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A COMPLETE SEQUENCE OF ORTHOGONAL SUBSETS 
IN HM(RつANDA NUMERICAL APP設OXIMATION
FOR BOUNDARY V ALUE PROBLEMS 

By 

Reiko SAKAM01句。

Introduction 

Let us consider the boundary value problem of partial di百erentialequations 

on a domain n in RIl: 

、、3，ノP
 

(Atu4=/m 
f鳥号U= 0 on on (υj = 1上，...汁，J1μω)， 

subject to the following two conditions: 

(1) the energy estimate holds for the adjoint problem in H M (n)， 

(2) there exists a continuous map from H M (n) to H M (R'l 

In our previous work ([ 1])， we have discussed the existence of weak 

solutions in L2(n) and its approximations using a basis S of HM(n). The 

problem we address in this paper is the construction of this set S. When n is 
bounded， we take α> 0 large enough so that n (C nl :ニ (-an，αn)11. Then， since 
S = {exp(iα. xjα) IαεZI1} (Z = {O，土1，土2γ・})is a basis of HM(nJ)， Sln is a 

basis of H M (n)， under the condion (2) (悶 [1]). 

Therefore， our main concern is the case where n is unbounded. This is easily 
reduced to the case where nニ RI1.In fact， by virtue of the assumption (2)フifS is a 
basis of HM(Rfl)， Sln is a basis of HM(Q). As a preliminary to the construction 

of S， we introduce the notion of a complete sequence of orthogonal subsets in 9 O. 
We then construct complete sequences of orthogonal subsets {φN，k Ik E ZIl} 

(N E N) in L2(RI1) and {九 kI k εZfl} (N εN) in HM(R勺 in91 and 92， 

respectively. Our ultimate aim (Theorems 3.1 and 3.2) will be proved in 93. 

~ o. A Complete Sequence of Orthogonal Subsets in a Hilbert Space 

Let H be a Hilbert space. Let {SN} (NεN) be a sequence of subsets in H. 

Let us say that {SN} (NεN) is a sequence olorthogonal subsets in H， if 
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216 Reiko SAKAMOTO 

SN = {ゆNJ(jzL23・)}，ゆN，j手0，(ゆN，j'ゆN，k)H= 0 (j手k)，

where (')H denotes the inner product of H. Let us say that {SN} (N E N) is a 

complete sequence 010rthogonal sωsets in H， if there exists a series {1N} for any 
f εH such that 

1N EくSN)う jん→1 in H， 

whereくS)denotes the set of linear combinations of finite elements of S. 

From the definition， we have 

LEMMA 0.1. Let {SN} (NεN) be a co叫 'Jletesequence 01 orthogonal subsets 

in H， thenくU二NSt) is dense in H. 

LEMMA 0.2. Let {SN} (N E N) be a sequence 010rthogonal subsets in H. Set 

んニ乞:1IION，jIlIi 
for 1εH. Then {SN} (NεN) is αcomplete sequence of orthogonal subsets in H， 

iff it holds 

FN→f 的 H(N→∞)

PROOF. Let {SN} (NεN) be a complete sequence of orthogonal subsets in 

H， then there exists {ん}for 1 εH such that 

んεくSN)，1N→1 in H. 

From the definition of F N， it holds 

IIFN -111H壬IlfN-fllH， 

which means 

FN→f in H (N→∞) 

Conversely， let 

ん=玄:ll!神N，jIII/(f，ON，j)HON，j 

satisfy 

FN→1 in H (N→∞) 
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From the definition of FN， we can define 

ん之江川民jlli/(f，ON，川

such that 

IIfN -FNIIH < 2ーベ

Theref ore， we ha ve 

jんεくSN)

and 

IlfN -fllH壬IlfN-FNIIH十 IIFN-fllH→O. ロ

When {S N} (N = 1，2， • • .) is a complete sequence of orthogonal subsets in 
H， we say that {FN} (N = 1，2ぅ・・・)is a sequence of quasi-Fourier series of fεH， 

corresponding to {SN} (N = 1，2γ・・)， where 

ん~I::j:1 IION，jll-2(f， ON，j)Hr/JN，j 

Let V N be a c10sed subspace in H with basis SN， then F N is the orthogonal 

projection of f on V N 
From the definition， we have 

LEMMA 0.3. Let {SN} (NεN) be a complete sequence of orthogonal subsets 

in H. Then αny j，析'nitesubsequence {SN(A)} (A E N)， sati.めJingN(1) < N(2) < .. . 
is a complete sequence of orthogonal subsets in H. 

~ 1. A Com予leteSequence of Orthogonal Subsets in L2(Rn) 

1.1. {φN，d in L2(R勺 LetYεC∞(R) satisfy 
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and set YA (x) = Y(Xl / A)・・.y(xn/ A) for AεN. Set 

ん(X)= YA (x)f(x) 

for f εL2(RI1)フ thenwe have 
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んεL2(Rn) n L 1 (Rn)，ん→f in L 2(Rn) (A→∞) • 

Let 

んに)= Jんい円

be the Fourier transform ofん thenwe have 

んεL2(Rn)n!!J(Rn 

where 

PJ(Rn) = {f E C∞(Rn) I ò~f(x) is bounded in Rn for any ν} 

Moreover， for B εN， we have 

WFIjJ(C)ん

Set 

gA，N(C) =ん(k/N) if c E D.N，k， 

where D.N，k = (kl / N， (k! 十 1)/N) x・・ x (kn/N， (kn + l)/N). Since 

we have 

sUPcεD.N，k IgA，N(C)ーん(c)I = sUPc ED.N，k Iん(k/N) -fA(ご)I 

壬(1/N) supC(loCIん(c)1+ . . . + IOcnんは)1)ぅ

gA，N(C)→ん(と) (N→∞) (uniformly in Rn) 

Hence we have 

(2nf" t川 c)eiX-Cdc→阿1ん(c)んと (N→∞) in L 2(Rn) 
From the definition of gA，N(C)， we have 

(阿h制)一n L g似AムM川，川N川バ(に〈οωc)ei片)ei♂ix'c切d必吟吟ルC←←←←←=ご二ご=二=
JD.B 一 I，"'，"n ~..~ JD.N，k 

Set 

φN，k(X) = (2π) -n I eIパ dc，
JD.N，k 
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then we have 

(2π)-n Lω(かはとdcニ乞-NB-:::;，kl.....kくNBん(k/N)φN，dx)εSN，
" ~lB 

where SN = {φN，k 1 kεzn}. 

By the way， we have 

φN，k(X) = (2n)-n I e1x.c dc 
J0.N，k 

= (2 π ) 一→l1eI匂eI沃k.xげ/NI ei以吋λ
J0.N守。

= (2πN) -11 eik.x/N I eIx-c dι 
J0.I，Q 

e2iX，c dc = ei(X1+"+Xn) (xl' sin Xl)'" (x;;-' sin xl1)， 
J0.I，o 

(φN，k，φN，r) = 0 (k手t)，

II<DN，k f = (2π)-nll争N，kil2= (2πfn I dc = (2ηN)-n 
J0.N、k

Hence we ha ve 

LEMMA 1.1. (1) Set 

φN，k(X) = (2πfn I eIx.c dc， 
J0.N.k 

then 

φN，dx) = (2πN)-lleik.x/N s(x/(2N))， 

where 

s(X)ニ ei(Xl十十XII)(XI'sinxJ)・・・(xJlsin xn)? 

αnd 

φN，k(X)ニ N-nφ1，k(X/N)，φl，k(X) =φ130(x)eM7φ1，O(X) = (2冗)-n s(x/2)ぅ

(φN，k，φN，t) = 0 (k =1 t)， 11φN，k112 = (2πN)-n 

(2) Set SNニ {φN，kIk εzll}， then {SN} (NεN) is a complete sequence 01 
orthogonal subsets in L2(RIl). 
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Here we have from Lemma 0.2 

TI王EOREM1.1. Set 

FN(X) = (2nNr LkEZ" (f，φN，k)<DN，k (x) (NεN) 

for f εL2(Rn)， then it holds 

FN→f 的 L2(Rn).

{{FN(X)} (N E N) is a sequence of quasi-Fourier series in L2(RIl)， corresponding 

to {SN} (NεN)'); 

Let us consider 

FN(X) = LkEZn 11φN，kll-
2
(f，φN，k)φN，k(X)ぅ

more precisely. Setting 

αN，k = 11φN，kll-2(f，φN，k)， 

we have 

FN(X)ニ 2二kEZnaN，ん ，dx)

VVe remark that 
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is the integral-mean value of f(c) in fJ.N，k. Moreover， we have 

ん(ト川 (cE fJ.N，k)，川口 (2π)-nJ FN(c)ei 

FN(X) = (2nN) 11 LkEZ，，(f，φN，k)φN，k(X) (NεN)， 

k=(jJ)-(LJ(ぐ



A complete sequence of orthogonal subsets in H M (Rn) 221 

for f εL2(Rn). 幻len

FN(X) =乞kEZ"aN，kφN，k(X) ，ん(と)= aN，k (c E QN，k)， 

ωld 

FN(X)→f(x) in L 2(R'l 

(FN(C) is a step欄functionapproximation of f(と)))

1.2. Analogy to trigonometrical series 

(1) When the support of f(x)εL2(Rn) is contained in (一民πr，we have 

六仰削x刈)片=ベ4引引(ρ似阿2お制町町π刈ザnf'γγ一寸包J

(仰2勾)When the support 0ぱff(い川x刈)ε L2(ぽRnつ1)is contained in (ト一N1π九1:，υ，N¥V1川川7冗吋rrフwe have 

六仰削X刈)片=向附N町)γγ一叶寸n乞乙LkEZωεEZ"{J !(yViykl 切 }eix-kIN in ル
In other words， 

<<When the support of f(x) E L2(R勺iscontained in (-N九Nπ)n，

f(x) = LkE2刈

where 

一問中(y同砂川…伍cienり
(3) In our case， the sequence of quasi-Fourier series of f(x)εL2(Rつ1S
wntten as 

FN(χ) = (2πNrLkEz，，(f，φN，k)①N，k(X) 

=州n乞kEZ"J川附叩州(ρ2却川川川N川N))}川川)汁}
x {(2πN) -n eix.klN s(xj (2N))} 

= 附 τ kE2n J fバ仰(り山y
x {ヤνelは川x.k灯jNs(いxj(ρ2N、V))} in L2刊(Rn
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where we remark 

中j(2N))→ 1 (N→∞) (uniformly in a compact set) 

In other words 

{Let f(χ) E L2(Rn)， then we have 

ん(x)=乞kEZ刈パe州 Ns(xj(2N))} in L2(Rn) 

(analog田 ofF ourier series)う

FN→f in L2(Rfl) 

where 

ω=仰 )-11J f(y){川 jNs(y j (2N))}砂
(analogue of Fourier coefficient))) 

(4) Especial1y when the support of f(x)εL2(RI1) is contained in (-NκNπ) n， 

smce 

仰い問-11J川 eiy.k州 (2N))}砂
(:analogue of F ourier coe出cientof !)， 

ニ(川

(仁:Fou町uri汀凶n止ercoe 伍cient of {J(x)s(xj (2N))})， 

we have from (2) 

LkEZ
II川 e
川、
T= f(x)s(xj(2N)) in L 2(( -Nn， Nnr) 

Since 

FんN(仲x刈)= 2乞乙;二k印 CN州川，kパkバ{eix伏州X

={芝山川eIx.kjN}s(xj (2N)) 

in L2(RI1)) we have 

FN(X) = J(x)s(xj(2N))s(xj(2N)) in L2((-Nn，Nπr). 
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Let ん(x)be a periodic function with period 2N rc in each variable巧satisfying

ん(x)= f(x)s(χj(2N)) in (-Nrc， Nπr 
then we have 

iN(X) =εω 
and 

FN(X) =ん(x)s(xj(2N)) in Rll. 

Hence we have 

T旧 OREM 1.3. Suppose that the support of f(x)εL2(RI1) is contained in 

(-NκNrcr. Let f N(x) be a periodic function with period 2Nπin eαchωriable Xj 
sati.め仰

ん(x)= f(x)s(xj(2N)) in (-Nrc， Nπ) 11， 

then we have 

FN(X) =ん(x)s(xj(2N)) in RI1. 

~ 2. Complete Sequences of Orthogonal SI由setsin H M (RII) 

2.1. {φN，k} in H M (Rll) In general， in the same way as in いフ
{SN} (NεN) is a complete sequence of orthogonal subsets in HM (RI1)， where 

SN = {φN，k I k E ZI1}. In fact， for f E HM(RI1)， setting 

ん(x)ニ YA(x)f(x)， 

we have 

んεHM(Rつ丹Ll(RI1)， ん→fin HM (Rll) (A→∞) • 

Then we have 

(1と|十 l)MんεL2(Rll) n Ps(RI1) 

and 

W 

Setting 

gA，N(ご)=ん(kjN) if c E QN，k， 



224 Reiko SAKAMOTO 

we have 

(例2n制冗的)一n 寸Ig似dム川川，N川バ(ぱCοω)μ)eiX占匂dc←=芝χどどどどど;二..-1-ι二血四但一白-血血叩白-血崎白-句白勾毛
J0.B 一畠

and 

(2π)-n 1 gA，N(c)eiX'C dc→(2nrn I JA (ご)eix'Cdc (N→∞) in HM(Rn) 
J~ J~ 

Therefore， {SN} (NεN) is a comp1ete sequence of orthogonal subsets in 

H M (R'l Moreover， since 

向山)=阿nLNK川伐とd乙

we have 

iihllb=wnLAkh(C)dC 

where 

立 (2πN)-nI LM((ご+k)jN) dc 
J 0. 1•O 

立川1Fill豆M((Cl+ kdjN)2V1 ..， (ほ(にCいn十ιん1)ν)ν川/
=(ρ27πrN)γ

一寸I1PM(υ1jN，kjN)，

LM(ご)=玄Ivl豆M lc
v
I
2 

and PM(XO，X1，・・ ，XI1) is a polynomial with respect to (Xo， X1，. . . ，Xn) of order 

2M. 

Here we have 

LEMMA 2.1. 

(1) It holds 

(φN，k，①N， t ) M = 0 (k # t)， 11φN， kll~ = (2πN) -n P M ( 1 j N ， k j N). 

(2) SN = {φN，k I k E ZI1} (N E N)おαcompletesequence o[ orthogonal subsets 
in HM(RI1). 

Therefore we have from Lemma 2.・1and Lemma 0.2 
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THEOREM 2.1. Set 

FN(X) =乞kEZ""φN，kllJ}(!， <TN，k)MφN，k(X) (N E N) 

!or ! E HM (Rn)， then 
FN→! in HM (Rn). 

{{FN(X)} (NεN) is a sequence of ql凶トFourierseries in HM (RIl)， corre-

sponding to {SN} (NεN))) 

Let us consider 

FN(X) =玄kEZ"11①N，k IIJ}(!， <TN，k) M<TN，k(X)， 

more precisely. Setting 

aN，k = 11φN，kilAi(!，争N，k)M'

we have 

FN(X) = LkEZII aN，ん ，k(X)

We remark tha t 

k = {(2π)-" 1o.. LM(C) dC} -， {叶J(ぐ)LM(ご)dC} 

= { LN' LM(C) dc } -， {LN. I(C)LM(C) dc } 
is the weighted-integral-mean value of !(c) in QN，k. Moreover， we have 

ん(←川 (cE QN，k)，ん(x)= (2π)-n J FN(c)んと
Hence we have 

THEOREM 2.2. Set 

FN(x) =乞kEZ"11φN，kIIAi(!，①N，k)M①N，k(X) (N E N)， 
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for fεHM(RI1). Then 

FN(X)ニLkEzn川

and 

FN(X)→ f(x) in HM (Rn) 

{FN(ご)is a step-function approximation of f( c))) 

2.2. {ON k(X)} in HM (R勺 Set

ON，k(X) = L-;)/2φN，dx) 

= (2π)-11 I eix'C，LM(c)一1/2dc， 
J0.N.k 

then we have 

LEMMA 2.2. It holds 

(ゆN，klON，t)Mニ o(k::j:: t)， 11 神N ， kll~ = (2πN)-n. 

THEOREM 2.3. Set 

れ (X)口 (2πN)112二ω (1，ON，d MON，k(X) (N E N) 

[or 1 E H M (RI1)， then 

:FN→1 in HM (RI1) (N→∞) . 

PROOF. Since f εHM(RF1)3we have IJFfεL2(Rfl). Therefore， we have 
from Theorem 1.1 

Set 

then 

GN(X) = (2nN)/1 LkEzn (L仇 φN，d<TN，k(X)E L2(R/1)ぅ

IIGN - L~2fll → o (N→∞) 

:FN(X) = L-;)/2GN(x)εHM (Rn)， 
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F仰)エ (2nN)fl乞KEPt(LW?φN，k)L-;}/2φN，k(X)

ヱ (2πNr:2二kEz"(f，内山内、dX)
and 

IlffN -fllM = IIL~2(ffN -1)11→o (N→∞)口

Set SN = {ON k(X) 1 kεzn}， then， {SN} (NεN) is a complete sequence of 

orthogonal subsets in H M (Rfl)， from Lemma 0.2. In other words， {ffN(X)} (NεN) 

in Theorem 2.3 is a sequence of q回 si情Fourierseries of f in H M (Rfl)， corre-
sponding to {SN} (N E N). 

Tf琵OREM2.4. Set 

ffN(X) = (2nN)n:2二kEZ"(/， ON，k)MON，k(X) (N E N) 

lor 1εH M (RIl)， then ffN(x)→ I(x) in HM(R勺 (N-→∞). Moreover， set 
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then 
(: integral-mωF14(Lr/)(C)in QNA 

ffN(X) = Lkεz九州，k(X)，んに)= bN，山 (c)-1/2 (c E QN，d 

<<ffN(c) is a waved-step冊functionapproximation of f(c)'}; 

PROOF. Since 

1(jJ)-(Lf(ご)LM(C)1/2 dC} 

={いf'{t，山(のdC}
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we have 

.?N(X) = (2nNr LkEZn(!' ON，k)MON，k(X) 

=Lk印旬、市，k(X)
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that is， 

ffN(ご)= bN，kLM(C)-1/2 (cεD.N，k). 口

S 3. A Sequence of Orthogonal Bases 

3.1. A sequence of orthogonal bases in L2(RIl) In S 1， we considered a 
complete sequence of orthogonal subsets {SN} (NεN) in L2(RIl)， where 

SN = {φN，k I 
k E ZIl}. Here， for simplicity， we consider a sub-叫 uenceof {SN}: 

{SN().)}， N(2) = 2A (2εN). 

From Lemma 0.3， {SN(A)} (2εN) is also a complete sequence of orthogonal 

subsets in L 2 (RIl). Let us construct a sequence of orthogonal bases {LA} (2εN) 

in L2(RIl) satisfying SN().) C Lλ・

First， we define fundamental functions. Set 

(1 (O<t<l) 
α(t) = ~ lO (otherwi吋?

αk(t) =α(t -k)， 

句，k(t)口 αk(2Jt) =α(2Jt-k)=α(2J(t -2づk)).

Set 

AA = {αA十川(t)li=0，1，2ぃ・・ ，kεZ}

for 2 εN， thenくAA) is dense in L2(R). Set 

11 (0 < t < 1/2) 
s(t)={-l (1/2<t<1)， 

l 0 (otherwise) 

ん(t)= s(t -k)， 

sj，k(t) = sk(2Jt) 
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and 

Bλ={αA，k( t) (kεZ)，s2+j，k(t) (j:ニ0，1，2，・けkεZ)}，

then BA is an orthogonal subset in L2(R). Moreover， since 

αj十1，2k ( t) = (1 /2)巧¥k(t)十(1/2)鳥山(t)， 

αj十1，2k十1(t) = (1/2)吟，k(t)一(1/2)あ，k(t)ぅ

we haveくA))= <B}) ， therefore，くB))is dense in L2(R). Hence BA is an 

orthogonal basis in L 2(R). Set 

then 

Now， define 

J = {-1，O， 1，2，...}， 

s(A)，-l，dt) =αμ(t) ， 

s().)、μ(t)= sA+j，k(t) (j = 0，1，2γ・)， 

BA = {s(λ)川

'P(A)，j，k(C) = 'P(}.)，(j"...，j")，(k，， ん)(ぐ)

=ß(À)，j"k ， (Çl)'''ß(À)，jn ， knU~n) for) εJI1 and k εzn. 

Remarking 

'P(A)，(一}，...，-l)，k(C)=叫ん(ご1)... O:A，k，JCn) =φN(λ)，k(ご)， 

we have 

LEMMA 3.1. 

(1) Set 

LA = {'P(A)，j，k(X) IJ = (jJ，J2γ ・・ぅ)n)εJn，k = (k1，k2， ・?ん)εzn}，

then LA is an orthogonal basis in L2(R'l 

(2) It holds 

'P(A)，(-I，...，-I)バ(X)=φN().)メ(X)ぅ II'P(}.)，(一1ド?ーl)，kll= (2πN(A))-nj2. 

Hence we have 

f(x) =玄j山 εznIドp(A)，j，
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for f εL2(Rn). On the other hand， FN(}.)(X) in Theorem 1.1 is written as 

FNμ) (x) = (2nN().) r LkEzJf， ¥f(札(-I，...，-I)，k)れ山，...，-I)，k(X)
Here we have 

TI-王EOREM3.1. Let 

f(x) =乞μ ，kEZn11¥f(}.)，j，kll-¥f，甲山，k)¥f(}.)，

be the Fourier series for fεL 2(Rn)， corresponding to the orthogonal basis L).. 

Then its sub-series 

FNP.)(X) =乞kEZn11¥f(λ)ベー1，...，_I)，kll-2(f，¥fい)ベー1，...，-1川甲(}.)，(-1，...， -1)，k (X) 

satisfies 

!!FN(A) -fll -→o (λ→∞) • 

A sequence of orthogonal bases in H M (R勺 In~2ラ we considered a complete 

sequence of orthogonal subsets {SN} (NεN) in H M (RI1)， where SN = {ON.k ! 
k E zn}. Here， we consider s凶悦q申1開

{ヤSN州(υλ川う N(λ)ニ 2A (λεN) 

From Lemma 0.3， {SN().)} (..1， E N) is also a complete sequence of orthogonal 
subsets in H M (RI1). Let us construct a sequence of orthogonal bases {的}(..1，εN) 

in H M (Rn) satisfying SN(え)CσA' Set 

~(À) ， j ， k(ご)=中(À) ，μ(と)LM (ご)一 1/2

then 

ザ(A)，(一1，...，-I)，k(C)ニ αμI(cd 的，kn(Cn)LM(ぐ)一1/2

Hence we have 

LEMMA 3.2. 

(1) Set 

ェ①N(}.)，k(ご)LM(c)-1/2= ON().)，k(C) 

σ). = {砂(A)，j，k(X)Ij = (J!，i2，'" ，in)εJ'¥k = (kl，k21・・ 1 kn)εzn}， 

then σ). is an orthogonal basis 
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(2) lt holds 

や().)，(-I，...，-IJ，k(X)= ON().)，k(X)， 11 ザ~().)， (-I ，...， -I) ， kIIM = (2πN(え))-11/2.

Hence we have 

f(x)ヱ玄j山 EZ"11!/I().)，j，kIIAi(f， 0/(札j，k)M!/I(札川

for fεHM(RI1). On the other hand， ffN(，q(x) in Theorem 2.3 is written as 

F九N川x) = (向2nπ州州N州(υωAめ川)けrεk 印 (f，O必件弘λI川 )M 仇州r刊帆(
之 芝玄=kEZn11伸尚恥h世向叱叫!/I().)，μω札A心札)ト'ベ(ト付一-1，...，-l)，k IIAi(f， !/I(}.)， (-1，...， -l)，k)げ(札(一1，...， -l)，k(X) 

Here we have 

TI-並OREM3.2. Let 

f(x) =玄jE川 εZn11!/I(A)，j，kIIAi(f， !/I(A)，j，k)M!/I(札j，k(X) in H M (RI1) 

be the Fourier series for f E HM (RI1)フ correspondingto the orthogonal basisσA. 

Then its sub-series 

ffN(}.)(x) 口 ~kE ZIIII!/I().)，(-l，...，一I)，kll;}(f，!/I(札(一1，...，-I)，k) M!/I().)， (-l，...，-I)，k(X) 

satisfies 

IlffN(l) -fllM→o ().→∞) . 
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