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A CONSTlミUCTIONOF COMPACT PSEUDO-KAHLER 
SOLVMANIFOLDS WITH NO KAHLER STRUCTURES 

By 

Takumi YAMADA 

Abstract. In this paper we investigate the Hard Lefschetz property 

on certain compact symplectic solvmanifolds and construct compact 

pseudo-Kahler solvmanifolds which do not have the Hard Lefschetz 

property. We also construct holomorphic symplectic structures， 

hypercomplex structures and pseudo占yperkahlerstructures on cer-

tain compact solvmanifolds. 

Introduction 

Let (M2
J勺ρ)be a compact symplectic manifold. We say that (M21

勺ο)

has the Hard Lefschetz property， if the Lefschetz mapping Lk : HsRk(M)→ 

HZ7/(M) de註nedby Lk([α])口 [α 八ωk]is an isomorphism for any k壬m.It is 

well known that the Hard Lefschetz property is a necessary condition for the 

existence of a Kahler structure. Benson and Gordon [2] proved that non-toral 

compact nilmanifolds do not have the Hard Lefschetz property. They also con-

jecture the following: 

BENSON-GORDON CONJECTURE [3]. Let G be a si，加'mpl)かyルμμ幽幽-叩
S却01んυαωblたeLie group and r a lattice of G. Then Gjr has a Ka・hlerstructureザand

only if it is a torus 

Moreover， since a hyperelliptic surface has a Kahler structure and a structure 

of solvmanifold (not completely solvable solvmanifold)， there exists the following 

generalized co吋ecture(see [6] or [12]): A compact solvmanifold admits a Kahler 

structure if and only if it is a finite quotient of a complex torus， which has also a 

structure of complex torus bundle over a complex torus. A solvable Lie algebra 9 
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is called completely solvable if ad(X) : 9 → 9 has only real eigenvalues for each 

X E g. By investigating the properties of the Lefschetz mapping， Benson and 

Gordon [3] have several necessary conditions for the existence of a Kahler 

structure. On the other hand， de Andres， Fernaむ如nd白ezζ，d必eLeon and Mencia [1] 

have c∞ons削S坑tn印lCはte吋dexamples of 6ι欄 d必imen百叩S幻ionalnon-ぺtoぽralc∞ompact pseudo-欄長.

S釦01討vmanifoldswhich have the Hard Lefschetz property (See Example 5.1). We do 

not know whether any of these solvmanifolds admit Kahler structures. Ibanez [14] 

has constructed かdimensionalpseudo-Kahler nilmanifolds. Kodaira開Thurston

manifold， which is a compact 4・dimensionalnilmanifold， also admits a pseudo-

Kahler structure (see [5]). 

In the previous paper [21]， we constructed completely solvable Lie groups 

which have a lattice. Let Ai， Bj be the matrices given by 

Ai=乞a;(E2川 2k-l E2k，2k) i = 1，...，1， 

島=乞ザI(あい2h-l十品川) j = 1， スぅ
k<h 

where αf，bfhεQ and Ei，j is a matrix unit. We assume that [Ai均1=[Bi均1= O. 

We define a map 

仇 :R附→ End(R2m
)

by 

仇 (t}，...，tl，Xl，'" ，Xn) = L tjAi +玄XiBi

Let ψ(t，x) = exp(仇，(t，x)) and wedefine a group structure of R"+I X R2m by 

(t}，xr，Yd * (t2，X2'Y2) = (tl十 t2，x}十 X2'Yl十 ψ(tl，Xr)Y2) 

for tiε R/， Xjε Rn and YiεR2m. We denote the Lie group (R州 XR2m， *) by 

G口 Rn十1[>(伊R2m

In the previous paper [21]， we proved the following: 

PROPOSITION 1. A Lie group G = R n十1[>(ψR2m is a completely solvαble Lie 

group which has αlattice r. 

The main purpose of this paper is to investigate the properties of the 

Lefschetz mapping on the compact symplectic solvmanifolds constructed in 
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Proposition 1 and to construct examples of compact pseudo幽 KahlersoIvmanifolds 

without the Hard Lefschetz property. 

In section 2， 3 and 4 we always assume that for each k， there exists an i such 

that af #-0 and 1打 1are even numbers. A solvable Lie group G = R'十nl><ψR2m

constructed above is called A-type if Bj = 0 for each j. In section 4 we prove the 

following: 

A Construction of Compact Pseudo-Kahler Solvmanifolds 

THEOREM 2. Let M = G /r be a compact solvmanifold constructed in Propo幽

sition 1 and assume that M has a symplectic structure. Then M has the Hard 

Lφchetz property ifω1d only if M is a compact A-type solvmanifold. 

solvmanifold A-type compact model ofα minimal The PROPOSITION 3. 

M = G /r is formal. 

It is known that formality is also a necessary condition for the existence of a 

Kahler structure and it is conjectured that if a closed symplectic manifold has the 

Hard Lefschetz prope町， then its minimal model is formal (see T刈 le[19]). In the 

paper [1]， de Andres， Fernandez， de Leon and Mencia proved that the minimal 

models of 6-dimensional compact A -type solvmanifolds are formal. 

Next， let ψ(t， x) (tεR'ぅxεRつbean automorphism of R 2m constructed 

above. We consider a solvable Lie group G = R2n+2' l>< ~R4m ， where弱(t，x) = 

ψ(t， x) EDψ( tぅx)，that is， the group structure of G is defined by 

(SI， tl，xl，rl， Yj ，ZJ)キ (S2，t2， X2， r2， Y2' Z2) 

= (SI十 S2，tj + t2， Xj + X2， rl十 r2ぅYj十 (fI(tl，XJ)Y2' Zl +ψ(tl，Xl)Z2) 

for S;， t;εR'， Xj，ri ERll and Yj，Zj ER2m. Then the matrix form of G is given by 

s， t εR'，r，x E Rn，y，z E R2m 
x 

y 

z 

t 

r 

s 

ハυ

ハυ

ハυ
n
U
A
U
唱

E
n
u

A
V
A
υ
A
U
Aり
咽

I
A
V
A
υ

ハU

ハU

ハ
ひ
噌
E
A
U
A
U
A
U

ハ
V

ハ
υ

雷
量
ハ
υ

ハ
V

ハ
V

ハU

o 
(fI(t， X) 。

0 

0 

0 

0 

伊(t，X) 
0 

0 

0 

0 

0 

0 

一一~G 

Note that G is a completely solvable Lie group which has a lattice. 

In section 6 we prove the following: 
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PROPOSITION 4. A solvable Lie group G = R 2n+21 同 R4mhas a left invαriant 

complex structure. 

PROPOSITION 5. If a solvαble Lie group Gニ Rn+1 1><ψR 2m has a symplectic 

structureフ thenGニ R2n十21I><co R4m has a pseudo-Kahler structure. 

Using Theorem 2 and Proposition 5， we can construct compact pseudo“ 

Kahler solvmanifolds which do not have the Hard Lefschetz property. 

Consider the direct product G' = G x C叶 1 Note that G' also has a lattice 

and a complex structure. Let M2n be a 2，トdimensionalcomplex manifold. A 

holomorphic 2・formQ εQ2，O(M) is called a holomorphic symplectic structure 

on M if it satisfies dQ = 0 and Qn手oat each point of M. Todorov conjectured 

that any holomorphic symplectic manifold admits a Kal由rstructure (See [41， [8]). 

Howeverラ Guanhas constructed non-simply-connected holomorphic symplectic 

non-Kahler manifolds and simply-connected holomorphic symplectic non-Kahler 

manifolds ([8]， [9]， [10]). He also consider a deformation of holomorphic sym-

plectic manifolds. However the examples of compact holomorphic symplectic 

non-Kahler manifolds are not so much (In the non-compact case， many examples 

are known， say， complex cotangent bundle M = ̂l，O N of a complex manifold 

N). We prove the fol1owing: 

PROPOSITION 6. If a solvable Lie group G = R川 I><rpR2m has a 1，ψG-

inωriant symplectic form， then G' /r' =δ/t x Cn十I/rhas a holomorphic sym-

plectic structure. 

In section 6， we also construct hypercomplex structures on certain compact 

solvmanifolds. We give some examples in section 5 and 7. In section 8 and 9， 

we construct solvable Lie groups with parameterized lattices and holomorphic 

symplectic structures. As a consequence， we get families of compact holomorphic 

symplectic non欄 Kahlersolvmanifolds. 

The author would like to express his deep appreciation to Professor Yusuke 

Sakane for his thoughtful guidance and encouragement given during the com-

pletion of this paper. The author also thanks Professor Ryushi Goto for several 

advice. 

1. Definitions and NOmiZlトHattoriTheorem 

Let (M，ω) be a compact symplectic manifold and Qk(M) the space of 

all differe凶 alk-forms. We define a linear mapping L : Qk(M)→Qk十2(M)by 
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L(α)=α 八ω.Since ωis closed， we have Ld = dL. Hence， the mapping L induces 

a linear mapping L : H~R(M) → Hぷ2(M) by L([α]) = [L(α)] . 

DEFINITION 1.1. Let (λM2
nへ?

(ロ例1り)1百fthe Lefschetz mapping Lm-l : HbR(M) → H}jR-1 (M) is an isomo ト

ph山i臼sm爪， t出he叩n(.M2
n勺θ)is called a Lefscl削 zmanifold. 

(2) If the Lefschetz mapping L k : H'Dγ(M)→ HZ1k (M) is an isomorphism 

for any k豆 m，then we say that (M2
111 ，ω) has the Hard Lefschetz 

property. 

Note that compact Kahler manifolds have the Hard Lefschetz property. 

Let 9 be a Lie algebra and put 90 = 9 and 9i+lニ [9i'9J A Lie algebra 9 

is called solvable if 9，十1ニ (0)for some r. A Lie group G is called solvable if its 

Lie algebra 9 is solvable. 

DEFINITION 1.2. A solvable Lie algebra 9 is called completely solvable if 

ad(X) : 9 → 9 has only real eigenvalues for each Xε9. A solvable Lie group G 

is called completely solvable if its Lie algebra is completely solvable. 

By a compact solvmanifold G jr， we mean a right coset space of G modulo 

r， where G is a simply-connected completely solvable Lie group and r a lattice， 

that is， a discrete co-compact subgroup of G. 

We denote the Lie algebra of G by 9. We identify八ネグ with the space of all 

left G-invariant forms on Gjr. Then Hattori [13] proved the following: 

NOMIZU-HATTORI THEOREM. The inclusion map i:八kぜ→ nk(Gjr)induces 

仰 isomorphismHk (9) → H~R( Gjr) for each k. 

Let (Gjr， ω ) be a compact symplectic solvmanifold. By N、吋.rom凶i立zu.トト酬司

Theorem， there exists a left G-invariant closed 2-formωo on Gjr such that 

ω-ωo = dy. Note thatωo is also a symplectic structure. Therefore we may 

assume that a symplectic structure on M ニ Gjris left ふinvariantto investigate 

the Hard Lefschetz property. 

2. Closed Forms on Certain Solvable Lie Algebras 

In this section we consider left G-invariant closed forms on G constructed in 

Proposition 1. 
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The Lie algebra 9 of G constructed in Proposition 1 can be written as 

follows. 

9 = span { A 1 ， .・・ ，A/，B1，"・，B川 Y1ぃ・・ぅ Y2m}

with 

[Ai，むk-d= a; Y2k-] ， [Ai，Y訣]= -a;Y2kヲ

[斗むバニ:LbJhむい {斗 Y2h]=乞bfhb
(2.1 ) 

for i = 1， • . . ，1フ j = 1ぃ・・ ，nand 1 ::S:; k < h三二 m.We assume that for each k， 

there exists an such that a; =1= O. Let {α1，・・・，α/，sゎ・ ，snlラω1わう...，ω2m} 

the dual b凶as凶iおscorresponding to {A ] ，い...け，Aん/， B払1，...，B，島丸nヲY町1，ド...汁う Y九2mη寸7}'We write 

ωk， ̂ ・・〈ωι simply asωK and set #K = p for K = (k11 • • .うん).Note that dωk 

can be written as follows: 

dωK=-乞GFαi八ωK-:L:LbrHめ〈ωH

LEMMA 2.1 ([21]). Let y =乞IJKCJ]以 J^ん〈ωK be αc/osed form such that 

判十 #Jand #K are constant. If for each K， there exists an i such thαfoF手0，

then y is an exαct form. 

PROOF. See [21]. 口

We set 

α= span{A]， ••. ，Ad， 

b = spa叫B1， ・，Bn}，

m = span{Y]，..・ ，Y2m}. 

For simplicitうら we denote 八，1(αx b)*八八)m*by パ，)

LEMMA 2.2 ([21]). 

(1) 1fα=α2，0 +α1，1十 α0，2εZ2(g)，where αi，jε!¥，)， then dα2，0 = dα1，1 

dα0.2 = O. 

(2)八]，1n Z2(g) c B2(g). 
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PROOF. Since 

we have 

dω2k-l = -:2ンfぃ ω2k-1-L玄bfh舟〈ω2hー

dω2k =乞れîω2k一 LLbf"め〈ω211，

八o，2L〈l，2?

八2，0~ 0， 

八!?lL 八バ

Since we assume that for each k， there exists an i such that a~ 手 0， we have 

Lemma 2.2 using Lemma 2.1. 口

3. Closed Forms on Nilpotent Lie AIgebras 

We use the same notations as in section 2. 

By Lemma 2.2フ wemay assume that a symplectic structure ωon a solv-

ab1e Lie group G constructed above is an e1ement of八m十八0，2to study 

the Hard L批 hetzprop問 Thuswe write ω=ω2，0 +ω仏 whereωmε八2，0

ω0，2ε八0，2 Note thatω2，0 andω0，2 are symplectic structures on αx b， m 

respective1y. 

Let n be a Lie a1gebra. Put n(O)ニ ηandn(i+l) = [n川(i)jfor i注 O.We say 

that the Lie algebraηis (r+ 1)嗣 stepnilpotent ifη(r)手 (0)and n(r+l) = (0). A 

Lie group N is called (r + 1)幽 stepni1potent if its Lie algebra n is (r十 1)-step 

ni1potent. 

Note thatη= b T< m is a nilpotent Lie a1gebra and ω0.2 can be considered as 

a c10sed form on the simp1y-connected nilpotent Lie group N corresponding to 

η. Thus we consider 1eft 1¥んinvariantc10sed forms on a ni1potent Lie group N. 

Let n be an (r+ 1)・引epnilpotent Lie a1gebra. Consider the descending 

central series {η(i)} of n. Let u(i) be a vector Sl加 paceof n(i) such that 

れ(i)=η(i十1)十 u(i)

for i = 0， 1， . . . ，r -1 and define ni = dim u(i). For simplicity， letパou(O)事〈八

パ'u(r)事=パ0，...， 1，Then 
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パn*= 2二パ0，...， 1，

For an (r十 1)幽 step凶 potentLie algebra n， we have the fol1owing: 

LEMMA 3.1 ([2])・ Any c/osed 2て(orm σε八2n*belongs fo 八1，0，...，0，1+ 
Z八io，...，ir-I，O

Let (1，"" (n
r 
be a basis of ô，...，o， 1. By Lemma 3日1，a left良tNι川尚胎」引mva

S勾ymplecはti詑C fl“or口mωona m江lpot匂en凶11Lie group N can be written as 

ω= YI八 (1十 十凡

^ 1. 0 …O where 引い・.，y叫 are elements of "̂v""，v. Since ωIS n01吋 egenerate，yい...，y九yう切11

are linear1yうyindependent and we extend these to a basis 

Aυ F
 

V
J
 

r
 

-F 
V'，
 

l
 

叩

f

of八1，0，...，0

LEMMA 3.2 ([2]). Let n be an (r十 1)-step ni伊otentLie α1gebra 01 dimension 
2m. Then we have 

(1) 山̂(n*)= Z2111-1 (ロ)) 
(2) 2:八110，'I，...， lr ニ B2m-l(口). 

4. The Lefschetz Mapping on Certain Compact Symplectic Solvmanifolds 

ln this section we prove Theorem 2 and Proposition 3. We assume that a 

symplectic structure ωis left G凶 invariant.We use the same notations as in 

sections 2 and 3. 

Put 

mJ = span{ Y1) Y3，・・・ ，Y2m-l}， 

m2 = span{む，Y4， ...， Y2m}， 

m = span{ Yl， Y2ぃ・・ ，Y2m}. 

Then Lie algebras nl = b t>< mJ， n2 = b t>< m2 and n = b t>< m are (r + 1)帽 step

nilpotent. 

Since nl is a nilpotent Lie algebra， there exists a basis 
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n~ = span{戸い うん(i
O
)， • • • ，(~~)，. • .， (;r) ， • •. ，(~，}}， 

which satisfies for each ρ= 0，・・・ ，r-1， 

411crl)ε八{s1" .， ，sn， (~O) ，.. • ，(~~)，.. .， (lρ ぅ(~~)}，

dnlめ:411cf):O，

where dlll is the exterior di除問1tialonパn1(cι[2， the proof of Lemma 2.1]). 

Put 

ui
p)' 

= span{ (~ベベピl}

EB ui
rf. For simpli均， let Then we have 可 =b* EB ui

or 
ED 

八)b* 
パ̂

oujO)
事 "̂.̂パrlljJY=八(川九 Y

Since {戸1"" ，snぅω1，ωお うωぃ

(;:) =乞cZ)ω211-1

Then we define l-foffi1sイ by17~ρ)= 2:ユ 41)ω2か It is obvious from (2.1)伽t

d1l217~P+1) ε 八{ßll . . . ，sI1
117;0) l' . . ，1J~~)， . • • ，17;ρ ，.. '1η~)} 

Now consider cYLW)as left ιinvariant 1.伽

y
h
v
 

〈Rη b
 

一ヤム
M

nhL戸+
 

p
f
 

v
/
4ラー

〈α
 

ω此α
 

l
Z同

一一
y
h
 

，d
 

(4.1 ) 

nり，
〈Q

山
リ，。

一
ヤ
白
州

nhLH 

十円
リ
・

〈α
 

い
げ
沈α

 

l
Z叶

一一
ρ
k
 

η
 

，d
 

where 

{(!，... ，(nJニ {ciO)??cp， Jjr)
ぃ -d)}・

Similarly， we write 

八
j
b*八八~?)*〈 八八汁?)‘=̂(川}，il，...irn;， 

八
j
b*八八'0u(O)事〈 八パrU(r}皐=八(刷，il，...i'n

ヘ

where u(p)
本

=u~p)' + u~p)
本
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T田 OREM 4.1. Let M = G jr be a compact solvmanifold constructed in 

Proposition 1 and assume that M hasαsymplectic structure. Then M has the 

Hard Lφchetz property if and only if M is a compact A -type solvmanifold. 

PROOF. By Lemma 2.2 and Lemma 3.1， ω0.2 can be written as 

ω0，2 = Y1 ^ (i
r
)十 十 九1r〈CJ;)十 λl八ηir)+ +λ11，八《)十 T，

where Y九bA.んkε 八̂(川，0，...0
nれザ本 and τ ε 八刈(州，i九1，...，i，ト山-

t出ha叫tY九k λ̂九k おsa non-exact cωlos叫ed2-μ幽イformfor each k = 1， ・ ，nr (Note that 

dn八(川，0，...0n* = 0). Then 

Yk ̂  A.k 
!:..(1仰い

2;α1ωii2)(川)
^ 
(;0) 

^ 
(~O) 

^ 八仔)八 八CC
(0) • .JO) ベr)

八制
(r)

〈ηl 八ηi'̂ ・・・〈勾k八・・・〈 η
I1r

= a2 α;八八α1̂  (i
O) 
^ 

(~O) 
^ 
.. . 

^ er) ^ 
. . . 

^ (~) 

ŝ1八 ^sI1
八ηi

O)

^ rJ~O) ^ . . . ^ ば ) 〈 〈 《 )

= a2 αl八八α1̂  (i
O) 
^ 

(~O) 
^ 
. . . 

^ er) ^ 
. . . 

^ (~)八 d1l2 Ð

口。2α1八八α1̂  (i
O) 
^ 

(~O) 
^ 
. . . 

^ er)八八ci)〈dθ

= (-1)
附 l-la2・d(αl八一川l八ciO)〈・ 八符)^ 八CI)八D)，

where α1，a2εR，。ε八吋 anddn2 is the exterior differential on ^ n2'. The second 

equality holds by Lemma 3.2. The third and fourth equalities hold by the 

following fact: 

d(r) =-乞4)αî(r)+乞八(1，io)， i]，日η;う

川r)=Z4;)ぃイ)十乞八(1，io)，九山η;

Then 

L(1/2)(11+1)十m-2: H2(g)→ H叶 1+2m-2(g)

is not an isomorphism if M is not a compact A也 typesolvmanifold. 

Conversely， let M be a compact A-type solvmanifold. Since dωK=  

-L;=l afαîωK， if L#I+#K=p+q=r CIKαI ω̂K is a closed form， then 

L#I=p C政 αI八 ωKis also a closed form. Moreover， it is obvious that if dωK='O， 
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then 2斗I=pCIKαI八ωK is a non-exact c10sed form. By Lemma 2.1， if dωK # 0， 

then a c10sed form L#I=p CIKαI八ωK is悶 ct.Then for each de Rl削 1coho-

mology c1ass， we can choose a representation α=乞I.KCIKαI^ωK such that 

dωK = O. 
On the other hand， we can assume that a symplectic form ωon M can be 

wntten as 

ω=ωm十乞Pkhωk^ωh，
k.h 

where W2，O is a n∞附O印n-deg伊en児 郎e

一ε LL l G Fμα i 八ω K， ω叫k八ω仇h 白sc10sed fl伽O目reach k フ h 叩蹴Cぬht也h凶atPk帥，， #0.T刊he叩nw悦 e 

have 

Lkαニ玄 CI'K'α川 ωK' dωK' = 0， 
I'.K' 

which implies L kαis not exact by the above argument. Then A-type has the Hard 

Lefschetz property. 口

REMARK. In the paper [21]， we showed that a compact symplectic solv-

manifold constructed in Proposition 1 is a compact Lefschetz manifold. 

U sing the notion of di百erentialgraded algebra (or， briefly， D.G.A.)， we 
define the minimal model of M. sd = (sd， d) is called a D.G.A. if sd is a graded 

algebra sd = EBiミosd
1 with the commutativity a. b = (-1)

pQb. a for αεdP， 

b E sdiJ and d an antiderivation of degree 1 as follows: 

d2 
= 0， 

d(α. b) = da . b + ( -1)P a . db 

for a εsdP， b ε sd Q • 

DEFINITION 4.2. Let sd， f!4 be D.G.A.， f!4 is a Hirsch extension of degree n 

of sd， if f!4 is of the following form: 

五容=sd@^nくXjぃ・ .，Xk) 

deg Xi = n， dXi E sd for i = 1， • . . ，k， 

where八nくXj，・ぅ Xk)is the free graded commutative algebra with unit generated 

by {X}l・・・ヲ Xk}.
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DEFINITION 4.3. A D.G.A. .91 is said to be minimal if .91 satisfies the 

following: 

(i) .91 = Ui>O .91i， where .910 = R and .91i+1 is a Hir叫 extensionof .91i for 

i注 O.
(ii) dxεd十..91+， where x E .91 and .91十 =EBi注 ldl. 

DEFINITION 4.4. Let (凶#，dJi)， (.91， dd) be D.G.A.. (uOtうdj/) is called a 

model for (.91， dd) if there exists a D.G.A.-morphism 

p : (uOtうd.，l() → (.91うん)

which induces an isomorphism on cohomology. Moreover， if (uOt， d.，l() is minimalう

then (uOt，d刈 iscalled a minimal model for (.91， dd)' 

By the minimal model of M， we mean the minimal model of de Rham 

cohomology complex (!γ(M)，d) of M. 

DEFINITION 4.5. A manifold M is called formal if (Q*(M)， d) and 

(HE)R(M)， d之 0)ha ve the same minimal model. 

PROPOSITION 4.6. The minimal model of a compact ルtypesolvmanifold is 

formal. 

PROOF. We define a mappi時 ofcochain complex f: (H*(g)， d = 0)→ 

(八*(g*)， d) by 

[z-ω十乞いωK
#1+#K=p+q=r J #1+#K=p+q=r 

where each ωK is closed. It is obvious from the proof of Theorem 4.1 that the 

mapping is multiplicative， that is， f satisfies f([a] ̂  [b])ニ f([α])̂  f([b]). Then 
the minimal model of A-type is formal (See [7]， p. 158 and [1]). 口

5. Examples Related to the Hard Lefschetz Property 

EXAMPLE 5.1 ([1]). We consider the following matrices: 

A=  La(品川

B=O. 
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We denote by 9 the Lie algebra constructed by using A and B in Proposition 1. 

By the proof of Theorem 4.1， it is easy to verify that 

H2
q-l (g)ニ span{[α 八(/八 ηJJ， [s ^ (/八可J](判 =#J = q -l)}， 

H2
lJ(g) = span{[α 八P八(/^可Jl(#I=#J=q-l)，[(/̂ 1JJl (#1=#Jニ q)}，

where (/ =ω2il-1 ̂・ 八ω2i，-1 for 1 = (ilぃ・け ir) and 17J =ω2jl八‘・八ω2j， for 

J = (JI， . . . ，Jr). In particular， we see that the odd betti numbers b2i-1 (M) are 

even and bi(M)ミbi-2(M)(i三m十 1).M(α) = R 2 
t>< R 2m jr has a symplectic 

structure. For exampleラ

ω=α ^ s十 ω:八ω2十・ 十 ω2111-1 ω̂2m・

By Theorem 4.1， M (α) has the Hard Lefschetz property for any symplectic 

structure. Moreover， if M = R 2 
t>< R 4111 jr， then M admits a pseudo-Kぬler

structure (See Section 6 and Example 7.1). 

EXAMPLE 5.2. We consider the following automorphism: 

ψ(九 t2 ， XI ， X2)=(~1 ~ì 
¥o P2) 

where 

I el; 

P; = I 0 e-
t
; - . ・ E

I 0 0 

¥o 0 

Xiet; 0¥ 
o Xie-t; 

et; 0 

o e-ti J 

for i = 1ぅ2.Then G = R 4 
TくψR8 has a symplectic structure. F or exampleフ

ω=ぽÎα2十戸1八戸2十 ωl八ω4一ω3八ω2十 ω5八ω8-ω7̂ ω6・

Now ω3̂ ω4，ω7八 ω8are non幽exactclosed 2-forms. As in Theorem 4.1， we 
see 

L4
. 

ω3八ω'4~α-α1^α2 ̂sI八戸2̂ ω3八ω'4̂ ω5八ω6八ω7̂ ω8

=:tα. d(αl̂α2 ̂ s2八ω2八ω3̂ ω5八ω6̂ ω7̂ ω8)，

L~. 
ω7 八 ω8~b ・αl̂α2八sI八s2八ω1八ω2八ω3八ω4八ω7̂ ω8

= :tb.d(α1̂α2 ̂sl ̂ ω2八ω3̂ ωŝ ω6̂ ω7̂ ω8). 
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Similar1yら Gjr does not have the Hard Lefschetz property for any symplectic 

structure. 

6. A Construction of Compact Holomorphic Symplectic Solvmanifolds 

In t出hi臼ssecti on we c∞ons坑tn刊lCはtP戸seωudo.長品滋泌hle釘rLie groups and holomor中phiおC 

S勾ymplecはti比cLie groups from certain Lie groups. As an application， we have 

Propositions 4， 5 and 6. We also construct a compact solvmanifold which have a 

hypercomplex structure and a pseudo-hyperkahler structure. 

DEFINITION 6.1. Let M be a complex manifold of dimension 2m. A holo-

morphic symplectic structure is a closed holomorphic 2-form Q on M of maximal 

rank， i.e. Qm手oat each point of M. 

DEFINITION 6.2. Let M be a manifold. A set of complex structures {I， JうK}

which satisfies IJ = -JI = K is cal1ed a hypercomplex structure. Let (M， g) be a 

pseudo回 Riemannianmanifold which carries a hypercomplex structure {I， JうK}

Then M is called a pseudo幽hyperkahlermanifold ifωし ωJ and ωK are pseudo-

Kahler forms with respect to 1， J and K respectively， where ωI(X， Y) = g(IX， Y)， 
ωJ(Xう Y)= g(JX， Y) and ωK(X， Y) = g(KXう Y).

We consider the following Lie algebra over R: 

gニ αt><b， 

where αis abelian and b is an idea1. Assume that 

α= spanR{ U1¥ . ，uj}7 

b = spanR { V1
1 ， . .. ， V d } 

Consider the complexification gC. Since gC = 9 + VごIg，R(gC) has the following 

basis: 

R (gc) = spanR {Uト.巧?にIul，?にIり?円，...，り，vf，...， Vi}， 

where V} こよ1~1. Let 1) be the following Lie s伽 1gebraof g: 

。:α+b十日b= spanR { ul ， . . . ， U}ぅV117 ペ?v?? ?F7} 

Consider a direct product 

りxRP = spanR{ ul， うりうuf，...，U;ぅV心・ ，Vd，v?ぃー ，Vi} 
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日1edefine a complex structure on 1) x RP by the following: 

(昨可 (1ザ 叫)i=l，...，p 

Hう!こげ (IR2=一円1) j=I，...，q 

Note that 1) x RP is a Lie algebra. We use the notation ¥}'I(g) = (り xRP，I) and 

let ¥}' 1 (G) be the simply恒 connectedLie group corresponding to ¥}'I(g). Then we 

have the following: 

PROPOSITION 6.3. 1 is integrable on ¥}'I (G). 

PROOF. We show that the Nijenhuis tensor NI(X， Y) vanishes. By definition 

of the almost complex structure 1 and [0，α] = 0， it is obvious that the Nijenhuis 

tensor NI(X， Y) vanishes except for the case when X = U?， Y =叱1or Tj2. Let 

X=U人Y=巧1.Then 

NI(U入門1)= 1[IUj2， Tjl]_ [I~人 Iり i

= -I[U/，り]+[U人ITj1]

=ーにl[ul，月1]十 lqi?に片1]=0. 

Note that I[ Uj
l， v~/ 1 and [U/， 1 v/] can be considered as elements of gC. The other 

case is similar and hence omitted. 口

Let {ç f，・ 74 ぅ ç~ ，・ ι?ωJ??ωJ ぅ ω???ω~} be the dual basis of 

{Ul，・・ ，U;， Ul，...， U}， V1
1， うη，Vl， ぅVi}.Thus as a basis for (1ρ)-type 

we can take 

十iニ cl十日c; i = 1，. . . ，p 

み=ω}+VCfω」? j=l? ・ ，q

THEOREM 6.4. ~σf b h加αSα non-degenerate 2 て拘(ormη1W叫hiωchis c/osed 0仰ng， t的he仰n 

守守町'I(G的)x CσP h αωS α h加oZωO仰F仰 ?

the solvable Lie group ¥}'I (G) has a pseudo幽 Kahlerstructure. 

PROOF. Let ωbニ LkくhPkhωk̂ωh be a non-degene削 e 2・form which 

is closed on g. It is obvious that ifτ=乞k<hPkh ()..k λ̂h十九八九)=

2 Lk<h Pkh仰いωJ-ω; 八 ω~) is a closed 2-form， t批he児mιe

closed. Since dωb = 0 and r(X， IY) = 0 for X， Y E 9 c 1)， it is easy to check 
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that dτ(Xう Y，Z) = dr(IX， IY， IZ)ニ dτ(IX，YうZ)= 0 

τ(Xう Y)立ーて(IX，IY)こ ωb(X，Y) for Xう Yεg， we see 

for X，YヲZεg. 

dτ(IX，IYうZ)=-τ([IX， IY]， Z)十 r([IX， Z]， 1 Y) -r( [1 Y， Z]， IX) 

ニ十τ([X，Y]，Z)-τ([X，Z]， Y) +τ([Y， Z]， X) 

=十ωb([X，Y]， Z) -ωb([X，Z]， Y) +ωb([ Y， Z]， X) 

二 一dωb(X，Y， Z) = 0， 

where X， Yεb c 1)， Z εg. If X εαor Yεα， then 

dτ(IX，IY，Z) = O. Thus 乞kくhPkhAk ̂ん isclosed. Hence 

û= 乞μi^μ1~+玄PkhAk̂  Ahう

IS obvious 

Since 

that 

where {μf}i=I，...，p is a basis of u1，o(Cp
)， is a holomorphic symplectic structure on 

¥{'I( G) x Cp. 

Next assume that [b， b] = 0 and consider e = LkくhPkh(九〈九十九八九)と

2LkくhPkh(ωJ八件 +ωf̂ωl).Note that e(x， Y) = e(IX， IY) =ωb(Xぅ Y)and 

e(IXう Y)ニ ofor X， Yε9 c 1). Since e([xラ Y]， Z)=ωb([Xう Y]， Z)= 0 for X， Yε 

bc札 Zεg， we have 

de(IX， 1 Y， Z)ニ -e([IX，IY]， Z) + e([IX， Z]， IY) -e([IY， Z]， IX) 

二 一ωb([Xう Y]，Z)十 ωb([X，Z]， Y)一 ωb([Y， Z]， X) 

=dωb(X， Y，Z) = 0う

where X， Yεb c 1)， Z εg. If X εa or Yεα， then it is obvious that 

de(IX， IY， Z) = O. The other cases are similar to the case of a holomorphic 

symplectic structure. Thus e is closed. Hence， 

ω二日乞μi八戸i十乞Pkh(Ak八Xh+ Xk ̂λh) 

is a pseudo-Kahler form on (町(G)，I). ロ

REMARK. The signature of the pseudo-Kahler metric constructed above is 

(p + q， q). 

Let [b， b] = 0 and consider ¥{'町、J(¥ 

can be wri tten a部sfiお01ロlows.
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'I' J (町(g))= spanR{ Uι，りう ，u;ぺ・，U;，円1，• • • ， v d ' . . . ， V~ ， • • • ， V:}， 

where the bracket products are 

[u/，げ]=乞c;vjr

for i = 1ぃ・・ぅ p，j = 1γ ・・ ，q，h = 1，2，3，4. 
Then we have the following: 

PROPOSITION 6.5. The simply-connected solvable Lie group 'I' J (町(G))cor-

responding to 'I' J (町(g))hαs a hypercomplex struct附.

PROOF. Let {wt， う W;~q} ニ {ut ヲ ?【51vJヘ・ 3vj} for each hニ

1，2，3，4. We define almost complex structures 1， J， K which satisfy IJ = -JI口 K

by 

(概 w?，
Iwfニ W人

G玖lニ玖
JW? = Wi

4， 
(附=既
KWi2と Wi3

It is easy to check that the Nijenhuis tensor N(X， Y) vanish for each 1， J， K. By 

the c∞onstruction， J iおsint臼egrab凶leon 'I'町包J斤1

and Xエ q可叩11，Y =}:-ηη7ブ71h1 Let X =叫ヲ Y=}:-門ηη7?プ~. We see 

NI(叫げ)= [U/，げ]十I[IUi¥ りi十I[U/，1げ]-I[IU/， I~/] 

=lql?F741十I[叫17m
=乞c;vf+I乞c;η

= 2:: ct vt -2:: ct vt = 0 

The other cases are similar and hence omitted. Then {I， J， K} is a hypercomplex 

structure on 'I' J (町(G)). ロ

Let {にc;，ω巧jfβ九2守1};ω，j伽

lowingι : 

THEOREM 6.6. Ifb hasαnon-degenerate 2拘rmwhich is c/osed on 9， then the 

solvable Lie group 'I'J(' 
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PROOF. Let ωb = Lk.h Pkhωk八ωhフ wherePkh = -Phk， be a nor吋 egenerate

2・formwhich is closed on g. Consider the foIlowing pseudo-Riemannian metric 

of signature (4p+ 2q，2q): 

9 = 2:: 2:: c{ @ c{十乞Pkh(ωJ@ωかω;@ωt)一乞Phk(ωf@ωJ十ω;@ωt)

Then ω1，ωJ and ωK are pseudo-Kahler fo口nswith respect to 1， J and K. By a 

straightforward computation， we see 

ω1=22二(Çk^Ç~ -Ç~^çt) 一乞Pkh (ω; 〈 ωh+ ω; 八 ω;-ω; 八 ω;-d 八 ωt)， 

ωJ=2玄(Ck̂ ご;十 ç~ ^ ct) + 22:: Pkh(ω; 八 ω;-d 八 ω~) ，

ωK = -2 2:: ( c k ̂ ct -c f ̂ c l) + 2乞P肋(ωJ 八 ω~+ωf 八 ω~)

d 
Moreover we see Lk，h Pkhωk^ ωh → -5:k， h， dPNICG 十 P勾C~) )Ç;・〈 ωk^ ωh. Hence， 

d ・

2 Lj(PjhCfk十 P匂cf，J= O. Since Lk，h PkhωJ八ωj→-1ごk，17，i，j(1うhC;k+ PkjC(，JC;八

ωk̂ωh， we see thatωI， ωJ and ωK are closed. 口

REMARK. Let (M， g， 1， J， K) be a pseudo-hyperkahler manifold. Then the 

complex 2-formωJ十ゾごTωKis a holomorphic symplectic structure on (M， 1). 

In the above case， we have the following holomorphic symplectic structure on 

(MうJ):

Q ニーω1+口 ωK=2:2ン;J八 μ?4+乞Pkh(Ak
，3
^ À~

， 3 十校4 〈 A74) ，

whered=ごいよIci，AJ
，jf=ω↓+日ω{Note that (M， J) has other holo値

morphic symplectic structures the cohomology classes of which are different from 

the cohomology class of n. For example， by the proof of Theorem 6.4， 

n'=2乞μ;，
3

八 μ?4+乞PkhAY〈 A?4

is also a holomorphic symplectic structure on (M， J) 
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Let ψ(t， x) (tεR'，xεRll) be an automorphism of R2m co凶 ructedin Prop-

osition 1. Consider a solvable Lie group Gェ R2n十2lk，R4ぺwhereq)(t， x) = 

ψ(t， x) EDψ(t， x)， that is， the group structure of G is defined by 

(tl， X1， Sゎrl'Y1，zd* (t2，x2，S2，r2'Y2，Z2) 

= (tl +t2，XI十 X2，SI十 S2，r1十 r2'Y1+ψ(t1， Xt)Y2' Zl十 ψ(tl，Xt)Z2) 

for Si， tiεR'， xi，riεRn and Yi，ZiεR 2m. The Lie algebra 9 of G is 

言={Ai，BhUI?F7??l'?ZK}i=l，，j，jd，，い=1，...，2111'

where the bracket products are 

[A;， Y2k-d =ぐれhー 1， [A;， Z2k-d = a~Z2kー 1 ，

[Ai' Z2k] =一αfZ2k?[Ai' Y2k] = -a~ Y2hヲ

[Bj) Y2h-l] = Lbfhれい [与Z2h-d=乞りhZ2k_1， 

iめ Y2h)ニ乞bfhb? {島，Z217)=乞げZ2k，

for i = 1， • • . ，1， jニ]ぃ・汁nand 1三三 k<h三三 mand the other brackets are zero. 

We denote by {α 巧34Jjぅω;ぅωl}the dual basis of {Ai均 ，Ui，巧，Yk，Zd
Let us consider the following Lie algebra and its decomposition: 

DECOMPOSITION. 1 : 

9 = span{A;ぅ鳥?れ}，

α= span{A;，lちi}，

b = span { Y1 ， .・・ ，Y2111}. 

Then 9 = ¥}JI(g). Thus we have Proposition 4， 5 and 6 by Proposition 6.3 and 

Theorem 6.4. 

lndeed， we define an almost complex structure 1 by 

(… i = 1.....1 

IB戸=Vj j=l，・・・ ，n
I れ =Zk kニ1，・・・ ，2m

By Proposition 6.3， we see that the Nijenhuis tensor N1(X， Y) vanishes and a 

basis for (I，O)-type forms is given by 
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μ=J十日い・=1.....1 

η=何十日pf j21ぅ ぅn

In particular， if 9 is not A-type， then M = '1'1 ( G)jr 'f'((G) has a pseudo開 Kahler

structure with respect to which M does not have the Hard Lefschetz property. 

REMARK. If G is A勺pe，then the Frolicher spectral sequence {ι(言)}

削 isfiesEj (言)~ E∞(g). In particular， dim Hr(g) = Lp十
q=rdimc Hf，q (gC). 

Indeed， by a straightforward computation， we see 

8(λK， ̂2KJニ ztiK2Fi〈 AKl八九

。(AK，̂ 九)=乞aFiK2μi八九i八九ぅ

which implies that if AK，八 AK2 is d-closed， then d-closed. Put μJj-μ1 ̂  i1J' Let 

y口乞1CJJK，K2f-!Il ^ AK， ̂  AK2 be a d-closed form such that for each Kjフ K2，there 

exists an such出atdiK2手O.Similarly to Lemma 2.1， we can check伽 ty 

is d-exact. Thus for each d-cohomology class， we can choose a representation 

乞CJJK，K2μIl̂ λK，̂  AK2 such that d(AK，八 AK2)=0.Then we have Hf，q(8)= 

Hf(F)andO:HY(f)→ Hf十j，q(gC)is the zero-mapping by the above aト

gument. Hence Ej (g) ~ Ew (g) (See [1]). 

Let 9 = span{Aj1β; ，れ}be a solvable Lie algebra constructed in Proposition 

1 and consider the following decomposition: 

DECOMPOSITION. 2: 

α= spa叫A]，...Ad，

b = span{Bj，・・・，Bn'Yj，...， Y2m}. 

Since α， b satisfy the condition in Proposition 6.3， we can construct a solvable 

Lie algebra '1'1(9). Since span{Yj， Y2 ， IYj ， IY2 ぃ・ • ，IY2k-l， 1むけ isan ideal of 

'1'1(9)， 'I'I(G) also has a lattice. We show that 'I'I(G) has no left 'I'I(G)同 invariant

pseudo-Kahler structures with respect to 1 except the case of A-type. For sim-

plicity we use the following notation: 

dωk = -LAkαt八ωk-玄Bfめ八ωh
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Hence， A2k-1
ニ -A2k= αf ， Bjb! こ Bi'~" = hJh. By a straigl的 rwardcompu-

tatlOn， we see 

仏二 川 + にIω;)=-iz山 i吋 i)八九一ZBf11ケ

PROPOSITION 6.7. ~σf α Cωonψ act solんU仰附m仰α仰nf扮(0ωold¥}I町I(何G)ν/r九、守町IJ

f作h舵ed必e釘ωCωom仰'Poωsiぜ咋刈愉i臼ω仰tiωiωon2 haωS α l附ゆ 守v叫町Fう似I(何問G的)馳イi附n即1叩UωαU仰rげiα側n削tp戸S仰 dめO箇 K必a劫.古h怜lたer川 st削r附uc附ct仰fωu問 f的h仰 G is 

A-type. 

PROOF. By Stokes' theorem and the assumption of the coefficients AJc， if 

there exists a left ¥}II (G)-invariant pseudo-Kahler structure， then there exists a 

8-closed 2-form L Qkh Ak ̂  Xh of maximal rank; i.e. the matrix Qニ (Qkh)is non-

degenerate. Thus 

0=8乞QkhAk̂  Xh 

ztz仲 Afl川 kdh-EiQkjlBJ;iλk̂  Vj ^ Xi 

Hence，乞h
Qkh Bhl 

= O. By the non-degeneracy of Q = (Qkh) it implies that 

B~I = 0 for each i， j， h. 口

By this proposition， we can construct a compact holomorphic s勾ymplecはtiたC 

Sω01討vman凶1廿iflお01ほd¥守甲町p引'I(G)ν/r'P、哩町p

with r印especttωo 1. . 

REMARK. Let (N /r，ω) be a nonぺoralcompact symplectic nilmanifold 

Then a compact complex nilmanifold (N /r， 1)， where N is the simply-connected 

nilpotent Lie group corresponding to a complex 凶 pote剖 Liealgebra (R (nC)， 1)， 
has a holomorphic symplectic structure. However， (N /C 1) has no pse吋 O欄 Kahler

structures with respect to 1 (See [9] and [18う Theorem1]). 

7. Examples of Compact Holomorphic Symplectic Solvmanifolds 

EXAMPLE 7.l ([1]). We consider the following automorphism of R2: 
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Note that 

has a八03Ltypeform ω:八 ω2with rank 2. As in P均 osition4， we have the 

following solvable Lie group which has a lattice: 

ムムY1，Y2，ZIヲZ2εR
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6zR2KOR42 

By Theorem 4.1 and Theorem 6.4フ G/ris a compact pseudo-Kahler manifold 

which has the Hard Lefschetz property. By Theorem 6.4， G/r x c/r has a 

holomorphic symplectic structure. 

Let 9 be the following Lie algebra: EXAMPLE 7.2. 

9 = span{A， B， Y1， Y2， Y3， Y4}， 

where the bracket products are 

[A， Y2] ここ -Y2ヲ[A， Yd = Y1ぅ

[A，九]= -Y4， (A， Y3] = Y3， 

[B， Y4) = Y2. [B， Y3] = Y1， 

Consider the following decomposition: 

α= span{A， B}， 

b = span { Y1， Y2， Y3， Y4}. 

By Theorem 6.4，問(G)has a holomorphic symplectic structure and a lattice. 

Moreover， by Theorem 6.6， M24 = 'PJ('PI(G))/r has a pseudo国hyperkahler

structure. 

Next consider 
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f = 9 ED 9 = span {A， B， Y1，・，Y4，A'，B'， Y{，・.， YD.

Let {α，s，ωj，... ，ω4，α'，s'，ω(，・・ ?ω~} be the dual basis corresponding to 

{A，B， Y!，.・・ ，Y4， A'， B'， Y{， . . • ， Y;}. Consider the following decomposition: 

α= spa叫A，A'}，

b = span{B，B'， Yj，..・ぅ Y4，Y{，...， Yn‘ 

By a straightforward computation， we see that b has the following non-degenerate 

c10sed 2-form: 

ωb イ八 ß' 十乞(_I)k(正叫+j 八 ω山十 ωjk+l 〈 ω~-2k)

By Theorem 6.4 and Proposition 6.7， ¥f'I(K)jr¥f'I(K) is a compact symplectic 

solvmanifold with no left町(K)ーinvariantpseudo-Kahler structures with respect 

to I. 

REMARK. It is easy to check that ¥f'I(K)jr ¥f'I(K) is a total space which 

has non-toral symplectic solvmanifolds as fiber and base space. Moreover， 

¥f'1(K)jr ¥f'I(K) has a compatible symplectic structure. lndeed， consider the fol-

lowing Lie subalgebras: 

nj = span{B，IBう YI，・・・，Y4，IY!，.・・ ，IY4}，

れ2=span{BFJBf?YJv ・・，】T~ ， IY{ぃ・・ ， IY~} ，

t = span{A，U，A'，U'} 

nl and t IXれ2have non-degenerate 2-forms which are c10sed on ¥f'I (K) jr ¥f'I(K)' 

Consider a symplectic fiber bundleπ1 : (T IX NJ)j(rT t( rN1)→ TjrT and a 

mappmg π2 : (T IX N2)j(rT IX rN2)→ T jr T， where T， Nl， N2 are simpl)ん

connected Lie groups corresponding to t， nl， n2 and r T， r Nll r N2 are its lattices. 

Then the induced fiber bundle TC"21 
(( T IX N1) j (r T IX r N， )) =町(K)jr¥f'I(K) is 

desired. 

8. A Construction of Solvable Lie Group with a Parameterized Lattice 

In this section we consider some complexification of a solvable Lie group 

G = Rll+/t(ψR2m constructed in Proposition 1， each of which has a parameterized 

lattice. 
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Let G3，3 be the simply-connected soIvable Lie group defined by 

、i
i
i
i
t
r
i
l
-
-
J

C
 

ε
 

Z
 

今
ノ
-w

 
w
 

、、‘‘・
I
l
l
e
g
i
t
i
-
-
F
J
'
'

w
町

z

l

ハU

ハU
1

1

ハV

ハ
υ
一
ハ
り
ハ

υ

ρu 

d
o
o
o
 

/
I
l
i
l
i
-
-
1
¥
 

J
E
-
-
E
i
f
E
E
E
E
-
-

一一
句

J今、M

~G 

Note that Ch，3 may be described as the semi-direct product C1 
tく的 c2，where 

附 )=(;Jz)
Let B E SL(2うZ)be a unimodular matrix with distinct real eigenvalues， say， 

A， 1/ A (it's not necessary that A is positive). Take to = Log A， i.e.， etoニ λThen

there exists a matrix P εGL(2， R) such that 
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Let 

LI = Z[to，にIη]= {tok +にln.h I k，hεZ}， 

L， = {p(~)1山Z円}，

and put r3 = Ll t>く伊
3
L2・Since 
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where z = x + .;ごly，r3 is a lattice of CIj，3・Similarlうら the following solvable Lie 

groups have lattices: 

ο何 W 町 c)e-Z 0 W2 

o z 

o 0 1 

ふ=(n oow))  
e-Z 0 W2 

o z 11 
W 1 ， W2， Z εC ~. 

o 0 

We define mappings CfJi.* : C州→ End(C2m)by the foIlowing: 
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伊L*(Z，x)エ出(Zi付加zi(川)時

川口)=土;(釘十5加むjBj

伊3，*(Z，x) =玄けI十乞巧・4

伊4，*(Z，x) =玄乙，Ai十乞-rj今

九州

向、*(Z，x) =乞(hAfdd-MfVE11)十乞χj・4

where 

A?dd = ) a~ Jιμi  .G2k-1. 2k-! ， AfVE112乞a;E2k，2k i二二 iぃ・・ ，1.

Let ψi(Z， x) = exp(ψi.*(Z，X)) and we define group structures on Cn十
IX C2m 

by 

(Z!，Xj，w!)的 (Z2，X2， W2) = (z!十Z2，X!十X2，W!十伊i(Z!，Xj )W2) 

for Zj ε CI

ヘヲ
x吟lε Cn and Wi ε C2m 

We denote the Lie group (ぽCn叶+刊
IX Cぴ2111ぺ牢h叫i)b匂yδ i ニ C 叶州l民~伊 Cじ2m….We call that 

Gi is the complexification of G = (R n十'T(ψR2へ*)of type i. 

We denote byα" 舟3ω叫k t批h恥eleft Gι帽 mvaι

such that 

(αi)e = (dti)eう (め)e= (d巧)eう (ωk)e = (dYk)e' 

We denote 八'{α1 ぃ・・ぅ αI ， ßl ぃ • ，sn}八八.I{ω1，・・・?ω2m} by !¥，}. Moreover， for 
eachη ニ 1，...，6，we denote by ai，，，， sj，，，， ぬk，，， the left G，，-invariant (1，0)ゐrmson

G" such that 

( ai，，， ) e = (dz i) e' (sj，，，)e = (d.巧)eう (φk，")e = (dWk)e' 
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If there exists no possibi1ity of confusion， we write ai， ~， φk for ai，YJ' sj，YJ'φゎl

respectively. For simplicitうら we put {Alぅ・・.，A肘t}= {α1ぃ・・ ?αI，sl'・・ .，s，J and 
{λiぅ・.. ，An+l}ェ {a]l・・・うん}.

PROPOSITION 8.1. For each i， the solvable Lie group Gi = Cn+1 
t><伊 c2mhas a 

parameterized lattice. 

PROOF. We construct a co-compact lattice of G1. Let τbe a complex 

number such that 1m T > 0 and Pi， qj (i = 1， • • .， 1ぅj= 1ぅ・・・，n) non-zero purely 

imaginary numbers. Let Z[T] = {k +τh Ik，hεZ}. We put 

L]，A(P) = atoZ[pJ] x ・・× αtoZ[p小

ι]，B(q) = am-1 (m -1)!Z[qJ] x ・・・ x am-1 (m -1 )!Z[qnJ， 
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where a is the least common multiple for de抑 ninatorsof a;ぅ bfjJThenfl= 
(Ll，A(P) X L1，B)同 IL2(τis a lattice of G1 which has some parameters. Simi-

larly， Gi has a lattice which has some parameters. 口

REMARKS. 

(i) The cases 1 and 2 correspond to the decompositions 1 and 2 respectively. 

(社) M ore generally， if ho = spanQ { B 1 ，・.. ， Bn} is a nilpotent Lie algebra over 

Q， then we have that Cn+1 
1>くψc2m admits a lattice (cf. Raghunathan 

[17]; Theorem 2.12 of Chapter II). 

(iii) We can apply the complexification of type 1 to other solvable Lie 

groups. F or example， 
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has a lattice. 

(iv) The author thinks it's not trivial that the existence of a lattice of 

complexificated solvable Lie group (See Guan [9， Example of Section 4]). 

(v) If we assume that z，爪 WεHヲ thenwe have a complex solvmanifold 

which admits an almost hypercomplex structure some of which are 

integrable. 
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9. Holomorphic Symplectic Structure on Gi 

In this section we consider holomorphic symplectic structures and pseudo-

Kahler structures on Gi. Let Gニ RI1十
，[>(伊 R2m be a completely solvable Lie group 

constructed in Proposition 1. In this section we always assume that for each k 

there exists an i such that af i= 0 and there exists a j such that 1いi=O. Moreover， 

when we consider 的判 CfJ6キ， we always assume that for each i the signature of 

af is constant. For simplicity， we always assume that n十 1are even 

By Lemma 2.1 and 2.2， we have the following: 

LEMMA 9.1. Let G/r be αcompact symplectic solvmanifold constructed in 

Proposition 1. If G /r has Q symplectic structure， then there existsαfψ G-invariant 

sy仰 lecticstructure ω which臼 anelement 01八日十八0，2

PROPOSITION 9.2. If G/r has a symplectic structure， then Gi/C (i = 1，2う3，4)
has a holomorphic symplectic structure. 

PROOF. By Lemma 9.1， there exists the following symplectic structure: 

ω=LPk山八 Atz十 LQkhωk八ωh，

where PkJIl Qkh E R. Then 

n=乞P山八Ah十乞QkhWk八φh

is a holomorphic symplectic structure on GdC for i = 1，2，3，4. In the case of 

CfJ¥判 smce

dω2k-l = -La;ぃ ω2k-l-乞乞げんω山?

dω2k =乞Gfぃ ω2k-LLザhめ八ω211，

we have 

dh-l=-jp(di什 i)̂ φ2k-1-izむh(川 )̂φ2hー

必 2K2ip(ai十 3M2k-;zph(44)八φ2h
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By considering ai十aiand丹十め assingle terms， we see that L: Qkh仇〈φh lS 

c1osed. The other cases are similar and hence omitted. 口

106 

PROPOSITlON 9.3. If G /r has a symplectic structure， then Gdri (i = 1ぅ5)has 
αpseudo聞Kahlerstructure. 

PROOF. Consider the case of qJ5.*' By our assumption and Lemma 9.1， there 

exists the following symplectic structure on G: 

ω2乞PkhAk^ Ah十乞 Qkl1ω2k-1 ω̂211ぅ

where Pkh， QkhεR. Since 

dω2k-1 = -La;αi八ω2k-1-'2二乞りhめ八ωル h

dω2k =玄afαi八 ω2k一乞乞ザhめ〈ω2/))

向ー1=一平和

we have 

仇 zpfdi〈ふぺzph小五)八品2h

Similarly to the proof of Proposition 9ムL:Qkhφ2k-1 φ̂211 is a c10sed (1， 1)価

form. 口

that By the same argument in the proof of Proposition 6.7 we see 

GdC (i = 3，4，6) has no left Gi-invariant pseudo-Kahler structures. Moreover， 

by a straightforward computation， we see that Gi/ri (i = 5，6) has no left Gi-

invariant holomorphic symplectic structures. 

Left Gi-invariant structure on GdC Table 9.1. 

pseudo-Kahler 
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no 

no 

type 
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10. An Application: A Simple Deformation of Holomorphic Symplectic 

Manifolds 

In this section we consider a simple deformation of compact holomorphic 

symplectic solvmanifolds constructed in section 9. Consider the fol1owing solvable 

Lie group: 
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G has holomorphic symplectic structures， for example， Q = &八F十 φl̂ φ2.Put 

B = {rεCllmτ> O}. Let∞: Gx B → B be the natural projection. Consider 

the group of automorphisms of G x B defined as follows. 

(z，Pω1  

Kp acts proper1y disco凶 nuouslywithout fix points. Therefore .Aら=G x BjKp 

is a complex manifold. Since the projection旬:Gx B → B commutes with 

gkl1ll1 1 111 m21l2 ， it induces a holomorphic mapτV of A on B. By a straightforward 

computation， we see r;:F I (τ) = Ch， 1 jt(p，τ) x Tt. Thus (;3， J/t(pぅτ)x Tt and 

G3，ljr(pぅτ')x Tt are diffeomorphic. Consider the natural projection 7ra : G x 

B → G and a left G回 invariantholomorphic symplectic structure Q. Since 7r;;Q is 

Kp回 invariar礼 i.e.，gid叩 Im2
1l
27r;;Q=π;;Q， 7r;;Q induces a form on Ap = G x Bjん

REMARK.UPJ611/f(p，τ) x Tt is a di百erentiablefarr均・

Let (G2nへ?

and Q a left G-invariant holomorphic structure on (G，I). Let rτbe a lattice of G 
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which has parameter r. Consider compact holomorphic symplectic solvmanifolds 

(Mr = Gjrr，lτぅQふwherelr， .or are complex structures and holomorphic struc-

tures inquced from 1 and .0 respectively. We define a volume form dVolr by 

dVolτ=.0τ八・・・ Ôτ̂ .oτ〈 ・八.or・Moreover we define Volr(M，τ) = fMτdVolτ-

Note that Volr(Mτ) can be considered as the volume of fundamental region on G. 

Then we have the fol1owing: 

LEMMA 10.1. Jf there exists a diffeomorphism frrJ : Mr→MrJ such that 

fr;JOrJ = 0τ， th仰

Volτ(Mr) = VolrJ(MrJ) = Volr(MrJ). 

PROOF. By our assumption， we have 
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1n the above case， since we have α〈 ωl̂ ω2= dt ̂  dYl ^ dY2， we consider 

Volr(M，τ) as the volume of a fundamental region on R6
. Hence if 1mで#

1mて then there exists no diffeomorphisms frr': (G3，1 jt(p，τ) x ~ふ.or) →
(G3， I/t(p， r') x ~ふ.or') such thatλ;，.0τ， = .or. 

By applying the above argument to the complexification of type of a 

symplectic solvable Lie group in Proposition 1， we get families of compact holo-

morphic symplectic norトKahlersolvmanifolds. 

REMARK. We can apply the above argument to the case of pseudo-Kahler 

structures. 

References 

[1] de Andres， L. c.， Fernandez， M.， de Leon， M. and Mencia， J. J.， Some six dimensional compact 
symplectic and complex solvmanifolds， Rendiconti di Matematica， Serie VII， Vol. 12 

(1992)， 59-67. 
[2] Benson， C. and Gordon， c.， Kahler and Symplectic structures on nilrr即 1ifolds，Topology 27 

(1988)， 513-518. 
[ 3] 一一一， Kal市rstructures on solvmanifolds， Proc. Amer. Math. Soc. 108 (4) (1990)， 971-980. 
[4] Bes民 A.L.， Einstein manifolds， Spri時er-Verlag，1987. 

[5] Fernalldez， M" Ib主主ez，R. and de Leon， Mリ Ona BryIinski conjecture for compact symplectic 
manifolds， Quaternionic structures in mathematics and physics， SISSA， Trieste， 119-126， 
1994， 



A Construction of Compact Pseudo-Kahler Solvmanifolds 109 

[ 6] 日 rnandez，M.， de Leon， M. and Saralegui， M.， A six dimensional compact symplectic solv珊

manifold without Kahler structures， Osaka J. Math. 33 (1996)， 19-35. 
[7] Gri部ths，P. and Morgan， P.， Rational homotopy theory and di汗ere凶 alforms， Birkauser， 

Boston， Progress in Math. Vol. 16， 1981. 
[8] Guan， D.， Examples of compact 1叫 omorphicsymplectic manifolds which admit no Kahler 

structure， Geometry and analysis on complex manifolds， World Sci. Publishing， River 
Edge， NJ， 63-74， 1994. 

[9 J 一一 Examplesof compact holomorphic symplectic manifolds which are not Kahlerian IIl， 
Internat. J. Math. 6 (1995)， 709-718. 

[10J 一一一一， Examples of compact holomorphic symplectic manifolds which are not Kahlerian II， 
Invent. Math. 121 (1995)， 135-145. 

[11] -一一 A splitting theorem for compact complex homogeneous space with a symplectic 
structure， Geom. Dedicata. 63 (1996)， 217-225. 

[12] Hasegawa， K.， A class of compact Kahlerian solvmanifolds and a general conjecture， Geom. 
Dedicata. 78 (1999)， 253-258. 

[13J Hattori， A.， Spectral sequence in the de Rham cohomology of fibre bundles， J. Fac. Sci. Uni. 
Tokyo， Sect. 1， 8 (1960)， 289-331. 

[14] Ibanez， R.， Coeffective-Dolbeault cohomology of compact inde五niteKahler manifolds， Osaka J. 
Math. 34 (1997)， 553-571. 

[15] McDuff， D. and Salamon， D.， Introduction to symplectic topology， Oxford University Press 
Inc.， New York， 1998. 

[16] Nomizu， K.， On the cohomology of compact homogeneous spaces of nilpotent Lie groups， 
Ann. of Math. 59 (1954)， 531-538. 

[17] Raghunathan， M. S.， Discrete subgroups of Lie groups， SpringeトVerlag，Berlin， 1972. 
[18] Sakane， Y.， On compact complex parallelisable solvmanifolds， Osaka J. Math. 13 (1976)， 

187-212. 
[19] Tralle， A.， A note solvable Lie groups without lattices and the Fとlix-ThomasModels of 

員bration，arXiv:math.DGj0009105 11 Sep 2000. 
[20] Tralle， A. and Oprea， J.， Symplectic Manifolds with no Kahler Structure， Springer同Verlag，

Berlin， 1997. 
[21] Yamada， T.， Examples of compact Lefschetz solvmanifolds， Tokyo J. Math. 25 (2002)， 261-283. 

Department of Mathematics， Osaka University 

Toyonaka， Osaka 560・・0043，Japan 


	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107

