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A NOTE ON T日EGENERALIZED JOSEPHUS PROBLEM 

By 

Saburo UCHIY品~A

1. This is a continuation， with supplementary notes， of our previous paper 

[3] in which some solutions have been provided for the generalized Josephus 

problem. If we are given two integers mミ2and n ~ 1， supposing that n objects， 

numbered from 1 to n， are arranged in a circle， starting then with object number 

1 and counting each object in turn around the circle， clockwise or anticlockwise 

in the same direction fix.ed once for all， we eliminate every mth object until all the 

objects are removed.τhe kth Josephus number am(k，n) (1豆k歪n)is defined to 
be equal to 1 (1壬l壬n)，if 1 is the number attached to the object to be removed 

at the kth step of reduction. We have plainly 

I壬αm(k，n)壬n

and 

am(1， n)三 m (mod n). 

Thus far there is no reason to exclude the value m = 1， in which case we 

have trivially am(k， n) = k (1壬k壬n).For a given m註1in general m induces 
a permutation σm σm，n of the array く1，2，・・・，n)，that is， the Josephus 

permutatlOn 

For a fix.ed integer n ~ 1 the number of all possible， distinct permutations σm 

for various values of m equals Mn， the least common multiple (L.C.M.) of the 

integers 1，2，・・・グ1，and this fact is an immediate consequence of the congruence 

substantially due to P. G. Tait， 
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，、‘、 αm(k+l，n+l)三 m+αm(k，n) (mod n + 1) 

(cf. Proposition 1 below). 
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In 92 a description of the permutationσm in terms of certain specific cyc1ic 
permutations will be given together with several interesting consequences thereof. 

In the artic1e [3] we have formulated a hypothesis on the infinIt吋 eof 

“limitative numbers円 forevery主xedm， suggested by Seki Takakazu (cf. [3]). A 

limitative number with respect to a given m 註2is by definition a positive integer 

n satisfying the condition dm(n十 1): = am (n + 1， n十 1)= 1. The hypothesis can 
be easily confirmed to be true for m = 2 and 3， as we have seen in [3; 97]. For 

m ミ~4 we may only prove that there are infinitely many positive integers n 

satisfying the condition 

l豆dm(n十 1)豆m-l

A characterization of such integers n will be given in 93 below. 
It may be of some interest to note that a proposition dual to the hypothesis 

aboveフthatis， the proposition to the effect that for every fixed integer n ミ~ 1 there 

exist infinitely many positive integers m such thatιl(n十 1)= 1， is easily shown 

to be true (Proposition 6) 

Several Japanese mathematicians in the eighteenth century treated also a 

further generalization of the Josephus problem to determine Josephus numbers 

am(kス)in which the integer m may be not necessarily the same in each step of 

eliminating the n given objects. We shall present in 94 below an algorithm for 
determining the Josephus numbersα(m)(kぅ刀)(1壬k壬川 withan arbitrarily given 

sequence (m) = (ml，m2，m3，・・・)of positive integers. 

In this respect it wil1 be convenient to call the integer m in the Josephus 

problem， sa)らareduction coe鉛cient(脱数， as named by Seki in [2]). Thus we 

have so far considered the Josephus problem with a constant reduction coe伍cient，

and may deal anew also with the problem with various sequences of reduction 

coe伍cients.

Thanks to the referee's useful comments the writer was able to improve the 

original draught of this paper. 

2. Let us consider the generalized Josephus problem wIth given positive 

integers m and n as parameters. Here m is at present a constant reduction 

coefficient and n is the number of objects to be removed cyc1ically in turn by 

every mth object. With the Josephus numbers am(k， n) (1豆k壬n)we set 

Jm口 λn，n くam(1)n)， am(2， n)，.. • ぅ am(n ，n)>， 

which will be called the Josephus array corresponding to m. We may write 

symbolically 
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λ11σmJI， 

where Jl =く1，2，・・・，n)and σm is the Josephus permutation with respect to m 

defined in 9 1. 
If we制 Mn= L.C.M.(1，2，.ース)with M1 = 1， then there holds 

PROPOSITION 1. There are exactly Mn difJerent Josephus permutations 

(Jm σm，n possible on 1，2，・・・，n.

There is nothing to prove for n = 1. If n = 2 then we have 
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according as m is odd or even. Supposing then that n > 2 and writing 
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we see that if m == m' (mod Mn) then by Tait's congrue悶 (1)l; = 4' for 
i = 1うえ ..， n， so that σm σm J • Suppose now that m手m'(mod Mn). If 

m手m'(mod n) then 11 手l{.If m 三 m'(modν) for v = n， n -1，・・・，n-Vo十 l

and m =1= m' (mod n -vo) for some Vo with 1壬νo壬n-2， then l; = 4' for i = 
1，2ぅ・・・，voand lVQ十l手1:

0十
1again by the congrue即 e(1)， so tl凶 σ/11=1=σル

REMARKS. 1) We have for 1話n壬10

n! Mn n!/Mn 

2 2 2 

3 6 6 

4 24 12 2 

5 120 60 2 

6 720 60 12 

7 5040 420 12 

8 40320 840 48 

9 362880 2520 144 

10 3628800 2520 1440 

Note that the relation 

log Mn = (1 + o(1))n (n→∞) 
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is a consequence of (in realityう arelation equivalent to) the Prime Number 

Theorem. 

The set Jn of all Mn di百erentJosephus permutations σm σm，n forms a 

group under ordinary multiplication of permutations for 1 ~ n ~ 4， in fact， 

Jn = Sn (1豆n壬3)andム=A4; for n ミ~ 5 Jn does not. 

2) W. J. Robinson [1] has also considered Josephus permutations， by re幽

garding the J osephus arrays which can be obtained from a given J osephus array 

by rotation as equivalent. However， this identification of the circular permu-

tations is apparently inadequate for our present purposes. Our expressions to be 

furnished below for Josephus permutations (cf. Proposition 4) can nevertheless be 

compared with those of Robinson's. 

We now define M1.1 = 1 and 

Mn，k = L.C.M.(n， nーし・・，n-k+l) (1 ~k 壬 n).

Obviously we have Mn = Mn，n and 

Mn，l = n， Mn，2 = n(n -1)ぅ Mn，k= L.C.M.(nぅMn-l，k-l)'

PROPOSITION 2. For any given n and k (1壬k豆n)we hαve 

αi(k，n) =的(k，n) if i -= j (mod Mn，k) 

αnd 

α;(k川)+ aj(九n)= n + 1 if i主上 jき1and i十j-= 1 (mod Mn，k). 

PROOF. We have am(1， 1) = 1 trivially for all mミ1.Suppose that n這2and 

1 ~ k ~ n. The first assertion of the proposition is an immediate consequence of 

(1). As to the second we write 

j = ZMn，k十 1-i (1壬 i壬Mn，k)，

where z denotes a positive integer not necessarily the same in each occurrence in 

the following. If we set 

α*(k川):= n十 1一的(k，n)， 

then with j = ZMn.l + 1 -i = zn + 1 -i 

〆(l，n)=n+l一的(1，n)正 (modn)， 

and with j = ZMn+l，k+l + 1 -i 
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Gキ(k十 1，n十 1)= n十2-aj(k十 1，n十 1)

=n十2-(j+町(k川)) (mod n十 1) 

詰 i十(n十 l一的(k，n)) (mod n十 1)

三 i+〆(kス) (modn十 1)， 

53 

since Mn十1，k+1三 o(mod n十 1) and (mod Mn，k). It follows that a*(k，n) = 
ai(kス inview of Tait's congruence (1). This completes the proof of our 

proposltIon. 

Suppose now that n ~ 2 and 1 ~ k ~ n. Let Zn，k(l) denote the number of 

integers m (1壬m壬Mn，k)for which one has am(k， n) = 1 (1壬l壬n).

PROPOSITION 3. For every nミ2and fiχed k (1壬k壬n)we hαve 

Zn，k(ド千
for each 1 (1 ~ 1壬n).

PR∞F. If k = 1 then we have for every n 

am(l，n) = m (mod n)， 
whence fol1ows 

Zn，l (1) = 1 =千
for any 1 (1壬l壬n).

Suppose then that n and k be given integers with n逗k孟2and 1 

(1 ~ 1壬n)be as before any fi.xed integer and assume that we have am(k， n) = 1 
for some reduction coe伍cientm (1壬m壬Mn，k).Writing for simplicity's sake 

hiニ αm(k -i， n -i) (0壬i壬k)う

where hoニ 1，1壬hi~ n -i (1 ~ i壬k-1) and hk = 0， we see in virtue of Tait's 
congruence (1) that the system of k c∞ongn附

(2正;沈刈k幻 m= hi-1: -hi (mod n -i + 1) (i = 1，2， ・・. ，k) 
admits a solution in m (mod Mn，k). Since by our assumption any subsystem of 

the system (2; k) is soluble in m， we may write m = mn，j (1壬mn，j~ Mn，j) for 
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the solution of the system (2; j) consisting of the first j (1壬j壬k)congruences 

in (2; k). Note that the integer mn，j (1壬j豆k)is uniquely determined (when the 

system (2; j) is solvable) by the 上旬pleof integers (h1，・・?め)and vice versa. 

We are now going to evaluate the number Hj (1壬j壬k-1) of the possible 

choices of the values of hj when the other h/s are chosen and fixed (with ho = 1 
and hk = 0， of course). 

We have for j = 1 

mn，.1 == ho -h1 (mod Mn，1 

and for j = 2 

mn，2三 (1-n)(ho -h1) + n(h1 -h2) (mod Mn，2)， 

where the parameter h1 (1壬h1壬n-1) may assume any integral value in 

the designated ra時 e，so that we have HI = n -1 = (n -1)/d1 with d1 = 
G.C.D.(M;υ， n -1) = 1; here and in what follows we shall write 

め=G.C.D.(Mn，j， n -j) for 1壬j壬k-1. 

Suppose now that k > j ~ 2. Then the system (2; j十 1)can be rewritten in 
the form 

(2;j + 1) (…n，j 叫ん)
m == hj -hj十1 (modn-j)， 

where the solvability condition of this system is that 

mn，j歪め-hj+l (mod斗). 

Let for 1壬i壬k-lLi be an integer satisfying the condition Li(Mn，ddi)三

1 (mod(n -i)/め)and put Pi = LiMn，ddi. It is not difficult to verify in particular 

that 

mn，j三 (1-Pj・-1)mn，j-l+ pj-l(hj-I -hj) (mod Mn，j). 

Since the integers 0 and 0-1 are coprimeぅpj-lis divisible by dj， whence follows 
at once that mn，j三 mn，j-l(mod斗)and the solvability condition for the system 

(2; j + 1) is equivalent to 

mn，j-l三ん-hj+l (mod 斗); 

thus the integer hj (1壬h壬n-j) is ur叩 elydetermined to the modulus dj in 
terms of the other h/s (in effect， of those h/s for which 1壬i壬j+ 1， i i= j) when 
they are appropriately specified. We have， therefore，局 =(n -j)/dj whatever the 
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actual values of the hj thus obtained may be， which natural1y holds true for each 

j (1壬j豆k-l).We thus have proved that， if nミk這2and Zn，k(l) > 0， then 
there holds the relation 

A Note on the Generalized Josephus Problem 

Zn，k(l)壬pf午ニヤ
which is trivially valid also if Zn，k(l) = 0; in here the inequality sign壬mustin 

fact be the equality = for all 1 (1壬l壬n)，since we have 

I:Zn，k(l) = Mn 

This completes the proof of our proposition. 

Let m， n and k be again given integers such that m註1，nミ1and 1 ~ k ~ n. 

We define n cyclic permutations 

(1 ~ r壬n).

Here Wl = ぴ1is always the identical permutation. 

The next proposition gives a characterization of our Josephus permutations 

defined inれ inthere multiplication of two adjacent permutations should be 

performed from right to left， the associative law for the product of three or more 

permutations being naturally valid. 

Wr = Wr，n :ニ (n-r十 l，n-r + 2，・・・ぅn-1， n) (3) 

We have PROPOSITION 4. 

11-1...1ηー ，..m-lσm =w;;' '11ノ11-1 ・・・ W2(4) 
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am(2，n) 

whereσm is the Josephus permutation 

σm - σm，n = (向1(1，
Proof is immediate， if we notice that 

W~m 十i … 一m 十i 一→m糾川7η畔1件+1 _ 一 f α向向叫mバ1ベ(υlう川川刈n刈1) α仏偽伽mη)1(2，… W ， ...，一‘
2 "'n-l YVn v 1 - ¥. 2 ・・・ n } Vm ' 

which is nothing but the definition， or the actual formation， of the Josephus array 

Jm = Jm，n; the result (4) follows from this at once. 
We note that Proposition 1 is an obvious consequence of Proposition 4. Also， 

it can be easily observed that the congruence relation (1) is a corollary of (4). In 

fact， we have by Proposition 4 
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Jm，n = W:;-1く1，Jm，n-l十く1)n-l)， 

where 

く上Jm，n一l十く1)11-1)=く1う11十lうん十 1，・・・ ，1nー 1+ 1) 

if Jm.ll-1 =く11，/2，. .・ ，111-1). 
Notes. The cyclic perrnutation Wrココ (n-r + 1ぃ・吋n)(1 ~三ぽ n) is of 

length r. Suppose r ~ 2 and deterrnine the integer s by the condition m -1言 S

(mod r)， 0壬S壬r-1. If s = 0 then 

m-l ...0 
W~.. -= w;二 Wl=σ1 (the identity of Sn)う

and if 0 < s ~ r -1 then， putting 

d，. := G.C.D.(fぅm-l)and fI:=j 

we find 

m-j 
W~.. -= w; =π:π2・・・ nd"

where 

πi=(αi，l，aリぃ・・，αi，t，) (1 ~ i壬dr)

with ai，パ1話i壬drぅ1壬j~ tr) deterrnined by the conditions 

万 -r 寸!..l~ai，j;ぎ庁

and 

αi，j三 n+i+(j-l)s (modr). 

If i =1=-i' then ni and 7T:i' have no common components. 

By the way， the signature， or character， x(σm) of the perrnutation σm = (Jm，11 

is given by 

山)= (_1)/ with 1 = ~(m -1)仰-1) 

A consequence of Proposition 4 is 

PROPOSITION 5. We have for 1 ~ i ~ Mn 

σM"σi-σMn十l-i・
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Here， it will suffice only to note that 

(5) 
/、_1 (1 2 

σMn = ¥W2 ... Wn-I州 ='n n-l ¥、1
i
jノ

n

l

 
We see from (5) that dm(n十 1)= 1 whenever 

m三 o(mod M1叶 1). 

Thus: 

PROPOSITION 6. Every integer nミ isa limitative number with respect to 

il1;兵力itの manyvalues of reduction coefficient m. 

As a matter of fact， for every fixed n ~ 1 the increasing sequence of positive 

integers m satisfying the condition dm(n) = 1 possesses， by Proposition 3， 

asymptotic density l/n 

For n ~ 2 the cyclic permutations of J1 =く1，2，・・・，n)and of JM" =くn，
nーし.• ， 1) can be obtained in the fol1owing manner. If d = G.C.D.(n， Mn-I) 
then we have 

い J グ;-'J1(0壬z寸-1)，
which follows from Proposition 4， since 

ヲ f¥R . 

σ1十ZMn-l W~""n-J ， 

and similarly 

JM，，-zM，ト iz w;Mn iJMn (0壬Z壬S-I)
in view of Propositions 4 and 5. 

3. Let m be a fixed integer， m註2.We consider Josephus numbers dm(n) := 

αm(nス)for various values of nミ1，where dm(n) satisfies the relation (cf. (1)) 

(6) dm(n十 1)== m + drn(n) (mod n + 1). 

It fol1ows from (6) that for mミ3

2壬dm(m)壬m-1 and dm(m + 1) = dm(m) -1 ~ m -2. 
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We now define a sequence of integers ni (i = 1う2，3，• ..) recursively by 

(7) 
/m(ni十 l)-dm(ni十 l)I ト一一一 'm¥""' ， ~ I I (i丞1)

Then it can be readily verified that 

(8) 1 ~ dm(ni十 1)話m-1 for all 這1.

In fact， this sequence ni is nothing but the sequence ni defined in [3; ~ 4] with 

nl = m and CI = dm(m + 1)， and our analysis in there guarantees the validity of 
inequality (8); thus 

PROPOSITION 7. For every fixed reduction coefficient m注3there are infinitely 

many positive integers n satisfying the condition 

l豆dm(n+ 1)壬m-l;

the set of all such integers n coincides with the set 

{1，2，・，m-l}U{ni:i= 1，2，3，...} 

To ascertain the latter half of the statement of this proposition one may refer 

to our Dおormτ官m凶1

For the sake of brevity we set Z勾i=n叫I十 1(いi註1り).It Dお01日lowsfrom (け7)that the 
Zj satisfy the relation 

(m -i)z叶1-mzi = d，η(Zi十1)-dm(Zi) (i孟1)， 

0~:戸寸zつ官j思和炉叫ろ可Zj(午引引yトト=Ziニ訂引ぺz勾ベi(午引)十zrγι似(同
ニ Zi(引 _drn~i) (午)'+己主iザ(引

for all i ~ 1， and this proves 

PROPOSITION 8. We have for every.fixed mき3with Zi = ni + 1 

一千<Zi -e(計<千山?
where () is the constant depending only on m dぞかledαbove. 
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For m = 3 and 4 Ziエ ni十 1is thus determined to be the nearest integer・to

B(mj(m -l)r (i註 1). 

EXAMPLES. 1) m = 3: 。=2.73758147 ... 
2) m = 4: 。ごご 3.88885089. . . 
3) m = 5: 。=5.00535701 . . . 
4) m = 6: 。=5.78453860. . . 
5) m = 7: 。=6.79391843. . . 
6) m = 8: 。=7.98689276. .. 
7) m = 9: 。=8.66739501 . . . 
8) m = 10: 。ご二9.64158446.. . 

4. As is noted in S 1 above， it is known to us that some J apanese 
mathematicians in the Edo era treated the J osephus PI・oblemin such a stil1 more 

generalized form as the reduction coefficient m may vary in each step of 

eliminating the given objects. Thus we are given a number n迄2of the objects 

and a certain sequence of reduction coefficients ml'ミ1(ν= 1，2，3，.. .)， and have 

to find for instance the number attached to the object which is to be removed 

at the specific vth step， especially in the nth step， of reduction. The sequences 

(m) = (ml') of reduction coe伍cientswe often observe in the existing literature 
(most of which has already become hardly accessible to us， however) are， for 

mstance， 

the natural numbers: ml'ニ νう

the triangular numbers: fい jlY川

the tetrahedral numbers: m)十川)山)

Now， let J1とく1，2，. • . ， n) be as before the initial Josephus array. With the 
cyclic permutations Wr = Wr，n 己 r~ n) specified in (3) we have 

PROPOSITION 9. The Josephus array J(m) 01 n objects 1，2，・・・?n with respect 

to a given sequence 01 reduction coefficients (m) = (mv) can be obtained through 

J(m) =σ(I11)JI， 

whereσ(m) is the permutation dφled by 

m，-I...m、-1 ...n1n_I-1 σ(m) = w~.. 'W~二 1
•• 'Wi"

亙
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For 1壬k< n (or rather k < n -1) the first k components of J(I11) are de-
termined by the戸rstk factors (i. e. the k factors counting from the 1ψend) of this 
permutatlOnσ(111)・

Proof is similar to that of Proposition 4. 

5. Here we collect some examples to our Propositions 4 and 9ヲ illustrating

the scope of the algorithms thereby implied. 

Given an integer nミ2and a sequence of positive integers (m) = (m小weset 
the starting array 

J(l) = J1 =く1，2，・・・，n)

and successively determine the arrays 

J(削 )=WETs-lJ(s)(1壬S壬n-1) 

with the cyclic permutations Wr defined in (3). The final array J(n) = J(I11) is the 
required Josephus array with respect to the sequence of reduction coefficients 

(mv) 

In order only to determine the first k components of the Josephus array J(川 3
where 1 ~ k < n， we may begin with J(n-k) = J1 and then deal with the arrays 
J(S) (n -k < s ~ n) just as in the above. 
Note that for s (2壬s< n) the first n -s components of the array J(s) are 

regularly 1， 2， . • .ス-s. In the examples that follow we shallフ therefore，omit to 
enter these obvious numerals in the arrays relevant to our algorithms. 
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EXAMPLE 3. n= 20， m2v-1 = 9， m2v::;:: 13 (v註1)
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EXAMPLE 5. n = 16， mv = i v(ν十 1)(ν+2) (vミ1)
J(2) =く

J(3)=く

J(4) =く

J(5) =く

J(6) - く

J(7)=く

16， 15) 

15， 14， 16) 

15， 13， 16， 14) 

15， 13， 16， 14， 12) 

14， 12， 16， 13， 11， 15) 

12， 16， 14， 11， 15， 13， 10) 
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