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Abstract

We study D-branes in the OSp invariant closed string field theory.

The OSp invariant string field theory is a covariantized version of the light-cone gauge
string field theory. It has been proposed that the BRST invariant sector of this theory leads
to a unitary S-matrix. We define the BRST invariant observables corresponding to on-shell
asymptotic states. From the correlation functions of these observables, one can obtain the
unitary S-matrix.

After these preparations, we construct the states in which D-branes are excited in the
formulation of the OSp invariant closed string field theory. We calculate the disk amplitudes
using these states and show that they coincide with the disk amplitudes in usual string
theory.
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Chapter 1

Introduction

Superstring theory is a candidate for the theory of everything. This theory is expected to
be a consistent theory of quantum gravity and can include all the physics of the standard
model of the elementary particles. In order to explain the real world using this theory, we
need to choose the vacuum corresponding to our world and discuss the theory around it.
However, it is known that superstring theory has an enormous number of vacua and one
can construct a consistent theory around each of them. We should decide which is the true
vacuum of superstring theory. For this purpose, perturbative treatment of superstrings is
unsatisfactory. We need to know the nonperturbative aspects of superstring theory.

Many proposals for nonperturbative formulations of strings have been made. Here we
concentrate on one of them, string field theory. It is formulated as a second quantized
theory of strings, and not only reproduces the results of the first quantized theory but also
includes off-shell and nonperturbative physics. While several superstring field theories have
been proposed, they involve unsolved difficult problems. For this reason, in this thesis, we
consider only the bosonic string field theories as a first step.

Since it is difficult to find the true vacuum of string theory, let us consider an easier
question: how can one describe some known vacua in the formulation of string field theories?
We treat the flat Dp-branes in string field theories. Dp-branes were discovered in first
quantized string theory. These are defined as (p+ 1)-dimensional hypersurfaces in spacetime
on which open strings can end and they can emit and absorb closed strings. They have a
definite tension. We would like to study the D-branes in bosonic string field theories.

In bosonic open string field theory, Sen conjectured that Dp-branes with p < 25 are
described as unstable lump solutions [1] and this was tested in many papers starting with
[2][3][4]. On the other hand, in the context of closed string field theories, although several
attempts have been made [5][6][7], D-branes have not been studied so much. What we
would like to study in this thesis is how one can realize D-branes in bosonic closed string
field theory.

One of the reasons why D-branes have not been considered so much in closed string
field theories is the difficulties in treating the closed string field theories. Although some
closed string field theories have been constructed, almost all of them are not useful for our
purpose. The most complete closed string field theory is the light-cone gauge string field
theory [8][9][10]. Since this is a gauge fixed theory, the Hilbert space does not have negative
norm states and this theory is manifestly unitary. Moreover, while it does not have manifest
Lorentz invariance, it has been shown that the S-matrix elements of this theory are Lorentz
covariant [11]. Other string field theories should be constructed so as to reproduce the S-



matrix elements of the light-cone gauge string field theory. The most famous covariant closed
string field theory may be the non-polynomial closed string field theory [12][13]. This theory
reproduces the light-cone gauge results and have the gauge invariance. However, it has very
complicated interaction terms and is very difficult to treat. String field theories which are
covariant and have a simpler interaction were also proposed. One of them is HIKKO closed
string field theory [14].} This theory has only three-point interactions. However, string field
has unphysical parameter ”string-length” and this causes unphysical divergence in loop-level.
Here we consider another covariant theory, the OSp invariant closed string field theory [15]
(See also [16][17][18][19].). The OSp invariant closed string field theory also has unphysical
parameters, but they do not cause any divergence.

The OSp invariant string field theory is a covariantized version of the light-cone gauge
string field theory. This theory was constructed by adding two bosonic directions and two
fermionic directions to the light-cone gauge string field theory. It was expected that the
BRST invariant sector of this theory is equivalent to the light-cone gauge string field theory
via Parisi-Sourlas mechanism [23]. Since an extra time variable exists in the formulation, the
OSp invariant string field theory should be considered as something like stochastic quanti-
zation. Indeed, the action of this theory looks different from the usual one but rather like
stochastic quantization.

In this thesis, we will study the following two things. Firstly, we will explain that the
OSp invariant string field theory provides the correct unitary S-matrix elements. In order to
show the unitarity of this theory, we must specify the normalization of the external states. In
previous works [16][18], S-matrix elements were calculated for on-shell physical states. Since
the kinetic term of the action is not similar to the usual formulation, it is difficult to fix
the normalization of these states. We will consider the BRST invariant observables instead,
and fix the normalization using the two-point correlation functions. In [24], we have shown
that the general S-matrix elements can be derived from the correlation functions of these
observables and they coincide with those of the light-cone gauge string field theory. The
proof is abstract. In this thesis, instead we will evaluate some S-matrix elements explicitly
and show that they agree with those in the light-cone gauge string field theory.

Secondly, we will consider how D-branes are described in the OSp invariant closed string
field theory. In perturbative closed string theories, one should deal with worldsheets without
boundaries. In the presence of D-branes, we should consider worldsheets with boundaries.
In a second quantized closed string theory, D-branes should be described as an object which
have the effect of generating boundaries on the worldsheet. We will consider a state in the
second quantized Hilbert space corresponding to such an object. Imposing the BRST invari-
ance of the state, we can fix the form of the state.? Such states can be considered as states in
which D-branes or ghost D-branes [25] are excited. Thus we refer to these states as D-brane
states. We will calculate the disk amplitudes using the D-brane states and show that the
disk amplitudes of bosonic string theory in the presence of D-branes and ghost D-branes are
reproduced.

"'While this theory has the unphysical divergence in loop-level, one can consider D-branes in the context
of this theory. In [5], the authors introduced D-branes as a source term of the action of the HIKKO closed
string field theory. However, they cannot determine the tension of the D-branes.

2This construction is very similar to the construction of the creation operators of D-branes [20][21] in a
field theoretical description for the noncritical strings [22]. In that case, the Virasoro constraint was imposed.



The organization of this thesis is as follows.

In chapter 2, after reviewing the light-cone gauge string field theory in section 2.1, we
will explain the formulation of the OSp invariant string field theory in section 2.2. We will
see that this theory has the BRST invariance. We will also see that the kinetic term of the
action of this theory looks like that of the stochastic quantization.

In chapter 3, we will construct the observables of the OSp invariant string field theory
corresponding to on-shell asymptotic states. Although the kinetic term of the action has
unusual form, the two-point functions of these observables yield usual propagators. We
will also calculate some S-matrix elements explicitly and show that they coincide with the
S-matrix elements of the light-cone gauge string field theory.

In first quantized closed string theory, D-branes can be seen as the source of closed
strings. The emission and absorption of closed strings can be described using the boundary
states. In chapter 4, we will introduce the boundary states and study their properties in the
OSp invariant string field theory. We will first define the boundary states corresponding to
the flat Dp-branes in section 4.1. Since the norm of the boundary states is infinite, we will
introduce a BRST invariant regularization. In section 4.2 and 4.3, we will study overlaps of
the boundary states with three-string vertices. We will obtain the idempotency relations [7]
of the boundary states. These results will be used in chapter 5 to construct the D-brane
states.

In chapter 5, we will study D-brane states. In section 5.1, we will construct D-brane
states. Imposing the condition that the states are BRST invariant in the leading order of
regularization parameter €, we can fix the form of the states. In section 5.2, we will calculate
disk amplitudes using these states and show that disk amplitudes in the presence of D-branes
and ghost D-branes are reproduced including the normalizations.

Chapter 6 is devoted to discussions.

In appendix A, we will explain how to construct the string vertices. The prescription
explained here will be used in chapter 2 to define the three-string vertex and in section 4.2
and 4.3 to calculate the overlaps of the boundary states with three-string vertices.

In appendix B and C, we will present the details of calculations needed in chapter 2 and
4, respectively.

This thesis is based on my papers [24][26][27] which have been done in collaboration with
N. Ishibashi and K. Murakami. In this thesis, we set the string slope parameter o/ = 2.



Chapter 2

OSp Invariant String Field Theory

The string field theory we consider in this thesis is the OSp invariant string field theory [15].
This theory can be constructed from the light-cone gauge string field theory [8][9][10]. In
this chapter, we review the formulation of this theory.

2.1 Review of Light-Cone Gauge String Field Theory

Since the OSp invariant string field theory can be constructed from the light-cone gauge
string field theory, we briefly review it.

2.1.1 Light-cone gauge string field theory

In the light-cone gauge, the single-closed string states are specified by using their length
o« = 2p*, their transverse momenta p’ = o) = &} (i = 1,...,24) and their transverse
oscillators i, &l (n # 0,4 = 1,...,24). The oscillators a! and &' are the coefficients of
transverse string coordinate X'(1,0) (i = 1,...,24):

X'(1,0) = 2" — 2ip't +i Z % (afle_”(”w) + &;e_”(T_w)) : (2.1)
n#0
Here (7, 0) denote the coordinate of the cylinder worldsheet. We use the Fock representation
of the oscillators and the wave function for the zero modes. We take the wave function to
be a function of o and p’, i.e. we take the momentum representation for the zero modes.
In this representation, the vacuum state |0)“C satisfies

o [0)C = 6, |0)"C =4

0 0
|0)H = =0y =0 forn>0. 2.2
10 = 510) or (22)
The integration measure for the zero modes of the r-th string is defined as
ayda,. d*p,
d = — : 2.3
TLC 2 (2m)® (2.3)

The string field |®(¢))LC are defined as a state in the closed string Hilbert space. We can
expand it as

|D(1))LC = T(t,p', ) [0)C + hy(t, p', @) (&, |0YEC + ..., (2.4)

where t = 2t denotes the proper time and the coefficients functions T'(¢, p’, ) and h;;(t, p, )
are the spacetime fields corresponding to tachyon and graviton.
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The reflector

To describe the BPZ conjugate of the string field, we use the reflector. The
LC(R(1,2)] is given by

1
YUR(L,2)] = 0re(1,2) §5(0] et —

a1
where
50 = Mool
o) 1 24
Bolo) — N L (1)1 4 5@ |
LC(? ) ;n;(an a, +an o )

ore(1,2) = 28(aq + an)(27)®6* (1 + pa) -

We also introduce 1
|R(1,2))"C = 5LC(1,2)a_1€E£c(1,2)’0>%20 _

The reflector “(R(1,2)| satisfies

LOR(1,2)] (o1 + az) =
LR(,2)| (ol +al?)

0, M(R(@1,2) ('Y -2@)=0,
0, R (a0 +aD) =0

n

for Vn € Z. This yields

—n —n

LC(R(L 2)| <L£C(1) _ LLC(2)> =0, LC<R(1,2)| <E7I{C(1) - ELC(Q)) —0

for Vn € Z. Here LEC and LLC are the Virasoro generators defined as

1 24 1 24
LC __ o i 5 7LC __ o~ ~1 .
Ln - 5 § : E :°an+ma—m° ) Ln - 5 § : E :Oan-i—ma—mo ’

m  i=1 m  i1=1

reflector

(2.5)

(2.6)

(2.7)

(2.10)

where ¢ ¢ means the normal ordering of the oscillators in which the non-negative modes

should be moved to the right of the negative modes.
Using the reflector, we define the BPZ conjugate ““(®| of the string field |®)LC

() = [ diio (2|0
From the definitions, we have

LO(R(1,2)] = —*C(R(2,1)] | / a1, Y@ [R(1,2))1C = |BYLC

as

(2.11)

(2.12)



The three-string vertex

The action of the light-cone gauge closed string field theory has the three-string interaction
term. To describe this term, we use the three-string vertex. One can construct it by using
the method we will explain in appendix A. The three-string vertex *(VJ(1,2,3)| is given
by

LC(‘/EJ,O(LQ:S” = LC<Ug(1>2 )|P123 )
|2

1(1,2,3)
M3 (1,2,3)] = brc(1, 2, 3) 50| eFre ) W 7 (2.13)

where
120 = M0 M5(0] 0]

ﬁ 0( L) LLC(T))

27r ’

oc(1,2,3) = 26 (ia) (2m)*° 5% (i@) ,

Bro1,2:3) = 3 Z ZZ Ny il + (N7 ) V)

nm>0 r,s 1=1

3
u(1,2,3) = exp (—TOZ - ) , To= Zar In|a,| . (2.14)
r r=1

r=1

73123 = PlLCP;CPzJIfC, P}C:/
0

Here the Neumann coefficients N"*, are defined in eq.(A.12). Nevertheless the Neumann
coefficients N'¢, depend on the choice of Z;, Zy, Z3, the vertex “C(V)(1,2, 3)| is independent
of it. This includes that the three-string vertex is invariant under any permutation of string
1,2,3. If we choose Z; = 1,7, =0, Z3 = 0o, the Neumann coefficients are

\TTS Oy ag\ 1 G ATs
Nnm = —Q1Q0s3 <— + —> NnNm (7’},7 m Z 1) s
n m
NS = —csal%N,: (cp=1,c0=—1,c5=0) (n>1),
Qg

\ T 57"5 57" 58
N = (oot
o 1 047_+1 nig
N = —fu|l—- ear (g =0aq),
@ a

fn()

2.15
nT(nz —n+1) "’ (2.15)

where 7y is defined in eq.(2.14).

String field action
The action of the light-cone gauge string field theory is

1 o LF® L [re@ 9
Sre — /dt[i/dchdQLc “(R(1,2)|®)LC < i 0 0 |)LC

(%)
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2
+2 / dlyed2ueddie “(VO(1,2,3)[8)LC|)5C10)LC | | (2.16)

where t denotes the proper time and g denotes the coupling constant for strings. In this
thesis, we take g > 0. We require that the string field |®)"“ satisfies the level matching
condition

PLEIOYC = |9)1C | (2.17)

and the reality condition

(19)0)" = "o , (2.18)

where the left hand side is the hermitian conjugate of |®)“ and the right hand side is the
BPZ conjugate of |®)C.

By using the expansion of the string field eq.(2.4), one can easily find that the kinetic
term of the action (2.16) is usual form.

2.1.2 Lorentz invariance

The light-cone gauge string field theory is manifestly unitary, but its Lorentz invariance is
not manifest and needs a proof. The invariance of the on-shell S-matrix elements was first
proved by Mandelstam [11]. In [28][29], the full transformation of the string fields were given
and the invariance of the action under this transformation and the closure of the algebra
were proved. In this subsection, we briefly review their proof. Explicit calculations will be
given in Appendix B.

The nontrivial Lorentz transformation of the string field |®)X© is given in [28][29] as

M|@)LC = M|yt
g / A1 cd2ed3e V(L 2, 3); X BYLOB)LC| R(3, 4)1C | (2.19)

where M~ denotes the Lorentz generator for free string theory*

LEC _ LLC il iLC Z’JLC&i
n
and . ’
LC<V:”)O(17 27 3)’ X1| - LC<Ug(17 27 3)|X1(p1, ﬁl>P%2% : (221)

Here p; denotes the p coordinate for the interaction point of the three strings.
The action of the light-cone gauge string field theory eq.(2.16) is invariant under the
Lorentz transformation eq.(2.19):

MI=SHC =0 . (2.22)

!One may think that the first line in eq.(2.20) is not hermite. However it is hermite under the integration
measure eq.(2.3).



One can show it, by using the following identities:

MR, 2)] (MD 4+ MH2>) =0,

3 )+L Cr) _ 9 Lo 3 A
A2, XZ|Z o =23 Y M0,

r=1

/ dlLCd2LCd3LCd4LCd5LCd6LC LC<‘/30(1, 2, 5), X1| LC<‘/30(3’ 4, 6)‘
x|R(5,6))"| @)1 )5 |®); | ®)i“ = 0. (2.23)

The first equation can be easily proved by using the relations eqgs.(2.8) and (2.9). The other
two equations will be shown in appendix B.
We should show the closure of the Lorentz algebra. The nontrivial one is

M M) =0. (2.24)
One can show this equation from the following relations:
(M~ M7 =0,

Lvd1,2,3 XZ|ZMJ v, 2,3 XJ|ZMz
/ d21,cd3rcd4rcdbredbrc [LCW(L 2,5); X YUVL(3,4,6); X|
PV (1, 2,5); XTI MV (3,4, 6); Xﬂ |R(5,6))C|®)5°|®)5|®);° = 0 .(2.25)

The first equation? is shown in first quantized theory [30]. We will show the other two
equations in appendix B.

2.1.3 Canonical quantization

We can decompose the string field as
@) = [)"C + |[9) (2.26)

where |[¢)C is the part with positive o and [))*C is the one with negative a. The kinetic
term of eq.(2.16) can be rewritten as

9 LLC(2) X iLC(Q) _9
SLe = / dt / A cd2rc "Y(R(1, 2)|®)LC < i g &20 )5
o LM, fLe@ o
— /dt/dlLCdQLc R(1, 2)|w>LC ( o . a20 W)IQJC
o LLC(2) + ELC(2) _9
— /dt/d2Lc S <7’§_ 0 a20 )€ (2.27)

2In this equation, we have neglected terms proportional to L5¢ — EI[;C. They equal to zero for the states
which satisfy the level matching condition.



From this equation, we obtain the canonical commutation relation
[)r© Wl = 1¥C(r,s) . 1(r,s) = /duLc YUR(s, u) | R(u, )t (2.28)

Here IC(r, s) serves as the identity operator. In fact, the following relations are hold for an
arbitrary string field |¥)LC,

/ dsie I°C(r, )| W)€ = [W)LC / drye YU IO ) = 0| . (2.20)

The first equation in (2.28) is equivalent to

), 1)) = |R(r, )™ . (2.30)

From the hermiticity defined in eq.(2.18), one can deduce that ““(¢)| and *“(¢)| are her-
mitian conjugate to [¢))*C and [¢)C, respectively. We identify [1/)*¢ with the annihilation
mode and [1))*C with the creation mode. Accordingly we define the vacuum state |0)“C in
the second quantization as

()l =0, MLo =0 (2.31)

2.2 OSp Invariant String Field Theory

2.2.1 OSp extension

The OSp invariant string field theory can be constructed from replacing the O(24) transverse
vector X (i =1,...,24) in the light-cone gauge string field theory by the OSp(26]2) vector
XM = (X”,XC =(C, X% = C_’). Here X# = (X% X?° X?0) are Grassmann even and the
ghost fields C' and C' are Grassmann odd. The metric of the OSp(26|2) vector space is

c C
5;1,1/ MN
NMN = =n"" . (2.32)
c 0 —
c 0
As we will see, X* (u = 1,2,...,26) can be regarded as a coordinate of 26 dimensional

Euclidean space. In this meaning, this theory is covariant.
By using the metric (2.32), we can write down the Euclidean worldsheet action

1
S = o / drdo0, XM X" nuw (2.33)
s
where (7, 0) denote the coordinates on the cylinder worldsheet. We define the mode expan-
sion of XM (7,0) as
1 . A
XM(r,0) =M™ — 2ipM7 44 Z — (afye_”(”w) + d,];/[e_"(T_w)) . (2.34)
n
n#0

9



The nonvanishing canonical commutation relations are
[N MYy =iV [ MY = ™M, o, A E@Y = VM, mo (2.35)

for n,m # 0, where the graded commutator [A, B} denotes the anti-commutator when A
and B are both fermionic operators and the commutator otherwise. We also use

M= (a,Co,Co),  apf =a =pM = (p*, —m, 7o) - (2.36)

The Hilbert space for the string consists of the Fock space of the oscillators and the
wave function for the zero modes. Again, we take the momentum representation for the zero
modes (a, p*, m, To). The vacuum state |0) in the first quantization is defined by

aM|O):~M|O):O forn >0,

)
M MN _ —
0y = in"V 55 9 10y —0, Sy =0. (2.37)

The integration measure for the zero modes of the r-th string is now defined as

aydo,. d*°p,

r 'r)
T iz dnl (2.38)

dr =

Various quantities appearing in the OSp invariant string field theory can be defined by
the OSp extension from the corresponding objects in the light-cone gauge string field theory.

The reflector
The reflector in the OSp invariant string field theory is defined as

1
(R(1,2)| = 6(1,2) 10| P12 — (2.39)
1
where
120[ = (0] <0|
E(172) = _Z +CM () (2)>77NM7
5(1,2) = 25(041 + ) (2m) %62 (py + po)i(7SY + 7Y (Y + 7P (2.40)
We also introduce ]
|R(1,2)) = 4(1, 2)a—eET(1’2)|O>12 . (2.41)
1

The reflector (R(1,2)| satisfies the similar relations to egs.(2.8) and (2.9):

(R(1,2)] (a1 +a5) =0, (R(1,2)] (zMV — 2M@) =0,
(R(1,2)] <anM(” +a§4n(2)) —0, (R(1,2)] (ozﬁf(” +oﬂ4n(2)> ~0,

(R(1,2)| (L;U - Lfn> —0, (R(1,2)| (ig) - i@,l) —0 forVneZ, (242)

10



where L, and L, (n € Z) are the Virasoro generators defined as
1 - 1 N~
n=35 Z ol oM v L, = 3 ZgaﬁmaymanM . (2.43)

Here ¢ ¢ means the normal ordering of the oscillators. |R(1,2)) satisfies similar identities.
The BPZ conjugate (®| of |®) is defined as

4| = / d1 (R(1,2)[®); . (2.44)
From the definitions, we have
/d1d2 (R(1,2)|®)1| W)y = —(—1) 2" /d1d2 (R(1,2)|T),|®), , (2.45)
and
/dl (P|R(1,2)) = |®), (2.46)

where (—1)/®l denotes the Grassmann parity of the string field ®.

The three-string vertex
The three-string vertex in the OSp invariant string field theory is given by
<‘/250<]'7 2) 3)| - <Ug(17 27 3)|P123 ’

1,2.3)|?
(00(1,2,3)] = 5(1,2,3) 1a(0]eP020 L2 (2.47)
1o (X3

where p(1,2,3) is defined in eq.(2.14) and
1250] = (0] 0[50 ,
do Jo(L I
Pus = PPPy, Po= [ e )

5(1,2,3) = 26 (Z as> (27T)26526 (Zp’"> Z(i 7_T[(;«')) (i 7T(()sf)) 7

E(1,2,3) = = Z > N (@ Da)®) 4 alDal D)y, (2.48)

nm>0 7,8

Here the Neumann coefficients N'¢ are defined in eq.(A.12).

String field action
The action of the OSp invariant string field theory is given as

B 1 o0 LY +LY -2
S_/dt [§/d1d2< (1,2) ), <z§— - @),

+2§g/d1d2d3 (\/30(1,2,3)|<1>>1|q>>2|@>3} , (2.49)

11



where t denotes the proper time and g > 0 denotes the coupling constant for strings. The
string field |®) is taken to be Grassmann even and subject to the level matching condition
P|P) = |P) and the reality condition

(19)" = (2] , (2.50)

where (|®))" denotes the hermitian conjugate of |®), and (®| denotes the BPZ conjugate of
|®) defined in eq.(2.44).

At first sight, the action eq.(2.49) looks similar to that of the light-cone gauge string field
theory (2.16). Actually they are very different. To see this, let us expand the string field
|®) in terms of 7y and 7y as

|®) = [@) + imo|X) + iTo|X) + imoTo|P) - (2.51)

Substituting this into the kinetic term of the action eq.(2.49), we have

L /dt da<d26p [<<5|<z3> + (9| (—iady + p* + 2N — 2) |¢) + i(x| (—iad; + p* + 2N — 2) |x>],

2 27)2%6
(2.52)
where N is the level operator. The interaction terms are at most quadratic in ¢. Therefore ¢
can be regarded as an auxiliary field and integrated out. If one integrates ¢ out, the kinetic
term for ¢ looks quite different from that of the usual field theory. It rather looks similar to
that of the stochastic quantization.

2.2.2 BRST invariance

Since we add the coordinates to construct the O.Sp invariant string field theory, the Hilbert
space of the OSp invariant string field theory is larger than that of the light-cone gauge
string field theory. Since what we would like to do is to construct the theory from which we
can obtain the same S-matrix elements as the light-cone gauge string field theory, we need to
limit the Hilbert space. In doing so, we would like to preserve the covariance of the directions
XH (u=1,2,...,26). In order to do so, let us identify the "Lorentz transformation” M®~
with the BRST transformation dg [31][32]:

0p|®) = M7|®) = Qp|®) + g|® + P) (2.53)
where the BRST charge () is defined as

_ C ~ .0
QB:MC = ﬁ(LO—i-LO—Q)—’MTOa—
a® nln — L_ na @ann — f,,ndg
_ = E + - , (2.54)

and the x-product ® x U of two arbitrary closed string fields ® and ¥ is defined as
|+ W), = /d1d2d3 (V3(1,2,3)|9)1|W)2|R(3,4)) . (2.55)

Here the vertex (V3(1,2,3)] is

(Va(1,2,3)] = (v5(1,2,3)|C(p1, 1) Pr2s (2.56)

12



where p; denotes the interaction point of the three strings and the vertex (v§(1,2,3)| is
defined in (2.47). As we will see in the next chapter, the invariant sector under the BRST
transformation (2.53) reproduces the light-cone gauge string field theory.

The nilpotency of the BRST transformation (2.53) is assured by the nilpotency of Qg
and?

(Va(1,2,3 |ZQ

/d5d6<v3(1,2,5)|<v;,(3,4,6)yR(5,6)>
+/d5d6<%,(2,3,5)|(%(1,4, 6)|R(5,6))

+/d5d6<v3(3,1,5)|<v3(2,4, 6)|R(5,6)) =0 . (2.57)

The second equation is known as the Jacobi identity. These equations will be shown in
appendix B.

The action (2.49) is invariant under the BRST transformation (2.53). The proof is the
same as that of the Lorentz invariance of the action of the light-cone gauge string field theory.
Another way to show it is by using the nilpotency of the BRST transformation (2.53) and
the fact that the action (2.49) can be expressed as

S = /dt {%/d1d2<3(1,2)|@>1¢%|@>2 + 05 (/ d1d2(R(1,2)|<I>)17‘r(()2)|<1>>2>} . (2.58)

Here we have used the relations:
Lo+ Lo — 2

{@p, 70} = T om (2.59)
(V(1,2,3)] (Zﬁé”) = ((1,2,3)] . (2.60)

2.2.3 Canonical quantization

Since the action (2.49) and the formulation of the OSp invariant string field theory are quite
similar to those of the light-cone gauge string field theory, we can perform the canonical
quantization in an analogous way. We can decompose the string field as

|©) = [¢) +[¢) (2.61)

where [¢) is the part with positive a and [)) is the one with negative a. From the kinetic
term of eq.(2.49), we can see that they satisfy the canonical commutation relation

1), [4),] = |R(r,s)) - (2.62)

From the hermiticity defined in eq.(2.50), one can deduce that (1| and (| are hermitian
conjugate to [1) and [i), respectively. We identify [¢)) with the annihilation mode and
|t)) with the creation mode. Accordingly we define the vacuum state |0)) in the second

quantization as -
[¥)[0) =0, (0| =0. (2.63)

3To be precise, Qg is nilpotent modulo terms vanishing under the level matching condition.
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Chapter 3

Observables and S-matrix Elements in
OSp Invariant String Field Theory

In the OSp invariant string field theory, we consider BRST invariant objects as physical
quantities. The S-matrix elements are defined for BRST invariant on-shell asymptotic states.
In this chapter, we will first construct the BRST invariant observables for these states. We
will see that they are in one-to-one correspondence to the on-shell physical states of usual
string theory. Then we will calculate some correlation functions of these observables and
show that the S-matrix elements derived from them coincide with those of the light-cone
gauge string field theory. We will also evaluate the low energy effective action for later use.

3.1 BRST Invariant Observables

3.1.1 BRST invariant observables

In order to deal with the BRST invariant asymptotic states of the OSp invariant string field
theory, we define the BRST invariant observables corresponding to them. They are of the
form

O=(|D). (3.1)
Here | ) is a first quantized string state and the inner product should be considered as
including the integrations in the zero-mode part. The BRST transformation of this quantity
is given as

30 = (|(Qol®) +glo < @) . (3.2)

In the discussion of the asymptotic sates, the second term in the transformation can be
ignored. Therefore for BRST invariant states, we should impose the condition

(1QB|®) =0, (3:3)
which implies
@Bl )=0. (3.4)
For a BRST exact state | ) = Qg| )/,
O ~ 65\ |®) | (3.5)

up to multi-string contribution. Therefore | ) should be chosen from a nontrivial cohomology
class of Qp.
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BRST cohomology of (g

In order to obtain the BRST cohomology of the operator (Jg, it is convenient to relate (g
to usual Kato-Ogawa’s BRST operator [33]. To do so, we identify the worldsheet variable
(C,C) with the diffeomorphism (b, ¢) ghosts as

C
n

S Q
—_
S Q
| =
[k
3

= —inac, ; «

1
C() = 20[63— s o = %b(—)’— N (36)

o = —inoac, , o

for n # 0. Indeed with these identifications, the BRST operator (Jg becomes almost the
same as Kato-Ogawa’s BRST operator:

T 0
QB = gO—ZEO (aa_aCC+NFP>
T 0
= EO - Z—O (Oé a—a e + ].> s (37)

where Npp is defined as

- - 0 0
Npp = <c_nbn b+ Enby — b_nén> ¥ oo — Fo— 4 1, 3.8
FP ; D o7 (3.8)
2 ¢ denotes the a-derivative with af, aC.a¢.a% (n € Z) kept fixed and %‘bc denotes

the a-derivative with b0, ¢, by, Cn, by, é (n # 0) kept fixed. QK© is Kato-Ogawa’s BRST
operator with b, omitted. From the identification eq.(3.6), one can find that the OSp
invariant theory is the usual covariantly quantized theory with extra variables my, «. Then
the first-quantized Hilbert space of the OSp invariant theory is the tensor product of that
of the usual covariant string theory and that of 7y, a.
Now let us consider a BRST closed state | ). Just like the BRST operator, we expand | )
in 7o as follows:
)= 1) + mol2) (3.9)

where the states |1) and |2) are independent of 7. In this notation, the condition that | ) is
@s-closed becomes

Koy = 0, (3.10)
QKOl2) = DuJ1) . (3.11)

where

R Y .
D, = —i— (a pal,, + 1) . (3.12)

Since we know the BRST cohomology of QX solutions to eq.(3.10) can be easily found

to be a linear combination of states of the form f(a)|phys) and g(a)Q%°| ), where |phys)
denotes a state in a nontrivial cohomology class of QKO and f(a), g() are arbitrary functions
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of a. Substituting these into eq.(3.11), one can see f(a) = + and |2) should be a linear

combination of the solutions to

Q5°12) = (Dag(@)QE°] )" - (3.13)

Solutions to this equation can also be easily found and eventually we see that the BRST
closed state | ) should be a linear combination of the states of the form

1
—~[phys) , (3.14)

and
moh(c)|phys) , (3.15)

up to @p exact states. Here h(«) is an arbitrary function of a.
For |phys), one can choose the states of the form

|0)p,c @ [primary; k) x (3.16)

or
by 0)p,c @ |primary; k) x (3.17)

where |0), . is the oscillator vacuum for the (b, c) ghosts satisfying ¢f|0),. = 0', and k* is
the momentum eigenvalue of the state |primary; k) y:

|primary; k) x = |primary) x (2m)*6%°(p — k) . (3.18)

Here |primary)x denotes the oscillator part of a physical state in the old covariant quanti-
zation (i.e. it satisfies the Virasoro conditions.). We normalize it as

x (primary|primary)x =1 . (3.19)

By using the original variables of OSp theory, the BRST closed states can be written as
a linear combination of the states of the following forms

1 . _ .
~0)c,c @ [primary; k)x , Tol0)c.c ® [primary; k) x
moh'(@)|0) e ® |primary; k) x | moToh" (a)]|0) ¢, 6 @ |primary; k) x ,  (3.20)

up to Qp exact states. Here |0)¢ ¢ is the oscillator vacuum (2.37) for the C,C sector and
R (a), h'(«) are arbitrary functions of a.

a-dependence

The wave functions for the OSp invariant string field theory should satisfy appropriate
boundary conditions. Especially one should be careful about the dependence on the zero-
mode «, since the integration measure (2.38) has an unusual form for . Treating the regions
a > 0 and a < 0 separately, let us introduce a real variable w as

a = Fe”. (3.21)

Notice that by ,cg are omitted.
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If we express the wave functions using the original variables in the OSp invariant string field
theory, the o dependent part of the wave functions should be of the form

e “flw), (3.22)

where f(w) is a delta function normalizable function with respect to the norm

12 = / "l f)?. (3.23)

[e.e]

We can take ¢“® (z € R) as a basis for such wave functions. It is straightforward to show
that under such conditions Qg and M ™~ are hermitian.

Now let us take this condition into account and further restrict the form of the BRST
closed states in eq.(3.20). They should be of the form

1 )

E|O>C,C' ® |primary; k) x
7o WT :

0 64]0) 0 [primary k)

0 )0} @ fprimarys K 324

but the second one is BRST exact

To ; : 1 wT .

™ 5 0} @ [primary: ) x = Qo ( " ¢*10)g ¢ @ [primary; k>X) S B
and the last one is BRST exact if z # 0

TR0} 0,0 ® [primary: k) x = Qo (o € [0)0 ® lprimary;k)x ) . (3:20)

Therefore we have shown that the BRST closed states can be written as a linear combination
of the states of the form

1
~10)cc ® |primary; k)x (3.27)

and

1
~070|0)c.c @ |primary; k)x (3.28)

up to @) exact states.

Observables

As was explained below eq.(2.52), the string field |®) of the OSp invariant string field theory
has the auxiliary modes ¢. For constructing the observables, we discard the case when { |®)
is an auxiliary mode. Then | ) should be of the form eq.(3.27). Making the zero-mode
integral explicit, one can describe the observables constructed above as

O(t, k) = /dr air<X(primary; k| ® CC<0|) (1)), (3.29)

r

17



where x (primary; k| ® ¢, (0] denotes the BPZ conjugate of |0)¢ ¢ ® |primary; k) x.* The mass
M of the particle corresponding to the operator O(t, k) can be read off from the relation

(Lo + Lo — 2) 0)¢.¢ ® |primary; k) x = (k* + 2imomo + M?) |0)¢, ¢ @ |primary; k) x . (3.31)

O(t, k) is BRST exact unless k? + M? = (.

Since we consider correlation functions, the primary states introduced here are off-shell
in general, i.e. k> + M? # 0. For later use, we introduce the on-shell primary states
|primary; k) x = |primary; k) x|;2. y2—o » Where k denotes the spatial 25-momentum.

As we can see from the expression eq.(2.59), the Hamiltonian on the worldsheet %
is a BRST exact operator. Thus O(t + dt, k) and O(t, k) are BRST equivalent and one can

obtain the same correlation functions from each of them.

3.1.2 Free propagator

We would like to study BRST invariant asymptotic states using the observables constructed
above. Once the auxiliary field ¢ is integrated out, the action eq.(2.52) no longer possesses
the kinetic term similar to that of the usual field theory action. Therefore it may seem
unlikely that these observables correspond to usual particle states. However, as we will
show, the free propagators corresponding to these operators yield propagators for particles
propagating in 26 dimensions.

Let us consider the observables O,(t,,k.) (r = 1,2) which are of the form eq.(3.29)
corresponding to a common primary state, i.e. |primary)x = |primary,)x = |primary,)x
and M = M; = M. We define the two-point function

{(O1(t1, k1)Oa(ta, ka))) = (0| T Oy (t1, k1)Oo(t2, k2)|0)) | (3.32)

where |0)) denotes the vacuum in the second quantization defined in eq.(2.63) and T denotes
the time ordering of the operator. We consider the case t; > t,.> By using the canonical
commutation relations (2.62), we can rewrite the lowest order contribution to the two-point
function as

* d1 4 oo (D) a2
. . —i b (p{+2imy Ty + M —ie)
/ a—l(x<Pr1mary7k1|®c,é<0|€ L ere o )
0 1

0

d2 _it2 @2 a2

< [ o (tprimarys l @ (0] T EE ) Rt (3.33)
—00 2

where the limits of the zero-mode integration dr represent the integration regions of the

string length «,.. After the integration over the zero-modes for string 2, we have

Cdl _jun inSDr(D M2 —ie
= [ SRR (o ) (25— )
0 1

?Here k,, is the momentum eigenvalue of the state |primary; k) x:

x (primary; k| = (27)2°6% (p + k) x (primary]| . (3.30)

3We can obtain the same results for the case to > t1.
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2

o (ty — ta) _jti=te e
— / dalu e 1a12(k%+M2 ) (271')26526(/{:1 + k2)
0 Qg

_ z/ dT e-z’T(kf+M2—ie) (ZW)26626(1€1 + kz)
0
(27)266%6 (key + k)

— R VE , (3.34)
where we introduced T = % Therefore we obtain
2m)265%6(ky + k
(O1(t1, k1) Oa(t2, k2))) groe = (2m) (1 + ko) (3.35)

ki + M?

This coincides with the Fuclidean propagator for a particle with mass M. Thus we have
shown that although the string field action possesses an unusual form, modes corresponding
to the operators O(t, k) yield usual propagators. O(t, k) are in one-to-one correspondence
to the states with physical polarizations in usual string theory.

Now that we identify the modes of ® corresponding to the particle states in string theory,
we can construct the asymptotic states using them. Wick rotating as 220 — 20 = —ia?0,
we can canonically quantize the theory considering z° as time. Since the free propagator
corresponding to O(t, k) coincides with that for a particle with mass M, it is straightforward

to define properly normalized asymptotic states using these operators.

3.2 Correlation Functions and S-matrix Elements

We have constructed the BRST invariant observables for on-shell asymptotic states. Now let
us consider N-point correlation functions (N > 3) for these observables which are defined as

{ ﬂ O, (tr.k))) = (0] Tﬂam, ) 0) (3.30)

Since these correlation functions are independent of the extra time variables t,, they can
be considered as the correlation functions in the 26 dimensional Euclidean space. Eq.(3.36)
behaves as

al 1

]‘_[1 (k‘f n Mf) C' + less singular terms (3.37)
around k2 + M? ~ 0 [24]. By Wick rotating the pole residue, we can derive the S-matrix
elements. We can prove that the S-matrix elements derived from this procedure coincide with
those of the light-cone gauge string field theory. The proof is given in [24]. In this section,
instead of giving a general proof, we will calculate some S-matrix elements explicitly. We
also write down the space-time low energy effective action of the OSp invariant string field
theory, which will be used to check the normalization and the sign of the amplitudes involving
D-branes.

3.2.1 Three-point S-matrix elements

First, we consider the tree level three-point S-matrix elements as the simplest example. By
using the canonical commutation relation (2.62), the lowest order contribution of the three-
point correlation function for the observables O,(t,, k) (r = 1,2,3) (t; > to > t3) with mass
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M, is evaluated as

<<Ol(t1,k1) (tz,kz)og(tg,kg)»
o [t (-] )/ Sl (<[ ([ E)
x (V9(1,2,3) }H{

Here T is the proper time of the interaction Hamiltonian, and the first and second terms are
corresponding to the diagram depicted in Figs. 3.1 and 3.2, respectively. In order to obtain

r) = ()
2+M2+2'L7r ) (‘O>C,C‘ ® |primary, ; kr>X>

} .(3.38)

r

T

t Tt t

t ts T t t

Figure 3.1: The string diagram corre- Figure 3.2: The string diagram corre-
sponding to t3 < T' < ts. sponding to to < T < t;.

t

Figure 3.3: The string diagram in the limit
as — 0. A wavy line denotes the insertion of
the vertex operator Vy (ko) corresponding to the
state |primary,; ko) x

the S-matrix elements, we need to look for the on-shell poles for the external momenta. The
singular behavior at k3 + M2 = 0 comes from the region ay ~ 0 in the integration over a.
Therefore we should consider the limit ap — 0 in the three-string vertex (VP(1,2,3)] (See
also Fig. 3.3.). In this limit, the three-string vertex behaves as

\ - (2) ~(2)
V(1,2,3)|e ‘a2|(p%+M22+2m0 "o ) 0)ce ® |primaryy; ko) x
b 2 2

1 |T Al
u27r(()2)7_r62)(27r)26526(p2—k‘z)e gt (HME) (3 39)

Qo(x3 |042| ’

~ (R(1,3)[V5? (ko) P13
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where V2(3) (ky) denotes the vertex operator corresponding to the primary state [primary,; ks) x
on the mass-shell and is made from the oscillating modes for the string 3. Here we have used
the formula

(2m)%06% (p1 + ko + p3) = (2m)%°6%% (p1 + p3)e’™> ™3 . (3.40)

Integrating over the zero-modes for the string 2, we obtain

d2 | Z7T<2 7'('( ) .
| S e ) ()0 6 primaryi k),
0

(%)

1 3) 1
o (R(1,3)VD (k) Prs— 3.41
k%+M22< ( )| 2 ( 2) 130{3 ( )

and

0
d2 'L7T< >7T() .
- [ S B ) (o) 0 6 primary,i k),

—0o X2

1 1
—— (R(1,3)V (k) P13 — . 3.42
k%+M22< ( )| 2 ( 2) 13@3 ( )

By using egs.(3.41) and (3.42), we can obtain the singular behavior of the three-point
correlation function at k2 + M2 = 0 as

<<01<t1, £1)Os(t2, k) Ot k3)>>

d3 =T (12 32 (3) =(3) T — t3 2. 172 (3)=(3)
M2 429/ dT/ [ — a3 k +M{+2imy )6 §— (k +M3+2imy™ T )

><3(X<pr1mary1;k1|>V2 (k 2)(|pr1mary3;k3)x>3. (3.43)

After the integration over 7T(()3) and 7?(()3), it becomes

1 t o° t1 —to ,iﬂ(kQJrMQ)
— (49| ar [ 4 o (KM
e 10, o | et

a3 (k3403)

d26p3 . (3) .
></—(QW)%3<X(pr1mar}’1;k1|>V2 (k2)<|pr1mary3;k;3>x>3

1 e 0 T (k24 M2 _Z-T//<k2+M2)
= —(—49)/ dT’/ dT" e T (RHME) =0T (K03
k3 + M3 0 0

d26 ] )
X /ﬁ x(primaryy; k1| Va(ks) |primary; ks) x

1 d*p . .
=11 (m) 49/WX<pf1ma1“y1;k1!V2(k2)\prlmary3;k3>X. (3.44)

r=1

t1—T

In the second equality, we have changed the integration variables from 7" and az to T" = -

and T" = Ta;;?’ Carrying out the Wick rotation to make the space-time signature Lorentzian,
we can see that the lowest order contribution to the S-matrix element for this process is

. d*® ) )
S = 4zg/ ﬁX(prlmaryl;k1|V2(k2)|pr1mary3;kg)X . (3.45)

This coincides with the results of the light-cone gauge string field theory.
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Spacetime effective action

In chapter 5, we will discuss the normalization and the sign of the disk amplitudes. In doing
so, we need the space-time low energy effective action for the tachyon 7'(x) and the graviton
hu(z). Let us calculate the S-matrix elements for processes involving only tachyons and
gravitons. The primary states corresponding to these particles are

{ 0) x (27)%55%5(p — k) for the tachyon

ey (kr) o167 1|0) x (27)%96%%(p — k,) for the graviton {3.46)

|primary,; k) x

where |0) x denotes the Fock vacuum for the X* sector and e, ,,, (k) denotes the polarization
of the asymptotic graviton state with momentum #, ,. The polarization e, ,,(k,) satisfies
the following relations:

v v

The vertex operators appearing in eq.(3.43) are

Vi(k,) = se®X"(0)s (3.48)
for the tachyon and
VoK) = —epu(k,) 20X XY X (0)
eru(k (p +Za“> (p +Za ) HraX2(0) g (3.49)
n#0 m#0

for the graviton. In these equations, ¢ ¢ denotes the normal ordering of the oscillators and
0 in the arguments of the operators indicates the origin (7,0) = (0,0) of the worldsheet.
Plugging eqs.(3.46), (3.48) and (3.49) into eq.(3.45), we obtain three-point S-matrix
elements for tachyons and gravitons:
STTT = 4ig (27‘(‘)26526(]{1 + kg + ]{53) s
STTh = Zg 63’#1,]{#2]{311/2 (271')26526 (l{?l + ]{?2 + ]{33) s
Shhh = Zg 61,/“,62704563’75 T'MOWTV&; (27T)26526(k1 + kQ + kg) s (350)

where the subscripts T" and h denote the tachyon and the graviton respectively and
A
THY = k] + 0Tk + 0" kg + 4k23k31k12 . (3.51)

Eq.(3.50) coincide with the results in the light-cone gauge string field theory.
We can reproduce the results obtained in eq.(3.50) from the following space-time effective
action for the metric G, (x) and the tachyon field T'(z),

S = / d*zv/~GR + / d*zv/ -G <—%G‘“’8NT&,T +T? + 2—9T3>

252 3
+higher derivative terms , (3.52)
by expanding the metric G, (z) around the flat metric 7, as
G () = 1 + 260y, (x) . (3.53)
We find that the gravitational coupling constant s is related to the string coupling g as
K=2g. (3.54)
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3.2.2 Four-point S-matrix elements

Next, we evaluate the tree-level four point S-matrix elements. In order to do so, we should
calculate the correlation function for the observables O,.(t,, k) (r =1,...,4) (t; >ty > t3 >
ty) with mass M,.:

<<(91 (t1, k1) Os(ta, ko) Os (ts, k3) Oa(ta, k4)>> . (3.55)

Again, the pole at k2 + M3 = 0 comes from the region ay ~ 0, and the external state for
the string 2 is represented as the insertion of the corresponding vertex operator. In the limit
as — 0, the diagrams have the form depicted in Figs. 3.4-3.9.

Now we should be looking for the singular behavior at k3 + M3 = 0. It comes from the
region az ~ 0 in the integration over a. In the limit a3 — 0, the diagrams Figs. 3.5 and 3.8
do not contribute to the correlation function. This can be seen as follows: in this limit, these
diagrams have the intermediate state which propagating an infinitely long distance.* Since
we consider the case that the intermediate momentum (ks +k3)* is off-shell, the contributions
from these diagrams become to zero.

Collecting the contributions from the other diagrams, we obtain

<<(’)1(t1, k1) Os(t, kia) Os(t3, k) Oata, k:4>>>

1 1 ™ dp
—164> dT. dT, —
k:%—l—MZk:Q—i—Mz( 69)/ / 2/T2 1/ Y

i1 T1 (k2+M2+217ré4)7r(4)> ei T2a4t4 (kZ+M2+2Mr(()4)7r(4)>

T2 (L0 L)

XB
X {4 (x (primary; k1| ® o,é(O\) Vi (ko )e

; 4)_ 74
<UD 065) (10) @ fprimary i) x)
=T (@) &)
+a <X (primary,; k| ® Jox. (O|>V§4)(k3)e e (Lo +Lg 2)

(LW _f@
Xeze(Lo Ly )V2(4)(k2)(’0>0,6 ® \primary4;k4>x)4} , (3.56)

where the first and second terms are the contributions from the diagram corresponding to
Figs. 3.10 and 3.11 respectively and the integration over # comes from the level matching
projection for the intermediate state. Here we have used eqs.(3.41) and (3.42). After the

integration over 71'(()4 and 7T0 , €q.(3.56) becomes

1 1 T df h tl—t4)
= —16g T T.
kg—l—MszQ—l—M?( 69)/ / dl/ dz/ da, "

(k2+M2) T2 t4 (k:2+M2

—it
Xe a4

X/%{ (primaryy; k1| Va(ka)e

e

(LX +LE - 2)

x (10 ~E8 )y ey primary,; ka)x + (2 3>}

4If we consider az ~ 0 and Ty ~ T} at the same time in the integration over the moduli, these diagrams
may contribute to the correlation function. This region of the moduli space is considered in other diagrams.

23



t L

ty T. Ty ?3

t L

ts 7.-2 ?3 T:

Figure 3.4: One of the string diagrams cor- Figure 3.5: One of the string diagrams cor-
responding to asz < 0. responding to agz < 0.

B

%

ts T, .T7 t: £

t L
> ts

te T2 T ts

Figure 3.7: One of the string diagrams cor-

Figure 3.6: One of the string diagrams cor-
responding to az > 0.

responding to ag < 0.

T T

"

ts {3 Tg T1 t: i
t . t T t t

Figure 3.8: One of the string diagrams cor-
Figure 3.9: One of the string diagrams cor-

responding to az > 0.
responding to az > 0.

24



O =

ts T T: t ts T2 T ti

t t

Figure 3.10: One of the string diagrams in ~ Figure 3.11: One of the string diagrams in
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— 16ig?) [ de dT’ dT” ar
- k2+M2k2+M2 i)

_ZT/(k2+M2)e —iT!" k:2+M2

d*6p 3
X / W {X@rimaryl; k1’V2(k2)e—zT (LE+1¥-2)

xe?(H815) g (1) [primary; k) x + (2 3)}

1 27 de 00
= ———— ) 16ig* / — / dar’
H (l{;ﬁ + Mf) o 27 Jo

r=1
426 3 ~
x / (2—)]926 [X<primary1; /{71|V2(k2)€—2T (Lé(-FLé(—Q)

m

0T, (k) primary g ke + (2 3>} NCED

where L and LY are the zero-modes of the Virasoro generators in the X* sector:
1 26 oo 1 26 oo
R R0 ) WIS B RS 9) LR MO
p=1 n=1 pn=1 n=1

In eq.(3.57), we have changed the integration variables from ay, 77 and 75 to 7" = % T" =

Tla L oand 7" = T2a L2—ta - Performing the Wick rotation, we can see that the lowest order

Contrlbutlon to the S matrix element for this process is

21 d9 d26 "
~ —16¢° / / / 26{ (primary,; k| Vs (kp)e 7" (H 55 -2)

s (L0~ 13 )Vg(k3)|primary4; ky)x +(2<-3)] . (3.59)

This is the same as the lowest order contribution to the four-point S-matrix element of the
light-cone gauge string field theory.
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It is straightforward to generalize the above calculations for the other tree-level S-matrix
elements. One can find that they coincide with the results of the light-cone gauge string field
theory. In the loop level, although we need more complicated calculations, we can obtain
the same S-matrix elements as the light-cone gauge string field theory.
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Chapter 4

Boundary States in OSp Invariant
String Field Theory

D-branes can be considered as a source of closed strings. In first quantized closed string
theory, the emission and absorption of closed strings are represented by boundary states. In
order to construct D-brane states in the OSp invariant closed string field theory, we should
study the boundary states in the OSp invariant theory. In this thesis, we will consider the
simplest boundary states associated with flat Dp-brane.

In this chapter, after defining the boundary states in the OSp invariant string theory,
we will study the overlap of three-string vertex with them. We will obtain idempotency
equations [7] satisfied by the boundary states in the OSp invariant string field theory. The
results will be used to construct D-brane states in the next chapter.

4.1 Boundary States for Flat Dp-brane

In this section, we will define the boundary states |By) for flat Dp-brane that extends in the
X# (u = 26,1,...,p) directions and is located at X* =0 (i = p+ 1,...,25). We denote
these directions by X* (u € N) and X' (i € D), respectively. To avoid the singularity of the
norm of | By), we will introduce BRST invariant regularization.
The boundary state | By) satisfy the following boundary conditions,
0-X*M(1=0,0)|By) =0, X (1=0,0)|By) =0,

C(tr=0,0)|By) =C(t=0,0)|By) =0 . (4.1)
In terms of the oscillation modes, these conditions read
t'|Bo) =0,  Co|Bo)=0, Co|Bo)=0, (ak+a",)|By) =0,
(0 —a) By =0,  (af—a%)[Boy=0, (af—a%)[By=0 (42)

for Vn € Z.! They coincide with the usual boundary conditions for the b, ¢ ghosts assuming
eq.(3.6). To satisfy the boundary conditions (4.2), we define the boundary state |By) as

oo 1 )
|By) = exp [— Z Eozj_vna]f[nDNM] 10)(2m)P 1% (p) | (4.3)
n=1

'While the n = 0 case of the second line of eq.(4.2) is not derived from eq.(4.1), it holds automatically
by definition of o}f and a{!.
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where 6% (p) denotes the delta function of the momentum in the directions along the Dp-
brane defined as 6% (p) = [1.ex0(pu), and Dy denotes

C C
S
Dy = D"V = —0ij 0 with u,v €N ,i,je€D.  (4.4)
c —i 0

Since the norm of the boundary state | By) diverges, we need to regularize it. In order to
do so, we introduce
. .
for T > 0, and consider |By)¢ with 0 < € < 1 as a regularized version of |By) (See also

T

Fig. 4.1.). Notice that the operator ¢~ Terlotho=2) ommutes with the BRST operator (g,

(a)

27jal (0] |Bo)
(b)
27al @ 1Bo)
>
€

Figure 4.1: (a) The inner product (®|By). (b) The inner product (® |By)°.

which can be seen from eq.(2.59).
The boundary state |By) and |By)¢ is not invariant under the BRST transformation. For
the BRST invariance, we need the additional factor i:

Qs (1802 ) = @ (1802 ) =0. (1.6)

4.2 Overlap of Three-String Vertex with One Bound-
ary State

In this section, we will evaluate the overlaps of the three-string vertices with one boundary
state:

/d’3<1@°(1,2,3)|30>§ , (4.7)
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and
/ 0'3(Vi(1,2,3)| B (48)

for |as| > |au], |az| (See Fig. 4.2). Here the integration measure d'r is defined as

Figure 4.2: Overlap of the three-string ver-  Figure 4.3: Product of two boundary states.
tex with one boundary state.

d26pr
(271‘)26

and the three-string vertices (V3 (1,2,3)] and (V3(1, 2, 3)| are defined in eqs.(2.47) and (2.56),
respectively. Naively, one may expect that eqs.(4.7) and (4.8) are proportional to {(By| §(Bo|
(See Fig. 4.3.). In fact, as we will show, these are

dr =

idzdrl) (4.9)

[ 3 vs.2.9)1Ba);
1 4

~ sgn(as)20 (ag + as + « — —1(Bol| 5(Bo| , 4.10
( 3) ( 1 2 3) (167T)%63(—1n6)%1< 0|2< 0| ( )

/ d'3 (Vy(1,2,3)| Bo)s

1 4 iy 1 (2
~ 20 (a1 + as + « - —(By| 5(B (—7?( + — , (4.11
( 1 2 3) (167T)%62(—1n6)%1< 0|2< 0| oy 0 o 0 ( )

in the leading order. These equations will be used in the next chapter.
In order to obtain eqs.(4.10) and (4.11), we calculate the string vertices (V' (1,2); T| and
(V5(1,2); T'| defined as follows:

VO(L2):T| = / &3 (VO(1,2,3)| Bo)T = (o2(1,2): T{Pys
(1h(1,2):T| = / 03 (V(1,2.3) | Bo)T = (o3(L,2): T|Cpr. 1) Pz
(801257 = [ @3(u8(1,2,3) Bo)f (4.12)

and then we take T = € < 1. Here we present the calculations for the case ay, as < 0.2

2The case oy, as > 0 can be treated in the same way.

29



4.2.1 Mandelstam mapping
The vertex (v5(1,2); T| introduced in eq.(4.12) takes the form

(W9(1,2);T| = 26(ay + ag + as)(2m)P 68 (py 4 po)Ka(1,2; T)(vg 1 pp(1,2);T|, (4.13)

where (v9pp(1,2);T| is the LPP vertex, and the factor K5(1,2;T) depends only on the
zero-modes and the moduli. We can obtain these objects by using the prescription explained
in appendix A. In order to do so, we need conformal mappings which map two unit disks
|w,| <1 corresponding to the string r (r = 1,2) (Fig. 4.4 (a)) to a Riemann surface. Since
the worldsheet in Fig. 4.2 has one hole and two punctures at infinity corresponding to the
two external strings and its topology is a disk with two punctures, it is useful to use the
complex upper half z-plane (Fig. 4.4 (c¢)) with two punctures as a Riemann surface.

Let us introduce a complex coordinate p on the worldsheet so that the string diagram
in Fig. 4.2 can be identified with the region depicted in Fig. 4.4 (b) on the p-plane. Each
portion of the p-plane corresponding to the r-th external string (r = 1,2) is identified with
the unit disk |w,| < 1 of string r by the relation

p = arCr + T + Zﬁr ) 61“ = —QT — Oéro-y) )
G (=71 +i0,) =Inw, , <0, —-w7<o.<m7. (4.14)

Here p; = T — i7way is the interaction point on the p-plane and O'Y) is the value of the o,
(1) 2) _

coordinate where the r-th string interacts. We set 0;’ = 7 and o, = —m. Therefore we
have
ﬁl = —(041 + Oé2)7T s ﬁg =0. (415)
The p-plane and the z-plane are related by the Mandelstam mapping
-7 -7
p(z) =aqln Sl RPN P , (4.16)
Z — 4 z — ZQ

where the point z = Z, (r = 1,2) is the puncture corresponding to the origin of the unit
disk |w,| <1 of string r. We fix the SL(2,R) gauge symmetry on the upper half plane by
setting Z; = iy and Zy = 1, where y is a real parameter with 0 < y < 1. The interaction
point z; on the z-plane is determined by %(z;) = 0. This yields

L =i Lot o)y (4.17)
a1y + Qo

Here we have used a1, < 0,0 <y <1 and Im z; > 0. Eq.(4.17) leads to

— 1y zr —1
T=R —a;ln |2 1 4.18
ep(zr) = a1n21+ly +042nZI+Z, (4.18)
From this relation, we find that in the small 7" limit, 7' =€ < 1 (y < 1), we have
2
e ~ 4/aazy /2 4 af +a; 3/2+(9(y5/2) ’
3 109
o 1 /1 1Y , 4
~ l-—|=S+—= (@] . 4.19
Y 161z ( 48 (af * a%) €+ 00 )) (4.19)
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Figure 4.4: (a) The unit disks corresponding to each string. (b) The p-plane
corresponding to the string diagram depicted in Fig. 4.2. (¢) The complex upper
half z-plane. These coordinates are related through eqs.(4.14) and (4.16).

For later use, we consider the limit 7" — oo as well. In this limit, y ~ 1. In fact,
T~7— (g +ay)n2+ (a1 +az)In(l —y) + O(1 —y) , (4.20)

where
To = aq In || + agIn |ae| — (o + o) In oy + sl . (4.21)

4.2.2 LPP vertex and Neumann coefficients

First, we construct the LPP vertex (v3;pp(1,2);T|. To do so, we have to know the two-
point functions of the worldsheet variables XV = (X*, X* C,C) on the z-plane. The real
axis of the z-plane corresponds to the worldsheet boundary attached to |By)s. Because of
the boundary conditions (4.1) satisfied by the worldsheet variables X~ on the boundary state
| Bo), the two-point functions of XV (z, %) on the z-plane become

Gg}%(z, z2,7) = <XN<Z, Z)XM(z/, Z))urp = —nMM n |z — Z’|2 — DM |z — Z'[Q , (4.22)

DNM

where is the tensor introduced in eq.(4.4).

By using the prescription explained in appendix A, we can obtain the LPP vertex
<U(2),LPP(172)§T| as

<U(2),LPP(17 2);T|

— 12(0] exp [ Y {5 (N®rs N0 (M) 4 N@S GNOGMEN) gy,



L (R QN g6 4 g Ve M) DNM}} (4.23)

2 nm n

where the Neumann coefficients N (2%1;2, N@™ and N are given as

e e (u»(zr))*" (i) "

7, 2 27rz

o f e () (mE)

7, 2 27rz -z
1 dzr 1 —-n
" f{z 2mi 2, — Zs (“’T("’TD ’
1 dz, 1
_EfZTQ’iTZ'ZT—ZS )

(N =

(¥5)

(¥5)
NO = (NOF) =z, 2,) (r#5)
v = (¥

(V%)

m

N(Q%?;Z — (N(2 7§

zln(zr_zr)_z {mz Zs) — ln(Zr—Zs)}ﬂLT—Hﬂr,

,

NOF _ (N<23§”)* —W(Z, - Z,) (4.24)

for n,m > 1. Here we have used the convention for the orientation of the Z integration such
that fo &1 — 1. From the conformal mappings (4.14) and (4.16), we can easily find that
wy(2) appeared in the definition of the Neumann coefficients are

L z—iy (1+iz)zf T
wi(z) = — , ' e o1,

z+wy \1—1z

o1

wa(z) = (z_’:y)% e 5 (4.25)

Z4+1 \z+1y

The behaviors of the Neumann coefficients in the limit 7' = ¢ — 0 are derived in appendix
C.1. By using the results, we can obtain

1

(27T)p+15§+1(p1 +p2)<“g,LPP(1,2)§€| ~ (167r)p§1(—1ne)p;1 1< 0| < | ) (4-26)

in the leading order. Here we have used the following relation:

1 TS
exp [5 > (N(Q())o + NG )Pr Py nnm + 5 Z (N(200 + NS )Pr Ps DNM]

r,s=1,2 r,s=1,2

~ exp [2 Ine pjlvpiw(nNM + Dnwr) — 111(8061@2)1911%{%(77]\/]\4 + Dy

+n2 py'py’ (nvar + D) — Z

Pr NN + 0(62)}
r=1,2

||

~ o (27T)p+15§+1 (p1)4ZMeN PhP2ys o~ Lr=1,2 Tag]Pr PrUINM (4.27)
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4.2.3 Ky(1,2;7)

Next, we evaluate Ko(1,2;T). By using the prescription explained in appendix A, we have?:

Ka(1,2;T) ccl” | O (1) aw?(z ) 2 (4.28)
:T) o .
A lcrllanPlasf? | 02 V] |8z Y|
where
_ dp , 0%p e3 2;

o =1 222 ) =2 , = — = s 4.29

¢ s <Z 82) ileny +a2) “ 0z 2=2; 20na2y(1 — y?)? (429)
Therefore we can see that Ky(1,2;T) is expressed as

_2)2 ay | a )
Ka(L,2:T) = Kyt (ay +ooy  (L=y)"  o(ea)r2(ieay)misy (4.30)

aan \| oq + ooy (any + a)16y?

where ICy is a constant independent of oy, as and T'. Ky can be determined by comparing
the left and right hand sides of the equation

/d’1d/2d’3 (V(1,2,3)|Bo)s
% |0)12(27) 28625 (py )iz V(D (270) P P52 P (py )iz P P
_ / 142 (2m) P SE (py + pa) 20(0 + 0 + 3)KCa(1, 2, T) (10 pp(1,2): T

% |0)12(2) 25620 (py )iz (D (27) P52 P (py)in PP (4.31)

in the T — oo (y — 1) limit. Here 67 (p) denotes the delta function of the momentum in
the Dirichlet directions: dp *(p) = [Lep 6(»;). One can readily evaluate the left hand side
of the above equation because the non-zero oscillation modes do not contribute in this limit:
B2 o2

Q10203
|:u(1>273)|2 4 2
~ 20 a0, 4.32
(o + g + a3) oy Oty (1_y)26 3 ( )
Here we have used eq.(4.20). On the other hand, the right hand side of eq.(4.31) behaves as

RHS of eq.(4.31) = 20(a; + as + a3)Ko(1,2; 7))

W(1L23)2 4 e
eas . 4.33
0) o100 (1 - Z/) ( )

LHS of eq.(4.31) ~ 2§(a; + as + a3)

~ 2(5(&1 + a9 + 043)(—’C

By comparing them, we find Ky = —
In the limit T'=€¢ — 0 (y — 0), Ky(1, 2; €) behaves as

Ko(1,2;¢) = %eiz(ih‘%)e (1 — g (% + ﬂ) Y+ O(y2)>

16(va0y) o g

%6_2(a1+ L)e (1 B le <$ n Lz) 2 (9(64)) , (4.34)

€ 1 25)

Combining this and eq.(4.26), we can prove eq.(4.10).

3The contribution from z ~ oo to eq.(4.28) is half of that to eq.(A.20), because now we are dealing with
the upper half z-plane with semicircles cut out.

33



4.2.4 C(p], ﬁ])

Finally, we consider the effect of inserting C(py, pr). This can be described as follows:

(vaLpp(1,2);T] = (v 1pp(1,2); T|C(p1, pr)
= <US,LPP(172)§T’ Z Z (_iMUHP;ag(T) _iMUHPZ&g(T))] (4.35)
n=0r=1,2

The coefficients Myyp. and Myppr can be determined by the LPP prescription, i.e. we
require that

/ d'1d'2(vs,rpp(1,2); TIC (w,, @,)]0) 12 [] (2)26% (p, )iz )
r=1,2
= G (21, 213 20, 5r) = i[ln(z[ —2z)+1In(z; — z,) — In(z; — z,) — In(z; — zr)} . (4.36)
This yields
Myppe + Mygps = In(z1 — Z,) +In(z; — Z,) —In(2; — Z,) —In(2; — Z,.) ,

Muge, = Mygpl)y =~ (Lo L) (wz)) s
A=1€ )

n Sz 2mi \ 2 —2r  zZ —Z1

for n > 1. The values of these coefficients at T' = ¢ < 1 are summarized in appendix C.1.
These are of order e. Since eq.(4.26) is proportional to a product of boundary states, in
evaluating (Va(1,2): €| = (19(1,2);€¢|C (pr, 1) Pra , only the term proportional to 7\ from
C(pr, pr) survives the level matching condition. Combining this fact and the results obtained
in the above, we find eq.(4.11).

4.3 Overlap of Three-String Vertex with Two Bound-

ary States
In this section, we investigate the overlap of three-string vertices with two boundary states:
/d’1d’2<V30(1,2,3)\BO>;|BO>; , (4.38)
and
[ ara2a. 2B B0s (1.39)

for |as| > |1, |as| (See Fig. 4.5.). Naively, one may expect that these are proportional to
$(Bo| (See Fig. 4.6.). In fact, these are

RIS HEN

~ sgn(az)2d (g + ag + ag) —5(Bol , (4.40)
[ a2 ) msi;

~ =20 (Oél “+ g + 053)

1 §<Boya—ﬂ'0 y (441)
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Figure 4.5: Overlap of the three-string ver- Figure 4.6: A boundary state.

tex with two boundary state.

in the leading order. These are the idempotency equations [7] satisfied by the boundary
states in the OSp invariant string field theory. We will use these equations in the next
chapter to construct D-brane states.

The calculation proceeds in the same way as the one above. We begin by evaluating

(VP(3); 71

JRGE RIS HES O
ViErT] = [ d1a2050.23)1B)T1B)F = W86 TIC(r. )Py
(2T = [ a1020801,2.3)[ B |Bal] (4.42)
and then take 7' = € < 1. Here we present the calculations for the case ay, ay > 0.4

4.3.1 Mandelstam mapping

The vertex (v(3);T| can be expressed as
(1(3); T| = 20(c + az + a3) (2" 10K (p3) K1 (3 T) (0] 1w (3): T (4.43)

where (v]1pp(3); T'| is the LPP vertex, and the remaining factor KCy(3; T') is independent of
the non-zero oscillation modes.

The complex p-plane indicating the string diagram Fig.4.5 is described by Fig. 4.7 (b).
The region of the p-plane corresponding to the external string, string 3, is identified with
the unit disk |ws| <1 (Fig. 4.7 (a)) of this string through the relation

p=asG+T+if3, [Ps=am— a30§3) ;
(3(= 13 +i03) = Inw; , <0, —w7<o03<T7. (4.44)

Here p; = T + imay (and py) is the interaction point on the p-plane and 0§3) denotes the

value of the o3 coordinate of the interaction point of string 3. We set a}S) = may /as so that

B3 =0. (4.45)
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Figure 4.7: (a) The unit disk corresponding to string 3. (b) The p-plane cor-
responding to the string diagram depicted by Fig.4.5. (c) The v-plane. These
coordinates are related through eqs.(4.44) and (4.46).

The topology of the string diagram Fig. 4.5 is an annulus with a puncture corresponding
to string 3. Therefore the p-plane can be mapped to a rectangle with a puncture on the
complex v-plane (Fig. 4.7 (c)). We take this rectangle to be the region defined by —3 <
Rev < 0 and ¢ < Imv < —if. Here 7 (7 € iR) is the moduli parameter and the
identification v = v 4 7 should be made. These two surfaces are related by the Mandelstam

mapping®

V(v + V3|T)
v)=aln ————= | 4.46
where o = a1 +ay = —a3 >0, V3 = =% and ¥;(v|7) (1 = 1,...,4) are the theta functions.

The point v = V3 is the puncture corresponding to the origin w3 = 0 of the unit disk
|ws| < 1 of string 3. We may parametrize the interaction points v; and v; on the v-plane
corresponding to p; and p; on the p-plane as 1/?E =-—yFzwithyeR 0<y< % These
are determined by %(V}t) = 0. This yields

9a (Y= Va|7) —ga (y+V3|7) =0, (4.47)
where
0,94 (v|T) — . q2 2mi
V|IT) = ————= =4r E sin(2mnv , = 4.48
g4( | ) 194<l/|7'> ot ( )1 —qn q ( )

4One can treat the case oy, as < 0 in the same way and show that these equations also hold in this case.

5The Mandelstam mapping (4.46) is essentially the same as the one in [34]. The rectangle on the v-plane
introduced here is the dual annulus of the rectangle on the u-plane considered in [34]. These are related by
v =%, where 7 = —%. See also [35][36][37].
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The relation Re p(v7) = T leads to

Vg (y — V5| 7)
T:aln—.
Uy (y+ Vs |7)

It follows from eqs.(4.47) and (4.49) that in the small 7" limit, 7' = € < 1, the parameters
7 and y behave as follows [34][36]:

(4.49)

—€ 62

1 - 1
2 =" o~ 1-— 1 — = sin? (27 V2 O(e*
= 4ovsin (27V3) < 8a?sin? (27V3) ( 3o (2 3>> +0le >) 7

1 1 2 1
y =~ - —cos (2mV3) g% + = cos (27 V53) (1 ~3 cos? (27?‘/},)) g7 + O(qg) .
T s

(4.50)

Therefore we find that in this limit the moduli parameter —i7 becomes infinity.
For later use, we consider the behavior of 7 and y in the T" — oo limit as well. In

this limit, the moduli parameter 7 tends to 0. In fact, by using the relations derived from
eqs.(4.47) and (4.49):

— V3| -1 V| -1
92 (y ’ —)—92 (y+ ? —>:—47Tﬂ/3,>
T T T T
9, (=] =1 ;
T=aln 2( Ry T> 47rzozy‘/§7
o (B )
81,19 & —1)" 2mwinT
g (v|T) = ﬁ = —mtan(nv) + 4%;8111(2%%1/)% , (4.51)
we have ) )
Twalaﬂri—kfo, y~ﬂ+i71n%. (4.52)
o T 200 27 9

4.3.2 LPP vertex and Neumann coefficients

The part —ma; < Imp < way of the boundary Rep = 0 of the p-plane where the p-plane
is attached to |Bpy); corresponds to the side Rev = —% of the rectangle on the v-plane.
The remaining part of the boundary of the p-plane where the p-plane is attached to |Bg)2
corresponds to the the other side Re v = 0 of the rectangle on the v-plane. Therefore, on the
v-plane the worldsheet variables XV (v, 7) satisfy the Neumann and the Dirichlet boundary
conditions according to eq.(4.1) on the two sides, Rev = —% and Rev = 0, of the rectangle
and the periodic boundary condition X" (v+ 7,7 — 1) = X" (v, 7) along the imaginary axis.
It follows that the two-point functions of X~ (v, 7) on the v-plane become
Gf‘\é(]:\gan(yv ﬂa Vla 77,) = <XN<V7 ﬂ)XM(Vlu Dl»rectan.

= -, (v—v|7) ="M v, (v -7 |7)

—~ D"MIng, (v+ 7' |7) - DM Indy (w+V | 7) + MM (v, 00, 7)), (4.53)

where f¥M (v, ;1 ') are the terms necessary for the periodicity of the two-point functions
GNM (v, ;v 7') along the imaginary axis of the v-plane, defined as

M v, o, 0 = —77“)‘7]'—Z (v—1v -+ 7) (4.54)
T
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for p1, A € N, and 0 otherwise. In eq.(4.53), we have used the relation
h(v|T) = h(p|7) (4.55)

for 7 € 1R.
Because the two-point functions on the v-plane is eq.(4.53), we find that the LPP vertex
(V) Lpp(3); T is of the form

(27)p+15§+1(193)<”1 rep(3); T
= (2m)" 'K (ps) 5(0] x

] — e
o |5 30 S { (Va2 0l 4 Nt GO

n,m=0 N,M
1 (Nha aN(3)&M(3) + ngq, &nN(?’)a%(?’)) DNM}
LS T A e + P a0
n,m=1 p,rveN
FEha qpB)rB) 4 fah Gu(E) ()}Wu} , (4.56)
with
Nhh —_ Naa * n( ! >_may -/ )
nm Vs 27Tz Vs 27TZ ws() sl =)
Ng;l” - Nﬂ; N nm% 27?2?4 27m (wé(ﬂ,» Qg (v+ V7).,
_ _ 1
Nhh — (N% *_ - < ) — V- ,
S & C0) AT
Nha — (Nah)* — lj{ dv (w (v )>_ngl(V+V 7)
no n0 n o\ ? S

N = (N3) =2 + -

N&“ = (N ) In 9 (2V3|7)

_ _ " 1 2m -n —-m

th — Faa e ( / )

nm ( ”m) nm T ]{ 27m% 2m ws(V) ’

= — * 1 27'('2 —-n —-m

Fhe = (Foh)* = ]4 }{ (*’ *’) . 457
nm ( "m Cnm T Vi i Va 27?2 w5(7') ( )

Here F,,, are the contributions from the source f and g;(v|7) is defined as

d,91(v|7) = q"
vit) = —/——————= =mcot(mv)+4r E sin(27nv ,
gl( ’ ) 191<I/‘7'> ( ) — ( )1 —q"
1 = q"
_ 2 2
dgi(v|t) = —m Sn? (7)) + 8w 321 n cos(2mny) o (4.58)
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From the mappings eqs.(4.44) and (4.46), we find

V(v — Vs|7)

«— = £ 4.59
(vt Va7 (4.59)

ws(v) =

The behaviors of the Neumann coefficients in the limit 7' = ¢ — 0 are summarized in
appendix C.2. Again it is intuitively obvious and straightforward to show that

(2m)" 163 (ps) (0] Lpp (3); €l ~ §(Bol | (4.60)

in the leading order.

Next we calculate the prefactor K;(3;7"). This can be determined through the method
explained in appendix A again. We excise small semi-circles around the interaction points
V= 1/?E and a small circle around the puncture v = V3 on the v-plane. Performing the same
calculation, we obtain the contributions from these holes®,

2

- | (4.61)

lexl]ef?

aw3
E(Vé)

where ¢y is defined by
Pp, _
w(w )

= a|dily—Valr) - dily + Valr)|

—Val —1 Val —1
_ %[g; (y 3 —) _g (“ g —)] | (4.62)
T T T T T

where ¢}(v|7) denotes the 0,¢;(v|7) . This time, we should include the moduli dependence
of the partition function on the v-plane, and we find

Cr

2

1 ,
|7~ ()2 (4.63)

lexl]f?

811)3

(Vs)

where n(7) is the Dedekind eta function. Thus we obtain

9 2T

2 o
K\(3:T) = Kp——— e |
(i) o (r) S ate; 2V )

(4.64)

where K, is a numerical factor which cannot be determined by this method. The factor X,
can be fixed by comparing the behaviors in the T" — oo limit of the left and right hand sides
of the following equation:

/ d'1d'2d'3(v§(1, 2, 3)| Bo)T | Bo)3 0)5(2m) %700 P (ps )iz g

= /d/3 2(5(0[1 + (6] + ag)(27r)p+1(5§+1(p3)lC1 (37 T)

(091 pp(3); T10)3(2m) 5o (pa)imy m . (4.65)

6Since the v-plane is finite, we do not have the factor corresponding to cso.
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The left hand side of this equation behaves as

|M(17 27 3>|2 €2£+21

~ 2(5(@1 + oo + Oég) ap o
Q1003
T T
/H ( ) 1dmodmy exp <— + > (Z pip; + 2@7ro7r0>]
aq Q9
€D i€D
1 _of0 ami 1 —1T >
~ 20 e r — | —= 4.66
(@1t an ) e ()T (4.60)

where we have used eq.(4.52). On the other hand, the right hand side of eq.(4.65) becomes
to

-2 7o 27 B 23—p

20(aq + ag + a3)K1(3;T) ~ 20(c1 + g + a3)K e “eser (—iT) 2 . (4.67)
Q103
By comparing these equations, we find that
las
Ky = (— . 4.68
0 (271’)25 ( )
In the case T' = € < 1, the normalization factor behaves as
(2 )p+1 4 2€
T e o3
Ki(3:¢) = = (1+18¢ + O(¢*))
(2m)% (—ir)"2 (darsin(27V3))3
p+1

O 4 (4.69)

(2m)% (—Ine)z e

From eqs.(4.60) and (4.69), we find eq.(4.40).

4.3.4 C(pr,p1)

Finally, let us consider the effect of the insertion of the ghost field C' at the interaction point.
In the same way as eq.(4.35), this can be described by

(oreep(3): T = (v]Lpp(3); T|C(p1,ﬁ1)
- Ul LPP T| Z rectan?z 701’(3) iMrectan.l:L dg(?))) . (470)
The coefficients M,..,.." and M. ¢ can be determined through the LPP prescription by

requiring that

/ d'3(vy Lpp(3); T|C® (ws, ws)|0)s(2) 25620 (pg) iz V(Y

ccC - 5. =
Grectan (VI y U 7V37V3)

=1 [ln (v —ws|T) +Int(v; — os|7) —Indy (v; + o3|7) — Ind (7 + V3|T)] (4.71)
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It follows that the coefficients of the non-zero modes are

. 1 dv —n _ _
Mrectan.?L = (Mrectan.(:@) = __% . (U}g(V)) |:91(VI - V|T> + gl(VI + V|T):| (472)
n Sy, 27
for n > 1 and that of the zero-mode a(? ®) = doc(3) = —77(()3) is

Mrectan.g + Mrectan.c(;
=Int(v; — V5|1) + Ind(v; — Vs|1) —Ind(v; + Vi|T) — Indi (o) + Vi|7)
o eyt Valr) 2T

Ty =Vslm) 47)

The values of these coefficients at the T' = ¢ < 1 are calculated in appendix C.2.
Since the vertex <v?7LPP(3); €| is proportional to a boundary state in the leading order,

only the 7Té3) from C(pr, pr) survives the level matching projection. Thus we have eq.(4.41).
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Chapter 5

D-brane States

In the previous chapter, we defined the boundary states and studied their overlaps with
three-string vertices. Now, using these results, let us construct BRST invariant second
quantized states in which D-branes are excited. In chapter 3, we constructed the observables
corresponding to on-shell asymptotic states. They are BRST invariant up to the nonlinear
term. Since the D-branes are off-shell objects, we should consider the BRST transformation
including the non-linear term. What we would like to do is to construct the BRST invariant
states including the non-linear term by using the boundary states. In this chapter, we will
construct such states, D-brane states. We will calculate the Disk amplitudes and show that
they coincide with those in usual string theory.

5.1 D-brane States

5.1.1 States with one D-brane

D-branes can be regarded as the source of the boundary states. In the presence of the D-
branes, worldsheets may have boundaries. We should represent the D-branes as an object
which can generate boundaries on the worldsheet.

Using the regularized boundary state |By)€, let us construct a state in the following form
in the Hilbert space of the OSp invariant string field theory,’

D) = A / a¢ Op(O)]0) | (5.1)

where

- O dr

On(0) =exp [a [ e cipafo), + F10)] (5:2)
Here A and a are constants, F'({) is a function of ¢ and the limits of the zero-mode integration
dr in the exponent of Op((¢) denotes the integration region of the string length .. Since
the integration is over —oo < a, < 0 , only the creation operators contribute to Op(().
Assuming that the integration over «, is convergent with Re( > 0 sufficiently large, we
define Op(¢) by analytic continuation.

!The form of the operator eq.(5.2) is very similar to that of a creation operator of the D-branes [21] in a
field theoretical description of the noncritical strings. We need to add a function F'(¢) in order to make the
state | D)) be BRST invariant.
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Expanding the exponential in terms of the string field, it is easy to see that the state
|D)) has the effect of generating boundaries in the worldsheet, with a weight which depends
on a and F(¢). Let us impose the condition that the state |D)) is BRST invariant in the
leading order of €. As we will see, we can determine a and F'(¢) from this condition.

BRST transformation

In order to evaluate dg|D)), we should calculate the BRST transformation of the operator
in the exponent of Op(():

O dr O dr .
o [ Sesmie), = [ e miapo),

—0o0 T

3
+g/ a_364a3/d1d2 (V3(1,2,3)|®)1|®)a| Bo)s . (5.3)
0

By using eq.(4.6), one can recast the first term on the right hand side of eq.(5.3) into
0
dr r ar e, )
[ e miaie.=c [ s mimdi, (5.4

Let us here introduce shorthand notations

i) = | Oo L s (Bofo),
W = [ T imidion, 5.5
in terms of which eq.(5.2) can be expressed as
Op(C) = exp (aB(0) + F(O) . 5.6
and eq.(5.4) can be written as
[ s mia e, = o). 5.7

Notice that ¢ and y are made only from the creation modes and commute with each other.
For the second term on the right hand side of eq.(5.3), we decompose |®) into the creation
and annihilation parts as |®) = [¢) + |¢), and obtain

*d3
g [ Do [aa iz oo
0

a3

. Ood3 *CQS 0 o T €
o[ 2 U an [T 2.l Bl
+ o0

0
3 2 (V3(1,2,3)[1h)1])2| Bo)§

[Taf
+f Ooodl / (;d2 V(L2 3ld)slBs| . (58)
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It follows from the relation (V3(1,2,3)| = (V3(2, 1, 3)| that the first and the second terms on
the right hand side of this equation are equal to each other.

In this form, it is straightforward to calculate the BRST transformation of |D)). Using
the commutation relation (2.62), we have

ulD) = A [ d¢ exp (ad(0) + F(O)
<Joc 00t [ " [TE [ L2, 9i0n 85180
t g / i / i 7B eterron v<1,2,3>|w>1|w>2\30>§] 0)

= A / 4 [aCx(Q) + ga*CraX(C) + 20aCaX(Q)AA(Q) | e OO o), (5.9)

where -
1 4 A7) 4
C J—
(167)" 62(—1n6)p;1 7 L 62(—1116)%51 .

In the second equality of eq.(5.9), we have used the idempotency relations (4.11), (4.41) and
following identity

C2 =

(5.10)

/ dly / dlye™ "R f (I + 1) = @) = (@) , (5.11)
G =G
where -
fO) = / dle ' f(1) . (5.12)
0
Now, in order to make |D)) BRST invariant, we choose F'(¢) to be of the form
F(¢) =bC*. (5.13)
Then the right hand side of eq.(5.9) becomes
3 [ ¢ o [ 5000 exp (a8(0) +3¢)] [0 (5.14)
provided the constants a, b satisfy
2
2 _ @ _
5y = Ja Cy, 5 2gaCly . (5.15)

These equations have the solutions (a,b) = +(A, B), where

P ) (2”)13 2(_ln 9" (5.16)

(875 Vi 16(3)% Vg

Therefore, by choosing (a,b) as £(A, B) and taking the integration contour for ¢ appropri-
ately, we can obtain a state BRST invariant in the leading order of €. Let us define

D) = s [ 4O (D0} (5.17)
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with

p+1

L @ (2m)13 0 dr (2m)13e?(— Ine) 2
(825 y/ J- 6(2) Vg

These states are considered as states in which one D-brane or one ghost D-brane is
excited. We will show that | D)) generate the worldsheets with boundaries with the right
weight and disk amplitudes are reproduced. In this thesis, we take g > 0. In this convention,
as we will see in the next section, |D,)) corresponds to the D-brane and |D_)) corresponds
to the ghost D-brane.

In perturbation theory, |D.)) can be recast into a more tractable form as follows. In the
integrand (5.18) of the integration (5.17), the factor

Op, (¢) = exp et {Bolv), £ ¢*l - (5.18)

p+1

(27)13e? (—Ine€) 2
6(3)7 Vg

becomes the most dominant perturbatively. Therefore, we carry out the saddle point ap-
proximation to obtain

exp |+ ¢? (5.19)

2m)13 0 dr
D) = oo |+ [ sl 10) (520
where X, is given as
ptl g
16 (%) * 729
N, =] F (3) A (5.21)

(2m)1B3e2(—1Ine) 2

Notice that for | D)) the exponent of the Gaussian factor (5.19) has the wrong sign, which
makes the factor in front of A\, in eq.(5.21) pure imaginary. This is a sign of instability.

One comment is in order. The variable ¢ and the factor eq.(5.19) may be interpreted
as a constant mode of open string tachyon and its potential. Indeed ( appears in the form
of exp(—C(la|)|Bo) in D-brane states. Since |a| is the length of the boundary, ¢ can be
considered as a constant tachyon background.

5.1.2 States with N D-branes

We can construct BRST invariant states with N D-branes in a similar way. Let us consider
a state in the following form

N
|Dny)) = Ane / HdQ‘ @DN+(C1a -, Cn)[0) (5.22)
i=1
where N
Opy. (Ciye+ 5 Cn) = exp Z AG(G) + BE) + Fn (G-, Cn) |- (5.23)

Here the coefficients A and B are given in eq.(5.16), and the function Fy((p,---,(y) is to
be determined.
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It is now straightforward to evaluate the BRST variation of this state:

SolDns)) = Aws / Hd@ exp

N

Z (AQ‘X(Q) + gA?C1O,X(G) + 291402)2(@)3@@5(@))

=1

Z (AG(G) + BE) + Fx(Gr. - cm]

+gA2C, ZXCC;C(CJ)] 0) . (5.24)
i#j J

Using eq.(5.15), one can easily deduce that the right hand side of eq.(5.24) can be recast
into the form

s / Hd@ Za@

provided Fy((p, -+, (n) satisfies

QB Cj exp{z Aqb Q +BC2>+FN(<1a' 7§N)}] |0>>> (525)

2
O F (G ) =Y . (5.26)
i Cz Cj
Thus we get
Fn(GeiCv) =2 In(Gi—¢) (5.27)
i>j
and
N N
D) = Awe [ T1dG 8% (Groevixtexn |3 (46(6) + BR) o). (528)
i=1 i=1
Here Ay is the Vandermonde determinant.
Notice that the integration measure
N
[Td¢ 2% G- .¢w) (5.29)

i=1

coincides with that of the matrix models. This is natural if we regard ¢ as the constant
mode of tachyon on the D-brane. When there exist N D-branes, the tachyon field becomes
a matrix and we should consider (; as its eigenvalues. Therefore we here encounter a matrix
model of constant tachyons.

|Dy+)) can be considered as a state with N D-branes. We can also construct a state with
N D-branes and M ghost D-branes as

Dyenr) = Awenr / HdcszczH G ITG - TG -6

A (Z ZOEDY é(@)) +B (Z G =2 <3>] 0)) (5.30)
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This time the integration measure is that of the supermatrix model.
Before closing this section, one comment is in order. It is possible to express the state

|Dny ) as
Dvear) o< ( [ e vm(o)N (fa vD<<’>)M 0) (531)

Here Vp, () are of the form

Vb, (€)= @D:I: (C)ODi €, (5.32)
where Op, (¢) are the operators given in eq.(5.18) and Op, (¢) are defined as

oo ecar
0n.(¢) =exp |2 [ ar 7l | (5.33)
0 r
with |v) satisfying
4
/d’mu\B@; -5 (5.34)

Vp. (¢) look like vertex operators and may be considered as creation operators of D-branes
and ghost D-branes. |v) can be any state as long as it satisfies eq.(5.34). For example, |v)
can be taken to be proportional to |By)¢ . However, it seems difficult to make [ d¢Vp. (¢)
itself be invariant under the BRST transformation.

5.2 Disk Amplitudes

Now that we have BRST invariant states made from the boundary states, we would like
to calculate the scattering amplitudes involving these states and show that the amplitudes
involving D-branes are reproduced.

We consider the amplitudes in the presence of one (ghost) D-brane, as an example. Since
|D.)) is a BRST invariant state, we may be able to calculate these amplitudes by starting
from the correlation function

{(O]TO1(t1) - - - On(tn)|Dy)) . (5.35)

Indeed, from |D.)) we get insertions of the boundary states and the worldsheets with bound-
aries are generated. However, because the formulation of the theory is similar to the light-
cone gauge string field theory, we cannot generate boundaries on the worldsheets without
any external line insertions by considering

{0ID+) - (5.36)

Such vacuum amplitudes are constants. Therefore they can be considered to be included in
the definition of the unknown constant A..

In order to normalize the correlation function (5.35), we divide it by the vacuum ampli-
tude as in the usual field theory, and consider

<<01(t1) - ON(tN)>>Di _ <<0’T01(t1<)<(-)‘-l-)(j>];/(tN>’Di» .

Therefore, starting from this normalized correlation function, we can calculate the amplitudes
in the usual way.

In this section, we will calculate the disk amplitudes. Using these disk amplitudes, we
will determine which of the states | D)) corresponds to the D-brane.

(5.37)
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5.2.1 Disk amplitudes

Let us calculate the disk amplitudes. We evaluate the disk amplitude with two external closed
string tachyons in the presence of one (ghost) D-brane, as an example. The calculation goes
in the same way as that for the three-point amplitudes evaluated in subsection 3.2.1. We
show that our results coincide with those for a (ghost) D-brane in string theory.

To obtain the S-matrix elements, we calculate the correlation functions for two closed
string tachyons in the presence of the D-brane:

(ARSI G DU

Here O is the observable corresponding to the tachyon state, and ¢; > t,. The lowest order
contributions to this correlation function give the propagator and tadpole for the tachyon.
The O(g) term is what we should look at. This can be given as

(5.38)

Grrp, (k1, k2)

el L) (E)
o[ (L) L) ese

1 T=trl tr\ (r) ~

(n_ _Tts () FO)
XH( Tt (e 2>|o>r<2w>26626(pr—kr>)6 S ) B (5.30)

where t3 (< t1,t3) is the proper time of the D-brane state. In what follows, we will show
that this correctly provides the contribution of the disk attached to the (ghost) D-brane
corresponding to |D.)). The worldsheet diagram of this process is depicted in Fig. 5.1(a).

\

/

A\
/
YA

b)

Figure 5.1: (a) The worldsheet diagram of the two-tachyon disk amplitudes. (b)
The worldsheet diagram that contributes to the pole of intermediate closed string
states.
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Eq.(5.39) is quite similar to eq.(3.38) and can be calculated in the same way. Looking
for the singular behavior at k2 — 2 = 0, we can get

GTTDi (kl ’ k2)

1 +4ig(2m)"3 / / _i=T k2+227r(3)7r(3> 2)
~ agz
t3

k -9 87'('2 p+1\/—
p LTty (LX) L FXG) 05 (3) ()
(27T)26(526(p3—|—]{51) < <0|> ’Lkqu (3)(0) o C(33<L0 +Lg 4 2imy T wg 2) <|BO>X>3

1 +dig(2m)t3
— k _2 87T229p+zr\/_ / dT// dTl/ —iT k‘2 2)

d p iko m —iT X, 7X_
</ e 2T (0 R (O] (0)3 e S By

1 1 Hdig(2m)t3
2 2 il
ki —2ky =2 (872)"% /m

d*p 26 26 iko W X
X (27T)26(27T) 0 (p+ k1) x (0| 2e™=27(0) 3

—i
LE+LE -2

| Bo)x (5.40)

where L§ and LY are the zero-modes of the Virasoro generators defined in eq.(3.58) and
|By) x is the boundary state in the X* sector:

IBo)x = exp [— > Z Lo & Do | 10)x2mrHiert i (p) . (5.41)

w,veEN,D n= 1
Carrying out the Wick rotation, we find that the S-matrix element for this process is

1
L+ LE -2

+4ig(27m)13 d*®p ik XH
STTD:E = (87T2)1(7-2H\/% (271‘)26 (27T)26526(p + kl)X<0| e k2, X (0) 5

|B0>X )

(5.42)
where the momenta k,, (r = 1,2) are subject to the on-shell condition for the tachyon:
k? = 2. Tt is clear that the amplitude is proportional to the usual disk amplitude.

It is straightforward to generalize the above calculations for other closed string states,
just by replacing the state and the vertex operator. Also it is quite obvious that we can
reproduce the disk amplitudes with more than two external lines. In order to consider the
situation in which there are more than one D-branes, we should replace |D1)) by [Dn ar—).
The leading order contribution in perturbation theory is from {; = ¢; = 0 in eq.(5.30) and
we obtain the S-matrix element as Sprp, in eq.(5.42) multiplied by N — M.

5.2.2 D-brane and ghost D-brane states

Let us check if the disk amplitude (5.42) has the correct normalization. At the on-shell pole
of an intermediate closed string state |primary; k) y, it is factorized as

d*k i d*p' 26526,/ o ik f XP (O o et '
Srrpy ~ 2ny 4ig o) (2m) (p" + k1) x (0] 2 €™2+27(0) ¢ |primary; k) x

+i(2m)13 d2p :
825 r ) (2 )%X

—1
T v

primary; —k|Bo)x | , (5.43)
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where M denotes the mass of the state. Since the D-brane can be considered as a source of
closed string states, the low energy effective action should have source terms at ' = 0 (i € D)
due to the presence of (ghost) D-branes. From eq.(5.43), we can read off the source terms as

(27’(’)13 H 5

p+1 d*°x
( 7T2) \/_ €D

where the ellipsis denotes the contribution from the states other than the tachyon 7T'(x) and
the graviton hy, (x). This can be compared with the DBI action for a flat Dp-brane located

at z' =0 (1 € D):
S, =1, / &z ] 6(") \/ ~ det, Gua) | (5.45)

€D

Sl = T(x) =2 > hula)n™ +-- |, (5.44)

w,veEN

where 7, is the Dp-brane tension in bosonic string theory defined as [38][39]

VT o o 1-p
T, = E(&T ) . (5.46)
Using eq.(3.53) we can expand S, in terms of h,,(z), and obtain the source term for h,, (x)
which coincides with that in S’ in eq.(5.44). Therefore the disk amplitude Syrp, coincides
with that for a D-brane and Srrp_ coincides with that for a ghost D-brane.

Hence we should identify | D, )) with the state with one D-brane and |D_)) with the state
with one ghost D-brane. This identification is quite consistent. D-branes in bosonic string
theory are unstable due to the lack of the RR-charge and the brane corresponding to the
state |D.)) is also unstable, as was mentioned below eq.(5.21).

2In this thesis, we use the units in which o/ = 2.
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Chapter 6

Discussion

In this thesis, after constructing the observables for on-shell asymptotic states, we construct
D-brane states in the OSp invariant closed string field theory. We also check that the disk
amplitudes calculated from these states coincide with the usual string theory results.

In constructing D-brane states, we impose the BRST invariance only in the leading
order of €. Since the BRST variation in eq.(5.14) is of order ¢ 2(—In e)*pTH, higher order
corrections do not go to 0 in the limit € — 0. For p # —1, the correction terms are of order
e2(—Ine)~"2 ™ (n > 0) and for p = —1, the next leading term is of order ¢°. It might be
possible to prove that by modifying the exponent of Op+(¢) as

exp [+A¢(¢) = B¢® + (terms higher order in €)] | (6.1)

it becomes BRST invariant. As is clear from the calculation of the disk amplitudes, the
higher order terms do not contribute to the amplitudes in the limit ¢ — 0. Of course, we
need to examine the form of the BRST transformation to show that this actually happens.
We do not try doing so, because here we are dealing with bosonic strings and we are destined
to have insurmountable divergences any way. Hopefully, we may be able to show the BRST
invariance more completely in the superstring case.

The calculation of the disk amplitudes arrives at the oscillator calculation in first quan-
tized string theory. The amplitudes with more boundaries, things are not so simple. For
example, let us consider the annulus amplitudes which are calculated from the worldsheet
with two boundaries. Repeating the technic used in calculation of the four-point amplitudes,
we finally reach a string diagram such as Fig. 6.1. We need to another method to continue the
calculations. It should be checked that the results agree with the corresponding amplitude
in usual string theory including the normalizations.

In the presence of D-branes, the worldsheet may have boundaries. This implies that
the presence of the open strings around the D-brane vacuum. Indeed the disk two tachyon
amplitude eq.(5.42) includes open strings as intermediate states. This can be seen from
rewriting the disk two tachyon amplitudes as

j:4zg (2m)13 d*®p
Strp, = = / / (2m)266% (p + k1)
X< zkz X (0) se” <L8(+E8(—2) |BO>X
+4iag(2 13 00
ig(2m) IT

(872)" V/r
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Figure 6.1: A string diagram that contributes to annulus amplitudes.

26
X / d”p (2m)256% (p + &y )e "2 5 e T (V" 72) (270)P 168+ (p)

(271')26
. 1 —2nT M.V
>< J— p—
exp( Zne Z k2k2DW)
n=1 w,veEN,D

- 13 oo . .
142922?) (27T)p+15§+1 (kl + kQ) / dTe—T(ZieD(k’1+k‘2)1(k1+k2)2_2)
CIERG :

% (1 _ 6—2T)Zu,ueN,D kgngw . (62)

By using the Mandelstam variables s and ¢ defined as (See also Fig. 6.2 (a) and (b).)

25
=Sk = = S k= =S (4 Rt k) (6.3)
=0 =0 =0
we have
TTD. = %(2@”%&“(1{1 + ko) /01 dz(1 — :E)_QS_Qx_%t_Q : (6.4)
where
r=e . (6.5)

From eq.(6.4), we can see that this amplitude has the poles at t = =2 —2n (n =1,2,3,--)
and s = —1+1n (n=1,2,3,--). The first series has considered in eq.(5.43) and they can be
regarded as a resonance corresponding to propagation of closed strings over long spacetime
distance. The amplitude also has the s-channel poles and these correspond to the exchange
of open strings.

Unitarity requires that the open strings must also appear as external lines. They may
be introduced by deforming the boundary state by the marginal operators corresponding to
the open string vertex operators. It is an intriguing problem to examine if the higher order
open string amplitudes are reproduced correctly. Another problem is to calculate the open
string amplitudes without closed string insertions.
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A\T“v\
\

a) b)

Figure 6.2: Worldsheet diagrams of the two-tachyon disk amplitudes.

The variable ¢ appeared in the definition of the D-brane states can be regarded as con-
stant tachyon. In the presence of N D-branes,  should become N x N matrix. Since we are
considered only the case that N D-branes are coincide, we cannot see the off-diagonal ele-
ments. To study more about the tachyon and its off-diagonal components will be interesting
problem.

Of course, our calculations should be generalized to the superstring case. In order to do
so, we have to construct the OSp invariant closed string field theory for superstrings.
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Appendix A

String Vertices from Conformal Field
Theory

The N-string vertex (V(1,2,...,N)| is a fundamental object which specify the interac-
tion of N strings. It lives in the tensor product of N string Hilbert spaces. The vertex
(V3(1,2,...,N)| has the following structure:

<V]8(17277N>| :51\7(]—727"'7N)ICN<U?V,LPP(1727"'7N)|HPT’ ’ (Al)

where dy(1,2,...,N) denotes the delta function for total momentum conservation and P,
denotes the level matching projection for string r. The factor Ky is independent of the non-
zero oscillation modes and the vertex (v} pp(1,2,...,N)| is determined by the prescription
of LeClair, Peskin and Preitschopf (LPP) [40]. We refer to the latter as the LPP vertex.
In this appendix, we explain how to obtain the LPP vertices and the normalization factors
Ky .

A.1 LPP vertices

To define the LPP vertex (v} 1pp(1,2,...,N)|, we need to know the followings:

1. N conformal mappings h,(w,) (r = 1,...N) from N unit disks with coor-
dinates w, to a Riemann surface . These mappings specify the interaction
of N strings.

2. The correlation functions on the Riemann surface Y.

If we know these, the LPP vertex (v} 1pp(1,2,...,N)| is defined to satisfy

N
/ d1d2---d N (0% ep(1,2,.. N ] (H (01, (w0, ) |o>r<2w>26526<pr>m8”>7r8">)

r=1

(28

_ <ﬁHh[0(ww)]> : (A.2)

r=1 1,
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where d'r denotes d'r = éf)’;% idﬁ(()r)dﬁér) Uand O;, (w,;,,w,;.) denotes an operator on the

unit disk w, and h, [Oir (Wrs, ww)} is this operator applied the conformal transformation

h,. The right hand side of eq.(A.2) is a correlation function of conformal field theory (CFT)
on ..

Since we are interested in the case that the string can be describe as free CFT, the LPP
vertex have the structure?

<U?V,LPP| = 12...N<0‘€EN:
12..8(0] = <0| <0|--- 0]
SRR D DD 3D DI LA RE NPT

nm>0rs 1 N,M

+N£fn NMO‘N(T) %(S + NJ2, NM&N( )Oén]\f(s)] , (A4)

for Wick’s theorem to hold. Here NJ% vy s N22 oy, Nis o o NI5, v are called the Neu-

mann coefficients and determined by requiring that the following equation should hold

GYM (2, 2 26, Zs) (A.5)

= /d’l A2 d' N Lpp| XV (w,, 0,) XM (wy, wy) H 10),(27) 25626 (p,. i )71'(() "

r'=1

where 2, and 2z, are the coordinates on ¥ corresponding to the points w, and w) on the unit
disk of strings r and s, respectively. We obtain

Ngz,qNM — (Nrs MN)

d r —n —m
- f 2;2 27TZ Zr > (U);(Z;)) aZrangg (Zr,zmzs,zs) ,
N;;fr,bNM — (NrsMN)
d r -n —m
- f 2Z 2 Zr ) (117;(5;)) azraglng (ZT’Z“ZSJ’ZS) )
e 7T'L :

N;S,NM +N7’s NM (Nrs MN +Nrs MN)
1 dz, —n ~ _
= — ﬁsz o (wr(zr)> 0., GE¥M (2, 23 Zs, Zs)
Srs,NM | r5,NM | ~is,NM = 575, NM
Noo + Noo + Noo + Noo
= — lim <GgM(zT,ZT; Zg, Z3) + M6, nw,(2,) + M5, In u_)r(zr))A.G)

2r—Lr

where w,(z,) denotes the inverse mapping of h,(w,) and Z, = h,.(0) denote the z-coordinate
corresponding to the origin of the unit disk w,. Here we have used the convention for the

orientation of the Z integration such that fo ;;i = 1.

IFor the light-cone gauge string field theory, we should replace

d26pr (e - d24pr L
(%)%zdwé Vi) — G+ and (2m) 6% (p, yimw§” — (2m)*16%4(p,) . (A.3)

2For the light-cone gauge string field theory, we consider the superscript M runs over M = 1,2, ---24.
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Three-string LPP vertex (vy;pp(1,2,3)]

Let us derive the three-string LPP vertex (v§;pp(1,2,3)| for joining and splitting type in-

teraction as example. This interaction is specified by the pants-shaped worldsheet Fig. A.1.
Let us introduce a complex coordinate p on it (Fig. A.2 (b)). Each portion of the p-plane

Figure A.1: The string diagram which specify the three-string interaction.

-i70L, ( a )

-ina,

(b) \ 3 2

(c)

Figure A.2: (a) The unit disks corresponding to each string. (b) The p-plane
corresponding to the string diagram depicted in Fig. A.1. (c) The complex z-
plane. These coordinates are related through egs.(A.7) and (A.8) .

corresponds to the unit disk |w,| < 1 of string r (r = 1,2, 3) (See Fig. A.2 (a)) by the relation

r—1
p:&TCr+TO+iﬂr7 ﬁT:WZa37

s=1

(=7 +io, =Inw, , <0, —-w7<o.<m7. (A7)
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The Mandelstam mapping from the complex z-plane to the p-plane is given as

= Z a,In(z — Z,) , (A.8)

where Z, are arbitrary complex numbers. The interaction point z; is a solution of

dp

8,2( 21) =0, 10 = Re[p(z1)] - (A.9)

From eqgs.(A.7) and (A.8), we find the conformal mappings from the unit disks w, to the
complex z-plane. As is well known, two point functions on the z-plane are given as

G"M(z,2,7,2) = "M n|z - 2> . (A.10)
Thus the three-string LPP vertex is
(v5pp(1,2,3)] = 123 0|exp< > D (NimalNalM 4 N AN et )w) . (A1)
n,m>0 rs

where N* denote the Neumann coefficients associated with the joining-splitting type of
three-string interaction[8][9][10]:

Noon = nm% 2#27{ zm (z— ) (wr<z>)_n (ws(z,))_m ’

Nrs_Nsr: el ( N >—n’
no " ), 27TZZ—ZS w(z)

s | In(Z, = Zy) , rts
Nog = { _Z#r gl In(Z, — Z;) + (7-0 +i3) , r—s (A.12)

for n > 0.

A.2 Moduli dependence of normalization factor

In this thesis, we consider the light-cone gauge string theory and the OSp invariant string
theory. These theories are the CFT with total central charge ¢ = 24 and not 0. Therefore
the Generalized Gluing and Resmoothing Theorem [41] does not hold in this case and thus
Kn # 1. Since the overall constant is a matter of the conventions, we are interested in the
moduli dependence of K. This can be determined through the method explained in [42].
In this section, we calculate the factor KC3(1, 2, 3) for tree-level three closed string interaction
explicitly. One can easily generalize for the other case.

The three-string vertex (VP(1,2,3)| is defined assuming that the p-plane is endowed
with the flat metric. In order to avoid the singularities, we cut out small circles of radii
rr and r., around the interaction point p; and the point p,, = p(z = o0) in the p-plane
(Shown in Fig. A.3 (a)). We also cut the points corresponding to incoming and outgoing
strings at 7, = —oo by terminating each string at 7. = T,. (r = 1,2,3). These correspond
to cutting circles out of the z-plane centered on z = z;, Z, (r = 1,2,3) with radii ¢;,¢,,
and excise the region |z| > 1/e., where €1, ¢&,, 4 are small (See also Fig. A.3 (b).). The
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|0 T,
I )7 &
3 ?(3 3 QI
] )2

s Ts| ||

Figure A.3: (a) The regularized p-plane. (b) The regularized z-plane.

oscillator independent part K3(1,2,3) is the partition function of the CFT on the regularized
p-plane (Fig. A.3 (a)) with the flat metric.

The p-plane is equipped with the flat metric:
dpl?

ds® = dpdp = e®dzdz , ¢ =In|—=
0z

(A.13)

We can obtain K3(1, 2, 3) to calculate the Liouville action for the Liouville field ¢ in eq.(A.13),
because the determinant of the Laplacian is expressed as

1

/ _ / ~ 2 a 7.
Indet’Al, — Indet’A[,_ T [/d 00,00 ¢+4/8M dsk¢] , (A.14)

where s denotes the variable parameterizing the boundary of the worldsheet M; k denotes
the geodesic curvature of the boundary defined as

k= npt Vit (A.15)
where ¢ is the unit vector tangential to the boundary while n® = —%tb is normal, and V,
h

denotes the covariant derivative associated with the metric ds? = dzdz.
The dependence of Indet’A| 40 On &, was calculated in Appendix 11.A of [43] 3

1
I det’ Al ~ —2 > Ine,, (A.16)
p

3Eq.(A.16) is twice eq.(11.A.26) in [43] because we are dealing with the closed string case.
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where Zp denotes the sum over all the values I,r and co. By exploring the Mandelstam
mapping (4.16) near the cuts, we find that ¢, depend on «, as follows:

i ' wy(2)
ey~ lim Infz = 2|~ ling <1n|wr<z>|—1n Z_ZT>
7|2z (r=1,23)
' 0z " T 4
1 2 —
1118] ~ lim 1n|z — ZI| ~ — lim (ln (p(z) p(zI)) D
et 2 z—zp Cr
1
~ 5(1r127“] —Inle])
1 _
Ine,, ~ limIn|—|~ lim (m M)
200 z z—00 Coo
v e el (A.17)

where

— () \ _ 200(2)\ o
Co = — lim <8(1/z)> = Jim (’Z 02 ) ;O‘TZT ’
02p 4

Coo

o Q1003 HT>S(Z’I‘ - Zs)2 ‘

cr =

Collecting these results, we obtain

1 1 1
Indet’A ~ = Z (In || —Ine,) + §(ln|01] +1Inep) — (—— Zlnsp>
67":1,2,3 3 p
1, |ow 1o 1 1
~ _6;111 o (20| + 6;1]“'0""' + g nlel = gnjel, (A19)
and ; )
_ |Coo|* 1 |ow,
’C3(1,2,3) X (det'A) 12 X H H W E( r) . (A20)
r=1 r
Therefore we can define K3(1,2,3) as
1,2,3)[?
Ks(1,2,3) = % ; (A.21)

where

3 3
1
w(1,2,3) = exp (—ﬁ)g —) , ﬁ):E a,In|a,| . (A.22)
o,
r=1

r=1
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Appendix B

Lorentz Invariance of the Light-Cone
Gauge String Field Theory

In subsections 2.1.2 and 2.2.2, in order to show the Lorentz invariance of the light-cone gauge
string field theory and the BRST invariance of the OSp invariant string field theory, we have
used the relations derived from the followings:

3 +L(7‘) 9
V0(1,2,3)|ZMN*(") = (V(1,2,3); XN|Z : (B.1)
3
(Vi (1,2,3 XM|ZMN (—)MIMIY(1,2,3); XNy MM =0 (B.2)
r=1

/d5d6 [(‘/30(172,5)|<V3°(3,4, 6); XM — (V5'(1,2,5); XV|(V5(3,4,6)|
+<‘/30(2’375)|<‘/30(1’47 6);XN| - <V230<273’5);XN|<‘/30(1747 6)|
H(V5(3,1,5)[(V5'(2,4,6); X| = (V3'(3,1,5); XV [(15'(2.4, 6)I1 |R(5,6)) =0,

(B.3)

/ d5d6(Vy'(1,2,5); XM[(V3)(3,4,6); XV|R(5,6))
+ [ d5d6(V3'(2,3,5); XM (V5 (1,4,6); XV|R(5,6))

+/d5d6(V30(3, 1,5); XM(V2(2,4,6); XV |R(5,6)) — (—)MIN (XM o XN> ~0,

(B.4)
where
MN=0 ;C;V (Lo + Lo — 2) +ipY azr
. 00 N(r r ~N(r) 7 (r r) N(r F(r) ~N(r
iy <a_,g AR AP >) .
(V(1,2,3); XM| = (09(1,2,3)| XM (pr, pr)Pras - (B.6)
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Here the three-string vertex (v3(1,2, 3)| is defined in eq.(2.47) and p; is the interaction point
of the three strings. In this appendix, we show these relations. We present the calculations
in terms of the OSp invariant string field theory. One can think that the subscript "LC” is
omitted in the light-cone gauge string field theory.

B.1 O(yg)

First we derive the O(g) relations eqs.(B.1) and (B.2). As was performed in [29] (See also
[28][44].), we use conformal field theory (CFT) technique. Let us split X into holomorphic
and antiholomorphic parts

r , 1
XN(w,) = $g(r) — iaév( 'nw, +i Z Eag(”w;" :
n#0
" T .~ N(r _ . 1 ~ _
Xy (w,) = :Eg( ) zaév( 'Inw, + ZZ Eaév(”)wrn , (B.7)
n#0

where w, denotes the coordinate of the unit disk for r-th string. We have splitted the zero
mode z¥ into

2N = VO 4 N0 [ﬁ@ aé”(s)} _ [jg(m, déw(s)} — ipNMg, (B.8)

The energy momentum tensor of this CF'T can be defined as

1
T(w,) = E OX Y (w,)0X (wy) = mnwr
. 1 .
T(w,) = —5 OX ¥ (w0,)OX N (w0,) : nar (B.9)

where the symbol : : denotes the conformal normal ordering defined such as

XN ()XY () = XY ()XY () + 0 Ine, — ) |
XN (@) XN (@) = XN (@) XY @) + 0" n(w, - @) |
XN ()XY (@) = XY (w) XY () | (B.10)

By using the terms of CFT, we can rewrite the Virasoro generators Ly, Ly and the Lorentz
generator MV~ as!

dw 1 dc¢,
L 1= "w (T(w,) — — ) = "7
0 7{ 2mi wT( (wr) wZ) %CT 2mi () s
- dw . 1 dé, -
i — —f{ - ‘T(T 7, ——) _f T B.11
—(r N—(r N—(r 1 N(r ~N(r a

1 dw,
o, Jo 2mi

(& . r 1
MYV w, : <X£V(wr)+zaév( )1nwr) (T(wr) - @) :

'Eq.(B.12) is correct only under the level matching projection.
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= S (NG + i) 6 ) TG gead

o Jo, 2mi 200,
~ N—(r 1 dwr _ - 1
Mp "= ar Jo omi <XR (@) —H% lnwr> (T(wT) - w_f) :
1 dér SN/ = ~N(r) = \ /- i ~N(r)
= — . X r 7‘> T r) - ) B]‘2
P 20 (@ +ia)"6) TG +5-0 (B.12)

where ¢, = Inw, denotes the cylinder coordinate. Here we have used the relations

(O, /YT(f) = T(w)—2{f w}

Ourd P XEOTE) s = XY )T (wn) s =200} XY ) — 320X ).
{f,w} = g:r; - = (g j:) . (B.13)

with the conformal mapping f(w,) = Inw, and the same relations for antiholomorphic sector.
The contours C,. (r =1,2,3) are appeared in Fig. B.1.

L& I

Cs |ﬁ Cy

-ina,

-ira, C

BN 2

‘)
¥V
N
Y

Figure B.1: The contours C,. (r =1,2,3).

Now let us calculate the right hand side of eq.(B.1) in terms of the CFT:

(r)
TR S e M

2
r=1 r

L g, c, - -
_ 0 N - T 'r) T
= (09(1,2,3)| X (o1, p1) ; o (fc 5 TG + ]{C 5T T))Pm

= 580,231 (xF (e + XX ) ( § s+ S2T(0) ) P

271

= 08(1.2,3) (X @) + XX @)
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dw 1 3 do 1 (- _ 3
<(f sz (04 5)+f s (1604 5) )P
L ~

0P XY () + 52)25(@]))7»123 B

where w is defined as )
p—p1:§w2 , wr =0, (B.15)
and we have used eq.(B.13).

Since L(()r) — [N/(()T) is equal to zero under the projection operator P,, we find the following
relations

o Lo _ o
0 = (21,2,3)| <X£V(p1) _ Xg(pl)> S,

r=1 r

- <v§<1,2,3>r(X£V<m>—f<£<m>)i2;(ﬂ ET0G) - § 3T )P

_ _%<U§(1’2’3)|( . (Xiv(wl) — Xﬁ((dﬁ) (T(WI) —T(Cuﬂ) :

+P XN (wr) + P XY (@1)> Pias (B.16)
) 310 _
0 = <U§(1,2,3)]:Xiv(pI)X}]y(ﬁI):E OT«OPw:s

r=1 r
3

. 1 dc, @,

— 0 . YN M . (r) —
SRS R TR Sl § = CR =) ¥

— -8, 29)1 (X2 e XY @) (Tlen) - T@)
+82X£V<WI)X1]¥((D]) — XI]Y(WI)§2X£{[(WI)),P123 . (Bl?)

Combining eqgs.(B.14) and (B.16), one can obtain

L<’“> 2
(Vi (1,2,3 XN|Z

= —{9(1, 2,3)]( XN (w)T(wyp) : 4 XN (@)T (@) -
+02 XN (wy) +a25<g(w1))7>123 . (B.18)

We should also calculate

(v2(1,2,3 A|ZMN (B.19)
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for A =1, XM. Here we define (V(1,2,3); 1| = (VJ(1,2,3)]. In order to do so, we need the
a,. derivative of the three-string vertex. This can be derived as follows. Let us remember
that

/ 412 315501123 Ay, i)

r=1

= <A(Z[,Z])HOT(ZT72T)> ) (BQO)

r=1

where (h,,h,) (r = 1,2,3) are the conformal weights of the operators O, and the right
hand side denotes the correlation function of these operators on the z-plane. Performing the
infinitesimal transformation

a, — . + 0, w, — w, + ow, , with Z, fixed , (B.21)

we can obtain

) (ozlozgozg(vg(l, 2,3)|A(zy, 21)77123)

= aazaz(vy(1,2,3)] <5218A(21) + 5218A(21)>73123
3

—a1a2a3<vg<1, 2, 3)|A(2], 2[) Z (% dws 5105 (’LUS) + j{ du_]s 5’LUST(U)S)) P123
0

2
— T

0(1,2,8)125(01e” 29 A(z1, 21)Prag (|u(1,2,3)]?) (B.22)

By using the fact

7{ O ST w,) = 75 S (TG +1) |
dCs dz 9¢, 3
Zj{ 27TZ - Zj{ 27; 0z 06 = ; 0Csl:—z.

= (ln (1, 2,3)]) + pure imaginary , (B.23)

we can derive the «,. derivative of the three-string vertex:

0 0 0z
. (ozlagozg(V?}O(l, 2,3); A|) = a1a2a3<vg(1, 2,3)| <8ZI (z1) + 821 (z ))73123

3
—041042043@:(3)(17 2,3)|A(21,21) Z (7{ dCs. 9, T(Cs) +7{ dCS 8CS (Cs)) Pias
s=1

c. 2mi Oa, o, 2mi Oa,

(B.24)
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Combining the relations derived from the definition of (,:

1
G = — (p(z) — p(zj)> + z-independent imaginary terms ,
Ay
¢, Or.s 1 : o
854 = - 04’ Gr + o <ln(z — Zs) —In(z; — ZS)> + z-independent imaginary terms ,
(B.25)
and eqgs.(B.12) and (B.24), we obtain
3
(VI(1,2,3); A1 > MN=0)
r=1
M1 [ dC
— 0230 Y |2 f 5 XTI s+~ Pra
r=1 Qr T
+i <U:(3)(17 ’ ) A ppr)
3 3 N(r)
1 dCr N(s)< p
— In(z = Z,) = In(2s = Z,) ) T(G,
3 [, e o8 (e = 2 e = 2) TG +
+ ~ }73123

. 0z 0z
—i ZaN( 9(1,2,3)| (a—IaA( 1)+ o “LHA(z ))7?123 , (B.26)
where the symbol ~ denotes the contributions from antiholomorphic sector. The first term
of the right hand side of this equation is

—<v§<1,2,3>|A<m,m>( 9o XN T () : 4 ~ )P

L
o1 21

— 0(1,2,3) Afwr, )
< $ = L b @re 4 Sx ) - oxte)| + ~ )PudBan

2mi w
If we set A = 1, this serves eq.(B.18). If we set A = XM this contribution is cancel in
eq.(B.2). In doing so, we use eq.(B.17).
The remaining task is to show that the second and the third contributions in the right
hand side of eq.(B.26) are cancel each other. As was performed in [29][44], let us expand
p(z) around the interaction point:

b
p(z) = pr — %52 — ée‘% +0 (84) , (B.28)
where € = z — z;. By using the expansion coefficients ay, by, .. ., we find

Lz = 2) ~ (e - 2)
p

1 br 1 )
- Car(zr - Zy) + (a%(zf - Zy) + 2a;(z; — ZS)2) e+0(e)
iz} ~ —55 =+ 00, (B.29)
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and we can rewrite the second term in the right hand side of eq.(B.26) as
dp >
.10 — N
—i(00(1,2,3)|A(pr, 1) M = ;leps (( = 2) ~ (s — 2,))T(p)

3
e oxl

r=1

= (001, 2,3)| Az, 51 [ dz 1 Zpy(ln(z ~ 7)) —In(z — Zs)>(T(z) —2p,2})

2mp —
3 N
by
-y
r=1 "
3 3 3
: _ 3 pY b p¥ py
0 - —_— s -
= —i(v9(1,2,3)|4 P T L,
i(03(1,2,3)|A(pr, 1) <2aI;(ZI_ZS>2+a; Dy Al O

—i(v5(1,2,3)|

DA(2) (-%ZZI%NZS>+ ~ ] | (B.30)

From the following formulae, one can show that this cancel the third term of the right hand
side of eq.(B.26):

9z 1 1 3 < Y by p 1< py
- - - s 4 s = - - B.31
Oos  apzr— 2 2aIZ(ZI—ZS)2+a%ZZI—ZS 2204 ’ ( )

up to the conservation of p, and .

B.2 O(g¢%

Next we show the O(g?) relations (B.3) and (B.4). These relations can be shown from more
general relation:

[ d5d6(v2(1,2,5): A(V3(3,4.0); BIR(. 6)
+/d5d6<V30(2,3,5);A|<v;,?(1,4,6);B|R(5,6)>

+/d5d6(V30(3, 1,5); A|(V2(2,4,6); B|R(5,6)) — (—1)IIBl(4 - B) =0,
(B.32)

for A,B € {1,X"}. Indeed we can obtain eq.(B.3) from the case A = 1,B = X" and
eq.(B.4) from the case A = XV B = XM, Eq.(B.32) are called Jacobi identity and was
shown in [28][29] (See also [14].). Here we will explain their calculations briefly. It is conve-
nient to define the vertex (A(1,2;3,4);0| as

(A(1,2;3,4): 6] = / d5d6(v3(1,2,5)[ (v(3,4,6) ¢/ 16| R(5,6)) | (B.33)
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where %6 ~L5") is the o-translation operator for the intermediate string. By using this

notation, one can rewrite eq.(B.32) as

/ d8p(A(1,2;3,4); 6p| A(P}®) B(5H) + / A6 (A (2,3 1,4); 00| A(57) B(p})
+ / d6(AN(3, 152, 4); 0| A(p}") B(07'°) — (~)1P|(4 > B) =0 (B.34)

for A, B = {1, X™}. Here 6 integrations come from the projection operators for intermediate
strings and pi-j * denotes the p coordinate of the interaction point of three strings i, j, k.

The clue of the proof is the fact that the vertex (A(1,2;3,4);6| depends only on the
form of the string diagram and independent from how it’s constructed from the three-string
vertex. This fact was shown in [14] from the explicit calculation. By using this fact, let us
show eq.(B.34). There are some cases of sign combinations of «,. It is sufficient to consider
the following two cases: (i) a1, a2, a3 > 0 and ay < 0, (i7) a,ay > 0 and ag,ay < 0. We
explain how cancel the left hand side of eq.(B.34) diagrammatically.

Firstly we consider the case (7). In this case, the string diagrams corresponding to the
left hand side of eq.(B.34) are depicted in Figs. B.2, B.3 and B.4. It is easy to see that the
contributions from Figs. B.2-(b), B.3-(b) and B.4-(c) cancel the contributions from Figs. B.3-
(¢), B.4-(b) and B.2-(c), respectively.

Next, we see the case (ii). Now, the string diagrams corresponding to the left hand side
of eq.(B.34) are described in Figs. B.5, B.6 and B.7. One can find that the contributions
from Figs. B.5-(b), -(d) and -(c) cancel the contributions from Figs. B.6-(b), B.7-(b) and
B.5-(d), respectively.
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Figure B.2: The string diagrams corresponding to the first term in eq.(B.34) for the case (7).
The limit 7" — 0 should be taken.
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Figure B.3: The string diagrams corresponding to the second term in eq.(B.34) for the
case (7). The limit 7" — 0 should be taken.
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1
—>
T
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Figure B.4: The string diagrams corresponding to the third term in eq.(B.34) for the case (i).
The limit 7" — 0 should be taken.
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ll““

v

Figure B.5: The string diagrams corresponding to the first term in eq.(B.34) for the case (it).

The limit T" — 0 should be taken.

Figure B.6: The string diagrams corresponding to the second term in eq.(B.34) for the

case (7). The limit 7" — 0 should be taken.
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Figure B.7: The string diagrams corresponding to the third term in eq.(B.34) for the case (7).
The limit 7" — 0 should be taken.
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Appendix C

Neumann Coefficients at T' = e < 1

In this appendix, we calculate the Neumann coefficients defined in eqs.(4.24), (4.37), (4.57)
and (4.72) at T = ¢ < 1. Although we consider the leading order in this thesis, we will
partly calculate subleading contributions, since they have non-zero corrections to idempo-
tency relations even in the limit € — 0.

C.1 Neumann Coefficients Appeared in Section 4.2
7y

Firstly, we consider the Neumann coefficients N (2())éj (1,7 € {1,2,1,2}). From the definitions,
we can obtain

Re [N(Qgél} ~ Re [N@ggi] = 1n(2y) + — + 222y + O(y?)
(5] (03]
e 1, 1/1 1\, A
= 21ne—1n(8a1a2)+a—1—|—g126 _E (Oz_12+04_22) € +O(6 ) s
Re [NO] = Re[NOP] =m2+ = 422y 1 0@
(6%) (6%)]

1
= 1n2—|—i—{——62—|—0(64>,

a8
Re [N(Qgéﬂ = Re []\7(2331] = Re [ZV@())(?} = Re [N(Q())gi} = —y+ 0%
Ly
= — O(e!
160[10&26 + (E ) ’

Re [ NG| = Re[N@®7| =Re [NR] = Re [NOR!] =y + 0(?)

_ Ly 4

= 16041(126 + O(€")

1 1
= 2lne—In(Bayas) — — (—2 + —2> e+ 0(e") |

Re [N@())gﬂ = Re []\7(2())32] =In2. (C.1)
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< (2)ij
%3

Secondly, we calculate the Neumann coefficients N (27)3 for n > 0. By using eq.(4.25) in the
definitions of these coefficients, we get

]\7(27)1%)1 _ (N(2ngi)* — eMar ((—1)"% + (=1)"(4n + Q)Z—jy + O(yz))
_ e ((_w% (—1)"22():21 ’ O(e‘*)) ,

N(z%i _ (N(Q,}f)* — "1 <(_1)"% + (=1)"(4n — Q)Z—jy + O(y2)>
— ¢"ar ((—1)"% - (—1)”27;07121 c - (9(64)> ,

_ — V35 * n-t na &
N®2 (N(Zn’é) = " <—+(—1) 2a—;y+@(y2)>

e (1 1
= e a2 (E + (—l)nwﬁQ‘}'O(eél)) y
2
N2 _ g\ _ a5 (1 g 2
22— ( n0> = ¢ E_(_l) 2a—2y+(9(y)
c /1 1
— 'm ——(—1)n—€2+0<€4)) )

8
NP = (NOF) =" (—(-1)"2y + O?))

NOT = (N®F) =" ((-1)"2y + O()

N2 _ (N@n;f)* — "o (1(1 — (=" = 2(=1)" (Zn% + 1) y+ O(yQ))

— a2 (%(1 — (=) = (=" (2 O‘—; +1 804104262 + 0(64)) :
FOR (N(Z,foi)* — a2 <%(1 — (=1)") —2(=1)" (%Z—; - 1) y+ O(zﬁ))
_ e (%(1 —(=1)") = (=1)" (QnZ—; - 1) 80;@ € + 0(64)) (C.2)

_ (Vi
N
By using the definition of the conformal mappings (4.14) and (4.16), we can easily obtain

Sotariz - igae(ia o
akzi—ZkZ/-—Zk -z ak 5= 2y 25— 2y

k J J kK
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-1 0 0 ,
T oLz Z; (a—ziﬂ(zi) - @P@j))

J

~1 19 L9
= o Z; (aiwi(zi) a—Zsz(Zz) — Oy w;(zg) 8_Z§wj(zj)) (03)

for 4,5 € (1,2,1,2). Here the summation runs over (1,2,1,2) and az = —a,, Zz = Z,, 27 =
Zq, wiy = w, for r = 1,2. From this relation and the definition of the Neumann coefficients,
we have the following formula:

N@ii ( i ) ZakN N@ik (C.4)

(2)i

For the Neumann coefficients N'*)%, for n,m > 0 with < —|— L = (), we can use the formula

(C.4) and we find

N@U (N(Qn;i) —e ¢ ((—1)”+m4z—jy+ 0(y2)>

n+m 1
— g € ( 1)n+m €2+O(€4)) 7
da?
Nz (5e2) :e"ifﬁ<<_1>n+m4j—;y+o<y2>)

e 0 |

N2 = (FOR) = G a) (ayrmay + 0)

2O )) . (C.5)

40[1062

For the Neumann coefficients N7 for n > 0, we cannot use the formula (C.4) and need to
calculate from the definitions (4.24). We can obtain

B _ 1 n nt+m
NOI e Onm + € o (—(—1)n+m4%y+0(92)>
n a1
n+m 1 1
_ e __5nm — (=1 n+m_— 2 O 4
e °1 ( - (-1) 404126 +0() )
_ 1 2, ntm
N@Z ey 4t (—( 1)”*’“4%y+0(y2)>
n a2
n+m ]_ n+m 1 2 4
= e *2 _5nm ( 1) 126 + O(E ) (C 6)
4o
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)
MUHPn

Finally, we consider the coefficients My yp! (i € {1,2,1,2}) defined in eq.(4.37). In the limit

e — 0 (y — 0), the interaction point z; behaves as

« 1/« o
2 =iy, — (1+— (—2——1>y+(’)(y2)> :
(6] 2 aq (6]

From the definitions and this relation, we can obtain

7 (6] 1 (03] 1 (6]
Myypg + Mygpo = —4/y o <1 + 20, G’ 0(92))
€ 1 /1 1Y ,
= —(1- - = O(*
Sslag)oroe).
5 a1 1 (0] 1 a7
Muygps + Mygps = —4Vy o <1 + P A éa_zy + O(if))
1

(C.7)

S n_ 8 0% 1« 1o
1 _ v« — _(_1y4 X2 are (14 2,292 a O e O
Myppn (Myyp,) (—=1)"4\/y 0416 1 + 3" a1y+ 2a2y 6a1y+ (v7)

_ -1 n_— o€ 1 -2 - 2 - - 2 O 4
(—1) ale L ( +6n %26 T (%2 %2)6 +0O(eY) ),

5 n 8 L« 1o 1o
Meio2 — (Moo 2V — —(—1)74 Qg (14 22 Pt PRI 109
UHPn (Mygp,,) (=1)"4/y 0426 2 + 3" O@Z/"‘ 2%9 6a2y+ (v7)

C.2 Neumann Coefficients Appeared in Section 4.3

Ni,. Fi, (.5 € {h,a})

To evaluate the Neumann coefficients (4.57) in T' = € — 0 limit, it is useful to change the

integration variables from v, 7 to Z = >™V=V3) Z = = 2mi(v—V3),

we find following relations:

c zZ—-1

By using these variables,

ws(v) = e = , : [1 —(Z(1 =) + Z7H(1 — e 8)) g + (’)(qQ)] :

Z€2mV3 _ e—?ng
. Z+1 _
gv—=Vs|1) = irm (ﬂ -2 (Z - Z 1) q+(9(q2)) ,

Z + e—47er3
i (

(251 (V + ‘/3|7-) Z _ —AmiVs

—9 (Z€4ﬂiV3 o Z—16—471'iV3) q + O(q2)> 7

1 1 1
Oty =) = 522 (g + (g + 35 4+ Ol >) ,
_ 747r1V3 1 '
(v +7r) = 4”222/((2 =t (z‘ S _4mvg>q+0(q2>>'
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From these relations and the definition of the Neumann coefficients (4.57), we get

NI = (N2a)* = —16e s “qsin®(27V5) sin(2mnVs) sin(2rmVs) + O(g?)
2
= —6—26 o “sin(27nV3) sin(2rmVs) + O(e) |
a3
= = * 1 2n
N’r}LLg’L - (Nﬁ?n) = ——€% 5n,m
n

—166%% sin?(27V3) sin(27nVs) sin(2rmVs) + O(q?)
1 2n, 2 ngm, )

= ——em Snom — 6—26 % sin(27nVs) sin(2rmVs) + O(e*) |
n o

_ _ " 1 o e .
NIt = (N#)" = —e=s®cos(2mnV3) + dnges sin®(2mV3) cos(2mnVs)
n
+8¢eassin(2mV3) cos(2mV3) sin(2mnV3) 4+ O(¢?)

1w,
= —e>s cos(2mnV3)
n

(147 e t(27V3) tan(2rnVy) + O(eb)
— s ——= CO T an(zmn €

4o 20 ° ’ ’
1

N — (N:jg)* = —G%ECOS(27T71V},) + 4nqeﬂlsﬁsin2(27ﬂ/},) cos(2mnVs)
n

+8geas “sin(27V3) cos(2mV3) sin(2mnVs) 4+ O(g?)

1 =,
= —e= cos(2mnV3)
n

X [ 1+ e + ne cot(27V3) tan(2mnV3) + O(e*)
—t+ — m n(2mn
4ad 20 ’ ’ ’

_ o 1 4 am, _
EM = (Fee)” = —%me s sin(2mnV3) sin(2rmVs)
X <1 + 4(n® + m?)gsin®(27V3) + O(q2)>
1 2 ntm. i 1
= —%me o sin(2mnV3) sin(2rmVs) <1 +0 (_ lne) ) ,
— — b\ 1 4 nim, .
Fha — (Fr‘ff;) = %(—ln q)e C sin(2mnVs) sin(2rmVs)

X <1 + 4(n?* + m?)gsin®(27V3) + (’)(q2)>

_ 12 e"§;€sin(2ﬂn‘/§,) sin(2rmV3) (1 +0 <ﬁ>> (C.10)

nm (—Ine)
Mrectan.nl (27] S {h7 CL})
By using the variable Z, we can rewrite the integrand of eq.(4.72) as

gy —vir)+ iy +vlr) = gu(—y—v|T) + ga(—y +v|7)
_ —47Tq% (Ze2ﬂiV3 + 27167271'1"/3) + O(q%) . (Cll)
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Combining this relation and the definition (4.72), we can obtain

Mycctants = (Mrgerans)” = 8673 sin(27V3) cos(2mnV3)a? (1+ O(q) )

2¢ .
- e cos(27mV3)<1 + O<62)> :
Qg
a 2¢
Mrectan.}é + Mrectan.O = Oé_g . (C12)
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