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A RIGIDITY THEOREM FOR HYPERSURFACES WITH 
POSITIVE MOBIUS RICCI CURVATURE IN sn+l 

By 

Zejun Hu* and Haizhong L1t 

Abstract. Let M n (nミ3)be an immersed hypersurface without 

umbilic points in the (n + 1 )-dimensional unit sphere sn+l. Then MII 
is associated with a so-called M凸biusfonn φand a Mobius metric 

9 which are invariants of Mn under the Mobius transformation 

group of sn十1In this paper， we show that ifφis identicaIly zero 

and the Ricci curvature Ricg is pinched: (n -l)(n -2)/11
2 ~ Ricg ~ 

(112 -211 + 5)(11 -2)/[112(11 -1)]， then it must be the case tl凶 11= 2p 
and Mn is Mめiusequivalent to SP(l/V2) x SP(l/v宝). 

~ 1. Introduction 

Let x: MI11→ SI1十1be an m幽dimensional submanifold in the (11 + 1)-
dimensional unit sphere S'川 withoutumbilic point a凶 {ei}be a IocaI 

orthononnal basis for the first fundamental fonn 1 = dx. dx with dual basis 

{8i}. Let II立2:川hij8i09め③erxbe the田condfundamental form and H = 
2:rxHrxerx = ~2:i， rxhtιthe mean curvature vector of x， respectivel)らwhere{eα} 
is a local orthonormal basis for the normal bundle of x. We define p2 = 
m/(m -1) . (IIIIII2 -mllHII2)， where 11." is the norm with respect to the induced 
metric dx . dx on Mぺthen9 = p2dx . dx is a Mobius invariant and is called the 
Mobius metric of x : Mm→ SIl+I. The normalized scalar curvature of 9 will be 

denoted by R and is called the nonnalized Mobius scalar curvature. A basic 

Mobius invariant of x， the Mobius form φ=乙rxCt8i 09 erx is defined by 
(cf. [12]) 
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where {H.~} denotes the covariant derivative of the mean curvature vector field 

of x in the normal bundle with respect to the basis {ei} and {ι}. We see easily 

from the definition that al1 minimal submanifolds with constant scalar curvature 

in sn十1wil1 satisfy φ== 0， and further for m = n， all hypersurfaces with constant 
mean curvature and constant scalar curvature in sn十1wi1l also sa tisfy φ三 O.τhe
M凸biusform plays an important role in the M凸biusdifferential geometry. In 

a series papers by C. P. Wang， H. Li and F. Wu [8フ 9，12]フ theauthors have 

obtained a completely classification for all surfaces in sn+l with φ三 O.For the 

general case mミ3，there have achieved interesting results recently (cι[5， 7， 10])， 

but to authorヲsknowledge， the study for submanifolds with φ言。 isfar from 
completed. 

In this paper， we wi1l restrict to the hypersurface case， i.e. mニ n，and prove 

the following locally rigidity result. 

MAIN THEOREM. Let x工:Mn→ sn叶+1川(nミ3め)b卸eα仰nimmer例rにη‘se陀edumb仇i山~lic比c j斤卜たe印e 

h々yp戸ers幻r口l川facewi肋t的h ω n山hi，仰「示加均n仰19 λMö劫幼.古羽b仇i，附~Lυu

curvαture w仰vith1 

(1.2) 
(n-l)(n-2) -" n: ~ -" (n2 -2n十 5)(n-2) 
n2 

よーし

g..，:， n2(n -1) 

伽 Ricg== ~ニlpi with n 二=2p an even and Mnお腕biusequivalent to the 
Einstein hypers町faceSP(ljV2) x SP(lj必)01 SI1+1 

REMARK 1.l. In fact， we shall prove a more general result in Theorem 4.1. 

This paper is organized as fol1ows: Section 2 is devoted to some notations 

and preliminaries. In Section 3， we make calculations for a standard example 

concerned with the Main Theorem whose proof is given in Section 4. The paper 

ends up with an appendix as Section 5， where we prove Lemma 4.1， which is 

elementary and is crucial for our proof of the Main Theorem. 

Acknowledgements. The authors would like to express their thanks to Pro-

fessor U. Simon for his helps and hospitality during our research stay at TU 

Berlin， where this work was carried out. 
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~ 2. Mobius Invariants for Hypersurfaces in sn十i

In this section we define Mobius invariants and recall structure equations for 

hypersurfaces in S川.For more detail we refer to [12]. 

Let Ln十3be the Lorentz space， i.e.， RI1+3 with inner productく・γ)defined by 

(2.1 ) くx，w) = -XOWo十 XIWI十・・・十X，叫 Wn+2

for X = (xo，x}，...，x，什2)，W = (wo， W) ， . . . ， W叶 2)εRI1十

Let X: Mn → S11+1 '--). R11+2 be an immersed hypersurface of SI1+1 without 

um biIics. We define the M凸biusposition vector Y: Mll→L11十3of X by 

(2.2) 
今 n ウ今

Y = p(1，x)， pL =一一一(IIIIII'"-nHL) > 0う
n-l 

where and in sequel， for simplicity， we write Hll十1as H. 

Wang [12， Theorem 1.2] proved that 9 =くdYぅdY)= p2dx . dx is Mobius 
invariant (cf. also [4， 11， 13])， and hence named 9 the Mobius metric for x. 

Combining this fact and a classical theorem for M凸biusequivalence of two 

hypersurfaces， we have the following 

T回 OREM2.1 ([ 12]). Two hypersuゆcesx， X: M11→ S11+1 without umbilic 

points are Mobius equivalent ifω'ld only if there exists T in the Lorentz group 
O(n十2，1)on LIl十3such that Y = YT. 

Let us denote by .o. the Laplace operator with respect to 9 and define 

(2.3) 
1 . __ 

N z-fY-Fく.o.Y，.o.Y)Y，

then we have (cf. [12]) 

(2.4) く.o.Y，Y)=一民 く.o.Y，dY)= 0ぅ く企Y，.o.Y)= 1 + n
2R， 

(2.5) くY，Y) = 0，くN，Y) = 1，くN，N)= 0， 

where R is the normalized scalar curvature of 9 and is called the normalized 

Mobius scalar curvature of x. 

Let {El，...，EI1} be a local orthonormal basis for (Mll，g) with dual basis 
{ωゎ...，ω11} and write Yi = Ei( Y)， then from (2.2)， (2.4) and (2.5)， we have 

(2.6) く民，Y)=くYi，N)= 0ぅ くYi，Jj) =δij， 三i，}:三n.
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Let V be the orthogonal compleme此 tothe subspace Span{ Y， NうY1ぅ・・.Yn} 
in L叶 3 Along M we have the following orthogonal decomposition: 

(2.7) L n+3 = Span{ Y， N} EB Span{ Yl，・・・，Yn} EB V. 

V is called the Mobius normal bundle of x. A local unit vector basis E = EI1+1 

for V can be written as (cf. [12]) 

(2.8) E=En十1= (H，Hx十九十1). 

Then {YぅN，Y1，・・・， }う1，E} forms a moving frame in LI1+3 along M
Il
. 

If not otherwise stated， we will use the following range of indices throughout 

this paper: 1 ::;; iう}，kう1，t ::;; n. 

We can write the structure equations as follows: 

(2.9) dY = 2:: Yiω 

(2.10) dN = 2:: Au句 Yi十玄Cω3

(2.11) dYi=- 2:: Aijω~Y -ωiN+乞ω川十2::Bij・句Eぅ

(2.12) dE = -乞c;ωiY-玄BijωjYi，

where ωij are the components of the connection form of the M凸biusmetric 

g， A = Li，jAびωi@ωj， φ=2ごic'向 andBニ玄i，jBUωi@ωjare called the 
Blaschke tensor， the Mobius fonn and the Mobius second fundamental fonn of xヲ

respectively. The relations between φ， B， A and the Euclidean invariants of x are 

given by (1.1) and (cf. [12]) 

(2.13) BU = p-l(hij -Hdij) ， 

(2.14) Aij = -p-2[Hessij(1og p) -ei(1og p)ej(1og p) -Hhij] 

-;p-2(11VM2-l+H2)du， 

where Hessij and V are the Hessian matrix and the gradient with respect to 

dx.dx. 

The covariant derivative of C;， Aij， Bij are defined by 
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(2.15) 玄C，j的 =dC'十三;Q的i，

(2.16) LAμωkニ dAij+LAi内十玄4・ωki，

(2.17) LBij，kωk = dBij +乞Bik均十乞Bkj())ki

The integrability conditions for the structure equations (2.9)-(2.12) a1'e given 

by (cf. [12]) 

(2.18) Aij，k -Aik，j = BikCj -BijCk， 

(2.19) C，j -Cj，iニ玄(Bik均一九九)， 

(2.20) Bij，k -Bik，j = dijCk -dikCj・3

(2.21 ) Rijkl = BikBjl -BilBjk十dikAj目I+d)バik-δi1Ajk -djkAil・

Then we have the following identities (cf. [12]) 

(2.22) Rij=乞Rikjk= -LBikBjk +川 dij+ (n -2)Aij) 

(2.23) 
ヴ n-l ~ 

ZBiiz032J(Bu)2:7? はごLAii=忘れ刈?

where Rijkl denote the components of the curvature tensor of g. R = 

一上ーヤ"R…isthe normalized Mobius scalar curvature of x: Mn→ sn+1 
/1(n-l)ム.. u，j ~~ljlj 

The second covariant derivative of Bij are defined by 

(2.24) 乞Bμ向 =dBij，け乞BμωIi+乞BiI，kωlj+玄Bij，州

By exterior differentiation of (2.17)， we have the following Ricci ide凶 ties

(2.25) Bij，kl -Bij，lk =乞Btj九kf十乞BitRfJkl

We get from (2.13) that 

(2.26) ダサーI(S-H. id) =玄Bijωiι
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where S is the Weingarten operator for x: Mn→ S'叶 1and we call Y the 
Mobius shape operator of x. For n 二三 3， it is easy to find that al1 coe伍cientsin 

(2.9)-(2.12) are determined by {gぅY}and thus we have 

THEOREM 2.2 (see [12]， [1]-[3]). Two umbilic free hypersurj白cesx: MI1→ 

SI1十jand X: MI1→S'川 (nミ3)are Mobius equivalent if' and only if there exists 
a diffeomorphismσ:MI1 → MI1 which preserves the Mobius metric and the Mobius・

shape operator. 

93. Calculation of Mobius Invariants for X : SP (α) x SP(b)→ Sみ+1

For the purpose of establishing the Main Theoremう wewill consider in this 

section the umbilic free hypersurface X : SP(α) x SP(b)→ S2p+1 with a2十がと l
We write Rみは =RP十1X RP十j.Let Xl : SP (α)→ Rp+j and X2 : SP(b)→ RP+l 

be the standard embedding of spheres with radius a and b， respective1y. Then 

元之元l十元2and one of the unit normal vector of X is given by e2p+l = ~ Xlーが2
The induced Euc1idean metric of X is given by 1 = dXj . d.X:1 + dX2 . dX2 and the 
second fundamental form of X is II = -d主役2Flz-id元I.dxl十bd元2・d主2
Take an orthonormal frame {ej， e2ぅ・・， ，e2p} with dual frame {81， 82" . う82p}such 

that dXj = 2:f=1 8iei and dX2 = 2:どp+18ieiフ thenwe have 

(3.1 ) 1=乞(θi)27

with 

(3.2) hij = Aidij， 

H1-;むべきi時 2Miめ

Al ご=・・・=ん=一b
a 

a 
Ap十ー=A2p -b 

From (3.2) we see that 

(3.3) H=工守;;= a
2 
-b
2 

一‘ h;;= 
2p全fu20b  

ι 2 P(α4十b4)-
iiH121.1(hu)=ω 

Note that X : SP(α) x SP(b)→ S与+1is of constant mean curvature and coル

stant length of second fundamental fo口n，and its Mobius form is thus identically 

zero. By definition 

2p fll TTI12 "'__ TT2¥ p2 
p-=一一一(1111112-2pH2) =一一・7τ2p -1 ¥11--11 -r  -- J 2p -1αゐ。(3.4) 
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so that the M凸biusmetric g of x is given by 
2p 

(3.5) ド p2dx.dx = p2dxl . d.Xl + p2dx2 . d元2= gj吋 2=乞(ωi)2，

山 reωi= V
2
:-
1ab 
()i. Let us define 

(3.6) 
、/均一 lab

L 2v rp 十 ei， Yi = (0， ei)うあp十1=(H，匂 +1十H元). 

From (2.13)， the Mぬiωsecondfundamental form is given by 

¥/2p -1 V2p -1 
(3.7) Brjェ biδrj，bj =・・・ =bp =-~T :. bp十 ・ = b2p = ~ -y 

P 2p う P;-l ~Lp 2p 

From (2.14) and (3之)-(3.4)， we get 

2v -1 r _ . A 1 _.， . ." ') 1 
(3.8) A円ん α1=... = ap =今了12b4- ~ (αμ) 2 ~ ， 

α+1 口 a2p=干[2ペ日2]
The Ricci curvature and normalized scalar curvature of g can be calculated， 

by (3.7)， (3.8) and (2辺)

(3.9) Rl1ニ・・ = Rpp = (2p -l)(p -l)p-2b2， 

Rp+l，p+l = '" = R2p，2p = (2p l)(p -1)p-
2a2う Rrj= 0， i"# j， 

R=. -，.よ p-l一)R;;= 
ーみ(み-1)合 IIーザ

It follows that for n = 2p and if Ricg三(n-l)(n -2)/n2， then it must be the 
case α2 = b2 =! 

REMARK 3.1. Our example here is a Mobius isoparametric hypersurface with 

two distinct principal curvatures. We note that all M凸biusisoparametric hyper-

surface with two distinct principal curvatures have been classified in [7]. 

~ 4. Proof of the Main Theorem 

First1y， we state an algebraic lemma， Lemma 4.1， which wiU play a crucial 

role in our proof of the Main Theorem. Because this lemma's proof is not much 

concerned in the theme of this article， we will leave it in section 5 as Appendix. 
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LEMMA 4.1. For C01叫 αnt X注 (n-1)(n -2)Jn， nミ3，たt Xlぅ・・・ぅXn;

Yl，・・・ ，YnεR satiめy

(4.1 ) 

(4.2) 

Then we have 

乞Xi=Xヲ 山 Cn= ~n-1)?-2) 戸r all i， 
n"" 

む i=0ぅ乞Yl=午

ぷ「つ 1¥ ~ n-1 r-.r F1，  2(n-1)12 
( 4.3) νiyf + Yn注 - 4n -IX -nCn 十寸~J

αnd the equality sign in (4.3) holds if and only if one of the following two cases 
occurs 

(i) n = 2p is even and Xl = . . . = Xn = C.川 X= nCn; Yf = . . . = Y;ニザ
(ii) nCn < X三ぽ'n+ ~ and n -1 of {Xi} equal Cn， say Xl =・・・=
Xn-l = Cn， Xn = X -(n -l)Cn and correspondingly Yf =・・ー = Y;-l 二
会[X-nCn +ヰD]

Now， we shal1 prove the following more general theorem from which the 

Main Theorem is proved immediately. 

T田 OREM 4.1. Let X: Mn → S'件 1(nミ3) be an immersed umbilic free 

hypersuゆcewith vanishing Mobius form. Suppose the curωture of (Mぺg)satiφ 
Ricgミ (n-1)( n -2) J n2 and R豆 (n2-2n + 5)(n -2)J[n(n -1)]2. Then Ricg三
(n -1)(n -2)Jn2， n = 2p is even and Mh is M，δbius equivalent to the Einstein 

hypersurface SP(lJ♂) x SP(1/V2) of sn+l. 

PROOF. To achieve the result expectedフ we start with calculating the 

Laplacian of the norm square of the M凸biussecond fundamental form. 

Let X: Mn → sn+l be an umbilic free hypersurface with vanishing Mobius 

form φ三 O.Since our consideration is of local nature， without loss of generalityう

we may assume that Mn is simply connected. From (2.19) and (2.20)， we see that 
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{Bij・}is a Codazzi tensor (i.e. Bij，kニ Bik，j)and that {Aij} and {Bij} can be 
diagonalized siml出aneously.We choose {EJ，... ，En} such that 

(4.4) Aij =aiδij， Bij = bidij， l 三二人j三三 n.

Now we have， by using (2.23)， (2.25)フ (4.4)and the fact Bij，k = Bik，j， 

(4.5) 。=iAZ(BJ=主(Bij，k)2十EBAkk

zy仙
ニ乞(Bij，k)2 十 Lbi~ん汁玄bfRUU

15(Bu J+jZ(biーめ)2Rω

From (2.21)-(2.23) and (4刈， we have 

(4.6) :z(bi一め)2RWZ:z(biーがゆibj十ai切)

=-ht+与1pi+nb

(n -1) 2 2 (n -1) 4-_!'  n ゃ
一一一 trA+一ーデ(Riib;+ b;) 

n2n(n-2)n-247d 

From (2.23) and the assumption of the theorem， we have 

(4.7) 

(4.8) 

玄bi= 0， Lb;=午;

ε (n2 -2n +削ト2)
Rii = n(n -I)R三

n(n -1) 

(n -l)(n -2) 
RiiミCn= 今

nム

Now we can apply Lemma 4.1 to obtain 

(4.9) 
f..，.. 1¥n ..I' ， 2(n-l)1~ 会M 十b;)三-VlF1(F1一 l)Rール7 〓
午 [n(n-l)R -nC， 十ヰfl]_~(nJl)2
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From (4.6)， (4.9) and (2.23)， we get 

~~ゆi ーがんυ(4.10) 

ミ出(Tln(n-1)Rールヰfl]

一与立-51(1+内)+千[n(n-1山 Cn+ヰfl]}

ニ n二1"，¥[n(n -l)R -nCn] In(n -I)Rー叫r4(n-2)l'"¥'" -r' '--flJL 

~ 0， 

where the last inequality is implied by (4.8). 

From (4.5) and (4.10)， we have 

for all¥j，k， Bij，k == 0， (4.11 ) 

司
ノ
山
一

1
1

一一一
n
一
n

4
・一

n
十
n
 
c
 
n
 
一一一R
 

n
 
n
 

and 

or 

Case (1) n(n -I)R == nCn・
Since (4.9) and (4.10) now become equality， from the proof of Lemma 4.1 in 

section 5， we see that n = 2p is even and Rll = . . . = Rnnニ Cn，bf = ・=b?;= 

(n -1)/1仏 Withoutloss of generality， we assume that 

n(n -I)R == nCn ( 4.12) 

、In-1 
bp+I =... = bpニニピ

、/n-1 
bI =... = bo =一二ι 一二

n 
(4.13) 

Then we have the fol1owing decomposition: TM = V1 EB V2， where V1 and V2 are 

the eigenspaces of the Mobius shape operator g corresponding to eigenvalue 

-y}i寸 /nand y}i寸/n， respecti vel y. 
From (4.11)， (4.13)， (4.4) and (2.17)， we obtain 

。=玄Birx，kωk=dB似十玄丸山十5二九ωki( 4.14) 

l 三三 i 三三 p， p+ 1 三三 α 三三 2p， =b刈 irx十九ωkrx= (bi一九)ωirx，
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which gives that 

( 4.15) ωir:J. =0， 三三 i 三二p，p + 1 ::; α 三三 2p， 

and thus 

ρA 

司
/
』〈一α
 

<一十p
 
p
 

〈一〈一日
urω
 

八月
μ'ω
 

与
や
F

年ou' 
一一ω
 

J
U
 

叫〈ω
 

p

乞州
一一ω
 

，d
 

f
h
V
 
4
・

Therefore， VI and V2 are integrable and we can write M = MI X M2 for 
some simply connected manifoldsλ11 and M2 with dim Mj = dim M2 = p. 
Moreover， if we define 

gl =玄ω??g2 = ~ w;， 
then we have 

( 4.17) (M，g) = (MI，gj) X (M2，g2)' 

From (4.4)， (4.13) and (2.22)， we see that 

(4.18) RII =・・・ =Rllllニ CIlI or equivalently， α 
11 -1 

・ =all=~て「・
LI1ゐ

It follows from (2.21)， (4.4)， (4.13) and (4.18) that 

( 4.19) 
2(n -1) 

Rijklニニーヲァー(dikdjl-dildj山 1 ::; i，}，kぅl豆p，

( 4.20) 
2(11-1)¥  

Rzpwz-17一(dr:J.)，dsσーんσdsy)， p十 l話 α，s，y，σ豆2p，

that is， (Mj，gl) and (M2，g2) are space forms with the same constant sectional 
curvature 2(n -1)/n2. 

Let元:SP(I/V2) X SP(I/V2)→ SIl+1 be the hypersurface defined as in 

Section 3 with a = b = 1/ V2. Then by (3.5) the Mobius metric g of元isgiven by 
g = gl十g2'where 

112 
(4.21) gj =一一点1・d元1，弘之コー---. dX2 . dX2. 

n-l 

Note that dXi' d元i(i = 1，2) have constant sectional curvature 2， from (4.19)-

(4.21) we know that (SP(I/V2)， gJ and (Mi， gi) (i = 1，2) are simply connected 
spaces wIth the same constant curvature 2(n -1)/，仏 Hence，we can find local 

lsometnes 

伊i:(Mi，gi)→ (SP(I/h)，gj)， i = 1，2. 
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Then we obtain a diffeomorphismψ=(伊l'qJ2) : Mn→ SP(1j占)x SP(Ijv'2) 
which preserves the M凸biusmetric and the Mめiusshape operator (cf. (3.7) and 

(4.13)). 

From Theorem 2.2 we know that x: Mn → sn+l is Mobius equivalent to 

x: SP(ljv'2) x SP(1j占)→S叶 1which has been considered in Section 3. 
Case (ll)仰 -I)R == nCn十詐3
Since (4.9) and (4.10) now become equality， from the proof of Lemma 4.1 in 

section 5， we should have 

仰 -l)R豆ル;?
which implies 4(n -2)j[n(n -1)] s; 2jn and thus we get n = 3. Apply Lemma 4.1 

again we deduce (up to re-arranging the order of the lower index) 

( 4.22) 1 =-ょう b2=土 1 b3 = 0; 
J3' J3' 

(4.23) 
2 8 

Rll = R22 = 9' R33 = 9 

On the other hand， just as deriving (4.15)， from (4.11) and (4.22) we can 

show thatωij = 0， 1三i，j S; 3， which imply that (M， g) has constant sectional 

curvature zero. This is a contradiction to (4.23). Therefore case (II) can not 

occur. 

We have completed the proof of Theorem 4.1. 

REMARK 4.1. We expect that Theorem 4.1 should be true without the upper 

bound restriction for R. But our method depends heavily on Lemma 4.1， which is 

already the best possible. 

~ 5. Appendix: Proof of Lemma 4.1 

If X = nCn， then Xl = ・・ = Xn = Cn， and by (4.2) 

(5.1 ) 玄いiyf+yf)=Cn玄Yl+玄Y;= ~n -1γ-h土yf
三い7n-1(む)(n 

-1)3 
n3 

which shows that (4.3) is correct， and it is also easy to see that the equality sign 
in (4.3) holds if and or均 if(i) occurs 
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Hereafter we assume X > 11 Cn・De白nea bounded domain n in R 2n by 

n={(X，y)εR2n I X = (XIγ ・ ，Xn)， Y = (YI，・・・ぅYn)satisfy (4.1) and (4.2)}， 

with boundary dn = U ni， where 

グn}equal Cn}. Qi = {(x， y)εn I exactly i of {XI，・

Let us consider the function 

f(x， y) = I)XiyJ十Y;)

defined on Q. Since n is bounded and closed， f(x， y) will attaIn its minimum at 
somewhere on n. We apply the method of Lagrange's multiplier for seeking this 
立1m1立lU立1.

Consider the following auxiliary function 
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defined on R 211+3. 

If (x， y) is a critical point of f(x， y) in the interior of n， then it must satisfy 
the equations 

dF dF dF dF 

dXI dXn dYI dYn 

。F dF dF 
dA dμ dy 

(5.2) 

(5.3) 

From (5.2) and ~~ = Yl + y， we get for each i， y1 + y = O. Furthermore， by 
making summation over and using営=0， we obtain at the critical point 

日

7一
一一νJ

一vd

11 - 1 
yニ

112 
(5.4) 

Combining (4.7) with 2:;=1 Yi = 0 we see that 11 must be even， say 11 = 2p， 
and up to re-arranging the lower index we have 

ー ゾ万士T
Yp十・・・ =Yn=一一一一一.

n 

dてT
YI =... = Yv =一一一一一一?

11 
(5.5) 
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Fromま=2XiYi十4Y1十え十2μYiand (5.2)， (5.5) we have 

2vn寸 ，4(n -l)vnゴ 2vn寸
刊 -A十一一一一一μ=0， 

n nJ n 
l 三三 i 三三 p， 

2丘三主if(n-1)dゴー以コ
吋 +A+一一一一一-.. 

n nJ n 

(5.6) 

p十 l 三三 i 三三 n. (5.7) 

Summing up (5.6) and (5.7)， and using寄=0， we get 
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(5.8) 

2vnっすXi十4(n-l)d寸十2Fnゴμ=0，
f;;;i n 

Combining (5.6)-(5.8)， we obtain 

(G12 寸 X I 11λ 軍 一--"'1 - - -"'p - 11 I 2vnつう
~ ~ _ X 11λ 
ぷp十・・・ =XI1 = n 2万台

(5.9) 

where Xj > CI1 implies that the parameter A satisfies 

2vnτコl(伏X一叫
内 <λ< 角

nム nム
(5.10) 

We have proved the fol1owing 

CLAIM 1. f(xぅy)has critical points in the interior ofn if and 0ηIy if n = 2p 
is even. In the case n = 2p， the criticα1 points (x， y)， which depends on A， is given 
by (5.5)αnd (5.9) (up to re箇αrrang的gthe lower index). It is easy to see that 

n-1-v， (n-l)2 
f(主，y)=ヲγX十一五「う

and it is in fact a local minimum of f(xぅy)on n. 

Our next purpose is to find out the minimum of f(xぅy)on on. We first 

prove the following 

On .011-1， it holds 

川ミ一三~[x-ゅヰfl]'午[x-(n -l)Cn+千]，
CLAIM 2. 

(5.11) 

with the equality sign attainable ifαnd only if X ~ nCI1 +~. If itおthecase， then 
Lemmα4.1 (ii) occurs. 
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PROOF OF CLA1M 2. Without loss of generality， we assume that on nn一l

(5.12) X1 = . .. = Xn-1 = Cn， Xn = X -(n -1 )Cn > Cn・

By use of (4.2)， we have 

(5.13) f(x， y)ニ CnLY;十 [X-(n -I)Cn]y; +乞Y;+ y~ 

ミYi+(む)'-[トル平]~Y? 
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where in the last inequality， we have used 

(5.14) どh己(~Y?)

山)川ミ454←-nCn平 )r
-Vlx-nG+ヰ21+千[x-(n 
n -1 r"V  __ ，. ，2 (n -1)12 ， n -1 r V I 1¥，.， n 11 

〉一一一 IX-nCn 十一一~I +一一 IX-(n -I)Cn十一一i4n 1-- n n 1-- ，. - -/ -"， n 1 

This proves (5.11). The equality sign in (5.11) holds if and only if 

( 5.16)や4P)2andZY74[x-0・1日戸l
are則 isfied.Moreover， from (5.15) one see that (5.16) is possible if and only if 

i.e. X豆叫1+2
n 
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If it is the case， then the equality sign in (5.l1) holds if 

This proves ClaIm 2. 

For each qε{2，3， ・けn-1}， it holds on Qn-q 

-1 rv __E1 ，2(n-1)1
2 
， n-1 rv f__ 1¥E1 ，n-11 

f (x) y) > -" 4n -I X一時十一一一|十一 IX-(n-1)Cn+~1
n n n 

CLAIM 3. 

(5.17) 

PROOF OF CLAIM 3. For given qε{2) 3) . . . ， n -1}， we consider the function 

f(x， y) being defined on Qn-q. Without loss of generality， we assume 

(5.18) Xi> Cn， 1 三三 i 三三 q. Xq十lニ・・・ =Xn = Cn; 

By use of (4.2)， we have 
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with equality sign holds if and only if Yf = . . . = Y; and Y~+ 1 = . . . = y~ 
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Denote Q = 2:~1 Y;， then 0云Q三千.1f Q = 0， the fol1owing discussion 
is trivially hold， so we will assume Q > O. We shall find the minimum of the 

function g(x， y) = 2:~] XiY; for x = (x]ぃ.. ，Xq) and Y = (Yl，" . ，Yq) subjecting 
to the constraint 

A rigidity theorem for hypersurfaces 

Xi> C，川 1 三三 i <三q. :EYl = Q; 2ンi= X -(n -q)Cn， (5.20) 
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(5.21) 

Let (えy)be a critical point of g(x， y) under condition (5.20)， then we have 

at (えy)
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(5.22) 

1 ~ i 三三q. 

From (5.22) and (5.23)， we obtain Yf =ー =Y~ = Q/ q and x] =・ =Xq= 
[X -(n -q)Cn]/q. This gives 

(5.23) 

g(リ)=立す元i=1{X-(n-q)CniQ
q f;;i q 

1t is easy to check that g(支うy)is in fact the absolute minimum of g(x， y) 
under the condition (5.20). Therefore， from (5.19) and the above fact we obtain 
that 
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with equality sign attainable if and only if 

or equivalently 

2(n-l) ~ V ~__f' ，2(n-l)q 
Cn一一一一一一く Xく nCn十

η 川内'1- q) 

A direct ca1culation shows that 

(5.25) 
n -1ρ ， (n -1)2 n-qfv 円 2(n-1)q l2 
一一 一一一一 回

'""'n I n2(n _ q) 4nq仁川'-'n n(n-q)J 

ミザ[x-ゅヰ~]午 [x-(n -I)C，十干l
with equality sign holds if and only if q = 1. 

Now， Claim 3 follows from (5.24) and (5.25). 

Finally， a direct ca1culation will verify the following， which shows that 

J(xぅy)on n will not achieve its minimum in the interior of n in case X > nCn・

CLAIM 4. 

(5.26) 
n-1(n-1)2 

，..，ー X 十一一~
nゐ n"'

三-Et[xーん咋2]+千 [x-(n-l)ω 千]， 
with equality sign holds ifαnd onかifX = nCn・

We have completed the proof of Lemma 4.1 by Claim I""Claim 4. 
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