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ENERGY 部室ETHODFOR NUMERICAL ANALYSIS 

By 
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Introduction 

"Energy Inequality" played an essential role in the study of partiaI di百er-

entiaI equations throughout 20-th century. Especially， it is a reliable paradigm 

that existence of solutions of a problem comes from energy inequality on its 

adjoint problem. 

Recently， we found that the energy method to prove existence of solutions 

involves the numerical method. ln other words， we can say that numerical 

approximation of solutions comes from energy inequalities on adjoint problems 

([1]， [2]). We wil1 state its summary in Chapter 1. ln Chapter 2， we consider non-

linear problems， where Sobolev's imbedding theorem in general type plays an 

essential role ([3]， [4]). Our proof of existence of solutions suggests a method of 

numerical approximation of solutions. 

Chapter 1. Numerical Approximation in Linear Case 

Let us consider a linear boundary value problem as follows. 

PROBLEM: To seek a solution u εL 2(0.) satisfying 

D
A
 

J'ss

、、
(Auド=j in 
t鳥号U=五 on r (υjEJ乃)， 

for given data {j， jj (jεJ)}， where 

(i) A is a linear partial di百erentialoperator of order m with smooth 

coe鼠cients，
(ii)βi is a linear partial differential operator of order j (jεJ) with smooth 

coe担cients， (J c {O， 1， .. . ) m -1} )， 
(iii) Q is a bounded domain in Rn with smooth boundary r， 
(iv) r is non-characteristic for {A， Bj (jεJ)}. 
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~ 1. Construction and Approximation of Solutions 

We can define the adjoint problem (P*) for the problem (P). 

ADJOINT PROBLEM: To seek v εL2(o.) satisfying 

(P*) 
( 灼ん=g 泊
五a容;tU7=め onr (j E Jつ

for given data {9，9j (jεJつ}

Let us assume the energy inequality 

(E*) 例区C(IIA*vll十乞ρ 仰向)(Vv E HM (0.)) 

holds. Then Hilbert Spαce Y'f is defined by the completion of HM (0.) by the 

nor立1

[V)2 = IIA*vIl2十乞jεpくafは

with inner product 

(v， w] = (A*v，A*w) +乞jEJ'くf!sj*v，f!s/w>巧

Then it holds HM(0.) c :it c L2(0.) and energy inequality (E*) means 

Ilvll壬C[v) (Vv E :it) 

For 1 εL2(0.)， let 

f: Y'tラVf-t (v，/)εC 

then 1 E :it'. In fact， we have 

l(v，/)1壬Ilvllll/ll壬CII/II[v].

Owing to Riesz' Theorem in :it， there exists wε:it such that 

(/， v) =【w，v】 (Vvε:it).

We say that w is a Riesz' fi町
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REMARK. For / εL2(Q)， define 

yf 3 V t-+ J[v] =【むf-2 Re(v，/) = [v)2 -(v，/) -(/， v)， 

then J takes minimal value iff v is a Riesz' function of / εL2(Q). 

THEOREM 1. Assume (E*). Let w be a Riesz' /unction 0/ / E L2(Q). Set 
u=A勺4らthenu εL2(Q) and u satisfies 

p
i
 

(du=fmQ 
Bju = 0 on r (j E J). 

Moreover， it holds 

Ilull壬CII/II.

We say that u εL2(Q) is a Yf-solution of (P) for /εL2(Q)， i百

{~w~仇(ヨW E Yf) 
[w，む)= (/，v) (VvεYf). 

We say that a subset {Vl， V2， • • .} in yf is a basis of Yf， iff a町 finitesubset of 
{Vl， V2，・・.}is linearly independent and the space spanned by {Vl， V21・・・}is dense 

in Yf. 

LEMMA 1.1. Let diam(Q) < an. Then 

{ exp(ia-1α . x) IαεZn} 

is a basis 0/ Yf. 

THEOREM 11. Assume (E*). Let {Vk (k=1，2，・)}beαbasis 0/ Yf. Let 
U E L 2 (Q) be a yf幽solutionザ (P).Set 
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where 

rN = (【vk， VS))k，s=1，2，...，N' 

Then it holds 

UN→ u (N →∞) in L2(Q). 
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PR∞F. ( 1) Let {v~ ， 比一} be Sch凶ffil油d白t'sorth削

m 必グ.Then， for any WεYf， it holds 

WN =乞1:;;ω [W，vk']vk'→ W in ;Yt'， 

owing to the theory of Fourier's series in Yf， where WN is represented as 

/ VI ¥ 

WN = ([w， VI]，..' ，[l竹内])iN
1I 
¥VN / 

(2) Especially， let Wε;Yt' be a Riesz' function of 1εL2(Q)， then we have 

[wぅV]= (1ぅV) (VvεYf)， 

therefore， we have 

[WぅVk]ここ (/，Vk) (k = 1，2ぃ・・)• 

Hence， we have 

WN=川

and 

WN →W in Yf. 

It is remarkable that WN is represented only by 1 and {VI， V2，・・・}， without w. 
(3) Let U be a ;Yt'-solution of (P)， that is， 

(Vu=仇 W

W おsa Ri詑eszど， function of 1εL2(Q) 

Then we have 

WN→ W in yf 

from (2)フ n町 eforeフ

where 

UN =A本町→ A*w= U in L2(Q)， 

/ A*vl¥ 

UN = A *WN = ((/， vt)ぃ・・，(1ぅ印))iN
1I 
¥A勺)NI 

ロ
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REMARK. Let YfN be the space spanned by {V]， V21・ぺ VN}， then it holds 

[WN， v]ニ (/，v) (VvεYfN)， 

that is， WN is a Riesz' function of 1 in YfN. Therefore 

(UN=川町地r)
[WN，V] = (/，v) (VvεXN)， 

which means that UN is a YfN-solution of (P) 

~ 2. Generalization 

In S 2， we assume 

(E*)μ "vllll豆C(IIA*vll十乞jEl*く写川 (VvEHM(0.)) (0豆任m)

Let yf b玩et批hes路ameone de 註伽ne吋din Sい1.(但E*司*刊《

11恥Ilvlい糾U川11μ 豆C[V斗] (Vv ε HM (0.))， 

therefore yf c Hμ(Q). 

and 

Let 1 εHーベQ)= (HO(Q))' i.e. 

1: HO(Q)ラ U日 (v，/)εC

l(v，/)1 
11/11-μ と sup ~一一

VE~~0.) IIvllμ 

Owing to Riesz' Theorem in H!:(0.)， there existsゆεHO(0.)uniquely for 

f εH-μ(0.): 

(v，/) =乞|仰

11/11-11 = (LII叫

Setlv=(-d)V仇 then

(v，/) = Llvl臼 ((-arv，lv) (VvεHOi(Q))， 

11/11-11 = (Llvl~IIII!v 112y/2 
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Let f εH一μ(0).Let f~ be an extension of f defined by 

f~ :Hμ(0)ラ V1-7 (v， f~) = Llv凶 ((-8rv，fv)εC，

then f~ ε (Hμ(0))'. Define 

__ l(v ， /~)1 
I/~L I1 = sup ~一一一
μ VEHベQ) 11川iμ'

then If~l-μ= 11/11-μ・Infact， since HO(O) c Hμ(0)， we have 

11/11-μ 壬 If~l-μ ・

On the other handフ wehave 

1Ljvj釘((-めらう!V)I
1/~1-11 = SUp ， "-"1 
μuεHμ(Q) IIvllμ 

壬(乞Ivl壬μMiry~if11-μ

Let 1εH-μ(0)フ thenf~ ε (Hμ(0))' ， Since yf c Hμ(0)， 

1~1 J't> : yf '3 V 1-7 (v， f~) =玄Iv凶((-8) Vv，fv)εC 

belongs to Yf'. In fact， 

l(v ， f~)1 壬(玄iviJ(-0)vuii2)lqzvidl刈 2)1/2 

= IIvll)l/ll_μ壬C[v]lIfll-w

Owing to Riesz' Theorem in yfフ thereexists W E yf such that 

where 

({WU)=(fv)日)
[w]壬Cllfll一戸

(/'¥v) = (v，/~)， 

We say that w is a Riesz' function of 1 εH-μ(0)， i百

[w， v] と (/~， の (Vv E Yf) 
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holds. We say that u is a .ff-solution of 

、、as''
D
i
 

(Au工 1 in 
t鳥鳥ちち;u= 0 on r (j ε J乃) 

for 1 εH-μ(D)， iff it holds 

{[~v~ハ(ヨW E.ff) 
[w， v] = (1¥v) (VVε.ff) 

REMARK. Let u be a .ff-solution of (P) for 1 εH一μ(D)，then 

{民V]= (1¥V) (Vvεf2>(D) ) 

holds， that is， 

(A*w，A*v) =乞Ivl副(ム(-df'v) (Vv E f2>(D))， 

that isフ

(u，A*v) = (/， v)， 1 = εIvl~ 1' dVj;， (Vvεf2>(D) ) 

The following Theorem l' and Theorem II' are the generalizations of 

Theorem 1 and Theorem II in 9 1. 

THEOREM 1'. As訓suロ悶um附?ηne犯e(伺E*)I'μ. The仰仇n爪1，t恥h恥加er陀eeαωωx却XI，ωiS山f臼S α .ffれれ向幽へイ叩so叩叫O
f εH一JぺD)and it holds 

Ilull壬CII/II_μ・

THEOREM II'. Assume (E*)w Let {Vk (k =仁2γ・・)}be a basis ol.ff. Let u 

be a .ff皿solution01 (P) lor 1 εHーベD).Set 

/A本v]¥

UN = ((1¥VI)，' • ・ぅ (/~， VN))rN1 I 
¥A*VN I 

where 

rN = (【Vk，Vs]h，s=I，2，...，N' 

Then it holds 

UN→u (N →∞)加 L2(D).
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Chapter 2. Numerical Approximation in NOIトIinerCase 

g 3. Sobolev's Imbedding Theorem 

SOBOLEV'S IMBEDDING TI-ffiOREM (See [3]). Let 

。<α<s<∞ヲー∞ <y， d <∞ぅ y-n/α註d-n/β 
Then 

and 

αnd 

wy，a(o) c Wd，s(O) 

IIUllwd，fJ(Q)豆CIIUII wy.a(Q) (V Uεwy，a(o)). 

COROLLARY. Let (n/2)(p -1)壬s(p，sεN). Then it holds 

L2jp(0) c H-S(O) 

IIUIIH-S(Q)壬CIIUIIL2!P(Q) (V U E L 2か(0))・

In factフ set

α= 2/p， s = 2う y=Oう 6=-s 

in Sobolev's Theorem. Since 

(y -n/α) -(6 -n/s) = (-np/2) -(-s -n/2) = s -(n/2)(p -1)ミ0，

we have 

IIUllwーは(Q)壬CII UII wO，2jp(Q)う

that is 

11 UIIH-s(Q)壬CIIUllu!P(Q)・

LEMMA 3.1. Assume that (n/2)(p -1)豆s(p，sεN). Then it holds 

lIuPII-s壬CllullP (VuεL2(D.)). 

In fact， let u εL2(0)， then U = uP εL2jp(0) and 

lIuPiI-s壬CllullP.
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LEMMA 3.2. Assume that (n/2) (p -1)壬s(p，s εN). Then it holds 

IluP一円I-s豆C(llull+ Ilvll)P-11Iu -vll ('iu， v εL2(Q)). 

PROOF. We have 

lIuP一円L壬ClluP-vP IIL2/p 

from Corollary. On the other hand， we have 

(11uP VPIIL1IP)2/
p 
= J luP -vPl2/p dxイI(u-v)(up-1十川十 十判川川+vp-I♂r戸P-川一-1)1内2砂か

壬JIトトトトiド仰μνトu-十卜t十十ト-一一イ-一-
p
 

，rF
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壬Cllu-vf/P(llull + IlvI1)2(P-I)/p. 

Hence we ha ve 

IluP一川I-s壬Cllu-vll (11ull十 Ilvll)P-l. 口

Let Q be a linear partial differential operator of order t (t豆μ).Let 
U E L2(Q) and let p satisfy 

(n/2)(p 1) + t豆μ?

then we have uP εH-(μーペQ)from Lemma 3.1. Let 

uP=LII凶 -tavuv 

lIuPII_(μーの=(玄Ivl壬μJ仏112y/2う

and set 

Q(uP)~ : Hμ(Q) :3 V I---t (vヲ Q(uP)~) = (Q*v， (uP)~). 

Then we have 
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Hence we have 
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(v， Q(UP)~) =乞|ゆ-t((-ar Q*V，仏)， 

I(v ぅ Q(uP)~)1 豆 Cllvll;J 1川 I P .

IQ(uP)~I_μ 壬 Cllull P .

~ 4. Successive Approximation (Case 1) 

In this section， we consider 

NON-LINEAR PROBLEM: To seek a Jt-solution uεL2(0.) of 

(Q-l ) 
(AhQ仲 1 in 
B鳥鳥戸u= 0 on r (υjεJめ) 

for given 1 εH-μ(0.)， where Q is a linear partial differe凶 aloperator of order t 
satisfying 

(nj2)(p -1) + t壬μ?

where a Jt -solution u εL2(0.) of (Q-l) for 1 εH-μ(0.) means 

{~w~ハ (3w E Jt) 
[w， v] = (Q(uP)~ + I~ ， の (Vv E Jt) 

THEOREM III. Assume (E*)μ. Then there exists a positive number 17 such that 

there exists α:Y't -solution u εL2(0.) 01 (Q-l) lor 1 εH-μ(0.) sati，めJing

11/11-μ壬刀P

Let us prove this by two methods， i.e. by a method of simple successive 

approximation and by a method of double successive approximation. 

SIMPLE SUCCESSlVE APPROXIMA TION: “Let Uo E L2(0.) be given. Let 
Uk E L2(0.) be a Jt-solution of 

(Q-l )k {~ー(uk_l)+ 1 in 
B鳥jU叫k= 0 on r (υjεJ乃) 

for 1 E H-μ(0.) (k = 1，2，.. .). Then Uk→ u in L2(n) and u is a Jt-solution of 
(Q-l) for 1 εH-p(n)." 
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PROOF ALONG THE L1NE OF SIMPLE SUCCESSlVE APPROXIMATION. 

(1) Let Uk-lεL2(o.). Then there exists a x-solution UkεL 2(0.) of (Q-l)k 

such that 

Ilukll壬C](IIUk-l 11_(μ-t) + 11/11-μ) . . .① 

from Theorem 1'. Since 

1/1ι1/1-(μ-t)豆C21Iuk-IIlP . .，② 
from Lemma 3.1， we have 

Ilukll壬C(lluk-IIIP十11/11-μ) . . .③ 

where C = max( C1 ， C1 C2). 

(2) Let ηbe a positive number satisfying 

2Cηp-l壬1 . . . (カ).

Let 

Iluoll壬ηぅ 11/11-μ 壬ηP，

then 

Iluk/I壬17 (kニ 1，2，• • .) 

In fact， assuming 

IIUk-III壬恥

we have 

Ilukll ~ 2CηP壬q

from ③. 

(3) {Uk (k = 1，2，. • .)} is a Cauchy sequence in L2(o.). In fact， setting 
Uk = Uk十1-Uk， Uk is a x-solution of 

{~j~仇)=叫 - Q(uk-l) in 
B鳥1目(Uk心)= 0 on r (υjεJめ). 

Therefore we have， 

IIVkl1壬C111uk-uk-111-(μ-t) ・・④

from Theorem 1'. On the other hand， we have 

IIUk -uk-l 11-(μ-t)壬C3(IIUkll+ lIuk-1 IIy-l IIuk -Uk-l" '"③ 
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from Lemma 3.2. Hence we have 

11叫 11豆C1C3(llukil + Iluk-111)Pー111Uk-lll壬C1C3(21])P-111 Uk-lll 

Let ηbe a positive number satisfying 

C1 C3 (21] V-1壬1/2 ... (交交)

in addi tion to (カ)， then we have 

IIUkl1壬2-
1
11Uk-111 

Hence we have 

IIUkll豆2-
k
llUo!l， 

which means that {ud is a Cauchy sequence in L2(Q). Let u be the limit of {Uk}. 

(4) u is ff-solution of (Q-l). In fact， since Uk is a ff四solutionof (Q-l)ゎ there

exists Wkε:!if such that 

(uk二二川
[Wわむ)ニ ((Q(Uf-1)+ f)~ ， の (υεff). 

Hence we have 

[Wk十1-Wk， v] = (Q(uf uf-l)~ ぅ v) (vεff)， 

therefore， 

[叫十1-Wk]2 = (Q(uf -uf_l)¥Wk+l -Wk)壬I(uf-uf-l )~I-(μ-1') 11叫十1-wkllμ? 

that is， 

[Wk+l一川〕壬 C111uf-Uf-lll-(μ-1') ・・・⑥

Hence we have 

【Wk十1-Wk] ~ 2-111uk -Uk-111 (壬2-kllUoll) 

from ③ and ⑥) which means that 

Wk→ W in ff. 

Now， let k →∞ m 

(uk=川
[Wkぅv]= ((Q(uf-l) + f)~ ， の (v ε ff) ，
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then we have 

(M1flv 
[w， v] = ((Q(uP)十1)¥v) (υε JIt). 口

DOUBLE SUCCESSlVE APPROXIMA TION: “Let 件。 εL2(Q) be given. Let 

UIεL2(Q) be a JIt-solution of 

(Q¥1) 1 {~血u叫一i
t鳥鳥わちf訓判u叫1=二o on r (υj ε J乃) 

Let rtjεL2(Q) belong to a neighborhood of UI in L2(Q). Successively， let 
UkεL 2(Q) be JIt-solution of 

(Q~-1)k {~ー(rþ~_I)+ 1 in 
t鳥号u叫k之 o on r (υjεJ乃)， 

and letめεL2(Q)belong to a neighborhood OfUkεL2(Q). We can choose {仇}
such that仇→ U.Then U is a JIt-solution of (Q-l)." 

PROOF ALONG THE LINE OF DOUBLE SUCCESSIVE APPROXIMATION. 

(1)' Let弘一1E L2(Q) be given， then there exists a JIt-solution UkεL2(Q) of 

(Q~ー l)k from Theorem 1'. Choose rtk satisfying 

11均一弘11壬2-kη，

where 17削 isfies(大)and (古古)

(2)' Let ηsatisfy 

4CηP一1.壬1 . . . (合古古)

in addition to (古)and (合合).Let 

IIOoll壬可， 11/11-μ壬17P.

Suppose thatれ-1εL2(Q) satisfy 

Ilrtk-111壬η，

then we have 

IIUkll壬2-1η.

Since 

Iluk -Okll ~ 2-kη豆2-1η (k=1，2，.・・)， 
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we have 

IIOkl1壬ヮ (k =上2ぃ・・)

(3)' Set Uk = Uk+1 -Uk， Uk is a Yl'-solution of 

{~j( 叫) = Qゆ悦1) in 
t烏烏号引(~叫k) = 0 0∞nr(υj ε Jめ).

Hence we have 

IIUkl1 壬C111Of-Of-J 11-(μ-t) ・・・④F

from Theorem 1 '. Since 

IIOf -Of-111-(μ-t)壬C3(11仇11+ IIOk-11I)p-11IOk -Ok-111 . . . . . .③I 

from Lemma 3.2， we have 

11Uk11豆2-
111仇一九一111.

Now， since 

11砂川-Okll ~ 11Ok+1一叫十1¥1+ 11叫+1 uk11 + 11uk -Ok11 

壬2-k-1η十2-111Ok一九一111+2-kη壬2-111仇-Ok-Iil + 2一(k-J)りう

we have 

ilOk十1-Okll ~ 2-k11O1一向11十k2-(k-l)恥

which means that 

Uk，Ok→ U in L 2(0.). 

It is proved， analogously as in (4)， that U is a Yl'-solution of (Q・1).口

S 5. Successive Approximation (Case 2) 

In this section， we consider 

NON-LINER PROBLEM: To seek a Yl'-solution U εHP'(o.) of 

(Q-2) {~血U= Q町 m
B片U= 0 on r (υjεJ乃) 

for given jεH-(μ-Jぺ
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Q[u] =玄d¥ln¥l[u]，

where 

πv[u] = 乞乞 c帆

and (n/2)(p -1)壬μ一μI-t. 

Before saying details， we will prepare some lemmas. Let p， h(孟2)be integers， 

then it is obvious that 

(Ul + U2 + ... + Uh)P = ア ~-IFï(ud叶U2)P2. . . (Uh)叫
PI十P2+'::+PIr=PlPl !P2! . . . Ph! J 

therefore 

(αIUl +α2U2 +・・・+αhUh)P

= γ (刷α町刈1け1)PI戸p列勺1
p円1十p円2r1pmJh1戸z叩P lP円1!P2引!"'P内h! J 

Conversely， we have 

LEMMA 5.1. Let p， h(詮2)be integers and 

αl(t)=I，αk十I(t) = t叫(t)P (k= 1，...，h). 

Then there exist {t 1 ， t2，・・・，tN}αnd {Cl，C2，・・・ぅCN}such that 

(J!!(川 μ的2)P2
Plト!P2子!..'Ph! ) 

and 

Vk =α1 (九)UI+α2 (tk)U2十十αh(tk)Uh，

where N is a number of combination (Pl， P2， . . . ，Ph) satisfying 

Pl十P2+ . . . + Ph = P (Pk: n01問 egativeinteger). 

PROOF. Let us prove that the linear system 

れ=乞 (α1(tk) )PI (的(tk))P2...(lXh(tk))Ph UP1P2判 (k= 1，2， " . ，N) 
Pl+P2+・・・十PIr=P
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can be solved with respect to {Up1P2・Ph(Pl十P2十・・十Phニ p)}， choosing 

{tl) t2， ・ぅtN}suitably. Since N is the number of combinations (p2，...， Ph) 

satisfying P2 +・・・+Ph壬p，where Pl = P -(P2十・・・十Ph).Set 

九2'''Ph Up山内 (pl = P -(p2十・・+Ph))， 

Cpz-"Ph (t) =怖い))P2・ー(αh(t))PI:¥ 

and moreover 

ZI = WO，O，ー，0， Z2 = WI，O，...，Oぅ Z3 = W2，0，・，0ぅ ・・・ Zp十1= Wp，O，...，O， 

Zp十2= WO，I，O，...，o， Zp+3 = Wl，I，O，ル ・・ Z2p十1= Wp-l，I，O，...，o， 

Z2p十2=砕い，0，...，0， Z2p十3= WI，2，0，...，0ぅ ・ぺ Z3p = W;ヮー2，2，0，...，0ぅ

? 

Dl = CO、0，...，0， D2 = C1，0，...，0， D3 = C2，0，.・，0， ・・・ Dp+l= Cp，o，...，oぅ

Dp十2= CO，I，O，...，oヲ Dp十3= C1，1，0，...，0ぅ ・ぅ D2p十1= Cp-l， 1，0，...，0， 

D2p十2= CO，2，0，...，0ぅ D2p+3 = CI，2，O，...，0， ・・・ D3p= Cp-2，2，0，...，0ぅ

Then the above system become 

乃=乞i壬凶 Dj(恥)弓 (k = 1，2，.. . ，N) 

By the definition of 叫(t)フ wehave 

Dj==I4117 

where 

o = s( 1) < s(2) < ・・・ <s(N). 

Hence， choosing 1 < tl < t2 <・・・ <tN suitablyうtheabove system can be solvable 

wIth respect to {弓}.口

then 

LEMMA 5ユ Let(n/2)(p -1)壬s.Suppose thαt 

Ul，U2ぅ・・・ ，upεL2(0)， 

IIU1U2・・・upll_s壬C(lIl川l十 11いU2汁11+...+ Iluり'pll)p.
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PROOF. For U}) U2ぃ・ .，UpεL
2
(0.)， set 

Vkニ α1(tk)Ul十α2(tk)U2十・・・十α:p(tk)UpεL
2
(0.)，

IIVkl1豆C(!!ullI+ IIU211十・・十 l!up!I)，

where {町(td}are given in Lemma 5.1. Hence we have 

VfεH-S(0.)， IIvfll-s壬CllvkllP

from Lemma 3.1. Owing to Lemma 5.1， we have 

UIU2・・・ UpεH
づ (0.)
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11伊何阿IUlu2叫削仇]同向u的2"'U竹削引pババ11-一-5~ C2ε二k IIvfド伊ばvf山引札Jイ引れf引山礼11-仁一s 壬C'(2乞二二k11山11μi拘同川川川υ山川叫川kババII)Pゲ)P壬C'て'(2ε二二ン訓=kllz川p 口

LEMMA 5.3. Le t (n /2) (p -1)壬S. Then 

lIu叫削仇i仰向u的2 均い一寸U町lVη2 り引11一J豆訂斗吋Cベ小(←lい川十べ(ε乙Uひk11川11伽lIuk同凶u叫川山kバ|

(VU叫kうU内kεL2刊(0.)リ) 

PROOF. We have 

IIUIU2・・・ Up- VI V2 ・・ • vpll_s壬ClluIU2・..up -Vl V2 ・・ • vpllL2!P 

from Corol1ary. On the other hand， we have 

= JILk UIU2'" Uk-l (Uk - Vk)川 k+24~

歪C 乞乙kJ 1 い kバk12/門州12/内門門2ν幼川判/か竹刊pぺ勺(1伽IU同川附u叫川附lバ巾iい+...+叶|川 Vl巾iい+...+叶州刑瑚州|い同IVpl)り引州pバIpl)り)2(p一i仰)ν)/pかp

壬C ε乙k(J1μト|拘同叶u叫十一…k-円一→叫U内叫山kl2dx切命rUCIU削川Iリ1+...+什吋明刑i似同附u吟刷!pl川川川刊+判吋刑州Iv同川U町州l川1+十 +什吋i同阿り引iμ }'P-l) か

話C'(2二kIluk一時11)竹工k11的11+乙IIvkll)山)か 口
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Now we come back to the non-linear problem (Q-2)， under the assumption 

(E*)μ Ilvl1/A ~ C(I1A*vll +乞I}EJ'くめ〉句) (VvεHM(0.)) 

(0 壬 μ~ m). Moreover， we assume (A)fl' (0豆μ，<三μ).

AoDITIONAL ASSUMPTION. A J't'-solution u of (P) for fεH-(げ )(0)
satisfies 

(A)μJ 11u11μJ壬C11f11-(μ一μ')・

Let us consider a :If -solution u εHμ(0) of non-linear problem 

r Au = Q[u] + f in 0 
(Q-2) ~ 

lBj・u= 0 on r (jεJ) 

for f εH一(μ-fl')(0)， where (nj2)(p -1)豆μ一〆-t.
What is :If-solution u E Hμ1 (0) of (Q-2) for f E H-(μ一μ')(O)? Since 

(nj2)(p-l)壬μ一μ，-t， 

we have 

(8s1u)ぃ・，(8s，切)εL2(0) (Iskl豆μ'). 

Hence we have 

11 (8s1u) ・・ (8shu)II_(μ一〆-t')壬 C(lIullu，)h

from Lemma 5.2， therefore， 

11πv[u]II_(μ一μ'-t)壬C{(llullμ，)2十(lIullfl')P}. 

Hence we have 

πv[u]~ ε (Hfl-〆-t(0))'. 

Moreoverヲ wedetine 

Q[u] ~ : H/A-/A' (0) :3 V f--+ (v， Q[u]~) =乞((-8) v v， 1lv[u]~) 

and we define :If -solution u εHμ， (0.) of (Q・.2)for fεH-(μ一μ')(0)by 

(u=hwear  
[w， v] = (Q[u]~ + f~ ， v) (V V E :If). 
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T田 OREMIV. Assume (E*)Ji and (A)，u' (0豆μ壬m，O壬μf壬μ).Then there 
exists a positive number ηsuch that there exists a :It‘so/ution u εHJi'(11) lor 

IEH-(μ-，/) (11)， sati.めJIng11/11-(μ一μ')壬η.

Theorem IV is proved analogously to Theorem III， by using Lemma 5.2 and 

Lemma 5.3. 

Appendix 

In S 2， we considered a generalized linear boundary value problem: 

{~血u=j 白
t鳥わいu立 o (υj ε Jめ)on r 

for 1 ε H 一叩μ(11) (仰0壬μ 壬mη'1)， where 

、、SS
F
'
'

D且，，as
、、

A= 乞i拍11 仏(χ)ò~ ， 仰)εC∞ (ñ) ，

島 2 乞11'1壬jbjv(x)0;(jεJ)，ん(x)εC∞(r)

(r is non-characteristic for {A， Bj} ). 

We proved the existence of a :It-solution of (P). We also proved that a :Y't-
solution of (P) satisfies Au = 1 in 11. Does a :It -solution of (P) satisfy鳥u=O
(jεJ) on r? Here， in Appendix， we wi1l see “yes" if orders of boundary operators 

are less than m -μ， that isフ Jc{O，I，・・・ヲm-l-μ}i.e. {OうL・・・?μ-1} c J¥ 
where 

JCUJ = {O， 1，... ，m -1}， JcnJ = ljJ， 

J*ェ {j1 m -1 -j εJC}. 

Relating to (P)， there exist linear differential operators {is/ (j = 

0，1，・・・，m-1)} of order {j} such that r is norトcharacteristicfor is/ and the 
following Theorem holds. The adjoint problem is defined by 

( f山んU戸=9 in 

is容jff1Uj=防 (υjεJ*つ)on r (P*) 

T田 OREM (Green's Theorem). Let u εL2(11)， Au = 1 εH-μ(11) (0壬
μ壬m)，then 

く(d/ dn)kulr) -k-m+l/2壬C(lIull十 11/11-μ) (k = 0ぅ1，・・・，m-l μ)
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(f~ ， v) -(μv) =-乞'jEJくBjulr，勾引vlr)

(VvεH2ぺ
where n = n( x) is the unit outer normal at x on r and 

f=~lvl豆μ(ðrム Ilfll~μ= 乞Ivl-& f!11川 2う

(f~ ， v) 己 ~IVI 壬μ(ム (-d)νv) 

Let u be a ff国solution，then u = A * w (ヨW E ff) satisfies 

(u，A*v)十玄jεrくfA]W，fAj*山 =(f~ ， v) (Vvεff)ぅ

therefore， we have 

(u，A*v) = (f~ ， の (Vv E H2m(0.)， fA]vlr = 0 (jεJ*)) 

Hence， from Green's Theorem， we have 

~jEJ くBjul r ， fÃl~_l_j汁) = 0 (VV E H2m(0.)，め Ir= 0 (jε円

which means that Bj川r= 0 (j E J). 
Hereafter， we prove Green's Theorem， where 

0. = R~ = (0，∞) X RI1-1 = {(xぅy)1 x > 0ヲyεRn-l}， r= {X=O} x Rn-l. 

The proof is composed of Lemma A.l， Lemma A.2， and Lemma A.3. We use 

notahons: 

(川1り A=ε 凶 -&m am炉川川ηト門刈一づイjバ(dんωx)J孔j人7 匂= 玄LIい川陥陶v川将悩l出凶豆記dj戸α町匂めjρμ刈v
A'=乞胎匂'-&壬印-&m(一0ιωωJJ)j4ι一ρ 4=乞Ivl-&J(一旬、以y)，

where ao = abニ 1，

(2) u E r!O' (R~) : v E r!Ø (R~) →くUうのう U εr!O'(Rn-l) : V E r!O(Rn-l)→く仏v)y-

Let u ε L2(R~). Let v εC∞([0，∞) X RI1ー1)have a bounded support and let 

ゆεr!O(0，∞)， then v(x， y)ゆ(x) ε E&(R~) and 



where 

Set 
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= εL伍j;?''''( U占?ε乞~O~k臼凶出凶壬計釘k凶凶壬釘j(~か)(←凶川一-axιωザx)

=壬ε…((μ 乞L凶j~m ({) 川一ぺ川川礼凡川αι4ι仏;ムんん1ト門一づ判ぺj戸川Uり)¥レト¥，(-0←M一-axザ川0んωω山x)k訓)k向k匂9令} 
:玄凶:$/11くく川吋v)y，(-ax)匂)x，

Pk=~伝j針。三}ザ

くAu，v)y = :2二山山Ja)Jkくu，P川

then we have 

くAU，1ゆ)=くくAu，v)yヲゆ)x'

Let J ε H-μ(R~) be 

J= εo壬
then 

叫〉 ニε0 計災勾壬臼μ江匂凶山いj厄風壬臼よμ乞乞Llvl~い川悩凶ルUバ恒仰叶i出凶断歪臼仕釘」μF川一づベjべ(ü刷
ニε0釘 μくFk[v]， (-ax)匂)x，

where 

Set 

九刊肋州伊同v]= εLk~j恒凶jよ|い川附V川恒悩i怪凶壬臼釘Jμr川一づベjべ(i)句仏体ωv，バ?ベ(川一
IIFkバ[v]llvいv判l吋(仰0，刈刈∞叫)壬C引CIIJII_一Jμflllvl川lいM川U川叶Ilfl|じμ 

くJ，V)y =玄。壬凶(ax)kFk[V]， 
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then we have 

くf，ゆ)=くくf，v)yうゆ)X'

Hence， if Au = f holds for u ε L2(R~) and f ε H-μ(R~) ， it holds 

(*) LO~k~m(8x)k(くu ， P，川均一九) = 0 in ダ (0刈)(Vv ε Hm(R~)) ぅ

denoting Fk[V] = 0 (μ 十 l壬k壬m).

LEMMA A.l. Let u ε L2(R~) sati功}Au=1 ε H-μ(R~) フ where

f= 玄間豆μ 乞|山一j(Ex)j(Oy)vふふ ε L2(R~)

Let v E H2m(R~) Sαtisfy supp[v] cこか壬 l}.Then 
(i) (ん)Jく民V)yis absoh山lycontinuous in (0，1) αn 

SUPO<x<11(8x)Jくu，v)yl + 11 (8x)j+1くu，V )yIlLI(O， 1) 

壬C(什lIu州11+ 11/11-一一づ叫白白崎崎‘-白

holds for 0 ~ j 壬m-l-μ〉

(ii) (8x)Jくu，のy一色[V]isαbsolutely continuous in (0，1) and 

SUPO<xくd(ん)Jく民む)y-φ)[v]1壬C(lIull+ IIAull_μ)llvllm十j

holds for m-μ壬j~ m， where 

久[v]= -<1う-dP1V]-争j-2[P2V]-・・ー①m-μ[PJ-m+μv]

十(8x)/-m+μFp[v]+・・・十 (8x)F_j+m十dV]十F_J+m[v] (m-μ壬j壬m)

l.e. 

φm-μ[v] =凡[v]ヲ

φm-μ+dV]ニ-<Tmーμ[PlvJ + (8x)Fp[v] + Fp-l [v]， 

φm-μ十2[VJ= -<Tm-μ十1[P1V)一札げ[P2V]+ (8x)2 Fp[v]十(8x)Fp-l[V]十九ーが]，

①m [v] = -<Tm-dP1 v] -φm-2[P2V] - ・-φm-μ[Ppv]，

十(8x)μFp[v]+ (8x)μ-1凡-dv]十・・+(8x)FI [V]十九[V]
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PR∞'F. (i) Denoting Fk = Fk(υ]， set 

gs =乞似合(ox)k(ο./，Ps-kV)y Fm-s+ 

l.e. 

gO =くu，v)yーん … 回

gl = (ox)(くu，V)yーん)+ (くUぅP1V)y一凡l-d ......[IJ 

g2 = (ox)2(くu，V)y -Fm) + (ん)(くu，P1のy-Fm-1) + (くu，P2V)y -Fm-2) . . . . . .回

gm-I = (ox)m-l(くu，のy-Fm) + (Ox)m-2(く民PlV)y -~n- J) 

+・+(くU，Pm-1のy-FJ) 

o = (OX)'11 (く仏む)y-~n) + (ox)'n-l (く仏P1ゆy-Fn川)

+・・・十(くu，P川))y-Fo) 

Eヨ

• • @I] 

l.e. 

go =く民V)y-~11 

gl = (ん)gO+ (く仏Plのy-~n-l) 

g2 = (Ox)gl + (く仏P2V)y-~n-2) 

回

町

町

gm-I = (Ox)gm-2 + (く民Pm-1V)y-Ft) 

。=(ん)gm-I+ (くU，PmV)y -Fo) 

区ヨf
• .四

From @I]'， we have 

(Ox)gm-l =一(くU，PmV)y -Fo)， 

11くu，PmV)y-Follv(o，l)壬C(lIull+ 11/11-μ)lIvllm' 

therefore， gm-I is absolutely continuous in (0う1)and it holds 

sUPO<x<dgm-ll + 11 (ん)gm-lI1LI(O，I)壬C(llull+ 11/11-μ)lIvllm 

Step by step， from巨二]''"田"we have "gs is ab叫 utelycontinuous in (0，1) and 
it holds 
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SUPOくx<!lgsl+ 11 (ん)gsllv(0，1) 壬C(llull十11/11-μ)llvllm (s = 0， 1，・・・ぅm-1)" 

(i-2) Since 九=O(μ+1壬S壬m)，we have 

gO =くu，v)y 

gl = (dx)くu，v)y十くu，P1のy

g2 = (dx)2くu)のy+ (dx)く民P1v)y十く民P2v)y

町

山

市

山

町

凶

gm-μ一1= (dx)'n-μ-1く仏v)y十(dx)'nーμー2く仏P1v)y

十・・・十くu，Pm-μ-IV)y • • • • • • 

From回フ wehave go =くu，刈， therefore we have 

くu，v)y: abs. cont. in (0，1)， 

SUPo<x<11く仏v)yl+ II(ん)くu，v)yllv(o，l) ;壬C(lIull+ 11/11-μ)llvllnJl 

therefore we have 

くu，lうυ)y:abs. cont. in ゅうり?

SUpoくxくI1くu，Pjv)yl + 11 (dx)くu，Pjv)yllv(o， 1)豆C(llull+ 1I/1I-，，)llvlln吋・

Now， we have 

(dx)く仏V)y= gl -くu，P1V)y

from目， we have 

(ん)くu，V)y: abs. cont. in (0， 1)， 

SUPo<x<ll(ox)くu，のyl+ II(dx)2くu，V )y//LI (0，1)壬C(//u/l十//111-μ)/lvllm+l'

therefore we have 

SUpoくXくIi(dx)くu，Pjv)yl + 1/(ん)2くu，PjV )yI/Ll(O， 1) 

豆C(I/ul/+ 11111-μ) IIv//m+1+j. 

Step by step， from図"'1m-μ-11，we have “(dxrくu，v)y is ab叫 utelycontinuous 
in (0，1)， and it holds 
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suPOくXくII(oxrくu，v)yl十 11(ox)叶 lくu，v)yIILI(O， 1) 
豆C(llull+ 1I/11-/1)llvlIl11付 (s = 0，1，・・・，m-μ-1)." 

From Eヨ wehave 
(oxr印くuうじ)y一九[υ]

ェ gl11ーμ一((OX)111ーμ一lく民P1V)y十・・・ +(ox)くU'PI11ーμー1V)y十くU，Pm-j1V)y)， 

thereforeう wehave 

(ん)111ーμくU，のy一φ111-μ[V]:abs. cont. in (0，1)， 

where 

争111-μ[V]= FJ1[v]， 

From 1mー μ十 11，we have 

gl11ーμ+1ここ (ん)111μ十lくu，V>V十{(ん)111-μく民P1V>Vー φn印 [P1V])十①111-μ[P1V]

十(OX)'l1ーμ一lく民P2V)y十・ 十(OX)2く仏Pm-μ-IV))'

十(ん)(くu，Pm-μV)y-~i[V]) + (<uぅPm-μ+IV)y-FJ1-dv])， 

therefore， we have 

(oxr印十iくu，v)y -φ111-μ+1 [v]: abs. cont. in (0，1)ぅ

where 

争m-J.i十dv]=ー φm-μ[P1V]+ (ox)FJ1[v] + FJ1-dv]. 

From Im μ+21， we have 

gl11-μ十2= (ox)'n-μ+2く仏む)y

+ {(ん)111一件lく民P1V)yー φ111-μ+dP1v])十 φ111-μ+dP1V]

十 {(ox)m-μくu，P2V)y -φ111-μ[P2V])十 φmーμ[P2V]

+ (ox)m-μ-1く凡P3v)y十・・・+(Ox) 3く仏Pmーμ-IV)y

十(Ox)2(くu，PI11-μU〉y-Fμ[v])+ ・・十(くu，Pmーμ+2V)y-F/1-2[V])， 

therefore， we have 

(ox) 111ーμ+2くu，のy一 φmーμ+2[V]:abs. cont. in ゅう1)， 
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where 

争mーμ+2[V]= -φm-μ十J(P1V]-争m-p[P2V]+ (Ox)2九[v]+ (Ox)Fp-l [v]十九一2[V]，

In the same way， setting 

φJ[υ] =-φj-l [PjvJ一勧-2[P2V]-・・ーφm-p[Pj-m十戸]

十 (ox)J-m+μFμ[v]+・・ +(ん)F_J十m+liu]+F-j十m[V]，

we have 

(ox)lくu，のy φ)[vJ: abs. cont. in (0， 1) (m-μ壬j壬m). 口

LEIBNIZ' FORMULA. Let u ε L2(R~) and let v ε H2m(R~) ， then it holds 

く川

十べ4引(;ω;)川仏川叶山(トM一-oιωXJf)戸)J-介μ一-2ν 十川+(oxθ仏BんX川 7グV)λy 円 1，...，m)， ? 

therefore it holds 

Wく川)y=く川附({ω叫仙{)かか)<いくα(ox)J-

十べ4引Gω;)<(dx)J川 x)2ム山内2V匂2V)yの均)y+ 十く民(ox州 日仁 川)
LEMMA A.2. Let u ε L2(R~) sati砂 Au=1 ε H-μ(R~). Letゅうy)ε

H2m(R~) satisjjJ supp[v] c {x壬1}.Then 
(i)く(ん)Ju，v)y:αbs. cont. in (0， 1) 

(く(ん)Julx=o，s(y))y :=く(ん)lu，s(y))y Ix=+o)， 

sUPO<xくdく(ん)J仏v)yl壬C(llull十 11/11-μ)llvllm+Jう

く(ん)Ju，v)ylx=o = ((ん)Julx=o， v(O， y) )y， 

く(ん)Julx=o)-m-J十1/2壬C(llull十11/11-μ)

lor j = 0， 1，・・・，m-μ-1，
(ii)く(ん)Ju，のy-'Pj[v]:αbs. co則的 (0，1)，

{く(ん)ju，めy-'PJ[v]}Ix=o =く(ん)Julx=::o，v(O， Y))y -'Pj[v(O， y)] 
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lor j = m-μγ ・・ ，n1， 
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PROOF. (i) From Leibniz' formula and Lemma A.l， we have 

suPOくXく11く(ん)}u，v)yl+II(ん)く(ん)}u，v)yllL1(O， 1)壬C(IIull十11/11-μ)IIvllm+) 

(VV ε H2111(R~) ， SUpp[V] (二 {x壬1}) 

for j = 0， 1，・・・ぅm-μ-1. Set v(x， y) = v(O， y) + xw(爪y)，then we have 

く(ん)}u，V)y=く(ん)}u，v(OぅY))y+く(ん)}u，xw(x， Y))y 

z く(ん)}u，v(O， Y))y + xく(ん)}u，川x，y))y・

Since there exists a map 

E : Hm+)-1/2(Rn-l) :1 s I---t (Es)(x， y) ε Hm十J(R~J

satisfying supp[Es] c {x壬1}，(Es)(Oぅy)=戸(y)and 

IIEsII附)~ Cくs)m十)-1/2'

we have 

1<く(伊Cιω)J}u川/1じじ」ιx芹亦γ可Y下下可Y下下作:戸戸
壬C(II同川川u判州11十11/11-一づザJμfl)IIEs向削"しm附?ηI+k豆C(IIz川-tll十11/11-一μfl) くs)m+ザj一-1/ρ2.

(ii) From Leibniz' Fonnula and Lemma A.1， we have 

く(んrげ仏V)y-φmづいi

=れん)m-
fl
く川)y- φm-Jl [V]} 一 {c~ つく(ax)什l叫ん)V)y

十 (m~ Jl)く(ax)'11ーμ旬丸山)y十 十川X)'11一切Y}:伽叩 m川?

that is， 

く(ax)'l1-μu， v)y -'I'm-μ[V]: abs. cont. in (0，1)ぅ
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where ¥f'm-μ[V]と φm-p[V].Next， we have 

川 1叫 V)y ー ( φ丸丸ιm昨門…ηト円刊一づ判μ附州刈十什川訓lぺ制i糾4ト一(m-ト一 ~ + 1)'1'巴丸札札mル川m-p[(Oト印一づμ

=ペ{州mづサ叫十什i川 一φm刊川川一づサ判叫μ附州川十什叶iぺ巾州[い例附V]引小]リト}ト一(m 一~+ 1) 
x {く(ox)'nーμ民(Ox)V)y-¥f'm-p[(Ox)v]} 

J (m-μ十 1¥ /fe1 ¥m-.u-L fe1 ¥2¥. ， (m-μ十 l¥-1 (Ifl-;Tl)く(Ox)m十 IUぅ(ん)2均十('"-~ T 1 ) く(ox)m-ll-2叫ん)3均

十十くu，附叫)y}: abs. cont山)ヲ

that is， 

く(ん)111-μ+lUうりy-¥f'm-μ十1[v]: abs. cont. inゅう 1)， 

where 
(m  -μ十 1¥ 

¥f'm一件I[V]=①n印十dV]-~... ~ I ~ )¥f'I11-P[(OX)v] 

In the same way， we have 

くÒ~u ， のy -¥f'j[v]: abs. cont. in (0，1)ぅ

where 'l'j[v] is defi即 dby 

何V] = 'Pj[v] + (D 叫引川-J[(O仇(伊仏州0ιx
十.一..十(. ) ) 'l'mη1ト l[(伊0ιωx)J一→-n

¥j一m十 μJ

Now， set v(x， y) = v(O， y)十xw(爪y)，then we have 

く(ん)ju，v)y -'l'j[v] = {く(ん)Ju，VゅうY))y-'l'j[v(Oぅy)]}十x{く(ん)'u，w)y -'Pj[w]}， 

therefore we have 

{く(O:，JJU， v)y一民[v])Ix=+o = {く(Ox)Juぅv(O，Y))y -¥f'j[v(O， y)]}lx=十0・ 口

{A;} AND {ψ. Set 

A;=乞j計(ーん)k一句 (k = 0， 1，... ，m)， 
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that is， 

A;=乞ω(;:;:()町/円

LEMMA A.3. Let u E L2(R~) sati功JAu = f E H-μ(R~). Let v E H2m(R~) 

satisfy SUpp(v] c {x壬1}. Then it holds 

くj¥v)一く仏A'v)

= -{{く(ん)m-1u，V)y -'1'/11-1 [v]}lx=o十{く(んr叫 u，Aiv)y-'Pm-2[A;v)}lx=o 
十一 +{く(ん)m一句， A~_lV)y -'Pn印 (A~_lV]}lx=o 

十{く(Ox)m-rluj;u〉yixzO十・・・+くu，AムーIV ) y I x=O }} ) 

where 

山
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Espe即ωci的αIIかywゲJhen1バ)¥x戸=0= (3ιωJtυ司)¥λx=o= ... = (3ιλx 

くJ~\う v) 一くu仏， A'、v) =一{く(3んωXJJ)yPnmFη1ト一μ一1弘lμ1，A;lV))λ川ylじx=o十. 十くu，A~1-1 v)ylx=o}・

PROOF. Since 

くAu，v)y一くu，A'v)y 

=(ん){く(3x)I11-1民υ)y十く(ん)FF1-2uj;υ)y十・ 十くu，A:1叶 v)y}

and 

くAu，v)y =くJ，v)y = (3x)1< F;μ[v] + (3x )p-l F;μ-1[V]十・・十九[v]，

we have 

Fo[v] -くu，A'v)y 

Since 

エ(ん){{く(んrバ民v)y-\f'111-dv]) 十{く(ん)m-2u ， A~v)y -¥}Im-2[Aiv]} 

十・・十{く (3x )mーμ民 A~_Iv)y -\}Im-μ [A~_IV]) 

十{く(ん)11印ーlU，A~v)y 十・・十くu ， A:nー 1V)y} 

十{¥f'm-I[v] +守m-2[Aiv]十・・ 十 \f'm-μ [A~_Iv]} 

-{(3x)1< 

φ111-I[V] +φ111-2[P1V] + ・十φ11げ十I[Pμ-2V]十①Iηーμ[P，μ-lV]

ニ (3x)μ-lFμ[v]+(3x)μ-2Fp_1[v]+ ・+(3x)F2[V] + FJ[v] 

from the definition of {φj}， we have 

Fo[v]ーく民A'v)y

ニ(ん){{く(ん)111-1仏V)y-¥f'm-l [V]} 十{く (3x)m-2仏 A~V)y -\f'111-2[A~ v]) 

十一十{く(ん)m-μ仏 A~_lV)y -\}I111ーμ [A~_lv]} 

十{く(ん)11げ-iuj;υ)y 十・・・十くU ， A~1_1V)y}

十{¥}I，げー1[v] + ¥f'm-2[Ai V] + ・・・十 \}Im-1< [A~-lv]} 

-{φ111-1[V] +φm-2[P1V]十・・・十φ111-μ[Pμ_1v]}} 
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From the definition of {民}， we have 

φm-l[V]十争m-2[P1V]十 ・十φm-μ[Pμー1v] 

={丸一dv] 十 (m~ 1)叫ん)υ] 十 (m~1)川川(

+ 十 ( 7 : J )片トM守吹巴札九m昨?ηト1トJ一づμ
十 (m~ 乍トベ4[山IV司l 十 十(7:;)丸一μ[(dx)叫 l}
十一 +'Pm-μ[PμーIV]

ェ'Pm-l[v]十'Pm-2[A1 v]十'Pm-3[A2v]十・・・十'Pm-，u[A，u-1v]. 

Hence we have 

Fo[v] -く仏A'v)y

立(ん){{く(dX)'I1-
I
U，州y一、1'm-1[v])十{く(ðx)'1J一弘 A~v))' -'Pm-2[A~v]} 

十 ・十{く(ん)111ーμu，A;.l_1 V)y -'Pmーμ [A~_Iv]} 

十{く(ん)m-μ-1147Ajtめy 十・・十〈仏 A~l_IV))'}}. 

From Lemma A.2， we have 

くf¥v)-く仏A'v)

=-{{く(ん)m-M，u〉y-VFト dv]}lx=o+ {く(ん )111-2仏 A~v)y- 'P，η-2[A~v]}lx=o 

十一+{く(んr印 U，A~_I v)y -'Pm-μ[A ;1-1 v]} Ix=o 
十{く(ん)111-μ-1u， A~v))'lx=o 十 ・・+く民 A~l_1v)ylx=o}}， 

by integrating both sides of the above equality with respect to x in (0，1). 

Especially when vlx=o = (ん)vlx=oニ・・・=(ん)μ一Ivlx=o= 0， we have 

く/¥v)一くu，A'v)=-{く(ん)11

AOJOINT BOUNOARY OPERATORS. 

Adding {鳥=(ん)J(JεjC)} to boundary operators {βi(Jεj)}， we have 
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収=正jk(y，dy) =乞|悩
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Since J c {O， 1γ..，m-1-μ}， the above equalities are specialized as follows. 
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bm-μ-1 0 11げ μー1 I 一μ-1mーμ-1 I I ~ux 
O bmーμ-20 bm-Jl-2 m-Jl-2 I I (ox)m-μ-2 

O 
一μ-2mーμ-2 I I ~UX 

。 O boo 

i (ん1-1。
Bm-2 

Bm-μ 

白川町一1Han-r1
Cm-μ-1 0 
O Cm-μ-2 0 Cm-μ-2 m-μ-2 I I Bm-μ-2 

O 

。 。 Coo /¥ Bo 

A~ O 
O I I A; 

Aμ一l

(Cm-μ-1 0)' 。........ . 。|lJL (Cm-μ一11) 
I 
(Cmーμ-20)' 0・・ ・・・ 0 

O 

(Cm-μー1111-μ-1)' (Cmーμ-2111ーμ-2)' (Coo)' }¥A:n_1 

Here we remark that :?J; = A; (j = 0， 1， . . . ，μ-1) 
Now we have Corollary from Lemma A.3フ whichmeans Green

、Theorem
(Q = R~) ， where :?J} = :?J;. 

COROLLARY. Let u ε L2(R~) satisfy Au = f ε H-Jl (R~). Let v ε H2m(R~) 

sati，めJsupp[v] c {x壬1}.Then it holds 
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く/¥v)-くu，A'v)

= -{{く(ん)m-iU3U〉y-TFト J[l心Ix=o+ {く(ん)m-2u，A;v)y-¥f'm-2[A;v]}lx=0 

十・ ・十{くん)'円U，A;I_IV)y-\f'111-II[A~_lv]}lx=o 

十{くBmーμ-1U， f!jJ~v )ylx=o十・・十くBou，f!jJ~J-I v)ylx=o}}' 

Especially wf間 vlx=o= (ん)vlx=o=・.=(伊dxんλx)1伊

くf~\うグv) 一く肌 A'l、v) 工一{くB旦11円一 i仰u，f!jJ~v)ylん， Ix戸刈=0 十. .・+くBou，f!jJ~J-1 v))'1λ叶}，

that is， it holds 

くfソ〉一くリ'v)= -LjEJくBju¥x=O'f!jJ:n-I-Jらん

ザiiJ;vlx=o= 0 (jεJ*). 
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