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ENERGY METHOD FOR NUMERICAL ANALYSIS

By

Reiko SAkAMOTO

Introduction

“Energy Inequality” played an essential role in the study of partial differ-
ential equations throughout 20-th century. Especially, it is a reliable paradigm
that existence of solutions of a problem comes from energy inequality on its
adjoint problem.

Recently, we found that the energy method to prove existence of solutions
involves the numerical method. In other words, we can say that numerical
approximation of solutions comes from energy inequalities on adjoint problems
([1], [2]). We will state its summary in Chapter 1. In Chapter 2, we consider non-
linear problems, where Sobolev’s imbedding theorem in general type plays an
essential role ([3], [4]). Our proof of existence of solutions suggests a method of
numerical approximation of solutions.

Chapter 1. Numerical Approximation in Linear Case

Let us consider a linear boundary value problem as follows.

ProsLEM: To seek a solution u e L2(Q) satisfying

{Au:f in Q

(P) Bjuzfj onT (jelJ),

for given data {f,f; (jeJ)}, where
(i) A4 is a linear partial differential operator of order m with smooth
coeflicients,
(i) B;is a linear partial differential operator of order j (j € J) with smooth
coefficients, (J < {0,1,...,m—1}),
(ii) Q is a bounded domain in R"” with smooth boundary T,
(iv) T is non-characteristic for {4,B; (jeJ)}.
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§1. Construction and Approximation of Solutions

We can define the adjoint problem (P*) for the problem (P).

Apjoint ProBLEM: To seek ve L?(Q) satisfying

(P*) {A*vzg in O

Biv=g; onl (jeJ)
for given data {g,g; (jeJ*)}.

Let us assume the energy inequality
(E%) ol < c(laol+3, . Bvd,) (e HY(Q)

holds. Then Hilbert Space # is defined by the completion of H*(Q) by the
norm

F = 47"+, <Bv>

with inner product
[v,w] = (A"v, 4A"w) + Zje]‘ KB v, B W),

Then it holds HM(Q) c # = L*(Q) and energy inequality (E*) means
o] £ Clv] (Vve ).

For f e L*(Q), let
f:# 30— (v,/)eC

then f e s'. In fact, we have

[0, NI < LA = CIANIT)-

Owing to Riesz’” Theorem in #, there exists w e # such that
(fiv) =[w0] (Ve ).

We say that w is a Riesz’ function of f e L*(Q).
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ReMARK. For f e L*(Q), define
H 30 I =[0)° = 2 Re(v, ) =[o]* = (v, /) = (/,9),
then J takes minimal value iff v is a Riesz’ function of f e L*(Q).
THEOREM 1. Assume (E*). Let w be a Riesz’ function of f e L*(Q). Set
u=A*w, then ue L*(Q) and u satisfies

Au=f in Q
(P) {BjuzO on T (jelJ).

Moreover, it holds

llull = Ci71I-

We say that ue L2(Q) is a #-solution of (P) for f e L*(Q), iff

{u=A*w (Awe #)
(w,0] = (f,v) (Yve ).

We say that a subset {v),v2,...} in # is a basis of #, iff any finite subset of
{v1,v2,...} is linearly independent and the space spanned by {v;,v,,...} is dense
in .

Lemma 1.1. Let diam(Q) < an. Then

{exp(ia o x)|o e Z"}
is a basis of H.

THEOREM II.  Assume (E¥*). Let {vx (k=1,2,...)} be a basis of #. Let
ue L*(Q) be a #-solution of (P). Set

A*vy
uy = (o)), (Lon))TR 0 s
A*vy
where
Iy = ([vk7vS})k,s=l,2,...,N'
Then it holds
uy —u (N — o) in L}HQ).
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Proor. (1) Let {v,v4,...} be Schmidt’s ortho-normalization of {vj,vs,...}
in . Then, for any we s, it holds

—_ N A M
Wy = g 1§kéN[w,vk]vk —w m A,

owing to the theory of Fourier’s series in 5, where wy is represented as
vy
wy = ([w,01],...,[w,on]) T
UN
(2) Especially, let we # be a Riesz’ function of f e L?(Q), then we have
Dw,0] = (f,0) (Vwe ),
therefore, we have
[w,e] = (f,or) (k=1,2,...).
Hence, we have
vy
wy = ((/,01), -, (f5om))TR
UN
and

wy — w in 4.

It is remarkable that wy is represented only by f and {vi,v,...}, without w.
(3) Let u be a #-solution of (P), that is,

u=A*w weH
w is a Riesz’ function of f e L*(Q).

Then we have
wy —w In
from (2), therefore,
uy = A*wy - A*w=u In LZ(Q),

where

A*Ul
UNzA*WN:((f,Ul),.--,(f,vN))F;/‘ . D

A*DN
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REMARK. Let # be the space spanned by {v,v2,...,v0n}, then it holds
(wr,v] = (f,0) (Yve #y),
that is, wy is a Riesz’ function of f in #y. Therefore

{u,\] = A*WN (EWN € LWN)
(WN)U):(f>v) (VUE%?N),

which means that uy is a #y-solution of (P).

§2. Generalization

In §2, we assume

(B, ol = (1%l + 3", <Bvy,) (e HY(Q) (0<p<m).
Let # be the same one defined in §1. (E*), means
lloll, < Clo] (Yo e HY(Q),

therefore # < H#(Q).
Let fe H Q) = (H}(Q)) ie.

S H{(Q) 30— (v, /)eC

and

”f“_# = sup 1(vaf)| i

ve H(Q) ”UH#

Owing to Riesz” Theorem in H}(Q), there exists ¢ e H}(Q) uniquely for
fe HHQ):

=), 00.09) (WveH(Q),

1A= (X e o)
Set f, = (—09)"¢, then

@)=, (-0 4) (e H(Q),

A= (e 17)
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Let fe H#(Q). Let f~ be an extension of f defined by
~ . HAQ =
T HA Q) 30 (0, ) = ng v, f,)eC,
then f~ e (H#(Q))". Define

= sup (62

ve HH(Q) “UH,I

then |/~|-, = [|f]|_, In fact, since H}(Q) < H*(Q), we have
1Al S U7
On the other hand, we have

~ . IZng((—a)vvaﬁ’)‘
o= e o,

< (X A1) = 171

Let fe H*(Q), then f~ e (H*(Q))". Since # < H*(Q),

Sy #3000, f~ )‘Z;v ((=0)"v, fy) €

belongs to #'. In fact,

0. = (2 I070) (3, 2 1507)
= ol A1, < CLaIL,

Owing to Riesz” Theorem in 4, there exists w e # such that

(w,0]=(f",0) (Vve )
w) = Clfl

where
=0/,
We say that w is a Riesz’ function of f e H™#(Q), iff

(w,0]=("0) (YweH)
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holds. We say that u is a s#-solution of

Au=f inQ
(P) {Bju—’_—O onl (jel)
for f e H#(Q), iff it holds
u=Aw (3w e )
{(w,v] =(/~v) (YveH).

REMARK. Let u be a s#-solution of (P) for f e H#(Q), then
(w,o] =(f",v) (Vve2(Q))
holds, that is,

Aw o) =" (f,(=9)'0) (WweD(Q)),

pl=p

that is,
(w,A™) = (f,v), f= Z,vléﬂ 0'fy  (Vve 2(Q)).

The following Theorem I' and Theorem II' are the generalizations of
Theorem I and Theorem II in §1.

TueoREM I'.  Assume (E*),. Then, there exists a # -solution u of (P) for
f e H#(Q) and it holds

l[ull = CISII--
Tueorem IU'.  Assume (E*),. Let {vy (k=1,2,...)} be a basis of #. Let u

be a #-solution of (P) for f e H*(Q). Set

A*v;

uy = (700, (SR 0 ]

A*vy

where
Iy = (v, 05Dg s=1.2, 3
Then it holds
uy —u (N — o) in L}(Q).
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Chapter 2. Numerical Approximation in Non-liner Case
§3. Sobolev’s Imbedding Theorem

SoBOLEV’S IMBEDDING THEOREM (See [3]). Let
0<au<f<oo, —0<y,d<w, y—n/azd—n/p.
Then
WrHQ) ¢ WH(Q)
and

[Ulwsney = CllU gy (YU € WHH(Q)).

CoroLLARY. Let (n/2)(p—1) £s5 (p,seN). Then it holds
LP(Q) c H(Q)
and

MUl -0y = Cli Ullprg (YUE L7(Q)).

In fact, set
au=2/p, f=2, y=0, d=-—s
in Sobolev’s Theorem. Since
(y=njo) = (6 =n/B) = (=np/2) = (=s —n/2) =s = (n/2)(p = 1) 2 0,
we have
1Ullw-s20) £ ClUlwon oy,
that is
1Ul -0y = ClU Lop(y-

Lemma 3.1. Assume that (n/2)(p—1) <s (p,seN). Then it holds
w2l < Cllull” (Yu e L*(Q)).

In fact, let ue L*(Q), then U = u? € L¥7(Q) and

] < Cllull”.
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LemMA 3.2, Assume that (n/2)(p—1) £s (p,seN). Then it holds

w? = o7l £ C(lull + )"~ u = ol (Yu,0 € LA()).

Proor. We have
lu? = vP||l_y = Cllu? — v"|| 2

from Corollary. On the other hand, we have

u? — Pl ) w — | dx = | [(u— o) @ + P o+ 0P P dx
L

i/p (p=Y/p
[ =t m) (jw4+wu%n)

§Jl”‘“|2/p |”[+]UD2(!) 1)/p dx
1
éqw—wW%WWHMDP .

Hence we have

l[w? = vPl|_y = Cllu = ol|(ljull + o) O

Let O be a linear partial differential operator of order ¢ (¢ < p). Let
ue L*(Q) and let p satisfy

r2)(p-1)+¢ =,

then we have w? € H=#=(Q) from Lemma 3.1. Let

- v
u —Z!V(§/¢—fa Uv
N 1/2
17l qumry = (e NOI2)

and set
QW)™ : H¥(Q) s v (v, Q()7) = (Q70v, (vF)7)

Then we have
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@ QW) )=, (=9)'Q", V),

v, 2@") ) = Clloll flull”-

Hence we have

100") |-y < Cllul”.

§4. Successive Approximation (Case 1)

In this section, we consider

NON-LINEAR ProBLEM: To seek a s#-solution u € L?(Q) of

{Au =Qr)y+f inQ

(Q-1) Bu=0 onl (jeJ)

for given f e H™#(Q), where Q is a linear partial differential operator of order /
satisfying
(n/2)(p—-1D)+7 = p
where a s#-solution u e L*(Q) of (Q-1) for f e H™#(Q) means
{u = A*w Awe )
[w,0] = (Q?)™ + /~,0) (Yve o).
TueoreM III.  Assume (E¥) - Then there exists a positive number 1 such that
there exists a #-solution ue L*(Q) of (Q-1) for f e H™*(Q) satisfying
1A=, = 7?.

Let us prove this by two methods, i.e. by a method of simple successive
approximation and by a method of double successive approximation.

SIMPLE SUCCESSIVE APPROXIMATION: “Let uge L?(Q) be given. Let
ur € L>(Q) be a #-solution of

{Auk =Ql )+ f mnQ

(Q-L By =0 onl (jelJ)

for fe H#(Q) (k=1,2,...). Then u; — u in L?*(Q) and u is a #’-solution of
(Q-1) for fe H#(Q).” ’
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PROOF ALONG THE LINE OF SIMPLE SUCCESSIVE APPROXIMATION.
(1) Let uy_y € L*(Q). Then there exists a s#-solution uy € L?(Q) of (Q-1)
such that

el = Crlllse_yll ey + 1712 - @

from Theorem I’. Since

”"15-1”—(;14) < Olluetll” .. @

from Lemma 3.1, we have

luell < Cllug—rl1” +1 A1) -3
where C = max(Cy, C1Cy).

(2) Let # be a positive number satisfying
20771 <1 L ().
Let
luoll =, ANl = 7",
then
luell =9 (k=1,2,..).
In fact, assuming
-1l =,
we have
lucll = 2CnP <7
from (3.

(3) {wx (k=1,2,...)} is a Cauchy sequence in L?(Q). In fact, setting
Up = upyy — uy, Uy is a #-solution of

{A(Uw = 0Wf) - 0(ul,) nQ
Bi(Uy)=0 onl (jelJ).

Therefore we have,
1Ol < Cillg —uf_ Nl -ty --- @

from Theorem I'. On the other hand, we have

f =Ny S Collel] + N )P e = el .. 3
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from Lemma 3.2. Hence we have
Ul = CLCs(luil + s )7 Uit || £ CLC3(20)P [T |
Let # be a positive number satisfying
G2 £1/2 L (k%)
in addition to (%), then we have
Ul £ 27" || Uk |-
Hence we have
ULl < 27401 Ul
which means that {u} is a Cauchy sequence in L?(Q). Let u be the limit of {u}.

(4) u is #-solution of (Q-1). In fact, since uy is a #-solution of (Q-1), there
exists wy € # such that

{uk = A*Wk
(i, ] = ((Qw_y) + /) 750) (ve ).

Hence we have

[(Wier1 = wie, 0] = (Quf —ug )", 0) (ve H),
therefore,

(Wit — wi)? = (Q(uf — ul_ )™ Wit — wi) S Nl —uf_ ) ey IWrer — will s

that 1is,

(Wi —wi] < Cilluf — ”15—1“—(,1—:’) . ®.
Hence we have

West = wi] £ 27l — ]| (S275[Wol))
from (3 and (@), which means that

wp — w in .

Now, let & — oo in

U = A*Wk
{(Wk,v] =((Quf_)+ )70 (veH),
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then we have

{u =A*w
(w, 0] = ((QWP) + )7, 0) (vest). O

DOUBLE SUCCESSIVE APPROXIMATION: “Let ¢, e L?(Q) be given. Let
u; € L?(Q) be a #-solution of

{Au; =Q()+/ inQ

Q71 Bjuy =0 onl (jel).

Let ¢, € L2(Q) belong to a neighborhood of u; in L2(Q). Successively, let
u, € L*(Q) be #-solution of

{Auk =0 )+f nQ

~-1
(Q7-1)y Biuy =0 onI (jelJ),

and let ¢, € L?(Q) belong to a neighborhood of u; € L?(Q). We can choose {¢, }
such that ¢, — w. Then u is a #-solution of (Q-1).”

PROOF ALONG THE LINE OF DOUBLE SUCCESSIVE APPROXIMATION.
(1) Let ¢,_; € L*(Q) be given, then there exists a #-solution uy € L*(Q) of
(Q~-1)¢ from Theorem I'. Choose ¢, satisfying

llwx = il = 279,
where 7 satisfies () and (¥).
(2) Let n satisty
4CnPI 1 L (Fedek)
in addition to (%) and (%%). Let
goll =n, Nfl_ 7"
Suppose that ¢,_; € L*(Q) satisfy

$ell =,

then we have
lurll £27'7.

Since
e — il <27 <27y (k=1,2,...),
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we have

(3) Set Up = upy1 —ug, Uy is a H#-solution of

{A(Uk) = 0(¢) - Q(¢_,) inQ
Bj(Uy) =0 onT (jel).

Hence we have
1Tl < Gl = bl gy -~ @
from Theorem I'. Since
16 = 82 1l —ueey = Callldell + I 1) N = decall - o’
from Lemma 3.2, we have
Ul < 27 gy = el
Now, since
Bie1 — il S N 6pr — it |l + Nowrr — wel] + [l = Gl
<275+ 27N gy — gl + 2750 < 2716k — i | + 27,
we have

661 — diell £ 27%11gy — doll + k274,

which means that
ue, ¢ — 1 in L2(Q).

It is proved, analogously as in (4), that u is a #-solution of (Q-1). O

§5. Successive Approximation (Case 2)

In this section, we consider

NON-LINER PROBLEM: To seek a #-solution u e H*(Q) of

Au=Qu+f inQ
(Q-2) {Bjuzo onT (jelJ)

for given f e H-(##)(Q), where
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u] = Z b
M=s

where

mu] = S Conpropy (@) (9Pru),

2shsp |Bilsu
and (n/2)(p-1)Spu—p —¢.

Before saying details, we will prepare some lemmas. Let p, (= 2) be integers,
then it is obvious that

!
(+up+ - +uy)’ = Z {P] 'Pz'p~ YA ()" (w2 - (s )ph}
Pal e

Pr+prtetpy=p
therefore

(oyuy + oguy + - -+ + o)

— Z (a])m (az)pz . (ah)m{m (ul)px (uz)pz e (uh)p/,}‘

Pr+patetpy=p

Conversely, we have

Lemma 5.1. Let p,h(z2) be integers and
O‘](t):lv ak-i—l(t):tak(t)p (k=1’>h)

Then there exist {t1,t2,...,ty} and {c1,¢2,...,cn} such that

p!
{Mplfpz!~~'ph!(u1)pl(u2). u,)Ph} Zl<k<N (vk)?

and
v = o (g + oo (te)ur + - - - + o (te)un,

where N is a number of combination (pi,pa,...,py) satisfying

p1+pr+-+py=p (pr: non-negative integer).

Proor. Let us prove that the linear system

Vi= Y (@) (o)™ (n(te)™ Uppypy, (k=1,2,...,N)

Pitpatetpi=p
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can be solved with respect to {U,p,.p(P1+p2+ -+ py=p)}, choosing
{t1,12,..., 1y} suitably. Since N is the number of combinations (pa,...,ps)
satisfying py +---+ py < p, where py =p—(py+ -+ pp). Set

WPZ"‘[)I- = UP1P2"'11:1 (pl =p—- (PZ +-- 4 ph))>
Cl)z"m.(t) = (“2([))1)2 T (O‘h(l))ph’

and moreover

Zy=Woo,.0, Za=Wio. 0, Zi=Wro. .00 -y Zpr1=Wpo,. o0,
Zpr=Wo10..,00 Zps3=Wii0..0, v Zyp=Wyi10.,0
Zopya = Wo 20,0, Zyprz=Wino..0, ---» Z3p=Ws220..0

......... ,
Dy =Cop..0, D2=Cio.0, Di=Coo._0, .-y Dpp1=0Cs0.. 0
Dpyr = Conyo,.00 Dpiz=Ci10..0, -5 Dyps1=Co110..0,
Dopi» = Co20,.,0, Dopiz=Ci20,.,0, ---, Diyp=Cp220,.0,

Then the above system become
Ve= ooy D0)Z; (k=1,2,...,N).

By the definition of ax(z), we have
Dj — tS(j)’
where
0=1s(1) <s(2) < <s(N).

Hence, choosing 1 < f; < # < --- < ty suitably, the above system can be solvable
with respect to {Z;}. O

LemMmA 5.2. Let (n/2)(p — 1) <s. Suppose that
U, Uz, ... U4 eLz(Q),

then
sz - tpl_y £ C(llsnl| + Nlwall + - -~ + llpl])”.
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Proor. For uj,uy,...,u, € L3(Q), set
v = oy (te)uy + oo (t)ua + - - - + o, (11 )u, € LH(Q),
loell = Clllall + lleezll + -+ + [l ]),
where {o;(#)} are given in Lemma 5.1. Hence we have
o e H(Q), (0], < Cllocll?
from Lemma 3.1. Owing to Lemma 5.1, we have

uuy - up € H(Q)
e+ wll_, < €S2 ol = € (S wel) = € (3, ). O
LemMa 5.3. Ler (n/2)(p—1) <s. Then

-1
g -+ 1y — D1y -+ vyl s < c{l N (Zk el +>, llvkll) }Iluk = v
(Vug, vp € L*(Q)).
Proor. We have
iz - up — 0102 vyl < Cllunuz -y — v102- - V| 2o

from Corollary. On the other hand, we have
(- - - up =109+ UpHLZ/P)Z/p
J}uluz p — V1V2 - vplz/p dx

{2/1)

= ﬂzk Uy - U (U — Uk )Ok41Vkg2 - Vp|  dX

=Cy Jluk—vkl 2| 4 - up| + Jor] + -+ [0 )P D dx

) 1/p N (p=Dfp
§Czk(J|uk_vk’ dx) {J(|u1|+-~+|u,,l+|v1|+-~+ivpl) dx}

2/p 2(p-1)/p
< €' (3 e —wel)) (30, luall + 37, el =
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Now we come back to the non-linear problem (Q-2), under the assumption

(%), ol < C(Iam o+, . <Bv>,,) (e HY(@)
(0 < 4 < m). Moreover, we assume (A),, (0 <4 < p).

ADDITIONAL ASSUMPTION. A #-solution u of (P) for fe H W #)(Q)
satisfies

W lll < CIAN— -

Let us consider a #-solution u € H* (Q) of non-linear problem

Au= Qu]+ f in Q
{Bjuz() onI' (jeJ)

(A)

(Q-2)
for fe H 1) (Q), where (n/2)(p—1)Su—u —¢.
What is s -solution u € H* (Q) of (Q-2) for f e H~##)(Q)? Since
(n/2)(p-1)Sp~-p—¢,
we have
(@%u), ..., (3Pu) e LX(Q) (1B S u)-
Hence we have
107 ) - (@" )|y < Clll)"
from Lemma 5.2, therefore,
]|y < LUl ) + (lll) -
Hence we have
m (U]~ e (HAH=4(Q))".

Moreover, we define

O™ H* " (Q) 30 (0,007) = D ((=0)"v,m[u]")
M=e
and we define #-solution u € H* (Q) of (Q-2) for f e H-##)(Q) by
u=A*w, weH
{tw, o] = Q)™ + /70 (¥ve )
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TueoreM IV.  Assume (E*), and (A), (0 <p<m,0=<u" < p). Then there
exists a positive number n such that there exists a H#-solution ue H /"(Q) for
[ e H-=(Q), satisfying ||f1|_ () = 1

Theorem IV is proved analogously to Theorem III, by using Lemma 5.2 and
Lemma 5.3.

Appendix
In §2, we considered a generalized linear boundary value problem:

(P) {Au=f in Q

Bu=0 (jeJ)onT

for fe H7#(Q) (0 = p < m), where

A= Z[Vié—m a(x)05,  a(x) € C*(Q),

B = Zng by(x)oy (jelJd), b(x)e C(T)
([ is non-characteristic for {4, B;}).

We proved the existence of a #-solution of (P). We also proved that a #-
solution of (P) satisfies Au = f in Q. Does a s -solution of (P) satisfy Bju =0
(jeJ) on I'? Here, in Appendix, we will see “‘yes” if orders of boundary operators
are less than m — g, that is, J = {0,1,...,m—1—u} ie. {0,1,...,u—1} = J¥,
where
JUT={0,1,....m—1}, J°NJ=9,
Jr={jlm-1-jeJ}.
Relating to (P), there exist linear differential operators {%; (j=

0,1,...,m—1)} of order {j} such that I' is non-characteristic for % and the
following Theorem holds. The adjoint problem is defined by

A*v=¢g n Q
(P*) {

Biv=g; (jeJ") onT.

Treorem (Green’s Theorem). Ler ue L*(Q), Au=feH Q) (0=
1< m), then

dfdn) ulr> 4 mirp < CUlull +1IFN_,) (K=0,1,...,m—1—p)
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and
(7o) = (u, A7) = ~ Zjej {Bjulr, Bp__lr>
(voe H(Q), B vlr =0 (jeJ*)),

where n = n(x) is the unit outer normal at x on T and

S =2 Db W2= D0 A

70 =D <, (0)0).

Let u be a s#-solution, then u = A*w (Iw e #°) satisfies

AV +Y BBy = (") (Yoe ),
therefore, we have
(,4"0) = (f~,0) (Ve H"(Q),B/op =0 (jeJ)).

Hence, from Green’s Theorem, we have
D ey Bl By _joley =0 (Yoe H™(Q), B0l =0 (je "),

which means that Bju|r =0 (jeJ).
Hereafter, we prove Green’s Theorem, where

Q=R"=(0,0) x R" ' ={(x,y)|x>0,yeR"!}, T'={x=0} xR

The proof is composed of Lemma A.l, Lemma A.2, and Lemma A.3. We use
notations:

(1) 4= Zogj§ma'"”f(a~")j’ 4= Z]vl§j 4%, ¥)(3)",

A=Y a0y =30 (8) a0 )
where ap = q; = 1,
(2) ueP'R"):ve IR — {u,vy, ue 'R :ve IR = {u,v),.

Let ue L2(R"). Let ve C*([0,00) x R"") have a bounded support and let
¢ € 2(0,0), then v(x, y)¢(x) e 2(RY) and
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(Au,vp) = (u, A'(v9))

= ZO§j§m<u’ Eogkg/(D (_ax)ij(aé"jv)(_ax)k¢>
_ 20§k§m<< Zkﬂs,,,( ) o) A(a,’n_,-v)> ,(—ax)k¢>A

y
= ok am <Gt Proid, (=02)°6,
where
Py = ZO§j§k (Z:i> (=27}, Cu, Prvy, € L'(0, o).
Set
CAu, v, = Zo<k<m ) ut, P k), (ve H"(RY)),

then we have

<Au,v¢> = <<Au,l)>),, ¢>x
Let fe H#(R]) be

f= Z()éjé,u Zhléuﬁ(ax)j(a”)vﬁv’ five LA(RY),

then
<f,v¢>=20§k§ﬂ<zk<j<ﬂzlM_J( 1) i (0500 (<06
D PPRGIUNCTRIOM
where
D S SN G LA ST S
1Bl ey < CIAL ol
Set

00y =D e 00) Fild],
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then we have

frvg) = LS vy, )
Hence, if Au= f holds for ue L?(R]) and f e H7#(R}), it holds

() D 0ekem(@) (G Prgody = F) =0 in 9'(0,0) (voe H™(RY)),
denoting Fy[v) =0 (p+ 1=k £ m).

Lemva A.l. Let ue L*(R") satisfy Au=f e H*(R"), where

f= Zogjgu Zlv|§”_j(6x)j(ay)vjfj‘v, Jiv ELZ(R:Q,

Let ve HZ’"‘(R_';) satisfy supp[v] < {x £ 1}. Then
(i) (0x)/<u,v), is absolutely continuous in (0,1) and

SUP) et [(0)” Ct, 03] + 11857 Gt 0 Nl o )
< CUlJull + 17N 1ol s

holds for 0 £ j<m—1—p,
(i) (8x)!<u, vy, — @;[v] is absolutely continuous in (0,1) and

$UPg<ret|(8x)7 Gty vy, — ®;lo]] £ C(llul] + | Aul|_ )10
holds for m — u £ j < m, where
Djfv] = = @1 [Pro] ~ ©ja[Pov] — -+ = Py [Pjyu?)]
+ (@) TE o O F gt [0+ Fopnt] (= g < < m)
ie.
Bprplr] = Ful0,
Drppr1 [0] = =Py [P19] + (0:) Fy[v] + Fpa [0,

Oprp2[t] = =@y [P10] = B o] + (02) Fulo] + (8x)Fymr [0) + Fyumalol,

@, [v) = =1 [P1V] — Opua[Pav] — - - - — Dy [Py,

+ (3x) Euo] + (00)* ' Fyct [0] + -+ + (8x) Fa[0] + Folo]-



Energy method for numerical analysis 133
Proor. (i) Denoting F = Fx[v], set

G5 = D 0 eo @) (G Privdy = Fugii)  (s=0,1,...,m)
ie.
go=<uwd,~F, [0]
g1 = (0) (<, v)y = Fon) + (Ko, Pwdy = Fpt)

92 = (0:)7(Ctt, 03y = F) + (8:)(Ctty P1ody, = Fru) + (o, Pavdy = Fpz) oo

gmor = (05)"™ 7 (03 = Fon) + (8:)™ (<, P10d, = Fct)
+"'+(<u7Pm—lU>y_Fl) ...... m—1

0= (8:)" (<1, 0>, — F) + (0:)™" (<tt, Pvd, — Fry)

+oo+ K, Py, - F)
ie.
go= <oy, —F, 0]
g1 = (0x)go + (Ku, Pyop, — Fpt) L I
9 = (0:)g1 + (Ku, Py, — Fra) L 2]
gm-1 = (0x)gm—2 + (G, Ppoyvd, — F1) .. m— 1l
0= (0x)gm-1+ (Ct, Pmvdy — Fo) ... [m].

From [m], we have
(0x)gm—1 = —({tt, P, — Fp),
1<ty Py, — Foll o,y S CUllull + NANZ, 100 00
therefore, gp,—; is absolutely continuous in (0,1) and it holds
SUP< et lgm-1] + @) g1 10,1y S Cliell + 1712, ol

Step by step, from '~', we have “g; is absolutely continuous in (0, 1) and
it holds
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suPocxct 9l + 11(02)gs 10,1y < Cllludl + 1A lel,, (s=0,1,...,m 1)

(i-2) Since F; =0 (u+1 <s<m), we have

go=<wvp, [0]
91 = (0w, vy, + G, Pyoy,
g2 = (5)()2(1,1) U>y + (ax)<ua P!U>y + <u, sz>y ......

Gin-pt = (0)"7 71y 0, 4 (85)" 72w, Prod,
+o A+ Pypvy, L m—pu—1
From [0], we have gy = (u,v),, therefore we have
{u,vp,: abs. cont. in (0,1),
SUPy 1<ty 03, 4 11801, 03, 13 1y = Cllal + 1711, ol
therefore we have
{u, Pjvy,: abs. cont. in (0,1),
SuPocxat |<ths Pidy | + [1(9:) <t Pyl 0,1y < CClIll + AN )0l e
Now, we have
(0x)<u, 3, = g1 — <u, P1o),
from , we have
(0x)<u,v),: abs. cont. in (0,1),
suPg<rat [(x) <o, 03, + 11(85) e, 03, Nl 10,1y < Ll + 1A 1) loll s
therefore we have
SUPg et |(8x) Gty Pyod, | + 11(8x) <, Pivdyllrio )

< C(llull + 1A Mol g1

Step by step, from ~, we have “(0x)°(u,v), is absolutely continuous

n (0,1), and it holds
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SUPgy<1](8x) <, v, | + [1(84)**" <u, oyl
= CUlull + 1Nl (=01, om—p=1).7
From [m — ], we have
(0x)" <, vy — Fy[v]
= Gy = ((82)" 7 Gty Prod, + -+ (82)Ctty Prrym10Dy + Ctty Py,
therefore, we have
(0x)" " <u, vy, — Dp—y[v]: abs. cont. in (0,1),

where
Doy [v] = Fu[v].

From , we have
Im—p+1 = (ax)"F#H(”, v, + {(0:)"*<u, Pivy, — Opy [P1o]} + @py[Pr0]
+ (0x) "7y Pavdy -+ (02) oty P19,
+ (0:) (e, Prn—yidy = Fulvl) + (tty Pracye10dy, = Fya [v]),
therefore, we have
(8,)"* ¢u, ), — @p_ps1[v]: abs. cont. in (0,1),

where

Pppye1[v] = = Ppye[Pr0] + (02) Fy[v] + Fyr [0]-
From , we have
G2 = (3:)" 2w, v,
+{(8)" ™, Proyy, — @yt [P10]} + Dot [P1]
+ {(0x) " u, Pavy, — ®puy[Pav]} + ©py [ Pa]
+ (00 G, Pyvd, + -+ (05) <ty P10,
+ (85)* (<u, Py — Fulo]) 4 -+ + (Ktty P20y — Fu2[v]),

therefore, we have

(8:)™ 2 (u, v, — Dp_ys2[v]: abs. cont. in (0,1),
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where
O ui2t] = ~Pproy1 [P16] = @y [Pot] + (0) Fulo] + (8)Fy o] + Fucall.
In the same way, setting
@)[o] = =Bj1 [P1o] = Dj2[Pov] = -+ = Poru[Pjmoyt]
+ (02" E ]l 4 4 () Fjsmei[o] + Fojimo],
we have

(ﬁx)j<u,v>y — @;[v]: abs. cont. in (0,1) (m—u<j<m). O
LemNiz’ FormuLa.  Let u e L2(R]) and let v e H*"(R’), then it holds

(0,03, = Cu, (=0 70), + (,}) (00w, (=020,

+ (é) (ax>2<ua (_ax)jsz>y +-ot (ax)j<u1 v>y (] = 0; 1: se ’m)7
therefore it holds

(00723, = @m0, + (1 )0 m @,

+ (é) <(ax)j"2u, (6x)zv>y + .-+ Lu, (ax)jv>y (] =0,1,... ’m).

Lemma A2, Let ueL*(R!) satisfy Au=feH*R]). Let v(x,y)e
H?"(R") satisfy supp[v] = {x £ 1}. Then
(i) ((8X)ju,v>},: abs. cont. in (0,1)
(<02 sy B>y = (00) 1, B(9) Yy e=s0),
SPger<1 1<(0x) w031 < Cull + 1A 0l
<(ax)ju: U>ylx:0 = <(ax)ju,x=0’v(o7 .V)>y7
0x) 1yt = Cllll + 171120

for j=0,1,....m—pu—1,
(i) <(0x)'u,v), —¥)[v}: abs. cont. in (0,1),

{<(al‘)jua v>y - \PJ[U}}IX:O = <(5X)ju’x=:0? U(O, y)>y - \Pf[v(()? y)]
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for j=m—u,...,m, where {¥;[v] (j=m—p,...,m)} are defined by

oyl = %]+ (1) #0200 + () Hal007

S ( : )‘Pm_,,uax)’*””’*v]-

J—m+pu

Proor. (i) From Leibniz’ formula and Lemma A.l, we have
SUPg<xct [<(02) 1, 03| + 1(2:)<(83) 1, 0Dy 10,1y S CLltll + 1S 1) 10l
(Yo e H¥(R!), supply] < {x < 1})
for j=0,1,...,m—pu—1. Set v(x,y} = v(0, y) + xw(x, y), then we have
(0x) 0>, = <(8:)u,0(0, YD, + (0w, xw(x, ),
= {(8:),0(0, ), + x{(8:) 1, w(x, ),
Since there exists a map
E:H™ PR 3 = (EF)(x,y) e H™(R])
satisfying supp(Ef] = {x < 1}, (EB)(0,y) = B(y) and
NEBl i = C<BDmijm1/25
we have
<2 tlvc0 B(3)2, ] = [K(8) 11, ), el
= C(llll + AN DNEBl s = CClluell + 1SN IKBDmtjm12-
(1) From Leibniz’ Formula and Lemma A.l, we have
(0)" " u, 03y = P[]

m—p

= {(0x)" 7 <u, v}, — Opp 0]} — {( 1

)<(@)" w0,
+ (m g ")((ax)"’“"‘zu, (6x)zv>y + -+ Ly, (6)()'"_“0)},}: abs. cont. in (0,1),

that is,
(8x)" u, 0>, — ¥pu_pu[v]: abs. cont. in (0,1),
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where ‘¥, [v] = ®,,_,[v]. Next, we have
@03, = {0l = (" 0}

= (00" ), = eyl - ("4

X {<(ax)m—ﬂu) (ax)v>y - Tm—ll{(ax)u}}

()@, (T oo e,

4 Lu (ax)’”‘”lu)y}: abs. cont. in (0,1),

that is,
<(6x)'"“”+1u, v)y — Pmous1[v]: abs. cont. in (0, 1),

where
m—pu+1

oyl = Ol = ("4 ) 000

In the same way, we have
{dlu, vy, — ¥j[v]: abs. cont. in (0,1),

where ¥;[v] is defined by
o] =%l + (1) poil@nl + (4) -0

J J—m+p P
... W, ul(0x v =m-—U,...,mj.
oot ( Pomet ﬂ> ul(9) IV, Iz )

Now, set v(x, y) = v(0, y) +xw(x, ), then we have
{(8x) w03, — B[] = {<(Bx)u, 0(0, )y — Wi[0(0, Y1} + x{<(8x)u, w>, — ¥;{w]},
therefore we have

{0 u,0), = B[01}H 0 = {<(00) 1,00, 7))y = ¥i[0(0, M) }ympo- O

{4/} anD {a]}. Set

Al = Z,-ék(“"x)k—ja} (k=0,1,...,m),
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then we have

1 1 0 e 0 1
Al (—0y) 1 0 e 0 d
7 I RGN L G I | =
Ays (=)™ ( —ﬁ)""j (=0x) 1 0] [an,
A)In—l (_ax)m—l (_ax)m—- """ (_ax) 1 alln~1
1 1 0 ................. O 1
al (8y) 1 0 e 0 Al
a 0 (0x) 1 3
a5 o ... 0 (@x) 1 0 A5,
a 0 ... 0 (0,) 1 Al

and

Hence we have
<Au7 v>y - <U,A{U>y = (a-"){<ax)m—‘u) U>y + <(a-\‘)m~2u:A;v>y +oeet <u> A/,n—-lv>y}
for ue L*(R) and ve H*(R]).

{4/} anp {P;}. From the definition of {P;}, we have

1 1 [ R P 0 1
m
Pl (m_ 1)(_0\) 1 (1 R 0 a{
m 5 m—1 '
P P T e - T Y ¢ TN
) (m_2>( 2) (m_2>( o 1 0 0| a

Pm-—l

therefore
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1 1
P m=1y_
! (m - 2)( %)
Py
Pm—-l (m 1)( a )m -2 (m 2)( a\) m-3 .
Pm_.] (m . 1>( ar)m— (m 2) (—_a'r)m—z
therefore
i 1
' m—1
A <m - 2) (2)
; m—1 2
& (m - 3) (8:)
AI’)I—Z
-1 m—
At’n 1 (m 0 > (a\’> ! (
that is,

Reiko Sakamorto

(n=3)e

m-—2
0

i

........................... 0
O ................ O
1 [ I 1]

A~§Lﬂq¢14 )w)ﬂp

LemmMa A3, Let ue L*(R

satisfy supp[v] = {x < 1}. Then it holds

vy = u, A'v)
= —{{<(8)"u,v), —
e (0™, AL 0y, P
@), A g+
where

ooy = J& Foli]

Fon1[0)}Hymo + {((8X)"’“2u,A{v>y -

m—p [All

v 19} =0

+ <u> AI’?!—‘] v>)’ 'x:O}}’

AI

m=2

A/

m—1

Py

Py

Pm-Z

Pm*]

") satisfy Au= fe H*{R}). Let ve H™(R})

in—2[A]0]}H 0

Z;v;<,,J £, 2)(=0) "v(x, y) dxdy.
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Especially when v| _y = (9,)vl,_o = -+ = (8:)* 0,0 = 0, it holds

<fNa vy — <u, A/v> = _{<(a«\‘)m_#_lu>A,thv>ylx=0 o+ Ly, Alln—lv>}’|x=0}'

ProOOF. Since
(Au, vy, — Cu, A'vY,
= (0:){<(0:) " M, vy, + (8" Pu, oY, -+ <y Ay}
and
(AU, 0y, = {f0)y = (8x)" Fylo] + (0)" " Fyma o) + - + Folv],
we have
Folv] — (u, 4'v),
= (0){{€(00) " u, 0>y = ¥ o]} + {<(0)" ", A]0>, — P2l A]0]}
+ o {000, Ay 03, = P[4, 0]}
+ @) ALy, + -+ A, 0D}
+ W [0] + P2 [A[0] + -+ P A 0]}
= {0 Fufo] + (00 P E o) + -+ Fiol}).
Since
D1 [v] + Qo2 Pr0] + -+ + Prups [Pu—20] + Prn e [P 1]
= (0" Fulo] + (0:)" PEa[) + - + (30 Baole] + Fi 0]
from the definition of {®;}, we have
Folv] — <u, A'v),
= (0){{<(2) " 0>y = o [0} + {<(0) " P u, A{0), — Wa[4]0])
o {(00) T Uy Ay 0Dy — P[4, 0]}
+ {00y ALYy -+ AL od)
+ {1 [t] + W [Ao] + -+ Ve[ A4, 0]}

—{ @1 [V] + Ppa[Pr0] 4 -+ @ [P10]} )
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From the definition of {\¥;}, we have

©p1[0] + Oy a[P10] + - + @y [Py V]

= {mii e (" Pencat@nl + (7 ) Hasle0
Tt (Zl: 3)\11%#{(@)5)#—‘0]} + {\P,,,_Z[P,v} n (m 1— 2) ¥,-3[(0x) P1v]

§ (m - 2) Bal(602P0] 4t (’Z: 22> ‘?m_yKax)“‘ZPlvl}

+ A W [Pyt
= W1 [0] + ¥rm-2[A10] + ¥imoszd2v] + - + W[4 10].
Hence we have
Folo] — (u, A"v),
= (0){{<(0)" ", 03y = Wit o]} + {<(0) "1, A{ 0>y = W[ A]0]}
+ 4 {(0) " A vy, — WoulA4, o]}
+ {0, Ay, + o+ Ay 0), 1)
From Lemma A.2, we have
70> = Cu, A'v)
= —{{<(3)" 1,0, = Pt [0]}H o + {0 2w, Af0dy = Poa[4]0]} g
+ o+ {0 U Ay 0Dy = oA 0]
<@y A Lo o Gt A 00,0}

by integrating both sides of the above equality with respect to x in (0,1).
Especially when v|,_o = (0:)v],_g = - - = (8:)* 'v|,p = 0, we have

f 0> —Lu, A0y = —{((@)mh/’_]u,A,/lv>ylx:o o (U A 0Dyl o ) O

ADJOINT BOUNDARY OPERATORS.
Adding {B; = (0:)) (j€J)} to boundary operators {B; (jeJ)}, we have
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By bm-1 0 bmi 1 e Bt me (a.\’)m—l
Bm—-Z 0 bm—?_ o T bm—Z m—2 (@X)'”_z
By 0 . 0 boo 1

where

bj/\ = bjk y, ZM<k Jlxv Y) y ! (bjO = bj()()’) # O)

Then we have

m—1
( ) Cm—10 Cm—1 1 " Cm—1 m—1 By
-2
( )m 0 Cm—20 """ Cm—2 m=2 Bm-—2
= . . s
| 0 0 oo By

where

G = Ge(1:0) =Y an(0)(8)" (o= co(y) #0).

Let us define {#/ (j=0,1,...,m—1)} by

.@6 (em=1 O)/ 0 e 0 1
'93{ (C'mh] l)l (Cm_z 0), 0 s 0 Ai

- ; : ‘ . . ?
7 12 12 ’ '

m=2 (em-1 m-2)" (eme2 m=3) -+ (ci0) 0 A, 5
r/n—l (Cm—i m—l)/ (Cm—z m~2), ------ (COO)/ A,’n 1

where

cjk Z]pl <k )’ cjk" )

Here we have

(@)™ 1 By B}
(6X)’"—2 A; B2 {
S IR 178 B PR d B I B W
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Since J = {0,1,...,m —1 —pu}, the above equalities are specialized as follows.
Bm—l (a‘() m-1
Bs 1 O (a).) m=2
Bm-—u _ ((%) m—pu
B’”“/‘*l bm—,u—l o o bm—/z—l m—p—1 (ax)”""“l
Bm—'/l-z 0 0 bm—y—Z 0 bm—y-Z m—p—2 (ax)mﬂu‘?
By o ... 0 bao 1
(ax)m-l Bm—-l
(ax)m—Z 1 0 Bm—2
(a-\‘)m—# — Bm—,u
(ax)m—,u—; Cm—p—1 0 e Crmimp—1 m—pu—1 Bm~,u—]
(ax)m—#— O 0 Cm—p=2 0 Cm—p=2 m—p-2 Bm—,u—z
1 0 e 0 <po By
B} Aq
| 1 4
1| Ay
gg; (Cmmpi—t 0)' 0 e 0 A;’z
;Iz+l 0 (cm—/,z—l l)l (Cm—#—zo)' (UNERRE 0 A;IJ—H
rln—l (cm—,u—] mAp—I)l (Cm—y-z m—#~2)l (Coo)/ A;ln-l
Here we remark that %/ = 4; (j=0,1,...,u~1).

Now we have Corollary from Lemma A.3, which means Green’s Theorem
(Q =RY), where 3 = %;.

CoroLLARY. Let ue L*(R") satisfy Au= feH*R"). Let ve H*(R})
satisfy supplv] = {x < 1}. Then it holds
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S0 —<u, A"y

145

= _{{«ax)m—lu» U>y W MH;:O + {<(ax)m‘2”’A;v>y - \Pm—Z[A;U}}ix:O

+ o+ {00 U, Al 0)y = W[4y 0] o
+ { B8, B, 0> | g + - - + {Bott, By 1070} -
Especially when v|,_o= (0:)v],_o = -~ = (8:)* 0|,y = 0, it holds
700 = S A0y = —{(Burpmsths By o + -+ + < Bots By 05|}y
that is, it holds
ST =Lu, Ay =~ Zjej <Bjuix=0"@1"11—1—jle=0>y’
i Bl =0 (JeT*).
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