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1 Introduction

The notion of a d-complete poset was introduced by Robert A. Proctor ([15, 16]). A
d-complete poset is a finite poset which satisfies some local conditions described in terms
of double-tailed diamonds (see Section 2.3), and can be regarded as extensions of Young
diagrams and shifted Young diagrams, having similar properties to the hook length prop-
erty ([17]) and the jeu de taquin property ([18]) for Young diagrams. So, it is natural to
expect that d-complete posets play important roles in the combinatorial representation
theory as Young diagrams and shifted Young diagrams do.

We recall the fundamental relation between d-complete posets and finite-dimensional
simple Lie algebras (for the details, see Section 3.2). Let g be a simply-laced finite-
dimensional simple Lie algebra, with I the index set of simple roots. Let W = (s; | i € I)
be the Weyl group, where s; is the simple reflection corresponding to ¢ € I. Let X be a
dominant integral weight of g, and set Wy := {w € W | wA = A\}. We know that each
coset in W/W) has a unique element whose length is minimal among the elements in
the coset; we regard W/W) as a subset of W by taking the complete system of these
“minimal-length coset representatives” for the cosets in W/Wj. Let <, (resp., <,,) be
the partial order on WA corresponding to the Bruhat order (resp., weak Bruhat order)
on W/Wy C W under the canonical map WA = W/W, C W. If X is minuscule (in this
case, <y is identical to <,,), then there exists a connected self-dual d-complete poset
(P, <) such that (WA, <,) = (WA, <,) and (F(Py), C) are isomorphic as posets, where
F(Py) is the set of order filters of Py ([15, Section 14]). Furthermore, using a unique map
k : Py — I called the coloring, we construct an I-colored d-complete poset (Py, <, k,I).
Then, there exists a unique order isomorphism f : WA — F(Py) satisfying the condition
that p — s;u is a cover relation in WA if and only if f(s;u)\ f(i) consists of one element
x with k(x) =i ([16, Proposition 9.1]). There are some important applications of these
results. For example, the problem counting the A\-minuscule elements in W is reduced
to the combinatorial problem counting the “standard tableaux” for the corresponding
d-complete posets ([22, Theorem 3.5]). Also, the “colored hook formula” for d-complete
posets obtained in [13] is a generalization of the famous hook length formula for Young
diagrams in terms of the reflections in the positive roots of g.

In this thesis, we study the relation between the Weyl group orbit through a dominant
integral weight for a multiply-laced finite-dimensional simple Lie algebra and the set
of order filters in a d-complete poset. To do this, we use the “folding” technique (see
Section 4.1). Assume that g is of type A,, D,, Eg, and let h be a Cartan subalgebra of
g. Let o : I — I be a non-trivial automorphism of the Dynkin diagram of g; note that
o canonically induces a Lie algebra automorphism of g such that o(h) = b, and a linear
automorphism on the dual space h* of h. Then the fixed point subalgebra g(0) := {x €
g | o(x) = z} is isomorphic to a multiply-laced finite-dimensional simple Lie algebra with
the set J of o-orbits in [ its index set of simple roots and h(0) := {h € h | o(h) = h}
its Cartan subalgebra. Let W = (5, | p € J) C GL(H(0)*) be the Weyl group of g(0).
We know that the subgroup W := {we W | owo™" = w} of W is isomorphic to W.
Let res : h* — h(0)* be the restriction map. The map res|,;,, gives a bijection W onto

Wres()\) for a dominant integral weight X of g.
Now, let A be a minuscule dominant integral weight of g, and (P, <) the corresponding
d-complete poset mentioned above; recall the order isomorphism f: WA — F(Py). We



define f : Wres(\) — F(P)) by fores = f, and set F(Py) := Im(f) € F(Py). The
following is the first main theorem of this thesis.

Theorem 1.1 (= Theorem 4.11).
(1) The poset (Wres(\), <,) is isomorphic to the poset (F(Py), <), where < is a

partial order on F(P)) defined in terms of an involution S, (p € J) on F(Py).
(2) The poset (Wres(\), <y) is isomorphic to the poset (F(Py), Q).

In addition, in the case that g is of type A,, we give an explicit description of F (Py)
(see Theorem 5.4).

In order to prove Theorem 1.1, we introduce a J-colored d-complete poset (Py, <, &, J),
where £ is a new coloring naturally induced by the coloring « for (Py, <) and the Dynkin
diagram automorphism o : I — I. Based on this coloring %, we define a new impartial
combinatorial game, named “Multiple Hook Removing Game” (MHRG for short) which is
a variation of Hook Removing Game (HRG for short); HRG is an impartial combinatorial
game whose game positions are (shifted) Young diagrams, and in which each of two
players (called A and B) alternately removes one hook from the (shifted) Young diagram
(given as a game position in his/her turn). HRG was introduced by Mikio Sato (see [19]
and [20]), who also gave a formula for the G-values (or the Sprague-Grundy values). Our
MHRG is an impartial combinatorial game whose rules are as follows (see also Example
1.2 below):

(M1) The starting position is a Young diagram Y*® with a numbering o : Y* — Z<o. All
game positions are Young diagrams Y contained in Y with a numbering aly .

(M2) Given a Young diagram Y with the numbering «|y, each player chooses a box in
Y and removes the hook h corresponding to the box on his/her turn. Let A, (h)
be the multiset of the numbers (in boxes) in the hook h, and let Y’ be the Young
diagram obtained by removing h from Y, with the numbering a|y-.

(M2a) If there does not exist any box in Y’ whose corresponding hook h’ satisfies
An(h') = A,(h) as multisets, then the player’s turn is over, and the next
player is given Y.

(M2b) If there exists a box in Y’ whose corresponding hook h’ satisfies A, (h') =
A, (h), then the player must choose one such boxes, and remove the hook A’
corresponding to the box. Let Y be the Young diagram obtained by removing
h' from Y’, with the numbering a|y~.

(M2c) Do the same operation as (M2a) and (M2b), with Y’ replaced by Y”. As long
as such a box exists, repeat this operation.

(M3) The winner is the player who removes the last remaining hook in the diagram.

In this thesis, we mainly treat MHRG(m,n) for m,n € Z~¢, which is MHRG whose
starting position Y¢ is the rectangular Young diagram Y, , of size m x n with the
“unimodal numbering” o, , (see Section 6.2); this numbering a,y, ,, is derived from the
coloring & for the case that g is of type A (and hence g(0) is of type B or C).

Example 1.2. At the beginning of MHRG(3, 5) played by A and B, the following Young
diagram Y = Y3 5 with the numbering a3 5 is given to the player, say A, having the first
move, as the starting position.



If the player A removes the hook h corresponding to the box (2,4) from Y, then A obtains
Y’ (with ass|y/) below:

31413121 31413121
Y=|2|3|4 - Y=
11213 3

Note that Aq, ;(h) = [2,3,4] (as multisets). Since there does not exist a box in Y’ whose
corresponding hook h' satisfies Aq, ;(h') = A, (R) = [2,3,4], the player A’s turn is
over. If the player B removes the hook h’ corresponding to the box (2,1) from Y”, then
B obtains Y (with ag 5|y) below:

314(13(12]1
o IR EIEIEIEIE
213
Note that Aq, (') = [3,4,3,2,1] (as multisets). Notice that the box (1,2) in Y is

a unique box in Y” whose corresponding hook h” satisfies Aq, ;(h") = Aa,(h) =
(3,4,3,2,1]. Because of (M4b), B must remove the hook h” from Y”  and obtains Y
(with ag 5|y) below:

yi T Loy
2

If the player A removes the hook A" corresponding to the box (1,1) from Y””, then A
obtains the empty Young diagram (:

Y/l/ — I - @

In this case, the winner is the player A.

We remark that the Young diagram Y above is not appear as a position of
MHRG(3,5). In general, not every Young diagram contained in Y, , is a position
of MHRG(m,n). Motegi [12] gave a characterization of the set of all game positions
in MHRG(m,n); our proof of Theorem 5.4 (describing F(Py) in the case of type A)
essentially came from Motegi’s proof for this result.

Now, by computer, we obtain the following table on the G-value of the starting position
Y* =Y, in MHRG(m,n) for each 1 < m,n < 9. By Table 1, we make the following
conjectures (1)-(4) on the G-value of the starting position Y, ,:

(1) If m < n and m + n is even, then the G-value of the starting position Y, ,
in MHRG(m,n) is equal to the G-value of the starting position Y, ,+1 in
MHRG(m,n + 1).

(2) The sequence {G(Y1,,)}n>1 of the G-values of the starting positions Y;, in



[m\n [[1[2]3[4[5]6[7 |89 ]
1 1113 (3] 5 |57 7 9
2 1133 (|11 1]1 1 1
3 313100 01]0]| 3 3 |10
4 31110 4] 4|2 2 5 5
5 51110 4] 1 |1|14]14] 18
6 51110 |21 |7|7 0 0
7 7113 (21470 0 | 10
8 7113|5140 0 8 8
9 9110|5180 10| 8 1
Table 1 G-value of the starting position Yy, , in MHRG(m,n) for 1 <m,n <9.

MHRG(1,n) for n > 1 is arithmetric periodic.

(3) The sequence {G(Y2,)}n>2 of the G-values of the starting positions Ys, in
MHRG(2,n) for n > 2 is periodic.

(4) The G-value of the starting position in MHRG(n,n) and MHRG(n,n + 1) is equal
to @, <<, k, where ), a; denotes the nim-sum (the addition of numbers in binary
form without carry) of all a;’s.

In this thesis, we prove the following four theorems which show that our conjectures
above are true. Let 7(Y,,,) be the subset of F(Y,,,) consisting of all positions in
MHRG(m,n).

Theorem 1.3 (= Theorem 8.7). Let m,n € Z~q be such that m < n and m+n is even.
There exists an isomorphism E from MHRG(m,n) to MHRG(m,n + 1). Therefore, it
holds that G(Y) = G(E(Y)) for every Y € T (Y, »), and hence G(Y,, ) in MHRG(m,n)
is equal to G(Y,;, n+1) in MHRG(m, n + 1).

Theorem 1.4 (= Theorem 9.1). Let m =1 and n € Z~(. In MHRG(1, n),

_ ]:(Y1,n) if n is odd,
TY1n) = { F(Yin)\{Y1,2} if nis even.

Moreover, for 0 <1 < n such that Y7; € T(Y71 ),

l if n is odd,
G(Y1,) = [ ifniseven and ! < n/2,
I—1 ifniseven and n/2 <.

In particular,

n if n is odd,
n—1 if nis even.

(v - {

Theorem 1.5 (see Lemma 9.4, Theorem 9.5, and Corollary 9.6). Let m = 2 and n’ €
Z-o. In MHRG(2, 2n),

T(Ya,2n1) = F(Yaon) \ {(K}, k3) € F(Yoon') | Ky + k5 = 2n'}.

Moreover, the list of those Y = (k1,k2) € F(Ya,2,/) with k1 + k2 > 2n’ whose G-values



are 0, 1 or 2 is given by Table 7 (see p.47). In particular, in MHRG(2,n) for n > 2, the
G-value of the starting position Y5, is given as follows:

3 itn=23,
G(Yan) =<2 ifn+#23, and n=2,3 mod 8,

1 otherwise.

Theorem 1.6 (see Theorem 10.15 and Corollary 10.16). For n € Z~o, MHRG(n,n+ 1)
and HRG(SY,,) are isomorphic, where HRG(SY,,) is the Hook Removing Game whose
starting position is the triangular shifted Young diagram of size n. In particular, both
G(Y, ) in MHRG(n,n) and G(Y, n+1) in MHRG(n,n 4+ 1) are equal to G(SY,,) =
D,<1<, k in HRG(SY,,).

This paper is organized as follows. In Section 2, we review Young diagrams and
(colored) d-complete posets. Also, we introduce an involution S. on F(P) for each color
c. In Section 3, we fix our notation for finite-dimensional simple Lie algebras, and review
the orders <, <,, on WA. Also, we explain the fundamental relation between d-complete
posets and simply-laced finite-dimensional simple Lie algebras. In Section 4, we review
the “folding” technique for a simply-laced finite-dimensional simple Lie algebra, and then
introduce “J-colored” d-complete posets by using it. Also, we prove Theorem 1.1 above.
In Section 5, we give an explicit description of F (Py) in the case that g is of type A,,. In
Section 6, we fix our notation for impartial combinatorial games. Also, we review hooks
in Young diagrams, and then introduce the impartial combinatorial game MHRG(m, n).
In Section 7, we explain the diagonal expression for a Young diagram. In Section 8 (resp.,
9, 10), we prove Theorem 1.3 (resp., Theorems 1.4, 1.5, 1.6) above.

B Acknowledgements The author would like to thank Professor Daisuke Sagaki for his
continuous support and helpful advice. The author also would like to thank Tomoaki
Abuku and Yuki Motegi for their valuable discussions.



2 d-complete Posets and Coloring

Denote by Z- the set of all positive integers and Zx>( the set of all non-negative integers.

2.1 Young Diagram

A Young diagram is a finite collection of boxes arranged in left-adjusted rows where the
row lengths are in non-increasing order. Let m € Z+, and let k1,...,k,, € Z>o be such
that ky > -+ > k,, > 0. Then, theset Y = (ky,..., k) = {(i,j) €Z* |1 <i<m,1<
j < k;} is called the Young diagram corresponding to (ki,..., k).

An element of a Young diagram is called a “box” and each box is located by a pair
(,4). For example, the Young diagram (6,6, 5, 3,3) is given as follows:

(1, 1)[(1,2)[(1,3)|(1,4)|(1,5)|(1,6)

(2,1)](2,2)[(2,3)[(2,4)|(2,5)|(2,6)

Y= |3,1)[(3,2)(3.3)(3,4)(3,5)

(4,1)|(4,2)[(4,3)

(5,1)((5,2)[(5,3)

Fig. 1 Young diagram (6,6, 5, 3,3)

For i € Z~o, the subset {(i,7) | j € Z} NY of Y is called the i-th row of Y. Similarly,
for j € Z~o, the subset {(i,7) | i € Z} NY of Y is called the j-th column of Y.

For a Young diagram Y, let F(Y) denote the set of all Young diagrams contained in Y.
Also, let #(Y) denote the number of boxes contained in Y. It is obvious that if Y/ C Y,
then #(Y") < #(Y).

For fixed m,n € Zso, we denote by Y, ,, := {(,7) € Z? | 1 <i <m,1 < j <n} the
rectangular Young diagram.

2.2 Shifted Young Diagram

Shifted Young diagrams are described as follows (see [14] for additional details). Let
m € Zsg, and let k1,...,k,, € Z~¢ be such that k; > --- > k,, > 0. The set S =
(b1, . k) = {(i,7) € Z*> | i <4, 1 <i <m, 1 <j < k;} is called the shifted
Young diagram corresponding to (k1, ..., k). An element of the shifted Young diagram
is called a box, and the shifted Young diagram is described in terms of boxes as follows.



(1L, 1)[(1,2)[(1,3)](1,4)[(1,5)|(1,6)|(1,7)

S =1(7,6,4,3,2) = (3,3)[(3,4)((3,5)|(3,6)

(4,4)|(4,5)((4,6)

(5,5)((5,6)

For i € Z~g, the subset {(i,7) | j € Z} NS of S is called the i-th row of S. Similarly,
for j € Z~y, the subset {(i,j) | ¢ € Z} NS of S is called the j-th column of S. We call
h(S) := max{i | (i,7) € S} the height of S.

For a shifted Young diagram S, let F(S) denote the set of all shifted Young diagrams
contained in S.

For fixed n € Z~q, we denote by SY,, = {(i,j) € Z*> | 1 <i < n,i < j < n} the
triangular shifted Young diagram.

2.3 d-complete Posets

Let (P, <) be a poset. When =z is covered by y in P, we write x — y. For x,y € P, we
set [x,y] := {z € P |z < z <y}, which we call an interval. A subset F' is called an order
filter if every element in P greater than an element in F' is always contained in F. Let
F(P) be the set of all order filters in P. Let (P, <)* denote the order dual set of (P, <).
If (P, <) is isomorphic, as a poset, to (P, <)*, then (P, <) is said to be self-dual. If the
Hasse diagram of P is connected, then the P is said to be connected.

Definition 2.1 ([15, Section 2]). For k > 3, we define a poset di(1) by the following
conditions (1) and (2) (see also Figure 2):

(1) di(1) consists of 2k — 2 elements wy, Wg_1, - , W3, T, Y, 23, "+ , Zk—1, Zk-
(2) The partial order on di(1) is as follows:

W < Wi—1 < - <wg, wy <zxr<z3 wy<y<<z3,

Ly, 2y, 23<- <zp_1< 2.

We call d.(1) the double-tailed diamond. Also, we define d_ (1) := di (1) \ {2} for k > 3.

Definition 2.2 ([15, Section 2]). Let P be a poset, and x,y € P. For k > 3 (resp.,
k > 4), if the interval [z, y] is isomorphic to di(1) (resp., d; (1)), then we say that [x,y]
is a dj-interval (resp., d; -interval). If w, z,y € P satisfy w — x and w — y, then we say
that {w,z,y} is a d3 -interval.

Definition 2.3 ([15, Section 3]). Let P be a poset. Let k > 4 (resp., k = 3), and let
I = [z,y] (vesp., I = {w,z,y}) be a d, -interval in P. If I U {z} is not a dj-interval for
any z € P, then the d, -interval I is called an incomplete d, -interval. If there is another
d, -interval I' = [2/,y] (resp., I' = {w',2’,y'}) such that I\ {min/} = I’ \ {min I’} and
min I # min I’, then the d_ -interval I is called an overlapping d, -interval.



<><><}<> \/Q?%

d3(1)  dy(1) ds(1)  de(1) dz (1) dy(1) d5(1) dg(1)
Fig. 2 Double-tailed diamonds.

Definition 2.4 ([15, Section 3]). A finite poset P is called a d-complete poset if P
satisfies the following conditions (D1)-(D3):

(D1) There is no incomplete d -interval in P for any k > 3.

(D2) If I is a dg-interval in P for some k > 3, then there is no element that is not
included in I and is covered by max [.

(D3) There is no overlapping d, -interval in P for any k > 3.

<> |
<><§>§>

Shape Shifted shape Inset Swivel Bat

Fig. 3 Connected, self-dual d-complete posets.

Definition 2.5 ([15, Section 4]). Let P be a d-complete poset. We define the top tree
Tp of P to be the subset of P consisting of all elements = € P satisfying the condition
that

(T) #{z€ P|y— z} <1 for every y € P such that x < y.

Proposition 2.6 ([15, Sections 3 and 14],[16, Proposition 8.6]). Let P be a d-complete
poset.

(1) If P is connected, then P has a unique maximum element.

(2) For each w € P\ Tp, there are unique z € P and k > 3 such that [w,z] is a
di-interval.

(3) A connected self-dual d-complete poset is isomorphic, as a poset, to one of those
in Figure 3.



Example 2.7. (1) For m,n € Z~¢, we define a partial order on the rectangular Young
diagram Y, ,, as follows. If iy > iy and j; > jo, then (i1,j1) < (i2,j2). Then the poset
(Ym,n, <) is a d-complete poset of Shape class in Figure 3. The top tree Ty, , of Y, »
is identical to the set of those boxes in the first row or in the first column; see the right
diagram in Figure 4.

(1,1)[(1,2)|(1,3)[(1,4) o | o | o | @

(2,1)|(2,2)|(2,3)|(2,4) °

Fig. 4 The Young diagram corresponding to Y2 4 and its top tree.

(2) For n € Z~(, we define a partial order on the triangular shifted Young diagram
SY,, as that on Y, ,. Then the poset (SY,, <) is a d-complete poset of Shifted Shape
class in Figure 3. The top tree Ty, of SY,, is identical to the set of those boxes in the
first row or in the second column; see the right diagram in Figure 5.

(1,1)|(1,2)|(1,3)](1,4)|(1, 5) e | o | o | o e

(2,2)[(2,3)((2,4)|(2,5) °

(3,3)[(3,4)[(3,5)

(4,4)|(4,5)

(5,5)

Fig. 5 The shifted Young diagram corresponding to SYs and its top tree.

In what follows, we use Young diagrams and shifted Young diagrams for d-complete
posets of Shape and Shifted Shape classes. For a given subset X in these d-complete
posets P, we indicate an element in X (resp., in P\ X) by a white box (resp., gray box).
For example, the left diagram in Figure 6 indicates the subset {(1,1), (1,2),(1,3),(2,1)}
of Y5 4, which is in fact an order filter of Y5 4. The right diagram in Figure 6 indicates
the subset {(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(3,3)} of SY5, which is in fact an order
filter of SY5.

2.4 Colored d-complete Posets and Involutions on F(P)

Let (P, <) be a poset, and let C be a set. We call a map k : P — C' a coloring of P with
C' the set of colors, and the quadruple (P, <, k,C) a colored poset.

Proposition 2.8 ([16, Proposition 8.6]). Let (P, <) be a d-complete poset, and let C'
be a set such that #C = #Tp. There exists a coloring x : P — C' of P satisfying the
following conditions (a) and (b):

10



i

Fig. 6 Examples of order filters of d-complete posets.

(a) The restriction of k : P — C to the top tree Tp is a bijection from Tp onto C.
Namely, each element of T'» has a different color from each other.
(b) If [w, z] is a dg-interval for some k > 3, then k(w) = K(2).

Moreover, this coloring of P with C' the set of colors is unique, up to the coloring of the
top tree Tp in (a). In this case, we call the quadruple (P, <,k,C) a colored d-complete
poset.

5|4 211
312
2134
51413
112 4
6|4
)

Fig. 7 Colored d-complete posets.

Proposition 2.9 ([16, Section 3]). Let (P, <,k,C) be a colored d-complete poset.

(1) Let z,y € P. If there is the covering relation between x and y, or if x and y are
incomparable, then k(z) # k(y), that is, z and y have distinct colors.

(2) Let I be an interval of P. If I is a totally order set, then k(z) # k(y) for all
elements x,y € I with x # y, that is, each element in I has a distinct color from
each other.

(3) For each ¢ € C, the subset k=1 ({c}) consisting of elements in P having the color
c is a totally order set.

Definition 2.10. Let (P, <,k,C) be a finite colored poset. For each ¢ € C, we define
maps A., R¢, Se : F(P) — F(P) as follows. For each F' € F(P),

A (F) = U F', R.(F) := N F',
F'eF(P) F'eF(P)
F\FCr~'({c}) F\F'Cr~'({c})

S.(F) i= {(Ac(F) \ F)URL(F) if (Ac(F)\ F)UR.(F) € F(P),

F otherwise.

11



Remark 2.11. It is obvious by the definition that AF) D F O R.(F). If F satisfies
R.(F) = F (resp., A.(F) = F), then S.(F) = A.(F) (resp., S( ) = R.(F)). Also, it
can be easily verified that A.(F) D S.(F) D R.(F).

Example 2.12. Let P =Y 4 = , and define a coloring k : P — {1,2,3}
213121 2132
for P by T332 Let F = N ; notice that F' is an order filter of

P. Then, As(F), Ry(F'), S2(F') are as follows:

il
- (al
(il

Lemma 2.13. Let (P, <,x,C) be a colored poset. For every F' € F(P) and ¢ € C, the
following hold.

(1) AC(SC(F)) = AC(F)
(2) RC(SC(F)) = RC(F)
(3) Sc(S.(F)) = F. Namely, the map S, : F(P) — F(P) is an involution on F(P).

Proof. By the definition of S.(F'), it suffices to consider the case that (A.(F)\ F)UR.(F)
is an order filter of P.

(1) Since all elements of A.(F) \ R.(F) have the color ¢ and since S.(F) 2O R.(F),
all elements of A.(F) \ S.(F) also have the color ¢. Hence, A.(F) € {F' € F(P) |
F'\ S.(F) C s *({c})}, and hence A.(S.(F)) D A.(F) by the definition of A.. This
inclusion relation also implies that all elements in A.(S.(F')) \ A.(F) have the color c.
By the definition of A., all elements in A.(F) \ F' have the color ¢. Hence, A.(S.(F)) €
{F' € F(P)| F'\F C k'({c})}. By the definition of A., we obtain A.(S.(F)) C A.(F).
Therefore, A.(S.(F)) = A:(F).

(2) Similar to Part (1).
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(3) We compute

(Ac(Se(F)) \ Se(F)) U Re(Se(F))

= (Ac(F)\ ((Ae(F) \ F) U Re(F))) U Re(F)

= ((Ac(F)\ (Ac(F)\ F)) 0 (A(F) \ Re(F))) U Re(F)
= (FUR(F)) N ((Ac(F) \ Re(F)) U Re(F))

Therefore, (A:(Sc(F))\Se(F))UR(S.(F)) is an order filter of P, and S.(S.(F)) = F. O

Definition 2.14. Let (P, <,k,C) be a colored poset. We define an order < on F(P)
as follows. For F,F’ € F(P), F < F’ if there exists a sequence of order filters F' =
Fo,F1,...,Fn_1,F, = F' such that for all : € {0,1,...,n — 1}, there exist ¢; € C such
that Sci (Fz) =F,11 D F;.

Lemma 2.15. Let (P, <,k,C) be a colored d-complete poset. For an order filter F' of
P and a color ¢ € C, the symmetric difference of F' and S.(F') has at most one element.

Proof. Suppose, for a contradiction, that the symmetric difference of F' and S.(F) has
more than one element. Let z,y be the elements of the symmetric difference, with x # .
Because both = and y have the color ¢, it follows from Proposition 2.9(3) that either
x <y or z > y holds; we may assume that < y. Because both F' and S.(F') are order
filters, we deduce that either x,y € F'\ S.(F) or x,y € S.(F) \ F holds. Assume that
x,y € F\S.(F). Since x < y, there exists an element z € P such that x — z and z < y.
Because x € F, and F is an order filter, we see that z € F'. Similarly, because y ¢ S.(F),
and S.(F') is an order filter, we see that z ¢ S.(F'). Thus we get z € F \ S.(F); in
particular, z has the color ¢. However, this contradicts Proposition 2.9(1); recall that
x — z, and z has the color c. A proof for the case that x,y € S.(F) \ F is similar. [

Remark 2.16. Let (P, <,x,C) be a colored d-complete poset. By Lemma 2.15, it is
clear that for F, F’ € F(P), FF C F’ if and only if F' < F’. In particular, (F(P),C) and
(F(P), <) are order isomorphic.

3  Weyl Groups and d-complete Posets

3.1 Finite-dimensional Simple Lie Algebras

Let g = g(A) be a finite-dimensional simple Lie algebra over C, with A = (a;;)i jer the
Cartan matrix. Denote by h a Cartan subalgebra of g, IIV = {h; | i € I} C b the set
of simple coroots, II = {a; | i € I} C b* the set of simple roots, Ay C bh* the set
of positive roots, A_ C bh* the set of negative roots, A; € h*(i € I) the fundamental
weights, and e;, f; € g(i € I) the Chevalley generators. Let W = (s; | i € I) be the Weyl
group of g, where s; is the simple reflection in «; for ¢ € I. For 8 € A,, BY € h denotes
the dual root of 5, and sg € W denotes the reflection in f; recall that if § = w(j’) for
B e Ay and w € W, then sg = s,y = wsgrw™".

Definition 3.1. Let A be a dominant integral weight of g. We define the order <j

13



on the Weyl group orbit WA through A as follows. For u,u’ € WA, u <, p' if there
exists a finite sequence pu = g, 1, .-, rk—1, 4 = i’ of elements in WA and a finite
sequence fy, ..., Bk—1 of elements in A such that sg, (1;) = pi+1 and p(6) > 0 for
eachie€{0,1,...k —1}.

Lemma 3.2. Let p be an integral weight of g, and § € A;. For w € W, if p <s sp(p)
and w(fB) € AL, then w(p) <s wsg(p).

Proof. Since s, (wp) = wsgw™ (wp) = wsg(p), and since w(p) # wsg(p), either
w(p) <s wsg(p) or w(p) >5 wsg(p) holds. By the definition of <,, there exists n € Zsg
such that sg(p) = p— np. Thus, wsg(p) = w(p —nP) = w(p) — nw(B). Because
w(fB) € Ay, we obtain w(p) <s wsg(p), as desired. O

Proposition 3.3 ([11, Lemma 4.1]). Let py, pus € WA, and i € I.

(1) If py < p2 , pa(hi) > 0 and pa(h;) <0, then py <, si(p2).
(2) If py <s po, pa(hs) >0 and po(h;) <0, then s;(p1) <, po.
(3) If p1 <s p2, p1(h;) <0 and pa(h;) <0, then s;(p1) <s si(u2).
(4) If p1 <s po, pa(hs) > 0 and po(hs) > 0, then s;(p1) <o si(p2).

(2

Definition 3.4. Let A\ be a dominant integral weight of g. We define the order <,
on WA as follows. For u,pu’ € WA, p <, p if there exists a finite sequence pu =
Loy 1y - - -5 fk—1, ik = 44’ of elements in WA and a finite sequence jo, ..., jr_1 of elements
in I such that sj, (1;) = pi+1 and p;(h;) > 0 for each ¢ € {0,1,...,k — 1}.

Remark 3.5 (see, e.g., [8, Section 4.3] and [4, Section 2.4]). Let A be a dominant integral
weight, and Wy := {w € W | wA = A} the stabilizer of \; we have the canonical bijection
W/Wyx — WA wWy — wA. It is known that W) is the subgroup of W generated by
s; for i € I such that \(h;) = 0, and each coset in W/W) has a unique element whose
length is minimal among the element in the coset; we regard W /W) as a subset of W
by taking the minimal-length coset representative from each coset in W/Wy. The poset
W/Wy in the restriction of the Bruhat order (resp., the weak Bruhat order) on W is
order isomorphic to (WA, <;) (resp., (WA, <,,)) under the canonical map W/Wy — WA
above.

3.2 Order Isomorphism between W and F(P)

Let g be a finite-dimensional simple Lie algebra over C.

Definition 3.6. Let A be a dominant integral weight of g. We call A a minuscule weight
if A satisfies (wA)(h;) € {—1,0,1} for all w € W and i € I.

Table 2 below is the list of minuscule weights of simply-laced finite-dimensional simple
Lie algebras; the vertices of the Dynkin diagram are numbered as Figure 8.

Remark 3.7 ([8, Lemma 11.1.18] and Remark 3.5). Assume that A is minuscule. For
w, ' € WA, <g p if and only if p <., p/. Therefore, (WA, <;) and (WA, <,,) are order
isomorphic.

Proposition 3.8 ([15, Section 14]). Assume that g is simply-laced. Let A be a minuscule
weight of g. There exists a connected, self-dual d-complete poset Py such that (WA, <j)
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g | minuscule weight A
An A, A,
Dn Al» Anfla An
EG Al, A5
E7 A6
Eg none

Table 2 Minuscule weights; simply-laced case.

Egi

Fig. 8 Simply-laced Dynkin diagrams.

and (F(Py), C) are isomorphic, as posets (see also Table 3).

g | minuscule weight A\ | corresponding d-complete poset P
A, Ai(1 <i<n) Yin—it1 (Shape)

D, Ay SY,,—1 (Shifted Shape)

D,, A1, A, d,, (1) (Inset)

E6 Al, A5 Swivel

E7 A6 Bat

Table 3 The d-complete posets P corresponding to minuscule weights .

Keep the setting in Proposition 3.8, with A = A; for some i

15

€ I such that A; is
minuscule. We know from [16, Proposition 8.6] that the graph obtained from the Hasse
diagram of the top tree Tp, of Py by replacing each allow by an edge is identical to the
Dynkin diagram of g; in particular, #/ = #71p,. By Proposition 2.8, we can obtain the



colored poset (Py, <,r,I) such that |7, : Tp, — I is the graph isomorphism and the
maximum element of Py (notice that it is contained in Tp, ) is sent to the ¢ under the
map k. We call (Py, <,k, I) the I-colored d-complete poset for the minuscule weight \.

Proposition 3.9 ([16, Proposition 9.1]). Keep the notation and setting in Proposition
3.8. Let (Px,<,k,I) be the I-colored d-complete poset. There exists a unique order
isomorphism f : (W, <) = (F(Py),C) such that for 4 € WX and i € I, there exists
the cover relation p — s;u in WA if and only if f(s;(u)) \ f(u) consists of one element
having the color 1.

Example 3.10. Let g be of type As, and A = As; in this case, the corresponding
(connected, self-dual) d-complete poset Py, is Y2 4. Let (Pa,,<,r,I) be the I-colored
d-complete poset, with the coloring  as in Figure 7. The Hasse diagrams of (WA,, <j)
and (F(Py,), C) are given in Figure 9 below:

2[3]4][s
(0,0,0,—1,0) B EIE
Yl 4
2[3]4]5]
(0,0,-1,1,-1) 1]2]3
S 3
2[3]4 2[3]4]5]
(0,0,-1,0,1) (0,-1,1,0,-1) i[2]3 512
2[3]4] 2[3]4]5]
(0,-1,1,-1,1) (-1,1,0,0,-1) 1[2 1
S 2 S 1
- EIEIEN 2[3]4]s
(0,-1,0,1,0) (-1,1,0,-1,1) (1,0,0,0,-1) 1[2 1
2 S 1 S
% S Q ey
218 2[3]4
(-1,1,-1,1,0) (1,0,0,—1,1) E
S, 1 S
YNy
2 2[3
(-1,0,1,0,0) (1,0,—1,1,0) 1 g
Q ey 1
2
(1,-1,1,0,0)
S,
52
(0,1,0,0,0)

Fig. 9 (WA2,<s) and (F(Pa,), C) of type As

The next corollary follows from Remark 2.16 and Proposition 3.9.

Corollary 3.11. Assume that g is simply-laced. Let A be a minuscule weight of g, and
let (P, <) be the d-complete poset such that (F(Py), C) is isomorphic to (WA, <y) (see
Proposition 3.8). Let (P, <, k, I) be the I-colored d-complete poset, and let f: (WA, <
) = (F(Py), C) be the order isomorphism in Proposition 3.9. For € WX and i € I,

f(si(p) = Si(f(p))-
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For F € F(P\) and i € I, we define ¢;(F) := #{x € F | k(x) = i}. Because A is
minuscule, we see that if there exists the cover relation p — s;(p) in WA, then u(h;) =1
and s;(u) = pu — a;. Hence we have the next corollary.

Corollary 3.12. For p € WA and F = f(u),

p="Y (#(Si(F) = #F))Ai = A= ci(Fai.

i€l iel

For F € F(Py), we define

g(F) =Y (#(Si(F) — #(F)NA =X = > ci(F)as.

iel el

By Corollary 3.12, g : (F(Py), <) = (W), <,) is the inverse of f.
We will use the following proposition later.

Proposition 3.13 ([16, Proposition 8.6]). Keep the notation and setting in Proposition
3.8. Let (Px,<,k,I) be the I-colored d-complete poset. If there exists the covering
relation between x,y € Py, then the color k(x) of x is adjacent to the color k(y) of y in
the Dynkin diagram of g.

4  Order Isomorphism between TWres(\) and F(P))
4.1 Folding of a Lie Algebra

We review the “folding” of a simply-laced finite-dimensional simple Lie algebra; for the
details, see [9, Sections 7.9 and 7.10] and [5, Section 9.5] in example.

Let g be the finite-dimensional simple Lie algebra of type A,,, D, or Eg; we use the
notation in Section 3.1. Let o be a non-trivial graph automorphism of the Dynkin
diagram of g. Denote by (o) the cyclic group generated by o (in the group of permutations
on I), and J the set of (o)-orbits on I. We say that p € J satisfies the orthogonality
condition if a;; = a;; = 0 for all 4, 7 € p with i # j; notice that p € J does not satisfy the
orthogonality condition if and only if g is of type As, and p = {n,n + 1}. It is known
that the graph automorphism o induces a (unique) Lie algebra automorphism of g such
that o(e;) = €@y, 0(fi) = fo(i), o(hi) = ho for i € I; we set g(0) := {z € g|o(x) = z}.
For each p € J, we define Hy,, E,, F,, € g(0) as follows:

(1) If p satisfies the orthogonality condition, then
H, ::Zhi’ E, ::Zei, F, ::Zfi.
1€p 1€Ep 1Ep
(2) If p does not satisfy the orthogonality condition, then
H, ::2th-, E, ::Zei, F, 3:22fi-
1EP 1EP 1EP

Proposition 4.1 (see, e.g., [9, Sections 7.9 and 7.10]). The fixed point subalgebra g(0)

17



1/ 2! 3/ (n — 1) nf 1/ of 3/ 4! 1/ of

Fig. 10 The Dynkin diagram of g, its (non-trivial) graph automorphism o : I — I,
and the Dynkin diagram of the fixed point subalgebra g(0).

is generated by {H,, Ep, F}, } pe s, and is isomorphic to a multiply-laced finite-dimensional
simple Lie algebra; see Figure 10 and Table 4.

type of g Aoy | Aap—1 | Dng1 | Es | Dy
order of o 2 2 2 2 3
type of g(O) Bn Cn Bn F4 G2

Table 4 g, o, and g(0). The vertices of the Dynkin diagram of g(0) are “numbered”
as Figure 10.

Let h(0) be the subspace of h spanned by {H,},cs, which is a Cartan subalgebra
of g(0). Denote by res : b* — b(0)*, u = p|y0), the restriction map, and set f, :=
res(a;) € h(0)* for p € J, where i is an arbitrary element in the (o)-orbit p; note that
By is independent of the choice of 7 € p. The set of simple coroots and the set of simple
roots of g(0) are given by {H,},cs and {5, }pcs, respectively. Denote by A, C h(0)*
the set of positive roots of g(0), and A_ C §(0)* the set of negative roots of g(0). For
p € J, we define 5,(v) := v — v(H,)B, for v € §H(0)*. Then, W := (5, | p € J) is the
Weyl group of g(0).
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For each p € J, we define 5, € W as follows:
(1) If p satisfies the orthogonality condition, then
Sp 1= H Sk.
kep
(2) If p does not satisfy the orthogonality condition, that is, if g is of type A, and
p={n,n + 1} (see also page 17), then
Sp = SpSp+15n = Sn+15nSn+1-

Lemma 4.2. For p € J, 5,(res(u)) = res(5,(p)) for all € b*.

Proof. If p satisfies the orthogonality condition, then we compute

res(8,(w)) = ves | = 3 plhi)ay | = ves() — res(u)(H,) B, = 3, (res(n)).

1ED
If p does not satisfy the orthogonality condition, then we compute

res(8p(p)) = res(p — p(hn + hng1)(om + ang1))
 ves(u) — res(i)(Hy)Bp = 5plres(i).

O

Since o acts on h = @,-; Ch;, o naturally acts also on b* by (o(u))(h) = p(o=*(h))
for p € b* and h € b; we see that o(A;) = Ay(;),0(q;) = ;) for i € I. Notice that
os;c”l = Sq(;) for i € I in GL(h*). Hence, oWo™l CW.

Proposition 4.3 ([5, Proposition 9.17]). Set W := {w € W | owo~! = w}. There is a
group isomorphism from W onto W such that 3, — 5,. Therefore W is the subgroup of
W generated by {8, },e-

Remark 4.4. Because W and W are generated by {5p}pes and {5,},es, we see by
Lemma 4.2 that res(WW\) = Wres(\) for every (dominant) integral weight .

Let A, € h(0)*(p € J) be the fundamental weights of g(0). We can easily show the
following lemma.

Lemma 4.5. Let p € J, and 7 € p.

(1) If p satisfies the orthogonality condition, then res(A;) = A,,.
(2) If p does not satisfy the orthogonality condition, then res(A;) = 2A,,.

Lemma 4.6. Let A be a dominant integral weight of g, and let uq, s € WA If res(py) =

res(uz), then gy = po. Therefore the map res|y;, : WX — Wres()) is bijective (see
Remark 4.4).

Proof. For each 7 = 1,2, let w; € W be such that Wi = w; A\, and let w; € W be such
that res o w; = w; ores (see Lemma 4.2). We have wires(\) = res(wi\) = res(puy) =
res(ug) = res(waA) = wares(A). Since res(A) is a dominant integral weight for g(0) by
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Lemma 4.5, it follows that w; 'ty € (5, | (res(\))(H,) = 0), and hence w; "y € (5, |
(res(N))(Hp) = 0). Observe that (res(A))(H,) = 0 if and only if A(h;) = 0 for all i € p.
Thus we obtain wl—le(A) = )\, and hence g1 = Wi A = WA = po, as desired. O

Notice that o preserves A and Ay, A_.
Lemma 4.7. Let A be a dominant integral weight of g.

(1) For each € W and p € J, either u(h;) > 0 for all i € p or u(h;) < 0 for all
1 ED.
(2) For each € WX and p € J, if u(h;) > 0 (resp., u(h;) < 0) for some i € p, then
<y Sp(p) (resp., >y Sp(p)).
Proof. (1) Let w € W be such that p = w\. Because u(h;) = (wA)(h;) = Mw™'h;) =
AM(w™ta;)Y), and because ) is a dominant integral weight, it suffices to show that either
wla; € Ay foralli € porwta; € A_foralliep If wla; € Ay (resp., wla; €
A_) for some i € p, then wla, ) = wloa; = ow ey € Ay (resp., € wla; € AL).
Since p is a (o)-orbit, the assertion above follows.

(2) We give a proof only for the case that u(h;) > 0 for some i € p, and #p = 2;
the proofs for the other cases are similar. Since p(h;) > 0, it follows that u <, s;(p).
If p = {i,5}, then we see by part (1) that pu(h;) > 0. Assume that p satisfies the
orthogonality condition. Then,

si5i (1) = sj(p — p(hi)ag) = s5(p) — p(hi)s;()
= p— p(hy)oy — plhs)ai = si(pn) — plhj)ay 2w si(p).

Thus we obtain g <y si(p) <w $;8i(1) = 8p(1), as desired. Assume that p does not
satisfy the orthogonality condition. Then,

sjsi(p) = (u p(hi)og) = s5(p) — pu(hi)s;(ou)
= p— p(hy)ay — p(hi)(ei +az) = p— p(hi)ei — p(hi)ay — p(hy)oy
= ( ) — m(hi)o — p(hy)og > si(1),

sisjsi(p) = si(si(n) — p(hi + hj)ag) = —Sz( (hi + hj)ej)
= u—u(h-+h-)(ai+ag‘) phi)o — p(hy)ai — p(hi + hy)a
w it — p(hi)os — pu(hi + hy; ) = s58i(p).
Thus we obtain p <, s;(1) <w sj8i(1t) <w 5i5;8i(p) = 8p(1), as desired. O

Definition 4.8. We set Q1 := >, ; Z>oc;. For v =} .., msa; € Q4, we define the
height ht(v) of v by ht(v) := > ,.;m;. Similarly, we set Qy = > pes L>o0Bp. For
§=2 pcsmpbp € Q., we define the height ht(£) of £ by ht(£) := > e M

Lemma 4.9. Let A be a dominant integral weight, and 1, uo € WA. Then, pu1 <, po if
and only if res(pq) <g res(usz).

Proof. First, we show the “if” part. We see that res()\) — res(uz) € Q4 since res(\) is
dominant and res(p2) € Wres(A). We show the assertion by induction on A := ht(res(A)—
res(pz)). If h = 0, then res(ue) = res(A). Because res(\) — res(u1) € Q4+, and because
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res(p1) — res(\) = res(u1) — res(uz) € Q4 by the definition of <, on Wres(\), we get
res(pq) = res(A). Now, for i = 1,2, we see that A — u; € Q4. Since res()\ pi) = res(A) —
res(u;) = res(A) —res(A) = 0, we deduce that A = ;. Thus, we obtain p = A <g A = pio.

Assume that i > 0. In this case, there exists p € J such that res(uz)(H,) < 0, because
res(\) is a unique dominant integral weight in TWres(\); note that ht(res(\) —§,res(u2)) <
h. Here, we give a proof only for the case that p = {i,7} with i # j, and p satisfies the
orthogonality condition; the proofs for the other cases are similar. If res(uq)(Hp) > 0,
then we get res(p1) <s §pres(uz) by Proposition 3.3 (1). By the induction hypothesis, it
follows that p; <s §,(u2). Because pa(h; +h;) = res(u2)(Hy ) < 0, we see by Lemma 4.7
that 8,(p2) = s;jsi(p2) <s si(p2) <s po. Thus we obtain pq <g po. If res(uq)(Hp) <0,
then we get 5,res(p1) <s Spres(uz) by Proposition 3.3 (3). By the induction hypothesis, it
follows that §,(u1) <s §,(p2). Similarly to the case above, we deduce that §,(ug)(hi) <0
and s;5,(px)(hj) < 0for k = 1,2. By Proposition 3.3 (4), we obtain s;5,(11) <s s:8p(12),
and then p; = s;5;8,(111) <s 5;5:8p(p2) = 2, as desired.

Next, we show the “only if” part by the induction on h := ht(A — ug). If A = 0, then
we see by the same argument as above that u; = ps = A. Hence, res(u1) <s res(us).
Assume that A > 0. Then there exists i € I such that us(h;) < 0. Let p € J be such that
i € p. Here, we give a proof only for the case that p = {i,7} with i # j, and p satisfies
the orthogonality condition; the proofs for the other cases are similar. By Lemma 4.7,
pa(h;) < 0and 5,(p2) = s;8:(p2) <s si(p2) <s p2; note that ht(A—5,(u2)) < h. Assume
that uq(h;) > 0. It follows from Proposition 3.3 (1) that p; <s s;(us2). Also, we see by
Lemma 4.7 (1) that pq(h;) > 0. By Proposition 3.3 (1), we get 1 <g sjs;(p2) = 5p(p2).
By the induction hypothesis, it follows that res(u1) <5 Spres(us). Because res(us)(Hp) =
pa(h; + hj) < 0, we have §pres(pa) <s res(uz2), and hence res(p1) <g res(uz). Assume
that pi(h;) < 0. It follows from Proposition 3.3 (3) that s;(u1) <s si(u2). Also, we
see by Lemma 4.7 (2) that (s;(¢1))(h;) < 0. By Proposition 3.3 (3), we get §,(p1) =
sjsi(p1) <s s;8i(p2) = 5p(p2). By the induction hypothesis, it follows that §pres(u1) <s
Spres(pe). Because res(u1)(H,) < 0 and res(ug)(Hp) < 0, we obtain res(p) <, res(u2)
by Proposition 3.3 (4), as desired. O

4.2 J-colored d-complete Poset

Let g be a simply-laced finite-dimensional Lie algebra, and let ¢ be a non-trivial graph
automorphsim of the Dynkin diagram of g (see Figure 10). Let A be a minuscule weight
of g. Recall from Proposition 3.8 that there exists a connected self-dual d-complete poset
(P, <) such that (WA, <) and (F(Py), <) are isomorphic. Let (Py,<,k,I) be the I-
colored d-complete poset (see the comment after Proposition 3.8). By Proposition 3.9
and Corollary 3.11, there exists a unique order isomorphism f : (WA, <,) = (F(Py), )
such that f(s;(n)) = Si(f(n)) for all p € WA and i € I. Because the map res|;,, :
WA — Wres()) is bijective (see Lemma 4.6), we can define a map f : Wres(\) — F(Py)
by the following commutative diagram (4.1):
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WA f
Ul

Wuﬂm(HME) (4.1)
res i O
Wres(\) /

We define F(Py) :=Im(f) C F(Py) (see also (4.3) below).

Definition 4.10. Keep the setting above. We define a map & : Py — J to be the
composition of k : Py — I and the canonical projection I — .J. We call the colored poset
(P, <,R,J) the J-colored d-complete poset corresponding to g(0) and res(\).

For F' € F(Py) and p € J, we define ¢,(F) := #{zx € F' | k(z) = p}. By Corollary
3.12, it follows that for € WA and F = f(u),

res(p) = res(\) — Z (Z cZ(F)> » = res(\) — Z ép(F)p

peJ \1€p peJ

We define g : F(Py) — Wres()\) by

G(F) :==res(A) = > _ & (F)B,

peJ

for ' € F(Py). It can be easily checked that § is the inverse of f.

Denote by A,, R,, S, : F(Py) — F(Py) (p € J) the maps in Definition 2.10 for the J-
colored d-complete poset (Py,<,&,J). Also, we define the order <Jon F (Py) in exactly
the same way as Definition 2.14. Namely, for F, F’ € F(Py), F < F' if there exists
a sequence of order filters F' = Fy, Fy,...,F,_1,F, = F’ in F(P)) such that for each
i € {0,1,...,n — 1}, there exists p; € J such that S, (F;) = F;11 D F;.

Theorem 4.11. Keep the notation and setting above.
(1) The poset (Wres(
f: Wres(\) — F(Py

)

)- N

(2) The poset (Wres( ), <s) is isomorphic to the poset (F(Py), <) under the map
f: Wres(\) = F(Py).

,<w) is isomorphic to the poset (F(Py),<) under the map

Example 4.12. Let g be of type A;, and A\ = Ay. Recall from Example 3.10 that
the corresponding (connected, self-dual) d-complete poset Py, is Y5 4, and the I-colored
d-complete poset (Py,,<,k,I) is the left diagram in Figure 7. In this case, g(0) is of
type Cs, and res(Ag) = Ay The J-colored d-complete poset (Py,, <, #,J) is below. The
Hasse diagrams of (W Ay, <,,) and (F(Py,), <) (resp., (WAy, <) and (F(Py,), C)) are
given in Figure 11 (resp., Figure 12).
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g A g(0) res(\) Py
Agp_y A, ... A, C, Ay Ay Shape
Aoy | Aty A1 Ay | By | Ay A1y, 24, Shape
D1 A B, Ay Inset
D1 A, B, A,y Shifted Shape
F Ay Fy Ay Swivel

Dy A G5 Ay Shifted Shape

Table 5 Correspondence between g, A, g(0), res(\), and P

2/|3[2/]1”
(0,—-1,0) 1/[2[3[2’
\52/ 2/
2/[3]2"]1/]
(-1,1,-1) o T PY EY
S ’ ’
81/ \3/ 1 3
2/[3']27 2/[3]2"]1/]
(1,0,-1) (-1,-1,1) Vs o o /]! ~
\3/ S:V \2/ \€3/ Sl’ 2/
2[3/]27] 2/[3]2"]1/]
(1,-2,1) (~2,1,0) L7 1
52/ §1/ SQ/ Sl/
2/ 3/| Hallo/
(-1,2, (2,-1,0) g NG - g 22
83 l/ 82 3/ 1/ 2/
i
2/]3’
(—1,0,1) (1,1,-1) I N
\51' 53/ 1S3
’
(1,—1,1) - 2
32/ SZ,
(0,1,0)

Fig. 11 (WAy, <) and (F(Pa,), <) of type Cs

4.3 Proof of Theorem 4.11

Keep the notation and setting in the previous section.
Definition 4.13. For p € J, we define S, : F(Py) — F(Py) as follows:
(1) If p satisfies the orthogonality condition, then

Sp =[] Sk;

23



2/|3/[2/]1’
(0,-1,0) T
\ 2/[37]2"]1/
(-1,1,-1) o'l
/ \ 2/[3]2’ 2/[3’]2Ti]
(1,0,-1) (-1,-1,1) 1/]2"]3’ 1|2’
\ / \ 2/[3]2’ 2/[3’]2Th]
(1,-2,1) (-2,1,0)
(-1,2, (2,—-1,0)
(-1,0,1) -1)
(1,-1,1)
(0,1,0)

Fig. 12 (WAy, <) and (F(Pa,), C) of type C3

we see by Lemma 3.11 that gp does not depend on the order of the product of
Sk’S.

(2) If p does not satisfy the orthogonality condition, that is, if g is of type As, and
p={n,n+ 1} (see page 17), then

Sp = SnSn+1Sn = Sn+1SnSn+1;
the second equality follows from Lemma 3.11, together with s,s,115, =
Sn+1SnSn+1-
We need the following fact to prove Lemma 4.15 below.

Proposition 4.14 ([7, page 23]). Let P be an arbitrary poset, and let F' € F(P) be an
order filter of P.

(1) For x € F, x is a minimal element of F if and only if F'\ {x} is an order filter.
(2) For z € F, z is a maximal element of P\ F' if and only if F U {z} is an order
filter.

Lemma 4.15. Let p € WA, and set F':= f(u) € F(Py). It holds that
S,(F) = S,(F) for all p € J. (4.2)

Proof. First, we assume that p € J satisfies the orthogonality condition. The case that

24



#p = 1 is easy. Assume that #p = 2 (the proof for the case that #p = 3 is similar). Let
we write p as: p = {i,j}, with 4,5 € I,i # j. We deduce by Lemma 2.15 that for each
kep={i,j}, Sk(F) satisfies one of the following:

(1) Sg(F) = Ag(F) = F U{xy} for some z} € Py \ F; in this case, Ry (F) = F.
(ii) Sk(F) = Ri(F) = F \ {z1} for some z, € F; in this case, Ax(F) = F.
(it]) Sy(F) = Ax(F) = Ry(F) = F.

Here, we give a proof only for the case that both S;(F) and S;(F) satisfy (i); the proofs
for the other cases are similar. In this case, there exist x;,z; € Py \ F such that
Si(F) = FU{z;} and S;(F) = FU{x,}; note that x(z;) = i and x(x;) = j. By Definition
413, we have S](F (] {:L‘l}) = S]SZ(F) = SZS](F) = SZ(F LJ {ZL‘]}) Since IQ(ZL‘Z) =4 and
i # j, we see from the definition of S; that when we apply S; to F'U {x;}, x; is not
removed. Hence, x; € S;(F U {z;}) = 5;5;(F). Similarly, ; € 5;5;(F). Since the
symmetric difference of S;5;(F) and F has at most two element by Lemma 2.15, we see
that S;5;(F) = FU{x;}U{x;}. Therefore, it suffices to show that S,(F) = FU{z;}U{x;}.

Suppose, for a contradiction, that F' 2 RP(F ). Let y be a minimal element of F’ \RP(F ).
Because Rp(F ) is an order filter by the definition of ]%p, we deduce that y is a minimal
element of F. Hence, by Proposition 4.14 (1), F'\ {y} is an order filter of Py. Note that
k(y) = p, and recall that #(y) = p if and only if k(y) = 7 or k(y) = j. Assume that
#(y) = i. Since F\{y} is an order filter of Py satisfying F\ (F\{y}) = {y} C s~ 1({i}), we
see by the definition of R; that R;(F') # F. Similarly, if x(y) = j, then R;(F') # F. Thus
we conclude that R;(F) # F or R;(F) # F. However, this contradicts the assumption
that both S;(F) and S;(F) satisfy (i). Therefore, R,(F) = F, and hence S,(F) = A,(F).
Since FLU{z;}U{z;} = S;Si(F) is an order filter of Py, we sce by the definition of A, (F)
that F U {z;} U{z;} C A,(F) = S,(F).

Suppose, for a contradiction, that S,(F) 2 FU{z;}U{z;}. Since FU{z;}, FU{x;} €
F(Py), it follows from Proposition 4.14 (1) that z; and x; are minimal elements of
F U {z;} U{z;}. Let z be a maximal element of S,(F)\ (F U {z;} U{z;}); note that
R(z) = p, which implies that k(z) € p = {i,75}. If z and x; are comparable, then z — z;
because F'U{x;}L{x;} is an order filter, and z; is a minimal element of FU{x;}U{x;} as
seen above. By Proposition 3.13, x(z) € {i,j} and x(x;) =i are adjacent in the Dynkin
diagram of g. However, this contradicts that p satisfies the orthogonality condition. Thus,
z and x; are incomparable. Similarly, we can show that z and z; are incomparable. Thus,
2 is a maximal element of S,(F)\ F. Since S,(F) is an order filter of Py, we see that z is
a maximal element of Py \ F'. Hence, by Proposition 4.14 (2), FU{z} is an order filter of
Py. Since k(z) € p = {i,j}, we see by the definitions of A; and A; that z is contained in
either A;(F) or A;(F). However, this contradicts the assumption that both S;(F) and
S;(F) satisfy (i). Therefore, we obtain F U {z;} U {z;} = S,(F), as desired.

Next, we assume that p does not satisfy the orthogonality condition, that is, g is of
type Ao, and p = {n,n + 1}. Let A = A;. In this case, the corresponding d-complete
poset Py is Y; on—it1 (see Example 2.7 (1)), and its I-coloring k : Py — I is given as
follows (see also Figure 7):
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* n n+1 | n+2 | n+3 *
(P, <,k,I)=| % | ... |n=1| n |n+l|nt2| ... | x

* n—2 | n—1 n n+1 *

1 * * * * cee Pn—it1

In this proof, the boxes having the color n or n + 1 are important; if 1 < i < n (resp.,
n+1 < i< 2n), then k1 ({n}) = {(1,n—i+1),(2,n—i+2),...,(i,n)} and s~ ({n+1}) =
{(1,7’L — i+ 2)7 (2,’/’L -1+ 3)7 SERE) (27'” + 1)} (I‘esp., ’i_l({n}) = {('L —-n+1, 1)7 (Z —n+
2,2),...,(n+1,2n—i+1)} and k1 ({n+1}) = {(i—n, 1), (i—n+1,2),..., (n,2n—i+1)}).
Notice that the subset k= 1({n,n + 1}) C P is a totally order set. Similarly to the case
that p satisfies the orthogonality condition, each of S, (F) and S,1(F') satisfies one of
(i),(ii),(iii). Suppose, for a contradiction, that both S,,(F') and S,, 11 (F') satisfy (i). Then,
there exist z,,z,,1 such that both x, and z,,; are maximal elements of Py \ F, and
k(xy,) = n, k(x,y1) = n + 1. However, this contradict the fact that k= 1({n,n + 1}) is a
totally order set. Therefore, the case that both S, (F) and S,,+1(F) satisfy (i) does not
happen. Similarly, we deduce that the case that both S, (F) and S, 41 (F) satisfy (ii)
does not happen. So, it suffices to consider the other 7 cases.

Now, we give a proof only for the case that S, (F) satisfies (i), and S,,11(F') satisfies
(iii); the proofs for the other cases are similar. Then, under the description mentioned
at the end of Section 2, F' has a “block” of the following form:

Here, each element corresponding to the right-gray box (with the color n+ 3 or n — 2) is
not necessarily an element of F'. Then, S,(F) and S,(F) are as follows:
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~§D>

- SnSn+1 Sn

= SnSn—l—l

Thus we obtain S,(F) = S,(F), as desired.

27




Lemma 4.16. For € W and p € J,

F(3p(res(n)) = Sp(f(res(n))).

In particular,

F(Py) = {Sp, -+ Sp,Sp, (F(N) [n > 0,pr, € J(1 <k <)} (4.3)
Proof. We compute that
F(sp(res(u))) = Fres(s,(1n)))  (by Lemma 4.2)
= f(5, (1) (by the definition of f)
= S,(f(p) (by Corollary 3.11)
= S, (f(res(p))) (by the definition of f)
= S, (f(res(p))) (by Lemma 4.15).

O

Proof of Theorem 4.11. (1) By the definitions of <,, and <, it suffices to show that for
p€ WA and p e J, res(p) <o 5p(res(u)) if and only if f(res(p)) < S,(f(res(p))).
First, we assume that res(u) <., Sp(res(p)) = res(s,(n)). Because res(p)(Hp) > 0, there
exists ¢ € p such that p(h;) > 0. Then we deduce by Lemma 4.7(2) that p <, $p(p)
n (WA, <,). By the definition of <,, and <, we have pu <s §,(n) in (WA, <;). So we
compute

£() € Sy (by Proposition 3.8)
= Sp(f(w)) (by Corollary 3.11)
= 5, (f(res(p))) (by the definition of f and Lemma 4.15).

Therefore, we obtain f(res(u)) < S,(f (res( ))), as desire.

Next, we assume that f(res(u)) Sp(f(res(n))). Then we have flres(n)) <

Sp(f(ves(n))). Since f(res(n)) = f(u) and Sp(f(res(n))) = f(8p(n)) as seen above, we
get f(n) € f(5,(n)). Hence, by Proposition 3.8, p <5 §,(p) in (WA, <g). Write §,(u)
as: Sp(p) = p— D e, miqy; since p <y 8,(p), we see that m; > 0 for all ¢ € I, and
m =) ., m; > 0. Because sp(res(ut)) = res(u) — mp3,, we obtain res(p) <y Sp(res(u)),
as desire.

(2) For pu1, pa € WA, We deduce

res(py) <s res(ps)
Sy <s o2 (by Lemma 4.9)
< flur) C fu2) (by Proposition 3.8)
& f(res(u)) C f(res(ua)) (by the definition of f).
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5 Explicit Description of F(Py)

Keep the notation and setting in Section 4.2. We give an explicit description of F (Py) in
the case that g is of type A,; in fact, our description, Theorem 5.4 below, and its proof
are essentially restatements of [12, Theorem 1.1 and its proof|; however, we give a proof
(in terms of our notation) for the convenience of the readers.

Assume that g is of type A, and A = A,,, with 1 <m < (n+1)/2. We regard Py as a
rectangular Young diagram Y, ,—m+1 (see Example 2.7). Note that x((i,7)) =j—i+m
and £((7,7)) = (min{j — i+ m,i —j+n—m+1})".

For i,j,p € Z, we st [i,j] := {k € Z | i <k < j} and (") := {T C [i, j] | #I = p}.

Definition 5.1. Let Y = (k1,...,kn) € F(Ymn—m+1). Weset Z(Y) := {k;+m+1—i |

ie[l,m},Z(Y) :={n+2—i|ieZ(Y)}. Observe that the map Z : F(Yin n—m+1) —
() Y s Z(Y), is a bijection.

m

Lemma 5.2. Let Y € F(Yn—m+1), and k € [1,n]. Then,

(1) keZ(Y) and k+ 1 ¢ Z(Y) if and only if Si(Y) DY
(2) k¢Z(Y) and k+ 1 € Z(Y) if and only if Si(Y) C Y
(3) kyk+1e€Z(Y)or k,k+1¢Z(Y) if and only if Si(Y) =Y.

Proof. Notice that for Y € F(Yiun—m+1) and k& € [1,n], Si(Y) satisfies one of the
following (see Lemma 2.15 and Corollary 3.11):

(i) Sk(Y)=Ar(Y) =Y U{(4,7)} for some (i,5) € Vi n—m+1 \ Y.
(i) Sp(Y)=Rr(Y) =Y \ {(¢,7)} for some (i,75) € Y.
(iii) Sk(Y)=Ap(Y)=Re(Y) =Y.

)

(1) First, we show the “only if” part. Because k € Z(Y'), there exists i € [1,m] such
that k = k; + m + 1 —i. Then we see that (i,k;) = (i,k—m—1+1i) €Y ork; =0. In
both cases, we get (i,k —m + i) € Y. Note that k(i,k — m + i) = k. If ¢ = 1, then we
get YU{(i,k—m+1)} € F(Ymn-mt1) and Sp(Y) =Y U{(i,k—m+4)} DY. Ifi > 1,
thenk; 1 +m+1—(i—1)>k+1byk+1¢&Z(Y). Thus we have k —m +i < k;_1
and (i — 1,k —m+1i) € Y. Hence we get Y U{(i,k —m+1)} € F(Yin—m+1) and
Sc(Y)=YUu{(i,k—m+1i)}DY.

Next, we show the “if” part. Because Sk(Y) DY, there exists (i,j) € Si(Y') such that
Se(Y) =Y U{(¢,7)} and k(i,j) = j —i+ m = k. Then we see that (i, —1) € Y or
j—1=0. In both cases, we get k; = j—1 = i—m-+k—1. Hence, k = k;+m+1—i € Z(Y).
If i = 1, then max(Z(Y)) = k, and hence k + 1 ¢ Z(Y). If i > 1, then (i — 1,5) € Y and
ki—1 > j. Thus we obtain k,_1 +m+1—(i—1)>j+m+1—i+1=Fk+2, which
implies that £k +1 ¢ Z(Y).

(2) Similar to part (1).

(3) Since Si(Y') satisfies one of (i)-(iii), the assertion is obvious from parts (1) and
(2). O

Remark 5.3. By Lemma 5.2, if k € Z(Y) and k+ 1 & Z(Y'), then k ¢ Z(S,(Y)) and
k+1 € Z(Sk(Y)). Moreover, either k' € Z(Y), k' € Z(Sx(Y)) or k' € Z(Y), k' & Z(Sx(Y))
for k¥ € [1,n + 1] with k" # k, k + 1.

For n € Z~o and m € Z~ such that 1 < m < (n+1)/2, we set SS(Ym n—m+1) =
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{Y € I(Ym,n—m+1) | I(Y) HI(Y> = Q}
Theorem 5.4 (cf. [12, Theorem 1.1]). Tt holds that F(Yrnn-mi1) = SSYimn—mi1)-

Proof. We will show that Y € ]:( mmn—m—+1) if and only if Y € SS(Y n—m+1) by
induction on #Y. If #Y =0, then Y = (. Tt is obvious that § € F(Y, momn—m+1). Also,
because I(0) = {1,2,. m}and[()—{n+1n n+2—m}, withm <n+2—m,
it follows that Z(0) N (@) = (), and hence 0 € SS(Yp, n—m+1)-

Assume that #Y > 0. First, we will show the “only if” part. Because Y # 0,
there exists p € J such that S,(Y) C Y. Since Y € F(Vyp_ “m+1), we have S,(Y) €
F(Ymn—mt1). By the induction hypothesis, it follows that S,(Y) € SS(Yim.n—mi1)-
Here, we give a proof only for the case that #p = 2; the proof for the case that #p =1
is similar (and simpler). Assume that p satisfies the orthogonality condition. We write
pas: p={i,n+1—4} withi # n+1—1i. By Lemma 4.7, S,(Y) satisfies one of the
following;:

(i) Sjp(y) C stj (Y), p(Y) Sn+1- zg (Y).

(i) 5p(Y) = 5i85(Y), 5p(Y) € Sur15,(Y).

(iit) Sp(Y) C Si5,(Y), Sp(Y) C Spy1-iSp(Y).
We see by Lemma 5.2 that (i) (resp., (ii), (iii)) holds if and only if the following (i)’
(resp., (ii)’, (iii)’) holds:

(i) i e:f@ ()i +1 ¢ TE(V)n+1—i € TS, (V) +2— i € T(5,(Y)).

(i) € T(Sp(V)i+1 € TSy (Y))n+1—i € T(Sp(Y))yn+2 —i € T(Sy(Y)).

(iti) i € Z(Sp(Y)),i + 1 € Z(S,(Y)),n+1—1i € Z(S,(Y)),n + 2 — i € Z(S,(Y)).
Moreover, it can be easily checked that (i)’ (resp., (ii)’, (iii)’) holds if and only if the

following (i)” (resp., (ii)”, (iii)”) holds:

(i) zgzz( ), i+1€eZ(Y),n+1—i@I(Y),n+2—igI(Y),
(i) i g Z(Y),i+1¢Z(Y),n+1—igZ(Y),n+2—ieZ(Y),
(iii)” ngI( ) i+1eZ(Y),n+1—ieZ(Y),n+2—icI(Y).

By Remark 5.3, we obtain ¥ € SS(Y,n—m+1) for any cases. Assume that p does
not satisfy the orthogonahty condition; in this case, n is even, and p = {i,i + 1} with
i = n/2. By Lemmas 4.7 and 5.2, S‘p(Y) satisfies i € Z(S,(Y)),i+ 1 ¢ Z(S,(Y)), and
i+2¢Z(S,(Y)). Also, Y satisfies i ¢ Z(Y),i+1 ¢ Z(Y), and i +2 € Z(Y). Thus we
obtain Y € SS( o — m+1) as desired.

Next, we will show the “if” part. Because Y # (), there exists k € [1,n] such that
kg Z(Y)and k+1 € Z(Y); weset p:={k,n+1—k} € J. Let Y € F(Yinn—m+1)
be such that Z(Y') = Z(Y) U {k} \ {k + 1}; note that #Y’ = #Y — 1. Assume that
n+2—k¢Z(Y'). By Remark 5.3, we have Y’ € SS(Y..n—m+1). By the induction
hypothesis, it follows that Y’ € F(Ypun_ms1). Notice that n/2 + 1 ¢ Z(Y), because
n+2—(n/2+1) =n/2+1. Because k+1 € Z(Y), we have n+1—k # k+1. Also, because
keZ(Y')and n+2—k ¢ Z(Y'), we have k # n+2—k, and hence n+1—k # k—1. Thus, p
satisfies the orthogonality condition. If #p = 1, then p = {k}, and S,(Y') = Si(Y") =Y
by Lemma 5.2. If #p =2, then k #n+1—k and {k,k+1}N{n+1—-k,n+2—-k} =0,
which implies that n +2 — k ¢ Z(Y') by Remark 5.3, and n +1 — k ¢ Z(Y') by Lemmas
4.7 and 5.2. Hence we have S,(Y’") = Spi1_£Sk(Y’') = Spy1_1(Y) =Y. In both cases,
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we obtain Y € F(Ypn_my1). Assume that n+2 —k € Z(Y'). Let Y € F(Ymm—ms1)
be such that Z(Y") = Z(Y')U{n+ 1 — k} \ {n + 2 — k}; note that #Y"” = #Y’ — 1.
Because n+2 - (n+1—k) =k+1 ¢ Z(Y), we have Y € SS(Yo.n—m+1). By the
induction hypothesis, it follows that Y € F(Ypn_mi1). Because #Y” = #Y — 2,
we have #p = 2. We see by Lemmas 4.7 and 5.2 that if p satisfies the orthogonality
condition, then S,(Y”) = SpSni1_#(Y") = Si(Y’) = Y. If p does not satisfy the
orthogonality condition, then n +1 — k = k — 1. Thus we obtain k — 1 € Z(Y"),
kk+1¢Z(Y"), and hence S,(Y") = Sp_1SkSk_1(Y") = Sx_1Y =Y. In both cases,
we obtain Y € ﬁ(Ymm_mH), as desired. O

6 The Rules of MHRG(m, n)

6.1 Impartial Combinatorial Games

Combinatorial games satisfy the requirements stated below. One should consult with
Berlekamp, Conway, and Guy [3] for the classical introduction to such games. See Conway
[6] and Siegel [21] for more advanced treatments.

A combinatorial game is played by two players (we will call them “A” and “B”).
Two players alternate in making a move.

There are no chance elements (no moves are determined by rolling dice, etc.).
No position can appear more than once during a game. And, in particular,
combinatorial games are “short games”-they always end following a finite number
of moves.

In addition, if both players have the same set of options in each position, then the game
is an impartial combinatorial game. As previously mentioned, MHRG(m,n) is such a
game.

Given an impartial combinatorial game G, a game position is called an N -position
(resp., P-position) if the next (resp., previous) player has a winning strategy, and each
game position is either an N -position or a P-position. Additionally, if G is an N -position,
then there exists a move from G to a P-position. If G is a P-position, then there exists
no move from G to a P-position (see [3], [21]).

Let G be an impartial game and set

C(G) = {G' | G’ is a game position of G} (of course G € C(G)).
If G’ is an option of G, then we write G — G’, and we set
0(G)={G"|G— G} (O(G) CC(Q)).

A transition from G to G’ is, by definition, a sequence G = Gy, G1,...,Gr = G,k € Z>,
of game positions in C(G) such that

G=Gy—G — - —=G,=0G".
Definition 6.1. Let G and H be impartial combinatorial games. If there exists a

bijection f : C(G) — C(H) such that f(O(G’)) = O(f(G")) for all G’ € C(G), then we

say that GG is isomorphic to H, and we call f an isomorphism from G to H. In other
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words, G is isomorphic to H if G and H have identical game trees [2].

Definition 6.2. For any proper subset 7" of Z>(, we define the minimal excluded number
mex(T") as follows:
mex(7T") = min(Z>o \ T).

We recall the G-value (or Sprague-Grundy value) of a position in an impartial combi-
natorial game.

Definition 6.3. Let G be a game position. We define G(G) € Z>¢, called the G-value
(or Sprague-Grundy value) of G, by

G(G) = mex{G(G") | G — '}

The following theorem is well-known.

Proposition 6.4 (|21, Chapter IV]). For a game position G, G(G) = 0 if and only if G
is a P-position.

The following proposition can be easily shown.

Proposition 6.5. Let G and H be impartial combinatorial games. If there exists a
bijection f : C(G) — C(H), then G(G") = G(f(G")) for all G € C(G).

6.2 Unimodal Numbering of a Rectangular Young Diagram

For a Young diagram Y, a map « : Y — Z~ is called a numbering of Y. For a box
(i,j) € Y, if a(i,j) = x, then we say that the box (i,j) has the number x. Let Y be
a Young diagram with a numbering a. For a subset X of Y, we set A, (X) = [a(7,]) |
(i,j) € X|, where [z1,...,zN] denotes the multiset consisting of z1,...,zN.

Let m,n € Zso. For Y € F(Y,, ), we define a special numbering o, , : ¥ — Zxo,
called the unimodal numbering of Y, as follows: For (i,j) € Y, we set am, ,(i,7) =
min{j —i+m,i —j+n} € Zso. In what follows, the boxes in Y € F(Y,, ) are always
numbered by the unimodal numbering o, .

3121 31413121
3132 2134
21313 11213

Fig. 13 unimodal numberings

Remark 6.6. Let Y € F(Y,, ). By the definition of unimodal numbering oy, ,,, we can
easily check the following.

(1) If Y contains the box (m, 1), then it has the number 1. If Y contains the box
(1,n), then it has the number 1.

(2) The boxes (i,7) and (i + 1,j + 1) have the same number (if they exist in Y').

(3) The maximum value of a1, : Yoy n = Zso is equal to Gy := [(n+m)/2], where
|z] :=max{y € Z |y <z} for x € R.
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Remark 6.7. Assume that g is of type A,, and A = A, with 1 < m < (n+1)/2. As
mentioned in Section 5, we regard P, as a rectangular Young diagram Y;, n—m+1. Then
it holds that £(i,j) = (min{j — i +m,i —j+n—m+1})" for (i,5) € Yinn—m+1. Thus
we have %(i,7) = (m,n—m+1(¢,7))". Thus we can regard the J-colored d-complete poset
(P, <,R,J) as the rectangular Young diagram Y, ,,_,4+1 with the unimodal numbering

O n—m+1-

6.3 Rules of the Multiple Hook Removing Game
In this subsection, we explain the rules of MHRG(m,n).
Definition 6.8. For a box (i, j) of a Young diagram Y,

h(i,§) = hy (i,5) = {(, )} L{(@,5) € Y | i >} u{(i,5) € Y | j' > j}
is called the hook (in Y') corresponding to the box (i, j).

Definition 6.9. For a box (i,j) of a Young diagram Y, we remove the hook hy (i, )
corresponding to the box (7, j) as follows:

1. Remove each box in the hook hy (i, 7).
2. Move each box (i, 5') satisfying ¢/ > i and j' > j to (i’ — 1,5’ — 1).

We denote by Y \ hy (i,7) the Young diagram obtained by removing the hook hy (i, 7)
corresponding to the box (7, j) from Y.

Example 6.10. If we remove the hook corresponding to the box (2,2) from the Young
diagram Y = (6,6,5,3,3), then we get Y’ =Y \ hy(2,2) = (6,4,2,2,1).

7\

Definition 6.11. Let m,n € Z~o. MHRG(m,n) is an impartial combinatorial game
whose rules are as follows:

(M1) The starting position is a rectangular Young diagram Y, , with the unimodal
numbering «, ,. All game positions are Young diagrams Y contained in Y with
a numbering o, »|y.

(M2) Given a Young diagram Y with the numbering ., » |y, each player chooses a box
in Y and removes the hook h corresponding to the box on his/her turn. Let
Aa,,... (h) be the multiset of the numbers (in boxes) in the hook h, and let Y’ be
the Young diagram obtained by removing h from Y, with the numbering o, »|y.

(M2a) If there does not exist any box in Y’ whose corresponding hook h’ satisfies
Aa,. (1) = Aa,. . (h) as multisets, then the player’s turn is over, and the
next player is given Y.

(M2b) If there exists a box in Y’ whose corresponding hook A’ satisfies Ay, , (h') =
Aa,, .. (h), then the player must choose one such boxes, and remove the hook A’
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corresponding to the box. Let Y be the Young diagram obtained by removing
h' from Y’ with the numbering o, » |y .
(M2c) Do the same operation as (M2a) and (M2b), with Y’ replaced by Y. As long
as such a box exists, repeat this operation.
(M3) The winner is the player who removes the last remaining hook in the diagram.

For an example, see Example 1.2 in Introduction.

7 Diagonal Expressions for Young Diagrams and Hooks

The diagonal expression for Y € F(Y,, ) is now defined in terms of the following ele-
ments.

Let a € ZZIJ"H be given by a = (a—_m,a—m+1,-..,a,), where we call aj the k-
th component of @ for —m < k < n. For —m < i < 0 (resp., 0 < i < n), we say
that the pair (a;_1,a;) satisfies the adjacency requirement if 0 < a; — a;—1 < 1 (resp.,
0 < a;—1 —a; <1). Additionally, we say that a satisfies the adjacency requirement if
(a;—1,a;) satisfies the adjacency requirement for all —m < i < n.

For m,n € Z-o, let Dy, ,, C nggrnﬂ denote the set of all elements @ = (a—_y,,...,a,) €
Zg&r "t with a_,, = a, = 0 satisfying the adjacency requirement. Finally, set dj(Y) :=
#{(i,5) €Y | j —i =k} for k € Z. Note that if k < —m or k > n, then d;(Y") = 0.
Remark 7.1. For i,j > 2, if (i,j) € Y, then (i — 1,5 — 1) € Y. Also, if (¢,j) ¢ Y,
then (i +a,j+a) ¢ Y for a € Z~(. Hence we see that di(Y) = max{min{i, j} | (¢,j) €

Y,j—i=k} for k€ Z.
Given the above setting, the following lemma is easily verified.
Lemma 7.2. The following statements hold.

(1) Let £ > 0. Then, (dp(Y) + 1,dp(Y) + k+ 1) ¢ Y. Moreover, if di(Y) > 0, then
(dk(Y), dp, (Y) + ]{3) ey.

(2) Let £ < 0. Then (dp(Y) —k+ 1,dp(Y) + 1) ¢ Y. Moreover, if di(Y) > 0, then
(di(Y) — k,di(Y)) €Y.

Definition 7.3. For every Y € F(Y,, ), the diagonal expression for Y is given by

d(Y) =dpn(Y) = (d-m(Y),demi1(Y), ..., dn(Y))

Lemma 7.4. Let Y € F(Y,, ,); recall that dy, = dp(Y) = #{(i,j) € Y | j —i =k} for
ke Z.

(1) If k> 0, then 0 < dj_y — dy, < 1.
(2) If k <0, then 0 < dy — d_1 < 1.

Proof. (1) Assume that dy = 0. Then, (1,k+ 1) ¢ Y by Lemma 7.2, which implies that
(2,k+1) ¢ Y. Hence, di—1 = max{min{s,j} | (i,j) € Y,j —i =k — 1} is equal to 0 or
1 (see Remark 7.1). Thus we obtain 0 < dx_1 — d, = di—1 < 1. Assume dj > 0. By
Lemma 7.2, it follows that (dy,dx + k) € Y and (dx + 1,dx + k+ 1) ¢ Y. Then we have
(di,dp +k—1) € Y and (dy + 2,dx + k+ 1) ¢ Y. Therefore dy_1 = max{min{i,j} |
(i,j) €Y, j—i=k—1}isdy or dp+1 by Remark 7.1. Thus we obtain 0 < dj_1 —d < 1.

(2) The proof of (2) is similar to that of (1). O
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Proposition 7.5. The function d,, ,(Y) is a bijection of F(Y;, ) — Dy .

Proof. From Lemma 7.4, the pair (d;—1(Y),d;(Y")) satisfies the adjacency requirement
for all —m < i < n. Since d_,,,(Y) = d,,(Y) = 0, we have (d_,,,(Y),...,dn(Y)) € Dy .
Also, by the definition of d = d,, »,, it is obvious that d is an injection.

For a = (a_p,...,a,) € Dy, n, we define Y as follows. The box (7, ) is contained
in Y if and only if min{é,j} < a;_;. Note that if j —¢ < —m or n < j — i, then the
box (i,7) is not contained in Y. We claim that Y is a Young diagram. It suffices to
show that if the box (4,7) is not contained in Y, then neither the box (i + 1,7) nor
(4,7 + 1) is contained in Y. If —m < j —¢ < 0, then min{s,j} = j > a;—;. By the
definition of D, ,, we have 0 < a;_; — aj—;—1 and a;_;+1 —aj—; < 1. Then we get
min{i +1,j} =75 >aj_;—1 and min{i,j+ 1} = j+1 > a;_;41. Hence, by the definition
of Y, we obtain (i + 1,5),(i,7 + 1) ¢ Y. The proofs for the cases that j —i = 0 and
0 < j —1 < n are similar. Thus we have shown that Y is a Young diagram. Further,
since (m+1,1),(1,n+ 1) ¢ Y, it follows that Y € F (Y., n).

By the definition of Y, we have dj = ai for —m < k < n. Hence we obtain d(Y) = a,
which shows that d is a surjection. Thus we have proved that d is a bijection. U

Example 7.6. Assume that m =3 and n=5. If Y € F(Y35) is

31432 u
Y=23|4|3 ,
11213

then d(Y) = d35(Y) = (0,1,2,3,2,2,1,1,0) (if necessary, we will accentuate the 0-th
component by putting a dot above it as above).

Let Y € F(Yiun), (i,7) € Y and set Y/ := Y \ hy(i,5). We set i’ := max{zx € Z-¢ |
(x,j) € Y} and j' := max{z € Z<¢ | (i,z) € Y} For k € Z, it holds that

1 ifj—i' <k<j —i,

0 otherwise.

dp(Y) — di(Y") = {

Hence the diagonal expression of Y is

d(Y/) - ( . 7dj—i’—1(Y); dj_z/(Y) - 1, dj_i/+1(Y) - 1, ey

dip—io1(Y)=1,d_;(Y) = 1,djr_i11(Y),...). (3.1)
Let @ = (a—m,.-.,an) € Dy , @’ = (a’,,,...,a),) € Z’Z”J”H, and let [,r be such

that —m <l <r <n. Ifa}, =a, —1for I <k <r, and a}, = aj, for the other k’s, then

. , . . . .
we write a —— a’ or a’ = aj. In this case, the pair (aj_,,a}) satisfies the adjacency
requirement for all —m < k < n but k =1 and r + 1. Hence, if (a;_,a;) and (a;., a;., )
satisfy the adjacency requirement, then a’ € Dy, ,,.

Lemma 7.7. Let Y, Y’ € F(Y,,,). The following are equivalent.

(1) There exists a box (i,5) € Y such that Y/ =Y \ hy (3, 7).
(2) There exist —m < < r < n such that d(Y) LN diy’).

In this case, it holds that [ = j — 4’ and r = j' — i, where (i’, j) is the bottom box in the
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j-th column of Y, and (4, ') is the rightmost box in the i-th row of Y.
Example 7.8. Let Y be as in Example 7.6, and let Y/ =Y \ hy (1,4).

31413 31413
Y=|2|3|4 — Y'=[2|3|4
1123 1123

In the diagonal expression, we see that
d(Y) = (07 ]'7 27 37 27 27 17 17 0)7 d(Y/) = (07 17 27 37 27 17 07 07 0)7

and d(Y) 25 d(Y").

Proof of Lemma 7.7. The implication (1)=-(2) and equalities | = j — i and r = j' — i
follow from (3.1). Let us show (2)=-(1). A proof is given only for the case that [ < r < 0.
Proofs of the cases | < 0 < r and 0 <1 < r are similar. Notice that d;(Y),d.(Y) > 0.
By Lemma 7.2 (2), we have both (d;(Y) — {,d;(Y)), (d.(Y) — r,d.(Y)) € Y. Also, by
the adjacency requirement, it follows that d;(Y) < d,.(Y). Because d;(Y') = d;(Y) — 1
and d,.(Y') =d.(Y) — 1, we see by Lemma 7.2 (2) that both (d;(Y) —1,d;(Y)), (d.(Y) —
r,d,(Y)) ¢ Y’, which implied that (d,(Y) — 1 + 1,dy(Y)), (dn(Y) — r,d, (V) +1) & Y.
Since di(Y') = di(Y) for k < [ and r < k, we deduce that for 4, j such that j —i <
or r < j —1i, we have (i,7) € Y if and only if (i,5) € Y’. Hence, both (d;(Y) — 1 +
lvdl(Y»v (dr(y) - dr<Y) + 1) ¢ Y.

Let h be the hook in Y corresponding to the box (d,.(Y) — r,d;(Y)). Since (d;(Y) —
L,di(Y)) €Y and (d)(Y)—1+1,d;(Y)) ¢ Y, the bottom box in the d;(Y)-th column of Y
is (di(Y) —1,d;(Y)). Also, since (d,(Y) —r,d.(Y)) €Y and (d,(Y) —r,d.(Y)+1) ¢ Y,
the rightmost box in the (d,(Y) —r)-th row of Y is (d,.(Y) —r,d,-(Y)). We see from (3.1)
that the diagonal expression of Y \ h is

(corydi1 (), d)(Y) =1, di1 (V)= 1,...,dp1(Y) = 1,d (V) — 1,dr 1 (Y),...),
which is equal to d(Y”). Thus we have proved the lemma. O
The next lemma follows from the proof of Lemma 7.7.

Lemma 7.9. Let Y € F(Y,,n) and Y’ =Y \ hy(i,5) for (i,j) € Y. Also, let —m <

[ <r < n be such that d(Y) l—r> d(Y”’) in the diagonal expression. Then, #(hy (i,7)) =
#Aq,, . (hy(i,5)) =7 =1+ 1.

Definition 7.10. Let @ = (a_p,...,a,) € ZZ" ! Assume that (a_1,ay) satisfies
the adjacency requirement for some —m < k < n. If (ax_1 — 1, az) (resp., (ax_1,ar —1))
also satisfies the adjacency requirement, then we say that (ax—1, ax) is a left (resp., right)
bulge, and we write ax_1 \ ar (resp., ax—1  ag).

The following lemma can be easily verified.

Lemma 7.11. Let a = (a_,...,a,) € ZZf™

(1) If (ax—1,ar) satisfies the adjacency requirement, then (ax_1,ay) is either a left
bulge or a right bulge.
(2) Assume that (ap_1,ax) satisfies the adjacency requirement. If (ax_1,ar) is a left
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bulge, then (ax_1 — 1,ax) is a right bulge.
(3) Assume that (ai_1,a) satisfies the adjacency requirement. If (ar_1, ax) is a right
bulge, then (ax_1,ar — 1) is a left bulge.
Lemma 7.12. Let @ = (a—m,...,a,),a’ = (a’_,,,...,a,) € Dy, ,,. Assume that a’ =
aj. € Dy, for some —m <1 < r <n. Then, a;4 Sap,ar N\ aryr and a;_; N\ aj,a /‘
a,.,1- Moreover, for —m < k < n with & # I,7 + 1, if a1 7 ap (resp., ar—1 \, ak)
then aj,_, 7 a), (resp., aj,_, \( a},).
Proof. Since a’ = aj ;| € Dy, 1y, it follows that (a;—1,a; —1) and (a, — 1, a,41) satisfy the
adjacency requirement. Hence, (a;_1,a;) is a right bulge and (a,,a,11) is a left bulge.
By Lemma 7.11 (2) and (3), (a;_4,q;) is a left bulge and (a.,a;., ) is a right bulge. By
the definition of aj ), we have ar —ax—1 = aj, —aj,_, for —-m <k <n with k # [,r + 1.
Hence, both (a;—1,a;) and (a;_,, a;) are both left bulges or rights bulges. Thus we have
proved the lemma. O

Let Y € F(Y,,n) be a Young diagram with the unimodal numbering oy, ,,. By Remark
6.6 (2), it holds that cu, ,(i',j") = m (i + a,j + a) for all (i,5') € Y and a € Zi~o
such that (' + a,j’ + a) € Y. Hence we see that A, . (Y) = Aa,...(Y \ hy(3,7)) U
Aa,.n (hy (3,7)) for (i,j) € Y.

Lemma 7.13. For Y € F(Y,,,,) and 1 <k < Gy = [(n+m)/2],

At +dp—p if —m+k7én—k:

o (V) |2 =k} =

Proof. Assume that —m + k #% n — k. Then we compute

#re A, V)| z=k=#{Gj)eY |j—i=-m+Ekorn—k}
=#{(j)eY |j—i=—m+k}+3#{(,j) €Y [j—i=n—k}
= d7m+k+dn7k-

The proof of the case —m + k = n — k is similar. O

Lemma 7.14. Let Y € F(Y,,,) and Y/ = Y \ hy(i,5) for (i,5) € Y. Let —m <

[ < r < n be such that d(Y) br, d(Y’) in the diagonal expression (see (3.1)). Assume
that there exists (i,5') € Y’ such that A,,, ,(hy/(i',7")) = Aa,, .. (hy(i,7)). Set Y" =
Y'\hy/ (7, 7). Then d(Y’) nomornoml d(Y") in the diagonal expression. Also, there
exists no box (i, j ) € Y such that A,,, , (hy~(i",5")) = Aa,,..(hy (i, ])).

Example 7.15. Let Y be as in Example 7.6 (note that m = 3 and n = 5), and set Y’ =
Y\ hy(1,3). Then we have A,, ;(hy(1,3)) = [3,4,3,2,1]. Notice that A,, ,(hy/(1,1)) =
[1,2,3,4,3] = Aa, s (hy(1,3)). Here we set Y = Y’ \ hy/(1,1) and it follows that

3
3
.y r yr =]
1 r

In this case,

d(Y)=1(0,1,2,3,2,2,1,1,0),
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d(Y')=1(0,1,2,2,1,1,0,0,0),

d(Y") =1(0,0,1,1,0,0,0,0,0),

and hence d(Y) LN dY') —= -2 d(Y") where —=2=5—-3—4and 2=5—-3—0.
Proof of Lemma 7.14. We set h := hy(i,j) and h' := hy/(i,5'). Since Y =Y’ \ K/,
we see by (3.1) that d(Y”) L, d(Y") for some —m < I’ < r’ < n. Now we show that

I'=m—n—randr =n—m—1[ Since A,,, ,(h') = Aq,,,.(h) and d(Y) LN dy’),
we have #A,,,,.(h') = #Aa,,,.(h) = r—1+1 by Lemma 7.9. Hence we see that

d(Y’) watrl d(Y") for some a € Z.
Now it is sufficient to show that a = n —m — r. On the contrary, suppose that a = [.

Note that d(Y”) br, d(Y"). Hence we see by Lemma 7.12 that d;_1(Y') ~ d;(Y").

Similarly, since d(Y) Lr, d(Y'), it follows from Lemma 7.12 that d;—1(Y') N\, d;(Y").
Thus we get d;—1(Y") " di(Y') and d;j—1(Y") \¢ d;(Y”), which contradicts Lemma 7.11
(1).

Next, suppose that a # [,n—m —r. For k € Z, we define p(k) := min{k+m, —k+n}.
Since d(Y”) Latrl d(Y"), we have Ay, , (1) = [amn (7', 5") | (7', 7) € B'] = [min{j’ —
i +m,i’ =5 +n}|(@,5) e ] =[uk)|a<k<a+r—1]. Note that min A, ,(h) =
min[min{j’ —i'+m,i' —j'+n} | (¢/,j") € h] = min{min{l+m,l+n}, min{r+m,r+n}} =
min{u(l), u(r)}. We give a proof only for the case that u(l) < p(r). The proofs for the
cases in which u(l) = p(r) and p(l) > p(r) are similar. If [ > n —m — [, then

p(l) =min{l + m, -l +n} =m+min{l, ~l+n—-—m} =n—1
> min{r +m, (n — 1)+ (I — r)} = min{r + m, —r + n} = u(r),
——

<0

which is a contradiction. Hence we get [ <n —m —{ and p(l) = pu(n—m—10) =1+ m.
Ifl<a<n—m-—r,then a+r—1<mn—m—I1. Then, we have u(b) = min{b +
m,—b+n} =min{a+m,—a—r+Ii+n}>min{l+m,—n+m+i+n}=10+m=p()
fora < b < a+r—1. Since A, (h) = [u(k) | a <k < a+r -1, it follows that

w(l) € Aa,, . (h) is not contained in A,,, ,(h'), which is a contradiction. If a < I, then
a+m<l+m<n—m-Il+m< —a+nand pu(a) =min{a+m,—a+n} =a+m<
l4+m = p(l) =min A,,, , (h). Hence we obtain u(a) ¢ A, (h), another contradiction.
Ifn—m—r<a,thenatr—Il+m>—l+n>l+m>—a—r-+I+n and pla+r—1) =
min{a+r—I+m,—a—r+Il+n} = —a—r+Il+n <Il+m = p(l) = min A, ,(h). Hence
we get p(a+r—1) & Aa,, . (h), yet another contradiction. Thus we obtain a =n—m —r,
as desired.

Suppose that there exists a box (i, ;") € Y such that A,,, ,(h") = Aa,, ., (h), where

h" := hyn(i",j"). Note that A,, . (h") = Aa,,.(h'). Since d(Y”) n—m—r,n—m—I|
d(Y"), it follows by the argument above that d(Y" \ ") is equal to d(Y")p, or

d(YN)[n—m—r,n—m—l}-
If d(Y"\ ') =d(Y"),, then we see by Lemma 7.12 that d;_1(Y")  d;(Y") and

d-(Y") N\ dr41(Y"). Similarly, since d(Y") br, d(Y’), it follows from Lemma 7.12 that
A1 (Y") N\, di(Y") and d,(Y") 7 dyi1(Y"). Note that d(Y’) “=2=""="0 gy, It
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l=n-m-Il+1,thenr >l =n—-—-m-Il4+1>n—-—-m-r+1>n—m-—r—1.
Thus we see by Lemma 7.12 that d;—1(Y") N\, di(Y") or d,.(Y") / dr41(Y"”). Thus
we have [di_1(Y") 2 dy(Y") and di_i(Y") N\, di(Y")] or [do(Y") N\ dry1(Y") and
dr(Y") /dry1(Y")], which contradicts Lemma 7.11 (1).

Ifd(Y"\N'") = d(Y")n—m—r,n—m—1], then we see by Lemma 7.12 that d,, _y,——1(Y")
dp—m—r(Y"). Similarly, since d(Y”) nomornomel, d(Y"), it follows from Lemma 7.12

that dp—m—r—1(Y") ¢ dp—m—r(Y"). Thus we get dp—pm—r—1(Y") " dp—m—r(Y") and
dy—m—r—1(Y") N\ dn—m—r(Y"), another contradiction of Lemma 7.11 (1). O

8 An Isomorphism between Rectangular Diagrams

For fixed m,n € Zsq, it can be easily shown that MHRG(m,n) is isomorphic to
MHRG(n, m). In what follows, we assume that m < n.

Assume that m + n is even. We define ¢ := (n — m)/2; note that ¢ is a non-negative
integer. Here we will prove that MHRG(m, n) is isomorphic to MHRG(m,n + 1).

Let T (Yy,.n) be the subset of F(Y,, ) consisting of all Y € F(Y,,,,) such that there
exists a transition from Y, ,, to Y, that is, 7 (Y}, ) = C(MHRG(m,n)).

Remark 8.1. We see by Lemma 7.14 that in MHRG(m,n), the operation (M2b) is
performed at most once, and the operation (M2c) is never performed.

Let Y € T(Yhn) and Y/ € O(Y). By Lemmas 7.7 and 7.14, there exists —m < [ <
r < n such that

d(v) 25 d(y’)
or there exist —m <1 <r <n and Y" € F(Y,, ) such that

n—m-—rn—m-—I

d(v) L diy™ d(Y").

Definition 8.2. We define the map F : Z@J"H — Z;”g“”“ as follows. If a € Z’;‘J"H
is N - -

a = (a—m;-"7ac—17 Gc ;ac—|—17-"7an)7
~—~
c-th
then
E(a) = (a—ma"'7ac—17 Gc , Gc 7a'c+17"'7an)-
~N =~

c-th (c+1)-th
It can be easily verified that
a € D, , if and only if E(a) € Dy, ny1. (8.1)

Hence the map F : Z’;J"H — Z’;g’"” induces the map E : F(Yy,0) = F(Yimnt1) as
follows. For Y € F(Y,,.n), we define E(Y') to be the unique element of F(Y,, 1) whose
diagonal expression is

E(d(Y)) = (dfm(Y)7 s 7dcfl(y)= dc(Y)7 dc(Y)7 dc+1(Y)7 ce 7dn(Y))
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Note that d(E(Y)) = E(d(Y)). Notice, also, that E : F(Yp,n) = F(Ymnt1) is an
injection. For [,r € Z, we define e;, e, : Z — Z by

" k if k <e, " k if £ <ec,
el()'_{k;Jrl if k> ¢, er()"{kﬂ if k> c.

In particular, note that e;(k) # ¢+ 1 and e, (k) # c¢. The following lemma can be shown
easily.
Lemma 8.3. Let [,r € Z. It holds that ej(n —m — k) =n —m+ 1 —e,.(k) for k € Z.

Lemma 8.4. For [,r € Z and a € Z;ng-m—l’ it holds that E(ay ) = E(a)e, ), (r)-
Therefore, for Y € F(Yun), it holds that d(Y)y, € Dy, if and only if
d(E(Y))[el(l),er(r)] € Dm,n—l—l

Proof. If c <1 <r,thenl+1=¢/(l),r+1=e.(r) and

E(ap)=(.., @G, @ ,...;qi-1,a0—1,..., a0, —1,a,41,...).
~— =~ —— ——
c-th  (c+1)-th (I+1)-th (r+1)-th

Thus we obtain E(ap,,) = E(a)pt1,r+1] = £(@)[e,1),e.(r)]-
Ifl<c<r,thenl=¢/(l),r+1=e.(r) and

Elap)=(..,ar—1,ar—1,...,0.—1,ac—1,..., 0, —1,a,41,...).
—— —— N—— ——
l-th c-th  (c+1)-th (r+1)-th

This implies E( ) E( )[l,r—i—l] - E(a’> lei(1),er(T)]"
Ifl<r<e, then l =e(l),r = e,(r) and

Elapg,)=(..,a—1,a0—1,...,0, =L ap11,..., Gc, Gc ,...).
—— —— ~—
I-th r-th c-th (c+1)-th

And, hence, we obtain E(ay ) = E(a)i, = E(a)ic,q),e.()]-
In all cases above, we have E(aj ) = E(a)[e,(1),e,(r) for —m <1 <7 < n. Hence, by
d(E(Y))= E(d(Y)) and (8.1), we obtain

d(Y)1, € Dy &

E(d(Y)p,)) € Dt
E(d(Y))[et),er(r)] € Dimnt1
d(E(Y))[e.),er(r)] € Drmynt1,
as desired. 0

Lemma 8.5. Let Y)Y’ € T(Y,un). Assume that Y — Y’ and E(Y) € T(Yint1)-
Then, E(Y') € T(Yin+1) and E(Y) — E(Y”).

Proof. Since Y — Y’ it follows from definition that

(a) there exists —m < [ < r < n such that d(Y) LN d(Y') or
(b) there exist —m < | < r < n and Y" € F(Y,,n) such that d(Y) br,
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d(Y”) n—m—r,n—m—l\ d(Y/)

We give a proof only for the case (b); the proof for the case (a) is easier and entirely
similar.

By Lemma 8.3, we have ¢j(n —m —r) = n—m+1—e.(r) and e,.(n —m —1) =
n—m+ 1 —e;(l). Thus we have

el (nfmfr),er(nfmfl)\

d(B(Y)) <0 gmyry)

d(E(Y"))
by Lemma 8.4, which implies that E(Y) — E(Y’). Thus we have proved the lemma. [

Let Y € T(Yin), and let Yy, , =Yy = Yy — --- = Y, = Y’ be a transition from Y, ,
to Y’ in MHRG(m,n). Note that E(Yy) = E(Yimn) = Yint1 € T(Yint1). Also, we
see by Lemma 8.5 that for 0 < p < k, if E(Y,) € T (Yint1), then E(Y,11) € T (Yo nt1)-
Thus we obtain E(Y’) € T (Y, n+1) by inductive argument. Therefore, we obtain

E(T(Ymn)) CTYmnt1)- (8.2)

Moreover, it is obvious from Lemma 8.5 that
E(O(Y)) C O(E(Y)) (8.3)

for Y € T(Ym7n+1>.
Lemma 8.6. It follows that d.(Y) = dc41(Y) for all Y € T (Yo nt1)-

Proof. Suppose, for a contradiction, that there exists Y € T (Y}, n+1) such that d.(Y) #
det1(Y). Let V C T(Yinnt+1) be the subset of T(Y;, ,4+1) consisting of elements Y €
T (Yin,n+1) such that do(Y) # de41(Y); also, let Yy € V be such that #(Yy) > #(Y) for
all Y € V. Since ¢ > 0 and (d.(Yp),d.+1(Yp)) satisfies the adjacency requirement, we
have dc(Yo) = dc+1(Yo) 4+ 1 and dc(Yo) \‘ dc+1(YO).

Since Yy # Y, nt1, there exists Y1 € T (Y, n+1) such that Y7 — Y5, Note that
#(Y1) > #(Yo), which implies that Y7 ¢ V by the maximality of Y. Thus we have
de(Y1) = dey1(Y1) and de(Y1) 7 der1(Y7). By Lemma 7.13, we set that for p = 0,1,
the number ¢, of boxes in Y, having the number &, , = (m +n)/2 is equal to d.(Y}) +
det1(Yy). Thus, t; —tp is odd. If two hooks are removed in Y7 — Y{, then the two hooks
have the same multiset of numbers. Thus t; —tg is even, but this contradict the fact that
t1 —to is odd. Consequently, one hook is removed in Y7 — Yj. Hence d.(Yp) = d.(Y1) and

det1(Yo) =dey1(Y1) — 1 by 0 < di (Y1) — di(Yp) <1 for —m < k < n. Also, there exists

c+1<k=Fk(Y1) <n+1 such that d(¥1) <% d(¥5) and d(Y0)jns1—m—k.c] & Drmni1-

Note that n4+1—m—(c+1) = ¢. By Lemma 7.12, we have dy,—m—1 (Y1) \( dnt1—m—x (Y1),
de(Y1) / dey1(Y1), and di (Y1) N\ dk+1(Y1). Now we choose Y7 such that k = k(Y7) is
maximum.

Suppose that Y7 = Y, ,11. In this case, we have d,(Y7) / dpy1(Y1) for —m <
p < n—m, and d,(Y1) N\, dpy1(Y1) for n —m < p < n. Since ¢ < n —m, we have
dn—m—kz(}/l) /‘ dn—‘rl—m—k(yl) and dn—m—k()/()) /l dn-l—l—m—k:(YO) by Lemma 7.12. Thus
we have d(Y0)n41-m—k,c] € Dm,nt1 by Lemma 7.12, which is a contradiction. Hence we
obtain Y7 # Y, nt+1. Then, there exists Y2 € T (Y., nt1) such that Y5 — Y;. Note that
dc(YZ) = dc—l—l(YZ) and dc(Yv2) /‘ dc—l—l(YZ)-

Suppose that dp,—m—k(Y2) ¢ dpnt1-m—k(Y2) and dg(Ys) \, dr11(Y2). By Lemma
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7.12, we have d(Y2)[c41,k) € Dimnny1. Let Y] € F(Yin nq1) be the Young diagram whose
diagonal expression is equal to d(Y2)[c+1,k; also, notice that d.(Y{) # dey1(Y{) and
dn—m—t(Y{) \ dny1-m—r(Y7). Since d(Y})pn+1—m—rk,q ¢ Dm,nt1, it follows that Y/ €
O(Y2) and hence Y{ € V. Since #(Y1) — #(Yo) = #(Y2) — #(Y{), we have #(Y/) =
#(Ys) — #(Y1) + #(Yo) > #(Yo) which contradicts the maximality of Yj.

Suppose that dy—m—k(Y2) ¢ dnt1—m—r(Y2) and di(Y2) 7 diy1(Y2). If two hooks are
removed in Y — Y7, then there exist —m <! <r <n and Y’ € F(Y,, ) such that

n—‘y—l—m—r,n—i—l—m—l\

d(Y2) =5 d(Y")

d(v1).

Since di(Y2) 7 di41(Y2) and di (Y1) \ di+1(Y1), we have

d(Yg) k+1,r d(Y’) n—l—l—m—nn—m—k\ d(Yl)
or
d(Yg) l,n—m—k d(Y/) k+1n+1—m—I1 d(Yl)

Thus we have dy,_ (Y1) 7 dns1—m—k(Y1), another contradiction. Hence one hook is
removed in Yo — Y7. Then there exist p > k + 1 such that

k+1,p
—

d(Y2) d(Y1).

Note that d(Y1)n+1—m—pn—m—k] ¢ Dm,nt1, also, that dn—m—p(Y2) \( dny1-m—p(Y2) and
dp(Y2) \ dps1(Y2). By Lemma 7.12, we have d(Y2)(c41,p] € Dinyns1. Let Y] € F(Yi ni1)
be the Young diagram whose diagonal expression is equal to d(Y2)[c41,p); notice that
de(Y{) # dey1 (YY) Since d(Y7)ny1—m—p,e] € Dm,ny1, it follows that Y € O(Y2). Hence
Y] = d(Y2)[c41,p] = (d(Y2)[k41,p])[c+1,k] = Yo Which contradicts the maximality of k.
Suppose that dy—m—k(Y2) 7 dpt1—m—r(Y2) and di(Ya) \ dik+1(Y2). If two hooks are
removed in Y5 — Y7, then there exist —m <! <r <n and Y’ € F(Y,, ) such that

n+17m7r,n+17m7l\

d(Yz) 5 d(Y") d(Y1).

Since dp—m—k(Y2) S dpi1—m—k(Y2) and dp—pm—x (Y1) ¢  dnt1—m—r (Y1), we have

n+l—-m—~k,r n+l—m—rk

d(Y2) d(Y”’) d(Y1)

or
n+l—-m—k,n+1l—m—I

d(Ys) 25 div) d(Yy).

Thus we have di (Y1) 7 di+1(Y1), another contradiction, hence one hook is removed in
Ys — Y;. Consequently, there exist p > n + 1 — m — k such that

d(Yy) 2R gy,

Note that d(Y1)pmt1—m—pk] & Dmnt1 and dnom—p(Y2) ¢ dng1-m—p(Y2), dp(Y2)
dp+1(Y2). Since d.(Y2)  dey1(Y2), we have p # c¢. By Lemma 7.12, we have
d(Y2)(c+1,max(p,n+1—m—p)] € Dmny1. Also, notice that ¢ +1 < max(p,n + 1 —m — p)
since p # c¢. Let Y{ € F(Ypnt1) be the Young diagram whose diagonal expres-
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sion is equal to d(Y2){c+1,max(p,n+1—m—p); DOte that de(Y]) # dcy1(Y(). Since
d(Y])min{p,nt1—m—p},q & Dmns1, it follows that Y/ € O(Y2) and hence Y| € V.
If max(p,n +1—m —p) < k, then #(Y1) — #(Yo) > #(Y2) — #(Y{) and hence
L(Y]) > #(V2) — #(V) + #(Yo) > #(Yo). T max(p,n +1—m —p) > k, then
#(Y3) — #(Y1) > #(Ys) — #(Y]) and, hence, #(Y{) > #(Y1) > #(Yy). In any case, we
obtain #(Y{) > #(Yy), which contradicts the maximality of Y.

Suppose that dy—m—k(Y2) 7 dnt1—m—k(Y2) and di(Y2) 7 dr+1(Y2). Let Y] € O(Ya).
I dp—m—r(Y{) N dnt1-m—r(Y!) and di (YY) \( di+1(YY), then by Lemma 7.12, we have

n+l—-m—kn—m—k

d(Ys) s d(Y') E25 avy)
or
d()fg) Md(y,) n—l—l—m—k,n—m—k;> d(Yl,)

for Y’ € F(Y,,.n), which is a contradiction. Thus there exists no option Y{ € O(Y3) such
that dp—m—k (YY) ¢ dnt1—m—x (YY) and dg (YY) \( dig+1(Y7), which contradicts Y2 — Y7.
Thus we have proved Lemma 8.6. U

Theorem 8.7. Let m,n € Z~¢ be such that m < n and m 4 n is even. Then the map
E gives an isomorphism from MHRG(m,n) to MHRG(m,n + 1). Therefore, for each
Y € T(Ynn), it holds that G(Y') = G(E(Y)). In particular, G(Y;,,,) in MHRG(m,n) is
equal to G(Yy, n+1) in MHRG(m,n + 1).

Proof. We have shown that the map E : T(Yin,n) = T (Yim,nt1) is injective (see (8.2))
and E(O(Y)) CO(E(YY)) for Y € T(Yi.n) (see (8.3)). Hence it remains to show that
B(O(Y)) 2 O(E(Y)) for Y € T(Ynn) and E(T(Vpn)) = T(¥mns1).

We first show that E(O(Y)) 2 O(E(Y)). Let Y e € T(Ymn), and let X € O(E(Y)).
There exists —m < I < r < n such that

lLr

d(Y) — d(X) (a)
or there exist —m < <r <n and X' € F(Y,,) such that

Lr n—m-—rn—m-—I

dY) — d(X")

d(X). (b)

By Lemma 8.6, we have d.(E(Y)) /' det1(E(Y)) and r # c.

In the first case (a)7 we get d(X)[n+l—m—r,n+l—m—l] ¢ Dm,n-{-l' If | = ¢+ 1, then
de(X) N\ dey1(X) and do(X) > dey1(X), which contradicts Lemma 8.6. If | # ¢ + 1,
then there exist —m < lyp < 19 < n such that e;(ly) = l,e,(rg) = r. By Lemma 8.4,
we have d(Y)j,.ro] € Dimn and (d(Y)g,r0]) n—m—ro,n—m—to] ¢ Dm,n- Thus the Young
diagram Y’ € T (Y,,,,) whose diagonal expression is equal to d(Y)[.ro] € Dim,n is an
option of Y. By the proof of Lemma 8.5, we obtain X = E(Y') € E(O(Y)).

Consider the second case (b). If [ = c+ 1, then d(X) = (d(E(Y))[c+1,1]) jnt1—m—r,c =
d(E(Y))n41—m—rr]- Then there exist —m < Iy < ro < n such that ¢;(lp) =n+1—m —
ryer(rg) = r. By Lemma 8.3, we have ¢;(n —m —rg) = e;(n —m —rg) + e.(ro) —r =
n—m-+1—r = ¢;(ly) and hence l[g = n—m—ry. By Lemma 8.4, we have d(Y)(i9,r0] € Dim,n
and (d(Y)19,ro]) [n—m—ro,n—m—1lo] = d(Y)[loﬂn0 )iio;ro] & Pm,n. Thus the Young diagram
Y’ € T(Ym,n) whose diagonal expression is equal to d(Y);,,ro] € Dim,n is an option of
Y. By the proof of Lemma 8.5, we obtain X = E(Y') € E(O(Y)). If | # ¢+ 1, then

43



there exist —m < lg < 1o < n such that e;(lp) = [,e,.(ro) = r. By Lemma 8.4, we have
d(Y)(19,r0] € Dy and (d(Y)[1g,r0]) n—m—ro,n—m—1o] € Dm,n. Thus the Young diagram
Y" € T(Yin,n) whose diagonal expression is equal to (d(Y)ig,re]) n—m—ro,n—m—io] € Dm,n
is an option of Y. By the proof of Lemma 8.5, we obtain X = E(Y') € E(O(Y)). In any
case, we obtain X € E(O(Y)), as desired.

We next show that E(T (Yinn)) =T (Yimnt1). Let X' € T(Yint1), and let Y, q1 =
Xo — X1 — -+ — X, = X' be a transition from Y,, ,+1 to X’ in MHRG(m,n +1). We
show by induction on k that X’ € E(T (Yun)). If k=0, then X' =Y, ni1 = E(Yinn) €
E(T (Yimn)). Assume that £ > 0; note that X,y € E(T7 (Yi,n)) by the induction
hypothesis. Let X, | € T(Y,,,n) be such that X1 = E(X,_,). Since E(O(X}_,)) =
O(E(X},_,)) = O(Xk—_1) as shown above, we get X' = X}, € O(Xy,-1) = E(O(X},_;)) C
E(T (Yimn)), as desired. Therefore, we conclude that E(7T (Yinn)) O T (Y nt+1) and
hence E(T (Ym,n)) = T (Yin,n+1). This completes the proof of Theorem 8.7. O

9 Sprague-Grundy Values of the Starting Position of
MHRG(m,n) with m =1 or 2

9.1 Case of MHRG(1,n)
Theorem 9.1. Let m =1 and n € Z~¢. In MHRG(1,n),
F(Y1 ., if n is odd,
T(Vin) = (Y1) ‘1 n.ls 0
F(Y1,)\{Y1,2} if nis even.
Moreover, for 0 <[ < n such that Y1 ; € 7 (Y1),

l if n is odd,
G(Y1,) = I ifnisevenandl < n/2,

I—1 ifniseven and n/2 <.

In particular,

g(Yl,n) -

n—1 1if n is even.

{ n if n is odd,

Proof. By Theorem 8.7, it suffices to show the assertion for the case that n is odd.
We set k= (n+1)/2 € Z~o. We see that for 0 <[ < n, the unimodal numbering of
Y1, € F(Y1,,) is as follows:

T2 |ia| 1| ifo<i<k,

1 2 oo lk=1| k k=1 " hto—tht+1-1 1fk<l§n

By this fact, we deduce that in MHRG(1,n) (with odd n), the operation removing two
hooks never takes place. Hence, we obtain O(Y1;) ={Y1,]|0<i <!} forall 0 <[ <mn.

The assertion of the theorem follows immediately from the latter and the definition of
the G-value. O
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9.2 Case of MHRG(2, n)

Let m = 2 and n > 2. Recall that Y = (k1, k3) denotes the Young diagram having k;
boxes in the 1st row and ks boxes in the 2nd row. If n is even, then MHRG(2,n) is
isomorphic to MHRG(2,n + 1) (see Theorem 8.7). Thus it suffices to study the case in
which n is even; we set n’ :=n/2 € Z~,.

Lemma 9.2. Let (kﬁl,k)2> S f(Yngn/) and kill,kié € ZZO with 2n/ > kll > ki/2 > 0.
Then (k1, ko) = (K}, k) if and only if dir —1(Y) Ny di (Y), diy—2(Y) \¢ dig,—1(Y'), and
dp_1(Y) 7 dp(Y) for =2 < k < 2n/ = n with k # k7, k5 — 1.

Proof. If ko = 0, then (k1,0) = (K, k5) if and only if k5 = 0, d_1(Y) =0, dp(Y) = 1
for 0 < k <k, and dj(Y') = 0 for k] < k < 2n'. The latter is equivalent to dy;_1(Y")
di; (Y), dpy—2(Y) N dry—1(Y), and dip—1(Y) 7 dp(Y) for =2 < k < 2n' = n with
k# Kk, — 1.

If ko > 0, then (ki, ko) = (K}, k5) if and only if d_1(Y) =1, dp(Y) =2 for 0 < k <
ki —1,di(Y) =1for ky — 1 < k < ki, and dp(Y) = 0 for k] < k < 2n/. The latter
is equivalent to dgs _1(Y) N\ dp; (Y), diy—2(Y) Ny diyy—1(Y), and dp—1(Y) 7 dp(Y) for
—2 <k <2n/ =n with k # k|, k) — 1.

Thus we have proved the lemma. O

Lemma 9.3. Let Y = (kyi,k2) € F(Ya2,) and (4,7) € Y. Also, set Y/ = (k},k5) =
Y \ hy(i,j). Then, k} + k), = 2n’ if and only if there exists a box (i’,j') € Y’ such
that Aq, , (hy(i,7)) = Aa,., (hy/(i',7")). In this case, Y := Y"\ hy (i, 5') is equal to
(271/ — kg, 2?1/ — kl)

Proof. We first show the “if” part. By Lemma 7.7, there exist —2 < [,r < 2n’ such
that d(Y) br, d(Y'). If there exists a box (i',j') € Y’ such that A,,, (hy(i,j)) =
Aas.,, (hy(i',7")), then it follows from Lemma 7.14 that d(Y”)(2n/—2—r.on —2—1] € D2 2n/.
Note that 2n’ — 2 — [+ 1 # (. By Lemmas 7.12 and 9.2, the pair (r,2n’ — 2 —[) is equal
to (k1 —1,ky —2) or (ky —2,k; — 1), and hence k| + k) = (k1 + ko) — (r—1+1) =
(k1+’€2)— (2—27’Ll—|—k71 —1—|—k2—2—|—1) = (k1+k2)—(2n'—|—k1—|—k2) :27’Ll.

We next show the “only if” part. As above, assume that d(Y) br, dy’). If
k’/1 + k/2 = 2n’, then dk’l—l(yl) N\ dk; (Y/)?dQn’—k:’l—Q(Y/) N don—k;—1(Y’), and
de_1(Y') 2 dp(Y') for =2 < k < 2n/ with k # k},2n’ — k] — 1. By Lemma 7.12,
we have | = kj or [ = 2n' — k] — 1. If | = K, then r # 2n’ — k] — 2 and hence
2n' — 2 —r # k. Thus, d(Y')pn—2-ron—2-1) = QY )2n—2-ron—2-k] € Daons.
If | = 2n' — Kk} — 1, then r # k7 — 1 and hence 2n’ — 2 —r # 2n’ — 1 — K.
Thus, d(Y')j2n —2—r2n—2-1) = (Y )2n'—2—rk7—1) € D22,/ In both cases, we have
d(Y")j2n/—2—r2n'—2—1) € D22/, which implies that there exists a box (i’,j") € Y’ such
that A, , (hy (i,7)) = Aas,, (hy(i',5")) (see Lemma 7.14).

Finally, let us show that Y := Y’ \ hy/(i’,j’) is equal to (2n’ — ks,2n" — k1). By
Lemma 7.12, we have

n' —2—r,2n'—2—1

d(y) 5 d(y’) 2 d(y"),

and dl_l(Y”> \[ dl(Y”),dgn/_Q_r_l(Y//) \[ d2n1_2_7~<Y”), and dk(Y//) / dk(Y”) for
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-2 < k < 2n with k # [,2n/ — 2 — r. As seen above, the pair (r,2n’ — 2 —1) is
equal to (kl — 1,’{52 — 2) or (kig — 2,k1 — 1) If (T‘, 2n' — 2 — l) = (kl — 1,’{22 — 2), then
l=2n"—ky>2n"—1—ky =2n" —2—1[. Otherwise, if (r,2n’ =2 —1) = (k2 — 2,k — 1),
then | =2n’ — 1 —ky < 2n’ — ko = 2n’ — 2 —[. In both cases, we get dap/ 21, (Y")
d2n’—1—k1 (Y”),dgn/_kQ_l(Y”) \ dgn/_k2 (Y”), and dk(Y”) /‘ dk<Y”) for -2 < k < 2n/
with k # 2n’ — 1 — kq and k # 2n’ — ko. Hence we obtain Y = (2n’ — ko, 2n' — k) by
Lemma 9.2, as desired. Ol

For Y € F(Ya o), weset OH(Y ) :={Y \ hy(i,5) | (4,j) € Y}. If Y = (kq, k2), then
OH(Y) = {(K, k2) | ks <k} < ki} U{(ki,k3) [0 < ky < ka}
U {(kg — 1,’(7/1) | 0< kill < kg}
By Lemma 9.3, we can easily show the following lemma.

Lemma 9.4. In MHRG(2, 2n/),

T (Ya2n) = F(Ya,2nr) \ { (K}, k3) € F(Yoonr) | Ky + k5 = 2n'}.
Moreover, for Y = (k1,k2) € F(Ya20/),

(1) if k1 + k2 < 2n’ | then O(Y) = OH(Y);
(2) if k1 + ko > 2n/ | then O(Y) = OH(Y) \ {(K|,k3) € F(Yaou) | k) + k3 =
2n'} U {(2n' — ko, 2n" — k1)}.
By Lemma 9.4, the G-value of Y = (ki,k2) € T (Ya2n/) with k1 + k2 < n = 21/
is equal to the G-value of the game position corresponding to Y in Sato-Welter game

(see, e.g., [10, Theorem 2]|). For later use, we list those Y = (k1,k2) € T (Y2,2,/) with
k1 + ko < 2n’ whose G-values are 0, 1, or 2.

GgyY)=0 gy)=1 gy)=2
o (1 + 44, 47) (2 + 44, 47)
@20 o1t 4) | (44014 4)

Table 6 Y = (ki1,k2) € F(Y22,/) with k1 + k2 < 2n” whose G-values are 0, 1, or 2.

Theorem 9.5. As above, assume that n is even, and set n’ = n/2. In MHRG(2, 2n/),
the list of those Y = (k1,k2) € F(Ya,2/) with k1 4+ k2 > 2n’ whose G-values are 0,1 or
2 is given by Table 7.

Proof. We give a proof only for the case of n’ = 4n” for n” € Z~q; the proofs of the
cases n' = 4n” + 1,4n” 4+ 2,4n" 4 3 for n” € Z>( are similar. We set G}, := {(k1, k2) €
7—()/2’2”/) | ki+ ks > 2n’,g((k:1, kg)) = k} for k € Zzo.

First, we determine Gy. Let Y = (k1,k2) € T (Yo,2n/) with kq 4+ ko > 2n. If ko < n/
and k4 is even (resp., odd), then we deduce that Y’ = (ko, k3) (resp., Y' = (ka—1,k2—1))
is contained in O(Y"). Since G(Y’) = 0 by Table 6, we obtain Y ¢ Gj.
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n G(Y)=0 | G(y)=1 | G(Y)=2 |

(n’ +2,n' +2)
) . (n' +2,n) (n' +3,n')
'+ 14+4in +4
o EZ;!I l’,n;lr:l) (n' + 1,0 +1) (0 +4,n' +1)
n ,n 1
’ (' +4+2in +4+2i) | (0 +7+4i,n + 6+ 49)
(n' +8+4i,n' + 7+ 4i)
(n’ +1,n')
(n' +244i,n" + 1+ 44) . ) (n +2,n' —1)
an’ +1 "4 242in 42
AL b i p oy | T2E2H20 (n' + 3,10 +1)
(n' +5+2i,n +5+ 2i)
"+ 1+4i,n" + 4i) (n' +3+4i,n" + 2+ 4i)
P G ’ ' 24 2i,m 242 ’
n' + (0 + 2+ di, 41+ 40) (n' 42+ 2i,n' + 2+ 2i) (n/ + 4+ 4im + 3+ 4)
(n' +448i,n" + 1+ 87)
"+ 24 4i,n’ 4+ 1+ 44) (n' +5+8i,n + 2+ 8i)
i 43| ’ P12 n 41+ 2 ’
S b ai ropany | WHLTERELR2) o s 134 80)
(n' +7+8i,n +4+ 8i)

Table 7 Y = (ki1,k2) € F(Y22,/) with k1 + k2 > 2n” whose G-values are 0, 1, or 2.

Now, we see by Lemma 9.4 that

O((n' +1,n)) = ({(n’,n’)} U{(n +1k3) [0 < ky <n'}
Ul —1,K) | 0< K, < n'})
\ {(k1, k3) | Ky + Ky =20} U {(n',n' — 1)}
={(n' +1,k,) |0< Kk, <n —1}
uf{(n’ —1,K) | 0<Kk], <n'Yu{(n,n —1)}.

Note that n’ = 4n” is even. By Table 6 and the argument above, it can be seen that
O((n’ +1,n")) has no position whose G-value is 0. Thus we get G((n’ + 1,n")) = 0. If
Ye{n+1,n+1)}u{(k},n)|n+2 <k <20/} U{(k},n+2)|n+2 <K} <2n'},
then (n' 4+ 1,n') € O(Y), which implies that Y ¢ Gj.
Similarly, we see by Lemma 9.4 that
O((n' +2,n' +1)) = ({(n’ S D)YUL(n 2,k | 0< Ky <n +1)
U{(n',K) |0 < Ky <’ +1})
\{(KkY, KS) | Ky +ky =20} U{(n — 1,0 —2)}
={(n" +Ln" +1)}
O ({0 +2,K5) [0 < By </ + TP\ {0 +2,0" = 2)})
U{(n k) |0< K] <n}u{(n’ —1,n" —2)}.

By Table 6 and the argument above, we deduce that O((n’ 4+ 2,7/ 4+ 1)) has no position
whose G-value is 0. Thus we obtain G((n' +2,n' + 1)) = 0. Y € {(n' +2,n +
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2} U{(k,n +1) | n/+3 <Kk} <20/}U{(K},n +3) | n +3 < k] <2n}, then
(n" +2,n" +1) € O(Y), which implies that Y ¢ Go. Therefore, for Y = (k1,k2) €
F(Yao2n) with n' < kg <n'+3 and ke < k; <21/,

Y € Gy if and only if Y = [(n' + 1,7n/), (n' +2,n" + 1)]. (9.1)

Let i € Zso with n’ +4+4i < 2n/. By Lemma 9.4, (n'+4+44i,n' +4+4i) — (n' —4—
4i,n' —4—41). Since G((n'—4—4i,n'—4—4i)) = G((4n" —4—4i,4n" —4—4i)) = 0 by Table
6, we obtain G((n’ +4+4i,n’ +4+4i)) # 0. Furthermore, in the same way that (9.1) was
obtained, it can be verified that for Y = (k1, k2) € F(Y2,2/) with n’+4i < kg < n/+3+4i
and ko < k1 <2n/,Y € Gy ifand only if Y = [(n/+1+44,n'+4i), (n'+2+4i,n' +1+43)).
Therefore, we obtain

Go = ({(n'+1+4z’,n'+4z’)|i20}U{(n’+2+4i,n’—|—1—|—4i)]izo})
mF(}/Q,Qn’)a

as desired.

Next, we determine Gy. Let Y = (k1,k2) € T(Y2,2,,/) with k; + ko > 2n’. Similar to
the determination of Gy, if ko < n/, then Y ¢ G;. By Table 6 and G((n' + 1,n')) = 0,
we deduce that O((n’ +2,n")) and O((n’ + 1,n” 4+ 1)) have no position whose G-value is
1, but we have a position (n’ + 1,n’), whose G-value is 0. Thus we get G((n' 4+ 2,7n')) =
G +1,n +1) =1 IfY € {(k},n) | n +2 <k} <20/} U{(k],n +1) | n +1<
Ey <2n'Yu{(ki,n +2)|n +1 <k} <2n'}U{(k},n +3)|n +2<k] <2n'}, then
(n'+2,n") € O(Y) or (n'+1,n'+1) € O(Y), which implies that Y ¢ G;. Therefore, for
Y = (ki1,k2) € F(Ya,2,) with n/ < ko <n' +3 and ks < k; <2n', Y € G; if and only
iftY =(n'+2,n),(n+1,n +1).

We see by Lemma 9.4 that

O((n + 4,0 +4)) = ({(n' Y4k [0< K, <n+3)
U{(n' +3,K,)|0<k, < n’+3})
\ {(k}, ko) | Ky + Ky = 20"} U{(n' —4,n" —4)}.

By Table 6 and the argument above, we deduce that O((n’ + 2,7’ 4+ 1)) has no position
whose G-value is 1, but we have a position (n’ —4,n’ — 4), whose G-value is 0. Thus we
get G((n' +4,n' +4))=1. Y € {(k},n +4) | n' +5 < Kk} <2n'}u{(k},n +5) |
n' +5 <k} <2n'}, then (n' +4,n' +4) € O(Y), which implies that Y ¢ G;. Therefore,
for Y = (k’,l,kg) c f(YQ’Qn/) with TL/ —|—4 S kg S n’ +5 and kg S kil S 271/7 Y € Gl if
and only if Y = (n’ +4,n’ +4). Similarly, for each i € Z~( (with n' +4 + 2i < 2n/), it
can be verified that for Y = (k1, k2) € F(Y2.2,,/) with n’ +442i < ks <n’ 45+ 2i and
ko <k; <2n,Y € Gy ifand only if Y = (n’ + 4+ 2i,n’ + 4+ 2i). Therefore, we obtain

G = <{(n'+2,n/),(n’—l—l,n'+1)}U{(n'+4+2i,n’+4—|—2i) |i> 0})
NF(Ya2,2n/)
as desired.

Finally, we determine Gg. Let Y = (k1, k2) € T(Y2.2,/) with k1 + ko > 2n’. Similar
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to Gy and G, we determine G5 as follows.

o If ky <n/,thenY ¢ Gs.

elf n/ < ky <n+5and ks < k; < 2n/, then Y € G if and only if Y =
(n"+2,n" +2),(n +3,n),(n +4,n" +1).

e For each i € Z>o (with n/ +6+4i <2n'),if n’ +6+4i < ks <n' + 9+ 4i and
ko <ky <2n',thenY € Gy ifand only if Y = (n' + 7+ 4i,n' +6 +47),(n’ + 8+
di,n' + 7+ 4i).

Therefore, we obtain

Gz = ({(n’ +2,0/ +2),(n' +3,n'),(n +4,n" +1)}
U{(n +7+4i,n" +6+4i)|i>0}
UL(n' + 8+ 40,0 +7+4i) |i> 0}> A F(Yaow),

as desired. This complete the proof of Theorem 9.5. U

The following is an immediate consequence of Theorem 9.5, together with Theorem
8.7.

Corollary 9.6. Let n > 2. In MHRG(2, n), the G-value of the starting position Y5, is
given as follows:

3 ifn=23,
G(Ya,) =12 ifn#23, and n =2,3 mod 8,

1 otherwise.

Proof. We can easily calculate the G-value of the starting position in the cases that
n = 2,3. In the other case, we can prove the equality by Theorem 9.5 and Theorem
8.7. O

10 Relation between MHRG and HRG in terms of Shifted

Young Diagrams

10.1 Hooks of a Shifted Young Diagram
Definition 10.1. For a box (4, ) of a shifted Young diagram S, we define

armg (i, j) .= {(7',j)) € S i =17',j <j'},
legs (i, §) :=A{(,j") € S|i <, j =7
tails(i, j) .= {(,5) € S |j+1=1,j < j'},
hs(i,§) == {(i,4)} U armsg (i, j) U legg (i, j) U tails (i, 7).

The set hg(i,7) is called the hook corresponding to the box (i, j).

Example 10.2. In the figures below, the shadowed boxes form the hook corresponding
to the box v = (i, j).
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L]

(a): (b): (c):

Definition 10.3. For a box (i,7) of a shifted Young diagram S, we remove the hook
hs(i,j) corresponding to the box (i, j) as follows:

1. Remove all boxes in the hook hg(i, 7).
2. Move each box (i, 7') satisfying j +1 >4 >idiand j/ > j to (i’ — 1,5 —1).
3. Move each box (i, ') satisfying ¢’ > j + 1 to (i’ — 2,5’ — 2).

Example 10.4. If we remove the hook corresponding to the box (2,3) from the shifted
Young diagram S = (7,6,4,3,2), then we get S" = (7,4, 2).

L | L) ||

LN N
NI
NN
NN

Definition 10.5. A Hook Removing Game (HRG for short) in terms of shifted Young
diagrams is an impartial combinatorial game. The rules of this game are as follows:

(HS1) Given a shifted Young diagram S, each player chooses a box (i, 7) € S, and remove
the hook hg(i,j) corresponding to the box (7, 7) from S on his/her turn.
(HS2) The player who makes the empty shifted Young diagram () wins.

We denote HRG (in terms of shifted Young diagrams) whose starting position is a
shifted Young diagram S by HRG(S). It is clear from the definition of HRG(S) that
F(S) is identical to the set of all positions in HRG(S).

Proposition 10.6. Let S = (kq1,ko,...,k,) be a shifted Young diagram, and let T be
a shifted Young diagram containing S. The G-value of S in HRG(T') is equal to

G(S) = P ki,
1<i<n

where €, a; denotes the nim-sum (the addition of numbers in binary form without carry)
of all a;’s.

While this formula is (apparently) well-known by experts, will deduce it from the
results of [10], or by the fact that HRG(S) is isomorphic to Turning Turtles (for Turning
Turtles, see, e.g., [21, page 182]).

10.2 Diagonal Expression of a Shifted Young Diagram

We now describe the diagonal expression for shifted Young diagrams. Fix n € Z~y. An
element b € Zﬁgl is written as b = [by, ..., b,]. Also, we denote by SD,, C Zggl the set

of all elements b = [bo,...,by] € Z’;ng with b, = 0 satisfying 0 < by, — bgyr1 < 1 for 0 <
k <n. B
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Let S € F(SY,,); recall that SY,, = {(i,j) € Z%, | 1 <i < mn,i <j <n}. We set
dr = di(S) := #{(i,j) € S| j —i = k} for k € Z. Note that if k& > n, then d; = 0.
As in Proposition 7.5, we deduce that sd(S) = sd,,(5) := [do(95),...,dn(S)] € SD,, for
S € F(SY,) and the fact that the map sd = sd, : F(5Y,) — SD,, S — sd(S) is
bijective.

Definition 10.7. We call sd(S) = sd,,(S) the diagonal expression of S € F(SY,,).
Let b= [bo,...,bn] € SDy, b’ = [bf),...,b,] € ZL{ and 0 <1 <r <n. If

/

{bk—l ifl<k<nr,
e =

br otherwise,

then we write b l—r> . If

b —2 fO<k<r <r
b= b —1 ifr' <k <r,

br otherwise,

’
o,r

then we write b —>"5 b’ (or b ~+>" b’). Otherwise, if

b, —2 if0<k<r <r,
o= b —1 it <k<r

br otherwise,

then b’ € SD,,.
Lemma 10.8. Let S, S’ € F(SY,,). The following are equivalent.

(1) There exists a box (i,7) € S such that S" = S\ hs(i, 7).

(2) There exists 0 <! < r < n such that sd(S5) br, sd(S") or we have 0 <7’ <r <n

such that sd(S) 252" sd(S").

Let us explain the key point of a proof of the lemma by using some examples. Let
S € F(SY,), and write sd(S) as sd(S) = [do,...,d,]| for S € F(SY,). Let us consider
(1) = (2). If A(S) < j, then the removed hook hs(i,7) is of the form either (b) or (c)

in Example 10.2. Thus, there exist 0 < [ < r < n such that sd(S) br, sd(S"). For
example, let S be as in Example 10.2, and let S = S\ hg(2,6). Note that the right-half
of S is an (ordinary) Young diagram. Removing the hook hg(i,7) of this form from S
naturally corresponds to removing a hook from the Young diagram (see [14, Chapter 4]).

S = — S’ =
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In the diagonal expression, we see that
sd(S) =[5,5,4,3,2,2,1,0], sd(S") = [5,4,3,2,1,1,1,0],

and hence sd(5) EEN sd(S").
If j < h(S), then the removed hook is of the form (a) in Example 10.2. In this case,

we deduce that sd(S) or, O, sd(S") for some 0 <7’ < r < n. For example, let S be as

in Example 10.2, and let S’ = S\ hg(2,3).
L | | ]

S = — S =

In the diagonal expression, we see that

sd(S) =[5,5,4,3,2,2,1,0],  sd(S") =[3,3,2,2,1,1,1,0],

and hence sd(S5) 25,02, sd(95).

The implication (2) = (1) can be verified as in Lemma 7.7.

Definition 10.9. A sequence (a—,...,a,) € Dy, is said to be symmetric if a; =
Ap—m—i for all —=m < i <n.

Lemma 10.10.

(1) Let Y € F(Ynn). The sequence d(Y) € D, ,, is symmetric if and only if YV €
T (Vo).

(2) Let Y € F(Y,nt1). The sequence d(Y) € Dy, 541 is symmetric if and only if
Y € T(Ynnt1)

Proof. By Theorem 8.7, we need only to show part (1) since it is clear that for Y €
T (Y, n), d(Y) is symmetric if and only if d(E(Y")) is symmetric. We show by induction
on #Y that if Y € T(Y,, ), then d(Y) = (d_,(Y),...,dn(Y)) € D, is symmetric.
IfY =Y, then d(Y,n) = (0,1,...,n — 1,n,n —1,...,1,0) is symmetric. Assume
that Y # Y, ,. Then there exists Y € T(Y,,,) such that ¥ — Y. Note that d(Y) =
(d_n(Y),...,dn(Y)) is symmetric by the induction hypothesis, and d_1(Y) ' dy(Y) if
and only if d_i(Y) \, d_p41(Y) for —n < k < n. Then,

(i) there exist —n < I < < n such that d(Y) br, d(Y), or
(ii) there exist —n < [ < r < n such that d(Y") LN d(Y") = d(y).

Let us consider case (i). Suppose that [ # —r. Note that d;_1(Y) 2 dy(Y), d_;(Y) \,
d_1(Y), (V) N\ dpir(Y), and d—,—1(Y)  d_.(Y). By Lemma 7.12, we have
dr 1 (Y) /d_(Y)and d_(Y) \yd—y41(Y). Thus d(Y)—,—y € Dy, by Lemma 7.14,
but this is a contradiction. Hence we deduce that [ = —r. Then we have d(Y) —= d(Y).
In this case, it is obvious that d(Y) € D, ,, is symmetric.

Let us consider case (ii). We will show that di(Y) = d_i(Y) for any —n < k < n.
Assume that | < k < r and —r < k < —[. In this case, we have dk(f/) = dk(f/') +1=

—r,r'==1
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di(Y) + 2. Since I < —k < r and —r < —k < —I, we have d_,(Y) = d_,(Y') + 1 =
d_p(Y)+2 . Thus we have dj(Y) = dp(Y) =2 = d_,(Y) — 2 = d_(Y). The proofs for
the other cases are similar. Hence d(Y') € D, ,, is symmetric.

Next, we show that if d(Y') = (d_,(Y),...,dn(Y)) € D, ,, is symmetric, then ¥ €
TYon) Let A:={0<i<n—-1]|d;, =di+1+1} and write it as A = {i1,42,...,7x}.
Then there exists a transition ¥;,,, =Yy =Y = Yo = -+ = Y1 = Y, =Y such that

—1iy,1]

d(Yi_1) —— d(Y}) for 1 <[ < k. Thus we obtain Y € T(Y},,), as desired. O
Let a = (a_p,an-1,-..,0-1,00,01,...,0pn,0n+1) € Dy py1. Assume that
a:=la1,a2,...,0n,0n41] € Zggl.

By the definition of D,, 41, we thus have @ € SD,,.
Definition 10.11. The map A : T (Y, nt1) — F(SY,,) is defined as follows. If the
diagonal expression of Y € T (Y}, pn41) is

d(Y) — (a—n7 An—1,y...,0-1, dOa a1y...,0n, a'n—l—l)a

then we define A(Y) € F(SY,) to be the shifted Young diagram in F(SY,,) whose
diagonal expression is equal to

sd(A(Y)) = [a1,a2,...,an, ant1].

Lemma 10.12. Let Y € T(Y;, n41), and let Y/ € O(Y). Also, set S := A(Y) € F(SY,,).
Then there exists S" € O(S) such that A(Y') = 5.

Proof. Since Y’ € O(Y'), we see that

(i) there exist —n <1 <r < n+ 1 such that d(Y) LN d(Y’), or
(ii) there exist —n < | < r < n+1and Y € F(Y, nt+1) such that d(Y) LN

d(y"y T gy,
First, we consider case (i). By the proof of Lemma 10.10, we see that [ = —r + 1 and
hence d(Y) e, d(Y"). In this case, we have d,_1(S5) = d,(S) + 1. Let §' € F(SY,)

be such that sd(S5) i sd(S’). Then we deduce that A(Y') = 5".

Next, we consider case (ii). By the proof of Lemma 10.10, we see that [ # —r 4+ 1 and
hence d(Y )19, (A(Y)1,1) —r+1,—141] € Drn-

Assume that 0 < [ < r. In this case, we have d;_5(S) = d;—1(S) and d,_1(5) =

d,(S)+ 1. Let S’ € F(SY,,) be such that sd(S5) EkiliN sd(S"). Then we deduce that

AY")=5".

Assume that [ < r < 0. In this case, we have d_,_1(S) = d_.(S) and d_;(S) =
d_1+1(S)+1. Let 8" € F(SY,,) be such that sd(S) - sd(S"). Then we deduce that
AY")=9".

Assume that [ < 0 < r. In this case, we have d,_1(S) = d,(S) + 1 and d_;(S) =
d_i11(S) + 1. Let " € F(SY,,) be such that sd(S) ot Oy sd(S’). Then we deduce
that A(Y") = 95",

Thus we have proved the lemma. Ol
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Let b = [bo,b1,...,bn_1,b,] € SD,,. Assume that
I; = (b—nybn—la e ,b_l,b.o,bo,bl, - ,bn_l,bn) S Zé%+2'

By the definition of SD,,, we have be Dy nt1-

Definition 10.13. The map B : F(SY,) — T (Y, n+1) is defined as follows. If the
diagonal expression of Y € F(SY;,) is

sd(S) = [ap,a1,...,an_1,0ay].

then we define B(S) € T (Y, n+1) to be the rectangular Young diagram in 7 (Y}, nt1)
whose diagonal expression is equal to

d(B(S)):(Gn,an_l,...,do, apg ,a1y...,0p—1, (0799 )
~— ~—
1st (n+1)-th

Lemma 10.14. Let S € F(SY,,), and let S’ € O(S). Also, set Y := B(S) € T(Ynn+t1)-
Then there exists Y’ € O(Y') such that B(S") =Y.

Proof. Since S’ € O(S), we see that

(i) there exist 0 <[ <r < n such that sd(S5) Lr, sd(S'), or

(i) there exist 0 <17’ < r < n such that sd(95) o, ory sd(S").

First, we consider case (i). Assume that [ = 0. In this case, d.(S) = d,11(S) + 1.
Then, we have d,11(B(S5)) = dy42(B(S))+ 1, d——1(B(S5))+ 1 =d_,.(B(S5)), and hence

d(B(S)){—rrs1] € Dypis by Lemma 7.12. Let Y/ € O(Y) be such that d(Y) —%
d(Y'). Then we deduce that B(S’) = Y’. Assume that 0 < [ < r. In this case,
di—1(S) = d;(S) and d,(S) = dr+1(S) + 1. Then, we have d;(B(S)) = di+1(B(9)),
d—i(B(5)) = d-111(B(S5)), dr41(B(5)) = dr42(B(S))+1, d—r—1(B(5))+1 = d—(B(S5)),
and hence d(B(9))i41,r41)> (d(B(S))i41,r41))[=r,—) € Dnpnt1 by Lemma 7.12. Let

Y' € O(Y) be such that d(v) T2 gy d(Y"). Then we deduce that
B(S")=Y".

Next, we consider case (ii). In this case, d,.(S) = d,4+1(S) + 1 and d,/(S) = dr11(S) +
1. Then, we have d,11(B(S)) = dry2(B(S)) + 1, d_—1(B(S5)) + 1 = d_.(B(9)),
dr41(B(S)) = dpyo(B(S)) + 1, d_pr—1(B(S)) + 1 = d_,»(B(S5)), and hence, by Lemma
7.12, we have d(B(S))[—T’,r+1]7 (d(B(S))[—r’,r—i—l})[—r,r’—l—l] S Dn,n+1- Let Y' € O(Y) be

such that d(Y) ——"*% d(Y") ==Y g(Y"). This implies that B(S") = Y.
Thus we have proved the lemma. O

—r,—1

The next theorem follows from Lemmas 10.12 and 10.14.

Theorem 10.15. For n € Zso, MHRG(n,n + 1) and HRG(SY,,) are isomorphic. In
particular, G(Y;, n+1) in MHRG(n,n + 1) is equal to G(SY,,) in HRG(SY,,).

Combining Proposition 10.6, Theorems 8.7, and 10.15, we obtain the following corol-
lary.

Corollary 10.16. In MHRG(n, n) (resp., MHRG(n,n + 1)), the G-value of the starting
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position Y, ,, (resp., Y, n+1) is equal to

1<k<n
31321

Example 10.17. Assume that n = 3. The G-value of Y54 = [2]3]|3]2]| is equal to
1{213(3

19203 =0.
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