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LAGRANGIAN H幽UMBILICALSUBMANIFOLDS IN 
QUATERNION EUCLIDEAN SPACES 

By 

Yun Myung OH and 100n Hyuk KANG 

Abstract. ln [2]， B. Y. Chen proved that the Lagra月ianH -umbilical 

submanifolds in complex Euclidean space CIl are Lagrangian pseudo-

spheres and complex extensors of the unit hypersphere of EII， ex-

cept the f1at ones. Similar to this， we can define the Lag1'angian H-

umbilical submanifold in quate1'nion space fo1'ms. The main purpose 

of this paper is to classify the Lag1'angian H -umbilical submanifolds 

in quate1'nion Euclidean space HIl. 

1. lntroduction 

It has been known that there is no total1y umbilical Lagrangian submani-

folds in complex闘space-fo1'msexcept the totally geodesic ones. It was natural to 

look for the simplest Lag1'angian submanifold next to the totally geodesic ones 

in complex叩 ace-form.To do so， B. Y. Chen introduced the notion of the 

Lagrangian H国umbilicalSl巾nanifold[3] and also， in [2]， he obtained the classiト-

白恥ca抗ぬtiぬont出heoremsfor Lagrangian H 畑1む1mbilicals叩ubmar巾1註i~おülds in c∞ompがle口xEuclidean 
space CIl 

Simila1' to the above case， it also has been known that the1'e exist no totally 

umbilical Lag1'angian submanifold in quaternion-space-form Ml1(4c) except the 

totally geodesic ones. In orde1' to find the next simplest case in quaternion-space-

form MI1(4c)フwealso int1'oduce the notion of Lagrangian H -umbilical submani-

fold. By a Lagrangian H-umbilical submanifold MI1 in a quatemion manifold 

Mf1 we mean a non-totally geodesic Lag1'angian submanifold whose second fun-

damental form is given by 
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h(el， el)ニ Al1el+ A2Jel十A3Kej，

h(e2， e2) =・・ ニ h(en1en) =μ]le]十μ2Jej+μ3Kel， 

h(el巧)=μ1/1巧十μ2Jej十μ3Kejう j = 2，・・・ぅn

h(匂うek)= 0， j =1 k， j， k = 2，・・・ヲn

for some functions Alフ A2ラ A3ヲ μbμ2and μ3 with respect to some orthonormal 

local frame fields. 

According to the above condition， the mean curvature vector H is given by 

H=Hl十H2十H3，where Hj = y1lej， H2 = Y2Jel， H3 = Y3Kel， and Yi =出ヂ位
(i = 1，2，3). The condition (1) is equivalent to 

h(X， Y) =α] (くlX，H)くlY，H)H1十α2くJXうH)くJY，H)H2

十町くKX，H)くKY，H)H3)

十戸1(くX，Y)H1十くlY，H)IX十くlX，H)IY)

十戸2(くXうY)H2十くJY，H)JX十くJX，H)JY)

十ん(くXうY)H3十くKY，H)KX十くKX，H)KY)

for any吋…orsX， Y， where αi=2ヂMldFi211foriiユ，3αωe鴎a
a non-l引mml廿ima叫1Lagrangi白anH-umb悩i江出1ic比ca討1s叩ubman出1註iflお"01ほdhas the shape ope町ra剖toωrAH 

a叫tH with two eigenvalues λand μ， where A = 2:7=] AiYi・andμ=2ごLiμiYiwith 
respect to some orthonormal frame fields. 

On the other hand， it also satisfiesくh(X，Y)，Oi・Z)=くh(Z，Y)， OiX)， where 

ゆisone of the element in {1ぅJ，K}and Xフ Y，Z are tangent vectors to M I1. 
Using this property， we can say that Lagrangian H畑umbilicalsubmanifolds are 

the simplest Lagrangian submanifolds next to totally geodesic submanifolds in 

quaternion Euclidean space. 

The main purpose of this paper is to classify the Lagrangian H-umbilical 

submanifolds in quaternion Euclidean space. 

2. Preliminaries (6] 

Let Mn be a 4n-dimensional Riemannian manifold with metric g.λ111 is 

called a quaternion manifold if there exists a 3-dimensional vector space V of 

tensors of type (1， 1) with local basis of almost Hermitian structure 1， J and K 

such that 
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(a) lJ = -Jlニ K，J K = -KJ = 1， K1 = -1K = J， 12 = J2 = K2 = -}， 
(b) for any local cro除問tionψofV， V'x伊isalso a cross section of V， when 

X is an arbitrary vector field on iitn and V the Riemannian connection on iifn. 
Condition (b) is equivalent to the following condition: 

(b') there exist local l-forms p， q and r such that 

v' x 1 = r(X)J -q(X)K， 

v' xJ = -r(X)1十p(X)K，

VxK = q(X)1 -p(X)J 

Let X be a unit vector on M/1. Then X， lX， JX， and KX form an orthonormal 

frame on Mn. We denote by Q(X) the 4耐planespanned by them. For any two 

orthonormal vectors X， Y on MぺifQ( X) and Q( Y) are orthogonal， the plane 
π(XヲY)spanned by X， Y is called a totally real plane. Any 2刊anein a Q(X) 

is called a quaternion plane. The sectional curvature of a quaternion planeπ 

is called the quaternion sectional curvature of π. A quaternion manifold is a 

quaternion-space-form if its quaternion sectional curvatures are equal to a con-

stant 4c. We denote such a 4n-di町lensionalquaternion-space欄formby M/1(4c). 

It is well known that a quaternion manifold Mn is a quaternion-space-form if 

and only if its curvature tensor R is of the following form: 

(2) R(X， Y)Z = c{g( Y， Z)X -g(X， Z) Y 

十g(IY，Z)IX -g(1X， Z)IY十2g(X，IY)IZ

十g(JY，Z)JX -g(JX， Z)JY十2g(X，JY)JZ 

十g(KY，Z)KX -g(KX， Z)KY + 2g(X， KY)KZ} 

for tangent vectors X， Y and Z on M /1. 

Let M be an 1ル1ト吋-d出ime印n悶1Sωiぬona討1Ri記ema組nma叩nma訂叩山n由11泌fおuldand x: M → Mn(件4c州Cけ)b切e 
a叩nisometric immersion of M into a q伊u副a仰t臼ern出n出10∞n佐1ト-叩ac∞e-fl閉イformMIl吋(件4c制Cけ).We cal1 M a 
Lagrangian subma出foldor a totally real sめmanifoldsof MIl(4c) if each 2-plane 

of M is mapped by x into a total1y real plane in MIl(4c). Consequently if M is 

a Lagrangian submanifold of MIl( 4c) thenゆ(TM)c T.1.M for o = I，Jフ orK， 
T.1. M is the norn1al bundle of M in iit 11 ( 4c) . 
For any orthonormal vectors X， Y in TM，π(X， Y) is totally real in MIl(4c)， 

Q(X) and Q( Y) are orthogonal and g(XぅψY)= g(ゆX，Y) = 0 for伊?ゆ=I，J or 
K. By (2) we have 
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R(X， Y)Z = c{g(Y，Z)X -g(X，Z)Y}， for X， Y，ZεTM 

If we denote the Levi-Civita connections of M and Mn(4c) by V and V， re-
spectivelyフ theformulas of Gauss and Weingarten are respectively given by 

VxY=VxY十h(X，Y)， 

Vx( = -AcX + DxC 

for tangent vector fields X， Y and normal vector field (， where D is the normal 

connection. The second fundamental form h is related to the shape operator Ac 

byくh(X，Y)，の=<AcX， Y) for a normal vector ( of M. The mean curvature 
vector H of M is defined by H = ~ trace h. If we denote the curvature tensors of 

V and D by R and RD， then the equations of Gauss， Codazzi and Ricci are given 

by 

くR(X，Y)Z， W)ニくh(Y，Z)，h(X，W))-くh(X， Z)， h ( Y， W)) 

十c(くX，W)くY，Z)-くX，Z)くY，W))， 

(Vh)(X， YうZ)= (Vh)( Y， X， Z)， 

くRD(X，Y)ゆZ，ゆW)=く[Aitz，Ac&wJX， Y) 

十c(くX，IOW)くYうIljJZ)-くX，IljJZ)くY，IOW))

+(くX，JOW)くY，JljJZ)一くX，JljJZ)<Y，JゆW))

十(くX，KOW)くY，K砂Z)-くXぅKljJZ)くY，KOW))，

where X， Y， Z， W are tangent vector註eldsand ゅう世 =I，J， or K. 

Finallうん we recall a definition of warped product [1]. Let NJ， N2 be two 

Riemannian manifolds with Riemannian metrics glフ g2，respectively and f a 
positive function on N 1• Then the metric 9 = gJ十f2g2is called a warped 

product metrIc on N1 x N2・Themanifold NJ x N2 wIth the warped product 

metric 9 = gJ十f2g2is called a warped product manifold. The function f is 

called the warping function of the warped product manifold. 

3. Quaternion Extensors 

In this section we are going to investigate the geometry of quatemion 

extensors. First of all， we have the fol1owing definition. 
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Let G: Mn-1 → E
m be an isometric immersion of a Riemannian (n -1)-

manifold into Euclidean m-space Em and F: 1 → H a uni t speed curve in the 

quaternion plane. Consider the following extension rt given by 

rt = F @ G : 1 x Mn-1 → H@Em=H
m， 

whereゆニ F@ G is the tensor product immersion of F and G defined by 

(F② G)(s，p) = F(s) @ G(p); s ε1， pεMn-1 

We call such an extensionゆ=F @ G a quaternion extensor of G via F. 

An immersion f : N→ Em is called spherical (respectively， unit spherical) if 
N is immersed into a hypersphere (respectively， unit hypersphere) of Em centered 

at the origin. The quaternion extensorゆ:F @ G : 1 x Mn-l → Hm is called F-

isometric if， for each pεMn-l， the immersion F ③ G(p) : 1 → Hm : s I-t F(s) @ 

G(p) is isometric. Similarly， the quaternion extensor is called G-isometric if， for 

each s ε1， the immersion F(s) (8) G : MI1-1→ Hm : p I-t F(s) @ G(p) is isometric. 

LEMMA 3.1. Let G: λ;[11ト一i→ Em be αn isomηzetかrゴoicιk正cimη1mη1e臼r刈'sionof α Ri花e印刀mαωnni臼αn1 

(伊n一 I円)制mαnグoldi的ntωoEμ虻ωclideωαJ刀1mη叩 αCαeEm αnd F: 1 → H αun川nz附1刀l
f的hequαterniωon plane. Then 
(1) the quaternion extensorゆ=F③ Gis F-isometric if and only if G is unit 
sphericα1， 

(2) the quaternion extensorゆ=F @ G is G-isometric if and only if F is unit 
宅pherical，

(3) the quaternion extensor o = F @ G is totally real if and only if either G is 
伊hericalor F(s)ニザ(s)for some constant c εH and reαl-valued function f. 

PROOF. The statements (1) and (2) come from straightforward computations. 

By a direct computation， the quaternion extensor is totally real if and only if， 

for any s ε1， p E MI1-1 and Yε九MI1-1，we have 

Real(ψF(s)F' (s)) .くG(p)，Y) = 0ぅ

where F' denotes the quaternionic conjugate of F' and Real(q;F(s)F'(s)) the 

real part of ψF(s)F'(s) for伊=ムjor k. Therefore， we have eitherくG(p)，Y) 
= 0 for all pεMI1-1， Y E TpMI1-1 or Real(iF(s)F'(s)) = Real(jF(s)F'(s)) = 

Rω1 (kF (s ) F I (s ) )ニofor all s ε1. If the主rstcase occurs， then G is spherical. If F 
is given by F(s) =α(s) + ib(s) + jC(s) + kd(s)， where a， bラ c，and d are real 
valued functions， and the second condition is true， then we have the following 

system of ODES: 
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αb' -a'b十cd'-c'd = 0 

αc' -a'c十b'd-bd' = 0 

αd' -a'd十bc'-b' c二二 O 

By solving this system， we can find that F(s) = ca(s) for a constant c E H 

A submanifold Mn-1 of Em is said to be of essential codimension one if 

local1y Ml1-1 is contained in an affine n-subspace of EI11. 

PROPOSITION 3.2. Let G: Mn-l → Em be an isometric immersion of a 

Riemannian (n -1 )-manifold into Euc/idean m叩 αceEm and F: 1 → H a unit 

伊eedcurve. Then the quaternion extensor o = F ③ G: 1 x Mn-1 → Hm is totally 
geodesic (with respect to the induced metric) if and only if one of the following two 

cases occurs: 

(1) G: M川→ Em is of essential codimension one αnd F(s) = (s +α)c for 

some real number a and some unit quaternion number c. 

(2) n = 2αnd G臼 αlinein Em 

PROOF. Sinceゆistotally geodesic， Oss' YZ仇 Y札、 aretangent vector fields 

for Y， Z vector fields tangent to the second component of 1 x Mn-l. By using 

the fact F勺)@ご isnormal to 1 x Mn-l in Hm (viaゆ)for any unit normal 

vector field c of Mn-l in Em， we get the following two equations. 

(3) 

(4) 

くF"(s)，F勺))く乙G(p))= 0 

くF勺・)，F(s))く乙hG ( Y， Z)) = 0， 

for any vector fields Y， Z tangent to Mn-l and for any s ε1 and point pεMn-i ， 

where hG is the second fundamental form of G: M
n
-1 -→Em 

We can divide our case as follows: 

Case (1) F" = 0 

This case follows from the case (i) in proposition 2.2 in [2] so that we can 

deduce statement (1). 

Cαse (2) F"手。

By (3)， we get く乙G(p))= 0 for any normal vector field c to Mn-l in Em 

and any point p ε Mn- 1 • Sinceゆistotal1y geodesic， YZo is a tangent vector field 

for Y， Z tangent to Ml1-1 in Em which yields 

(5) 0=くF'，F)くc，hG(Y，Z))
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Suppose G is non totally geodesic. Then (5) givesくF'，F) = 0 and thus IIFII2 is 

a constant. Also， we getくFぺF)= 0 because of (4). Combining these conditions 
for F implies F' :二 owhich is impossible. Therefore， G must be totally geodesic 
which implies that G(M川)is an open portion of an a伍ne(n -1 )-subspace， say 

E， of Em. 

Now， we can consider two cases below. 

Case (2-i): nミ3.In this case， for each p εG(Mnー])with G(p) i= 0， there 

exist a nonzero vector Y E ~)Mn-l which is not parallel to G(p). For such Y， we 

can say that Y仇=α(s)F'(s)@ G十戸(s)F③ Zfor some real valued functionsα， 

s and some tangent vector Z. It implies that F and F' are parallel which is 
impossible. 

Case (2-ii): n = 2. In this case， G is an open portion of a line， say L in Em 

The converse can be proved easily. 

PROPOSITION 3.3. let ~ : sn-] → E" be the inclusion of the unit hypersphere of 

E" (centered at the origi吋 Theneveり1quaternion extensor of ~ via a unit speed 

curve F in H臼αLagrangianH-仰 1bilicalsubmanifold ofH" unless F(s) = (什ーα)c

for some real number a and some unit quaternion number c. 

PROOF. By a direct computation， we can easily see thatゆニF③ 'l is a 

Lagrangian H -umbilical submanifold satisfying 

h(e1，e])=んIe]十AjJe]十}cKKe]，

h(e]，ej) = μj~巧 +μjJej+μKKej， for j = 2ぅ・・・ぅn

h(町ぅej)=μjle]十μjJe]十μKKe]， for j = 2， ・， 11

h(ejぅek)= 0う for j 手k= 2， ・・，nう

where んごくF"，rpF') and f1rp = ¥ CI~II)" rp CI~II) )伽伊=I，J or K and 
{el， e2，・，en}is an ortl附

t出ha瓜t砂iおstωot臼allygeodesic i江fF(sωS斗)ニ(いs+α的)cfor some real number a and some unit 
quaternion number c. 

4. Main Theorem 

The main result of this section is to classify Lagrangian H -umbilical sub-

manifolds of quaternion Euclidean space. To do this， we need to review the 
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Lagrangian pseudo叩 herein Cn ([2]). For a real number b > 0フletF : R → C be 
the unit speed curve given by 

e2bsi十 1
F(s) =一一一一

2bi 

With respect to the induced metric， the complex extensorゆ=F③7， of the unit 
hypersphere of En via F is a Lagrangian isometric immersion of an open portion 

of an n-sphere sn(b2) of sectional curvature b2 into Cn. It is called a Lagrangian 

pseudo-sphere. It has been shown that it is a Lagrangian H -umbilical submani-

fold in C" satisfying the following second fundamental fo口n:

(6) h(e]，e]) = 2bJe] ， h(ei，ed = bJe] ，ミ2

h(e] )匂)= bJej， h(匂，ed= 0， for j 手k=2ぅ・・・， 71，

for some nontrivial function b with respect to some suitable orthonormal local 

frame白eld.Up to rigid motions in C"， it is unique. 

T田 OREM 4.1.・ Let n 二三 3 and L: M → H" be a Lagrangian ιumbilical 
zsometrzc zmmerSLOn. 

We have one 01 these three cases: 
(A) M is flat or， 

(B) up to rigid motions 01 H"， L is a Lagra仰 ianpsωdo叩 herein C"， or 
(C) up to rigid motions 01 H"う L お αqωternionextensor 01 the U71it 

hyper~'Phere 01 E". 

PROOF. Let nミ3and L: M → H" be a Lagrangian H-umbilical isometric 

immersion whose second fundamental form is given by 

(7) 

h(e]， e]) =λ]/e]十λ2Je]十 A3Ke]， 

h(e]，ej) =μ]l匂+μ2J，町一トμ3K1己h for jニ 2，・・・，n

h(ち"匂)=μ]le]+μ2Je]十μ3Ke]， for j = 2，・・・，n

h(匂，ek)立 0， for j 手k=2，・・・ぅn，

for some functionsん μi(i = 1，2， 3) with respect to some suitable orthonormal 

local frame fields {e]， e2，・・・，en} with the dual l-forms ω1¥，... ，パwn

A，B= 1上， • ・)n be the connection form on M defined byωf(ek) =く九ei，匂)for 
i， jヲk= 1) . . . ) n. By (7) and Codazzi equation， we have 
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el(μ1) = (ん -2μ1)ω{(町)十λ2μ3-A3μ2 

el (μ2) = (A2 -2μ2)ω{(町)十んμ1-AIμ3 

el(μ3) = (A3 -2μ3)ω{(町)十えlμ2-A2/11 

匂(ん)= (ん -2μ1)ω{(ed 

匂(A2)= (A2 - 2μ2)ω{(el) 

町(A3)ニ (A3-2μ3)ω{(ed for jニ 2ぅ・・・ ，n

(A1 -2μ1 )ωf(町)= 0 

(A2 -2μ2)ωf(町)ニO

(ん -2μ3)ωf(ち)= 0 for k手j= 2，... ，71 

町(μ1)= 3μlω{(ed 

ち(μ2)と 3μ2ω{(el)

り(μ3)= 3μ3ω{(eJ) for j = 2ぅ・・ ぅ11

( 12) μiωf(ed = μ2ω~ (el) =μ3ωf(el)=O， k=2，・・・ぅn

(8) 

(9) 

、、ss
，J
ハU
4
2
2
A
 

〆
'
z
s
、、

、、，
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1
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噌

-zzA

f
'
a
E

、、、

Here， (10) and (12) hold only for n三3.

Let's first consider the case if M is of constant sectional curvature， then 
(7) implies that川ん -2μ1)十μ2(ん-2/12) +μ3(λ3 -2/13) = O. Furthermore， the 

equations in (10) provide the following two cases: 

(叫ん =2μfori = 1，2う3

Ifμ1= μ2=μ3 = 0， then M is fiat. 

From now on， we assume that there exists one i such thatμi # O. Then the 

subset V = {pεM I /1 1 (p) # 0 orμ2(P)手oorμ3 (p) # O} is a nonempty open 
subset of M. The assumption and the equations in (8)， (11) and (12) imply that 

μぃμ2and μ3 are constants on V. Then Gauss equation shows V is a real-space司

form of constant sectional curvature μi 十 μ~+μ33say b2手O.By continuity， 
V = M. By making a proper translation and rescaling， we can say that M 

satisfies the second fundamental form given in (6). Moreover， we also can check 

that the first normal space is paral1el with respect to the normal connection so 

that by applying the resu1t of Erbacher [5]， M can be immersed into complex 

Euc1idean space Cn which implies that M is a Lagrangian pseudo-sphere in 

cn
• 



242 Yun Myung OH and Joon Hyuk KANG 

(b) There exists one i such that Ai 手2μρandstill we ha ve μ](A] -2μ] )十

μ2(A2-2Jω十μ3(ん-2μ3)= O. 
By (10) and our assumption， we know thatω{(ek) = 0 for k 手J= 2，.. .，n， 
and using (8) and (12)， we get 

( 13) ，，d 
ω
 

、、d
-
μ'
一
i
m
 

ぺ

A

一

十
一
一

今

J
e

-
-
;
 

μ
一2
一

ん
二一一わ旬

、tB
t
'
'

一

吋
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一
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Suppωwe define / = :.，(μ土127Aiμ2 Let D be the distribution spanned by e] 
and D.l be the distri bution spanned by {e2， e3，・・ .，en}. Since ω{(ek)ニ ofor 
k =1= Jニ 2，・・・，n，the distribution Dム is integrable. Also， the distribution D is 
integrable since it is l-dimensional. Therefore there exists local coordinates 

{X]，X2，" .，Xn} such伽 el=去andDよ isspanned by 1法??ztトUsing
(13)， we obtain 

(14) くV'XY，el)=-/くX，Y)ぅ XぅYεD
上

It implies t出ha剖tD上 isa spherical distribution and fu山1ft出her口I工nore久， each leaf 0ぱfDム iおS 

of constant sectional Cl山1況fvatufeμf+μ~+μ: 十 /2. Now， by applying a result of 

Hiepko [8]， M is isometric to a warped pfoduct 1 xω(s) S川， where sn-l is the 

unit (n -1) sphere and ω(s) is a warping function. 

Using the spherical coordinates {L払ヲUn} on the unit sphere， we can 

choose the metric 

9 = ds
2十ω2(S){dui + cos

2 
U2 duj + ・・十cos2U2 ・・cos2Un-l du~} 

on 1 xω(s) sn-l. By using this metric g， we have 

(15) 

。。 ωI 0 
V ーとO. V 制。s ~， 仰函

k ω OUk'

VWOU24=-tanuiι2 ::; i < J， 
V""J vV'J 

。，今、 B
VO/Otザおーωω cos

卸

U2・・ cos“町一1OS 十一 -J

円。
I0 

VO/δ11ヲス一一=エーωω て汁-OU2 OS 

十ヂsUUK 2 21  
3 

) _ --，...-cos-Uk+l . . . cos-Uj-lτー
た~ L OUk 

j三2

By substituting X = Y = ð~? into (14) and using (15)， we get 

0/ 
=-=/ 
αy 
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Furth目立10民 computi時 thesectior凶 ωvaturesspanned by百七百taMi2t
derive the following condition for the warping function: 

ω11 今、守今
一ォ-jムコー何十μ什 μ'3= JF-
α)~ 

Note here that Ji is a constant by our assumption. These conditions provide a 

di百erentialequation 

f2十f'十戸2= 0 

and then 

ω(s) = CoS βs， f(s)エーβtanJis 

By doing the same procedure in theorem 4.1 [2]， we obtain that L is a quaternion 

extensor of the unit hypersphere of E". 

Now， we assume that M does not contain open subset of constant sectional 

curvature. Then 

U:= {p E M:μ1 (}q -2μ1 )十め(A2-2μ2)十μ3(A3-2μ3) =1= 0 at p} 

is an open dense subset of M. 

By (8)， on U， we obtain 

iμ1  el (μd十μ2ej(μ2)+μ3el(μ3) i (ej)ニ
μ) (ん -2μ1)十μ2(A2-2μ2)十μ3(A3-2μ3) 

Since n ?: 3，ω{(ek) = 0 for k =1= j :こえ.• • ，n on U. Therefore， 

ωj-μ1  e) (μd十μ2ej(μ2) +μ3ej (μ3)ωj 

j-μ1 (ん -2μ1)十μ2(A2-2μ2)十μ3(A3-2μ3)山

Let's de出a釦fin凶leりf工州州J(dJιJJ!
in the same way we have seen the above case. 

Similar to the complex case， we have the following same result for 

Lagrangian H -umbilical surface in quatemion Euc1idean space H2. 

THEOREM 4ユ Let L: M → H2 be a Lagrangian H-umbilical surface 
satisfying 
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h(el，el) = A1Ie1十A2Jel十A3Ke]ぅ

h(e2， e2)ニ μ]Ie]十μ2Jel十μ3Kel，

h(e] ，の)ニμ1Ie2十μ2Je2十μ3Ke2，

such that the integral curves 01 e1 are geodesics的 M.日間

(1) M is jlat or， 

(2) up to 勾idmotions 01 H2， L isαLagrangian pseudo叩 herein C2 or 

(3) up to rigid motions 01 H2， L is a quaternion extensor 01 the 間 itcircle 

o[ E2. 

( 16) 

PROOF. By Codazzi equation， we get 

el(μ1) = (ん -2μ])ω?(e2)+λ2μ3-λ3μ2 

ej (μ2)口 (A2-2μ2)ω?(匂)+ A3μ1 -Alμ3 

el(μ3) = (λ3 -2μ3)ω?(e2)十んμ2-).出l

The assumption that the integral curves of e] are geodesics in M yields 

(17) e2(μi) = e2(ん)= 0， i = 1，2，3 

We note here that this assumption is needed to replace the equation (13) obtained 

because nミ3.If we have λJニ 2μifor i = 1う2う3in (16)， and using (17)， the 

sectional curvature of the surfaceμi 十 μ2 行1~ becomes a constant. If allメρare

identical1y zero， then it is a flat surface. Otherwise， doing the same work in the 

case (a) of theorem 4.1， we can say that it is a Lagrangian pse凶 o-spherein C2. 

If there exists one i， saying i = 1 such that ん手2μ1，then we have 

( 18) 
ω2 e1 (μJ) -λ2μ3+λ3μ2，，] 
1 - Al-2μi 山

and then the rest of the proof is exactly identical by taking into account 
f 口 ε向叫iパ(仰μ1)，-日λザ3 十Aん3μ内~ in Theorem 4.l 

λ刈I一4μl

REMARK. The explicit description of flat Lagrangian H -umbilical submani-

folds in a quaternion Euc1idean space wil1 be discussed in [7J. 

The author would like to thank Prof. B. Y. Chen for suggesting the problem 

and for useful discussions on this topic. Thanks also to the referee for several 

useful suggestions and corrections which improve the paper. 
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