(D, V1)) = /1.

(iii) Since Hompg (D', A/P) ~ Homg(D*, A)/ Homp(D?, P) is a domain, Homg(D*, P)
is a prime ideal. Thus its pull-back (p%)~!(Hompg(D?, P)) is also prime. O

Let K be a D-module algebra and Q(K) the set of all minimal prime ideals in K. Then
G acts on Q(K). Let Gox) denote the normal subgroup consisting of those elements in
G which stabilize every P € Q(K).

Proposition 3.3.3. Suppose that K is noetherian as a ring and simple as a D-module
algebra. Then Q(K) is a finite set.

(i) The action of G on Q(K) is transitive, so that the subgroups Gp of stabilizers of
P € Q(K) are congugate to each other.

(i) Every P € Q(K) is D'-stable, so that K/P is a D(Gp)-module domain. This is
simple as a D(Gox))-module algebra.

(iii) Let P € Q(K), and set K1 = K/P. Then we have a natural isomorphism of
D-module algebras,

K~ ®Gp (Kl)

Proof. (i) Let p : K — Hompg(D', K) be the algebra map associated with the D'-module
algebra structure on K. Put P’ = p~!(Homg(D!, P)). By Lemma 3.3.2 (iii), P’ is a
D'-stable prime ideal included in P. Then we have P = P’ by the minimality of P.
Hence P is D'-stable. (This also follows from [28, Theorem 5.9 (2)].)

Let P C J & K be a D(Gqx))-stable ideal. Then, (,cq /G gJ is D-stable, and
hence is zero. Since P is prime, there exists ¢ such that gJ C P,andso PC J C g 'P.
By the minimality of g7'P, we have P = J (= g~!'P). Thus K/P is a simple D(Gqx))-
module algebra.

(i) Let P € Q(K). We see

(3.7) NeP= () @=0

geG QEQ(K)

since the intersections are both D-stable. The first equality implies {gP | g € G} = Q(K);

this proves (i).
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(iii) By (i), g — gP gives a bijection G/Gp — Q(K). If Q and Q' in Q(K) are distinct,
then (Q C) Q@ + Q' = K, by (ii). This together with (3.7) proves that the natural map

gives an isomorphism,

K = H K/Q= H K/gP.
QEQ(K) 9€G/Gp
Obviously, ®¢, (K1) is isomorphic to the last direct product. O

For a commutative ring K in general, we say that K is fotal iff every non-zero divisor
in K is invertible.
Corollary 3.3.4. Let K be a noetherian simple D-module algebra as above. Then the
following are equivalent.
(a) K is total;
(b) K is artinian as a ring;
(¢) The Krull dimension Kdim(K) = 0, or in other words Q(K) equals the set of all

maximal ideals in K.

If these conditions are satisfied, every K#D-module is free as a K-module.

Proof. Each condition is equivalent to that for any/some P € Q(K), K/P is a field. The
last assertion holds true by part (iii) of the last proposition and by Proposition 3.2.4. [

Definition 3.3.5. A D-module algebra K is said to be AS iff it is artinian and simple.
By the corollary above, this is equivalent to that K is total, noetherian and simple.

For later use we prove some results. The following lemma is a particular case of [28,
Theorem 3.4].
Lemma 3.3.6. Let A be a D-module algebra, and let T C A be a G-stable multiplicative

subset. The D-module algebra structure on A can be uniquely extended to the localization
T=YA of A by T. (D* may not be of Birkhoff-Witt type.)

Proof. Let p : A — Homg(D,A) C Homg(D,T~!A) be the algebra map associated
with the D-module algebra structure on A. For each ¢ € T, we see p(t)(g) = g(t) are
invertible in 714 for all g € G. Hence p(t) (¢t € T) is invertible in Homg(D,T~1A)
by [23, Corollary 9.2.4]. This implies that p is uniquely extended to an algebra map
p: T7'A — Hom(D, T A) so that p(1/t) * p(t) = € (t € T); cf. the proof of [27,
Proposition 1.9]. We have thus obtained the measuring action

d(a/t) = ja/t)(d) (deD, acA, teT)
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by D on T~'A. It remains to prove that this makes 714 a D-module. We have only to
see that
cd(1/t) = c(d(1/t)) (c,de D, teT).

This holds, since the two maps D ® D — T~ A, given by c® d — ¢d(1/t) and c® d —
c(d(1/t)) coincide, being the convolution-inverse of ¢ ® d — cdt.

For convenience, we describe how to extend the action of D explicitly. Let ¢t € T. The
action of D on 1/t is given by:
g(1/t) = 1/gt) (9€@),

e(d) dt—e(d)t

1
d1ft) = == ==+ 3D (dot — ldw)t) (ot — £(de)t)
(d)
1
T > (dwyt — e(dw)t) deyt — e(de)t)(d@t —e(d@)t) + -+ (de DY,
(d)
We observe that the right hand side of d(1/¢) (d € D') in the equation is a finite sum by
the coradical filtration; see the proof of [23, Lemma 9.2.3] or [16, Lemma 5.2.10]. O]

Lemma 3.3.7. Let L be an AS D-module algebra, and let K C L be a D-module subal-
gebra. If K is total, then K is AS.

Proof. Given an element z # 0 in L =[] Pea() L/ P, define the support of x by
(3.8) supp(z) = {P € Q(L) | = ¢ P}.

One sees that z is a non-zero divisor iff supp(z) = Q(L).

Choose an element x # 0 in K with minimal support. Then for g € G, the supports
supp(z) and supp(gz) are either equal or disjoint, according to z(gx) being non-zero or
zero. By Proposition 3.3.3 (i), we have those elements z, giz,. .., g-z in K with disjoint
supports, whose sum is a non-zero divisor. Let y be the inverse of the sum; this is
indeed in K, since K is total. We see that e := zy is a (primitive) idempotent in K
with supp(e) = supp(z). By the minimality of the support, each non-zero element in eX
has supp(z) as its support, and hence has an inverse in eK, just as x above. We have
K =TI;_, gieK, the direct product of the fields g;eK; this proves the lemma. O

Corollary 3.3.8. Let A be a D-module subalgebra in an AS D-module algebra L.

(i) Every non-zero divisor z in A has full support: supp(z) = Q(L) (see (3.8)).

(ii) Let K = Q(A) denote the total quotient ring of A; this is realized in L by (i). Then
K is an AS D-module subalgebra of L.
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Proof. Let T be the set of all non-zero divisors in A. Then, K = T-1A.

(i) Choose an z € T such that supp(z) is minimal in {supp(¢) | ¢ € T'}. If supp(z) #
Q(L), then there is a g € G such that supp(gz) N supp(z) = 0, which implies z(gz) = 0,
a contradiction.

(ii) Let pr : L — Hom(D, L) be the algebra map associated to the D-module algebra
structure on L. It restricts to p : A — Hom(D, A) associated to A. If ¢t € T, pr(1/t) is
the inverse of p(t) in Hom(D, L), and hence is contained in Hom(D,T~*A) by the proof
of Lemma 3.3.6. This implies that K (= T~!A) is a D-module subalgebra of L. K is AS
by Lemma 3.3.7. O

3.4. THE SWEEDLER’S CORRESPONDENCE THEOREM

Let K C A be an inclusion of D-module algebras. Then A ®x A has a coalgebra

structure in the symmetric tensor category (4(pM)a, ®a4, A) given by

A:AQr A— (AQx A)®4 (ARKk A), a®b— (a®1)®(1®0b),
c: AR A— A, a®br ab.

In particular A®x A is an A-coring (or a coalgebra in (4M4,®4, A)); see [24]. The next
theorem is an analogy of the Sweedler’s correspondence theorem [24, Theorem 2.1] on AS
D-module algebras, which play a key role to obtain the Galois correspondence later.

Theorem 3.4.1. Let K C L be an inclusion of AS D-module algebras. Let Crjx be the
set of all D-stable coideals of L @k L and Ar/x the set of all intermediate AS D-module
algebras of L/ K.
(i) For M € Ak, we have Jy == Ker(L ®x L - L ®y L) € Cp/x.
(ii) For J € Cpk, let m : L ®x L — L ®x L/J be the canonical surjection. Then
My={a€l|ar(l®1l)=n(1®1)a} € Ap/k.
(iii) The correspondence
CL/K — -AL/K
J — M;
Ju «— M
18 bijective.
Proof. (i) Both L ®x L and L ®) L are coalgebras in (1(pM)r,®z, L) and obviously
L®yxg L - L®y L is a D-linear L-coring map. Hence its kernel Jy is a D-stable coideal
of L g L.
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(ii) We easily see that M is a subalgebra of L which contains K. For any d € D and
a € My, wehave d(a)n(1®1) =d(ar(1®1)) =d(r(1®1)a) = 7(1®1)d(a). Thus M; is
a D-module subalgebra of L. Let ¢ be a non-zero divisor in M;. By Corollary 3.3.8 (i), ¢
is invertible in L. Wesee tIn(1® 1) =t Ir(1@ )i =t r(l )t =r(lx 1)t !
and hence t~! € M;. This implies that Mj is total. Therefore M is an intermediate AS
D-module algebra of L/K by Lemma 3.3.7.

(iii) Take an M € Ap/k. Foralla € M, we have a® 1 —1®a € Jy. Then M C My,,.
By the definition of My, , one sees My, ®m My, =~ My, ®y M. Since My, is an
M+ D-module, it is a free M-module (see Corollary 3.3.4). Hence M,,, = M.

Conversely, take J € Cr/x. Let § : LQuy; L - Lk L/J, a® b — an(1 ® 1)b, which
is a surjective D-linear L-coring map. Then we have Jy;, C J by chasing the following

commutative diagram:

0 I, LegL —— L®y,L — 0 (exact)
| s
0 J Loy L —— L®gL/J —— 0 (exact).

If we prove that ¢ is injective, then J = J, follows.

For a fixed P € Q(Mj), put M' = M;/P (= Vg, (M;)), L' = L/PL (= ¥g,(L)), and
C =95, (LRrL/J)=(LRxL/J)e1 = e1(L ®x L/J)e; (where e; € M is the primitive
idempotent such that M’ = Mje;). Then C is a coalgebra in (z/(pgp) M), ®1/, L") by
Corollary 3.2.5. It suffices to prove that & = ¥g,(§) : L' @uv L' — C is injective.

Regarding C merely as an L’-coring, let 2 be the category of right C-comodules in
(wMp,®r,L"). Then 2 is an abelian category since C is a left free L'-module. L’ has

a natural C-comodule structure given by

ML -0y C~C, a—n(l®l)a (=en(l®1)ea).
We see Endy(L') = M', f — f(1) is an algebra isomorphism. (f € Endp/(L') is a C-
comodule map iff f(1)7(1® 1) =7(1® 1)f(1).) On the other hand, Homg(L',C) = L/,

f = (eo f)(1) is an M'-module isomorphism whose inverse is given by a — [b —
am(1 ® 1)b]. Indeed, for f € Homgy (L', C),

(o HLTA® )b = (0 FH1AD) = (0 (1) b ® by
(b)

= Y (0 f)bo) ® by = (e ®id) o (f ®id))(A(D)) = (¢ @ id)(Ac(f (D)) = F(b).
®)
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We will show that L' is simple in 2, concluding that £ is injective by Proposition 3.1.1.
Every simple subobject of L' is of the form eL’, where e is an idempotent of L. Since A
is D(Gp)-linear, we see that g(eL’) is also a simple object for each g € G. Each g(eL’)
coincides or trivially intersects with eL’ since g(eL’) NeL’ is also a right C-comodule. It
follows from Proposition 3.3.3 (i) that L' is semisimple in . But the endomorphism ring
Endg(L’) ~ M’ is a field. This implies that L’ is a simple object in 2. O

Ezample 3.4.2. Let R = Q and D = Q[r,77!|, the ring of linear difference operators. Take
a = {(25)"} € Sc as in Introduction. Then @ = Q(1,1) € L = Q(v/5,@) x Q(v/5,)
(where 7(1,0) = (0,1), 7(0,1) = (1,0), L? = Q(v/5) = Q(+/5)(1,1)) is an inclusion of AS
D-module algebras. Write e; = (1,0),e2 = (0,1) € L. Then Ay /g and Cr/g correspond
as the following:

Ar/g Crjq
L SpanL,L{\/-5®1—1®\/—5—, e1®es, e2Qe€1, a®1l—-1Qa}
Q(v/5, @) Span; {v6®1-1®+5, a®l—-1Qa}
Q(v5) x Q(v5) Span r{e1 ® ez, s ® ey, V5®1—1®+/5}
Q(a) Span; ;{a®1—-1Qa}
Q(v5) Spany ({V5®1—-1®+/5}
Q X Q Spa,nL L{61 & eq, 2R 61}
Q 0

We will see that L/Q is not a Picard-Vessiot extension but L/Q(+/5) is.

3.5. GALOIS CORRESPONDENCE FOR PICARD-VESSIOT EXTENSIONS

Let K C A be an inclusion of D-module algebras. Then A ®x A has an algebra
structure naturally and become a D-module algebra since D is cocommutative. Thus
(A®g A)P is a KP-subalgebra of A ®x A.

Definition 3.5.1. Let K C L be an inclusion of AS D-module algebras. We say that
L/K is a Picard-Vessiot, or PV, extension if the following conditions are satisfied:

(a) KP = LP; this will be denoted by k.

(b) There exists a D-module subalgebra A C L including K, such that the total
quotient ring Q(A) of A equals L, and the k-subalgebra H := (A®x A)P generates
the left (or equivalently right) A-module A®x A: A-H =AQxg A (or H- A=
ARk A).

Proposition 3.5.2. Let L/K be a PV extension of AS D-module algebras and take A, H

as in the condition (b) above.
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(i) The product map p: AQxH — AQk A, u(a®h) = a-h is a D-linear isomorphism.

(ii) The A-coring structure maps A,e of A ®x A induce k-algebra maps Ag : H —
H®iH, eg: H— k. Then (H,Ag,cg) becomes a commutative Hopf algebra over k.
The antipode is induced from the twist map tw: AQx A — AR A, a®@b+— b® a.

(iii) The k-algebramap 6 : A — ARy H, 6(a) = u~1(1®a) makes A a right H-comodule.
A/K is necessarily a right H-Galois extension [16, Sect. 8.1] in the sense that

A0 AR A— ARy H, A@(a@b):aﬁ(b)

s an isomorphism. A Hopf algebra structure on H with this property is unique.
(iv) Such an algebra A that satisfies the condition (b) above is unique.

Proof. (i) By Corollary 3.1.4, the natural map L ®; (L ®x A)” — L Qx A is injective.
Since the map p is its restriction, it is injective. On the other hand, u is surjective by the
condition (b). Note that this can be uniquely extended to an isomorphism L ® H =
L®K A

(ii) Since AP =k by the condition (a), ¢ maps H into k. The twofolds of u:

0 AR LH H X A9y A9 H 2% Ay A9k A

is a D-linear isomorphism. This induces an algebra isomorphism ¢ = id Qu|me,# :
HeyrH = (AQx AQx A)P. Similarly the threefolds of 4 induces an algebra isomorphism
0o HQy HRLH = (AQr AQx AQx A)P. Since A : AQr A — (AQx A)®@4(AQKA) ~
ARk A®x A maps H into (A Q®x A®x A)P, a k-algebra map Ay : H — H ® H is
induced by Ay = 7" o Alg. We see

w0 (ApRidg)o Ay = (A®id)op; oAy = (A®ids) o Alg,

a0 (idg ®Ag) oAy = (i[d®A) oy 0 Ay = (idy @A) o Alg.
Then we have (Ag®id)oAy = (Id @ Ag)oAg by the coassociativity of A. The counitary
property is easily seen. Therefore (H, Ay, eg) is a commutative bialgebra. Since D is
cocommutative, tw maps H into H. Put S = tw|g. For w =) ,(a; ® a)) ® (; ® b;) €
H @ H, we see

pr(w) =Y @ ®al®b, m(ideS)(w) = ab® al
i i
where m denotes the multiplication of H. Thus, for h=3)",a,® b; € H,

m((id®S)(Ax(h) = m((d@S) (P (}_a:®18b)) = abi @1
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This implies id S = m o (id ®S) o Ay = ue where u : k — H is the unit map of H. We
have S x id = ue similarly. Therefore S is the antipode of H.
(iii) We see
(po(@®id)of)(a)=101®@a=(Aopuocbh)(a)=(po(id®Ag)cb)(a)
for all a € A. Thus we have (§ ® id) 0§ = (id ®Ag) 0 6. On the other hand,
(id®eg)of=copoch=id.

Therefore (A, ) is an H-comodule. The map 46, being ©~!, is an isomorphism. Since
this interprets € into the natural right A ® x A-comodule structure A — AQ 4 (AQx A) ~
ARg A a— 1Qa on A, we see the described uniqueness of the structure on H.

(iv) This follows in the same way as [27, Lemma 2.5]. We include the proof for conve-
nience. If A, B satisfy the condition (b), then also AB satisfy it. Thus we may assume
ACB. Put Hy = (A®x AP, Hg = (B ®x B)P, the corresponding Hopf algebras.
Then H, is a Hopf subalgebra of Hg. Hence Hg/H, is a faithfully flat extension (see
[25, Theorem 3.1] or [29, Ch. 14]). The extension (L ®x B)/(L ®k A) is identified with
(L ® Hg)/(L ®i Hy4) through the y-isomorphism. It follows that B/A is a faithfully
flat extension since L is a free K-module. Hence aA = aB N A for all a € A since the
canonical map A/aA — B ®4 (A/aA) ~ B/aB is injective. For any b € B, there exists
a non-zero divisor @ € A such that ab € A. Since ab € aB N A = aA and since a is a

non-zero divisor, b € A follows. Therefore we have A = B. O

Definition 3.5.3. A (resp., H) is called the principal algebra (resp., the Hopf algebra)
for L/K. To indicate these we say that (L/K, A, H) is a PV extension. The associated
affine group scheme G(L/K) := SpecH is called the PV group scheme for L/K.

Theorem 3.5.4. Let L/K be a PV extension of AS D-module algebras with the Hopf
algebra H. Let Ak be the set of intermediate AS D-module algebras of L/K and HIx
the set of all Hopf ideals of H. Then Ar x and HIg correspond bijectively as follows:

Arxk = HIy, M — HNKer(L ®x L — L®y L),
This theorem is obtained as the composite of 1-1 correspondences given by Theorem

3.4.1 and the next proposition. For a commutative algebra A (resp. a D-module algebra
B), let Z(A) (resp. Zp(B)) denote the set of all ideals of A (resp. D-stable ideals of B).

Proposition 3.5.5. Let (L/K, A, H) be a PV extension.
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(i) Z(H) and Ip(L ®x L) correspond bijectively as follows:
I(H) —»Ip(L®x L), I—1I-(L®xklL),
Ip(L®x L) — Z(H), Jw— JNH.
(ii) Under the correspondence, J is a D-stable coideal iff I is a Hopf ideal.

Proof. This follows in the same way as [27, Proposition 2.6]. We include the proof for
convenience.

(i) Since L is the total quotient ring of A, we have Ip(L ®x L) C Ip(A ®x A).
Furthermore, ZTp(L ®x A)NZIp(A®k L) =Zp(L®x L) in Ip(A ®k A). Considering the
p-isomorphism, we claim the map

I(H) - Ip(AQc H) > Ip(A®k A), T— A~ 1 -(AQgA)

is injective with the image Zp(L ® H) ~ Ip(L ®x A). The injectivity is clear. Since
ARrI = (LRkI)N(A®,H), the image is contained in Tp(L®,H). Then it suffices to prove
that every D-stable ideal of L& H is written as L®y I by some I € Z(H). Let a C L&y H
be a D-stable ideal and take the canonical map ¢ : H — (L ®, H)P — (L ®, H)/a)P.
Put I = Kerp = an H, an ideal of H. Since L ®; (L ®x H)/a)? — (L ® H)/a is
injective (Corollary 3.1.4), we have a = L ®j I by chasing the following diagram:

0 — L@yl — LRy H 2% L (L e H)/a)? — 0

H !

0 — a —— LQH —— (LerH)/a — 0.
Then the claim is proved. By symmetry, we see the image of Z(H) — Zp(A®xk A) is also
equal to ITp(A®k L). It follows Zp(L®k A) = Ip(AQk L) = Ip(L®x L) in Ip(A®xk A),
proving (i).

(ii) By the similar discussion to (i), we have that Z(H ®; H) and Zp(L ®x L ®x L)
correspond bijectively. If I < J in (i), then I @, H « J ®x L and H ®; [ < L ®x J.
Therefore, Ag(I) CIQx H+ HQ,Iiff AJ C J®xg L+ L ®gkJ. On the other hand,
Ker((L@KL)@JL(L@KL) — (L@KL/J)@)L(L@KL/J)) = J®L(L®KL)+(L®KL)®LJ =
J®x L+ L®gJ holds since J, Lk L, and JQx L/J are free L-modules. It follows that
I is a biideal of H iff J is a D-stable coideal of L ®g L. It is known that every biideal of
a commutative Hopf algebra over a field is a Hopf ideal (see [17, Theorem 1 (iv)]). O

Ezample 3.5.6. In Example 3.4.2, if we put K = Q(v/5), then L/K is a PV extension.
The principal algebra and the Hopf algebra are given by A = Ko, o] x K[a, a7 ] and
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H = K|g1, g2) with grouplikes g; = a®a™!, go = (e1 —e3) ® (e1 — €2). In this case, Ap/x,

Cr/x, HZy correspond as follows:

Ak Cr/x HIy

L Span; ;{e1Qes, e2®e, a®1—-1Qa} | H  =(g1—1,50—1)
K(a) Span; {a®1-1®a} (g1 —1)
Kx K Span; p{e1 ®ez, e2® e} (go — 1)

K 0 0

Proposition 3.5.7. Let (L/K, A, H) be a PV extension. Suppose Apjx > M « I € HIy
in Theorem 8.5.4.

(i) (L/M,AM,H/I) is a PV extension.

(ii) A°H/ ={a € A|0a)—a®1 € AR, I} = AN M, and the u-isomorphism
ARy H S A®k A induces an isomorphism A @y, HOHIT = A®yx (AN M),

(iii) M 1s the total quotient ring of AN M.

Proof. (i) We have an isomorphism L ®; H/I 5ELe um AM by considering the following
diagram:
g g K
0 — - (L®gA) — LQx A —— Ly AM —— 0.

Restrict the diagram as
0 —  AM®@rlI —— AMQyH —— AMQ H/I — 0

ln lu J,ﬂ
0 — - (AM®gA) — AM g A —— AM ®u AM —— 0.
Since AM®x A = (AM ®x K)-H, we have AM @y AM = AM -(AM @y AM )P through
the surjection AM ®x A — AM @3 AM. On the other hand, & induces an isomorphism
H/I = (AM ®j; AM)P of Hopf algebras.
(ii) This follows by considering the next diagram:
0—— AQx (ANM)—— AQg A—— AQx AM @y AM

0————+A®KACOH/I — AQK ___,A@KA®kH/I

|

0 —— A@HOHI .« A@,H—" A® H®, H/I
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(iii) Let M’ be the total quotient ring of ANM realized in L. Then M’ is an intermediate
AS D-module algebra of L/K which is included in M by Corollary 3.3.8. Let I’ be the
Hopf ideal of H corresponding to M’. Since M'NA D M N A, we have HH/I' o feoH/I
by part (ii). Define the maps & : H — H ® H/I' and & : H — H ®; H/I given by
h— Z(h) hay® 5(2) —h®1. Then we have a surjection Im &, — Im &;. Since this induces
a surjection (H/I)* — (H/I')*, we have a Hopf algebra surjection H/I — H/I'. Thus
I' O I, which implies M’ D M. O

Let H be a commutative Hopf algebra over k. It is known that normal Hopf ideals I
of H and Hopf subalgebras H; C H correspond bijectively by H; = H®H/! = «H/Ifg
and I = HH;{ (see [25]). Let (V,)\) be a right H-comodule in general. If we put
Vi = ANV @ Hy) (= VH/T) then we have A\(V1) C V; ®; Hy. Indeed, write A(v) =
Y v ®@h; € V ® Hy for v € V4, where h; are k-linearly independent. Then

DD W@ wn®hk=) > us| ® (hi)2) € V &, H1 ® Hi.

i (v) i (k)

This implies v; € V3. As in [27, Theorem 2.9], we have the following proposition.
Proposition 3.5.8. Let (L/K, A, H) be a PV extension and Hy C H a Hopf subalgebra.
Put I = HH; and Ay = 7Y (A®, Hy) = AT, Let L, be the total quotient ring of A
so that Ly s an intermediate AS D-module algebra of LK.

(i) (L1/K, A1, Hy) is a PV extension.

(ii) I is the Hopf ideal of H which corresponds to L.

(iii) Hy +— Ly gives a 1-1 correspondence between the Hopf subalgebras of H and the
intermediate AS D-module algebras which are PV extensions over K.

Proof. (i) Since 0(A;) C A; ® Hy, we have u(A; ®, H1) D A @k A;. Consider A ®x A
as a right H-comodule by the structure map id ®¢. Then the inclusion H — A @k A is
an H-comodule map; recall that, for h =Y, a; @x b; € H = (A®x A)P,

Zau@xu 1(1 QK b; Zaz ®x 0(b;).

Thus H; C A®k 0~ (A®, H1) = A®x A;. Also we have Hy = S(H;) Ctw(AQg A1) =
A, ®x A. Hence H; C A; ®x A; and so u(A; ®x H1) C A; @k A;. This implies that
p: A®yH = A®k A induces a D-linear isomorphism A4; ®; H1 = A; ®x A;. Therefore
Hy = (A ®K A1)P and A, @k A1 = Ay - Hy.

(ii) This follows from Proposition 3.5.7.

50



(iii) Let L; be an intermediate AS D-module algebra of L/K such that (L,/ K, A;, Hy)
is a PV extension. Since AQx A= A-H and A ®x A; = A; - Hy, we have A1 A Qx
A1 A = AjA- HiH. This implies that A;A is the principal algebra for L/K and hence
A;A = A by Proposition 3.5.2 (iv). Thus A; C A and H; C H, a Hopf subalgebra.
Since the p-isomorphism A; ®; H; — A; ®x A; induces a left A-module isomorphism
A®y H = A®g Ay, we have A; = 671(A ®;, Hy). This proves (iii). O

Finally in this section, we prove two important properties on principal algebras which

are used later.

Proposition 3.5.9. Let (L/K, A, H) be a PV extension.
(i) A is simple as a D-module algebra.

(ii) A contains all primitive idempotents in L.

Proof. (i) The following proof is essentially the same as that of [27, Theorem 2.11].

Let 0 # I C A be a D-stable ideal. Since L ®x I € Ip(L ®x A), there exists an
ideal a € Z(H) such that L x I = a- (L ®x A) by the proof of Proposition 3.5.5 (i).
But IL = L since L is simple and hence L @ IL = L ®x L. This implies that the
D-stable ideal of L ® x L which corresponds to a is L ® L. Thus a = H. Therefore
LexglI=H - (L®g A)=L®g A, concluding I = A.

(ii) Since L is a localization of A, we have Q(L) C Q(A) via P — PN A We see
A C HPGQ(L) A/P N A. Tt remains to prove that if P # @ in Q(L), then the sum
J:=PNA+QnNAequals A If J C A on the contrary, one sees ﬂQGG/GQ(L)
D-stable ideal in A, and hence is zero by part (i). Since P N A is prime, there exists g
such that gJ C PN A, andso PNA C J C g PN A. By the minimality of g7'P N A,
we have PN A= J (=g 'PN A). Similarly we have J = QN A, and so P = Q. O

gJ is a

3.6. TRANSLATION INTO AFFINE GROUP SCHEMES

For an inclusion of D-module algebras K C A, let Autp, g alg(A) denote the group of
D-linear K-algebra automorphisms of A. Let Autp x_a15(A) denote the associated group
functor over k = KP; it associates to each commutative k-algebra T the automorphism
group Autp, k g, T-alg(A®kT), where T is considered as a D-module algebra by the trivial
action dt =e(d)t (d € D, t € T). As in [27, Appendix], we have the following: '

Theorem 3.6.1. Let (L/K,A,H) be a PV extension and G(L/K) = SpecH the PV
group scheme. Then the linear representation ¢ : G(L/K) — GL(A) arising from the
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H -comodule structure 0 : A — A®; H gives an isomorphism G(L/K) = Autp g_aig(A)
of affine k-group schemes. In particular, G(L/K)(k) =~ Autp, x_ag(A) = Autp, gag(L).

Proof. Let T be a commutative k-algebra. For a € G(L/K)(T) = Alg,(H,T), ¢r(a) is
given by
¢r(0) ARk T 5 A®cT, a®t— Y ag ®alam)t
(a)
We easily see ¢r(a) € Autp x g, T-alg(A @i T). We will construct the inverse ¢ :

Autp g 1.(A) — G(L/K). For an element 8 € Autp g g, T-alg(A ®& T), let 48 de-
note the left A-linear extension of (|4 : A — A ®; T. Consider the D-linear A-algebra
map
ARy H 54 x ALS A QT
We see this maps the constants H into 7. Then we have a k-algebra map ¥ (8) =
(4B o wP € Alg,(H,T) = G(L/K)(T) so that (ida ®¢r(8)) 0§ = B|4. This gives a
homomorphism ¢ : Autp g a(A) — G(L/K). Indeed, for 8,7 € Autp x @, T-alg(A S
T),
(voB)a®1) = ag ®Yr(Blam) = Y a @ ¥r(7)(aw)¥rB)(ae) (ac A).
(a) ()
One easily sees ¢r o 7 = id. For a € G(L/K)(T), we see s¢7(a) = (¢ ® ) o (id ®0)
where € : A ®x A — A, the counit, and hence a¢r(a)|lg = (g ® @) o Ay = a. This
implies Y7 0 ¢ = id. 0
Theorem 3.5.4 and Proposition 3.5.7, 3.5.8 can be translated as follows.
Theorem 3.6.2. Let L/K be a PV extension of AS D-module algebras.

(i) If M is an intermediate AS D-module algebra of L/K, then L/M s also a PV
extension and the PV group scheme G(L/M) is identified with a closed subgroup scheme of
G(L/K). Then intermediate AS D-module algebras of L/ K and closed subgroup schemes
of G(L/K) correspond bijectively by M — G(L/M).

(i) Under the correspondence above, M/K is a PV extension iff G(L/K) > G(L/M).
If this is the case, we have an isomorphism G(M/K) ~ G(L/K)/G(L/M) of affine group

schemes.

3.7. COPYING AND INTERLACING

In this section, we investigate how PV extensions change through the functor ® and ¥

described in Section 3.2.
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First we easily see the following:

Lemma 3.7.1. Let Gi C G be a subgroup of finite index. Write ® = ®¢,. Let K1 C Iy
be an inclusion of AS D(G1)-module algebras. Then (Li/Ki, Ay, H) is a PV extension
iff (®(L1)/®(Ky),P(A1), H) is a PV extension of AS D-module algebras.

Proof. This follows by Proposition 3.2.5 and Lemma 3.2.6. 0

Remark 3.7.2. Let K C L be an inclusion of AS D-module algebras. Choose p € Q(X),
and let Pj,..., P be all those elements in (L) that lie over p. Define K; = K/p,
Ly = L/pL = T[,_,L/P,. Then we have an inclusion K; C L; of AS D(G,)-module
algebras such that the induced inclusion ®¢,(K;) C ®¢,(L1) is identified with K C L.
We can thus reduce to the case where K is a field, especially to discuss PV extensions by
Lemma 3.7.1.
Example 3.7.3. Let G; C G be a normal subgroup of finite index. Let K be a D-module
field. Regarding this as a D(Gy)-module algebra, define L = &, (K). We then have the
inclusion
K— L= @ g K, wHZg@)g_lx
9eG/G g
of AS D-module algebras. If KP(61) = KP then K¥ = LP (=: k) by Lemma 3.2.6 (i).
Moreover, (L/K,L,H) is a PV extension with H = k(G/G1)*, the dual of the group
algebra k(G/G1). In fact, we see that the elements
ei= > (h®1)®k(hg®1) (9€G/Gy)
heG/G1
in L ® L are D-invariant, and behave as the dual basis in H of the group elements g
(¢ G/Gy) in k(G/G1). Thus, Aleg) = >y eqn—1 ® en, e(eg) = 14, S(eg) = eg-1. The
H-comodule structure 6 : L — L ®; H is given by
Bh®z) = (hg™ ®gz) Ok e,

g
as is seen from following computation in L ®x L:

10k (h®z) =Y (O 'hz)®xk (h1) =Y (hg ' ®gz)@k (h®1) = > (hg ' ®gz)-¢,.

! g g
Proposition 3.7.4. Let (L/K, A, H) be a PV extension of AS D-module algebras. Choose
arbitrarily P € Q(L), and write ® = ®g,. Letp = PN K (€ Q(K)). Define

K]_:K/p, A1:A/PQA, L1:L/P

53



Then,

(i) A~ ®(A).

(ii) ®(K:) is identified with the K -subalgebra K of L which is spanned over K by the
primitive idempotents in L.

(iii) (Ly/K1, A1, H = HJI) is a PV extension of D(Gp)-module fields, where I =
HnKer(L®x L — L®g L); cf. [20, Corollary 1.16].

(iv) The subalgebra of H

B={heH|A(h)=h®1 mod H®yI} (=H*H)

is a separable k-algebra. We have a right H-colinear B-algebra isomorphism H ~ BR,H.

(v) If Gp is normal in G, then B C H is a Hopf subalgebra which is isomorphic to
k(G,/Gp)*, and we have an extension

k(G,/Gp)* — H - H

of Hopf algebras; cf. [20, Corollary 1.17].
Proof of Proposition 3.7.4 (i), (i), (%i). (i) This follows from Proposition 3.5.9.

(ii) This is easy to see.

(iii) By Proposition 3.5.7 (i), we have a PV extension

(L/K, A H) = (®(L1)/®(K,), ®(A;), H).

part (iii) now follows by Lemma 3.7.1. O

For the remaining (iv), (v) we prove:

Lemma 3.7.5. Let Gy C G be a subgroup of finite index. Write ® = ®g,. Let K C A
be an inclusion of D-module algebras. Recall that K can be considered as a D-module
subalgebra of ®(K) by K — ®(K), 2+ 3 c5/6,9® 9 'z

(i) We have an isomorphism of D-module algebras over ®(K),

A®x ®(K) = ®(A),
given by a @k (9@ x) — g @ (¢ ta)z (g € G/G1).

(i) We have an isomorphism of K -algebras,
AP 5 (A @k O(K))P,
given by a — 3 /e, 90 ®x (9®1).
(iii) Suppose ®(K) C A, so that A = ®(A;), where A is a D(G1)-module algebra. Let
N C G denote the largest normal subgroup (necessarily of finite index) that is included
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in G1. Define F' = Af)(N) ; this is Gy-stable. Choose a system of representatives g1, ..., g:
(€ G) for the double cosets G1\G/G1. Then,

t

ADG1) _ Z(Z 9)® Fgflsigi7

=1 g€e0;
where O; denotes the orbit containing the coset g;G1 in the left G1-set G/G1, and S; C Gy
denotes the subgroup of stabilizers of g;G1.

Proof. (i) It is easily seen that the map is D'-linear. For A € G and g € G/Gy, take
g € G/Gy, t € Gy such that hg = g't. We see that the given map is D-linear by the
computation
ha®x (9®7)) = (ha) ®x (9 ®tz) = ¢ ® (¢ ha)tz = ¢ ® (tg™ a)tz = h(g® (¢ a)a).
The inverse ®(A) — A®x ®(K) is given by g® a — (9a) ®x (g ® 1) (g € G/G1).

(ii) This follows from (i) and Lemma 3.2.6 (i).

(iii) Precisely N is the kernel of the natural group homomorphism G — &(G/G),
where &(G/G4) is the permutation group of G/G1. Hence the index [G : N] is finite. We

see
AP(G3) — (AD(M)YG1 — ( @ g® F)°t,
9eG/G1
Anelement 3 ;/q, 9®aq (ag € F) is Gi-invariant iff ) o g®agissoforeach 1 < i <.
Fix a coset g;G1, and suppose that
9i»829is- -+, 819 (85 € G1)
represent the Gi-orbit O;. Then, Z;:l $;9; @ a; (s1 = 1, a; € F) is Gy-invariant iff
s(g;i®a1) = s;9;Qa; for every s € Gq, where sg;G1 = s;6;G1, or sj“ls € S;. (The “if” part
of this is shown as follows: for each s € G1, write s5;0;G1 = 80,(59:G1 (J = 1,...,1) where
0, is a permutation of {1,...,l}. Then we have s(zgzl $;9 ® a;) = 2;=1 s5;(gi ®a1) =
Zé’:l 805(7)9i ® Qoy(j) = Zé‘:l 5;9; ® a;. In addition, this condition implies a; = --- = @
since s;(g; ® a1) = s;9; ® a1.) This is further equivalent to that a; =---=a; € ng'—lsigi,
since we compute
s(g: ® a1) = 5;9: ® (g; 's; ' sgi)as.
O

Proof of Proposition 3.7.4 (), (v). By Remark 3.7.2 we may suppose that K is a field,
and so p =0, G, =G.
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(iv) By Proposition 3.5.7 (ii), we see that
AQpB~AQk K = A®yk ®(K)
and so
(3.9) B = (A®k ®(K))P.

By applying Lemma 3.7.5 to the present situation especially when G; = Gp, it follows
that

t
(3.10) (Aex B(K))? = 3 (3 g) @ P S,
=1 geo;

where F' = AP™) with N = Gqz); see Proposition 3.3.3. Since (LY™)%/N = k with G/N
finite, L”™) /k is a finite Galois extension of fields. Therefore F and hence F% Si% now
are finite separable field extensions over k. By (3.9), (3.10), B is a separable k-algebra.

Recall that A has the natural, right A-comodule k-algebra structure A 2= A® A
A ®y H; in fact, A is also a left H-comodule k-algebra. We see that the map

given by g® (a®k b) — (9®a)®x (g®b) (9 € G/Gp) is a D-linear, two-sided H-colinear
k-algebra splitting of A ®x A — A ®z A. The induced o : H — H is a two-sided
H-colinear k-algebra splitting of H — H. It follows by [16, Theorem 7.2.2] that

(3.12) BeyH—H, b®z+— bo”(z)

gives a right H-colinear B-algebra isomorphism.

(v) If Gp is normal in G, then Gp = N, and hence F = k in (3.10). We then
see B = (®(K) ®x ®(K))P. By Example 3.7.3, B C H is a Hopf subalgebra which is
isomorphic to £(G/Gp)*. The isomorphism given in (3.12) induces the described extension
of Hopf algebras. O

Theorem 3.7.6. Let K C L be an inclusion of AS D-module algebras. Choose arbitrarily
PeQ(L), andletp =PNK (€ QK)). Then L/K is a PV extension if

(a) Gp is normal in G, and
(b) the inclusion Ky := K/p C Ly := L/P of D(Gp)-module fields is a PV extension.

The converse holds true if the field KP (= LP) of D-invariants is separably closed.
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Proof. This follows by slightly modifying the last proof, as follows. We may suppose that
K is a field.

Suppose that (L;/K;, A1, H) is a PV extension. Define A = ®(A4;) with ® = &g,.
Recall from Proposition 3.7.4 that if L/K is PV, the principal algebra must be A. As
was seen in the last proof, A ®x A is a right H-comodule k-algebra and the map o given
in (3.11) induces an H-colinear k-algebra map o? : H — (A ®x A)P. Again by [16,
Theorem 7.2.2], we have a D-linear and H-colinear isomorphism

of algebras over A ®x ®(K); see (3.12). It follows that L/K is a PV extension iff the

natural injection
(3.13) A®y (AQk (I)(K))D — A®k O(K)

is surjective. If Gp is normal in G, then this is surjective since by Example 3.7.3, A ®;
(®(K) @k ®(K))P — ARk ®(K) is already surjective.

To prove the converse, we may suppose (b) by Proposition 3.7.4 (iii), and that the map
given in (3.13) is an isomorphism by the argument above. It follows that

(3.14) dimy, (A ®@x ®(K))P =[G : Gp].

If k is separably closed, then F' = k in (3.10). The equation (3.14) implies that (¢ =)
|Gp\G/Gp| =[G : Gp], or Gp is normal in G. O

The first half of the theorem above seems new even in the standard PV theory for dif-
ference equations; especially this theorem together with Theorem 3.8.7 (and [20, Theorem
3.1]) implies that the conjecture in [20, Ch. 3] is true. As will be seen from the following,
the second half does not necessarily hold true unless k is separably closed.

Example 3.7.7. Let N C G; C G be as in Lemma 3.7.5. Suppose that K is a D-module
field such that KP©V = KP (=: k). Let L = ®g,(K). One sees from the argument for
(3.14) that L/K is a PV extension iff

dim(L ®x L)P =[G : G4).
The left-hand side equals
t
(3.15) > dimy, Foi S

g=1

with the notation in Lemma 3.7.5, including F = KPW),
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Suppose that NV is trivial, and K/k is a Galois extension with Gy = Gal(K/k). If G; C
G has a splitting 7 : G — G; through which G acts on K, then L/K is a PV extension
since one sees that the quantity (3.15) equals >r_,[G1: Si] = Yo 1 |0i| = [G : G1]. We
have a non-trivial example of such PV extension, for which G = D, is the dihedral group
of order 2n > 6 and G is a cyclic subgroup of order 2.

For example, let G = D3 = {1,0,02, 7,071,027} (¢ =1, 72 = 1, o7 = 702), G; =
{1,7} C G, and D = QG. Put k = Q, K = Q(+/—1), and consider G; = Gal(K/k).
Then G acts on K so that ca = a for all @ € K. Take the system of representatives
{1,0,0%} for G/Gyand let L = ®¢,(K)=1® K+0® K +0?® K. Then L/K is a PV
extension of AS D-module algebras with the Hopf algebra

H= Q[Zl, 29, z;:,}/(Zl + 25 — 1, Zg — 29, 232, + 29, 8983 — 23>
where e(z;) = 61; (¢ =1,2,3) and

1 1
Alz)) = 21@u+ 2020 n+ 88 2,

2 2
1 1
A(’Z?) = 21Q2%n+28(xn+ §Z2) — §Z3 R 23,
1 1
A(z3) = 22— §Zz Q23+ 23R (z1 — —2-z2)

Indeed, the Hopf algebra isomorphism H — (L ®x L)? is given by

7= 181)ex(191)+(c®1)@x(c®1)+(0*®1) Rk (*® 1),

z — 181)Rx(e®1+0’®@1)+(c®1)Qx (1®1+°® 1)
+ (@) Rk (1®1+0®1),

zz = —/—1181) Rk (c®1-0*@1)+vV-1(c@)®x (1®1—-0c’®1)
—V-1(*®1)®x (1®1-0®1).

The PV group scheme G(L/K) = SpecH is a twisted form of Z/3Z (see [29, (6.4)]):

QW-T)®H = Q(-1)xQ(W-1)x Q(W-1) ~Q(V~-1)(Z/3z)’
z — (1,0,0)

%(Zz +v=1z) — (0,1,0)

%(zz —V—1z) — (0,0,1).
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3.8. SPLITTING ALGEBRAS

Let K be an AS D-module algebra and V' a K#D-module. The rank rkx (V') of the
free K-module V will be called the K-rank; see Corollary 3.3.4.

Definition 3.8.1. Let KX C L be an inclusion of AS D-module algebras and V' a K#D-

module. We say that V splits in L/K, or L/K is a splitting algebra for V iff there is

an L#D-linear injection L ®x V — L* into some power L* of L. K(V) denotes the

smallest AS D-module subalgebra of L including K and f(V) for all f € Homgup(V,L).

If L =K(V)and V splits in L/K, we say L/K is a minimal splitting algebra for V.
Similarly to [27, Proposition 3.1}, we have the following:

Proposition 3.8.2. Let K C L be an inclusion of AS D-module algebras andV a K#D-
module.

(i) If V splits in L/ K, every K#D-submodule of V' splits in L/ K.

(i) If V splits in L/ K, it splits in K(V)/K.

(iii) V' splits in L/ K iff the canonical L-module map
(3.16) L ®ppo Homgup(V, L) — Homg (V, L),
has a dense image; in other words, the dual L-module map
(3.17) L®ygV — Hompp(Homgup(V,L),L), a®v+— [f— af(v)]

18 injective.
Proof. (i) Since all K# D-modules are free K-modules, this follows immediately by the
definition.

(i) If V splits in L/K, then the image of L ®x V — L* is in K(V)* by the definition.
Thus V splits in K(V)/K.

(iii) Recall that Homg(V,L) has an L#D-module structure by D-conjugation (3.5)
and the map (3.16) is necessarily injective by Corollary 3.1.4.

(“If” part.) Since L? is a field, Homgyp(V, L) is a free LP-module. By taking a dual
basis, we can identify Homyp(Homgup(V, L), L) with some power L* of L. Then the
injective L-module map L ®x V — Homyo (Homg4p(V, L), L) = L* can be considered
as an injective L# D-module map.

(“Only if” part.) By the definition, there is an L#D-linear injection ¢ : L g V' — A
for some power L*. Let {f;}iea C Homgyup(V,L) be the family of K#D-module maps
induced by (1 ® v) = (fi(v))iea (v € V). Take an arbitrary element w =} . a; ® v; €
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L ®x V. If the image of w by the map (3.17) is 0, then we have 3 a; fi(v;) = 0 for all
i € A and so p(w) =0 (& w =0). Thus the map (3.17) is injective. O

Proposition 3.8.3. Let K C L be an inclusion of AS D-module algebras andV a K#D-
module with finite K -rank tkg (V) =r < co. Then

(318) dimLD HOHIK#D (Vv, L) S T

and the following are equivalent:
(a) V splits in L/K;
(b) L ®zp Homgyp(V,L) = Homg(V, L);
(¢) dimyp Homgyp(V,L) =r;
(d) There is an isomorphism L @ V = L' as L#D-modules;
(e) Lo Lex V)P S LexV;
(f) dimzo(L @ V)P =r;
(g) There is an injective L#D-module map L @x V — L™ for some integer n.

Proof. The inequality (3.18) follows since L ® p Homgup(V,L) — Homg(V,L) is an
injective L# D-module map whose cokernel is a free L-module with finite rank. Then ((a)
& (b) & (¢) & (d)) follows from (the proof of) Proposition 3.8.2 (iii). The equivalence
between (d), (e), (f) is easily seen. ((d) = (g) = (a)) is trivial. O

Lemma 3.8.4. Let K C L be an inclusion of AS D-module algebras, V a K# D-module,
and W a K#D-submodule of V' with finite K-rank. If V splits in L/ K, then the restric-
tion res. : Homgup(V, L) — Homgwp(W, L) is surjective.

Proof. Consider the following L# D-module map:
¢ : L ®pp Homgyp(V,L) — Homxg(W,L), a® f+—af|w.

Notice that Im ¢ is a direct summand of Homg (W, L) as an L-module. The transposed
L-linear map of ¢ is given by

LRx W — LQ®ygV — Homzpo(Homgup(V,L), L),

which is injective by Proposition 3.8.2 (iii). Thus ¢ is surjective. Since the functor (—)”

is exact, we have that o = res. is surjective. O

We see that the functor @ preserves splitting algebras:
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Lemma 3.8.5. Let G; C G, K; C Ly be as in Lemma 3.7.1. Write & = ®g,. Then,
L/ Ky is a (minimal) splitting algebra for a K1#D(G1)-module Vi, iff ®(L1)/P (K1) is a
(minimal) splitting algebra for the ®(K;)#D-module ®(V7).

Proof. This easily follows from Proposition 3.2.4 if one notices that
(K1 (1)) = ®(K1){2(11))
to see the equivalence on minimality. O

Let K C L be an inclusion of AS D-module algebras. For finitely many elements
UL, U in L, let K(ug,...,uy) denote the smallest AS D-module subalgebra in L

including K and uq,...,Un.

Definition 3.8.6. L/K is said to be finitely generated iff L is of the form K(u1,. .., un).
This is equivalent to that L;/K; is finitely generated, where Ky = K/PNK, Ly =L/P
for an arbitrarily chosen P € Q(L).

Theorem 3.8.7. Let K C L be as above. Suppose KP = LP. Then the following are

equivalent:

(a) L/K is a finitely generated PV extension;

(b) L/K is a minimal splitting algebra for a cyclic K#D-module of finite K -rank;

(¢) L/K is a minimal splitting algebra for a K#D-module of finite K -rank;

(d) L = K(z;;), where X = (x45)i; 18 a GLyp-primitive in Kolchin’s sense [13]: X €
GL,(L), and for every d € D, (dX)X ' € M,(K) with dX = (dz;;)s ;-

Proof. We write k = KP (= LP).

(a) = (b). By Lemmas 3.7.1 and 3.8.5, we may assume that K is a field. Suppose
that (L/K, A, H) is a finitely generated PV extension. By Proposition 3.7.4, we have a
finitely generated PV extension (L:/K, A;, H) of module fields over C := D(Gp) with
P e Q(L), such that L = ®(L;), A= ®(4).

There exist those finitely many elements uy, . . ., U, in A which span an H-subcomodule
over k, and satisfy L = K{uy,...,un); see [29, (3.3)] and (27, p. 501] (but, we do
not suppose here the k-linear independence of these elements). Set an element u =
(U,. .., Up) in A™, and let V = (K#D)u, the cyclic K# D-submodule generated by u.
Since L ®x A ~ L ® H, we see that L/K is a minimal splitting algebra for A™, and

hence for V.
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It remains to prove that the K-dimension dimg (V') is finite. It suffices to prove that
the natural image V(P), say, of V under the projection A™ — AT has a finite K-
dimension, since V is naturally embedded into [] Pea(r) V(P). Let g1,...,9s be a system
of representatives of the right cosets Gp\G. Then we have

V=> (K#C)gu.

i=1
Fixani € {1,...,s}, and let w = (wy, ..., wy,) € A denote the natural image of g,u. It
suffices to prove that W := (K#C)w has a finite K-dimension. By re-numbering we have
a k-basis, wi, ..., w, (r < m), of the k-subspace in A; spanned by wy,. .., w,,. Thereis a
rank r matrix 7T with entries in &, such that w = w'T with w’ = (wy, ..., w,). It suffices
to prove that W’ := (K#C)w' has a finite K-dimension, since W' ~ W under the right
multiplication by T

Notice that for any g € G, gus,...,9uU, span an H-subcomodule in A since the co-
module structure map 6 : A — A ®; H is D-linear. It then follows that wy,...,w, form
a k-basis of an H-subcomodule in 4;. By applying Proposition 3.1.6 for wy,...,w, € Ly,
there exist r elements h1, ..., h, € C such that (h;(w;));; is an invertible matrix. We claim
that (cw')(hs(w;));} € K" for all ¢ € C. If it follows, then W’ = Khy(w')+- - -+ Kh,(w')

and hence we have dimg W' < oo, as desired.
Let 6, : A; — A; ®i H be the comodule structure map associated to the PV extension
Ll/K Write

Ol(wj):ZwS@)kzsj (ZsjEH,jzl,...,'f‘).

s=1

By applying p-isomorphism A; ®, H = A; ®x A; in each side, we have
r

(3.19) 1®@xwj = Y (ws ® 1)z, in A ®x Ar.

s=1

Hence
T

1 ®K hz(w]) = Z(hi(ws) Ri 1)23]' (Z,] = ]., e ,7‘),

ie. 1®x (hi(w;))i; = ((hi(wj))z"js®]['{ 1)Z with Z = (2); ;. Since (h;(w;))s,; is invertible,
we have

Z = ((hi(w)));} ®x 1)1 ®k (hi(w;))s;) € GLo(L1 ®x L1).
On the other hand, recalling (3.19) we have

1®x (cw') = ((cw') ®x 1)Z
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for all ¢ € C. Thus, by multiplying 1 ®x (hi(w;));; = Z7((hi(w;) 5; ®k 1) from the
left,

L @x (cw')(hi(w;))ij = (ew') ®x )ZZ7H((ha(wy))i; ®x 1) = (cw')(hi(wy));;j ®x 1

for all ¢ € C. This implies the claim above.

(b) = (c). This is trivial.

(c) = (d). Suppose that L/K is a minimal splitting algebra for V with finite K-free
basis vy, . ..,v,. By Proposition 3.8.3 (c), we have a k-basis fi,..., f, in Homgup(V,L).
Define

(3.20) X = (@i)ig = (i), v="(v1,...,0).
Then we have X € GL,(L) since there is an L-module isomorphism
L'~ L®gV = Homy(Homgyp(V, L), L) ~ L™

which is precisely the multiplication of X (see the proof of Proposition 3.8.2, 3.8.3). If
we write dv; = Y o ¢s(d)vs (cis(d) € K) for d € D, then we have dz;; = fi(dv;) =
o1 cis(d) fi(vs) = >0, cis(d)zs;. This implies that X is GL,-primitive such that

(3.21) (X)X v =dv (de D),

ie. (X)X~ = (¢;(d));; € Mn(K). By the definition, we have L = K(V) = K (z;;).

(d) = (a). This is shown by modifying [27, Example 2.5¢] as follows.

Put Y = (yi;);; = X~ and A = K|z, yij]. First we shall show that A is a D-module
subalgebra of L. Define ¢ € Hompg (D, M,(K)) by ¢4 = d(X)X ! = d(X)Y (d € D).
Since ¢! = Xg(Y) = g(¢7' (X)X ') € GLn(K) for all g € G, ¢ is convolution-invertible
in Hompg(D, M,(K)) by [23, Corollary 9.2.4]. We see that the ¢ € Hompg(D, M,(L))
given by ¥y = Xd(Y), is the inverse of ¢, and so ¥ € Hompg(D, M,(K)). This implies
that A is a D-module subalgebra of L. Since Q(A), the total quotient ring of A, is an
AS D-module subalgebra of L containing K and z11, ..., Zn, (recall Corollary 3.3.8), we
have Q(A) = K (z;;) = L.

Put

Z=Yox)1exX), Z'=18x Y)(X ®x 1) € GL,(A®K A).
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Foralld e D,
d(Z) = Y (do(Y)®x 1)(1 ®k d)(X))
(d)

= Y (Y, ®x 1)(1 Ok duy X)
@

= Z(Y R 1) (¢d(1) 0307 1)(1 Sk ¢d(2))(1 QK X)
(d)

= (Y @k D)%y, ®x 1)(Ju O 1)(1 Ok X)
(d)

= Z(Y ®K 1)(¢d(1)¢d(2) ®K 1)(1 ®K X)
(d)
= e(d)Z.

Thus Z has entries in H := (A ®x A)P. Similarly we have that the entries in Z~* are
also in H and hence Z € GL,(H). Then,

1@k X =(X®x1)Z, 19 Y = Z (Y ®x 1) € GL,(A- H).
This implies A®x A= A- H. Therefore (L/K, A, H) is a PV extension. O

Remark 3.8.8. Keep the notation just as above.
(i) Write Z = (z), Z7* = (wi;). Then A ®x A = Alz;,det(z;)'] and H =
k[zij, det(2i5) 7] = k245, wi;]. Taking u, 6 as in Proposition 3.5.2, we see

s=1

= (Zx = z) = (X @)1 ®: 2).
s=1 Z,]
This is often written like

(3.22) 0(X) = X @ 2.

0X) = u (1o X) = u (X ®x 1)2) = i~ (2@ ®x 1>zsj)

It follows that the Hopf algebra structure of H is given by
AZ)=2Z®y Z, e2)y=1, S(©2)=2771,
here I denotes the identity matrix; see [29, (3.2), Corollary|. We have a Hopf algebra

surjection,
which gives a closed embedding G(L/K) — GL,, of affine k-group schemes.
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(ii) Suppose that D = R|r,77!], the group algebra of the free abelian group of rank 1,
and K is a field; K is then an inversive difference field. A difference system 7y = By with
B € GL,(K) arises uniquely from a K#D-module of K-dimension n, together with its
K-basis. We see from (3.21) that the X in (3.20) is a fundamental matrix [20, Definition
1.4] for the difference system arising from the V' and the v above, and so that A is the
Picard-Vessiot ring [20, Definition 1.5] for the system. It will follow from Theorems 3.8.7,
3.8.11 that if k& (= KP) is algebraically closed, a Picard-Vessiot ring for any difference
system as above uniquely exists, and is given by such an A as above.

Corollary 3.8.9. Let (L/K,A,H) be a PV extension of AS D-module algebras. The
following are equivalent:

(a) L/K is finitely generated;

(b) L is the total quotient ring of a finitely generated K -subalgebra in L;

(c) A is finitely generated as a K-algebra;

(d) H is finitely generated as a k-algebra.

Proof. ((a) = (c¢) = (b) = (a)) and ((a) = (d)) follow by the proof of Theorem 3.8.7. If
H is a finitely generated k-algebra, then we have an ascending chain condition for Hopf
ideals of H. Hence we have an ascending chain condition for intermediate AS D-module
algebras of L/K, which implies (a). O

Corollary 3.8.10. Let K C L be an inclusion of AS D-module algebras such that KP =
LP =: k. Then L/K is a PV extension iff it is a minimal splitting algebra for such a
K#D-module V that is a directed union, V = {J, Vi, of K#D-submodules Vy of finite
K-rank.

Proof. This follows in the same way as [27, Corollary 3.5]. We include the proof for
convenience.

(“Only if” part.) Let (L/K, A, H) be a PV extension. Then H is a directed union of
Hopf subalgebras which are finitely generated k-algebras (see [29, (3.3)]). It follows by
Proposition 3.5.8 and Corollary 3.8.9 that L is a directed union, say L = [J, Ly, of AS
D-module subalgebras which are finitely generated PV extensions over K. By Theorem
3.8.7, each L,/K is a minimal splitting algebra for a K#D-module V) of finite K-rank.
Then L/K is a minimal splitting algebra for the direct sum V = €, Vi.

(“If” part.) Suppose that L/K is a minimal splitting algebra for a K# D-module
V =U, V), a directed union of K#D-modules V) of finite K-rank. Since every V} splits
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in L/K, each Ly := K(V,) is a minimal splitting algebra for V} and is a finitely generated
PV extension over K by Theorem 3.8.7. By Lemma 3.8.4, the union |J, L, is a directed
union of AS D-module subalgebras of L. Thus | J, Ly is an AS D-module subalgebra of
L by Lemma 3.3.7. For every f € Homgup(V, L), we have f(V) =, f(Va) C U, La-
Hence L = K(V) = J, L. Let A, (resp. Hy) be the principal algebra (resp. the Hopf
algebra) for L,/K. Then one sees that (L/K,{J, Ax, U, H») is a PV extension. 0

Theorem 3.8.11. Let K be an AS D-module algebra such that the field K of D-
invariants is algebraically closed. Let V be a K#D-module of finite K-rank. Then there
exists an AS D-module algebra L including K such that KP = LP, and L/K is a (nec-
essarily finitely generated) minimal splitting algebra for V. Such an algebra is unique up
to D-linear isomorphism of K -algebras.

To prove this, we need the following:

Lemma 3.8.12. Let K be an AS D-module algebra. Let A be a simple D-module algebra,
and let L = Q(A) be the total quotient ring of A; by Lemma 3.8.6, L is uniquely a D-
module algebra. If A is finitely generated as a K-algebra, then LY /KP is an algebraic
extension of fields.

Proof. We follow Levelt [14, Appendix] for this proof. If z € L, then (A: z) = {a €
A | az € A} is a D-stable ideal. Since this contains a non-zero divisor, we have that
(A:z)=A, and so AP = LP.

If A is finitely generated, then it is noetherian. By Proposition 3.3.3, we may suppose
that K is a field (and A is a domain). If P C A is a maximal ideal, then the field AP is
included in the field A/P, which is algebraic over K. Therefore if z € AP, it is algebraic
over K. Let o(T) =T™+ ;T ' + - - - + ¢, denote the minimal polynomial of = over K.
Since for any d € D, e(d)T™ + (dcy)T™' + - - - + dc,, has z as a root, each ¢; € KP by the
minimality of ¢(T'). Thus z is algebraic over K7. O

Proof of Theorem 3.8.11. Existence; this is proved by modifying the proof of [27, Theorem
4.5], as follows. Let vy,...,v, be a K-basis for V. For d € D, write

dv; = ZT: Cis(d)vs
s=1
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with ¢;5(d) € K. Define a D-module algebra structure on K[X,;]|, the polynomial K-

algebra in 72 indeterminates, by

iX5) =Y uldXy  (deD),

s=1
Since det(c;;(g)) is invertible in K for each g € G, the D-module algebra structure of
K[X;] is uniquely extended to F = K|[X;;,det(X;;)"!] by Lemma 3.3.6. Let I be a
maximal D-stable ideal of F', and put A = F/I. Since K is simple, I N K = 0. Hence A
is a noetherian simple D-module algebra including K. Let L be the total quotient ring
of A; this is an AS D-module algebra by Proposition 3.3.3 and Lemma 3.3.6. By Lemma
3.8.12, we have L? = KP. Let z;; denote the image of X;; in A, and define K-linear maps
fi V=L ({=1,...,7) by fj(v;) = z;5. Then these maps are in Homgxp(V, L), and
are linearly independent over L?, since (z;;);; € GL.(L). Therefore, L/K is a minimal
splitting algebra for V by Lemma 3.8.3 (c).

Uniqueness; also this proof is essentially the same as the proof given in [27, Theorem
4.6). Let L;/K and Ly/K are two minimal splitting algebra for V such that LP = LY =
KP = k. By Theorem 3.8.7, Li/K and Ly/K are finitely generated PV extensions.
Let A; be the principal algebra for L;/K (i = 1,2) respectively. Put A = A; Qx A
and let I be a maximal D-stable ideal of A. We see A;, Ay are noetherian simple D-
module algebras which are finitely generated K-algebras by the proof of Theorem 3.8.7
(d) = (a), and by Proposition 3.5.9 (i). Thus A4, NI =0 (¢ = 1,2) and hence 4, 4,
are identified with D-module subalgebras of A/I. Let L be the total quotient ring of
A/I. By Lemma 3.3.6 and Proposition 3.3.3, L is an AS D-module algebra since A/
is a noetherian simple D-module algebra. Furthermore, since A/I is a finitely generated
K-algebra, we have L? = K = k by Lemma 3.8.12. Let x; : Ly — L (i = 1,2)
denote the induced inclusions of D-module algebras over K. The injective k-linear maps
Hompyp(V, L;) — Homgup(V, L) (¢ = 1,2) are precisely isomorphisms by Proposition
3.8.3. Therefore (V) C x1(L1)Nx2(Ly) forall f € Homgxp(V, L). Since L; are generated
over K by the image of all f € Homgyp(V, L;), we have x1(L1) = x2(L2) = K(V) in L.
Thus we have x5 0 X1 : L1 — Ly, a D-module algebra isomorphism over K. UJ

Let K be an AS D-module algebra. We have the KP-abelian symmetric tensor category
(k#pM,®k, K). Let V be an object in gxpM of finite K-rank. Then the K-linear dual
V* .= Homg (V, K) is a dual object under the D-conjugation; see (3.5). Thus the tensor
full subcategory xupMa, consisting of the finite K-rank objects is rigid. Let {{V'}}
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denote the abelian, rigid tensor full subcategory of xupM generated by V, that is, the
smallest full subcategory containing V' that is closed under subquotients, finite direct
sums, tensor products and duals. Thus an object in {{V'}} is precisely a subquotient of
some finite direct sum W& - - - @ W,., where each W; is the tensor product of some copies
of V,V*; see [21, Theorem 2.33] also for comparing with the following.
Theorem 3.8.13. Let (L/K, A, H) be a finitely generated PV extension of AS D-module
algebras. By Theorem 3.8.7, we have such a K#D-module V of finite K -rank for which
L/K is a minimal splitting algebra.

(i) Let W € {{V}}. Regard the A ®x W as a right H-comodule with the structure
induced by A. Then (A ®x W)P is an H-subcomodule with k-dimension tkx(W).

(i) W — (A®x W)P gives a k-linear equivalence

{V}} =~ Mg,

of symmetric tensor categories, where ME = (ME Ry, k) denotes the rigid symmetric
tensor category of finite-dimensional right H-comodules; notice that this is isomorphic to

the category Repg k) of the same kind, consisting of finite-dimensional linear represen-
tations of the PV group scheme G(L/K) = SpecH.

Proof. Put Dy, = D®grk, a cocommutative Hopf algebra over k, and consider Dy, as a right
H-comodule algebra with the trivial structure map d — d ® 1. Regard naturally A as an
algebra in the symmetric tensor category (p, M¥, @, k) of right (H, D¥)-Hopf modules
(see [16, §8.5]); its objects are Dg-modules N which has a Dy-linear, right H-comodule
structure py : N — N ®; H. We then have the symmetric tensor category 4(p, M%)
of A-modules in p, M¥ which is denoted by (azpM*,®.4, A); this is k-abelian. Define
k-linear functors
e
M ZqppMT Zgpp M

by

©:(U) = A®,U; H coacts codiagonally,

El(N) = ND7

O(N) = N®# (={neN|py(n)=n®:1}),

(W) = A®xW; H coacts on A.
We see that ©; and =, are symmetric tensor functors with the obvious tensor structures.
Moreover by [22], ©, and =, are quasi-inverses of each other, since A/K is H-Galois
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by Proposition 3.5.2 (iii). Since AP = k, =; 0 ©; is isomorphic to the identity functor.
Suppose N € a4pM?*. Since A is simple by Corollary 3.5.9 (i), we see from Corollary
3.1.4 that the morphism in aupM¥

pun 0105 (N)=A®, NP - N

is an injection. Let A/ denote the full subcategory of 4xpM* consisting of those N for

which py is an isomorphism. Since each ©1(U) is in N, ©; gives an equivalence
ME =N

Necessarily, NV is closed under tensor products, and this is an equivalence of symmetric

tensor categories.
Since AQg V =~ A™ (n =r1kg(V)) in agpM, E2(V) = AQk V € N. We see that O,
is exact, and N is closed under subquotients. Therefore for (ii), it suffices to prove that

‘7 = El o EQ(V) = (A ®K V)D

generates ME . Let vy,...,u, be a K-free basis of V, and define X, v as in (3.20). We
see from (3.21) that the entries in @ := X! ®x v (€ (A ®x V)") are D-invariant, and
hence form a k-basis in V. By (3.22), the H-comodule structure pg : VoVeHonV
is given by
py("0) =0 @) 27,
where * denotes the transpose of matrices. This means that the coefficient k-space of vV
is the subcoalgebra in H spanned by the entries w;; in *Z~1. Since wy; together with the
entries S(w;;) in Z generate the k-algebra H (see the proof of Theorem 3.8.7 (d) = (a)),
V generates ME ; see [29, Theorem 3.5]. This proves part (ii).
If W € {{V}}, then Z5(W) € N, and so

dimy, (A ®@x W)P =1ka(A ®K W) = tkg(W).

This proves part (i). O

3.9. LIOUVILLIAN EXTENSIONS

Finally we define the notion of liouvillian extensions and show the solvability theorem.
As is described in Introduction, we should define liouvillian group schemes and study how

strong the definition is.
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3.9.1. Liouvillian group schemes.

Definition 3.9.1. Let G be an algebraic affine group scheme over a field k.
(1) We say G is (k-)liouwvillian (cf. [13, p. 374]) iff there exists a normal chain of closed
subgroup schemes

(3.23) G=G>Gi>-->G,={1}

such that each G;_1/G; (¢ =1,...,r) is at least one of the following types: finite etale, a
closed subgroup scheme of G,, or a closed subgroup scheme of G,. In this case, we call
(3.23) a liouvillian normal chain (LNC).

(2) In (3.23), if each G;_1/G; is merely a closed subgroup scheme of G, or a closed
subgroup scheme of G, then we call it a restricted liouvillian normal chain (RLNC).

We use the following abbreviation of some types on group schemes which arise as
factor group schemes in an LNC: we say G is of G,-type (resp., G -type) iff it is a closed
subgroup scheme of G, (resp., Gp,), and a group scheme of RL-type (resp., L-type) means
that it is of G,-type or Gy-type (resp., RL-type or finite etale).

Lemma 3.9.2. (1) If G is liouvillian (resp., has an RLNC), then every closed subgroup
scheme of G 1is liouvillian (resp., has an RLNC). Especially G is liouvillian iff the con-
nected component G° is liouvillian.

(2) Let H be a normal closed subgroup scheme of G. Then G is liowvillian (resp., has
an RLNC) iff both H and G/H are liouvillian (resp., have an RLNC).

(3) If G is connected liouvillian, then G is solvable.

Proof. First we take an LNC (resp., an RLNC): G = Go > Gy > --- > G, = {1} in each
proof of (1), “only if” part of (2), and (3).

(1) Let H be a closed subgroup scheme of G and put H, :=HNG; (¢ =0,...,r). Then
we have Hy = H and H; = H;_1NG; = Ker(H;,_; — G;-1/G;) fori =1,...,r. It follows
that H,_; > H; and H;_;/H, is a closed subgroup scheme of G;_1/G; fori =1,...,7.
Therefore H=Hy > H; > --- > H, = {1} is an LNC (resp., an RLNC).

(2) (“Only if” part.) H is liouvillian (resp., has an RLNC) by (1). Put F; := G;/HNG;
(i=0,...,r). Since each k[F;_;/F;] is a Hopf subalgebra of k[G;_1/G;], each F;_;/F; is
of L-type (resp., RL-type) for i = 1,...,7. Then G/H=Fo > F; > --- > F, = {1} is
an LNC (resp., an RLNC).

(I’ part.) Let G/H=Fy > F; > --- > F, = {1} be an LNC (resp., an RLNC) and
(0)=1I, C I C --- C I, the corresponding sequence of Hopf ideals of k[G/H]. If we
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put I} := k[G] - I; (i =0,...,7), then each I] becomes a Hopf ideal of k[G]. Let G; be
the closed subgroup scheme of G which corresponds to ;. Then we have a normal chain
G=Gyr> Gy > > Hsuch that G,_1/G; ~ F;_1/F,; (i =1,...,r). Therefore G is
liouvillian (resp., has an RLNC).

(3) We use induction on the least length r of LNC. The case 7 = 0 is clear. Let r > 0.
Since G is connected, G/Gy is also connected. Then G/G; is of RL-type and hence
abelian. Therefore 2G (see [29, (10.1)]) is a connected closed subgroup scheme of Gj.
By (1) and its proof, G is connected liouvillian and has an LNC with length < 7 — 1.
Then 2G is solvable by inductive assumption, concluding the proof. ]

The converse of (3) above does not hold in general; see the following example:
Ezxample 3.9.3. (1) A nontrivial anisotropic torus T is connected solvable but not liouvil-
lian since both Hom(T, G,,) and Hom(T, G,) are trivial.

(2) Let & be the prime field of ch(k) = 2 and H = k[z]/(z* + z° + z) with z primitive.
Then H is a commutative Hopf algebra and G = SpecH is abelian, finite etale, and
unipotent. The Cartier dual G* is finite connected of multiplicative type and then solv-
able. Since H* does not have any nontrivial grouplike, Hom(G*, Gy,) is trivial. Therefore

G* is not liouvillian.

Proposition 3.9.4. Let G be a connected algebraic affine group scheme over a field k.
Then G is liouvillian iff G has an RLNC.

Proof. The “if” part is clear. For the “only if” part, we use induction on the least length r
of LINCG=Gy> Gy >---> G, ={1}. The case r =0 is clear. Let r > 0 and assume
GS$ has an RLNC. By the argument in the proof of Lemma 3.9.2 (3), we have G > GY
and G/GY is abelian. Thus the proof can be reduced to the case that G is connected
abelian by Lemma 3.9.2 (2).

Let G be connected abelian and put H = k[G]. Let H, (= H') be the irreducible
component of H which contains 1 and Hy = H/HH;. Then we have the exact sequence

(3.24) H, — H — H,.

Let & denote the algebraic closure of k. It is known that H, ®j k is also the irreducible
component of H ® k containing 1. The exact sequence (3.24) splits over & (the Jordan
decomposition of G [29, (9.5)]), and Gs := SpecHs is connected of multiplicative type
since (G,)j is connected diagonalizable. Put G, := SpecH, (= G/G;); this is unipotent.
We see G, has an RLNC whose all factor group schemes are of G,-type (see [29, Ch. 16,
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Ex. 5]). Then it suffices to show that G has an RLNC. Let T be a maximal torus of Gs.
T includes no nontrivial anisotropic subtorus since it is liouvillian. Hence, by [29, (7.4)],
we see T is a split torus and has an RLNC. Put H = G;/T; this is finite connected,
liouvillian, and of multiplicative type. Let H > Hy > --- > H, = {1} be an LNC. We
see H/H; is of Gy-type. Since H is finite connected, k[H] is a local algebra of finite
dimension. Then its quotient k[H,| is also a local algebra of finite dimension and hence
H; is connected. By inductive assumption, H; has an RLNC. Therefore H also has an
RLNC, concluding the proof. O

Proposition 3.9.5. Let k be an algebraically closed field and G an algebraic affine group
scheme over k. Then G 1is liouvillian iff G° is solvable.

Proof. In fact we have proved the “only if” part in Lemma 3.9.2 over an arbitrary field.
For the “if” part, we use induction on the least m such that 2"G° = {1}. The case
m = 0 is clear. Let m > 0 and assume that 2G° has an RLNC. By Lemma 3.9.2 (2), it
suffices to show that G°/2G*® has an RLNC. Thus the proof can be reduced to the case
that G is (connected) abelian.

Let G be abelian and take the Jordan decomposition G = Gs X Gy. Gy has an RLNC.
Since k is algebraically closed, G; is diagonalizable and hence has an RLNC. Therefore
G has an RLNC. O

We observe that the triangulability is certainly stronger than the condition to have an
RLNC, even if k is algebraically closed. For example, the group scheme in [29, Ch. 10,
Ex. 3] has an RLNC but not triangulable.

It is known that G is unipotent iff G has an RLNC whose all factor group schemes are
of G,-type. We say that G is Gy,-composite iff G has an RLNC whose all factor group
schemes are of G -type. When G corresponds to the affine algebraic group G(k) (in the
sense of [29, (4.5)]), G is Gp-composite iff G(k) is solvable and “quasicompact” in the
Kolchin’s terminology, which implies that each element of G(k) is diagonalizable [12, §6,
Theorem 2]. In general it is difficult to characterize the condition to be Gp-composite.
As seen above, not all group schemes of multiplicative type are Gp-composite. On the
other hand, non-diagonalizable group schemes can be Gy-composite; see the following
example.

Example 3.9.6. Let k be the prime field with ch(k) = p > 0 and take the commutative
Hopf algebra H = k[z,y]/(2? —z,y? —z —y) with z, y primitive. One sees G = SpecH is
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abelian, finite etale, and unipotent. Hence the Cartier dual G* is of multiplicative type
and connected. We have the RLNC of G

Klz)/ (2 —2) — H — kly)/ (s — ).
By dualizing this we see that G* is Gy,-composite:
klup) «— H* — klup).
The grouplikes of H* is given by
Coalgy, (k, H*) ~ Alg, (H,k) = {(a,b) € k*|a’ —a =0, B —a—b=0}.
Thus we have G* is not diagonalizable since p? = dimy H* # p = #Alg,(H, k).
3.9.2. Finite etale extensions. In what follows, we always assume that L/K is an

extension of AS D-module algebras such that L? = KP =: k.
Definition 3.9.7. We say that L/K is a finite etale extension iff L is a separable K-

algebra in the sense of [7], i.e. L is a projective L @ L-module.

For a commutative K-algebra A, let mo(A) denote the union of all separable K-
subalgebras. If we take a maximal ideal P of L and put L' = L/P and K' = K/PN K,
then the following are equivalent:

e [/K is a finite etale extension.

e L is a finitely generated K-algebra and my(L) = L.

e [//K’ is a finite separable field extension.
Take a maximal ideal p of K. We say a finite etale extension L/K is copied (resp.,
anticopied) iff L' = K’ (resp., pL is a maximal ideal of L); this condition is independent
of the choice of P (resp., p).
Lemma 3.9.8. Let (L/K,A,H) be a PV extension. Then (mo(A)/K,mo(A), mo(H)) is
also a PV extension and hence mo(A) is the intermediate AS D-module algebra which
corresponds to G(L/K)°. Especially L/ K 1is a finite etale extension iff G(L/K) is finite

etale.

Proof. The p-isomorphism A ®; H — A ®x A restricts to the algebra isomorphism
7o(A) & mo(H) = mo(A) ®x mo(A). Hence 67 (A ®y mo(H)) = mo(A); this implies that
(mo(A)/ K, mo(A), mo(H)) is a PV extension by Proposition 3.5.8. O

Lemma 3.9.9. Let (L/K, A, H) be a finitely generated PV extension. Then mo(A) is
mazimal among those separable K -subalgebras of L which are D-module subalgebras.
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Proof. Let M be a separable K-subalgebra of L which is a D-module subalgebra. Then
M is an intermediate AS D-module algebra of L/ K. Let I be the Hopf ideal of H which
corresponds to M. By Proposition 3.5.7 (ii), we have A°#/T = ANM C my(A) and hence
H@H/T < mo(H). This implies I C H - mo(H)™ and so M C mo(A). O

Definition 3.9.10. Let ¢ be a finite group and put H = (k¥)*. Consider Dy = D Qg k
as a right H-comodule algebra with the trivial structure map d — d ® 1. We say L/ K is
a Y-primitive extension iff

(i) L is an algebra in the symmetric tensor category (p, M¥,®, k), and

(ii) L/K is a right H-Galois extension.
Here p,M¥ denotes the category of right (H, D{¥)-Hopf modules as in the proof of
Theorem 3.8.13.

We easily see that L/ K is a &primitive extension iff (L/K, L, (k9)*) is a PV extension.
If L/K is an anticopied % primitive extension, then L'/K’ is a Galois extension of fields
in ordinary sense such that Gal(L'/K’') = & Conversely, when L/K is a finite Galois
extension of fields, L/ K is Gal(L/K)-primitive iff every element of Gal(L/K) is D-linear.

3.9.3. G,-primitive extensions and G,-primitive extensions.

Definition 3.9.11. (1) An z € L is called G,-primitive over K iff d(z) € K for all
d € D*. In this case, we say that K(z)/K is a G,-primitive extension.

(2) An z € L is called Gy, -primitive over K iff z is a non-zero divisor of L and
d(z)z~! € K for all d € D. In this case, we say that K(z)/K is a Gy, -primitive extension.

As in [27, (2.5a), (2.5b)], we have the following lemmas:

Lemma 3.9.12. (1) Let K(z)/K be a G,-primitive extension. Put A = Klz] and | =
1Qxr—2Rx 1 € (AQx A)P. Then (K(z)/K, A, k[l]) is a PV extension with | primitive
and the PV group scheme G(K(z)/K) of G,-type.

(2) Let K(z)/K be a Gu-primitive extension. Put A= K(z,z7' and g=z"'Qxz €
(A®x A)P. Then (K(z)/K, A, klg,g7"]) is a PV extension with g grouplike and the PV
group scheme G(K(z)/K) of Guy-type.

Proof. (1) x is G,-primitive iff there exists a ¢ € Homg(D, K) such that d(z) = e(d)z +
o(d) for all d € D. Then

X:(i i ) € GLy(K ()
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is GLo-primitive over K. In fact,

[ ed O
dX_((p(d) g(d)>x (d € D).

Recalling the proof of Theorem 3.8.7 (d) = (a), we see

- 1—1 I
Z:(X1®K1)(1®KX):< ; 1+l)’

which concludes the proof.
(2) This is equivalent to saying that z is GL;-primitive over K. O

Lemma 3.9.13. (1) Ifl € (L ®x L)P and if | is primitive in the L-coring L Qg L, then
there exists an x € L such thatl =1k x — x Qx 1 and z is G,-primitive over K.

(2) If g € (L ®x L)P and if g is grouplike in L ®x L, then there exists a non-zero
divisor x € L such that g =27 @k = and x is Gy -primitive over K.

Proof. (1) Primitive elements in the L-coring L ®g L are precisely 1-cocycles in the
Amitsur complex:

0—>Lﬁ+L®KL5—1>L(g)KL(g)KLiSL...7

do(z) =1Q®xz—z QK 1,

51(Z$z' ®x ¥i) = Zl Qx % Ok Yi — sz Rr 1®x y; + Zafz Qr ¥y ®xl, ...,
whose n-th cohomology is H*(L/K,G,). But H*(L/K,G,) = 0 since L/K is a faithfully
flat extension (see [29, Ch. 17, Ex. 10]). Then ! € Kerd; = Imdy and hence there exists
some z € L such that | = 1 ®x z — z ®x 1. Since dl = (d)! for all d € D, we have
(dz) @k 1 = 1 Qg (dz) for all d € DT. This implies dz € K for all d € D*.

(2) Grouplike elements in L @k L are precisely 1-cocycles in the complex:

{1}—)Gm(L)"§’q" m(L®KL)‘6‘1“> m(L(X)KL®KL)isg—)---7

do(z)=(1®xz)(z®x 1) =2 QK x,
0> mi®ry) = 180k zi®ky)(D_zi®k 1@k 1) (> i @xui®x 1), ...,
whose n-th cohomology is H*(L/K,Gy). But HY(L/K,Gy) = Pic(L/K) C Pic(K) =
{1} since K is a finite product of fields. Then g € Kerd; = Im ¢, and hence there exists
some = € G (L) such that g = 27! ®x z. Since dg = £(d)g, we have
1Qxdr =d(1®xz) =d((z ®k 1)g) =d(z)z ' @Kk T

for all d € D. By multiplying 1 ® 2™}, we have 1 ® d(z)z~" = d(z)z™ ®x 1 for all
d € D, which implies d(z)z~! € K for all d € D. O
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Proposition 3.9.14. L/K is a G,-primitive (resp., Gm-primitive) extension iff L/ K is
a PV extension and G(L/K) is of G,-type (resp., Gm-type).

Proof. (“Only if” part.) This has been proved in Lemma 3.9.12.

(“If’ part.) Let k[l] (resp., k[g,g~]) be the Hopf algebra for L/K. By Lemma 3.9.13,
there exists the corresponding € L. Then K (x) is an intermediate AS D-module algebra
of L/K such that K(z)/K is a PV extension. Since the Hopf algebras of K(z)/K and
L/K coincide, we have L = K(z). O

3.9.4. The solvability theorem.

Definition 3.9.15. Let F//K be a finitely generated extension of AS D-module algebras.
We call F/K a liowvillian extension iff F'P = KP = k and there exists a sequence of AS
D-module algebras

(3.25) K=FCckhcC---CF.=F

such that each F;/F;_; (i =1,...,r) is at least one of the following types: G,-primitive
extension, Gp-primitive extension, or finite etale extension. In this case, the sequence
(3.25) is called liouvillian chain. Moreover, F/K is called a liouvillian extension of type
(j) (G =1,...,10) iff F/K has a liouvillian chain (3.25) such that each extension F;/F;_;
(i=1,...,r)is

(1) G,-primitive, Gy,-primitive, or finite etale,

(2) G,-primitive or Gp-primitive,

(3) Gy-primitive or finite etale,

(4) G,-primitive or finite etale,

(5) G,-primitive or ¢-primitive for a finite solvable group ¥,
(6) Gu-primitive,

(7) Ga-primitive,
(8) finite etale,
(9) “primitive for a finite solvable group ¥,
(10) trivial (ie. F; = Fy_1),
respectively. Here we are taking priority of the compatibility with [12, §24]. We observe
an anticopied ¥ primitive extension for a finite solvable group ¢ is identified with a Galois

extension by radicals and is also a liouvillian extension of type (6).

To show the solvability theorem, we need the following lemma (cf. [12, §21]).
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Lemma 3.9.16. Let L/K be a finitely generated PV extension and F an AS D-module
algebra including L such that FP = KP = k. Take onet € F. Then L(t)/K(t) is a
finitely generated PV extension and G(L{(t)/K(t)) ~ G(L/K(t) N L).

Proof. By Theorem 3.8.7, there exists a GL,-primitive X = (z;;) € GL,(L) over K
such that L = K(z;;). Since L(t) = K(t,z;), we have that L(t)/K(t) is a finitely
generated PV extension. Write M = KE)NL, Z = (X' @u 1)1 ®u X) = (25),
and Z7! = (w;;). Then H = k|z;,w;;] becomes the Hopf algebra for L/M. Similarly
by writing Z’ = (X! Qk 1)(1 ®x@ X) = (2);), and (Z')~' = (wj;), we obtain the
Hopf algebra H' = k[z};, wj;] for L(t)/K(t). It follows that there exists a surjective Hopf
algebra map ¢ : H — H', z; — z;. This implies that G(L(t)/K(t)) is a closed subgroup
scheme of G(L/M). Let I = Ker ¢ be the corresponding Hopf ideal.

¢ is the restriction (to H) of the natural map ¢ : L ®u L — L(t) @k L(t). Since the
coideal I - (L ®pr L) of L ®js L, which corresponds to I, is included in Ker @, we have
{e e L|a®yl-1Qya € [-(LQyL)} C{a € L|a®ul-1Qpa € Ker ¢} = LNK(t) = M.
This implies that the intermediate AS D-module algebra of L/M which corresponds to I
is M. Thus I =0. O

Theorem 3.9.17. Let L/ K be a finitely generated PV extension. Then the following are

equivalent:

(a) L/K is a liouvillian extension.
(b) There exists a liouvillian extension F/K such that L C F.
(c) G(L/K) is liowvillian.

When k is algebraically closed, these are equivalent to:

(d) G(L/K)° is solvable.

Proof. ((a) = (b)) This is clear.
((b) = (c)) Take a liouvillian chain of F/K:

K=FCFC---CF.=F

We use induction on r. The case r = 0 is obvious. Let r > 0. Since there are finite
t1,...,ts € F such that F; = K(t1,...,ts), we have that L{ty,...,ts)/F} is a finitely
generated PV extension and G(L(ty,...,t;)/F1) ~ G(L/F; N L) by Lemma 3.9.16. By
the inductive assumption, G(L/Fy N L) is liouvillian.
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Let A be the principal algebra for L/K. If F1/K is a finite etale extension, then
FiNL C mp(A) by Lemma 3.9.9. Hence we have G(L/FyNL) D G(L/m(A)) = G(L/K)°
(Lemma 3.9.8). Thus, G(L/Fy N L)° = G(L/K)° and hence (c) holds by Lemma 3.9.2
(1).

If Fi/K is a G,-primitive extension, then there exists a G,-primitive x € F; such that
Fy = K(z). Write Ly = Fy; N L. One sees that L;/K is also a G,-primitive extension
(see [27, (2.9a)]). Let A; be the principal algebra for L;/K. By applying Lemma 3.9.8
to Ly /K, we have

G(L/K) > G(L/mo(Ar)) > G(L/Ly),

G(L/K)/G(L/m(Ay)) = G(mo(A41)/K) : finite etale,

G(L/mo(A1))/G(L/L1) = G(L1/mo(A1)) = G(L1/K)°.
Therefore G(L/K) is liouvillian.

If F1/K is a Gp-primitive extension, then there exists a Gp-primitive x € Fy such that
Fy = K(z). Write Ly = Fy N L. One sees that L/ K is also a G,-primitive extension
(see [27, (2.9b)]). Then we obtain (c¢) in the same way to the above.

((c)= (@) Let G(L/K) =Go> Gy >+ > G, ={l}bean LNCand L; (i = 0,...,7)
the intermediate AS D-module algebra which corresponds to G;. Then by Lemma 3.9.8
and by Proposition 3.9.14, K =Ly C Ly C --- C L, = L is a liouvillian chain. U

By Proposition 3.9.4, we have the following.

Corollary 3.9.18. Let L/ K be a finitely generated PV extension with the principal al-
gebra A. If L/ K is a liowvillian extension, then there exists a liouwvillian chain

K=LyCm(A)=L1CLyC...CL,=1L

such that each L;/L;—1 (i =2,...,1) is Gn-primitive or G,-primitive extension.
Corollary 3.9.19. Let L/ K be a finitely generated PV extension. Then L/K is (included
in) a liouvillian extension of type (5) (7 =1,...,10) iff

(1) G(L/K) is liouvillian,

(2) G(L/K) has an RLNC,

(3) G(L/K)° is Gy -composite,

(4) G(L/K)° is unipotent,

(5) mG(L/K) is finite constant and solvable, and G(L/K)° is unipotent,

(6) G(L/K) is Gp-composite,

(7) G(L/K) is unipotent,
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(8) G(L/K) is finite etale,
(9) G(L/K) is finite constant and solvable,

(10) G(L/K) is trivial,
respectively.

This corollary can become more explicit when K is a perfect field and & is algebraically
closed. In such a case, if (L/K, A, H) is a finitely generated PV extension, then A ®x A
is reduced (see [29, Ch. 6, Ex. 2]), and so H is reduced. Thus G(L/K) corresponds to
the affine algebraic group G(L/K)(k) = Autp, k-alg(L) in the sense of [29, (4.5)]. There
we can do the following replacement on the condition about G(L/K):

(1) G(L/K)° is solvable (& G(L/K)° is triangulable),
(2) G(L/K) is solvable,
(3) G(L/K)° is diagonalizable,
(4) G(L/K)° is unipotent,
(5) G(L/K) is solvable and G(L/K)® is unipotent,
(6) G(L/K)(k) is solvable and quasicompact (in the Kolchin’s sense),
(7) G(L/K) is unipotent,
(8) G(L/K) is finite constant,
(9) G(L/K) is finite constant and solvable,
(10) G(L/K) is trivial.
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