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ON A NEW ALGORITHM FOR INHOMOGENEOUS 
DIOPHANTINE APPROXIMATION 

By 

Shin-ichi YASUTOMI 

Abstract. The inhomogeneous Diophantine approximation algo-

rithm of Nishioka et a1.， (X， T2， c(x)， d(x， y))， was shown by 

Komatsu to be e自cientfor inhomogeneous Diophantine approxi-

mation， but lacks a proper1y founded natural extension and not a11 

periodic points about the approximation are determined. A new 

algorithmう (X，T， a(x)， b(x， y))， is proposed in this paper as a 

modification of (X，九，c(x)，d(x， y))フ andis shown tωo b恥ee伍cie叩n

for inhomogeneous Diぬophantine app伊rox泊1ma拭tiぬon similar to 

(X， 九九，c叫(いx刈)，d(収x，y刈))but also to have a natura計alextension， which 

allows a11 periodic points about (X， T，a(x)，b(x，y)) to be determined 

and gives lim inf q→∞ q IIqα -s -pj for the periodic points (α，s). 

1. Introduction 

It is wel1 known that connections exist between the continued fractions 

algorithm and the minimization of jqα-p/， where q is an natural number， p is an 

integer， and αis an irrational number. The problem of minimizing Iqα-s-pj， 

where s is a real number， is called the inhomogeneous Diophantine approxi-

matio孔 Thisproblem has been considered by ma町 authors(e.g・， (12， 18， 13， 6， 

7， 1， 2， 3， 4， 8， 21， 10， 11， 5， 14， 16， 17]， and detailed information can be 

obtained by a review of the literature. Many algorithms related to the problem 

have been used. For example， Ito and Kasahara [10] defined the Dおollowin

algorithm， which was implicitly introduced by Morimoto [18]. Let Z = {(x， y) I 
0壬y< 1， -y < x < -y + 1}， as shown in Fig. 1. 
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Figure 1.1 Figure of Z 

Then for (爪y)εZ:

〆(x，y) =間 -l寸， V(XJ)=-出
The algorithm Tj is then de註nedby the fol1owing transformation on Z for 

(x， y)εZ. 

This algorithm (Z， T1， a'(xぅy)，b'(x， y)) gives the best solution to the inhomo-

geneous Diophantine approximation. Constructing the natural extension of the 

algorithm， they deter立linedal1 the periodic points about the algorithm. Ito [9J was 

the first to subsequently find that a certain natural extension of the Diophantine 

algorithm is useful for investigating the algorithm. Komatsu studied the following 

algorithm， which was introduced by Nishioka et al. [19]. With X ニ [0ぅ1]2，T2 is 

defined as the following transformation on X for (x， y)εX. 

九川ニ G-山川-~)
where c(x) = l~J and d(x， y) = I ~l. Using t出hi臼sa叫19orit也hrr紅民I

Koma叫ts叩u[14叫]obtained lim inぱf九q→∞ qlqα一p一plin some cases. 

In this paper， an algorithm (XうT，a(x)，b(x，y))is introduces as a modifi-

cation of (X， T2， c(x)， d(xぅy)).The new algorithm also gives the best solution for 

the inhomogeneous Diophantine -approximation as does (X， T2， c(x)， d(x， y)) 

However， a natural extension is constructed for (X， Tうα(x)，b(x， y))， which 

has not been done for (X，T2，c(x)，d(x，y)). Using the natural extension of 

(X， T， a(x)， b(x， y))， al1 purely periodic points about the algorithm are deter-

mined， and for the purely periodic point ((1， s)， a relation between 

lim infq→∞ qllqα-s -pl and the natural extension of (X， T， a(x)， b(爪 y))is 

obtained. Although all eventually periodic points have been determined by 

Korr削 su[15]， al1 purely periodic points have not. 
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2. Definition and Some Properties of AIgorithm 

We denote R， Q and Z the set of all real numbers， the set of all rational 

numbers and the set of all integers respectively. For (x， y)εX with X =1= 0 we 

define a(x) by l~J and we define b(x，y) by 

( 1 if yニ 0，

b(xぅ y) 口~ I~l if y > 0 and l~J > or l~J =乙
l 0 if l~J = l~J and l~J =1= f. 

We define a transformation T as follows; for (xぅy)E X if x > 0， then 

TM=(:-GX?"-i)i x 

G-a吋-~) if b(x， y) = 0， 

and if x = 0， then T(爪 y)= (x， y). 

We define an(x) = a(Tn-1 (x， y))ぅ bn(x，y) = b(Tn-1(x， y)) and (xn， Yn) = 
TI1ー

1(xぅy).It is not di伍cultto see that if x手Q，then for any integer n > 0 an(x) 

and bn(x，y) are defined 

Lemma 2.1 follows from the continued fraction theory. 

LEMMA 2.1. Let (xヲy)εX and x手Q.1i'hen， for each integer n > 0 

(1) 仰 )x-Pn(x) = (-1) 日1 ...x恥川n叶川+什1=φ仇恥恥川2叶川川+什川1パ(ιJ:;Lム一+2q斗斗2汗坤油川q争仇似11パ2ベμω(いωX功)

(2) 

Iqn-I (x)x -Pn-l (x)1 = an十1(x， y)lqn(x)x -Pn(X， y)1 +河川(x，y)X -Pn十1(x， y)l， 

σ)怖い)x-Pバ爪 y)1> Iqn+l (爪 y)x-Pn+l (x， y)l， 
(4) for any integer j， k with qn(x) < j < qn+1 (xぅy)，Iqn(x)x -Pn(x， y)1 < 

jx-kl， 

where {pバX)}_lω {qn(x)}-1 ~n are d，φad by 

P-l (x)ニ 1，po(x)ニ 0，

q-l (x) = 0， qo(x) = 1， 

for n 二三 l 

Pn(x) =αn(X)Pn-1 (x) + Pn-2(X)， 

qn(x)ニ αn(X)qn-1(χ)十 qn-2(X).
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LEMMA 2.2. Let (x， y)εX. Then， 

(1) an(x) > 0 and an(x)ミbn(x，y)註 Oフ

(2)ザbn(九 y)= 0， then bn+l (九 y)= 1. 

PROOF. The proof of (1) is easy. Let us prove (2). We suppose that 

bn(爪 y)= O. Then， we see that vα(Xn) = I ~ I and a(xn) <士 SinceX川エ

去-a(xn) and Yn十lニ去-2》 we have 」 Xn+i>YM Thi民 we obtain 

b(x叶 I，Yn十J)= 1. ロ

Let (x， y)εX and X f/= Q. Let us define integers An(x， y)フ Bn(xヲy)as follows: 
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( bl (χ，y) if b(xぅy)> 0， 
B1(爪 y)ニ{

L 0 if b (x， y) = 0， 

For n > 1 

( An-l (x， y) + bn(xヲY)Pnー 1(X) 
An(x， y) = ~ 

lAn-l(X，y) -Pn-2(X) 

( Bn-l (X， y) + bn(x， y)qn-l (X) 
Bn(x， y) = ~ 

L Bn-l (Xぅy)-qn-2(X) 

if b(xぅy)> 0， 
if b(xぅy)ニ Oう

if b(x， y) > 0， 
if b(x， y) = O. 

We remark that {Bn(x， y)}n=1.2.... and {An(x， y)}n=1.2.... are not increasing 

sequences generally as n →∞. 

LEMMA 2.3. Let (x， y)εX and X手Q.Then， for any n > 0 

y = Bn(x， y)x -An(χ，y) + (_1)
n 
Yn+IXI ... Xn・ (1)

PROOF. We prove the lemma by the induction on n. Let n = 1. First， 
let b1 (x， y) > O. Then， we see y2 = b1 (爪 y)-f 宮町eforeぅ wehave YI = 

b1 (x， Y)Xl -Y2Xl = BI (x， y)x -Al (x， y) -Yリ 1.Nextフ letb1 (川y)= O. Then， we 

see Y2 =士-fTherdo民 wehave Yl = 1 -Y2Xlニ Bl(X，y)x -Al(X， y) -Yぴ l

Hence， (1) holds for n = 1. Secondly， we suppose that (1) holds for n = k， that is， 

y = Bk(X， y)x -Ak(X， y) + (_I)k
十lyk

十IXI. . . Xk. Let bk+l (xぅy)> O. Then， we 

have Yk+2ニ九+l(XJ)-323Whichimplies YK+l=ん 1(x， Y)Xk+1 -Xk+1 Yk+2 

Therefore， using XI . . . Xk十1=(-1)κ(qkX-Pk)， we see 

y = Bk(X， y)x -Ak(Xヲy)十(一l)kYk十lXl" 'Xk， 

口 Bk(X，y)x -Ak(Xぅy)+ (-I)kbk+I(X，Y)Xl・.. Xk+l (-1)糾iYMX1 ・ • 'Xk十1，

=Bk十1(χ，y)X -Ak+l (x， y) + (_1)
k+l 

Yk+2Xl・・ Xk十1・



On a New Algorithm for Inhomogeneous Diophantine Approximation 177 

Let bk+1 (x， y) = O. Then， we have Yk+2工法一計， which implies y糾]=

l-Xk+lYk十2.Using Xl . . . Xk = (-1)州 (qk-lX~ Pk-I)， we have 

y = Bk(X， y)x -Ak(X， y)十 (-1)kyk+lX1--xh

= Bk(Xぅy)X-Ak(X， y) + (-1)kx1 .，. Xk + (-1)糾 lYK4Xl---xk十1，

= Bk十1(xぅy)X-Ak十l(X，y)+(-l)k十lyk+2X1 ・・ Xk十i

Therefore， (1) holds for n = k + 1. Th同 wehave Lemma. ロ

LEMMA 2.4. Let (x， y)εX and X世Q.Then， lim (Bη(X， y)x -An(爪 y))ニ y.
n-→αコ

PROOF. By Lemma 2.3 Iy -Bn(x， y)x十 An(xぅy)1= y川 XI'・ ¥Xn.By Lemma 

2.1 we have Xl ... Xn = Iqnー lX-Pn-llくよ.Thus， we have Lemma. 口
. q" 

We define 'P = {(x， y)εR2片手Qand y手mx十 nfor any m，nεZ}. 

LEMMA 2.5. Let (xぅy)，(z，刈εX and XぅZ手Q. If an(x) =αl1(z) αnd 

bn(x， y) = bn(zぅ1γ)，for any integer n > 0， then (xヲy)= (z， w). 

PROOF. By continued fraction theory we obtain X = z. From Lemma 2.4 we 

have yニ W. 口

LEMMA 2.6. Let (x， y)εX n 'P. Then， if bn(x， y) = 0 for some integer n > 0， 

then there exists an integer k > 0 such that b，叫 dx，y) > O. 

PROOF. We suppose that there exists an integer m such that for any k ミO

bm+2k(X， y) = O. Then， from Lemma 2.2 we have bm十2k+l(x， y) = 1 for any kミO.

Let (u，v) = Tm-1(x，y). Then， b2k(Uぅv)= 0 and b2k+l (u， v) = 1 for any kミO.We 

see easily that bn (u， 1) = bn (uぅv)for any integer nミ1.From Lemma 2.5 we have 

v = 1. Then， we see (x， y)手'P.But it is a contradiction. Therefore， we have 

Lemma. 口

LEMMA 2.7. Let (x， y) E X n 'P. Then，グαn(X)= bn(x， y) for some integer 

n > 0， then there exists an integer k > n such tfωαk(X)手bk(x，y). 

PROOF. We suppose that there exists an integer m such that for any 

k注 m ak(x) = bk(x， y). Let (u， v) = Tm-1 (爪y).It is not difficult to see that 

bj(uぅ1-u) =め(uグ)for any integer j三 1.From Lemma 2.5 we have v = 1 -u. 
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Then， by using the equation (u， v) = Tn川(爪 y)we see easily (x， y)手'P.But it is 

a contradiction. Therefore， we have Lemma. 日

LEMMA 2.8. Let (xぅy)εXand x手Q.We suppose that there exist integers e， 

f such that y = ex + f. lf e 二三 0， then there exists an integer n 二三 o such thαt 
Yn = O. lf e < 0， then there exists an integer n 二三 o such that Yn = 1 -xn・

PROOF. Let eミ O.Since 0 ::::;; ex十f卓上 wesee that -e < f豆ofor e > 0 

and f = 0， 1 for e = 0 respectively. If b1 (爪 y)> 0， then we have 

Y2 = b1(xぅy)-ど=-f(~- α1 (x) 1 -fa I (x)十 h(xぅy)-e 
¥x  

二一fX2-fa[(x)十 b1(xぅy)-e. 

If bl (九 y)=0， then we have Y2 =~-~= (1-f)(~-a1(x)) 十 (1 ー f)al(x) -e. 

Therefore， by the induction for each integer n > 0 there exists integers rn and sn 

such that Yn = rJ1XJ1十 SI1' rn ~三 o and rn ;;::とん+1for rn > O. We see also that if 

rn > 0 and b1 (爪 y)> 0， then rJ1 > rn+l. Since from Lemma 2.2 we see bn(爪 y)> 0 

for in長nitelymany n， there exists a integer m > 0 such that rm = O. Therefore， 

Ym = 0 or Ym = 1. If Ym = 1， then we have Y州ー1= O. Thus， we have Lemma. 

Let e < O. Since 0 ::::;; ex + f ::::;; 1， we see that 0 < f ::::;; lel. We suppose that 

b1 (x， y) > O. Then， we have Y2 = -fX2 -fal (x) + b1 (x， y) -e. We see easily that 

if fニ -e= 1， then we have 一角1(x)十 b1(x， y) -e = 1 and if fと -e>1， then 

we have -fa1 (x) + b1 (x， y) -e < f. Next， we suppose that bl (xヲy)ニ O.Since 

the fact that f = 1 implies b1 (x， y) > 0， we see f > 1. Then， Y2 = (1 -f)・

(~ -a I (x)) + (1 -f)α1 (x) -e. Therefore， by the induction we see that for each 

integer n > 0 there exists integers r" and Sn such that Ynニ rnxn十九，rn < 0 and 

l川記 Irn+11.We see also that if 1川ニ Irn+lland Irn > 1 >仁 thenIrn十11>Irn+21. 

Therefore， there exists an integer m > 0 such that rm = -1 and sm = 1. ロ

LEMMA 2.9. Let (x， y)εX， x世Qand (x， y) tt 'P. Then， followi均 (1)or (2) 

holds: 

(1) there exists integer m > 0 such that for any integer k三obm+2k(Xぅy)= 0， 

(2) there exists integer m > 0 such that jor any integer n註 maバx)= bn(x， y). 

PROOF. From Lemma 2.8 there exists an integer m such that Ym = 0 or 

Ym 1 -xl11・Wesuppose ym = O.τhen， we see that for each integer k;:::: 0 

bm+I+2k(爪 y)= O. Next， we suppose ym = 1 -xl11. Then， we see that for each 

integer nミm αバx)= bn(x， y). 口
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LEMMA 2.10. Let仏1}n=I，2，

for any integer n > 0 

1. an > 0 and an ~ bn ~と 0 ，

2 ザbn= 0， then bn十1= 1， 

3. if bn = 0， then there exists an integer k > 0 such that b川引(>0， 

4. if anニ bn> then there existsαn integer k > 0 such that an十k=l=b叶 k.

Then， there exists (xヲy)εXパ¥fIsuch that an = an(x) and bn = b，lx:， y). 

We define L1帆11 for integers m and n with m > 0 and m ~ n 注 oas 

if nミ 1，

if m ~ n and 11 = O. 

PROOF. 

follows: 

π = J {(x， y)ε[0，1]21ホ:S:;x吋 (n-l)x幻豆町)
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We define transforτnation T(ゆ) on R 2 for integers α， b with α> 0 and 

a ミb 二三 o as follows: 

Figure 2.1 

if b > 0う
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T(ゆ)(爪y)=

if bニ O.

Similarly， we define transformation F(川)on R 2 for integers a， b with α> 0 and 

a~b ミoas follows: 
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F(ゆ )(X，y)ニ

(占?兄)

(占，1一点)江b=O

We can easily check F(a，b) 0 T(a，b) = T(a，b) 0 F(a，b) = identity map. 
We define Y = {(x， y)εXly豆X}.Then， we see that if b > 0， then 7T.a，b = 

F(ゆ )(X)and F(ψ):X→πa，b is bijective and if b = 0， then 7T.a，b = F(a，b) (Y) and 

F(け):Y → πa，b is bijective. Noting that F(a， 1) (X) c Y， we see that if bn > 0， 

then F(αJ，bl) ...F(αn-J ，b，ト J)F(αn，bn)Xis included in X and it become a司uadrangle

with inner points. Similarly， we get that if bn = 0， then F(al ，bd . . . F(αn-J ， bn_J)F(a" ， b，，) Y 

is included in X and it become a tria暗記 with inner points. If bn > 0， let (Un1 Vn) 

be an inner point in F(aJ，bJ)・・ F(an_J ，b，，_dF(an，bn)X， If bn = 0， let (UnぅVn)be an inner 

point in F(αJ，hJ)...F(ル J，bn-dF(an，b，，)Y. It is not difficult to see that ak(Un) = ak and 
bk(u川内)= bk for k = 1，2，・・.，n. Since X Is compact， there exist an in邸Cαre悶aω叩S幻叩i白m

integral s詑equence{いn町川1勾叶dand (似α，s灼)ε X such t出ha抗t(un;川1;いtうU内11;ρJ→ (収α，s灼)aωs i → ∞ . Let 
(αn，sn) = Tn-I (α，s). By continued fraction theory ak (α)=αk for any integer 

k > O. We suppose that there exists an integer m > 0 such that bm(α，s)手bm.Let 

m' > 0 be an integer such that b~1(α ， ß) =1= b:'η・Andfor any 0 < k < m' bk(α，s)ニ

bk. Then， we have Tm'-I (Un;， VnJ→(αm'，sm') as →∞ On the other hand， we 

see that for large Tm'-1 (u，ぃVn;)επam"bm，・ Thereforeフ (α川 sm') is in the 

boundary set of 7T.a，川 m" Therefore， we see easily that b(αm'，sm')α111' = sm' and 

b(α171" sm') i= 0 (see Figure 2.2). Further more， if b(αm'，sm') <α(αm'，sm')' then 

we have b(叫n'，sm')十 1= bm， and if b(αnハん，)=α(αm'，sm')' then we have 

bm， = O. Fi打rs坑t，we suppose t白ha抗tb(似αmη1ν'，sιんんmη7戸l') 十 1 = b 朴 Since Tmが
ιf仁

-1(似U叫4今r町 U山n川ρJ→ 

(収α111"b(何α叫m'ηが1ν'，s，んんfη111')ηがn')戸ρ，)片αm'ν小J
bm，ηl'句→十-ぺ!ニ O. By the induction we see bm，十I+j= 0 for any even j > 0 and 

bm，十i十j= 1 for any odd j > O. But it contradicts the condition of {bふ1=1.2 ・

Seco凶 iうら we suppose that bm， = O. Since Tm'-1 (Un;1 VnJ → (αm'，am，αm') as i → ∞， 

we see t出ha剖tTm'ぺηがペ，(lれU叫Un;今J

Tmが叫1沖'+1什叶]刊(μ叫Un;町1;1V叫内内11川1行ρJ→ (何α叫m'斗+2わ?ρ刈0的)a出s → ∞ . By the induction we see that bm'+2 十j= 1 

for any even j > 0 and bm，十2+j= 0 for any odd j > O. But it contradicts the 

condition of {bムnんl}九n炉炉Tド戸戸戸戸凶=口=
Lemma 2.9 we see (収α，s約)ε k守'1'.ぞ子Fへ.Thus民， we have Lemma. 口

LEMMA 2.11. Let (馬y)εX and x手Q.Then， 

(1) Bn(x， y)ミoforαny n > 0 and An(x， y)三ofor any n > 1， 
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(2) lim sup Bn(χ) y)之∞ αndlim sup An(x， y) =∞， 
n-→α /1->αコ

(3) if (x， y)ε¥f'， then lim BパX，y)口∞ andlim A/1(x， y) = ∞. 
n-→αコ n-→αコ

PROOF OF (1). We suppose that Bn(x， y) < 0 for some integer n > O. Without 

10ss of generality we suppose that BAx， y)ミofor any integer 0 < j < n. 
Bl (x， y)ミoimplies n > 1. From the fact that Bn-l (爪 y)註 oand BパX，y) < 0 we 

see bn(x， y) = O. Then， we have Bバ爪y)= Bn-l (x， y) -qn-2(X)， By Lemma 2.2 

we have bn-1 (爪y)> O. Ifη-1 > 1， then we have Bn-l (x， y) qn-2(X) = 
Bn-2(X，y) + (bn-1(x，y) -1)qn-2(X)ミO.But it is a contradiction. If n -1 = 1， 

then we have Bト 1(x， y) -qn-2(X) = b1 (爪y)-1ミO.But it is a contradiction. 

Simi1arly， we see An(x， y)ミofor any n > 1. 
PROOF OF (2). First， we are proving that Bn+2(Xぅy)ミBn(x，y) for a町 nミ l

and equation holds 百 bn+1(x， y) = 1 and bn十2(X，y) = O. If bn十l(X，y)>O

and bn+2(x， y) > 0， then the proof is easy. We suppose that bn十l(X，y) = 0 and 

b叶 2(X，y)= 1. Then， we have Bn+l (x， y) = BバX，y) -qnー1(X) and Bn+2(X， y) = 

Bn+l (X，y)十 bn十2(X，y)qn+l (X， y). Therefore， we have Bn+2(X， y) > Bn(爪 y).Next， 

we suppose that bn+1 (爪 y)> 0 and bn+2(爪 y)= O. Then， we have B川 (X，y) = 

Bn(x， y) + bn+1 (X， y)qn(X) and B叶 2(X，y)口Bn+l(民 y)-qn(χ). Therefore， we see 

Bn十2(X，y) -Bn(爪 y)= (bn+1 (X， y) -1 )qn(X)， which implies that B，叫 (Xヲy)注

Bn(x， y) and the equation holds 百 bι11川1

lim叫 11→∞ B2初nバ(収x，y刈yう)<∞ i狂thereexists some integer m > 0 such t出ha拭tfor any n > m 

b2n(x， y) = 0 and b2n-1 (x， y) = 1. We suppose that for some integer m > 0 for 

any n > m b2n(x， y) = 0 and b211-1 (x， y) = 1. Thenフ weobtain limn→∞ B2川 (X，y) 
=∞. Thus we have the proof of (2). 

PROOF OF (3). From the proof of (2) we see that limn→∞ B2n(X，y) <∞iff 

there exists some integer m > 0 such that for any n > m b2n(x， y) = 1 and 

b2n-J (x， y) = O. By Lemma 2.6 we see that limn→∞ B2n(X， y) =∞. Similarly， we 

have limn→∞ B2n+l (x， y) = ∞ Thus， we have limn→ω Bn(xぅy)ェ ∞. Similarlうん

we have limn->cxコAn(x，y) =∞ .口

LEMMA 2.12. Let (x， y)εx n ¥f'. For any integer nミ 1，IBn(x， Y)X-

An(川 y)-ylミ IB叶 2(X，y)x -A，叫(爪 y)-yl. The equation holds if and onlyザ

bn+2(x， y) = 0 and bn十J(x， y) = 1 (Bn(x， y) = B，叫 (X，y)). 

PR∞F. First， we suppose that bn+巾，y)ミ1.We also suppose that n is odd. 

From Lemma 2.1 and Lemma 2.3， we have 

Bn+l (x， y)x -An十1(X， y) < y < Bn+l (X， y)X -An+l (X， y) -(qn(X)X -Pn(X)) 

豆 Bn(x，y)X -An(x， y) (2) 



182 Shin-ichi Y ASUTOMI 

We suppose bn+2(x， y) = O. Then， since Bn+2(X， y)x -An+2(Xヲy)ニ Bn+l(X， y)X-

An+l(Xぅy)一(qn(X)X-Pn(X))フ by (2) we get y < Bn十2(X，y)x -An+2(X， y)豆

BバXぅy)X-An(xぅy)，which follows the lemma. We remark that Bn十1(χ，y)X-

An十1(X， y)一(qn(X)X-Pn(X)) = Bn(xぅy)X-An(x， y) if and only if b叶 1(xぅy)= 1. 

We suppose bn十2(爪 y)> O. Then， from Lemma 2.1 and Lemma 2.3， we have 

o < bn十2(X，y)(qn+l (x)x -P畔 1(x)) < 一(qn(X)X-Pn(X)). Therefore， we get 

Bn十2(X，y)x -An+2(Xぅy)< B叶 1(Xヲy)x-A叶 1(X， y) -(qn(X)X -Pn(X)) 

:::; Bn(x， y)X -An(X， y)， 

which implies Lemma. We can prove similarly in the case of even n. Next， we 

suppose that bn+1 (X， y) = O. Then， from Lemma 2.1 and Lemma 2.3， we have 

Bn+l (x， y)x An 

= Bn(x， y)x -An(xぅy). (3) 

Using bn十2(爪 y)= 1， we get Bn+2(X， y)x -An+2(X， y)口 Bn+l(x， y)x -Arω(民 y)

十 (qn+l(x)x -Pn+l (x)) < Bn(xぅy)X-An(xぅy)，which implies Lemma. We can 

prove similarly in the case of even n. 口

LEMMA 2.13. Let (x， y) E X n '1'. If n > 0臼 odd，then Bn(x， y)x -An(xぅy)-

y > 0 and forαny integers m， j with 0 < m < Bn(xぅy)フ ifmx -j -y > 0， then 

Bn(九y)X-An(九y)-y < mx -j -y. 

If n > 0 is even， then Bn (χ，y)X -An(x， y) -y < 0 and forα1ザ integersm， j with 

0< m < Bn(x， y)， if mx -y -j < 0， then 

Bn(χ，y)X -An(x， y) -y > mx -y j. 

PROOF. We are proving the lemma by using the induction on n. Let n = 1. 

From Lemma 2.3 we have Bl (x， y)x -A1 (x， y) -y = Xl y2 > O. We suppose that 

there exist integers m， k with 0 < m < Bl (爪 y)such that mx -j -y > 0 and 

BJ (爪 Y)X-Al(爪 y)-y注 mx-j -y. Let b 1 (爪 y)= O. Then， from the fact 

B1(爪 y)= 0 we have a contradiction. Let b1 (爪 y)> O. Then， we have B1 (爪 y)=

b] (χ，y) and A1(x，y) =0. We see that mx-y=Bl(X，y)x-y+(m-B](x，y))x 

=X1Y2十 (m-Bl (x， y))x < O. Therefore， mx -j -y > 0 implies j < O. On the 

other hand， we have Bl (x， y)x -mx = y十 Xly2 -mx < 1. By the assumption， 

we see 0 < B1 (x， y)x -y -(mx -j -y) = B1 (爪 y)X-mx + j. On the other 

hand， Bl (爪 y)X-mx < 1 and j < 0 implies B1(九 y)X-mx十 j< O. This is a 

contradiction. Thus we have the proof for nニ1.We suppose that the lemma 
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holds for any n with 1三n~ k. Let n = k十1.We suppose that k十 1is odd. 

From Lemma 2.3 we have Bk十1(x， y)χ - Ak+l (x， y) -y > O. We suppose that 

there exist integers m， ) with 0く m< Bk十1(爪 y) such that Bk+1 (x， y)x-

Ak+1 (x， y) -y > mx -) -y > O. We suppose bk十I(x， y) > O. First， we suppose 

m注 Bk(爪 y). Since Bk+1 (x， y) -m三Bk十l(x，y)-Bk(爪 y)= bk+1 (x， y)qk(X) < 
qk+l (x)， from Lemma 2.1 we obtain I(Bk+1 (x， y) -m)x -Ak+l (x， y)十月三

Iqdx)x -Pk(x)l. On the other hand， by using Lemma 2.3 we have 

I(Bk+l (x， y) -m)x -Ak十1(爪y)十)1

= Bk+l(爪 y)x-Ak+l(X， y) -Y -(mx-) -y) 

< Bk+1 (x， y)x -Ak+l (x， y) -y < Iqk(X)X -Pk(x)1 

But it is a co山 'adiction.Secondly， we suppose m < Bk (爪 y).If m ~ Bk-l(爪 y)，

using Lemma 2.12 we have a contradiction from the assumption of the in-

duction. Therefore， we have m > Bk-l (xぅy).We suppose bk(x， y) > O. Since 

Bk(爪 y)-m壬Bk(X，y) -Bk-l (爪 y)= bk(x， y)qk-l (x) < qk(X)， from L点....eI白mI

we have I(Bkバ(x爪，y) 一 m刈)x一 Akバ(x爪う y)十 j八!注 Iqk一斗1(x)χ一 Pkト一-l(X刈)川1. On the other 

hand， we obtain 

I(Bk(爪 y)-m)x-Ak(爪 y)十)1

= mx -j -y一(Bk(爪 y)x-Ak(爪 y)-y) 

< Bk+l (x， y)x -Ak+l (x， y) -y -(Bk(Xぅy)x-Ak(X， y) -y) 

= bk+1 (xぅy)lqk(X)X-Pk(x)l. 

From Lemma 2.1 we have bk十1(x， y)lqdx)x -Pk(X) 1 < Iqk-l (x)x -Pk-l (x)l. But 

it is a contradiction. Next， we suppose bdx， y) = O. Then， since Bk-l (x， y) > 
Bk(X， y)， the fact m > Bk-I (x， y) contradicts the assumption m < Bk(X， y). 

Secondly， we suppose bk+1 (x， y) = O. If m豆Bk一1(xぅy)，then it contradicts the 

assumption of the induction. Therefore， we have m > Bk-I (xぅy)by using Lemma 

2.12. Since Bk+I (x， y) -m < Bk十1(旦y)-Bk-l (爪 y)= (bk(爪 y)-1 )qk-l (x) < 
qk(X)， by using Lemma 2.1 we have I(Bk+l (xぅy)-m)x -Ak(χ， y)十八三

Iqk-l (x)x -Pk-l (x) 1. On the other hand， we see 

1 (Bk+l (xぅy)-m)x -Ak(X， y) + )1 

= Bk+l (x， y)x -Ak+1 (爪 y)-y -(mx -j -y) 

< Bk+1 (x， y)x -Ak+1 (x， y) -y -(Bk(X， y)x -Ak(X， y) -y) 

= Iqk-I(X)X-Pk-I(X)I. 
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But it is a contradiction. For even k + 1 we have a proof similarly. Thereforeフ we

have the proof for n = k + 1. Thus， we obtain the lemma. 口

LEMMA 2.14. Let (x， y)εx n 'P. Let n > 0 be仰 integer.Then， Bn(x， y)三

qn(X)十 qn-l(x). If bn(xぅy)> 0， then Bn(x， y)ミqn-l(x). lf bn(x， y) = 0， then 

Bn(爪 y)豆qn-l(x). Furthermore， 

J民(北(Xぅy)-qn-l (x)) =∞ 
bn(x，y)>O 

PROOF. Let n > 0 be an integer. Using the induction on n it is not difficu1t 

to see that Bn(x， y)豆 qn(X)+ qn-l (x). We suppose bn(x， y) > O. Then， we have 

Bn(x， y) -qn-l (x) = Bn-l (xヲy)+ (bn(x， y) -l)qn-1 (x)之島1-1(X， y). Therefore， 
using Lemma 2.11， we have Bn(x，y) -qn-l(X)注oan 

J洩 (Bn(x，y) -qn-l (x)) =∞-
bn(x，y)>O 

Let n > 0 be an integer with bn(x， y) = O. If n = 1， then we see easily Bn(x， y) :::;; 

qn-I (x). Let n > 1. Then， we have Bn(x， y) = Bn-l (x， y) -qn-2(X)豆 qn-l(x). 

Following Theorem is a analogous to the resu1t by Komatsu [14]. 

THEOREM 2.15. Let (x， y)εxn'P. 

lim inf qllqx -yll 
q→∞ 

= lim inf min{Bn(x， y)IBn(爪 y)X Aバ九y)-yl， 

口

τ(BバX，y) -qn-l (x))1 (Bn(x， y) -qn-l (x))x -(An(x， y) -Pn-l (x)) -yl}， 

where q E Z and for z εR IIzll =mi吋Iz-mllmεZ}αndτ(u)= u for u > 0 and 

τ(u) =∞for u:::;; o. 

PROOF. We are proving that for each n > 1 with bn > 0 if for an integer q 

Bn-l (x， y) < q < Bn(x， y)， then 

qllqx -yll 

ミ minl{鳥(X，y)1鳥(χぅy)X-Aj(x， y) -yl， 

τ(Bj(x， y)一助一l(x))I(島(X，y)一合-1(x))x -(Aj-l (xぅy)-Pj(X)) -yl}. (4) 
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It follows Theorem 2.15. Let n > 1 and bn (爪 y)> O. Let Bn-l (爪 y)< 
q < Bn(x， y). We suppose that n is odd. If qx -q' < Bn-l (x， y)x -Anー 1(xぅy)

for an integer q'， then from Lemma 2.3 we have Iq(qx -q' -y)1 > 

IB，ト 1(x， y)(Bn-1 (x， y)X -An-I (x， y) -y)l. We suppose that Bnー l(X，y)X-

An-l (x， y) < qx -q' < Bパx，y)x-Aパx，y) for an integer q'. From Lemma 2.13， 

we have qx -q' < y. Since Bn(x， y)x -An(x， y) -(Bn-l (x， y)x -An-l (x， y)) = 

bn(xぅy)(qn-l(x)x -Pn-l (x))， there exists an integer j such that 0話 j< bn(x， y) 

and 

j(qn-l (x)x -Pn-l (x))豆qx-q'一 (Bn-l(x， y)x -An-I (x， y)) 

<(j十 1)(qnー1(x)x -Pn-l (x)). 

Then， we have I(q -Bn-l (爪 y)-jqn-l (x))x -q'十 An-l(x， y)十jPn-1(x)1 < 
Iqn-l (x)x -Pn-l (x)l. On the other handフ wehave Iq -Bn-l (x， y) -jqn-l (x)1 < 
bバX，y)qn-l (x) < qn(x). Using Lemma 2.1 we have q Bn-l (x， y) -jqnー1(x) = O. 

We see easily that q' An-l (x， y)一jPt川 (x)= O. Then， we have 

qlqx -q' -yl = (Bn-l (x， y)十 jqn-I(x))I(Bト 1(x， y) + jqn-l (x))x 

一(An-l(x， y) + jp川 (x))-yl 

主rp.in . {(Bn-l (x， y) + lqn-l (x))1 (Bn-l (x， y) + lqn-l (x))x 
OS!Sbll(x，y)-l 

一(An-l(x， y) +伊川(x))-yl} 

On the other hand， Lemma 2.3 implies 

I(Bn-l (爪 y)+ lqnー 1(x))x -(An-l (爪 y)+払-1(x)) -yl 

= y -Bn-l (x， y)X + An-l (x， y) -l(q，川 (x)x-Pn-l (x)) 

for each integer 1 with 0壬l豆bn(x，y) -1. Since 

rp.in . {(Bn-l (x， y) + lqn-l (X))(y -Bn-l (χ，y)x + An-l (x， y) 
OSfSbn(x，y)-1 

we have 

-l(qn-l (x)x -Pn-l (x)))} 

min . {(B川 (x，y) + lqn-l (X))(y -Br川(爪 y)x十 An-1(爪 y)
l=O，bll(x，y)-1 

l(qn-l (x)x -Pn-l (x))))， 
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qJqx -q' -yJ 

ミmi叫Bn-l(爪 y)IBn-l(爪 y)X-An一I(X，y)-yJ，

(Bn(x， y) -qn-I (x))I(Bn(xヲy)-qnー1(X))X -(An(x， y) -Pn-l (X)) -yl}. 

We suppose that Bn(x， y)X -An(x， y) < qx -q' for an integer q'. We consider the 

case of bn-1 (X， y) > O. We suppose Bn(xぅY)X-AバXぅy)-(qn-2(X)X -Pn-2(X))豆

qx -q'. Then， we have y < Bn-l (X， y)X -A，川 (Xぅy)-(qn-2(X)X -Pn-2(X)) :C 

qx -q'. Therefore， noting Bn-l (Xぅy)-qn-2(坊主ofrom Lemma 2.14， we have 

qlqx _ q' -ylミ(Bn-I(x， y) -qn-2(X)) 

x I(Bn-l (x， y) -qn-2(X))X -(An一1(Xぅy)-Pn-2(X)) -yl. 

Next， we suppose Bn(x， y)X -An -(qn-2(X)X -Pn-2(X)) > qx -q'. Then， we 

have 0 < qx -q' -(Bn(爪 y)X-An(民 y))< ー (qn-2(X)X-Pn-2(X)). Noting 0 < 
Bn(xぅy)-q < bn(xぅy)qn-l(χ)， similarly to the previous argument， we see that 

there exists an integer l' such that 0壬l'< bn(xぅy)and (BバX，y)x -AバX，y))-

(qx -q') = qn-2(X)X -Pn-2(X)十1'(qn-1(X)X -Pn-l (x)). Therefore， we have 

qx-q'ニ Bn(x，y)X -An(xぅy)-(qn-2(X)X -Pn-2(X)) -)'(qn-1 (X)X -Pn-l (X) 

= Bn-l (X， y)X -An-1 (Xぅy)一(qn-2(X)X-Pn-2(X)) 

十 (bn(x)-)')(qn-l (X)X -Pr叶 (X)). (5) 

Using (5) and Bn-1 (x， y)x -An-l (x， y) -qn-2(X)X Pn-2(X) > Yぅ wesee 0 < 
Bn-1(X，Y)X-An-I(X，y) -(qn-2(X)X-Pn-2(X)) -Y < qx-q'-y. Therefore， 

qlqx -q' -yl > (Bn-1 (xぅy)-qn-2(X)) 

x IBn-1 (x， y)x -An-l (x， y) -(qn-2(X)X -Pn-2(X)) -yl. 

We consider the case of bn-1 (x， y) = O. We suppose that Bn(x， y)x -An(x， y)一

(qn-2(X)X -Pn-2(X))三qx-q'. Since Bn(X， y)x -An(x， y)一(Bnー I(X，y)X-

An-I (x， y)) = qn-l (x)x -Pn-l (x)， we have 0 < y -(Bn-l (x， y)x -An 一I(X， Y刈刈)川)< 

q争nト一1 (い仲x刈)X一 Pll卜.四-1(白

(Bnバ(X，y)X一 An(x，y))注 一(qn一2(付例X功)X一 Pnト一2(い糾x刈)リ). Therefore， qlqx _ q' -yl > 
Bn-l(Xぅy)IBn-I(x， y)x -An-I (x， y) -yl. Secondly， we suppose Bn(xぅY)X-

AバX，y) -(qn-2(X)X -Pn-2(X)) > qx -q'. Then， 0 < qx -q' -(Bn(x， Y)X-

An(x， y)) < -(qn-2(X)X -Pn-2(X)). Using 0 < Bn(xぅy)-q < qn-l (x) and Lemma 
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2.1， we have a contradiction. Therefore， we have the inequality (4). Thus， we 

have Lemma. ロ

LEMMA 2.16. Let (x， y)εx n 'P. ForωηJ integer n > 0， 

iimvqliqx-yll=limnf qllqh-YF11!? 
q→∞ 

where (xnぅYn)= Tn-1(xヲy).

PROOF. We are proving that lim infq-;∞qllqx -yll = iim infq-;∞-

qllqx2 -Y211. It follows the lemma. Let e = lim infq→∞ qllqx -yll and 

f = lim infq→∞ qllqx2 -Y211. Then， there exist an increasing positive integral 

sequences {Pkh=1.2.... and {qkh=1.2.... such that f = lim infk→∞ qklqkx2 -

y2 Pkl. We suppose that b1 (x， y) > O. Then， for k > 0 we have 

zfiWI(x)+PL十 b1(x， Y))Xl -Yl -qkl 

エ (qkal(x) + Pk + b1 (xぅy))I(qμ1(x)十p;十 b1(x， Y))Xl 

-Y:-4l q; 

Since 与→ X2 as k →∞ we see 伽 t limk ∞ 
κ ∞ XI (q~ α1 (x)+ p~ +bl (x，y)) 

limk→∞ /Jf…¥之 1.Thus， e三f.lf b1 (x，y) = 0フ weh-ave ぺfby the 
XI {GI(X)寸+T7

same manner. Similarlうら we have e 三f. Thus， we have the lemma. ロ

3. Natural Extension 

Z+ denotes the the set of all positive integers. We detine n1， n2， ni and n~ 

as follows: 

n1ニ {(xぅy)ε[O，lfl(xぅy)ε'P，Y豆x}ぅ

n2 = {(x，y)ε[0， lf 1 (x， y)ε'P， Y > x}ぅ

ni={(x，y)l(旦 Y)E'P， y>l，x三一1ぅys-x十 1}， 

n~ = {( x， y) I (xぅy)ε'P，O豆 y云 l，xs -l}. 
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。2

。

Figure 3.1 

Let Q = {Ql X (Q~ U Q~)} U (Q2 X QD. 

We de長nea transformation T on Q as fol1ows: for (x， y， z， w)εQ 

=;;f_. .. _ ...¥ J (~- a(x)， b(x， y) -乙1_α(x)，b(z， w) -~) if b(x， y) > 0， 
T(爪 y，z，w)=<

i(i-a(xLi-f?j-G(xLj-7)if b(Xぅy)= O. 

We see easily that T is well defined. 

THEOREM 3.1. T お bijective.

PROOF. We define ムn，11 for mεZ十 andn εZ十 U{O} with m ミnas foIIows; 

L¥m ，， =l{(x，y)εxn¥flホ<X<jい )x< y < nx} 

m，11 -1 { (x， y)εxn¥flii走行 x<ιy>mx}

if n 二三 1， 

if m ~ n and n = O. 

Then， we see easily that T : L¥m，11→x n ¥f is bijective for n > 0 and T : L¥m，O→ 

Ql is bijective. We define L¥:n.n for m εZ十 andn E Z十 U{O} with mミn

as fol1ows; if n = 1， then we see L¥ :11. n = {(民y)εQiI-(m十 1)<x<-m，

1 < y < -x -m十 2}and if n > 1， then we see L\~.n = {(爪y)E ni I-(m十 1)< 

x < -m，-x-m+n < y <-x…m + n + 1} and if n = 0， then we see L¥:I1.n = 

{(爪 y) εn~ I-(m + 1) < x < -m}. 
We see that for m εZ+ and n εZ+ U{O叫} w叩it出h mミn and n =1= 1 

(T(川m川，〆川11川1
W叶he白r悶'e1円(mη1，刊川?川n吋おsde品血ned泊nSection 2. On the other hand， we have 
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ム3，1

-4 -3 -2 -1 0 

Figure 3.2 

n = U d./11，n X ni u U 11/11， 1 

(111，11)εZ+xZ+，/11討1，1I*-1 /11εZ十

x (ni u n~) u U d.m，O x ni (disjoint) 
mEZ+ 

U (X n 'P) x 11~， n U U (X n 'P) 
(/11， n) ε Z+xZ+ ， m~n，lI *-l /11EZ十

x d.;n， 1 u U n1 x d.;n，o (disjoi叫.
/11EZ+ 

We see that 九m.nxn;d.川1xni一→ (Xn 'P) x d.;n，n is bijective for (m， n)ε 

Z+ x Z+ with n =1= 1 and T L¥m， 1 x(n;un~) I1/11， 1 X (n~ u n~) → (xnv) × A;jhl for 

m εZ+ is bijective and TL¥m.oxn;l1m，O x ni一→ n1x l1:n，O is bijective for m εZ+. 

Therefore， T is bijective. ロ

Following Lemma 3.2 is easily proved. 

LEMMA 3.2. Let K be a real qωdratic戸eldover Q. Let (x， y) E K2 n x n 'P. 
Then， if (x， yぅx，y)εn，then (T(x， y)， T(x， y)) = T(x， y，主，y)，where for Z E K z臼

theα1gebraic conjugate of Z related to KJQ. 

Komatsu [15] determine the all eventually periodic points in (X，乃).Fol-

lowing Lemma is the similar result. 
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LEMMA 3.3. Let (x， y)εx n 'f'， x be a qωdraμ'c irrational number αM 

y εQ(x功).Then， (x， y， x，y)お αeωltωllyperiodic point related to T， where for 

Z εQ(x) Zお analgebraic conjugate of z re/，αted to Q(x)jQ. 

PROOF. Since y E Q(x)， there exist rn， SnεQ such that Yn = rn + SnXn. Let dn 
be the denominator of rn， Sn. By using induction， we see doニ dnfor all n. From 

the well known fact about continued fraction of quadratic irrational numbers， 

there exists an integer m such that {xm， Xm+l， • . .} is purely periodic. It is known 

thatお<-1 for each nミm.We define a constant Cl by c] = min{1巧Ilnミm}.

Let C2 = max怖い)1 n = 1， • . .}. Let rニ iiji当日 Then，if n > m and 1到 >rフ we

have 

応 1<什Zl<C24ト阪1_
1万|(:-l)

十 C2< 1到 -1

Therefore， there exists nl such that n1 > m and 1万九三 r.On the other hand， if 

n>m and IYnl豆r，then we have 

!日1<什21<2r

We suppose that lim sUPn→∞IYnl =∞. Let n2 = min { k 1 k > n 1 ， 1万1>3r}. We 

assume IYn2ゴ1> r. Then， we have 同~I <抗ごI1-1. Therefore， we have 1万ごI1> 
3r. But it is a contradiction. Next， we assume 1万ごI1~ r. Then， by using previous 

argument， we have IYn21 ~三 3r. But it is a contradiction. Thus， there exists c > 0 

such that !万I< c for all n. From the facts that !万!< c and !Yn! < 1 for allκwe 

see that there exits C3 such that Irl11， ISnl < C3 for all n. Using the fact do = dn for 

all n， we see that {Yn 1 n = 0う1ぅ・ } has finitely many numbers. Thus， (x， y，支，y)is 

a eventually periodic point related to T. 口

LEMMA 3.4. Let (χ， y)εxn玖 Xbe αqωdratic irratio仰 1number and 

y εQ(X)， where for z εQ(X) z is an algebraic conjugate of z related to Q(x)jQ. 

Then， there exists仰 integern > 0 such that (xn， Yn，王n，Yn)εQ.

PROOF. By Lemma 3.3 {(xn， Yn)}n=O， 1，... is eventually periodic. Therefore， 

there exist integers ml， m2 > 0 such that for any n三ml(x山叩 Yn+m2)= (xn， Yn). 
We define m3 as follows. If bn > 0 for any n 三m1，then we set m3 = m1 ・Ifthere 

exists m'ミm]such that bm，(x， y) = 0， then we set m3 = m'. If for integers a， b 

b > 0 and a三b，then it is not di伍cult to see tha t T(川 )(cl(nn)c {(xぅy)ε
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cl(nD I-a -1 三x::;;-a}，where cl(nD is the c10sure of n~. Therefore， if 

bバx，y)> 0 for any nミm}，then we have 

T(α1113村 "rl(x)， bm3+mr 1 (x，y)) . . . T(am3 (x)，bm3 (x，y))1] C 1]， 

whe白r陀~e 1] ニ {α(x爪う y) ε cl(Q~) I 一α向n町T勾3汁十m町2一斗}(い付x功)一 ] 壬X 豆 一α仏111η13+11η町町1ηη2ど-一イ一

d副i鉛鉛ムC凶 to see that for integers a， a'ミ 1T(a，l)呉川)cl(Q;) c {(x， y) ε cl(Q~) I 

-a -1壬x豆 -a}.By lemma 2.2 m2 > 1 and b1113+1町一1(x， y) i= O. Thus， we have 

T(a11l3十円一l(x)，bm3+川 rl(X，y))・・・ T(am3(x)，bI1l3(x，y))1]C η 

By Bronwell's fixed point theorem there exists (x'ぺ，yノ')ε {(x爪う y)εcl(QDI 

一αm町13+m町2一}(x)一 l豆 χ 豆一α仇1113+111町2一1(付ωX刈)} suω削I比叫ch that T(料α向F叩P

T九(伊α仏向h州P川町η勺川3〆(x)凶，bムbムι九川州It附町引"勺い1ワμμ3〆(
we have (いx町 ，y只ルv九h均Jう句切旬111町?η町1η3μ，芯z不，万~) ε n. 口

LEMMA 3.5. Let (x， y)εxn 呪 x be a quadratic irrational 馴 ? 伽rand 

y εQ(x). Let (xぅy，x，y)εQ，l仇erefor z εQ(x) Z臼 αnalgebraic conjugαte 01 z 

related to Q(x)jQ. Then， (xぅy，x，y) is a purely periodic point related to f. 

PROOF. By Lemma 3.3 there exist integers m， ml ;三1such that for any 

integer n > m (xn， Yn) = (x州 111'Y山川).Since (XI， YI，訂，Yi)εQ，by Lemma 3.2 

we have (xnぅyl1ぅ広?万)εn for any integer n > O. Since f is bijective on Q， for 

each integer n > m we have (Xn-l' Yn占有ゴ?万ゴ)= (x山 ηiー}， Yn刊行一1，布石11-}'

万石亡i).By using the induction we have (XI， YI，訂?万)= (XI+II1I' YI怖い苅+1111'

YI+l11t). Thus， (x， Yうえ戸)is a purely periodic point related to T. 口

THEOREM 3.6. Let (x， y)εx n ¥f'. x is a quadratic irrational number， 

y εQ(x) and (x， y，x，y)εQ if and only if (x， y) is a purely periodic po的trelated 

to T， where for z εQ(x) z is an algebraic conjugαte of z related to Q(x)jQ. 

PROOF. The necessary condition of the theorem is proved in Lemma 3.5. Let 

us prove the sufficient condition. We assume that (x， y)εxn¥f' and (x，y) is a 

purely periodic point related to T. Then， it is not dif五cu1tto see that x is a 

quadratic irrational number and Y εQ(x). Using Theorem 3.1 and Lemma 3. 

we see t出ha抗t(いx，y，元，y到)εQ. 口

Following Lemma 3.7 is a well known result. 

LEMMA 3.7 (E. Galois). Let 0 < x < 1 be αquadratic irrational number 

and let x have purely periodic continued jトaction expαnsion. Then， 
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出品十日)= 0， 伽ψrZ E Q(X) z is an的…1.仰te01 Z related 

to Q(x)/Q. 
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PROOF. Let W = [0ぅ1)x (-∞，-1]. We define a transformation p on W as 

follows: for (x， y) E W 

if x手0，
¥
l
i
I
/
 

、、B
E

，，x
 

，Ja
E

、、
G
 

l
一V
J

、、E
E

，r
X
 

，，zs
、、α
 、、i
J

一
V〆

'
1
一V
A

、
X

，，E
E
E

‘、J
I
g
-

、

〆
f
1
2
2
'

〈、E
S
E
-

一一
、、B
S
'
'

V
J
 

X
 

/
t
t

、
A
Y
 if x = O. 

We see easily thatρis wel1 defined. Since x is reduced， x < ー 1(see [20]). 

Therefore， (x， x)εW. We see easily that pn(xぅ元)= (Xn+lぅ芯立). On the other 

h叫 fo玄関chinteger n > 0 (x叫一計告)ε W.We see for each integer n > 0 

( 仏仇似仰1ベμ(収川x
3一戸丙ωj一x叫一司王ア-an+l (x)) 

ェ(ぃ-叫)qn(x) 

Therefore， we h問 pnぺX2?-25j)=(ぃ一計る)wedemunt-rる
for each integer n > O. Then， we have 

阿古-unl 阿古-Un 
同五 -un+ll = 

阿古川 C 

同 -unl謡界 for

ロ
where C = min{1苓Ili= 1，2，.・.}.Therefore， we have 
each n > O. Since C> 1， we obtain the lemma. 

Let (x， y)εxn'P andたt(x， y) be a purely periodic point 

r凶elα似tedt川Oげ T.Th舵加e臼仇F

LEMMA 3.8. 

PROOF. We see easily that T is naturally extended to Q# = {Ql X 

cl(Q~ U Q~)} U (Q2 x cl(Q;)). We also denote it f. For each integer k註 1u叫k 

d伽e凶n加削O抗伽t臼防e郎S一岩告 a釦n凶d山 d伽eno榔t防防e岱S告号 F日i叫 W附e品伽O仰W 伽制t(切χぬ2，Y山7♂y力2，U州，U叫川1

and for n注 1Tn-1(X2，Y2，Ul，Vl) = (Xn+l，Yn+l，UnぅVn).We suppose b1 (xぅy)> O. 
Then， we see脳一誠 α1(x) a凶間=b1 (x， y). Since 0 < h (x， y) ~ 

GI(XJL we have(X2JL-217ト稔子)ε科 We叫 poseb1 (x， y)ニ O.Then， we 

see伽 t知」:OandY22j;-fFrom批 factωα1= l~J ， we 同

士-al社 -fTherefmwe Mve(九九一jiltj，築作品 Secondly，we 

suppose that for an integer k > 0 fk-l (X2， Y2， Ul， VI) = (Xk十1，Yk十1，Uk， Vk). Then， 
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we have去-ak+1 (x)エー岩手-ak+1 (x) = Uk十1.We suppose出叫ん十1(x， y) > 0 

Then， we have hk+1 (x， y)ートhk+1(x， y) +知ト Vk+l.Therefore， we have 

f(Xk+l'片山Uk，Vk)= (九十2，Yk十2，Uk+I， Vk+I)' We suppose that bk+1 (x， y) = O. 
Then. we ha と主 Bdx，y)-qk-I (x) BMhJ) UK Therefore， we have h ve uk z  qk(x) =寸芯γ= 十1.

T(Xk十1，Yk十1，Uk， Vk) = (Xk+2' Yk+2， Uk十1，内十1)'Thus， we have the proof of that for 

nミ 1fn-l (X2， Y2， UI， VI) = (Xn十I，Yn十1，Un， vn). Since for nミ 1fn-I (X2， Y2，丸万)

= (x畔 1，片山石立，万立).If bn十1(x， y) > 0， then we obtain 

一川一一川

内
二
川

町一一川

町
一
一
川

¥Vn¥¥巧訂 -Un¥ ， IVn一万+1<1一司11..，. ''1 + 
~ Iunll 芯 五十 同訂i

and if bn+1 (x， y) = 0， then we obtain 

(6) 

日一一
M

l
一日

(1 ， Ivnl¥同工1-Unl ， 1Vn一万+11~ ( 1 十 1~111-'fI~"1l 1 + 1. 1I1~~-IJ. (7) 
¥ IUnl) I 巧+1 阿古|

Since (un， Vn)εcl(Qi u Q~) フ 1;':1 豆 2 for each integer n > O. From the proof of 

Lemma 3.7， (6) and (7) we see that 

j巧 -uJi ， IVl一万|
IVn+1一万五i豆3(n-1)TF「十 cn-I

where C = min{1写11j=1，2，・・.}.Thus， we have the 1emma. 口

THEOREM 3.9. Let (x， y)ε[0，1 f be a periodic po的tof f. Then， 

r Yn万 τ(万一 1)(1-Yn) . __ A 1 '"¥ i lim qllqx -YII = min~ 一--==，一 ; n = 0， 1，2， . . . ( 
l Xn -Xn Xn -Xn 

where Ilxll = min{lm -xll m εZ}αndτ(U) = U fo r U > 0 andτ(U) =∞for U豆O.

PR∞'F. From Theorem 2.15 we have 

、，，，，x
 

oa 
n
y
 

P
T
A
 -m

∞
 

mい
1

・・g
A

= lim inf min{Bn(x， y)IBn(爪 y)X-An(x， y) -yl， r(Bn(x， y) -qn-l (x)) 

x I(Bn(X， y) -qn-l (x))x -(An(x， y)一品川(X，y)) -yl}. 
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Using Lemma 2.1 and Lemma 2.3 

Bn(xぅY)IBn(x，y)x -An(xぅy)-YI = Bn(xぅY)Yn十lXl・・ 'Xn

= Bn(xぅY)Yn十llqn-I(x)x -Pn-l (x)1 

Bn(X， Y)Yn十]

qn-I (川出十ぬ+1)

If bn(x， y) > 0， we have similarly 

(Bn(xぅy)-qn-l(χ))1 (Bn(xぅy)-qn-l (x))x -(An(xぅy) Pn-I (x)) -YI 

エ (Bn(x，y) -qnー 1(x))I( _1)n Yn+lXI ... Xn一 (qn-I(X)X -Pn-I (x))1 

= (Bn(x， y) -qn-I (X)) Iqn-l (X)X -Pn-I (x) 111 -Yn+11 

一(Bn(x，y) -qn-I (χ))11 -Yn+11 .. 
qn-l (x) 一品~

From Lemma 2.14 we note that if bn(x， y) > 0， Bn(爪 y)-qn-I (x)豆oand 

0<万訂<1. Using Lemma 3.7 and Lemma 3.8， we have Theorem 3.9. 口
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