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ON AN ALGEBRA ASSOCIATED WITH 
A CIRCULAR QUIVER AND ITS PERIODIC 
PROJECTIVE BIMODULE RESOLUTION 

By 

Takahiko FURUYA 

Abstract. 1n this paperう wedeSCI・ibethe structure of a subalgebra 

B: (t) of a basic self二injectiveNakayama algebra B.~ ， and we give a 

periodic projective bimod山 resolutionfor B'.:(t). 

Introduction 

Let K be a field， s a positive integer and r the circular quiver (or cyclic 
quiver， oriented cycle) with s vertices e" e2ぅ・ 1es and s arrows Q" Q21 う α~ such 

that Qi starts at ei and ends at ei+l・Henceαi = ei十jQieiholds for each 1 ~ i ~ s in 

the path algebra Kr， where we regard the subscripts i of ei as modulo s. If we set 

X=Qj +α2十・・・十 Qs(εKr)，then Kr is the algebra generated by the elements 

e¥， のい・うes，X， that is， Kr = K[ej)の). . . ，eS1 X]. It is known that a basic self-

injective Nakayama algebra over the field K is of the form KrjJk， where kミ2

and J is the two-sided ideal of Kr generated by all arrows: J = (X) (see [EH]). 

As in [EH)， we denote KrjJk by B'.:. 1n that paperフ Erdmannand Holm give 

a periodic projective bimodule resolution of B: a凶 computethe Hochschild 

cohomology ri時間1.*(B:). Also similar results have been obtained by Bardzell， 

Locateli and Marcos ([BLM]). 1n this paper， we describe the structure of a 

subalgebra of B: and give a projective bimod此 resolution.

Let Bs(t) be the subalgebra of Kr generated by the elements ej)の， グゎ

X1 for t 2: 1， that is， Bs(t) = K[ej)九・ぺeS)Xt
]. We define a subalgebra 

B:(t)ニ π(Bs(t))，where π:Kr → B'.: is the natural map. If t三kthen X t = 0 in 

B'.:， so we assume t < k. Since KerπIBs(t) = Bs(t) n Jk， we have B:(t) ~ Bs(t)j 
(Bs(t) n Jk). Therefore the paths whose length is a multiple of t and less than k 
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give a basis of B;(t). Clearly B;(1) = B; holds. In Section 1， we show that B;(t) 

is isomorphic to a direct sum of basic self-injective Nakayama algebras (Theorem 

1). In Section 2， we give a periodic projective bimodule resolution of B; (t)， which 

is given by means of some exact sequences of B;(t)-bimodules (Theorem 2). 

S 1. The Structure of B.~ ( t) 

Let K be a field and we fix two integers s;;::: 1 and kミ2.If t is an integer 

such that 1 ::三 t< kフ thenwe put k = qt + r for some integers q and r such that 

O豆 r< t. If r手othen we have 

B;(t) ~ B~q+1)I(t) ぅ

since Bs(t) n Jk = Bs(t) n J(q十1)1 So it su伍cesto consider the case that k is a 

multiple of t: k = qt for qミ2.

EXAMPLE 1.1. If s = 6 and tニ 10，then we have Bg(10) ~ BiO(10) for all k 

such that 21 ::; kく 30.

In this section， we will show that BJ' (t) is isomorphic to a direct sum of 

copies of a self-injective Nakayama algebra. Let d = gcd(s，のう andwe set sニ s'd，

t = t' d for s' ;;::: 1， t' ~三 1. We regard the subscripts of ei as modulo s. 

LEMMA 1.2. The set {xn1ei+xt 10 ::; n < q， 1豆 i豆 d，O::; x <〆}gives a K-

basis of Byt(t). 

PROOF. Since {XJ1ei 11豆 i豆ムO三j< q} gives a K-basis of BJ'(t)， we have 

dimK BJ'(t) = qs. So we will show that the elements of {XJ1lei十xt1 0 ::; n < q， 

l豆 i::;d，O豆x< s'} are distinct each other. It suffices to prove that e肘 1 are 

distinct for 1 ::三 i三dand 0三三 x< s'. If ei+xl = Eケ+ylfor 1 ::三人j三三 dand 0三三 Jピぅ

y < s'， then we have i + xt三 j+ yt (mod s). Hence， (j -i) + (y -x)t == 0 

(mod s). Since dls， it follows that (j -i) + (y -x)t == 0 (mod d). From t言。
(mod d)， we have j -i三 o(mod d)， which implies that i = j. Then we have 

xt == yt (mod s). Since gcd(s'， t') = 1， we have y -x三 o(mod s'). Hence we 

have x = y. 口

Next， we consider BJd (d). In order to distinguish the vertices and the arrows 

of BJd(d) from ones of BJI(t)， we denote the idempotents of BJd(d) by Ji and the 

sum of all arrows of BJd (d) by Y. 
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LEMMA 1.3. The set {yn~んxd 10 三n< q， 1 ~ i ~ d， 0三x< s'} gives a K-

basis 01 BJd (d) 

PR∞F. Since dimK B.id (d) = qs， we will show that the elements of 

{y叫んxdI 0 ~ 11 < qぅ1~ i豆dラO豆x< s'} are distinct each other. It su自ces

to prove thatんxdare distinct for 1三 i~ d and 0 ~ x < s'. Ifんxd=ふyd

for 1豆 i，j壬d and 0豆 爪 y< s'， then we have 十xd==j十 yd(mod s). 

Thus (j -i)十 (y-x)d三 o(mod s). Since dls， we have (j -i) + (y -x)d言。
(mod d). So j -i三 o(mod d) which implies i = j. Then we have xd == yd 

(mod s). So it follows that x == y (mod s'). Thus we have x = y. 口

By Lemmas 1.2 and 1.3， we have the isomorphism of K -vector spaces 

φ: Bt(t)→ BC;d (d); X川 町 村t1---+ yndfi十xd (0 ~ 11 < q， 1豆 i~ d， 0 ~ x < s') 

PROPOSITION 1.4.① is an isomorphism 01 K-algebras. 

PROOF. We wil1 show that 

(1.1 ) 争((xrtei十xr)(XP1己j村 r))= φ(Xrte山

for xrre出 r，XPI町村'1ε BJI(t)where 0 ~ r， p < q， 1豆 i，j :豆dand 0 ~ x， y < s' 

Since (xr1ei十XI) (XPtej十yr)= (xrrei十xt)(匂+(p十y)IXPfejf+yI)フ wec∞O∞nSlほde白rthe [.お0110¥川Wl九ν札fサ111

two cases. 

(i) Case ei+xt = ej十(p+y)r・ Theleft hand of (1.1) equals 

φ( (Xr1ej十(P+Y)I)(XPtり+YI))=争(x(町 )Iej十YI)

_ fy(r十p)djj+yd if r十p< q， 

lO if r十P2. q. 

By the assumption， we have i十万三 j十 (p十 y)t(mod s). By the similar 

argument as in Lemma 1.2， we have i = jぅ soxt == (p十y)t(mod s). 

Hence we have (p十 y-x)t' == 0 (mod s'). By gcd(s'， t') = 1， it follows 

that p十 y-x三 o(mod s')， so xd三 (p+ y)d (mod s). Thus we have 

i十 xd== j十 (p十 y)d(mod s)ぅ whichimpliesんxd= !j+(p十y)d・Thenthe 

right hand of (1.1) eql刈s

( yrウf+xd)(yP旬、，d)口 (Y匂;+(p+y)d)(yP匂+yd)

_ fY(町 )dふyd if r十 p< q， 

lO if r + p 二三 q. 
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(ii) Case ei十別手己j十(p+y)t・Sincee川 I己i+(p+y)t= 0， the left hand of (1.1) equals 

φ(0) = O. We will showんxd手五i+(p十y)d' Ifんxd= !;+(p十y)d，then 

i十 xd三 j十 (p+ y)d (mod s). So we have i = j by the similar argument 

as in Lemma 1.3. Hence xd三 (p十 y)d(mod s)フ whichimplies xt == 

(p十 y)t(mod s). So i十 xt== j十 (p+ y)t (mod s) which means ei十xt

己i+(p+y)t.This is contradiction. Then the right hand of (1.1)問uals

( yrイんxd)(yP~かyd) = (yr~んxd)(ふ(p十y)dYPイ五十yd)= 0 

Hence (1.1) is proved. Also， by the definition of ①， we haveφ(Li.x ei+xt)ニ

Li.xfi+xd， the identity of B.rd(d)ぅ wherei， x range over 1 ::; i豆 d，1豆x< s'， 

respectively. Thus φis an isomorphism of K -algebras. 口
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for 1手 i三d.Each Ai is a K-Sl加 paceof Bt(d)， and it is easy to see that Ai is a 

two-sided ideal of Br (d). Thus B%d (d) is the direct sum of al1 the two-sided 

ideals Ai: 

( 1.2) BJd (d) = EB Ai・

We will show that each Ai is isomorphic to a basic self-injective Nakayama 

algebra. In the following， in order to distinguish Ai from B;" we will denote the 

idempotents of B;， by gi and the sum of al1 arrows of B;， by Z 

PROPOSITION 1.5. There exists α仰n ωsoωom01中'pμμp〆μ凶h如1υ印i.白f~

e臼1印 rηyi(1豆 i云dめ). 

PROOF. Fix such that 1豆 i三d. Since the set {y旬+xd10豆 n< q， 

O壬x< s'} is a K-basis of Ai and the set {Zl1gx I 0豆 n< q， 1 ::; x豆s'}is a K-

basis of B;" the map 

¥fJ : B;，→ Ai; Zl1gx f-+ yl1~ん(x-l)d (0豆n< q， 1云 X 豆s')

is an isomorphism of K刊 ectorspaces. We will show that 

( 1.3) ¥fJ((zr gx)(ZPgy)) = ¥fJ(zr gx)¥fJ(ZPgy) 

for 0 ::; r， p < q， 1 ::; x， y ::; s'. Since (Zr gx)(ZPgy) = (Zr gx)(gp十yZPgy)，we con-

sider the following two cases. 
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(i) Case gx = gp+y. The left hand of (1.3) equals 

¥f( (Zr gp+y)(ZP gy)) = ¥f(Zr十Pgy)

_ !Y(J十p)ケ;十(y-I)d if r十 p<qヲ

lO if r + p ミq.

By the assumption， we have x == p十 y(mod s'). Hence (x -l)d芸

(p十 y-l)d (mod s)， so 十 (x-l)d豆 i十 (p十 y-l)d (mod s). Thus 

we obtain 五十(x-I)d= fi十(p十y-I)d.Then the right hand of (1.3) equals 

(Y勺刊x-l)d)(YP伝子(y-l)d)口 (YFdL+(P十y-I)d)(YP~ん(y-I)d)

_ [Y(叩 )dん(y-l)d if 1十 p< q， 

lO if r十 p"e::.q. 

(ii) Case gx手gp+y. Clearly the left hand of (1.3) equals ¥f(O) = 0， 

since gxgp十y= O. We will show fi十(x-l)d手fi+(p十y-l)d' 1百f

五ん+(句p十y 一1)μd う then we have i 十 (x -l)d == i 十 (p + Y -l)d (mod s). Hence 

(p + Y -x)d == 0 (mod s)， which means p + Y -x三 o(mod s'). Thus 

x==p 十 y (mod s') ぅ S鉛owe have gx エ gpρ戸州3什叶→+竹汁ト1-)

tio叩n.Then the right hand of (1.3) equals (yrdfi十(x-I)d)(YP切十(y-I)d)= 

( yrケf+(X-l)d)(ん(p+y-I)dYPイ五十(y-l)d)= O. 

Hence (1.3) is proved. AI肌 wehave T(2L19x)ェ ε;Llf;+(x-i)d3the identity of 

Ai. Therefore， ¥f is an isomorphism of K-algebras. ロ

By the discussion in the beginning of this section， (1.2) and Propositions 1.4 

and 1.5， we have the following structure theorem of B:(t) for any sミ 1，kミ2

and t such that 1 ::三 t< k: 

THEOREM 1. Le t sフ t and k be integers satisfying s "e::. 1， k ミ 2 and 1 三三 t < k， 

and let d := gcd(s， t) and s' := s/d. If q is the least integer such that k/t ::; q， then 

we have the following isomorphism of K -algebras 

d 

B;(t)三② B;， (the direct sum of d copies of B;，). 

PROOF. By the discussion in the beginning of this sectionフ we have 

B:(t)三 BJf(t).Moreover we have 
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B;'(t) ~ Br(d) by Proposition 1.4 

ニ⑤ Ai by (1.2) 

d 

2 ⑦ B'j， by Proposi tion 1.5 ロ

REMARK 1.6. If d = gcd(s， t) = 1， then B;(t) is isomorphic to the basic self-

injective Nakayama algebra BJ， where q is the least integer such that k/t豆 q.

In [EH， Section 4.2)， Erdmann and Holm give a projective bimodule reso如何

tion of B; of period 2・lcm(k，s)/k， where s 2: 1 and kミ2.From this resu1t and 

Theorem 1， we have the following: 

COROLLARY 1.7. Let s 2: 1， k 2: 2 and t be integers such that 1三 t< k， and 

let d = gcd(s， t)αnd s' = s / d. If q is the least integer such thαt kJt豆 qフ thenB;(t) 

has a prザectivebimodule resolution ofperiod 2.lcm(q，s')/q， and the Hochschild 

cohomology ring HH* (B; (t)) is isomorphic to the direct sum of d copies of the 

Hochschild cohomology r的 HH*(B'j，).

EXAMPLE 1.8. Let s = 28， kニ 68and t = 35. Then it follows that d = 

gcd(28，35) = 7， s' = 4 and q = 2. By Theorem 1， we 1 

B~~ (35) ~ Bl ED・ EDB~ 
、一一一〉一一〕

7 copies 

Also， by Corollary 1.7， there is a projective bimodl巾 resolutionof B~~(35) of 

period 2. lcm(2バ)/2 = 4. Moreover if K is a field with Char K = 0， then by 

Theorem in [EH， Section 4.8]， it fol1ows that the even Hochschild cohomology 

ring HHω(BJ) is the commutative graded K-algebra with generators Yo， Y2 and Y4 

modulo the ideal generated by the elements yo， yi -Y4 . Y仇 Y2aIldy;-yjY03 

where deg Yi = i. Hence we have HHev(BJ) ~ K[yO， Y2， Y4]/(YO， Yi -Y4 . Yo， Y2， 

Yi -Yi . YO) ~ K[Y4]. Thus HHev(BJ) is isomorphic to the polynomial ring K[x]. 

Therefore we have the fol1owing isomorphism of graded rings: 

HHぺB~~(35)) ~ K[x] ED・・・ EDK[x] ， deg xニ 4.

7 copies 

Note that Bfs (35) ~ B~~ (35) for all k such that 36壬k~ 70. 



An algebra associated with a circular quiver 253 

S 2. A Periodic Projective Bimodule Resolution of B; (t) 

The projective bimod山 resolutionof B; in [EH， Section 4.2] is given by 

means of the exact sequence which consists of four terms， where s ミ 1and k ミ2.

But a11 maps of the exact sequence are not explicit1y given there. 1n this section， 

we explicitly give the maps of the exact田 quence.Sin悶1

consider a projective bimodule resolution of B; (t)， in general， for integers sミ1，

k ~ 2 and t such tha t 1 ::三 tくた

Let q be the least integer such tl凶 k/t~ q. Since B;(t) ~ B;t(t)， we consider 

BJ1(t). Denote BJ'(t) by B， and set qt二郎十 qtfor some integer n and qt such 

that 0三:;;qt < s. We wil1 denote ③K by ③ and the enveloping algebra B <3) BOP 
of B by Be. We regard the subscripts i of ei as modulo s. Define left Be-modules， 

equivalently B-bimodules， 

Qo口⑤ Bei② eiB， Ql = ffi Bei十f② eiBぅ

and let s: B → B be the automorphism induced by the automorphism B;t→ BfI 

defined by ei 1---+ ei-l and ai 1---+ ai-l. Note that the order of s equals s. Moreover， 

we define a left Be-module lBs手前 follows:1 B p-q， has the underlying space B， 

and the action on the left is the usual one. The action on the right is given by 

b * x = bs-町)for b ε!Bp-0 and xε B. He民∞te伽 ts-q1ィ-ql

LEMMA 2.1. We can d，φle a left Be -honwm01phismゆ:Ql→ Qoby 

ゆ(ei+t③ ei)= ei十I(X1③ 1-1 <3) X1)ei for 1 ~ i ~ s. 

And if we d，φne a left B-homomorphism K: 1 B p-0→ Ql by 

的 i)=e<記山
then K is a right B-homomorphism. Thus K is a left Be-homomorphism. 

PROOF. Since X1ei =αi+t-l・・ αi+lai = ei+1X1， it follows that ゆ(ei十1<3) ei) is 

an element of Qo for each 1 ~ i豆s.It is clear that we can makeゆaleft Be_ 

homomorphism. Also， since Xll11ei = ai+mt-l・・・ ai十lai= ei十lntX111/ for each 1 壬

m三 q-1， it fol1ows that K( ei) is an element of Ql for each 1豆i豆s.We wi1l 

show that K is a right B-homomorphism. Since B is generated by ej (1三i豆s)
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and X t， we show thatκ(ei *町)ニ川町;)己iand κ(eiネ X1)= K(ei)X1 for each 

l壬i三sand 1:s:; j三s.It is easy to see that the first equation holds. We 

will show that the second equation holds. Since K(ei * Xt) = K(eis-ql(X1)) = 

K(eiXt) =κ(Xtei_t) = X1K(ei-I)， it suffices to show that X1K(ei-t)と K(ei)Xtfor 

each 1三i:s:; s. We put Y:= Xt for simplicity. Here， note that Yei = ei十tYand

Yq = O. 

YK(ei-t) -K(ei) Y 
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=66Y匂

zeG(川 yq-j-l一川十ず
= ei( Yq @ 1 -1 o yq)ei-t-ql = ei(O -O)eiートqt= O. 口

THEOREM 2. There exists the exact sequence of left Be-modules: 

(2.4) 0→ 14-27L QiLQo L B → 0， 

where π臼 themultiplication. Thus we have the periodic projective Bにresolutionof 

period 2・lcm(s'，q)/q， where s' = s/gcd(s， t)αs in Section 1 

We prepare the following lemma for the proof of Theorem 2. In the rest of 

this section， we put Y:= Xt as in the proof above. Here， we again note that 

Yei = ej十IYand Yq = O. 

LEMMA 2.2. The sequence (2.4) is a complex of left Bにmodules，that is， 

πゆ:俳 =0.

PROOF. For 1 :s:; i 三三 s，we have 

(π件)(e削③ei)=π(ei十t(Y③ 1-1 ② Y)ei) = ei+l( Y -Y)ei = 0 

and 
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PROOF OF T田 OREM 2. Define left B-homomorphisms 11-1: B → Qo， 

ho : Qo→ QI and hl : QI→ IBp-tfi by 

川)= x(ド町)for X E B 
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if m = 0， 

if 1 S m孟 q-1， 

r 0 if 0 S m 三二 q-2， 
h1 (ei十I③ e{ylll) = ~ 

l e{+1 if m ニ q-1. 

It is easy to see that ho( ej c8> ej ym) is an element of QI for alI 1豆i豆 S.We will 

show that {h-l' ho， hd is a contracting homotopy of (2.4). 

(a)πh-lニ idB:For xεB， we have 

川 x)エ π(予断)ニXS勾=x

(b) 11-1π十件ho= idQo: For 1壬i三s，we have 

(い

Alsoフ for 1 三三 i 豆 S and 1 三ms q -1， we ha ve 

(h-lπ十件ho)(e{ c8> ej ylll) 

= h_l(ejyn 
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Hence the desired equation holds. 

(c) hoO十 Kh1 = idQ1: F or 1 ~ i豆s，we have 

(hoO十 Khl)(e肘② ei)= hO(ei十r(Y@1 -1② Y)ei)十 κ(0)

= ho(ej十rYei③ ei-ei+r② ei十rY)

二二 ei十f③ ei.

Also， for 1 ~ i 三二 sand 1 三三 m三三 q -2 we have 

(hoO十 Khl)(ei十t③ eiym)ニ hO(ei十t(Y② 1-1 @ Y)eiym)十 K(O)

= ho (ei+r Yei③ ei ym -ei+t @ ei+r Y州 1) 
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Moreover， for 1 壬i 三三 s， we have 

(ho件十κhJ)(ei+r③ eiyq-1)

= ho(ei十r(Y@1 -1 @ Y)eiyq-1)十 κ(ei+')

= ho(e;十tYei③ e;yq-I-ei十I② ei十ryq)+κ( ei十r)

= ei十tYhO(ei② ei yq-l)十 K(ei+t)
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十 e;十t(~内 yq-j-l)e;十t-qr

二 ei十I③ eiyq-l

Hence we obtain the desired equation. 
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(d)/11K=idiBpJ:For lgi話s，we have 

約iκ)山 1(e， (~ yj 0 yq-j-')e，-q) 

20i(ZYjhiMei J-i))吋 i

So we get the desired equation. 

Conse司uently(2.4) i8 exact. FurthernlOre， since the ordcl‘of s e司ualsS， t:he 01'句d巾むr
ο f s-一叩品

the pe倒併肝矧r吋噌.iぬodiおc1刊3羽1百吋Ijec叫t科iveBfJ 制r陀G関S紛01凶¥.l以山It巾t討ionof B 01' p滞別e剖出r吋'i凶od2， lCiω111叫1吋(8ι、Jヘ/ぺ，q引)/q， 口

RRMARK 2，3. We 白nimmediate conse骨uencetha1 (2.4) is left s，.split. 

Jn parlic山 r，we consider the制。 fニ 1，that is， B，~ with the IHl1.omorphlsm 

s， Let C = B~ for s ?: 1 and k注工 i:¥lidwe put 

Roニ@ @t';C1 R， = EB Cei-j-i @ 

sy t = 1 il1 Theorem 2， we hl:lve tho following: 

Co恥OLLARY2.4 ([EH， Section 4ユ)). There is the exact sequence of leji Cに

modules: 

ID 

0→ 1 C
p
_k斗 RI斗 Ro斗 C→ 0， 

where left ce-homomorphisms o andκαre given by 

ゆ(ei十1@ei) = ei十1(X @ 1 -1 @ X)ei， 

J仁川，(~山村-1)e'-kん;~ s 

αndπis the multiplicαtion， From this sequence) we obtain the periodic projective 

ce -resolution of period 2・1cm(s，k)/k. 

REMARK 2.5. In [S]， the concrete fo1'm of lC 1S desc1'ibed. Also， an exact 

sequence simi1ar to one in Corollary 2.4 appears in [KSS]. 
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