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SIMILARITIES BETWEEN THE TRIGONOMETRIC 
FUNCTION AND THE LEMNISCATE FUNCTION 

FROM ARITHE九1ETICVIEW POINT 

By 

Takuma OGAWA 

Abstract. We show that the rational functions associated with the 

lemniscate functions and primary numbers of Gaussian integers， de-

fined by Eisenstein， has a symmetrical relation with respect to the 

zeros and the poles. We also consider some polynomials associated 

with the trigonometric functions and odd integers， and point out a 

similar symmetry of the polynomials. 

1. Introduction 

Throughout the present paper， sl(u) denotes the lemniscate sine. The lem-

niscate functions play important roles in various branches of number theory. 

Here we focus on the foIIowing three aspects: 

(1) A proofofthe law ofbiquadratic reciprocity (by F. G. M. Eisenstein [1]， 

[2]， [4]， [5]， [10]). 

Let B = {rsεZ[i] 11 ~ s豆 半JεZ}be a quarter-system modulo 

a primary prime r in Z[i]， where rs are suitably chosen. Then we have 

l(s(竿)) ，_ _ 1 r' 命G)4 = II Wsl(竿)，ロ

where r and s are coprime. 
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(2) Abelian equation over Z[i] (by Abel [6L [7]う [8])

For a primary m in Z[i]， the numerator of the rational function 

Rm(x) defined by the equality 

l(mu) 
Rrn ( sl ( u )) =一一一

sl(u) 

is an abelian equation over Z[i]. The above rational function was used 

in (1). 

(3) Abelian extension of Q(i) (by T. Takagi [9]). 

Every abelian extension of Q(i) is obtained by adjoi時 sl(α)，where α 

is a root of the equation尚仰)ニ 0，m being a Gaussian integer. 

The above relationship among the reciprocity law， the abelian equation and 

the abelian extension suggests that these three may be viewed as an appearance 

of the same object. This view is explicitly stated by M. Takase [11]， [12]. Similar 

phenomena have been known for the trigonometric functions: 

(1') A proof of the law of quardratic reciprocity (by Eisenstein [1]， [3]， [10]). 

Let A = {αεZI1ζα 豆(p-1) /2} be a half-system mod叫oan odd 

prime p in Z， then 

(2πα¥ 

(~)2 = IlEA~Itzノ ?π= 2 J:若手ヲ
一一-

p 

where p and q are coprime. 

(2') Abelian equation over Z (by Abel [7]). 

For an odd q in Z， the polynomial Pq(x) defined by the equality 

九(sinz)ニ立与
is an abelian equation over Z. Eisenstein also used the above polynomial 

in (1 '). 

(3') Abelian extension of Q (KroneckeトWeberTheorem). 

Every abelian extension of Q is contained in a色eldgenerated by 

叫(苧)， n being an integer 

1n the present paper， we examine the similarity between the lemniscate 

function and the trigonometric function in more detail， with the above phe-

nomena being regarded as a guiding principle. 

First we recall the following well-known fact. A Gaussian integer m = 

α+ ibεZ[iJ (α，b E Z) is said to be primαη， if m 三 1(mod(1 + i)3). 1f a十め is

a primary integer， then a2十 b2三 1(mod 4) (see Lemma 3.1). 
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PROPOSITION 1.1 ([10， Proposition 8.2]， cf. [1]， [2]). Let m = a十 ibbe a 

primαry Gaussian integer and let N:= a2 + b2. Then t的he臼r匂eexist porかyノ110mη仰1υi，ωiaαlsS 

P凡凡;n(X)，~既11バ?

sl(凶mu) ~杭mバFη1(いx4
)

一一一= 一----;i"¥， W叫4伊仇y吟hel陀 x = sl蝋仰州1(恥刷(似川u刈). 
sl(u) κ凡ん?η1ベ(x4勺) 

Moreovel・，these polynomials satiめJ the following two equalities: 

Wm(x
4) = xN-l l/;n(x-4)， ぽzd

~バ0) = the coefficient of the top degree of凡7(X)= m. 

The last equality of the above proposition shows that the rational function 

defined by 

~11(X4) 

凡7(X4)

is symmetric with respect to the zeros and poles. This leads us to study the 

function cl(mu)jcl(u) (cl(u) denotes the lemniscate cosine). It has been shown to 

be a rational function of s12(u) with coefficients in Q(i) [15， Corollary 3.2.3]. We 

study the symmetry of the rational function， similar to the one of the function 

~11(SI4(U)) j九1(s14(u)). 

2. Notation and Statement of the Result 

τhroughout the present paper， P denotes the set of primary numbers and let 

M:= {m =α十 ibεZ[i]laヲbE Z α-b三 1(mod 2)}. 

It is easy to see that M = P + iP十 i2P十 i3P.Eisenstein [5， Theorem 3.3] proved 

that 

sl(mu) 
一一一 εQ(i)(s14(u))， for each m E M 
sl(u) 

DEFINITION 2.1. F or mεM， let R刊 (x)and Rc，m(x) be functions satisfying 

the following equalities: 

sl(mu) 1_1/..¥ ¥ cl(mu) 
，m ( sl ( u )) : =一一一，Rc，m(sl(u))・=一一一sl(u) ， ~'t:， m\~~\v'lI. cl(u). 
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It follows from [5フ Theorem3.3] and [15， Corollary 3.2.3] that both of 

Rs，m(x) and Rc，m(x) are rational functions. Note that for a primary m， Rs，m(χ)= 
w，n(X4) j Vm(x4)， where 凡(X)，Wm(x) are the polynomials in Proposition 1.1. 

As the following resu1t shows， the rational function Rc，m(x) has a strong 

symmetry with respect to zeros and poles. 

PROPOSITION 2.2. For each m εM， there exists a polynomial Km(X) E Z[i][X] 

such that 

K~(X2) 
，m(X)口ゥ

Km( -x2) . 

Also Rc，m(x) and Rs，m(X) satisfy the following equality. 

T田 OREM2.3. Let mεP be a primary number. Then 

R"m(日)= R"m(χ) 

From these resu1ts， we can derive a relationship on Vm(X)， W，バX)and 

Km(X) for a primary m. 

COROLLARY 2.4. Let m =α+ ibεP (α，bεZ) be a primary number. We 

hαve the following stαtements: 

(1)仇 1(χ4) = xN-l Vm(x-4)コ whereN =α2 + b2 (Proposition 1.1). 

(2) Let y2 = (1 -x2)j(1十 X2).Then， we hαU 

(既仇川附バn(Yり 川y

F既予κ九ι:L弘以?ηバ1ベ(収X4竹)Kmバ(一づy2勾2り)= v凡~1(付X4竹)1(，κ~n(りy2り). 

(σ3) Kmベ(X)can be chosen as a reciprocal polynomial. 

EXAMPLE 2.5 (see [15]). For mニ 3一 2幻iεP，the functions R凡c，m(ωx刈)and 

RS，11バ7

Rsム叩'川m(いωx刈)= 
(σ3 一2幻勾i)十 (け7+4引制i)X4+ ( 一l口i一lOi)x8 + x1口2 

1 + (-11 -10i)x4十 (7十 4i)X8十 (3-2i)x12 ) 

Rc，m(x) 

l一(2-6i)x2 + (3十 8i)X4+ (12 -4i)x6十 (3+ 8i)x8一(2-6i)xlO十 X12

1 + (2 -6i)x2 + (3十 8i)x4一(12-4i)x6 + (3 + 8i)x8十 (2-6i)x10 + xl2・
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For these polynomiaIs，九l(X)，~l1 (X) and Km(X) in Proposition 1.1 and Prop幽

osition 2.2 have the following fo口n:

Vm(X) = 1 + (-11 -10i)X + (7十 4i)X2+ (3 -2i)X3， 

Wm(X) = (3 -2i) + (7十 4i)X十 (-11-10i)X2 + X3， 

ιl(X) = 1 -(2 -6i)X十 (3十 8i)X2十 (12-4i)X3 

十 (3十 8i)X4- (2 -6i)X5
十 X6

3. Preliminaries 

3.1. Lemniscate functions (see [13]). The Iemniscate sine sl(u) is the func-

tion defined by the meromorphic continuation to the whoIe complex plane of the 

inverse function of the following equation 

寸法手(引:=sl(u)) 

We define the constan t ωby 

ωfl  dx 

2' よov1て子 7

and define the lemniscate cosine cl(u) as follows: 

cl(u) := Sl(~ -u) 

The functions sl(u) and cl(u) are elliptic functions. The fundamental periods of 

sl(u) and cl(u) are 2ωand 2ωi respectively. 

The addition formulas of sl(u) and cl(u) take the following form: 

(u) cl(む)+ cl(u) sl(v) _1f.. ，..¥ cl(u) cl(v) -sl(u) sl(v) 
sl(u + v) = ぅ cl(u+ v) = 

1 -sl (u) sl ( v) cl ( u) c1 ( v) ， --¥ --， -J 1十 sl( u) sl ( v) c1 ( u) cl ( v) . 

Also the functions sl(u) and cl(u) satisfy the following equalities: 

1 -s12(u) 
cl2(u) = : ~ ":? :U~ ， sl(iu) = i sl(u)， cl(iu) =一一1十 s12(u)， ~'\'VO/ • ~'\~/l ~'\.V.J cl(u) . 

In this paper， the addition formulas of the lemniscate functions play an important 

role. 
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3.2. Primary numbers of Z[iJ (see 114)). Recall that a non-unit Gaussian 

integer α:α 十め (αぅbE Z) is said to be primary ifα 三 1(mod(l十 i)3).1n terms 

of a and b， the above congruence is replaced with the following form. 

LEMMA 3.1. α=α 十め EZ[i]¥{1} (αヲbεZ)is primαry if and only if 

G 三 上b三 o(mod 4)， or a三 3，b == 2 (mod 4). 

We denote by P the set of primarγnumbers. 

3.3. Preparation for the proof of the results. The following result corre-

sponds to Theorem 3.3 of [5]， in which it is shown that sl(mu)jsl(u)εC(s14(u) ). 

It is used in the proof of Proposition 2.2 and Corollary 2.4 in the next section. 

LEMMA 3.2 ({15， Corollary 3.2.3]). lf mと G十め (αぅbεZ;α -b三 1

(mod 2))， then 

cl(mu) _ "，-(.¥(_.2 
一 一{εQ(i)(sl.t(u))，
cl(u) 

where Q(i)(s12(u)) is the field of rational functions of s12(u) over Q(i). 

For a proof of Theorem 2.3， we prepare the following. 

LEMMA 3.3. For pεP， the functions sl(u)αnd cl(u) sati.ゆ thefollowing 

equalities: 

l(pu)ーや(I-U)) 
cl(~-u) 

¥
I
l
l
-
/
一

¥
り
寸
り

ω一

J
一ω
一2

it--
一/
i
l
-
-
¥

P

一
1

/
i
1
¥
一
s

μ
一λ
リ

P
7
0
 

'
I

一C

C

一

PROOF. These equalities immediately follow from addition formulas and 

Lemma 3.1. D 

4. Proofs of the Results 

We prove the main results by using Lemma 3.2 and Lemma 3.3. 

PROOF OF PROPOSITION 2.2. By Lemma 3.2， there exist polynomials Fm(X)， 
Gm(X)εZ[i][X) such that 
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Fm(X2) ___1_ ___ Tl 1-11 ¥¥ cl(mu) 
，m(X)ニ JLT? where Rm(si(u))=一一一G

m
(X2) ) ..-------0，"'¥--¥--// cl(u) 

Let X = sl(u). By the definition of Rリ l(X)，we have 

cl(imu) cl(u) 
Rc，m(ix) = Rc，I11U sl(u))ニ Rc，l11(sl(iu))=一一一=一一一=一一一

cl(iu) cl(m的 Rc，l11(x). 

From the above， we obtain the following equality 

which implies 

Hence， we ha ve 

F~n( _X2Gm(X2) 

Gm( _X2) 凡 (X2)1 

Fm( -x2)FI11 (x2) = Gm(x2)Gm( _X2) 

FI11(X2)(Fm( _x2)十 Gm(X2))= Gm(x2)(FI11(x2)十 Gm(_X2)) 

From Lemma 3.2 and the definition of Gm(x2)， we have Gm(x2) =i= O. And it is 

easy to see Fm( -x2)十 Gm(x
2)=i= O. Hence， we obtain 

Fm(x2) F;m(x2)十 Gm(-x2) Km(x2) 
Rc，m(x) =一一一一口

Gm(χ2) Fm( -X2)十 Gm(x2)-Km( -X2) ) 

where ~11(X) := Fm(X)十 Gm(-X). It is easy to see Km(X) E Z[i][X]. 己

PROOF OF THEOREM 2.3. For x = sl(u)， we have 

ド cl(u)= ~/~手三;V 1十 x2

Thusラ form εP， we obtain the following equality by using Definition 2.1 and 

Lemma 3.3: 

R"m ( 長) 引 y) ニ R バ山訓川川cl州仰l(ゆ(似…u

一刷;一u))一C例一一一_D (~\ 
Sl(~ -u) cl(u) ぺ，'-J 
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Similar1y， we have 

Rc，rn (日)= R"m(Y) = Rc，rn(c1…(川)

cl附-u))一山一 ( -v ¥ 

c1 (~-U) 州\'-/ 
口

PROOF OF COROLLARY 2.4. The equality (1) has been stated in Proposition 

1.1. The equality (2) fol1ows immediately from Proposition 1.1， Definition 2.1， 

Proposition 2.2， and Theorem 2.3. It remains to show (3). 

From Proposition 2.2， for m E P， we have 

and by Theorem 2.3， 

K~1(X2) 
，m(X) = ヲ(*)Km(-X2) 

Let既刊(X)=αo十α]X十α2X2十・・・十 α(N-O/4X(Nー])/4.Then by Proposition 1.1， 

we obtain 

Rc，m(x) 

…(出)刊2(出)'+河川一lベ同一
αN-I)/山 (N-5)f4(司2刊 (N-9)ベ出)¥切oG三~r-l)/2

一α0(1十 X2)(Nー1)/2十 a](1 -x2)2(1 + x2)(N-S)/2十・・十 α(N-l)/4(1- x2)(N-I)/2 

α0(1 -x2)(Nー1)/2十 a](1十 X2)2(1_ x2)(N-S)/2 +・・ +α(N-I)/4(1+ x2)(N-l)/2・

Comparing the above equality with (*)， we see that Km (X) may be chosen as a 

reciprocal polynomial.ロ
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5. The Trigonometric Function Case 

5.1. Existenむefor some polynomials. The perspective of M. Takase men-

tioned in Section 1 ([ 11]， [12]) and the close connection between lemnisca te sine 

and lemniscate cosIne functions proved in Section 4 naturally lead to the si-

multaneous study of the polynomials given by Ps，q(sin z) = sin qzjsin z， and 

p叫 (sinz) = cos qzjcos z. It is easy to see that Ps，q and Pc，q are indeed poly-

nomials by using the fol1owing lemma. 

LEMMA 5.1. For an odd integer q三 1，we defineん(z)and gq(z) as /ollows: 

んとん(z):=ま?gq吋 q(z):= 

Thenぅ /oreach odd integer q三 5，ん andg向qsaαtiゆ f卯h舵ej戸μbμl肋10川n旬gr附e釘cur附.

j戸ormη1ulasぷ: 

/q =/3ん-2-/q-2 -h-4， gq = g3gq-2十 gq-2-gq-4' 

COROLLARY 5.2. 1/ q is an odd integer， then we have 

sm qz cos qz '7  r _ • 21  
-一一一一‘一一一一'--E Llsm-Zl‘ 
sm z cos z 

where Z[sin2 z] is the ring 0/ the polynomial 0/ sin2 
Z over Z. 

PROOF. By using an induction， we prove Lemma 5.1 and Corollary 5.2 

simultaneously. Direct calculations for fi， /3， and /5 give the fol1owing equalities: 

fi = 1ヲ β =3 -4 sin 2 
Z， /5 = 5 -20 sin 2 

Z十 16sin4 z. 

E1iminating sin2 
z from these equalities， we obtain 

fs=βh-h一/1.

For an inductive argument， we assume 

fk=βfk-2 -/k-2 -/k-4・

Now we compute jム2・Byusing the addition formulas of the trigonometric 

functions， we have 
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sin(k + 2)z sin kz cos 2z十 coskz sin 2z 
Tk+2 = -----vιsmz  

Cos kz sin 2z ニまり-2 sin
2 
z)十

、 coskz sin 2z ニ立与(日sin
2
z)一2十 2sin

2 
z)十

in kz 2 sin kz sin L. z cos kz sin 2z =坐22(3-4sidz)-2十一十 4 十
smz 

sin kz (sin kz(I -2 sin2 z) cos kz sin 2z¥ 4ぞ(3-4 sin
2 
z)一十一( - A ) 

sm z sm z sm z 

sin kz sin(k-2)z 
= -~i~'; (3 -4 sinL. z) -百五7- s: mz 

ェ !3fk-!k -!k-2・

This completes the induction and thus we obtain the first recurrence formula. 

The functions 91 and 93 are easily computed as follows: 

glニ 1，g3 = 1 -4 sin2 z. 

The recurrence formula 9q = 939q-2十 gq-2-9q-4 is proved by the same inductive 

argument starting with the above. This completes the proof of Lemma 5.1. 

By induction and Lemma 5.1， we obtain Corollary 5.2. 日

5.2. A similar symmetry of the polynomials. 

DEFINITION 5.3. For an odd integer q， let Ps，q(x) and Pc，q(x) be functions 
satisfying the following equalities: 

sm qz /~. cos qz 
Ps，q(sin z) := -~~一一 Pc， q(sin z) :=一一一

sm z cos z 

It foIlows from Corollary 5.2 that both of Ps，q(x) and Pc，q(x) are pol)ん

nomials. Applying the same method in the proof of Theorem 2.3 in Section 4， 

we can get the following symmetrical equality. Comparing with Theorem 2.3， 

we can again recognize a similarity between the trigonometric function and the 

lemniscate function. 

THEOREM 5.4. For αny odd integer q， we have 

Ps，q(行コ2)= (_1)(q-l)/2pc，q(χ)・
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EXAMPLE 5.5. For q = 13， the polynomials P.f，q(X) and ~叫(X) have the 

following form: 

Ps，q(X) = 13 -364x2 + 2912x4 
- 9984x6 + 16640x8 

- 13312xlO
十 4096x12，

Pc，q(X)ニ 1-84x2十 1120x4- 5376x6 + 11520x8 
- 11264xlO

十 4096x12.

5.3. Remark. A simultaneous study of the polynomials Ps，q(x) and ~川(X)

led us to obtain Theorem 5.4. Here we derponstrate another example of the 

advantage of this approach. From Corollary 5.2 and Definition 5.3， we easily see 

that Ps，q(x) and Pc，q(x) are polynomials of Z[x2]. So， we study the polynomials 

in view of the mentioned above again. 

DEFINITION 5.6. For an odd integer q， let 九(W)and. Gq(w) be functions 

satisfying the following equalities: 

ρz cos qz 
円(w):=言子向付):=石ζwh悶 w:=sin

2 

Note that fq(z) =円(sin2z) and gq(z) = Gq(sin
2 z). 

THEOREM 5.7. For仰 oddinteger q， the poかnomialsFq ( w)ωld Gq(w) have 

the following properties: 

(1) deg 凡=deg Gq = (q -1)/2， and the coefficients of円 andGq of the 
highest degree are eqω1 to (_4)(q-l)/2. 

(2) Fq(l -w) = (-1)(q-l)/2Gq(w). 

(3) Let q be an odd prime and Fq(w) = Ao + Al W 十A2w
2十・・十

A(q_3)/2W(q-3)/2 + (_4)(q-l)/2w(q-l)/2， AoヲAll・ 1A(q-3)/2εZ. Then， 

A1 A2 A(q-3)/2 
Ao = q， 一一?一，.・・，一一一一一 εZ

q q 

PROOF. It is easy to obtain (1) by using the recurrence formulas of Lemma 

5.1. Moreover (2) Is a rewriting of Theorem 5.4. We prove (3) below. 

From Definition 5.6， we have 

sin qz =九(w)sin z， where w = sin2 z. 

Differentiating the equality above， we obtain the following: 

q cos qz = cos zFq(w) + 2(cos z)wF;(w). 
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Dividing the above by cos z， it follows from Definition 5.6 that 

w
 

f
q
 

F
 

w
 

qノ臼ム寸W
 

3
d
 

F
 

-一

q
一一W

 
Q
a
 

G
 

ニ j伽川十5A2W2十川

十・・・十 (q-2)A(q_3)/2W(q-3)/2十 (_4)(q-I)/2qw(qー 1)/2). 

Since Gq(w) is a polynomial in Z[w] and q is an odd prime in Z， so we get the 

following: 

主主?主人生? ムピ)/2εZ
q q q q 

By using the recurrence formula for んofLemma 5.1， we get Ao = q. ロ
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