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Abstract

A trading problem can be classified into the following four kinds: a selling problem and a buying problem, each of which, moreover, falls
into a problem with reservation price mechanism (opponent trader proposes the trading price) and a problem with posted price mechanism
(leading trader proposes the trading price). Let us refer to a group of the four problems as the quadruple-asset-trading-problems. The
main objective of the paper is twofold: the construction of a general theory which integrates the quadruple-asset-trading-problems and the
analyses of some basic models of these problems by using the theory. To attain the objective, some novel ideas are introduced in the present
paper: symmetry, analogy, initiating time, quitting penalty, market restriction, etc. which will lead us to quite a new horizon that has not
been perceived at all by any researcher. The most notable findings obtained from the analyses of these basic models are the following two.
One is the drastic collapse of symmetry between the selling problem and the buying problem, the other is the existence of null-time-zone,
at every point in time on which any decision-making activity makes no sense at all. Especially, the latter finding could confront us with
the all-around review of the whole discussion that has been made thus far for a trading problem as a decision process. Furthermore
interestingly, when the zone is over all points in time on the planning horizon, excluding the deadline, it follows that all activities of the
decision-making that are scheduled for over the entire planning horizon are swallowed up into the deadline as if all substances, even light,
fall into a black hole. Finally, we propose the enormous number of models for asset trading problems which have not yet been posed so far
and wind up this study with insisting that the treatment of these problems are almost impossible without the integration theory.

As far as the laws of mathematics refer to reality,
they are not certain,
and as far as they are certain,
they do not refer to reality.

Albert Einstein

— This study starting with this apothegm ends with this apothegm (see C27.4(p.267)) —

This is the first substantial version of “An integration of the optimal stopping problem and the optimal pricing problem”
https://commons.sk.tsukuba.ac.jp/discussion/page/27 (No.1084/2004)

The integration theory posed in this present version is exemplified by use of some generalized models of the asset selling problem in [20,
Ee & Ikuta (2006)]. Let us refer to the above original paper as ver.000 and to the present paper as ver.001. According to the progress
of our study, this will be updated as ver.002, ver.003, - - -

*Readers will be bewildered by different uncommon notions, concepts, definitions, events, results, findings, etc. appearing in the present
paper (see Alice’s 1(p9), 2(p36), 3(p36), 4(p36), 5(p37), and 6(p53)).
Tosp19411@outlook. jp
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Abbreviations

ATP Asset Trading Problem

ASP Asset Selling Problem

ABP Asset Buying Problem

ATM Asset Trading Model

ASM Asset Selling Model

ABM Asset Buying Model

Tom Lemma in Total market (%)

Pom Lemma in Positive market (F# 1)
Mim Lemma in Mixed market (.F*)
Nem Lemma in Negative market (% )
A Assertion

o o/ ssertion system

R Reservation price mechanism

P Posted price mechanism

M:z[X][X] Model of asset selling problem (z =1,2,3,X =R, P, X = A, E)
I\7I:x[X] X] Model of asset buying problem (=1,2,3,X=R,P,X=A, E)
Q(Models)  quadruple-asset-trading-models

S(Models)  structured unit of models

SOE System of Optimality Equations [soé]
0IT Optimal-Initiating-Time [ouit]
d0ITs degenerate 0IT to the starting time
d0ITd degenerate 0IT to the deadline
ndOIT nondegenerate 0IT

pSkip posterior-Skip of search

Nul-TZ Null-Time-Zone [nAlt{:zi:]

a-E-case attack-Enforced-case

a-A-case attack-Allowed-case

s-E-case search-Enforced-case

s-A-case search-Allowed-case

a-E-model attack-Enforced-model

a-A-model attack-Allowed-model

s-E-model search-Enforced-model

s-A-model search-Allowed-model

ii-E-case immediate-initiation-Enforced-case
ii-A-case immediate-initiation-Allowed-case

ii-E-model immediate-initiation-Enforced-model
ii-A-model  immediate-initiation-Allowed-model
X “not always equal” (“#£” is “equal”)
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Part 1

Prologue

This part provides all of what will be needed prior to the construction of the integration theory in
Part 2 (p.38).
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Chapter 1

Introduction

1.1 Two Examples
To begin with, let us here give two examples which convey a flavor of problems treated throughout the present paper.
Ezample 1.1.1 (selling problem) Suppose that you have to sell your car up to a specified date (deadline) for a compelling
reason (for instance, you must suddenly return to your mother country by order of the head office) and that a buyer who wants to
buy it for a certain price has just appeared. If the price is high enough, you will sell the car to the buyer, but if not so, you will
hesitate to sell. Then, if you sell, you might incur the risk that a buyer proposing a higher price may appear in the future. Conversely,
if you do not sell, you might incur the risk that any buyer proposing a higher price may not appear in the future; in the worst case, no
buyer could appear up to the deadline at all; if so, you must sell it for a giveaway price or dispose of it by paying some cost. Taking
such risks into consideration, you have to determine whether or not to sell it to each buyer who will successively appear. The above
scenario implies that you must sell the car for a lower and lower price as getting closer and closer to the deadline, or equivalently you
must set the minimum permissible selling price (reservation price) so as to become lower and lower as getting closer and closer to the
deadline.

We can also consider a buying problem which is the inverse of the above selling problem, described as below.
Ezample 1.1.2 (buying problem) Suppose that you have to buy a car up to a specified date (deadline) and that a seller who
wants to sell a car for a certain price has just appeared. If the price is low enough, you will buy the car from the seller, but if not so,
you will hesitate to buy. Then, if you buy, you might incur the risk that a seller proposing a lower price may appear in the future.
Conversely, if you do not buy, you might incur the risk that any seller proposing a lower price may not appear in the future; in the worst
case, no seller could appear up to the deadline at all; if so, you must buy a car for a very high price in a black market. Taking such
risks into consideration, you have to determine whether or not to buy a car from each seller who will successively appear. The above
scenario implies that you must buy a car for a higher and higher price as getting closer and closer to the deadline, or equivalently you
must set the maximum permissible buying price (reservation price) so as to become higher and higher as getting closer and closer to
the deadline.

The above two problems have been already investigated so far under the name “optimal stopping problem”, implying “when
to stop the behavior of “not selling the asset” in the former problem or “not buying the asset” in the letter problem”. The
earliest papers for these problems can be traced back to 1960’s as long as we know [43,1961]ro0051 [30,1962]05217 [10,1971]r0014)
[34,1973] tos25] .

Now, the above two problems would seem to be special cases of different decision-making problems that have been treated so
far in the fields of operational research and economics. In the present paper, however, we will try to thoroughly and in detail
clarify all aspects of the two problems by introducing some novel ideas: symmetry, analogy, initiating time, quitting penalty,
market restriction, etc. which have not been perceived by any researcher at all, including the authors in the past. After having
finished reading the paper, it will be known that the above two problems which seem to be symmetrical at a glance are not
always so and, moreover, that this study in the present paper will throw a new light and open up a genuinely new horizon not
only for the above two problems but also for a more generalized decision processes (see Section A 5(p.21)).

1.2 Quadruple-Asset-Trading-Problems

Before proceeding with our study, below let us review a general framework of a selling problem and a buying problem. First, let
us have an eye to the fact that an economic behaviour is basically constituted by different types of transactions, in each of which
different models of trading assets (house, car, a lot of land, etc.), commodities (wheat, copper, gasoline, etc.), and goods (fruit,
fish, clothes, etc.) have been posed and examined thus far. As general terms, let us refer to an item traded there as the asset
and to a problem of trading an asset as the asset trading problem, ATP for short. In addition, let us refer to persons involved in
ATP as traders, consisting of a seller and a buyer, who face an asset selling problem’ and an asset buying problem respectively,

Jr[30, 1962]ros21], [32,1963]10303], [3,1977]r0080], [38,1983]r0138], [37,1983]r0136], [40,1990]r0390], [7,1991]10506], [33,1993]r0480], [44,1993]r0494],
[36,1995]t0356] , [27,1995]10374], [45,1995]10500], [4,1995]t0491], [47,1997]rt0282], [9,1997]r0393], [12,1998]r0389], [21,1999]r0308], [1,1999]t0371], [13,
2001] 0387, [35,2002]r038s], [11,2002]r0319], [15,2004]r0413], [19,2005]t0507], [16,2005]0517]

19,1998] r0303] , [11,2002] (0319] .
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denoted by ASP and ABP respectively for short. Now, a leading trader and its opponent trader in ASP (ABP) are a seller (buyer)
and a buyer (seller) respectively, and each of ASP and ABP is furthermore separated into the two cases, depending on which of
leading trader and opponent trader proposes a trading price. Accordingly, it follows that ATP consists of the following four kinds
of problems:

1
2

3
4

ASP in which a buyer as an opponent trader proposes a buying price,
ABP in which a seller as an opponent trader proposes a selling price,

(1
2)
(3) ASP in which a seller as a leading trader proposes a selling price,
4)

ABP in which a buyer as a leading trader proposes a buying price.

In ATP in which an opponent trader proposes a trading price (1/2), a leading trader faces the problem of determining whether
or not to accept the trading price proposed by the opponent trader (buying price/selling price). Then, the leading trader must
set the optimal reservation price as a threshold based on which it is judged whether or not to accept it. It is called the problem
with reservation price mechanism,® R-mechanism for short; let us represent the problem as ATP[R] for short. In ASP[R], the
reservation price is the minimum permissible selling price; a seller (leading trader) is willing to sell the asset if and only if the
proposed price is greater than or equal to it. In ABP[R], the reservation price is the mazimum permissible buying price; a buyer
(leading trader) is willing to buy the asset if and only if the proposed price is less than or equal to it. On the other hand, in
ATP in which a leading trader proposes a trading price (3/4), the leading trader faces the problem of determining the trading
price to propose (selling price/buying price). It is called the problem with posted price mechanism,¥ P-mechanism for short; let
us represent the problem by ATP[P]. From the above, one sees that ATP consists of the four kinds of problems, ASP[R], ABP[R],
ASP[P], and ABP[P] respectively, called the quadruple-asset-trading-problems. Furthermore, let us represent models for the above
four problems by ASM[R], ABM[R], ASM[PP], and ABM[P] respectively, called the quadruple-asset-trading-models.

1.3 Two Motives
The writing of the present paper was strongly urged by the motives of trying to answer to the two questions below:

Motive 1 Is a buying problem always symmetrical to a selling problem ?

From long before this study started, we had been continuing to conceive a naive question “Does a buying problem
and a selling problem always become symmetrical each other in the sense that once a property of the latter problem is

known, its corresponding property of the former problem can be immediately and easily known by merely changing the
signs of variables, parameters, constants, etc. appearing within the description of the property of the latter problem ¢
and vice versa ?” Our final answer to the above naive question to which almost all researchers, including even the
authors in the past, had called no unambivalent attention is “nay !”.

Motive 2 Can the theory integrating quadruple-asset-trading-problems exist ?

Before starting to write this paper, we had widely read many papers related to these problems and spontaneously
obtained a rude expectation that there might exist “a common denominator” at the base of all discussions developed
there. This feeling led us to the insight that the common denominator is closely involved with a function called the
T-function (see Section 5.1.1(p17)). Urged by this insight, we had before long a faint anticipation that there could
exist a theory integrating the quadruple-asset-trading-problems, and finally we were led to a ray of hope that the
construction of the theory can first become possible by introducing the concepts of symmetry and analogy, and in the
final stage, fortunately we succeeded in its construction.

1.4 Four Novel Factors

In the present paper we introduce the following four novel factors:

Factor 1 Search skip (see Concept 2¢(p.10) )

A leading trader has an option whether to conduct the search for opponent trader or to skip it.

Factor 2 Quitting penalty (see A6(p.7))

This is a penalty by accepting which a leading trader can quit the process.

Factor 3 Market restrictions (see A7(p8) and Chapter 16(p.99))

It will be shown later that the successful construction of the integration theory can become possible under the basic
premise that a price £, whether reservation price or posted price, is defined on (—oo,c0). However, since the price
is positive in a usual transaction, i.e., £ € (0,00), the above premise must be said to be irrational a little bit from a
practical viewpoint. To remove the irrationality the paper employs the methodology of restricting results obtained
on (—o0,00) to ones on (0,00), called the market restriction (see Chapter 16(p.99) ).

§[4,1995] 10401, [6,2001] (0490]
Al [5,1998] r0492] ,[6,2001] 10490] ,[22,1994] 10283] ,[44,1993] 10494] ,[45,1995] 10500]
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Factor 4 Optimal initiating time (see Section 7.2.4(p.34) )
When encountering a decision problem, normally we lean to at once trying to initiate its treatment; however, from a
managerial and/or economical viewpoints it might become better to postpone its initiation, which inevitably leads us
to the notion of the optimal-initiating-time (see Section 7.2.4(p34)). Quite strangely enough, thus far we had not been
able to find any literature at all in which this rational thinking is taken into consideration in the study of decision
problems.

It will be known later that the introduction of the above four factors will lead us to quite a new horizon for the whole study of

asset trading problems.






Chapter 2

Assumptions and Concepts

2.1 Basic Assumptions

The section provides the basic assumptions that will be employed in models of asset trading problems dealt with in the present
paper.

Al

A2

A3

A4

A5

A6

Points in time

The process of trading proceeds intermittently on points in time equally spaced on a finite length of time axis as shown in
Figure 2.1.1 below. Let us refer to each point in time as the time, which is numbered backward from the final point in time,
time 0 (deadline), as 0,1, ---. Accordingly, if the present point in time is time ¢, then the two adjacent times ¢+ 1 and ¢t — 1
are the previous point in time and the next point in time respectively.

. . . . o » time
time ¢t 41 time ¢ timet—1 --- time 1 time O
(previous) (present) (next) (deadline)

Figure 2.1.1: Points in time

Absolutely necessary condition

In ASP (ABP), the seller (buyer) who is a leading trader must necessarily sell out his asset on hand (buy an asset from an
appearing seller) up to time 0. In other words, the seller (buyer) is not absolutely allowed to quit the selling process (buying
process) without selling (buying) the asset.

Stop of process

In ATP[R] the process stops when the leading trader accepts a price proposed by an opponent trader, and in ATP[P] the process
stops when an opponent trader accepts a price proposed by the leading trader. In the present paper we use distinctively
the terms “stop” and “terminate”; the former is used when the process stops at a point in time before the deadline and the
latter is used when it terminates at the deadline.

Search cost

A cost s > 0, called the search cost, must be paid to search for opponent traders.

Opponent trader appearing probability A

If the search is conducted at a certain point in time, then an opponent trader appears at the next point in time with a
probability A (0 < A < 1).

Quitting penalty

Assume 0 < A < 1 (i.e. XA # 1). Then, it is possible that no opponent trader appears at the next point in time even if
the search is conducted. Accordingly, this assumption, as long as leaving all other conditions intact, inevitably leads us
to the possibility that no opponent trader appears at all points in time over the entire planning horizon, including the
deadline. If so, it follows that a leading trader must be faced with the situation of having to quit the process at the terminal
point in time of the process (deadline) without trading the asset, which contradicts the assumption A2. One of the most
general requirements that can be taken when encountering such a situation is the introduction of a penalty p [20,Ee & Ikuta
(2006)]wos14], implying that the leading trader can quit the process in exchange for the penalty; in this sense, let us call the
penalty the terminal quitting penalty. Now, we can consider also the case that such a quitting penalty p is available also at
every point in time besides the terminal point in time of the process; let us call the p the intervening quitting penalty. Note
here that there exists a fine difference in its implication between a selling problem and a buying problem as stated below.

a. Selling Problem: When confronting such a situation in a selling problem, the seller (leading trader) will endeavor to
devise means of selling out the asset, for example, by proposing a giveaway price p (a very low price) to a buyer whom
he can then contact.




AT

A8

A9

A10

b. Buying Problem: When confronting such a situation in a buying problem, the buyer (leading trader) will endeavor to
buy the asset by proposing a very high price p to a seller whom he can then contact.

Here note that in the above description the quitting price p is implicitly assumed to be positive (i.e., p > 0); however, in

order to generalize the discussions that follows, we define it on —oo < p < oo (i.e. (—00,00)). See Section 16.5(p100) for

further implication of this convenient extension.

Region of price

In ATP[R] (ATP[P]), the price £ proposed by an appearing opponent trader (the reservation price £ of an appearing opponent

trader) is positive in a normal market of the real world (i.e., £ > 0) or equivalently the region of the price ¢ is the interval

(0,00). However, in order to generalize the discussions that follows, we define it on —co < £ < oo (i.e. (—00,00)). See

Section 16.1(p99) for the reason of the practical validity of this convenient extension.

Distribution function
In ATP[R] (ATP[PP]) let us assume that the prices proposed by successive opponent traders (the reservation prices of successive
opponent traders), &, &', ---, are independent identically distributed random variables having a continuous distribution
function
F(§) =Pr{g <&} (2.1.1)
with a finite expectation pu where
FE=0 ---(1) £<a,
O0<FE) <1l ---(2) a<&<b, (2.1.2)
FE=1 ---(3) b<g,
for given constants a and b such that
—oo<a<p<b<oo. (2.1.3)

Furthermore, for its probability density function f(&) let us assume
(

f=0 ---(1) €£<a,
0<f)<1 --(2) a<¢E<h, (2.1.4)
f=0 ---3) b<&

Let us represent the set of all possible distribution functions defined above by

F={F|—-00<a<p<b< oo}, (2.1.5)
called the distribution function space.
f(&)
Ta— ¢

Figure 2.1.2: Probability density function f(£).

Recallability of once rejected opponent trader

Whether in the model with R-mechanism or in the model with P-mechanism, if an once rejected opponent trader can
be recalled later and accepted, then it is called the recall-model or model-with-recall, conversely, if such recallability is
impossible, then it is called the no-recall-model, model-with-no-recall, or model-without-recall.

Discount factor

In an asset selling problem, a seller (leading trader) can invest the profit £ obtained by selling his asset at a given rate of
interest r > 0; as a result, the profit £ obtained at the present point time increases to (1 4+ r)¢ a period hence (the next
point in time); accordingly, a profit £ a period hence is equivalent to (1 + )~ ¢ at the present point in time (see [39,Ross,
1961]w0s3s))." Usually (14 7)~* is denoted by 8 = (1+7)~" (0 < 8 < 1), called the discount factor, hence (1 + 7)€ = BE.
Now, let the today’s profit (present point in time) be x and the tomorrow’s profit (next point in time) be y. Then, the
tomorrow’s profit y is evaluated as By at the point in time of today; accordingly, the comparison between the today’s profit
z and the tomorrow’s profit y should be made by the inequality “x > (= (<)) By”. Thus, it follows that the comparison
between the today’s profit x and the profit y obtained after n days should be made by the inequality “z > (= (<)) 8"y”.
On the other hand, in an asset buying problem, a buying price paid by the buyer (leading trader) is a cost, which is not a
currency on hand; in other words, it is what has been already paid, so it can not be invested. Hence, it follows that the
introduction of discount factor 8 to the cost seems to be beside the question at a glance.

fA+r)(1+r)te=¢



Alice 1 (discount factor for cost) Herein, Alice came to grips with the following question. “But, but —, if this is true,
it follows that the concept of the discount factor cannot be introduced not only to the asset buying problem but also to any other
decision process with the objective of cost minimization !; Is this true 7. Then, Dr. Rabbit clad in the waistcoat-pocket suddenly
appeared in front of her and told to her. The pay of a cost y can be regarded as the occurrence of a loss in the sense of losing
the currency y on hand that should be avoided if it were not paid; in other words, “the today’s cost y” can be regarded as a
synonym of “the loss of the currency y on hand”; such a cost is usually called the opportunity loss. This scenario further proceeds
as below. Since the today’s currency y as an opportunity loss must increased, if it was not paid, to (14 r)y = B8ty tomorrow,
the tomorrow'’s currency y is evaluated as the currency By today. Accordingly, since the comparison between the today’s cost x
and the cost y after n days can be replaced by the comparison between the today’s opportunity loss x and the opportunity loss
y after n days, it eventually follows that the former comparison should be made by the inequality “xz > (= (<)) f™y. From the
above scenario it follows that the discount factor 3 can and should be introduced to all kinds of costs including the search cost
s. And then, taking a watch out of its waistcoat-pocket and murmuring “Oh dear! Oh dear!, | shall be too late for the faculty
meeting”, Dr. Rabbit disappeared down the hole. [

2.2 Two Novel Concepts

The two novel concepts below are introduced over the whole discussion of the present paper.

Concept 1 Recognizing time, starting time, initiating time, and null time zone (see Section 7.1(p.33))
Since a decision-making is basically a behaviour of human-beings, it first starts only when the existence of the
decision-making problem has been recognized; in other words, it can never start without recognizing its existence.
Now, suppose that the existence of an asset trading problem (ATP) has been recognized at a certain point in time.
Then, let us refer to this point in time as the recognizing time of the process. Next, for different reasons, say making
budgets, arranging staffs, etc., some amount of time will be needed to start actually tackling the problem. Let us
refer to the point in time when all of such preparations finish as the starting time T of the process. Now, reaching
the starting time, implicitly or unconsciously one will immediately try to initiate the search for an opponent trader
and to make the decision whether or not to make a deal with opponent traders that will appear after that. However,
from a managerial and economic viewpoint, this is not always profitable since there exists the possibility that it can
become better to postpone the initiation of search and decision until a point in time in the future. Let us refer to
such a point in time as the initiating time and to the best of all possible initiating times as the optimal initiating
-time t; < T, OIT for short (see Figure 2.2.1 below). Let us call the time interval between the starting time 7 and
the optimal initiating time ¢; the null-time-zone, denoted by Nul-TZ (see Sections 7.2.4.6(p.36) ). Quite oddly enough,
however, we were not able to find any works, as long as we know, in which the above time concepts are taken into

account.
recognizing time starting time optimal initiating time (0IT) deadline
-4 .+~ .+~ 1 .« |+ time
T or—1 .- 41 tF 0

null-time-zone (Nul-TZ)
Figure 2.2.1: Null-Time-Zone (Nul-TZ)

Concept 2 Enforced-case and allowed-case
As reading the paper more, it will be known that all the concepts below are imperative in making the framework of
each model treated in this paper more clear.
a. Attack-enforced-case and attack-allowed-case
When the existence of a decision-making problem has been recognized, what should be first questioned is whether

it is enforced to attack the decision problem or not.

i. a-E-case: Let us refer to the former as the attack-enforced-case. In this case, even if it is known to yield no
profit, a decision-maker must be resigned to the red ink.

ii. a-A-case: Let us refer to the latter as the attack-allowed (not-enforced)-case in a sense that a leading trader
has the option whether to attack or not, hence, in this case, if it is known to yield no profit, it suffices to quit
the decision-making itself without taking any action.

b. Immediate-initiation-enforced-case and immediate-initiation-allowed-case

Whether a-E-case or a-A-case, the following two cases can be considered, provided that in a-A-case it has been
determined to attack the decision-making problem.

i. ii-E-case: The case that it is enforced to immediately initiate the attack, called the immediate-initiation-
enforced-case.

ii. ii-A-case: The case that it is not enforced to immediately initiate the attack; in other words, the immediate
initiation is allowed as one option, so it is possible to postpone its initiation. For this reason, we call the case
the immediate-initiation-allowed (not-enforced)-case.

9



c. Search-Enforced-case and search-Allowed-case

i.

ii.

s-E-case: The case that once the process has initiated, it is enforced to conduct the search at every point in
time after that, called the search-enforced-case. In this case, as seen in Figure 2.2.2 below, a leading trader
must continue to conduct the search until the process stops.

starting time deadline
- 0 .
S'E‘Case — e ——e— ¢ —0o o o —o 0o o o o o —o —0—e——e—> time

C C C C C C C C Stop
Figure 2.2.2: Flow of Search-Conducts in s-E-case

s-A-case: The case that even if once the process has initiated, it is allowed to skip the search at every point
in time after that, called the search-allowed (not-enforced)-case. In other words, a leading trader has an
option whether to conduct the search or to skip as long as the process does not stop. In this case, we can
consider different types of the flows of search-Conduct and search-Skip as shown in Figure 2.2.3 below where

«
g

” represents the switch from search-Skip to search-Conduct or from search-Conduct to search-Skip.

starting time deadline

T .
— o o o o o o o o o o o o o e —e > time

Type 1 C ¢ C C C C C C — Stop

Type 2 C C C C C C C c ~S S S S ~ C — Stop
Type 3 C C cC~ s S S S~ C C C C C C — Stop
Type 4 S S s v~ C C C c ~ S S S S ~» C — Stop

Type 5 S s ~C C c ~ S S S~ C c ~Ss S S ~ C — Stop
Type 6 S S S S S S S S S ~» C — Stop

Figure 2.2.3: Different flows of search-Conducts and search-Skips in s-A-case

Definition 2.2.1 (search-Enforced-model and search-Allowed-model)  Let us refer to the model of s-E-case and the
model of s-A-case as search-Enforced-model and search-Allowed-model respectively, represented by s-E-model and
s-A-model for short. [
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Chapter 3

Tables of Models

3.1 Three Kinds of Models

In the present paper, we consider the following three kinds of models (see A6(p.7)):

o Model 1 in which the quitting penalty p (whether “terminal” or “intervening”) is not available.
o Model 2 in which only the terminal quitting penalty p is available.
o Model 3 in which the terminal quitting penalty p and the intervening quitting penalty p are both available.

3.2 Simplified Symbols

For expressional simplicity, let us employ the following simplified symbols:

R-mech-model — R-model, search-Allowed-model — s-A-model, selling-model — S-model,
P-mech-model — P-model, search-Enforced-model — s-E-model, buying-model — B-model.

3.3 Tables of Models

Models treated in the present paper are classified into the no-recall-model and the recall-model (see A9(ps§)), each of which is

moreover classified into s-A-model and s-E-model (see Def. 2.2.1(p.10) ).

3.3.1 No-Recall-Model

Let us designate s-A-model with no recall (see Concept 2cii(p.l0) (s-A-case)) by
M:z[X][A] (M:z[X][A]) ==1,2,3, X=R,P?
and s-E-model with no recall (see Concept 2cifpl0) (s-E-case)) by

M:z[X][E] (M:z[X][E]) z=1,2,3, X=R,P.

Furthermore, let us define the set
O(M:z[X]) = {M:2[R][X], M:x[R] [X], M:2[P][X], l\~/|::r[]P’][X]}7 x=1,2,3, X=AE,

called the quadruple-asset-trading-models. Table 3.3.1 below provides the bird’s-eye view of Q(M:z[X]).

Table 3.3.1: Twenty Four No-recall-Models

ASP[R] ABP[R]  ASP[F]  ABP[P]
Q{M:1[A]} = { M:1[R][A], '\:/|=1[R][A], M:1[P[A], ‘1[P][A] }
Q{M:1[E]} = { M:L[R][E], M:1[R][E], M:1[P][E], M:1[P][E] }
O(M:2(a)} = { Mi2(RJA], M:2[RJ(A], M:2(P]A], W:2(PI(A] }
Q{M:2[E]} = { M:2[R][E], M:2[R][E], M:2[P|[E], M:2[P|[E] }
O(M:3(A)} = { M:3[RA], M:3[RJIA], M:3[PIA], WE:3[PI(A] }
Q{M:3[E]} = { M:3[R][E], M:3[R][E], M:3[P|[E], M:3[P|[E] }

J;"l:hroughout the paper, the model of the asset buying problem (ABP) is represented by the symbol upon which the tilde
like M.

11
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3.3.2 Recall-Model
Let us designate s-A-model with recall by

rM:z[X][A] (M:z[X][A]) z=1,2,3, X=R,P,

and s-E-model with recall by .
rM:z[X][E] tM:z[X][E]) z=1,2,3, X=R,P.

Furthermore, let us define the set
Q(rM:z[X]) = {rM:x[R][X},rI\N/l:m[R] [X], tM:z[P] [X],rM:m[P] X]}, x=1,2,3, X=AE, (3.3.2)
called the quadruple-asset-trading-models-with-recall as below. Table 3.3.2 below provides the bird’s-eye view of Q(rM:z[X]).

Table 3.3.2: Twenty Four Recall-Models

ASP([R] ABP[R] ASP[F]  ABP[P]

O{rM:1[A]} = { rM:1[R][A], rM:1[R][A], rM:1[P][A], rM:1[P][A]}
O{rM:1[E]} = { rM:1[R][E], rM:1[R][E], rM:1[P][E], rM:1[P][E]}

A}, rM:2[P][4], rl\:/I:Z[P][A]}
, rM:2[P][E], rM:2[P][E]}

Q{rM:2[A]} = { rM:2[R][A], rM:2[R]
Q{rM:2[E]} = { rM:2[R][E], rM:2[R][E
Q{rM:3[A]} = { rM:3[R][A], rl\:/I:S[]R}[A}, rM:3[P][4], rl\:/lz3[IP>][A]}
Q{rM:3[E]} = { rM:3[R][E], rM:3[R][E], rM:3[P][E], rM:3[P][E]}

3.4 Structured-Unit-of-Models

Let us refer to the whole of 24 models defined in each of the above two tables as the structured-unit-of-models, denoted by S(M)
and S(rM) respectively, i.e.,

S(M)
S(rtM)

{Q{M:1[a]}, O{M:1[E]}, Q{M:2[A]}, Q{M:2[E]}, Q{M:3[A]}, Q{M:3[E]}, (3.4.1)
{Q{rM: 1[A]}, O{rM: 1[E]}, Q{rM:2[A]}, Q{rM:2[E]}, Q{rM:3[A]}, O{rM:3[E]}. (3.4.2)

3.5 Decisions
What a leading trader should determine in each of the models defined in Tables 3.3.1 and 3.3.2 are as follows:
Whether or not to accept the price proposed by an opponent trader (only for R-model),

What price to propose (only for P-model),

Whether or not to conduct the search for opponent traders (only for s-A-model),

- W N e

When to initiate the process (for all models).
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Chapter 4

No-Recall-Models

In this chapter we provide the strict definitions of no-recall-models in Table 3.3.1(p.11), by use of which the integration theory
will be constructed in Part 2(p.3).

4.1 Model 1

4.1.1 Search-Enforced-Model: Q(M:1[E]) = {M:1[R][E] : M:1[P][E], M:1[R][E], M:1[P][E]}

4.1.1.1 M:1[R][E] and M:1[P][E]

The two are the most basic models of the asset selling problem [8,Ber1995,p.158-162]t0044) [46,You1998]t00s4] T, which are defined

by the following assumptions:

Al. Once the process initiates, at every point in time after that it is enforced to conduct the search for buyers (see Con-
cept 2¢i(p.10) (s-E-case), hence the search cost s > 0 is paid at every point in time (see A4{pJ7)).

A2. After the search has been conducted at a point in time ¢ > 0, a buyer (opponent trader) certainly appears at time ¢ — 1
(next point in time), i.e., the buyer appearing probability A =1 (see A5(p.7)).

A3. Prices &, ¢, ¢”, -+ which successively appearing buyers in M:1[R][E] propose and reservation prices &, &', £¢”, -+ which
successively appearing buyers in M:1[P][E] have been both assumed to be independent identically distributed random
variables having a known continuous probability distribution function F(§) = Pr{€ < &} (see A8(ps)).

A4. Both terminal quitting penalty p and intervening quitting penalty p are not available (see A6(p.7)).
A5. The selling process stops at the point in time when the asset is sold to an appearing buyer (see A3(p.7)).

M:1[R][E]: buying price iw}proposed by an appearing buyer (opponent trader)
M:1[P][E]: buying price !z proposed by the seller (leading trader)

previous prfsent Tnext deadline "
* g * - * * o—» L1
t+2 t+1 tV t— 1' 1 0
S S

search cost

Figure 4.1.1: M:1[R][E] and M:1[P|[E]

The objective is to maximize the total expected present discounted profit, i.e., the expected present discounted value of the
price for which the asset is sold, minus the total expected present discounted value of the search costs which will be paid until
the process stops with selling the asset.

Remark 4.1.1

(a) The starting time 7 must be greater than 0, i.e., 7 > 0 for the following reason. If 7 = 0, there exists no buyer at time 0,
hence the process must stop without selling the asset, which contradicts A2(p.7).

(b) Suppose the process has proceeded up to time 1. Then, since the search is conducted at that time due to A1(p13), a buyer
certainly appears at time 0 due to A2(p13). Then, at time 0 (deadline):

1. In M:1[R][E], due to A2(p7) the seller must sell the asset to the buyer however small the price proposed by the buyer
may be.

2. In M:1[P][E], the seller must propose a price a to the buyer where a is the lower bound of the distribution function F
for the reservation price € of the buyer (see Figure 2.1.2(p8)). Then, the buyer certainly buys the asset. [

TThe case with n = 1.
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4.1.1.2 M:1[R][E] and M:1[P][E]
The two are the models of the asset buying problem, each of which is the inverse of the asset selling problem in Section 4.1.1.1,
defined by the following assumptions:

Al. Once the process initiates, at every point in time after that it is enforced to conduct the search for sellers, hence the search
cost s > 0 is paid at every point in time.

A2. After the search has been conducted at a point in time ¢ > 0, a seller (opponent trader) certainly appears at time ¢ — 1
(next point in time), i.e., the seller appearing probability A = 1.

A3. Prices &, &', £”, --- which successively appearing sellers in M:1[R][E] propose and reservation prices &, ¢, £, --- which
successively appearing sellers in M:1[P][E] have been both assumed to be independent identically distributed random
variables having a known continuous probability distribution function F'(§) = Pr{¢ < &}.

A4. Both terminal quitting penalty p and intervening quitting penalty p are not available.
A5. The buying process stops at the point in time when the asset is bought by an appearing seller.

roposed by an appearing seller (opponent trader)

M:1[R][E]: selling price
M:1 roposed by the seller (leading trader)

[P][E]: selling price

previous deadline

t+2 t+1 t t—1 e 1 0
present next

Figure 4.1.2: M:1[R][E] and M:1[P|[E]

The objective is to minimize the total expected present discounted cost, i.e., the expected present discounted value of the price
for which the asset is bought, plus the total expected present discounted value of the search costs which will be paid until the
process stops with buying the asset.

Remark 4.1.2 Herein it should be noted that the direction of the vector representing a trading price £ or 2’ and the direction
of the vector representing a search cost s are converse in Figures 4.1.1 (selling model) and identical in 4.1.2 (buying model). 0

4.1.2 Search-Allowed-Model 1: Q(M:1[A]) = {M:1[R][A], M:1[P][A], M:1[R][A], M:1[P][A]}
4.1.2.1 M:1[R][A] and M:1[P][4]
The two are the same as M:1[R][E] and M:1[P][E] in Section 4.1.1.1 only except that A1(p13) is changed into as follows:

Al. At every point in time ¢ > 0, it is allowed to skip the search (see Concept 2cii(p.l0) (s-A-case)); in other words, the seller has
an option whether to conduct the search or to skip.

Remark 4.1.3

(a) The starting time 7 must be greater than 0, i.e., 7 > 0 for the same reason as in Remark 4.1.1(a).

(b) Suppose the process has proceeded up to time ¢ = 1. Then, if the search is skipped at that time, no buyer appears
at time ¢ = 0, hence the seller is faced with the situation of having to quit the process without selling the asset, which
contradicts A2(p.7). Accordingly, the search must be necessarily conducted at time t = 1; as a result, a buyer certainly appears
at time 0 due to the assumption A2. [

4.1.2.2 M:1[R][A] and M:1[P][A]
The two are the same as M:1[R][E] and M:1[P][E] in Section 4.1.1.2 only except that after the process has initiated, it is allowed
to skip the search.

14



4.2 Model 2

4.2.1 Search-Enforced-Model 2: Q(M:2[E]) = {M:2[R][E], M:2[P][E], M:2[R][E], M:2[P][E]}

The quadruple models are the same as in Section 4.1.1.1 only except that the assumptions A2(p.13) and A4(p13) are changed into
as follows:

A2. After the search has been conducted at time ¢t > 0, a buyer appears at the next point in time with a probability A < 1.
A4. The terminal quitting penalty p is available.

roposed by an appearing buyer (opponent trader)
‘proposed by the seller (leading trader)

deadlline .
time

search cost

Figure 4.2.1: M:2[R][E], M:2[P][E], M:2[R][E], and M:2[P][E]

Remark 4.2.1 In this model it is possible to stop the process by accepting the terminal quitting penalty p at time 0, hence
the starting time 7 = 0 is permitted since the leading trader can quit the process with accepting the p at time 0 even if no
opponent trader exists at time 0. Accordingly, in these models it follows that the starting time 7 is greater than or equal to 0,
e, 7>0. [

4.2.2 Search-Allowed-Model 2: Q(M:2[A]) = {M:2[R][A], M:2[P][A], M:2[R][A], M:2[P][A]}

The quadruple models are the same as in Section 4.2.1 only except that A1(p.13) is changed as follows:

Al. After the process has initiated, it is allowed to skip the search at every point in time ¢ > 0.

4.3 Model 3
4.3.1 Search-Enforced-Model 3: Q(M:3[E]) = {M:3[R][E], M:3[P][E], M:3[R][E], M:3[P][E]}
The quadruple models are the same as in Section 4.2.1 only except that the assumption A4(p.15) is changed as follows:

A4. 1In addition to the terminal quitting penalty p, the intervening quitting penalty p is also available.

M:1[R][E]: buying price w}proposed by an appearing buyer (opponent trader)
M:1[P][E]: buying price

roposed by the seller (leading trader)

Figure 4.3.1: M:3[R][E], M:3[P][E], M:3[R][E], and M:3[P][E]

4.3.2 Search-Allowed-Model 3: Q(M:3[A]) = M:3[R][A], M:3[P][A], M:3[R][A], M:3[P][A]
The quadruple models are the same as in Section 4.3.1 only except that after the process has initiated, it is allowed to skip the
search.

4.4 Parameter and Parameter Space

Let us refer to A € (0,1], 8 € (0,1], s € [0,00), and p € (—o0,0) as the parameter of models, all of which are independent of
the distribution function F. Then, let p = (), 3, s) for Model 1 and p = (A, 8, s, p) for Models 2,3, called the parameter vector,
and let us represent the set of all possible p’s by

P={p|A=1,0<B<10<s} for Model 1, (4.4.1)
4@:{p’0<)\§1,0<ﬁ§1,0§s, —00 < p< oo} for Models 2,3, (4.4.2)

called the parameter space.

fCartesian product.
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Definition 4.4.1 (total-space) Let us consider the following product (Cartesian product):
PxF={pF)|pe P FeF} (4.4.3)

called the total-space, depicted as the deformative circle in Figure 4.4.1 below. [

Figure 4.4.1: Total-space & x F

4.5 Different Variations

Different variations can be considered for the models that were defined in the previous sections.

B No-Recall-Model In Section 4.1.1.1 we provided the definition of the most textbookish and basic no-recall-model. Below
let us show its some variations.

(1) Limited search budget [25,Tku1992]wz36;T This is the model in which the total amount of budget that can be invested in
the search activities is limited. Then, how to allocate the limited budget among search activities in all points in time over
the entire planning horizon ?

(2) Price mechanism switching [17,Ee2006]two33) [15, Ee2004]to4131* This is the model in which the price mechanism can be
switched between R-mechanism and P-mechanism at every point in time over the planning horizon.

(3)  Several search areas [26,1ku1995]wz2e11* For example, let Tokyo, Kyoto, and Osaka be areas in which the leading trader

can search for opponent traders. Suppose he is in Tokyo today. Then, tomorrow, to stay in Tokyo, to move to Kyoto, or to
move to Osaka ?

(4)  Uncertain deadline [18,Ee2009]wo1s) In Example 1.1.1(p3), let the date of the return home be not yet definite at present; it
may be right now, one week after, or maybe the return directive itself might be countermanded.

B Recall-Model In Section 22.3.1.1.1(p22) we will provide the three definitions of the most basic recall-models defined in [43,
Sak1961]to00s). Below let us show the three variations of them:

(5)  Uncertain recall [31,Kar1977]wors) [2, Aki2014]wo09] [24,Tku1988]w1s0)®  This is the model in which the recall of opponent
traders once rejected is uncertain.

(6) Costly recall [28,Kan1999]wz761,[29,Kan2005]wosa;  This is the model in which some cost must be paid to recall opponent
traders once rejected.

(7) Reserved recall [41,5ai11998]wz275],[42,52i1999]01ss)  This is the model in which the availability of recall can be reserved by
paying some deposit

Models in the above references are all Model 1, in which the quitting penalty p is not available, the search skip is not permitted,
and the initiating time is not introduced. The analyses for models with the quitting penalty p, the search skip, and the initiating
time are left as future subjects (see Section 28.3(p.269) ).

B Others In addition to the above variations, we will have other variations in the future which are not yet posed by any
researchers. For example:

(8) Multiple assets model This is the model in which multiple assets are traded. In the model, the optimal decision rule
depends on the number of assets that remain without being traded.

(9) Lasting effect of search activity This is the model in which the effect of the search activity lasts for a while. The simplest
case of the variation is that its effect disappears with a given probability p at the next point in time; hence it lasts with the
probability 1 — p.

(10) Search activity impossibility probability For example, as it suddenly rains, you cannot go out to search for buyers.

Thttps://www.orsj .or.jp/~archive/pdf/e_mag/Vol.35.02_172.pdf
*https://commons.sk.tsukuba.ac.jp/discussion/page/27 No.1098 (2004)
ihttps://www.orsj .or.jp/ archive/pdf/e_mag/Vol.38.01_089.pdf
§https://www.orsj .or.jp/~archive/pdf/e_mag/Vol.31.02_145.pdf
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Chapter 5

Underlying Functions

All the functions defined in this chapter are used to derive the systems of optimality equations (see Chapter 6(p.21)) of the twenty
four models in Table 3.3.1(p.11).

5.1 Definition
5.1.1 1,L, K, and £ of Type R

For any F' € . let us define

T(z) = E[max{{—z,0}] (5.1.1)
= [75 max{¢ — z,0}f(&)dg, T (5.1.2)
and then define
L(z) = ABT(z) — s, (5.1.3)
K(z) = A8T(z) = (1 = Bz —s,° (5.1.4)
L(s) = L(ABu—s), (5.1.5)
K = ABT(0) —s (5.1.6)
= L(0) = K(0) =ABT(0) — s (5.1.7)

Let us refer to each of T, L, K, and £ as the underlying function of Type R and to x as the k-value of Type R. The formula
below will be sometimes used in the rest of the paper.

K(z)+(1—-p)zx = L(z), (5.1.8)
K(z)+z = L(z)+ Bz, (5.1.9)
AME[max{&,z} ]+ (1—-N)pz—s = K(z)+=z (5.1.10)
5.1.2 T,L,K,and £ of TypeR
For any F' € . let us define
T(z) = E[min{¢ — x,0}] (5.1.11)
= fix;o min{¢ — z,0} f(£)dE, (5.1.12)
and then define
L(x) = A\BT(z) + s, (5.1.13)
K(z) = M\3T(x) — (1 — B)x + s, (5.1.14)
L(s) = LOBu+s), (5.1.15)
B = ABT(0)+s (5.1.16)
= L(0) = K(0). (5.1.17)

Let us refer to each of T, L, K, and £ as the underlying function of Type R and to % as the &-value of Type R.

TSee [14,DeGroot70]t0540] .
fSee Figure A 7.3(p.206) (I) ,
§See Figure A 7.3(p.29) (I ,
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5.1.3 1T,L, K, and £ of Type P

For any F' € .Z let us define
Pr{z < ¢}, (5.1.18)

mzaxp(z)(z — )t (5.1.19)

434
OO
ol

and then define

L(z) = ABT(z) — s, (5.1.20)
K(z) = MT(x) — (1= B)z — s, (5.1.21)
L(s) = L(ABa—s), (5.1.22)
k = ABT(0) —s (5.1.23)

= L(0)=K(0) (5.1.24)

Let us refer to each of T, L, K, and £ as the underlying function of Type P and to k as the k-value of Type P. Let us denote
z maximizing p(z)(z — ) by z(x) if it exists, i.e.,

T(x) = p(z(z))(2(z) — x). (5.1.25)
Definition 5.1.1 If there exist multiple z(z), let us define the smallest of them as z(z). 0
Furthermore, for convenience of later discussions, let us define

o =inf{z | T(z) + 2 > a} = inf{z | T(z) > a — a}, (5.1.26)
z* = inf{z|z(z) > a}. (5.1.27)

Noting that (5.1.18) can be rewritten as p(z) = 1 — Pr{€ < z} = 1 — Pr{¢ < z} due to the assumption of F' being continuous
(see A8(p3), we have p(z) = 1 — F(z). Accordingly, it can be immediately seen that

=1, z<a ---(1) dueto (2.1.2(1)(py)),
p(2) W (212(1)69) (5.1.28)
<1, a<z ---(2) dueto (2.1.2(2,3)),
>0, z<b ---(1), dueto (2.1.2(1,2)),
p(z () (2.1:2(12)) (5.1.29)
=0, b<z ---(2), dueto (2.1.2)3.
Ezample 5.1.1 p(z)(z — z) can be depicted as below.
1
Te (2(2))
Py z
/ p(z)(z—x)
Figure 5.1.1: Graph of p(z)(z — z)
When F' is the uniform distribution function, we have
a*=2a—b (see (A7.7(1)p2n)). O (5.1.30)
5.1.4 T,L,K,and £ of TypeP
For any F' € . let us define
p(z) = Pr{€ < z}, (5.1.31)
T(z) = minp(2)(z — =), (5.1.32)

TSee Figure A 7.4(p.2%) .
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and then define

L(x) = M\3T(z) + s, (5.1.33)
K(z) = M\T(z) — (1 — B)z + s, (5.1.34)
L(s) = L(\Bb+s), (5.1.35)
7 = ABT(0)+s (5.1.36)
= L(0) = K(0). (5.1.37)
Let us refer to each of T, I, K, and £ as the underlying function of Type P and to % as the &-value of Type P.
Definition 5.1.2 Let us denote z minimizing p(z)(z — z) by Z(z) if it exists, i.e.,
T(x) = p(2(2))(2(x) — z). (5.1.38)
If there exist multiple Z(x), let us define the largest of them as Z(z). [
Furthermore, for convenience of later discussions, let us define
b* =sup{z | T(z) + = < b} = sup{z | T(z) < b — x}, (5.1.39)
7* = sup{x | Z(z) < b}. (5.1.40)
Noting that (5.1.31) can be rewritten as p(z) = F(z), we can immediately see that
=0, z<a ---(1) dueto (2.1.2(1)(py)),
p(2) W (2121 6) (5.1.41)
>0, a<z ---(2) dueto (2.1.2(2.3)),
<1, z<b ---(1) dueto (2.1.2(1,2)),
p(z) W ( (1.2) (5.1.42)
=1, b<z ---(2) dueto (2.1.2(3)).

5.2 Solutions

(a) Let us define the solutions of the equations L (z) = 0, K (z) = 0, and £ (s) = 0, whether Type R or Type P, by 2., =k,
and s; respectively if they exist, i.e.,

L(zr)=0---(1), K(zx)=0---(2), L(sz)=0--(1). (5.2.1)

If multiple solutions exist for each of the above three equations, we employ the smallest as its solution.

(b) Let us define the solutions of the equations L () = 0, K (z) = 0, and £ (s) = 0, whether Type R or Type P, by =7, =7,
and Sz respectively if they exist.

L(x)=0---(1),  K(Tg)=0---(2),  £($z)=0---(1). (5.2.2)

If multiple solutions exist for each of the above three equations, we employ the largest as its solution.

9.3 Primitive Underlying Functions and Derivative Underlying Functions

Sometimes let us refer to each of T- and T-functions as the primitive underlying function and to each of L-, K-, £-, L-, L-, and
L-functions as the derivative underlying function, each of which is defined by use of the primitive underlying function 7.

5.4 Identical Representation and Explicit Representation

In the rest of the paper, when we need to distinguish

T7L7K7£7K/7 TL, Tk, 557T7L7f(7£~7‘%7 miy x1}7 SE (541)

between Type R and Type P and between Type R and Type P, let us denote them by

Tr, Lr, Kr, LR, KR, TLy, Tkyp, Scp, TR, Lr, KR, LR, KRR, Tig TRy Sips (5.4.2)

Te, Lp, Kp, Lp, kp, TLp, Tkp, Scp, Ik, Lp, Kp, Lp, ke, Ty TRy Sip (5-4-3)

Let us refer to (5.4.1) as the identical representation and to (5.4.2) and (5.4.3) as the ezplicit representation.
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5.5 Characteristic Vector and Characteristic Element

Let us here define the two vectors, Cr consisting of (5.1.3(p17))-(5.1.6) and Cr consisting of (5.1.13(p.17))-(5.1.16), represented as
respectively

Cr = (Lr, K&, Lz, kr), Cr = (Lg, Kg, Lr, fz). (5.5.1)
Likewise, let us define the two vectors, Cp consisting of (5.1.20(p.18) )-(5.1.23) and C consisting of (5.1.33(p19) )-(5.1.36), i.e.,

Cr = (Le, Ke, Lp, kp), Cr = (Lp, Kp, Lp, Fp). (5.5.2)
Furthermore, adding T- and T-functions to the above vectors, let us define

CL = (Tw,Lg,Kr,Lr,kz), Ck = (Tk,Lr,Kr,Lr,Rr), (5.5.3)
C]}{ = (Tp,LP,KW,£p7KP), é; = (Tp,ip,k}p,i]@,fﬁp). (554)

Let us call each of the vectors defined above the characteristic vector and its element the characteristic element. In the identical
representation, the above vectors are all represented by C, €, C”, and C” respectively.
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Chapter 6

Systems of Optimality Equations

6.1 Preliminary

In this chapter we derive the system of optimality equations, denoted by SOE for short, for each of the twenty-four models in
Table 3.3.1(p.11).

Definition 6.1.1 (Conduvt/Skip) For expressional simplicity, below, by Conduct: (Skip,) let us represent “Conduct the search
at time ¢” (“Skip the search at time ¢”). 0

Remark 6.1.1 (relationship between SOE and assertion) In general, a model M of a decision process, whether in this
paper or not, has the system of optimality equations, denoted by SOE{M}, which should be said to be a mirror exhaustively
reflecting the entire aspect of the model M. In other words, SOE{M} involves the exhaustive information of the model M as if
a gene has the exhaustive information of a life. This implies that any assertion which is characterized by the sequence {V;}
generated from SOE{M} can be regarded as an assertion on the model M; conversely, an assertion which is not characterized by
the sequence {V;} cannot be said to be an assertion on the M. [

Below let us represent “buyer (seller) proposing a price w” by “buyer (seller) w” for short.

6.2 Search-Allowed-Model
6.2.1 Model 1

Let us note here that A = 1 is assumed in this model.

6.2.1.1 M:1[R][A]
By ve(w) (¢ > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time ¢t with a buyer w and with no buyer respectively. Then, we have

vo(w) = w, (6.2.1)
ve(w) = max{w, V;}, ¢>0, (6.2.2)

where V; is the maximum of the total expected present discounted profit from rejecting the proposed price w. Then, we have

Vi = BE[v(§)] —s=BE[§] —s=pu—s, (6.2.3
Vi = max{C: BE[vi-1(§)] — s, §: Vi), t>1, 6.2

>~
~—

where C and S represent the actions of Conducting the search and Skipping the search respectively. Then, since vi—1(§) =
max{§, Vi—1} = max{& — V;_1,0} + Vi_1, we have E[vi—1(§)] = T(Vi—1)+ Vi—1 for t > 1 (see (5.1.1(p17))), hence (6.2.4) can be
written as

Vi = max{BT(Vi—1) + pVi—1 —s,6Vi—1}

= max{K (Vi—1) + Vie1,BVic1} (see (5.1.4(p.17)) with A = 1) (6.2.5)
= max{K (Vi—1) + (1 = 8)Vi—1,0} + Vi1
= max{L (V;—-1),0} +8Vi—1, t>1 (see (5.1.80p17))). (6.2.6)

O SOE{M:1[R][A]} is given by the set of (6.2.1)—(6.2.4). However, since the sequence {V;} is generated from the two expressions
(6.2.3) and (6.2.5), due to Remark 6.1.1 it can be reduced to only the two in Table 6.5.1(p31) (I). 0O

Now, let us here define

St = B(E[’Utfl(ﬁ)] — ‘/t,l) —s, t>1. (6.2.7)
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Then, (6.2.4) can be rewritten as

Vi = max{S:,0} + BVi—1, t>1, (6.2.8)
implying that
St > (<) 0 = Conduct; (Skip,). (6.2.9)

From (6.2.2) we can rearrange (6.2.7) as Sy = S( E[max{&, Vi—1}] — Vi—1) — s = BE[max{€ — V;_1,0}] — s. Accordingly, from
(5.1.1(p17)) and (5.1.3) with A = 1 we have

S, = BT(Vi1) —s (6.2.10)
L(Viiy), t>1. (6.2.11)

6.2.1.2 M:1[R][4A]
By v¢(w) (¢t > 0) and V; (¢t > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢t with a seller w and with no seller respectively. Then, we have

vo(w) = w, (6.2.12)
vi(w) = min{w, Vi}, ¢>0, (6.2.13)
where V; is the minimum of the total expected present discounted cost from rejecting the proposed price w. Then, we have

Vi = BE[o(&)] +5=BE[E] +5=pu+s, (6.2.14)
Vi = min{BE[vi—1(€)] + s, BVic1}, t> 1. (6.2.15)

Then, since v¢—1(£) = min{¢, Vi—1} = min{€ — Vs_1, 0} + Vi—1, we have E[vi—1(&)] = T(Vic1)+ Vi—1 for ¢t > 1 (see (5.1.11(.17))),
hence (6.2.15) can be written as

Vi = min{BT(Vi—1) + fVie1 + 5, BVic1}

=min{K (Vi_1) + Vi_1,8Vi1} (see (5.1.14) with A = 1) (6.2.16)
=min{K (Vi-1) + (1 = B)Vs-1,0} + BVia
=min{L (Vi_1),0} + fViz1, t>1 (see (5.1.14) and (5.1.13) with A = 1). (6.2.17)

O SOE{M:1[R][A]} can be reduced to (6.2.14) and (6.2.16), listed in Table 6.5.1(p31) (I). 0
Remark 6.2.1 Note here that the same notations v;(w) and V; are used for both M:1[R][A] and M:1[R][A]. For explanatory

convenience, later on we sometimes represent v(w) and V; for |\~/I~:1[]R] [A] by 9¢(w) and V; respectively. Then (6.2.12)-(6.2.15)
are written as 0g(w) = w, ¥;(w) = min{w, V;}, Vi = Bu+ s, and V; = min{BE[0:—1(&)] + s, BVi—1} respectively. [

Now, let us here define

St = B(E[ve-1(&)] — Vic1) +s, t>1. (6.2.18)
Then, (6.2.15) can be rewritten as
Vi = min{S;,0} + Vi1, t>1, (6.2.19)
implying that ~
St < (>) 0 = Conduct; (Skip,). (6.2.20)

From (6.2.13) we can rearrange (6.2.18) as S; = S( E[min{¢, Vi—1}] — Vi—1) + 5 = BE[min{& — Vi_1,0}] + s. Accordingly, from
(5.1.11(p17)) and (5.1.13(p17)) with A = 1 we have

St = BT(Vie1) + s (6.2.21)
L(Vis1), t>1. (6.2.22)

6.2.1.3 M:1[P][4]
By v (¢t > 0) and Vi (t > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time t with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by 2. In this model, since the search must be necessarily conducted at time 1 (see Remark 4.1.3(p.14) (b)), there exists a
buyer at time 0. Suppose the process has proceeded up to time 0. Then, since the seller must necessarily sell the asset at that
time, he must propose the price a' to a buyer appearing at that time (see Remark 4.1.1(p.13) (b2)), thus we have

20 = a. (6.2.23)

Hence, the profit that the seller obtains at time 0 becomes a, i.e.,
Vo = Q. (6.2.24)

TThe lower bound of the distribution function for the reservation price (maximum permissible buying price) of the buyer.
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Now, since the search is conducted at time ¢ = 1, we have

Vi=Bv—s=pa—s. (6.2.25)
In addition, we have
Vi = max{fvi—1 —s, fVic1}, t>1. (6.2.26)

If the seller proposes a price z, the probability of a buyer buying the asset is given by p(z) = Pr{z < &} (see (5.1.18(p.3) )), hence
we have

v = mzax{p(z)z + 1 -p)V} = mzaxp(z)(z -V +Vi=TWV)+ Ve, t>0, (6.2.27)
due to (5.1.19(p.18) ), implying that the optimal price z; which the seller should propose is given by
ze =2(W), t>0, (6.2.28)
due to (5.1.25(p18) ). Now, since v¢—1 = T(Vi—1) + Vi—1 for t > 1 (see (6.2.27)), we can rearrange (6.2.26) as follows
Vi = max{BT(Vi—1) + Vi1 — 5, 8Vi—1}

=max{K (Vi_1) + Vi_1,8Vi_1} (see (5.1.21(p15)) with A = 1) (6.2.29)
=max{K (Vi—1) + (1 - B)Vi_1,0} + Vi1
= max{L (V;—1),0} + BVic1, t>1, (see (5.1.21) and (5.1.20) with A =1) (6.2.30)

O SOE{M:1[P][A]} can be reduced to (6.2.25) and (6.2.29), listed in Table 6.5.1(p31) (IIT). 0

Now, let us here define

St = B(vg—1 — Vi—1) —s, t> 1. (6.2.31)
Then, (6.2.26) can be rewritten as
Vi = max{S,0} + BVi—1, t>1, (6.2.32)
implying that
St > (<) 0 = Conduct; (Skip,). (6.2.33)

From (6.2.27) and (5.1.20(p.18)) we can rewrite (6.2.31(p.23)) as

Si = BT(Vii1) —s (6.2.34)
L(Vie1), t>1. (6.2.35)

6.2.1.4 M:1[P][4]

By v: (t > 0) and V; (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by 2. In this model, since the search must be necessarily conducted at time 1 (see Remark 4.1.3(p.14) (b)), there exists a
seller at time 0. Suppose the process has proceeded up to time 0. Then, since the buyer must necessarily buy the asset at that
time, he must propose the price b to a seller appearing at that time (see Remark 4.1.1(p.13) (b2)), thus we have

20 =b. (6.2.36)
Hence, the cost that the buyer pays at time 0 becomes b, i.e.,
vy = b. (6.2.37)
Now, since the search is conducted at time ¢ = 1, we have
Vi = Buvo+s=pb+s. (6.2.38)
In addition, we have
Vi = min{fvi—1+s, BVic1}, t>1. (6.2.39)

If the buyer proposes a price z, the probability of a seller selling the asset is given by p(z) = Pr{¢€ < z} (see (5.1.31(p18))), hence
we have

v = min{p(2)z + (1 = p(2))Vi} = minp(2)(z = Vi) + Vi = TV))+ Ve, t>0, (6.2.40)

due to (5.1.32(p.8) ), implying that the optimal price z; which the buyer should propose is given by
ze =2(Vg), t>0, (6.2.41)

TThe upper bound of the distribution function for the reservation price (minimum permissible selling price) of the seller
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due to (5.1.38(p19) ). Now, since vi—1 = T(V;—1) + Vi—1 for t > 1 (see (6.2.40)), we can rearrange (6.2.39) as
Vi = min{BT (Vi—1) + BVic1 + s, BVi—1}

= min{K (Vi_1) + Vi_1,8Vi_1} (see (5.1.34(p19)) with A = 1) (6.2.42)
= min{K (Vi-1) + (1 = B)Vi-1,0} + Vi1
=min{L (Vi_1),0} + Vi1, t>1. (see (5.1.34) and (5.1.33) with A = 1) (6.2.43)

O SOE{M:1[P][A]} can be reduced to (6.2.38) and (6.2.42), listed in Table 6.5.1(p31) (IV). [

Now, let us here define

St = Bve—1 —Vic1) +s, t>1. (6.2.44)
Then, (6.2.39) can be rewritten as
Vi = min{S;, 0} + fVio1, t>1, (6.2.45)
implying that
St < (>) 0 = Conduct; (Skip,). (6.2.46)

From (6.2.40) and (5.1.33(p19) ) we can rewrite (6.2.44(p.4)) as

St

BT (Vie1) + s (6.2.47)

L(Viiy), t>1. (6.2.48)

6.2.2 Model 2

6.2.2.1 M:2[R][4]
By ve(w) (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time ¢ with a buyer w and with no buyer respectively. Then we have

vo(w) = max{w, p}, (6.2.49)
ve(w) = max{w,V;}, t>0, (6.2.50)
where
Vi = max{\BE[vi-1(&)]+ (1 — N)BVic1 —s, BVi—1}, > 0. (6.2.51)
Let us here define Vo = p. (6.2.52)

Then (6.2.50) holds for ¢ > 0 instead of ¢ > 0, i.e.,
ve(w) = max{w,V;}, t>0. (6.2.53)

Since vi—1(€) = max{€, Vi—1} = max{€ — V;_1,0} + Vi1 = T(Vi—1) + Vi—1 for t > 0 (see (5.1.1(p.17))), from (6.2.51) we have

Vi = max{AB(T(Vie1) + Vi) + (1 = A)BVicr — 5, Vi1 }
max{ABT (Vi-1) + BVi1 — s, Vi1 }

= max{K (Vie1) + Vi1, BVic1}  (see (5.1.4(17))) (6.2.54)
=max{K (Vi-1) + (1 = 8)Vi-1,0} + Vi1
= max{L (V;-1),0} + Viz1, t>0 (see (5.1.8)). (6.2.55)

O SOE{M:2[R][A]} can be reduced to (6.2.52) and (6.2.54), listed in Table 6.5.3(p31) (I). O

Let us here define

S¢ = AB(Evi—1(€)] —Vic1) —s, t>0. (6.2.56)
Then, (6.2.51) can be rewritten as
Vi = max{S:,0} + BVi—1, t>0, (6.2.57)
implying that
St > (<) 0 = Conduct; (Skip,), t> 0. (6.2.58)

From (6.2.56) and (6.2.50) we have S; = B(E[max{§,Vi—1}] — Vi—1) — s = SE[max{& — V4_1,0}] — s. Accordingly, from
(5.1.1(p17)) and (5.1.3(p.17) ) we have

St = BT(Vii1) —s (6.2.59)
L(Vi1), t>0. (6.2.60)
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6.2.2.2 M:2[R][A]
By ve(w) (t > 0) and V; (t > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller w and with no seller respectively. Then, we have

vo(w) = min{w, p}, (6.2.61)
ve(w) = min{w, i}, ¢>0, (6.2.62)
where
Vi = min{A\SE[vi—1(&)] + (1 —N)BVic1 + s, fVic1}, t>0. (6.2.63)
Let us here define Vo = p. (6.2.64)

Then (6.2.62) holds for ¢t > 0 instead of ¢ > 0, i.e.,
ve(w) = min{w, Vi}, ¢>0. (6.2.65)

Since vi—1(€) = min{&, V;—1} = min{€ — V;—1,0} + Vi1 = T(Vi—1) + Vi1 for t > 0 (see (5.1.11(p17))), from (6.2.63) we have

Ve = min{AB(T(Vic1) + Vic1) + (1 = N)BVie1 + 5, BVio1}
= min{ABT (Vi-1) + BVi—1 + s, 8Vi1}

=min{K (Vi—1) + Viz1,8Vic1}  (see (5.1.14(p17))) (6.2.66)
= min{K (Vi—1) + (1 — B)Vi—1,0} + Vi1
=min{L (Vi—1),0} + BVi—1, t>0. (see (5.1.14) and (5.1.13)) (6.2.67)

O SOE{M:2[R][A]} can be reduced to (6.2.64) and (6.2.66), listed in Table 6.5.3(p31) (I). 0

Let us here define

St = M(E[vi—1(§)] —Vic1)+s, t>0. (6.2.68)
Then, (6.2.63) can be rewritten as
Vi = min{S;, 0} + BVi—1, t >0, (6.2.69)
implying that
St < (>) 0 = Conduct; (Skip,). (6.2.70)

From (6.2.68) and (6.2.62) we have S; = S(E[min{¢,Vi_1}] — Vi—1) + 5 = SE[min{€ — V;_1,0}] + s. Accordingly, from
(5.1.11(p17) ) and (5.1.13(p.17)) we have

St = BT(Vie1) + 5 (6.2.71)
L(Vio1), t>1. (6.2.72)

6.2.2.3 M:2[P][4]

By v+ (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time t with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z¢. Suppose there exists a buyer at time ¢ = 0 (deadline). Then, it must be determined whether to accept the terminal
quitting penalty p or to sell the asset to the buyer. If the p is accepted, the profit which the seller can obtain is p. On the other

"

hand, since the seller must necessarily sell the asset to the buyer due to A2(p.7), the price a' must be proposed to the buyer; in

other words, the optimal price to propose at time ¢ = 0 is given by
20 = a, (6.2.73)

hence the profit which the seller obtains at that time is a. Hence, the profit that the seller obtain at time 0 becomes

vo = max{p,a}. (6.2.74)

Suppose there exists a buyer at a time ¢ > 0. Then, since the reservation price (maximum permissible buying price) of the
buyer is &, if the seller proposes a price z, the probability of the buyer buying the asset is given by p(z) = Pr{z < &} (see
(5.1.18(p18))). Hence we have

ve = max{p(2)z + (1 = p(2))Vi} = maxp(2)(z = Vi) + Vi = T(Vi) + Vi, >0, (6.2.75)

due to (5.1.19), implying that the optimal selling price z; which the seller should propose is given by
2zt = 2(Vh), t>0, (6.2.76)

due to (5.1.25). Finally V; can be expressed as follows.

TThe lower bound of the distribution function for the reservation price (the maximum permissible buying price) of the buyer.
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Vo = p, (6.2.77)
Vi = max{A\Bvi—1+ (1 — A)BVi—1 — s, BVi—1}, t>0. (6.2.78)

For t =1 we have
Vi = max{\Bvo + (1 — \)BVo — s, 8Vo}

= max{A8max{p,a} + (1 —A)Bp — s, Bp}
= max{A\fmax{0,a — p} + Bp — s, Bp}. (6.2.79)
Since vi—1 = T(Vi—1) + Vi—1 for t > 1 from (6.2.75), we can rearrange (6.2.78) as follows.

Vi = max{AB(T(Vi-1) + Vi1) + (1 = A)BVio1 — s, Vi1 }
= max{A\BT'(Vi-1) + BVi—1 — 5, BVi-1}

= max{K(Vi—1) + Vie1,8Vic1}  (see (5.1.21(p.18))) (6.2.80)
— max{K(Vi 1) + (1 — B)Vi 1,0} + BVi 1
= max{L (Vi—1),0} + Vi1, t>1 (see (5.1.21) and (5.1.20)). (6.2.81)

0O SOE{M:1[P][A]} can be reduced to (6.2.77), (6.2.79), and (6.2.80), listed in Table 6.5.3(p.31) (III). O

Now, let us here define

St = )\,B(Ut_l — ‘/t—l) —s, t>0. (6.2.82)
Then, (6.2.78) can be rewritten as
Vi = max{S:,0} + BVi—1, t>0, (6.2.83)
implying that
St > (<) 0 = Conduct; (Skip,). (6.2.84)
From (6.2.75) and (5.1.20(p.18) ) we have
St = pT(Vic1) —s (6.2.85)
= L(Vi-1), t>0. (6.2.86)

6.2.2.4 M:2[P|[A]

By v (t > 0) and V; (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z:. Suppose there exists a seller at time ¢t = 0 (deadline). Then, it must be determined whether to accept the terminal
quitting penalty p or to buy the asset from the seller. If the p is accepted, the cost which the buyer pays is p. On the other
hand, since the buyer must necessarily buy the asset from the seller due to A2(p7), the price b’ must be proposed to the seller;
in other words, the optimal price to propose at time ¢ = 0 is given by

z0 = b, (6.2.87)

hence the cost which the buyer pays at that time is b. Hence the cost that the buyer pays at time 0 becomes
vo = min{p, b}. (6.2.88)
Suppose there exists a seller at a time ¢ > 0. Then, since the reservation price (minimum permissible selling price) of the seller

is &, if the buyer proposes a price z, the probability of the seller selling the asset is given by p(z) = Pr{€ < z} (see (5.1.31(p18))).
Hence we have

v = min{p(2)z + (1 — p(2))Vi} = minj(2)(z = Vi) + Vi = TV + Vi, t>0, (6.2.89)
due to (5.1.32), implying that the optimal buying price z; which the buyer should propose is given by
w=3W), t>0, (6.2.90)
due to (5.1.38). Finally V; can be expressed as follows.

Vo = p, (6.2.91)
Vi = min{\Bvi—1 + (1 — N)BViz1 + s, BVica}t, t>0. (6.2.92)

For t = 1 we have

TThe upper bound of the distribution function for the reservation price (the minimum permissible selling price) of the seller.

26



Vi = min{ABvo + (1 — \)BVo + s, BVo}
= min{A\Smin{p,b} + (1 — A)Bp + s, Bp}
= min{\Smin{0,b — p} + Bp + s, Bp}. (6.2.93)

Since vi—1 = T(Vs—1) + Vi1 for t > 1 from (6.2.89), we can rearrange (6.2.92) as follows.

Vi, = min{A\B(T(Viz1) + Vic1) + (1 — A)BVie1 + 8, BVic1 }
=min{\8T (Vi—1) + BVic1 + s, BVi—1}

=min{K (Vi—1) + Vie1,8Vi1}  (see (5.1.34(p19))) (6.2.94)
=min{K (V;-1) + (1 = B)Vi1,0} + BVi 1
=min{L (V;_1),0} + BVi—1, t>1. (see (5.1.34) and (5.1.33)) (6.2.95)

O SOE{M:2[P][A]} can be reduced to (6.2.91), (6.2.93), and (6.2.94), listed in Table 6.5.3(31) (IV). [

Now, let us here define

St = M1 —Vii1)+s, t>0. (6.2.96)
Then, (6.2.92) can be rewritten as
V; = min{S;, 0} + BVi—1, t >0, (6.2.97)
implying that
St < (>) 0 = Conduct; (Skip,). (6.2.98)
From (6.2.89) and (5.1.33(p19)) we have
St = BT(Vic1)+s t>0. (6.2.99)
= L(Vie1), t>0. (6.2.100)

6.2.3 Model 3

Since it is proven in Chapter 20(p2ll) that Model 3 is reduced to Model 2, the discussions for this model becomes redundant.
Accordingly, below let us confine only to the derivation of the system of optimality equations.

6.2.3.1 M:3[R][A]

By ve(w) (t > 0) and V; (¢ > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time ¢ with a buyer w and with no buyer respectively, expressed as

vo(w) = max{w, p}, (6.2.101)
ve(w) = max{w,p, U}, t>0, (6.2.102)
Vo = p, (6.2.103)
Vi = max{p, U;}, t>0, (6.2.104)

where U; is the maximum of the total expected present discounted profit from rejecting both the price w and intervening quitting
penalty p in (6.2.102) and from rejecting the intervening quitting penalty p in (6.2.104). Then, U; can be expressed as

Ui = max{\BE[vi—1(&)] + (1 — \)BVi—1 — s, BVi—1}, > 0. (6.2.105)
For convenience, let us here define Uy = p, hence from (6.2.103) we have
Vo = Uo = p. (6.2.106)

Then, it follows that both (6.2.102) and (6.2.104) hold true for ¢ > 0 instead of ¢ > 0, i.e.,

ve(w) = max{w,p, U}, t>0, (6.2.107)
Vi = max{p, U}, t>0, (6.2.108)

thus (6.2.107) can be expressed as
ve(w) = max{w, V;}, ¢>0. (6.2.109)

Accordingly, since E[vi—1(€)] = E[max{{,Vi—1}] = E[max{€ — V;—1,0}] + Vic1 = T(Vi—1) + Vi—1 for t > 0 from (5.1.1(p17)),
we can rewrite (6.2.105) as
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Ui = max{AB(T(Vi-1) + Vie1) + (1 = A)BVi—1 — 5, 8Vi—1 }
= max{\BT (Vi-1) + fVi—1 — s, Vi—1}
=max{K (Vi—1) + Vi—1,8Vi1} (see (5.1.4)) (6.2.110)
=max{K (Vi—1) + (1 — B)Vi—1,0} + BVi—1
=max{L (V;—1),0} + BVic1, t>0 (see (5.1.8)). (6.2.111)

O SOE{M:3[R][A]} can be reduced to (6.2.106), (6.2.108), and (6.2.110), listed in Table 6.5.5(p31) (I). O

6.2.3.2 M:3[R][A]
By vi(w) (t > 0) and Vi (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ > 0 with a seller w and with no seller respectively, expressed as

vo(w) = min{w, p}, (6.2.112)
ve(w) = min{w, p,U:}, t>0, (6.2.113)
Vo = p, (6.2.114)
Vi, = min{p, U}, t>0, (6.2.115)

where U; is the minimum of the total expected present discounted cost from rejecting both the price w and intervening quitting
penalty p in (6.2.113) and from rejecting the intervening quitting penalty p in (6.2.115). Then, U; can be expressed as

U =min{C: A\E[vi—1(§)] + (1 = A)BVi—1 +s, S: fVi_1}, ¢>0. (6.2.116)
For convenience, let us here define Uy = p, hence from (6.2.114) we have
Vo = U() = p. (6.2.117)

Then, it follows that both (6.2.113) and (6.2.115) hold true for ¢ > 0 instead of ¢ > 0, i.e.,

ve(w) = min{w, p, U}, t>0, (6.2.118)
Vi = min{p, U}, t>0, (6.2.119)

thus (6.2.113) can be expressed as
ve(w) = min{w, V;}, ¢>0. (6.2.120)

Accordingly, since v;—1(€) = min{¢, Vi—1} = E[min{€ — V;_1,0}] + Vi1 = T(Vi—1) + Vi—1 for ¢t > 0 from (5.1.11(p17) ), we can
rewrite (6.2.116) as follows.

Uy = min{AB(T(Vie1) + Vic1) + (1 — N)BVie1 + 5, 8Via}
= min{ 8T (Vi-1) + BVi—1 + s, BVi—1}

= min{K (Vi—1) + Viz1,8Vi—1} (see (5.1.14)) (6.2.121)
= min{K (Vi—1) + (1 = B)Vi-1,0} + Vi1
= max{L (V;1),0} + fViz1, t>0 (see (5.1.14) and (5.1.13)). (6.2.122)

O SOE{M:3[R][A]} can be reduced to (6.2.117), (6.2.119), and (6.2.121), listed in Table 6.5.5(p31) (I). 0

6.2.3.3 M:3[P|[A]

By v (t > 0) and V4 (t > 0) let us denote the maximums of the total expected present discounted profit from initiating the
process at time t with a buyer and with no buyer respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z¢. Suppose there exists a buyer at time ¢ = 0 (deadline). Then, it must be determined whether to accept the terminal
quitting penalty p or to sell the asset to the buyer. If the p is accepted, the profit which the seller can obtain is p. On the other

t

hand, since the seller must sell the asset to the buyer due to A2(p.7), the price a' must be proposed to the buyer, in other words,

the optimal price to propose at time ¢ = 0 is given by
z0 = a, (6.2.123)

hence the profit which the seller obtains at that time is a. Hence the profit that the seller obtains at time 0 becomes

vo = max{p,a}. (6.2.124)

Next we have

TThe lower bound of the distribution function for the reservation price (the maximum permissible buying price) of the buyer
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v = max{p, Hi}, t>0, (6.2.125)
Vo = p, (6.2.126)
Vi = max{p, U}, ¢>0, (6.2.127)

where H: and U; are defined as follows. Firstly H; is the maximum of the total expected present discounted profit from
rejecting the intervening quitting penalty p. Since a buyer exists due to the above definition of v; and since the reservation
price (maximum permissible buying price) of the buyer is &, if the seller proposes a price z, the probability of the buyer buying
the asset is given by p(z) = Pr{z < £} (see (5.1.180p18))). Hence we have

H, = max{p(z)z+ (1 — p(2))V;} =maxp(z)(z — Vi) + Vi =T(Vi) + Vi, t>0 (6.2.128)
due to (5.1.19(p.18) ), implying that the optimal selling price z: which the seller should propose is given by
ze = 2(Vy), t>0, (6.2.129)

due to (5.1.25(p18)). Finally U; is the maximum of the total expected present discounted profit from rejecting the intervening
quitting penalty p. Since no buyer exists due to the above definition of V4, it can be expressed as follows.

Uy = max{C: A\Bvi—1 + (1 = N\)BVic1 — s, S: BVi1}, ¢>0. (6.2.130)

For t = 1 we have

U; HlaX{)\ﬂ’Uo + (1 — )\),BVO — 8, BVO}
max{\3 max{p,a} + (1 — X\)Bp — s, Bp}

= max{\Smax{0,a — p} + Bp — s, Bp}. (6.2.131)

Now, from (6.2.128) we have H; — V; = T(V;) for t > 0, hence from (6.2.125) we have v, — V; = max{p — V;, H; — V;} =
max{p — V4, T(V4)}---(1) for t > 0. Since V; > p for ¢t > 0 from (6.2.127), we have p — V; < 0 for ¢t > 0. In addition, since

p(b) = 0 due to (5.1.29(2) (p13)), from (5.1.19) we have T(V;) > p(b)(b — V;) = 0. Therefore, since p — V; < 0 < T'(V;), from (1)
we have vy — V; = T(V;) for t > 0, i.e., vy = T(V}) + Vi for t > 0, hence vi—1 = T'(Vy—1) + Vi—1 for t > 1. Accordingly (6.2.130)
with ¢ > 1% can be rearranged as

Ui = max{A\B(T(Vi=1) + Vic1) + (1 = N)BVie1 — 5, 8Vi1}
max{\BT (Vs-1) 4+ Vi1 — 5, 8Vi-1}

= max{K(Vi—1) + Vi—1,8Vic1}  (see (5.1.21(p.18))) (6.2.132)
= max{K(Vi—1) + (1 = B)Vi—1,0} + SVi1
= max{L (V;-1),0} + fViz1, t>1 (see (5.1.21) and (5.1.20)). (6.2.133)

For convenience, let Uy = p. Then, due to (6.2.126) we have
Vo = Uo = pP, (6.2.134)
hence it follows that (6.2.127) holds true for ¢ > 0 instead of ¢ > 0, i.e.,

Vi = max{p, U}, ¢>0. (6.2.135)

0 SOE{M:3[P|[A]} can be reduced to (6.2.134), (6.2.135), (6.2.131), and (6.2.132), listed in Table 6.5.5(31) (IIT). 0

6.2.3.4 M:3[P|[A]

By v (t > 0) and V; (¢ > 0) let us denote the minimums of the total expected present discounted cost from initiating the
process at time ¢ with a seller and with no seller respectively. In addition, let us denote the optimal price to propose at time
t > 0 by z¢. Suppose there exists a seller at time ¢ = 0 (deadline). Then, it must be determined whether to accept the terminal
quitting penalty p or to buy the asset from the seller. If the p is accepted, the cost which the buyer pays at time 0 is p. On the
other hand, since the buyer must buy the asset from the seller due to A2(p7), the price b’ must be is proposed to the seller; in
other words, the optimal price to propose is given by

20 =b, (6.2.136)
hence the cost which the buyer pays at that time is b. Hence the buyer pays at time 0 becomes

vo = min{p, b} (6.2.137)

Instead of t > 0.
TThe upper bound of the distribution function for the reservation price (the minimum permissible selling price) of the seller.
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Next we have

v = min{p, H¢}, ¢ > 0. (6.2.138)
Vo = p, (6.2.139)
Vi = min{p, U}, t>0, (6.2.140)

where H; and U; are defined as follows. Firstly H; is the minimum of the total expected present discounted cost from rejecting
the intervening quitting penalty p. Since a seller exists due to the above definition of v; and since the reservation price (minimum
permissible selling price) of the seller is &, if the buyer proposes the price z to an appearing seller, the probability of the seller
selling the asset for the price z is p(z) = Pr{€ < z} (see (5.1.31(p18))). Hence we have

Hy = min{p(2)z + (1 = p(2))Vi} = minp(2)(z = Vi) + Vi = T(Ve)+ Vi, t>0, (6.2.141)
due to (5.1.32(p.18) ), implying that the optimal buying price which the buyer should pay is given by
w=3V), t>0, (6.2.142)

due to (5.1.38(p19)). Finally U; is the minimum of the total expected present discounted cost from rejecting the intervening
quitting penalty p. Since no seller exists due to the above definition of V%, it can be expressed as follows.
Us = min{C: A\Bve—1 + (1 — N)BVio1 + s, S: fVi—1}, t>0. (6.2.143)

For t = 1 we have
Ur = min{\Bvo + (1 — \)BVo + s, BV}

min{A\S min{p, b} + (1 — X\)Bp + s, Bp}
min{AB min{0,b — p} + Bp + s, Bp}. (6.2.144)

Now, from (6.2.141) we have H; — V; = T(V;) for t > 0, hence from (6.2.138) we have v; — V; = min{p — Vi, Hy — V;} =
min{p — V4, T(V;)}---(2) for t > 0. Since V; < p for t > 0 from (6.2.140), we have p — V; > 0 for ¢ > 0. In addition, since
p(a) = 0 due to (5.1.41 (1) (p19)), from (5.1.32(p18) ) we have T(V;) < p(a)(a — Vi) = 0. Therefore, since p — V; > 0 > T(V;), from
(2) we have v; — V, = T(Vt) for t > 0, i.e., vy = T(V}) + Vi for t > 0, hence vi—1 = T(thl) + Vi_q for t > 1. Accordingly
(6.2.143) with ¢ > 1 can be rearranged as

Uy = min{\B(T(Viz1) + Vic1) + (1 = N)BVic1 + 5, Vi1 }
= min{AﬁT(Vt,l) +Vic1) + BVic1 +5,8Vica}

= min{K(Vi_1) + Vi_1,8Vi_1} (see (5.1.34)) (6.2.145)

= min{K (Vi_1)+ (1 —B)Vi 1,0} +BVi1, t>1

= max{L(Vi_1) 4+ Vi_1,8Vi_1} (see (5.1.34(p19)) and (5.1.33(p19))) (6.2.146)
(6.2.147)

For convenience, let Uy = p. Then, due to (6.2.139) we have
Vo = UO =p, (6‘2.148)
hence it follows that (6.2.140) holds true for ¢ > 0 instead of ¢ > 0, i.e.,

Vi = min{p, U}, ¢>0. (6.2.149)
O SOE{M:3[R][A]} can be reduced to (6.2.148), (6.2.149), (6.2.144), and (6.2.145), listed in Table 6.5.5(p31) (IV). 0

6.3 Search-Enforced-Model

In s-E-model (M:z[X][E] and M:z[X][E] with # = 1,2, 3 and X = R, P) a leading trader needs to make no decision regarding whether
or not to conduct the search. This implies that eliminating the terms related to this decision from the systems of optimality
equations in s-A-model (SOE{M:z[X][A]} and SOE{M:z[X][A]}) produces SOE{M:z[X][E]} and SOE{M:z[X][E]} respectively. Noting
this, from Tables 6.5.1, 6.5.3, and 6.5.5 we can immediately obtain the systems of optimality equations for s-E-model, which are
given by Tables 6.5.2, 6.5.4, and 6.5.6.

6.4 Assertion and Assertion System

In general, let us call a description on whether or not a given statement is true the assertion, denoted by A, and a set consisting
of some assertions the assertion system, denoted by <. In addition, let us denote an assertion and an assertion system for a
given Model by respectively A{Model} and </ {Model}.
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6.5

Summary of the System of Optimality Equations SOE’s

Model 1
Table 6.5.1: Search-Allowed-Model 1

(1) SOE{M:1[R][A]}

(I1) SOE{M:1[R][A]}

Vi=pBp—s, (6.5.1) Vi=pBu+s, (6.5.3)
Vi = max{K(Vi—1) + Vi1, BVi1}, t > 1. (6.5.2) Ve = min{K(V;—1) + Vio1,BVi1}, t > 1. (6.5.4)
(IIT) SOE{M:1[P][A]} (IV) SOE{M:1[P][A]}
Vi = Ba — s, (6.5.5) Vi =pBb+s, (6.5.7)
Vi =max{K(Vi_1)+ Vi_1,BVi_1}, t > 1. (6.5.6) Ve = min{K (Ve—1) + Vie1,BVi1}, ¢t > 1. (6.5.8)
Table 6.5.2: Search-Enforced-Model 1
(1) SOE{M:1[R][E]} (11) SOE{M:1[R][E]}
Vi=Bu—s, (6.5.9) Vi=Buts, (6.5.11)
Vi = K(Vie1) + Vior, t> 1. (6.5.10) Vi = K(Vim1) + Vi1, t> 1. (6.5.12)
(1) SOE{M:1[P][E]} (IV) SOE{M:1[P][E]}
Vi = Ba— s, (6.5.13) Vi =pb+s, (6.5.15)
Vi=K(Vi1) + Vi1, t>1, (6.5.14) Vi=K(Vic1) 4+ Viey, t> 1, (6.5.16)
Model 2
Table 6.5.3: Search-Allowed-Model 2
(I) SOE{M:2[R][A]} (I1) SOE{M:2[R][A]}
Vo =p, (6.5.17) Vo = p, (6.5.19)
Ve = max{K(Vi—1) + Vi1, BVi—1}, t > 0. (6.5.18) Vi = min{K(Vi—1) + Vi—1,BVi1}, t> 0. (6.5.20)
(II1) SOE{M:2[P][A]} (IV) SOE{M:2[P][A]}
Vo = p, (6.5.21) Vo = p, (6.5.24)
Vi = max{AB max{0,a — p} + Bp — s, Bp}, (6.5.22) Vi = min{A\B8 min{0,b — p} + Bp + s, Bp}, (6.5.25)
Vi = max{K(Vi—1) + Vi—1,BVio1}, t > 1. (6.5.23) Vi = min{K(Vi—1) + Vi1, BVi—1}, t > 1. (6.5.26)
Table 6.5.4: Search-Enforced-Model 2
(1) SOE{M:2[R][E]} (I1) SOE{M:2[R][E]}
Vo = p, (6.5.27) Vo = p, (6.5.29)
Vi = K(Vi—1) + Vi1, £ >0, (6.5.28) Vi = K(Ve_1) + Vieq, t >0, (6.5.30)
(IIT) SOE{M:2[P][E]} (IV) SOE{M:2[P][E]}
Vo = p, (6.5.31) Vo = p, (6.5.34)
Vi = ABmax{0,a — p} + Bp — s, (6.5.32) Vi = ABmin{0,b — p} + Bp + s, (6.5.35)
Vi=KVic1) 4+ Vi1, t> 1, (6.5.33) Vi = K(Veq) + Vieq, t > 1, (6.5.36)
Model 3
Table 6.5.5: Search-Allowed-Model 3
(I) SOE{M:3[R][A]} (I1) SOE{M:3[R][A]}
Vo =Up = p, (6.5.37) Vo =Up = p, (6.5.40)
Vi = max{p, U}, t >0, (6.5.38) Vi = min{p, U}, t >0, (6.5.41)
U; = max{K(Vi_1) + Vi1,BVi_1}, t > 0. (6.5.39) Uiy = min{K(Vi_1) + Vi_1,BVi_1}, t > 0. (6.5.42)
(IIT) SOE{M:3[P][A]} (IV) SOE{M:3[P][A]}
Vo =Up = p, (6.5.43) Vo =Up = p, (6.5.47)
Vi = max{p, U}, t >0, (6.5.44) Vi = min{p, U}, t >0, (6.5.48)
U, = max{\Bmax{0,a — p} + Bp — s, Bp}, (6.5.45) Ui = min{A\B min{0,b — p} + Bp + s, Bp}, (6.5.49)
Uy = max{K(Vi—1) + Vi1, BVi—1}, t > 1. (6.5.46) U = min{K(Vi_1) + Vi_1,BVi_1}, t > 1. (6.5.50)
Table 6.5.6: Search-Enforced-Model 3
(I) s0E{M:3[R][E]} (IT) SOE{M:3[R][E]}
Vo = Uo = p, (6.5.51) Vo = Uo = p, (6.5.54)
Vi = max{p,Ut}, t >0, (6.5.52) Vi = min{p, Us}, t >0, (6.5.55)
Ui =KVic1)+ Vior, t>0. (6.5.53) U, = R(thl) + Vi1, t>0. (6.5.56)
(1) SOE{M:3[P][E]} (IV) SOE{M:3[P][E]}
Vo =Uo = p, (6.5.57) Vo = Up = p, (6.5.61)
Vi = max{p,U}, t >0, (6.5.58) Vi = min{p, U}, t > 0, (6.5.62)
Ui = Apmax{0,a — p} + Bp — s, (6.5.59) U; = ABmin{0,b — p} + Bp + s, (6.5.63)
Uy =KVic1) + Vi, t> 1. (6.5.60) Uy = K(Vie1) + Viq, t> 1. (6.5.64)
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Chapter 7

Optimal Decision Rules

7.1 Five Kinds of Points in Time

To start with, let us note herein that the optimal decision rule prescribed for each model in Table 3.3.1(p.1l) is closely related to
the following four kinds of points in time (see Concept 1(pJ)).

1. Recognizing time t, > 0,
2. Starting time ts > 0, represented by 7, i.e., 7 = ts,
3. Initiating time T > t; > 0, sometimes represented by ¢,
4. Deadline tq = 0, the final point in time of the decision process. Here by t4q let us denote the smallest of all possible
initiating times, called quasi-deadline, where
tqa = 1 for Model 1 (see Remark 4.1.1(p.13) (a)),
tqa = 0 for Model 2 (see Remark 4.2.1(p.15)).

—~
NN
—_ =
[N
N

quasi-deadline

recognizing time starting time initiating time deadline
i time Model 1

o te =T ti =t e tgg =1ty =

quasi-deadline
recognizing time starting time initiating time deadline

time Model 2
tr te =T =t tg =
tga =0

Figure 7.1.1: Four kinds of points in time

Remark 7.1.1 In Chapter 20(p211) we will show the following two facts:
1. It becomes optimal to accept the intervening quitting penalty p at the starting time 7 and then stop the process,

2. Model 3 is reduced to Model 2, hence it becomes redundant to discuss any more for Model 3. For this reason, in this chapter
we consider only Model 1 and Model 2. [

Remark 7.1.2 (finite planning horizon vs. infinite planning horizon) In the present paper we consider only models
with the finite planning horizon. Our basic standpoint over the whole of this paper lies in a grim reality that a process with the
infinite planning horizon is a product of fantasy created by mathematics, which does not exist in the real world at all; in fact,
it is an inanity to consider a model with the planning horizon of more than 135 hundred millions years. However, we can have
the two reasons for which it becomes still meaningful to discuss the model with the infinite planning horizon. One is that it can
become an approximation for the process with an enough long (finite) planning horizon, the other is that results obtained from
it can provide a meaningful information for the analyses of models with the finite planning horizon (see Section 27.4(p267)). [

7.2 Four Kinds of Decisions

Here let us recall the four kinds of decision rules that were prescribed in Section 3.5(p.12).
7.2.1 Whether or Not to Accept the Proposed Price

This is the decision only for R-model. In M:1[R][A] and M:2[R][4] (S-model) let Accept,(w) and Reject,(w) denote “Accept a
price w at time t” and “Reject a price w at time t” respectively. Here suppose that a buyer appearing at a time ¢ has proposed
a buying price w. Then, from (6.2.2(p.21)) and (6.2.50(p.24) ) we see

w > (<) V; = Accept,(w) (Reject,(w)). (7.2.1)
Similarly, in M:1[R][A] and M:2[R][A] (B-model), from (6.2.13(p2)) and (6.2.62(p%)) we see
w < (>) Vi = Accept,(w) (Reject,(w)). (7.2.2)
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From the above we see that the reservation-price for each of the above models is given by
V. (7.2.3)

By Ai(w) and R¢(w) let us represent here the profits (costs) in S-model (B-model) from respectively accepting and rejecting the
price w proposed at time ¢. Then, we have A¢(w) = w and R:(w) = V;. Furthermore, let us define

Ar(w) Z Ar(w) — Be(w) = w — V. (7.2.4)

Accordingly, it follows that
Ay(w) > (L) 0 w > (L) Vi = Accept,(w) (Reject,(w)) (S-model), (7.2.5)
Ay(w) < (>) 0 < w < (>) Vi = Accept, (w) (Reject,(w)) (B-model). (7.2.6)

7.2.2 What Price to Propose

This is the decision only for P-model. In M:1[P][A] (M:2[P][A]) the optimal selling price which a seller who is a leading trader
should propose at a time ¢ is given by

2 =2(Vi) (see (6.2.28p2)) ((6.2.76(p2)))). (7.2.7)

Similarly, in M:1[P][A] (M:2[P][A]) the optimal buying price which a buyer who is a leading trader should propose at a time ¢ is
given by
2= 2(Vi) (see (6.2.410p2)) ((6.2.90(p2)))). (7.2.8)

7.2.3 Whether or not to Conduct the Search

This is the decision only for s-A-model (see C2cii(p.l0) ). Then, the decision rule is given by (6.2.9(p.22)), (6.2.20(p.22)), (6.2.33(p23)),
(6.2.46(p21) ), (6.2.58024)), (6.2.70(p%) ), (6.2.84(p2%) ), and (23.2.4(242)).

Remark 7.2.1 (posterior-skip-of-search (pSkip))  Figure 7.2.1(I) below sketches the case that once the search-conduct
starts at the optimal initiating time ¢}, continue it up to the quasi-deadline tqq = 1 (Model 1); it will be known that this case
occurs everywhere in the paper. Contrary to this, Figure 7.2.1(I) schematizes the case that once the search-conduct starts at
the optimal initiating time ¢¥, continue it for a while and then switches to the search-skip at a certain point in time t'; this is
a very rare case that occurs only in Tom’s 19.1.4(p.144) (b3iii), 19.1.12(p.154) (b3iii), and 19.1.15(p155) (b3iii). Let us call the case the
posterior-skip-of-search, represented by pSkip for short. [

recognizing time starting time optimal initiating time deadline
D S S
@ .
tr tp—1 -+ T T—1 --- ot —1 1 0

recognizing time starting time optimal initiating time deadline
‘.—$—.—.—$—.—.—.—.—.—$—.—.—.—.—$—.—.—.—.—$—L—>
(1) — ;
tr tp—1 --- T 7—1 .- tootl—1 - t ot —-1 - 1 0
1

search-conduct search-skip
(posterio-skip-of-search)

Figure 7.2.1: Posterio-Skip-of-Search (pSkip)

7.2.4 When to Initiate the Process (Optimal Initiating Time)

This is a notion only for ii-A-case (see Concept 2bii(p9)) defined in both s-E-case and s-A-case (see Concept 2ai,2aii) and in both
R-model and P-model.

7.2.4.1 Revolutionary Switch of Conventional Conception

Throughout the whole of the present paper we treat an activity of “decision-making” as “one unit” which is included in a given
space; let us call the unit the decision-making-unit and the space the decision-making-universe, or the decision-unit and the
decision-universe respectively for short. Of course, it can be also permitted that multiple decision-units are included within
a given decision-universe. What should not be forgot herein is that all decision-units in an decision-universe can be treated
independently each other and that the problem of selecting the best decision-units among them can raise. At a glance, the above
scenario seems to be non-descriptive; however, this perspective is what should be said to be a “revolutionary right-about-face”
in the sense that the switch of this way of viewing yields the novel “null-time-zone” (see Section 7.2.4.6(p.36) ), which furthermore
causes the unbelievable event of “deadline-falling” (see Section 7.2.4.7(p.3) ).

7.2.4.2 Definition
The definition below is only for S-model with t4¢ = 1 (i.e., Model 1 (¢44 = 0 for Model 2)). Suppose that its process has started
at a starting time 7 and that a seller (leading trader) has determined to initiate the process at a time t (7 > ¢ > tyq = 1), ie.,
7 — t periods hence. Then, the total expected present discounted profit at the starting time 7 is given by (see Section 20(p.266)
for the definition of V%)

ILZERW,, 7>t > et (7.2.9)
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By tf let us denote t maximizing It on 7 >t > t,q, i.e.,

Ii: = max I' or equivalently If; >IL >t >ta. (7.2.10)
T>t>tqq

Let us call the t; the optimal initiating time, denoted by OIT,(t7),. If

I > 18 for t £ 47, (7.2.11)

it is called the strictly optimal initiating time, denoted by OIT.(ty).. Throughout the paper, let us employ the following

preference rule.

Preference Rule 7.2.1  Let It = It for a given t. Then, the seller prefers t — 1 to t as an initiating time, implying that
“Postpone the initiation of the process so long as it is not unprofitable to do so.” [

Remark 7.2.2 (implication of the strict optimality of ¢;) Assume that the optimal initiating time ¢} is strict in a sense
of (7.2.11). Then, since r > Iif_l, we have ﬂT_ti Vir > BT_t:Jrl‘/t:—h so Vix > BVix 1. Accordingly, since max{S;x,0} > 0
from (6.2.8(p.22)), we have S;= > 0, implying that it becomes strictly optimal to conduct the search; in other words, it is not
allowed to skip the search under the above assumption. [

7.2.4.3 p-adjusted sequence Vi
First, let us define the sequence consisting of V;, V_1, Vo_g, - -+, thd by Vin = Vi, Vi1, Vo, - - ,thd}, called the original
sequence and let

ty' = argmaxV],) = argmax{V;, V;_1,V;_2, - Viga -

Next, let us define the sequence V[, = {Vi, BVr 1,82V g, - - B Vit = {I7, 1771, 172, ,Iﬁ"d}, called the B-adjusted
sequence of Vi,1. By definition the optimal initiating time ¢; is given by ¢ attaining the maximum of elements within §-adjusted
sequence V7], i.e.,

tr = argmax V[, = argmax{ Vs, fV;_1, 8°V,_2,- - B Viat

Note herein that the monotonicity of the original sequence V{,] is not always inherited to the B-adjusted sequence V3, i.e.,
ty # tX (see Section A 5.2.2(p.29)).

7.2.4.4 Three Possibilities

Below let us show the three types of 0IT caused by the non-inheritance of monotonicity.

1. Degeneration to the starting time 7
Let tf = 7, i.e., it is optimal to initiate the process at the starting time 7, denoted by (8). Then, the optimal initiating
time t; is said to degenerate to the starting time 7, represented by A ((® , for short). If the optimal initiating
time ¢} is strict (see (7.2.11)), it is called the strictly degenerate 0IT, represented by A (® . for short).

2. Non-degeneration (7 > t5 > tqq)
Let 7 > tf > t4q, i.e., the optimal initiating time is between the starting time 7 and the quasi-deadline 44, denoted by (¥.
Then, the optimal initiating time ¢} is said to be non-degenerate 0IT, represented by A (® , for short). If
Ir=I1rr1t=..= I? > I:qd as a special case, it is said to be indifferent non-degenerate OIT (see Preference Rule 7.2.1),
represented by H (® for short). If IT < I > I9% it is said to be strictly non-degenerate 0IT, represented
by [® nd0IT, (t;)]s (® . for short).

3. Degeneration to the quasi-deadline ¢4q
Let t; = tqqa = 1(0) for Model 1 (Model 2), i.e., the optimal initiating time is the quasi-deadline, denoted by @. Then, the

optimal initiating time ¢ is said to degenerate to the quasi-deadline tqq, represented by | @ d0ITd - (tqq) |» (@, for short). If
it is strict, it is called the strictly degenerate 0IT, represented by [@ d0ITd, (tsa) |a (@4 for short). If I =7t =... = Iﬁqd,
the degeneration is said to be indifferent, represented by | @ d0ITd,(tqq) || (@ for short).

7.2.4.5 First Search Conducing Time
For example, consider M:2[R][A] (¢tq¢ = 0) with the starting time 7 = 6 and suppose that Skipg,, Skipsa, Skip,,, Conducts,,

Conducts,, Conducty,. This means that the first-search-conducting-time (£-SCT for short) is t1* =i (3).T In this case, since
Se <0,S5 <0,S4 <0,S3>0,S2 >0, and S; > 0 from (6.2.9(p.22) ), we have max{S¢,0} = 0, max{Ss,0} = 0, max{S4,0} =0,
max{S3,0} > 0, max{S2,0} > 0, and max{S1,0} > 0. Thus, from (6.2.8(p.22) ) we have Vs = 8V5, V5 = V4, Vi = V3, V3 > V4,
Va > Vi, and Vi > Vo, s0 Vs = BVs = B2Va = §°V5 > Ve > V1 > 3°VG or equivalently I§ = I§ = I = I§ > 1§ > I§ > I¢
due to (7.2.9), hence we have the optimal-initiating-time t; = 3---(4) by definition.

TSee Section 20(p26) for the definition of V4.
If such a time does not exist, let t:* = 7 (= 6), i.e., the first-search-conducting-time is the starting time 7 itself.
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Alice 2 (first search conducting time) When the story has come up to here, after a moment’s reflection, Alice happened to
conceive of an idea; “Since t;* =t; = 3 from (3) and (4), as the optimal initiating time we can employ the first search conducting
time t7* = 3 instead of t; !”. Then, Dr. Rabbit suddenly appeared and told to her “Surely you are not incorrect, Miss Alice !.
However, the profit attained by initiating the process at the first search conducting time t;* is the same as the profit attained by
initiating the process at the optimal initiating time t; in other words, since the former profit does not become greater than the latter
profit at all, we have no reason why t;* must be used instead of t;; accordingly, it suffices to employ t; !! Miss Alice !l 7. And then,
taking a watch out of the waistcoat-pocket and murmuring “Oh dear! Oh dear! | shall be too late for the faculty meeting”, he
again disappeared down the hole. I

Alice 3 (jumble of intuition and theory) Moreover, Alice was hit by the following question. For example, suppose that
S¢ < 0 at a time t, meaning that the search-skip becomes strictly optimal at time t. Then, since max{S;,0} = 0, we have
Vi = BVi—1 from (6.2.8(p22)), meaning that initiating the process at the time t becomes indifferent to initiating the process at
time t — 1; but, nevertheless, the search skip becomes strictly optimal! After having mumbled, letting out a strange noise “Is this
a little bit funny ?”, she gave a shout “Such a laughable affair !”. Then, Dr. Rabbit again suddenly appeared and pedantically told
to Alice “The above two results are both ones based on a theory of mathematics, but your confusion is one caused by an intuition;
there does not exist any logical relationship between the two! Well, your confusion is what is caused by a jumble of intuition and
theory I!'”, and then, he again disappeared down the hole as murmuring “Oh dear! Oh dear! | shall be too late!” (see Numerical
Examples 16.8.2(p109) and 19.1.1(p.174)). 1N

7.2.4.6 Null-Time-Zone

The section describes a perplexing situation caused by the optimal initiating time t;. Herein let 7 > I, i.e., the optimal
initiating time ¢; is not the starting time 7 (see Figure 7.2.2 below). This event means that no action of making a decision is
taken at every point in time t = 7,7 —1,--- |t + 1. Quite strangely enough, however, no researcher, including also the authors
in the past, has become aware of the existence of this grim reality at all thus far which is caused by the introduction of the
concept of 0IT. In other words, it follows that thus far we unwittingly or unconsciously have been falling into the senselessness of
engaging in unnecessary decision-making activities over these points in time. Let us refer to each of 7,7—1,--- [ t; +1 as the null
point in time and the whole of these times as the null-time-zone, denoted as Nul-TZ (see Concept 1(p9) and Section 7.2.4.1(p34)),

i.e.,
def
Nul-TZ = (7,7 — 1, ,t; + 1). (7.2.12)
recognizing time starting time optimal initiating time (0IT) quasi-deadline t,q
e e e e e e e e e e e et e« | » time
tr T oTr—1 .- tr4+1 ot otr -1 1 0
deadline

null-time-zone (Nul-TZ)

Figure 7.2.2: Null-time-zone in Model 1 with t,q = 1 (Nul-TZ)

7.2.4.7 Deadline-Falling

Alice 4 (black hole) Hereupon, Alice supposed “If the optimal initiating time t; degenerates to the deadline (time 0), then what
will ever happen ?”, and screamed out “If so, it follows that don’t conduct any decision-making activity up to the deadline !; in
other words, the whole of decision-making activities which are scheduled at the starting time T come to naught as if being sucked
and falling into the deadline!”. Alice was heavily nonplused and cried “It ---, it is the same as that black hole into which all
physical matters, even light, are squeezed into! If so, ---, a decision process with an infinite planning horizon vanishes away toward
an infinite future!! Oh dear!!! Oh dear !!l! ---” She hunkered down, and then buried her head in her hands. Then, Dr. Rabbit
again suddenly appeared and told to her a little bit ungraciously “This is a theoretical result that cannot be denied!.” 1

In this paper, let us call the “being sucked and falling into the deadline” the “deadline-falling” for short see Section 7.2.4.1(p34)),
symbolically represented by @-falling. This situation can be depicted as the two figures below.

optimal initiating time | ® d0ITd,~1 (1)

tp tp—1 -+ 17 7-—1 tr=1 0

null-time-zone (Nul-TZ)

Figure 7.2.3: Deadline-falling (@) for Model 1

optimal initiating time | @ d0ITd,~1(0)

recognizing time starting time > deadline

tp tp—1 -+ T tr =0

null-time-zone (Nul-TZ)

Figure 7.2.4: Deadline-falling (@) for Model 2
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Later on we will see that the @-falling is not a rare case but a phenomenon which is very often possible. Taking this fact into
consideration, we will inevitably be led to a serious re-examination and re-consideration of not only the decision processes dealt
with in the present paper but also all of more generalized decision processes, for example, Markovian decision processes [23,
Howard,1960] 05251 (see Section A 5(p.291) ).

7.3 Strong Assertion and Weak Assertion

Alice 5 (strong assertion and weak assertion) For ezample, consider a case such as the inequality IT < IT71 < ... < I2.
In this case, the optimal initiating time is t; = 0 by definition, i.e.,A (see Preference Rule 7.2.1(p35)). Howewver,
this inequality includes the equality IT = I7~' = ... = I° as a special case. Then, Dr. Rabbit again suddenly appeared and told
to Alice a little bit ungraciously “If | told that the optimal initiating time can be said to be also the starting time 7!, i.e., t; = T,
then what to do with 7, Ms. Alice --- I!'”, and then, murmuring “Oh dear! Oh dear! | shall be too late for faculty meeting”, he
again disappeared down the rabbit-hole. [

In the sense of removing a betwixt and between state from our discussions, needless to say, ,ml‘ (strictly optimal)
is more desirable than lodeT@)lA (merely optimal). For this reason, let us call the former the strong assertion and the
latter the weak assertion. From this viewpoint, throughout the paper, we will make an effort, as much as possible, to show the
strictness of optimality.
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Part 2

Integration Theory

This part constructs the integration theory.
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Chapter 8

Flow of the Construction of Integration Theory

8.1 Bird’s-Eye View
This chapter provides a bird’s-eye view of the whole flow through which the integration theory will be constructed in the
successive chapters that follows.

Chapter 9(p4l)
Underlying Functions

1
Chapter 10(p47) Spo Chapter 11(p.5)
Proof of o/ {M:1[R][A]} ~—— | Symmetry Theorem (R < R)
Sior (Derivation of o {M:1[R][A]})

o o Chapter 14(p.9)
Agr-p Ap-r Ag-p Apo < | Analogy Theorem (R + P)

(Derivation of d{l\?l:l[]P’] [A]})

Chapter 12(p.73) Spp Chapter 13(p.83)
Analogy Theorem (R < P) —— | Symmetry Theorem (P <+ P)
(Derivation of o {M:1[P][A]}) Spop (Derivation of o {M:1[P][A]})

Figure 8.1.1: The flow of the construction of the integration theory

The above figure states the following.
o In Chapter 9(p4l), lemmas and corollaries for underlying functions are proven.
o In Chapter 10(p47), &/ {M:1[R][A]} is proven by using the results in Chapter 9.
o In Chapter 11(p5), the symmetry theorem (R <> R) is proven, by which & {M:1[R][A]} is derived form .« {M:1[R][A]}.
o In Chapter 12(p.13), the analogy theorem (R <> P) is proven, by which &/{M:1[P][A]} is derived form o/ {M:1[R][A]}.
o In Chapter 13(p83), the symmetry theorem (P ¢+ P) is proven, by which & {M:1[P][A]} is derived form «/{M:1[P][A]}.

o In Chapter 14(p%), the analogy theorem (R < P) is proven, which gives the relationship between «{M:1[R][A]} and
o {M:1[P][A]}.

8.2 Connection with Both Directions
We should especially note here that the flow in Figure 8.1.1 above tells us the following;:

1. It is only |«/{M:1[R][A]}| that is directly proven.

2. Each of the remaining three W{M;1[R] [A]} [7{M:1[P][A]}], and d{M;l[P} [A]}| are derived by applying operations Sp-g,
AR*]P” and S]P’HTP to M{Ml[R] [A]} .

3. The above four boxes are connected with both directions (++ 1), implying that any given box can be derived from any other

box by applying operations Sg-g, Sgors Sp-s Sp-py Ar-pr Apor, Ao, and Apz.
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Chapter 9

Properties of Underlying Functions

This chapter examines the properties of underlying functions Tk, Lr, Kr, and Lr and xg-value defined by

(5.1.1(p17))-(5.1.6), which are used to clarify the properties of the optimal decision rules for M:1[R][A] in Chapter 10(p47) that
follows. Throughout the rest of the paper, in general let us denote an assertion concerning Xg = T, Lr, Kr, Lr, kz by A{Xr}
and an assertion system consisting of some assertions A{Xz }’s by &/{Xr}.

9.1 Primitive Underlying Function Ty
Lemma 9.1.1 (&{Tk}) Forany F € F

(a) T(x) is continuous on (—oo, 00).
(b) T(z) is nonincreasing on (—oo,c0).
(¢) T(x) is strictly decreasing on (—oo,b].
(d) T(z)+ z is nondecreasing on (—o0,00).
(e) T(z)+ z is strictly increasing on [a, 00).
(f) T(z)=p—x on (—o0,a] and T(z) > p— x on (a,o00).
(g) T(x)>0 on (—o0,b) and T(z) =0 on [b,00).
(h) T(z) > max{0,pu — z} on (—oo, o).
(i) TO)=pifa>0andT(0)=0ifb<O0.
(G) BT(x)+ x is nondecreasing on (—oo,00) if 8 =1.
(k) BT(x)+ z is strictly increasing on (—oo,00) if § < 1.
() Ifr<yanda<y, thenT(x)+x<T(y)+y.
(m) ABT(ABu — s) — s is nonincreasing in s and strictly decreasing in s if A\§ < 1.
(m) a<pt O
Proof Firstly, for any x and y let us prove the following two inequalities:
—(z—y)(1 = F(y) <T(x) = T(y) < —(z —y)(1 - F(z)), (9.1.1)
(v~ )F() ST() +2-T() ~y < (@~ ) F(z). (912)

def

Then, let T'(z,y) = E[(& —z)I(& > y)] for any = and y where if a given statement S is true, then I(S) =1, or else I(S) = 0.
Since 1 > I(€ > y) > 0 for any y by definition and since max{€ —z,0} > 0 and max{& —z,0} > £ —z, we have max{& —z,0} >
max{& — z,0}1(¢€ > y) > (€ — z)I(€ > y), hence from (5.1.1(p.17)) we get T(z) > E[(€ — z)I(€ > y)] = T(z,y). Accordingly,
for any = and y we have T(z) — T(y) > T(z,y) — T(y) = E[(€ — 2)I(€ > y)] — BIE - »I(€ > v)] = —(z — ») BI(E > )]
Since (€ < )+ I(€ > y) = 1, we have T(z) — T(y) > —(z — y) (B[l - I(€ < y)]) = —(@ — y)(1 — E[I(€ < y)]). Then, since
BII(E <) = [, 1(€ < y)[(€)de = [V 1 x f(€)d€ = [*__ [(E)dE = F(y), we have T(x) — T(y) > —(z — y)(1 — F(y)), hence
the first inequality in (9.1.1) holds. Multiplying both sides of the inequality by —1 leads to —T(z) +T(y) < (z —y)(1— F(y)) or
equivalently T(y)—T(x) < —(y—z)(1—F(y)). Then, interchanging the notations x and y yields T'(z)—T(y) < —(z—y)(1—F(x)),
hence the second inequality in (9.1.1) holds. (9.1.2) is immediate from adding = — y to (9.1.1). Let us note here that T'(z)
defined by (5.1.1) can be rewritten as

T(z) = Elmax{§ —z,0}(a < §)] + E[max{§ —z,0}/(§ <a)--- (1)
= E[max{§ —z,0}/(b < §)] + E[max{{ —,0H(§ <b)].---(2)

(a,b) Immediate from the fact that max{& — z,0} is continuous and nonincreasing in x € (—o0, 00) for any given &.

I The self-evident assertion is intentionally added here in order to keep the consistency with Lemma 12.2.1(p.77) (n).
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(¢) Lety < x < b, hence z —y > 0. Then, since F(z) < 1 due to (2.1.2(1,2) (p8)), we have —(z — y)(1 — F(x)) < 0, so
T(z) < T(y) due to (9.1.1), i.e., T(z) is strictly decreasing on (—oo, b). Here note that for any given x < b we have T'(z) > T(b)
due to (b). Let us assume T(x) = T(b) for a given < b. Then, for any sufficiently small € > 0 such that b — z > 2¢ we
have b > b—¢ > x4+ € > z, hence T(b) = T(x) > T(b—¢€) > T(b) due to the strict decreasingness shown above and the
nonincreasingness in (b), which is a contradiction. Thus, it must be that T'(z) # T'(b) for any given x < b, so that we have
T(x) > T(b) for any = < b, hence it follows that T'(z) is strictly decreasing on (—o0, b] instead of (—oo, b).

(d) Evident from the fact that T(z) + z = E[max{§, z}] from (5.1.1(p.17)) and that max{{, z} is nondecreasing in x for any
£.

(e) Let a <y <z, hence F(y) > 0 due to (2.1.2(2,3) (p8) ). Then, since (z — y)F(y) > 0, we have T(y) +y < T(x) + z from
(9.1.2), i.e., T(x) + x is strictly increasing on (a,c0). Here note that for any given z > a we have T(a) + a < T(z) + = due to
(d). Let us assume T(a) + a = T(z) + z for a given = > a. Then, for any sufficiently small € > 0 such that z — a > ¢ we have
a<a+e<uz hence T(a)+a=T(z)+z>T(a+e)+a+e>T(a)+ a due to the strict increasingness shown above and the
nondcreasingness in (d), which is a contradiction. Thus, it must be that T(z) + = # T(a) + a for any given = > a, so that we
have T'(x) + « > T'(a) + a for any = > a, hence it follows that T'(x) + « is strictly increasing on [a, o) instead of on (a, c0).

(f) Let z <a. If a <&, then z < &, hence max{€ — z,0} = £ — z, and if £ < a, then f(£) =0---(3) due to (2.1.4 (1) (p3)).
Thus, from (1) we have T(z) = E[(& — z)I(a < €)] + 0. Then, since E[(& — 2)I(£ < a)] = S (€ —2) f(€)de = 0 due to (3),
we have T(z) = E[(§ —xz)I(a < &)]+ E[(& —2)I(& < a)] = E[¢ — 2] = p — z, hence the former half is true. Then, since
T(a) = p — a or equivalently T(a) + a = p, if a < z, from (e) we have T(z) + = > T(a) + a = p, hence T(x) > p — x, thus the
latter half is true.

(g) Let b <z If b < &, then since f(§) = 0 due to (2.1.4(3) (p8)), we have E[max{{ — z,0}I1(b < &)] = fbof max{{ —
2,0} f(€)dé = 0 and if & < b, then since £ < z, we have max{¢ — z,0}J(¢§ < b) = 0. Accordingly, from (2) we have
T(z) = 0---(4), so that the latter half is true. Let # < b. Then, since T'(x) > T(b) from (c) and since T(b) = 0 from (4), we
have T'(z) > 0, hence the former half is true.

(h) On (—o0,00) we have T(z) > p — z from (f) and T(x) > 0 from (g), hence it follows that T(z) > max{0,u — z} on
(—00, 0).

(i) From (5.1.1(p17)) and (2.1.4(1,3) (p8)) we have T(0) = E[max{£,0}] = E[max{&,0}I(a < & <b)]. Hence, if a > 0, then
T(0)=E[¢l(a<E&<b)]=E[f] =pand if b <0, then T(0) = E[0I(a <€ <) =0.

(j) If =1, then BT(z) +x = T(x) + =, hence the assertion is true from (d).

(k) Since fT(z) +z = B(T(z) +x)+ (1 — B)z, if B < 1, then (1 — B)x is strictly increasing in z, hence the assertion is true
from (d).

() Letz<yanda<y. Ifz<a,then T(z)+z <T(a)+a<T(y)+y due to (d,e), and if a < z, then a < z < y, hence
K(z)+z < K(y) + y due to (e). Thus, whether x < a or a < z, we have T'(z) + = < T'(y) +y

(m) From (5.1.1p17)) we have ABT(A\Bu — s) — s = AB E[max{& — A8y + 5,0} — s = E[max{\8¢ — (A\8)%u+ \Bs,0}] —s =
E[max{\8¢ — (A\8)*1 — (1 — A\B)s, —s}], which is nonincreasing in s and strictly decreasing in s if A3 < 1.

(n) Evident. 1

9.2 Derivative Underlying Functions
Let us define

§=1—(1-X8. (9.2.1)
Then, due to the assumptions 0 < 5 <1 and 1 > XA > 0 we have
§>1—(1-XN)x1=A>0---(1), <1—(1-X)x0=1---(2). (9.2.2)

Now, from (5.1.3(p17)) and (5.1.4) and from Lemma 9.1.1(f) we obtain

= M5 — Az on (—o0,a] -+ (1),
L(“{ > M= s— Az on (a,00) - (2), (6.23)
=X\Bu—s—9dx on (—o0,a] (1),
() { > ABu—s—3o6x on (a,o0) (2). (9:24)
In addition, from (5.1.4(p17)) and Lemma 9.1.1(g) we have
{ >7(175)1’*80H (700717) (1)5
x (9.2.5)
:—(l—ﬂ)x—son [b,OO) (2)7
from which we obtain
K(x)+z>px—s on (—00,00). (9.2.6)
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Then, from (9.2.4 (1)) and (9.2.5 (2)) we get

K@)+ { giﬂ_—ss + (1 =)z 22 Eb—z;a] g;, (9.2.7)
Since K () = L(z) — (1 — 8)z and L(z) = K(x) + (1 — B)z from (5.1.8), if x1 and Zx exist, then
K(zr)=—-(1-08)z ---(1), L(zx)=(1-p8)zx ---(2). (9.2.8)

Lemma 9.2.1 (& {Lr})

a) L(x) is continuous.

) L (z) is nonincreasing on (—oo, 00).

(¢) L(z) is strictly decreasing on (—o0,b].

(d) Lets=0. Then xr =b where T, > (<)z < L(z) > (=) 0= L(z) > (L) 0.

) Let s> 0.
1. 1 wuniquely exists with Tz, < b where z. > (= (<)) z & L(z) > (= (<)) 0.
2 (Mp—s)/M < (>)as or=(>) Mu—s)/A5.

Proof (a-c) Immediate from (5.1.3) and Lemma 9.1.1(a-c).

(d) Let s = 0. Then, since L(z) = \BT(z), from Lemma 9.1.1(g) we have L(z) > 0 for b > z and L(z) = 0 for b < z,
hence z. = b by the definition of z. (see Section 5.2(p19) (a)), thus =, > (<) z = L(z) > (=) 0. The inverse is true by
contraposition. In addition, since L (z) =0 = L (z) < 0, we have L(z) > (=) 0 = L(z) > () 0.

(e) Let s> 0.

(el) From (9.2.3(1)) and the assumptions A > 0 and 8 > 0 we have L (z) > 0 for a sufficiently small < 0 such that z < a.
In addition, we have L (b) = ABT(b) —s = —s < 0 due to Lemma 9.1.1(g). Hence, from (a,c) it follows that . uniquely exists.
The inequality zp < b is immediate from L (b) < 0. The latter half is evident.

(e2) If (A\Bp — s)/AB < (>) a, from (9.2.3) we have L((ABp — s)/AB) = (>) ABp — s — AB(A\Bp — s)/AB = 0, hence
zr = (>) (A\Bu — s)/AB from (el). Thus “=” was proven. Its inverse “<” is immediate by contraposition. 1

The corollary below is used when it is not specified whether s > 0 or s = 0.
Corollary 9.2.1 (&{Lr})
(a) zo >(<L)z s Lz) > (L)0.
(b) @ > (<) o= L) >(<)0. 0
Proof (a) Immediate from Lemma 9.2.1(d,el).

(b) Since zr > (<)z = L(z) > (L) 0 due to (a
L(z) > (<) 0. In addition, if z, = =z, then L(z) =
ally follows that zr > (<)xz = L(z) > (<) 0. 1

) and since L(z) > (<) 0 = L(z) > (L) 0, we have zr > (<) z =
L(x.) = 0 or equivalently ., = x = L(z) = 0. Hence it eventu-

Lemma 9.2.2 (&{Kr})

(a) K(z) is continuous on (—00,00).

(b) K (z) is nonincreasing on (—oo,00).

(¢) K(z) is strictly decreasing on (—o0,b].

(d) K(z) is strictly decreasing on (—oo,00) if B < 1.

(e) K (z)+ = is nondecreasing on (—o0, 00).

(f) K(x)+ x is strictly increasing on (—oo,00) if A < 1.

(g) K (z)+ x is strictly increasing on [a, 00).

(h) Ifz<yanda <y, then K(z)+z < K(y) +y.

(i) Let B=1ands=0. Then xx =b where zx > (<) z & K(z) > (=) 0= K(z) > (<) 0.
(G) Letp<1ors>0.

1. There uniquely ezists Tx where zx > (= (<)) z & K(z) > (= (<)) 0.
2 (MBu—9)/3<(>)as k= (>) Mu—s)/o.
3. Letk > (=(<))0. Then vx > (= (<)) 0. 0
Proof (a~c) Immediate from (5.1.4(p.17)) and Lemma 9.1.1(a-c).
(d) Immediate from Lemma 9.1.1(b) and (5.1.4).
(e) From (5.1.4) we have K (z) + = = A\BT(z) + Bz — s = AB(T(z) + =) + (1 — A)Bz — s--- (1), hence the assertion holds
from Lemma 9.1.1(d).
(f)  Obvious from (1) and Lemma 9.1.1(d).
(g) Clearly from (1) and Lemma 9.1.1(e).
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(h) Letz<yanda<y. Ifz<a,then K(z)+ 2z < K(a)+a < K(y) +y due to (e,g), and if a < z, then a < 2 < y, hence
K(z)+z < K(y) + y due to (g). Thus, whether z < a or a < z, we have K(z) + z < K(y) + vy

(i) Let 8 =1and s =0. Then, since K (z) = AT (z) due to (5.1.4), from Lemma 9.1.1(g) we have K (z) > 0 for z < b and
K(xz) =0 for b < z, hence xx = b by the definition of =x (see Section 5.2(p.19) (a)). Thus zx > (<) z = K(z) > (=) 0. The
inverse holds by contraposition. In addition, since K (z) =0 = K(z) < 0, we have K (z) > (=) 0 = K (z) > () 0.

(j) LetB<1lors>0.

(j1) First note (9.2.5(2)). If 8 =1, then s > 0 due to the assumption S < 1 or s > 0, hence K (z) = —s < 0 for any =z > b
and if § < 1, then K (x) < 0 for any sufficiently large > 0 such that = > b. Hence, for any 0 < 8 < 1 we have K (z) < 0 for
any sufficiently large x. Next note (9.2.4 (1)). Then, since § > 0 from (9.2.2 (1)), for any sufficiently small < 0 such that < a
we have K (z) > 0 for any 0 < 8 < 1. Hence, it follows that there exists the solution zx for any 0 < 8 < 1. Let 8 < 1. Then,
the solution is unique from (d). Let 8 = 1. Then since s > 0 due to the assumption S < 1 or s > 0, we have K (b) = —s < 0
from (9.2.5(2)), hence zx < b due to (b), so K (z) is strictly decreasing on the neighbourhood of z = xx due to (c¢), thus the
solution zx is unique. Therefore, it follows that the solution zx is unique for any 0 < 5 < 1. From the above we see that the
latter half holds.

(j2) Let (ABu—s)/d < (>) a. Then, from (9.2.4 (1(2))) we have K ((ABu—s)/d) = (>) \Bu— s — 5(A\Bu — s)/é6 = 0, hence
zx = (>) (ABu — s)/d due to (j1). Thus “=" was proven. Its inverse “<” is immediate by contraposition.

(Gj3) If k> (=(<)) 0, then K (0) > (= (<)) 0 from (5.1.7(p.17) ), hence zx > (= (<)) 0 from (j1). 1

The corollary below is used when it is not specified whether s > 0 or s = 0.
Corollary 9.2.2 (&{Kgr})

(a) zx > (L) z e K(z) > (X)0.
(b) zx > (L)z=K((z)>(L)0. [

Proof (a) Immediate from Lemma 9.2.2(i,j1).

(b) Since zx > (<) xz = K(z) > (L) 0 due to (a) and since K(z) > (<) 0 = K(z) > (<) 0, we have zx > (<) z =
K (z) > (<) 0. In addition, if 2x = z, then K (z) = K(xx) = 0 or equivalently zx = x = K (z) = 0. Hence it eventually
follows that zx > (<) z = K(z) > (<) 0. 1

Lemma 9.2.3 (&/{Lr/Kr})

(a) Letp=1ands=0. Then z, = Tx =b.
(b) LetB=1ands>0. Then T, = ZTx.
(¢) LetB<lands=0. Thenb>(=(<))0& zr > (=()) zx = zx > (=(=))0.
(d) LetB<lands>0. Thenrk > (=(<))0& zr > (=(<)) zx = zx > (=(x))0. 0
Proof (a)If §=1and s=0, then z, =b from Lemma 9.2.1(d) and zx = b from
Lemma 9.2.2(i), hence zp = zx =b.
(b) Let S=1ands>0. Then K(x.)=0 from (9.2.8(1)), hence zx = . from
Lemma 9.2.2(j1).
(¢) Let < 1lands=0. Then x, =b---(1) from Lemma 9.2.1(d).
1. Suppose b > 0. Then, since z. > 0, we have K(z,) < 0 from (9.2.8(1)), hence ., > xx from Lemma 9.2.2(j1).
Furthermore, from (5.1.7) we have K (0) = A8T(0) > 0 due to Lemma 9.1.1(g), hence zx > 0---(2) from Lemma 9.2.2(j1).
2. Suppose b = (<) 0. Then, since =, = (<) 0 from (1), we have K (z,) = (>) 0 from (9.2.8 (1)), thus =, = (<) zx from
Lemma 9.2.2(j1). Thus “=" holds and its inverse “<" is immediate by contraposition. Furthermore, from (5.1.7) we have
K(0) =ABT(0) =01if b = (<) 0 due to Lemma 9.1.1(g), hence zx = 0 from Lemma 9.2.2(j1) or equivalently zx = (=) 0.
(d) LetB < 1lands > 0. Now,since k = K (0) from (5.1.7), if k > (= (<)) 0, then K (0) > (= (<)) 0, thus zx > (= (<)) 0---(3)
from Lemma 9.2.2(j1). Accordingly L (zx) > (= (<)) 0 from (9.2.8 (2)), hence =, > (= (<)) =k from Lemma 9.2.1(el). Thus
“=" holds and its inverse “<" is immediate by contraposition. The last “=" is the same as (3). 1

Lemma 9.2.4 (Lr)
(a) L(s) is nonincreasing in s and strictly decreasing in s if A3 < 1.
(b) Let ABu >b.
1. zp < ABu—s.
2. Lets>0and A\ < 1. Then xr < ABu — s.
(¢) Let \Bu < b. Then, there exists a Sz > 0 such that if sz > (<) s, then © > (<) \Bu—s. [

Proof (a) From (5.1.5(p17)) and (5.1.3) we have £(s) = L(A\Bu —s) = ABT(ABu — s) — s---(1), hence the assertion holds
from Lemma 9.1.1(m).

(b) Let ABu > b. Then, from (1) we have £ (0) = ABT(ABu) = 0---(2) due to Lemma 9.1.1(g).
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(b1) Since s > 0, from (a) we have £ (s) < £ (0) = 0 due to (2) or equivalently L (ABu — s) <0, hence z, < ABu — s from
Corollary 9.2.1(a).

(b2) Let s > 0 and A3 < 1. Then, from (a) we have £(s) < £(0) = 0---(3) due to (2) or equivalently L (ABu — s) < 0,
hence z. < ABu — s from Lemma 9.2.1(el).

(c) Let ABu < b. From (1) we have £(0) = ABT(ABu) > 0---(4) due to Lemma 9.1.1(g). Noting (9.2.3 (1)), for any
sufficiently large s > 0 such that \Bu — s < a and ABu — s < 0 we have L(s) = L(A\Bu — ) = A\Bu — s — AB(ABu — s) =
(I —=XB)(ABp —s) < 0. Accordingly, due to (a) it follows that there exists the solution s: of £(s) = 0 where sz > 0 due to
(4) . Then, since £ (s) > 0 for s < s. and £ (s) < 0 for s > sc or equivalently L (ABu—s) > 0 for s < s and L (ABu—s) <0
for s > s, , from Corollary 9.2.1(a) we get zo > Ay —sfor s < s, and zr < ABu—sfors> s.. 1

9.3 kg-value

Lemma 9.3.1 (& {kz}) We have:

(a) k=XBu—sifa>0andk =—sifb<0.

(b) LetB<1lors>0, Thenk > (=(<))0< zx >(=(<))0. U
Proof (a) Immediate from (5.1.6(p.l7)) and Lemma 9.1.1(i).

(b) Let B <1ors>0. Then, if K > (= (<)) 0, we have K (0) > (= (<)) 0 from (5.1.7(p17)), hence zx > (= (<)) 0 from
Lemma 9.2.2(j1). Thus “=" was proven. Its inverse “<” is immediate by contraposition. 0
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Chapter 10

Proof of &Z/{M:1|R][A]}

10.1 Preliminary
From (6.2.8(p.22) ) and (6.2.11) we have

Vi — BVi—1 = max{S,0} (10.1.1)
max{L (V;-1),0}, ¢>1. (10.1.2)

Accordingly:
1. If L(Vi—1) >0, then V; — BV;—1 = L (V4—1), hence from (5.1.9(p.17)) we have
Vi=L(Vii)+BVii=K(Vi1)+Viia, t>1. (10.1.3)

2. If L(Vi—1) <0, then V; — BVi_1 = 0 or equivalently

Vi=pVia, t>1. (10.1.4)

Now, from (6.2.5(p.21)) with ¢ = 2 we have
Vo — Vi = max{K (V1),—(1 — B)V1 }. (10.1.5)

Finally, from (6.2.11) and (6.2.9) we have
St = L(Vi—1) > (<) 0 = Conducts, (Skip,a.), t> 1. (10.1.6)

10.2  Proof of &/{M:1[R][A]}

Definition 10.2.1 By A{M:1[R][A]} let us represent an assertion included in each of Tom 10.2.1 and Tom 10.2.2 that follows
and by &/{M:1[R][A]} the assertion system consisting of all assertions included in the Tom. 0

Below note that A\ = 1 is assume in the model.

O Tom 10.2.1 (&Z/{M:1[R][A]}) LetB=1 ands=0.
(a) Vi is nondecreasing in t > 0.
(b) We have M‘ where CONDUCT»>¢>14. U
Proof Let 8 =1 and s = 0. Then, from (5.1.4(p17)) we have K (z) = T(z) > 0---(1) for any x due to Lemma 9.1.1(p41) (g),
hence from (6.5.2(p31) ) and (1) we have V; = max{T(Vi—1) + Vi1, Vic1} = max{T(Vi-1),0} + Vie1 = T(Vi—1) + Vi1 - - - (2) for
t>1.

(a) Since Vo = T(Vi) + Vi, we have Vo > Vi due to (1). Suppose Vi_1 < Vi;. Then, from Lemma 9.1.1(d) we have
Vi < T(Vi) + Vi = Viy1. Hence, by induction Vi;—1 <V, for t > 1, i.e., V; is nondecreasing in ¢ > 0.

(b) Since Vi = p from (6.5.1(p31)), we have Vi < b. Suppose Vi—1 < b. Then, from (2) we have V; < T(b) + b = b due
to Lemma 9.1.1(L,g). Accordingly, by induction Vi—; < b for ¢ > 1, hence L(V4—1) > 0 for ¢ > 1 due to Lemma 9.2.1(d);
accordingly, L(V;—1) > 0---(3) for 7 > ¢ > 1. Thus, from (10.1.2) we obtain V; — fV;—1 >0 for 7 >t > 1, i.e,, Vi > Vi

for 7 >t > 1. Accordingly, since Vi > 8V,_1 > --- > 87 'V4, we have t: = 7 for 7 > 1, i.e., [® d0ITs,>1(7) s, hence we have
Conduct, for 7 >t > 1 due to (3) and (10.1.6).. 1

Let us define

For any 7 > 1 there exists t5 > 1 such that
5:[©4]@1] = | (1) [® dOITsss>>1(7)]s where CONDUCT,>514,
(2) [®nd0IT ¢ (£5) ] where CONDUCT,;>¢14-
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O Tom 10.2.2 (Z{M:1[R][A]}) Let3<1 ors>0.

) Vi is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.

(a
(b) Let B >b. Then[@d0ITd,>1(1)];.

(c) LetBu<b.
1. Let B =1.
i. Let p—s<a. Then|®d0ITd,~1(1)|.
ii. Letu—s>a. Then|® d0ITs,>1(T)|. where CONDUCT,>¢>1a-
2. Letf<land s=0(s>0).
i. Let b>0(x >0). Then[® d0ITs,>1(7)]s where CONDUCT,>1>14.
ii. Let b=0(x =0).
1. Let fu—s<a. Then|®d0ITd,~1(1)|.
2. Let Bu—s>a. Then|® d0ITs,>1(T)|. where CONDUCT,>¢>1a-
iii. Let b<0(k <0).
1. LetBu—s<aor s; <s. Then|ed0ITd.>1(1)].

2. LetBu—s>a and s < sc. Then S1(pn[@21@1] is true. 0

Proof Let f < 1 or s > 0. In this model, note that the search must be necessarily conducted at time ¢t = 1 (see Re-
mark 4.1.3(p.14) (b)) and that d =1--- (1) (see (9.2.1(p42))) due to the assumption A =1---(2).

(a) Since zx > Pp — s = Vi due to Lemma 9.2.2(p43) (j2) and (6.5.1(p3l)), we have K (Vi) > 0 due to Lemma 9.2.2(j1),
hence V2 — Vi > 0 from (10.1.5), i.e., Vi < V. Suppose Vi—1 < V;. Then, from (6.5.2(p31)) and Lemma 9.2.2(e) we have
Vi < max{K (V;) + V&, 8Vi} = Viq1. Hence, by induction Vi—1 < V; for ¢ > 1, i.e., V; is nondecreasing in ¢t > 0. Consider
a sufficiently large M > 0 with Su —s < M and b < M, hence Vi < M. Suppose Vi—1 < M. Then, from (6.5.2(p31)),
Lemma 9.2.2(e), and (9.2.7(2) (p43)) we have V; < max{K (M) + M,BM} = max{8M — s,M} < max{M,M} = M due to
B < 1and s > 0. Hence, by induction V; < M for ¢t > 0, i.e., V; is upper bounded in ¢. Accordingly Vi converges to a finite V' as
t — co. Then, from (6.5.2(p31) ) we have V = max{K (V) + V, 8V}, hence 0 = max{K (V),—(1 — 8)BV}. Thus, since K (V) <0,
we have V > xx from Lemma 9.2.2(j1).

(b) Let B >b---(3). Then zr < Bu—s = Vi from Lemma 9.2.4(b1l) with A = 1, hence zr < V;_; for t > 1 from (a).
Accordingly, since L (V;—1) < 0 for ¢ > 1 due to Corollary 9.2.1(a), we have L (V;—1) < 0 for 7 > ¢ > 1. Hence, from (10.1.4) we
have Vi = Vi for 7 >t > 1. Thus V, = BV, 1 =--- = BT W4, ie, IT =17 = ... = I} ' hence t: =1 for 7 > 1, i.e.,
0 d0ITd.>1(1) | (see Preference Rule 7.2.1(p3)).

(c) Let Bu<bd.

(c1) Let B=1---(4), hence s > 0 due to the assumptions 8 < 1 or s > 0 in the lemma. Then, from (4), (1), (2) we have
(M —s)/0 = p—s---(5). In addition, since ., = Tk ---(6) from Lemma 9.2.3(b), we have K () = K (k) =0--- (7).

(cli) Let p—s <a. Then =, = zx = p—s = Vi from (6), Lemma 9.2.2(j2), (5), and (6.5.1(p31)). Accordingly, since
2, < Vi_y for t > 1 from (a), we have L(V;—1) < 0 for t > 1 due to Lemma 9.2.1(el). Hence, for the same reason as in the

proof of (b) we obtain M”.

(clii) Let p—s > a. Then 2, = 2x > p—s = Vi > a from (6) and Lemma 9.2.2(j2), hence a < V;_1 for ¢t > 1 from
(a). Suppose Vi_1 < 1, hence L(V;_1) > 0 from Lemma 9.2.1(el). Then, from (10.1.3), Lemma 9.2.2(g), and (6) we have
Vi < K(zL)+ 7. = K(Tx) + ® = 2. Accordingly, by induction V;_1 < @ for ¢t > 1, hence L(V;—1) > 0 for ¢t > 1 due to
Corollary 9.2.1(p43) (a). Thus, for the same reason as in the proof of Tom 10.2.1(b) we have M‘ and CONDUCT»>¢>14-

(¢2) Let S<land s=0(s>0).
(c2i) Let b>0(x >0). Then zr > xx > 0---(8) from Lemma 9.2.3(c(d)). Now, since zx > fBup — s due to

Lemma 9.2.2(j2), (1), and (2), we have xzx > Vi from (6.5.1(p31)). Suppose Tx > Vi—1. Then, from (6.5.2(p31)) and
Lemma 9.2.2(e) we have V; < max{K (vx) + #x,B%x} = max{zx,B2x} = =x due to (8). Accordingly, by induction

Vi1 < ok for t > 1, hence V;—1 < xp for t > 1 from (8), thus L (Vi—1) > 0 for ¢ > 1 due to Corollary 9.2.1(a). Hence, for the
same reason as in the proof of Tom 10.2.1(b) we have [® d0ITs,>1(7) |, and CONDUCT,>¢>1.4.

(c2ii)) Let b=0(x =0). Then z, = xk ---(9) from Lemma 9.2.3(c (d)).

(c2iil) Let Bu— s < a. Then, zx = Bu —s = V4 from Lemma 9.2.2(j2). Suppose Vi1 = Zx, hence V;_1 = z, from (9),
so that L (V;—1) = L(z.) = 0. Then, from (10.1.3) we have V; = K (Tx) + Tx = ZTx. Accordingly, by induction V;_; = zx for
t>1, hence Vi1 = x for t > 1 due to (9). Then, since L(Vi_1) = L(x.) =0 for t > 1, we have V; = 8V;_; for t > 1 from
(10.1.4), hence, for the same reason as in the proof of (b) we obtain |®d0ITd,~1(1)|.

(c2ii2) Let Bu — s > a. Then, since Vi > a from (6.5.1), we have Vi_1 > a for t > 1 due to (a). In addition, we have
Tx > Bu — s = Vi from Lemma 9.2.2(j2). Suppose x > Vi1, hence zr > Vi_1 from 9). Then, since L (Vi—1) > 0 due to
Corollary 9.2.1(a), from (10.1.3) and Lemma 9.2.2(g) we have V; < K(xx )+ Tx = Tx. Hence, by induction zx > V;_; for
t > 1, so0 that zr > V;_; for ¢ > 1 due to (9) . Accordingly, since L(V;_1) > 0 for ¢ > 1 due to Corollary 9.2.1(a), for the same
reason as in the proof of (clii) we have [® d0ITs,~1(7T)|. and CONDUCT,>¢>1a.

(c2iii) Let b<0(x <0). Then =, < zx ---(10) from Lemma 9.2.3(c (d)).

(c2iiil) Let fu—s <aor s <s. First let Su — s < a. Then, since rx = By — s = V4 from Lemma 9.2.2(j2), we have
xr, < Vi from (10), hence . < Vi. Next, let s. < s. Then, since = < Bu — s due to Lemma 9.2.4(c), we have z, < Vi.
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Accordingly, whether Su—s < aor s <s, we have zp < Vi, thus xr < Vi1 for ¢ > 1 due to (a). Hence, since L (V;—1) <0
for ¢ > 1 from Corollary 9.2.1(a), for the same reason as in the proof of (b) we obtain [ d0ITd.(1)] m“ for 7 > 1.

(c2iii2) Let Su—s >a---(11) and s < s. . Then, from (10) and Lemma 9.2.4(c) we have x > 2 > Bu—s = Vi---(12),
hence K (Vi) > 0---(13) from Lemma 9.2.2(j1). In addition, since Vi > a due to (11) | we have V;—; > a for ¢ > 0 from (a).

Now, from (10.1.5) and (13) we have Vo — Vi > 0, i.e., Vo > V4. Suppose Vi—1 < V;. Then, from Lemma 9.2.2(g) we have
Vi < max{K (V;) + Vi, BV;} = Viq1. Accordingly, by induction Vi1 < V; for t > 1, i.e., V; is strictly increasing in ¢t > 0. Note
that Vi < zr due to (12). Assume that V,_1 < x, for all t > 1, hence V < zp due to (a). Then, from (10) and the fact
of V' > 2k due to (a) we have the contradiction of V' > zx > xr > V. Hence, it is impossible that V;—1 < zp for all t > 1,
implying that there exists ¢; > 1 such that

V1<V2<--~<Vt:_71< T S‘/;::_<‘/;:_+1<Vt;+2<-“, (10.2.1)

from which

Viei < xp, tr>t>1, v <Viog, t>t5. (10.2.2)
Therefore, from Corollary 9.2.1(a) we have
L(Vic1)>0---(14), ¢ >t>1, L(Vic1) <0---(15), t>t;.

1. Let 2 > 7 > 1. Then, since L(Vs_1) > 0---(16) for 7 > ¢ > 1 from (14) | for the same reason as in the proof of (clii) we
have |® d0ITse >,>1(7)|s and CONDUCT, >¢>1,. Hence Si(1) is true.

2. Let 7 > t5. First let 7 > ¢ > t5. Then, since L (Vi—1) <0 for 7 > ¢t >t} from (15)7 we have V; = gV,_1 for 7 > ¢t > ¢t from
(10.1.4), thus

Ve =BVe1 = BVio = =BV - (17).

Next let 5 > ¢ > 1. Then, from (14) and (10.1.2) we have V; — fVi_1 > 0 for t5 >t > 1, ie., Vi > Vi for t2 >t > 1,
hence .
Vie > BVie -1 > 52‘4;_2 > o> B (18).

From (17) and (18) we have
Vv, = ﬂVT71 _ ﬂ2V7'72 — .= /BTft:_‘/t; > BTﬁt;+1‘/t:.*1 > 67’7t:.+2‘/;;72 S>> 57‘71‘/17

hence we obtain t; = t}, i.e., | ® nd0IT > (t)|; due to Preference Rule 7.2.1(p3). In addition, we have Conduct:, for
t2 >t > 1 due to (14) and (10.1.6). Hence S;(2) is true. 1

10.3 Structure of Assertion System @ M:1[R][A]}

In this section let us clarify the structure of the assertion system «/{M:1[R][A]}.

10.3.1 Breakdown and Aggregation

Consider a given set 2~ and given k > 0 subsets 21, Z2, --+, Zkx C 2 where Z; N Z; = 0 for any i # j (pairwise disjoint).
Here let 2" = Uk=1,2,... .k Zi, and then let us consider the following two operations (see Figure 10.3.1 below (k = 3 for example)):

(I) & is broken down into 21, 23, -+, Zi (breakdown).
(1) 21, 23, .-+, 2k are aggregated into 2~ (aggregation).

Z Z

breakedown
aggregation

@) (D)
Figure 10.3.1: Breakedown and aggregation
It will be known later on that the fine differences between the above two operations will play an essential role in discussions of

Section 10.3.4(p51) and Step 11.5 (p63).
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10.3.2 Structure of Assertion A

Let us note here that any assertion A{M:1[R][A]} consists of a statement S and a condition-expression CE, schematized as
A{M:1[R][A]}={S holds if CE is satisfied}. (10.3.1)

Ezample 10.3.1 The assertion of Tom 10.2.2(p88) (b) can be rewritten as

A{M:1[R][A]}={[® d0ITd,>1 (1) ] holds if Bu > b is satisfied}
where S = {H} and CE = {Bu > b}. [

In addition, the condition-expression CE can be regarded as a conditional prescribed as to a parameter vector p and a distribution
function F' where

peERCP, (10.3.2)
FeFuCF (10.3.3)

for a given parameter space & and a given distribution function space #4p related to a given p € Z. Then we can rewrite
(10.3.1) as

A{M:1[R][A]} = {Sholdsfor p e % C & and F € Fyp C F}. (10.3.4)
Ezxzample 10.3.2
e For the assertion A in Tom 10.2.2(p.88) (c1i) we have

P = {A=1nB=1Ns>0},
Fap = {Bu<bnp—s<a}
e For the assertion A in Tom 10.2.2(p48) (c2iii2) we have
P ={A=1NnB<1n s=0(s>0)},
Fap = {Br<bN b<0(k<0) NBu—s>ans< sc}. 0

Definition 10.3.1 (condition-space €(A) ) Let us define
C(A) = {(p, F) ‘ PpES CPFeFapCF}, (10.3.5)
called the condition-space of the assertion A = A{M:1[R][A]}. O
Then, (10.3.4) can be rewritten as
A{M:1[R][A]} = {S holds on F(A) }. (10.3.6)
Throughout the rest of the paper, for explanatory convenience, let us alternatively express the whole of (10.3.6) as
A{M:1[R][A]} holds on € (A). (10.3.7)
10.3.3 Structure of Tom
In addition to the definition in Section 6.4(p3)) and Def. 10.2.1(p47), let us here provide the following definition;

Definition 10.3.2 (assertion Arn) When a given assertion A{M:1[R][A]} is what is included in a given Tom, let us represent
it as Aron{M:1[R][A]} and an assertion system consisting of all Aron{M:1[R][A]} included in Tom as “Aon {M:1[R][A]}. [

Then (10.3.4)-(10.3.7) can be rewritten as respectively

Aron{M:1[R][A]} = {S holds for p € Pa,,, C P and F' € Fa.,1p C F}, (10.3.8)
C(Ar) = {(p,F) | P E Par C P,F € Figuip € 7}, (103.9)
Aron{M:1[R][A]} = {S holds on € (Aron) }, (10.3.10)
Aron{M:1[R][A]} holds on € (Aron). (10.3.11)

Closely looking into the structure of Tom’s 10.2.1(p47) and 10.2.2, we see that in general a given Tom consists of a basic-premise
BP and some assertions Aton;, Atony, * -, 1.€.,

Tom = {Let BP be true. Then assertions Arom,, Atony, - -+ hold} (10.3.12)
where the basic-premise BP is given as a conditional prescribed as to a parameter vector p and a distribution function F' where

P E Pron C 7, (10.3.13)
F € Fronp C F (10.3.14)

for given subsets Pron and Fron|p (see (10.3.2) and (10.3.3)). Then the basic-premise BP can be written as
BP = {a condition on p € Pron C & and F € Fyopp C F}. (10.3.15)
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Ezample 10.3.3 For M:1[R][A] we have

(1) =Zm={p|A=1NB=1Ns=0} for Tom 10.2.1(p.47)
(2) =Zrn={p|A=1Nn(B<1Us>0)} for Tom 10.2.2(p48)
1) = Fron)p = F for Tom 10.2.1(p47)
(2)' = Fron)p = F for Tom 10.2.2(p48)

As the above is too simple, in order to promote a better understanding, below let us provide the example for M:2[R][A].

(B) =Zmm={p|A<1NB=1Ns=0N—-00< p< oo} for Tom 19.1.1(p.140)
(4) = Zrn={p|A<1N(B<1Us>0)N—00 < p< oo} for Tom 19.1.2(p141)
(5) = Zrn={pP|A<1N(B<1Us>0)N—00 < p< oo} for Tom 19.1.3(p.143)
(6) = Zrn={p|A<1N(B<1Us>0)N—00 < p< oo} for Tom 19.1.4(p.14)
(3) = Fronpp ={F | —0<a<p<b<oo}=7F for Tom 19.1.1(p140)
(4) = Fromp ={F | FEFNp< zx} for Tom 19.1.2(p.141)
(5) = Fronp ={F | F€E FNp=2zK} for Tom 19.1.3(p.143)
(6) = Fromp ={F | FEF Np> zx} for Tom 19.1.4(p.14) 0

Definition 10.3.3 (condition-space % (Tom) ) Let us define

% (Tom) = {(p, F) | p € Prox C P, F € Fronp C TV, (10.3.16)
called the condition-space of Tom. [
Then (10.3.15) can be rewritten as
BP = {a condition on ¢(Tom) }, (10.3.17)
0 (10.3.12) can be rewritten as
Tom = {The assertions Aron,, Atom,. -+ hold on BP} (10.3.18)
or equivalently
Tom = {The assertions Aron,, Atom,, - -+ hold on € (Tom).} (10.3.19)

10.3.4 Completeness of ¢ (Tom)

’Breakdown scenario begins from here

As seen in Tom 10.2.2(p43), in the present paper any given Tom is constructed so that the whole condition-space % (Tom) is
hierarchically, encyclopedically, and exhaustively broken down step-by-step from top to bottom; as a result, we obtain a sequence

of assertions Aron, , Atony, - - - With condition-spaces € (Aron, ), € (Atonsy ), - - - - The above procedure implies that ¢ (Tom) is broken
down into € (Arom; ), € {(Atens ), - - - so that the equality
@ (Tom) = Ua,,,cton@ {Aton)- (10.3.20)

is satisfied. Let us refer to the above equality as the completeness of € (Tom) (see Figures 10.3.1(I) and 10.3.2 below). 0

€ (Tom)

breakedown

(%1 Avon,], €l Arons] Gl Aven, ]

Figure 10.3.2: Exhaustive breakedown of € (Tom) t0 € (Aren, ), € (Atons ), € {Atons)

Remark 10.3.1 It should be noted here that the equality (10.3.20) is not what should be proven but what should be
satisfied. 0

Here, consider the list of (10.3.11) over assertions Arom, , Atony, - - - € Tom, i.e.,

“ Aron, {M:1[R][A]} holds on € {Aron,) 7,
“ Atomy {M:1[R][A]} holds on € (Aron,) ”

Then, noting (10.3.20), we see that the whole of the above list can be rewritten as
ron {M:1[R][A]} holds on ¢ (Tom). (10.3.21)
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10.3.5 Structure of 7om
Let us define Tom = {Tom} = {Tom, Toms, , - - - }. (10.3.22)
Ezample 10.3.4 For example, we have

Tom = {Tom; = Tom 10.2.1(p47), Tompy = Tom 10.2.2},

Tom = {Tom; = Tom 19.1.1(p.0), Tomp = Tom 19.1.2, Tomg = Tom 19.1.3, Toms = Tom 19.1.4}. [

Definition 10.3.4 (condition-space ¢’ (Tom)) Let us define

€ (Tom) = Urene7oa® (Tom), (10.3.23)
called the condition-space of Tom. [
Using (10.3.20), we can express (10.3.23) as below
€ (Tom) = Unpne 7o @ (Tom) = Urone7on Uryy c1on € (Aton), (10.3.24)
schematized as in Figure 10.3.3 below
€ (Tom)
Il
definition
|
€ (Tom)
deﬁ[ﬂtion

ll
[(K[Toml], € [Toms] %[Tomg]]

Figure 10.3.3: Definition of 7om

Here, consider the list of (10.3.21) over Tomi, Tomy, , - - - € Tom, i.e.,

“ otrom; {M:1[R][A]} holds on € (Tom;) ”.
“ ofrony {M:1[R][A]} holds on € (Tomz) 7.

Then, noting (10.3.23), we see that the whole of the above list can be rewritten as
o/ {M:1[R][A]} holds on ¥ (Tom). (10.3.25)

Ezample 10.3.5 Let us consider an example Tom = {Tom;, Tomy, Toms } where Tom; = {A%Dml , A%t,ml , A-?om1 }, Tomy = {A%om27 A%omz , A%mz 1
and Tomz = {A%om37 A%OES,A%OM}. Then the structure shown by (10.3.24) can be schematized as in Figure 10.3.4 below. [

€ (Tom)
break!down
%[ Tom]
dcﬁxlx:ilion
E € |Tom] € [Toms) € [Toms] J
breakedown breakedown breakedown

(€ 1Ak, [43m,] €[ A3n,]) (€1 Akumy) [ AZim,] €[ ARun,]) (€1 ALwmy ) 6 [A2en,] [43en,])

‘Tomy

Figure 10.3.4: Breakedown of ¢ (7om) into %(A-{Dmi), i=1,2,3and j =1,2,3

What is depicted in Figure 10.3.4 above implies that the whole of the statements “Aron{M:1[R][A]} holds on % (Arem)” (see
(10.3.11)) prescribed on the whole 7om are aggregated into one statement “«/{M:1[R][A]} over ¥ (Tom)”, schematized as

“Aton{M:1[R][A]} holds on € (Aren)” on Tom = </ {M:1[R][A]} holds over €'(Tom). (10.3.26)
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10.3.6 Completeness of € (7om)

Throughout the paper let the condition-space € (Tom) be constructed so as to become equal to the total-space & x F (see
Def. 4.4.1(p.16) ), i.e.,

C(Tom) = P X F. (10.3.27)

Here note that (10.3.27) is not what should be proven but what should be satisfied. Then the equality is called the completeness
of 7om. Due to (10.3.27) we can rewrite Figure 10.3.4 as below.

% (Tom) P xF
1

11
breakedown completeness

definition

[ % [Tom €[Tomy] €[Toms] ]
1} I} I
breakedown breakedown breakedown

(€1A%m,), €1430m,) €1A%n,]) (€1AKun,)s C143un,] [ A2en,]) (€1 ALun, )y €lA%in,] €140, ])

Figure 10.3.5: The completeness of the breakedown of % (7em) into € (A . ), i=1,2,3 and j =1,2,3

Tom;

Under the completeness of Tom we can rewrite (10.3.26) as follows:

“Aron{M:1[R][A]} holds on €’ (Aron)” on Jom = «/{M:1[R][A]} holds over & x .Z. (10.3.28)

Let us refer to the relation as the completeness of Tom. [

Alice 6 (unknown-box) Completely attaining the completeness of a condition-branching may become hard in the sense that
it may not be always possible to explicitly specify and describe an assertion in all terminal points of the break-down-process of its
condition-branching. Then, Alice faced the question “If so, what should be done ?” and hesitated for a while. Then, Dr. Rabbit
appeared again and told to her “Put there the unknown-box representing that it is left, as a subject of future study, to clarify
and examine what phenomenon or event is hidden there.”. [

Breakdown scenario ends here
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Chapter 11

Symmetry Theorem (R + R)

In this chapter we construct the methodology which derives & {M:1[R][A]} (selling model) from .« {M:1[R][A]} (buying model).

11.1 Two Kinds of Equality

11.1.1 Correspondence Equality

For &, a, u, b, T(x), etc., which are all dependent on a given distribution function F' € %, let us define é =-£ a=—a, i =—pu,
b= —b, T(z) = —T(x) respectively, called the reflection operation R. For any given distribution function F' € .7, i.e.,

F() =Pr{§ <& C 7, (11.1.1)
let us define the distribution function ofé by F, i.e.,
F(§) ¥ Pr{g < ¢}, (11.1.2)
where its probability density function is represented by f and the set of all possible s is denoted by .Z, i.e.,
FE(F|Fe7}. (11.1.3)
Now, since 1%(5) = Pr{€ < ¢} for any ¢ due to the definition (11.1.2) and since
E=—€=-(-9=¢ (11.1.4)
we have }:7'(5) =Pr{¢€ <&} = F(¢) for any & due to (11.1.1), i.e.,
F=F (11.1.5)
For any subset .#' C . let us define
F' E(F|FeF}. (11.1.6)
Then, since .%’ C .7, by definition we have
7' ={F|FecZ'. (11.1.7)
Here, due to (11.1.5) we get
F'={F|FeJ'}. (11.1.8)

If F € %', then I € %' from (11.1.6), hence Fe Z' from (11.1.7), so that F € Z' due to (11.1.5); accordingly, we have

F' CF ... (x). IfFe ', then F' € ' from (11.1.8), hence F € .Z’ from (11.1.6), therefore, we have .#’ C .#’. From this
and (x) it follows that

g =7 (11.1.9)

By a, fi, and b let us denote respectively the lower bound, the expectation, and the upper bound of F' € F corresponding
to any given F' € .# with the lower bound a, the expectation p, and the upper bound b. Then, for any & we clearly have
(see Figure 11.1.1 below)

f&) = f(© (11.1.10)

where . .
a=b, p=p b=a. (11.1.11)
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reflection

Figure 11.1.1: Relationship between probability density functions f and f

11.1.2 Identity Equality
Lemma 11.1.1

(a) Z and ﬁi are one-to-one correspondent where F = Z. 5 5
(b) For any F € ﬂ there exists a F' € Z which is identical to the F, i.e., F = F.T
(¢) For any F € F there exists a F € which is identical to the F,ie, F=F.

Proof 1f F € %, then F € . by definition, i.e., F € F = F € % (1) Conversely, if F € Z, then F from which F € %
defined is clearly an element of .% due to (11.1.3), ie., F € &, ie, F € % = Fc.%---(2).
(a) First, for any F' € % and for the F € .F corresponding to the F' we have

F&) = Pr{é <&} =Pr{-£< £} =Pr{é >} =Pr{£ > £} (due to (11.1.4))
L= Pr{e <& =1-Pr{E <& = 1- F(§) - (3).
Suppose any F' € .Z yields the two different F} € % and Fb € .7, hence there exists at least one &’ such that Fy(£) # Fu(£').

Then since [y (¢') = 1 — F(¢') and Fg(f ) =1— F(£) due to (3), we have the contradiction of F1 (§ ) = F»(¢'), hence the
F € .Z must correspond to a unique F € .%. Next, for any F' € % and for F € % from which F € .Z is defined we have

F) = Pr{e <& =Pr{-€< £} =Pr{€>E}=1-Pr{e <P =1-Pr{e <&} =1-F() - (4).
Suppose any F' € Z is yielded by the two different Fy € # and F> € %, hence there exists at least one ¢ such that
F1(&') # F2(&'). Then, since F1(¢') =1 F(£') and F2(¢') = 1 - F(£') due to (4), we have the contradiction of F (&) = Fa(¢'),
hence the F' € .% must correspond to a unique F' € % . Thus, the former half of the assertion is true. The latter half can be
proven as follows. First, consider any F € .#. Then, since F' € .# by definition, we have % C # ---(5). Next, consider any

F € .%. Then, sincevﬁ’ € .7 due to (1), we have F €F due to (5). Hence F € . due to (1), so that F' € . due to (11.1.5),
thus we have .# C .. From this and (5 ) we have .Z = .7 - - (6).

(b) Consider any F € .% ---(7), hence F' € & ---(8) due to (6). Suppose every F € .Z is not identical to the F, i.e.,

F # F, implying that the F cannot become an element of .Z, i.e., F' ¢ .Z, which contradicts (8). Hence, it must be that
F = F, thus it follows that the assertion holds.

(c) Consider any F € .Z---(9), hence F € .% ---(10) due to (6). Suppose every F' € .Z is not identical to the F, i.e.,
% F, implying that the F' cannot become an element of Z, ie., F Z %, which contradicts (10). Hence, it must be that
= F, thus it follows that the assertion holds. 1

From the identity F' = F in Lemma 11.1.1(b,c) we have

o , 1) = f(9), (11.1.12)
called the identity equality.

11.2 Definitions of Underlying Functions
11.2.1 7,L,K, L, and ¥ of TypeR
Let us define the underlying functions of Type R (see Section 5.1.1(p.17)) for F € Z corresponding to any F € .F as follows.

T(2) = Blmax{€ — 2,08 = [~ max{é — 2,0} f(€)de, (11.2.1)
L(z) = ABT(z) — s, (11.2.2)
K(z) = MT(z) — (1 —B)z — s, (11.2.3)
L(s) = L(ABj—s). (11.2.4)

Let the solutions of L (z) = 0, K(z) = 0, and £(s) = 0 be denoted by z;, zy, and s; respectively if they exist. If multiple
solutions exist for each of x;, %, and sz, let us emplgy t:he)\mﬁjzit gs its solution (see (a) of Section 5.2(p19)). Let us(fifgnbe)

TThis means F(z) = F(z) for all z € (—oo0, 00).
fDue to the assumption of F being continuous (see A8)
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By M:1[R][A] let us define M:1[R][A] for F € .7 corresponding to any F € .Z. Then, for the same reason as for M:1[R][A] we can
express SOE{M:1[R][A]} as (see Table 6.5.1(p.31) (1))

SOE{M:1[R][A]} = {Vi = B — s, Vi = max{K (Vi_1) + Vi_1,8Vi1}, t > 1} (11.2.6)

11.2.2 7T,L,K, L, and & of Type R
Let us define the underlying functions of Type R for F' € .% corresponding to any F € .F as follows.

T(z) = Elmin{¢ —z,0}) = [*_min{¢ — 2,0} f(¢)de, (11.2.7)
L(z) = AT (x) +s, (11.2.8)
f{(x) = )V\ﬂ"f(ac)—(l—ﬂ)w—&-s, (11.2.9)
L(s) = L(\Bfi+ s). (11.2.10)

Let the solutions of L (z) =0, K (z) =0, and ﬁ(s) = 0 be denoted by =z, xx, and sx respectively if they exist. If multiple
solutions exist for each of zx, zz, and sz, let us employ the largest as its solution (see (b) of Section 5.2(p19)). Let us define
i = ABT(0) +s. (11.2.11)

By I\Z/I:I[]R] [A] let us define M:1[R][A] for ' € .% corresponding to any F € .%. Then, for the same reason as for M:1[R][A] we can
express SOE{M:1[R][A]} as (see Table 6.5.1(p31) (II))

SOE{M:1[R][A]} = {Vi = Bji + s, Vi = min{K (Vi1) + Vi1, BVi1}, ¢ > 1} (11.2.12)

11.2.3 List of the Underline Functions of Type R and Type R

So far we have defined the four kinds of underlying functions, which may cause confusions to readers. To give a clearer picture
of these functions, we shall rearrange them as in Table 11.2.1.

Table 11.2.1: List of the underlying functions of Type R and Type R

Type R rT‘ype R

For F' € % corresponding

For any F € . to any F € .F

T(z) = [? max{¢ — =, 0} f(£)dE T(z) = [? max{¢ — z,0} f(£)d¢
L(z)=BT(z) —s L(z) =BT (z) —s

K(z) = BT(z) — (1 - Bz —s K(z) = BT(z) — (1 - Bz —s
L(z)=L(Bp—s) £(z) = L (B — s)

T(x) = [’ min{& — =, 0} f(€)dE T () = [? min{€ — =, 0} f(£)d¢
L(z) = pT(z) + s L(z) = BT (z) + s
K(z)=BT(x)—(1—B)z+s K(z)=BT(x)— (1—Bz+s
L(z)=L(Bu+s) L(z) = L(Bfi+s)

See Section 5.1.2(p.17) See Section 11.2.2(p.57)

11.3 Two Kinds of Replacements
11.3.1 Correspondence Replacement

The lemma below is used in Step 3 of Scenario[R] (p.60).

Lemma 11.3.1 (Czk)  The left-hand side of each equality below is for any F € F and its right-hand side is for F € F
corresponding to the F'.

(a) f(&) = F@).

(b) c?:b, PZ/), b=a
© () =1 (@)

@) L()=LG).

) Kx)=F (@)

® L(s)=L(s)

(8) 2. = TE

(h) 2x = TE

1) s. = 83.

G) AR=k. 0O
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Proof (a) The same as (11.1.10).
(b) The same as (11.1.11(p55)).
(¢) The function T(z) for any F (see (5.1.2(p.17))) can be rewritten as

T(z) = [7 max{~{+& 0}f(6)d¢
= — [7 min{é — &0} f(£)dé
= — [7, min{¢ — &0} f(§)d¢  due to (a).
Let n = ¢ = —¢, hence dn = —d¢. Then, we have
T(x) = [~ min{n— &0} f(n)dy
— [, min{n — &0} f(n)dn
— [%2_ min{¢ — #,0}f(£)d¢  (without loss of generality')

—T (&) (see (11.2.7)),

hence 7'(z) = T (2).

(d) From (5.1.3(p17)) and (c) we have L (z) = —ABT(x) — s = —\BT () —s= li( ) from (11.2.8(p57)), hence L (z) = i(a%)

(e) From (5 1.4(p17) and (c) we have K (z) = —A\T(z) + (1 = )i —s = —z\ﬂT( )+ (1-8)z—s= —f((i) from (11.2.90p57)),
hence K (z) = K ().

(f) From (5.1.5(p17)) we have £(s) = —L (ABu — s), hence from (d) we obtain £(s) =
~L (ABa+s) = ~L (A8 + s) due to (b). Accordingly, from (11.2.10(p57)) we obtain £ (s)
(

_ (8) Since L(zz) = 0 by definition, we have L(x) = 0, which can be rewritten as i( ;) = 0 from (d), implying that
L (x) = 0 has the solution rz = #, by definition.

(B —s) = —L(~ABu + s) =

[11
—L (s), hence £ (s) = L (s).

(h) Since K (zx) = 0 by definition, we have K (2x) = 0, which can be rewritten as [:((j;K) = 0 from (e), implying that
K () = 0 has the solution zz = i, by definition.

(i) Since £ (s;) = 0 by definition, we have £ (s,) = 0, which can be rewritten as c (sz) = 0 from (f), implying that c (s)=0

as

has the solution sx = s, by definition.

() From (5.1.6(p.17)) we have s = —ABT(0)—s, which can be rewritten as x = —\BT (0)—s from (c), hence k = —M\BT (0)—s =
—k from (11.2.11(p.57)), thus 4 = . |

Definition 11.3.1 (correspondence replacement operation Cr)  Let us call the operation of replacing the left-hand of each
equality in Lemma 11.3.1 by its right-hand the correspondence replacement operation Cg. U

The lemma below is used in Step 3 of Scenario[R] (p.69).

Lemma 11.3.2 (éR) The left-hand side of each equality below is for any F € .F and its right-hand side is for F € %
corresponding to the F.

(a) f(&)=f(¢ §
(b) b=a, p=fp, a=b
(c) T(x)=T(2).

(d) L(z)=L(2).

(e) K(z)=K(2).

(f) L(s)=L(s)

(8) If =wy.

(h) Tz =wx.

(i) sz =sz.

(G) r=k. 0

Proof (a) The same as (11.1.10).
(b) The same as (11.1.11(p55)).
(c) The function T(z) for any F (see (5.1.12(p.17))) can be rewritten as

T(x) = [°2, min{—{+ 2,0} £(£)dé
= — [, max{{ — #,0}f(£)d¢
= — [72, max{¢ — &0} f()d (due to (a)).
Let n = £ = —¢. Then, since dn = —d¢, we have

tThe mere replacement of the symbol 7 by &.
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T(x) = [~ max{n—,0}f(n)dy

= — [% max{n — &,0}f(n)dn

= — [T max{¢—& ,0}f(€)de  (without loss of generality™)
—T(2) (see (11.2.1)),

hence 7' (z) = T(%).

(d) From (5.1.13(p17)) and (c) we have L (z) = —ABT (z) + s = —ABT (&) + s = —L (2) from (11.2.2(5) ), hence L (z) = L (2).

(e) From (5.1.14(p17)) and (c) we have K (z) = —\BT (B)+(1=B)T+s=-ABT(2)+(1—B)T+s = —K (&) from (11.2.3(p56)),
hence K (z) = K (%).

(f) From (5.1.15(p17)) we have £ (s) = —i()\ﬁ,u + 5), hence from (d) we obtain £ (s) = —E(A@:s) = —L(=M\Bu—3s) =
—L (A8 — s) = —L (ABji — s) due to (b). Accordingly, from (11.2.4(p36)) we obtain £ (s) = —£ (s), hence £ (s) = £ (s).

(g) Since L(Z;) = 0 by definition, we have Ii(l‘g) = 0, which can be rewritten as L(Zz) = 0 from (d), implying that
L (x) = 0 has the solution z; = Z; by definition.

(h) Since K(Zz) = 0 by definition, we have I:((UC;() = 0, which can be rewritten as K(Zz) = 0 from (e), implying that
K (z) = 0 has the solution 3 = #3 by definition.

(i) Since £ (sz) = 0 by definition, we have i (sz) = 0, which can be rewritten as £ (sz) = 0 from (f), implying that £(s) =0
has the solution sy = sz by definition.

(j) From (5.1.16(p17) we have & = —
—ABT(0) 4+ s = —F& from (11.2.50p46) ), t

I ’ﬂn

BT (0) 4 s, which can be rewritten as & = —ABT(0) 4+ s from (c), hence & =
FL A |
Definition 11.3.2 (correspondence replacement operation éR) Let us call the operation of replacing the left-hand of each
equality in Lemma 11.3.2 by its right-hand the correspondence replacement operation Cr. [

Definition 11.3.3 (reflective element and non-reflective element) It should be noted that the left-hand of each of the equalities
in Lemmas 11.3.1(i) and 11.3.2(i) have not the hat symbol “ “”. In other words, s and Sz are not subjected to the reflection.
For the reason, let us refer to each of s; and $; as the non-reflective element and to each of all the other elements as the
reflective element. [

11.3.2 Identity Replacement
The two lemmas are used in Step 4 of Scenario[R] (p.60).

Lemma 11.3.3 (Zg) The left-hand side of each equality below is for F' € % Z corresponding to any F € .Z and the right-hand
side is for F € F such that F = F---[1*].1

(a) F(&)=F(&)---[2"] and f(&) = f(&)---[3"] for any &.
(b) ég:av [L~:/Lab:b

(c) T(x)=T(x).

(d) L(z)=L(z).

(e) K(z)=K(x).

(f)y L(s)=L(s).

(8) =z= op.

(h) Tz = Tg.

(1) sp= 5.

G) r=r. 0O

Proof (a) Clear from [1%].
(b) Immediate from (a).
(c) Evident from (11.2.7(p57)), (5.1.12(p17)), and [3"].
(d) Immediate from (11.2.8(p7)), (5.1.13(p17)), and (c).
(e) Immediate from (11.2.9(p57)), (5.1.14(p.17)), and (c).
f) Immediate from (11.2.10(p57)), (5.1.15(p17)), (d), and & = u due to (b).
g) Since L (%) = 0 by definition, we have L (

(

( 27) =0 from (d), hence x> = Z; by definition.
(h) Since K (%z) = 0 by definition, we have K (Zz) = 0 from (e), hence zz = Z; by definition.
( Sy

(

K

x Sz by definition.

Since £ ( 7 ) = 0 by definition, we have Z( ) =0 from (f), hence s
) &

Immediate from (11.2.11(p57)), (5.1.16(p.17) d(c) withz=0. 1

TThe mere replacement of the symbol 7 by &.
TSee Lemma 11.1.1(b).
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Definition 11.3.4 (identity replacement operation Zr) Let us call the operation of replacing the left-hand side of each equality
in Lemma 11.3.3 by its right-hand side the identity replacement operation Ig. [

The lemma below is used in Step 4 of Scenario[R] (p.69).

Lemma 11.3.4 (i’R) The left-hand side of each equality below is for F € F corresponding to any F € F and the right-hand
side is for F € F such that F = F---[1*].1

(a) F(§) = F(€) - [2'] and f(€) = (&)~ [3"] for any €.
(b) a=a, i=p, b=>.

(©) T() =T(c).

(@) L(x)=1L(),

(e) K(x)=K(x)

(£) L(s)=L(s).

(g) Ty = T .

(h) zx = zx

(i) sz = sc

(G) £=k. 0

Proof (a) Clear from [1*].
(b) Immediate from (a).
(¢c) Evident from (11.2.1(p56)), (5.1.2(p17)), and [3%].
(d) Immediate from (11.2.2(p56)), (5.1.3(p.17)), and (c).
(e) Immediate from (11.2.3(p36)), (5.1.4(p.17) ), and (c).
(f) Immediate from (11.2.4(p36)), (5.1.5(p17)), (d), and & = p due to (b).
(g) Since L(zr) = 0 by definition, we have L (xz ) = 0 from (d), hence z; = zr by definition.
(
(
(

h) Since K (zx) = 0 by definition, we have K (zx ) = 0 from (d), hence 3 = xx by definition.
i) Since £( sz ) = 0 by definition, we have £ ( sz ) = 0 from (f), hence s; = s, by definition.
j) Immediate from (11.2.5(p56)), (5.1.6(p.17)), and (c) with z =0. 1

Definition 11.3.5 (identity replacement operation fR) Let us call the operation of replacing the left-hand of each equality in
Lemma 11.3.4 by its right-hand the identity replacement operation Zg. [0

11.4 Attribute Vector

Closely looking into the contents of all assertions A{M:1[R][A]} € &/ {M:1[R][A]}, we can immediately see that each assertion is
stated by using a part of the following twelve kinds of elements;

a, i, b, xp, xx, S, Kk, T, L, K, L, V;

where V; represents the sequence {V;, t = 1,2,---} generated from SOE{M:1[R][A]}. Let us call each element the attribute
element and the vector of them the attribute vector, denoted by

O(A{M:1[R][A]}) = (a,p, b, 1, Txc, Sc &, T, L, K, L, V). (11.4.1)
In addition, also for the assertion system </ {M:1[R][A]} we can employ the similar definition, denoted by
H(M{Ml[R] [A]}) = (ll, My b7 L, Tk, Sc, kK, Ta L ) K7 L ) ‘/;5) (1142)

11.5 Scenario[R]

In this section we write up a scenario of constructing a methodology which derives an assertion on M:1[R][A] (buying model)
from a given assertion on M:1[R][A] (selling model). Let us refer to this as the scenario of Type R, denoted by Scenario[R].

B Step 1l (opening)
o The system of optimality equations of M:1[R][A] is given by Table 6.5.1(p31) (I), i.e.,

SOE{M:1[R][A]} = {Vi = Bp — s, Vi = max{K (Vi—1) + Vi_1, BVic1}, t>1}. (11.5.1)
o Let us consider an assertion Aron{M:1[R][A]}" in Tom’s 10.2.1(p47) or 10.2.2, which can be written as

Ao {M:1[R][A]} = {Sis true for p € Pa,, C P and F' € Fu, . 1p C F} (see (10.3.80p0))) (11.5.2)
= {S is true on € (Arem)} (see (10.3.10(p50))). (11.5.3)

TSee Def. 10.3.2(p50) for the symbol “Ton” in Aren{M:1[R][A]}.
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To facilitate the understanding of the discussion that follows, let us use the following example.*
S=(Vi—sc+zL+k+a+pu+b>0, t>0). (11.5.4)

o The attribute vector of the assertion Aren{M:1[R][A]} is given by (11.4.1), i.e.,
O(Aron{M:1[R][A]}) = (a,p,b, T1, @i, Sc,5,T, L, K, L, V}). (11.5.5)

B Step 2 (reflection operation R)
o Applying the reflection operation R (see Section 11.1.1(p55)) to (11.5.1) produces

R[SOE{M:1[R][A]}] = {-Vi = =B — 5, =V = max{—K (Vi_1) — Vie1, —BVi_1}, t > 1}
={-Vi=-Bj—s, —Vi=—min{K (Vic1) + Viz1, 8Vs1}, t > 1}
= {Vi =Bfi+s, Vi = min{K (Vi_1) + Vi_1,8Vi_1}, t > 1} (11.5.6)
o Applying R to (11.5.3) yields to
R[Aron{M:1[R][A]}] = {R[S] is true on € (Agen)}. (11.5.7)
For our example we have:
RIS| = (—Vi—sc @1 —h—a——b>0, t>0)
= (Vi+ s+ d, +h+a+p+b<0,t>0). (11.5.8)
o The attribute vector of the assertion R[Aron{M:1[R][A]}] is given by applying R to (11.5.5), i.e.,

O(R[Area{M:1[R][A]}]) = R[O(Aron{M:1[R][A]})] (11.5.9)
= (4, b, 2,85, sc .0, T, L, K, L, V). (11.5.10)
B Step 3 (correspondence replacement operation Cg).

o Herein let us consider the application of the correspondence replacement operation Cr. By definition, this means the replace-
ment of the left-hand side of each equality in Lemma 11.3.1(p.57),

f(£)>&7 la> Bv iL7 j\:'1(7 Sc ) ’%7 T(x)> ]3(.’,17)7 k(m)7 [:(S) e (1*)7
by its right-hand,

F@).b s a, @z, @z, sz, K, T(@), L(@), K (2), £(5) -+ (27),
where (1*) is for any F' € % and (2*) is for F' € .Z corresponding to the F € 7.
o Applying Cr to (11.5.6) leads to
CaRISOE{M:1[R][A]}] = {Vi = Bli+ s, Vi = min{K (Vi_1) + Vi1, BVi1}, t> 1} (11.5.11)

o Applying Cr to R[S] in (11.5.8) means the replacement of each attribute element within R[S] with its correspondent one in
(2*). For our example we have

CeR[S] = (Vi+ s+ 2z +h+b+i+a<0, t>0). (11.5.12)
Let us note that the replacement performed by the application of Cr inevitably changes
the condition “F € Fa,jp € F”
included in R[Aren{M:1[R][A]}] (see (11.5.7)) into

the condition “F € Fuy,1p C F corresponding to F € Fay,1p C F .
Hence we have

CrR[A1en{M:1[R][A]}] = {CrR][S] is true for p € L4, and
F € Fapip C F corresponding to F € Fay . 1p € F}

where Faglp = AF | F € Faguip} C{F | F e 7} = (see (11.1.30p5))). (11.5.13)

Now, since the phrase “F' € ?Amm C Z7” is implicitly accompanied with the phrase “ corresponding to F € F rrnlp © F 7,
the latter phrase becomes redundant. Accordingly, CrRR[Aron{M:1[R][A]}] can be rewritten as

CaR[Aten{M:1[R][A]}] = {CzRI[S] is true for p € Pa,, C P and F € Fu,1p C F} (11.5.14)
= {CrRI[9] is true on € (Aren) } (11.5.15)

where 3
C(Aron) = {PE Pary C P, F € Furjp CF}  (see Def. 10.3.1(p50)). (11.5.16)

fThe example is a hypothetical assertion which is not contained in @on {M:1[R][A]}; It is used merely for explanatory convenience.

§Note Def. 11.3.3(p3)) .
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Here note tha

t Tom) (see (11.5.16)) is derived from € (Aron) (see (10.3.9(p50))); in other words, if (p, F)) is included in
€ (Aton), then (p

(A
,F ) is included in € (Aren), schematized as

(p, F) € €(Aton) = (p, F) € €(Aton). 0 (11.5.17)

o The attribute vector of CkR[Aron{M:1[R][A]}] is given by applying Cr to (11.5.9), i.e.,

0(CeR[Aron{M:1[R][A]}]) = CaR[O(Aron{M:1[R][A]})] (11.5.18)
[,L,K,L,V;). (11.5.19)

= (b f,a, Tz, w2, sz,k,

B Step 4 (identity replacement operation Zg).

o Herein let us consider the application of the identity replacement operation Zg. By definition, this means the replacement of
the left-hand side of each equality in Lemma 11.3.3(p.59),

F©), a i, b, @
by its right-hand side,
F(&) @ b, T, T, sz, T(w), L(w), K(2), L(s)--(27),
where (1*) is for any F € % and (2*) is for F € .% which is identical to the F € .7, i.e., F = F---(1).
o Applying Zr to (11.5.11) yields
TeCaRISOE{M:A[R][A]}] = {Vi = Bu+s, Vi = min{K (Vi_1) + Vi_1, BVi_1}, t> 1} (11.5.20)

Now, we have Vs = Bu + s = Vi from (6.5.3(p31)). Suppose Vi1 = Vi_1. Then, since V; = min{K (V;_1) + Vi_1,8Vi 1} = Vi
from (6.5.4(p31)), by induction V; = V; for ¢ > 0. Thus (11.5.20) can be rewritten as

TrCrR[SOE{M:1[R][A]}] = {Vi=Bu+s, V; = min{K (Vi_1) + Vi_1,8Vie1}, t > 1}, (11.5.21)

which is the same as SOE{M:1[R][A]} (see Table 6.5.1(p31) (II)). Thus we have

SOE{M:1[R][A]} = ZrCrR[SOE{M:1[R][A] }] (11.5.22)
= {Vi =Bu+s, Vi = min{K (Viz1) + Viz1, BVio1}, t > 1}. (11.5.23)

o Applying Zz to (11.5.15) yields (note the identity F' = F in (1))
TeCrR[Atn{M:1[R][A]}] = {ZzCrR[S] is true on € (Aren) }. (11.5.24)
Applying Zg to (11.5.12) yields
IrCrR[S] = (Vi+ sz + Tt + R +b+p+a <0, t>0). (11.5.25)

Now V; within ZzCrR[S] is generated from SOE{M:1[R][A]}, hence (11.5.24) can be regarded as the assertion on M:1[R][A] (see
Remark 6.1.1(p21) ). Thus, we have

Aren{M:1[R][A]} = ZrCrR[Aren{M:1[R][A]}] (11.5.26)
{ZrCrR[S] is true on € (Aren)}, (11.5.27)

o The attribute vector of Aren{M:1[R][A]} is given by applying Zr to (11.5.19), i.e.,

0(Aron{M:1[R][A]}) = TeCeR[O(Aron{M:1[R][A]})] (11.5.28)

= (b,p,a, T7, Tz, 5z &, T,L,K,L, Vi), (11.5.29)

B Step 5 (symmetry transformation operation Si_.5)

Below let us line up the attribute vectors given by the four steps that have been discussed so far:

Step 11.5: 0(Ca, u, b, xL, xx, sc,k, T, L, K, L,V;) (+ (11.5.5))
A

Step 11.5: 0(a, pu, b,id,, 2k, Sc,k, T, L, K, L, Vi) (+ (11.5.10))
A A A (11.5.30)

Step 11.5:  O(b, fi, 4, z, =, sz, k&, T, L, K, £, Vi) (+ (11.5.19))
A

Step 11.5: 0( b? M, a, Tr, Tg, Sz, ‘%7 T7 i? f(y [’~7 ‘/;5) (<_ (11529))

The above flow transforming @(Aron{M:1[R][A]}) in Step 11.5 into @(Arm{M:1[R][A]}) in Step 11.5 can be eventually reduced to
the operation
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et Q, [y b7 $L7:EK7551H7T7L>K7£7‘/15
B B e , (11.5.31)
bﬂ:LL7 a; Tp,Ti, Sz R, T, L,K,L,V;

called the symmetry transformation operation, which can be regarded as the successive application “Zr<— Cr— R” of the three

operations, so we have

S]R—ka = TrCrR. (11.5.32)
Then (11.5.26) can be rewritten as
ren (W RIAT} = S Area (M1 [RIA]} (11.5.33)
= {Sholds for p € Pa,, C Z and F € Fay,1p C F} (see (10.3.8p))) (11.5.34)
= {S holds on € (Aren) } (see (10.3.10(p0))) (11.5.35)
where .
S, s[5 (11.5.36)
For our example we have ~
S=WVi+ sz + 2 +R+b+pu+a<0, t>0). (11.5.37)
Then (11.5.22) can be rewritten as
SOE{M:1[R][A]} = Sy ,z[SOE{M:1[R][A] }]. (11.5.38)
In addition, (11.5.29) can be rewritten as
Ol IR = SpaldChalIRINY) (11.5.39)
= (byp,a, Tp, Tz, Sz, k,T,L,K,L,V;). (11.5.40)

From all the above we see that Scenario[R] starts with (11.5.3) and ends up with (11.5.35), which can be rewritten as respectively

Aren{M:1[R][A]} holds on € {Arcn),
Aron{M:1[R][A]} holds on %(Aten).

(11.5.41)
(11.5.42)

Accordingly, it follows that Scenario[R] starting with (11.5.41) and ending up with (11.5.42) can be eventually stated as
Lemma 11.5.1 below.

Let Aron{M:1[R][A]} holds on € {Aron).

Arn{M:1[R]A]} = Sg_,5[Area{M:1[R][A]}].

Lemma 11.5.1 Then Aron{M:1[R][A]} holds on € (Aren) where

(11.5.43)

W Step 6 (Completeness of % (7om) )

’ Aggregation scenario begins from here‘

O Applying Lemma 11.5.1 to each assertion A{M:1[R][A]} (selling model) included in Tom’s 10.2.1(p47) and 10.2.2 produces
A{M:1[R][A]} (buying model), which will be given by Tom 11.7.1(p69) and Tom 11.7.2.

Definition 11.5.1 In order to avoid the confusion that follows we sometimes rewrite Tom 11.7.1 and Tom 11.7.2 as Tom; and
Toms respectively; here let Tom = Tom;, Tomg; in general, Tom = Tom;, Tomg, - --. [J

Definition 11.5.2 (condition-space of As,,) Let us define

C(Aron) Z {(D,F) | pE Pa,, C P FEFa_1pCF} (see (115.16p1))). (11.5.44)
called the condition-space of Az,,. [
Let us define o 3
€ (Tom) = Uy cton® (Aton)- (11.5.45)
Here let us define
Fom = {Tom} = {Tom;,Toma,---} (see (10.3.22(32))). (11.5.46)
Then let us consider the following example, corresponding to Example 10.3.5(p.52) .
Ezample 11.5. 1 Let Tom = {Toml,Tomg,Tomg} where Tom; = {AToml A%oml Toml} Toms = {ATom2 A%QHQ Tomz} and Tomz =

2
ATom’ Tom

(AL A2

Tomg ? “ "Tomg ? Tom5

1, so Tom = {A} } as a general form. 0

Tom’
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Now, the structure of the aggregation given by the equality (11.5.45) can be schematized as in Figure 11.5.1 below:

% (Tom)
aggr(’:{lation % (Tom)
B I} A
%7<A%om> @> aggregation
(A2 LA ; - —
< fon < T°m> {(g<A%‘om>’ (5<A’%om>’ (g<A’:1§'om>J
Figure 11.5.1: Aggregation of € (AL ), (A2 _),€(A2 ) into € (Tom)

Noting that the symbol Tom is replaced by Tom by definition, we see that the symbol Aren in Lemma 11.5.1 is also replaced by

Ason, hence the lemma can be rewritten as Corollary 11.5.1 below.

Corollary 11.5.1  Let Az, {M:1[R][A]} holds on € (Az.,). Then Az {M:1[R][A]} holds on € (As,,) where

Azoa{MAR][A]} = Sp_5Asm{M:1[R][A]}]. O (11.5.47)

[0 Let us define
% (Tom) = Usopeion® (Tom) (11.5.48)
= U'I'omefom UAGTOm Cg<ATom> (see (10324(p52) )) (11549)

The structure of the definition given by (11.5.49) can be schematized as in Figure 11.5.2 below (see Figure 10.3.3(p.52) ) where
the small deformed circle (x) in Figure 11.5.1 is what is given by the deformed circle (x) in Figure 11.5.2 below. Here the big
deformed circle of the left-hand side consist of the three small deformed circles including (x).

% (Tom)

definition

% (Tom)
deﬁn:%tion

[f(f‘oml ), ‘zf(i‘om2> ‘zf('i“omg,)}

Figure 11.5.2: Definition of € (7om) which consists of € (Tom;), € (Toms), and € (Toms)

A3

Tomg

[ Consider here again Example 11.5.1 where Tom; = {A%Oml , A'%oml , A%oml 1, Tomp = {A%m2 , A%omg , A%m 1, and Tomz = {A%Oms, A%Dms,
Then, mingling € (Tom;), € (Tomz), and € (Toms) together (see Figure 11.5.1 and the definition (11.5.49)) yields Figure 11.5.3

below.

}.

% Ton]
aggregation <gv[’fom]
deﬁi}‘itiun
Il
( ¢ [Tom] ¢ [Tomy)] [Toms] ]
" A A A
aggregation aggrigation aggreglgation
(€148, ), €142, €143, 1)[€1aL,) €142, ], €143, )|[€1AL, ), €143, ). €14, )]
Figure 11.5.3: Aggregation of ‘f(A%'om’) for 4,7 = 1,2, 3 into € (Tom)
Since Figure 11.5.3 above means the aggregation of the nine condition-spaces ‘f(A%mi), ?(A%omi% and f(A.%omi) fori=1,2,3

into € (7om); in other words, aggregating all statements “Az,,{M:1[R][A]} holds on Tom” produces the statement “<7{M:1[R][A]}

holds over ?(fom)”, ie.,
“Azon{M:1[R][A]} holds on € (A

)” on Tom = ./ {M:1[R][A]} holds over € (7om). (11.5.50)

:I"om
From (10.3.26(p52) ) and (11.5.50) it eventually follows that Corollary 11.5.1(p64) can be aggregated into Corollary 11.5.2 below.

Corollary 11.5.2 (symmetry theorem (R — R))  Let «/{M:1[R][A]} holds on €(Tom). Then o/ {M:1[R][A]} holds on % (Tom)

where

S{MARIA]} = Sp_zl{M:1[R][A]}]. O (11.5.51)
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O Quasi-completeness of ¢ (7om) ~We have the lemma below:

Lemma 11.5.2 We have . .

C(Tom) = P x F. [ (11.5.52)
Proof For any given F' € . there exists a F' € .% such that F = F---(1) (see Lemma 11.1.1(p56) (b)). Similarly, for any
given F € .Z there exists a F € % such that F = F---(2) (see Lemma 11.1.1(p) (c)). First, from (11.5.44(p6)) we have
C(Azn) C {pe P, F € F}, hence due to (2) we get ClArn) C{pE P FeF)=PxZ. Accordingly, from (11.5.49)
we obtain € (Tom) C Usoucion Uacion & X F = P X F ---(3). Next, consider any given (p, F) € & x % ---(4). Now, since

P xF C P x.F, wehave (p,F) € # x.Z from (4). Then, due to the completeness of % (Tom) (see Section 10.3.6(p3)) we
see that (p, F) € €(Aren) for at least one € (Aren), hence (p, F) € € (Aren) due to (11.5.17(p62) ), so (p, F) € € (Aren) due to
(1) or equivalently (p, F) € €(Az,) (see Def.11.5.1(p6)), hence (p, F) € €(Tom) from (11.5.45p6) ), hence (p, F) € % (7om)
due to (11.5.49(6)). Accordingly, it follows from (4) that 2 x .# C €(7om)---(5). Finally, from (3) and (5) we obtain

C(Tom) = P x F. 1

Let us refer to the equality (11.5.52) as the quasi-completeness of € (Tom). Noting (11.5.52), we can finally rewrite Figure 11.5.3
as Figure 11.5.4 below.

C(Tom) = P x F P xF
Il

. uasi-completeness
aggregation q Hp

€ (Tom)

A

aggregation

[ %[Tomy] %[Tomy) ©[Toms) ]
A A A
aggregation aggregation aggregation

L;[ %oml]’ ng[jéll%oml]’ 3Opv[14'%om1]j[%pv[14%'omg]’ %)[A'%omQ]’ ng[14%"3om2]JEcgv[14'11"om:x]’ %[A'%omg]’ %[A'%omgg

Figure 11.5.4: Aggregation of ?(Agom ) for i,j = 1,2,3 into €(Jom) = P x .F

From (10.3.27(p33) ) and (11.5.52) it follows that Corollary 11.5.2(p64) can be rewritten as Corollary 11.5.1 below.
Corollary 11.5.3  Let o/ {M:1[R][A]} holds on P x .F. Then </ {M:1[R][A]} holds on P x .F where

S{MARIA]} = Sp_zl{M:1[R][A]}]. O (11.5.53)

’Aggregation scenario ends here‘

O Completeness of € (7om) : Moreover, since .# = .% in Lemma 11.1.1(p36) (a), we can rewrite (11.5.52(p65)) as follows.
€ (Tom) = P x F. (11.5.54)

Let us refer to the equality (11.5.54) as the completeness of €(Tom). Then, we can rewrite Figure 11.5.4 as Figure 11.5.5 below.

C(Tom) = P x F P x F
Il
completeness

I
% (Tom)
A

aggregation

aggregation

[ %[Tom] % [Tomy] % [Toms] J
A A A
aggregation aggl‘TF;ation aggre&l%ation
[%[A%oml]’ %(;[A'%oml]’ g[A'%oml]J[%j[A%omgL (g[A%omz]’ Céj[Agcmgﬂ[(g)[A%omg]’ (é[A'%om;;]" %[A%Om\j]}

Figure 11.5.5: Aggregation of ?(A%o ) for i,5 = 1,2,3 into € (Tom) = P x F

m;
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B Step 7  (symmetry theorem (R — R))
Finally, due to (11.5.54) we can rewrite Corollary 11.5.3 as Theorem 11.5.1 below.

Theorem 11.5.1 (symmetry theorem (R — R)) Let &/ {M:1[R][A]} holds on P x.Z. Then o/ {M:1[R][A]} holds on P x.7
where
A{MAR][A]} = Sp_zl#{M:1[R][A]}]. O (11.5.55)

Then, clearly the attribute vector of < {M:1[R][A]} becomes as follows (see (11.5.39))

O(/ (MAR][AL}) = e z[0(a/ {M:1[RIAT})] (11.5.56)

(b’M7a7 xi7 x}%7 SE7R7T7"[~17K7£7W) (11'5'57)

B Step 8 (summary of Scenario[R])

The symmetry transformation operation Sp_,z is not the operation of merely replacing each symbol in the upper row of
(11.5.31(p63) ) by its corresponding symbol in the lower row. Since the operation is related to the operation R, each of the plus
sign, the minus sign, and the direction of inequality appearing within the description of the original assertion Aren{M:1[R][A]}
is reversed in the assertion Aron{M:1[R][A]} derived from applying Sy ,z. Now, at a glance, the operation seems to be rather
complicated; however, it can be simply prescribed as follows.

o Firstly, reflect all the reflective elements (see Defs 11.3.3(p59)) appearing within the description of &/{M:1[R][A]} (see
Tom’s 10.2.1(p47) and 10.2.2 ).

o Next, replace each of all the reflected elements, whether reflective or non-reflective, with the right side of its corresponding
equality in Lemma 11.3.1(p.57).

o Then, remove the check sign “” from all the replaced symbols. [

11.6 Derivation of Ty, Lg, Kz, Lz, and &g
To begin with, let us note here the fact that Scenario[R] is a story for an assertion A{M:1[R][A]} which is related to the attribute
vector @, and it can be immediately seen that the scenario can be applied also to any other assertions only if it is related to
the attribute vector 8. Accordingly, it can be applied also to Tk, Lz, Kz, Lz, and kg; in other words, Lg, K, £z and Rg can be
derived by applying the operation Sy_,5 to Tk, Lr, Kr, Lr, and kg, i.e.,

(Lz, Kg, Lz, fz) = Sp_,5l(Lz, Kg, Lz, kz)]. (11.6.1)
Accordingly, we have the following:

Lemma 11.6.1 (&/{Tx}) For any F € Z:

(a) T(z) is continuous on (—o0,0).

(b) T(z) is nonincreasing on (—o0,o0).

(c) T(z) is strictly decreasing on [a,c).

(d) T(x)+ x is nondecreasing on (—oo, c0).

(e) T(x)+ = strictly increasing on (—oo, b].

(f) T(z)=p—x on[b,c0) and T(x) < u—x on (—oco,b).
(g) T(z) <0 on (a,00) and T(x) =0 on (—oo,al.

(h) T(z) <min{0,u —z} on z € (—00, ).

(i) T(0)=04ifa>0and T(0)=p if b<O.

(j) BT(x) + z is nondecreasing on (—oo,00) if B = 1.

(k) BT (x) + x is strictly increasing on (—oo,00) if B < 1.
() Ifr>yandb>y, thenT(z)+x > T(y)+v.
(m) ABT(ABu + s) + s is nondecreasing in s and strictly increasing in s if A\ < 1.
(m) b>p. O

Proof by symmetry The lemma, excluding (a,n), can be easily obtained by applying Sy_, 5 to
Lemmas 9.1.1(p41) as shown below.

(a) Evident from the fact that min{& — z,0} in (5.1.11(p.17)) is continuous on (—oo, 00).

(b) Lemma 9.1.1(p41) (b) can be rewritten as A ={T(x) > T(z') for x < z’}. Applying R to this yields R[A]={-T(x) >
—T(2') for —& < —3'}={T(2) < T(3') for # > '}, and then applying Cr to this produces CkR[A] ={T (2) < T (') for & > 3'}.
Finally, applying Zg to this leads to ZrCrR[A] ={T(2) < T(2') for & > &'}. Without loss of generality, this can be rewritten as
TrCrR[A ={T(z) < T(2') for z > 2'}, meaning that T(z) is nonincreasing on (—o0, 00).

(c-e) Almost the same as the proof of (b)

(f) Let the former half of Lemma 9.1.1(f) can by rewritten as A ={T(z) = p — z for = < a}. Applying R to this yields
R[A]={-T(z) = —ju+& for —& < —a}={T(x) = i—& for & > a}, and then applying Cr to this produces CkR[A] ={T (&) = ji—&
for & > b}. Finally, applying Zz to this lead to ZeCrR[A] ={T(#) = pu — & for & > b}. Without loss of generality, this can be
rewritten as ZrCrR[A] ={T(z) = u — x for * > b}={T(xz) = p — = on [b,00)}. The proof of the latter half is almost the same
as the above.
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(g) The former half of Lemma 9.1.1(g) can be rewritten by A ={T(z) > 0 for z < b}. Applying R to this yields
R[A] ={-T(z) > 0 for —& < —b}={T(x) < 0 for # > b}, and then applying Cz to this produces CxR[A] ={T (&) < 0 for
2 > a}. Finally, applying Zr to this leads to ZgCrR[A] ={T(£) < 0 for £ > a}. Without loss of generality, this can be rewritten
as TrCrR[A] ={T(z) < 0 for > a}={T(x) < 0 on (a,00)}. The proof of the latter half is almost the same as the above.

(h) Applying R to Lemma 9.1.1(h) yields R[A] ={—T(z) > max{0, —ji+2} for —oo < —% < oo}={T(x) < min{0, i — &} for
00 > & > —oo}, and then applying Cr to this produces CrR[A] :{Ti () < min{0, & — &} for co > & > —oo}. Finally, applying
Tr to this leads to ZrCrR[A] ={T(2) < min{0, u — £} for oo > & > —oco}. Without loss of generality, this can be rewritten as
IrCrR[A] ={T(z) < min{0, p — z} for co >z > —oco}={T(z) < min{0, x — =} on (—o0,00)}.

(i) Immediate from 7(0) = E[min{&,0}] = E[min{&,0}/(a < & < b)] from (5.1.11(p17)) and
(2.1.458))).

(j;k) Almost the same as the proof of (b and c)

() Lemma 9.1.1(1) can be rewritten as A ={If z < y and a < y, then T(z) + = < T(y) + y}. Applying R to this yields

R[A={If —% < —¢ and —a& < —¢, then —T(z) — & < —T(y) — §}={If & > § and & > @, then T(x)& > T(y) + §}, and
then applying Cr to this produces CrR[A] ={If & > § and b > g, then T( )+ > T( Y+ 9}={If z > y and b > y, then

T () +z > T (y) +y}. Finally, applying Zg to this leads to ZgCeR[A] ={If > y and b > y, then T(z) +z > T(y) + y}.

(m) The former half of Lemma 9.1.1(m) can be rewritten as Let A ={A\BT (ABp — s) — s is nonincreasing in s}, which can be
rewritten as A ={\ST(A\Bu — s) — s> AT (A\Bu—s")—s" for s < s'}. Applying R to this yields R[A] ={-ABT(=ABji—s) —s >
—ABT(— ABfi—s")—s' for s < s'}= {ABT(=ABji—s)+s < ABT(=A\Bji—s')+s for s < s'},T and then applying Cr to this produces
CaR[A] ={\BT (=\Bji — s)+s < ABT (“N\Bfi — ')+ for s < s'}={ABT (ABji+s)+s < ABT (\Bji+s')+s' for s < s'}. Finally,
applying Zr to this leads to ZrCrR[A] ={A\BT(A\Bu + s) + s < ABT(ABu + §’) + s’ for s < s'}, meaning that ABT(A\Bu + s) + s
is nondecreasing in s. Similarly, the latter half of Lemma 9.1.1(m) can be rewritten as ZpCrR[A] ={\BT(ABu + s) + s <
ABT(A\Bu + §') + s for s < s'}, meaning that ABT(A\Bu + s) + s is nonincrecreasing in s.

(n) Clear from (2.1.3pp8)). 1

Direct proof See Section A 1.1(p21) . 1

We have:
- =ABu+s—ABz on [b,—o0) ---(1),

L@ { < ABp+s—ABx on (—oo,b) ---(2), (11.6.2)

- =XBp+s—38x on [b,o00) - (1),
ko ){ < AMBu+s—dxr on (—o0,b) ---(2). (11.6.3)
e { <—(1-pBzx+s on (a,00) < (1), (11.6.4)

=—(1-B)z+s on (—o0,a] ---(2),
K(z)+z<Bxr+s on (—00,00). (11.6.5)

ABu+ s+ (1—XN)Bx on [b,00) - (1),

{ Bx+s on (—oo,a] ---(2). (11.6.6)
K(zp)=—-(1-p)z;---(1), L(Zz)=Q1-p)%z---(2). (11.6.7)

Proof by symmetry Obtained by applying Sp_,5 to (9.2.3(p42))-(9.2.8). 1
Direct proof See (A1.1(p21))-(A1.6). I

Lemma 11.6.2 (&/{Lr})

(a) L(x) is continuous on (—oo,c0).

(b) L (=) is nonincreasing on (—oo, 00).

(c) L(x) is strictly decreasing on [a, o).

(d) Lets=0. Then T; =a where T; < (>)z & L(z) < (=) 0= L(z) < (>)0.
(e) Lets>D0.

1. @7 uniquely exists with Ti > a where i < (= (>)) = & L(x) < (= (>)) 0.
2. MBu+s)/AB=(<)be Tp =(<) (ABu+s)/AB > (<) b [

Proof by symmetry Obtained by applying Sy_,5 to Lemmas 9.2.1(p43) 1
Direct proof See Lemma A 1.2(p212) . 1

Corollary 11.6.1 («/{Lz})

(a) $g<(2)x<:>l:/(x)<(2)0.
(b) 7 <(>)z= L) <(>)0 0

TNote Def. 11.3.3(p59) ).
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Proof by symmetry Obtained by applying Sp_,3 to Corollaries 9.2.1(p43) 1
Direct proof See Corollary A 1.1(p273) . 1

Lemma 11.6.3 (& {Kr})

(a) K(x) is continuous on (—o0,00).

(b) K (x) is nonincreasing on (—00,00).

(c) K(x) is strictly decreasing on [a,00).

(d) K (x) is strictly decreasing on (—oo,00) if B < 1.

(e) K(z)+ x is nondecreasing on (—oo,0).

(f) K(z)+ x is strictly increasing on (—o0,b].

(g) K(x)+ z is strictly increasing on (—oo,00) if A < 1.

(h) Ifx >y andb>y, then K(z) +x > K(y) +y.

(i) LetB=1ands=0. Then Tz =a where Tz < (>)x < K(z) < (=)0 = K(x) < (>) 0.
(G) LetB<1ors>0.

1. There uniquely exists T where Tz < (= (>)) z & K(z) < (= (>)) 0.
2. MBu+9)/62(<) b e 2x = (<) (Mu+s)/d.
3. Leti <(=(>))0. Then Tz < (=(>))0. 0

Proof by symmetry Obtained by applying Sp_,3 to Lemmas 9.2.2(p.43). 1
Direct proof See Lemma A 1.3(p273) . 1
Corollary 11.6.2 (o/{Kz})

(a) zz <(>)z e K(z) < (>)0.
(b) 2z <(2)z= K(z)<(>)0. 0

Proof by symmetry Obtained by applying Si_,z to Corollaries 9.2.2(p44). 1
Direct proof See Corollary A 1.2p274) . 1

Lemma 11.6.4 (& {ir /Kzr})

(a) Letf=1ands=0. Then Tf = Tz =a

(b) Let B=1ands>0. Then Tf = Tj.

(¢) Let B<lands=0. Thena < (= (>))0 & 7 < (=(>)) Tz = Tz < (=(=))0.
(d) LetB<lands>0. Thenk < (=(>))0< 27 < (=(>)) og = 2z < (=(>))0. 0

Proof by symmetry Obtained by applying Sp_,z to Lemmas 9.2.3(p44). 1
Direct proof See Lemma A 1.4p274) . 1
Lemma 11.6.5 (o/{Lz})

(a) L(s) is nondecreasing in s and is strictly increasing in s if \3 < 1.
(b) Let A\Bu < a.

1. zp > ABu+s.
2. Lets>0and A\B < 1. Then T; > A\Bu + s.

(¢c) Let ABu > a. Then, there exists a Sz > 0 such that if Sz > (<) s, then Tp < (=) NBpu+s. 0
Proof by symmetry Obtained by applying Sp_,z to Lemmas 9.2.4p4). 1

Direct proof See Lemma A 1.5p274) . 1

Lemma 11.6.6 (kz) We have:

(a) R=XBu+sifb<0andik =sifa>0.
(b) Let B<1lors>0. Thenk < (=(>))0& 2z <(=(>))0. 0

Proof Obtained by applying Si_,z to Lemmas 9.3.1(p45). 1
Direct proof See Lemma A 1.6p274) . 1

As the whole of assertions in the above lemmas and corollaries we have the assertion system below.

ﬂ{{in@ s K]R s Z,]R s EJR}} = SRH@[W{{LR y KR, L]R , HR}}]. (1168)
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11.7 Derivation of &7{M:1[R][A]}

Lemma 11.7.1 (M:1[R][A])  The optimal initiating time t: (0IT) is not subject to the influence of the symmetry transformation
operation Sp_ 5.

def

Proof  First, let us represent (7.2.10(p3)) by D = {I? > It for 7 >t > tqa}--- (1), which can be rewritten as {BT%:Vt; >
BTV, for T >t > tga}. Next, applying R to this yields R[D]={—387"* f/}i > BT, for T >t > tea}={B"t" f/}i < BTV
for 7 >t > tea}. Then, even if applying Cg to this, no change occurs, i.e., CeR[D] ={87 ' Vt; < BT for T >t > tga)
Finally, applying Zr to this, we have ZrCrR[A] :{,BT_t:Vt; < BTV, for T >t > tga}- - (2) where V; changes into V; for the

reason stated below (11.5.20(p62) ). The above result means that even if Sp_z (= ZrCrR) is applied, the optimal initiating time
t* in (1) is entirely inherited to t% in (2) without any change. 0

O Tom 11.7.1 (%hon {M:1[R][A]}) Let =1 and s = 0.
(a) V& is nonincreasing in t > 0.

(b) We have |® d0ITs,>1(7)|s where CONDUCT,>¢>1a. U

Proof by symmetry Immediately obtained by applying Sz to Tom 10.2.1(p47). 1
Direct proof See Tom A4.1(p2%4) . 1

O Tom 11.7.2 (Z/{M:1[R][A]}) Let <1 ors>0.

(a) V& is nonincreasing in t > 0 and converges to a finite V< T ast — oo.

(b) Let B < a. Then m”.

(c) Let Bu > a.
1. Let B=1.

i. Let p+s>b. Then|®d0ITd,~1(1)|.

ii. Let pu+s<b. Then|® d0ITs,~1(7)|. where CONDUCT>¢>14-

2. Let<1ands=0(s>0).
i. Leta<0 (& <0). Then[® d0ITs,>1(7)]. where CONDUCT,>¢>14.
ii. Leta=0 (k=0).

1. Let fu+s>b. Thenm”.
2. Let Bu+s<b. Then|® d0ITs,>1(T)|a where CONDUCT,>¢>14-
iii. Leta>0 (& > 0).

1. LetBu+s>bor sg <s. Then|ed0ITd,>1(l ;H~
2. Let Bu+s<band S5 >s. Then S1(pd) ;®” is true. 0

Proof by symmetry Immediately obtained by applying Sgz to Tom 10.2.2(p43). 1

Direct proof See Tom A 4.2(p.2%5) . 1

11.8 Scenario[R]

In this section we write up the inverse of Scenario[R] (p.60) which derives o7 {M:1[R][A]} (see Tom’s 10.2.1(p47) and 10.2.2) from
o/ {M:1[R][A]} (see Tom’s 11.7.1(pf) and 11.7.2). Let this scenario be represented as Scenario[R]. For an explanatory simplicity,
symbols “#” and “%” that were used in Scenario[R] are all removed from discussions that will be made below.

| gtep 1 (opening)
o The system of optimality equation of M:1[R][A] is given by Table 6.5.1(p31) (II), i.e.,
SOE{M:1[R][A]} = {Vi = Bu+s, Vi = min{K (Vi_1) + Vi1, 8Vi1}, t>1}. (11.8.1)

o Let us consider an assertion Aro{M:1[R][A]} in Tom’s 11.7.1 or 11.7.2, which can be rewritten as

Aren{M:1[R][A]} = {S is true for p € Pa,,, and F € F Arelp With P € Par. } (11.8.2)
= {Sis true on ¥(Aron)} (see (10.3.10(p50))) (11.8.3)

where
% (Aton) = {(D,F) | P € Parns F € Farp C T} (11.8.4)

To facilitate the understanding of the discussion that follows let us use the following example.
S = (Vit+ S+ T +i+b+pu+a<0, t>0). (11.8.5)
o The attribute vector of the assertion Aron{M:1[R][A]} is given by (11.5.40(p63))), i.e.,

G(ATNH{M]'[RHA]}) = (b,/,b,(],, $E7 3:’1}7 SE,R,T,E,K,E,%). (1186)
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B Step 2 (reflection operation R)

o Applying the reflection operation R to (11.8.1) produces

R[SOE{M:1[R][A]}] = {-W1

—Bii+s, —Ve = min{~K (Vi 1) = Vio1, = Vi 1}, > 1}

={-Vi=-Ba+s, —Vi = —max{K (Vie1) + Vie1, BVic1}}
={Vi =Ba—s, Vi = max{K (Vi_1) + Vi_1, BVi_1}, t > 1}.

o Applying R to (11.8.3) yields to

For our example we have:

R[Aron{M:1[R][A]}] = {R[S] is true on € (Aren) }.

RIS =(-Vi+ sz —d; —h—b—p—-a<0, t>0)

o The attribute vector of the assertion R[Aren{M:1[R][A]}] is given by applying R to (11.8.6), i.e.,

O(R[Aron{M:1[R][A]}])

=(Vi— Sz + 3 +h+b+a+a>0,t>0).

det R[e(ATom{M:l[R] [A]})]

= (b7ﬂ7d7 '%57@&7 857’%7T7i7k7i7 t)'

| Step 3 (correspondence replacement operation 5R).

(11.8.7)

(11.8.8)

(11.8.9)

(11.8.10)
(11.8.11)

o Herein let us consider the application of the correspondence replacement operation Cg. By definition, this means the replace-
ment of the left-hand side of each equality in Lemma 11.3.2(p.38).

by its right-hand side

b,

2
ISH

y @y L K>

sz, k, T(z), L(z), K (z), £(s)---

=

a, fi, b, , &, T(2), L(2), K(£), L(s)---(27)

L ijs

K¢
¢

where (1*) is for any F' € & and (2) is for F' € .% corresponding to the F € .%.

o Applying Cr to (11.8.7) leads to

CrR[SOE{M:1[R][A]}] = SOE{M:1[R][A]} = {Vi = Bji — 5, Vi = max{K (Vi_1) + Vi_1,8Vi1}, t>1}. (11.8.12)

o Applying Cr to R[S] in (11.8.9) means the replacement of each attribute element within R[S] with its correspondent one. For

our example we have

CeRIS| = (Vi+ sz + @, +k+a+a+b<0, t>0).

Let us note that the replacement performed by the application of Cr inevitably changes

the condition “for F € F 4, . 1p”

included in R[Aren{M:1[R][A]}] (see (11.8.8)) into

(11.8.13)

the condition “for F € Fa,,|p corresponding to any F € Fa,,1p withp € A7,

Hence we have

CaR[Aren{M:1[R][A]}] = {CrR[S] is true for p € Pa,,, and

where

F € Py p corresponding to F € Fu, |p With p € Pa,,}

Faralp = {F | F € Farup} (s (11.1.305))).

(11.8.14)
(11.8.15)

(11.8.16)

Now, since the phrase “ corresponding to F' € F 4, |p” in (11.8.15) is what implicitly and inevitably accompanies the phrase
“F € Zaruip”, the former phrase becomes redundant. Accordingly CrR[Aron{M:1[R][A]}] can be rewritten as

éRR[ATom{M :1 [R] [A] }] =

where

= {CrRI[S] is true on ¢ (Aren) }

%<AT°‘D> déf {(p7 F) ! p € ’@ATcmF S jATomlp g 9}

o The attribute vector of CeR[Aren{M:1[R][A]}] is given by applying Cg to (11.8.11), i.e.,

0(Ca R [Aros {M:1[R]A]}]) =
= (a7/17b7 ¢L>j;Kst:'RaT7L7K7['7 t)‘

CaR[O(Aron{M:1[R][A]})]
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{CrR[S] is true for p € Py, and F € Ty, p}

(11.8.17)
(11.8.18)

(11.8.19)

(11.8.20)
(11.8.21)



B Step 4 (identity replacement operation Zg).

o

Herein let us consider the application of the identity replacement operation Trk. By definition, this means the replacement of
the left-hand of each equality in Lemma 11.3.4(p.60)

F7 a, fi, 67 T, T, Szs Ry T(ZL’), L('I:)v K(x)v ‘C(S) T (1*)
by its right-hand side
F,a, K, b: Lo, Tk, Sc, kK, T(IL‘), L(ZL’), K(:L’), [’(S) (2*)
where (1*) is for any F' € .% and (2%) is for F € .% which is identical to the F € .7, i.e., F = F---(1).
Applying Zg to (11.8.12) yields
ZrCrR[SOE{M:1[R][A]}] = {Vi = Bu — s, Vi = max{K (Vi_1) + Vi_1,8Vi1}, t > 1}. (11.8.22)

Now, we have Vi = Bu—s= Vi from (6.5.5(p31)). Suppose Vi1 = Vi1, Then, since vV, = max{K (Vi—1) + Vi_1,BVic1} = Vi
from (6.5.6(p31) ), by induction V; = V; for ¢ > 0. Thus we have

TrCeRISOE{M:1[R][A]}] = {Vi = Bu —s, Vi = max{K (Vi_1) + Vi_1,BVi1}, t > 1}, (11.8.23)
which is the same as SOE{M:1[R][A]} (see Table 6.5.1(p31) (I)). Thus we have

SOE{M:1[R][A]} = ZrCrR[SOE{M:1[R][A]}] (11.8.24)
={Vi=8u—s, Vs = max{K (Vic1) + Vo1, BVe—1}, t > 1}. (11.8.25)

Applying Zg to (11.8.17) yields
TeCeR[Aren{M:1[R][A]}] = {ZzCrRIS] is true on € (Aren) }. (11.8.26)

Applying Tz to (11.8.13) yields
ZrCrR[S| = (Vi+ sc + a1 + Kk +a+pu+b<0, t>0). (11.8.27)

Now V; within ZzCrR[S] is generated from SOE{M:1[R][A]}, hence (11.8.26) can be regarded as an assertion as to M:1[R][A].
Thus, we have

Aron{M:1[R][A]} = ZzCrR[Aren{M:1[R][A]}] (11.8.28)
= {ZzCrRI[S] is true on € (Aren) }. (11.8.29)
The attribute vector of Aren{M:1[R][A]} is given by applying Z to (11.8.21), i.e.,
O(Arn{M:1[R][A]}) = ZrCrR[O(Aron{M:1[R][A]})] (11.8.30)
= (az.u‘7b7 Tr, Tk, SL7I{’7T7L7K7£7‘/;)7 (11831)

| Step 5 (symmetry transformation operation Sg_p)

Below let us line up the attribute vectors given in the four steps that have been discussed so far:

Step 1: O(b, u, a,} ©7, 23, Sz, &k, T, L, K, £,Vi) (+ (11.8.6))
VAN A
Step 2: 0(b,jt, G, 3, 4., 52,0, T, L, K, £, Vi) (+ (11.8.11))
A (11.8.32)
Step 3: 0(ia, i, b =y, 2k, sz, i, T, L, K, £, Vi) (+ (11.8.21))
T
Step 4: 6( a, p, b Tp,Tx, $c,k, T, L, K, L,V;) (+ (11.8.31))
The above flow transforming 6(Aren{M:1[R][A]}) in Step 1 into @(Aren{M:1[R][A]}) in Step 4 can be eventually reduced to the

operation Sg_,, depicted below.

£ b’/“l’7a xi’$&7857k’f’i7k7i’%
B , (11.8.33)
a, [y b7 T, Xk ,Sc,k, T, L,K,L, Vi
called the symmetry transformation operation. Let us define
Sir = ZrCrR. (11.8.34)
Then (11.8.28) can be rewritten as
Aron{M:1[R][A]} = Si_,p[Aron{M:1[R][A]}] (11.8.35)
= {Sis true for p € P, and F € Fp,|p} (11.8.36)
= {Sis true on € (Aron) } (11.8.37)
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where

S = Si xS (11.8.38)
For our example we have
S=(Vi+ s + 2 +k+a+pu+b<0, t>0). (11.8.39)
Then, (11.8.24) can be rewritten as
SOE{M:1[R][A]} = S;_z[SOE{M:1[R][A] }]. (11.8.40)
In addition, (11.5.29) can be rewritten as
0(Aron{M:1[R][A]}) = Si_,p0(Aren{M:1[R] [A]})]N o (11.8.41)
= (b7/’l/7a7 :Z:E, xi‘é? SZ?”%’T?L?K?L?W) (11'8'42)

From all the above we see that Scenario[R] starts with (11.8.3) and ends up with (11.8.37), which can be rewritten as respectively

Aron{M:1[R][A]} holds on % (Aren), (11.8.43)
Aron{M:1[R][A]} holds on % (Aren). (11.8.44)

Accordingly, it follows that Scenario[R] starting with (11.8.43) and ending up with (11.8.44) can be rewritten as Lemma 11.8.1
below.

Lemma 11.8.1  Let Aron{M:1[R][A]} holds on € (Aren). Then Aren{M:1[R][A]} holds on €(Are) where
At {M:1[R][A]} = Sz p[Area{M:1[R][A]}]. O (11.8.45)

| Step 6  (aggregation)
We can construct the same procedure as in Step 11.5 (p63).
| Step 7 (symmetry theorem R « R)
Through the procedure in gtep 11.5 (p.63) we have the following theorem
Theorem 11.8.1  Let o/ {M:1[R][A]} holds on P x .F. Then o/ {M:1[R][A]} holds on P x .F where
{M:1[R][A]} = S@%R[QQ{{MJ[R][A]}]. i (11.8.46)
Proof Immediate for the same reason as in Theorem 11.5.1(p66). 1

The attribute vector of &/ {M:1[R][A]} is given by

O(/{M:AR]A]}) = Sz_x[0(</{M:1[R][A]})] (11.8.47)
(CL,;,L,I)7 TL, Tk, SL,K,T,L,K,[,,W) (11848)

11.9 Definition of Symmetry

Thus far, the term of symmetry has been used in the rather intuitive nuance. In order to make our discussions that follows

more clear, below let us provide its strict definition.

Definition 11.9.1

(a) Let A{M:} and A{M2} be assertions on models M; and My respectively. Then, if A{Ms} = Sp_z[4{M:1}] and A{M1} =
Sia_glA{M2}, let A{M1} and A{M2} be said to be symmetrical, denoted by A{M1} ~v A{M2}. Then let us employ the
expression of “M; and My are symmetrical with respect to A”.

(b) For given two assertion systems «/{M;} and &/ {Mz} which are one-to-one correspondent, if A{M;} ~nv A{M3} for any pair
(A{M1}, A{M3}) where A{M:} € &/{M1} and A{M3} € &/{Ms}, then &/{M;} and &/{Mz} are said to be symmetrical,
denoted by &/{M1} ~v &/{M2}. Then, let us employ the expression of “M; and My are symmetrical with respect to </ ”.

(¢) Without confusion, let us remove the phrases “with respect to A” and “with respect to /7. [

Lemma 11.9.1 & {M:1[R][A]} and </ {M:1[R][A]} are symmetrical, i.c.,
A {M:A[R][A]} ~v &7 {M:1[R][A]}. D (11.9.1)
Proof Immediate from (11.5.55(p66)) and (11.8.46(p.72)). |

11.10 Symmetry-Operation-Free

When no change occurs even if the symmetry operation is applied to a given assertion A, the assertion is said to be free from
the symmetry operation, called the symmetry-operation-free assertion.

Lemma 11.10.1  Ewven if the symmetry operation is applied to the symmetry-operation-free assertion, no change occurs. [
Proof Evident. I
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Chapter 12

Analogy Theorem (R <> P)

12.1 Preliminary

Lemma 12.1.1 ([46,You]wos4] )
(a) Letx>b. Then z(z) =b.
(b) Letx <b. Then z < z(z) < b.
(¢) z(x)>a foranyz. O
Proof (a) Let z > b. If z < b (I), then z < x, hence p(z)(z — z) < 0 due to (5.1.29 (1) (p.8)), and if b < z (II), then
p(2)(z — z) = 0 due to (5.1.29 (2)). Hence z(z) can be given by any z > b, thus z(z) = b due to Def. 5.1.1(p.1§) .
I (1)

z<b b<z

|
|
s

Figure 12.1.1: Case x > b

(b) Let z <b. If z <z (I), then p(z)(z —z) <0, if x < z < b (I), then p(z)(z — x) > 0 due to (5.1.29 (1) (p.18)), and if b < 2
(1), then p(z)(z —z) =0 from (5.1.29 (2)). Hence, z(z) is given by z such that z < z < b or equivalently z < z(z) < b.
(1)
b<z

Figure 12.1.2: Case x < b

(c) Assume that z(z) < a for a certain x. Then, since p(z(z)) = 1 = p(a) due to (5.1.28 (1)), from (5.1.25(p.8)) we have
T(z) = p(z(x))(2(z) —2z) = 2(z) —z < a — x = p(a)(a — z) < T(z), which is a contradiction. Hence, it must be that z(z) > a
for any . 1

Corollary 12.1.1 ([46,You]woss)) a < z(z) <b for any z. [
Proof Immediate from Lemma 12.1.1. 1

Lemma 12.1.2 ([46,You]wosa1)  p(z) is nonincreasing on (—oo,00) and strictly decreasing in z € [a,b]. [

Proof The former half is immediate from (5.1.18(p.18)). Let a < 2’ < 2z < b. Then p(2’) — p(z) = Pr{z’ < &} — Pr{z < ¢} =
Pr{z' <€ <z} = [ f(€)de > 0 (See (2.1.4(2) (p3))), hence p(2') > p(z), i.e., p(2) is strictly decreasing on [a,b]. B

Lemma 12.1.3 ([46,You]wosa1)  z(x) is nondecreasing on (—oo,00). [

Proof From (5.1.25(p.18)), for any = and y we have
T(x) = p(z(z

= p(z(z

< T(y) — (@ —y)p(z(z

= p(2(y))(2(y) (
(W) (2(y) — 2z + (z —y)) — (& — y)p(2(x))
p(2(¥))(2(y) — @) + (= — y)(p(2(v)) — p(2(2)))
< T(z) + (z — y)(p(2(y)) — p(2(x)))

£This is the most important property of the function 7', which was proven in [?7, 0298].
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Hence 0 < (z — y)(p(2(y)) — p(z(x))). Let x > y. Then 0 < p(2(y)) — p(z(x)), so p(z(z)) < p(2(y))---(1). Since a < z(xz) < b

and a < z(y) < b from Corollary 12.1.1, if z(z) < z(y), then p(z(x)) > p(z(y)) from Lemma 12.1.2, which contradicts (1).
Hence, it must be that z(z) > z(y), i.e., z(z) is nondecreasing in z € (—o0,00). 1

Lemma 12.1.4

(a) T(x) is continuous on (—o0,00).

(b) T(x) is nonincreasing on (—o0,00).

(¢) T(x) is strictly decreasing on (—oo,b].

(d) T(z) >0 on (—00,b) and T(xz) =0 on [b,c0).

() T(z)>a—=x on (—o00,00).

() T( ) + z is nondecreasing on (—o0, 00).

(g) BT(x)+ x is nondecreasing on (—oo,00) if 8 =1.

(h) BT(x)+ x is strictly increasing on (—o0,00) if B < 1.
(i) T(x) > max{0,a —z} on (—00,0).

(G) ABT(A\Ba — s) — s is nonincreasing in s and is strictly decreasing in s if A3 < 1. [

Proof (a,b) Immediate from the fact that p(z)(z —z) in (5.1.19(p.18) ) is continuous and nonincreasing in z € (—oo, o) for any
z.

(c) Let 2’ <z < b. Then 2(z) < b from Lemma 12.1.1(b). Accordingly, since p(z(z)) > 0 due to (5.1.29 (1)) and since
2(z) —x < 2(z) — ', from (5.1.25) we have T'(z) = p(z(z))(2(z) — z) < p(z(z))(2(z) —z') < T(z'), implying that T(z) is strictly
decreasing on (—oo,b) -« -+ (1). Assume T'(b) = T(zx) for a given x < b or equivalently b — z > 0. Then, for any sufficiently
small € > 0 such that b —x > 2¢ > 0 we have b > b—¢ > x4+ ¢ > z, hence T(b) = T(xz) > T(b—€) > T(b) due to the strict
decreasingness shown above and the nonincreasingness in (b), which is a contradiction. Thus, since T(x) # T(b) for any = < b,
we have T(z) > T(b) or T(z) < T(b) for any = < b. However, the latter is impossible due to (b), hence only the former is
possible. From this it must be that the former holds, hence it eventually follows that T(z) is strictly decreasing on (—oo,b]
instead of (—o0, b).

(d) Let > b. Then, since z(z) = b from Lemma 12.1.1(a), we have p(z(z)) = 0 due to (5.1.29(2)), hence T'(z) =
p(z(z))(z(x) —x) = 0 on [b,00). Let © < b. Then, from (c) we have T(z) > T(b) =0, i.e., T(z) > 0 on (—o0,b).

(e) Since p(a) =1 from (5.1.28 (1)), we have T(z) > p(a)(a — z) = a — z for any x on (—o0, c0).

(f) Let z < z’. Then, we have

T(x)+z = p

I IA
S

implying that T'(z) + x is nondecreasing on (—o0, 00).
(g) If B =1, then BT (z) + x = T(x) + =, hence the assertion is true from (f).

(h) Since T (z) +x = B(T(z) + z) + (1 — B)z, if 8 < 1, then (1 — B)x is strictly increasing in z, hence the assertion is true
from (f).

(i) Immediate from the fact that T(z) > a — x on (—o0, 00) from (e) and T'(x) > 0 on (—o0, c0) from (d).
(j) From (5.1.19(p.18)) we have
A\BT(A\Ba — s5) —s = ABmax. p(z)(z — ABa + s) — s = max, p(z)(M\3z — (A\B)%a + \Bs) — s.
Let s > s’. Then, we have

ABT(M\Ba — s) — s — A\BT(\Ba — ') + '
max, p(2)(ABz — (AB)%a + \Bs) — max. p(2)(\Bz — (A\B)%a + ABs’) — (s — &)
max, p(z)(s — s)A\B — (s — &)
max,(s — s )A\3— (s —s') (duetop(z) <1ands—s >0)
(s — )N — (s — &)
— (s )1-AB) < () 0IEAB < (<) L
Hence, since ABT(A\Ba — s) — s < (<) ABT(A\Ba —s') — s if A8 < (<) 1, it follows that T(A\Ba — s) — s is nonincreasing (strictly
decreasing) in s if A8 < (<) 1.
Let us define

IN A

h(z) =p(z)(z —a)/(1 = p(2)), z>a,
B = sup,. h(z),
f = minagwgb f(w) >0 due to (2.1.4 (2) (p.8) )
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Below, for a given x let us define the following successive four assertions:

Ai(z) = (2(z) > a),

As(z) = (T(a,x) < T(2,x,) for at least one 2’ > a ),
As(z) = {a— h(z') < z for at least one 2’ > a ),
As(z) = (inf.se{a — h(2)} < z).

Proposition 12.1.1 For any given z we have A;(z) & As(z) & As(z) & As(z). O
Proof Letting T(z,z) = p(2)(z — x), we can rewritten (5.1.19(p.18)) as T'(x) = max, T(z, ) = T(2(z), x).

1. Let Ai(z) be true for any given x. Suppose T(a,z) > T(z',z) for all 2’ > a, hence the maximum of T(z,z) for all z > a is
attained only at z = a, i.e., z(z) = a (see Def.5.1.1(p1) ), which contradicts Ai(x). Hence it must be that 7'(a,z) < T(z', )
for at least one 2’ > a, thus Aa(x) becomes true. Accordingly, we have A1(z) = A2(x). Suppose A2 (z) is true for any given .
Then, if z(z) = a, we have T(a,z) < T(2',2) < T(z) = T(2(z),x) = T(a, z), which is a contradiction, hence it must be that
z(z) > a due to Lemma 12.1.1(c). Accordingly, we have As(xz) = Ai(x). Thus, it follows that A (z) < Az(z) for any given z.

2. Since p(a) =1 from (5.1.28 (1)), for 2z’ > a (hence 1 > p(z’) from (5.1.28 (2))) we have

T(a,z) —T(2,x)

= p(a)(a—z) - p(z')(z' — )

(1 =p(z))(a—2) - p(z")(z' - a)
1 =p(E))(a—=z—p() (=" —a)/(1 - p(z)))
(1 =p())(a—=z—h(z)

= (1-p(z)(a—h(z) —=).

Accordingly, it immediate that Az (z) < As(z) for any given z.
3. Let Az(z) be true for any given . Then clearly A4(x) is also true, i.e., As(z) = A4(z). Let A4(x) be true for any given x.

Then evidently a — h(z’ < z for at least one 2z’ > a, hence As(z) is true, so we have A4(z) = As(z). Accordingly, it follows
that As(z) < A4(z) for any given x.

From all the above we have A1(z) & Az(z) & As(x) & As(z). 1

Lemma 12.1.5
(a) 0<h*<oo.
(b) z¥=a—-h"<a.
(¢) z8<(Z)zez(z)>(=)a
(d) a*<a. O
Proof (a) For any infinitesimal € > 0 such that a < b—e < b ((II)) we have 0 < p(b—e¢) < 1 from (5.1.29 (1)) and (5.1.28 (2)).
Hence, h(b—¢) =pb—e)(b—e—a)/(1 —p(b—¢)) > 0---(1). If b < z ((IIT)), then p(z) = 0 due to (5.1.29 (2)), hence h(z) =0
for z > b. From the above we see that h* > 0---(2) on a < 2.
h(b—e) <0
! 1 .

a<z<b } b<z

@ (Ir) (1m)
Figure 12.1.3: h(z) =0 for z < a and h(b—¢) >0

IS3

A

Is)
R

Assume that h* = oo > 0. Then, there exists at least one 2z’ on a < 2z’ < b such that h(z’) > N for any given N > 0. Hence, if
the N is given by M/f with any M > 1, we have h(z') > M/ f or equivalently p(z')(z" —a)/(1 — p(2")) > M/f. Hence

p()( —a) = (L=p("))M/f = (1 —Pr{z' <E)M/f =Pr{& <Z}M/f - (%)

where Pr{¢ < 2’} = f:/ f(w)dw > f;/ dw x f = (2" —a)f. Accordingly, since p(z')(z —a) < (2 —a)fM/f = (2 —a)M, we

have p(z') > M > 1 due to 2’ — a > 0, which is a contradiction. Hence, it must follow that h* < oco.

(6]



(b) Noting A;(z) = A4(z) in Proposition 12.1.1, we can rewritten (5.1.27(p.18)) as

z* inf{z | inf.>a{a — h(2)} < x}
inf.so{a—h(2)}---(3)

= a—sup,, h(z) =a—h"<a (dueto (2)),

hence (b) holds.

(c) Let z* < &, hence inf,~.{a — h(2)} < = from (3), so 2(x) > a due to As(x) = Ai(zx). Let * > x, hence inf,<.{a —
h(z)} > z from (3), so we have info<.{a — h(z)} > = = z(z) < a as a contraposition of A;(z) = As(z), hence we obtain
z(z) = a due to Lemma 12.1.1(c).

(d) First note T'(z) > p(2')(2' — ) for any x and 2’. Accordingly, for any sufficiently small € > 0 such that a+¢& < b we have
T(a) > pla+e¢)(a+e—a) >0, hence, adding a to the inequality yields T(a) + a > a. Thus, we have T(z) + = > T(a) +a > a
for £ > a due to Lemma 12.1.4(f). Suppose a* > a. Then, since T(a*) + a* > T(a) + a > a, from Lemma 12.1.4(a) we have
T(a* —€) 4+ a* — e > a for any sufficiently small € > 0 or equivalently T(a* —€) > a — (a* — ¢), which contradicts the definition
of a* (see (5.1.26(p18) )). Therefore, it must follow that a* > a. 1

Lemma 12.1.6
(a) T(x)+ x is strictly increasing on [a*,00).
(b) T(z)=a—x on (—o0,a*] and T(xz) > a —x on (a*,00).
(¢) T(0)=aifa* >0 and T(0) =014 b<O0.
(d) Ifr<yanda* <y, thenT(z)+x<T(y)+y. U
Proof (a) Note here that we have
T(z)+ 2 = p(z(x))(2(z) — x) + = = p(2(2))2(z) + (1 = p(z(2)))z. -~ (1)

o Let #* < z. Then z(z) > a from Lemma 12.1.5(c4), hence p(z(x)) < 1 due to (5.1.28 (2)) or equivalently 1 — p(z(z)) > 0.
If z < 2, from (1) we have

T(x) +2 = p(z(2))z(2) + (1 = p(2(@))z < p(z(2)2(z) + (1 = p(2(2))z’ = p(2(2))(2(z) — a') + 2’ < T(2) + 2,
i.e., T(z) + x is strictly increasing on (—oo, 00), hence understandably so also on [a*, 00).

o Let ¥ > z. Then z(xz) = a from Lemma 12.1.5(c), hence p(z(z)) = 1 from (5.1.28 (1)), so T(z) = p(z(x))(z(z) — x) =
a—x---(2). Suppose a* < z*. Then, since a* < a* +2¢ < z* for an infinitesimal € > 0, we have a* < a*+e < z*—e < z*
or equivalently z* > a* + &; accordingly, due to (2) we obtain T(@* +¢) =a—(a*+¢€)---(3). Now, by definition
(see (5.1.26(p.18))) we have T(a* 4+ &) > a — (a* + €), which contradicts (3). Accordingly, it must be that z* < a*. Let

x’ > x > a*. Then, since % < x, we have z(z) > a Lemma 12.1.5(c4), hence p(z(x)) < 1 due to (5.1.28 (2)) or equivalently
1 —p(z(z)) > 0. Thus, from (1) we have

T(@) +2 = p(a(x))z(z) + (1 = p(z(2)z < p(2(2))2(2) + (1 = p(2(x)))a’ = p(z(2))(2(z) — ) + 2" < T(2") + 2,

implying that 7'(x) + x is strictly increasing on (a*, c0), hence so also on [a*, c0) for almost the same reason as in the proof
of Lemma 9.1.1(p41) (¢).
Accordingly, whether 2* < z or * > z, it follows that T(z) + z is strictly increasing on [a*, c0).

(b) By definition (see (5.1.26(p.18))) we have T'(z) > a—z for z > a*, i.e., T(z) > a—x on (a*, o0). Here note that T'(z) > a—=x
on (—o0, 00) due to Lemma 12.1.4(e), i.e., T(z) +z > a---(4) on (—o0,00). Suppose T'(a*) + a* > a. Then, for an infinitesimal
e > 0 we have T(a* —¢) + a* — € > a due to Lemma 12.1.4(a), i.e., T(a* —€) > a — (a* — €), which contradicts the definition
of a* (see (5.1.26(p.8))). Consequently, we have T(a*) +a* = a---(5) or equivalently T(a*) = a — a*. Let x < a*. Then, from
Lemma 12.1.4(f) we have T(z) + = < T(a*) + a* = a. From the result and (4) we have T(z) + & = a, hence T(z) = a — x on
(—00,a*). Thus, from (5) it follows that T'(z) = a — x on (—o0,a*].

(¢) Let a* > 0. Then, since 0 € (—c0,a”]), we have T(0) = a from the former half of (b). We have T(0) = max. p(z)z
from (5.1.19(p18)). Let b < 0. Then, if z > b, we have p(z)z = 0 from (5.1.29 (2) (p18)) and if z < b(< 0), then p(z)z < 0 from
(5.1.29 (1)), hence T(0) = 0 due to Def. 5.1.1(p.18).

(d) Letz <yanda* <y. Ifz<a* then T(z)+z < T(a*)+a* <T(y)+y due to Lemma 12.1.4(f) and (a), and if a* < z,
then a* < z < y, hence T'(z) + < T(y) + y due to (a). Thus, whether z < a* or a* < z, we have T(z) + = < T(y) +y. 1
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12.2 Analogy Replacement Operation Ay p
12.2.1 Three Facts

To start with, let us focus on the three results below.

% Fact 1 First, the following lemma can be obtained.

Lemma 12.2.1 (&{Tt}) For any F € F we have:

(a) T(z) is continuous on (—oo, 00) ¢ Lemma 12.1.4(a)
(b) T(z) is nonincreasing on (—oo,00) ¢ Lemma 12.1.4(b)
(¢) T(z) is strictly decreasing on (—oo,b] + < Lemma 12.1.4(c)
(d) T(x)+ z is nondecreasing on (—oo0,00) < Lemma 12.1.4(f)
(e) T(x)+ z is strictly increasing on [a*, 00)  Lemma 12.1.6(a)
(f) T(z) =a—x on (—00,a*] and T(z) > a —x on (a*,00) + < Lemma 12.1.6(b)
(g) T(xz)>0 on (—o0,b) and T(z) =0 on [b,00) + ¢ Lemma 12.1.4(d)
(h) T(z) > max{0,a —z} on (—o0,00) < Lemma 12.1.4(i)
(i) T0)=aifa*>0andT(0)=014ifb<0 < Lemma 12.1.6(c)
(G) BT(z)+ x is nondecreasing on (—o0,0) if B =1 <+ < Lemma 12.1.4(g)
(k) BT(x)+ z is strictly increasing on (—o0,00) if f < 1 + < Lemma 12.1.4(h)
() Ifr<yanda* <y, thenT(z)+z <T(y)+y <+ < Lemma 12.1.6(d)
(m) ABT(ABa — s) — s is nonincreasing in s and strictly decreasing in s if A\ < 1 + < Lemma 12.1.4(j)
(n) a* < a4+ <— Lemma 12.1.5(d)
Herein we shall pay attention to the fact that replacing a and g in | Lemma 9.1.1(o/{Tk })(p.41) | by a* and a
respectively yields | Lemma 12.2.1(</ {13 }) | Let us represent this replacement by
Agsp ={a—a", p— a}, (12.2.1)

called the analogy replacement operation. In other words, applying Agr-p to the former lemma leads to the latter lemma, i.e.,
Lemma 12.2.1(#/{Tp}) = Ap-p[ Lemma 9.1.1(«/{Tx })]. O (12.2.2)

Remark 12.2.1 The whole description proving Lemma 9.1.1(p4l) is quite different from that proving Lemma 12.2.1(p.77), hence
evidently no analogous relation exists at all between both descriptions. Nevertheless, what is amazing here is the fact that the
whole description of Lemma 9.1.1(p41) itself is completely analogous to that of Lemma 12.2.1(p.7) itself. 0

% Fact 2 Next, note that replacing p in [£(s) = L (MBu — s)] (see (5.1.5(p17))) by a yields [£(s) = L (A\Ba — s) | (see
(5.1.22(p18))). This means that applying Ag-p to the characteristic vector (Lg, Kg,Lr,kr) (see (5.1.3(p.17))-(5.1.6)) produces
(L, Kp, Lp, kp) (see (5.1.20(p.18) )-(5.1.23)), i.e.,

(L]}P,K]P,E]P’,K/ur) = .A]Ra]p[(LR,K]R,ER,IiK)]. 0 (12.2.3)

% Fact 3 Finally, note that replacing p in (see (6.5.1(p31))) by a yields (see (6.5.5)). This means

that applying Agr-p to the system of optimality equations SOE{M:1[R][A]} (see Table 6.5.1(p31) (I)) leads to SOE{M:1[P][A]} (see
Table 6.5.1(p31) (1)), i.e.,

SOE{M:1[P][A]} = Az p[SOE{M:1[R][A]}]. O (12.2.4)
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12.2.2 Prefiguration

By F'(a.u,0) let us denote the distribution function with the lower bound a, the expectation p, and the upper bound b (a < p < b).
For convenience of reference, below let us copy (12.2.2)-(12.2.4):

For F'(a,u,b) For F'(a,u,b)
Lemma 12.2.1(o/{13}) i= Ap-p| |Lemma 9.1.1(o7{Tk })
(LlF’vKP’vch’vmﬂ”) = AR*]P’[ (LRvKﬂaz’Rv"iR) L

(1*)!  SOE{«/{M:1[P][A]}} i= Ar-p[ (SOE{Z/{M:1[R][A]}}, ")~

Closely looking at the flow of discussions in Chapter 10(p47), we see that </{M:1[R][A]} is what was derived only from the
three items within the right box (1*)" above; let us denote this procedure by Procedure[R], and through almost quite the same
reasoning it is easily seen that «/{M:1[P][A]} is what will be derived from the three items within the left box (1*)" above; let us
denote this procedure by Procedure[P]. The flow of the above two discussions can be schematized as below.

For F(a,u,b) For F'(a,u,b)
””” Lemma 122 1(o/{T}) = Ag-p|{Lemma 911(o/{T:}) 1],
i (Ln»,K]p,ﬁn»,Hur) ;: A]R*?]P’[; (L]RyKR7LR7K/LR<) H?
%! SOE{«/{M:1[P][A]}} i= Ag-p[iSOE{«/{M:1[R][A]}}, ()" ]
| I |
Procedure[P) Procedure[R]
| v | 4 |
e & AMIFIAL | (oAMARIAY @

Now, since we have the analogous relation (1*)! = Agz-p[(1%)"] due to the three Facts, it can be prefigured that this analogous
relation will be inherited also between Procedure[P] and Procedure[R], i.e. Procedure[P] = Ag-p[Procedure[R]], and hence also
between &7 {M:1[P|[A]} and <&/ {M:1[R][A]}, i.e.

o {M:A[P][A]} = Ag-p[«/ {M:1[R][A]}]. (12.2.5)

In other words, </ {M:1[P][A]} can be obtained by applying Ap-p to & {M:1[R][A]}. Thus, the above figure can be rewritten as
below.

For F'(a,u,b) For F'(a,u,b)
T Lemma 1221(/{Th}) = Apoe[iLemma 9T1(o/ {1} | 1,
i (LP>KH”’£P’7H1P’) §: -A]RH]P[% (LR7KR7‘CR>HIR) H>
! SOE{&Z/{M:1[P][A]}} = Ag-p[iSOE{o/{M:1[R][A]}}, ") ]
1 ) 1 A 1
Procedure[P) — ARAP[J Procedure[R] }
| ! | | ] |
@y M)} = Agorl} o/ {M:A[RI[A]} @]

Remark 12.2.2 (another prefiguration) By Procedure[R], , ) let us represent Procedure[R] for the distribution function
Fa,ub). Now, since a* < a < b due to Lemma 12.2.1(n), we can define the distribution function F with the lower bound a*,
the expectation a, and the upper bound b, i.e., F'(a*,a,5), hence by definition we can properly define also Procedure[R](a*ya,b),
which is just what results from replacing a and p in Procedure[R]myu’b) by a* and a respectively, i.e.,

Procedure[R] .« , ;) = Ag-p[Procedure[R], 1,

Note herein that, in the sense of the symbolic logic!, Procedure[]P’](a%b) is quite the same as Procedure[R}(a*’mb), ie.,

s-logic

Procedure[P)] (aub) — FProcedure [R] (o ,a,b)

implying that &/ {M:1[P][E]}(4,4,») derived from Procedure[P], ,,, becomes also identical to &/ {M:1[R][E]}(a*,a,s) derived from

Procedure[R] . ie.,

,a,b)”

A MAP)EN} ) "= (MARIE (v 0 O

T A logic is regarded as reducing deduction to the process which transforms the expressions by representing propositions, the concept of
logic, and so on with symbols such as +, —, >, <, V, A, =, and so on (Wikipedia)
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12.2.3 Strict Proof

In this section, dividing the intuitive prefiguration in Section 12.2.2 into several stages, we strictly prove that (12.2.5) is also
theoretically true.

O More precisely, we can restate Procedure[R], the procedure deriving «7{M:1[R][E]} (see Section 10.2(p47)), as follows. First,
by applying &/ {Tk} (see Lemma 9.1.1(p41)) to the characteristic vector (L, Kr, Lr, kr) consisting of (5.1.3(p17))-(5.1.6), we
obtain (9.2.3(p42) )-(9.2.8); let us denote these equalities and inequalities by {Lr, Kr,Lr, kr}. Next, by applying o/ {Tk } to
this {Lr, Kr, Lr, kr} we get the assertion system &/{Lg, Kr,Lr, Kz} (see Lemmas 9.2.1(p.43)-9.3.1(p.£5) ). Finally, by applying
the system of optimality equations SOE{M:1[R][E]} (see (I) of Table 6.5.1(p3l)) to &/{Lr, Kr, Lr,kr}, we get the assertion
system «/{M:1[R][E]} (see Tom’s 10.2.1(p47) and 10.2.2). The above flow of procedure can be schematized as below.

Procedure[R] = ({Tr} = (Lr,Kr,Lr,kr) = {Lr, Kr, LR, KR},
%{TR} = {LR,KR7L[R,H,R} — Qf{L[R,K[R,,CR,KR},
SOE{M:1[R][E]} = &/ {Lg, Kgr, LR, kr} — &/ {M:1[R][E]} ))

O Applying Ag-p to the above flow leads to

Ag_plProcedure[R]] = (Ag plo{Tr}] = Ag_pl(Lr, Kr, Lr, k)] = Ap pl{Lr, Kr, Lr,Kr}],
AR%]}D['M{TR H = AR"P[{LR , Kr, Lr, K/R}] — AR"]P’ [W{LR , Kr, Lr, HR}],
Ap_p[SOE{M:1[R][E]}] = Ap_p[/{Lr, KR, Lr, 5 }] = Ap_pl«/ {M:1[R][E]}] ))

O Due to (12.2.2(p.77))-(12.2.4) we can replace Agp-p[9/{Tr}], Ap-p[(Lr, Kr, Lr, fz)], and Ag-p[SOE{M:1[R][E]}] in the above
flow by {1+ }, (L, Kp, Lp, kp), and SOE{M:1[P][E]} respectively, hence we have

Ap_p[Procedure[R]] = (&/{Tp} = (Lp, Kp, Lp, k&) = Ap_p[{Lr, K&, Lr, k& }],

A{Tp} = Ap_pl{Lr, Kz, Lr, kr}] = Ap_p[{Lr, Kr, Lr, kr}],

SOE{M:1[P|[E]} = Ag_p[#{Lr, Kx, Lr, kr}] = Ag p[/ {M:1[R][E]}] )) (12.2.6)
O Let us here focus our attentions on the terms without underline in the above flow, i.e.,

ARHP[Procedure[RH = << Q/{T]p} = (L]p , Kp, ,C]p, KR) — 'AIR"H’[{LR , KR, C]R, HR}],

A{Tp} = Ag_pl{Lr, Kz, Lr, kr}] = Ap_p[{Lr, Kr, Lr, kr}],

SOE{M:1[P|[E]} = Aq_p[ o/ {Lk, Ka, Lr, 50 }] = Ag_p[o/{M:1[R][E]}] ) (12.2.7)

O Then, applying Ag-p to the relations {Lr, Kr, Lz, kr} (see (9.2.3(p42))-(9.2.8)) yields the relations {Lp, Kp, Lp, kp}, i.€.,
A]R%]P[{LR,K]RyﬁR,KITRH = {Lp,K}»,E]}D,K}w}. (1228)

In fact, it can be easily shown that the following relation hold:

= ABa — s — A\Bz on (—o0,a*] ---(1),

L () { > ABa — s — ABx on (a*,00)  ---(2), (12.2.9)

=Xa—s—0d0x on (—oo0,a*] ---(1),
K () { > Ma—s—686x on (a*,00) ---(2), (12.2.10)
K(z { >~l=flg=sen (~eod) (1) (12.2.11)

=—(1-p)z—son [boo)  ---(2),
K(z)+xz>pfx—s on (—o0,00), (12.2.12)

[ Ma—s+(1=XNBzron (—oo,a*] ---(1),

K(z)+x= { Br—s on [b,00) ), (12.2.13)
K(zr)=—1-8)zr --- (1), L(zx)=(1-pB)zk---(2), (12.2.14)

Direct proof See (A 2.1(p275))-(A2.6) . 1
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O Noting (12.2.8), we can rewrite (12.2.7) as below.
Ay p[Procedure[R]] = ((o/{Tp} = (Ls, Kp, Lo, kx) — {Lo, Kp, Lo, e},
AT} = {Lp, Kp, Lo, ke} = Ap_p[/{Lg, Ke, Lx, K=},
| SOE{M:1[P][E]} = Ap_ple {Lz, Kz, Lz, re}]| = Ap_p[o/ {M:1[R][E]}] ) (12.2.15)

O Now, since Ag—p[o/{Lr, Kz, Lz, kr}] is what is derived by using SOE{M:1[P|[E]} (see the relation within the framebox [_]
above ), due to Remark 6.1.1(p.21) it follows that Agp[/{Lr, Kz, Lr, Kz }| can be regarded as the assertion system for M:1[P][E],
ie., o/{Lp, Kp,Lp,kp}, SO we have

ARHP[JM{LR,KR,ER,HR}] = ﬂ{L]}:,K}mﬁ]}:,h}p}. (12216)

Thus, it follows from (12.2.16) that we have the following lemmas and corollaries:

Lemma 12.2.2 (&/{Lp})

(a) L(z) is continuous on (—o00,00).

(b) L(x) is nonincreasing on (—o0,00).

(¢) L(x) is strictly decreasing on (—oo, b].

(d) Lets=0. Then T =b where v, > (<)z < L(z) > (=) 0= L(z) > (L) 0.
(e) Lets>D0.

1. w1 wuniquely exists with ©, < b where z, > (= (<)) z & L(x) > (= (<)) 0.
2. Ma—3s8)/AB<(>)a" & zr =(>) M\Ba—s)/A5. [

Proof by analogy Obtained from applying Ap—p to Lemma 9.2.1(p43). 1
Direct proof See Lemma A 2.2(p.275). 1

Corollary 12.2.1 (&/{Lp})

(a) zo >(L)z e L(z) > (L)0.
(b) @ > (<)o = Lz)>(<)0. 0

Proof by analogy Obtained from applying Agr-p to Corollary 9.2.1(p43). 1
Direct proof See Corollary A 2.1(p21). 1

Lemma 12.2.3 (& {Kp})

K (x) is continuous on (—o0, 00).
K (x) is nonincreasing on (—o00, 00).
K (x) 1is strictly decreasing on (—oo, b].
K (x) 1is strictly decreasing on (—o0,00) if 8 < 1.
K (z) + z is nondecreasing on (—o00,00).
K (x) + x is strictly increasing on [a*, 00).
K (z) + z is strictly increasing on (—o0,00) if A < 1.
If x <y and a* <y, then K(z) +z < K(y) + y.
Let =1 and s =0. Then Tx =b where vx > () z < K(z) > (=)0 = K(z) > (L) 0.
Let B <1 ors>0.
1. There uniquely exists Tx where Tx > (= (<)) z & K(z) > (= (<)) 0.
2. Ma—98)/d < (>)a" & xzx =(>) (A\Ba—s)/d.
3. Letrk > (=(<))0. Then zx > (=(<))0. 0

(a

(b
(c
(d
(e
(f
(g
h

(

1

\./\./\./\./\./\_/\./\./\./\./

(i
(j

Proof by analogy Obtained from applying Ap—p to Lemma 9.2.2(p43). 1
Direct proof See Lemma A 2.3(p.21). 1

Corollary 12.2.2 (&{Kp})

(a) zx > (L) z e K(z) > () 0.

(b) zx >(<)x=K(z)>(<)0. 0

Proof by analogy Obtained from applying Agr-p to Corollary 9.2.2(p44). 1

Direct proof See Lemma A 2.2(p.21). 1

Lemma 12.2.4 (#/{Lp/Kp})

(a) Letp=1ands=0. Then x, = vx =b.

(b) Let B=1ands>0. Then T, = Tx.

(¢) LetB<lands=0. Thenb> (=(<))0< zr > (=()) zx = zx > (=(=))0.
(d) LetB<lands>0. Thenk > (= (<) 0 2z > (=(<)) zx = zx > (=(<))0. 0
Proof by analogy Obtained from applying Ap—p to Lemma 9.2.3(p44). 1

Direct proof See Lemma A 2.4(p27). 1
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Lemma 12.2.5 (&{Lz})

(a) L (s) is nonincreasing in s and strictly decreasing in s if A\§ < 1.
(b) Let ABa >b.
1. zp < ABa-—s.
2. Lets>0and \8<1. Then =, < ABa — s.
(¢) Let A\Ba < b. Then, there exists a sz > 0 such that if sc > (<) s, then . > (<) A\Ba—s. [

Proof by analogy Obtained from applying Agp to Lemma 9.2.4(p44). 1
Direct proof See Lemma A 2.5p21). 1

Lemma 12.2.6 (kp) We have:
(a) k=XBa—sifa*>0andk =—sifb<0.
(b) Letk>(=(<)0& zx >(=(x))0. 0

Proof by analogy Obtained from applying Ap—p to Lemma 9.3.1(p45). 1
Direct proof See Lemma A 2.6(p27). 1
O Due to (12.2.16) we can rewrite (12.2.15)ten as below.

AR%P[Procedure[Rﬂ = << J?{{T]p} = (L]p,K]p, [,]p,lim) — {L]p,Kp,ﬁ]p, ){]}r},
!Z{{T]p} = {L]p,KP,,C]p,K/n»} — ,QK{LF,KP,LP,HP},
SOE{M:1[P|[E]} = o {Ls, Kz, Lp, ke} — Ag_pl/ {M-1[RI[E]}] ). (12.2.17)

O Since the assertion system Ap-p[o/ {M:1[R][E]} in (12.2.17) is what is derived from SOE{M:1[P][E]}, it can be regarded as an
assertion system related to the model M:1[P|[E] (see Remark 6.1.1(p21)), i.e., & {M:1[P][E]}, hence we have

A{MAP]A]} = App[o{M:1[R][A]}] (the same as (12.2.5(7))). (12.2.18)

Thus (12.2.17) can be rewritten as follows.

ARHP[Procedure[R}] = << %{T}p} = (Lp s [(]]z7 [:]p s K/]p) — {L]p s Kp s C]p s K]p},
JZV{T]}N} = {L]p,K[p,ﬁ]p,li]}z} — JZ/{L]}»,K]}D,ﬁ[p,H]p},
SDE{M!l[]P][E]} = %{L}p, Kp,ﬁp,ﬁp} — ﬂ{Ml[]P’][E]} >> (12219)

O The whole of the r.h.s. of (12.2.19) can be regarded as the procedure which derives &/ {M:1[P]|[E]}, so let us denote it by
Procedure(P), i.e.,
Ag-p[Procedure[R]] = Procedure[P]. (12.2.20)

Accordingly, finally it follows that we have
Procedure[IP] = << Q{{T]p} = (L]]»,K]p,,c]p, I'i]})) — {L]]»,K]p, [,]p,lip},
.Qf{Tp} = {Lyp,K]p,,Cp,lﬁp} — :W{Lp,K}p,ﬁp,K/p},
SOE{M:1|P][E]} = &/{Lp, Kp, Lp, ke } — {M:1[P][E]}))

12.3 Analogy Theorem (R < P)
Noting the equality (12.2.5(p.7)), we eventually obtain the following theorem.

Theorem 12.3.1 (analogy (R — P)) Let o/ {M:1[R][A]} holds on & x .. Then /{M:1[P][A]} holds on & x F where
A {M:1[P][A]} = Ap—p[«/{M:1[R][A]}]. [ (12.3.1)

Then, from the comparison of (I) and (II) of Tables 6.5.1 we also get

SOE{M:1[P][A]} = Ag-p[SOE{M:1[R][A]}]. (12.3.2)

Moreover, from (11.4.2(p.60) ) we obtain the following:
O(/ (MAFIA]}) = Agol0(e/ {M:1[R][A]})] (12:3.3)
= (a’*vav b? L, Tk, Sc 7"5,TR’LR7KR,£R,W)~ (1234)

Since the analogy replacement operation Ap-p is a mere replacement of the two symbols, a — a* and p — a, defining its inverse
Apog ={a* = a,a — p}, (12.3.5)

we can immediately known that the inverse of the above theorem becomes true, i.e.,
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Theorem 12.3.2 (analogy (P« R)) Let o/ {M:1[P|[A]} holds on & x .%. Then «/{M:1[R][A]} holds on & x F where

F{M:1[R)[A]} = Apz[«/{M:1[P][A]}]. D

In addition, as an inverses of (12.3.2) and (12.3.3) we immediately obtain
SOE{M:1[R][A]} = Ap-g[SOE{M:1[P][A]}].
O(/{M:A[R][A]}) = Ap-p[0(</{M:1[P][A]})]

= (a7u7b7 Lo, Tk, St 7K>TR7LR7KR7£R7W)'

12.4 Derivation of «7{M:1[P|[A]}

The following two Tom’s can be immediately obtained by applying Ag—p to Tom’s 10.2.1(p47) and 10.2.2.

O Tom 12.4.1 (&/{M:1[P][A]}) LetB=1 ands=0.

(a) Vi is nondecreasing in t > 0.
(b) |® d0ITs,(7)|. where CONDUCT,>;>14. U

Proof by analogy Immediate from applying Ag—p to Tom 10.2.1(p47). 1
Direct proof ~See Tom A 4.3(p.%6) . 1

O Tom 12.4.2 (&{M:1[P][A]}) LetB<1 ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> xx ast — oo.

(b) Let Ba >b. Then |[@d0ITd,>1(1)];.

(c) Let Ba <b.
1. Let B =1.
i. Leta—s<a*. Then|®d0ITd,~1(1)|.
ii. Leta—s>a”*. Then m‘ where CONDUCT 7 >¢> 14 -
2. Let <1 ands=0 (s>0).
i. Letb>0 (k >0). Then|® d0ITs,>1(7)]. where CONDUCT,>¢>1..
ii. Letb=0 (k=0).

1. Let fa—s <a*. Then |@d0ITd.>1(1)|.
2. Let Ba— s> a*. Then MA where CONDUCT 7 >¢>1.4 -
iii. Letb< 0 (k <0).

1. LetBa—s<a* or sc <s. Then odUITdT>1%1? ;‘ .

2. Let fa—s>a* and s >s. Then S1(pd7) [©41®1] is true. [
Proof by analogy Immediate from applying Ag-p to Tom 10.2.2(p48). 1
Direct proof See Tom A 4.4p%7 . 1

12.5 Strict Definition of Analogy
Definition 12.5.1 (analogy)
(a) By Ag-p[X] (Apogr[X]) let us denote the assertion defined by applying Ag-p (Ap-g) to a given X.

(12.3.6)

(12.3.7)
(12.3.8)
(12.3.9)

(b) If A{X2} = Ap-p[A{X1}] and A{X1} = Ap-g[A{X2}], then A{X1} and A{X:2} is said to be analogous, denoted by

A{}Cl} X A{}:Q}

(c) For given two assertion systems ./ {X1} and «7{X2} which are one-to-one correspondent, if A{X1} b1 A{X>} for any pair
(A{%.1}, A{X2}) where A{X1} € &{X1} and A{X2} € &/{X2} are correspondent each other, then &/{¥:} and &/{X,} are

said to be analogous, denoted by &/{X1} b &/ {X2}. U

12.6 Analogy-Operation-Free

When no change occurs even if the analogy operation is applied to a given assertion A, the assertion is said to be free from the

analogy operation, called the analogy-operation-free assertion.

Lemma 12.6.1 Even if the analogy operation is applied to the analogy-operation-free assertion, no change occurs.

Proof Evident. 1

12.7 Optimal Price to Propose
Lemma 12.7.1 (&/{M:1[P][A]})  The optimal price z: to propose is nondecreasing int > 0. [

Proof  Obvious from (6.2.28(p.23) ), Tom’s 12.4.1(a) and 12.4.2(a), and
Lemma 12.1.3p73). 1
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Chapter 13

Symmetry Theorem (P « P)

This chapter provides the methodology of deriving & {M:1[P][A]} (buying model) from </{M:1[P][A]} (selling model, see
Tom’s 12.4.1(p82) and 12.4.2).

13.1 Functions 7, L, K, and £ of Type P
Let us define the T-function of Type P for ' € .% corresponding to any F € F (see (5.1.19(p.18)) and (5.1.18p.18))) by

T() = maxp(=)(z =) (1), p() = Pr{z <&} (2). (13.1.1)

By Z(x) let us define z maximizing p(z)(z — z) if it exists, i.e.,
T(z) = p(2())(2(z) — x). (13.1.2)

Furthermore, let us define

L(z) = ABT(z) — s, (13.1.3)
K(z) = M\3T(z) — (1 — B)z — s, (13.1.4)
L(s) = L(\Ba—s), (13.1.5)
i = ABT(0) —s. (13.1.6)

Then, let the solutions of L () = 0, K (x) = 0, and £ (s) = 0 be denoted by respectively z;, z 3, and sz if they exist; If multiple
solutions exist for each of z;, zy, and sz, let us employ the smallest as its solution (see Sections 5.2(p.19) (a) and 11.2.1(p56)).
Furthermore, let us define (see Figure 11.1.1(p56) for a, jz, and b)
a* =inf{z | T(z) >a—a} (see (5.1.26(p1))), (13.1.7)
i =inf{z | 2(z) > a} (see (5.1.27(p.18))). (13.1.8)

By M:1[P][A] let us define M:1[P][A] for F' € .% corresponding to any F' € .Z. Then, for the same reason as for SOE{M:1[P][A]}
(see Table 6.5.1(p31) (IIT)) we can obtain

SOE{M:1[P][A]} = {Vi = Ba — s, Vs = max{K (Vi_1) + Vi1, BVio1}, t > 1} (13.1.9)

13.2 Functions T, L, K, and £ of Type P
Let us define the T-function of Type P for F' € & corresponding to any F € F as follows (see (5.1.32(.18) ).

T(z) =minp(z)(z ) --- (1),  #(z) = Pr{€ <2} - (2) (13.2.1)

where by Z(x) let us define z minimizing $(2)(z — =) if it exists, i.e.,
T (z) = p(3(x))(3(z) — 2). (13.2.2)

Let us define

L(z) = BT (z) + s, (13.2.3)
K(z) = ABT(z) — (1 - B)z +s, (13.2.4)
L£(s) = L(ABb+s), (13.2.5)
o= ABT(0)+s (13.2.6)

where let us define the solutions of L (z) =0, K (z) =0, and c (z) = 0 by respectively xz, xz,and sz; If multiple solutions
exist for each of T, Tz, and Sz, we shall employ the largest as a solution (see Sections 5.2(p.19) (b) and 11.2.2(p57) ). Furthermore
let us define (see Figure 11.1.1(p36) for a, j1, and b)
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b =sup{z | T(z) <b—a} (see (5.1.39p1))), (13.2.7)
#* = sup{z | Z(z) < b} (see (5.1.400p19))). (13.2.8)

By I\Z/Izl[]P’} [A] let us define M:1[P][A] for F' € .Z corresponding to any F € .#. Then, for the same reason as for SOE{M:1[P][A]}
(see Table 6.5.1(p31) (IV)) we can obtain

SOE{M:1[P][A]} = {Vi = Bb + s, Vs = min{K (Vi_1) + Vi_1, BVi1}, t > 1}. (13.2.9)

13.3 List of Underline Functions of Type P and Type P
The table below is the list of the four kinds of underline functions of Type P and Type P (see Table 11.2.1(p57)).

Table 13.3.1: List of the underlying functions of Type P and Type P

Type P Type P
For any F € # corresponF(‘;)iilgF ti j:zny FeZz
T(z) = maxp(z)(z — x) T(x) = mzaxp(z)(z —x)
L(z)=pT(z)—s L(z)=pT(x)—s
K(z)=pT(x)— (1 - Bz —s K(z)=pT(z)—(1—-B)z—s
L(z) =L (fa—s) L(z) =L(Ba—s)
See Section 5.1.3(p18) See Section 13.1
T(z) = rninji(z)(z —x) T (z) = mzinj;'(z)(z — )
L(z)=BT(z) +s L(z)=BT(x)+s
K(z)=pT(x) —(1—-Pz+s | K@) =pT(2)—(1-Ba+s
L(x)=L(Bb+s) £(x)=L(Bb+s)
See Section 5.1.4(p.18) See Section 13.2

13.4 Two Kinds of Replacements
13.4.1 Correspondence Replacement

Lemma 13.4.1 (Cp) The left side of each equality below is for any F € % and its right side is for F e . corresponding to
the F'. Then:

Proof (a) The same as (11.1.10(p5)).

(The first and third equalities of (b)) The same as the first and third equalities of (11.1.11(p55)). The second equality will
be proven after the proof of (c).

(¢) From (5.1.18(p.18)) we obtain

p(=) = Pr{—% < &} = Pr{£ < 2} = 3(2) (13.4.1)
due to (13.2.1(2)), hence from (5.1.19) we have T(z) = max, p(2)(—% + &) = —min, p(2)(2 — 2). Then, since “min, =
MiN_soczcoo = Moo = Millooss>—00 = Mil_coczcoo = ming”, the above expression can be rewrite as T(z) =
— min; p(z 2)(2 — ). Then, without loss of generality, this can be rewritten as T'(z) = —min. p(z)(z — &). Accordingly, since
T(z) = fT( ) from (13.2.1(1)), we obtain 7'(z) = T ().

(The second equality of (b)) From (5.1.26(p18)) we have a* = inf{—& | —T'(z) > —a + &} = —sup{d | T(z) < a— 2} =
—sup{& ‘ T(2) < b— 2} due to (c) and (b). Without loss of generality, this can be rewritten as a* = — sup{z ’ T (z) <b—x},

hence a* = —b* due to (13.2.7), so that a* = b*.
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(d) From (5.1.20) and (c) we have L (z) = —\8T(z) — s = —\BT () —s= E( ) from (13.2.3), hence L (z) = Z(ﬁ:)

(e) From (5.1.21) we have K (x) = —ABT(2) + (1 — B)& — s = —ABT (2) + (1 — B)i — s = —K (&) from (13.2.4), hence
K (z) = K (2).
(f) From (5.1.22(p18)) we have L (s) = —L(\Ba — s) = ff (/\%?s) due to (d). Then, since £(s) = fz(f)\ﬁa +3s) =
—L(M\Ba+s) = —L(A\3b+ s) due to (b), we have £ (s) = —L£ (s) from (13.2.5), hence £ (s) = L (s).

(g) Since L(z.) = 0 by definition, we have —L (z.) =0, i.e., L (2. ) = 0, leading to Z(:f:L ) = 0 from (d), implying that
(z) = 0 has the solution zz = &, by definition.

(h) Since K (zx) = 0 by definition, we have —K (zx) =0, i.e., K (zx) = 0, leading to I:((ij) =0 from (e), implying that
(z) = 0 has the solution =z = &, by definition.

(i) Since £(s;) = 0 by definition, we have —£ (s;) = 0, i.e., £(s.) = 0, leading to E(s,;) = 0 from (f), implying that

(lll

=

c (s) = 0 has the solution sz = s, by definition.
(5) From (5.1.23) we have k = —A\BT(0) — s = —ABT (0) — s from (c), hence x = —\BT (0) — s = —& from (13.2.6), thus
=k 1

Definition 13.4.1 (correspondent replacement operation Cp)  Let us call the operation of replacing the left-hand side of each
equality in the above lemma with its right-hand side the correspondence replacement operation Cp. [

Lemma 13.4.2 (é]p) The left side of each equality below is for any F € .F and its right side is for F € F corresponding to
the F'. Then:

(a) f(&) = f(&)- R
(b) a=0>, b*=a*, b=a
(© 1) =1().

@) L(x)=L(2).

() (@) =K

() L(s)=L(s)

(g) AE = I .

(h) 2z = ik

) Sz = St

(G) k=Fk. 0O

Proof (a) The same as (11.1.10(p55)).

(The first and third equalities of (b)) The same as the first and first equation of (11.1.11(p35)). The second equality will be
proven after the proof of (c).

(¢) From (5.1.31(p.18)) we obtain

p(z) =Pr{—€ < -2} =Pr{€ > 2} =Pr{2 < €} = p(3) (13.4.2)
due to (13.1.1(2)), hence from (5.1.32) we have T(x) = min, p(2)(—2 + 2) = —max, p(2)(2 — £). Then, since “max, =
MAX_co<z<o0 = MAX 0o —2<00 = MAXco>2>—00 = MaAX_co<i<oo = Maxz”, the above expression can be rewritten as T(a:) =
—max; p(z)(2 — #). Then, without loss of generality, this can be rewritten as T'(z) = —max, p(z)(z — £). Accordingly, since

T(z) = —T(&) from (13.1.1 (1)), we obtain 7' (z) = 7'(#).
(The second equality of (b)) From (5.1.39(p19) ) we have b* = sup{—2 f( ) < —b+i} =i :( ) > b—&}. From (c)

and (b) we have b* = inf{& | 7(&) > @ — &#}. Then, since b* = inf{z | T(x) > & — x} without loss of generality, we have b* = a*

due to (13.1.7).

(d) From (5.1.33) and (c) we have L (z) = —\BT (z) +s==-ABT(%) +s=—L (&) from (13.1.3), hence L (z) = L(2).

(e) From (5.1.34) and (c) we have K (z) = —\BT )+ (1=B)+s=-X8T(2)+(1—B)&+s = —K (&) from (13.1.4), hence

() = K(2).

(f) From (5.1.35) we have L (s) = fi(/\/g’b + s), hence from (d) we obtain £(s) = —L ()\Bb+s) = —L(=ABb—3s) =

—L(ABb—s) = —L(ABa — s) due to (b). Accordingly, from (13.1.5) we obtain £ (s) = —£ (s), hence L(s )= ﬁ( ).

(g) Since L( Z;) = 0 by definition, we have —I:,( z7) =0, Le., i( Z;) = 0, leading to L ( Z7) = 0 from (d

L (z) = 0 has the solution z; = %7 by definition.

K

), implying that

(h) Since K (%3) = 0 by definition, we have —K (%) = 0, i.e., K (%) = 0, leading to K (#3) = 0 from (e), implying that
K (z) = 0 has the solution x; = £z by definition.
(i) Since £(sz) = 0 by definition, we have "y (sz) = 0, ie, ﬁ(sz) = 0, leading to £(sz) = 0 from (f), implying that
£ (s) = 0 has the solution sz = sz by definition.
(j) From (5.1.36) we have & = —\BT (0) + s, leading to & = —ABT(0) + s from (c), hence & = —ABT(0) + s = —& from
(13.1.6), thus k = %. 1
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Remark 13.4.1 The equality i = /i in Lemmas 11.3.1(p57) (b) changes into respectively &* = * in Lemma 13.4.1(b) and the

equality = fi in (11.1.11(p5) ) changes into b* = a@* in
Lemma 13.4.2(b). 0O

The definition below is the same as Def. 11.3.3(p.59) .

Definition 13.4.2 (reflective element and non-reflective element) It should be noted that the left side of each of the equalities
in Lemmas 13.4.1(i) and 13.4.2(i) is respectively s and Sz without the hat symbol “ “”; in other words, s; and Sz are not
subjected to the reflection. For the reason, let us refer to each of s; and S; as the non-reflective element and to each of all

the other elements as the reflective element. [

Definition 13.4.3 (correspondent replacement operation ép) Let us call the operation of replacing the left-hand side of each
equality in the above lemma with its right-hand side the correspondence replacement operation Cp. [

13.4.2 Identity Replacement

Lemma 13.4.3 (Zr)  The left side of each equality below is for F € Z corresponding to any F € .F and the right side is for
F&Z where F=F---[1"].1 Then:

(a) F(§)=F(€) 2] and f(§) = f(€)---[3"] for any €,
(b) a=a, b*=b", b=,

(©) T(z)=T(x),

(d) L(z)=L(x),

() K(z)=K(z),

(f) L(s)=L(s),

(8) === g,

(h) =z = g,

(i) sz= sz,

G) r=k. O

Proof (a) Clear from [17].

(the first and last equalities of (b)) Immediate from (a). The second equality will be proven after the proof of (c).

(¢) From (13.2.1(2)) we have p(z) = Pr{€ < z} = . f(&)de. Then, due to [3*] we have p(z) = J7 . f(&)de = Pr{e <
z} = p(z) from (5.1.31). Hence, we have that T (z) given by (13.2.1(1)) becomes T (z) = min; p(z)(z — z), which is identical to
T(x) given by (5.1.32), i.e., T (x) = T(z) for any .

(the second equality of (b)) From (13.2.7) and (c) we have b* = sup{x | T(z) < b — x}, hence from (b) we get b* = sup{z ’
T(z) <b—x}="b" due to (5.1.39).

(d,e) Noting (c), from (13.2.3) and (5.1.33) we immediately see that the first equality is true. Similarly, from (13.2.4) and
(5.1.34) we immediately see that the second equality is true.

(f) (13.2.5) becomes c (s) = L (ABb + s) due to (b). This can be rewritten as c (s) = L(ABb+ s) due to (d), which is the
same as £ (s) given by (5.1.35).

(g-i) Evident from (d-f).

(j) (13.2.6) becomes k = ABT(0) + s due to (c), which is the same as & given by (5.1.36). 1

Definition 13.4.4 (identity replacement operation Zp) Let us call the operation of replacing the left-hand of each equality in
the above lemma with its right-hand the identity replacement operation Zp. [

Lemma 13.4.4 (iﬂi) The left side of each equality below is for F' € % corresponding to any F € F and the right side is for
F €. where F =F---[1"]. Then:

(a) F(&) =F(&)---[2] and f(£) = f(§)---[3"] for any £,
(b) @a=a, a*=a", b=0,

(c) T(x)=T(z),

(d) L(z)=L(2),

(e) K(z)=K(z),

(f) L(s)=L(s),

(8) =y = a1,

(h) zx = zx,

(i) sz = sc,

G) k=x. 0O

TSee Lemma 11.1.1(p.56) (b)
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Proof (a) Clear from [1*].
(The first and last equalities of b)) Immediate form (a). The second equality will be proven after the proof of (c).

(¢) From (13.1.1(2)) we have p(z) = Pr{z < &} = [* f(€)d¢. Then, due to [3*] we have p(z) = [ f(€)dE = Pr{z < &} =
p(z) from (5.1.18). Hence, we have that T'(x) given by (13.1.1 (1)) becomes T(z) = max. p(z)(z — z), which is identical to T'(x)
given by (5.1.19), i.e., T(x) = T(z) for any x.

(the second equality of (b)) From (13.1.7(1)) and (c) we have &* = inf{z | T(z) > @ — «}, hence from (b) we get
a* =inf{z | T(z) > a — 2} = a* due to (5.1.26). Thus, the second equality of (b) is true.

(d) Noting (c), from (13.1.3) and (5.1.20) we immediately see that the first equality becomes true. Similarly, from (13.1.4)
and (5.1.21) we immediately see that the second equality becomes true.

(f) Firstly, (13.1.5) becomes £ (s) = L (ABa — s) due to (b). This can be rewritten as £ (s) = L (ABa — s) due to (d), which
is the same as £ (s) given by (5.1.22).

(g-1) Evident from (d-f).
(j) (13.1.6) becomes & = ABT(0) — s due to (c), which is the same as x given by (5.1.23). I

Definition 13.4.5 (Identity replacement operation fp) Let us call the operation of replacing the left-hand of each equality in
the above lemma with its right-hand the identity replacement operation Zp. [

13.5 Scenario of Type P
13.5.1 Scenario|P]

This section provides the scenario that derives o/ {M:1[P][A]} (buying model) from .« {M:1[P][A]} (selling model), denoted by
Scenario[PP].

o Before proceeding with the discussion, let us review the process of the transformation of attribute vectors in Scenario[R],
summarized as below (the same as (11.5.30(p.62) )).

Step 1[R]: O(a i, a1, ax, se.k, Ty L, K, £,Vi) (O(/{MARIA]}))
A A A A1
Step 2[R] - OQdiﬂi ib’ ij-i'Ka 55’1%7 f" L: K’ ‘éi t)
T T A e A (13.5.1)
Step 3[R]: Lemma 11.3.1(p3) — 0(b, p,ia, 2z, 2z, sz, kT, L, K, L, V)
R
Step 4[R]: Lemma 11.3.3(p59) — 0(b, p,ia, Tp, Ty, Sz, K, T, L, K, L,V4) (O(«/ {M:1[R][A]}))

o Prior to entering into Step 1[P] of Scenario[P], first a and p in Step 1[R] are replace by a* and a respectively (application of
Ag-p), and then Step 2[P] follows. Next, in Step 3[P], Lemma 13.4.1(p84) is used instead of Lemma 11.3.1(p57) and in Step 4[P],
Lemma 13.4.3 is used instead of Lemma 11.3.3(p59). This flow can be rewritten as follows.

Step 1[R]: O(a, p, b, xo,2x, sc,k, T, L, K, L,V})
I T A A A A A
Step 1[P]:  Scenario[P) ib, L, 2k, sc,k, T, L, K, £L,Vy) (0(«{M:1[P][A]})
S T T
Step 2[P]: ib, &, dx, Sc,R, T, L, K, L, V)
A (13.5.2)
Step 3[P]: Lemma 13.4.1(p84) a, Tz, xz, Sz, B, T,L,K,L, V)
N
Step 4[P]: Lemma 13.4.3(p86) ta, Tp, T, S5 R, T, L, K, £,Vi) (6(«{M:1[P][A]})

From the above flow of Scenario[P] we see that the operation transforming 6(<7{M:1[P][A]}) into 8(</{M:1[P][A]}) is eventually
reduced to the operation transforming the first row into the last row, schematized as

a*7a7 b7 L, Tk ,Sc 7K,T7L7K7£,‘/t
Spop=diL viv 1 L v o1 1Ll A (13.5.3)
b*7 b7 a7 xi7mi€7557i%77‘:‘7i7k7£~7vi
From (I) and (IV) of Table 6.5.1(p31) it can be immediately seen that
SOE{M:1[P][A]} = Sp_3[SOE{M:1[P][A]}]. (13.5.4)

From the above discussion it can be seen that Lemma 11.5.1(p63) is changed into Lemma 13.5.1 below.

Lemma 13.5.1  Let Aron{M:1[P|[A]} holds on € (Aron). Then Aron{M:1[P|[A]} holds on € (Are) where
Aron{M:1[P][A]} = Sp_3[Aren{M:1[P][A]}]. O (13.5.5)

TCompare the dash box [} with that in (11.5.31(p.63)).
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Finally, for almost the same reason as that for which Theorem 11.5.1(p66) is derived from Lemma 11.5.1(p63) we have Theo-
rem 13.5.1 below.

Theorem 13.5.1  Let o/ {M:1[P][A]} holds on P x .F. Then o/ {M:1[P][A]} holds on P x .F where

A {MA[P|[A]} = Sp.pl{M:1[P][A]}]. O (13.5.6)

In addition, we have (see (12.3.4(p81)))
0(/{M:1[P][A]}) = Sp3[0(</ {M:1[P][A]})] (13.5.7)
= (b",b,a, 27, 55, Tz, R, T, L, K,L, V). (13.5.8)

13.5.2 Scenario|P]

This section provides the scenario that derives «/{M:1[P][A]} (selling model) from & {M:1[P][A]} (buying model), denoted by

Scenario[P].

o Before proceeding with the discussion, let us review the process of the transformation of attribute vectors in écenario[R},
summarized as below (see (11.8.32(p.71))).

Step 1[R]: 0(ib, pia, =g, T, sz, &, T, L, K, £,V;) (8(«/{M:1[R][A]}))
o 1 + 14 Al Al Al 4
Step 2([R]: = 0(bf d Gy dg, 52,6, T, LK, L, V7)
A A (13.5.9)
Step 3[R]: Lemma 13.4.1(p8)) — 6(a, oib, zp,xy, sz, k, T, L, K, £,V4)
ol 1 4 B T R
Step 4[R]: Lemma 13.4.3(ps6) — 0(ia, p,ib, xp, Tk, sc,k, T, L, K, L, Vi) (O(Z{M:1[R][A]}))

o Prior to entering into Step 1[[?’] of Scenario[}[”], first b and p in Step 1[1@] are replace by b* and b respectively (application of
Ag-p) and then Step 2[P] follows. In Step 3[P], Lemma 13.4.1(p84) is used instead of Lemma 11.3.1(p7), and finally in Step 4[P],
Lemma 13.4.3 is used instead of Lemma 11.3.3(p59). This flow can be rewritten as follows.

Step 1[R]: 0(b, p, b, xp,xx, Sc,k, T, L, K, L, V)
— A A A A
Step 1[P]  Scenario[P] 0(b*, bia, =z, vz, 55,7, T, L, K, £,V;) (6(«{M:1][P][A]})
il 4 1 D 2 e
Step 2[F] = OCh*, b ia, Gy, 8. 52,0, T, L, K, £, V)
A (13.5.10)
Step 3[P] Lemma 13.4.2(p8) — 0(ia*, a,i b, xp,xx, sz, &k, T, L, K, £,V})
1oLl + 1 B S N A R A
Step 4[P] Lemma 13.4.4(p86) — 0(ia*, a,ib, xL, Tk, sc,k, T, L, K, L,V;) (0({M:1[P][A]})

From the above flow of Scenario|P] we see that the operation transforming 6(</{M:1[P][A]}) into 6(</{M:1[P][A]}) is eventually
reduced to the operation transforming the first row into the last row, schematized as

%b*v b7 a, $f7:‘~£, Ti, S 7Ta L7K7'Ca ‘/t
Spop = O L S R R A . (13.5.11)
a*,aib, wr Kk, T, se T, LKL,V
From (III) and (IV) of Table 6.5.1(p31) it can be immediately confirmed that
SOE{M:1[P][A]} = S5 p[SOE{M:1[P][A]}]. (13.5.12)

From the above discussion it can be seen that Lemma 11.8.1(p.72) is changed into the lemma below.
Lemma 13.5.2 Let Aron{M:1[P][A]} holds on € (Aren). Then Aren{M:1[P][A]} holds on € (Aren) where
Aron{M:1[P][A]} = Sp_p[Aren{M:1[P][A]}]. O (13.5.13)

Finally, for the same reason as the one for which Theorem 11.8.1(p.7) is derived from Lemma 11.8.1(p.72) we have Theorem 13.5.2
below.

Theorem 13.5.2  Let o/ {M:1[P][A]} holds on P x .F. Then o/ {M:1[P][A]} holds on P x .F where

FZ{M:A[P|[A]} = Sp_plZ{M:1[P][A]}]. O (13.5.14)

From (11.8.47(p.72) ) we have
O(c/ (M:A[PIA}) = Spp[0(e/ {M:1[PA]})] (13.5.15)
= (a*,a,b, xr, Sc, xx,k, T, L, K,L, V). (13.5.16)
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13.6 Derivation of &/ {Tp,Lp, Kp,Lp, fp}

For the same reason as in Section 24.1.2(p.249) we see that applying Spp to &/{Tp, Lp, Kp, Lp, ks } given by Lemmas 12.2.1(p.17)—

1226 ylelds ,Qf{T]P ; f/]p , [(]p ) i}p , I%p}

Lemma 13.6.1 (&/{T¢}) For any F € .F we have:

(a) T(z) is continuous on (—o0,00).

(b) T(x) is nonincreasing on (—o0,c0).

(c) T(z) is strictly decreasing on [a, —0).

(d) T(z)+ = is nondecreasing on (—00,00).

(e) T(x)+ = is strictly increasing on (—oo, b*].

(f) T(z)=b—x on[b*,00) and T(x) < b—x on (—oo,b*).
(g) T(x) <0 on (a,00) and T(z) =0 on (—oco,a).

(h) T(x) < min{0,b—x} on (—oo,c0).

(i) T(0)=0bifb* <0 and T(0) =0 ifa > 0.

() BT(x) + =z is nondecreasing on (—oc,00) if B = 1.

(k) BT(z) + z is strictly increasing on (—oo,00) if B < 1.
() Ifz>yandb* >y, thenT(z) +2>T(y) +y.

m) ABT(A\Bb+ s) + s is nondecreasing in s and is strictly increasing in s if AB < 1.
(n) b >b.

Proof by analogy Immediate from applying Sp_,# to Lemma 12.2.1p.77). 1
Direct proof See Lemma A 3.7(p.281) . 1

Applying Sp_p to (12.2.9(p.1) )-(12.2.14), we obtain the relations below:

i =AB8b+s—ABz on [b*,—c0) ---(1),
(x){ < ABb+s—ABz on (—o0,b*) ---(2)

_ =A8b+s—4dx on [b*,00) - (1),
KA ){ < ABb+s—dx on (—oo0,b*) ---(2).
- { <—-1-Bzx+son (a,00) ---(1),
—(1=pB)z+son (—oo,a] ---(2),
K(@)+xz<pBr+s on (—o0,00).

ABb+s+ (1 —N)Bzon [b*,00) - -(1),
Bx+ s on (—oo,a] ---(2).

k@)m:{

K(op)=—-(1=p) 2z (1), L(7z)=01-p)7z - (2)

Proof by analogy Immediate from applying Sp_p to (12.2.9(p.79))-(12.2.14). 1
Direct proof See (A 3.1(p281))-(A3.6). 1

Lemma 13.6.2 (&/{Lz})

(a) L(z) is continuous on (—oo,c0).
(b

) L(x) is nonincreasing on (—oo, 00).
(c) L(x) is strictly decreasing on [a, o0).
(d) Lets=0. Then Z; =a where f < (>)x & L(z) <(=)0= L(z) < (>)0.
(e) Lets>0.

1. 7 uniquely exists with T7 > a where Tp < (= (>)) r & L(z) < (=(>)) 0.
2. ABb+9)/AB> ()b & zp =(<) (ABb+s)/AB<(>)b*. U

Proof by analogy Immediate from applying Sp-,# to Lemma 12.2.2(p80). 1
Direct proof See Lemma A 3.8p.282) . 1

Corollary 13.6.1 (<7 {Lz})

(a) ¥ <(2)z e L(z) <(2)0.
(b) 2 <(>)z=L(z)<(>)0. 0

Proof by analogy Immediate from applying Sp_,# to Corollary 12.2.1(p8). 1
Direct proof See Corollary A 3.2(p.22) . 1
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Lemma 13.6.3 (&/{K:})

((a) K (2) is continuous on (—o0,0).

b) K (z) is nonincreasing on (—oo,00).

(c) K(x) is strictly decreasing on [a,00).

(d) K (x) is strictly decreasing on (—oo,00) if B < 1.

(e) K(x)+ x is nondecreasing on (—oo, o).

(f) K (x) + z is strictly increasing on (—oo, b*].

(g) K (x)+ z is strictly increasing on (—oo,00) if A < 1.

(h) Ifz >y and b* >y, then K(z) +x > K (y) + y.

(i) LetB=1ands=0. Then Tz =a where Tz < (>)z & K(z) < (=) 0= K(z) < (>) 0.
() LetB<1ors>0.

1. There uniquely exists Tz where Tz < (= (>)) v & K(x) < (=>)) 0.
2. (ABb+38)/6 > (<) b & 2z = (<) (ABb+5)/4.
3. Letk < (=(>))0. Then ¢z < (=(>))0. U

Proof by analogy Immediate from applying Sp-,5 to Lemma 12.2.3(p80). 1
Direct proof See Lemma A 3.9(p282) . 1

Corollary 13.6.2 (&7 {K:})

(a) g <(>)ze I?(x) < (>)0.

b)) 2z <(>)z=K(x)< (>0 0

Proof by analogy Immediate from applying Sy, to Corollary 12.2.2(p8). 1
Direct proof See Corollary A 3.3(p23) . 1

Lemma 13.6.4 (&/{Lr/Kr})

(a) Let B=1ands=0. Then Ty = Tz = a.

(b) Let B=1ands>0. Then Tz = Tg.

(¢) Let B<lands=0. Thena < (= (>))0 & 7 < (=(>)) Tz = Tz < (=(=))0.
(d) LetB<lands>0. Thenk < (=(>))0< 77 < (=(>)) Tg = Tz <(=(>))0. 0

Proof by analogy Immediate from applying Sp.p to Lemma 12.2.4(p80). 1
Direct proof See Lemma A 3.10p23) . 1
Lemma 13.6.5 (& {Lz})

(a) L(s) is nondecreasing in s and strictly increasing in s if A\3 < 1.
(b) Let ABb < a.
1. xp > ABb+s.
2. Lets>0 and A\ < 1. Then 7 > A\Bb+ s.
(¢c) Let ABb > a. Then there exists a Sz > 0 such that if Sz > (<) s, then Tp < (>) ABb+ s.

Proof by analogy Immediate from applying Sp5 to Lemma 12.2.5p81). 1
Direct proof See Lemma A 3.11(p23) . 1

Lemma 13.6.6 (kp) We have:
(a) AR=ABb+sifb* <0andk =sifa>0.
(b) Let B<1ors>0. Thenk < (=(>))0. Then Tz < (=(>))0. 0

Proof by analogy Immediate from applying Sp-,5 to Lemma 12.2.6(p81). 1
Direct proof See Lemma A 3.12(p284) . 1

13.7 Derivation of «/{M:1[P]|[A]}
O Tom 13.7.1 («/{M:1[P][A]}) Let 8=1 and s =0.

(a) Vi is nonincreasing in t > 0.
(b) |® d0ITs,(7)|. where CONDUCT,;>;>14. [

Proof by analogy Immediate from applying Sp_,5 to Tom 12.4.1(p82). 1
Direct proof See Tom A4.5p%9) . 1
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O Tom 13.7.2 («/{M:1[P][A]}) Let 8 <0 or s> 0. Then, for a given starting time T > 1:

a) Vi is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.

(
(b) Let Bb < a. Then m”.

(c) Let Bb> a.
1. Let B=1.
i. Letb+s>0b*. Then M”.
ii. Letb+ s < b*. Then M‘ where CONDUCT ;>4 14 -
2. Let <1 ands=0 (s>0).
i. Leta<0 (& <0). Then|® d0ITs,(7)]. where CONDUCT,>¢>1,.
ii. Leta=0 (k=0).

1. Let Bb+s > b*. Then m”'

2. Let Bb+ s < b*. Then WA where CONDUCT 7 >¢>1.4 -
iii. Leta >0 (k& >0).

1. Let Bb+s>b* or sz <s. Then|ed0ITd.(l)].

2. Let Bb+ s < b* and Sz > s. Then Si(pd7) is true.

Proof by analogy Immediate from applying Sp_,5 to Tom 12.4.2(p82). 1
Direct proof See Tom A 4.6(p.2%9) . 1

13.8 Optimal Price to Propose

Lemma 13.8.1 (hon {M:1[P|[A]})  The optimal price to propose z; is nonincreasing in t > 0.

Proof  Obvious from Tom’s 13.7.1(a) and 13.7.2(a) and from (6.2.41(p.23) ) and
Lemma A 3.3p21). 1
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Chapter 14

~ ~

Analogy Theorem (R <> P)

14.1 Relationship between M:1[P][A] and M:1[R][A]
14.1.1 Assertion system &/

First note the three relations below:

A {MARIA]} = Sp_z [/ {MA[RIANY] (& (1L5.5508)),
S MAPIA]} = Az e[ MARIAY (e (12.3.18))),
A (M)A} = S, s [ {M:APIA]}] (- (13.5.6039))).

Then the inverses of the above relations were:

o (M:A[R][A]} = S5 [/ (MA[R]A]}] (+ (11.8.46p7))),
A {MAR][A]} = Ap_ e[ {M:1[P][A]}] (+ (12.3.6p8))),
o (MAPIAT} = Sp_p [/ {MAPIATY] (+ (13.5.14p8)).

From (14.1.3), (14.1.2), and (14.1.4) we obtain the relation below:
S{MAPIA]} = Sp_5 Arr Sg_ple/ {M:1[R]A}}].
As an inverse of this, from (14.1.1), (14.1.5), and (14.1.6) we obtain the relation below:

S {MARJAL} = Sp_z Aror Sp_ple/ {M:A[P]A]}].

14.1.2 System of Optimality Equations SOE

First note the three relations below:

SOE{M:1[R][A]} = Sg_,z[SOE{M:1[R][A]
SOE{M:1[P][A]} = Ar_p[SOE{M:1[R][A]
[

}
H (= (12.3.2081))),
SOE{M:1[P][A]} = Sp_,3[SOE{M:1[P][A]}]

(+ (13.5.4(p81))),

The inverses of the above relations were:

SOE{M:1[R][A]} = S5_,x[SOE{M:1[R][A]}] (¢ (11.8.40(7))),

SOE{M:1[R][A]} = Ap_,&[SOE{M:1[P|[A]}] (+ (12.3.7(:82)),

SOE{M:1[P][A]} = S5_,»[SOE{M:1[P][A]}] (+ (13.5.12(8))),

From (14.1.11), (14.1.10), and (14.1.12) we obtain the relation below:

SOE{M:1[P][A]} = SP*}]}EA]R—)]P’SR*}R[SOE{Mll[R][A]}],

As an inverse of this, from (14.1.9), (14.1.13), and (14.1.14) we obtain the relation below:

SOE(M:AR][A]} = Sz Aposz Sp_o[SOE{M:1[EJ[A]}].
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14.1.3 Attribute Vector 6

First note the three relations below:

0(/ {MA[R][A]}) = Sp_z[0(/ {M:A[R][A]})] (+ (11.5.56(p6))), (14.1.17)
0(<7/ {M:1[P|[A]}) = Az_[0(/{M:A[R][A]})] (+ (12.3.3p31))), (14.1.18)
O(Z {M:1[P|[A]}) = Sp_5[0(/{M:A[P]A]})]  (+ (13.5.708))), (14.1.19)

Then the inverses of the above relations were:

(7 {M:1[R][A]}) = S5z [0(FZ{M:1[R][A]})] (+ (11.8.47(p7))), (14.1.20)
0(Z{M:1[R][A]}) = Apr[0(FZ{M:1[P][A]})] (+ (12.3.8(p82))), (14.1.21)
O(/{M:A[P][A]}) = Sp_p[0(Z{M:A[P][A]})]  (+ (13.5.150p8))), (14.1.22)
From (14.1.19), (14.1.18), and (14.1.20) we obtain the relation below:
O(/ IMLBIAT}Y) = s Anosr g 0(/{MAE][A]})) (14.1.23)

As an inverse of this, from (14.1.17), (14.1.21), and (14.1.22) we obtain the relation below:
0(/{M:AR][A]}) = Sp_,z Arr Sp_p[0(/ {M:1[P][A]})]. (14.1.24)

14.2 Analogy Theorem

Let us note

(A {MAR][A]}) = (b, p,a, T5, Tz, Sz, &, T, L, K,L,Vi) (+ (11.5.57(p66))), (14.2.1)
0(/{M:A[P|[A]}) = (b*,b,a, =7, T, sz, &, T,L,K,£,Vi) (+ (13.5.8p8))). (14.2.2)

Herein let us define
Aip T Ses AR Sz (1), Apg = Spog ArorSsp- - (2)- (14.2.3)

Then, from (14.1.7) and (14.1.8), from (14.1.15) and (14.1.16), and from (14.1.23) and (14.1.24) we have respectively

AP} = A s [A{MARIADY (1) {MARIAL = Ap g [/{MLBIANY] - (2),  (14.2.4)
SOE{M:1[P][A]} = As_,; [SOE{M:1[R][A]}]-- (1)  SOE{M:1[R][A]} = As_; [SOE{M:1[P][A]}}--(2)  (14.2.5)
OM:LEIA]) = Az OMARIA] (1) OMARIAD) = Asz [OMAPIAD] - (2).  (14.2.6)

From (14.2.4 (1)) we immediately obtain the following theorem.
Theorem 14.2.1 (analogy [R — P])  Let o/ {M:1[R][A]} holds on P x .Z. Then </ {M:1[P|[A]} holds on P x .F where

S {M:1[P|[A]} = Az s[« {M:A[R][A]}]. [ (14.2.7)
From (14.2.4 (2)) we immediately obtain the following theorem.

Theorem 14.2.2 (analogy [P — R]) Let o/ {M:1[P|[A]} holds on P x .Z. Then </{M:1[R]|[A]} holds on P x .Z where

A {M:1A[R]A]} = Ap_z [« {M:1[P][A]}]. O (14.2.8)

14.3 Analogy Replacement Operation [R < R]

Here note that Sp_3 ArpSg_,g in the right hand of (14.1.7) means that the three operations are applied in the order of
Sg_r = Ar—p — Sp_3. Then, putting the flow in vertically, we have

def 7,“’) a7 :L‘L7mK78[,,/%,T,i7I~(,Ey‘/t (1)
Sgg=4{i+ +it L+ L 141y (+ (11.8.33(p71)))
a, p,ib, Tr T, Sc 5, Ty LK, L, Vi -2
def a7 /’l' ...(3)
Arop = {000 (« (12.2.1p7)))
*7 a s (4)
a*,a,ib, 2 X, Sc 5, T, L, K, L, Vi) - (5)
Spop A A (+ (13.5.3(p87)))
b*,b,ia, T, Tz, 8z, &k, T, L, K,L,Vi]| -6




The above flow means the following:

o First, let us focus attention on elements outside the dashbox {i. Then, we see that first (1)-row changes into (2)-row, next
(2)-row is identical to (5)-row, and finally (5)-row changes into (6) -row, which is identical to the original (1)-row. In other
words, it follows that (1)-row remains unchanged outside the dashbox even if these operations are applied.

o Next, let us focus attention on elements inside the dashbox {}. Then, we see that first (1)-row changes into (2)-row, next
(2)-row changes into (4)-row via (3)-row, and finally (4)-row changes into (6)-row via (5)-row. In other words, b and p in
(1)-row change into respectively b* and b in (6)-row through the application of these operations.

From the above we see that the triple operations Sp_,z Ar—pr Sg_,x can be eventually reduced to the single operation

b7 H7a7‘rL7mK7 Ei% Ti/f{viz‘/i
Ap pZ4 bie v v bbb
b*7b7 a, xL7mK7 Ey"% Ti’f(7£~7‘/t
Removing the unchanged elements from the above Az_ 5, we can rewrite this as
Az p={b—=b", p— b} (14.3.1)

Similarly, Sp_,z Ar—r Sp_,p in the right hand of (14.1.8) means that the operations are applied in the order of S_,p — Ap—r —
Sr_fi- Then, putting the flow in vertically, we have

b*, bia, T, 25,87k, T, L. K,L, Vi) -1
SeopZAid biv 44 L 4L L (+ (13.5.11(p8)))
a*,a,ib, L ,Tx,5c,6, T, LK, L, Vi | - (2)
def a’*7 a < (3)
Apsr =410 4 (+ (12.3.5p81))
a7 JLL ...(4)
et a, [, b, L Tk ,5c ,k, T, L,K,L, Vi | ---(5)
Spog ={i+ +ib L L 4 L L Ly (+ (11.5.31(p63)))
b, wla, T7, T3, 85 &, T, L. K,L, V] (5

Accordingly, it follows that the above flow can be eventually reduced to as follows.

Az ={0"—=0b, b pu}. (14.3.2)
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Chapter 15

Integration Theory

15.1 Flow of the Whole Discussion

The complete picture of the integration theory can be summarized as follows:

(1) /{Tr} is proven (Lemma 9.1.1(p41) ).

(2) {Lr,Kr,Lr,kz} is proven (Lemmas 9.2.1(p.43) —9.3.1(p.45) ).

3y /{M:1[R][A]} is proven (Tom’s 10.2.1(p47) and 10.2.2).

(4) 7 {M:1[R][A]} is derived (Tom’s 11.7.1(p69) and 11.7.2).

() A{Tp} is proven (Lemma 12.2.1(p.17)).

(6) /{M:1[P]|[A]} is derived (Tom’s 12.4.1(p82) and 12.4.2).

(7)  /{M:1[P][A]} is derived (Tom’s 13.7.1p%) and 13.7.2).

(8) The analogous relation between .7 {M:1[P][A]} and &/ {M:1[R][A]} is shown (Theorems 14.2.1p.%) and 14.2.2).
(9) The diagonal symmetry is proven (Theorems 17.1.1(p.113)-17.1.6).

The above flow over (1) —(9) can be schematized as in Figure 15.1.1 below where the inside of the three shadow-boxes [__]
are directly proven and the inside of the remaining frame-boxes [ | excluding (9) are derived by applying Sp_,z, Ar—sp, and

SR*}R'

Lemma 9.1.1(p41) Lemma 9.2.1(p43) -9.2.4 Tom 10.2.1(p47) Tom 11.7.1(p.69)
(1) (2) (3) s - (4)
R—R -
W{TR} —_— %{LR,KR,ER,K/R} I—— M{Ml[R“A}} D —— .!Z{{Ml[RMA]}
Skor
) (8)
AR—P AP-R ’ diagonal symmetry ‘ AR—P| | AP—R ARSB| | APoR
S]P’—»l”" ~
FA{M:1[P[A]}| —— | #{M:1[P][A]}
(5) (6) (7)
Lemma 12.2.1(p.77) Tom 12.4.1(p82) Tom 13.7.1(p.90)

Figure 15.1.1: The flow of the whole discussion of the integration theory

All operations Sx_,y and Ax_,y within the flow depicted by Figure 15.1.1 are ones used in the eight theorems below:

- Theorems 11.5.1
- Theorems 12.3.1
- Theorems 13.5.1
- Theorems 14.2.1

p66) and 11.8.1(p72) (symmetry).
p81) and 12.3.2p8) (
p88) and 13.5.2(p88) (symmetry).
p9) and 14.2.2(p.94) (

analogy).

analogy).
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15.2 Overview of Integration Theory

The interrelationship among the quadruple assertion systems within the dashbox i.i of Figure 15.1.1 implies the following.
First, an assertion system of the model M:1[R][A] selected as a seed within the quadruple-asset-trading-models Q(M:1[A]) is
defined and proven. Next, the assertion system for each of the remaining three models is derived by sequentially applying the
symmetry transformation operation and the analogy replacement operation, Sy_,5, Ar—p, Sp_,3, and Ap_, to results obtained
for the seed assertion system. Since it is proven that any of these operations are reversible, even if any other assertion system
within Q(M:1[4]) is selected as a seed, the same flow as the above can holds. Let us refer to the methodology which integrates
the quadruple assertion systems in such a fashion as stated above as the integration theory. In the conventional methodology
all within the quadruple assertion systems must be separately defined and one by one proven. On the other hand, in our
methodology based on the integration theory, the number of assertion systems which are defined and proven is only one as a
seed. In Part 3 that follows we try to apply the integration theory to all of the remaining five quadruple-asset-trading-models
in Table 3.3.1(p11) except for Q(M:1[A]) the analysis of which was already ended. After having finished reading Part 3, it will
be realized that the integration theory provides a strong tool for the treatment of asset trading problems.

15.3 Summary of Operations

For convenience of reference, below let us copy (11.5.31(p63)), (13.5.3(p87)), (12.2.1(p77)), and (14.3.1(p.%) ), which are used as the
symmetry transformation operation and the analogy replacement operation in the correlation diagram of Figure 15.1.1 above.

a, W, b, CL’L,JTK,SL,I@',T,L,K,[:,W
Spop=4{+ ¢t ¢ L L L oL L1l . (15.3.1)

b’/‘l’7 a’ xl‘:'?mié’si’i%? T7 E7[~<7‘C~7 W

*
a*,a, b, x Xk ,Kk, S, T, L, K, L, V;

SpLp={ 1 L 4 L L oL L oL oL . (15.3.2)
b*7 b? a? xi7xi€7i%7 S£7T7 i/7 K7 £~7 %

Apop={a—a", p— a}. (15.3.3)

Agp=1{b—=b", p— b} (15.3.4)
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Chapter 16

Inheritance and Collapse

16.1 Another Aspect of Trading Problems
First, let us note the following;:

1. In a selling problem, a seller (leading trader) delivers the asset to a buyer (opponent trader); in other words, the buyer
receives it from the seller.

2. In a buying problem, a buyer (leading trader) receives the asset from a buyer (opponent trader); in other words, the seller
delivers it to the buyer.

The above can be schematized as below.

leading trader opponent trader
selling problem: seTlier (delivering-side) — (recieving-side) buiyer (16.1.1)
buying problem: buyer (recieving-side) <« (delivering-side) seller (16.1.2)

16.2 Trading Problem with Negative Price

Next, let us note that a price w may become negative on the total market . (see A7(p8)); however, the price is usually positive
in the real world; in other words, it cannot become zero or negative. Now, let us consider the case that an asset traded there
is, for example, such industrial wastes as surplus soil, concrete blocks, etc. which are disposed of when a building is broken up.
Then, in whether a selling problem or a buying problem, the buyer as a receiving-side rightly requires an amount of money as
disposal cost instead of paying an amount of money. This implies that the problem of dealing such an item can be regarded as
a trading problem with a negative price.

16.3 Three Kinds of Markets

Let us call # = {F | —00 < a <t < b < oo} (see (2.1.5(p3))), called the total market, and let us define the following three kinds
of markets:

F+rE{F | 0<a<b} (positive market), (16.3.1)
FEE(F |a<0<b} (mized market), (16.3.2)
F- ZA{F | a <b<0} (negative market). (16.3.3)

Each of the above three markets implies the following:

(a) Positive market #* 1In an asset trading problem in the real world, the price is usually positive, i.e., the problem is defined
on this market.

(b) Negative market %~ The trading problem in Section 16.2 is defined on this market; this is also called junk market.

(c) Mixed market .#* For example, suppose you must waste a piece of well-worn furniture, say a book cabinet, sofa bed,
etc. For such a good, normally there exist the two kinds of receiving-sides: One who pays some money on the ulterior
motive that some profit might be obtained by reselling it, the other who requires some money for the reason that some cost
may be incurred for its disposal. This market can be regarded as a market in which the positive market and the negative
market are mixed; this is also called secondhand market.

For the above reason, in order to discuss an asset trading problem more generally and comprehensively it is better to extend
the region of price to the total market .# = (—o0, 00).
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Remark 16.3.1 (life of durable goods) A new durable good (automobile, house furnishings, TV, etc.) is first placed on
the positive market .# T, gradually deteriorates year after year, then is drove to the mixed market .#* before long, and finally is
junked in the negative market % ~. This deterioration flow implies that in order to complete a theory of trading it will become
necessary to make discussions over all of the three markets .#*, #*, and Z~. [

16.4 Market Restriction

Let us refer to the restriction of the total market .# to a given subset .#’ C .% as the market restriction of . to %', called the
restricted-total-market. In the present paper, we consider the three kinds of market restrictions defined in Section 16.3. Let us
denote the operations of restricting .% to the above three restricted markets by the same symbols .#*, #*, and %, called the
positive market restriction, the mized market restriction, and the negative market restriction respectively. Throughout the rest
of this paper, by Model®, Model®, and Model™ let us denote the models defined on the restricted markets #*, .+, and %~
respectively, called the market restricted models. For explanatory convenience, for x = 1,2,3 and X = A,E let us define:

OM:z[X]") = {Mw[R][X]*, M:z[R][X] ", M:z[P][X]*, M:z[P][X] "}, (16.4.1)
OM:z[X]%) = {M:z[R][X]E, M:z[R][X] ", M:z[P][X]%, M:z[P][X] ), (16.4.2)
QM:z[X]7) = {M:z[R][X]”,M:z[R][X] ", M:z[P][X],M:z[P][X] }. (16.4.3)

Remark 16.4.1 (inheritance and collapse) Herein recall that the integration theory consisting of the symmetry theorem
and the analogy theorem is what can be constructed under the basic premise that the price, whether reservation price or posted
price, is defined on the total market .# = (—o0,00) (see Chapter 16(p.%)). Accordingly, if the total market .Z is restricted to
a subset .%’ C .#, then it must be examined whether the symmetrical relation and the analogous relation given by the two
theorems are inherited or collapses. [J

When no change occurs even if a market restriction is applied to a given assertion A, the assertion is said to be free from the
market restriction, called the market-restriction-free assertion.

Lemma 16.4.1 (market-restriction-free) FEven if a market restriction is applied to a market-restriction-free assertion, no
change occurs. [l

Proof Evident. 1

16.5 Market Restriction for Quitting Penalty p

e Selling Problem to dispose of it by delivering it to a junk dealer on payment of some cost p’ > 0. Since “paying some cost
p' > 0 to the junk dealer who is a buyer” implies “receiving the negative selling price p = —p’ < 0 from the buyer”. This
implies that the selling problem can be regarded as a selling problem with the negative selling price p < 0. Not only for the
above reason but also to discuss the problem more generally, in this paper we dare to define the p on (—oo, 00). If there exists
no junk dealer who wants to receive it even if proposing however large the cost p’ > 0, the seller must dump it by himself. If
it is not illegal, the seller will dump it at his own expense p’ > 0; however, if it is illegal, the seller will be someday punished
with a fine p’ > 0. Finally, if the seller is not willing to illegally dump it, then such an ASP does not take shape as a real
problem to attack; Such problem must be said to be unworthy to discuss.

e Buying Problem Now, since the action of buying an asset from a seller can be regarded as that of receiving it from the seller,
if it is a good such as an industrial waste, the buyer as a receiving-side (leading trader) naturally requires some money p’ > 0
to the seller as a delivering-side (opponent trader); this problem can be said to be an asset buying problem with the negative
buying price p = —p’ < 0. Now, herein let us consider a question “Whether or not there can exist an asset buying problem
(ABP) with a negative buying price p’ < 0 ?” Temporarily, suppose that such an asset buying problem exists. Then, it is an
asset buying problem where the buyer pays the negative price p’ < 0. Since “payment of the negative buying price p’ < 0”
implies “acquisition of the positive buying price p = —p’ > 0 nevertheless it is a buying problem”; needless to say, such an
absurd story is not possible at all from a real viewpoint. For this reason, in order to discuss the problem more generally the
buying price p’ < 0 must be defined on (—o0, 00) similarly to in ABP. If there exists no seller who wants to sell it however large
the price may be, then such an ABP does not take shape as a real problem to tackle, hence it must be said to be unworthy to
discuss.
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16.6 Constrains of Inequality Conditions by Market Restriction

The lemma below will be used later on when performing the operation of market restrictions.
Lemma 16.6.1 (positive market ) Suppose 0 < a.
[mjéjm]() < a < p<b. Proof: Evident from (2.1.3(p3)).

[rei[.ngij <b for0< B <1. Proof: Immediate from 0 < 1 x b < b.
: f[%(ifjg’u <bfor0< B <1. Proof: Immediate from 0 < 1 X pu < b.
[rc[[?gﬁgj@a <bfor0< B <1. Proof: Immediate from 0 < 1 X a < b.

: igJ 0 < Bu and Bp < a are both possible. Proof: Since 0 < a < 1 x u, the former is possible for 0 < 3 < 1 sufficiently close to 1 and
re

the latter is possible for any sufficiently small 8 > 0.
6467a < Bb and Bb < a are both possible. Proof: Since 0 < a < 1 X b, the former is possible for 0 < 8 < 1 sufficiently close to 1 and

6
e the latter is possible for any sufficiently small 8 > 0.

: ‘I’Q%Jﬂb <b* for 0 < 8 <1. Proof: Immediate from 0 < 1 x b < b* due to Lemma 13.6.1(p&) (n). 0
rel.

)

Lemma 16.6.2 (mixed market #*) Suppose a <0 < b.

[J§J62a<ﬁu<bf07“0<ﬂ§1. Proof: Let ¢ = 0. Thena < p=fBu=0<bfor 0 < B8 <1. Let u#0. Ifa < g < 0, then

ref.

a<]1><u<0§b,hencea<ﬁu<0§bf0r0<6§1andif0<u<b,thena§0<1><u<b,hencea§0<5u<bfor0<5§1.
Accordingly, whether a < u < 0 or 0 < p < b, we have a < Bu < b for any 8. Thus, whether u = 0 or u # 0, it follows that a < Bu < b for
0<p<I.

: JgJo7jﬂa<bf0r0<B§1. Proof: Since 1 x a <0 < b, we have Ba <0<bfor 0 < < 1.
ret.

[[%%Jgg]a<,6’bf0r0<6§1. Proof: If b > 0, then a <0 <b=1xb, hence a <0 < Bbfor any 8. If b=0,then a <b=0= 8 x 0= Sb
rer.
for 0 < B < 1. Therefore, whether b > 0 or b = 0, we have a < 8b for 0 < 8 < 1.

[[1{16496]61* < Ba for 0 < f < 1. Proof: Immediate from a* < 1 x a < 0 due to Lemma 12.2.1(p.77) (n).
rer.

[[1{26J98(3b <b* for 0 < B <1. Proof: Immediate from 0 < 1 x b < b* due to Lemma 13.6.1(p89) (n). 0
ret.

Lemma 16.6.3 (negative market .%#~) Suppose b < 0.
[Llf%lgﬁ]a < <b<0. Proof: Evident from (2.1.3(p8)).

[[1f% & <Pa0< p<1. Proof: Immediate from a <1 x a < 0.
refl.

L
43
i

[[1{6% 2](1 < Bb for 0 < 8 < 1. Proof: Immediate from a < 1 x b < 0.
rer.

]
]a < Bu for0 < B < 1. Proof: Immediate from a < 1 X pu < 0.

[[1f77J7SF,u < b and b < Bu are both possible. Proof: Since 1 X pu < b < 0, the former is true for 0 < 8 < 1 sufficiently close to 1 and the
Tatter is true for any sufficiently small 8 > 0.

[“f%i%fa < b and b < Ba are both possible. Proof: Since 1 X a < b < 0, the former is possible for 0 < 8 < 1 sufficiently close to 1 and
el.
the latter is possible for any sufficiently small 8 > 0.

[[%%Jlg]a* < Ba for 0 < < 1. Proof: Immediate from a* < 1 X a < 0 due to Lemma 12.2.1(p.77) (n). U
ref.

16.7 Market Restriction of Assertion Systems

16.7.1  &{M:1[R][A]"F "}
16.7.1.1 Positive Restriction
O Pom 16.7.1 («/{M:1[R][A]"}) Suppose a > 0. Let 3 =1 and s = 0.

(a) Vi is nondecreasing in t > 0.
(b) [® d0ITs.~1(7)|. where CONDUCT,>¢>1.. 0 — - ®

Proof The same as Tom 10.2.1 due to Lemma 16.4.1(p.100). &

O Pom 16.7.2 («/{M:1[R][A]"}) Suppose a > 0. Let B <1 or s> 0.

(a) V4 is nondecreasing in t > 0 and converges to a finite V > xx ast — co.
(b) Let Bu > b (impossible).

(c) Let Bu < b (always holds).

1. Let p=1.
i. Letp—s<a. Then|®d0ITd,~i(1)|. — L d)
ii. Let u—s>a. Then|® d0ITs,~1(7T)|. where CONDUCT,>;>1. — - ®

2. Let <1 ands=0. Then|® d0ITs,>1(7)|. where CONDUCT,>;>1. — — @
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3. Let<1ands>0.
i. Let B> s. Then[® d0ITs,>1(r) . where CONDUCT,>¢>1, (see Numerical Example 16.8.1(p105))
N - ©
ii. Let s> Bu. Then m” (see Numerical Example 16.8.2(p.109)) — —-@®

Proof  Suppose a > 0, hence b > a > 0---(1). Let 3 <1lor s > 0. Then kK = B — s---(2) from Lemma 9.3.1(p4) (a) with
A=1

(a) The same as Tom 10.2.2(p48) (a).

(b,e) Always Bu < b due to [3(p.101)] | hence By > b is impossible.

(c1) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.

(cli,clii) The same as Tom 10.2.2(cli,clii).

(¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 10.2.2.

(¢3) Let 8 <1ands>D0.

(c3i) Let Bu > s. Then, since x > 0 due to (2), it suffices to consider only (c2i) of Tom 10.2.2.

(c3ii) Let Bu < s. Then, since K < 0 due to (2) and since Bu—s < 0 < a, it suffices to consider only (c2iil,c2iiil) of
Tom 10.2.2. 1
16.7.1.2 Mixed Restriction
O Mim 16.7.1 (Z{M:1[R][A]*}) Suppose a <0 <b. Let 3 =1 and s = 0.

(a) Vi is nondecreasing in t > 0.
(b) |[® d0ITs,~1(7)|. where CONDUCT,>¢>1.. 0 — —O)

Proof The same as Tom 10.2.1 due to Lemma 16.4.1(p100). B

O Mim 16.7.2 (#{M:1[R][A]*}) Suppose a <0<b. Let <1 or s> 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.
(b) Let B > b (impossible).

(¢c) Let Bu < b (always holds).

1. LetB=1.

i. Let p—s<a. Thenmu — - @

ii. Letpu—s>a. Then ‘ where CONDUCT;>¢>1. — - ®
2. Let <1 and s=0. Then|® d0ITs,>1(7)|. where CONDUCT >¢>1. — - ®
3. Let p<1ands>0.

i. Let s < BT(0). Then M‘ where CONDUCTr>¢>14 — - ®

ii. Let s = pT(0).

1. Let Bu—s<a. Then|ed0ITd,>1{(1)|, — - @

2. Let B — s> a. Then M‘ where CONDUCT r>¢>1. — — @
ili. Let s > BT(0).

1. LetBu—s<aor sc <s. Then .dOITd?l ) — - @

2. Let Bu—s>a and sc >s. Then S1pd7) [O21®1] s true — - ®/®

Proof Suppose a <0 <b. Let < 1ors>0.

(a) The same as Tom 10.2.2(a).
b,c) Always Bu < b due to [8(p.101)], hence Bu > b is impossible.
cl) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.
cli,clii) The same as Tom 10.2.2(cli,clii).

c2) Let B <1and s =0. If b > 0, then it suffices to consider only (c2i) of Tom 10.2.2 and if b = 0, then since always
Bu — s = pu > a due to (8] , it suffices to consider only (c2ii2) of Tom 10.2.2. Therefore, whether b > 0 or b = 0, we have the
same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions are immediate from Tom 10.2.2(c2i-c2iii2) with k = 8T(0) — s from
(5.1.7(p17)) with A=1. I

16.7.1.3 Negative Restriction
O Nem 16.7.1 (Z/{M:1[R]|[A]"}) Suppose b < 0. Let $ =1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b) We have |® d0ITs,>1(7)[s where CONDUCT,>¢>1. — —®

Proof The same as Tom 10.2.1 due to Lemma 16.4.1(p.100). 1
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O Nem 16.7.2 (#Z/{M:1[R][A] }) Supposeb < 0. Let B <1 ors>0.

(a) V4 is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.

(b) Let B >b. Then[@d0ITd,>:(1)] — - @®
(c) LetBu<bd.
1. Letg=1.
i. Let p—s<a. Then|@d0ITd,>1(1)]; — L d)
ii. Let p—s>a. Then ‘ where CONDUCTr>¢>14 — - ®
2. Let <1 and s=0. Then Si(p4) is true — - ®/®
3. Letf<1ands>O0.
i. LetBu—s<aor sc <s. Then[®d0ITd,>(1)], — - @®
ii. Let Bu—s>a and sz >s. Then Si(pd]) [©a]@1] is true — - ®/®

Proof Suppose b < 0---(1). Let 8 <1 or s > 0. Then, we have Kk = —s---(2) from Lemma 9.3.1(p.5) (a). Moreover, in this

case, both B > b and Bu < b are possible due to [17(p.101)] .
(a,b) The same as Tom 10.2.2(a,b).
(¢) Let Bu<b. Then sz >0---(3) from Lemma 9.2.4(p4) (c).

(c1) Let 8 =1, hence s > 0 due to the assumption 8 < 1 or s > 0.
(cli,clii) The same as Tom 10.2.2(cli,clii).

(c2) Let 8 < 1and s=0. Then, due to (1) it suffices to consider only (c2iiil,c2iii2) of Tom 10.2.2. Since By —s = Bu > a
due to [15(p.101)] and since s =0 < s, due to (3), we have Tom 10.2.2(c2iii2).

(c3-c3ii) Let 8 <1 and s > 0. Then, since x < 0 due to (2), it suffices to consider only (c2iiil,c2iii2) of Tom 10.2.2. 1

16.7.2 & {MAR]ATT)

16.7.2.1 Positive Restriction
O Pom 16.7.3 (d{m:l[R}[Aﬁ}) Suppose a > 0. Let B =1 and s = 0.

(a) V4 is nonincreasing in t > 0.

(b) We have |® d0ITs;>1(7T) |s where CONDUCT;>¢>1a- - ®

Proof The same as Tom 11.7.1(p69) due to Lemma 16.4.1(p100). 1

O Pom 16.7.4 (d{M:l[R}[Aﬁ}) Suppose a > 0. Let f <1 or s> 0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.

(b) Let B < a. Then [T 1), — - e
(¢c) Let Bu> a.

1. Let B=1.
i. Letu+s>b. Thenmu — - @
ii. Letp+s<b. Then[® d0ITs,>1(T)]. where CONDUCT,>;>1, — 0)
Let 3 <1 and s =0. Then S1(p47) s true — - & /®
3. LetB<1ands>0."
i. Let Bu+s>bor Sz <s. Then|ed0ITd ()], — - @®
ii. LetBu+s<band Sz >s. Then S1(pd) is true (see
Numerical Example 16.8.3(p110)) — - ®/®

Proof Suppose a > 0---(1), hence & = s---(2) from Lemma 11.6.6(p.68) (a). Here note that u8 < a and pB > a are both

possible due to [5(p.101)] .

(a,b) The same as Tom 11.7.2(a,b).

(¢c) Let Bu>a. Then sz >0---(3) due to Lemma 11.6.5(c) with A = 1.

(cl-clii) Let 8 =1, hence s > 0 due to the assumptions 8 < 1 and s > 0. Thus, we have
Tom 11.7.2(cli,clii).

(¢c2) Let 8 < 1and s =0. Then, since Su+ s = Bu < b due to [3(p.101)] and since Sz > 0 = s from (3), due to (1) it
suffices to consider only (c2iii2) of Tom 11.7.2.

(¢3-c3ii) Let 8 <1 and s> 0. Then, since & > 0 due to (2), it suffices to consider only (c2iiil,c2iii2) of Tom 11.7.2. 1
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16.7.2.2 Mixed Restriction
O Mim 16.7.3 (d{M:I[R][A]i}) Suppose a <0< b. Let f=1 and s =0.
(a) Vi is nonincreasing in t > 0.

b) We have|® d0ITs,;>1(7)|a where CONDUCT>¢>1. — —
( >

Proof The same as Tom 11.7.1(p69) due to Lemma 16.4.1. 1
O Mim 16.7.4 (< {M:1[R][A]"
(a) V& is nonincreasing in t > 0 and converges to a finite V< T ast — oo.
(b) Let B < a (impossible).

(c) Let B > a (always holds).

1) Suppose a <0<b. Let <1 ors>0.

1. Letg=1.

i. Letu+s>b. Thenm”. - @

ii. Let u+s<b. Then A where CONDUCT,>¢>14  — —®
2. Let3<1ands=0. Then M‘ where CONDUCT,>¢>14  — —®
3. Let <1 and s> 0.

i. Let s < —BT(0). Then[® d0ITs,>1(7)|s where CONDUCT,>¢>14 — - ®

ii. Lets=—BT(0).

1. Let Bp+s>b. Then[@d0ITd-~1 (1)) — - @®

2. Let Bu+ s <b. Then A where CONDUCTr>¢>1. — — @
iii. Let s > —pBT(0).

1. Let Bu+s>bor S <s. Then|ed0ITd,>(1l ;H — - @

2. Let Bu+s<band Sz >s. Then S1(p4) ;®” is true — - ®/®

Proof  Suppose a <0 < b.
(a) The same as Tom 11.7.2(a).
(b,c) Always Bu > a due to [8(p.101)] | hence B < a is impossible. Hence Sz > 0--- (1) due to Lemma 11.6.5(.68) (c).

(cl-clii) The same as Tom 11.7.2(cl-clii).

(c2) Let 8 <1ands=0. Let a < 0. Then it suffices to consider only (c2i) of Tom 11.7.2. Let a = 0. Now, in this case,
since S+ s = B < b due to [8(p.101)] , it suffices to consider only (c2ii2) of Tom 11.7.2. Accordingly, whether a < 0 or a = 0,
we have the same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions become true from Tom 11.7.2(c2i-c2iii2) with & = 87(0) + s from
(5.1.16(p17)). 1

16.7.2.3 Negative Restriction
O Nem 16.7.3 (%on {M:1[R][A] })  Suppose b < 0. Let 3 =1 and s = 0.

(a) V4 is nonincreasing in t > 0.
(b) Then|® d0ITs,>1(7)[s where CONDUCT,>¢>1. — - ®

Proof The same as Tom 11.7.1(p69) due to Lemma 16.4.1. 1

O Nem 16.7.4 (%on {M:1[R][A] })  Suppose b < 0. Let 3 <1 ors > 0.

(a) V& is nonincreasing in t > 0 and converges to a finite V< Tz ast — oo.
(b) Let Bu < a (impossible).

(¢) Let B > a (always holds).

1. Letp=1.

i. Let u+s>b. Thenmu — - @

ii. Let p+s<b. Then A where CONDUCTr>¢>1.  — - ®
2. Let <1 ands=0. Then|® d0ITs,>1(7)|. where CONDUCT,;>¢>14 — - ®
3. Let<1ands>0.

i. Let fu < —s. Then A where CONDUCT»>¢>1.  — - ®

ii. Let fu > —s. Then MH - @
Proof Suppose b < 0---(1), hence a <b < 0---(2). Then & = B+ s---(3) due to Lemma 11.6.6(a).
(a) The same as Tom 11.7.2(p.6) (a).
(b,e) Always a < Bu due to [15(p.101)], hence Su < a is impossible.
(cl-clii) The same as the proof of Tom 11.7.2(cl-clii).
(¢2) Let 8 <1ands=0. Then, due to (2) it suffices to consider only (c2i) of Tom 11.7.2.
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(c3) Let f<1ands>0.
(c3i) Let Bu < —s, hence Bu + s < 0. Hence, since & < 0 due to (3), it suffices to consider only (c2i) of Tom 11.7.2.

(c3ii) Let Bu > —s, hence Bu+ s > 0. Let Bu+ s = 0. Then, since & = 0 due to (3) and Bu+ s > b due to (2), it suffices
to consider only (c2iiil) of Tom 11.7.2. Let Su + s > 0. Then, since & > 0 due to (3), it suffices to consider only (c2iii) of
Tom 11.7.2. Then, since Bu + s > 0 > b due to (1), it suffices to consider only (c2iil) and (c2iiil) of Tom 11.7.2. Accordingly,
whether S+ s =0 or Bu+ s > 0, we have the same result. 1

16.7.3 & {M:A[P][A]"F "}
16.7.3.1 Positive Restriction
O Pom 16.7.5 («/{M:1[P][A]*}) Supposea >0. Let 3=1 and s =0.

(a) Vi is nondecreasing in t > 0.

b) We have|® d0ITs,;>1(7)|a where CONDUCT;>¢>1a — —
( >t>

Proof The same as Tom 12.4.1 due to Lemma 16.4.1(p.100). &

O Pom 16.7.6 («/{M:1[P][A]"}) Suppose a > 0. Let 3 <1 or s > 0.

(a) V& is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.
(b) Let Ba > b (impossible).

(¢c) Let Ba < b (always holds).

1. LetB=1.
i. Leta—s<a”. Thenm” — - @
ii. Leta—s>a*. Then MA where CONDUCT>¢>1. — - ®
2. Let <1 ands=0. Then ‘ where CONDUCT;>¢>1. — - ®
3. Let <1 ands>0.
i. Lets < BT(0). Then[® d0ITs,>1(T) . where CONDUCT,>¢514 — - ®
ii. Let s = BT(0).
1. Let Ba—s<a*. Then|e®d0ITd.~(1)|} — - @
2. Let fa—s>a*. Then|® d0ITs,>1(7) |, where CONDUCT;>¢>1. — - ®
iii. Let s > BT(0).
1. LetBa—s<a* or st <s. Then odo:[Tle%l% = - @
2. Let Ba—s>a* and sc > s. Then S1p47) [@4[®1] =& /®

Proof Suppose a > 0, hence b >a > 0---(1).

(a) The same as Tom 12.4.2(a).

(b,c) Always Ba < b due to [4(p.101)], hence Ba > b is impossible.

(cl-clii) The same as Tom 12.4.2(cl-clii).

(¢2) Let B < 1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 12.4.2.
(

¢3-¢3iii2) Immediate from Tom 12.4.2(c2-¢2iii2) with k = ST(0) — s from
(5.1.23(p18)) with A = 1. W

16.7.3.2 Mixed Restriction
O Mim 16.7.5 (&/{M:1[P][A]*}) Suppose a <0 <b. Let =1 and s = 0.

(a) V4 is nondecreasing in t > 0.

(b) We have |® d0ITs,(7) |, where CONDUCT>¢>1. — - ®

Proof The same as Tom 12.4.1 due to Lemma 16.4.1(p.100). &

O Mim 16.7.6 (#{M:1[P][A]T}) Suppose a <0 <b. Let 3 <1 or s > 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.
(b) Let Ba > b (impossible).

(c) Let Ba < b (always holds).

1. Let B =1.

i. Leta—s<a*. Then|®d0ITd.~1(1)| — - @

ii. Leta—s>a*. Then|® d0ITs,>1(T)|. where CONDUCT,>¢>1. — - ®
2. Let <1 and s =0.Then MA where CONDUCT 7 >¢>14 — - ®
3. Let3<1ands>0.

i. Lets < BT(0). Then|® d0ITs,;>1(7T) | where CONDUCT,>¢>1a — A0,

ii. Let s = pT(0).

1. Let fa—s <a*. Then|®d0ITd,~1(1)|.

2. Let Ba— s> a”*. Then M‘ where CONDUCT r>¢>14  — - ®
iii. Let s> pT(0).
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1
1
(o)

1. LetBa—s<a* or s <s. Then ;‘
2. Let fa—s>a* and sc >s. Then Si(pd7) [@4][®1] - ®/®
Proof Suppose a <0 <b.
(a) The same as Tom 12.4.2(a).
b,c) Always Ba < b due to [9(p.101)] | hence Ba > b is impossible. .

(
(cl-clii) The same as Tom 12.4.2(c1-clii).
(

c2) Let S <1lands=0.Ifb> 0, the assertion is true from Tom 12.4.2(c2i) and if b = 0, then Ba — s = Ba > a”* from
[11(p.101)], hence the assertion become true from Tom 12.4.2(c2ii2). Accordingly, whether b > 0 or b = 0, we have the same
result.

(c3-c3iii2) The same as Tom 12.4.2(c2i-c2iii2) with x = 8T(0) — s from
(5.1.23(018))) with A = 1. W

16.7.3.3 Negative Restriction
O Nem 16.7.5 (&Z{M:1[P][A]"}) Suppose b < 0. Let f =1 and s =0.

(a) Vi is nondecreasing in t > 0.

b) We have |® dOITs (7). where CONDUCT,>;>1. — —
( 0>

Proof Immediate from Tom 12.4.1 due to Lemma 16.4.1(p.100). 1

O Nem 16.7.6 (Z{M:1[P][A]"}) Supposeb < 0. Let B <1 ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite > Tx ast — oo.

b) Let fa >b. Then|e®d0ITd ~1(1 — - O
( Il

(¢c) Let Ba <b.
1. LetB=1.

i. Leta—s<a*. Then[®d0ITd,>:(1)], — - O
ii. Leta—s>a*. Then|® d0ITs,>1(r)|. where CONDUCT,>;>1. — O]
2. Let <1 ands=0. Then Si(p47) — -G /®
3. Letf<1ands>0.
i. Let Ba—s<a* or s <s. Then ‘W%;H — -0
ii. LetBa—s>a* and sc >s. Then Si(pd47) [9A191] — - ®/®
Proof Suppose b < 0---(1), hence k = kp = —s---(2) from Lemma 12.2.6(a). Then, both Sa > b and fa < b are possible

due to [18(p.101)]. If Ba < b, then sz > 0---(3) due to Lemma 12.2.5p81) (c) with A = 1.
(a) The same as Tom 12.4.2(a).
(b) Let Ba > b. Then, the assertion is true Tom 12.4.2(b).
(¢) Let Ba <b.
(cl-clii) The same as Tom 12.4.2(c1-clii).

(¢2) Let B < 1ands=0. Then, due to (1) it suffices to consider only (c2iii) of Tom 12.4.2. In addition, since Sa—s = fa > a*
due to [19(p.101)] and since sz > 0 = s due to (3), it suffices to consider only (c2iii2) of Tom 12.4.2.

(c3-c3ii) Let 8 <1 and s> 0. Then, since x < 0 from (2), it suffices to consider only (c2iii) of Tom 12.4.2. I

16.7.4 o {MAP|A]"" )

16.7.4.1 Positive Restriction
O Pom 16.7.7 (%{l\?l:l[P][A]Jr}) Suppose a > 0. Let f =1 and s = 0.

(a) V& is nonincreasing in t > 0.
(b) We have |® d0ITs,(7) |, where CONDUCT,>¢>1. — - ®

Proof The same as Tom 13.7.1 due to Lemma 16.4.1(p.100). &

O Pom 16.7.8 (sz{{I\N/I:I[P][A]Jr}) Suppose a > 0. Let f <1 ors>0.

(a) V& is nonincreasing in t > 0 and converges to a finite V> Tz ast — oo.
(

b) Let Bb< a. Then|[@d0ITd,(1)] — -0
(c) Let Bb> a.
1. LetB=1.
i. Letb+s>0b*. Then |ed0ITd, (1), —
ii. Letb+ s <b*. Then|® d0ITs.(7)|. where CONDUCT;>¢>1. — - ®
2. Let <1 ands=0. Then S1(p47) — - ®/®
3. Let <1 and s> 0.
i. Let fb+s>b" or Sz <s. Thenmu. - @®
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ii. Let Bb+ s <b* and Sz > s. Then S1(pd7) — - ®/®
Proof Suppose a > 0---(1). Then, kK = s---(2) from Lemma 13.6.6(a). In this case, 8b < a and b > a are both possible
due to [6(p.101)] | and if b > a, then sz > 0---(3) due to Lemma 13.6.5(p) (¢) with A = 1. In addition, we have

(a,b) The same as Tom 13.7.2(a,b).
(c) Let 8b>a.

(cl-clii)

The same as Tom 13.7.2(cl-clii).

(c2) Let B < 1ands =0. Then, due to (1) it suffices to consider only (c2iii) of Tom 13.7.2. In this case, since Sb+s = 5b < b*
due to [7(p.101)] and since s >0 = s due to (3), it suffices to consider only (c2iii2) of Tom 13.7.2.

(c3-c3ii) Let 8 <1 and s> 0. Then, since & > 0 due to (2), it suffices to consider only (c2iii-c2iii2) of Tom 13.7.2. 1

16.7.4.2 Mixed Restriction
O Mim 16.7.7 (%{l\?l:l[]P’][A]i}) Suppose a <0< b. Let B=1 and s =0.

(a) Vi is nonincreasing in t > 0.
(b) [® d0ITs,(7)|. where CONDUCT,>¢>1. — - ®

Proof The same as Tom 13.7.1 due to Lemma 13.7.1. 1

O Mim 16.7.8 (d{M:l[P][A]i}) Suppose a <0 <b. Let B <1 ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V> T ast — oo.
(b) Let b < a (impossible).

(c) Let b > a (always holds).

1. LetB=1.
i. Letb+s>0b*. Then[ed0ITd, (1)];. -+ @
ii. Letb+s<b*. Then WA where CONDUCT>¢>14 — - ©®
2. Let<1ands=0. Then WA where CONDUCT 7 >¢>14  — - ®
3. Let <1 ands>0.
i. Lets< —pBT(0). Then [® d0ITs,(7)]s where CONDUCT>;514 — - ®
ii. Lets=—BT(0).
1. Let Bb+s>b*. Then[@d0ITd,(1)|, — - @
2. Let b+ s < b*. Then[® d0ITs, ()|, where CONDUCT,>¢>1. — - ®
iii. Let s > —BT(0).
1. Let Bb+s>b" or Sz <s. Then|edDITd-(1)], — - ®
2. Let fb+ s <b* and Sz > s. Then S1(p47) — - ®/®

Proof Letb>02>a---(1).
(a) The same as Tom 13.7.2(pJ1) (a).
(b,c) Always 8b > a due to [10(p.101)] | hence 8b < a is impossible.
(cl-clii) The same as Tom 13.7.2(cl-clii).

(c2) Let 8 < 1 and s = 0. Then, it suffices to consider only (c2i-c2ii2) of Tom 13.7.2. Let a < 0. Then, the assertion is
true from Tom 13.7.2(c2i). Let a = 0. Then, since 8b+ s = b < b* due to [12(p.101)], it suffices to consider only (c2ii2) of
Tom 13.7.2. Accordingly, whether a < 0 or a = 0, we have the same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions hold from Tom 13.7.2(c2i-c2iii2) with & = BT(0) + s from (5.1.36(p.19))
with A=1. 1§

16.7.4.3 Negative Restriction

O Nem 16.7.7 (&/{M:1[P][A]” }) Suppose b < 0. Let 8 =1 and s = 0.

(a) V4 is nonincreasing in t > 0.

(b) We have |® d0ITs.(T)|. where CONDUCT,;>¢>1. — - ®

Proof The same as Tom 13.7.1 due to Lemma 16.4.1(p.100). 1

O Nem 16.7.8 («/{M:1[P][A] }) Suppose b< 0. Let 3 <1 ors > 0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V> Tz ast — oo.
(b) Let b < a (impossible).

(c) Let Bb> a (always holds).

1. LetB=1.
i. Letb+s>0b". Thenm\\ — -0
ii. Letb+s<b". Then|® d0ITs.(7)|s where CONDUCT,>¢>14 — - ©
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2. Let <1 ands=0. Then WA where CONDUCT 7 >¢>14 — — @
3. Let <1 ands>0.

i. Lets< —,BT(O)A Then WA where CONDUCTr>;514 — - ®
ii. Let s =—BT(0).
1. Let Bb+ s >b*. Then|ed0ITd - (1)], — - @
2. Let b+ s < b*. Then[® d0ITs,(7)|. where CONDUCT>¢514 — - ®
iii. Let —BT(0) < s.
1. Let Bb+s>b* or 5z <s. Then|ed0ITd (1)|, — - ®
2. Let Bb+s <b* and Sz > s. Then Si(p47) — -6 /®

Proof Let b< 0, hence a <b<0---(1).

(a) The same as Tom 13.7.2(pJ1) (a).

(b,c) Always b > a due to [16(p.101)] | hence 8b < a is impossible.

(cl-clii) The same as Tom 13.7.2(cl-clii).

(¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 13.7.2.

(c3-c3iii2) Let B < 1 and s > 0. Then, the assertions hold from Tom 13.7.2(c2-c2iii2) with & = BT(0) + s from (5.1.36(p.19))
with A=1. 1

16.8 Numerical Example
B Numerical Example 16.8.1 (& {M:1[R][A]}1)

This is the example for [® d0ITs,>1(7) . in Pom 16.7.2(.101) (c3i) with parameters a = 0.01, b = 1.00, 8 = 0.98, and s = 0.05.
Then, we have zx = 0.6436. Figure 16.8.1 below is the graphs of I = 7'V, for 7 = 2,3,--- ,15 and t = 1,2,--- ,7 (see
(7.2.9(p34))). For example, the two points on the line of 7 = 2 are given by V2 = 0.538513 («) and Vi = 0.98 x 0.444900 =
0.436002 (), hence Vo > V4. Similarly, the three points on the polygonal curve of 7 = 3 are given by V3 = 0.583152 (),
BVa = 0.98 x 0.538513 = 0.52774274 (), and A2V} = 0.982 x 0.4449 = 0.42728196 (), hence Vs > BVa > B2Vi. Then, the value
of ¢ on the horizontal line corresponding to the bullet « provides the optimal initiating time ¢} for each of 7 =2,3,--- ,15, i.e.,
OIT,(t;), so we have t; = 2, t3 =3, -+, t5 = 15 (see t; - column of the table below). This result means A for
T7=2,3,---,15. Since V; — BV, > 0 for t = 2,3, - ,15 (see values of V; — SV - column in the table below), we have L(V;_1) >0
from (10.1.2(p47)), meaning Conductis>;>14 from (10.1.6(p47)), i.e., it is strictly optimal to conduct the search on 15 > ¢ > 1.

[006(1)LatexEdit.TEX] Vi — Vi1, t* (0IT)[006(1)Data.DAT]
i i t V. Vi—BVii tdecisi
rx = 0.6436 0.6436 L T t— t—1  lr decision
\\\Q 5
0.6 1 0.444900
2 0.538513 +0.102511 2 Conduct,
3 0.583152 +0.055409 3  Conduct,
0.538513 4 0.607492 +0.036003 4  Conduct,
5 0.621595 +0.026252 5  Conduct,
It =87tV 0.5 6 0630035 +0.020871 6 Conduct, LTAB7473x]
7 0.635180 +0.017745 7  Conduct,
8 0.638351 +0.015874 8  Conduct,
0.436002 9 0.640318 +0.014734 9  Conduct,

10 0.641544 +0.014032 10 Conduct,
0.4 11 0.642309 +0.013596 11  Conduct,
12 0.642788 +0.013325 12 Conduct,

t =12 13 0.643088 +0.013155 13  Conduct,
FIGT74 14 0.643276 +0.013040 14 Conduct,
1[ XG 105 ] T R 15 0.643303  +0.012983 15 Conduct,

0.3—

|
1514 13121110 9 8 7 6 5 4 3 2 1 0
Figure 16.8.1: Graphs of It = 877"V, (15 > 7 > 2,7 >t > 1) where « represents 0IT

*Note that a = 0.01 > 0, 8 = 0.98 < 1, and s = 0.05 > 0. Then, since u = (0.01 + 1.00)/2 = 0.505, we have Bu = 0.98 x 0.505 = 0.4949 >
0.05 = s. Thus, the condition of this assertion is satisfied.
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B Numerical Example 16.8.2 (&/{M:1[R][A]}1)

This is the example for [@ d0ITd,~1(1)]; in Pom 16.7.2(p.101) (c3ii) with a = 0.01, b = 1.00, 8 = 0.98, and s = 0.50." The bullet « in
each of the 14 straight lines in Figure 16.8.2 below shows that the optimal initiating time t; degenerates to time 1 (i.e., t; =1
for 7 =2,3,---,15) under Preference Rule 7.2.1(p.3), i.e.,|® d0ITd,;—23,... 15(1) ||. The result comes from the fact of V; — 8V, = 0

r=23,---,15 ie., IT

T=15

fort=2,3,---,15 with t = 2,3,--- ,15 (see V; — 8V;_1 - column in the table below), leading to V; = BV, _1 = --- = 7 'V; for
-1 1
=" =---=1I; forT=2,3,---,15.
Vi — BVi-1 [006(2)Data.DAT]
t Vi Vi—BVio & St
[006 (2)LatexEdit] o
1 —0.005100
2 —0.004998  0.000000 1 —0.00010200
1-0.0040 3 —0.004898  0.000000 1 —0.00021960
4 —0.004800  0.000000 1 —0.00029996
5 —0.004704  0.000000 1 —0.00039600
6 —0.004610  0.000000 1  —0.00049008
= 7 —0.004517  0.000000 1 —0.00058220
8  —0.004427  0.000000 1 —0.00067334
e == - - . +0.0045 9 —0.004338  0.000000 1 —0.00076154
. . —_— . 10 —0.004252  0.000000 1  —0.00084876
I =p7"'V; —ee = 11 —0.004167  0.000000 1 —0.00093304
—— 12 —0.004083  0.000000 1 —0.00101634
3 e 13 —0.004002  0.000000 1  —0.00109866
T 1-0.0050 14 —0.003922  0.000000 1 —0.00117804
[FIG7478x] = ) 15  —0.003843  0.000000 1 —0.00125644
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 > [TAB7407X]

151413121110 9 8 7 6 5 4 3 2 1 0

Figure 16.8.2: Graphs of It = 7'V, (15> 7 > 2,7 >t > 1) where » represents 0IT

Note here that numbers in Vi-column are all negative, i.e., red ink, meaning that attacking the asset selling problem makes
no profits. Accordingly, if this is of a-E-case (see Concept 2ai(pd)), you must resign to the red ink and if it is of a-A-case (see

Concept 2aii(pJ) ), it suffices to pass over the problem without attacking the selling problem itself.
Since 0.5 x (a + b) = 0.505 and since V; < 0 < 0.01

T(V1)
T(Va)
T(V3)
T(Vy)
T(Vs)

=0.
= 0.
= 0.
= 0.

=}

505 — (—0.005100) = 0.510100,
505 — (—0.004998) = 0.509998,
505 — (—0.004898) = 0.509898,
505 — (—0.004800) = 0.509800,
.505 — (—0.004704) = 0.509704,

T(Vg) = 0.505 — (
T(V7) = 0.505 — (
T(Vg) = 0.505 — (
T(Vy) = 0.505 — (
T(Vig) = 0.505 — (

Since S; = 0.98 x T'(V;—1) — 0.5 from (6.2.10(p.22) ), we get

Sp =0.98
S3 =0.98
sS4 =0.98
S5 = 0.98
Sg¢ = 0.98

X
X
X
X
X

0.
0.
0.
0.
0.

510100 — 0.5 = —0.00010200,
509998 — 0.5 = —0.00021960,
509898 — 0.5 = —0.00029996,
509800 — 0.5 = —0.00039600,
509704 — 0.5 = —0.00049008,

S7 = 0.98 x 0.50961
Sg = 0.98 x 0.50951
Sg = 0.98 x 0.50942
S1p = 0.98 x 0.50933
S11 = 0.98 x 0.50925

a for t = 1,2,---,15 (see Vi-column of the above table), from
(A7.6(1)(p26)) we have T'(Vz) = 0.505 — V; for t = 1,2,--- , 15, hence we have:

—0.004610) = 0.509610,
—0.004517) = 0.509517,
—0.004427) = 0.509427,
—0.004338) = 0.509338,
—0.004252) = 0.509252,

0 — 0.5 = —0.00058220,
7 —0.5= —0.00067334,
7 —0.5 = —0.00076154,
8 — 0.5 = —0.00084876,
2 — 0.5 = —0.00093304.

T(Vy1) = 0.
T(Vyg) = 0.
T(Vy3) = 0.
T(Vi4) = 0.
T(Vy5) = 0.
515 = 0.98
S13 = 0.98
S14 = 0.98
S15 = 0.98

505 — (—0.004167) = 0.509167,
505 — (—0.004083) = 0.509083,
505 — (—0.004002) = 0.509002,
505 — (—0.003922) = 0.508922,
505 — (—0.003843) = 0.508843.

X 0.509167 — 0.
X 0.509083 — 0.
X 0.509002 — O.
X 0.508922 — 0.

—0.00101634,
—0.00109866,
—0.00117804,
= —0.00125644,

From the results of the above numerical calculation we have S; < 0 for 15 > ¢ > 1, hence it is strictly optimal to skip the
search over 15 > ¢ > 1 due to (6.2.9(p.22) ), i.e., Skip.. However, since V; — fV,_1 =0 for 15 > ¢ > 1 (see (V; — fV;—1)-column
. = BV, i.e., the profit attained are indifferent over 15 > ¢ > 0. This is not a

in the above table), we have Vis = fVi4 = --

contradiction, which is a false feeling caused by confusion from the jumble of intuition and theory (see Alice 3(p.3) ).

TNote that a = 0.01 > 0, 8=0.98 <1, and s = 0.50 > 0. In addition, since p = (0.01 4+ 1.00)/2 = 0.505, we have B = 0.98 x 0.505 = 0.4949 <
0.50 = s. Thus, the condition of the assertion is satisfied.

109



B Numerical Example 16.8.3 («/{M:1[R] [A]+} (buying model)
This is the numerical example for [® nd0IT, > (&) ] in S1(p4) of Pom 16.7.4(p.103) (c3ii) with @ = 0.01, b = 1.00, 8 = 0.98,

and s = 0.05." Then, we have sz = 0.323274. Hence, the optimal initiating time ¢} is given by ¢ attaining min,>:>o It (see

(7.2.10p3))).* The bullet « in Figure 16.8.3 below shows the optimal initiating time for each of 7 =2,3,---,15 (see ¢ - column
in the table below). From the figure and table we see that t; = 7 for 7 =2,3,--- ,7, i.e., [® d0ITs7>,>1(7) ]} (see (1) of S1(p47))
and that ¢t = 7 for 7 = 8,9,---,15, i.e., | ® nd0IT,~7(7)|; (see (2) of S1(p47)). In the numerical example note the fact that
S=1 (Vr—1) are all negative (< 0 (—), i.e., Skip,) for t = 2,3,---,7 and positive (> 0 (+), i.e., Conduct,) for t = 8,9,---,15.
Moreover, note that we have V; — fVi_1 = 0 or equivalently V; = gV;_1 for t = 8,9,--- ,15 and V; — BV;_1 < 0 or equivalently
Vi < BViy for t = 2,3,---,7 (see V; — BVi_1-column), hence Vis = fVia = B2Viz = - = B%V7 < 8%V < B0Vs < -+ <
B*V1 (see B*~Vi-column), so we have m“'
[018(1)LatexEdit
] p plo—t v, Vi —BVie1  BY¥tW,  #f S, =L(Vi—1) decision
. JF 105

0.753641  0.544900 0.410658
0.769022  0.442388  —0.091614  0.340206
0.784716  0.391004  —0.042535  0.306827
0.800731 0.361335  —0.021849  0.289332
0.817072 0.343013  —0.011094  0.280266
0.833747 0.331264  —0.004889  0.276190
0.850763  0.323555  —0.001084  0.275268

0.868125 0.317084 0.000000  0.275268
0.885842  0.310742 0.000000  0.275268
0.903920  0.304527 0.000000  0.275268
0.922368  0.298437 0.000000  0.275268
0.941192  0.292468 0.000000  0.275268
0.960400 0.286618 0.000000  0.275267
0.980000 0.280886 0.000000  0.275268

—0.091614 Conduct,
—0.042535 Conduct,
—0.021849 Conduct,
—0.011094 Conduct
—0.004889 Conduct,
—0.001084 Conduct,

+0.001338  Skip,
40.003326  Skip,
40.005233  Skip,
+0.007064  Skipa
40.008822  Skipa
40.010508  Skipa
+0.012127  Skipa

N
ol
-
=
3
X
1
o
w
e e
EhRERox|[Nouswn—

N
[y
(=)
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ot

[FIG7482x]
1 1 1 1 1 1 1 1 1 1 1 1 1
1514131211109 8 7 6 5 4 3

0.2

NN NN NN NN O Gt W

1.000000 0.275268  0.000000  0.275268 +0.013680  Skip,
[TAB7474x]

Figure 16.8.3: Graphs of It = 877"V, (15> 7> 2,7 >t > 1)

fNote that a = 0.01 > 0,b=1.00, 3 =0.98 < 1, and s = 0.05 > 0. Then, since u = (0.014+1.00)/2 = 0.505, we have Bu = 0.98 x 0.505 = 0.4949,
hence Bu + s = 0.4949 + 0.05 = 0.5449 < 1.00 = b. In addition, Sz = 0.323274 > 0.05 = s. Thus, the conditions for the assertions are satisfied.
fNote that this is a selling model with cost minimization.
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Chapter 17

Diagonal Symmetry

17.1 Model with R-mechanism

17.1.1 Identicalness of Condition-Spaces % (7om) and % (7om)

First, note that ¢(7om) = & x F (see (10.3.27(p53))) and € (Tom) = & x .F (see (11.5.52(p65))). Then, since & = Z (see
Lemma 11.1.1(p56) (a)), we have €' (Tom) = & x .F , hence we have

€ (Tom) = P X F =€ (Tom) . (17.1.1)

In other words, the shapes of the two condition-spaces & (7om) and % (7om) are given by the identical deformed circle (see
Figure 17.1.1 below).

identical

Figure 17.1.1: Identicalness of Condition-Spaces % (Tom) and % (7om)

17.1.2 Non-identicalness of Restricted Condition-Spaces %’ (Tom) and %’ (7om)

17.1.2.1 Restriction of Total-Market
Herein let us again consider the market restriction of F to ' (see Section 16.3(p%))) where

F' CZF. (17.1.2)
Then, let us define
%' (Tom) = {(p,F) | p € Pron, F € Fronp € F'} (see (10.3.16(p3l))), (17.1.3)
¢ (Arn) = {(P,F) | P E Pare, F € Fagip CF'} (see (10.3.9p))), (17.1.4)
€' (Tom) S Uronc7on®”’ (Tom) = UroneTon Uapgueron 6 (Aton)  (see (10.3.24(p52))). (17.1.5)
In addition, let us define
F'E{F|FeF'}  (see (11.1.3p5))) (17.1.6)
where clearly 5 5
F'c gt (17.1.7)
Then, let us define
%' (Tom) = {(p,F) | p € Prons F € Fronp CF'} (see (10.3.16(31))), (17.1.8)
¢ (Aten) = {(p,F) | pE Pay, , F €Fu,_1pCF'} (see (11.5.4408))), (17.1.9)
¢ (Tom) = Uy 7@ (Tom) = Uy 7on U cromn € (Agon)  (see (11.5.49064))). (17.1.10)

TDue to (17.1.2) we have ' = {F | F€ #'} C{F |F € I} = F.
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Hereupon, let us replace .# and ¢ (7om) by .#' and %’(7om) respectively. Then, through quite the same reasoning as in
Section 10.3(p49), it can be easily seen that we have

€' (Tom) = P x F' (see (10.3.27(p:3))). (17.1.11)

Similarly, let us replace % and ?(Tom) by %' and ‘g/ﬁ’om) respectively. Then, through quite the same reasoning as in
Step 11.5(p63), it can be easily seen that we have

¢ (Tom) = P x F'  (see (11.5.52(p))) (17.1.12)

Here, note that it cannot be always guaranteed that .%’ and .’ becomes equal (i.e., Z' % .Z’),} hence, since P x F' X P x F'
we have

€' (Tom) = P x F' X P x F' =€ (Tom) (17.1.13)

schematized as below

Figure 17.1.2: Non-identicalness of €’ (Tom) = 2 x .#' and €’ (Ton) = P x .F'
Now, due to (17.1.2) and (17.1.7) we have
PxF CPxF and PxF CPxF=PxF (seeLemma 11.1.1p) (a)), (17.1.14)
hence, noting (17.1.1(p111) ), we have
C'(Tom) = P x F' C P x F =%C(Ton) and €' (Tom) =P x .7 C P x.F CPx.F==%(Tom). (17.1.15)

Accordingly, superimposing Figures 17.1.1 onto 17.1.2 yields Figure 17.1.3 below.

(original) (original)

€ (Tom) = P x F € (Tom) = P x F

(restricted)
€' (Tom) = P x F'

9

(restricted)
¢ (Tom) = P x F'

()

Figure 17.1.3: Superposition of Figures 17.1.1 onto 17.1.2

The inclusion relations depicted in Figure 17.1.3 implies that what holds on ¢(7om) - - - (I) holds also on ¢”(Tom) ---(I') and
that what holds on ¢'(7om) - - - (II) holds also on ¢’ (Tom) - - - (I'). Accordingly it follows that the validity of Corollary 11.5.3(p63),
which holds on € (Tom) = .F x .# and ¢(Tom) = .F x .Z, is in its entirety inherited to ¢’ (Tom) = F x #' and €' (Tom) = F X F'.
This fact implies that the corollary can be rewritten as Corollary 17.1.16 below:

Corollary 17.1.1  Let o/ {M:1[R][A]} holds on & x F'. Then, & {M:1[R][A]} holds on P x .Z' where

A{MAR]A]} = Sy z[A{M:A[R]A]}]. O (17.1.16)

17.1.3 Diagonal Symmetry
As the generalized-restricted-total-market .#’ let us consider the following three cases:

F'=FF... (1), F=F*..02), F=F-.-03). (17.1.17)
In addition, as one corresponding to each case above we can consider (see (11.1.3(p5)))

F =Ft={F|FeF"}.- (1), F=F ={F|FecF} (2, F=F ={F|FecF } - (JI7.1.18)

Then, we have the following lemma:

T« represents “not always equal” (“#£” is “equal”)
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Lemma 17.1.1  We have:
Fr=F...(1), Fr=7%..2), F =7..(1). [ (17.1.19)

Proof of (1) Consider any F' € .+ = {F ‘ F € #1}. Then, since F € 7, we have F(¢) = Pr{€¢ < ¢} with 0 < a < € <b.
Then, since F'(€) = Pr{€ < £} with 0 > & > E€>b wehave F e F ,s0o Ft C .7 ... (1*). Consider any ' € .#~. Then, since
F(g) = Pr{€ < &} with a < £ < b <0, we have F(§) = Pr{¢ < &} witha > £ =€ > b > 0, so that F € F*, hence F' € F7.
Thus %~ C #*. From this and (1*) we have #+ = .7 .

Proof of (2) Consider any F' € % = {F | F € #*}. Then, since F € Z*, we have F(¢) = Pr{¢ < ¢} with a < 0 < b.
Then, since F(§) = Pr{€ < ¢} with @ > 0 > b, we have F' € Z*, so ¥+ C F* -++(2"). Consider any Fe ﬂti. Then, since
F@) = Pr{g < €} with @ < 0 < b, we have F(g) = Pr{¢ < ¢} with @ > 0 > b, so that F € #*, hence I’ € #*. Thus
FEC . From this and (2*) we have * = 7+,

Proof of (3) Consider any F' € .%~ = {F | F € #~}. Then, since F E F~, we have F(§) =Pr{¢€ < ¢} witha < € <b<0.
Then, since F/(¢) = Pr{€ < ¢} witha > € > b > 0, we have F € F* s0.%~ C.Z*+...(3"). Consider any I € .Z¥. Then, since

F(6) =Pr{€ < ¢} with 0 < a < &€ < b, we have F(§) = Pr{E§§}W1th0>a>£:%>i),sothatFeﬂ'*,hencepeﬂﬁ
Thus .#+ C . ~. From this and (3*) we have %~ =.Z+. 1

Theorem 17.1.1  Let &/ {M:1[R][A]*} holds on P x .ZT. Then, o/ {M:A[R][A]”} holds on & x .F~ where

A {M:AR][A]"} = Szl {M:L[R][A]"}]. O (17.1.20)
Proof Let F' = Z*, hence M: I[R] [A] in Corollary 17.1.1 can be rewrltten as M 1[R] [A] (see (16.4.1(p.100))). Then, since
F' = F7* from (17.1. 18( )) and Z+ =.Z~ from (17.1.19 (1)), we have .#' = , hence M:1[R][4] in Corollary 17.1.1 can be
rewritten as M:1[R][A]. Accordingly, Corollary 17.1.1 can be rewritten like the theorem. ]

Theorem 17.1.2  Let o/ {M:1[R][A]*} holds on & x F*. Then, M{M'I[R][A]i} holds on P x F* where

A {MARIA T} = Sy g [ {MA[R][A]*}]. D (17.1.21)

Proof Let 7' = Z*, hence M:1[R][A] in Corollary 17.1.1 can be rewritten as M:1[R] [Aji (see (16.4.2(p.100))). Then, since
F' = Z% from (17.1.18 (2)) and .Z+ = .Z* from (17.1.19 (2)), we have .#’ = .Z% hence M:1[R][A] in Corollary 17.1.1 can be

rewritten as M:1[R] [A]i. Accordingly, Corollary 17.1.1 can be rewritten like the theorem. 1

Theorem 17.1.3  Let &/{M:1[R][A]" } holds on & x .F~. Then, M{l\?l:l[R][A]Jr} holds on & x FT where

S{MARIAT} = Sz [ {MA[R][A]}). O (17.1.22)
Proof Let #' = Z~, hence M:1[R][A] in Corollary 17.1.1 can be rewritten as M:1[R]J[A]” (see (16.4.3(p.100))). Then, since
F' = from (17.1.18(3)) and &~ = F " from (17.1.19 (3)), we have .’ = F T, hence M:1[R][A] in Corollary 17.1.1 can be
rewritten as M:I[R] [A]Jr. Accordingly, Corollary 17.1.1 can be rewritten like the theorem. |

It can be easily seen that the inverses of the above three theorems can be given as below:

Theorem 17.1.4  Let &/ {M:1[R][A]" } holds on & x .F~ . Then, o/ {M:1[R][A]"} holds on P x F* where
S {MARIAI*} = Sg_p [ (MAR][A] "}, O (17.1.23)

Theorem 17.1.5 Let M{M:I[R][A]i} holds on P x F* . Then, o/ {M:1[R][A]} holds on & x F* where

A {MARIA)F} = S5 o[ {MA[R][A]}]. D (17.1.24)

Theorem 17.1.6  Let ,Qf{l\?l:l[R][Aﬁ} holds on 2 x F*+ . Then, @ {M:1[R][A]"} holds on & x F~ where
S {MARIA] "} = Sp_p [/ {(MAR]A] T}, D (17.1.25)
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The relationships showed by (17.1.20)-(17.1.22) and (17.1.23)-(17.1.25) can be schematized as in Figure 17.1.4 below.

#{M:1[R][A]*} o {M:1[R][A] "}

(e) ()
F{M:1[R][A]E} | < (b) <<b>> A/ {M:ARA]}

/ <a>/ “
o {M:1[R][A] "} o {M:1[R][A] "}

Figure 17.1.4: Symmetrical Relations

1

Definition 17.1.1 (diagonal-symmetry)  Let us refer to the relationships depicted by Figure 17.1.4 above as the diagonal-
symmetry, denoted by D-~v . Here let us represent the diagonal-symmetry as below:

(a) Z/{M:A[R][A]"} D-~v o7 {M:1[R][A]"}, (17.1.26)
(b)  Z{M:1[R][A]"} D-~v 7 {M:1[R][A]F}, (17.1.27)
(¢) Z{M:1[R][A]”} D-~ &Z{M:1[R][A]}. O (17.1.28)

Exercise 17.1.1 (diagonal symmetry)

(a) Confirm by yourself that (17.1.26) holds in fact by comparing Nem 16.7.2(p.103) and Pom 16.7.4(p.103) .
(b) Confirm by yourself that (17.1.27) holds in fact by comparing Mim 16.7.2(p.102) and Mim 16.7.4(p.104) .
(c) Confirm by yourself that (17.1.28) holds in fact by comparing Pom 16.7.2(p.103) and Nem 16.7.4(p.104). [

Here let us represent in Figure 17.1.4 by . Then the figure can be rewritten as below.

o/ {M:1[R][A] T} 1

™~

<C>\ /(a)
o {M:1[R][A]*} «<b>7<<b>> S/ {M:1[R][A]}

(a)” (c)

/

o/ {M:1[R][A] "} {M:1[R][A]" }

Figure 17.1.5: Diagonal Symmetry

]
-~
;;
=
T+
-

'l
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17.2 Simplification of Discussions
17.2.1 Conventional Operations

In the conventional methodology, analyses are separately and one-by-one performed for each of 12 shadow-boxes [__] in Fig-
ure 17.2.1 below.

Selling Model Buying Model
(€] 4 1 (11)
BomT
M:1[R][A] Pom M:1[R][A]
P
R-mechanism — Mim <— [R-mechanism
Nem Nem
Bom’
P
R-mechanism — Mim® Mim <+ P-mechanism
M:1[P][A] Nem Nem M:1[P][A]
(11I1) T T (V)
Selling Model Buying Model

Figure 17.2.1: Conventional method

17.2.2 Operations Based on the Integration Theory

The figure below shows the flow of analyses based on the integration theory where S in (5%), (1%), (2*), and (6™) is the symmetry
transformation operation (see (11.5.32(p.63)) and (13.5.3(p87))) and A in (3") and (4*) is the analogy replacement operation (see
(12.2.1(p7)) and (14.2.3(1) (p94))). In the figure, analyses are actually performed only for the 4 shadow-boxes [, and the
remaining 12 frame-boxes [ are all derived from applying the market restriction operations .+, #*, and .#~ to the above
4 shadow-boxes __1.

Selling Model Buying Model
@ 4 4 (I1)
M:1[R][A] Pom ™" A Bom™ M:1[R][A]
= g+
7 (5% -
R-mechanism — Tom <7t Mim* | — SroR **f;?: Tom | | <— R-mechanism
L 7
Nem — \ Nem
g‘(1‘)
CRrR—R
v Apop s N Ag—p (a*)
Cp P
%)
Pom™ Bom™ \
F / Fr
R-mechanism — L | Tom <9’7' Mim=™ | T— Spp *"*7>@ —<+—! <— P-mechanism
F w*) T
e MEm e
(un T T av)
Selling Model Buying Model

Figure 17.2.2: Correlation diagram
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17.2.3 Elimination of Redundant Relations

Here let us recall that what we truly wish to know in the present paper is the existence or non-existence of symmetrical
relations between only the two boxes and (see Motivel(p4)). Now, note that the two boxes can be derived by
use of the relations = Z 1 [Tom 1] by the market restriction (see Chapter 16(p9)) and = Sg_z[[mm—1] by the
diagonal symmetry (see (17.1.22(p113))). Carefully and in detail looking at the structure of the diagrams in Figure 17.2.2 with
noting the above two facts, we immediately see, as shown in Figure 17.2.3 below, that there exist the two methods, Method A
and Method B, which obtain and [Bom™]. Accordingly, removing redundant relations within Figure 17.2.2 produces
Figure 17.2.3 below; needless to say, Method A should be recommended in the sense that it is simpler than Method B.

[Method A] [Method B]
(€] (€19 (€9) (1D)
M:1[R][A] N1 [R] [A] M:1[R] [A] Pom ™ Pom ™ N M1 [R][A]
Fh N
Spow Tom / Tom
F
SR*}[K
Ag—p Ar—p Spop
Pom _ Pom™ Pom™ »\
4 o
[Tom | Sp_p L [ Tom / Tom
P][A] \_ M:1[P][A] M:1[P][A] M 1[P][A]

(I11) (V) (1II) (V)

Figure 17.2.3: Correlation diagram

17.3 Model with P-mechanism

Closely looking at the reasoning in discussions for R-mechanism that was made in Section 17.1, one immediately see that it
is not directly related to the price mechanism employed there. This fact implies that it holds also for P-mechanism, hence it
follows that all of Theorems 17.1.1-17.1.6 hold also for P-mechanism. In other words, the diagonal symmetry holds also between
/{M:1[P][A]} and < {M:1[P][A]}. Thus, we see that (17.1.20(p.113))-(17.1.22(p113)) and (17.1.23(p.113) )-(17.1.25(p113) ) hold also for
P-mechanism, hence we have

A {M:A[P|[A]}~ = Sp_,alo/ {M:1[P][A] "}, (17.3.1)
A{MAPIAYE = Syl {M:L[PJAT ), (17.3.2)
S {MAPIATY = Spal {M:L[P)A] ). (17.3.3)
A MAPIA}* = Sp_ o[/ {RL[PIA] ], (17.3.4)
S AMAPIATYE = Sp el (M1 [P)AT ), (17.3.5)
{M:1[P][A]}” = SRHR[th{le[P}[Aﬁ}]. (17.3.6)
Therefore, it follows that (17.1.26(p.114) )-(17.1.28(p114) ) can be written as follows:
o/ {M:1[P][A]}" D-~v o7 {M:1[P][A] "}, (17.3.7)
A/ {M:1[P][A]}* D-~v &/ {M:1[P][A]*}, (17.3.8)
o {M:1[P][A]}~ D-~ Z{M:1[P][A]"}, O (17.3.9)
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Exercise 17.3.1 (diagonal symmetry)

(a) Confirm by yourself that (17.3.7) holds in fact by comparing Nem 16.7.6(p.106) and Pom 16.7.8(p.106) .
(b) Confirm by yourself that (17.3.8) holds in fact by comparing Mim 16.7.6(p105) and Mim 16.7.8(p.107) .
(c) Confirm by yourself that (17.3.9) holds in fact by comparing Pom 16.7.6(p.105) and Nem 16.7.8(p.107). 0O

Then, as one corresponding to Figure 17.1.5(p.114) we have Figure 17.3.1 below.

o/ {M:1[P][A]"} /{

\ -
;x
=
ij'

(c) - a)

A
A {M:1[P][A]*} | < (b) <<b>> o {M:1[P][A]F}
(a)
[A]

(e)

/

P
[PT[A]" } o {M:1[P][A]" }

o/ {M:1

Figure 17.3.1: Diagonal Symmetry
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Part 3

No-Recall-Model

Part 3 attempts to analyze all of the basic models with no-recall listed in Table 3.3.1(p11) by use of the
integration theory, excluding Q{M:1[A]} the analysis of which has already completed in Part 2.

Chapter 18 Model 1 ... ... e 119
Chapter 19 Model 2 .. ... .o 137
Chapter 20 Model 3 ... ... 211
Chapter 21 The Whole Conclusion of No-Recall-Model .......................... 217
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Chapter 18

Model 1

18.1 Search-Allowed-Model 1: Q{M:1[A]} = {M:1[R][A], M:1[R][A], M:1[P][A], M:1[FP| [A]}
All analyses for the search-Allowed-model 1 have already completed in Part 2(p.38). Below let us summarize all conclusions
obtained there:

Conclusion 1

Cl1 Monotonicity

is nondecreasing in ¢t (see Tom’s 10.2.1(p47) (a) and 10.2.2(a)).
is nonincreasing in ¢ (see Tom’s 11.7.1(p69) (a) and 11.7.2(a)).
is nondecreasing in ¢t (see Lemmas 12.7.1(p82) ).

is nonincreasing in ¢ (see Lemmas 13.8.1(pJl)).

The optimal reservation price V; in M:1[R][A
The optimal reservation price V; in M:1[R][A
[
[

The optimal price z; to propose in M:1[P|[A

I
J[A

o o

The optimal price z: to propose in M:1[P

C2 Inheritance and Collapse

a. On the positive-market .#*:

1. Symmetry
a. Let =1 and s =0. Then we have:
A{M:A[R][A]"} ~v /{M:1[R][A]*} (see Pom’s 16.7.3(p103) and 16.7.1(p101) ), (18.1.1)
A{M:A[P)[A]"} ~v Z{M:1[P][A]*} (see Pom’s 16.7.70p106 and 16.7.5(105)), (18.1.2)
b. Let 8 <1ors>0. Then we have:
d{l\?l:l[]R][A]*} Av o/ {M:1[R][A]"} (see Pom’s 16.7.4(p103) and 16.7.2(p.101)), (18.1.3)
o {M:1[P] [Arr} A Z{M:1[P][A]"} (see Pom’s 16.7.8(p10§) and 16.7.6(p.103) ), (18.1.4)
2. Analogy
a. Let =1 and s =0. Then we have:
2 {M:A[R][A]T} b o/ {M:1[P][A]*} (see Pom’s 16.7.1(p101) and 16.7.5(p.105) ), (18.1.5)
A {M:A[R][A]}" >t o/ {M:1[P][A] "} (see Pom’s 16.7.3(p103) and 16.7.7(p106) ). (18.1.6)
b. Let <1 ors>0. Then we have:
A {M:1[R][A]"} ok 7 {M:1[P][A]*} (see Pom’s 16.7.2(p.101) and 16.7.6(p.05) ), (18.1.7)
A {M:1[R][A]} bt Z{M:1[P][A] "} (see Pom’s 16.7.4(p103) and 16.7.8(p106) ). (18.1.8)
b. On the mixed-market .#*:
1. Symmetry
a. Let =1 and s =0. Then we have:
o {M:1[R] [A}i} ~ o {M:1[R] [A]i} (see Mim’s 16.7.3(p.104) and 16.7.1(p102) ), (18.1.9)
o/ {M:1[P] [A]i} ~ Z{M:1[P][A]¥} (see Mim’s 16.7.7(p.107) and 16.7.5(p.105)), (18.1.10)
b. Let <1 or s>0. Then we have:
A{MAR]A]"} ~ o {MAR]A]E}  (see Mim’s 16.7.40.10) and 16.7.2p.102)), (18.1.11)
o/ {M:1[P] [A]i} ~ Z{M:1[P][A]F} (see Mim’s 16.7.8(p.107) and 16.7.6(p.105)), (18.1.12)
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2. Analogy
a. Let 8 =1 and s = 0. Then we have:
A {M:1[R][A]F} b1 &7 {M:1[P][A]*} (see Mim’s 16.7.1(p102) and 16.7.5(p.103) ), (18.1.13)
A {MA[R][A]}E bt 7 {M:A[P][A]"}  (see Mim’s 16.7.3(.10) and 16.7.8(p.107)). (18.1.14)
b. Let B <1 ors>0. Then we have:
o {M:1[R][A]F} b1 &7 {M:1[P][A]*} (see Mim’s 16.7.2(p102) and 16.7.6(p.103) ), (18.1.15)
A {MAR][A]}F b 7 {M:A[P][A] T} (see Mim’s 16.7.4(p104) and 16.7.8(:107) ). (18.1.16)
c¢. On the negative-market %

1. Symmetry

a. Let =1 and s =0. Then we have:

A {M:1[R][A]"} ~v Z{M:1[R][A]"} (see Nem’s 16.7.3(p.104) and 16.7.1(p102) ), (18.1.17)
A {M:A[P][A]"} ~ & {M:1[P][A] "} (see Nem’s 16.7.7(p107) and 16.7.5(p106) ), (18.1.18)
b. Let B <1 ors>0. Then we have:
A {M:A[R][A] "} v Z{M:1[R][A] "} (see Nem’s 16.7.4(p104) and 16.7.2(.103) ), (18.1.19)
A{M:A[P|[A] } A Z{M:1[P][A]"} (see Nem’s 16.7.8p.107) and 16.7.6(p.10f) ), (18.1.20)
2. Analogy
1. Let =1 and s =0. Then we have:
A {M:1[R][A] "} < /{M:1[P][A] "} (see Nem’s 16.7.1(p102) and 16.7.5(p.106) ), (18.1.21)
A {M:A[R][A]}” b ./ {M:1[P][A] } (see Nem’s 16.7.3(p104) and 16.7.7(p.107) ). (18.1.22)
2. Let B <1ors>0. Then we have:
S {M:1[R][A]"} >x1 Z{M:1[P][A] "} (see Nem’s 16.7.2(p.103) and 16.7.6(p.106) ), (18.1.23)
A {M:A[R][A]}” ok &/ {M:1[P][A] } (see Nem’s 16.7.4(p.104) and 16.7.8(p.107) ). (18.1.24)

C3 Occurrence of ), ), and @

)

The symbol “o” in the table below represents “possible”.

1. Let 8 =1 and s = 0. Then, from
Pom 16.7.1(p.101), Mim 16.7.1(p.102), Nem 16.7.1(p102),
Pom 16.7.3(p103), Mim 16.7.3(p104), Nem 16.7.3(p104),
Pom 16.7.5(p105) , Mim 16.7.5(p.105) , Nem 16.7.5(p.106)
Pom 16.7.7(p.106) , Mim 16.7.7(p107), Nem 16.7.7(p.107)

we obtain the following table:

’

Table 18.1.1: &), ®, and @ on .F*, F* and .Z~ (=1 and s =0)

F+ F* F
®d0Ts, ()] ®)
om0, ©
®doiTs, (1], G o o o
[OndoIT 5)]) @)
® nd0IT, ()], (Pa
®nd0IT, ()], (P
[ed0Ttd, 0)]) @
om0, @.
om0, ©.
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2. Let B <1ors>0. Then, from
Pom 16.7.2(p.101), Mim 16.7.2(p.102
Pom 16.7.4(p.103), Mim 16.7.4(p.104
Pom 16.7.6(p.105) , Mim 16.7.6(p.105
Pom 16.7.8(p.106) , Mim 16.7.8(p.107
we obtain the following table:

, Nem 16.7.2(p103),
, Nem 16.7.4(p.10) ,
, Nem 16.7.6(p.106) ,
, Nem 16.7.8(p.107)

Table 18.1.2: &), ®, and @ on .F, F* and .F~ (B<1lors>0)

F+ F+ T
[OdoTTs D] ®
®d0ITs, (1)]a (a
o, ®:] o o o
[@nd0IT &))@ ° ° ©
®ndoiT, ()]s (Pa
[CnoT. 1), G
omo), @] o o o
[0d0ITd, (0)]. @a
[edtlTd, 0], @

3. The table below is the list of the percents (frequencies) of ), ¥, and @ appearing in Section 16.7(p.101).

Table 18.1.3: Percents (frequencies) of &), (¥, and &
% (total) ® ® ®

100% (102) | 55% (56) | 14% (14) | 31% (32)

C4 Diagonal symmetry
See Figures 17.1.5(p114) and 17.3.1

pdl7).

18.2 Search-Enforced-Model 1: Q{M:1[g]} = {M:1[R][E], M:1[R][E], M:1[P| [E], M:1[P][E]}
18.2.1 Preliminary
First, let us again note the following three theorems

Theorem 11.5.1(p66)  (symmetry theorem with Sp_z),
Theorem 12.3.1(p81)  (analogy theorem with Ag_p),
Theorem 13.5.1(p8) (symmetry theorem with Sp_p).

Then, let us recall the fact that in the process of proving the above three theorems it was imperative for the following three
relations to hold:

SOE{M:1[R][A]} = Sp_,5[SOE{M:1[R][A]}] (« (11.5.380:63))), (18.2.1)
SOE{M:1[P][A]} = Ag_»[SOE{M:1[R][A]}] (< (12.2.4p7))), (18.2.2)
SOE{M:1[P][A]} = S,_3[SOE{M:1[P][A]}]  (+ (13.5.40p87))). (18.2.3)

In fact, we can immediately reconfirm from Table 6.5.1(p31) (LI, III) that the above three relations hold. After the above were
clarified, we proved that

Theorem 14.2.1p94)  (analogy theorem (Az-3))
holds. In addition, from Table 6.5.1(ILIIT) it can be seen that the following relation holds.
SOE{M:1[P]|[A]} = A;_,[SOE{M:1[R][A]}]. (18.2.4)

The above discussions are all for the search-Allowed-model. Also for the search-Enforced-model which we will discuss in this
section we can immediately confirm from Table 6.5.2(p31) (I-IV) that the following four relations hold:

SOE{M:1[R][E]} = Sp_,z[SOE{M:1[R][E]}], (18.2.5)
SOE{M:1[P][E]} = Ag_,»[SOE{M:1[R][E]}], (18.2.6)
SOE{M:1[P][E]} = S;_,5[SOE{M:1[P][E]}], (18.2.7)
SOE{M:1[P][E]} = A;_,5[SOE{M:1[R][A]}]. (18.2.8)

Accordingly, it can be easily seen that the whole discussions in Part 2(p38) can be literally applied to Q{M:1[E|}; as a results,
we have the following four theorems:
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Theorem 18.2.1 (symmetry[R — R]) Let &/ {M:1[R][E]} holds on & x .. Then the equality below holds on P x F.
S {M:1[R][E]} = Sy _z[«/{M:A[R][E]}]. [ (18.2.9)

Theorem 18.2.2 (analogy[R — P)]) Let &/ {M:1[R][E]} holds on & x %. Then the equality below holds on & x F.
o/ {M:1[P][E]} = Arp[«/{M:1[R][E]}]. O (18.2.10)

Theorem 18.2.3 (symmetry[P — P]) Let o/ {M:1[P]|[E]} holds on & x %. Then the equality below holds on & x F.

A {M:1[P|[E]} = Sp_s[7 {M:1[P][E]}]. [ (18.2.11)
Theorem 18.2.4 (analogy[R — P])  Let o {M:1[R][E]} holds on 2 x .F. Then the equality below holds on P x .F.

A {M:A[P][E]} = Ag_plo/ {M:A[R][E]}]. O

18.2.2  M:1[R][E]

18.2.2.1 Analysis

To begin with, let us note that P (18.2.12)

is assumed in the model (see A2(p.13)), hence from (9.2.1(p42)) we have
5=1 (18.2.13)

O Tom 18.2.1 (&/{M:1[R][E]}) Let =1 and s=0.

(a) Vi is nondecreasing int > 0 .

() We have [6 20TTs 1 (7). O

Proof Let =1 and s =0. Then, from (5.1.4) we have K (z) = T(z) > 0--- (1) for any = due to
Lemma 9.1.1(p41) (g).

(a) From (6.5.10p31)) with ¢ = 2 we have Vo = K(V4) + Vi > Vi due to 1), Suppose Vi—1 < Vi. Then, from
Lemma 9.2.2p43) (¢) we have V; < K (V;) + Vi = Viy1. Hence, by induction Vioq < V; for ¢t > 1, i.e., V; is nondecreasing
int>0.

(b) From (6.5.9) we have Vi = pu < b---(2). Suppose Vi—1 < b. Then, from (6.5.10) and Lemma 9.2.2(h) we have
Vi < K(b)+b = T(®b) +b = b due to (1) and Lemma 9.1.1(g). Accordingly, by induction V;_1 < b for ¢ > 1, hence
L(Vi—1) > 0 for t > 1 due to Lemma 9.2.1(d), thus L (V;—1) > 0 for 7 > ¢t > 1. Then, from (6.5.10) and from (5.1.8) we have
Vi—BVici = K(Vic1) + (1 — B)Veer = L(Ve—1) > 0 for 7 > ¢ > 1 or equivalently Vi > BV;—1 for 7 > ¢ > 1. Hence, since
Vi > BVi_1, Viei > BVi_o, ---, Vo > BVi, we have Vi > BVi_1 > B2V > --- > 877V, thus tf = 7 for 7 > 1, ie.,
® d0ITs,>1(7)[s. 1

For explanatory simplicity, let us define the statement below:

For any 7 > 1 there exists ¢5. > 1 such that

s, | ) [F0TTse s i [T,
(2) [@2a0TT 1 (]

(3) [®ndOIT,>ss 1 (85) |y ((®ndOIT,>re 1 (85) s ).

O Tom 18.2.2 (&Z{M:1[R][E]}) Let3<1 ors>0.

) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — co.

(a
(b) Let B >b. Then [@d0ITd,>1(1)],.

(¢c) Let Bu <b.
1. LetB=1.
i. Letp—s<a. Thenmu.
ii. Letu—s>a. ThenA.
2. Let <1 ands=0 (s>0).
i. Letb>0 (x>0). Then[® d0ITs,>1()]a.
ii. Letb=0 (r =0).
1. Let Bp—s<a. Thenm”.
2. Let Bu—s>a. Then|® d0ITs >1(7)s.

TThe outer side of ( ) is for s = 0 and the inner side is for s > 0.
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iii. Letb<0 (r<0).

1. Let Bu—s<aor s <s. Then|®d0ITd,>1(1)|,-
2. Let Bu—s>a and s >s. Then Sa is true. U

Proof Let 8 <1 or s> 0. From (6.5.10(p31)) and (5.1.8), we have V; — 8V;—1 = K(Vic1) + (1 — B)Vie1 = L(Vi—1) - -- (1) for
t > 1. From (6.5.10) with ¢t = 2 we have Vo — Vi = K (V1) ---(2).

(a) Note that Vi = pp — s from (6.5.9). Then, from Lemma 9.2.2(j2) we have zx > fBu — s due to (18.2.12) and
(18.2.13), hence xx > Vi---(3). Accordingly, K (Vi) > 0 due to Lemma 9.2.2(j1), so that Vi < Va from (2). Suppose
Vic1 < Vi, Then, from (6.5.10) and Lemma 9.2.2(e) we have V; < K(V;) + V4 = Vi41. Hence, by induction Vi;—1 < V; for
t > 1, i.e., V; is nondecreasing in ¢ > 0. Note (3). Suppose Vi_1 < zx. Then, from (6.5.10) and Lemma 9.2.2(e) we have
Vi < K(7x)+ *x = xx. Hence, by induction V; < zx for t > 0, i.e., V4 is upper bounded in ¢, thus V; converges to a finite
V as t — oo. Accordingly, from (6.5.10) we have V = K (V) + V, hence K(V) =0, thus V = zx due to Lemma 9.2.2(j1).

(b) Let Bu>b---(4). Then zr < Bu — s from Lemma 9.2.4(p44) (bl), hence zr < Vi, thus zr < Vi_q for ¢t > 1 from (a).
Accordingly, L(V;—1) <0 for t > 1 from Corollary 9.2.1(a), hence L (V;—1) < 0---(5) for 7 > ¢t > 1. Then, since V; —V;—1 <0

for 7 >t > 1 from (1) or equivalently V; < 8V;_1 for 7 > ¢ > 1, we have V; < BV, _1, Vo—1 < BVy_a, ---, Vo < VA, leading to
Ve < BVy_1 < B2V,_o < --- < B771V4, hence it follows that tX =1 for 7 > 1, i.e., A,

(¢) Let SBu<bd.

(c1) Let 8=1---(6), hence s > 0 due to the assumption of 8 < 1 and s > 0 in the lemma. Then z, = xx ---(7) due to
Lemma 9.2.3(b), hence K(zr ) =K(zx)=0---(8).

(cli) Let g —s < a. Then, noting (6), (18.2.12), and (18.2.13), we have Tx = — s---(9) from Lemma 9.2.2(j2), hence
zx = Vi from (6.5.9). Let Vi1 = zx. Then, from (6.5.10) we have V; = K(zx)+ Tx = Tx. Accordingly, by induction
Vi1 = xx for t > 1, hence V;_1 = ar for t > 1 from (7). Then L(Viz1) = L(xr) =0 for ¢ > 1, thus L(V,—1) = 0 for
7>t > 1. Then, since V; — fV;—1 =0 for 7 > ¢t > 1 from (1) or equivalently V; = gV,_1 for 7 >t > 1, we have V; = fV,_1,
Vi1 =V, g, -+, Vo = BV, leading to V; = BV, 1 = °V; o =--- = BT Vi, hence t; = 1 for 7 > 1, i.c., [@d0ITd, > (1)]
(see Preference-Rule 7.2.1(p.35) ).

(clii) Let g —s > a. Then, since V4 > a, we have V;_1 > a for ¢ > 1 from (a). From (7) and Lemma 9.2.2(j2) we have
L = Tx > p—s=Vi. Let Vi_1 < xr. Then, from (6.5.10) and Lemma 9.2.2(g) we have V; < K(z. )+ . = xr due to
(8), hence by induction V;—1 < xp for ¢ > 1. Thus, since L(V;—1) > 0 for ¢ > 1 due to Lemma 9.2.1(el), for the same reason
as in the proof of Tom 18.2.1(b) we obtain |® d0ITs,>1(7)|a-

(c2) Let < lands=0(s>0).

(c2i) Letb>0(x >0). Then zr > =k ---(10) from Lemma 9.2.3(c (d)). Now, since zx > Bu—s due to Lemma 9.2.2(j2),
we have zx > Vi. Suppose zx > Vi—1. Then, from (6.5.10) and Lemma 9.2.2(e) we have V; < K(2x )+ zx = Zx. Thus,
by induction Vi1 < @k for ¢ > 1, hence V;_1 < x for t > 1 from (10). Accordingly, since L(V;_1) > 0 for ¢ > 1 due to
Corollary 9.2.1(a), for the same reason as in the proof of Tom 18.2.1(b) we obtain |® d0ITs > 1(7T) |s-

(c2ii) Let b=0 (x =0). Then =, = =k ---(11) from Lemma 9.2.3(c (d)), hence K(z.) = K(2x)=0---(12).

(c2iil) Let B — s < a. Then, since Tx = fp—s---(13) from Lemma 9.2.2(j2), we have xx = Vi. Let V;_; = k. Then,
from (6.5.10) we have V; = K(xx )+ Tx = xx. Accordingly, by induction V;—1 = xx for ¢ > 1, hence Vi1 = x, for ¢t > 1
due to (11) . Then, since L(Vi—1) = L(z. ) = 0 for t > 1, for the same reason as in the proof of (c1i) we have [@ d0ITd,1(1)];.

(c2ii2) Let By — s > a. Then, since Vi > a, we have V;_1 > a for t > 1 from (a). From (11) and Lemma 9.2.2(j2) we have
2, = xx > Pp—s=Vi. Let Vi1 < xr. Then, from (6.5.10) and Lemma 9.2.2(g) we have V; < K(z. )+ . = 2. due to
(12), hence, by induction Vi1 < z1 for ¢ > 1. Consequently, since L(Ve—1) > 0 for t > 1 due to Corollary 9.2.1(a), for the
same reason as in the proof of Tom 18.2.1(b) we obtain [® d0ITs > 1(7) ..

(c2iii) Let b< 0 (k <0). Then zp < x ---(14) from Lemma 9.2.3(c (d)).

(c2iiil) If Bu—s < a, then =, < Tx = Bu— s = Vi from Lemma 9.2.2(j2) and (6.5.9). If s, <'s, then =, < fBu—s
due to Lemma 9.2.4(c), hence zp < Vi. Therefore, whether Sy — s < aor s < s, we have xr < Vi, hence . < Vi1 for
t > 1 due to (a). Accordingly, since L (V;—1) <0 for ¢t > 1 from Corollary 9.2.1(a), for the same reason as in the proof of (b) we
obtain A.

(c2iii2) Suppose Sfu — s > a and s; > s. Hence, since Vi > a, we have Vi;_; > a for ¢ > 0 from (a). Then, since
T > x> fp—s=Vi---(15) from Lemma 9.2.4(c) and (6.5.9) , we have K (V1) > 0 from Lemma 9.2.2(j1), hence Vo > V4

from (2). Suppose Vi_1 < Vi. Then, from (6.5.10) and Lemma 9.2.2(g) we have V; < K(V;) 4+ Vi = Vir1. Accordingly, by
induction we have V;_1 < V; for t > 1, i.e., V; is strictly increasing in t > 0. Note that Vi < xr due to (15). Assume that
Vici < zxp for all t > 1, hence V < xp ---(16) from (a). Then, since V = xx due to (a), we have the contradiction of

V = 2k > 1, > V due to (14) and (16). Hence, it is impossible that V;_1 < z, for all t > 1, implying that there exists
t; > 1 such that
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Vi<Va<: o<V 1< xp <Vie <Vigqr <-ov -oe (17),

from which we have

Vici <z, t2t>1, L < Ve, zr < Vi, t>1 41 (18.2.14)
Hence, we have
L(Vi_1) >0, ~-(18) t; >t>1 (+ Corollary 9.2.1(a))
L(Vis) <0, - (19) (+ Corollary 9.2.1(a))

L(Vie1) =(<0),"---(20) t>t>+1 (+ Lemma 9.2.1(d(el)))

o Let t; > 7 > 1. Then L(Vi—1) > 0---(21) for 7 > t > 1 from (18). Since V; — Vi1 > 0 for 7 >t > 1 from
(1) and (21), we have V; > 8Vi;_1 for 7 > ¢ > 1, hence V; > BVi_1, Vo1 > BVi_a, ---, Vo > BVi. Therefore, since
Vi > BVe1> B2V o> ---> 771V, we obtain ¢t =7 for t2 > 7 > 1, i.e., |® d0ITs¢e >7>1(T) |A, thus S2(1) is true. Let us
note here that when 7 = t%, we have Vie > BVie 1 > --- > ﬁt;AVl - (22).

o Let 7 =t + 1. From (1) with ¢t = ¢2 + 1 and (19) we have Vie+1 — BVie <0, hence Vi 11 < BVie . Accordingly, from (22)
we have

Vie 1 < BVis > B2Vie 1 > *Vie o > - > BT Vi - (23),

thus . ., =1, ie, | ®nd0ITyy, | (t3) |s, thus S2(2) is true.

o Let 7 >t + 1. Since L (Vie 1) = (<) 0 from (20) with t = t; + 2, we have Vis 12 = (<) BVie 41 from (1), hence from (23)
we have

Viet2 = (<) BVis 1 € BVae > Vie 1 > f'Vie 2 > - > 1771
Similarly we have

Vis i3 = (<) BVis sz = (<) BV i1 < BVie > Vi1 > - > 171201

By repeating the same procedure, for 7 = t5 4 2,t; + 3,--- we obtain

Vi = () BVr1 = (<) = ()BT Va2 = () BT T WVie 1 S BT Vi > BT IV > > BTV (24)
o Let s = 0. Then (24) can be written as

V,=pVi1 == BT_tT_2‘/t:.+2 = 57—%—1%;“ < ﬁf—tTVt: > ,37—’57+1Vt;71 >> 87,

hence we have t; = 7, i.e., | ® nd0IT > +1(t7) | (see Preference Rule 7.2.1(p3) ), hence S2(3) is true.

o Let s > 0. Then (24) can be written as

Ve <BVry <o < BT ey < BT T W < BT Ve > BT e > > 87N, (18.2.15)

hence we have t7 = t7, i.e., | ® nd0IT >¢e +1(t7) |u, hence S2(3) is true. 1

18.2.2.2 Market Restriction
18.2.2.2.1 Positive Restriction
O Pom 18.2.1 (&/{M:1[R][E]"}) Suppose a > 0. Let B =1 and s = 0.

(a) V4 is nondecreasing in t > 0.
() We have [6 20TTs 151 (7). NG

Proof The same as Tom 18.2.1 due to Lemma 16.4.1(p.100). 1
O Pom 18.2.2 (&/{M:1[R][E]"}) Suppose a >0. Let 3 <1 ors > 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — 0.
(b) Let B > b (impossible).
(c) Let B < b (always holds).

1. Let g=1.

i. Letyu—s<a. Then[®d0ITd,>1(1)] — - @

1t s = 0, then L(V;—1) =0, or else L (Vz—1) < 0.
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ii. Letpu—s>a. Then|® d0ITs,>1(T)|s — - ®

2. Let <1 ands=0. Then[® dOITs,~ ()] — - ®
3. Let <1 ands>0.
i. Let Bu>s. Then|® d0ITs,;>1{T)|a — - ®

ii. Let Bu<s. Then|®d0ITd,~1(1)|, — - @

Proof Suppose a > 0, hence b > a > 0---(1). Then x = By — s---(2) from Lemma 9.3.1(p45) (a) with A = 1.
(a) The same as Tom 18.2.2(a).
(b,c) Always Su < b from [3(p.10]) ], hence Su > b is impossible.
(cl-clii) The same as Tom 18.2.2(cl-clii).
(¢2) Let < 1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 18.2.2.
(¢3) Let 8<1ands>D0.
(c3i) Let Bu > s, hence k > 0 due to (2). Hence it suffices to consider only (c2i) of Tom 18.2.2.
(c3ii) Let Bu < s, hence k < 0 due to (2) . Then, since 8p — s < 0 < a, it suffices to consider only (c2iiil) of Tom 18.2.2. 1

18.2.2.2.2 Mixed Restriction

O Mim 18.2.1 (&/{M:1[R][E]*}) Suppose a <0<0. Let =1 and s = 0.
(a) Vi is nondecreasing in t > 0.
(b) We have |® d0ITs>1(T) |- - ®

Proof The same as Tom 18.2.1 due to Lemma 16.4.1(p.100). &

O Mim 18.2.2 (Z{M:1[R][E]*}) Suppose a <0 <b. Let <1 ors > 0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V. > Tk ast — oo.
(b) Let B > b (impossible).
(c) Let Bp < b (always holds).
1. LetB=1.

i. Letu—s<a. Then|®d0ITd,>~1(1)|, — - @
ii. Letp—s>a. Then|® dOITs;>1(T) [, — -+ ®

2. Let f<1ands=0. ThenA — - ®
3. Let <1 and s> 0.
i Lets < AT(0). Then[S0Ts,oi(r)]s — - ®

ii. Let s=pT(0).

1. Let fp—s <a. Then|®d0ITd,>1(1)| — L d)

2. Let Bu—s>a. Then|® d0ITs,>1(T), — - ®
iii. Let s> pT(0).

1. Letfu—s<aor s <s. Then|®d0ITd,>i{1)|, — - @

2. Let Bu—s>a and sz >s. Then Sg s true — - ®/®

Proof Suppose a <0 <b. Let < 1ors>0.

(a) The same as Tom 18.2.2(a).

(b,e) Always Bu < b due to [8(p.101)] | hence Bu > b is impossible.

(c1) Let 8 =1, hence s > 0 due to the assumption g < 1 or s > 0.
(cli,clii) The same as Tom 18.2.2(cli,clii).
(

c2) Let 8 < 1and s=0. If b > 0, then it suffices to consider only (c2i) of Tom 18.2.2 and if b = 0, then since always
Bu — s = pu > a due to (8] , it suffices to consider only (c2ii2) of Tom 18.2.2. Therefore, whether b > 0 or b = 0, we have the
same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions are immediate from Tom 18.2.2(c2i-c2iii2) with k = 8T(0) — s from
(5.1.7(17)) with A =1. W
18.2.2.2.3 Negative Restriction
O Nem 18.2.1 (#/{M:1[R][E] }) Supposeb < 0. Let =1 and s =0.

(a) Vi is nondecreasing int >0 .
(b) We hove [© 40T =1 (- NG

Proof The same as Tom 18.2.1 due to Lemma 16.4.1(p.100). &
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O Nem 18.2.2 (#Z/{M:1[R][E] }) Supposeb < 0. Let B <1 ors>0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V= xx ast — oo.
(b) Let Bu>b. Then[@d0ITd,>:1(1)]. — - @
(c) LetBu<b.
1. Let p=1.
i. Let y—s<a. Then|[@d0ITd,>1(1)]; — - @®
ii. Let u—s>a. ThenA — — )
2. Let <1 and s=0. Then Sz is true — - ®/®
3. Let <1 and s> 0.
i. LetBu—s<aor sc <s. ThenmA — - @®
ii. LetBu—s>aand s >s. Then S is true — - ®/®

Proof  Suppose b < 0, hence a < p < b < 0---(1). Hence kK = —s---(2) from Lemma 9.3.1(p45) (a) with A = 1. In addition, in
this case, S > b and Su < b are both possible due to [17(p101)].

(a,b) The same as Tom 18.2.2(a,b).

(¢c) Let Su<b.

(cl-clii) The same as Tom 18.2.2(cl-clii).

(

c2) Let 8 <1 and s=0. Then, since b < 0 due to (1) , it suffices to consider only (c2iii) of Tom 18.2.2. In this case, since
Bu —s = Pu > Pa > a due to (1) and since s > 0 = s due to Lemma 9.2.4(p4) (c), it suffices to consider only (c2iii2) of
Tom 18.2.2.

(¢3-c3ii) Let B < 1and s> 0, hence x < 0 due to (2). Thus, it suffices to consider only (c2iiil-c2iii2) of Tom 18.2.2. 1

18.2.3 M:1[R][E]

18.2.3.1 Analysis

O Tom 18.2.3 (&/{M:1[R][E]}) Let =1 ands=0.
(a) Vi is nonincreasing in t > 0.

(b)  We have [© a0ITs -1 (7) |u-

Proof The same as Tom 18.2.1(p122) due to Lemma 16.4.1(p100). B

O Tom 18.2.4 (/{M:1[R][E]}) Let 8<1 ors>0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V = Tz ast — co.

(b) Let B < a. Then MA.

(c) Let Bu > a.
1. Let B =1.
i. Letpu+s>0b. Then H-
ii. Let p+s<b. Then|® d0ITs,>1(7) .

2. LetB<1and s=0(s>0).

i. Let a<0(&<0). Then[® d0ITs,>1 (7).

ii. Let a=0(k=0).1
1. Let Bu+s>b. Then[@d0ITd,>1(1)];.
2. Let Bu+s <b. Then[® d0ITs = (7).

iii. Let a>0(k >0).
1. Let Bu+s>bor sz <s. ThenmA.

2. LetfBu+s<bands< Sz. Then S is true. 0

Proof by symmetry Immediate from applying Sz to Tom 18.2.2. 1

18.2.3.2 Market Restriction
18.2.3.2.1 Positive Restriction
O Pom 18.2.3 (%{M:l[R}[Eﬁ}) Suppose a > 0. Let f =1 and s =0.

(a) V4 is nonincreasing in t > 0.

(b) We have [6 a0TTs o1 (1) NG
Proof The same as Tom 18.2.3 due to Lemma 16.4.1(p.100). &

O Pom 18.2.4 (szf{l(/ll[R][Eﬁ}) Suppose a > 0. Let B <1 ors>0.

(a) V& is nonincreasing in t > 0 and converges to a finite V = Tz ast — oo.

(b) Let Bu < a. Then MA — - @
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(c) Let Bu > a.

1. Let B=1.

i. Letpu+s>b. Then|[edDITd.~1(1)], — - @®

ii. Letu+s<b. ThenmA — - ®)
2. Let <1 ands=0. ThenSgis)frue—) - ®/®
3. Let <1 ands>0.

i. Let Bu+s>bor sz <s. ThenmA — - @

ii. Let Bu+s<bands< Sz. Then Sy is true (see Numerical Example 18.2.1(p1%)) — — ®)/®

Proof Suppose a > 0---(1), hence & = s---(2) from Lemma 11.6.6(p63) (a). Here note that x5 < a and pf > a are both
possible due to [5(p.101)] .

(a,b) The same as Tom 18.2.4(a,b).

(¢c) Let Bu>a. Then sz >0---(3) due to Lemma 11.6.5(c) with A = 1.

(cl-clii) Let 8 =1, hence s > 0 due to the assumptions 8 < 1 and s > 0. Thus, we have
Tom 18.2.4(cli,clii).

(c2) Let 8 <1and s =0. Then, since Buu+ s = Bu < b due to [3(p.101)] and since 7 > 0 = s from (3), due to (1) it
suffices to consider only (c2iii2) of Tom 18.2.4.

(¢3-c3ii) Let 8 <1 and s > 0. Then, since & > 0 due to (2), it suffices to consider only (c2iiil,c2iii2) of Tom 18.2.4. 1

18.2.3.2.2 Mixed Restriction
O Mim 18.2.3 (&Z/{M:1[R][E]}¥) Suppose a <0<b. Let 3 =1 and s = 0.

(a) V& is nonincreasing in t > 0.

() We have [Sa0TT5 1T - NG

Proof The same as Tom 18.2.3(p126) due to Lemma 16.4.1(p100). B

O Mim 18.2.4 (sz{l\?l:l[R}[E}i}) Suppose a <0 <b. Let B <1 ors>0.

(a) V4 is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.
(b) Let B < a (impossible).
(¢) Let B> a (always holds).

1. LetB=1.
i. Letp+s>b. Then[®d0ITd,>i(1)]. - @®
ii. Let u+s<b. ThenA — —>@
Let <1 and s =0. Then[® d0ITs,>1(T)]. — —®

Let <1 and s > 0.

i. Lets < —BT(0). Then M‘ — - ®

ii. Let s =—p8T(0).
1. Let Bu+s>0b. Thenmu — - @
2. Let B+ s <b. Then [0 a0TTe o (e — - ®

iii. Let s > —pT(0).

1. Let Bu+s>bor Sz <s. Then|e®d0ITd,~i(1)|, — - @
2. Let Bu+s<band Sz >s. Then So | OUONO2[®4] s trye — - ®/®

Proof Suppose a <0<b. Let < 1ors>0.
(a) The same as Tom 18.2.4(a).
(b,e) Always Bu > a due to [8(p.101)] | hence Bu < a is impossible. Then 8z > 0---(1) due to Lemma 11.6.5(.6) (c).

(cl-clii) The same as Tom 18.2.4(c-clii).

(c2) Let 8 <1ands=0. Let a < 0. Then it suffices to consider only (c2i) of Tom 18.2.4. Let a = 0. Now, in this case,
since fu + s = B < b due to [8(p.101)] | it suffices to consider only (c2ii2) of Tom 18.2.4. Accordingly, whether a < 0 or a = 0,
we have the same result.

(c3-c3iii2) Let B < 1 and s > 0. Then, the assertions become true from Tom 18.2.4(c2i-c2iii2) with & = BT(0) + s from
(5.1.16(p17). W
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18.2.3.2.3 Negative Restriction
O Nem 18.2.3 («/{M:1[R][E] }) Suppose b <0. Let 3 =1 and s = 0.

(a) Vi is nonincreasing in t > 0.

(b) We hove [6 a0TTa 1 (7). — ~©

Proof The same as Tom 18.2.4 due to Lemma 16.4.1(p.100). &

O Nem 18.2.4 (how {M:1[R][E] }) Suppose b<0. Let 3 <1 ors > 0.

(a) V4 is nonincreasing in t > 0 and converges to a finite V < T as t — oo.
(b) Let Bu < a (impossible).

(c) Let B> a (always holds).

1. LetB=1.
i. Let u+s>b. Then|e®d0ITd,~:1(1)|, — - @
il. Let u+s<b. Then|® d0ITs >1{(T)[p — - ®
2. Let B<1ands=0. ThenA — - ®

3. Let <1 ands>0.
i. Let fu < —s. Then @L — - ®
ii. LetBu>—s. Then|[ed0ITd,>1(1)]s -0
Proof Suppose b < 0---(1), hence a <b<0---(2). Then & = B+ s---(3) due to Lemma 11.6.6(a).

(a) The same as Tom 18.2.4(p.1%) (a).

(b,e) Always a < Bu due to [15(p.101)] | hence Bu < a is impossible.

(cl-clii) The same as the proof of Tom 18.2.4(cl-clii).

(¢2) Let 8 <1ands=0. Then, due to (2) it suffices to consider only (c2i) of Tom 18.2.4.

(

(

c3) Let < 1ands>0.

c3i) Let Bu < —s, hence Bu + s < 0. Hence, since & < 0 due to (3) , it suffices to consider only (c2i) of Tom 18.2.4.

(c3ii) Let B > —s, hence Bu+s > 0. Let Bu+s = 0. Then, since & = 0 due to (3) and B+ s > b due to (2), it suffices to
consider only (c2iil) of Tom 18.2.4. Let Buu+s > 0. Then, since & > 0 due to (3) , it suffices to consider only (c2iii) of Tom 18.2.4.
Then, since B+ s > 0 > b due to (1) , it suffices to consider only (c2iiil) of Tom 18.2.4. Accordingly, whether Su + s = 0 or
Bu + s > 0, we have the same result. 1

18.2.4  M:1[P|E]
18.2.4.1 Analysis

O Tom 18.2.5 («Z/{M:1[P|[E]}) LetB=1 ands=0.
(a) V4 is nondecreasing in t > 0.

(b)  We have [© d0ITs>1 (7).

Proof The same as Tom 18.2.1. 1

O Tom 18.2.6 (/{M:1[P][E]}) Let B <1 ors> 0.

(a) V4 is nondecreasing in t > 0 and converges to a finite V= Tx ast — oo.

(b) Let Ba >b. Then[@d0ITd >1(L)],.

(c) Let Ba<b.

1. Let B=1.
i. Leta—s<a"*. Then|e®d0ITd,~i(1)|,.

ii. Leta—s>a*. Then|® dOITs,~1(7T)|s.

2. LetB<1land s=0(s>0).

i, Let b>0(x > 0) . Then [ d0TTs,21 ().

ii. Let b=0(xk =0) .
1. Let Ba—s<a”. Thenm”.
2. Let fa—s>a”. ThenA.

iii. Let b<0(r <0).
1. Let Ba—s<a* or s <s. Then|®d0ITd,~1(1)|,.
2. Let fa—s>a”" and s < sz . Then Sz is true. Tend

Proof by analogy Immediate from applying Ag-p (see (15.3.3(p%))) to Tom 18.2.2. 1

Lemma 18.2.1 (optimal price to propose) The optimal price to propose z: is nondecreasing in t > 0. [

Proof Immediate from Tom’s 18.2.5(a) and 18.2.6(a) and
from (6.2.28(p.23) ) and Lemma 12.1.3(p.73). 1
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18.2.4.2 Market Restriction

18.2.4.2.1 Positive Restriction
O Pom 18.2.5 («{M:1[P][E]*}) Supposea >0. Let 3=1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b) We have [Ea0FTs =1 (7], — - ®

Proof The same as Tom 18.2.5 due to Lemma 16.4.1(p.100). &

O Pom 18.2.6 (&/{M:1[P][E]"}) Suppose a > 0. Let 3 <1 or s > 0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — oo.
(b) Let Ba > b (impossible).
(¢c) Let fa < b (always holds).
1. Let B=1.
i. Leta—s<a”. Thenm” — - ®
ii. Leta—s>a”. ThenmA — - ®
2. Let <1 ands=0. ThenA — —>@

3. Let <1 ands>0.

i. Let s < BT(0). Then A — - ®

ii. Let s = pT(0).

1. Let Ba—s <a*. Then[e@d0ITd 1 ()], — - @®

2. Let Ba—s>a*. Then|® d0ITs,>1(T)|. — - ®
iii. Let s > BT(0).

1. LetBa—s<a* or s <s. Then|®d0ITd,>1{(1)|, — - @®

2. Letfa—s>a* and s < sz . Then S is true — - ®/®

Proof Suppose a > 0, hence b > a > 0---(1).
(a) The same as Tom 18.2.6(a).
(b,c) Always Ba < b from [4(p101)], hence Sa > b is impossible.
(cl-clii) The same as Tom 18.2.6(cl-clii).
(¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 18.2.6.
(c3) Let < 1ands>0.
(c3i-c3iii2) Immediate from Tom 18.2.6(c2i-c2iii2) due to (2) with x = BT(0) — s---(2) from (5.1.23(p15)). W

18.2.4.2.2 Mixed Restriction
O Mim 18.2.5 ({M:1[P|[E]T}) Suppose a <0<b. Let =1 and s = 0.

(a) Vi is nondecreasing in t > 0.

(b) We have [0 a0TTs,o1(r) ). — - ©

Proof The same as Tom 18.2.5 due to Lemma 16.4.1(p.100). &

O Mim 18.2.6 (&/{M:1[P|[E]*}) Suppose a <0 <b. Let <1 ors > 0.

(a) Vi is nondecreasing in t > 0 and converges to a finite V > Tx ast — oo.
(b) Let Ba > b (impossible).
(¢c) Let Ba < b (always holds).
1. Let B=1.
i. Leta—s<a". Thenmu — - ®
ii. Leta—s>a*. ThenwA — - ®
2. Letﬂ<1ands:0.ThenmA — —>@

3. Let <1 ands>0.

i. Let s < BT(0). Then[® d0ITs,>1(1)]. — - ®
ii. Let s = pT(0).
1. Let Ba—s < a*. Then MH‘
2. Let fa—s>a”. ThenA — - ®
iii. Let s > pT(0).
-0

1. Let fa—s<a* or s <s. Then|®d0ITd,~1(l) '

. —
2. Let Ba—s>a* and sc >s. Then So 94 ®2]®4] s true 0
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Proof

(a)
b,c)

c2)

Suppose a < 0 < b.

The same as Tom 18.2.6(a).

Always Ba < b due to [9(p.101)] | hence Ba > b is impossible. .

(
(cl-clii) The same as Tom 18.2.6(cl-clii).
(

Let B < 1and s =0. If b > 0, the assertion is true from Tom 18.2.6(c2i) and if b = 0, then Sa — s = fa > a* from

[11(p.101)] | hence the assertion become true from Tom 18.2.6(c2ii2). Accordingly, whether b > 0 or b = 0, we have the same

result.

(c3-c3iii2) The same as Tom 18.2.6(c2i-c2iii2) with k = ST'(0) — s from
(5.1.23(p.18))) with A=1. 1

18.2.4.2.3 Negative Restriction
O Nem 18.2.5 (&Z/{M:1[P|[E] }) Suppose b< 0. Let $=1 and s =0.
(a) V& is nondecreasing in t > 0.
(b) We have [0 a0TTs 1 (1. NG
Proof The same as Tom 18.2.5. 1
O Nem 18.2.6 (&/{M:1[P][E]"}) Suppose b< 0. Let B <1 ors>0.
(a) Vi is nondecreasing in t > 0 and converges to a finite V = Tx ast — oo.
(b) Let Ba>b. Then|e®d0ITd,>1(1)[, — L d)
(¢c) Let Ba <b.
1. Let B=1.
i. Leta—s<a*. Then[ed0ITd,>:(1)], — - @®
ii. Leta—s>a”. ThenA — — ®
2. Let <1 ands=0. Then Sa is true — - ®/®
3. Let <1 and s> 0.
i. LetBa—s<a* or sc <s. ThenmA — - ®
ii. Let Ba—s>a* and s < Sc. Then S s true — - & /®
Proof Suppose b < 0. Then, k = —s---(1) from Lemma 12.2.6(p8) (a). In addition, Sa > b and Ba < b are both possible due
to [18(p.101)].
(a,b) The same as Tom 18.2.6(a,b).
(¢) Let Ba <b.

(cl-clii) The same as Tom 18.2.6(cl-clii).

(c2)

Let 8 < 1 and s = 0. Then, it suffices to consider only (c2iii-c2iii2) of Tom 18.2.6. In this case, since fa — s = fa > a*

due to [19(p.101)] and since s > 0 = s due to Lemma 12.2.5p81) (c), it suffices to consider only (c2iii2) of Tom 18.2.6.

(¢3-c3ii) Let 8 <1 and s> 0, hence x < 0 due to (1). Hence, it suffices to consider only (c2iiil,c2iii2) of Tom 18.2.6. 1

18.2.5 &{M:1[P][E]}
18.2.5.1 Analysis

[0 Tom
(a) Vi

18.2.7 (/{M:1[P|[E]}) LetB =1 ands=0.

is nonincreasing in t > 0.

(b)  We have [© d0ITs >, (1) .

Proof by symmetry Nothing changes even if applying Sp_,5 (see (15.3.2(p%))) to Tom 18.2.5. 1§

[0 Tom
(a) Vi

18.2.8 (&Z{M:1[P|[E]}) Let <1 ors>0.

is nonincreasing in t > 0 and converges to a finite V = T ast — oo.

(b) Let b < a. Then|[®d0ITd,>1(1)],.

(c) Let Bb> a.

1.

Let g =1.

i. Letb+s>0b". Thenm”.
ii. Letb+ s <b*. Then|® d0ITs,>1(7) .-

Let <1 and s=0(s>0).

i. Let a<0(k <0). ThenMA.

ii. Let a=0(k=0).
1. Let fb+s>b*.T Then m\\'
2. Let Bb+s < b*. Then|® d0ITs,>1(T)ls.
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ii. Let a>0(&>0).
1. Let Bb+s>b" or Sz <s. ThenmA.

2. Let Bb+s<b* and s < S;z. Then Ss is true. U
Proof by symmetry Immediate from applying Sp_,5 (see (15.3.2(p9%))) to Tom 18.2.6. 1

Lemma 18.2.2 (optimal price to propose) The optimal price to propose z: is nonincreasing int > 0. U
Proof Immediate from Tom’s 18.2.7(a) and 18.2.8(a) and
from (6.2.41(p.33) ) and Lemma A 3.3(p27)). 1

18.2.5.2 Market Restriction
18.2.5.2.1 Positive Restriction

O Pom 18.2.7 (sz{{l\N/Il[IP’][E]Jr}) Suppose a > 0. Let =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b) We have |® d0ITs,;>1(T) [, — - ®

Proof The same as Tom 18.2.7 due to Lemma 16.4.1(p.100). &

O Pom 18.2.8 (/{M:1[P|[E]"}) Suppose a > 0. Let B < 1 or s > 0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V = Tg ast — oo.
(b) Let b < a. Then[@d0ITd,>1(1)], — - @
(c) Let Bb> a.
1. Let B=1.
i. Letb+s>0b". Then|®d0ITd,~1(1)|, — L d)
ii. Letb+s<b*. Then|® d0ITs,>1(T)[s — - ®
2. Let <1 ands=0. Then Sy s true — S OMO)
3. Let <1 ands>0.
i. Let fb+s>b" or 57 <s. Then|®d0ITd,~i(l)[, — - ®
ii. Let Bb+s < b and s < Sz. Then Sa is true — - ®/®

Proof by diagonal-symmetry Immediate from applying Sp_, 5 ((15.3.2(p.%))) to Nem 18.2.6(p.130)). N
Direct proof Suppose a > 0---(1). Then, & = s---(2) from Lemma 13.6.6(p.%) (a). In addition, 8b < a and 8b > a are both
possible due to [6(p.101)].

(a,b) The same as Tom 18.2.8(a,b).

(¢) Let 8b> a.

(cl-clii) The same as Tom 18.2.8(c1-clii).

(¢2) Let 8 < 1and s = 0. Then, due to (1) it suffices to consider only (c2iii-c2iii2) of Tom 18.2.8. In this case, since
Bb+ s = b < b* due to [7(pl])] and since Sz > 0 = s from
Lemma 13.6.5(p.%) (¢c) with A = 1, it suffices to consider only (c2iii2) of Tom 18.2.8.

(¢3-c3ii) Let B <1 and s> 0, hence & > 0 due to (2). Hence, it suffices to consider only (c2iiil,c2iii2) of Tom 18.2.8. I

18.2.5.2.2 Mixed Restriction
O Mim 18.2.7 (#{M:1[P][E]}*) Suppose a <0<b. Let 3=1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b) We have |® d0ITS ;51 (7). — - ®

Proof The same as Tom 18.2.7 due to Lemma 16.4.1(p.100). 1

O Mim 18.2.8 (d{M:I[P][E]i}) Suppose a < 0<b. Let B <1 ors>0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V> Tz ast — co.
(b) Let Bb < a (impossible).

(c) Let Bb> a (always holds).

1. Let B =1.

i. Letb+s>0b*. Then [®d0ITd,>1(1)];. - @

ii. Letb+s<b*. Then[® d0ITs,>1(T)]a — - ®
2. Let 3<1ands=0. Then[® dOITs, > (7)]a — - ®
3. Let<1ands>0.

i. Lets< —BT(0). Then A — - ®

ii. Lets=—pT(0).
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1. Let pb+s >b*. Then|®d0ITd,~1(1)|, — - @®

2. Let fb+s <b*. Then[®d0ITs,>1 (1) — - ®
iii. Let s> —BT(0).

1. Let Bb+s>b" or sz <s. Then|®d0ITd,~1(1)|, — - @

2. Let Bb+s <b* and Sz >s. Then S2 is true. — ®/®

Proof Letb>02>a---(1).

(a) The same as Tom 18.2.8(p.130) (a).

(b,e) Always 8b > a due to [10(p.101)] | hence 8b < a is impossible.

(cl-clii) The same as Tom 18.2.8(cl-clii).

(c2) Let B8 <1 and s = 0. Then, it suffices to consider only (c2i-c2ii2) of Tom 18.2.8. Let a < 0. Then, the assertion is
true from Tom 18.2.8(c2i). Let a = 0. Then, since 8b+ s = 8b < b* due to [12(p.101)], it suffices to consider only (c2ii2) of
Tom 18.2.8. Accordingly, whether a < 0 or a = 0, we have the same result.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions hold from Tom 18.2.8(c2i-c2iii2) with &z = 8T(0) + s from (5.1.36(p.19) )
with A=1. 1

18.2.5.2.3 Negative Restriction
O Nem 18.2.7 (#/{M:1[P][E] }) Supposea >0. Let =1 and s = 0.

(a) Vi is nonincreasing in t > 0.
(b) We have |® d0ITs;>1(T) [ — 0)

Proof The same as Tom 18.2.7 due to Lemma 16.4.1(p.100). 1

O Nem 18.2.8 (&/{M:1[P][E] }) Suppose b<0. Let 8 <1 ors > 0.
(a) Vi is nonincreasing in t > 0 and converges to a finite V > T ast — oo.
(b) Let Bb < a (impossible).
(c) Let b > a (always holds).
1. LetBf=1.

i. Letb+s>b*. Then[@d0OITd,~(1)|, — ad
ii. Letb+s<b*. Then|® d0ITs,;>1(T)[, — - ®
2. Let <1 ands=0. ThenmA — - ®

3. Letf<1ands>0.

i. Lets < —BT(0). Then A — - ®
ii. Let s =—p8T(0).
1. Let Bb+s>b*. Then|[@d0ITd,>1(1)] — - @
2. Let Bb+ s < b*. Then[® d0ITs, i (T)|. — - ®

iii. Let —BT(0) < s. »
1. Let Bb+s>b" or S; <s. Then |@d0ITd,~:(1)], —
2. Let Bb+s<b* and Sz > s. Then S [ OAON04]®4] js trye. — ®/®

Proof Let b <0, hencea <b<0---(1).
(a) The same as Tom 18.2.8(p.130) (a).
(b,c) Always 8b > a due to [16(p.101)] | hence 8b < a is impossible.
(cl-clii) The same as Tom 18.2.8(cl-clii).
(¢2) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c2i) of Tom 18.2.8.

(c3-c3iii2) Let 8 < 1 and s > 0. Then, the assertions hold from Tom 18.2.8(c2-c2iii2) with & = S7(0) + s from (5.1.36(p.19))
with A =1. 1

18.2.6 Numerical Calculation

B Numerical Example 18.2.1 («7{M:1[R][E] "} [015(1)])

This is the example for and of Safp12) in Pom 18.2.4(p12) (c3ii) with @ = 0.01, b = 1.00, 8 = 0.98,
and s = 0.05 where Tz = 0.3076395 and s; = 0.3232736." Note that the example is for the model of a buying problem
with the cost minimization. The figure below is the graph of It = 87~'V; where the symbol : shows the optimal-initiating-

time OIT for each 7 = 2,3, -+ ,15 (see t*-column in the table below). In addition, note that each of polygonal curves for
T=2,3,---,7 is strictly decreasing in ¢t = 1,2, .- , 7 and that each of polygonal curves for 7 = 8,9, --- |15 is strictly decreasing
int=1,2,---,7 and strictly increasing in t = 7,8,--- ,15. The fact implies that the optimal-initiating-time ¢; degenerates to

fNote that a = 0.01 > 0, b =1.00, B = 0.98 < 1, and s = 0.05 > 0. In addition, since p = (0.01 4+ 1.00)/2 = 0.505, we have Bu + s =
0.98 x 0.505 + 0.05 = 0.5449 < 1.00 = b. In addition, s = 0.05 < 0.3232736 = Sz . Thus, the condition of the assertion is satisfied.
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the starting 7 = 2,3,---,7, i.e., [® d0ITs.(7) [, and that it is given by ¢; = 7 (non-degenerate) for each of 7 = 8,9, - -

.15, ie.,

® nd0IT(7)|. (see t* —column in the table below). Finally, note here that the leftmost point V; in each curves converges to

rx = 0.3076395 as T — oo.

[015(1)LatexEdit.TEX]
0.5

0.4

ey 0.2 &>

1514131211109 8 7 6 5 4 3 2 1 0

Figure 18.2.1: Graphs of IL = 87"V, with 7 = 2,3,---

18.2.7 Conclusion 2
Cl Monotonicity

(a) The optimal reservation price V; in M:1[R
(see Tom’s 18.2.1(p122) (a) and 18.2.2(p12

(b) The optimal reservation price V; in M:1[R
(see Tom’s 18.2.3(p.126) (a) and 18.2.4(p.12

]
) (a).
Il
) (a).
[

0. 4x = 0.3076395 11 0.311053  +0.004667

(Search-Enforced-Model 1)

Vi AgVy

~
5%

0.544900
0.442388  —0.091614
0.391004 —0.042535
0.361335  —0.021849
0.343013  —0.011094
0.331264  —0.004889
0.323555  —0.001084
0.318422  +0.001338
0.314972  +0.002918
0.312638  +0.003965

SOX[TRU WO+

12 0.309973 +0.005141
13 0.309236 +0.005462
14 0.308732 +0.005681
15 0.308388  +0.005830 7

AgVi=V,—BV;_; [015(1)Data.DAT]

B S S N R RGN VU )

,15and t=1,2,--- ,7

[E] is nondecreasing in ¢.

E] is nonincreasing in ¢.

(¢) The optimal price z; to propose in M:1[P][E] is nondecreasing in ¢.

(see Lemma 18.2.1(p.128) ).

(d) The optimal price Z; to propose in M:1[P][E] is nonincreasing in ¢.

(see Lemma 18.2.2(p.131) ).

C2 Inheritance and Collapse

a. On the positive market . *:
1. Symmetry

a. Let 8 =1and s =0. Then we have:
A {MAR|E] "} A {M:1[R][E]"}
A{MAP|[E] "} ~v o {M:A[P][E]*}
b. Let 8 <1ors>0. Then we have:
{MARIE]" } A o7 {M:1[R][E]"}
{MAP][E]"} A o/ {M:1[P][E]*}

2. Analogy
a. Let 8 =1and s =0. Then we have:
A {M:1[P|[E]*} <t .7 {M:1[R][E] "}
A {MAPIE] "} a1 o/ {M:1[R][E] " }
b. Let 8 <1or s> 0. Then we have:
A/ {M:1[P|[E] "} ok o/ {M:1[R][E]*}
A {M:1[P)[E] "} a7 {M:1[R][E] T}
b. On the mixed market .F*:
1. Symmetry
a. Let 8 =1and s =0. Then we have:
A {MAR]E]} ~v 7 {M:1[R][E]*}
A {MAPE] "} ~v o/ {M:1[P][E]*}
b. Let B <1 or s> 0. Then we have:
A {MAR]E]} ~v 7 {M:1[R][E]*}
o {MAPE]"} ~ o7 {M:1[P][E]*}
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(see Pom’s 18.2.3(p.126) and 18.2.1(p124) ),
(see Pom’s 18.2.7(p.131) and 18.2.5(p.129) ).

(see Pom’s 18.2.4(p.12%) and 18.2.2(p.124) ),

(see Pom’s 18.2.8(p.131) and 18.2.6(p.129) ).

(see Pom’s 18.2.5(p.129) and 18.2.1(p124)),
(see Pom’s 18.2.7(p.131) and 18.2.3(p.126) ).

(see Pom’s 18.2.6(p.129) and 18.2.2(p.124)),
(see Pom’s 18.2.8(p.131) and 18.2.4(p.12) ).

(see Mim’s 18.2.3(p.127) and 18.2.1(p125)),
(see Mim’s 18.2.7(p.131) and 18.2.5(p129) ),

(see Mim’s 18.2.4(p.127) and 18.2.2(p.1%)),
(see Mim’s 18.2.8(p.31) and 18.2.6(p.129)).

(18.2.16)
(18.2.17)

(18.2.18)
(18.2.19)

(18.2.20)
(18.2.21)

(18.2.22)
(18.2.23)

(18.2.24)
(18.2.25)

(18.2.26)
(18.2.27)



2. Analogy
a. Let =1 and s =0. Then we have:

o/ {M:1[PIE]*} b o/ {M:1[R][E] }
A {M:AP)[E]"} b o {M:1[R][E] "}
b. Let <1 ors>0. Then we have:
A/ {M:1[R][E]*} a7 {M:1[P][E]*}
A {MARI[E]" } > o7 {M:A[P][E]}
c. On the negative market .7 ~:

1. Symmetry
a. Let =1 and s =0. Then we have:
A {MAR]E] } ~v o/ {M:1[R][E]” }
A {M:1[P|[E] } ~v o/ {M:1[P|[E]"}
b. Let <1 or s> 0. Then we have:
A (MABIE]} b o/ (M1 [RIE] )
A (MAPIE} Ao o/ {M:1[PI[E) )
2. Analogy
a. Let =1 and s =0. Then we have:
{M:1[P][E]” } >x1 &/ {M:1[R][E] }
o/ {M:A[P][E]” } b o7 {M:1[R][E] }

b. Let <1 ors>0. Then we have:
{M:1[P|[E]” } xt &/ {M:1[R][E] }
/{M:A[P][E]” } ki o/ {M:1[R][E] " }

C3 Occurrence of 5), ), and @
a. Let 8§ =1and s =0. Then, from
Pom 18.2.1(p124), Mim 18.2.1(p1%), Nem 18.2.1(p.12),
Pom 18.2.3(p1%), Mim 18.2.3(p121), Nem 18.2.3(p12%),
Pom 18.2.5(p129), Mim 18.2.5(p.129), Nem 18.2.5(p.130),
Pom 18.2.7(p131), Mim 18.2.7(p131) , Nem 18.2.7(p13)

we obtain the following table:

Table 18.2.1: &), ®, and @ on F+

(see Mim’s 18.2.5(p.129) and 18.2.1(p125) ),
(see Mim’s 18.2.7(p.131) and 18.2.3(p127)).

(see Mim’s 18.2.6(p.129) and 18.2.2(p125) ),
(see Mim’s 18.2.8(p.131) and 18.2.4(p127)).

(see Nem’s 18.2.3(p.18) and 18.2.1(p.1%)),
(see Nem’s 18.2.7(p.132) and 18.2.5(p.130) ).

(see Nem’s 18.2.3(p.1%8) and 18.2.1(p.125)),
(see Nem’s 18.2.8(p.132) and 18.2.6(p.13)) ).

(see Nem’s 18.2.5(p.130) and 18.2.1(p125) ),
(see Nem’s 18.2.7(p.132) and 18.2.3(p128) ).

(see Nem’s 18.2.6(p.130) and 18.2.2(p.12) ),
(see Nem’s 18.2.8(p.132) and 18.2.4(p.123)).

,.ZF% and Z~ (=1and s =0)

F+

FE F-

[edorts, (0] ®)y

om0, ©.

®doiTs, (1], G e}

Caor ], @)

® nd0IT, ()], (Pa

EEGEINEON

[edoiTd, 0)]; @

(et @], @

[0t ], @
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(18.2.28)
(18.2.29)

(18.2.30)
(18.2.31)

(18.2.32)
(18.2.33)

(18.2.34)
(18.2.35)

(18.2.36)

(18.2.37)

(18.2.38)
(18.2.39)



b. Let <1 or s>0. Then, from

Pom 18.2.2(p1%), Mim 18.2.2(p1%
Pom 18.2.4(p1%) , Mim 18.2.4(p127
Pom 18.2.6(p120) , Mim 18.2.6(p.120
Pom 18.2.8(p131), Mim 18.2.8(p131

we obtain the following table:

Table 18.2.2: &), ®, and @ on ., .F* and .F~ (B<1lors>0)

, Nem 18.2.2(p.12) ,
, Nem 18.2.4(p.1%) ,
, Nem 18.2.6(p.130),
, Nem 18.2.8(p.132)

F+t FE F -

I @H

®doiTs (1)]. s

®d0ITs ()]s G o o o
@ o o o
®nd0IT, ()]s (R o o o
®nd0IT, ()]s (Oa o o o

1 @ © © o
[0a01Td, (0)]. @a o o o

. @

c. The table below is the list of the percents (frequencies) of ), ), and @ appearing in Sections 18.2.2.2(p1%4) and
18.2.3.2(p126) .

Table 18.2.3: Percents (frequencies) of (8), (®, and @ on F*

percent (total) ® ® (d]

100% (31) 48% (15) 16% (5) 36% (11)

C4 Diagonal symmetry
Exercise 18.2.1 (diagonal symmetry)  Confirm by yourself that the relations below hold in fact:

Pom 18.2.3(p.126) D-~V Nem 18.2.1(p.125),
Pom 18.2.4(p.126) D-~V Nem 18.2.2(p.12),
Pom 18.2.7(p.131) D-~V Nem 18.2.5(p.129) ,
Pom 18.2.8(p.131) D-~V Nem 18.2.6(p.129) ,
Pom 18.2.5(p130) D-~V Nem 18.2.7(p.131),
Pom 18.2.6(p13)) D-~V Nem 18.2.8(p.131). [

18.3 Conclusion 3  (The Whole Model 1)

Conclusions 18.1(p119) and 18.2.7(p133) are summed up as below.

C1 Monotonicity
From C1(p119) and C1(p133) we have, for whether s-A-model or s-E-model,
X

(a) The optimal reservation price V; of M:1[R][X] is nondecreasing in ¢.

X]
X]

(b) The optimal reservation price V; of M:1[R][X] is nonincreasing in .
(¢c) The optimal price z: to propose of M:1[P][X] is nondecreasing in ¢.
(d) The optimal price Z to propose of M:1[P][X] is nonincreasing in .

C2 Inheritance and Collapse

a. (18.1.1(p119))-(1) and (18.2.16(p.133) )-(18.2.39) have the same structure of “inheritance and collapse” between s-A-model
and s-E-model.

b. From (18.1.9(p119))-(18.1.16) and (18.2.24(p.133) )-(18.2.31) we see that each of symmetry and analogy is inherited on the
mixed market .#* in whether s-A-model or s-E-model.
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c. Let $=1and s=0. Then:
1. For Model 1:

a. Symmetry From C2ala(pllf), C2bla(pll), and C2cla(p.i2) (C2ala(p.133), C2bla(p.133), and C2cla(p.134)) we see that the
symmetry is inherited ( A ) on all of 1, % and F~ in s-A-model (s-E-model).

b. Analogy From C2a2a(p.119), C2b2a(p.12), and C3(p182) (C2a2a(p.133), C2b2a(p.134), and C2c2a(p.134) ) we see that the analogy
is inherited ( As ) on all of T, % and Z~ in s-A-model (s-E-model).

2. For Model 2:
a. Symmetry From C2al(p17) (C2al(p.207) ) we see that the symmetry is inherited ( Av ) on.Z T in s-A-model (s-E-model).
b. Analogy From C2b(pim) (C2b(p.207)) we see that the analogy collapses ( bk ) on .# T in s-A-model (s-E-model).

C3 Occurrence of 5), &, and @
Joining Tables 18.1.3(p.121) and 18.2.3(p13%5) produces Table 18.3.1 below.

Table 18.3.1: Ratios of (8), ), and @ on .

ratio (total) ® ® (d]

100% (122) | 50% (68) | 14% (17) | 30% (37)

In other words, ), ®, and @ occur at 50%, 14%, and 30% respectively.
C4 Diagonal symmetry
The diagonal symmetry holds in both s-A-model and s-E-model (see C4(p.121) and C4(p.135)).
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Chapter 19

Model 2

19.1 Search-Allowed-Model 2: Q{M:2[a]} = {M:2[R][A], M:2[R][A], M:2[P][A], M:2[P] [A] }

19.1.1 Theorems

As ones corresponding to Theorems 11.5.1(p.66), 12.3.1(p81), 13.5.1(p83), and 14.2.1(p.94) , let us consider the following four theorems:

Theorem 19.1.1 (symmetry[R — R])

o/ {M:2R][A]} = Sy 5[/ {M:2[R][A]}]. O

Let o/ {M:2[R][A]} holds on P x .F. Then o/ {M:2[R][A]} holds on P x .F where

(19.1.1)

Theorem 19.1.2 (analogy[R — P])  Let &/ {M:2[R][A]} holds on &P x F. Then o/ {M:2[P][A]} holds on & x .F where

Z{M:2[P][A]} = Ap_p[«/ {M:2[R][A]}]. O

(19.1.2)

Theorem 19.1.3 (symmetry[P — P|)  Let o/ {M:2[P|[A]} holds on P x .Z. Then </ {M:2[P|[A]} holds on P x .F where

A (M2PIA]} = Sp_ sl (M2PIAT}Y). O

(19.1.3)

Theorem 19.1.4 (analogy[R — P])  Let o/ {M:2[R][A]} holds on 2 x .F. Then o/ {M:2[P][A]} holds on P x F where

o {M:2[P|[A]} = Ag_plo/ {M:2(R][A]}]. O

In order for the above four theorems to hold, the following four relations must be satisfied for the same reason as in the
search-Allowed-model 1 (see Chapter 10(p47)-Chapter 14(p.9)):

SOE{M:2[R][A]} = Sy_,z[SOE{M:2[R][A]}], (19.1.4)
SOE{M:2[P][A]} = Ar_p[SOE{M:2[R][A]}], (19.1.5)
SOE{M:2[P|[A]} = Sp_,:[SOE{M:2[P][A]}], (19.1.6)
SOE{M:2[P][A]} = A; ,3[SOE{M:2[R][A]}]. (19.1.7)

19.1.2 Conditions

Lemma 19.1.1 (M:2[R][A])
(a) Theorem 19.1.1 holds.

(b) Theorem 19.1.3 holds.
(¢) Ifp<a* orb<p, then Theorem 19.1.2 holds.
(d) Ifa* < p<b, then Theorem 19.1.2 does not always hold. [

Proof (a) From Table 6.5.3(p31) (I) we have, for any p € (—o0, ),
SOE{M:2[R][A]} = {Vb = p, Vi = max{K (Vi—1) + Vi—1,Vi—1}, ¢> 0} (19.1.8)
First, applying the operation R (see Step 2 of Scenario[R](p.60)) to this leads to

RISOE{M:2[R][A]}] = {=Vb = p, =Vi = max{—K (Vi1) = Vi1, —BVicn}, >0}
= {~Vo=p, Vi = —min{K(Vie1) + Vic1, Vic1}, t >0}
= {Vo = p, Vo = min{K(Vs1) + Vs1,BVio1}. t >0} (19.1.9)
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Then, applying Cr to this (see Step 11.5(p6l)), we have
CaRISOE{M:2[R][A]}] = {Vo = p, Vi = min{ K (Vi_1) + Vi_1,8Vi_1} t>0}. (19.1.10)
Finally, applying Zg to this (see Step 11.5 (p2) ), we obtain
TeCaR[SOE{M:2[R][A]}] = {Vo = p, Vi = min{ K(Vi_1) + Vi_1,BVi1} >0} (19.1.11)

Since (19.1.11) holds for any p € (—oc0, o0), it holds also for  due to p € (—o0,0). Accordingly, (19.1.11) holds for the p, so
we have

TaCxRISOE{M:2R][A]}Y = {Vo = , Vi = min{K (Vi_1) + Vi1, BV 1} ¢ >0}
= {Vo=p, Vi = min{K (Vi—1) + Vie1, BVi1} >0} (19.1.12)
due to p = 5 Now, we have Vo = p = Vj from (6.5.17(p31) ). Suppose Vi_1 = Vi_1. Then, the second term in the r.h.s. of

(19.1.12(p133) ) can be rewritten as Vi = min{K (Vi—1) + Vs—1,8Vs—1} = Vz. Thus, by induction Vi=V, fort > 0. Accordingly
(19.1.12) can be rewritten as

TeCrR[SOE{M:2[R][A]}] = {Vb = p, Vi = min{K (Vi_1) 4+ Vi1, BVi1} t>0, (19.1.13)
which is identical to SOE{M:2[R][A]} given by Table 6.5.3(p31) (II), i.e.,

SOE{M:2[R][A]} = ZrCrR[SOE{M:2[R][A]}]
= Sp_z[SOE{M:2[R][A]}] (see (11.5.32(63))). (19.1.14)

Hence, since (19.1.4) holds, it follows that Theorem 19.1.1 holds.
(b) From Table 6.5.3(p31) (III) we have, for any p € (—o0, ),

Vo =p,
SOE{M:2[P][A]} = { Vi = max{A\Bmax{0,a — p} + Bp — s, Bp}, }
Vi = max{K (Vi—1) + Vi—1,B8Vi—1}, t>1
Applying the operation R to this leads to

7‘70 =P
—Vi = max{A\3max{0,—a — p} + Bp — s, Bp},
~Vi = max{—K (Vi—1) — Vi—1,-BVi_1}, t>1

R[SOE{M:2[P][A]}]

_VO )
V1= max{—)\ﬁ nlin{07 a+ p} + /BP - s?ﬁp}v
~Vi = —min{K (Vic1) + Vie1,8Vi1}, t>1

—Vi = —min{K (Vim1) + Vi1, BVic1}, t>1

VO =—p
Vi = min{A8min{0,a + p} — Bp+ s, —Bp},
Vi = min{K (Vi—1) + Vi1, 8Vi—1}, t>1

VO = [77
V1 = min{A8min{0,a — p} + 85+ s, Ao},

_‘A/O =p
= -V = —min{A\Bmin{0,a + p} — Bp + s, —Bp},

Vi = min{K (Vi_1) 4+ Viz1,8Vic1}, t>1

Furthermore, applying Cp to the above produces

Vi = min{K (Vi—1) 4+ Vi1, BVi—1}, t>1
Finally, applying Zp to the above produces
VO =p,
TpCpR[SOE{M:2[P|[A]}] = { Vi = min{A\Bmin{0,b— p} + Bp + s, 85},

‘70 =,
CpRISOE{M:2[P][A]}] = { Vi = min{A\Bmin{0,b — 3} + B85 + s, 85}, } .
Vi = min{K (Vi—1) + Vie1,BVic1} t>1 }
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Moreover, for the same reason as in the proof of (a), we obtain.

Vo = p,
ZpCpR[SOE{M:2[P][A]}] = { Vi = min{A\Smin{0,b — p} + Bp + s, Bp}, }
Vi = min{K (Vi—1) + Vs—1,8Vi—1} t>1

The final result is the same as SOE{M:2[P][A]} given by Table 6.5.3(p31) (IV), hence we have
SOE{M:2[P][A]} = ZpCpRISOE{M:2[R][A]}] = Sp_,:[SOE{M:2[P][A]}]. (19.1.15)

Thus, it follows that Theorem 19.1.3 holds.
(¢) Letp<a*orb<p.
1. Let p < a*. Then, since p < a* < a due to Lemma 12.2.1(p.77) (n), we have max{0,a—p} =a—p---(1). In addition, since

Tr(p) = p— p from Lemma 9.1.1(p41) (f) and Tp (p) = a — p from Lemma 12.2.1(f), we have Ar—p[Tk (p)] = Ar—plp— p] =
a—p=Te(p) =max{0,a — p}---(2) due to (1).

2. Let b < p. Then, since a < b < p, we have max{0,a — p} = 0---(3). In addition, since Tz (p) = 0 from
Lemma 9.1.1(g) and Tp (p) = 0 from Lemma 12.2.1(g), we have Ar_p[Tk (p)] = 0 = Tp (p) = max{0,a — p} - -- (4) due to
(3).

From the above (2) and (4) , whether p < a* or b < p, we have
Arp[Tk (p)] = Tr (p) = max{0,a — p}, (19.1.16)

hence from (5.1.4(p17)) we have

App[Kr (p)] = Arsp[ABTk (p) — (1= B)p — 5]
= ABAr—p[Te(p)] — (1= B)p—s
= A8max{0,a — p} — (1 = B)p — s. (19.1.17)
Thus, we have
Ar_p[(6.5.18(p31) ) with ¢ = 1]
= A]RH]P’[{‘/I = max{Kg (Vo) + Vb, ﬁvo}}]
= Arp[{Vi = max{Kz (p) + p, Bp} }]
= {Vi = max{Azp[Kz (p)] + p, B} }
{V1 = max{\Gmax{0,a — p} + Bp — s,ﬁp}} (see (19.1.17))
{(6.5.22)}.

The above result means that Ar_p[(6.5.18(p31)) with ¢ > 0] is separated into the two cases, (6.5.22) and (6.5.23). This fact
implies that SOE{M:2[P][A]} and SOE{M:2[R][A]} is analogous, i.e.,

SOE{M:2[P][A]} = Ap_,p[SOE{M:2[R][A]}]. (19.1.18)

Accordingly, since (19.1.5) holds, it follows that Theorem 19.1.2 holds.

(d) Leta* < p < b. Then, the same reasoning as in the proof of (c¢) does not always hold, hence it follows that Theorem 19.1.2
does not always hold. 1

Remark 19.1.1 (pseudo-reflective element p) Let us recall here that R is an operation applied only to attribute elements
which depend on the distribution function F'. Accordingly, the definition of the operation cannot be applied to the constant
p which is not related to F; the p in the proofs of (a,b) is one resulting from merely rearranging the expression -V = p as
= —p — Vo= p. However, superficially this transformation p — p seems to be due to the application of the reflective
operation R defined in Section 11.1.1(p55). For this reason, regarding the p, which is originally a non-reflective element, as a
reflective element of a sort (see Def. 11.3.3(p59) ), let us call it the pseudo-reflective element. U
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19.1.3 Diagonal Symmetry

For the same reason as in Section 17.3(p116), which provides the six equalities and one corollary for M:1[P][A] and M:1[P][A], we
see that the following equalities and corollary hold for M:2[P][A] and M:2[P][A]:

A {M:2[P|[A]} ™ = Sg_, a7 {M:2[P][A]"}], (19.1.19)
A {M:2[P[A]}* = S,z [/ {M:2[P][A]*}], (19.1.20)
A {M2[P|[A]}T = Sz [/ {M:2[P][A] " }]. (19.1.21)
S M2} = Sp_z [ {M:2[E)[A] )], (19.1.22)
o {M:2[P|[A]}* = SRHR[Q{{M:Q[P}[A#}], (19.1.23)
{M:2[P][A]}” = SRQR[W{M:Q[PHA}*_}]. (19.1.24)
Corollary 19.1.1  We have:
o/ {M:2[P][A]}" D-~v o7 {M:2[P][A] "}, (19.1.25)
o/ {M:2[P][A]}* D-~v o7 {M:2[P][A]*}, (19.1.26)
o {M:2[P][A]}~ D-~v &/ {M:2[P|[A]"}. O (19.1.27)
19.1.4  M:2[R][A]
19.1.4.1 Preliminary
From (6.5.18(p31)) and (5.1.8(p17)) we have
Vi = max{K (Vi—1) + (1 — B)Vi—1,0} + Vi1
= max{L (V;-1),0} + BVi—1, t >0, (19.1.28)
hence
Vi — BVi—1 = max{L(V;-1),0}, ¢>0. (19.1.29)
Then, for ¢ > 0 we have
Vi=L(Vic1)) +BVici =K (Vi) + Vi i L(Vim1) >0 (see (5.1.9(p17))), (19.1.30)
Vi = BVia if L(Vi—q) <0. (19.1.31)
Finally, from (6.2.58(p.4)), (6.2.60(p24)), and (6.2.58)we have
S¢ = L(Vi—1) > (<) 0 = Conduct;, (Skip,.), t >0, (19.1.32)
S¢ = L(Vi—1) > (<) 0 = Conduct,;, (Skip,.), t>0. (19.1.33)

19.1.4.2 Analysis
19.1.4.2.1 Caseof 5=1and s=0

O Tom 19.1.1 (&Z/{M:2[R][A]}) LetB=1 ands=0.

(a) Vi is nondecreasing in t > 0.

(b) Let p>b. Then[e®d0ITd,>o(0)].

(¢) Letp<b. Then|® d0ITs,>o(7)|. where Conduct;>¢>0a. U

Proof Let 8 =1and s =0, hence 2. = x = b from Lemmas 9.2.1(p43) (d) and 9.2.2(i). Then, since K (z) = AT (x)--- (1) for
any z from (5.1.4(p17)), due to Lemma 9.1.1(p41) (g) we have K () > 0---(2) for any  and K(b) =0---(3).

(a) From (6.5.18(p31)) we have V; > K (Vi—1)+ Vi—1 for ¢t > 0, hence V; > V;_; for t > 0 due to (2). Thus V; is nondecreasing
int>0.

(b) Let p > b. Then, since Vp > b from (6.5.17(p31)), we have Vi_1 > b for ¢ > 0 from (a). Hence, since L(V;—1) = 0
for ¢ > 0 from Lemma 9.2.1(d), we have V; — fV;_1 = 0 for ¢ > 0 from (19.1.29), thus V; — BVi—1 = 0 for 7 > t > 0, i.e.,
Vi = BVi—q for 7 >t > 0. Hence, since V; = fV,_1 = --- = 7V, we have tf = 0 for 7 > 0 due to Preference Rule 7.2.1(p.3j),

(¢) Let p < b. Then Vo < b. Suppose Vi_1 < b. Then, from Lemma 9.2.2(h) and (6.5.18(p31)) with 8 = 1 we have
Vi < max{K (b) 4+ b,b} = max{b,b} due to (3), hence V; < b. Accordingly, by induction V;_; < b---(4) for ¢ > 0, hence
L(Vi=1) > 0---(5) for t > 0 from Lemma 9.2.1(d), so that L (Vi—1) > 0---(6) for 7 > ¢t > 0. Accordingly, from (19.1.29) we
have V; — Vi1 >0 for 7 >t >0, i.e., Vs > Vi1 for 7 >t > 0, hence V; > V1 > --- > 7 Vy. Accordingly, we have t; = 7
for 7 > 0, i.e., [® d0ITs,~0(7) . Then Conduct,, for 7 > ¢ > 0 due to (6) and (19.1.33). 1
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19.1.4.2.2 Caseof 3<or s>0
For explanatory simplicity, let us define

For any 7 > 1 there exists ¢5 > 0 such that

83 _ (1) |® dOITS¢e >7>0(T) |A where Conduct,>t>04,

(2) | ® nd0IT, >4 (t5) || where Conductis >¢>0a-

O Tom 19.1.2 (Z{M:2[R][A]}) LetS<1ors>0andletp< zx.

a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A <1 or a < p, and converges to a finite V > Tx ast — oo.

(
(b) Let x. < p. Then[@d0ITd,~o(0)];.

(¢) Letp< L.
1. |® d0ITs1(l) |, where Conducti,. Below let 7 > 1.

2. Let p=1.
i. Leta < p. Then|® d0ITs,>1(7)|. where Conduct >¢>04-
ii. Let p<a.

1. Let (An—s)/A<a.
i. Let \=1. Then WH where Conducti,.
ii. Let A< 1. Then MA where Conduct,>¢>0a-
2. Let (Au—8)/X>a. Then A where Conduct,>¢>04-

3. LetB<1land s=0(s>0).

i. Leta < p.
1. Let b>0(x >0) . Then *_.’@ d0ITs>1(7)|» where Conduct,>¢>04-
2. Let b< 0 (k <0). Then S3(pl4l) 18 true.
ii. Let p<a.
1. Let (A\Bu—s)/é < a.
i. Let A\=1.

1. Let b>0 (k >0) . Then|® d0ITs,>1(T)|. where Conduct,>¢>04-

2. Let b<0(k <0). Then|® nd0IT,~1(l)| where Conducti,.
ii. Let A < 1.

1. Let b>0(k >0) . Then|® d0ITs,>1(7)|. where Conduct,>i>0a4-
2. Let b< 0 (k <0). Then Ss(pldl) is true.

2. Let (ABu—s)/6 > a.

~ AN —

i. Let b>0(x >0). Then|® d0ITs,>1(7) |, where Conduct,>¢>04-
ii. Let b< 0 (k <0). Then S3(pldl) 1s true. [

Proof Let f < 1lors > 0andlet p < xx---(1). Then Vy < xk ---(2) from (6.5.17(p31)) and K(p) > 0---(3) due to

Lemma 9.2.2(j1). Accordingly, from (6.5.18) with ¢ = 1 we have Vi — Vo = Vi — p = max{K (p), Bp — p} > K (p) > 0 due to (3),
hence Vi > Vp - - (4).

(a) Note (4), hence Vo < V4. Suppose Vi_1 < V;. Then, from (6.5.18(p31) ) and

Lemma 9.2.2(p43) (e) we have V; < max{K (V;)+ Vs, BVi} = Vit1. Hence, by induction V; > V;_1 for t > 0, i.e., V4 is nondecreasing
in t > 0. Again note (4). Suppose Vi—1 < V. If A < 1, from Lemma 9.2.2(f) we have V; < max{K(V;) + W, BV;} = Viqq,
and if @ < p, then a < Vp from (6.5.17(p31)), hence a < V; for t > 0 due to (a), thus from Lemma 9.2.2(g) we have V; <
max{K (V) + V4, BVz} = Viqy1. Therefore, whether A < 1 or a < p, by induction Vi1 < V; for ¢ > 0, i.e., V; is strictly
increasing in t > 0. Consider a sufficiently large M > 0 with p < M and b < M, hence Vo < M from (6.5.17(p31)). Suppose
Vi1 < M. Then, from Lemma 9.2.2(e) we have V; < max{K(M)+ M, M} = max{SM — s, M} due to (9.2.7(2) (p43) ), hence
Vi <max{M,M} = M due to 8 < 1ands > 0. Thus, by induction V; < M for t > 0, i.e., V; is upper bounded in ¢. Accordingly
Vi converges to a finite V as ¢ — co. Then, since V = max{K (V) +V, 8V} from (6.5.18), we have 0 = max{K(V),—(1 - )V},
hence K (V) <0, so that V > xx due to Lemma 9.2.2(j1).

(b) Let z. < p. Then, since z. <V from (6.5.17(p31) ), we have z, < V;_; for ¢t > 0 due to (a), hence L(V;—1) < 0 for
t > 0 due to Corollary 9.2.1(p43) (a). Accordingly, since V;z — 8Vi—1 = 0 for ¢t > 0 from (19.1.29), we have V; — BV;—1 = 0 for
T >t > 0 or equivalently V; = V;_; for 7 > ¢ > 0, leading to V; = 8V,_1 = --- = B7Vy, implying that ¢t; = 0 for 7 > 0, i.e.,
©d0ITd,~0(0)];.

(¢) Let p< zr ---(5), hence Vo < zr ---(6) from (6.5.17(p31)).

(c1) Since L (Vo) = L(p) > 0---(7), from (5) and Corollary 9.2.1(a), we have Vi = K (p) + p---(8) due to (19.1.30) with
t=1and Vi —8Vp > 0 from (19.1.29) with t = 1, i.e., Vi > BVp---(9). Accordingly, we have ¢t} =1, i.e., M‘ ---(10)
and Conducti, ---(11) due to (7) and (19.1.33) with ¢ = 1. Below let 7 > 1.
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(c2) Let 8 =1, hence s > 0---(12) due to the assumption of 5 < 1 or s > 0 in the lemma. Then § = A---(13) from
(9.2.1p4)) and . = zx ---(14) from Lemma 9.2.3(b), hence K(z.) = K(xx) = 0---(15). Then, from (5) and (14) we
have p < zx ---(16).

(c2i) Let a < p. Then a < Vo from (6.5.17(p31)), hence a < V;—; for t > 0 due to (a). Note (2). Suppose Vi1 < =x.
Then, from (6.5.18) with 8 =1 and Lemma 9.2.2(g) we have V; < max{K (T« )+ Tk, Tx } = max{ Tk, Tk } = Tx. Hence, by
induction V;_1 < x ---(17) for t > 0, thus V;_; < x. for ¢t > 0 due to (14) . Accordingly, since L (V;_1) > 0 for ¢ > 0 from
Lemma 9.2.1(el), for almost the same reason as in the proof of Tom 19.1.1(c) we have M‘ and CONDUCT;>¢>0.a-

(c2ii) Let p<a---(18). Then Vo < a---(19) from (6.5.17p31) ). In addition, from (8), (18)  and (9.2.7 (1) (p43)) with 8 = 1
we have Vi = Ap—s+ (1 = X)p---(20)

(c2iil) Let (A —s)/A < a. Then zx = A —s)/A < a---(21) from Lemma 9.2.2(j2) and (13) . Hence K (a) < 0---(22)
from Lemma 9.2.2(j1). Note (19). Suppose Vi1 < a. Then, from Lemma 9.2.2(¢) and (6.5.18) with 8 = 1 we have V; <
max{K (a) +a,a} = a due to (22) , hence by induction V;_; < a for t > 0. Accordingly, from (6.5.18) with 8 =1 and (9.2.7 (1))
we have Vi = max{A\p —s+ (1 — A\)Vi—1,Vi—1}---(23) for ¢ > 0.

(c2iili) Let A = 1. Then, since 2x = pu— s from (21), we have Vi = p—s = xx --- (24 ) from (20) . In addition, from (23)
we have V; = max{p — s, Vi_1} = max{zx,Vi_1} for t > 0. Note (24). Suppose V;_1 = x. Then V;, = max{zx, Tx } = Tx.
Accordingly, by induction V;_1 = xx for ¢ > 1, thus V;—1 = x, for ¢t > 1 due to (14) . Hence L(Vici)=L(xzr)=0fort>1,
so that L (Vs—1) =0---(25) for 7 > t > 1. Then, from (19.1.29) we have V; — BVi—1 =0 for 7 > t > 1, i.e.,, Vi = Vi1 for
7>t > 1, leading to V; = BVs_1 = --- = 87 7'Vi. From this and (9) we have V, = BVi_1 =---= B7 V4 > B7V;, hence
tt =1for 7 > 1, i.e., [® nd0IT,~(1)];. Then, from (7) and (19.1.33) we have Conduct,.

(c2iilii) Let A < 1. Note (6). Suppose V;_1 < .. Then, since L (V;_1) > 0 due to
Lemma 9.2.1(el), from (19.1.30) and Lemma 9.2.2(f) we have V; = K(Vi_1) + Vi1 < K(21 )+ 2 = 21 due to (15). Ac-
cordingly, by induction Vi_1 < zr for t > 0, so that L (Vs—1) > 0 for ¢ > 0 from
Lemma 9.2.1(el). Hence, for almost the same reason as in the proof of Tom 19.1.1(c) we have MA and Conduct,>¢>0a-

(c2ii2) Let (A — s)/A > a. Then zx > (A — s)/A > a---(26) from Lemma 9.2.2(j2). Note (6). Suppose Vi1 < zp .
Then L (V;_1) > 0 from Lemma 9.2.1(e1), hence V; = K(V;_1) + Vi_1 from (19.1.30). Now, since a < zx = z. due to (26)
and (14) | from Lemma 9.2.2(h) we have V; < K(z. )+ zr = 1 due to (15). Accordingly, by induction V;_1 < z ---(27)
for t > 0, thus L (V4—1) > 0 for ¢ > 0 from Lemma 9.2.1(el). Hence, for almost the same reason as in the proof of Tom 19.1.1(c)
we have M‘ and Conduct,>¢>0a-

(c3) Let f<land s=0(s>0).

(c3i) Let a < p---(28) from (6.5.17(p31)). Then a < Vo, hence a < Vi_y1---(29) for t > 0 from (a). Note (4). Suppose
Vi—1 < Vi. Then, from Lemma 9.2.2(g) and (6.5.18) we have V; < max{K (V;) + V4, BV4} = Viy1, hence by induction V;—1 < V;
for ¢ > 0. Accordingly, it follows that Vi_1 is strictly increasing in ¢ > 0---(30).

(c3i1) Let b>0 (x>0). Then, 2 > zx > 0---(31) from Lemma 9.2.3(c (d)). Note (2). Suppose Vi—1 < x. Then,

from (29) and Lemma 9.2.2(g) we have V; < max{K (zx)+ =x,B2x } = max{zx,B2zx} = zx due to Tx > 0. Accordingly,
by induction V;—1 < zx for ¢ > 0. Then, since V;—1 < zr for t > 0 due to (31)7 we have L (Vi—1) > 0 for ¢ > 0 from
Corollary 9.2.1(a). Consequently, for almost the same reason as in the proof of Tom 19.1.1(c) we have M‘ T and
Conduct;>¢>0a-

(c3i2) Let b<0(xk <0). Then z, < xx---(32) from Lemma 9.2.3(c(d)). Note (6), hence Vo < z.. Assume
that Vi—1 < xr for all t > 0, hence V < xr. Then, since zx < V---(33) due to (a), we have the contradiction of

V <z, < xx <V from (32). Accordingly, it is impossible that V;_1 < z, for all t > 0. Therefore, from (6) and (30) we
see that there exists ¢5 > 0 such that

Vo<Vi< <V 1< 2 <Vig <Vioy1<---.

Hence, for almost the same reason as in the proof of Tom 10.2.2(p48) (c2iii2) we immediately see that Ss is true.*

(c3ii) Let p < a---(34), hence Vo < a---(35) from (6.5.17(p31)). Then, from (8) and (9.2.7(1) p43)) we have Vi =
ABp—s+(1—=X)Bp---(36).

(c3iil) Let (A8 — s)/6 < a. Then, since xx = (ABu—s)/d < a---(37) from Lemma 9.2.2(j2), we have Vi =dxx + (1 —
A)Bp---(38).

(c3iili) Let A = 1. Then, since § = 1 from (9.2.1(p42)), we have zx = By —s < a from (37) and Vi = zx < a---(39) from
(38).

TNote that we have [® d0ITs,~1(7)|a instead of [® dOITs,>o(7) s due to (cl).

fNote the fine difference between S3 and S1(p47).
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(c3iilil) Let >0 (x >0). Then . > xx > 0---(40) due to Lemma 9.2.3(c (d)). Note (39). Suppose Vi_1 = zx.
Then V; = max{K (Zx )+ Zx,BTx } = max{ Tx,B2Zx } = x due to xx > 0. Hence, by induction V;_1 = zx for t > 1, thus
Vi1 < xp for t > 1 due to (40) . Accordingly L (Vz—1) > 0 for t > 1 from Corollary 9.2.1(a), hence L (Vz—1) > 0 for ¢t > 0 due
to (7). Therefore, for almost the same reason as in the proof of Tom 19.1.1(c) we have MA and Conduct,>¢>0a-

(c3iili2) Let b<0 (k <0). Then, since 2, < zx due to Lemma 9.2.3(c (d)), from (39) we have Vi > x., hence
Vic1 > xp fort > 1 from (a), so Vi—1 > xr for 7 >t > 1. Accordingly, since L (V;—1) < 0 for 7 > ¢ > 1 from Corollary 9.2.1(a),
we obtain V; — 8V;—1 =0 for 7 >t > 1 from (19.1.29) or equivalently V; = 8V,_1 for 7 > ¢ > 1, leading to V. = V,_1 = --- =

B7 V4. From the result and (9) we obtain V; = 8V,_1 =--- = BT V4 > B7Vp, hence t* =1 for 7 > 1, i.e., [® nd0IT,~1 (1) |-
Then, we have Conduct, from (7) and (19.1.33) with ¢ = 1.

(c3iilii) Let A < 1. Note (4). Suppose V;—1 < V;. Then, from Lemma 9.2.2(f) we have V; < max{K (V;) + V4, Vi } = Viq1,
hence by induction V;—1 < V; for ¢ > 0. Accordingly, it follows that V; is strictly increasing in t > 0--- (41).

(c3iiliil) Let b>0 (k >0) . Then x > xx > 0---(42) from Lemma 9.2.3(c (d)). Note (2). Suppose V;_1 < 2. Then,
from Lemma 9.2.2(f) we have V; < max{K(zx)+ Tx,B2x} = max{Zx,BTx} = Tx due to rx > 0. Hence, by induction

Vie1 < zx for t > 0, thus V;_1 < zr for t > 0 due to (42) . Accordingly, since L (V;—1) > 0 for t > 0 from Corollary 9.2.1(a),
for almost the same reason as in the proof of Tom 19.1.1(c) we have [® d0ITs,~1(7) [, and Conduct,>;>04-

(c3iilii2) Let b <0 (k <0). Then 2, < zx ---(43) from Lemma 9.2.3(c (d)). Note (6), hence Vo < x. . Assume that
Vici < zp for all t > 0, hence V < zp. Then, since 2x < V from (a), we have the contradiction of V < zp < zx < V.
Accordingly, it is impossible that Vi—; < z. for all ¢ > 0. Therefore, from (6) and (41) we see that there exists ¢2 > 0 such
that

Vo<WVi< o< Ve_1<zp <Vio <Vioyr <---,

hence for almost the same reason as in the proof of Tom 10.2.2(p4) (c2iii2) we have Sz* is true.
(c3ii2) Let (ABu—s)/A>a---(44). Then xx > (ABu—s)/d > a---(45) from Lemma 9.2.2(j2). Let us note here that:
1. Let A < 1. Then V4 is strictly increasing in t > 0 for the same reason as in the proof of (c3iilii).
2. Let A = 1. Then Bu—s > a---(46) from (44) . Now, since K (p) + p = Bu — s from (34) and (9.2.7 (1) p.8)), we have

Vi = Bu — s from (8), hence Vi > a from (46), so that V;—_1 > a for t > 1 from (a). Note (4). Suppose Vi—1 < V;. Then,
from Lemma 9.2.2(g) we have V; < max{K (V) + V4, BVz} = Vaq1. Accordingly by induction Vi—1 < V4 for t > 0, i.e., V4 is
strictly increasing in t > 0.

Consequently, whether A < 1 or A = 1, it follows that V; is strictly increasing in t > 0---(47).

(c3ii2i) Let b>0(x >0). Then . > xx >0---(48) from Lemma 9.2.3(c (d)). Note (2). Suppose Vi_1 < xx. Then
from (45) and Lemma 9.2.2(h) we have V; < max{K (=x )+ Tx,B2x } = max{Zx,Bxx} = Tx due to zx > 0. Accordingly,
by induction V;_1 < xx for ¢t > 0, hence V;_1 < zp for t > 0 from (48) , so that L (Vi—1) > 0 for ¢t > 0 from Corollary 9.2.1(a).
Hence, for almost the same reason as in the proof of Tom 19.1.1(c) we have M‘ and Conduct,>¢>0a-

(c3ii2ii) Let b<0(x <0). Then =, < @k ---(49) from Lemma 9.2.3(c (d)). Note (6). Assume that V;_; < . for all
t >0, hence V< x ---(50). Now, since xx <V from (a), we have the contradiction of V < z. < zx < V. Accordingly, it
is impossible that V;_1 < zp for all t > 0. Therefore, from (47) and (6) we see that there exists ty > 0 such that

Ww<Vi<--<Veei<ap SVie <Visey1 <+

hence for almost the same reason as in the proof of Tom 10.2.2(p48) (c2iii2) we have Sz is true. 1

O Tom 19.1.3 (Z/{M:2[R][A]}) LetS<1ors>0andletp= zx.

(a) Vi is nondecreasing in t > 0.

(b) Let 8 =1. Then[®dO0ITd,>0(0)]-

(¢) LetB<1land s=0(s>0).
1. Let b>0(k>0). Then WA where Conduct >¢>04-
2. Let b<0 (s <0). Then[®d0ITd,>o(0)];. [

Proof Let B <1lors>0andlet p= zx. Then Vy = zk --- (1) from (6.5.17(p31) ), hence K (Vo) = K(zx) =0---(2).

(a) We obtain Vi > K (Vo) + Vo = Vo---(3) from (6.5.18p31)) with ¢ = 1 and (2). Suppose Vi_1 < V;. Then, from
Lemma 9.2.2(e) we have V; < max{K (V4) + Vi, BVi} = Viy1. Hence, by induction V; > V,_; for t > 0, i.e., V; is nondecreasing
int>0.

(b) Let 8 =1, hence s > 0 due to the assumption of 3 < 1 or s > 0 in the lemma. Then . = zx from Lemma 9.2.3(b).
Note (1). Suppose Vi1 = zx. Then Vi = max{K(Zx) + Tx, Tx} = max{Tx, Tx} = Tx. Accordingly, by induction
Vici = xk for t > 0, hence Vi1 = zp for ¢ > 0, so that L(Vi—1) = L(zr ) =0 for ¢ > 0. Accordingly, for the same reason as

in the proof of Tom 19.1.1(b) we obtain MH.
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(¢) Let f<land s=0(s>0).

(c1) Let b>0(x>0). Then z, > zx > 0---(4) from Lemma 9.2.3(c (d)). Note (1). Suppose Vi1 = Tx. Then
Vi = max{K (2x )+ ¢x,B¢x } = max{¢x,B2Cx } = Tx due to x > 0. Accordingly, by induction V;_1 = zx for ¢t > 0, hence
Vi1 < a1 for t > 0 due to (4) , so that L (Vz—1) > 0 for t > 0 due to Corollary 9.2.1(a). Therefore, for the same reason as in
the proof of Tom 19.1.1(c) we have MA and Conduct >¢>0a-

(c2) Let b<0 (k <0). Then, since 2, < 2k from Lemma 9.2.3(c (d)), we have ., < Vp from (1), hence z, < Vi1
for t > 0 from (a), so that L (Vi—1) <0 for ¢ > 0 due to Corollary 9.2.1(a). Then, since V; — fV;—1 = 0 for ¢ > 0 from(19.1.29),
for the same reason as in the proof of Tom 19.1.1(b) we obtain m\\' 1

There exist t3 and ¢ (t5 > t7 > 0) such that

o] — | (D [#40ITde >0 (0) |,
(2) |® d0ITsr>¢e (7) [» where Conduct,>¢>¢e 4 and

where pSkipe > 40 o, and pSkipe 45 0s ((PSkiPtgzwot ).

O Tom 19.1.4 (&Z/{M:2[R][A]}) LetS<1ors>0andletp> xx.
(a) LetB=1o0rp=0.1

1. Vi=p fort>0.

2. Let . <p. Then m“.

3. Let xp > p. Then MA where Conduct,>¢>0a4-
(b) LetB<1andp>0andlet s=0(s>0).

Vi is nonincreasing in t > 0 and converges to a finite V = xx ast — oo.

L.
2. Let b<0 (x <0). Then|[®d0ITd,>o{0)].
3.

Let b>0 (x> 0) .
i. Letp < xr. Then|® d0ITs,>o(7) [» where Conduct,>¢>o04-
ii. Let p= xr. Then|® d0ITs,>1(7) [, where Conduct,>¢>04-
ili. Let xo < p. Then S4 HII s true.
(¢c) LetB<landp<0andlet s=0(s>0).

1. V4 is nondecreasing in t > 0.

2. Let b<0 (x <0). Then|[®d0ITd,~o{0)].

3. Let b>0(x >0). Then|® d0ITs,>0(7)|s where Conduct >¢>0a. U

Proof Let f < 1ors > 0 andlet p > xx---(1). Hence Vo > zx ---(2) from (6.5.17(p31)) and K (p) < 0---(3) due to
Lemma 9.2.2(j1). Suppose V;—1 > xx. Then, from (6.5.18) and Lemma 9.2.2(e) we have V; > K (Vi—1) + Vi—1 > K(zk) +
zx = xx. Hence, by induction Vi1 > zx ---(4) for ¢ > 0. From (6.5.18) with ¢ = 1 we have V1 —Vj = Vi —p =
max{K (Vo) + Vo, BVo} — p = max{K (p) + p, fp} — p = max{K (p), ~(1 — B)p} -+ (5).

(a) Let B=1or p=0.

(al) Then, since —(1 — B)p = 0, we have Vi — Vj = 0 from (5) and (3), ie.,, Vo = V1. Suppose Vi1 = V;. Then
Vi = max{K (V) + V4, BVi} = Viq1. Thus, by induction Vi1 = V; for ¢ > 0, i.e., Vo = V4 = Vo = -+, hence V; = Vy = p for
t>0.

(a2) Let xz. < p. Then, since z, < Vi_; for ¢ > 0 from (al), we have L(V;—1) < 0 for ¢ > 0 due to Corollary 9.2.1(a),
hence V; — fVi—1 = 0 for t > 0 from (19.1.29). Accordingly, for the same reason as in the proof of Tom 19.1.1(b) we obtain

(a3) Let xr > p. Then, since xp > V;_; for ¢t > 0 from (al), we have L(V;_1) > 0 for ¢t > 0 due to Corollary 9.2.1(a),
hence for the same reason as in the proof of Tom 19.1.1(c) we obtain MA and Conduct;>¢t>0a-

(b) Let 8<1---(6)and p>0---(7) and let s=0 (s >0) . Then, since —(1—3)p < 0---(8), from (5) and (3) we have
Vi —Vo <0, hence p=Vp > Vi ---(9) from (6.5.17(p31)).

(bl) We have Vp > V4 from (9). Suppose Vi1 > Vi. Then, from (6.5.18) and Lemma 9.2.2(¢) we have V; > max{K (V;) +
Vi, BVi} = Vigq. Hence, by induction Vi;—1 > V; for t > 0, i.e., V4 is nonincreasing in ¢ > 0. In addition, since V4 is lower bounded
in t due to (4) , it follows that V; converges to a finite V as t — oo. Accordingly, from (6.5.18) we have V = max{K (V)+V, 8V},
from which 0 = max{K (V), —(1 — )V}, so that K(V) <0, hence V < zx due to Lemma 9.2.2(j1).

(b2) Let b<0 (k <0). Then, since z, < zx due to Lemma 9.2.3(c (d)), from (4) we have V;_; > =z, for t > 0.
Accordingly, since L (V;—1) < 0 for ¢t > 0 from Corollary 9.2.1(a), we have V; — fV;_1 = 0 for ¢ > 0 from (19.1.29), hence for the
same reason as in the proof of Tom 19.1.1(b) we obtain MH'

(b3) Let >0 (x >0). Then L > zx >0---(10) from Lemma 9.2.3(c (d)).

TThe inverse of the condition “B=1lorp=0"1is “B <1 and p# 07, which is classified into the two cases of “8 <1 and p > 0" and “8 < 1
and p < 07, leading to the conditions in (b) and (c) that follows.
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(b3i) Let p < xr. Then, since Vo < z. from (6.5.17(p3l)), we have V;—y < xp for ¢ > 0 due to (bl). Therefore, since
L(Vi—1) > 0 for ¢ > 0 from Corollary 9.2.1(a), for the same reason as in the proof of Tom 19.1.1(c) we have |® d0ITS,>0(T)|a
and CONDUCT, >0, .

(b3ii) Let p = =L ---(11). Then, since Vo = =z from (6.5.17(p3l)), we have L(Vp) = L(xr) = 0---(12), hence from
(19.1.31) with ¢ = 1 we have V5 = BV - - - (13 ), so that t{ = 0, i.c., [ d0ITd,(0)],. Below let 7 > 1. From (9) and (11) we have
Vi < Vo = w1 . Accordingly, since V;—1 < x. fort > 1 from (bl), we have L (V;—1) > 0---(14) for t > 1 from Corollary 9.2.1(a),
hence L (Vi—1) > 0---(15) for 7 > ¢t > 1. Therefore, V;—BV;—1 > 0 for 7 > ¢ > 1 from (19.1.29), hence V; > BVi_i for7 >t > 1,
so that V; > V,_1 > --- > 77 1Vi. From the result and (13) we obtain Vi > BVe_1>---> BV, =BV, for 7 > 1, hence
t: =7 for 7 > 1, i.e., [® d0ITs,>1(7)s. Then Conduct,, for 7 >t > 1 due to (15) and (19.1.33).

(b3iii) Let z. < p, hence =, < Vp---(16) from (6.5.17(p31)), so that . < V. Suppose xzp < Vi_y---(17) for all
t > 0. Then, since L(Vi—1) < 0 for ¢ > 0 from Corollary 9.2.1(a), we have V; = gV;_; for t > 0 from (19.1.31), hence
V, = B'Vo = B%p > 0 for t > 0 due to (7). Then, since lim;— oo V; = 0 due to (6), from (10) we have z;, > zx > V; > 0 for
a sufficiently large ¢, which contradicts (17) . Hence, it is impossible that =, < V;_; for all t > 0. Accordingly, from (16) and
(b1) we see that there exist ¢t7 and ¢} (t7 < ¢3) such that

%2%22%‘,’-—1>‘/ﬁ3— :‘/13_-&-1:"':%:_—1: xr >V;:_ 2%;+12 ...... (18)

Hence, we have
’ zr > Vie, xr > Vieqa, -,

Ve =xr, Vequ =2, -+, Vieor = a1,
Vo> a2, Vi>xr, -+, Vie1 > o1,

or equivalently zr > Vier---(19) P

Vicr= 1z --(20), 1L >t>t7,
Vici >z ---(21),  t2>t>0.
Accordingly, we have:

1. Let 2 > 7 > 0. Then, since V;—1 > z1 for 7 >t > 0 from (20) and (21), we have L(V;—1) < 0---(22) for 7 > ¢ > 0
from Corollary 9.2.1(a), hence V; — BVi—1 = 0 for 7 > ¢ > 0 from (19.1.29), i.e., V; = Vi1 for 7 > t > 0, leading to
Ve =p0Vro1=---= Vo ---(23), hence t; =0 for t; > 7 >0, i.c.,|®d0ITds >>0(0)];. Accordingly, S4(1) is true. Then,
from (23) with 7 = ¢2 we have Vie =fVie 1=+ = ﬂt.’Vo - (24),

2. Let 7 > t%. Then, since z, > Vi_1 for 7 > ¢ > t% from (19), we have L(Vizi) > 0---(25) for 7 > ¢ > 5 from
Corollary 9.2.1(a), hence V; — BV,—1 > 0 for 7 > ¢ > t5 from (19.1.29), i.e.,, Vi > BVi—1 for 7 > ¢ > t;, leading to
Ve>pVig > > BT_t;Vt; ---(26). From this and (24) we have

Ve > Ve > > 7T Ve = BT W L = = BTV,
hence ¢ = 7 for 7 > t5, i.e., |® dOITS ;>0 (T) a-

(i) We have Conduct, for 7 >t > 5 ---(27) form (25) and (19.1.33). Hence, the former half of S4(2) is true.

The latter half is shown as follows. First, note here (27) . Then we have:
(i) If 5 >t > 12, then L(Vi—1) = L(xr ) = 0 from (20), hence we have Skip,, from (19.1.32), implying pSkip,, (see
Figure 7.2.1(p34) (IT)) or equivalently pSkipe 5 ;o0 4-
(iii) If 2 > ¢ > 0, then L(V;—1) = (<) 0 from (21) and Lemma 9.2.1(p4) (d (1)), hence we have Skip,, (Skip,.) from
(19.1.32) ((19.1.33)) , implying pSkip,, (pSkip,.) or equivalently pSkip,o-.oa (PSkiPsosss0a) -

Accordingly, the later half of S4(2) is true.
(¢) Let f<land p<0---(28) andlet s=0 (s >0).

(c1) Then, since —(1 — 8)p > 0, from (5) we have V4 — Vp > 0, i.e., Vo < Vi---(29), hence Vo < Vi. Suppose Vi1 < V.
Then, from (6.5.18) and Lemma 9.2.2(e) we have V; < max{K (V;) + V4, BV:} = Viy1. Hence, by induction Vi—1 < V; for t > 0,
i.e., V; is nondecreasing in ¢t > 0.

(¢2) Let b<0(x <0). Then z, < zx due to Lemma 9.2.3(c (d)), hence from (4) we have V;_1 > z. for t > 0.
Accordingly, since L (V;—1) < 0 for ¢ > 0 from Corollary 9.2.1(a), we have V; — 8V;_1 = 0 for ¢ > 0 from (19.1.29), hence for the
same reason as in the proof of Tom 19.1.1(b) we obtain m”.

(c3) Let b>0 (k>0). Then z, > xx >0---(30) from Lemma 9.2.3(c (d)). Then, we have p < 0 < zx from (28) and

(30), hence Vo < xx from (6.5.17(p31) ), so that Vo < xx. Suppose Vi_1 < xx, hence V;_1 < x, form (30) | thus L (Vi—1) >0
from Corollary 9.2.1(a). Accordingly, from (19.1.30) and Lemma 9.2.2(e) we have V; = K (V;—1) + Vi1 < K(Tk ) + Tk = Tk .
Hence, by induction V;_1 < xx for ¢t > 0, so that V;—1 < xp for ¢t > 0 from (30) . Therefore, since L (Vz—1) > 0---(31) fort > 0

from Corollary 9.2.1(a), for the same reason as in the proof of Tom 19.1.1(c) we have [® d0ITs,~o(7) s and Conduct,;>¢>0a. I

If s = 0, then L(Vi—1)=0,o0relse L (V;_1) <0.
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19.1.4.3 Market Restriction
19.1.4.3.1 Positive Restriction
O Pom 19.1.1 (Z{M:2[R][A]"}) Suppose a > 0. Let =1 and s = 0.

(a) Vi is nondecreasing in t > 0.

(b) Let p>b. Then[®d0ITd,>0(0)];- -0
(¢) Letp<b. Then|® d0ITs,>0(7)|. where Conduct,>i>0. — - ®

Proof The same as Tom 19.1.1(p.140) due to Lemma 16.4.1(p.100). 1

O Pom 19.1.2 («/{M:2[R][A]"})  Suppose a >0. Let 3 <1 ors>0 and let p < Tx.

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V> Tk ast — co.

(b) Let x < p. Then[@d0ITd,>o(0)]; — - @®

(¢) Letp< L.

1. |® d0ITsq(l) |, where Conducti, — —
2. Let =1, hence s > 0.
i. Leta < p. Then M‘ where Conduct,;>¢>0a — —®
ii. Let p<a.
1. Let (Ap—s)/A<a.
i. Let A\=1. Then m” where Conduct;, — - ®
ii. Let A< 1. Then|® d0ITs,>1(7)|. where Conduct,>i>0. — —®
2. Let (Ap—s)/X>a. Then|® d0ITs,~1(7T)[s where Conduct,>¢>0a — 0)
3. Let <1 ands=0. Then M‘ where Conduct,>¢>0x — — @
4. Let <1 and s> 0.
i. Leta<p.
1. Let \Bu > s. Then M‘ where Conduct,>t>0a — - ®
2. Let A\Bu < s. Then S3(pldl) s true — - ®/®
ii. Let p <a.
1. Let (A\Bu—3s)/é <a.
i. Let A=1.
1. Let Bu > s. Then M‘ where Conduct,>¢>0. — — @
2. Let Bu <'s. Then m” where Conducti, — — @
il. Let A < 1.
1. Let \Bu > s. Then M. where Conduct,>¢>00 — — @
2. Let \Bp < s. Then Ss(p.l4l) is true — -®/®
2. Let (A\Bu—s)/6 > a. Then M‘ where Conduct,>>0a — ®

Proof  Suppose a > 0---(1), hence b > a > 0---(2). Then, we have kK = A\fpu — s---(3) from Lemma 9.3.1(p45) (a).

(a~c2ii2) The same as Tom 19.1.2(p.141) (a~c2ii2).

(c3) Let B <1and s=0. Then, due to (2) it suffices to consider only (c3il,c3iilil,c3iiliil,c3ii2i) of Tom 19.1.2.
(c4) Let < 1ands>0.

(cdi-c4iilii2) Immediate from (3) and Tom 19.1.2(c3i-c3iilii2) with .

(c4ii2) Let (ABu — s)/6 > a. Then, since(ABu — s)/6 > a > 0 due to (1), we have A3y — s > 0, so that £ > 0 due to (3).
Hence, it suffices to consider only (c3ii2i) of Tom 19.1.2. 1§

O Pom 19.1.3 («/{M:2[R][A]T}) Suppose a > 0. Let 3 <1 ors>0 and let p = =x.

(a) Vi is nondecreasing in t > 0.

(b) Let 8=1. Then|ed0ITd.~o(0)], — —
(¢) Let<1ands=0. Then M‘ where Conduct->¢>0a — —
(d) LetB<1ands>0.

1. Let A\Bp > s. Then |® d0ITs,>o(7) |, where Conduct:>¢>0. —
2. Let \Bu < s. Then|®d0ITd,~o(0)|, — —

Proof Suppose a > 0, hence b > a > 0---(1). Then, we have kK = Ay — s---(2) from Lemma 9.3.1(p45) (a).
(a,b) The same as Tom 19.1.3(p.143) (a,b).
(c) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 19.1.3.
(d) Let < 1ands>0.
(d1,d2) Immediate from (2) and Tom 19.1.3(c1,c2) with . I
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O Pom 19.1.4 (&/{M:2[R][A]"}) Suppose a >0. Let 3 <1 ors>0 and let p > Tx.

(a) LetB=1o0rp=0.
1. Vi=p fort>0.
2. Let v <p. Then|®d0ITd,~o(0)| —

3. Let . > p. Then|® d0ITs,~o(7)|. where Conduct:>¢>0. —
(b) Let 8<1 andp>0 andlet s =0.

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tx ast — oo.
2. Let p< wr. Then|® d0ITs,>o(7)|» where Conduct,>¢>0. —

3. Let p= xr. Then |® d0ITs,>1(7T)|s where Conduct,>¢>1a —
4. Let 1, < p. Then S4 [oa o [ [wsa] s true —
(¢) Let B<1andp>0 andlets>0.

1. Vi is nonincreasing in t > 0 and converges to a finite V = xx ast — oo.

2. Let \Bu < s. Then m" —

3. Let \Bu > s.
i. Letp< zr. Then|® d0ITs,;>o(T)|» where Conduct >t>0. —
ii. Let p= .. Then|® d0ITs,>1(T)|s » where Conduct,;>i>1. —

iii. Let xr < p. Then S4 [oa Ton TrsaTma] s true (see Numerical Example 19.1.1(p171)) —

(d) Let B<1 andp <0 and let s =0.
1. V; is nondecreasing in t > 0.
2. |® d0ITs;>0(T) |, where Conduct,>t>0. —

() Let <1 andp<0 andlets>0.

1. Vi is nondecreasing in t > 0.

2. Let A\Bu <s. Then|®d0ITd,>o{(0)]} —

3. Let ABp > s. Then|® d0ITs,>o(7T) | where Conduct >¢>0a —

Proof Suppose a > 0, hence b > 1> a > 0---(1). Then kK = ABp — s---(2) from Lemma 9.3.1(p45) (a).

(a-a3) The same as Tom 19.1.4(p.144) (a-a3).

-0
- ®

- ®
- 0/®

-+ ®/0/®

-0

-+ ®
- 0/®
- ®©/0/®

(b-b4) Let 8 <1and p> 0 and let s = 0. First, (bl) is the same as Tom 19.1.4(b1). Next, due to (1) it suffices to consider

only (b3i-b3iii) of Tom 19.1.4.

(c-c3iii) Let 8 < 1and p > 0 and let s > 0. First, (c1) is the same as Tom 19.1.4(b1). Next, due to (1) it suffices to consider

only (b3i-b3iii) of Tom 19.1.4.

(d-d2) Let 8 < 1and p <0 and let s = 0. First, (d1) is the same as Tom 19.1.4(c1). Next, since £ = A\3u > 0 due to (2)

and (1), it suffices to consider only (c3) of Tom 19.1.4.

(e-e3) Let 8 < 1and p < 0 and let s > 0. First, (el) is the same as Tom 19.1.4(cl). Next, (e2,e3) are the same as

Tom 19.1.4(c2,c3) with . 1

19.1.4.3.2 Mixed Restriction
Omitted (see Section 17.2.3(pl16) ).

19.1.4.3.3 Negative Restriction
O Nem 19.1.1 (&/{M:2[R][A]"}) Suppose b < 0. Let =1 and s =0.

(a) Vi is nondecreasing in t > 0.

(b) Let p>b. Then|e®d0ITd,~o(0)| —
(¢) Let p<b. Then|® d0ITs,>o(T)|s where Conduct >¢>0. —

Proof The same as Tom 19.1.1(p140)) due to Lemma 16.4.1(p100). N

O Nem 19.1.2 («/{M:2[R][A]"}) Suppose b < 0. Let <1 ors>0 andlet p < Tk.

a) Vi is nondecreasing int > 0, is strictly increasing int > 0 if A <1 or a < p, and converges to a finite V > xx ast — oco.
p

(b) Let x < p. Then[@d0ITd ~o(0)], —

(¢) Letp< zr.
1. [® d0ITs1(l) |, where Conducti, —

2. Letf=1.
i. Leta <p. Then|® d0ITs,>1(7) |, where Conduct;>¢>0. —
ii. Letp<a.

1. Let (Au—s)/A<a.
i. Let A\=1. Then|® nd0IT,~1(1l) |, where Conducti, —

ii. Let A< 1. Then|® d0ITs,>1(T)|. where Conductr>;>0. —
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2. Let (Au—8)/A\>a. Then M‘ where Conduct,>>04 — — ®)
3. Let <1 and s =0. Then we have S3(p.14]) ERE
4. Let <1 ands>0.

i. Leta < p. Then S3(pldl) 18 true — -6 /®
ii. Let p<a.
1. Let (A\Bu—s)/é < a.
i. Let \=1. Then|® nd0IT,~1(1)| where Conduct;, — - ®
ii. Let A< 1. Then Sa(pl) is true — 56 /®
2. Let (ABp—s)/d > a. Then S3(pl4l) is true — - /®

Proof Suppose b < 0---(1), hencea <b<0---(2) and Kk = —s---(3) from Lemma 9.3.1(p.5) (a).

(a-c2ii2) The same as Tom 19.1.2(p.141) (a~c2ii2).

(c3) Let 8 <1and s=0. Assume (ABu — s)/d < a. Then, since A\Bu/d < a, we have A\Bu < da, hence A\Bu < da < Aa due
to (2) and (9.2.2(1) (p42)), so that Bu < a, which contradicts [15(p01)]. Thus it must be that (ABu — s)/8 > a. From this and
(1) it suffices to consider only (¢3i2,¢3ii2ii) of Tom 19.1.2(p141).

(c4-c4ii2) Let 8 < 1 and s > 0. Then x < 0 due to (3). Hence, it suffices to consider only (c3i2,c3ii1i2,c3iilii2,c3ii2ii) of
Tom 19.1.2(p.141) with . 1

O Nem 19.1.3 (Z{M:2[R][A]"}) Suppose b< 0. Let B <1 ors>0 andlet p= zx.
(a) V4 is nondecreasing in t > 0.
(b) W have [0 A0TTd, =9 0]} -0

Proof Suppose b < 0---(1). Then k = —s---(2) from Lemma 9.3.1(p45) (a).
(a) The same as Tom 19.1.3(p.143) (a).

(b) Let 8 =1. Then, it suffices to consider only (b) of Tom 19.1.3(p.143), we have | ® d0ITd~0(0)|;. Let 8 < 1. If s = 0, then
due to (1) it suffices to consider only (c2) of Tom 19.1.3 and if s > 0, then x < 0 due to (2), hence it suffices to consider only

(c2) of Tom 19.1.3. Thus, whether s =0 or s > 0, we have | ® d0ITd,~0(0)];. Accordingly, whether 3 =1 or 3 < 1, it eventually
follows that we have m”. 1
O Nem 19.1.4 (&/{M:2[R][A]"}) Suppose b < 0. Let <1 ors>0 andlet p> Tx.
(a) Letp=1o0rp=0.
1. Vi=p fort>0.
2 2. < p. Then [@d0TTLo[0)] — -

3. Let x. > p. Then|® d0ITs,>o(7T)|s where Conduct,>¢>0. — - ®
(b) LetB <1 andp>0.

1. Vi is nonincreasing in t > 0 and converges to a finite V. > Tk ast — oo.

2. We have Then [@d0ITd ~o{0)]; — - ®

(¢) LetB<1andp<O0.
1. Vi is nondecreasing in t > 0 and converges to a finite V > xx ast — oo.

2 We have [ @0TTar—o00]), -0

Proof Suppose b < 0---(1), hence k = —s---(2) from Lemma 9.3.1(p.4) (a).

(a-a3) The same as Tom 19.1.4(p.14) (a-a3).
(b) Let 8<1andp>0.
(bl) The same as Tom 19.1.4(b1).

(b2) 1If s = 0, then due to (1) it suffices to consider only (b2) of Tom 19.1.4 and if s > 0, then £ < 0 due to (2), hence it
suffices to consider only (b2) of Tom 19.1.4. Thus, whether s = 0 or s > 0, it eventually follows that we have the same result.

(¢) Let f<1landp<O.
(c1) The same as Tom 19.1.4(cl).

(c2) 1If s = 0, then due to (1) it suffices to consider only (c2) of Tom 19.1.4 and if s > 0, then x < 0 due to (2), hence it
suffices to consider only (c2) of Tom 19.1.4. Thus, whether s = 0 or s > 0, it eventually follows that we have the same result. Il
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19.1.5 M:2[R][A]
19.1.5.1 Preliminary
Due to Lemma 19.1.1(p137) (a) we can use Theorem 19.1.1(p.137) in the proof of Tom’s 19.1.5—19.1.8 that follows.

19.1.5.2 Analysis
19.1.5.2.1 Caseof 3=1and s=0
O Tom 19.1.5 («/{M:2[R][A]}) Let 8=1 and s =0.

(a) Vi is nonincreasing in t > 0.
(b) Let p<a. Then|e®d0ITd.>o(0)|.
(¢) Letp>a. Then|® d0ITs,>o(7)|. where Conduct,>¢>0a. U

Proof by symmetry Immediate from applying Sp_,5 (see (15.3.1(p.%))) to Tom 19.1.1(p.140). N

19.1.5.2.2 Caseof 3<lors>0
O Tom 19.1.6 (/{M:2[R][A]}) Let <1 ors>0 andlet p> Tf.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A <1 or b > p, and converges to a finite V < Tg ast — co.

(b) Let 3 > p. Then [#d0TTd,=o{0)],.

(c) Letp> z7.

1. |® d0ITs1(l) |, where Conducti,. Below let 7 > 1.

2. Letp=1.
i. Letb> p. Then|® d0ITs,>1(7)|. where Conduct,>¢>oa-
ii. Let p>b.

1. Let (Ap+s)/A>D.
i. Let A\=1. Then|® nd0IT,~1(1)|, where Conduct;,.
ii. Let A < 1. Then|® d0ITs,>1(7)[s where Conduct >¢>0a-
2. Let (Au+s)/A<b. Then M‘ where Conduct,>¢>04 -
3. Let <1 ands=0 (s>0).
i. Letb>p.
1. Leta<0 (& <0). Then|® d0ITs,>1(7)|. where Conduct,>>04-
2. Leta>0 (& >0). Then S3(pl4]) is true.

ii. Let p>b.
1. Let (A\Bp+s)/0 > b.
i. Let A=1.

1. Let a <0 (% <0). Then |® d0ITs,>1(7)|. where Conduct,>;>0a4-

2. Leta>0 (& >0). Then|® nd0IT,~ (1) | where Conducti,.
ii. Let A < 1.

1. Let a <0 (% <0). Then[® d0ITs,>1(7)]s where Conduct >¢>0a-
2. Leta >0 (& >0). Then S3(p.141) is true.
2. Let (A\Bu+s)/0 <b.

i. Leta<0 (k <0). Then|® d0ITs,>1(7) ]| where Conduct,>¢>04-
ii. Leta>0 (k> 0). Then S3(pl4l) is true. 0O

Proof by symmetry Immediate from applying Sp_,z (see (15.3.1(p%))) to Tom 19.1.2(p141). N

O Tom 19.1.7 (/{M:2[R][A]}) Let <1 ors>0 and let p= .

(a) V& is nonincreasing in t > 0.

(b) Let 8= 1. Then |[@d0ITd.>0(0)];-

(¢) LetB<1ands=0(s>D0).
1. Leta <0 (% <0). Then |® d0ITs:>0(7) |, where Conduct,>¢>04-
2. Leta>0(k>0). Then | @d0ITd->0(0)]. O

Proof by symmetry Immediate from applying Sp_,5 (see (15.3.1(p%))) to Tom 19.1.3(p.143). &

O Tom 19.1.8 (/{M:2[R][A]}) Let <1 ors>0 andlet p < .
(a) Letf=1o0rp=0.
1. Vi=pfort>0.
2. Let *; > p. Then|ed0ITd,>o(0) ;-
3. Let Ty < p. Then |® d0ITs,>o(7) | where Conduct >¢>04-
(b) Let B<1andp <0 andlets=0 (s> 0).
1. Vi is nondecreasing in t > 0 and converges to a finite V = Tg ast — oo.
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2. Leta>0 (i >0). Then|[®d0ITd,>o(0)].
3. Leta<0 (R <D0).

i. Let p> %;. Then|® d0ITs,>o(T) | where Conduct >¢>0a-
ii. Letp= %;. Then|®d0ITd:{0)], and[® d0ITs,>1(r)]. where Conduct,>¢>04.

iii. Let X7 > p. Then Syq [O4 [ [S2]S4] s true.

(¢) Let B<1andp>0andlets=0 (s>0).
1. Vi is nonincreasing in t > 0 and converges to a finite V = Ti ast — oo.
2. Leta>0 (k& >0). Then | ed0ITd,~o(0)].
3. Leta<0 (k& <0). Then|® d0ITs,»0(T)|. where Conduct,>¢>0a-

Proof by symmetry Immediate from applying Sp_,5 (see (15.3.1(p.%))) to Tom 19.1.4(p.144). N

19.1.5.3 Market Restriction
19.1.5.3.1 Positive Restriction
O Pom 19.1.5 (;z{{l\~/|:2[R][A]+}) Suppose a > 0. Let f =1 and s = 0.

(a) V4 is nonincreasing in t > 0.
(b) Let p<a. Then|®d0ITd,~o{0)| — - @
(¢) Letp>a. Then|® d0ITs,>o(7)|. where Conduct:>¢>0. — —(®

Proof by diagonal-symmetry Immediate from applying Sp_,z (see (15.3.1(p%))) to Nem 19.1.1(p147) (see (17.1.22(p113))). I
Direct proof The same as Tom 19.1.5(p.149) due to Lemma 16.4.1(p.100). 0

O Pom 19.1.6 (42%{|\7I:2[R][A]+}) Suppose a > 0. Let <1 ors>0 andlet p > Zz.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A <1 or b > p, and converges to a finite V. < T ast — oo.

(b) Let ©; > p. Then|[@d0ITd,>o(0)]; — - @®

(c) Letp> 7.

1. |® d0ITs1(1) |, where Conducti,. Below let 7 >1 — - ®
2. Let=1.
i. Letb> p. Then|® d0ITs,>1(7)[s where Conduct,;>t>0. — — )
ii. Let p>b.

1. Let A+ s)/A>b.
i. Let A\=1. Then|® nd0IT,~1(1) |, where Conducti, — — ®
ii. Let A< 1. Then M‘ where Conduct,;>¢>0a — — @
2. Let (Au+s)/A <b. Then|® d0ITs.>1(7)|. where Conduct,>t>0s — - ®

3. Let B <1 and s=0. Then we have S3(p.l4l) .
4. Let <1 and s> 0.

i. Letb> p. Then S3(p.l4l) is true — - G®/®
ii. Letp>b.
1. Let (\Bpu+s)/6 > 0.
i. Let A\=1. Then|® nd0IT,>1(1) |} where Conducti, — o)
ii. Let A < 1. Then S3(pl4l) is true — —-®/®
2. Let (A\Bu+s)/d <b. Then S3(pldl) is true. 0 — - &®/®

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.1(p9%))) to Nem 19.1.2(p.147) (see (17.1.22(p.113))). 1
Direct proof Suppose a > 0---(1), hence b >a >0---(2) and & = s---(3) from Lemma 11.6.6(p8) (a).
(a-c2ii2) The same as Tom 19.1.6(p.149) (a-c2ii2).

(c3) Let 8 <1ands=0. Assume (ABu + s)/d > b. Then, since ABu/d > b, we have ABu > b, hence A\Bu > db > Ab due
to (2) and (9.2.2 (1) (p42) ), so that Bu > b, which contradicts [3(p01)]. Thus, it must be that (ABu + s)/6 < b. From this and (1)
it suffices to consider only (c¢3ii2ii) of Tom 19.1.6(p.149).

(c4-c4ii2) If B <1 and s > 0, then k > 0 due to (3), hence it suffices to consider
only (c3i2,¢3ii1i2,c3iilii2,c3ii2ii) with <. 1
O Pom 19.1.7 (M{M:Z[R][A]Jr}) Suppose a > 0. Let <1 ors>0 and let p= Tg.
(a) Vi is nonincreasing in t > 0.
(b) We have [®d0ITd,>0(0)];. 0 — - @®
Proof by diagonal-symmetry Immediate from applying Sp_,z (see (15.3.1(p%))) to Nem 19.1.3(p.14§) (see (17.1.22(p.113))). 1
Direct proof Suppose @ > 0---(1). Then & = s---(2) from Lemma 11.6.6(p8) (a).

(a) The same as Tom 19.1.7(p.149) (a).

(b) Let 8= 1. Then it suffices to consider only (b) of Tom 19.1.7. Let 8 < 1. If s = 0, due to (1) it suffices to consider only
(c2) of Tom 19.1.7 and if s > 0, then & > 0 due to (2), hence it suffices to consider only (c2) of Tom 19.1.7, thus, whether s = 0
or s > 0 we have the same result. Accordingly, whether 5 =1 or 3 < 1, it follows that we have the same result. 1
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O Pom 19.1.8 (%{I\?I:2[R][A]+}) Suppose a > 0. Let <1 ors>0 andlet p < Tz.
(a) Letp=1orp=0.
1. Vi=p fort>0.

R T s e P
3. Let Tz < p. Then WA where Conduct,>¢t>0x — - ®
(b) LetB<1andp<D0.

1. Vi is nondecreasing in t > 0 and converges to a finite V < T ast — oo.
2. |@d0ITd.»o(0) | — - @®

(¢) Letp <1andp>D0.
1. V; is nonincreasing in t > 0 and converges to a finite V < g ast — oo.
2. [@d0ITd,~o(0)] — - @
Proof by diagonal-symmetry Immediate from applying Sp_,z (see (15.3.1(p%))) to Nem 19.1.4(p.143) (see (a(p8))). N
Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 11.6.6(p.6) (a).
(a-a3) The same as Tom 19.1.8(p.149) (a-a3).
(b) Let 8<1andp<O0.
(bl) The same as Tom 19.1.8(b1).

(b2) 1If s = 0, then due to (1) it suffices to consider only (b2) of Tom 19.1.8 and if s > 0, then & > 0 due to (2), hence it
suffices to consider only (b2) of Tom 19.1.8. Accordingly, whether s =0 or s > 0, we have the same result.

(c) Let 8<1andp>0.
(c1) The same as Tom 19.1.8 (c1).

(c2) If s = 0, then due to (1) it suffices to consider only (c¢2) of Tom 19.1.8 and if s > 0, then & > 0 due to (2), hence it
suffices to consider only (c2) of Tom 19.1.8. Accordingly, whether s = 0 or s > 0, we have the same result. 1

19.1.5.3.2 Mixed Restriction
Omitted (see Section 17.2.3(pl16) ).

19.1.5.3.3 Negative Restriction
Omitted (see Section 17.2.3(pl16) ).

19.1.6  M:2[P|[A]

19.1.6.1 Preliminary
From (6.5.23(p31)) and from (5.1.21(p.13)) and (5.1.20) we have

Vi = max{K (Vi-1) + (1 = B)Vi-1,0} + Vi1
= max{L (V;—1),0} + BVic1, t>1, (19.1.34)
hence Vi — BVie1 = max{L (Vi_1),0}, t> 1. (19.1.35)
Then, for t > 1 we have
Vi=L(Vic1)+Vica =K (Vicr) +Vier i L(Vie1) 20 (19.1.36)
Vi = BVia if L(Vie1) <0. (19.1.37)
Now, from (6.2.86(p26) ) and (6.2.84) we have
St = L (Vi—1) > (<) 0 = Conducty, (Skip,s), (19.1.38)
St = L (Vi—1) > (<) 0 = Conduct;, (Skip,.). (19.1.39)
From (6.5.22(p31)) we have
Vi = max{A\fmax{0,a — p} — 5,0} + Bp, (19.1.40)
hence
Vi — Vo = Vi — Bp = max{\Bmax{0,a — p} — 5,0} > 0. (19.1.41)
From the comparison of the two terms within { } in the right side of (19.1.40) it can be seen that
S1 € ABmax{0,a — p} > (<) s = Conduct, (Skip, ), (19.1.42)
S1 £ ABmax{0,a — p} > (<) s = Conducti, (Skip,4). (19.1.43)
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19.1.6.2 Analysis

19.1.6.2.1 Caseof 3=1and s =0
19.1.6.2.1.1 Preliminary

Let =1 and s = 0. Then, from (5.1.21(p.18) ), (5.1.20), and Lemma 12.2.1(p.77) (g) we have

K(z)=L(z)=AT(z) >0 for any z. (19.1.44)
In addition, from (19.1.35) we have
Vi — Vi1 = max{\T(Vi_1),0} = AT(Vi1) > 0, ¢ > 1. (19.1.45)
Finally, from (19.1.40) we have
Vi = max{Amax{0,a — p},0} +p (19.1.46)
= Amax{0,a — p} +p (due to Amax{0,a — p} > 0) (19.1.47)
= max{p, Aa + (1 — \)p}. (19.1.48)

19.1.6.2.1.2 Case of p<a”

In this case, due to Lemma 19.1.1(p.137) (¢) we can apply Ag—p (see (15.3.3(p%))) in
Theorem 19.1.2(.37 to Tom 19.1.1(p.14) .

Lemma 19.1.2 (& {M:2[P|[A]}) Assume p < a* andlet § =1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b) |® d0ITs,>o(7)|s where Conduct,>¢>0a. U

Proof Assume p < a* and let 3 =1 and s = 0.
(a) The same as Tom 19.1.1(a).

(b) Due to the assumption p < a* we have p < a* < a < b from Lemma 12.2.1(.77) (n). Hence it suffices to consider only (c)
of Tom 19.1.1. 1

19.1.6.2.1.3 Case of b<p
In this case, due to Lemma 19.1.1(p.137) (c) we can apply Ag-p in

Theorem 19.1.2(p137) to Tom 19.1.1(p.140) .
Lemma 19.1.3 (&Z/{M:2[P|[A]}) Assumeb < p andlet =1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b) |@d0ITd,~o(0) ;. O

Proof Assume b < p---(1) and let 8 =1 and s = 0.

(a) The same as Tom 19.1.1(a).
(b) Due to (1) it suffices to consider only (b) of Tom 19.1.1. I

19.1.6.2.1.4 Caseofa*<p<b
In this case, due to Lemma 19.1.1(p.137) (d) we cannot apply Agr—p in Theorem 19.1.2(p.137) to
Tom 19.1.1.

Lemma 19.1.4 (&/{M:2[P][A]}) Assumea* <p<bandlet =1 and s=0.

(a) V& is nondecreasing in t > 0.

(b) Leta < p. Then | @ d0ITd:(0) |H and | ® d0ITs,>1(T) |, where Conduct,>¢>1. and pSKIP1,.

(¢) Letp<a. Then M‘ where Conduct,;>¢>oa. U

Proof Assume a* < p<b---(1) andlet 8 =1 and s =0. Then L(z) = K(z) = AT(z) > 0---(2) for any « from (5.1.20(p.18) )

and (5.1.21) and from Lemma 12.2.1(g). Then, since p < b and a < b, from (19.1.48) we obtain Vi < max{b,\b + (1 — A\)b} =
max{b, b} = b. Suppose V;_1 < b. Then, since a* < b due to (1), we have V; < max{K (b) + b, b} from (6.5.23) with 3 =1 and
Lemma 12.2.3(p80) (h), hence V; < max{8b — s,b} from (12.2.13(2) (p79)), so that V;—1 < max{b,b} = b due to the assumption
of 8 =1 and s = 0. Accordingly, by induction we have V;_; < b---(3) for ¢ > 1, hence T(V;—1) > 0---(4) for ¢ > 1 from

Lemma 12.2.1(g). Accordingly, Vi — 8Vi—1 > 0 for t > 1 from (19.1.45), i.e., V; > BVi_1 for ¢ > 1. Then, since V; > BV;_; for
T>t>1, wehave Vi > Vi1 > B2Vio > -+ > 7 V; - (5) for 7 > 1. In addition, since L (Vi—1) = AT (Vz—1) > 0---(6)

for 7> ¢ > 1 due to (4), we have Conduct,>;>14 - - - (7) from (19.1.39).
(a) From (19.2.24) and (6.5.21(p31)) we have Vi — Vo = Vi — p = Amax{0,a — p} > 0, hence Vi > V;---(8). Since

Vo > K (V1)+ Vi from (6.5.230p31) ) with ¢ = 2, we have Vo— Vi > K (V1) > 0 due to (2) , hence Vo > Vi - - (9). Suppose V; > V;_;.
Then from (6.5.23) and Lemma 12.2.3(e) we have Vi1 = max{K (V}) + Vi, BVi} > max{K (Vi—1) + Vi—1,8Vi—1} = Vi. Hence,
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by induction V; > Vi1 for ¢ > 1. From this and (8) we have Vi > Vi1 for t > 0, hence it follows that V; is nondecreasing in
t>0.

b) Let a < p---(10), hence Vi = p from (19.1.47), so that Vi < b due to (1). Then Vi—BVW=Vi—Vo=p—p=0 from
( p : P ; p=p
(6.5.21(p31) ), hence Vi = BVg - -+ (11), so that ¢f = 0, i.e., @ d0ITd1(0)];. Below let 7 > 1. Then, from (5) and (11) we have

Ve > p6Vio1 > BQVT,Q > > 57*11/1 =p"Vy for 7 > 1, hence t; = 7 for 7 > 1, i.e., |® d0ITs,~1(7) .. Here note Conduct:,
for 7 >t > 1 from (7). In addition, since Amax{0,a — p} = 0 due to (10), we have Amax{0,a — p} = 0 < s for any s > 0,
hence Skip,; , due to (19.1.42). Hence it follows that we have pSkip,, (see Remark 7.2.1(p.34)).

(c) Let p < a---(12), hence Vi = A(a — p) + p due to (19.1.47). Then, from (6.5.21(p31)) we have Vi — Vo = V1 — Vj =
Vi—p=Xa—-p)>0,ie, Vi >pBVo---(13), hence ¢; =1, ie,[® d0ITs1(1) |, --- (14 ). Below let 7 > 1. Then, from (5) and
(13) we have Vo > BVy_1 > B2Vy_o > --- > BTV > 7V, for 7 > 1, hence t5 = 7 for 7 > 1, i.e., [® d0ITS;>1(7T)|s. From

the result and (14) we have [® d0ITs,~0(7) . Since a —p > 0 due to (12) | we have A max{0,a — p} > 0, implying that we have
Conducti, due to (19.1.43(p151) ). From this and (7) it follows that Conduct,>¢>0a. I

19.1.6.2.1.5 Summary of Lemmas 19.1.2—-19.1.4
O Tom 19.1.9 (/{M:2[P][A]}) LetB=1 ands=0.
(a) V& is nondecreasing in t > 0.

)
(b) Let p<a*. Then|® d0ITs,>o(T)|. where Conduct,>¢>0a-
(c) Letb<p. Then|e®d0ITd,~o(0)|;.
)

(d) Leta* <p<b.
1. Leta < p. Then | ©d0ITd;(0) |H and|@ d0ITs,>1(T) |A where Conduct,>;>1. and pSKIPy,.
2. Let p<a. Then MA where Conduct,>¢>0a. U
Proof (a) The same as Lemmas 19.1.2(a), 19.1.3(a), and 19.1.4(a).
(b) The same as Lemma 19.1.2(b).
(¢) The same as Lemma 19.1.3(b).
(d-d2) The same as Lemma 19.1.4(b,c). I

Corollary 19.1.2 Let 8 =1 and s = 0. Then, the optimal price to propose z: is nondecreasing in t. [
Proof Immediate from Tom 19.1.9(a) and from (6.2.76(p2)) and Lemma 12.1.3(p.73). 1

19.1.6.2.2 Caseof 3<lors>0

19.1.6.2.2.1 Case of p < a*

In this case, due to Lemma 19.1.1(p137) (¢) we can apply Ar—_p in Theorem 19.1.2(p.137) to
Tom’s 19.1.2(p.141)~19.1.4(p.14) .

O Tom 19.1.10 (& {M:2[P][A]}) Assumep<a*,let <1 ors>0, andlet p< Txk.

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a < p, and converges to a finite V> xx ast — oo.

(b) Let xo < p. Then MH‘

(¢) Letp< L.
1. |® d0ITs1(l) |, where Conducti,. Below let 7 > 1.
2. Let g =1.
i. Let (Aa—s)/A<a*.
1. Let A\=1. Then m” where Conducty,.
2. Let A< 1. Then MA where Conduct,>¢>0a-
ii. Let (Aa—s)/X>a*. Then M‘ and Conduct,>¢>0a-
3. LetB<land s=0(s>0).
i. Let (ABa—3s)/d < a”.
1. Let A=1.
i. Let b>0 (k >0). Then M‘ where Conduct,>¢>0a-
ii. Let b<0 (k <0). Then|® nd0IT,>1 ()], where Conducti,.
2. Let A< 1.
i. Let b>0(k >0) . Then M. where Conduct,>¢>04-
ii. Let b<0 (xk <0). Then S3(pl4l) is true.

ii. Let (ABa—s)/d > a”.
1. Let b>0(k >0) . Then MA where Conduct,>¢>0a4-
2. Let b<0(x <0). Then S3pl4)) is true. 0
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Proof When Ar_,p is applied to Tom 19.1.2(p.141), “a < p” in (c2i,c3i) of Tom 19.1.2(p.141) changes into “a* < p”, which contradicts
the assumption p < a*. Accordingly, removing all the assertions related to “a < p” from Tom 19.1.2 leads to this Tom. 1

Corollary 19.1.3 Assumep < a*,let 3 <1 ors >0, andlet p < xx . Then, the optimal price to propose z; is nondecreasing
mt>0. 1

Proof Immediate from Tom 19.1.10(a) and from (6.2.76(p.25) ) and Lemma 12.1.3(p.73). 1

O Tom 19.1.11 (&/{M:2[P][A]}) Assumep<a*,let <1 ors>0, andlet p= zx.

(a) Vi is nondecreasing in t > 0.

(b) Let 3=1. Then|[@d0ITd,>o(0)];.

(¢) LetB<1and s=0(s>0).
1. Let b>0(k >0). Then M‘ where Conduct,>¢>04-
2. Let b<0 (x <0). Then|[®d0ITd,>o(0)]. O

Proof Since both a and p are not included in Tom 19.1.3(p.143), even if applying Ar_p to it, no change occurs. 1

Corollary 19.1.4 Assumep < a*,let 3 <1 ors >0, andlet p = xx . Then, the optimal price to propose z; is nondecreasing
mnt>0. 1

Proof Immediate from Tom 19.1.11(a) and from (6.2.76(p.2%5)) and Lemma 12.1.3(p.73). 1

O Tom 19.1.12 (&/{M:2[P][A]}) Assumep<a*,let <1 ors>0, andlet p> Tx.
(a) Letp=1orp=0.
1. Vi=p fort>0.

2. Let zr < p. Then m\\'
3. Let xr > p. Then M‘ where Conduct,>¢>0a-
(b) LetB<1landp>0andlet s=0(s>0).

Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.

1.
2. Let b<0(k<0). Thenm”.
3.

Let b>0 (k >0) .
i. Letp< xr. Then M‘ where Conduct,>¢>0a-

ii. Letp= x.. Then|®d0ITdi{0)], and[® d0ITs,>1(7)]. where Conduct,>i>04.
iii. Let p> xr . Then S4 m s true.

(¢) Let B<landp<0andlet s=0(s>0).

1. V4 is nondecreasing in t > 0 and converges to a finite V > Tk ast — oo.

2. Let b<0 (x <0). Then|[®d0ITd,>o{0)].
3. Let b>0(k>0). Then M. where Conduct,>¢>0a. U

Proof  Since both a and p are not included in Tom 19.1.4(p.144), even if applying Ar_p to it, no change occurs. 1

Corollary 19.1.5 Assume p<a*,let 3<1 ors>0, andlet p> k.

(a) LetB=1o0rp=0. Then z; = z(p) fort >0, i.e., constant in t > 0.
(b) LetB<1andp>0andlet s=0 (s>0). Then z is nonincreasing in t > 0.
(¢) LetB<1andp<0andlet s=0 (s>0). Then z is nondecreasing int > 0. [

Proof Immediate from Tom 19.1.12(al,bl,cl) and from (6.2.76(p25)) and
Lemma 12.1.3p73). 1

19.1.6.2.2.2 Caseof b < p

In this case, due to Lemma 19.1.1(p.137) (¢) we can apply Agr—p in Theorem 19.1.2(p.137) to
Tom’s 19.1.2(p.141)-19.1.4(p14).

O Tom 19.1.13 (&/{M:2[P][A]}) Assumeb<p,let <1 ors>0, andlet p< Tx.

(a) V& is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V> Tk ast — oo.

(b) Let x1 < p. Then[®d0ITd,~0(0)].

(c) Letp< zr.
® d0ITs;(1) |, where Conducti,. Below let T > 1.

1.
2. Let 8 =1. Then MA where Conduct,>¢>0a-
3. LetB<1and s=0(s>0).

i. Let b>0(x >0). Then M‘ where Conduct,>¢>0a4-
ii. Let b< 0 (k <0). Then Ss(pldl) is true. 0
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Proof When Agr_,p is applied to Tom 19.1.2p.141), p < a in (c2ii,c3ii) of Tom 19.1.2(p.14]) changes into p < a*. Then, since

p < a* < a due to Lemma 12.2.1(p.77) (n), we have p < a < b, which contradicts b < p. Thus, it follows that all the assertions
related to p < a must be removed from Tom 19.1.2. 1

Corollary 19.1.6 Assume b < p, let <1 ors>0, and let p < Tx . Then z; is nondecreasing in t > 0. [

Proof Immediate from Tom 19.1.13(a) and from (6.2.76(p.%5) ) and Lemma 12.1.3(p.73). 1

O Tom 19.1.14 (/{M:2[P][A]}) Assumeb<p, let 5 <1 ors>0, andlet p= Tx.

(a) Vi is nondecreasing in t > 0.
(

b) Let 3 =1. Then[®d0ITd,>o(0)];.

(¢) LetB<1and s=0(s>0).
1. Let b>0(x >0). Then|® d0ITs,>o(7)|. where Conduct,>¢>o4-

2. Let b<0 (x <0). Then|[®d0ITd,>o(0)];. O

Proof Since both a and p are not included in Tom 19.1.3(p143), even if applying Agr_p to it, no change occurs. 1

Corollary 19.1.7 Assume b < p, let 3 <1 ors>0, and let p = Tx . Then z; is nondecreasing in t > 0. [

Proof Immediate from Tom 19.1.14(a) and from (6.2.76(p.%5) ) and Lemma 12.1.3(p.73). 1

O Tom 19.1.15 (/{M:2[P][A]}) Assumeb<p, let 8 <1 o0ors>0, andlet p> Tx.
(a) Letf=1o0rp=0.
1. Vi=p fort>0.

2. Let zo <p. Then|e®d0ITd,~o(0)].
3. Let xp > p. Then MA where Conduct,>¢>04-
(b) LetB<1landp>0andlet s=0(s>0).

1. Vi is nonincreasing in t > 0 and converges to a finite V> xTx ast — oo.

2. Let b<0 (x <0). Then|[ed0ITd,~o{0)].

3. Let b>0 (x> 0).
i. Letp< x. Then|® d0ITs,~o(7)|s where Conduct,>¢>04-

ii. Let p= xr. Then | © d0ITd;(0) ||| and | 0 d0ITd, o (T) |A where Conduct,>¢>04-
iii. Let xr < p. Then Sy [oa ol [rseosa] s trye.

(¢) LetB<landp<0andlet s=0(s>0).

1. Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

2. Let b<0 (x <0). Then|[®d0ITd,>o{0)].
3. Let b>0(xk>0). Then WA where Conduct,>¢>0x. U

Proof  Since both a and u are not included in Tom 19.1.4(p.144), even if applying Ar_p to it, no change occurs. 1

Corollary 19.1.8 Assumeb<p, let 5 <1 ors>0, and let p > Tx.

(a) Let =1 o0rp=0. Then z; = z(p) fort > 0.
(b) LetB<1andp>0andlet s=0(s>0). Then z is nonincreasing in t > 0.
(c) LetB<1andp<0andlet s=0(s>0). Then z is nondecreasing int > 0. 0

Proof Immediate from Tom 19.1.15(al,bl,cl) and from (6.2.76(p25)) and
Lemma 12.1.3p.7). 1

19.1.6.2.2.3 Caseofa* < p<b

In this case, due to Lemma 19.1.1(p.137) (d) we cannot apply Agr_p of Theorem 19.1.2(p.137) to
Tom’s 19.1.1(p.140) —19.1.4(p144) . Below, let us note

Vi = max{\fmax{0,a — p} — 5,0} + Bp (the same as (19.1.40(p.151))). (19.1.49)

Lemma 19.1.5
(a) Let Vi < xx. Then Vi is nondecreasing in t > 0.
(b) Let Vi > xk.

1. LetB=1o0rVi=0. Then V; = V1 fort > 0.
2. Let <1 and Vi > 0. Then V; is nonincreasing in t > 0.
3. Let B <1 and Vi <0. Then V; is nondecreasing int > 0. [
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Proof (a) Let Vi < xk. Then, K (V1) > 0 due to Corollary 12.2.2(p8)) (b), hence from
(6.5.23(p31) ) with ¢t = 2 we have Vo > K (V1) + Vi > Vi. Suppose Vi—1 < Vi. Then, from (6.5.23(p31)) and Lemma 12.2.3(e) we
have V; < max{K (V;) + V4, BVi} = Vi41. Hence, by induction V;_; < V; for t > 1, i.e., V; is nondecreasing in ¢ > 0.

(b) Let Vi > xx. Then K(V1) < 0---(1) due to Corollary 12.2.2(a). Hence, from (6.5.23) with ¢ = 2, hence Vo — V; =
max{K (V1) + V1, 8V1} = Vi = max{K (V1), =(1 = B)V1}--- (2).

(bl) Let 8=1or Vi =0. Then, since —(1 — 8)Vi = 0, we have Vo — Vi = max{K (Vi),0} = 0 due to (1), hence Vo = V4.
Suppose V;—1 = V4. Then from (6.5.23) we have V; = max{K (V1) + V1, 8Vi} = Vo = V1. Hence, by induction we have V; = V;
for ¢ > 0. Below note that 5 =1 or Vi = 0, the negation of 3 =1o0r V13 =0, is “6 < 1 and Vi # 0”, which can be classified into
the two cases “ < 1land Vi > 0” and “f < 1and Vi > 0".

(b2) Let 8 < 1and Vi > 0. Then, since —(1 — 5)V1 < 0, from (2) and (1) we have Vo — V4 < 0, hence V2 < Vi. Suppose
Vi—1 < Vi—a2. Then, from (6.5.23) and Lemma 12.2.3(p8) (¢) we have V; < max{K (Vi—2) + Vi—2,8Vi—2} = Vi;_1. Hence, by
induction we have V; < V;_; for t > 1, thus V; nonincreasing in ¢ > 0.

(b3) Let 8 <1 and Vi < 0. Then, since —(1 — 8)V1 > 0, from (2) we have Vo — V4 > 0 or equivalently Vo > Vi, so that
Vo > V1. Suppose Vi_1 > V;_2. Then from (6.5.23)and Lemma 12.2.3(p.80) (e) we have V; > max{K (V;—2) + Vi—2, BVi—2} = Vi_1.
Hence, by induction we have V; > V;_; for t > 1, thus Vi nondecreasing in ¢t > 0. 1

156



Let us define:

There exists t; > 1 such that:

S5 =4{ (1) t3 >7>1=|®d0ITs;>1(7)|s where Conduct,>¢>14
(2) T>17 = | ®nd0ITr>s (7) | where Conductye >¢>1a-

There exists t21 and ¢ (t5 >t > 1) such that:

(1) t2 >7>1=If \Gmax{0,a — p} <s, then w”'
Sel@a[@1] el sl T2

If A8 max{0,a — p} > s, then [ ® nd0IT;s >,>1(1)|) Wwhere Conducty,.

2) >t =0 d0ITsr>¢s (T)[s where Conduct,>¢>ye & and

where pSKIPt;_ >7r>t2 4 and pSKIptg,Zt>1A ((pSKIPt‘;_ >t>14 ))

There exists t; > 1 such that:
1) t2 >7>1=If \Bmax{0,a — p} < s, then | ® d0ITdss >,~1(0) |-
e {0.0- 9} PEE0|
7 = If A8 max{0,a — p} > s, then [ ® nd0ITss >,>1(1)|) where Conducty,.
(2) 7> = |®d0ITs;>¢s (7) [a Where Conduct;>;>ye 4 and where pSKIPie >7514.

Remark 19.1.2 “g=1o0rV; =0” can be rewritten as {8 = 1UV; = 0}. Then the negation of {8 = 1uv; =0} (i.e., {8 =10V, = 0})
can be written as

{B=1UVi=0}={8<1nNV1 #0}={8<1NnV; >0}U{B<1NnV; <0},
which can be expressed, without loss of generality, as

{B=1UV1 =0}={8<1Ns>0NVL >0tU{B<1nNs>0NV; <O0}.

For explanatory convenience, let us denote {s > 0} by {s = 0(s > 0)}. Then the above expression can be rewritten as

{B=1UV1 =0} ={B<1N{s=0(s>0)}N{Vi>0}} U{B<In{s=0(s>0)}n{Vi<0}}. O

O Tom 19.1.16 (o/{M:2[P][A]}) Assumea” < p<bandlet <1 ors>0.
(a) If ABmax{0,a — p} < s, then m\\’ or else |® d0ITs;(1)|. where Conducti,. Below let 7> 1.
(b) LetVi < zk.

1. Vi is nondecreasing in t > 0 and converges to a finite V > Tx ast — oo.

2. Let Vi > zr. Then, if ABmax{0,a — p} < s, we have m\\’ or else | ® nd0IT,~ (1) || where Conducti,.
3. LetVi < zp.

i. Let 8 =1. Then M‘ where Conduct;>¢>14-
ii. Letf<1land s=0(s>0).
1. Let b>0(x >0). Then mA where Conduct >¢>1a-
2. Let b<0(xk <0). Then Ss is true.
(¢c) LetVi> zk.
1. LetB=1o0rV,=0.
i. Vi=WVi fort>0.
ii. If Amax{0,a — p} < s, then m”, or else WH where Conducty,.
2. Let B<1and s=0(s>0) (see Remark 19.1.2 above)
i. Let Vp > 0.
1. Vi is nonincreasing in t > 0 and converges to V > Tk ast — oo.
2. Let b>0(x >0). Then
i. Let Vi > xr . Then Sg [©a]@u] ei]ma[wa] 45 trye.
ii. Let V1 = xr . Then St HII is true.
ili. Let Vi < xr. Then M‘ where Conduct,>¢>14-

3. Let b<0(k <0). If \Bmax{0,a — p} <'s, then Mww or else m” where Conducti,.
ii. Let Vi <0.

1. V; is nondecreasing in t > 0 and converges to a finite V> xTx ast — oo.

2. Let b>0(x >0).

i. LetVi > . If \Bmax{0,a—p} < s, then mu, or else| ® nd0IT,~1(1) || where Conduct,.

ii. Let Vi < zo. Then|® d0ITs,>1(7)|. where Conduct,;>¢>14-

3. Let b<0(k <0). If\8max{0,a—p} < s, then|®d0ITd~1(0)];, or else[ ® nd0OIT,~1 (1) ] where Conducti,. 0
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Proof Assume a* < p<b---(1) and let <1 or s> 0.
(a) i. Let ABmax{0,a — p} < s. Then, since \Bmax{0,a — p} —s < 0, we have Vi — 8Vy = 0 from (19.1.41(p151)), i.e.,

Vi =BV ---(2), hence ¢t} =0, i.e.,|®d0ITd1{0)];.
ii. Let ABmax{0,a — p} > s. Then, since ABmax{0,a — p} — s > 0, we have Vi — Vo > 0 from (19.1.41), i.e.,
Vi > BVo---(3), hence t] =1, i.e., [® d0ITs1(1)|.. Then, since ABmax{0,a — p} — s > 0, from the comparison of

the two terms within { } in the r.h.s. of (19.1.40) we see that conducting the search is strictly optimal at time ¢t = 1,
i.e., Conducti, ---(4).

Below let 7 > 1.
(b) Let Vi < xx ---(5).

(b1) V4 is nondecreasing in ¢ > 0 due to Lemma 19.1.5(p.15) (a). Consider a sufficiently large M > 0 with b < M and Vi < M.
Suppose V;—1 < M. Then, from (6.5.23) and Lemma 12.2.3(e) we have V; < max{K (M) + M, M} = max{SM — s, M} due
to (12.2.13(2) (p.9) ), hence V; < max{M, M} = M due to 8 < 1 and s > 0. Accordingly, by induction V; < M for ¢ > 0, i.e.,
V; is upper bounded in ¢. Hence V; converges to a finite V as t — oco. Then, since V = max{K (V) + V,BM}---(6) from

(6.5.23(p31) ), we have 0 = max{K(V),—(1 — 8)V}---(7), hence K(V) <0, so that V > zx due to Lemma 12.2.3(p30) (j1).
(b2) Let Vi > x.. Then, since V;—1 > =1 for t > 1 due to (bl), we have L (V;—1) <0 for ¢ > 1 from Corollary 12.2.1(a),

hence V; — Vi—1 =0 for t > 1 from (19.1.35(p.151) ), i.e., V2 = BVi—1 for ¢t > 1. Then, since V; = fV;—1 for 7 > ¢ > 1, we have
Ve :6‘/7'71 = :ﬂ771‘/1 (8)

i. Let ABmax{0,a — p} < s. Then, from (8) and (2) we have V; = 8V,_,
ii. Let ABmax{0,a — p} > s. Then, from (8) and (3) we have V, = 8V, 1 =--- = BT V4 > 87Vj, hence t* =1 for 7 > 1,
ie., | ®nd0IT,~1(1)|. In addition, we have Conduct;, from 4).

- =877V, = BV, hence tF =0 for 7 > 1,

(b3) Let Vi < zr ---(9).

(b3i) Let 8 =1, hence s > 0 due to the assumption of 8 < 1 or s > 0, thus z, = zx ---(10) from

Lemma 12.2.4(p80) (b). Now, since Vi > Bp from (6.5.22(p.31) ), we have Vi > p due to the assumption 8 = 1, hence a* < Vi due
to (1). Accordingly, it follows that a* < V;_; for ¢ > 1 due to (bl). Note V1 < 2x from (9) and (10). Suppose Vi_1 < Tk.
Then, from Lemma 12.2.3(p8) (f) and (6.5.23) with 8 = 1 we have V; < max{K (Zx) + Tk, Tk } = max{Tk, Tk} = Tx.
Accordingly, by induction V;_1 < zx for ¢t > 1, hence V;_1 < xp for t > 1 due to (10), so that L (Vi—1) > 0 for ¢t > 1 from
Lemma 12.2.2(el). Then, since L (Vi—1) > 0---(11) for 7 > ¢ > 1, we have V; — fV;_1 > 0 for 7 > ¢ > 1 from (19.1.35(p.151) ),

ie., Vi > BVi_y for 7 >t > 1, hence V; > fV,_1 > --- > 7 'V1. In addition, since Vi > BV, from (19.1.41(p151) ), we have
Vi > BVio1 > > B Vi > 87V, hence tf = 7 for 7 > 1, i.e., [® d0ITs,>1(7)|.. Then, we have Conduct:, for 7 > ¢ > 1
from (11) and (19.1.39).

(b3ii)) Let 8<1land s=0(s>0).

(b3iil) Let b>0(x >0). Then z; > xx > 0---(12) from Lemma 12.2.4(p%) (c (d)). Here note (9) and (bl). Then
suppose there exists a ¢’ such that V;—1 > z; for t > ¢. Then L(V;—1) < 0 for t > ¢’ from Corollary 12.2.1(p80)) (a), hence
Vi = BVi_q for t > t' due to (19.1.37(p151) ). Hence, we have V; = Btif/HVtz_l for t > t/, leading to V = limy00 Vi = 0 < Tk
due to (12), which contradicts V > zx in (bl). Accordingly, it follows that Vi1 < z for all ¢ > 1, hence L (Vis_1) > 0 for
t > 1 from Corollary 12.2.1(a). Thus, for the same reason as in the proof of (b3i) we have MA and Conduct,>¢>1a-

(b3ii2) Let b<0(x <0).
e Let b=0(k =0). Then zr = zx = 0---(13) from Lemma 12.2.4(p8) (c (d)), hence V > zx = xr = 0 from (bl).

Here assume V > xx = 0. Then, since —(1 — 8)V < 0, we have K (V) = 0 from (7), leading to the contradiction V = xx
due to Lemma 12.2.3(j1). Thus we have V = zx = 0. Accordingly, due to (b1) and due to Vi < x, = zx = V from (9)
and (13) it follows that there exists a . > 1 such that

Vi<Ve< - <Ve 1< ax =2 =Vie =Viep1 =+,

where ¢} might be infinity (i.e., t; = o0). Hence Vi1 < zp for t; >t > 1 and V;—1 = 2z for t > ¢;. Thus, from
Corollary 12.2.1(a) we have

L(Vi—1)>0fort: >t >1and L(Vi—1)=0for ¢t >t.---(14).

e Let b<0(x <0). Then z, < zx from Lemma 12.2.4(c (d)). Since Vi < z, from (9) and since =, < zx < V from
(bl), there exists ¢ such that

V1§V2§"'§Vt;—1< T SVt;SVt;-HS”',
hence Vi1 < ar for t5 >t >1and zr. < Vi_1 for t > t5. Accordingly, from Corollary 12.2.1(a) we have

L(Vi1) >0fort, >t >1and L(Vi—1) <O0fort>tL---(15).
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From (14) and (15) we have, whether b=0(x =0) or b<0(x <0),
L(Vi—1)>0---(16) for t5 >t > 1,
L(Viz1) <0---(17) for ¢t > t5.

Accordingly, from (19.1.35(p.151)) we have V; — 8Vi—1 > 0 for t5 > ¢ > 1 due to (16) and V, — BVi_1 =0 for t > t% due to (17)
or equivalently
Vi>BVii---(18), ¢ >t>1, Vi=pVi1---(19), t>1t.

1. Let £ > 7 > 1. Then, since V; > BV;_1---(20) for 7 > ¢ > 1 due to (18), for the same reason as in the proof of (b3i)
we have M‘ where Conduct,>;~1,. Hence (1) of S5 holds. From V; > 8V;_; for t2 > ¢ > 1 due to (20) with
T:t; we have ‘/t:_ >/8‘/t:_—1 > ... >/Bt:-71‘/1(21)

2. Let 7 > t5. Then V; = Vi1 for 7 > ¢ > t5 due to (19), hence V;, = BV,_1 = --- = ﬂTﬁt;Vt; -+-(22). Hence, due to (21)
and the fact that V4 > 8Vp from (2) and (3) we obtain

Ve=BVici= =BT Ve > 8 e > > T > BTG,

so that we have t7 =t} for 7 > t}, i.e., | ® nd0IT > (t7)|;. Then Conduct:, for ¢; > ¢ > 1 due to (16) and (19.1.39(p.151) ).

From the above we see that (2) of S5 holds.

(¢) Let Vi > xk ---(23)..
(cl) Let f=1lor Vi =0.
(cli) The same as Lemma 19.1.5(p.15) (b1).
(clii) Since V, = V,_y =---=V; for 7 > 0 from (cli), we have V; = Vo1 = --- = 87 'Vi --- (24).
i. Let Amax{0,a — p} < s. Then, from (24) and (2) we have Vy = BVr_1 = --- = 87"V, = B"Vp, hence t: = 0 for 7 > 1,
i.c., [®d0ITd,1(0)].
ii. Let Amax{0,a — p} > s. Then, from (24) and (3) we have V;, = BVi 1 =---=B" V4 > B Vo, hence t* =1 for 7 > 1,

ie,, | ® nd0IT,>1(1) || where Conducti, from 4).
(c2) Let f<1---(25)and s=0(s>0).
(c2i) Let Vi >0.

(c2i1) The former half is the same as Lemma 19.1.5(p.15) (b2). The latter half can be proven as follows. Note (23), hence
Vi > xx. Suppose V;_1 > xx. Then from (6.5.23(p31)) we have V; > K(Vi—1) 4+ Vi1 > K(xx )+ Tk due to Lemma 12.2.3(e),
hence V; > xx since K(xx) = 0. Accordingly, by induction Vi > xx for ¢t > 0, i.e., V; is lower bounded in ¢. Hence V;
converges to a finite V as ¢ — oo. Then, since V = max{K (V) +V, 8V} from (6.5.23(p31) ), we have 0 = max{K(V),—(1—-8)V},
hence K (V) <0, so that V > zx due to Lemma 12.2.3(p380) (j1).

(c2i2) Let b>0(xk >0). Then zr > xx > 0---(26) from Lemma 12.2.4(c (d)).
(c2i2i) Let Vi > xp ---(27), hence Vi > xr. Suppose Vi—1 > xp for all t > 1. Then, since L(V;—1) < 0 for ¢ > 1 from

Corollary 12.2.1(p80) (a), we have V; — 8V;_1 = 0 for ¢t > 1 from (19.1.35), i.e., V; = BVi_; for all t > 1, hence V; = 8°~'V4, hence

V = limioo Vi = 0 < Zx due to (25) and (26)7 which contradicts V' > xx in (c2il). Hence, it is impossible that 2, < Vi

for all t > 0. Accordingly, due to (27) and (c2i1) it follows that there exist ¢ and 2 (¢ > t2 > 0) such that
VizVa2-2Vie1> 2 =Vig =Viepr = =Vie_1 > Ve 2 Vi1 2 --- .

Hence, we have
rr > Vi, o > Visga,--,

Vie =20, Viey1=o,-++ ,Vpo -1 = 71,
T T T
Vi>zn, Vo> JSL,"',Vt‘;—1> zr,

or equivalently
xr > Vioi---(28), t>t;,

Viei = 2 ---(29), >t > 1,
Vi1 > xo -+ (30), t; >t> 1.
Accordingly, we have:

1. Let t; > 7 > 1. Then, since V;_1 > xr for 7 >t > 1 from (29) and (30)7 we have L (Vi—1) < 0---(31) for7 >t > 1

from Corollary 12.2.1(a), hence Vs — Vi1 = 0 for 7 > ¢ > 1 from (19.1.35), i.e., Vs = BVi4—1 for 7 > t > 1, leading to
Ve=BVr1=-=p"""V1---(32).

i. Let Amax{0,a — p} < s. Then, from (32) and (2) we have V, = BVi_1 =--- =77V, = 7Vh, hence t: = 0 for
ty >71>1,ie., |®d0ITdse >->1(0)].
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ii. Let Amax{0,a — p} > s. Then, from (32) and (3) we have V; = 8V, _; = --- = BT W4 > B7V;, hence t: = 1 for
ty > 71> 1,ie.,|®nd0ITs >,>1(1)]; where Conducti, from (4).
Accordingly Se(1) holds. From (32) with 7 = t; we have Vi = Vi 1 =--- = ﬁt;flVl ---(33).
2. Let 7 > t5. Then, since z, > V;_; for 7 >t >t from (28), due to Corollary 12.2.1(a) we have L (Vi—1) > 0---(34) for

T >t > t5. Accordingly, from (19.1.35) we have V; — BV,_1 > 0 for 7 > ¢ > ¢} or equivalently V; > BV;_1 for 7 > ¢ > 3,
leading to V> > V1 > -+ > ﬂT_t.T Vie . From this and (33) we have

V> BViii > > B Ve =BT e = = 87V (35).
Since Vi > BVp due to (2) and (3), from (35) we have
Ve > BVT71 > > B"*t;vt:_ — IBTft.TJert;il — .. = ﬁ‘r*lvl > ﬂTVO

Hence, we have t; = 7 for 7 > t3, i.e., W" thus the former half of Sg(2) holds.
(i) If 7 >t > t%, then Conduct:, from (34) and (19.1.39).
The latter half is shown as follows. First, note here (27). Then we have:
(i) If 5 >t > t2, then Vi1 = 2, from (29), hence L(V;_1) = L(z. ) = 0, hence Skip,, from (19.1.38), implying that
we have pSKIPse >¢s¢0 4 (see Figure 7.2.1(p34) (II).
(iii) If 2 > ¢ > 1, then Vi_1 > 2, from (30), hence L (Vi_1) = (<) 0} from
Lemma 12.2.2p4) (d (el)); i.e., Skip,» (Skip,s) due to (19.1.38) ((19.1.39)), implying that we have pSKIPi >¢>14
(PSKIPie >¢>14 ).
From the above results we see that the latter half of S¢(2) holds.

(c2i2ii) Let Vi = x.. Suppose Vi—1 = x1 for all t > 1. Then, since L (Vi;—1) = L(xL) =0fort > 1, we have V;—V,_1 =0
for all t > 1 from (19.1.35(p151) ), i.e., Vi = BVi_1 for all t > 1, hence V; = 8*7'V4. Then V = lim; 0o Vi = 0 < 2x due to (25)
and (26) , which contradicts V > zx in (c2i1). Hence, since V;_; is not equal to x for all t > 1, due to (c2il) it follows that
there exists t5. > 1 such that

V1:V2:...:Vt;71: Tr >Vt;ZVt;+1Z---,
or equivalently V;_1 = zr for t; >¢>1and xr > Vi_1 for t > t;. Thus, due to Corollary 12.2.1(p80) (a) we have

L(Vic)=L(zL)=0---(36), tr>t>1, L(Vi1)>0---(37), t>t.
Accordingly, we have:

1. Let t2 > 7 > 1. Then, from (36) and (19.1.35) we have V; — Vi1 = 0 for 7 > ¢t > 1 or equivalently V; = gV;_1 for
T >t > 1, from which we have V; = V,_1 =-.- = 5771‘/1'

i. Let ABmax{0,a — p} < s. Then, from (2) we have V; = BV,_1 = --- = 87 'V; = B"Vp, hence t: = 0 for t3 > 7 > 1,
ie.,|®d0ITdse >,>1(0) |-
ii. Let A3max{0,a — p} > s. Then, from (3) we have Vi=pVo1=--- = 57_1‘/1 > B"Vo, hence tr =1 for t5 > 7> 1,

ie., | ® nd0ITys >r>1(1) |||. In addition, we have Conduct;, from (4).

Accordingly, it follows that S7(1) holds.
2. Let 7 > t5. Then L(Vs—1) > 0---(38) for 7 > ¢ > ¢ from (37) , hence due to (19.1.35) we have V; — V;_1 > O for 7 > t >t
or equivalently V; > Vi1 for 7 >t > t5, leading to V; > V1 > --- > BT Vo - - - (39). In addition, since V;—BV;—1 =0

for t2 >t > 1 from (36) and (19.1.35), we have V; = BVi—1 for t5 >t > 1, leading to Ve = fVie 1 =--- = ﬁt.T*lV1 -+-(40).
From (39) and (40) we have V; > BVicg >0 > ﬂTﬁt; Vie = ﬁTﬁt;HVt;q = ... = 7"'V;. In addition, since Vi > "V
from (2) and (3), we eventually obtain V4 > fV,_; > --- > ﬁT*t'TVt.T = ﬁT*t'r“Vt.T_l = =TV > BV (41).

Thus t: = 7 for 7 > t3, ie., A, hence the former half of S7(2) holds. Then, we have that Conduct;, for
7>t >t due to (38) and (19.1.390.151) ). Moreover, we have Skip,, for t; > ¢ > 1 due to (36) and (19.1.38), so that it
follows that we have pSKIP:, for ¢t >t > 1 (see Figure 7.2.1(p34) )(II) or equivalently pSKIPie >¢>1,. Hence the latter half of
S7(2) holds.

(c2i2iii) Let Vi < xr. Then Vi1 < x, for t > 1 due to (c2il), hence L(V;—1) > 0---(42) for ¢ > 1 from Corol-
lary 12.2.1(p80) (a). Accordingly, since L (V;—1) > 0---(43) for 7 > ¢ > 1, we have V;, — fV4_1 > 0 for 7 >t > 1 from (19.1.35)
or equivalently V; > fVi_1 for 7 > t > 1, hence V; > BVo_1 > --- > 7 'Vi. Since Vi > AVp from (2) and (3), we have
Ve > pBVio1 > - > 71V, > Vo, hence we have t: = 7 for 7 > 1, i.e., [® d0ITs,>1 () |s. In addition, we have Conduct;,
for 7 >t > 1 due to (43) and (19.1.39).

(c2i3) Let b<0(k <0), hence =, < zx ---(44) from Lemma 12.2.4(8) (c (d)). Then, from (23) and (c2il) we have
Vie1 > wx for all t > 1, hence Vs > x. for all t > 1 due to (44) , thus L (V;—1) < 0 for all £ > 1 from

Corollary 12.2.1(p8)) (a). Then, since L(Vi—1) < 0 for 7 > ¢t > 1, we have V; — V41 = 0 for 7 > ¢t > 1 from (19.1.35) or
equivalently Vi = 8Vi_1 for 7 > ¢ > 1, hence V; =8V, =--- = ﬁTﬁlVl.

If s = 0, then “=0” , or else “< 07.
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i. Let ABmax{0,a — p} < s. Then, from (2) we have V, = BV,;_q = --- = 87 'V; = B"Vo, hence t* = 0 for 7 > 1, i.e.,
.dOITdT>1<O> e

ii. Let ABmax{0,a — p} > s. Then, from (3) we have V, = BV, 1 = --- = BT Y4 > B7Vp, hence t: = 1 for 7 > 1, i.e.,
® nd0IT,>;(1)];. Then Conduct;, from (4).

(c2ii) Let Vi < 0.
(c2iil) The same as the proof of (c2il).
(c2ii2) Let b>0(x >0), hence . > xx >0---(45) from Lemma 12.2.4(p80) (c (d)).

(c2ii2i) Let Vi > .. Then, since V;—1 > z. for ¢ > 1 due to (c2iil), we have L(V;—1) < 0 for ¢ > 1 from Corol-
lary 12.2.1(p80) (a), hence L (V4—1) < 0 for 7 > ¢ > 1. Thus V; — Vo1 =0 for 7 > t > 1 from (19.1.35), i.e., V; = Vi1 for
T>t>1,s0 Ve =8V =---=58""111.

i. Let ABmax{0,a — p} < s. Then, from (2) we have V; = BVr_4
d0IT,>1(0).

ii. Let A8max{0,a — p} > s. Then, from (3) we have V; = 8V;_; = --- = BT V4 > B7Vp, hence t: = 1 for 7 > 1, i.e.,

® nd0IT, > (1)],. Then Conduct;, from (4).

(c2ii2ii) Let Vi < xr. Suppose that there exists ¢ > 1 such that z; < Vi_; for ¢ > ¢. Then, since L(V;—1) < 0
for t > t' from Corollary 12.2.1(p8)) (a), we have V; — BV;—1 = 0 for t > ' due to (19.1.35), hence V; = fV;_;1 for t > ', so
Vi=pViii =BV, g=---= ﬂtft'Vt/. Accordingly V = lim¢ o0 Vi = 0 < Zx due to (25) and (45) , which contradicts V > xx
in (c2iil), hence it must be that V;—1 < xp for ¢ > 1. Then, since Vi_1 < zr for 7 > ¢t > 1, we have L(Vi—1) > 0---(46)
for 7 > ¢ > 1 from Corollary 12.2.1(p80) (a), hence V; — fVi—1 > 0 for 7 > ¢ > 1 from (19.1.35) or equivalently V; > SV;_; for
r>t>1,thus V; > BV,_1 > -+ > B 'Vi. Since V4 > 8V, from (2) and (3), we have Vo > BV,_1 > --- > 71V > 8714,
hence t; =7 for 7 > 1, i.e., |® d0ITS;>1(7T) |.. From (46) and (19.1.39) we have Conducts, for 7 >t > 1.

(c2ii3) Let b<0(x <0), hence =, < T ---(47) from Lemma 12.2.4p80) (c (d)). Then, due to (23) and (c2iil) we have

Vic1 > ax for t > 1, hence Vi_1 > xp for t > 1 from (47), thus L(V;_1) < 0 for ¢ > 1 from Corollary 12.2.1p80) (a).
Accordingly, the assertion is true for the same reason as in the proof of (c2ii2i). 1

<o =77, = BV, hence ti =0 for 7 > 1, i.e.,

Corollary 19.1.9 Assume a* < p <b andlet 8 <1 ors>0.
(a) Let Vi < xx. Then z: is nondecreasing in t > 0.
(b) Let Vi > xk.
1. Let B=10rVi=0. Then z: = 2(V1) fort > 0.
2. Letf<1and s=0(s>0).
i. Let Vi > 0. Then z is nonincreasing in t > 0.
ii. Let Vi < 0. Then 2 is nondecreasing in t > 0. [

Proof Immediate from Tom 19.1.16(b1,c1i,c2i1,c2iil) and from (6.2.76(p.23))
and Lemma 12.1.3(p.73). 1

19.1.6.3 Market Restriction

19.1.6.3.1 Positive Restriction
19.1.6.3.1.1 Caseof 3=1and s =0
O Pom 19.1.9 («{M:2[P][A]*}) Supposea>0. Let 3=1 and s =0.

(a) Vi is nondecreasing in t > 0.
b) Let p <a*. Then|® d0ITs,o(7)|. where Conduct,>t>0a — —®
C

(
(¢) Letb<p. Thenm” — - @
(

d) Leta* <p<b.

1. Leta<p. Then|[®d0ITd:{0)] and[® d0ITs,>1(7)]|. where Conduct,>¢>0. and pSKIP; — - @/
2. Let p<a. Then|® d0ITs,~o(7T)|s where Conduct,>¢>0s — - ®

Proof The same as Tom 19.1.9(p153) due to Lemma 16.4.1(p100). &

19.1.6.3.1.2 Caseof B3<1lors>0
19.1.6.3.1.2.1 Case of p < a*

O Pom 19.1.10 (&/{M:2[P][A]"})  Suppose a > 0. Assume p < a*. Let 3 <1 ors>0 and let p < Tx.

(a) V4 is nondecreasing in t > 0.

(b) Let xr <p. Then|e®d0ITd,~o(0)| — - ®
(¢) Letp< zvr.
1. [® d0ITs1(1l) |, where Conducti,. Below let 7 >1 — - ®
2. Let B =1.

i. Let (Aa—s)/A<a”*.
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1. Let \=1. Then|® nd0IT,»1(1)|, where Conducti, — - ®

2. Let A< 1. Then[® d0ITs,>1(7) |, where Conduct,>t=0x — - ®
ii. Let (Aa—s)/A>a*. Then|® d0ITs,>1(7)|. and Conduct,>¢>0. — O]
3. Let <1 ands=0. Then|® d0ITs,>1(T)|. where Conduct,>i>0. — - ®

4. Let <1 and s> 0.
i. Let (ABa—s)/d <a”.

1. Let A=1.
i. Let s < ABT(0). Then mA where Conduct,;>¢>0. — —®
ii. Let s> ABT(0). Then[® nd0IT,>1(1)]; where Conducty, —» — ®
2. Let A< 1.
i. Let s < ABT(0). Then M‘ where Conduct,>¢>0a — —®
ii. Let s > A\BT(0). Then Ss(p.4l) is true — —-®/®
ii. Let (ABa—s)/d > a”.
1. Let s > A\BT(0). Then A where Conduct,>¢>0a — —®
2. Let s < ABT(0). Then Ssz(p.141) is true — - & /®

Proof  Suppose a > 0, hence b > a > 0---(1). Here note K = A\BT(0) — s from (5.1.23(p18) ).

(a-c2ii) The same as Tom 19.1.10(p.153) (a-c2ii).
(c3) Let 8 < 1ands=0. Then, due to (1) it suffices to consider only (c3ili,c3i2i,c3iil) of Tom 19.1.10.
(c4-c4ii2) The same as Tom 19.1.10(c3-¢3ii2) with . 1

O Pom 19.1.11 (&/{M:2[P][A]"}) Suppose a > 0. Assume p<a*. Let 3<1 ors>0 and let p= xx.

Vi is nondecreasing in t > 0.

(a)

(b) Let 8= 1. Then[ed0TTaroo(0)], — S
(c) Let 3 <1 ands=0. Then[® d0ITs,>o(r) . where Conduct,>i>0x — —
(d) LetB<1ands>0.

1. Let s < puT(0). Then M‘ where Conduct,>t>0. — —
2. Let s > BuT(0). Then m\\ — —
Proof  Suppose a > 0, hence b > a > 0---(1). Here note kK = A\BT(0) — s from (5.1.23(p.18)).
(a,b) The same as Tom 19.1.11(p.15) (a,b).
(¢) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 19.1.11.
(d-d2) The same as Tom 19.1.11(c1,c2) with k. 1

0O ©e

O Pom 19.1.12 (&/{M:2[P][A]"}) Suppose a > 0. Assume p<a*. Let <1 ors>0 and let p> Tx.
(a) Letf=1o0rp=0.
1. Vi=p fort>D0.

2. Let x;, <p. Then|[®d0ITd >o(0)]} — - @

3. Let xzr > p. Then M‘ where Conduct,>¢>0. — - ®
(b) Let B<1 andp >0 and let s =0.

1. Vi is nonincreasing in t > 0 and converges to a finite V as t — oo.

2. Letp< xr. Then|® d0ITs,~o(7)|s where Conduct >i>0. — - ®
3. Letp= x.. Then |®d0ITdi(0)| and|® d0ITs,>o(T)|, where Conduct,;>;>0a — - @/
4. Let w1 < p. Then sy 2211254 ] is trye — - /0/D

(c) LetB<1andp>0andlets>D0.

1. V; is nonincreasing in t > 0 and converges to a finite V as t — oo.

2. Let s > BuT(0). Then|®d0ITd.>o(0)| — - @
3. Let s < BuT(0).

i. Letp< xr. Then|® d0ITs,;>o(7)|s where Conduct,;>¢>0. — - ®

ii. Letp= x. Then|®d0ITd:(0)]; and[® d0ITs,>o(T)], where Conduct,;>¢>0s — - 0/

iii. Let xr < p. Then S4 [oa [oi [meosa] s trye — ®/0/®

(d) LetB<1andp <0 andlets=0.

1. Vi is nondecreasing in t > 0 and converges to a finite V as t — .
2. |® d0ITs,>o(7)|s where Conduct,>¢>0s — - ®

(e) Let 8<1andp<0 andlets>0.

1. Vi is nondecreasing in t (1 >t > 0) and converges to a finite V as t — oo.

2. Let s> BuT(0). Then|@d0ITd ~o{0)], — - ®
3. Lets < puT(0). Then WA where Conduct,>t>0. — - ®
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Proof  Suppose a > 0, hence b > a > 0---(1). Here note kK = A\GT(0) — s from (5.1.23(p.18) ).

(a-a3)

(
(
(
(

c-c3iii)
d-d2) Let 8 <1andp<0andlet s=0. Then, due to (1) it suffices to consider only (c1,c3) of Tom 19.1.12.

e-e3)

The same as Tom 19.1.12(p.154) (a-a3).
b-b4) Let 8 <1and p >0 andlet s=0. Then, due to (1) it suffices to consider only (b1,b3i-b3iii) of Tom 19.1.12.

Let f <1 and p > 0 and let s > 0. Then, we have the same as Tom 19.1.12(b1-b3iii) with .

Let 8 <1 and p <0 and let s > 0. Then, we have the same as Tom 19.1.12(c1-c3) with x. I

19.1.6.3.1.2.2 Caseof b<p
O Pom 19.1.13 (&/{M:2[P][A]"})

(a)
()

Proof Suppose a > 0, hence b > a > 0---(1). Here note kK = A\3T(0) — s from (5.1.23(p.13) ).

Suppose a > 0. Assume b < p. Let B <1 ors>0 andlet p < Tk.

Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V > xx ast — oo.

(b) Let x < p. Then[®d0ITd ~o(0)] —

® d0ITsi(l)|. where Conducti,. Below let 7>1 —

Let B =1. Then |® d0ITs,>1(7)|. where Conduct,;>;>0. —
Let B <1 and s =0. Then |® d0ITs,>1(T)|. where Conduct,;>¢>0a —

Let p< xp .

1.

2.

3.

4. Let B <1 and s> 0.

i.

(a-c2)

(c3) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c3i) of Tom 19.1.13.

(c4-c4ii) Let 8 <1 and s > 0. Then, we have the same as Tom 19.1.13(c3i,c3ii) with . 1

Let s < ABT(0). Then|® d0ITs,>1(7)|. where Conduct,>¢>0. —
ii. Let s> ABT(0). Then S3(pldl) s true —

The same as Tom 19.1.13(p.154) (a-c2).

O Pom 19.1.14 («/{M:2[P][A]"})

(a
(b
(c

)
)
)
(d)

Proof  Suppose a > 0, hence b > a > 0---(1). Here note k = A\BT(0) — s from (5.1.23(p.18)).

Vi is nondecreasing in t > 0.

Let B = 1. Then [#@0TTao(0)], —

Let <1 and s =0. Then|® d0ITs,;>o(T)|» where Conduct,;>t>0. —
Let 8 <1 and s > 0.

Let s < ABT(0). Then|® d0ITs,~o(7T)|s where Conduct >¢>0. —

1.

Suppose a > 0. Assume b < p. Let B <1 ors>0 and let p= k.

2. Let s > A\BT(0). Then MH —

(a;b)

(c) Let 8<1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 19.1.14.

The same as Tom 19.1.14(p15) (a,b).

(d-d2)

Let 8 <1 and s > 0. Then, we have the same as Tom 19.1.14(c1,c2) with . 1

O Pom 19.1.15 (&7 {M:2[P][A]*})
Let =1 or p=0.
Vi=p fort>D0.

Let v, < p. Then|®d0ITd,~o(0)|, —

(a)

(b)

(c)

(d)

1.
2.

3. Let x > p. Then|® d0ITs,>o(7) [ where Conduct >¢>0. —

Suppose a > 0. Assume b < p. Let B <1 ors>0 andlet p > Tk.

Let <1 and p >0 and let s =0.

1.
2. Letp< zr.
3. Letp= zr.

4. Let xp < p. Then S

Vi is nonincreasing in t > 0 and converges to a finite V> Tk ast — 0.

Then |® d0ITs,~o(T) [, where Conduct,>¢>0. —
Then |®d0ITd;(0) |, and|® d0ITs,~o(7T)[s where Conduct,>¢>0a —

(o Loi [ o]

Let <1 and p > 0 and let s > 0.

1.

Vi is nonincreasing in t > 0 and converges to a finite V> Tk ast — 0.

s true —

2. Let s > ABT(0). Then m\\ —

3. Let s < A\BT(0).

i.
ii.

iii.

Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — oco.

Let p < xr .
Let p= xp .
Let xz, < p.

Then |® d0ITs.>o(7) | where Conduct,>¢>0a —

Then [@d0ITd1(0) | and [® dOITs,>0(7)]|. where Conduct >¢>0a —

Then Sy

ENCIESEDN

Let B <1 and p <0 and let s = 0.

1.
2.

® d0ITs,>0(T)|s where Conduct,>;>0a4

s true —

—
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(e) Let B<1andp<0 andlets>0.
1. V4 is nondecreasing int (1 >t > 0).

2. Let s > ABT(0). Then[@d0ITd~o(0)] —

3. Let s < ABT(0). Then M‘ where Conduct,>¢>0a —
Proof Suppose a > 0, hence b > a > 0---(1). Here note k = A\3T(0) — s from (5.1.23(p.18) ).

(a-a3) The same as Tom 19.1.15(p.15) (a-a3).

b-b4) Let 8 <1and p >0 andlet s =0. Then, due to (1) it suffices to consider only (b1,b3i-b3iii) of Tom 19.1.15.
c-c3iii) Let S <1 and p >0 and let s > 0. Then, we have the same as Tom 19.1.15(b1-b3iii) with «.
d,d2) Let 8 <1and p<0andlet s=0. Then, due to (1) it suffices to consider only (c1,c3) of Tom 19.1.15.
e-e3) Let 8 < 1and p<0andlets>0. Then, we have the same as Tom 19.1.15(c1-c3) with <. 1

(
(
(
(

19.1.6.3.1.2.3 Caseofa* < p<b
O Pom 19.1.16 (&/{M:2[P][A]"}) Suppose a > 0. Assume a* < p <b. Let <1 ors > 0.

- @
- ®

(a) If \Bmax{0,a — p} < s, then @ d0ITd;(0) |, or else |[® d0ITs1(1)]|. where Conducti,. Below let T > 1. - @/

(b) Let V1 S TK .

1. Vi is nondecreasing in t > 0 and converges to a finite V> xx ast — oo.

2. Let Vi > xr. Then, if \Gmax{0,a — p} < s, we have |®d0ITd,~1(0) |, or else | ® nd0IT,~1(1) |, where Conducti,.

3. LetVi< zp.

i. Let B=1. Then M‘ where Conduct,>;>14 — — )
ii. Let <1 ands=0. Then|® d0ITs;>1(7)|. where Conduct >t>1. — — ()
iii. Let <1 and s > 0.
1. Let s < ABT(0). Then M‘ where Conduct,>¢>1. — - ®
2. Let s > A\BT(0). Then Ss s true — - ®/®
(¢) Let Vi > wxk.
1. LetB=1orVs=0.
i. Vi=WVy fort>D0.
ii. If Amax{0,a — p} <'s, then [®d0ITd,>1(0)];, or else [® nd0IT,>:(1)]; where Conducti, —» - @®/®
2. Let <1 ands=0.
i. Let Vi > 0.
1. Vi is nonincreasing in t > 0 and converges to a finite V> Tk ast — oo.
2. Let Vi > m1. Then Se [@a1@1] el]wema] jg tye — - ®/60/®® /5
3. Let Vi = m1. Then S; (@2 [@1] o] =] i trye — - 6/60/®/®
4. Let Vi < zr . Then M‘ where Conduct,>¢>0. — - ®
ii. Let Vi <O0.
1. Then V; is nondecreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. Let Vi > z.. If \Bmax{0,a — p} < s, then m”, or else | ® nd0IT,~1(1) | where Conducti,.
- @/®
3. Let Vi < x. Then|® d0ITs,>1(T)|. where Conduct,;>;>1. — - ®
3. Letf<1ands>0.
i. LetVi > 0.
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. Let s < ABT(0).
i. Let Vi > mr,. Then Sg [@al®1] el sa]wa] g prye — -6/0/®/®
ii. Let Vi = xr. Then S7 [©4]®@1] ei[=e] j5 trye — -0®/0/®/®

ili. Let Vi < xr . Then|® d0ITs,>1(7)|. where Conduct,>t>0. — —®)

3. Let s > A\BT(0). If \Bmax{0,a — p} < s, then m”, or else | ® nd0IT,~1(1) |, where Conducti,
- 0/®

ii. Let V1 <O.
1. Then Vi is nondecreasing in t > 0 and converges to a finite V> Tx ast — oo.
2. Let s < A\BT(0).

i. LetVi > xp . If \Bmax{0,a—p} < s, then|®d0ITd,~1(0)|;, or else| ® nd0IT,~1(1) || where Conducti,.

-0/®

ii. Let Vi < = . Then|® d0ITs.>(7) |, where Conduct:>¢>1. —

-+®

3. Let s > A\BT(0). If \Bmax{0,a — p} < s, then Mww or else | ® nd0IT,~1(1) |, where Conducti,
- 0/®
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Proof  Suppose a > 0, hence b > a > 0---(1). Here note kK = A\GT(0) — s from (5.1.23(p.18) ).

(a-b3i) The same as Tom 19.1.16(p.157) (a-b3i).
(b3ii) Let 8 <1 and s = 0. Then, due to (1) it suffices to consider only (b3iil) of Tom 19.1.16.
(

b3iii-b3iii2) Let 8 < 1 and s > 0. Then, the two assertions are immediate from
Tom 19.1.16(b3ii1,b3ii2) with .

(c-clii) The same as Tom 19.1.16(c-clii).

(c2-c2i4) Let 8 <1 and s = 0. Then, due to (1) it suffices to consider only (c2i-c2i1,c2i2i-c2i2iii) of Tom 19.1.16.
(c2ii-c2ii3) Due to (1) it suffices to consider only (c2ii,c2iil,c2ii2i,c2ii2ii) of Tom 19.1.16.

(c3-c3i3) Let 8 <1 and s > 0. Then, we have the same as Tom 19.1.16(c2-c2i1,c2i2i-c2i2iii) with .

(c3ii-c3ii3) We have the same as Tom 19.1.16(c2ii-c2ii2ii) with . 1

19.1.6.3.2 Mixed Restriction

Omitted (see Section 17.2.3(p.116) ).

19.1.6.3.3 Negative Restriction

19.1.6.3.3.1 Caseof 3=1and s=0

O Nem 19.1.5 (&Z/{M:2[P][A] " }) Supposeb < 0. Let B =1 and s =0.

(a) Vi is nondecreasing in t > 0.
(b) Let p<a*. Then|® d0ITs,>0(T)|. where Conduct,>¢>0a-
) Letb<p. Then |@d0ITd,»o(0)| — - @

(c
(d) Leta* <p<b.

1. Leta<p. Then|ed0ITd:{0)]; and[® d0ITs,>1(r)]. where Conduct,>¢>04 and pSKIP; — - @/
2. Let p <a. Then|® d0ITs,>o(7) |, where Conduct,>;>0a — — ®

Proof The same as Tom 19.1.9(p.153) due to Lemma 16.4.1(p.100). 1

19.1.6.3.3.2 Caseof 3<lors>0
19.1.6.3.3.2.1 Case of p < a*

O Nem 19.1.6 (/{M:2[P][A]"}) Suppose b < 0. Assume p<a*. Let <1 ors>0 andlet p< Tk.

(a) Vi is nondecreasing in t > 0.

(b) Let vr < p. Then|®d0ITd,~o(0)|, — - @®
(¢) Letp< zr.
1. |® d0ITs1(1l) |, where Conducti,. Below let 7 >1 — - ®
2. Letp—=1.
i. Let (Aa—s)/A<a”.
1. Let A\=1. Then m\\ where Conducty, — o)
2. Let A< 1. Then A where Conduct->¢>00 — - ®
ii. Let (Aa—8)/A>a*. Then ,@d()TT>1<T)|A and Conduct,>¢>0a — - ®

3. Let B<1 and s =0. Then we have Sz(p141) (241@1],
4. Let <1 and s> 0.

i. Let (A\Ba —s)/d <a”.

1. Let A\=1. Then|® nd0IT,~1(l)| where Conducti, — - ®
2. Let A < 1. Then Ss(pl4l) is true — -6 /®
ii. Let (ABa—s)/d > a*. Then Ss(p.ld) is true — - ®/®

Proof Suppose b < 0---(1), hence a <b<0---(2) and Kk = —s---(3) from Lemma 12.2.6(p81) (a). Then a* < 0---(4) due to
Lemma 12.2.1p77) (n) and (2).

(a,c2ii) The same as Tom 19.1.10(p.153) (a,c2ii) due to Lemma 16.4.1(p.100) .

(c3) Let B8 <1ands=0. Assume (ABa — s)/§ < a*. Then, since A\Fa/§ < a*, we have A\Ba < da* due to (9.2.2 (1) (p42) ),
hence ABa < da* < Aa* due to (9.2.2 (1) (p42)) and (4), so that Sa < a*, which contradicts [19(10)]. Thus, it must be that
(AMBa — s)/6 > a*. From this it suffices to consider only (c3ii2) of Tom 19.1.10(p.153) .

(c4-c4ii) Let 8 <1 and s > 0. Then k£ < 0 due to (3), hence it suffices to consider only (c3ilii,c3i2ii,c3ii2) of Tom 19.1.10
with . 1

165



O Nem 19.1.7 (&Z/{M:2[P|[A]"}) Suppose b < 0. Assume p<a*. Let B <1 ors>0 andlet p= vk .
(a) Vi is nondecreasing in t > 0.

) We have [s40TTE 0], oe

Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 12.2.6(p81) (a).

(a) The same as Tom 19.1.11(p154) (a).

(b) Let 8 =1. Then, the assertion is the same as Tom 19.1.11(b). Let 8 < 1. If s = 0, then due to (1) it suffices to consider
only (c2) of Tom 19.1.11 and if s > 0, then £ < 0 due to (2), hence it suffices to consider only (c2) of Tom 19.1.11; accordingly,
whether s = 0 or s > 0, we have the same result. Thus, whether § = 1 or § < 1, it eventually follows that we have the same
result. I

O Nem 19.1.8 (Z/{M:2[P][A]"}) Suppose b < 0. Assume p<a*. Let B <1 ors>0 andlet p> Tx.
(a) LetB=1orp=0.
1. Vi=p fort>0.
2. Let z. < p. Then MH — L d)

3. Let xp, > p. Then|® d0ITs.>o(7)[s where Conduct,>¢>0s — - ®
(b) Let 8<1 andp>0.

1. Vi is nonincreasing in t > 0 and converges to a finite V> xx ast — oo.

2. We have m” — - @

(¢) LetB <1andp<D0.
1. Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

2 We have [0@0TTar-o00]], -+ @

Proof Suppose b < 0---(1), hence kK = —s---(2) from Lemma 12.2.6(p3l) (a).

(a-a3) The same as Tom 19.1.12p15) (a-a3).
(b) Let S <1landp>0.
(bl) The same as Tom 19.1.12(b1).

(b2) 1If s = 0, it suffices to consider only (b2) of Tom 19.1.12 and if s > 0, then & < 0 due to (2), hence it suffices to consider
only (b2) of Tom 19.1.12. Accordingly, whether s = 0 or s > 0, it eventually follows that we have the same results.

(c) Let f<1andp<O0.

(c1) The same as Tom 19.1.12(cl).

(c2) 1If s = 0, it suffices to consider only (¢2) of Tom 19.1.12 and if s > 0, then x < 0 due to (2) , hence it suffices to consider
only (c2) of Tom 19.1.12. Accordingly, whether s = 0 or s > 0, it eventually follows that we have the same results. 1

19.1.6.3.3.2.2 Case of b< p
O Nem 19.1.9 (&/{M:2[P][A]"}) Suppose b < 0. Assumeb < p. Let <1 ors>0 andlet p< Tk.

(a) V4 is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V> Tx ast — oo.

(b) Let zr < p. Then[@d0ITd,>o(0)]; — - @®

(¢) Letp< zr.

1. [® d0ITs (1) |, where Conducti,. Below let 7 > 1. - ®
2. Let 3=1. Then|® d0ITs,»1(T)|. where Conduct,>t>0a — - ®
3. Let f < 1. Then S3(p.l) is true — - & /®

Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 12.2.6(p81) (a).

(a-c2) The same as Tom 19.1.13(p.15) (a-c2).

(¢3) Let B < 1. If s = 0, it suffices to consider only (c3ii) of Tom 19.1.13 and if s > 0, then x < 0 due to (2), hence it
suffices to consider only (c3ii) of Tom 19.1.13. Accordingly, whether s = 0 or s > 0, it eventually follows that we have the same
results. 1

O Nem 19.1.10 (&/{M:2[P][A]"}) Suppose b < 0. Assume b < p. Let 3 <1 ors>0 andlet p= zk.
(a) Vi is nondecreasing in t > 0.

() We o (s 0TI O] - e

Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 12.2.6(p81) (a).

(a) The same as Tom 19.1.14(p15) (a).

(b) First, let 8 = 1. Then, the assertion is the same as Tom 19.1.14(b). Next, let 8 < 1. If s = 0, then it suffices to consider
only (c2) of Tom 19.1.14 and if s > 0, then x < 0 due to (2), hence it suffices to consider only (c2) of Tom 19.1.14. Thus, whether
s = 0 or s > 0, we have the same results. Accordingly, whether 5 = 1 or 8 < 1, it eventually follows that we have the same
result. 1
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O Nem 19.1.11 (&/{M:2[P][A]"}) Suppose b < 0. Assumeb < p. Let B <1 ors>0 andlet p> Tx.
(a) Letpf=1o0rp=0.

1. Vi=p fort>0.

2. Let v <p. Then|®d0ITd,~o(0)| — - @®

3. Let v > p. Then|® d0ITs,~o(7)|s where Conduct,>t>0a — - ®
(b) Let B<1 andp>0.

1. Vi is nonincreasing in t > 0 and converges to a finite V> Tk ast — 0.

2. We have [@ d0ITd1 (0)], — Ny
(¢) LetB<1andp<DO.

1. Vi is nondecreasing in t > 0 and converges to a finite V > Tx ast — oo.

2. We have Then [# d0TTd.20(0)] - ~ o

Proof Suppose b < 0---(1), hence kK = —s---(2) from Lemma 12.2.6(p31) (a).

(a-a3) The same as Tom 19.1.15(p.15) (a-a3).

(b) Let S <1andp>0.

(bl) The same as Tom 19.1.15(b1).

(b2) 1If s = 0, then it suffices to consider only (b2) of Tom 19.1.15 and if s > 0, then x < 0 due to (2), hence it suffices to
consider only (b2) of Tom 19.1.15. Thus, whether s = 0 or s > 0, it eventually follows that we have the same result.

(¢) Let 8<1landp<O0.

(c1) The same as Tom 19.1.15(cl).

(c2) 1If s = 0, then it suffices to consider only (c2) of Tom 19.1.15 and if s > 0, then x < 0 due to (2), hence it suffices to
consider only (¢2) of Tom 19.1.15. Thus, whether s = 0 or s > 0, it eventually follows that we have the same result. 1

19.1.6.3.3.2.3 Caseofa* < p<b
O Nem 19.1.12 (&/{M:2[P][A]"}) Suppose b < 0. Assume a* < p <b. Let B <1 ors>0.

(a) If Bmax{0,a — p} < s, then m”, or else |® d0ITs (1) |, where Conducti,. Below let 7 > 1. - @/
(b) Let Vi < 7x.

1. Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

2. Let Vi > zr. Then, if ABmax{0,a — p} < s, we have |®d0ITd,~1(0) |, or else | ® nd0OIT,1(1l) |, where Conducti,

- @/®

3. LetVi < zp.
i. Let 3=1. Then|® d0ITs,>1(7)|. where Conduct,;>i>1. — — (®
ii. Let 8 <1. Then Ss is true — - ®/®

(C) Let Vi > xk.
1. LetB=1o0rVi=0. Then:
i. Vi=WVi fort>0.

ii. If Amax{0,a — p} < s, then |®d0ITd,~1(0)|,, or else | ® nd0IT,~1(1) |, where Conducti, - @®/®

2. Letp<1.
i. Let Vi >0.
1. Vi is nonincreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. If ABmax{0,a — p} < s, then [@ d0ITd,~1(0) ], or else [® nd0IT,>1(1)]; where Conducti, - @®/®
ii. Let V3 <O0.
1. Then Vi is nondecreasing in t > 0 and converges to a finite V > Tk ast — oo.
2. If \Bmax{0,a — p} < s, then MH’ or else WH where Conduct, - @®/®

Proof Suppose b < 0---(1), hence kK = —s---(2) from Lemma 12.2.6(p31) (a).

(a-b3i) The same as Tom 19.1.16(p.157) (a-b3i).

(b3ii) Let 8 < 1. If s = 0, then due to (1) it suffices to consider only (b3ii2) of Tom 19.1.16(.157 and if s > 0, then x < 0
due to (2), hence it suffices to consider only (b3ii2) of Tom 19.1.16(p.157) with x. Accordingly, whether s = 0 or s > 0, we have
the same result.

(¢) Let Vi > xk.

(cl-clii) The same as Tom 19.1.16(p.157) (c1-c1ii).
(c2) Let p< 1.

(c2i) Let Vi > 0.

(c2il) The same as Tom 19.1.16(p157) (c2il).

(

2i2) If s = 0, then it suffices to consider only (c2i3) of Tom 19.1.16 and if s > 0, then x < 0 due to (2), hence it suffices
to consider only (c2i3) of Tom 19.1.16. Consequently, whether s =0 or s > 0, we have the same result.

(c2ii) Let V4 <O.
(c2iil) The same as Tom 19.1.16(p157) (c2iil).
(c2ii2) If s = 0, then it suffices to consider only (c2ii3) of Tom 19.1.16 and if s > 0, then s < 0 due to (2), hence it suffices

to consider only (c2ii3) of Tom 19.1.16. Consequently, whether s = 0 or s > 0, we have the same result. 1
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19.1.7  M:2[P|[A]
19.1.7.1 Preliminary

Due to (19.1.15(.1%)) we see that Theorem 19.1.3p137) holds, hence «/{M:2[P][A]} can be obtained by applying Sy ,5 (see
(15.3.2(p98) )) to &/ {M:2[P][A]}.

19.1.7.2 Analysis
19.1.7.2.1 Caseof 3=1and s =0
O Tom 19.1.17 (& {M:2[P][A]}) Let 8=1 and s =0.

(a) V4 is nonincreasing in t > 0.

(b) Let p>0b*. Then . where Conduct,>¢>04-
(¢) Leta>p. Then m".

(d) Letd* >p>a.

1. Letb> p. Then | 0 d0ITd,(0) |H and |@ d0ITs,>1(T) |A where Conduct,>¢>1. and pSKIP1,.

2. Letp>b. Then|® d0ITs,~o(7T)|. where Conduct,>¢>0a. U

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.1.9(p.153). 1

Corollary 19.1.10 Let 8 =1 and s =0. Then z; is nonincreasing in t > 0. [
Proof Immediate from Tom 19.1.17(a), (6.2.90(p.26) ), and Lemma A 3.3(p.278). 1

19.1.7.2.2 Caseof 3<1lors>0

19.1.7.2.2.1 Case of p > b*'
O Tom 19.1.18 (Z/{M:2[P][A]}) Assume p>b*. Let 3 <1 ors>0 and let p > T.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V < g ast — co.

(b) Let o7 > p. Then[ed0TTa,-0(0]}.
(c) Letp> zf.
1. |® d0ITs1(l) |, where Conducti,. Below let 7 > 1.
2. Letp=1.
i. Let (Ab+s)/A > b".
1. Let \=1. Then m” where Conducti,.
2. Let A< 1. Then M‘ where Conduct,>¢>0a-
ii. Let (Ab+s)/\ < b*. Then M, where Conduct,>¢>0a-
3. Let <1 ands=0 (s>0).
i. Let (ABb+s)/d > b*.
1. Let A=1.
i. Leta <0 (kK <0). Then|® d0ITs,>1(7)|» where Conduct,>¢>04-

ii. Leta>0 (% >0). Then|® nd0IT,~1(1) | where Conducti,.

2. Let A< 1.

i. Leta <0 (k <0). Then M‘ where Conduct,>¢>04-
ii. Leta>0 (K >0). Then Ss(p1l) is true.
ii. Let (\Bb+s)/6 < b*.
1. Leta<0 (& <0). Then|® d0ITs,>1(7)|. where Conduct,;>>04-
2. Leta>0 (kK >0). Then S3(pldl) is true. 0

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.1.10(p.153). 1

Corollary 19.1.11  Assume p > b*, let 8 <1 or s > 0, and let p > Tz . Then z is nonincreasing in t > 0. [
Proof Immediate from Tom 19.1.18(a), (6.2.90(p.26) ), and Lemma A 3.3(p.273). 1

O Tom 19.1.19 (& {M:2[P][A]}) Assume p >b*. Let <1 or s> 0 and let p= T3z. Then, for a given starting time T > 0:

(a) Vi is nonincreasing in t > 0.

(b) Let 3 =1. Then[@d0ITd,>o(0)];.

(¢) LetB<1ands=0(s>0).

1. Leta <0 (& <0). Then MA and Conduct,>¢>0a-
2. Leta>0(k>0). Then |ed0ITd,~o(0)|. U

Proof by symmetry Clear from applying Sp_,3 to Tom 19.1.11(p.15¢). 1

TThe condition of > b* is what results from applying Sp_. to the condition of p < a*in Section 19.1.6.2.2.1(p.153) .
p
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Corollary 19.1.12  Assume p > b*. Let B <1 or s >0 and let p = Tg. Then z: is nonincreasing int > 0. U
Proof Immediate from Tom 19.1.19(a), (6.2.90(.26) ), and Lemma A 3.3(p.27). 1

O Tom 19.1.20 (Z/{M:2[P][A]}) Assume p>b*. Let 3 <1 ors>0 and let p < T.
(a) Letp=1o0rp=0.

1. Vi=pfort>0.

2. Let Tz > p. Then m\\'

3. Let Tz < p. Then M‘ where Conduct,>¢>0a-
(b) Let B<1andp>0 andlets=0 (s>0).

Vi is nondecreasing in t > 0 and converges to a finite V < T ast — oo.

1.
2. Leta>0 (i >0). Then|[®d0ITd,>o(0)].
3.

Let a < 0 (% < 0).
i. Let p> Tp. Then MA where Conduct,>¢>0a-
ii. Let p= Tz. Then m” where WA where Conduct>¢>0a-
iii. Let p< p. Then Sq (221012 ]m8] s trye.
(¢) LetB<1andp<0 andlets=0 (s>0).

1. Vi is nonincreasing in t > 0 and converges to a finite V< T ast — oo.

2. Let a>0 (% >0). Then|[®d0ITd,>0(0)]-
3. Let a<0 (kK <0). Then MA where Conduct,>¢>oa. U

Proof by symmetry Immediate from applying Sp_,5 to Tom 19.1.12(p.154). 1

Corollary 19.1.13 Assume p > b*. Let <1 ors>0 and let p < Tg.

(a) Let B=1 or p=0. Then 2z is constant in t (z: = Z(p) fort > 0).
(b) Let B<1 and p > 0. Then z: is nondecreasing int > 0 for any s > 0.
(¢) Let B<1 andp<0. Then z; is nonincreasing int > 0 for any s > 0. U

Proof by symmetry Evident from Tom 19.1.20(al,bl,cl), (6.2.90(p.2) ), and
Lemma A 3.3p2). 1

19.1.7.2.2.2 Case of a > p'
O Tom 19.1.21 ({M:2[P][A]}) Assumea > p. Let 8 <1 ors >0 and let p > Tj.

(a) V& is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V < Tz ast — 0.
(b) Let zz > p. Then m\\'
(¢) Letp> zf.
1. |® d0ITs (1) |, where Conducty.. Below let 7 > 1.
2. Let f=1. Then|® d0ITs>1(7) [ where Conduct >¢>0a-
3. LetB<1and s=0(s>0).
i. Let a<0(k <0). Then M‘ where Conduct,>¢>04-
ii. Let a>0(k>0). Then S3(pl4) is true. [

Proof by symmetry Immediate from applying Sp_,5 to Tom 19.1.13(p154). 0
Corollary 19.1.14 Assume a > p. Let § <1 or s >0 and let p > T. Then z; is nonincreasing in t > 0. [
Proof Evident from Tom 19.1.21(a), (6.2.90(p.2%) ), and Lemma A 3.3(p27). 1

O Tom 19.1.22 (Z/{M:2[P][A]}) Assumea>p. Let 8 <1 ors >0 and let p= .

(a) V4 is nonincreasing in t > 0.

(b) Let 3=1. Then[®d0ITd,~0(0)].

(¢) LetB<1ands=0(s>D0).
1. Leta <0 (& <0). Then[® d0ITs >o(7)]s and Conduct,>¢>0..
2. Leta>0 (i >0). Then|[®d0ITd,>o(0)]. O

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.1.14(p.155). 0

Corollary 19.1.15 Assume a > p. Let B <1 or s >0 and let p = Tz. Then z is nonincreasing in t > 0. [
Proof Evident from Tom 19.1.22(a), (6.2.90(.2) ), and Lemma A 3.3(p.27). 1

TThe condition of a > p is what results from applying Sp_p to the condition of b < p in Section 19.1.6.2.2.2(p.154) .
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O Tom 19.1.23 (Z/{M:2[P][A]}) Assumea > p. Let 8 <1 ors >0 and let p < Tj.
(a) Letpf=1o0rp=0.

1. Vi=p fort>0.

2. Let Tz > p. Then MH'

3. Let 7 < p. Then[® d0ITs,>o(7)]s where Conduct,>¢>0a-
(b) Let B<1andp>0andlets=0 (s>0).

Vi is nondecreasing in t > 0 and converges to a finite V < T ast — oo.

1.
2. Leta>0 (i >0). Then[®d0ITd,>o(0)];.
3.

Let a < 0 (R < 0).

i. Let p> ;. Then|® d0ITs,>o(T) s where Conduct ;>¢t>04-

ii. Let p= Z;y. Then|e®d0ITd;(0)| where|® d0ITs,>o(T)|s where Conduct >¢>04-
iii. Let Tz > p. Then S4 m s true.

(¢) LetB<1andp<0 andlets=0 (s>0).

1. V4 is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.

2. Leta>0 (i >0). Then|[®d0ITd,>o(0)].
3. Leta<0 (k& <0). Then A where Conduct,>¢>0a. U

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.1.15(p.155). 1

Corollary 19.1.16 Assume a > p. Let <1 or s> 0 and let p < Ti.

(a) LetB=1o0rp=0. Then zz = Z(p) for t > 0.
(b) LetB<1andp>0andlets=0 (s>0). Then 2z is nondecreasing in t > 0.
(c) LetB<1andp<0andlets=0 (s>0). Then z is nonincreasing in t > 0. [

Proof Evident from Tom 19.1.23(al,bl,cl), (6.2.90(p.2) ), and
Lemma A 3.3(p2w). 1

19.1.7.2.2.3 Case of b* > p > af
Let us here note that (19.1.49(.15) ) changes as follows.

Vi = min{ A8 min{0,b — p} + 5,0} + Bp.1 (19.1.50)

O Tom 19.1.24 ({M:2[P][A]}) Assumeb* > p>a. Let 3 <1 ors > 0.
(a) If \Bmin{0,p — b} > —s, then mu, or else WA where Conduct,. Below let T > 1.
(b) Let Vi > .

V; is monincreasing in t > 0 and converges to a finite V < T ast — oo.

1.
2. Let Vi < ;. Then, if A\Bmin{0, p — b} > —s, we have |®d0ITd~1(0) ||, or else | ® nd0IT,~1(1)| where Conducti,.
3.

Let Vi > .

i. Let 8=1. Then|® d0ITs,;>1(7)[s where Conduct ;>¢t>14-

ii. Let<1and s=0(s>0).
1. Let a<0(k <0). Then mA where Conduct,>¢>14-
2. Let a>0(k >0). Then Ss is true.
(¢) LetVi< .
1. LetB=1o0orVs=0.
i. Vi=Wi fort>0.
ii. If Amin{0,p — b} > —s, then |®d0ITd,~1(0) |, or else | ® nd0OIT,~ (1) |, where Conducti,.
2. Let3<1and s=0(s>0).7
i. Let Vi <O.
1. Vi is nondecreasing in t > 0 and converges to a finite V < Tz as T — oo.

TThe condition of b* > p > a is what results from applying Sp_5 to the condition of a* < p < b in Section 19.1.6.2.2.3(p.15) .
—Vi = max{A\8max{0,—a+ p} —s,0} — Bp (apply the reflection to (19.1.49(p.15)))
Vi = —max{\8max{0,—a+ p} —s,0} + 85 (multiply the above by —1)

= min{—ABmax{0,—a+ p} +s,0} + 85 (arrangement the above)

= min{ABmin{0,a — p} + 5,0} + Bp (arrangement the above)
Vi = min{A8 min{0, b— p} + 5,0} + B8p (apply Zr to the above)
Vi = min{ASmin{0,b — p} + 5,0} + B35 (apply Cr to the above)
Vi = min{Afmin{0,b — p} + 5,0} + Bp (remove the hat symbol ")
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2. Let a<0(k <0). Then

i. Let Vi < Z;. Then Sg [©a el]@1me]wa] is true.
ii. Let Vi = Z;. Then S [©@s] el]®1 is true.

iii. Let Vi > 7. Then |® d0ITs,~1(7T)[. where Conduct >¢>0a-
3. Let a>0(&k >0). If\min{0,p—b} > —s, then|®d0ITd,~1(0) ||, or else| ® nd0OIT,~1(1) |, where Conducti,.

ii. Let Vi > 0.

1. Then V; is nonincreasing in t > 0 and converges to a finite V < g as T — oo.
2. Let a<0(k <0). Then

i. Let Vi < @7. If ABmin{0,p — b} > —s, then [@d0ITd,~1(0)]), or else [® ndOIT,>1(1)]; where

Conducti,.

ii. Let Vi > 7. Then |® d0ITs,~(T)|. where Conduct,>¢>1a-
3. Let a>0(&k >0) . If \8min{0, p—b} > —s, thenmu, or else| ® nd0IT,~1(1l) || where Conducty,. U

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.1.16(p.157). 1

Corollary 19.1.17 Assume b* > p>a. Let <1 or s> 0:
(a) Let Vi > ®z. Then z¢ is nonincreasing in t > 0.
(b) Let Vi < Zz. Then
1. Let =1 or Vi =0. Then z is constant int > 0 (z: = 2(V1) for t > 0).
2. Let g <1.
i. Let Vi < 0. Then z: is nondecreasing in t > 0 for any s > 0.
ii. Let Vi > 0. Then 2 is nonincreasing in t > 0 for any s > 0. [

Proof Immediate from Tom 19.1.24(b1,cli,c2i1,c2iil), (6.2.90(p.2) ), and
Lemma A 3.3(p21). 1

19.1.7.3 Market Restriction
19.1.7.3.1 Positive Restriction

19.1.7.3.1.1 Caseof 3=1and s =0
O Pom 19.1.17 (#{M:2[P][A]"})  Suppose a > 0. Let 3 =1 and s = 0.
(a) V& is nonincreasing in t > 0.
(b) Let p>b*. Then WA where Conduct,>;>0a — —®
(¢) Leta>p. Then MH — - ®
(d) Letbd* >p>a.
1. Letb> p. Then | © d0ITd;(0) |\| and|® d0ITs,>1(T) |A where Conduct,>¢>0. and pSKIP;, — -0/ /6
2. Let p>b. Then M‘ where Conduct,>¢>0.. U — — @

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to Nem 19.1.5(p.163) (see (17.3.7(p116))). 1
Direct proof The same as Tom 19.1.17(p.168) due to Lemma 16.4.1(p100). N

19.1.7.3.1.2 Caseof 3<1lors>0
19.1.7.3.1.2.1 Case of p > b*

O Pom 19.1.18 (M{M:Q[P}[Aﬁ}) Suppose a > 0. Assume p > b*. Let § <1 ors>0 and let p > Tf.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if X < 1, and converges to a finite V < Tg ast — 0.

(b) Let ©z > p. Then|[®d0ITd,>o(0)] — - @®

(c) Letp> zf.

1. [® d0ITs1(1) |, and Conducti,. Below let 7 >1 — e O)
2. Let g =1.
i. Let (Ab+s)/A > b".
1. Let A\=1. Then|® nd0IT,~1(1)]|, where Conducty, — - ®
2. Let A< 1. Then|® d0ITs,;~1(7)|» where Conduct,;>t>0. — - ®
ii. Let (Ab+s)/A < b*. Then M‘ where Conduct,>>0a — - ®

3. Let <1 ands>0. Then we have S3(p.14) [©a]®1],
4. Let <1 ands > 0.
i. Let (A\Bb+s)/d > b*.

1. Let A\=1. Then|® nd0IT;>1(1) |} where Conducti, — - ®
2. Let A< 1. Then S3(p.l4l) is true — - ®/®

TSee Remark 19.1.2(p.157) .
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ii. Let (ABb+s)/d < b*. Then Ss(p.l4l) is true. 0 — - ®/®
Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to Nem 19.1.6(p.1635) (see (17.3.7(p116))). 1

Direct proof Suppose a > 0---(1), hence b > a > 0---(2) and b* > 0---(3) from Lemma 13.6.1(p8) (n) and (2). Then we
have & = s---(4) from Lemma 13.6.6(p.90) (a).

(a-c2ii) The same as Tom 19.1.18(p.168) (a~c2ii).

(c3) Let 8 <1and s=0. Assume (ABb+ s)/d > b*. Then since \3b/5 > b*, we have A\3b > §b* from (9.2.2 (1) (p42) ), hence
ABb > 6b* > Ab* due to (3), so that b > b*, which contradicts [7(p.0])]. Thus it must be that (A8b + s)/6 < b*. From this it
suffices to consider only (c3ii2) of Tom 19.1.18(p.168) .

(c4-c4ii) Let 8 <1 and s > 0. Then k > 0 due (2), hence it suffices to consider only (c3ilii,c3i2ii,c31i2) of Tom 19.1.18(p.168) ;
accordingly, whether s = 0 or s > 0, we have the same result. I

O Pom 19.1.19 (,Q{{MIZ[]P’”A]+}) Suppose a > 0. Assume p > b*. Let $ <1 ors>0 and let p= Tj.
(a) V& is nonincreasing in t > 0.

(b) We have MH‘ 0— - ®

Proof by diagonal-symmetry Immediate from applying Sp_5 (see (15.3.2(p.%))) to Nem 19.1.7(p.166) (see
(17.3.7(p116))). N

Direct proof Suppose a > 0. Then & = s--- (1) from Lemma 13.6.6(p.9) (a).
(a) The same as Tom 19.1.19(p.168) (a).

(b) Let 8 =1. Then, we have [®d0ITd,>o(0) ] from Tom 19.1.19(.168) (b). Let 8 < 1. Then, if s = 0, it suffices to consider
only (¢2) of Tom 19.1.19 and if s > 0, then & > 0 due to (1), hence it suffices to consider only (c2) of Tom 19.1.19; accordingly,
whether s = 0 or s > 0, we have the same results. Therefore, whether 8 =1 or 8 < 1, we have the same result. I

O Pom 19.1.20 (%{I\N/I:2[IP’][A]+}) Suppose a > 0. Assume p>b*. Let 3 <1 ors>0 andlet p < Tf.
(a) Let=1o0rp=0.
1. Vi=pjfort>0.
2. Let 7 > p. Then|®d0ITd,~o(0)| — - @
3. Let ®z < p. Then|® d0ITs;>o(7T)[s where Conduct,>¢>0a — - ®
(b) Let B< 1 andp>0.
1.V} is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. [@d0ITd,~o{0)]} — gy q)

(¢) LetB<1andp<D0.
1. V; is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. [@d0ITd,~0(0)]. O — - @
Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p%))) to Nem 19.1.8(p.166) (see
(17.3.7(p116))). N
Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(p90) (a).

(a-a3) The same as Tom 19.1.20(p.169) (a-a3).

(b-b2) Let 8 < 1 and p > 0. First, we have the same as Pom 19.1.20(b1). Next, if s = 0, then due to (1) it suffices to
consider only (b2) of Tom 19.1.20 and if s > 0, then since & > 0 from (2) | it suffices to consider only (b2) of Tom 19.1.20. Thus,
whether s = 0 or s > 0, we have the same result.

(c-c2) Let 8 < 1and p < 0. First, we have the same as Pom 19.1.20(c1). Next, if s = 0, then due to (1) it suffices to consider
only (¢2) of Tom 19.1.20 and if s > 0, then since & > 0 from (2), it suffices to consider only (¢2) of Tom 19.1.20. Thus, whether
s =0 or s >0, we have the same result. 1

19.1.7.3.1.2.2 Caseofa > p
O Pom 19.1.21 (&f{l\7|:2[IP>][A]+}) Suppose a > 0. Assume a > p. Let B <1 ors >0 and let p > Tjz.

a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V < T ast — oo.
(a) g ) y g ; g

(b) Let ©; > p. Then|®d0ITd,>o(0)] — - @®

(c) Letp> z7.

1. |® d0ITsq(1l) |, where Conducti,. Below let 7 >1 — - ®
2. Let B=1. Then|® d0ITs,>1(T)|. where Conduct,>t>0a — —®
3. Let f < 1. Then S3(pld) is true. 0 — - ®/®

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p%))) to Nem 19.1.9(p166) (see
(17.3.7(p116))). N

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(p.90) (a).

(a-c2) The same as Tom 19.1.21(p169) (a-c2).

(c3) Let 8 < 1. Then, if s =0, then due to (1) it suffices to consider only (c3ii) of Tom 19.1.21 and if s > 0, then & > 0 due
to (2), hence it suffices to consider only (¢3ii) of Tom 19.1.21. Thus, whether s = 0 or s > 0, we have the same result. I
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O Pom 19.1.22 (&Z/{M:2[P] [A]+}) Suppose a > 0. Assume a > p. Let B <1 ors>0, and let p= Tg.

(a) V4 is nonincreasing in t > 0.
b) We have |®d0ITd,~o(0)[;. 0 — Y i)
( Il

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to Nem 19.1.10(p.166) (see
(19.1.21(p140))). W

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(p.%) (a).
(a) The same as Tom 19.1.22(p.169) (a).

(b) Let 8 =1. Then [@dDITd,>o(0)] from Tom 19.1.22(p.169) (b). Let B < 1. Then, if s = 0, then due to (1) it suffices to
consider only (¢2) of Tom 19.1.22, and if s > 0, then & > 0 due to (2), hence it suffices to consider only (c2) of Tom 19.1.22 with

k; accordingly, whether s = 0 or s > 0, we have ”. Thus, whether § =1 or § < 1, we have MH. |

O Pom 19.1.23 (%{M:?[IP][A]+}) Suppose a > 0. Assume a > p. Let B <1 ors >0 and let p < Tj.
(a) LetB=1orp=0.
1. Vi=p fort>0.
2. Let vz > p. Then MH — - @

3. Let Ty < p. Then|® d0ITs,~o(7)|s where Conduct,>¢>0s — — )
(b) LetB<1andp>0.

1. Vi is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. |@d0ITd,~o{0) |} — - @

(¢) LetB<1andp<O0.
1. Vi is nonincreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. |@d0ITd,»o(0) ;. 0 — L d)
Proof by diagonal-symmetry Immediate from applying Sp_ (see (15.3.2(p.5%))) to Nem 19.1.11(p.167) (see
(17.3.7(p116))). N
Direct proof Suppose a > 0---(1), hence b >a > 0---(2). Then £ = s---(3) from Lemma 13.6.6(p.9) (a).

(a-a3) The same as Tom 19.1.23(p170) (a-a3).
(b) Let 8<1andp>0.
(bl) The same as Pom 19.1.23(b1).

(b2) 1If s = 0, then due to (1) it suffices to consider only (b2) of Tom 19.1.23 and if s > 0, then & > 0 from (3), hence it
suffices to consider only (b2) of Tom 19.1.23. Thus, whether s = 0 or s > 0, we have the same result.

(c1) The same as Pom c1(bl).

(¢2) 1If s = 0, then due to (1) it suffices to consider only (c2) of Tom 19.1.23 and if s > 0, then & > 0 from (3), hence it
suffices to consider only (c2) of Tom 19.1.23. Thus, whether s = 0 or s > 0, we have the same result. 1

19.1.7.3.1.2.3 Case of b* > p > b
O Pom 19.1.24 (M{M:Q[P}[Aﬁ}) Suppose a > 0. Assume b* > p >b. Let $ <1 ors>0.

(a) If ABmin{0,p — b} > —s, then |@d0ITd1(0)];, or else |® d0ITs(1)|. where Conducti,. Below let 7 >1 — - @/
(b) Let Vi > xz.

1. V; is nonincreasing in t > 0 and converges to a finite V < T ast — oo.

2. Let Vi < 7. Then, if ABmax{0,p — b} < s, we have |®d0ITd,~1(0)|,, or else | ® nd0IT,~1(1) |, where Conducti,.

- 0/®
3. LetVi > .
i. Let 8=1. Then M‘ where Conduct,;>¢>1. — — @
ii. Let 8 <1. Then S5 [©2®1] 45 true — -6 /®
(¢) LetVi< Zf.
1. Let =1 or Vi =0. Then:
i. Vi =W1 fort>0.
ii. If Amin{0,p — b} > —s, then |®d0ITd,>1(0)], or else [ ® nd0IT.>1(1)| where Conducti,. - @®/®
2. Let B<1and s=0(s>0).
i. Let Vi <O.
1. V; is nondecreasing in t > 0 and converges to a finite V < Tz ast — oo.
2. If A\Bmin{0, p — b} > —s, then mu, or else m\\ where Conducti, . - @®/®
ii. Let Vi > 0.

1. Then Vi is nonincreasing in t > 0 and converges to a finite V < T ast — oo where V. = T if the immediate
initiation is strictly optimal for any T > 0.

2. If \Bmin{0,p — b} > —s, then MH , or else WH where Conduct, - @®/®
173



Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to Nem 19.1.12(p.167) (see
(17.3.7(p116))). 1

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(p.9) (a).

(a-b3i) The same as Tom 19.1.24(p.170) (a-b3i).

(b3ii) Let 8 < 1. If s = 0, due to (1) it suffices to consider only (b3ii2) of Tom 19.1.24 and if s > 0, then & > 0 due to (2),
hence it suffices to consider only (b3ii2) of Tom 19.1.24. Accordingly, whether s = 0 or s > 0, we have the same result.

(¢) Let Vi < 7.

(cl-clii) The same as Tom 19.1.24(c1-clii).

(c2) Let f<land s=0(s>0).

(c2i,c2i1) The same as Tom 19.1.24(c2i,c2il).

(c2i2) The same as Tom 19.1.24(p.170) (20.2.3).

(c2ii,c2iil) The same as Tom 19.1.24(p.170) (c2ii,c2iil).

(c2ii2) If s = 0, then due to (1) it suffices to consider only (c2ii3) of Tom 19.1.24 and if s > 0, then & > 0 due to (2), hence
t suffices to consider only (c2ii3) of Tom 19.1.24. Thus, whether s =0 or s > 0, we have the same result. 1
19.1.7.3.1.2.4 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

19.1.7.3.1.2.5 Negative Restriction
Omitted (see Section 17.2.3(pl16) ).

19.1.8 Numerical Calculation

B Numerical Example 19.1.1 (&7 {M:2[R][A]"} [019(1)])

This is the example for (PSKIP.) of 84 [saTei[2] 4] in Pom 19.1.4(p.147) (¢3iii) in which a > 0, p > zx, B < 1, p > 0,
s> 0,and . < p. As an example let a = 0.01, b = 1.00, A = 0.7, 3 = 0.98, s = 0.1, and p = 0.5 where z, = 0.462767
and zx = 0.439640. The graph below is for It = 87~'V;, 7 =1,2,--- ,15and t = 0,1, --- , 7, where » represents the optimal-
initiating-time OIT for each 7 =1,2,--- ,15 (see t; - column in the table below).

1. Since AgVh = AgVa = AgVs = AgVs = 0 (see AgVi-column in the table below), we have Vi = 8Vs, Va = BVa, Vo = V4, and
Vi = BVp, implying that it becomes indifferent to skip the search up to the deadline t4 = 0 on t = 4,3,2,1 (see Preference
Rule 7.2.1(p.3)), i.e., |odUITdT:4,3,2,1<O) |A. On the other hand, since L (V;—1) < 0 for 1 <t < 4 (see L(V;—1)-column in the
table below), it follows that it is strictly optimal to skip the search for 1 <t < 7 =4, i.e., [®d0ITd,;—4 3,2,1(0) .. Although
the above two results “indifferent” and “strictly optimal” seem to contradict each other at a glance, it is what is caused by
the jumble of intuition and theory (see Alice 3(p.36)).

2. Each of the graphs for T = 5,6, - , 15 shows that the optimal-initiating-time is strictly, i.e., [® d0ITss<r<15(T) |s, meaning
that the immediate initiation is strictly optimal and that conducting the search is strictly optimal at time t = 5,6,--- ,15
(Conduct,) and skipping the search becomes strictly optimal at time ¢t = 4,3, 2,1 after that (see L (Vz—1)-column in the table
below), implying that the strictly-posterior-skip-of search (pSKIP, (see Remark 7.2.1(p34))) occurs.

AV =V — Vi1 [019(1)Data.DAT]

t Vi ApVy tr L(Vr_1)

0 0.5000000

1 0.4900000 0.0000000 0  —0.0133838 (pSKIP, )
I 2 0.4802000 0.0000000 0  —0.0098846 (pSKIP, )
;- 0.50 3 0.4705960 0.0000000 0  —0.0063880 (pSKIP, )
! 4 0.4611841 0.0000000 0 —0.0028969 (pSKIP, )
! 5  0.4525469 +0.0005865 5  +0.0005865 (Conduct,)
L o.45 6 0.4473331 +0.0038371 6  +0.0038371 (Conduct,)
7 0.4442109 40.0058244 7  +0.0058244 (Conduct,)
8  0.4423501 +0.0070235 8  +0.0070235 (Conduct,)
9 0.4412444 40.0077413 9  40.0077413 (Conduct,)
L 0.40 10 0.4405885 +0.0081690 10 40.0081690 (Conduct,)
11 0.4401998  40.0084231 11  40.0084231 (Conduct,)
12 0.4399696 40.0085738 12  +0.0085738 (Conduct,)
13 0.4398333  40.0086631 13  40.0086631 (Conduct,)
0.35 - 14 0.4397527 40.0087160 14 -+0.0087160 (Conduct,)
o 15 0.4397049  +0.0087473 15 +0.0087473 (Conduct,)

Figure 19.1.1: Graphs of It = 877'V, (15> 7> 1,7 >t > 0)

TSee Remark 19.1.2(p.157).

TNote that @ = 0.01 > 0, p = 0.5 > 0, 8 = 098 < 1, and s = 0.1 > 0. In addition, since p = (1.00 + 0.01)/2 = 0.505, we have
ABp = 0.34643 > 0.1 = s. Furthermore, we have 1 = 0.4627674 < 0.5 = p. Thus the condition of the assertion is satisfied.
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19.1.9 Conclusion 4 (Search-Allowed-Model 2)

Cl Monotonicity
On the total market .#% we have:

a. The optimal reservation price V; in M:2[R][A] is nondecreasing!", constant " | or nonincreasing™ .
b. The optimal reservation price V; in M:2[R][A] is nondecreasing ‘b, constant I” | or nonincreasing "
c. The optimal price z¢ in M:2[P][A] is nondecreasing !, constant | |, or nonincreasing " .
d. The optimal price z: in M:2[P][A] is nondecreasing ‘d, constant I | or nonincreasing "

- 4« Tom’s 19.1.1(p.10) (a), 19.1.2(p.141) (a), 19.1.3(p143) (a), 19.1.4(p144) (c1).
I1* <~ Tom 19.1.4(p.144) (al)).
' < Tom’s 19.1.4(p144) (b1).
>+ Tom 19.1.8(p149) (b1).
I® < Tom 19.1.8(p.149) (al).
® o Tom’s 19.1.5(p.149) (a), 19.1.6(p.149) (a), 19.1.7(p149) (a), 19.1.8(p149) (c1).
- 4° ¢ Corollaries 19.1.2(p153), 19.1.3(p.154), 19.1.4(p.154) ,19.1.5(p.154) (c), 19.1.6(p.155), 19.1.7(p.155) , 19.1.8(p.155) (c), 19.1.9(p.161) (a,b2ii).
1€« Corollary 19.1.5(p154) (a), 19.1.8(p155) (a), 19.1.9(p.161) (b1).
1° < Corollaries 19.1.5(p.154) (b), 19.1.8(p.155) (b), 19.1.9(p.161) (b2i).
- 19« Corollaries 19.1.13(p169) (b), 19.1.16(p.170) (b),19.1.17(p.171) (b2i).
|4 « Corollaries 19.1.16(p.170) (a), 19.1.17(p171) (b1).
!+ Corollaries 19.1.10(p.163), 19.1.11(p165), 19.1.12(p.169) , 19.1.13(p.169) (c), 19.1.14(p169) , 19.1.15(p169) , 19.1.16(p.170) (c), 19.1.17(p171) (a),b2ii).

C2 Inheritance and Collapse
On the positive market #* we have:

a. Symmetry
1. Let 8 =1 and s = 0. Then, the symmetry is inherited ( Ay ) in whether R-model or P-model where

Pom 19.1.1(p146) Av Pom 19.1.5(p.150) (R-model),
Pom 19.1.9(p.16]) ~v Pom 19.1.17(p.17) (P-model).

2. Let < 1ors>0. Then, the symmetry collapses ( Av ) in whether R-model or P-model where

Pom 19.1.2(p.146) Ay Pom 19.1.6(p.150) (R-model),
Pom 19.1.3(p146) Av Pom 19.1.7(p150) (R-model),
Pom 19.1.4(p147) Av Pom 19.1.8(p.15l) (R-model),
Pom 19.1.10(p.16]) Av Pom 19.1.18(p17)  (IP-model),
Pom 19.1.11(p162) Av Pom 19.1.19(p17)  (P-model),
Pom 19.1.12(p162) Av Pom 19.1.20(p.17)  (P-model),
Pom 19.1.13(p.163) Av Pom 19.1.21(p172)  (IP-model),
Pom 19.1.14(p163) Av Pom 19.1.22(p17)  (P-model),
Pom 19.1.15(.163) Av Pom 19.1.23(p17)  (P-model),
Pom 19.1.16(p164) Av Pom 19.1.24(p173)  (P-model).

b. Analogy
For whether “4 =1 and s =0" or “8 <1 or s > 07, the analogy collapses ( bki ) in whether S-model or B-model where

Pom 19.1.1(p.146) 1 Pom 19.1.9(p.161) (S-model),
Pom 19.1.5(p150) bki Pom 19.1.17(p.171) (B-model),
Pom 19.1.2(p.146) k1 Pom 19.1.10(p.16))  (S-model),
Pom 19.1.6(p130) bki Pom 19.1.18(p.171) (B-model),

C3 Occurrence of &), ®, and @

On the positive market . we have:
a. Let 8 =1and s =0. Then, from
Pom 19.1.1(p.145), Pom 19.1.5(p.150), Pom 19.1.9(p.161), Pom 19.1.17(p171),
we have the following table:

Table 19.1.1: &), ®, and @ on .F* (=1 and s =0)

S {M2RIAI} | (M2RIA] T} | (M2F)[A] "} | {M:2(P]a] "}

[Odtts D] ®

®d0iTs, (1)]e ®a

ErTEGINEEON o o o o
e O]]

®nd0IT, ()], (P
[OndlIT &) (s

e d0ITd (0)]; @ o o e} e}
0d0ITd, (0)], @@,

[ed0lTd, (0})], @
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1. What is amazing is here that, even in the most simple case “8 = 1 and s = 07, the deadline-falling € occurs
in all of quadruple-asset-trading models.
b. Let 8 <1ors>0. Then, from
Pom 19.1.2p.14§), Pom 19.1.3(p14), Pom 19.1.4(p147), Pom 19.1.5(150), Pom 19.1.6(p150), Pom 19.1.7(p150), Pom 19.1.8(p151),

Pom 19.1.10(p16l), Pom 19.1.11(p162), Pom 19.1.12(p162), Pom 19.1.13(p163), Pom 19.1.14(p163), Pom 19.1.15(p163), Pom 19.1.16(p164),
Pom 19.1.19(p172), Pom 19.1.20(p172), Pom 19.1.21(p172), Pom 19.1.22(p17), Pom 19.1.23(p17), Pom 19.1.24(p17),

we have the following table:
Table 19.1.2: &), ®, and ® on F*+ (B < or s > 0)

A {M2[R][A] T} | {M2[RI[A] T} |7 {M:2[P)[A] T} | {M:2[P][A] T}

[© d0ITs, (7] @H

®d0iTs, (1)]s (®a

o], Gk o o o o
[@ndoIT- )] @) o o ° °
[ E)]. G
). G

ed0ITd, (0)]; @ o o e} e}
o). ©.

0d0iTd (0)]., @,

1. In addition to (5) and @, the non-degenerate 0IT () occurs in all of quadruple-asset-trading models.

c. The table below is the list of percents (frequencies) of (), (*), and € that appear in
Sections 19.1.6.3(p16l) and 19.1.7.3(p.171).

Table 19.1.3: Percents (frequencies) of ), (), and @ on F

ratio (total) @ @ )

100% (249) | 47% (117) | 19% (47) | 34% (85)

C4 Posterior-skip-of-search
On the positive market .#+ we have:
From Pom’s 19.1.4(p.147), 19.1.12(p.162), 19.1.15(p.163) , and 19.1.16(p.164), if 5 < 1 or s > 0, we have the following table:

Table 19.1.4: Posterior-skip-of-search (8 < 1 or s > 0)

A {M2R][A] T} | {M2[R][A]T} | {M:2[P)[A] ") | {M:2[P][A] T}

PSKIP;, (p5) o o
PSKIP;, (p5) o ¢

a. The posterior-skip-of-search pSKIP; occurs only in M:2[R][A]* and M:2[P][A]" which are both selling models. What is
amazing is here is that pSKIP;, can occurs.

C5 Diagonal symmetry
Exercise 19.1.1  Confirm by yourself that the following relations hold in fact.

Pom 19.1.5(p.150) ~v Nem 19.1.1(p.147) (R-model),
Pom 19.1.6(p.150) Ay Nem 19.1.2(p.147) (R-model),
Pom 19.1.7(p.150) Av Nem 19.1.3(p.143) (R-model),
Pom 19.1.8(p.15l) ~Av Nem 19.1.4(p.148) (R-model)
Pom 19.1.17(p171) ~v Nem 19.1.5(p.165)  (P-model),
Pom 19.1.18(p17l) ~v Nem 19.1.6(p.165)  (P-model),
Pom 19.1.19(p17) ~v Nem 19.1.7(p.166)  (P-model),
Pom 19.1.20(p17) v Nem 19.1.8(p166  (P-model),
Pom 19.1.21(p17) A Nem 19.1.9(p166  (P-model),
Pom 19.1.22(p.17) ~Av Nem 19.1.10(p.166) (P-model),
Pom 19.1.23(p1%) ~v Nem 19.1.11(p.167) (P-model),
Pom 19.1.24(p13) ~v Nem 19.1.12(p167 (P-model). 0

a. The diagonal symmetry holds in whether R-model or P-model.
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19.2 Search-Enforced-Model 2: Q{M:2[E]} = {M:2[R][E], M:2[R][E], M:2[P| [E], M:2[P][E]}
19.2.1 Theorems
As ones corresponding to Theorems 18.2.1(p.122), 18.2.2, 18.2.3, and 18.2.4, let us herein consider the following four theorems:

Theorem 19.2.1 (symmetry[R — R]))  Let o/ {M:2[R][E]} holds on & x .F. Then </ {M:2[R][E]} holds on & x .F where

A {M2[R|[E]} = Sp_zl/{M:2[R][E]}]. O (19.2.1)

Theorem 19.2.2 (analogy[R — P|)  Let &/{M:2[R][E]} holds on & x .Z. Then &/{M:2[P][E]} holds on & x F where

A {M:2[P|[E]} = Ar—p[e/ {M:2[R][E]}]. O (19.2.2)
Theorem 19.2.3 (symmetry[P — P|)  Let o/ {M:2[P|[E]} holds on & x .F. Then </ {M:2[P][E]} holds on & x .F where

A {M:2[P|[E]} = Sp_z[«7 {M:2[P][E]}]. [ (19.2.3)
Theorem 19.2.4 (analogy[R — P|)  Let o/ {M:2[R][E]} holds on & x .F. Then o {M:2[P|[E]} holds on P x F where

o (M2PYE]} = Ag sl {M2RIEY. O

In order for the four theorems above to hold, the following four relations must hold for the same reason as in the search-Allowed-
model 1 (see Part 2 (see p.38):

SOE{M:2[R][E]} = Sy_,z[SOE{M:2[R][E]}], (19.2.4)
SOE{M:2[P][E]} = Az_.p[SOE{M:2[R][E]}], (19.2.5)
SOE{M:2[P][E]} = S,_,3[SOE{M:2[P][E]}], (19.2.6)
SOE{M:2[P][E]} = A; ,3[SOE{M:2[P][E]}], (19.2.7)

From the comparisons between (I) and (II) in Table 6.5.4(p31) and between (III) and (IV) we see that respectively (19.2.4) and
(19.2.6) hold, hence Theorems 19.2.1 and 19.2.3 hold. But, from the comparison of (I) and (III) we see that (19.2.5) does not
always hold, hence it follows that Theorem 19.2.2 does not always hold.

19.2.2 Conditions

Lemma 19.2.1

(a) Theorem 19.2.1 always hold.

(b) Theorem 19.2.3 always hold.

(c) Letp<a* or b<p. Then Theorem 19.2.2 holds.

(d) Leta* < p<b. Then Theorem 19.2.2 does not always hold. [

Proof Almost the same as the proof of Lemma 19.1.1(p137). 1

19.2.3 Diagonal Symmetry

For the same reason as in Section 19.1.3(p.41), which provides the six equalities and one corollary for M:2[P][A] and M:2[P][A], we
see that the following equalities and corollary hold for M:2[P][E] and M:2[PP][E]:

A {M:2[P[E]}” = Sy 5[« {M:2[P|[E]"}], (19.2.8)
A {M:2[P[E]}* = Sy s« {M:2[P|[E]*}], (19.2.9)
A {M:2[P|[E]}" = Sy, 5[/ {M:2[P][E] " }]. (19.2.10)
A {M:2[P[E]}" = Si_p [« {M:2[P|[E] }], (19.2.11)
A {M2PE}E = S5 q [ {M:2[P)[E]" }], (19.2.12)
A {M2(PE]} = S5_p[7{M:2[P][E]"}]. (19.2.13)
Corollary 19.2.1 We have:
o/ {M:2[P][E]}" D-~v o7 {M:2[P][E] "}, (19.2.14)
o/ {M:2[P][E]}* D-~v o7 {M:2[P|[E]*}, (19.2.15)
o {M:2[P][E]}~ D-~v &7 {M:2[P][E]T}. O (19.2.16)
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19.2.4 M:2[R][E]

19.2.4.1 Preliminary
From (6.5.28(p31)) and (5.1.8) we have

Vi—BVic1 = K(Vic1) + (1 — B)Viey = L(Vi1), t>0. (19.2.17)

19.2.4.2 Analysis
19.2.4.2.1 Caseof 3=1and s=0
O Tom 19.2.1 (&Z/{M:2[R][E]}) Let =1 ands=0.

(a) V4 is nondecreasing in t > 0.

(b) Let p>b. Then MH'
(¢) Letp<b. Then A. i

Proof Let 8 =1 and s = 0. Then, since K(z) = XT'(z)---(1) from (5.1.4), we have K(z) > 0---(2) for any x due to
Lemma 9.1.1(p41) (g).
(a) From (6.5.28) and (2) we obtain V4 > Vi for t > 0, i.e., V; is nondecreasing in t > 0.

(b) Let p > b. Then, since b < Vp from (6.5.27), we have b < V;_; for t > 0 from (a), hence L (V;—1) = 0 for ¢ > 0 from
Lemma 9.2.1(d), thus Vi = Vi1 for t > 0 from (19.2.17). Then, since V; = V1 for 7 > ¢t > 0, we have V; = gV,_; =
B*Ve_g =---=B"Vo, hence t; = 0 for 7 > 0, i.e., [®d0ITd,~o{0) |, (see Preference Rule 7.2.1(p3)).

(¢) Let p<b. Then Vo <b---(3). Let Vi1 < b. Then, since V; < K (b) + b from (6.5.28) and

Lemma 9.2.2(h), we have V; < 8b— s = b from (9.2.7 (2) (p43)) and the assumptions of 3 = 1 and s = 0. Hence, by induction
Vici <bfort > 0,s0o L(Vi—1) >0 for ¢ > 0 from Lemma 9.2.1(d). Accordingly, V; — fV;—1 > 0 for ¢ > 0 from (19.2.17) or
equivalently V; > BV;_1 for t > 0. Then, since V; > B8V,_1 for 7 >t > 0, we have V4 > BVr_1 > B2Vs_a > --- > 7 Vs, hence

tr =7 for 7 >0, i.e., |® d0ITs50(7) |- 1

19.2.4.2.2 Caseof 3<1lors>0

For explanatory simplicity, let us define
For any 7 > 0 there exists ¢ > 0 such that

(1) |© dOITst;2T>0<T> |A:
(2) [®nd0ITss 41 (t5) s,
(3) [®ndOITr>re 11 (85) |y ((®ndOIT e 41 (7) s )-

s Ex[enEalen] -

Remark 19.2.1 Sg is the same as S3(p.122) except that the inequalities of 7 > 1, ¢ > 1, and ¢5 > 7 > 1 in Sy changes into
respectively 7 > 0, ¢ > 0, and t; > 7> 0in Sg. [

O Tom 19.2.2 (& {M:2[R][E]}) LetS <1 ors>0andletp< Tx.

(a) V4 is nondecreasing in t > 0, is strictly increasing int > 0 if A <1 or a < p, and converges to a finite V = Tx ast — co.

(b) Let # < p. Then[@d0TTa =o(0}]..

(¢) Letp< zv.
1. |® d0ITs1(1l)|s. Below let 7 > 1.

2. Letf=1.
i. Leta <p. Then|® d0ITs,>1(T)|u-
ii. Let p<a.

1. Let (Ap—s)/A<a.
i. Let A=1. Then[® ndOIT, >, (1)];.
ii. Let A < 1. Then [® d0ITs >1(7)]s.
2. Let (Au—s)/X>a. Then w"
3. LetB<1land s=0(s>0).
i. Leta < p.

1. Let b>0(x >0). Then|® d0ITs,>1 (7).
2. Let b<0(k <0). Then Ssg is true.

ii. Let p<a.
1. Let (A\Bu—s)/é <a.
i. Let A=1.
1. Let b>0(x >0). Then|® dOITS,>1(T) |-

2. Let b<0(x <0). Then[® nd0IT,>1(1)]s.

ii. Let A < 1.

1. Let b>0(x >0) . Then[® d0ITs;>1(T)]a-
2. Let b<0(k <0). Then Sg is true.
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2. Let (A\Bu—s)/6 > a.
i. Let b>0(xk >0) . Then[® d0ITs,~1(7) s
ii. Let b<0(k <0). Then Sg is true. 0

Proof Let 8 < 1l ors > 0 and let p < 2k ---(1). Then Vo < xx ---(2) from (6.5.27(p3l)) and K(p) > 0 due to
Lemma 9.2.2(p43) (j1). Since Vi = K(p) + p---(3) from (6.5.28) with ¢t = 1, we have V1 — Vo = V1 — p = K(p) > 0, hence
Vi>Vo---(4).

(a) Note (4), hence Vo < Vi. Suppose Vi_1 < V;. Then, from Lemma 9.2.2(p43) (e) we have V; < K (V;) + Vi = Vi41. Hence,
by induction V; > Vi_; for ¢ > 0, i.e., V; is nondecreasing in ¢ > 0. Note again (4). Suppose Vi1 < Vi. If A < 1, from
Lemma 9.2.2(f) we have Vi < K(V;) + Vi = Viq1. If a < p, then a < Vp, hence a < Vo1 for ¢ > 0 due to the nondecreasingness
of V4, so that from Lemma 9.2.2(g) we have V; < K(V;)+ Vi = Vit1. Therefore, whether A < 1 or a < p, by induction V;—1 < V;
for t > 0, i.e., V; is strictly increasing in t > 0. Consider a sufficiently large M > 0 with p < M and b < M, hence Vo < M.
Suppose V;—1 < M. Then, from Lemma 9.2.2(e) we have V; < K(M)+ M = M — s due to (9.2.7 (2) (p43) ), hence V; < M due
to the assumptions of 8 < 1 and s > 0. Accordingly, by induction V; < M for t > 0, i.e., V; is upper bounded in ¢. Hence V;
converges to a finite V as t — co. Thus V = K(V)+V from (6.5.28), hence K (V) = 0, so that V = zx due to Lemma 9.2.2(j1).

(b) Let xr < p. Then, since zr < Vj, we have zp < Vi_1 for ¢ > 0 due to (a), hence L(Vi—1) < 0 for t > 0 due to
Corollary 9.2.1(a(p4)), thus Vz — BVi—1 < 0 for ¢ > 0 from (19.2.17) or equivalently V; < BV;_; for t > 0. Accordingly, since
Vi < BVi_q for 7>t >0, we have V; < BV,_1 < B2V, 5 < --- <|B"Vo, hence t: =0 for 7 > 0, i.e., MA‘

(¢) Let p< xr ---(5). Then Vo < x ---(6) from (6.5.27(p31) ), hence L (Vo) > 0---(7) due to Corollary 9.2.1(a).

(c1) Since Vi — BV = L(Vo) > 0 from (19.2.17) with ¢ = 1 and (7), we have ¥4 > BVo---(8), hence t{ = 1, ie.,
® d0ITs (1) [, ---(9 ). Belowlet 7 >1---(10).

(c2) Let 8 =1, hence s > 0 due to the assumption of 8 < 1 or s > 0. Then § = A from (9.2.1p42)) and =, = xx ---(11)
from Lemma 9.2.3(p44) (b), hence K (z. ) = K(xx)=0---(12).

(c2i) Let a < p. Then a < Vp from (6.5.27(p3]) ), hence a < Vi_; for t > 0 due to (a). Note (2). Suppose Vi1 < zx.
Then, from Lemma 9.2.2(g) we have V; < K(Zx )+ x = Tx. Hence, by induction V;—1 < Tx ---(13) for ¢ > 0. Then, since
Vie1 < xr for t > 0 due to (11), we have L(V;—1) > 0 for ¢ > 0 from Lemma 9.2.1(el), hence for the same reason as in the
proof of Tom 19.2.1(c) we have MA.

(c2ii) Let p<a---(14), hence Vo < a---(15) from (6.5.27(p31)). Then from (3) and (9.2.7 (1) (p43)) we have Vi = Ay — s +
(1= X)p--(16)

(c2iil) Let (A — s)/A < a. Then zx = (A — $)/A < a---(17) from Lemma 9.2.2(j2). Hence K(a) < 0 from
Lemma 9.2.2(j1). Note (15). Suppose V;_1 < a. Then, from (6.5.28(p31) ) and Lemma 9.2.2(e) we have V; < K (a)+a < a, hence
by induction V;—; < a for ¢ > 0. Accordingly, from (6.5.28) and (9.2.7 (1)) we have V; = Ap—s+ (1 —A\)Vi—1---(18) for t > 0.

(c2iili) Let A = 1. Then, we have zx = pu — s from (17) and V; = p — s for ¢ > 0 from (18) , hence V; = xx for ¢t > 0,
so that V;—1 = xx for t > 1. Accordingly, Vi1 = zp for t > 1 due to (11) . Then L(Vizi) = L(zr) =0 for t > 1, hence
Vi — Vi1 =0 for t > 1 from (19.2.17) or equivalently V; = SV;_1 for ¢ > 1. Then, since V; = BVi—1 for 7 > ¢ > 1, we have
Vi = BVye_1--- = B7'V; for 7 > 1. From the result and (4) we have V, = BVi_1 =B Vrg=---= B7V1 > "Vp, hence
ty =1for 7> 1,ie.,|®nd0IT,~1(1)|.

(c2iilii) Let A < 1. Note (6). Suppose Vi1 < .. Then, we have V; < K(z.)+ =, = z, from Lemma 9.2.2(f) and
(12) . Accordingly, by induction V;_1 < z, for ¢t > 0, hence L (V;_1) > 0 for ¢ > 0 from Lemma 9.2.1(e1). Thus, for the same

reason as in the proof of Tom 19.2.1(c) we have M"
(c2ii2) Let (A — s)/A > a. Then xx > (A —s)/A > a---(19) from Lemma 9.2.2(j2), hence z, > a from (11). Note

(6). Suppose Vi_1 < xr. Then, we have V; < K(z.)+ = = z, from Lemma 9.2.2(h) and (12). Accordingly, by induction
Vici < @ ---(20) for ¢t > 0, hence L (V;—1) > 0 for ¢t > 0 due to Lemma 9.2.1(el). Consequently, for the same reason as in the

proof of Tom 19.2.1(c) we obtain M"
(3) Let <land s=0(s>0).
(c3i) Leta < p---(21). Then, since a < Vp from (6.5.27(p.31) ), we have a < Vz—1 for ¢t > 0 due to (a).

(c3i1) Let b>0(x >0). Then . > zx ---(22) from Lemma 9.2.3(c(d)). Note (2). Suppose Vi1 < zx. Then,

from (6.5.28) and Lemma 9.2.2(g) we have V; < K (k) + x = Zx. Accordingly, by induction V;_1 < zx for ¢ > 0, hence
Vio1 < a for t > 0 due to (22) . Therefore, since L (Vi—1) > 0 for ¢t > 0 from Corollary 9.2.1(a), for the same reason as in the

proof of Tom 19.2.1(c) we obtain [® d0ITs,>1(7T) |a-

(c3i2) Let b<0(x <0). Then . < xx ---(23) from Lemma 9.2.3(c (d)). Note (6). Suppose Vi1 < x. for all t > 0,
hence V < xr ---(24). Now, since V = zx due to (a), we have zr < V due to (23), which is a contradiction. Hence, it is

impossible that Vi1 < zp for all ¢ > 0. In addition, from (6) and the strict increasingness of Vz due to (a), it follows that
there exists t5. > 0 such that
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VW<Vi<: o <Vepa <o SVie <Viey1 <Visya <o
from which we have

Vi< ap, £5>t>0, @ <Vie, @ <Viy, t>6 41, (19.2.18)
Hence, we have
L(Vi—1) >0, ---(25) t5 >t >0 (due to Corollary 9.2.1(a))
L(Vi) <0, ---(26) (due to Corollary 9.2.1(a))
L(Vic1) =(<0),"---(27) t > 5 +1 (due to Lemma 9.2.1(d(el)))
o Let £ > 7 > 0. Then L(Vi_1) > 0---(28) for 7 >t > 0 from (25). Hence, for the same reason as in Tom 19.2.1(c) we

obtain A for t3 > 7 > 0. Accordingly, Ss(1) is true. Now, since V; — fV;—1 > 0 for 7 > ¢t > 0 from (19.2.17)
and (28) , we have V; > ;BVt—l for 7 >t > 0, hence V, > BV,_1 > 2V, _a > --- > B7Vj. Accordingly, when 7 = ¢, we have
Vie > BVis_1 > -+ > BV -+ (29).

o Let 7 =t; +1. From (19.2.17) with ¢ = ¢ +1 and (26) we have Vie 41— fBVie = L(t7) <0, hence Vis 11 < fVie . Accordingly,
from (29) we have

Vie 41 < BVis > 52Vt;71 > ﬁS‘/t:_—2 > > ﬁt.TJero -+-(30),

thus ti | =17, ie, |® nd0ITse 11(t7) [», S0 that Ss(2) is true.

e Let 7 >t + 1. Since L(Vie41) = (<) 0 from (27) with ¢ = ¢ + 2, we have Vie 2 = (<) BVie 11 from (19.2.17), hence from
(30) we have

Vieso = (<) BViss1 < BVis > BVie o1 > 'Vas 2 > -+ > 7TV,
Similarly we have
Viets = (<) BVisy2 = (<) BVie 1 < BVie > B'Vie 1 >+ > BTV
By repeating the same procedure, for 7 =t + 2,5 + 3,--- we obtain
Ve = (<) BVr1 = (<) - = (<) BT P Vig g2 = (<)
ﬁfft:fl‘/t;+1 < 5T7t;Vt,T > ﬁfﬁt;HVt;_l > > BV (31)

o Let s = 0. Then (31) can be written as
Ve=BVi1=-= /BT—t'T—QVt.TH = 57—4—1%;“ < ﬁf—tivt; > 57—’5?“\/};71 > o> BTV,

hence t; =13, i.e., | ® nd0IT,>¢e +1(t3) | (see Preference Rule 7.2.1(p3) ), hence Sg(3) is true.

o Let s > 0. Then (31) can be written as

Ve <AV <o < BT i n < BT T Wt S BT Vi > 8T Ve > > BT, (19.2.19)

hence t7 = t3, i.e., | ® nd0IT > +1(t°) |s, hence Sg(3) is true.

(c3ii) Let p < a---(32), hence Vo < a---(33) from (6.5.27(p31)). Then, from (3) and (9.2.7(1)(p4)) we have V; =
ABu—s+(1=X)Bp---(34).

(c3iil) Let (A\Bu —s)/d < a. Then zx = (ABu—5)/d < a---(35) from Lemma 9.2.2(j2(p43)). Hence Vi = dxx + (1 —
A)Bp---(36).

(c3iili) Let A = 1, hence § = 1 from (9.2.1(p4)). Thus, from (35) and (36) we have zx = B —s < aand Vi = zx <
a---(37).

(c3iilil) Let b>0(x >0). Then =, > zx ---(38) due to Lemma 9.2.3(c (d)). Note (37). Suppose Vi1 = zx. Then,
from (6.5.28p31)) we have V; = K(xx )+ Tx = Tx. Accordingly, by induction V;—1 = xx for ¢t > 1, hence V;—1 < zp for¢ > 1
due to (38) | thus L (Vi_1) > 0 for t > 1 from Corollary 9.2.1(a). Hence, from (7) we obtain L (V;_1) > 0 for ¢ > 0. Accordingly,
for almost the same reason as in the proof of Tom 19.2.1(c) we obtain [® d0ITs,>1(T) ..

(c3iili2) Let b < 0(x <0) . Then,since , < xx from Lemma 9.2.3(c (d)), we have Vi > =, from (37)  hence V;_; > z.
for t > 1 from (a). Accordingly, since L (V;—1) < 0 for ¢ > 1 from Corollary 9.2.1(a), we have L (V;—1) < 0 for 7 > ¢t > 1, thus
Vi — BVie1 <0 for 7 >t > 1 from (19.2.17), ie., Vi < BVi_y for 7 >t > 1. Hence V; < fV,_1 < --- < f77'V1. Now, from
(6.5.27(p31) ), (4), (37) , and (38) we have p = Vo < Vi = 2x < 21, hence L(p) > 0 from Corollary 9.2.1(p4) (a). In addition,
from (3) and (6.5.27(p31)) we have Vi — Vo = Vi — Bp = K(p) +p— Bp = K(p) + (1 — B)p = L(p) > 0 from (5.1.8p17)), hence
Vi > BVy. Accordingly, we have V; < BV,_1 < %V, o < --- < B7'WA > 87V, for 7 > 1, hence tf = 1 for 7 > 1, ie.,

@ ndOIT7—>1<1> A

TIf s = 0, then L(V;_1) =0, or else L (V;_1) < 0.
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(c3iilii) Let A < 1.
(c3iiliil) Let b>0(x >0). Then . > Tk ---(39) from Lemma 9.2.3(c (d)). Note (2). Suppose Vi_1 < Zx. Then,

from Lemma 9.2.2(f) we have Vi < K(2x )+ ©x = k. Hence, by induction V;—1 < xx for ¢t > 0, thus Vi—1 < zp for ¢t > 0 due
o (39). Accordingly, since L (Vis—1) > 0 for ¢ > 0 from Corollary 9.2.1(a), for the same reason as in the proof of Tom 19.2.1(c)

t
we obtain [8 A0TTs-1{rT .

(c3iilii2) Let b<0(x <0). Then . < 2k ---(40) from Lemma 9.2.3(c (d)). Note (6). Assume that V;—1 < z for
all t > 0, hence V < xr ---(41). Now, since V = zx from (a), we have the contradiction z, < V from (40). Hence, it is

impossible that V;—1 < xp for all ¢ > 0. From the result and the strict increasingness of V; due to (a), it follows that there
exists t5 > 0 such that

VWw<Vi<- <Vie_i<ar SVie <Vieg1 <Vipgo <-v0 = k.

Accordingly, for the same reason as in the proof of (¢3i2) we have Sg EAEENEN)
(c3ii2) Let (ABu—s)/A>a---(42). Then 2x > (ABu — s)/d > a from Lemma 9.2.2(j2).

1. Let A < 1. Then V; is strictly increasing in t > 0 due to (a).

2. Let A =1, hence § = 1 from (9.2.1p42) ), so B — s > a from (42) . Now, since K (z) > Bu— s — x for any = from (9.2.4(p.42))
or equivalently K (z) 4z > Bu— s for any x, we have Vi > Bu—s > a from (3) . Accordingly Vi_1 > a for t > 1 due to (a).
Note (4). Suppose Vi_1 < V;. Then, from Lemma 9.2.2(g) we have V; < K (Vi) 4+ Vi = Vit1. Accordingly, by induction
we have Vi_1 < V; for t > 0, i.e., V; is strictly increasing in t > 0.

From the above, whether A < 1 or A =1, we see that V; is strictly increasing in t > 0.

(c3ii2i) Let b>0(x >0). Then z, > Tk ---(43) from Lemma 9.2.2(c (d)). From (2) and the above strict increasingness
of V;int > 0 we have V;_1 <V = xx for t > 0, hence V;_1 < z for t > 0 from (43) . Thus, since L (Vi—1) > 0 for ¢t > 0 from
Corollary 9.2.1(a), for the same reason as in the proof of Tom 19.2.1(c) we obtain [® d0ITs,>1(T)l..

(c3ii2ii) Let b<0(x <0). Then 2, < Zx ---(44) from Lemma 9.2.3(c (d)). Note (6) . Suppose Vi1 < x., for all t > 0,
hence V < z ---(45). Now, since V = xx from (a), we have ., < V from (44) | which is a contradiction. Accordingly, it is

impossible that V;_1 < xr for all t > 0. From the result, (6) , and the above strict increasingness of V; in ¢t > 0 it follows that
there exists t5 > 0 such that

Vo<Vi<- o <Vie_i<ar SVie <Viegn <Vipgo <o — k.

Accordingly, for the same reason as in the proof of (¢3i2) we can immediately see that the assertion holds true. 1

O Tom 19.2.3 (&Z/{M:2[R][E]}) LetS<1ors>0andletp= zx.
(a) Vi = xx =p fort>0.
(b) Let B=1. Then m\\'
(¢) Letf<land s=0(s>0).
1. Let b>0(x>0). Then|® d0ITs,>o(7) .
2. Let b<0(xk <0). ThenmA. 0

Proof Let 8 <1ors>0andlet p= xx. Hence Vo = p = xx ---(1) from (6.5.27(p31)).

(a) Note (1). Suppose Vi_1 = @x. Then, from (6.5.28) we have V; = K (2x )+ =x = zx. Hence, by induction V; = zx = p
for t > 0.

(b) Let 8 =1, hence s > 0 due to the assumption of 8 < 1 or s > 0 in the lemma. Then . = zx from Lemma 9.2.3(p4) (b).
Accordingly, since V;—1 = x, for ¢t > 0 from (a), we have L(V;_1) = L (. ) =0 for t > 0, hence for the same reason as in the
proof of Tom 19.2.1(p.17) (b) we obtain m”.

(¢) Let f<land s=0(s>0).

(c1) Let b>0(x >0). Then, since . > xx from Lemma 9.2.3(c (d), we have . > zx = V;_1 for ¢ > 0 from (a),
hence L (Vi—1) > 0 for t > 0 due to Corollary 9.2.1(a), thus for the same reason as in the proof of Tom 19.2.1(c) we obtain
[6 a0TTs a(rT).

(c2) Let b<0(x <0). Then zp < zx from Lemma 9.2.3(c (d). Hence, since zr < zx = Vi1 for ¢ > 0 from (a),
we have L (Vi—1) < 0 for ¢ > 0 due to Corollary 9.2.1(a), hence V; — Vi—1 < 0 for ¢ > 0 from (19.2.17(p.1)) or equivalently
Vi < BVi—q for t > 0. Accordingly, since V; < BVi_1 for 7 > ¢t > 0, we have V. < V.1 < B2VT,2 <---< B"Vo, thus 5 =0
for 7 > 0, i.e., d0IT;50(0),. N

For any 7 > 0 there exists ¢* > 0 such that
Sol©2]e2]ea]—{ (1) [@d0ITdse>,>0(0)]s ([®d0ITd o>, >0(0) |a),
(2) [® dOITs ;>4 (T)]|s Or [@ ADITd ;> ¢e(0)]s-
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O Tom 19.2.4 (&Z/{M:2[R][E]}) Let3<1 ors>0 andlet p> xx. Then, for a given starting time T > 0:

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V = Tk as to — 0.
(b) Letp< xr. Then|® d0ITs >o(T) |-

() Letp= x.. Then|®d0ITdi(0)]; and[® d0ITs,>1(T)]a.

(d) Letp> zr.

. Let B=1. Then [®d0ITd,>o(0)]..
2. Letf<land s=0(s>0).
i. Let b<0(x <0). Then [@d0ITd,>0{(0)], (|®d0ITd,~0{0)].) -

ii. Let b>0(x >0). Then Sy is true. [0
Proof Let B < lors > 0 and let p > xx---(1). Then Vo > xx ---(2) from (6.5.27(p31)) and K (p) < 0---(3) from
Lemma 9.2.2(j1). From (6.5.28(p31)) with ¢t = 1 we have V1 — Vo = K (Vo) = K(p) < 0---(4), hence V1 < Vi ---(5). In addition,
from (19.2.17) with ¢t = 1 we have Vi — Vo = L (Vo) = L(p)--- (6).

(a) Note (5), hence Vo > Vi. Suppose Vi1 > V;. Then, from Lemma 9.2.2(e) we have V; > K (Vi) + V4 = Vi41. Hence, by
induction Vi1 > V; for t > 0, i.e., V; is nonincreasing in ¢ > 0. Let A < 1. Note again (5). Suppose Vi1 > V;. Then, from
Lemma 9.2.2(f) we have V; > K (V;) + Vi = Viq1. Hence, by induction V;—1 > V; for t > 0, i.e., V; is strictly decreasing in t > 0.
Note (2), hence Vp > xx. Suppose Vi_i > zx. Then, from Lemma 9.2.2(e) we have V; > K(2x) + x = xx. Hence, by
induction Vs—1 > 2k ---(7) for t > 0, i.e., V4 is lower bounded in ¢. Thus, it follows that V; converges to a finite V as t — oo.
Hence, since V = K(V) + V, we have K(V) =0, thus V = zx due to Lemma 9.2.2(j1).

(b) Let p < z.. Then, since Vyp < = from (6.5.27(p31)), we have Vi—1 < x, for ¢ > 0 due to (a). Therefore, since
L(Vi—1) > 0 for t > 0 from Corollary 9.2.1(a), for the same reason as in the proof of Tom 19.2.1(c) we obtain [® d0ITs+>o(T)|s-

(c) Let p= xr ---(8). Then, since L(p) = L(zr) = 0, we have Vi = BVp ---(9) from (6), hence [@d0ITd;(0)]. Below,
let 7 > 1. Now, since Vi = K(p) + p < p from (6.5.28(p31)) with ¢ = 1 and (3), we have V;_; < p for t > 1 from (a), hence
Vio1 < x for t > 1 due to (8), so that L(V;_1) > 0 for ¢ > 1 from Corollary 9.2.1(p.83) (a). Accordingly, since L (V;_1) > 0 for
T>t>1, we have V; — BV, > 0 for 7 > ¢t > 1 due to (19.2.17) or equivalently V; > BV; for 7 > ¢ > 1, from which we have
Vi > BVi_1 > --- > 77 1V1. Hence, from (9) we have Vo > BVi_1 > ---> BV, = BV, Accordingly, we obtain ¢t = T for
7> 1, ic., [0 008 (7] k.

(d) Let zo < p---(10), hence . < Vo---(11) from (6.5.27(p31) ). Thus, if s = (>) 0, then L (Vo) = (<) 0---(12) from
Lemma 9.2.1(d(el)), hence Vi = (<) BVo --- (13) from (6) .

(d1) Let 8 =1, hence s > 0 due to the assumption of 8 < 1 or s > 0. Then L (V) < 0 from (12) hence Vi < Vo ---(14)

from (19.2.17(p1)). Now, since z = zx due to Lemma 9.2.3(b), from (7) we have V;—1 > xr for ¢ > 0, hence L (Vi—1) < 0
for t > 0 due to Lemma 9.2.1(el), thus V; — fV;—1 < 0 for ¢ > 0 from (19.2.17). Then, since V; — Vi1 < 0 for 7 >t > 0,
we have Vi < BVi_q for 7 >t > 0, leading to V> < BVr_1 < --- < 8771V < B7Vh. Hence we have t: = 0 for 7 > 0, i.e.,
[0d0TTd >0 (0) .-

(d2) Let <land s=0(s>0).

(d2i) Let b<0(x <0). Then z; < xx ---(15) due to Lemma 9.2.3(c(d)). Hence, from (7) we have V;_; > =

for t > 0, hence L (V;—1) < 0 for ¢ > 0 due to Corollary 9.2.1(a), so that V; — fV;—1 < 0 for ¢t > 0 from (19.2.17). Then,
since V; — Vi1 < 0 for 7 >t > 0, we have V; < BV;_1 for 7 > t > 0, leading to V; < BV, < --- < 5771V1 < B™VW.
Due to (13) the inequality can be rewritten as Vy < BV, < --- < B7'V; = (<) B™Vo, hence t; = 0 for 7 > 0, ie.,
[@d0ITd,~0(0)], ([@®d0ITd,>0(0)]s) -

(d2ii) Let b>0(x >0). Then x; > zx > 0---(16) from Lemma 9.2.3(c (d)). Hence, from (5) and (11) and from the

nonincreasingness of V4, and the convergency of V; to V = 2k due to (a) we see that there exists ¢* > 0 such that

Vo> VicVoa> -2V 1> xp > Ve > Viey1 > = xx -~ (17)

or equivalently Vo > xr, Vic1 > xp fort* >t > 1, and z, > Vi1 for ¢t > t*. Hence, we have

L(Viz1) >0, t>t°, due to Corollary 9.2.1(a),
L(Vi—1) <0, t*>t>1, dueto Corollary 9.2.1(a),
L(Vo)=(<)0 due to Lemma 9.2.1(p.83) (d(el)).

Hence, from (19.2.17) we have
Vi>BVier--(18), t>t", Vi< BVia---(19), t'2t>1, Vi=(<)BVo---(20).

(A) Let t* > 7 > 0. Then, since V; < gV, for 7 > ¢t > 1 from (19)7 we have V; < BV,_1 < --- < B77'V, hence

V, <BVi << BTTWL=(<) BTV ---(21) from (20) or equivalently

<< . <I}=(<) I2---(22), t*>7>0.

Thus t; = 0 for t* > 7 > 0, i.e., [@d0ITdse >->0(0)|. (|®d0ITdss >->0(0) i), hence (1) of Sy holds. Now, from (21) with
T =t* we have o1 b
Vie SBVpe1 < KB TV = (<) B Vo (23).
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(B) Let 7> t*(>0), hence 7 > 1. From (18) with 7 > ¢ > t* we have
Vo> BViii > > BT T W > 87 Ve - (24), 7>t
Combining (24) and (23) leads to
Ve BVea > > B Wy > BT Ve < BT T e < STV = (Q) BTV, T 1
or equivalently

> > 2 >SN <M< <l = (<) I (25), 7>t

Hence we have [® d0ITs, ()] or |@ d0ITd.(0)], so that hence (2) of Sg holds. 1

19.2.4.3 Market Restriction
19.2.4.3.1 Positive Restriction
19.2.4.3.1.1 Caseof 3=1and s =0

O Pom 19.2.1 (Z{M:2[R][E]"}) Suppose a >0. Let =1 and s = 0.

(a) Vi is nondecreasing in t > 0.

(b) Let p > b. Then [0 d0TTa—o[0]], - -0
(c) Letp<b. Then|® d0ITs,>o(T)]. — - ®

Proof The same as Tom 19.2.1(p1%) due to Lemma 16.4.1(p100). B

19.2.4.3.1.2 Caseof 3<lors>0

O Pom 19.2.2 (&/{M:2[R][E|"}) Suppose a >0. Let 3 <1 ors>0 and let p < k.

a + 18 nondecreasing i t > 0, is strictly increasing int > 0 ¢f A <1 or a < p, and converges to a finite V = xx ast — oo.
Vi i d ing it > 0, is strictly i mg it >0 A<1 <p d t ite V. t

(b) Let xz < p. Then MA — - @

(¢) Letp< mp.

1. |®d0ITs (1) .. Belowlet T>1 — - ®
2. Letf=1.
i. Leta <p. ThenA — - ®
ii. Letp<a.

1. Let (A\u—s)/A<a.

i. Let \=1. Then[® nd0IT,~1(1)], — - ®
ii. Let A< 1. Then[® d0ITs,o(r)|]a — O]

2. Let (Ap—s)/A> a. ThenA — 0
3. Letpf<1ands=0. ThenA — -
4. Let <1 and s > 0.
i. Leta<p.
1. Let \Bu > s. Then ,@dOTT>0<T>|A — - ®
2. Let A\Bu < s. Then Sgpln) [DA[OI|®2[®4| s trye — -6 /®
ii. Let p<a.
1. Let (A\Bu—3s)/é <a.
i. Let A=1.
1. Let Bu > s. Then M‘ — —=®
2. Let Bu <'s. Then mA — — ®
ii. Let A < 1.
1. Let \3u > s. Then[® dOITS>o(T)|a-
2. Let \Bu < s. Then Ss(pn) [©]ei][@2]@4] is true — —-®/®
2. Let (\Bu—s)/d > a.
i. Let ABu > s. Then ,@dOTm@')lA — —=®
ii. Let ABu < s. Then Sg(pln) [OA|@I[®2]|®4] js trye — - 6®/®

Proof Suppose a > 0, hence b > a > 0---(1). Then k = ABu — s---(2) from Lemma 9.3.1(p4) (a).

(a~c2ii2) The same as Tom 19.2.2(p.17) (a-c2ii2).
(c3) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c3il,c3iilil,c3iiliil,c3ii2i) of Tom 19.2.2.
(c4-c4ii2ii) Let 8 <1 and s < 0. Then, due to (2) it suffices to consider only (c3-c3ii2ii) of Tom 19.2.2 with x. I
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O Pom 19.2.3 (&/{M:2[R][E]"}) Suppose a >0. Let 3 <1 ors>0 and let p= =x.
Vi= ok =p fort>0.

(a)

(b) Let B=1. Then |[@d0ITd,>o(0)]; — - @
) Let <1 ands=0. ThenmA — - ®
)

Let <1 and s > 0.

1. Let A\Bu > s. Then|® d0ITs,>o{T)|p — - ®
2. Let \fu < s. Then MA — - @

Proof Suppose a > 0, hence b > a > 0---(1). Then kK = A\Bu — s---(2) from Lemma 9.3.1(p.45) (a).

(a,b) The same as Tom 19.2.3(p.181) (a,b).
(c) Let 8 <1ands=0. Then, due to (1) it suffices to consider only (c1) of Tom 19.2.3.
(d,d2) Let 8 < 1and s> 0. Then, due to (2) it suffices to consider only (c1,c2) of Tom 19.2.3. I

O Pom 19.2.4 (&/{M:2[R][E|T}) Suppose a >0. Let <1 ors>0 and let p > k.

(a) V& is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = zx as tot — co.
(b) Letp< zr. ThenA — - ®
(c) Letp= x.. Then|®d0ITdi{0)]; and[® d0ITs >1(T)|s forT>1 — - 6G/0
(d) Letp> z.
1. Let B=1. Then[@d0ITd,~o(0)], — - @
2. Let B<1 ands=0. Then Sopisl) (222 |®4 | js true — - /0
3. Letf<1ands>0.
i. Let A\Bp <s. Then[®d0ITd,~o(0)], — - @
ii. Let ABu > s. Then So(pisl) |©2]%2 | ®4 | js true (see Numerical Example 19.2.1(p206)) — - /0

Proof Suppose a > 0. Then b>a > 0---(1). We have k = Afu — s---(2) from Lemma 9.3.1(p.5) (a).

(a-d1) The same as Tom 19.2.4(a-d1).
(d2) Let 8 <1 and s=0. Then, due to (1) it suffices to consider only (d2ii) of Tom 19.2.4.
(d3,d3ii) Let 8 <1 and s > 0. Then, due to (2) it suffices to consider only (d2i,d2ii) of Tom 19.2.4 with . 1

19.2.4.3.2 Mixed Restriction
Omitted (see Section 17.2.3(pl16) ).

19.2.4.3.3 Negative Restriction
19.2.4.3.3.1 Caseof 3=1and s =0
O Nem 19.2.1 (&/{M:2[R][E]"}) Suppose b< 0. Let =1 and s =0.

(a) V4 is nondecreasing in t > 0.

(b) Letp>b. Then|[@d0ITd >0(0)] — -0

(¢) Letp<b. Then|® d0ITs,;>o(7T)|s — - ®

Proof The same as Tom 19.2.1(p17) due to Lemma 16.4.1(p100). 1

19.2.4.3.3.2 Caseof 3<lors>0
O Nem 19.2.2 (&Z{M:2[R][E]"}) Suppose b< 0. Let B <1 ors>0 andlet p < Tx.

a) Vi is nondecreasing int > 0, s strictly increasing int > 0 if A <1 or a < p, and converges to a finite V = xx ast — oco.
p

(b) Let L < p. Then|@d0ITd,>0{0)], — - @
(¢) Letp< zvr.
1. ‘.Belowlet7>1 — —O)
2. Let g =1.
i. Leta < p. ThenA — - ®
ii. Letp<a.

1. Let (A\u—s)/A<a.
i. Let A=1. Then[® nd0IT,> (1)], — - ®
ii. Let A < 1. Then MA — -®

2. Let (Au—8)/A>a. Then|® d0ITs,;>o{T)|a — - ®
3. Let 5<1ands=0. Ssgplmn) is true — - ®/®
4. Let f < 1.
i. Leta < p. Ss(pln) is true — - ®/®
ii. Let p<a.
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1. Let (A\Bu—s)/é < a.

i. Let \=1. Then|® nd0IT,>1(1)|, — — ®
ii. Let A< 1. Then Sg(pin) [EA[®1]®2]|®4] 45 trye —
2. Let (\Bu—s)/d > a. Then Sg[plm) is true — - ®/®

Proof Suppose b < 0---(1), hence a <b < 0---(2). Then K = —s---(3) from Lemma 9.3.1(p.5) (a).

(a~c2ii2) The same as Tom 19.2.2(p.17) (a~c2ii2).

(c3) Let 8 <1ands=0. Assume (ASpu—s)/6 < a. Then, since ABu/d < a, we have A\Gu < da due to (9.2.2 (1) (p42) ), hence
M < da < Aa due to (9.2.2 (1) (p42)) and (2), so Su < a, which contradicts [15(p01)]. Thus, it must be that (Au — )/ > a.
From this it suffices to consider only (c3i2,c3ii2ii) of Tom 19.2.2(p.17).

(c4-c4ii2) Let 8 < 1 and s > 0. Then x < 0 due to (3), hence it suffices to consider only (c3i2,c3iili2,c3iilii2,c3ii2ii) of
Tom 19.2.2. 1

O Nem 19.2.3 (Z/{M:2[R][E] }) Supposeb< 0. Let $ <1 ors>0 andlet p= Tx.

(a) Vi=2xkx =p fort>D0.

(b) Let B=1. Then|[@d0ITd,>o(0)]; — - ®
(¢c) LetB<1. Then MA — - ®

Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 9.3.1(p4) (a).

(a,b) The same as Tom 19.2.3(p.181) (a,b).

(¢) If s = 0, then due to (1) it suffices to consider only (c2) of Tom 19.2.3 and if s > 0, then £ < 0 due to (2), hence it
suffices to consider only (c2) of Tom 19.2.3. Thus, whether s = 0 or s > 0, we have the same result. 1

O Nem 19.2.4 (Z{M:2[R][E]"}) Supposeb < 0. Let $ <1 ors>0 and let p> Tx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = Zx as to t — oo.
(b) Letp< x. Then M, — - ®
(c) Let p= x.. Then|e®d0ITd1{0)]; and[® d0ITs >1{r)|. forT>1 — - @®/06
(d) Letp> zr.
1. Let B=1. ThenmA — - @
2. Let 3<1. Then [@d0ITd,>0{(0)], (|@d0ITd,~0{0)].) — - @

Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 9.3.1(p45) (a).

(a-d1) The same as Tom 19.2.4(p182) (a-d1).

(d2) 1If s = 0, then due to (1) it suffices to consider only (d2i) of Tom 19.2.4 and if s > 0, then x < 0 due to (2), hence it
suffices to consider only (d2i) of Tom 19.2.4. Thus, whether s = 0 or s > 0, we have the same result. 1

19.2.5 M:2[R][E]

Due to Lemma 19.2.1(p17) (a) we can apply Sp_,z in Theorem 19.2.1(p.17) to
Tom’s 19.2.1(p.17) —19.2.4.

19.2.5.1 Analysis
19.2.5.1.1 Caseof 3=1and s=0

0 Tom 19.2.5 (/{M:2[R][E]}) Let =1 and s =0.

a) Vi is nonincreasing in t > 0.

(
(b) Let p<a. Then|®d0ITd,~o{0) |-
(c) Letp>a. Then|® d0ITs >o(T)[s. O

Proof by symmetry Immediate from applying Sp_,5 to Tom 19.2.1(p17). 1

19.2.5.1.2 Caseof 3<1lors>0
0 Tom 19.2.6 (/{M:2[R][E]}) Let 8<1 ors>0 andlet p> T7.

a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if X < 1 or b > p, and converges to a finite V = Tz ast — oo.
(a) g y g P g

(b) Let ¥z > p. Then [@d0ITdr>0(0)]..

(c) Letp> 7.
1. |® d0ITs1(1l)[.. Below let 7 > 1.

9. Letf—1.
i. Letb> p. Then|® d0ITs,>1(7)s-
ii. Let p>0b.
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1. Let (Ap+s)/A>0.

i. Let A\=1. Then[® nd0IT,~ ()], —
ii. Let A <1. Then[® d0ITs;>o(r)]. —
2. Let (AMu+)/A <b. Then[® d0ITs,>1 (7).
3. Let <1 and s=0(s>0).
i. Letb> p.

1. Let a<0(k <0). Then|® d0ITS,>1(7T)|s-
2. Let a>0(k >0). Then Sg is true.

ii. Let p>0b.
1. Let (ABu+s)/6 > b.
i. Let A =1.

1. Let a <0(% <0). Then[® d0ITs >1(T)..
2. Let a>0(& >0). Then|[® nd0IT,>1(L)],.

ii. Let A < 1.

1. Let a <0(& <0). Then[® d0ITs 51 (7).
2. Let a>0(~k >0). Then Ssg is true.
2. Let (A\Bp+s)/6 <b.
i. Let a <0(% <0). Then[® dOITs,>1 ().
ii. Let a>0(& > 0). Then Sg is true. 0O

Proof by symmetry Immediate from applying Si_,z to Tom 19.2.2(p.17). §

O Tom 19.2.7 (&/{M:2[R][E]}) Let B8<1 ors>0 andlet p= 3.
(a) Vi= 2z =p fort>0.

(b) Let B=1. Then |®d0ITd,»o(0) |-

(¢) Let B<1and s=0(s>0).

1. Let a<0(& <0). Then[® d0ITs~o(7)]a.
2. Let a>0(i >0). Then[®d0ITd,>o(0)],. O

Proof by symmetry Immediate from applying Sp_,5 to Tom 19.2.3(p.181). 1

O Tom 19.2.8 (&/{M:2[R][E]}) Let <1 ors>0 andlet p< 7.
(a

V: is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = T as tot — oo.
Let p > %7. Then|® d0ITS>0(T) |a-

Let p= ®;. Then|ed0ITd1(0)] and[® d0ITs >1(T)l..
Let p < .

Let § = 1. Then [0 80T, (0]]..
2. LetB<1and s=0(s>0).
i. Let a>0(% >0). Then [@d0ITd,>0{0)|, (|®d0ITd,~0{(0)].) .

ii. Let a<0(k <0). Then Sy [©c[es[ea] is true. O

—
o

—~
=3
NN N

—
(oW

Proof by symmetry Immediate from applying Sp_,5 to Tom 19.2.4(p.182). 1

19.2.5.2 Market Restriction
19.2.5.2.1 Positive Restriction

19.2.5.2.1.1 Caseof 3=1and s =0
O Pom 19.2.5 (#/{M:2[R][E]"}) Suppose a > 0. Let =1 and s = 0.

(a) V4 is nonincreasing in t > 0.

(b) Let p<a. Then m”. —
(c) Letp>a. Then|® d0ITs,>o(T)]i. —

Proof by diagonal-symmetry Immediate from applying Sp_, (see (15.3.1(p%))) to
Nem 19.2.1(p184) (see (17.1.22(p.113))). N

Direct proof The same as Tom 19.2.5(p.185) due to Lemma 16.4.1(p100). 1
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19.2.5.2.1.2 Caseof 3<1lors>0
O Pom 19.2.6 (Jz{{l\~/|:2[R][E]+}) Suppose a > 0. Let f <1 ors>0 andlet p> Tx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing int > 0 if A <1 or b > p, and converges to a finite V= Tz ast — co.

(b) Let =z > p. Then |@d0ITd,(0)],. — - @
(c) Letp> z7.
1. A. Below let 7> 1. — - ®)
2. Letp=1.
i. Letb> p. ThenA.—> - ®
ii. Let p > b.

1. Let (Ap+s)/A>b.

i. Let A=1. Then|® nd0IT,>1(1)]. = - ®

ii. Let A < 1. Then[® d0ITs,>o(T) . — - ®
2. Let (Au+s)/X <b. Then|® d0ITs >o{(T)s- - ®
3. Let 3<1 and s =0. Then we have SgplB) [D4|SN|®2|@4] -®/®
4. Let <1 and s> 0.
i. Let b > p. Then Ss(plm) is true. — —-®/®
ii. Letp>b.
1. Let (ABu+s)/6 > 0.
i LetA=1. Then[®=a0IT,o (D], — - ®
ii. Let A < 1. Then Sg(pIn) [EA[®1][®2]|®8] s trye. — -®/®
2. Let (A\Bu+s)/6 <b. Then Ss(pin) is true. 0 — -®/®

Proof by diagonal-symmetry Immediate from applying Sp_,3 (see (15.3.1(p%))) to
Nem 19.2.2(p184) (see (17.1.22(p113))). B

Direct proof Suppose a > 0---(1), hence b >a > 0---(2). Then & = s---(3) from Lemma 11.6.6(p6) (a).

(a-c2ii2) The same as Tom 19.2.6(p.185) (a-c2ii2).

(¢3) Let 8<1ands=0. Assume (ABu + s)/d > b. Then, since A\Bu/5 > b, we have A\Bu > b from (9.2.2 (1) (p42) ), hence
M > 8b > Ab due to (2), so Bu > b, which contradicts [3(p.10])]. Thus, it must be that (ABu + s)/8 < b. From this it suffices
to consider only (¢3i2,c3ii2ii) of Tom 19.2.6(p.185) .

(c4-c4ii2) Let 8 < 1 and s > 0. Then k < 0 due to (3), hence it suffices to consider only (c3i2,c3iili2,c3iilii2,c3ii2ii) of
Tom 19.2.2 with x. 1

OO0 Pom 19.2.7 (JZ{{MZQ[R][E]+}) Suppose a > 0. Let 5 <1 ors>0 and let p= Z3.
(b) Let f— 1. Then [@d0TTa0(0)], — S e
(¢c) Let B<1. Then MA — - @

Proof by diagonal-symmetry Immediate from applying Sp_,z (see (15.3.1(p.%8))) to
Nem 19.2.3(p185) (see (17.1.22(p.113))). N

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 11.6.6(p.63) (a).

(a,b) The same as Tom 19.2.7(p.186) (a,b).

(c) If s = 0, then due to (1) it suffices to consider only (c2) of Tom 19.2.7 and if s > 0, then & > 0 due to (2), hence it
suffices to consider only (c2) of Tom 19.2.7 with %. Accordingly, whether s =0 or s > 0, we have the same result. I

O Pom 19.2.8 (mf{l\?l:2[R][E]+}) Suppose a > 0. Let f <1 ors>0 and let p < Tg.

(a) V4 is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tz as to t — oo.
(b) Let p> xz. Then A — - ®
() Letp= %;. Then|®d0ITdi{0)], and[® d0ITs,>1 ()], — - @®/6
(d) Letp< zf.
1. Let B=1. ThenmA — - @®
2. Let <1. Then |@d0ITd >0(0)]. ([®d0ITd >0(0)].) — - @

Proof by diagonal-symmetry Immediate from applying S .3 (see (15.3.1(p%))) to
Nem 19.2.4(p.185) (see (17.1.22(p.113))). 1

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 11.6.6(p.63) (a).

(a-d1) The same as Tom 19.2.8(p.186) (a-d1).

(d2) 1If s =0, due to (1) it suffices to consider only (d2i) of Tom 19.2.8 and if s > 0, then & > 0 due to (2), hence it suffices
to consider only (d2i) of Tom 19.2.8(d2i) with . Accordingly, whether s = 0 or s > 0, we have the same result. 1
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Remark 19.2.2 (diagonal symmetry)

A {M:AR][E]"} D-~v 7 {M:1[R][E]"}.

In fact it can be confirmed that the following relations hold:

19.2.

o/ {Pom 19.2.5(p.186) }
o/ {Pom 19.2.6(p.187) }
o/ {Pom 19.2.7(p.187) }
o/ {Pom 19.2.8(p.187) }

5.2.2 Mixed Restriction

Omitted (see Section 17.2.3(p.116) ).

19.2.

5.2.3 Negative Restriction

Omitted (see Section 17.2.3(pl16) ).

19.2.6 M:2[P|[E]

19.2.

6.1 Preliminary

= Sp_ gl {Nem 19.2.1(p184) }]
= Sy 5l {Nem 19.2.2
= Sy 5l {Nem 19.2.3
= Sp_ [/ {Nem 19.2.4(p.185) }]

From (6.5.33(p31)) and from (5.1.21(p18) ) and (5.1.20) we have

From

19.2.
19.2.

(p184)
(p184)
(p185)
(p.183)

Vi—BVici =K(Vic1) + (1 = B)Vier = L (Viea),

(6.5.32) we have

}]
}]

t>1.

Vi—BVo=V1—Bp=Amax{0,a — p} — s.

6.2 Analysis
6.2.1 Caseof 3=1and s=0

Let =1 and s = 0. Then, from (19.2.21) and (5.1.20(p.18)) we have

Vi — BVie1 = AT(Vi1) > 0,

due to Lemma 12.2.1(p.77) (g). From (6.5.32) we have

19.2.

|1

6.2.1.1 Case of p < a*

Amax{0,a — p} + p
max{p, Aa + (1 — \)p}.

t>1,

In this case, due to Lemma 19.2.1(p17) (¢) we can apply Ar_p in Theorem 19.2.2(p17) to
Tom 19.2.1(p1%) with p < a”*.

O Tom 19.2.9 (& {M:2[P|[E]})

(a) V& is nondecreasing in t > 0.
(b) |® d0ITs,>o(7)[s. U

Proof Assume p < a*. Let 3 =1 and s =0.

(a)
(b)

19.2.

The same as Tom 19.2.1(p17) (a).

Assume p < a*. Let =1 and s = 0.

The diagonal symmetry holds between .« {M:1[R] [E}+} and &/{M:1[R][E] "}, i.e,

(19.2.20)

(19.2.21)

(19.2.22)

(19.2.23)

(19.2.24)
(19.2.25)

Since (b,c) of Tom 19.2.1 have none of a and p, even if Ar_.p is applied the two assertions, no change occurs. In addition,
from the assumption p < a* we have p < a* < a < b due to Lemma 12.2.1(.77) (n), hence only (c) of Tom 19.2.1 holds. 1

6.2.1.2 Caseof b<p

In this case, due to Lemma 19.2.1(p.177) (c) we can apply Agr—p in Theorem 19.2.2(p177) to
Tom 19.2.1(p1%) with b < p.

O Tom 19.2.10 (&7 {M:2[P][E]})

(a) Vi is nondecreasing in t > 0.

(b)

0 d0ITd,~o(0)[. O

Proof Assume b < p. Let =1 and s =0.

(a)
(b)

The same as Tom 19.2.1(a).

Assume b < p. Let =1 and s = 0.

Due to the assumption b < p it follows that only (b) of Tom 19.2.1 holds. |
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19.2.6.2.1.3 Caseofa* <p<b

In this case, due to Lemma 19.2.1(p177) (d) we cannot use Theorem 19.2.2.
O Tom 19.2.11 (#{M:2[P][E]}) Assumea* <p<b. Let =1 and s=0.

(a) Vi is nondecreasing in t > 0.
(b) Leta<p. Then|®d0ITd;(0)] and|® d0ITs,>1{7) ..

(¢) Letp<a. Then A. 0
Proof Assume a* < p<b---(1). Let 8=1and s =0. Then L(z) = K(z) = AT'(z) > 0---(2) for any z from (5.1.20(p.18) ) and
(5.1.21) and from Lemma 12.2.1(g). Since Vp < b from (1) and (6.5.31(p31)), we have L (Vo) = AT (Vo) = AT(p) > 0---(3) from

(1) and Lemma 12.2.1(.77) (g). Then, since p < b and a < b, from (19.2.25) we obtain Vi < max{b, \b-+(1—\)b} = max{b,b} = b.
Suppose Vi1 < b. Then, since a* < b from (1) we have V; < K (b) + b from (6.5.33) and Lemma 12.2.3(h), hence V; < 8b — s
from (12.2.13(2) (p1)), so that Vi—1 < b due to the assumption of 8 = 1 and s = 0. Accordingly, by induction Vi—1 < b for
t > 1, hence T(Vi—1) > 0---(4) for ¢t > 1 from Lemma 12.2.1(g). Thus V; — 8V,—1 > 0 for ¢ > 1 from (19.2.23) or equivalently

Vi > BVi_1 for t > 1. Then, since V; > BV;_1 for 7 >t > 1, we have V; > V1 > 2V, 2> - > 3711 - (5) for 7 > 1.
In addition, from (2) we have L(Vi_1) = K (Vi—1) = AT(Vi—1) > 0---(6) for t > 1 due to (4), so L(Vis_1) > 0 for ¢ > 0 due to
(3).

(a) From (19.2.24) and (6.5.31(p31)) we have Vi —Vp = Vi —p = Amax{0,a—p} > 0, hence Vi > Vi -+ (7). From (6.5.33(p.31) )
with ¢ = 2 we have Vo — Vi = K (V1) > 0 due to (6) with ¢ = 2 and (2) , hence Vo > Vi ---(8). Suppose Vi > V;_1. Then from
(6.5.33) and Lemma 12.2.3(p80)) (e) we have Viy1 = K (Vi) + Vi > K (Vi—1) + Vi—1 = V4. Hence, by induction V; > V;_1 for ¢ > 1.
From this and (7) we have V; > V;_1 for ¢ > 0, hence it follows that V; is nondecreasing in t > 0.

(b) Let a < p. Then Vi = p from (19.2.24), hence Vi < b due to (1). Then, since Vi — Vo = V4 — Vo = p — p = 0, we have
Vi = BVo -+ (9), hence tf =0, i.e., H- Let 7 > 1. Then, from (5) and (9) we have Vi > BVi_1 > B Veg> >
87 1Vi = BV, hence t& =7 for T > 1, i.e., [® d0ITs,>1(7)ls.

(c) Let p < a. Then, since Vi = A(a — p) + p due to (19.2.24), we have V1 — Vo = Vi — Vo =Vi —p = Aa—p) > 0, ie,
Vi > BVo, hence t; =1---(10). Let 7 > 1. Then, from (5) we have Vi > BVei1>B*Vio> o> 87V > BTV for 7 > 1,

hence £ = 7 for 7 > 1. From this and (10) we have t* =7 for 7 > 0, i.e., [® d0ITs,>0(7T)[u. 1

19.2.6.2.1.4 Summary of Tom’s 19.2.9-19.2.11

O Tom 19.2.12 (&/{M:2[P][E]}) LetB=1 ands=0.
(a) V& is nondecreasing in t > 0.

(b) Letp<a*. Then M"

(¢) Letb<p. Then m”.

(d) Leta* <p<b.

1. Leta<p. Then|ed0ITd:(0)], and[® dOITs,>1(7)|..
2. Let p<a. Then A. 0
Proof (a) The same as Tom’s 19.2.9(a), 19.2.10(a), and 19.2.11(a).
(b) The same as Tom 19.2.9(b).
(¢) The same as Tom 19.2.10(b).
(d-d2) The same as Tom 19.2.11(b,c). 1

Corollary 19.2.2 (M:2[P][E] ) Let 8=1 and s =0. Then, z is nondecreasing in t > 0. [
Proof Immediate from Tom 19.2.12(a) and from (6.2.76(p.25) ) and Lemma 12.1.3(p.13). |

19.2.6.2.2 Caseof 3<lors>0

19.2.6.2.2.1 Case of p < a*

In this case, due to Lemma 19.2.1(p.177) (¢) we can apply Agr_p in Theorem 19.2.2(p177) to
Tom’s 19.2.2(p17)-19.2.4(p.182) .

O Tom 19.2.13 (&/{M:2]P][E]}) Assumep<a*. Let <1 ors>0andletp< Tx.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V= zx ast — oo.

(b) Let xr < p. Then [@d0ITd~0(0)]..

(¢) Letp< L.
1. |® d0ITs1(1l)|s. Below let 7 > 1.

2. Let g =1.
i. Let (Aa—s)/A<a”.

1. Let \=1. Then ® ndUIT7>1<1> I -
2. Let A< 1. Then|® d0ITs,>1(T)a.

189



ii. Let (Aa—s)/X>a*. Then mb
3. LetB<1and s=0(s>0).
i. Let (\Ba—s)/d < a”.
1. Let A=1.

i. Let b>0(k >0). Then[® d0ITs >1(7)]a.
il. Let b<0(x <0). Then|® nd0IT;>1(1)|a.

2. Let A< 1.
i. Let b>0(x >0) . Then|® d0ITS,>1(T)a-

il. Let b<0(x <0). Then Ss is true.
ii. Let (ABa—s)/d > a”.
1. Let b>0(x >0). Then|® d0ITs,>o(T)l.
2. Let b<0(rx <0). Then Ss is true. 0

Proof When Agr_p is applied to Tom 19.2.2(p17%), the condition of a < p in Tom 19.2.2(c2i,c3i) changes into a* < p, which
contradicts the assumption p < a*. Hence, it follows that the Tom can be obtained by removing assertions related to a* < p
resulting from applying Ar_p to the inequality a < p in Tom 19.2.2. 1

Corollary 19.2.3 (M:2[P][E] ) Assume p < a*. Let <1 ors>0 andlet p < xx. Then, z: is nondecreasing int > 0. U

Proof Immediate from Tom 19.2.13(a) and from (6.2.76(p.2%5) ) and Lemma 12.1.3(p.13). |

O Tom 19.2.14 (&/{M:2[P][E]}) Assumep<a*. Let $<1 ors>0 andletp= xx.
a) Vi = xx =p fort>0.

(
(b) Let 3=1. Then[®d0ITd,~0(0)].

(¢) Let B<1and s=0(s>0).

1. Let b>0(x >0). Then[® dOITS7>0(T)]a.
2. Let b<0(x <0). ThenmA. 0

Proof Since a and p are not included in Tom 19.2.3(p.181), even if applying Agr—_,p to it Tom, any change does not occurs. I

Corollary 19.2.4 (M:2[P][E] ) Assume p<a*. Let 5 <1 ors>0 andlet p= xzx. Then, zx = z(p) fort > 0. 0
Proof Immediate from Tom 19.2.14(a) and from (6.2.76(p.2%5) ) and Lemma 12.1.3(p.13). |

O Tom 19.2.15 (/{M:2[P][E]}) Assumep<a*. Let $<1 ors>0andletp> xx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = xx as to t — oo.
(b) Let p< 1. Then [® a0ITszo0(r)s.

() Letp= xr. Then|®d0ITdi{0)], and[® d0ITs >1(T)]..

(d) Letp> =L

1. Let = 1. Then [@a0TTa;o{0)]..

2. Letf<1land s=0(s>0).
i. Let b<0(x <0). Then |@d0ITd,>0{0)], ([@dOITd,>0{0)].) .

ii. Let b>0(x >0). Then Sy is true. [

Proof Since a and p are not included in Tom 19.2.4(p.182), even if applying Ar—_p to it, no change occurs. 1

Corollary 19.2.5 (M:2[P][E] ) Assume p <a*. Let <1 ors>0 andlet p > xx. Then, 2z is nonincreasing int > 0. [
Proof Immediate from Tom 19.2.15(a) and from (6.2.76(p.%5) ) and Lemma 12.1.3(p.13). 1

19.2.6.2.2.2 Caseof b<p

In this case, due to Lemma 19.2.1(p17) (¢) we can apply Ar_p in Theorem 19.2.2(p.17) to
Tom’s 19.2.2(p.17)-19.2.4p18) with b < p.

O Tom 19.2.16 (&/{M:2[P][E]}) Assumeb<p. Let 3<1ors>0 andlet p< Tx.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = xx ast — oo.

(b) Let 2. < p. Then[@d0TTa=o(0)]..

(c) Letp< L.
1. |®d0ITs1(1l)|.. Below let 7 > 1.

2. Let B=1. Then|® d0ITsr>1(T) -

3. LetB<1land s=0(s>0).

. Let b>0(x >0) . Then [50TTs;o1(T).
ii. Let b<0(xk <0). Then Ss is true. 0
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Proof When Agr_p is applied to Tom 19.2.2(p.17), the condition p < a in Tom 19.2.2(p.17) (¢2ii,c3ii) changes into p < a*, hence
p < a* < a<bdueto Lemma 12.2.1(p.7) (n), which contradicts the assumption b < p. Hence, only to the case with the condition
a < p can be applied Agr_,p, so that it follows that the Tom can be obtained by removing assertions related to p < a resulting
from applying Ag_p to the inequality p < a in Tom 19.2.2. 1

Corollary 19.2.6 (M:2[P][E] ) Assumeb<p. Let $ <1 ors>0 andlet p < xx. Then, 2z is nondecreasing in t > 0. [
Proof Immediate from Tom 19.2.16(a) and from (6.2.76(p.25) ) and Lemma 12.1.3(p.73). 1

O Tom 19.2.17 (Z{M:2[P|[E]}) Assumeb<p. Let $ <1 ors>0 andlet p= rx.
a) Vi=xx =p fort>0.

(
(b) Let 8 =1. Then[8d0ITd:>0(0)];-

(¢) Let B<1and s=0(s>0).
1. Let b>0(x >0). Then|[® dOITs >o(7)s-
2. Let b<0(x <0). Then[@d0ITd,>0(0)].. O

Proof The same as Tom 19.2.3(p.181) since it has not both a and pu, even if applying Agr_,p to this, no change occurs. I

Corollary 19.2.7 (M:2[P|[E] ) Assumeb<p. Let <1 ors>0 andlet p= xx. Then, z: = z(p) fort > 0. U
Proof Immediate from Tom 19.2.17(a) and from (6.2.76(p.%5)) and Lemma 12.1.3(p.73). 1

O Tom 19.2.18 (/{M:2[P][E]}) Assumeb<p. Let <1 ors>0 andletp> Tx.

(a) V& is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = xx as tot — oo.
(b) Let p= x.. Then|®d0ITd1{0)], and[® d0ITs >1(7)]..

(c) Letp> zv.

1. Let f=1. Then [@d0TTd,=o{0)]..

2. Letf<land s=0(s>0).
i. Let b<0(x <0). Then |@d0ITd,>0{0)], ([@dOITd,>0{0)].) .

ii. Let b>0(x >0). Then Sy is true. [0

Proof Assume p < xr. Then, since b < p < x. ---(1) due to the assumption b < p, we have that 0 = L (z. ) = AT (xL)—s

and that T(2.) = 0 from Lemma 12.2.1p7)(g). Hence, since 0 = —s or equivalently s = 0, we have . = b due to
Lemma 12.2.2(d), which is a contradicts (1). Thus, the inequality p < z. becomes impossible, i.e., it must be that p > z.,
so that the assertion (b) of Tom 19.2.4(p.182) must be omitted; accordingly, it follows that we have the lemma. I

Corollary 19.2.8 (M:2[P][E] ) Assumeb<p. Let <1 ors>0 andlet p> zx. Then, z: is nonincreasing in t > 0. [
Proof Immediate from Tom 19.2.18(a) and from (6.2.76(p.25) ) and Lemma 12.1.3(p.73). 1

19.2.6.2.2.3 Caseofa* < p<b

In this case we cannot use Theorem 19.2.2 due to Lemma 19.2.1(p17) (d). For explanatory convenience let us define:

We have:
S10 =1{ (1) Let Amax{0,a—p} < s. Then|® d0ITs;>1(7)], or (@ d0ITd,>0{0)]..

(2) Let Amax{0,a — p} >. Then MA'

There exists 3. > 1 such that:
(1) If ABmax{0,a — p} < s, then
i. |@ d0ITse >7>1(7) |A or | ©d0ITdse >->1(0) |A,
Sqp [@s]oa]®@afea] — ii. [® nd0IT, >y (£7) s or [@d0ITd, >y (0)]s.
(2) If ABmax{0,a — p} > s, then
i [®d0ITsge >,>1(7) s,

ii. [@nd0IT, > (85)]a-

There exists t5 > 1 such that:
(1) If ABmax{0,a — p} < s, then

Sio ii. [® dOITsr>¢s (T)|s or [@ dOITd > ¢2 (0)]a-
(2) If ABmax{0,a — p} > s, then
i. [®0d0ITe >->1(D)],

ii. |® d0ITsr>te (T) a-
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There exists ¢t > 1 and ¢ > 1 such that:
(1) If ABmax{0,a — p} < s, then

S5 [@o]@aesTea] _ ii. [® dOITs s (7)]s or [@d0ITd e (E5) s
(2) If ABmax{0,a — p} > s, then

i. [®nd0ITys >r51(1) ],

ii. [® dOITsr>¢s (T)|s Oor |@dOITdr>ee (t3)]a-

For convenience of reference, below let us copy (6.5.32(p31))

Vi = \Bmax{0,a — p} + Bp — s. (19.2.26)

O Tom 19.2.19 (&/{M:2[P][E]}) Assumea” <p<b. Let <1 ors>0.

(a) If \Bmax{0,a — p} < s, then @ d0ITd:{(0) ., or else |® d0ITs(1)].. Below let T > 1.
(b) Let V1 S TK .

1. Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — oo.
2. Let Vi > zr. If \Bmax{0,a — p} < s, then mA7 or else | ® nd0IT,~1 (1) |s.
3. LetVi < zp.
i. Let B=1. Then Sio m 18 true.
ii. LetB<1and s=0(s>0).
1. Let b>0(x >0). Then Sig is true.
2. Let b=0(x =0) . If\Bmax{0,a—p} < s, then[® d0ITs,>1(7) |, or|@d0ITd,>1(0) ], or else[® d0ITs,>1(T)]s-

3. Let b<0(k <0). Then Si1 [©s]@a]®o]e0 | s trye.

(c) LetVi> zx.

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tx ast — oo.

2. Let B=1. If \max{0,a — p} < s, then |®d0ITd,~1(0)|s, or else |® nd0IT (1) .

3. Letf<1land s=0(s>0).
i. Let b>0(x >0).
1. LetVi < xr. Then Sio is true.
2. Let Vi = xr. Then Si2 [©a]oa]@o]es [oa] is true.

3. LetVi > xzr. Then Si3 mu s true.
ii. Let b<0(x <0). If \Gmax{0,a — p} < s, then mm or else | ® nd0IT,~1(1)|,. &

Proof Assume a* < p<b---(1) andlet <1 ors>0.

(a) If ABmax{0,a — p} < s, then Vi < BV ---(2) from (19.2.22(p.188)), hence t; = 0, i.e., |®d0ITd1(0) |, ---(3), or else

Vi > BVo---(4), hence t7 =1, i.e,, |® d0ITs1(1) s ---(5). Below let 7 > 1.
(b) Let Vi < xk ---(6), hence K (V1) > 0---(7) from Lemma 12.2.3(p80) (j1).
(bl) From (6.5.33) with ¢ = 2 we have Vo = K (V1)+ Vi > Vi due to (7). Suppose V; > Vi_1. Then Vigps > K(Vic1)+ Vi1 =

V; from Lemma 12.2.3(e), hence by induction V; > V;_; for t > 1, so V; is nondecreasing in ¢ > 0. Note (6) . Suppose Vi—1 < k.
Then, from (6.5.33) and Lemma 12.2.3(e) we have V; < K(zx) + *x = Tx. Hence, by induction V; < xx ---(8) for ¢t > 0,

i.e., V; is upper bounded in ¢, hence V; converges to a finite V as ¢ — oo. Then, since V = K(V)+ V as 7 — oo from (6.5.33),
we have V = K(V) + V, hence K(V) =0 thus V = xx from Lemma 12.2.3(p80) (j1).

(b2) Let Vi > zr. Then, since xr < Vi—1 for ¢t > 1 due to (bl), we have L (Vi—1) < 0 for ¢ > 1 from Corollary 12.2.1(a),
thus L (Vi—1) <0 for 7 > ¢ > 1. Accordingly, since V; < Vi1 for 7 > ¢ > 1 from (19.2.21(p.183) ), we have V; < gV, < - <
BTV (9) for 7 > 1.

(1) Let ABmax{0,a — p} < s. Then, from (9) and (2) we have V; < 8V, 1 < 82V, o < --- < 7 'WV4 < B7V&, hence t: =0

for 7> 1, ie.,|®d0ITd,>1(0)|s.

(2) Let ABmax{0,a — p} > s. Then, from (9) and (4) we have V; < BV, 1 < f2Vr 5 < --- < B7T'W4A > B7Vj, hence t: =1
for 7> 1, i.e., [ ® nd0IT,>1(1) .

(b3) Let Vi < zr ---(10).

(b3i) Let 8 =1---(11), hence s > 0 due to the assumption of 3 < 1 or s > 0 in the Tom. Then =, = xx ---(12) from

Lemma 12.2.4(b), hence V;—1 < zr for t > 1 due to (8) . Accordingly, since Vi_1 < 1, for 7 >t > 1, we have L (Vi=1) > 0 for
7>t > 1 from Lemma 12.2.2(el), hence V4 > BVi—; for 7 > ¢ > 1 from (19.2.21(p.183) ), so

V> BV > Ve > > 87 (13), 7> 1L
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(1) Let Amax{0,a — p} < s, hence ABmax{0,a — p} < s due to (11). Then Vi — BVy < 0---(14) from (19.2.22(p18§) ) or
equivalently Vi < 8Vy---(15). Then, from (13) we have

Ve>BVe 1 >BVe o> > 8 Vi< V- (16), T>1.

Thus, we have [® d0ITs,>1(7) ], or [®d0ITd,>0(0)]s, hence (1) of Si¢ is true.

(2) Let Amax{0,a— p} > s, hence A\Bmax{0,a — p} > s due to (11). Then Vi — 8V; > 0 from (19.2.22(p18)) or equivalently
Vi > BV from (19.2.22). Then, from (13) we have Vi > BVi_1 > B2Ve_g > - > 877V > 87V, hence t& = 7 for

7>1,ie,|®d0ITs,>1(7) s, thus (2) of Sig holds.

(b3ii)) Let B<1---(17)and s=0(s>0).

(b3iil) Let b>0(x >0). Then 2, > zx > 0---(18) from Lemma 12.2.4p80) (c (d)). Accordingly, from (8) we have

Vi-1 < vk < xp fort > 1, hence L(V4—1) > 0 for t > 1 from Corollary 12.2.1(a), thus L (Vi—1) > 0 for 7 > ¢ > 1. Accordingly,
since V; > BVi—1 for 7 >t > 1 from (19.2.21(p.188) ), we have V> > fVr—1 > -+ > BTV (19) for 7 > 1.

(1) Let Amax{0,a—p} < s. Then Vi, — Vo < 0---(20) from (19.2.22(p.183) ) or equivalently V4 < Vo ---(21). Hence, from
(19) and (21) we have

Vo> BV > > BT V< BTV (22), T> L

Hence, we have [® d0ITs,>1(7)], or [@d0ITd,>1(0)]s, so that (1) of Sio holds.

(2) Let ABmax{0,a — p} > s. Then Vi — Vp > 0 from (19.2.22) or equivalently Vi > BV,. Hence, from (19) we have
Vi > BVi_1 > B2Ve_a>---> 8771 > 87Vp, hence t* =7 for 7 > 1, ie., [® d0ITs,>1(7T)|s. Hence (2) of Sig holds.

(b3ii2) Let b=0(x =0). Then =, = zx = 0 from Lemma 12.2.4(p80) (¢ (d)). Accordingly, due to (10) we have Vi < zx,
so Vi < k. From this and (bl) we have Vi1 < xx for ¢t > 1, hence V;—1 < xx = @, for 7 > ¢t > 1. Therefore, from
Corollary 12.2.1(b) we have L(Vi—1) > 0---(23) for 7 > ¢t > 1, hence V; — fV;_1 > 0 for 7 > ¢ > 1 from (19.2.21(p183)) or

equivalently V; > BV;_1 for 7 >t > 1, leading to V; > BV;—1 > --- > B 114
(1) Let ABmax{0,a — p} < s. Then, since V1 < Vo from (19.2.22), we have V5 > Vi1 > B2V, 0> --- > 771V < BV,
hence [® d0ITs>1(7)]s or [@d0ITd,>1(0)]..
(2) Let ABmax{0,a — p} > s. Then, since V4 > fV} from (19.2.22), we have Vi > BV,_1 > B2V, > --- > 7'V > B7Vp,

hence [® d0ITsr>1(7) .

(b3ii3) Let b<0(x <0), hence . < zx < 0---(24) from Lemma 12.2.4p8)) (c (d)). Then, from (10) we have Vi <
2L < xx =V due to (bl). Accordingly, due to the nondecreasingness of V; it follows that there exists t; > 1 such that

Vi<Va< o<V 1 <2 <Vie <Vieyy <-vv
Hence Vi1 < zp for t; >¢>1and xr < Vi1 for t > t;. Therefore, from Corollary 12.2.1(a) we have
L(Vim1)>0---(25), 2 >t>1,  L(Ve-1)<0---(26), t>1t].

o Let t7 > 7 > 1. Then, since L(V4—1) > 0 for 7 > ¢t > 1 from (25), we have V;, — BVi_1 > for 7 > ¢t > 1 from (19.2.21) or
equivalently Vi > BV;_; for 7 >t > 1,s0 that V; > V1 > - > 7 1V; -+« (27).
(1) Let ABmax{0,a — p}p < s. Then, since Vi < BV, from (19.2.22), we have Vi > Vi1 > --- > 877 V1 < BTV, from
(27), hence t* = 7 or tX =0 for t7 > 7 > 1, i.e., |© dOITS¢e >7>1(T) |A or | @ d0ITdse >->1(0) |A. Accordingly (1i) of Si1
holds.

(2) Let ABmax{0,a — p}p > s. Then, since Vi > fV; from (19.2.22), we have V» > fV,_1 > --- > 7'V > 87V} from
(27), hence t* = 7, i.e., [® d0ITs¢e >->1(7)|s. Accordingly (2i) of S11 holds.

o Let 7 > t. Since L(V;_1) < 0 for 7 > ¢ > t% from (26), we have V; < Vi, for 7 > ¢ > t% from (19.2.21), hence
Ve < BVeiy < oo < BT Ve oo (28) for 7 > t5. From (25) and (19.2.21) we have V; > Vi1 for t3 > ¢ > 1, hence

Vie > BVie 1> -+ > BV1 -+ (29). From (28) and (29) we have
V‘r S /BVT—l S . S /BT_t;‘/t:_ > /BT?t;+l.Vi:,—1 > ﬁTﬁt;jLQ‘/t'T—Q S>> ﬂT71V1- . (30)
(1) Let ABmax{0,a — p} < s. Then, since Vi < SV, from (19.2.22), we have

Ve <AVe1 - < BT Vae > BT Wi > BTV o > > 87V < BTG,

Hence, we have t; =t} or t7 = 0 for 7 > t3, i.e., | ® nd0IT,>¢s (})|s or |@dOITd, > (0)]s. Accordingly (1ii) of S11 holds.
(2) Let ABmax{0,a — p} > s. Then, since Vi > 8V; from (19.2.22), from (30) we have

VT S ﬁvrfl S S /BT—t;‘/t; > Bfft:xkl‘/t;il > ﬁ77t1+2m;72 S>> 187'71‘/1 Z 57%7

hence t7 = t5 for 7 > t3, i.e., | ® nd0IT, > (t7) |». Accordingly (2ii) of S1; holds.
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(¢) Let Vi > @k ---(31), hence K (V1) < 0---(32) due to Lemma 12.2.3(p80) (j1).

(c1) From (6.5.33(p31)) with ¢ = 2 we have Vo = K (V1) + Vi < Vi ---(33) due to (32)  hence Vo < Vi. Suppose V; < Vi_;.
Then, from Lemma 12.2.3(e) we have Vii1 = K (V) + Vi < K(Vi—1) + Vi—1 = V. Hence, by induction V; < V,_; for t > 1, i.e.,
V4 is nonincreasing in ¢ > 0. Note (31), hence Vi > xx. Suppose Vi_1 > xx. Then, since V; > K(2x) + x = Zx from
Lemma 12.2.3(e), by induction we have V4 > xx ---(34) for t > 0, i.e., V; is lower bounded in ¢, hence V; converges to a finite
V. Then, we have V = xxk for the same reason as in the proof of (bl).

(¢2) Let B =1, hence s > 0 due to the assumption of 8 < 1 or s > 0 in the Tom. Then, since £ = zx ---(35) from
Lemma 12.2.4(b), we have V;_1 > z for t > 1 from (34). Accordingly L (V;—1) < 0 for ¢ > 1 from Lemma 12.2.2(el), hence
L(Vici) <O0form>t>1,s0 Vs < BVioq for 7 >t > 1 from (19.2.21), leading to V> <V, < -+ < BTV

(1) Let ABmax{0,a — p} < s. Then, since Vi < Vo from (19.2.22), we have V; < gV,_; < --- < 7'V < |87Vo, hence
£ = 0for 7> 1, i.c., [#d0TTd,2; (0] 1.

(2) Let ABmax{0,a — p} > s. Then, since Vi > SV from (19.2.22) we have V, < gV,_1 < --- < 7 'V4 > 87Vj, hence
tr =1for 7 > 1, ie.,|®nd0IT,>1(1)|a.

(3) Let 8<1---(36)and s=0(s>0).
(c3i) Let b>0(x >0). Then zr > zx > 0---(37) from Lemma 12.2.4(c (d)).

(c3il) Let Vi < @, hence . > Vi fort > 1 from (cl). Accordingly, since L (V;—1) > 0 for ¢ > 1 from Corollary 12.2.1(a),
we have V; — V41 > 0 for t > 1 due to (19.2.21) or equivalently V; > SV;_1 for t > 1, hence V; > BVi—;1 for 7 > ¢ > 1, leading
toVr > BV > > B7 Vi (38).

(1) Let ABmax{0,a — p} < s. Then for the same reason as in (1(p.193)) we see that (1) of Sy is true.
(2) Let ABmax{0,a — p} > s. Then for the same reason as in (2(p.193)) we see that (2) of Sy is true.

(c3i2) Let Vi = xp. Then, since Vi = z, > ox =V from (37) and (c1), there exists t; > 1 such that
Vi=Vo=-=Vie_1=aL >Vie 2 Vo1 >+,

from which Vi_1 = 2 for ¢ >¢>1and xr > Vi_1 for t > ¢;. Hence, from Corollary 12.2.1(a) we have
L(Vim1) =0---(39), t:>t>1,  L(Vim1)>0---(40), t>t;.

Accordingly, from (19.2.21(p188)) we have V; — fViqy = 0 for t5 > ¢t > 1 and V; — BVi—1 > 0 for ¢t > &5 or equivalently
Vi=pBVi1---(41) for t; >t >1and Vs > BVi_q---(42) for t > t5.

o Let t> > 7 > 1. Then, we have V; = V;_1 for 7 >t > 1 from (41), leading to V, = gV, =--- = BT_1V1 -+ (43).

(1) Let ABmax{0,a — p} < s. Then, since Vi < Vp from (19.2.22), we have V, = 8V,_1 = --- = 87 'Vi < 8"V, hence
tr=0fort: >71>1,ie., |od0ITdt;ZT>1<O> |A, hence (1i) of Si2 holds.

(2) Let ABmax{0,a — p} > s. Then, since Vi > Vo from (19.2.22), we have V; = BV,_1 = --- = BT 14 > 7V} for
tt > 7> 1, hence t; = 1 for t7 > 7 > 1, i.e., [ ® nd0ITse >,1(1) |j, hence (2i) of S12 holds.

From (43) with 7 = t; we have Vie =fBVie 1=+ = BTV - (44).
o Let 7 > t5. Then, we have V; > gV;_; for 7 > ¢ > t; from (42), leading to V; > BV,—1 > -+ > BT_t.T Vie ---(45). From this
and (44) we have V; > BV,_1 > -+ > 7 5V = 75 W Ly = - = 71N

(1) Let ABmax{0,a—p} < s. Then, since Vi < SV, from (19.2.22), we have Vo > V1 > --- > BT_t;Vt; = BT_t;Jrl‘/t:fl =
o= fB77W < BTVo, hence tf =T or tf =0 for T > t3, ie., |® dOITs r>¢e (T) |A or |QdDITdT>t-T (0) |A, thus (1ii) of Si2
holds.

(2) Let ABmax{0,a—p} > s. Then, since Vi > SV, from (19.2.22), we have Vo > V1 > --- > BT_t;Vt; = BT_t;Jrl‘/t:_fl =
<o =877V > BTV, for T > 12, hence tf =7 for T > 12, i.e., |® d0ITs,>¢e (7)|s, hence (2ii) of Si2 holds.

(c3i3) Let Vi > xr ---(46). Then, since Vi > z, > xx = V from (37) and (c1), due to the nonincreasingness of V; it
follows that there exists t;. > 1 such that

VizVe> 2Vie1> a0 2Vie 2 Ve 200,
from which Vi_1 > 2z for ¢ >¢>1and xr > Vi_1 for t > ¢;. Hence, from Corollary 12.2.1(a) we have
L(Vie1) S0---(47), 2>t>1,  L(Viea)20---(48), t> 13

o Let t2 > 7 > 1. Then L(V;—1) < 0 for 7 >t > 1 from (47), hence V; — BV;—1 < 0 for 7 > ¢ > 1 from (19.2.21), we have
Vi < BViog for 7>t > 1. Hence V, < Vo1 < B2V, o <--- < B771V1 - (49).

(1) Let ABmax{0,a — p} < s. Then, since Vi < fVj from (19.2.22), we have V, < gV,_1 < --- < 7'V < B7Vo, hence
tr=0fort; >71>1,ie., ‘odOITdt;ZT>1<O) |A, so (1i) of Si3 holds.
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(2) Let ABmax{0,a — p} > s. Then, since Vi > BV, from (19.2.22), we have V; < gV,_; < --- < B7°'W4 > 87V for
2 >7>1 henceti =1fort; >7>1,ie., |® nd0ITse >,>1(1) |A7 hence (2i) of Si3 holds.

From (49) with 7 = ¢ we have Vie <PBVie 1 <--- < BV - (50).

o Let 7 > t2. Then L (Vi_1) > 0 for 7 >t >t from (48) , hence V; — BV;_1 > 0 for 7 >t > t from (19.2.21) or equivalently
Vi > BVi—q for 7 >t > t;, leading to V; > Vo1 > -+ > ﬁf_t;Vt-T. Hence, from (50) we have

Ve > BVei1 > 2 0 Ve BT T W < < BT VR (51).

(1) Let ABmax{0,a — p} < s. Since Vi —BVp < 0---(52) from (19.2.22) or equivalently Vi < 8V;--- (53 ). Then, from (51)
and (53) we have

Vi > BVe1 > > B Ve < BT N L < < BTV < BTVA.

Thus, we obtain [® d0ITs,(7)], or [®d0ITd,{0)],, hence (1lii) of Si3 holds.
(2) Let ABmax{0,a — p} > s. Then Vi — BVy > 0 from (19.2.22), hence Vi > 8Vo. Then, from (51) we have

Vi >BVi1 > > Ve < BTN < < BTV < BTIA > BTVA.

Thus, we have [® d0ITs.(7)|, or [@d0ITd.{0)],, hence (2ii) of S13 holds.
(c3ii) Let b<0(k <0). Then, since z;, < x from Lemma 12.2.4(c (d)), we have Vi > zx > =z, from (31) hence

Vici > xx > xp for t > 1 due to (cl). Accordingly L (Vi—1) <0 for ¢ > 1 from Corollary 12.2.1(p.80) (aj, hence V; — BV;—1 <0
for t > 1 from (19.2.21) or equivalently V; < BV;_;1 for ¢ > 1. Accordingly, since V; < BV;—1 for 7 > t > 1, we have

VT S /BVT—l S Tt S ﬁ‘r_lvl ot (54)
(1) Let ABmax{0,a — p} < s. Then, since Vi < BV, from (19.2.22), we have V, < V,_1 < --- < f77'V; < 7V from (54)

hence t; =0 for 7 > 1, i.e., |®d0ITd,>1(0) |,.

(2) Let ABmax{0,a — p} > s. Then, since Vi > 8V, from (19.2.22), we have V, < BV,_1 < --- < 8714 > 87V, from (54)

hence t7 =1 for 7 > 1, i.e., [®nd0IT,>1(1) 5. I

Corollary 19.2.9 (M:2[P][E] ) Assumea* <p<b. Let 3 <1 ors>0.:

(a) Let vx > Vi. Then z: is nondecreasing in t > 0.
(b) Let xx < Vi. Then 2z is nonincreasing in t > 0. 1

Proof Immediate from Tom 19.2.19(b1,c1) and from (6.2.76(p.%5)) and Lemma 12.1.3(p.53). &

19.2.6.3 Market Restriction
19.2.6.3.1 Positive Restriction

19.2.6.3.1.1 Caseof 3=1and s =0
O Pom 19.2.9 (/{M:2[P][E]T}) Suppose a > 0. Let =1 and s = 0.
(a) Vi is nondecreasing in t > 0.
(b) Let p<a*. Then A — - ®
(¢) Leth < p. Then [ 0TTa—o(0))y — i
(d) Leta* <p<b.
1. Leta<p. Then|ed0ITd{{0)| and[® d0ITs,>1(r)|. — - /@
2. Let p<a. Then|® d0ITs,>o{(m)|. — — )

Proof The same as Tom 19.2.12(p.189) due to Lemma 16.4.1(p.100). N

19.2.6.3.1.2 Caseof B3<1lors>0
19.2.6.3.1.2.1 Case of p < a*

O Pom 19.2.10 (&/{M:2[P|[E]*}) Suppose a > 0. Assume p < a*. Let 3 <1 ors >0 and let p < Tx.

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a* < p, and converges to a finite V = zx ast — oo.

(b) Let xr <p. Then[@d0ITd,~o(0)], — -0

(¢) Letp< L.
1. |®d0ITsi(1l)[,. BelowletT>1 — — )
2. Letp=1.
i. Let (Aa—s)/A<a”.

1. Let\=1. Then|® ndOITT>1<1> [ @

2. Let A< 1. Then[® d0ITs,—o(m) s — - ®
ii. Let (Aa—s)/XA>a*. Then|® d0ITs,>o{7)]s — - ®
3. LetB<1ands=0. Then|® d0ITS,>0{T)|p — - ®
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4. Let <1 and s> 0.
i. Let (ABa—s)/d < a”.
1. Let A=1.

i. Let s < ABT(0). Then|® d0ITs,>o(T)]a
ii. Let s > ABT(0). Then|® nd0IT,~1(1)]s
2. Let A< 1.

i. Let s < ABT(0). Then|® dOITs,>o(T)|a —
ii. Let s > ABT(0). Then Ss(p1) [D41®1[|®L[®4] s trye —

ii. Let (ABa—s)/d > a*.
1. Let s < ABT(0). Then |® d0ITs,>o(T)|a —
2. Let s > A\BT(0). Then Ss(pin) [D4ON[®4[®4] 45 trye —

Proof Suppose a > 0, hence b > a > 0---(1). Then k = ABT(0) — s---(2) from (5.1.23(p.18)).

—
—

(a-c2ii) The same as Tom 19.2.13(p.189) (a-c2ii).
(¢3) Due to (1) it suffices to consider only (c3ili,c3i2i,c3iil) of Tom 19.2.13.
(c4-c4ii2) Immediate from (2) and Tom 19.2.13(c3-c3ii2) with & due to (2). I

O Pom 19.2.11 (%{M:Q[]P’][E]*}) Suppose a > 0. Assume p < a*. Let B <1 ors>0 andlet p= k.
Vi=xx =p fort>0.

Let = 1. Then [ d0TTa00)

Let f <1 and s = 0. ThenA —

Let B <1 and s > 0.

1. Let s < ABT(0). Then A —
2. Let s > ABT(0). Then|@d0ITd,>o(0)]. —
Proof Suppose a > 0, hence b > a > 0---(1). Then k = ABT(0) — s---(2) from (5.1.23(p.13)).
(a,b) The same as Tom 19.2.14(p.1%) (a,b).
(¢c) Due to (1) it suffices to consider only (c1) of Tom 19.2.14.
(d-d2) TImmediate from (2) and Tom 19.2.14(c1,c2) with . 1

a

b

~ S~
Q.0
R AN N

O Pom 19.2.12 («/{M:2[P|[E]*}) Suppose a > 0. Assume p < a*. Let 3 <1 ors >0 and let p > Tx.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = xx as to t — oo.
(b) Letp< zr. Then M‘ —

() Letp= x. Then|®d0ITd:{0)], and [® d0ITs >1{T)]. —

(d) Letp> zL.

1. Let B=1. Then|®d0ITd,>o(0)]. —
2. Let B<1 ands=0. Then Solpisl) [B2]®2|®4 | is true —
3. Let <1 and s> 0.
i. Let s> ABT(0). Then |@d0ITd,>0{(0)], (|®d0ITd,>0{0)].) —

ii. Let s < ABT(0). Then So(p18l) [©2]ec[oa] s true —

Proof Suppose a > 0, hence b > a > 0---(1). Then k = ABT(0) — s---(2) from (5.1.23(p.18)).

(a-d1) The same as Tom 19.2.15(a-d1).
(d2) Due to (1) it suffices to consider only (d2ii) of Tom 19.2.15.
(d3,d3ii) Immediate from (2) and Tom 19.2.15(d2i,d2ii) with x.

19.2.6.3.1.2.2 Caseof b< p
O Pom 19.2.13 (&/{M:2[P][E]"}) Suppose a > 0. Assume b < p. Let <1 ors>0 and let p < Tx.

-+®
- ®

-®
-®/®

-®/®

-0
-+ ®

-+ ®
-0

- ®
- @/©

- @
- ®/0

-+ @
- ®/0

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = Tk ast — oo.

(b) Let xr < p. Then[@d0ITd,>o(0)]. —

(c) Letp< zr.
® d0ITsi(l)|s. BelowletT>1 —

Let B=1. Then[® d0ITs >o(7) s —

1
2.
3. Let 3<1ands=0. Then|® d0ITs,>o{7)]s —
4. Let f <1 and s > 0.

i. Let s < ABT(0). Then|® dOITs,>o(T)[s —
ii. Let s > ABT(0). Then Sg(pimn) (D41@1®2|®4] js trye —
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Proof  Suppose a > 0, hence b > a > 0---(1). Then k = AT(0) — s---(2) from (5.1.23(p.18) ).

(a~c2) The same as Tom 19.2.16(p.1%) (a-c2).
(¢3) Due to (1) it suffices to consider only (c3i) of Tom 19.2.16.
(c4-c4ii) Immediate from (2) and Tom 19.2.16(c3i,c3ii) with . U

O Pom 19.2.14 («/{M:2[P|[E]*}) Suppose a > 0. Assumeb<p. Let <1 ors >0 and let p= zx.

(a) Vi=axx =p fort>0.

(b) Let 3=1. Then|[@d0ITd,>o(0)]; —

(c) Let B<1ands=0. Then[® d0ITs,>o(r)]s —
(d) LetB<1ands>0.

1. Let s < ABT(0). Then[® d0ITs >o(r)]. —
2. Let s> ABT(0). Then[@d0ITd-~o(0)], —
Proof Suppose a > 0, hence b >a > 0---(1). Then k = A\BT(0) — s---(2) from (5.1.23(p.18) ).
(a,b) The same as Tom 19.2.17(p.191) (a,b).
(¢c) Due to (1) it suffices to consider only (c1) of Tom 19.2.17.
(d-d2) Immediate from (2) and Tom 19.2.17(c1,c2) with .

O Pom 19.2.15 (&/{M:2[P][E]"}) Suppose a > 0. Assume b < p. Let 3 <1 ors>0 and let p > Tx.

(a) V4 is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to V = xx as to t — oo.

(b) Let p= xr. Then|®d0ITd:(0)]. and [® d0ITs >1(T)]. —
(c) Letp> zvL.

1. Let $=1. Then|®d0ITd,~0(0)|, —
. Let B <1 ands=0. Then So(p18l) [D2]%2[®4] is true —
3. Let <1 ands>0.
i. Let s> ABT(0). Then |@d0ITd,>0{0)], ([®d0ITd,~o{(0)].) —

ii. Let s < ABT(0). Then So(p.181) [©c]ec[ea] is true —
Proof Suppose a > 0, hence b > a > 0---(1). Then k = AST(0) — s---(2) from (5.1.23(p.18) ).
(a-cl) The same as Tom 19.2.18(p.191) (a-cl).
(¢2) Due to (1) it suffices to consider only (c2ii) of Tom 19.2.18.
(c3-c3ii) Immediate from (2) and Tom 19.2.18(c2i,c2ii) with . U

19.2.6.3.1.2.3 Caseofa* < p<b
O Pom 19.2.16 (&/{M:2[P][E]"}) Suppose a > 0. Assume a* < p <a. Let <1 ors > 0.

(a) If \Bmax{0,a — p} < s, then [®d0ITd1{0)]s, or else[® d0ITs1(1)].. Below let 7> 1 —
(b) Let xx > Vi.
1. Vi is nondecreasing in t > 0 and converges to a finite V= Tk ast — oo

2. Let v, <Vi. If \Bmax{0,a — p} < s, then mm or else [® nd0IT,>1(1)|s —

3. Let xp > V).
i. Let B =1. Then Sio(p.l9) m s true —
ii. Let <1 ands=0. Then Sio(p19) m s true —
iii. Let B <1 ands > 0.
1. Let s < A\BT(0). Then Sio(p.191) [©clos ] is true —
2. Let s = ABT(0). If \Bmax{0,a — p} < s, then [® d0ITs,>1(7)]s or[@d0ITd,>1(0)].,

or else [® d0ITs .51 (T) |a

3. Let s > ABT(0). Then S11(p) [©2]0s]®cle0 | g pye —
(¢) Let xx < Vi.

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tk ast — oo.

2. Let f=1. If \Bmax{0,a — p} < s, then |®d0ITd,~1(0) |s, or else | ® nd0IT,>1(1)]|, —

3. Let <1 ands=0.
i. Let xp > Vi. Then Sio(p.191) m is true —

ii. Let xr = Vi. Then Si2(p191) [©2]oa][@cosToa] is trye —
iii. Let xr < Vi. Then Sg(p.n) is true —

4. Let <1 and s> 0.
i. Let s < ABT(0).
1. Let xr > Vi. Then Sio(p191) m is true —
2. Let xr, = Vi. Then Si2(p19]) [©c]os][@s]osToa] js trye —
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3. Let x1 <Vi. Then Sg(pl®) s true — - ®/®
ii. Let s> ABT(0). If \Gmax{0,a — p} < s, then MA, or else mA — - ®/®
Proof Suppose a > 0, hence b > a > 0---(1). Then, we have kK = AT (0) — s---(2) from (5.1.23(p.18)).
(a-b3i) The same as Tom 19.2.19(p.19) (a-b3i).
(b3ii) Due to (1) it suffices to consider only (b3iil) of Tom 19.2.19.
(b3iii-b3iii3) The same as Tom 19.2.19(b3iil1-b3ii3).
(c-c2) TImmediate from (2) and Tom 19.2.19(c-c2).
(¢3-c3iii) Due to (1) it suffices to consider only (c3i1-c3i3) of Tom 19.2.19.
(c4-c4ii) Immediate from (2) and Tom 19.2.19(c3i-c3ii). 1

19.2.6.3.2 Mixed Restriction
Omitted (see Section 17.2.3(p116) ).

19.2.6.3.3 Negative Restriction
19.2.6.3.3.1 Caseof 3=1and s =0

O Nem 19.2.5 (Z/{M:2[P][E]"}) Supposeb < 0. Let 3 =1 and s =0.

(a) V4 is nondecreasing in t > 0.
(b) Let p<a*. Then[® d0ITs,>o(r)]. — - ®
(c) Letb<p. Then[@dOITd,>o(0)]; — - e
(d) Leta* <p<b.
1. Leta < p. Then[@d0ITd;(0)], and[® d0ITs,~1(T)]a — - /0
2. Letp<a. ThenA — -+ ®

Proof The same as Tom 19.2.12(p.189) due to Lemma 16.4.1(p.100). 0

19.2.6.3.3.2 Caseof 3<lors>0
19.2.6.3.3.2.1 Case of p < a*
O Nem 19.2.6 (&/{M:2[P|[E]"}) Suppose b < 0. Assume p<a*. Let <1 ors>0 andlet p< wk.

(a) Vi is nondecreasing in t > 0, is strictly increasing int > 0 if A < 1 or a* < p, and converges to a finite V = Tx ast — co.

(b) Let zr < p. Then MA — ®

(c) Letp< L.

1. [®d0ITs (1) [s. Below let T7>1 — - ®
2. Let B=1.

i. Let (Aa—s)/A<a”.
1. Let A\=1. Then|® nd0IT,>:1(1)|, — ®
2. LetA<1. Then[s a0TTs,o0{)ls — 4O

ii. Let (Aa—s)/A>a”. ThenwA — - ®
3. Let B< 1 and s =0. Then Sgplm) — - ®/®

4. Let <1 and s> 0.
i. Let (ABa—s)/d < a”.

1. Let A\=1. Then[® nd0IT,>(1)]s. ®
2. Let A< 1. Then Sg(pln) [EA[®I[|®8]|®4] 45 trye — - ®/®
ii. Let (ABa—s)/d > a*. Then Ss(p17) 18 true — - ®/®

Proof Supposeb < 0---(1), hencea* < a <b<0---(2) from Lemma 12.2.1(p.77) (n). Then k = —s---(3) from Lemma 12.2.6(p81) (a).

(a~c2ii) The same as Tom 19.2.13(p.189) (a-c2ii).

(c3) Let 8 <1ands=0. Assume (A3a — s)/6 < a*. Then, since AFa/d < a*, we have A\fa < da* from (9.2.2(1) (p42)),
hence Afa < da* < Aa* due to (2), so Ba < a*, which contradicts [19(p101)]. Thus it must be that (ABu — s)/d > a*. From this
it suffices to consider only (c3ii2) of Tom 19.2.13(p.18)) .

(c4-c4ii) Let B <1 and s> 0. Then x < 0 due to (3), hence it suffices to consider only (¢3i1ii,c3i2ii,c3ii2) of Tom 19.2.13
with <. 1
O Nem 19.2.7 (Z{M:2[P|[E]"}) Suppose b < 0. Assume p <a*. Let $ <1 ors>0 andlet p= Tx.
(a) Vi=axx =p fort>0.

(b) We have [@ 90T o[0T}, — ©
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Proof Suppose b < 0---(1). Then kK = —s---(2) from Lemma 12.2.6(p81) (a).

(a) The same as Tom 19.2.14(p.1%) (a,b).
(b) Let 8 =1. Then we have [@d0ITd,>0{0)]; from Tom 19.2.14(b). Let 8 < 1. Then, if s = 0, due to (1) it suffices to

consider only (c2) of Tom 19.2.14 and if s > 0, then x < 0 due to (2), hence it suffices to consider only (c2) of Tom 19.2.14 with
#. Thus, whether s =0 or s > 0, we have the same result. Accordingly, whether 8 =1 or 8 < 1, we have the same result. I

O Nem 19.2.8 (Z/{M:2[P|[E] }) Suppose b < 0. Assume p<a*. Let 3 <1 ors>0 andlet p> xk.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = xx as to t — oo.
(b) Letp< xr. Then[® d0ITs >o(r)]s — - ®
(c) Letp= L. Then[®d0ITd1{0)], and [® d0ITs,>1(T)]. — - 0/
(d) Letp> =L .
1. Letg=1. ThenmA — - @®
2. Let 3<1. Then [@d0ITd,>0{(0)], (|®d0ITd,~0{0)].) — - @

Proof Suppose b < 0---(1). Then x = —s---(2) from Lemma 12.2.6(p3l) (a).

(a-d1) The same as Tom 19.2.15(p.1%) (a-d1).

(d2) If s = 0, then due to (1) it suffices to consider only (d2i) of Tom 19.2.15 and if s > 0, then £ < 0 due to (2), hence it
suffices to consider only (d2i) of Tom 19.2.15. Thus, whether s = 0 or s > 0, we have the same result. 1

19.2.6.3.3.2.2 Caseof b< p
O Nem 19.2.9 (&/{M:2[P][E]"}) Supposeb< 0. Assumeb<p. Let B <1 ors>0 andlet p< 7k.

(a) V4 is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to a finite V = Tk ast — oo.

(b) Let z < p. Then MA — - @®

(¢) Letp< zvr.

1. [®d0ITs (1) .. Belowlet T>1 — - ®
2. Let B=1. Then[® a0ITs,~o(m) |, — - ®
3. Let 8 < 1. Then Ss(pImn) [©s]@i]@s[@a]*a] js trye — - & /®

Proof Suppose b < 0---(1). Then k = kp = —s- -+ (2) from Lemma 12.2.6(p81) (a).

(a,c2) The same as Tom 19.2.16(p.1%) (a,c2).

(¢3) If s =0, then due to (1) it suffices to consider only (c3ii) of Tom 19.2.16 and if s > 0, then & < 0 due to (2), hence it
suffices to consider only (c3ii) of Tom 19.2.16. Thus, whether s = 0 or s > 0, we have the same result. 1

O Nem 19.2.10 («/{M:2[P][E]"}) Suppose b<0. Assumeb<p. Let B <1 ors>0 andlet p= xk.
(a) Vi=xx =p fort>0.

(b) Let§= 1. Then[ea0ITEo00]], — )
(c) LetB<1. Then MA — - ®

Proof Suppose b < 0---(1). Then k = —s---(2) from Lemma 12.2.6(p81) (a).
(a) The same as Tom 19.2.17(p.191) (a).

(b) Let B =1. Then we have [®d0ITd.>0(0)]; from Tom 23.1.17(p.236) (b).

(¢c) Let 8 < 1. Then, if s = 0, then due to (1) it suffices to consider only (c2) of Tom 19.2.17and if s > 0, then x < 0 due to
(2) , hence it suffices to consider only (c2) of Tom 19.2.17. Accordingly, whether s = 0 or s > 0, we have the same result. 1

O Nem 19.2.11 (&/{M:2[P][E] " }) Suppose b<0. Assumeb<p. Let 3 <1 ors>0 andlet p> xk.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to V = xx as to t — oo.

(b) Let p= xr. Then|®d0ITd:{0)], and [® d0ITs 1 (1), — - 6/0
(c) Letp> =L .

1. Letf=1. Then[®a0TTa,o{0)]. . )

2. Let 3<1. Then [@d0ITd,>0{0)], ([@d0ITd ~o{0)|.) — - @

Proof Suppose b < 0---(1). Then k = —s---(2) from Lemma 12.2.6(p81) (a).

(a-cl) The same as Tom 19.2.18(p.191) (a-c1).

(¢2) 1If s = 0, then due to (1) it suffices to consider only (c2i) of Tom 19.2.18 and if s > 0, then x < 0 due to (2), hence it
suffices to consider only (c2i) of Tom 19.2.18. Thus, whether s = 0 or s > 0, we have the same result. 1

19.2.6.3.3.2.3 Caseofa* < p<b
O Nem 19.2.12 (&/{M:2[P][E]"}) Suppose b <0. Assume a* < p<a. Let <1 ors>0.

(a) If \Bmax{0,a — p} < s, then [®dDITd1(0)]., or else[® d0ITs1(1)].. Below let > 1 — - /0
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(b) Let V4 < Tx.

1. Vi is nondecreasing in t > 0 and converges to a finite V = Tk ast — oo.

2. Let Vi > x. Vi. If \Bmax{0,a — p} < s, then MA’ or else | ® nd0IT,>1(1)|s — - ®/®
3. LetVi < xr.
i. Let B=1. Then S1o(p.19) [©2]02] is true — - /0
ii. Let 8<1. Then S11(p.191) [©2]0s]®o]02 ] s true — - ®/®/0

(¢) LetVi> zk.
1. Vi is nonincreasing in t > 0 and converges to a finite V = Tx ast — oo

2. If \Bmax{0,a — p} < s, then mh or else | ® nd0IT,~1 (1) [, — - ®/®

Proof Suppose b < 0---(1), hence kK = —s---(2) from Lemma 12.2.6(p81) (a).

(a-b3i) The same as Tom 19.2.19(p.192) (a-b31i).

(b3ii) Let 8 < 1. If s = 0, then due to (1) it suffices to consider only (b3ii3) of Tom 19.2.19 and if s > 0, then x < 0 due to
(2), hence it suffices to consider only (b3ii3) of Tom 19.2.19. Thus, whether s = 0 or s > 0, we have the same result.

(¢) Let Vi > zk.
(c1) The same as Tom 19.2.19(c1)

(c2) Let 8 = 1. Then, we have the same as Tom 19.2.19(c2). Let 8 < 1. Then, if s = 0, then due to (1) it suffices to
consider only (c3ii) of Tom 19.2.19 and if s > 0, then x < 0 from (2), hence it suffices to consider only (c3ii) of Tom 19.2.19.
Thus, whether s = 0 or s > 0, we have the same result. Accordingly, whether 8 =1 or 5 < 1, it eventually follows that we have
the same result. 1

19.2.7 M:2[P|[E]
19.2.7.1 Preliminary

Since (19.2.6(p17)) can be known to hold through the comparison of (III) and (IV) of Table 6.5.4(p31), we see that Theo-
rem 19.2.3(p177) holds, hence o/ {M:2[P]|[E]} can be derived by applying Sp_ s (see (15.3.2(p%8))) to «/{M:2[P][E]}.

19.2.7.2 Analysis
19.2.7.2.1 Caseof 3=1and s=0

O Tom 19.2.20 («/{M:2[P|[E]}) Let B =1 ands=0.

(a) V4 is nonincreasing in t > 0.

(b) Let p>b*. Then [® dOITs,o(T)la-
(¢) Leta>p. Then m\\'
(d) Letd* >p>a.

1. Letb>p. Then|ed0ITd1(0)] and[® dOITs,>1(7) ..
2. Letp>b. Then|® d0ITs >o(7)[i. U

Proof by symmetry Immediate from applying Sp_, to Tom 19.2.12(p.139). 1

Corollary 19.2.10 (M:2[P][E] ) Let 3 =1 and s = 0. Then, z is nonincreasing in t > 0. [
Proof Immediate from Tom 19.2.20(a) and from (6.2.90(p.2) ) and Lemma A 3.3(p278). 1

19.2.7.2.2 Caseof B3<1lors>0
19.2.7.2.2.1 Case of p > b*

O Tom 19.2.21 (&Z/{M:2[P][E]}) Assume p>b*. Let 3 <1 ors>0 and let p > T.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V. = T ast — oo.

(b) Let 7 > p. Then [@d0TTd-~o(0}]..

(c) Letp> zf.

1. [®d0ITs (1) |.. Below let 7 > 1.

2. Let g =1.
i. Let (Ab+5s)/X > b".
1. Let A=1. Then @ ndOIT-,->1<1> |-
2. Let A< 1. Then[O d00Tsro1 (] .
ii. Let (A\b+5s)/X <b*. Then[® d0ITs,>1 ().
3. Let B<1and s=0(s>0).
i. Let (ABb+s)/d > b".
1. Let A=1.
i. Let a <0(R ) . Then|® dOITS,>1(7) |-

K <0
ii. Let a>0(&k >0) . Then|® nd0IT,>1(1) |-
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2. Let A< 1.
i. Let a <0(% <0). Then[® d0ITs >1(7)s.
ii. Let a>0(& >0) . Then Ss is true.
ii. Let (A\Bb+s)/6 < b*.
1. Let a<0(& <0). Then[® d0ITs,;>1(T)s.
2. Let a>0(%& >0). Then Ss is true. 0O

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.2.13(p.139). 1

Corollary 19.2.11 (M:2[P][E] )  Assume p > b*. Let B <1 ors >0 and let p > . Then, z is nonincreasing in t > 0. [

Proof Immediate from Tom 19.2.21(a) and from (6.2.90(p.2%) ) and Lemma A 3.3(p27%). |

O Tom 19.2.22 (&Z/{M:2[P|[E]}) Assume p >b*. Let $ <1 ors >0 and let p= 3.
(a) Vi= 2z =p fort>0.

(b) Let 3=1. Then [®d0ITd,~0(0)].

(¢) Let B<1and s=0(s>0).
1. Let a <0(%k <0). Then[® dOITs,>o(T) -
2. Let a>0(%>0). Then|®d0ITd,>0(0)].. [

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.2.14(p.1%). 0

Corollary 19.2.12 (M:2[P|[E] ) Assume p > b*. Let 3 <1 ors >0 and let p= . Then, z = Z(p) for t > 0. 0
Proof Immediate from Tom 19.2.22(a) and from (6.2.90(p.26) ) and Lemma A 3.3(p.27%). 1

O Tom 19.2.23 (&/{M:2[P][E]}) Assume p >b*. Let $ <1 ors >0 and let p < T.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = %z as to t — oo.
(b) Letp> x;. Then A.

(c) Letp= z;. Then|®d0ITd:{0)], and|® d0ITs,>1(T)ls.

(d) Letp< zr.

1. Let 3=1. Then mﬁ.

2. Letf<1land s=0(s>0).
i. Let a>0(% >0). Then |@d0ITd,>0{0)], (|®d0ITd,>0{0)].) .

ii. Let a <O0(Rk <0). Then Sy is true. [0

Proof by symmetry Immediate from applying Sp_,3 to Tom 19.2.15(p.19). 0

[

Corollary 19.2.13 (M:2[P|[E] )  Assume p > b*. Let 8 <1 or s> 0 and let p < Tz. Then, z is nondecreasing int > 0. [

Proof Immediate from Tom 19.2.23(a) and from (6.2.90(p.26) ) and Lemma A 3.3(p27%). 1

19.2.7.2.2.2 Caseofa > p
O Tom 19.2.24 (/{M:2[P|[E]}) Assumea > p. Let 8 <1 ors >0 and let p > T.

(a) V& is nonincreasing in t > 0, is strictly decreasing int > 0 if A < 1, and converges to a finite V = Tz ast — 0.

(b) Let ¥ > p. Then [@d0TTd,~0{0)]..

(c) Letp> z7.
1. |® d0ITs1(1l)[. Below let 7 > 1.

2. Let $=1. Then|® d0ITs,;>1(T)s-

3. LetB<1land s=0(s>0).

i. Let a<0(k <0). Then|® d0ITs;>1(T)s-
ii. Let a>O0(k >0). Then Ssg is true. 0O

Proof by symmetry Immediate from Sp_, 5 to Tom 19.2.16(p.19) A |

Corollary 19.2.14 (M:2[P|[E] ) Assume a > p. Let 3 <1 or s >0 and let p > Tz . Then, z is nonincreasing in t > 0.
Proof Immediate from Tom 19.2.24(a) and from (6.2.90(p.%) ) and Lemma A 3.3p273). 1

O Tom 19.2.25 (&/{M:2[P][E]}) Assumea > p. Let <1 ors >0 and let p= .
(a) Vi= g =p fort>0.

(b) Let 3 =1. Then |[@d0ITd,>o(0)];.

(¢) Let B<1and s=0(s>0).

TSg does not change by the application of the operation.
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1. Let a<0(%& <0). Then[® d0ITs >o(T) ..
2. Let a>0(%>0). Then|®d0ITd,>0(0)].. [

Proof by symmetry Immediate from Sp_, 3 to Tom 19.2.17(p.191). 1

Corollary 19.2.15 (M:2[P][E] ) Assume a > p. Let 3 <1 ors>0 and let p= T7.
Proof Immediate from Tom 19.2.25(a) and from (6.2.90(p26) ) and Lemma A 3.3(p.27%). 1

O Tom 19.2.26 (&/{M:2[P][E]}) Assumea >p. Let B<1 ors>0 andlet p< T7.

Then, z: = Z(p) fort > 0. U

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tz as to t — 0.

(b) Let p= %;. Then|®d0ITd1{0)], and[® d0ITs,>1(7)]a-

(¢) Letp< zf.

1. Let =1. Then [@d0TTd,=o{0)]..

2. Letf<1and s=0(s>0).

i. Let a>0(k >0). Then |@d0ITd,>0{(0)], (|®d0ITd,>0{0)].) -

ii. Let a <0(&k <0). Then Sy is true. [0

Proof by symmetry Immediate from Sp_ 3 to Tom 19.2.18(p.19]) L |

Corollary 19.2.16 (M:2[P][E] ) Assumea > p. Let 8 <1 ors >0 and let p < Tz. Then, z is nondecreasing in t > 0. [

Proof Immediate from Tom 19.2.26(a) and from (6.2.90(p.2%) ) and Lemma A 3.3(p27%). I

19.2.7.2.2.3 Caseof b* > p > a

By applying Sp_p in Theorem 19.2.3, we see that S1o(p.l91) —S13 change as follows respectively:

We have:

S14 ={ (1) Let Amin{0,p — b} > —s. Then [® d0ITs,>1(r)]s or [®dOITd,~0{0)]s.

(2) Let Amin{0,p — b} < —s. Then MA'

There exists t3 > 1 such that:
(1) If ABmin{0, p — b} > —s, then

i. |© dOITs e >7>1(7) |A or|odOITdt;ZT>1<0> |A,

S15 [@2][Ca[@s]es] = ii. [®nd0IT, >y (t3) s or [@d0ITd,>ys (0) |u-

(2) If ABmin{0, p — b} < —s, then

i. [®d0ITs e >, 51 (M) a,

ii. [®nd0IT, > (£) .

There exists t5 > 1 such that:
(1) If ABmin{0, p — b} > —s, then

i. |@d0ITdse >+>0(0) |as

16 [@c]©u[@sexea] ii. [® dOITs;>¢s (7)]s Or [@ AOITd > ¢e (0)]a-

(2) If ABmin{0, p — b} < —s, then

i | ® ndDITt;Z‘r>l (1) |H7

il. [® dOITs >¢s (7Y |a-

There exists t > 1 and ¢ > 1 such that:
(1) If ABmin{0, p — b} > —s, then

i .dOITdt’TET>1<O> A

S17 [0e]@c]ec]ea] — ii. |@ dOITs,>¢e (T) |A 0r|0dOITd.r>t:_ (tx) |A.

(2) If ABmin{0, p — b} < —s, then

i. [®0d0ITse >, 51 (1)]ss

ii. [® dOITsr>¢s (T)]s or | © d0ITd > s (1) |A.

Moreover, note that (19.2.26(p.1%2) ) can be changed into
Vi = AB8min{0,p — b} + Bp + s.

O Tom 19.2.27 (#{M:2[P][E]}) Assumeb* > p>a. Let 3 <1 ors > 0.

(a) If ABmin{0,p — b} > —s, then |®d0ITd1{0)]s, or else[® d0ITs1(1)].. Below let T > 1.

(b) Let Vi > zz.t

ng does not change by the application of the operation.

Vi = ABmin{0,b — p} + Bp + s (see (6.5.25p31))).

(19.2.27)



Vi is nonincreasing in t > 0 and converges to a finite V.= Tz ast — oo.

1.
2. Let Vi < 2z, If \Bmin{0,p — b} > —s, then |®d0ITd.>1(0) s, or else | ® nd0IT,~1(1)|,.

3. LetVp > 1.
i. Let B=1. Then Sia is true.
ii. Letf<1and s=0(s>0).
1. Let a<0(k <0). Then Si4 is true.
2. Let a=0(k =0) . IfA\Bmin{0, p—b} > —s, then|[® d0ITs,>1(7)]|s or|®d0ITd,>1(0)]s, or else MA‘
3. Let a>0(& >0). Then S15 (92| O4|®2[®2 | js trye.
(C) Let Vi < 2.
1. Vi is nondecreasing in t > 0 and converges to a finite V = Tz ast — oo.

2. Let f=1. If \Bmin{0,p — b} > —s, then MA, or else | ® nd0IT,~1(1) |-
3. Let f<1and s=0(s>0).

i. Let a<0(k <0).
1. Let Vi > 7. Then Si4 is true.

2. LetVi = x;. Then Sis [©a[@a]@a]es [oa] is trye.

3. LetVi < Z;. Then Si7 mu s true.
ii. Let a>0(k>0). If \Bmin{0, p — b} > —s, then mm or else MA. 0

Proof by symmetry Immediate from Sp_ 3 to Tom 19.2.19(p.1%2). U

Corollary 19.2.17 (M:2[P][E] ) Assume b* > p>a. Let <1 ors > 0.

(a) Let Vi > ®z. Then z¢ is nonincreasing in t > 0.
(b) Let Vi < Tz. Then z is nondecreasing in t > 0. [

Proof Immediate from Tom 19.2.27(b1,cl) and from (6.2.90(p.2%6)) and Lemma A 3.3(p.27). 1

19.2.7.3 Market Restriction

19.2.7.3.1 Positive Restriction
19.2.7.3.1.1 {M:2[P|[E]"}

19.2.7.3.1.1.1 Caseof 3=1and s=0
O Pom 19.2.17 (#{M:2[P|[E]"}) Suppose a > 0. Let 3 =1 and s = 0.

(a) V& is nonincreasing in t > 0.
(b) Let p>b*. Then A — e O)
(c) Leta>p. Then |@d0ITd,~o(0)| — - @
(d) Letd* >p>a.
1. Letb>p. Then|[@d0ITd:{0)] and[® d0ITs,>i(r)|. — - @®/06
2. Let p>b. Then|® d0ITs,>o{T) ] — - ®

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.5%))) to Nem 19.2.5(p.1%). 1§
Direct proof The same as Tom 19.2.20(p.200) due to Lemma 16.4.1(p.100). B

19.2.7.3.1.1.2 Caseof 3<lors>0
19.2.7.3.1.1.2.1 Case of p > b*

O Pom 19.2.18 (%{M:Q[P][Eﬁ}) Suppose a > 0. Assume p > b*. Let § <1 ors>0 and let p> Tj.

(a) Vi is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V. = T ast — oo.
(b) Let 7 > p. Then mﬁ — - @
(¢) Letp> zf.
1. [® d0ITs (1) |, and Conducti,. Below let 7 >1 — - ®
2. Letp=1.
i. Let (Ab+s)/A > b".

1. Let A\=1. Then|® nd0IT,>:1(1)|, — ®

2. Let A< 1. Then|[® d0ITs >o{(T)| — - ®
ii. Let (A\b+s)/\ <b*. Then[® d0ITs,>o(T)]. — - ®
3. Let <1 ands=0. Then Sg is true — - ®/®

4. Let <1 and s > 0.
i, Let (ABb+5)/0 > b*.

1. Let \=1. Then[® nd0IT, ()], — ®
2. Let A< 1. Then Ss(pl®) [©1]@i[@2]®4] 45 trye — - ®/®
ii. Let (ABb+s)/d < b*. Then Sg(p.Im) is true — - ®/®
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Proof by diagonal-symmetry Immediate from applying Sp_, 5 (see (15.3.2(p.%))) to
Nem 19.2.6(p1%8) (see (19.2.10p17))). W

Direct proof Suppose a > 0---(1), hence b* > b > a > 0---(2) from Lemma 13.6.1(p8)) (n). Then we have £ = s---(3) from
Lemma 13.6.6(p.90) (a).
(a~c2ii) The same as Tom 19.2.21(p.200) (a-c2ii).

(¢3) Let 8 <1ands=0,hence @ = 0 due to (3). Assume (Ab+s)/d > b*. Then since \3b/d > b*, we have ABb > 6b* from
(9.2.2 (1) (p42) ), hence ABb > 6b* > Ab* due to (2), so b > b*, which contradicts [7(p101)]. Thus it must be that (ABb+s)/8 < b*.
From this it suffices to consider only (c3ii2) of Tom 19.2.21(p200) .

(c4-c4ii) Let B < 1and s > 0. Then & > 0 from (3), hence it suffices to consider only (c3ilii,c3i2ii,c3ii2) of Tom 19.2.21(p.20)
with k. 1

O Pom 19.2.19 (,Q%{I\~/I:2[]P][E]+}) Suppose a > 0. Assume p > b*. Let $ <1 ors>0 and let p= Tjz.
(a) Vi= 2z =p fort>0.
(b) We have |@d0ITd,~o(0)|, — - @
Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to
Nem 19.2.7(p.1%) (see (19.2.10(p.177))). 1
Direct proof Let a>0---(1), then & = s---(2) from Lemma 13.6.6(p.%) (a).
(a) The same as Tom 19.2.22(p.201) (a).

(b) Let 8 = 1. Then we have Tom 19.2.22(a). Let 8 < 1. Then, if s = 0, due to (1) it suffices to consider only (c2) of
Tom 19.2.22 and if s > 0, then & > 0 from (2), hence it suffices to consider only (c2 of Tom 19.2.22. Thus, whether s = 0 or
s > 0, we have the same result. 1

O Pom 19.2.20 (%{M:2[IP][E]+}) Suppose a > 0. Assume p > b*. Let f <1 ors>0 andlet p < Tjz.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Zz as to t — oo.
(b) Let p> xz. Then M‘ — 0
(c) Letp= Z;. Then|®d0ITdi(0)], and[® d0ITs >1(T)|. — - /0
(d) Letp< zf.
1. LetB=1. ThenmA. - @
2. Let 3<1. Then|®d0ITd.>0(0)]|, (@d0ITd >0{0)].) — - @®

Proof by diagonal-symmetry Immediate from applying Sp_ 5 (see (15.3.2(p.%))) to
Nem 19.2.8(p.1%) (see (19.2.10(p.177))). 1

Direct proof Suppose a > 0---(1). Then & = s---(2) due to Lemma 13.6.6(p.%) (a).

(a-d1) The same as Tom 19.2.23(p.201) (a-d1).

(d2) If s =0, due to (1) it suffices to consider only (d2i) of Tom 19.2.23 and if s > 0, then & > 0 due to (2), hence it suffices
to consider only (d2i) of Tom 19.2.23. Thus, whether s = 0 or s > 0, we have the same result. I

19.2.7.3.1.1.2.2 Caseofa > p

O Pom 19.2.21 (d{l\?lQ[P}[Eﬁ}) Suppose a > 0. Assume a > p. Let <1 ors>0 and let p> Tg.

(a) V& is nonincreasing in t > 0, is strictly decreasing in t > 0 if A < 1, and converges to a finite V= Tg ast — oo.

(b) Let ©z > p. Then|®d0ITd,>0(0)]. — - ®

(c) Letp> z7.

1. [®d0ITs (1)|.. Belowlet T>1 — - ®
2. Let B=1. Then[® d0ITs,>1 (1), — - ®
3. Let B < 1. Then Sg(p.n) s true — - &/®

Proof by diagonal-symmetry Immediate from applying Sp_,3 (see (15.3.2(p.%))) to
Nem 19.2.90.19 (see (19.2.100p.17))). W

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(pJ0) (a).

(a-c2) The same as Tom 19.2.24(p.201) (a-c2).

(c3) If s =0, due to (1) it suffices to consider only (c3ii) of Tom 19.2.24 and if s > 0, then & > 0 due to (2) , hence it suffices
to consider only (c3ii) of Tom 19.2.24. Thus, whether s = 0 or s > 0, we have the same result. 1

O Pom 19.2.22 (Jz{{l\~/lz2[P][E]+}) Suppose a > 0. Assume a > p. Let B <1 ors >0 andlet p= Tjz.
(a) Vi= 2z =p fort>0.

(b) Let 8=1. Then we have m” — - @®
(c) Let B <1. Then we have MA — - @®
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Proof by diagonal-symmetry Immediate from applying Sp_, 5 (see (15.3.2(p.%))) to
Nem 19.2.10(p1%9) (see (19.2.10(177))). K

Direct proof Suppose a > 0---(1). Then & = s---(2) from Lemma 13.6.6(p.9) (a).
(a) The same as Tom 19.2.25(a).
(b) The same as Tom 19.2.25(p.201) (b).

(¢) Let g < 1. If s=0, due to (1) it suffices to consider only (c2) of Tom 19.2.25. If s > 0, then & > 0 due to (2), hence it
suffices to consider only (c2) of Tom 19.2.25. Thus, whether s = 0 or s > 0, we have the same result. 1

O Pom 19.2.23 (& {M:2[P] [E]Jr}) Suppose a > 0. Assume a > p. Let f <1 ors>0 and let p < ZTz.

(a) Vi is nondecreasing in t > 0, is strictly increasing in t > 0 if A < 1, and converges to V = Tz as to t — 0.

(b) Let p= Z;. Then|®d0ITdi{(0)]. and[® d0ITs >1({T)]. — - ®/0
(¢) Letp< zf.

1. Let f=1. Then [@a0TTa,=o(0)], — 5@

2. Let <1 and let s=0(s >0). Then|®d0ITd,;>0{0)]s (®d0ITd,>0(0)].) — - @®

Proof by diagonal-symmetry Immediate from applying Sp_,5 (see (15.3.2(p.%))) to
Nem 19.2.11(p1%9) (see (19.2.10(p.177))). 1

Direct proof Suppose a > 0---(1). Then & = s---(2) due to Lemma 13.6.6(p.%) (a).

(a,b) The same as Tom 19.2.26(a,b).

(¢) Letp< .

(c1) Let 8= 1. Then we have [®d0ITd,>0(0)], from Tom 19.2.26(c1).

(c2) Let 8 < 1. If s =0, then due to (2) it suffices to consider only (c2i) of Tom 19.2.26 and if s > 0, then & > 0 due to (2)
hence it suffices to consider only (c2i) of Tom 19.2.26. Thus, whether s = 0 or s > 0, we have the same result. I

19.2.7.3.1.1.2.3 Case of b* > p > a
O Pom 19.2.24 (JM{I\?IQ[]P][Eﬁ}) Suppose a > 0. Assume b* > p >a. Let <1 ors>0.

(a) If \Bmax{0,p —b} <s, then |®d0ITd1(0)],, or else[® d0ITs1(1)]|.. Below let 7 >1 — - 6/0

(b) Let Vi > zz.t

1. Vi is nonincreasing in t > 0 and converges to a finite V = Tg ast — oo.

2. LetVi > xp. If \Bmax{0,p — b} < s, then mﬂ’ or else | ® nd0IT,>1(1) [, — - ®/®
3. LetViy > xp.
i. Let B=1. Then S14(p.202) [©2]e2] is true — - 6/0
ii. Let B < 1. Then Si5(p2) [©2]Oa[@2]ec] s trye — S 0/®/6

(c) LetVi < .

1. Vi is nondecreasing in t > 0 and converges to a finite V = Tz ast — oo.

2. If \Bmax{0,p — b} < s, then m‘, or else MA — - ®/®

Proof by diagonal-symmetry Immediate from applying Sp_ 5 (see (15.3.2(p%))) to
Nem 19.2.12(p199) (see (19.2.10(p.177))). 1

Direct proof Suppose a > 0---(1), hence b >a > 0. Then & = s---(2) due to Lemma 13.6.6(p.%0) (a).
(a-b3i) The same as Tom 19.2.27(p.202) (a-b3i).

(b3ii) Let 8 < 1. If s = 0, then due to (1) it suffices to consider only (b3ii3) of Tom 19.2.27 and if s > 0, then & > 0 due to
(2), hence it suffices to consider only (b3ii3) of Tom 19.2.27. Thus, whether s = 0 or s > 0, we have the same result.

(c1) The same as Tom 19.2.27(p.202) (c1).

(c2,1) If 8 = 1, then it suffices to consider only (c2) of Tom 19.2.27 and if 8 < 1, whether s = 0 or s > 0, it suffices to
consider only (c3ii) of Tom 19.2.27(p.202) . Accordingly, whether 3 =1 or 8 < 1, we have the same result. 1

19.2.7.3.2 Mixed Restriction
Omitted (see Section 17.2.3(p116) ).

19.2.7.3.3 Negative Restriction
Omitted (see Section 17.2.3(p.116) ).

vy = ABmin{0,b — p} + Bp + s (see (6.5.25(p31))).
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19.2.7.4 Numerical Example

B Numerical Example 19.2.1 (&{M:2[R][E]"} [019(1)]) This example is for the assertion in Pom 19.2.4(p184) (d3ii) in
which a >0, p> zx, p> x, < 1,s>0,and ABu > s. As an example let « = 0.01, b = 1.00, A = 0.7, 5 =0.98, s = 0.1,
and p = 0.5.7 where . = 0.462767 and zx = 0.439640. The symbols s in the figure below shows the optimal-initiating-times
tis>,>1 (see the ¢7-column in the table of Figure 19.2.2 below).

t Vi AgVy t*

r0.50

[017(1)Latex] =1 0 0.5000000
1 0.4766162 —0.0133838 1
2 0.4619911 —0.0050927 1
3 0.4530367 +0.0002854 1
4 0.4476274 +0.0036514 1
-0.45 5  0.4443866 +0.0057117 1
6 0.4424547  +0.0069558 1
7 0.4413065 +0.0077009 7
8 0.4406253 -+0.0081449 8
9 0.4402216  +0.0084088 9
L 0.40 10 0.4399825 40.0085653 10
: 11 0.4398410 40.0086581 11
12 0.4397572  +0.0087130 12
13 0.4397076 40.0087456 13
14 0.4396783 40.0087648 14
15 0.4396609 +0.0087762 15
1 1 1 1 1 1 1 1 1 1 1 1 1 035 >
151413121110 9 8 7 6 5 4 3 2 1 0 AgVy = Vi — Vi1 [017(1)Data.DAT]

Graphs of It = 7=V, with 15 > 7 > 0 and 7 > t > 0[FIG7498x]

Figure 19.2.2: Graphs of It =B 'V, for 15> 7 >2and 7>t > 1

Scaling up the graphs for 7 = 6 and 7 = 7 in the above figure, we have the figure below. This figure shows that the optimal
initiating time shifts from 0 to 7 when the starting time changes from 7 =6 to 7 = 7.

[017(1)yLatex]
©.4429

T=6 T=T

6.4176 t 8, t B,
0 0.4429212 0 0.4340628
1 0.4308233 1 0.4222069
2 0.4261259 2 0.4176034
3 0.4263946 3 0.4178667
4 0.4299014 4 0.4213034
5 0.4354989 5 0.4267889
6 0.4424547 6 0.4336056
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 > 7 04413065

151413121110 9 8 7 6 5 4 3 2 1 0
Graphs of It = 7'V, with 7 = 6,7 [FIG7498y]

Figure 19.2.3: Graphs of I = 7 'V, for r =6 and 7 =7

19.2.7.5 Conclusion 5 (Search-Enforced-Model 2)

Cl Monotonicity
On the total market .# we have:

a. The optimal reservation price in M:2[R][E] is nondecreasing in ¢!, constant " or nonincreasing in t"".
. . . . v . . . b b . . . b
b. The optimal reservation price in M:2[R][E] is nondecreasing in t1", constant H , or nonincreasing in ¢t .
. . . . . . c C . . . c
c. The optimal price in M:2[P][E] is nondecreasing in ¢!, constant H , or nonincreasing in ¢t" .
. . N . . . d d . . . d
d. The optimal price in M:2[P][E] is nondecreasing in t!", constant “or nonincreasing in t" .
1 Tom 19.2.10.17) (a), 19.2.2(p17) (a).
Ha < Tom 19.2.3(p.181) (a)).
"« Tom 19.2.4(p18) (a).
‘: <+ Tom 19.2.8(p.186) ().
‘b +— Tom 19.2.7(p.156) (a).
" < Tom 19.2.5(p.18) (a), 19.2.6(p.185) (a).
'« Corollary 19.2.2(18)), 19.2.3(.19) , 19.2.6(p191) ,19.2.9(p.15 (a).
"+ Corollary 19.2.4(p100), 19.2.7(p.191).
" <« Corollary 19.2.5(p100), 19.2.8(p.191), 19.2.9(p.195) (b).
d
'« Corollary 19.2.13p21), 19.2.16(p22) , 19.2.17(p203) (b).
! + Corollary 19.2.12(p201), 19.2.15(p.202) .
"+ Corollary 19.2.10(p200), 19.2.11(p201), 19.2.14(p.201), 19.2.17(p203) ().

TWe have p=0.5> 0462767 = =z, 8 =098 < 1, and s = 0.1 > 0. Since p = (0.01 + 1.00)/2 = 0.505, we have A\3p = 0.7 x 0.98 x 0.505 =
0.34634 > 0.1 = s. Thus the condition of this assertion is confirmed.
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C2

a. Symmetry

Inheritance and Collapse
On the positive market .#+

we have:

1. Let 8 =1 and s = 0. Then, the symmetry is inherited ( v ) in whether R-model or P-model where
Pom 19.2.1(p183) ~v Pom 19.2.5(p.185)  (R-model),
Pom 19.2.9(p1%) ~v Pom 19.2.17(p.203) (P-model),

2. Let § <1ors>0. Then, the symmetry collapses ( Av ) in whether R-model or P-model where
Pom 19.2.2(p183) Ay Pom 19.2.6(p187)  (R-model)
Pom 19.2.3(p184) Ay Pom 19.2.7(p187)  (R-model),
Pom 19.2.4(p184) Av Pom 19.2.8(p187)  (R-model),
Pom 19.2.10(p.1%) Av Pom 19.2.18(p203) (R-model),
Pom 19.2.11(p.1%) Av Pom 19.2.19(p204) (R-model),
Pom 19.2.12(1%) Av Pom 19.2.20(p204) (P-model),
Pom 19.2.13(p.1%) Av Pom 19.2.21(p204) (P-model),
Pom 19.2.14(p.197) Av Pom 19.2.22(p204) (P-model),
Pom 19.2.15(p.197) Av Pom 19.2.23(p205) (P-model),
Pom 19.2.16(p.197) Av Pom 19.2.24(p205) (P-model),

b. Analogy

Whether “8 =1 and s =0” or “8 < 1 or s > 07, the analogy collapses ( bki ) in whether S-model or B-model where
Pom 19.2.1(p.183) ki Pom 19.2.9(p.195)

(p183)
Pom 19.2.5(p.186)
(p183)
(p189)

pka Pom 19.2.17(p.203

(p-203)
Pom 19.2.2(p.183) tki Pom 19.2.10(p.19)
Pom 19.2.3(p.184) ki Pom 19.2.11(p.196)
Pom 19.2.4(p.184) bka Pom 19.2.12(p.196)

(S-model),
(B-model),
(S-model),
(S-model),
(S-model),

“all Pom’s in Section 19.2.5.2.1.2(p.187)” bk “all Pom’s in Section 19.2.7.3.1.1(p.203)” (B-model),
C3 Occurrence of (5), ®, and @
On the positive market . we have:
a. Let 8 =1and s =0. Then, from
Pom 19.2.1(p.183), Pom 19.2.5(p.186), Pom 19.2.9(p.1%), Pom 19.2.17(p.203),
Table 19.2.3: 0IT (8 =1 and s =0)
A{M2R]E]T} | {M2RIET} | {MAPIETY | {M2P)E]T}
®
®,
O ) o o )
®
®
_ @
om0 O o o o o
om0, O
om0, .

1. What is amazing is here that, even in the most simple case “3 = 1 and s = 0”, the deadline-falling € occurs
in all of quadruple-asset-trading models.

b. Let 8 <1ors>0. Then, from

Pom 19.2.4(p.184) ,
Pom 19.2.4(p.184),
Pom 19.2.16(p.197) ,
Pom 19.2.19(p204) ,

Pom 19.2.12(p.19%),
Pom 19.2.6(p.137),

Pom 19.2.18(p.203) ,
Pom 19.2.22(p.204) ,

Pom 19.2.15(p.197) ,
Pom 19.2.8(p.187),

Pom 19.2.20(p.204) ,
Pom 19.2.22(p.204) ,

Pom 19.2.16(p.197),
Pom 19.2.10(p.195) ,
Pom 19.2.23(p.205) ,

Pom 19.2.24(p.205) ,
Pom 19.2.11(p.1%),
Pom 19.2.16(p.197) ,

Pom 19.2.2(p.183),
Pom 19.2.13(p.1%) ,
Pom 19.2.21(p204),

Pom 19.2.3(p.184) ,
Pom 19.2.14(p.197),
Pom 19.2.7(p.187),

we obtain the following table:

Table 19.2.4: 03FA5 < 1 or s > 0)



S (M2ARIE'} | {M2RIE} | (MAPF)E") | {M2(P]E]")

[CdITs- (0] ©)

Cameml. © | o ° o o
®d0iTs (1)]s (O o o o o
[Cni ()] @) © ° ° o
®nd0IT, ()], B o o o o
®nd0IT, ()], (B o o o o

e d0ITd, (0)]; @ o o o o
0d0ITd, (0)]. @& o o o e}
ed0ITd, (0)], @. o o e} o

1. In addition to (s) and @), all kinds of 0IT excluding the two occurs in all of quadruple-asset-trading models.
c. Table 19.2.5 below is the list of the percents (frequencies) of (), (*), and @ that appear in Sections 19.2.4.3(p.183)
19.2.5.2(p.186) , 19.2.6.3(p.1%) , and 19.2.7.3(p.203) .

Table 19.2.5: Percents (frequencies) of &), (¥, and @ on F
ratio (total) @ @ (4]

100% (218) | 43% (93) | 17% (38) | 4%0 (87)

C4 Diagonal symmetry
Exercise 19.2.1  Confirm by yourself that the following relations hold in fact.

Pom 19.2.5(p.186

(p.186) ~Av Nem 19.2.1(p.184),
Pom 19.2.6(p.187

(p.

(p.

o184
~ Nem 19.2.2(p184),

Pom 19.2.7(p.187 (p.185)

Pom 19.2.8(p187 (p.185)

~ Nem 19.2.3(p.185),
~/ Nem 19.2.4(p.185) ,

Pom 19.2.17(p.203
Pom 19.2.18(p.203
Pom 19.2.19(p.204

( ~v Nem 19.2.5(p19%),
(
(
Pom 19.2.20(
(
(
(
(

v
~/ Nem 19.2.6(p.19),
~/ Nem 19.2.7(p.19),
~ Nem 19.2.8(p.199)

~v Nem 19.2.9(p.199)
~ Nem 19.2.10(p.199) ,
~ Nem 19.2.11(p.19

~v Nem 19.2.12(p19

0204
Pom 19.2.21(p.204

’

’

Pom 19.2.22(p.204
Pom 19.2.23(p.205
Pom 19.2.24(p.205

s

. 0

)
)
a. The diagonal symmetry always holds in whether R-model or P-model.

19.3 Conclusion 6 (The whole Model 2)

Conclusions 19.1.9(p17) and 19.2.7.5(p.206) can be summed up as below.

Cl1 Monotonicity
On the total market .#, from C1(p.17) and C1(p206) we have:

The optimal reservation price V; in M:2[R][X] is nondecreasing in t!, constant H, or nonincreasing in ¢ .
The optimal reservation price V; in M:2[R][X] is nondecreasing in t!, constant H, or nonincreasing in ¢ .
The optimal price to propose z in M:2[P][X] is nondecreasing in ¢!, constant |, or nonincreasing in ¢'.
The optimal price to propose %; in M:2[P|[X] is nondecreasing in ¢!, constant |, or nonincreasing in ¢ .

o Te

C2 Inheritance and Collapse
On the positive market .# ", in whether s-A-model or s-E-model we have:

a. Symmetry

If 5 =1 and s = 0, the symmetry is inherited ( Av ) (see C2al(pi’) and C2al(pA7)), or else (8 < 1 or s > 0) collapses
(Av) (see C2a2(p17) and C2a2(p.207)).
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b. Analogy
For whether “8 =1 and s =07 or “8 < 1 or s > 07, the analogy collapses (k1) (see C2b(p.175) and C2b(p207)).

C3 Occurrence of 5), ¥, and @

On the positive market .# T, in both s-A-model and s-E-model we have:

a. Let 3=1and s =0. Then only ), and @ are possible for both s-A-model and s-E-model (see Tables 19.1.1(p.17) and
19.2.3(p27) ). It is especially noteworthy that @ is possible even in the simplest case of 8 = 1 and s = 0; it should be
noted that such event was impossible in Model 1.

b. Let 3 < 1ors>0. Then (¥ and @ are possible only for s-E-model (see Table 19.2.4(p27)). Here it should be noted
that the two are both strictly optimal, i.e., ® . and @, (see Section 7.3(p37)).

C4 On .71, joining Tables 19.1.3(p.17) and 19.2.5 produces the table below.
Table 19.3.1: Percents (frequencies) of &), (¥, and € on .F

ratio (total) ® ® (4]

100% (467) | 45% (210) | 18% (85) | 37% (172)

In other words, (5), (), and @ occur at 45%, 18%, and 37% respectively.
C5 Diagonal symmetry
See Ch(p176) and C4(p203) .
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Chapter 20
Model 3

20.1 Search-Allowed-Model 3: 9{M:3[A]} = {M:3[R][A], M:3[R][A], M:3[P][A], M:3[PP][A]}

20.1.1 Preliminary I
As ones corresponding to Theorems 11.5.1(p66), 12.3.1(p81), and 13.5.1(p88), and 14.2.1(p94) let us consider the following four
theorems:

Theorem 20.1.1 (symmetry[R — R]) Let o/ {M:3[R][A]} holds on P x .Z. Then </{M:3[R][A]} holds on P x .F where

A {MB[R][A]} = Sp_ 5[ {M:3[R][A]}]. O (20.1.1)

Theorem 20.1.2 (analogy[R — P])  Let &/{M:3[R]|[A]} holds on & x .Z. Then «/{M:3[P][A]} holds on & x .F where

Z{M:3[P|[A]} = Ap_p[{M:3[R][A]}]. O (20.1.2)

Theorem 20.1.3 (symmetry(P — P|)  Let o/ {M:3[P|[A]} holds on P x .Z. Then </ {M:3[P][A]} holds on P x .F where

A {M:3[PI[A]} = So_ 5[« {M:3[P][A]}]. O (20.1.3)

Theorem 20.1.4 (analogy[R — P|)  Let o/ {M:3[R][A]} holds on 2 x .Z. Then o {M:3[P][A]} holds on 2 x .7 where

o/ {M:3[P|[A]} = Ag_ s/ {M:3[R][A]}]. O

In addition, as ones corresponding to (11.5.38(p63)), (12.2.4(p.7) ), (13.5.4(p87) ), and
(14.2.5(2) (p94) ), let us consider the following four relations:
SOE{M:3[R]
SOE{M:3[P]
SOE{M:3[P]
SOE{M:3[P]

AJ} = Se_z[SOE{M:3[R][A]}], (20.1.4)
A]} = Az p[SOE{M:3[R][A]}], (20.1.5)
A} = S»_,5[SOE{M:3[R][A]}]. (20.1.6)
Al} = As_5[SOE{M:3[R][AT}]. (20.1.7)

If (20.1.4)-(20.1.7) are all satisfied, then Theorems 20.1.1-20.1.4 can be derived for the same reason as in Parts 1 and 2. Now,
from the comparison of (I) and (II) of Table 6.5.5(p31]) and from the comparison of (III) and (IV) it can be easily seen that
(20.1.4) and (20.1.6) hold; accordingly, it follows that Theorems 20.1.1 and 20.1.3 hold. However, from the comparison of (I)
and (III) we see that (20.1.5) does not always hold, hence it follows that Theorem 20.1.2 cannot be used. Similarly, from the
comparison of (II) and (IV) we see that (20.1.7) does not always hold, hence it follows that Theorem 20.1.4 cannot be used.

The following lemma provides conditions on whether or not each of the four theorems holds.
Lemma 20.1.1

(a) Theorem 20.1.1 always hold.

(b) Theorem 20.1.3 always hold.

(¢) Letp<a* orb<p. Then Theorem 20.1.2 holds.

(d) Leta* < p<b. Then Theorem 20.1.4 does not always hold. U

Proof  Almost the same as the proof of Lemma 19.1.1(p.137). 1
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20.1.2  M:3[R][A]

Definition 20.1.1 (reduction)

(a) model reduction
Model 1 can be regarded as Model 2 if it is possible that the terminal quitting penalty p in Model 2 can be rejected; moreover
Model 2 can be regarded as Model 3 if it is possible that the intervening quitting penalty p in Model 3 can be rejected.
The above two interpretations imply the inclusion relation Model 1 C Model 2 C Model 3; in other words, it follows that
Model 3 can be reduced to Model 2 and Model 2 can be reduced to Model 1, schematized as

Model 3 —» Model 2 and Model 2 - Model 1. (20.1.8)

Let us refer to the above model reduction as the model-running-back, implying that a model in “upstream” runs back to
a model in “downstream”.

(b) optdr reduction
Tom 20.1.1(b) implies that the optimal decision is reduced to
Accept,(p)/Stop = {Accept the intervening quitting penalty p at time ¢ and stop the process}. (20.1.9)
Let us represent the reduction as the optdr-Accept/Stop.

Let us schematize the above two reductions as below.

model reduction: — model-running-back (M:3[R]|[A] — M:2[R][4] )

. (20.1.10)
optdr reduction: — optdr-Accept/Stop (odr — Accept,(p)/Stop) U

Reduction {

O Tom 20.1.1 (&/{M:3[R][A]})

(a) Letp < zx or p<0. Then M:3[R][A] - M:2[R][A].T

(b) Letp> xzx and p > 0. Then M and odr +— Accept. (p)/Stop * - ®
Proof From (6.5.39(p31)) with ¢ = 1 we have Uy = max{K (p) + p, Bp}--- (1), hence U1 — p = max{K (p),—(1 — B)p}---(2).
From (6.5.38) with ¢ = 1 we have Vi > p = V. Then, from (6.5.39) with ¢ = 2 and

Lemma 9.2.2(e) we have Uz = max{K (V1) + V1,8V1} > max{K (Vb) + Vo, 8Vo} = Ui. Suppose U;—1 > Ui_2, hence from
(6.5.38(p31)) we have Vi—1 = max{p,Ui—1} > max{p,Us—2} = Vi_2. Then, from (6.5.39(p31)) we have U; > max{K (Vi—2) +
Viea, BVi_2} = Uz—1 due to Lemma 9.2.2(e). Thus, by induction we have Uy > Ui—q for ¢t > 1, i.e., we have that U; is
nondecreasing in ¢t > 0---(3).

(a) Let p < xx, hence K(p) > 0---(4) from Corollary 9.2.2(b). Then, from (1) we have U; > K (p)+p > p. Hence U; > p

for t > 0 due to (3). Let p <0, hence —(1 — 8)p > 0. Then, noting (4), from (2) we have U — p >0, ie., U > p, so that
U; > p for t > 0 due to (3). Accordingly, whether p < zx or p < 0, we have U; > p for ¢t > 0, meaning that it is optimal to
reject the intervening quitting penalty p for any ¢ > 0. This fact is the same as the event “The intervening quitting penalty p
does not exist on any time ¢ > 0”; in other words, it follows that M:3[R][4] is substantially reduced to M:2[R][A], which has not
an intervening quitting penalty p (see Section 6.2.2.1(p24)).

(b) Let p > xx and p > 0---(5), hence K(p) < 0---(6) from Corollary 9.2.2(a) and —(1 — 8)p < 0---(7). Then, since
Ur — p = max{K (p),—(1 — B)p} <0 from (1), we have U; — p < 0 i.e., Uy < p---(8). Suppose U;_1 < p. Then V;_; = p from

(6.5.38), hence from (6.5.39(p31)) we have U; = max{K (p) + p,Bp} = U1 < p due to (1) and (8). Accordingly, by induction
U; < pfort > 0, hence V; = p---(9) for t > 0 from (6.5.44(p31)), so I* = 7 *p from (7.2.9p3)). Therefore, due to (5) we

see that the largest of I on 7 >t > 0 is given by t = 7, i.e., tf = T or equivalently [® d0ITs,>o(7)| Thus, we have odr —
Accept_(p)/stop. 1

Lemma 20.1.2  Suppose we have Accept,(p)/Stop for any t (t >t > 0). Then

(a) Let p>0. Then we have |[® d0ITs,>o(T)], i.e., (&) -falling.
(b) Let p <0. Then we have |®d0ITd,>0(0) ], i.c., @ -falling. [

Proof Since Vi = p for 7 >t > 0 under the condition of the lemma (see (9)) and since g% > B> ... > 87t > ... > 87 for
any 7 >t > 0. Then, we have 8°p > B'p > - > 87 "p> ... > BTpifp>0and o < B'p < - < B p<--- < BTpif p <0
Therefore, 8%V, > BV, 1> - > 877"V > > B Voif p>0and BV, < BVr 1 < < BTV, < < BTV if p <0,
which can be rewritten as respectively IZ > I7"' > ... > I77t > ...>Difp>0and [T <I77' < ... <I7T7t < ... < 0 if
p < 0. Accordingly, it follows that t = 7 if p > 0, i.e., m (®)and ty =0if p <0, ie.,|[0d0ITd,{0)] (@).

20.1.3  M:3[R][A]
O Tom 20.1.2 (& {M:3[R][A]})
(a) Let p> Tz or p>0. Then M:3[R][A] — M:2[R][A].

(b) Let p< xz and p < 0. Then|® d0ITs,>o(7)| and odr — Accept, (p)/Stop — - ®
Proof Due to Lemma 20.1.1(a) and Lemma 16.4.1(p.100), immediately obtained by applying Sk in Theorem 20.1.1 to Tom 20.1.1. 1

TSee (a) of Def.20.1.1 just below.
tSee (b) of Def.20.1.1 just below.
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20.1.4  M:3[P|[A]
20.1.4.1 Caseof p<a*orb<p

O Tom 20.1.3 (&Z/{M:3[P][A]}) Assume p <a* orb<p. Then:
(a) Let p< mx orp<0. Then M:3[P][A] — M:2[P][A].
(b) Letp> xx and p > 0. Then|® d0ITs,.>o(7)| and odr — Accept, (p)/Stop — —

Proof Due to Lemma 20.1.1(c) and Lemma 16.4.1(p100), immediately obtained by applying Ap-p in Theorem 20.1.2 to
Tom 20.1.1. 1§

20.1.4.2 Caseofa* <p<b
O Tom 20.1.4 (/{M:3[P][A]}) Assume a* < p<b. Let =1 and s =0. Then M:3[P]|[4] — M:2[P][A]. O

Proof Assume a* < p < b and let 8§ = 1 and s = 0. Then, from (5.1.21(p18)) we have K (x) = XT'(z) > 0---(1) for any

z due to Lemma 12.2.1(p.77) (g). From (6.5.45(p31)) we have Uy > Bp = p. Suppose Ui—1 > p. Then, from (6.5.44) we have
Vi—1 = Ui—1 > p, hence from (6.5.46) we obtain U; > V;_1 = V;_1 > p. Thus, by induction U; > p for ¢ > 0. Accordingly, for
the same reason as in the proof of Lemma 20.1.1(a) it follows that M:3[P][4] is reduced to M:2[P][A] 1}

O Tom 20.1.5 (&Z/{M:3[P|[A]}) Assumea* <p<b. Let <1 ors>0.
(a) Let ABmax{0,a—p} —(1—=pB)p>s or—(1—LB)p>0. Then M:3[P][A] — M:2[P|[4].
(b) Let ABmax{0,a—p} — (1 —B)p<s and —(1—P)p <0.

1. LetT=1. Then|® d0ITs(7)| and odr > Accept,(p)/Stop if p > 0 and |@d0ITd(0)|if p <0 — - 6/0

2. Lett>1. Then
i. Let p < xx. Then M:3[P|[A] — M:2[P][4]
ii. Letp> xx. Then and odr — 5921Accept . (p)/Stop if p > 0 and fp<0 - = ®
/®

Proof Assume a* < p <b. Let 8 <1or s> 0. From (6.5.45(p31)) we have
Ur — p = max{A\Smax{0,a — p} — (L = B)p — s, —(1 = B)p}--- (1).

(a) Let ABmax{0,a — p} — (1 —B)p > s or —(1 — B)p > 0, hence U, — p > 0 from (1) or equivalently U; > p---(2).
Then, since Vi1 = Uy --- (3) from (6.5.44) with ¢ = 1, from (6.5.46(p3l)) with ¢ = 2 we have Uz = max{K (U1) + U1, BU1}--- (4).

Hence, from Lemma 12.2.3(p80) (¢) and (5.1.21(p.8) ) we have Uz > max{K (p) + p, Bp} = max{A\BT(p) — (1 — B)p — s+ p,Bp} =
max{\8T(p) + Bp — s,Bp}. Then, from Lemma 12.2.1(p.77) (h) we have Uz > max{Afmax{0,a — p} + Bp — s,Bp} = Ui
due to (6.5.45). Suppose U;—1 > Ui_2, hence Vi1 > max{p,U;—2} = Vi_o from (6.5.44). Hence, from (6.5.46(p31)) and
Lemma 12.2.3(p80) (¢) we have U; > max{K (Vi—2) + Vi—2, 8Vi—2} = Us—1. Accordingly, by induction U; > U;_; for t > 1, i.e.,
U; is nondecreasing in ¢t > 0. Hence, from (2) we have U, > p for t > 0. Therefore, for almost the same reason as in the proof
of Lemma 20.1.1(a) it follows that M:3[P][4] is reduced to M:2[P][4].

(b) Let ABmax{0,a —p} — (1 —B)p < sand —(1 —B)p < 0---(5). Then Uy — p <0 from (1), i.e., U1 < p---(6).

(bl) Let 7 =1. Then (6) implies that “ Accept the intervening quitting penalty p at ¢ = 1 and stop the process” is optimal,
i.e., [Accepti(p)\ Stop].

(b2) Let 7 > 1. Due to (6) we have Vi = p from (6.5.44) with ¢ = 1, hence Uz = max{K (p) + p, Bp} - - - (7) from (6.5.46)
with ¢ = 2.

(b2i) Let p < k. Then K (p) > 0 from Lemma 12.2.3(j1), hence from (7) we have Uz > K (p) + p > p. Suppose Us_1 > p,
hence V;_1 = U;—; from (6.5.44). Then, from Lemma 12.2.3(e) we have U; > max{K (p) + p, Bp} > K (p) + p > p. Accordingly,
by induction we have U; > p for ¢t > 1. Thus the assertion holds for the same reason as in the proof of Lemma 20.1.1(a).

(b2ii) Let p > xx, hence K(p) < 0 from Lemma 12.2.3(p0)(j1). Then, from (7) we have Us < max{p, Bp}---(8). If
B < 1, then p > 0 from (5), hence Uy < max{p,p} = p and if § = 1, then Uy < max{p,p} = p. Accordingly, whether
B <1lor B =1, wehave Uz < p for ¢t > 0. Suppose U;—1 < p, hence Vi—1 = p from (6.5.44). Then, from (6.5.46) we have
U = max{K (p) + p, Bp} = Ua < p. Accordingly, by induction we have U; < p for t > 1. Hence, from (6) we have U; < p for
t > 0. Thus, for the same reason as in the proof of Tom 20.1.1(b) it follows that the assertion holds. 1
20.1.5 M:3[P][A]
20.1.5.1 Caseof p>b*ora>p
O Tom 20.1.6 («/{M:3[P][A]}) Assume p >b* ora > p. Let p>b* ora > p.
(a) Let p> Tz or p>0. Then M:3[P|[A] — M:2[P][A].
(b) Letp< Zz and p <0. Then M and odr — Accept_(p)/Stop — - B
Proof Immediate from applying Sp_,5 in Theorem 20.1.3 to Tom 20.1.3. 1§
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20.1.5.2 Case of b* > p > a
O Tom 20.1.7 (&/{M:3[P][A]}) Assumeb* > p>b. Let 3 =1 and s =0. Then M:3[P|[A] — M:2[P][A]. O

Proof Immediate from applying Sp_, 5 in Theorem 20.1.3 to Tom 20.1.4. 1
O Tom 20.1.8 («/{M:3[P][A]}) Assumeb* >p>a. Let 3 <1 ors>0.
(a) Let —A\Bmin{0,p—b} + (1 —B)p >0 or (1 —B)p > 0. Then M:3[P][A] - M:2[P][A].
(b) Let —=ABmin{0,p—b} + (1= B)p <s and (1—B)p <0.
1. Lett=1. Thenm and odr — Accept,(p)/Stop if p > 0 and ifp<0 - /0

2. LetT>1.
i. Let p> Tz. Then M:3[P][A] — M:2[P][A].

ii. Letp< Tz, Thenm and odr — Accept_(p)/Stop if p <0 (md ifp>0 —G/@

Proof Immediate from applying Sp_,3 in Theorem 20.1.3 to Tom 20.1.5. 1

20.2 Search-Enforced-Model 3: 9{M:3[E]} = {M:3[R][E], M:3[R][E], M:3[P][E], M:3[P|[E]}
20.2.1 Preliminary
As the ones corresponding to Theorems 18.2.1(p122), 18.2.2, 18.2.3, and 18.2.4, the following four theorems can be considered:

Theorem 20.2.1 (symmetry[R — R]) Let o/ {M:3[R][E]} holds on & x .Z. Then «/{M:3[R][E]} holds on P x .F where

A {MBR|[E]} = Sp_ [ {M3[R][E]}]. O (20.2.1)

Theorem 20.2.2 (analogy[R — P]) Let &/ {M:3[R][E]} holds on & x F. Then «/{M:3[P|[E|} holds on &P x .F where

A {M:3[P|[E]} = Ap_p[{M:3[R][E]}]. O (20.2.2)

Theorem 20.2.3 (symmetry[P — P|))  Let o/ {M:3[P][E]} holds on & x .F. Then o {M:3[P|[E]} holds on P x F where

A {M:3[P[E]} = Sp_z[ {M:3[P[E]}]. O (20.2.3)

Theorem 20.2.4 (analogy(R — P]))  Let </ {M:3[P|[E]} holds on & x .Z. Then </ {M:3[P][E]} holds on & x .F where
o/ {M:3[P[E]} = Ag_plo/ {M:3[R][E]}]. O

In addition, as ones corresponding to (20.1.4)-(20.1.7), let us consider the following four relations:

SOE{M:3[R][E]} = S,_, 3 [SOE{M:3[R][E]}], (20.2.4)
SOE{M:3[P|[E]} = As_p[SOE{M:3[R][E]}], (20.2.5)
SOE{M:3[P|[E]} = H)_)P[SOE{M 3[P][E]}]. (20.2.6)
SOE{M:3[P][E]} = As_,z[SOE{M:3[R][E]}]. (20.2.7)

If (20.2.4)-(20.2.7) are satisfied, then Theorems 20.2.1-20.2.4 can be easily derived for the same reason as in Parts 1 and 2.
Now, from the comparison of (I) and (II) of Table 6.5.6(p31) and from the comparison of (III) and (IV) it can be easily seen that
(20.2.4) and (20.2.6) hold; accordingly, it follows that Theorem 20.1.1 and Theorem 20.1.3 hold. However, from the comparison
of (I) and (III) we see that (20.2.5) does not always hold, hence it follows that Theorem 20.2.2 cannot be used. The following
lemma provides conditions on whether or not each of the three theorems holds.

Lemma 20.2.1

(a) Theorem 20.2.1 always hold.

(b) Theorem 20.2.3 always hold.

(¢) Letp<a* orb<p. Then Theorem 20.2.2 holds.

(d) Leta* < p<b. Then Theorem 20.2.2 does not always hold. [

Proof Almost the same as the proof of Lemma 19.1.1(p.137). 1
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20.2.2 M3[R|E]
O Tom 20.2.1 («/{M:3[R][E]})
(a) Let p< xx. Then M:3[R][E] — M:2[R][E].

(b) Letp> xx. Then|® d0ITs,>o(7)| and odr — Accept_(p)/Stop if p > 0 and and Accept((p)/Terminate if
p<0 — - ®/0

Proof From (6.5.53(p31)) with ¢ = 1 and (6.5.57) we have Uy = K(p) + p---(1) and from (6.5.52) with ¢ = 1 we have

Vi > p = Vo. Then, from (6.5.53) with ¢ = 2 and Lemma 9.2.2(e) we have U = K (Vi) + Vi > K(p) + p = Ui. Suppose
Ui—1 > Ui—g, hence Vi1 > max{p,Ui—2} = Vi—2. Then Uy = K(Vi—1) + Vi—1 > K(Vi—2) + Vi—2 = U¢—1. Thus, by induction
we have Uy > Uz—1 for t > 1, i.e., U; is nondecreasing in ¢t > 0-- - (2).

(a) Let p < zx, hence K (p) > 0 from Corollary 9.2.2(b). Then, from (1) we have U, > p. Hence U; > p for t > 0 due to
(2). Accordingly, for almost the same reason as in the proof of Tom 20.1.1(a) it follows that M:3[R][E] — M:2[R][E].

(b) Let p> zx, hence K (p) <0---(3) from Corollary 9.2.2(a). Then, from (1) we have U; < p. Suppose U;_1 < p. Then

Vi_1 = p from (6.5.52), hence U; = K (p) + p < p due to (3). Accordingly, by induction U; < p for t > 0. Hence, since V; = p
for t > 0 from (6.5.52(p31)), we have It = 37 'p for t > 0. Therefore, if p > 0, the largest of I* on 7 > ¢ > 0 is given by t = 7

(i.e., & = 7) or equivalently [® d0ITs,>o(7)], hence we have Accept, (p)/Stop and if p < 0, then the largest of It on 7 > ¢ > 0

is given by t = 0 (i.e., t; = 0) or equivalently | ® d0ITd.>o(0) |, hence we have Accepty(p)/Terminate. I

20.2.3 M:3[R][E]

O Tom 20.2.2 («/{M:3[R][E]}) For any 8 <1 and s > 0 we have:

(a) Let p< Tz. Then M:3[R][E] — M:2[R][E].

(b) Letp< ®z. Then|® d0ITs,>o(7)| and odr — Accept_(p)/Stop if p > 0 and ifp<0 — - ®/0

Proof Immediate from applying Sp_, in Theorem 20.2.1 to Tom 20.2.1. 1§

20.2.4 M:3[P|[E]

20.2.4.1 Caseofp<a*orb<p

O Tom 20.2.3 (Z{M:3[P|[E]}) Assumep <a* orb<p.
(a) Let p< xx. Then M:3[P][E] — M:2[P][E].

(b) Letp> xx. Then M and odr — Accept, (p)/Stop if p > 0 and ifp<0 - /0

Proof Due to Lemma 20.1.1(a) and Lemma c(p21l), immediately obtained by applying Ag_,p in Theorem 20.2.2 to Tom 20.2.1. 1

20.2.4.2 Caseofa* <p<b

O Tom 20.2.4 (&/{M:3[P][E]}) Assume a* < p<bandlet =1 ands=0. Then M:3[P][E] — M:2[P|[E]. [
Proof Suppose a* < p < b and let 3 =1 and s = 0. Then we can not use Theorem 20.2.2 due to

Lemma 20.2.1(d). From (5.1.21(p18)) we have K (z) = AT(z) > 0--- (1) for any z due to

Lemma 12.2.1(p.77) (g). Now, from (6.5.59(p31) ) we have Uy = Amax{0,a—p}+p > p due to max{0,a—p} > 0. Suppose Uy_1 > p.
Then, since Vi—1 = U1 from (6.5.58(p31) ), we have Uy = K (Us—1) + Us—1 > Uz—1 due to (1), hence Uy > p. Accordingly, by
induction Uy > p for ¢ > 0. Thus, for almost the same as in the proof of Tom 20.1.1(a) it follows that M:3[P][E] is reduced to
M:2[P][E]. I

O Tom 20.2.5 (Z/{M:3[P][E]}) Assumea* <p<bandletf <1 ors>D0.
(a) Let ABmax{0,a — p} — (1 —B)p > s. Then M:3[P|[E] - M:2[P][E].
(b) Let ABmax{0,a — p} — (1 = B)p < s.

1. Let 7=1. Then|® d0ITs{(7) | and odr — Accept,(p)/Stop if p > 0 and ifp<0 - /0

2. LetT>1. Then
i. Let p < zx. Then M:3[P|[E] - M:2[P][E].

ii. Let p> k. Then|® d0ITs,>o(7)| and odr — Accept_(p)/Stop if p > 0 and ifp<0 — /@

Proof Suppose a* < p <b. Let 8 <1 or s > 0. From (6.5.59(p31) ) we have
Ur—p=Amax{0,a — p} — (1 = B)p—s---(1).

(a) Let ABmax{0,a — p} — (1 — B)p > s, hence Uy > p---(2) from (1). Then, since Vi = U;---(3) from (6.5.58)
with ¢ = 1, we have Us = K (Uy) + Uy ---(4) from (6.5.60p31)) with ¢ = 2. Hence, from (2), Lemma 12.2.3p8)) (¢), and

(5.1.21(p18)) we have Uz > K(p) +p = ABT(p) — (1 — B)p— s+ p = ABT(p) + Bp — s. Then, from Lemma 12.2.1(p.77) (h) we
have Uz > ABmax{0,a — p} + Bp — s = U1 due to (6.5.59). Suppose Uz—1 > Us—2, hence Vi1 > max{p,Ui—2} = Vi_o from
(6.5.58(p31) ). Then, from Lemma 12.2.3(p80) (e) we have U, > K (Vi_2) + Vi—2 = U;—1. Accordingly, by induction Uy > U;—; for
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t > 1, i.e., U; is nondecreasing in ¢ > 0. Hence, from (2) we have Uy > p for t > 0. Therefore, for the same as in the proof of
Tom 20.1.1(a) it follows that M:3[P][E] is reduced to M:2[P][E].

(b) Let ABmax{0,a —p} — (1 —B)p < s---(5). Then Uy — p <0 from (1), ie., Uy < p---(6).

(bl) Let 7 =1. (6) implies that “Accept the intervening quitting penalty p at the starting time ¢ = 1 and the process
stops” is optimal, i.e., Accept, (p)/Stop.

(b2) Let 7 > 1. Now, due to (6) we have Vi = p from (6.5.58) with t = 1, thus Us = K (p) 4 p- - - (7) from (6.5.60) with
t=2.

(b2i) Let p < xx, hence K (p) > 0 from Lemma 12.2.3(p80) (j1). Then, from (7) we have Uz > p. Suppose Us_1 > p, hence
Vi1 = Us—1 from (6.5.58). Then, from Lemma 12.2.3(e) we have Uy = K (Ui—1) + Ui—1 > K(p) + p > p. Hence, by induction
U; > p for t > 1. Therefore, we have that “Reject the intervening quitting penalty p for any ¢ > 1” is optimal. Thus, for
almost the same as in the proof of Lemma 20.1.1(a) we have M:3[P][E] is reduced to M:2[P][E].

(b2ii) Let p > 2x. Then K(p) < 0---(8) from Lemma 12.2.3(p80) (j1). Hence Uz < p from (7). Suppose U;_1 < p, hence
Vi_1 = p from (6.5.58). Then, from (6.5.60) we have U; = K (p) 4+ p < p---(9) due to (8). Thus, by induction U; < p for t > 1.

From this and (6) we have U; < p for t > 0. Accordingly, for the same reason as in the proof of Tom 20.1.1(b) we have that the
assertion holds. 1

20.2.5 M:3[P|[E]
20.2.5.1 Caseof p>b*ora>p
O Tom 20.2.6 («/{M:3[P][E]}) Assume p>b* ora>p andlet 8 <1 and s> 0.

(a) Let p> xz. Then M:3[P][E] — M:2[P][E].
(b) Letp< %z. Then and odr — Accept_(p)/Stop if p > 0 and ifp<o0 - /0

Proof Immediate from applying Sp_,3 in Theorem 20.2.3 to Tom 20.2.3. 1

20.2.5.2 Caseof b* >p >a

O Tom 20.2.7 («/{M:3[P][E]}) Assume b* > p>b and let =1 and s = 0. Then M:3[P][E] — M:2[P][E]. 0
Proof Immediate from applying Sp_,3 in Theorem 20.2.3 to Tom 20.2.4. 1

O Tom 20.2.8 (&/{M:3[P|[E]}) Assumeb* > p>a and let <1 ors > 0.
(a) Let —A\Bmin{0,p — b} + (1 — B)p > 5. Then M:3[P][E] - M:2[P][E].
(b) Let =ABmin{0,p —b} + (1 - B)p < s.
1. Lett=1. Then m and odr — Accept,(p)/Stop if p > 0 and ifp<0 - /0

2. Lett>1. Then ~ _
i. Let p> Tgz. Then M:3[P][E] - M:2[P|[E]

il. Let p< %z, Thenm and odr — Accept_(p)/Stop if p > 0 and ifp<0 — /@

Proof Immediate from applying Sp_ 3 in Theorem 20.2.3 to Tom 20.2.5. 1

20.3 Conclusion 7  (The whole Model 3)

For S-model and B-model, for R-model and P-model, and for s-A-model and s-E-model:
Cl we have Model 3 - Model 2 where
o/ {M:3[R][A]} - &{rM:2[R][A]} (see Tom 20.1.1(p.212) (a)),
o {M:3[R][A]} - & {rM:2[R][A]} (see Tom 20.1.2(p213) (a)),
A {M:3[P][A]} - o {rM:2[R][A]} (see Tom 20.1.3(p213) (a)), 20.1.4, 20.1.5(a,b2i),
o {M:3[P|[A]} — & {rM:2[R][A]} (see Tom 20.1.6(p213) (a)),20.1.7,20.1.8(a,b2i),

)

)

)

)

~ o~ —~

o {M:3[R][E]} - &/ {rM:2[R][E]} (see Tom 20.2.1(p215) (a)),
A {M:3[R][E]} — o {rM:2[R][E]} (see Tom 20.2.2(p215) (a)),
o/ {M:3[P][E]} — «/{rM:2[R](E]} (see Tom 20.2.3(p.215) (a)),20.2.4, 20.2.5(a,b2i),

o/ {M:3[P][E]} - «{rM:2[R][E]} (see Tom 20.2.6(p216) (a)), 20.2.7, 20.2.8(a,b2i).

The above results implies that all discussions of Model 3 is reduced to those of Model 2 in Chapter 19(p.137), in other words, becomes
unnecessary as well redundant.

A~ o~~~

a

PR om0 TP

—

C2 We have optdr — Accept,.(p)/Stop where

o/ {M:3[R][A]} (see Tom 20.1.1(p212) (b)),

o {M:3[R][A]} (see Tom 20.1.2(p212) (b)),

o/ {M:3[P][A]} (see Tom 20.1.3(p213) (b),20.1.5(b1,b2ii),

o7 {M:3[P][A]} (see Tom 20.1.6(p.213) (b),20.1.8(b1.b2ii),

o/ {M:3[R][E]} (see Tom 20.2.1(p215) (b)),

{M:3[R][E]} (see Tom 20.2.2(p215) (b)),

o/ {M:3[P][E]} (see Tom 20.2.3(p215) (b),20.2.5(b1,b2ii),

o {M:3[P][E]} (see Tom 20.2.6(p.216) (b),20.2.8(b1,b2ii).

The above results implies that it is optimal to stop the trading process in Model 3 by accepting the intervening quitting penalty p
at the starting time 7.

PR ose 0 TP

—-
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Chapter 21

The Whole Conclusion of No-Recall-Model

This chapter summarizes all conclusions for the whole no-recall-model (see Conclusions 18.1(p.119) —20.3(p.216) ).

21.1 Conclusion 8

C1

Reduction

a. We have Model 3 — Model 2 (see C1 (p216)).
b. We have optdr — Accept, (p)/Stop (see C2 (pif)).

Cla implies that discussions for Model 3 become unnecessary as well as redundant; in other words, it does not become necessary
to discuss any more for Model 3; accordingly, below we make discussions only for Model 1 and Model 2.

C2

C3

Integration theory

Here let us recall Motive 2(p4) of this study “Can the theory integrating quadruple-asset-trading-problems exist 7”7, and
the motivation was put an end with successfully constructing it. The whole flow of its construction is summarized as
below (see Figure 15.1.1(p97)). First, the assertion system «7{M:1[R][A]} (selling-model) selected as a seed is directly proven
(see Chapter 10(p47)), next «{M:1[R][A]} (buying-model) is derived so as to become symmetrical to < {M:1[R][A]} (see
Chapter 11(p55) ), then o7{M:1[P][A]} (P-mech-model) is derived so as to become analogous to &/{M:1[R][A]} (R-mech-model)
(see Chapter 12(p.73) ), and finally .7 {M:1[P][A]} is derived so as to become symmetrical to </ {M:1[P][A]} (see Chapter 13(p83) ).
Herein note the following two epilegomenas concerning symmetry and analogy.

a. Symmetry
The introduction of the concept of symmetry between a selling model and a buying model was first touched off by a vague
inspiration from yin-yang principle, the ancient Chinese philosophy! Before long, this rather superstitious concept was
mathematically reified by the introduction of the reflection operation R (see Step 11.5 (p6l) ). Through trial-and-errors, this
operation led us to the correspondence replacement operation Cr (see Step 11.5 (p6l) ) and the identity replacement operation
Zr (see Step 11.5(p62)). Finally, the above three operations were compiled into a single operation Sy .z = ZrCrR (see
(11.5.32(p63) )), called the symmetry transformation operation, leading to Theorem 11.5.1(p66) (symmetry theorem) which
combines the selling problem and the buying problem. The above is only for P-mech-model. The same as the above
discussion holds also for P-mech-model (see Chapter 13(p83)), yielding the symmetry transformation operation Sp_p (see
(13.5.3(p87))).

b. Analogy
In the beginning of this study, we had not any anticipation at all for the existence of the analogous relation between
R-mech-model and P-mech-model. However, in the process of proceeding with analyses of both models, we noticed the
existence of some similarities between the two procedures of treating both models, then were led, as if in the jigsaw
puzzle, to an analogous relationship between Lemmas 9.1.1(p4l) and 12.2.1(p.77), and lastly obtained Theorem 12.3.1(p81)
(analogy theorem) which combines the above two models.

Inheritance and Collapse

Let us note here the fact that the integration theory can be constructed under the basic premise that the price, whether
reservation price or posted price, is defined on the total market .7 = (—o0,0) (see Section 16.3(p99)). Now, we showed
that under this premise the assertion system </{M:1[R][A]} (buying model) is derived so as to become symmetrical to
/{M:1[R][A]} (selling model), and then the assertion system </{M:1[P|[A]} (P-mechanism) is derived so as to become
analogous to &/ {M:1[R][A]} (R-mechanism). Accordingly, without this basic premise, it follows that the integration theory
might not be successfully constructed. Now, since the premise allows the negative price, the theory seems to be unrealistic and
imaginary since trading on the normal market in the real world is usually made on the positive market .Z* (see (16.3.1(p9))).

TThe yin-yang principle is a philosophical mindset not a procedural technique; it provides conceptual guidance for harmonizing opposites

as appropriate and useful, but is not a rule that all opposites must be harmonized. Design and evaluation are not intrinsic opposites, but
are typically treated as separate and sequential (bluemarbleeval.org/principles/operating-principles/yin-yang-principle)
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C4

G5

C6

c7

To resolve the unnaturalness, in this paper we employ the methodology of restricting results obtained on the total market
Z to the positive market .#*. Then, since the market restriction compels a change in the inner structure of the above basic
premise, it can be naturally foreseen that the symmetrical relation and the analogous relation, which are both obtained on
the total market %, might collapse by the application of the market restriction.

a. Symmetry

1. In whether Model 1 or Model 2 and in whether s-A-model or s-E-model, on .Z ", if 5 =1 and s = 0, the symmetry is
inherited (A~ ), or else (8 < 1 or s > 0) collapses ( Av ) (see C2cla(p13) and C2a(p208)).

2. It is proven that the assertion systems of M (S-model) and M (B-model) are symmetrical for both R-model and
P-model, i.e., SOE{M} ~s SOE{M}

b. Analogy

1. In whether Model 1 or Model 2 and in whether s-A-model or s-E-model, on .% ", if 3 = 1 and s = 0, the analogy
collapses (ki) (see C2c2(p.136) and C3a(p244)).

2. It is proven that the assertion systems of M[R] (R-model) and M[P] (P-model) are not always analogous SOE{M[R]} tki SOE{M[P]}

and that the SOE’s of M[R] (R-model) and M[P] (P-model) are not always analogous, i.e., SOE{M[R]} tki SOE{M[P]}.

Diagonal Symmetry

In both R-mech-model and P-mech-model the symmetry is inherited between the selling-problem on the negative market
F* (Z7) and the buying problem on the positive market .#~ (Z %) (see Figure 17.1.5(p.114) and Figure 17.3.1(p.117) ).

Null-time-zone and deadline-falling

Suppose that the existence of a decision-making problem has been recognized (see Al(p9)) and then that all preparations for
the exertion of the decision-making have been completed. Then, normally a decision-maker will immediately try to initiate
an effort toward the solution of the problem. In this case, it is usual that one has no void space into which the feeling
of postponing its initiation might become better penetrates and that and he unconsciously understand without hesitating
that the immediate initiation is quite a natural behaviour (see A2bi(p9)). However, in this rather cursory way of thinking,
the possibility is not taken into account at all that it may become better to postpone the initiation of process. Now, in
Section 7.2.4.6(p.36) we already stated that the introduction of the concept of the OIT inevitably leads us to the existence of
the null-time-zone on which any decision-making activity is made quite meaningless. Now, in the usual theory of a decision-
making in which the concept of 0IT has not been being taken into account at all. This fact implies that this meaningless
decision-making activity is unconsciously and understandably taken into consideration. This conventional theory of decision-
making includes a fatal defect. In Section A 5(p291) we will discuss this serious problem from a viewpoint of Markovina decision
process which can be regarded as the most basic and general model of decision processes. Now, we pointed out that there
exist three possibilities of the optimal initiating time ¢%, symbolized as (), *, and @ (see Section 7.2.4.4(p3)). Here it
should be noted that the existence of (5 and @ inevitably leads us to the existence of the null-time-zone (Section 7.2.4.6(p.36) )
and that it leads us, as its inevitable consequence, to the existence of the deadline-falling (see Figures 7.2.3(p36) and 7.2.4).
This should be said to be one of the most striking findings in this paper, and this fact prompts us to the overall re-
examination of the whole theory of decision processes that have been investigated so far without knowing the existence of
the deadline-falling (see Section A 5(p.1)).

Occurrence of (5, ¥, and @

a. Let 8 =1 and s = 0. Then, from Tables 18.1.1(p12) and 18.2.1(p.13) we see that only &), and €. What is amazing is
here that @ appears even in the simplest case of “f =1 and s = 0”.

b. Let 8 < 1or s> 0. Then, from Tables 19.1.2(p17) and 19.2.4(p.207) we see that (¥) and @) are possible for both s-A-model
and s-E-model; however, (), and @, (both are strong assertion) are possible only for s-E-model.

c. Summing up Tables 19.1.3(p.17) and 19.2.5(p.208) yields Tables 21.1.1(p.218) below.

Table 21.1.1: Percents (frequencies) of Respective 0IT’s

ratio (total) ® ® ®

100% (596) | 46% (274) | 17% (102) | 35% (209)

In other words, we have 5), (¥, and @ at 46%, 17%, and 35% respectively.

Posterior-skip-of-search (pSkip)

The posterior-skip-of-search (see Remark 7.2.1(p34)) is possible only for o7 {M:2[R][A]"} and «/{M:2[P][A]"} (selling model)
with 8 < 1 or s > 0 (see C4(p.17)). It is usual to consider that once conducting the search is optimal, it will become
also optimal to continue conducting the search after that. However, we demonstrated that there exists a case that this
expectation does not always hold; in other words, it is possible, although being very rare, that it can become optimal to
skip the search after having conducted the search for a while.
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Chapter 22

Definitions of Models

22.1 Introduction

In the recall-model with R-mechanism it suffices to memorize only the best of prices which have been rejected so far. Against
this, in the recall-model with P-mechanism it is hard to define the best price itself. For this reason, in this part we exclude the
application of the integration theory to the latter model, which is left as a subject to be tackled in the future. For convenience
of reference, below let us copy Table 3.3.2(p.12) where represents the model excluded.

Table 22.1.1: Twelve recall-models

ASP[R] ABP[R] —ASP{P}— —#BPIP—
Q{rM:1[A]} = { rM:1[R][A], rl\:/lrl[R][AL +MHPHAL W*HH%H
Q{rM:1[E]} = { rM:1[R][E], rM:1[R][E], T™M-HPHEL TM-HPHEH
Q{rM:2[A]} = { rM:2[R][A], rM:2[R][A], +M:2[B}A} +M-2[RHA}}
Q{rM:2[E]} = { rM:2[R][E], rM:2[R][E], TN:2{PHEL TN:2{PHEH}
Q{rM:3[A]} = { rM:3[R][A], rM:3[R][A], +M-:3[PHAL +M-3[PHA}}
Q{rM:3[E]} = { rM:3[R][E], rM:3[R][E], TM:=3{PHEL TM-3{PHEF}

22.2 Three Models

Below, we provide the strict definitions of recall-models treated in this part.

22.2.1 Model 1

22.2.1.1 Search-Enforced-Model 1: Q{rM:1[E]} = {rM:1[R][E], rM:1[R][E], +M-HEHE}, »M-HEHED

22.2.1.1.1 rM:1[R][E]

This is the most basic model of the selling model with recall, which is the same as M:1[R][E] (see Section 4.1.1.1(p13)) except
that the price to be accepted is the best of prices rejected so far by buyers.

22.2.1.1.2 rM:1[R][E]

This is the most basic model of the buying model with recall, which is the same as M:1[R][E] (see Section 4.1.1.2(p.1)) except
that the price to be accepted is the best of prices rejected so far by sellers.

22.2.1.2 Search-Allowed-Model 1: Q{rM:1[A]} = {rM:1[R][A], rM:1[R][A], +M-HPHA}, rM-HPHAD
This is the same as the model in Section 22.2.1.1 except that the search is allowed.

22.2.2 Model 2
This is the model defined by adding the terminal quitting penalty p to Model 1 in Section 22.2.1.

22.2.3 Model 3
This is the model defined by adding the intervening quitting penalty p to Model 2 in Section 22.2.2.
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22.3 Systems of Optimality Equations

22.3.1 Model 1
22.3.1.1 Search-Enforced-Model 1
22.3.1.1.1 rM:1[R][E]

This is the most basic model with recall [43,Sak1961]wo0s), which is defined as below. By wv:(y) (¢ > 0) and V; (¢t > 0) let
us denote the maximum total expected present discounted profit from initiating the process at time ¢ with the highest buying
price y (best price) and with no highest buying price y respectively, expressed as

vo(y) = v, (22.3.1)
ve(y) = max{y, Vi(y)}, ¢>0, (22.3.2)
Vi=BE[vi-1(&)]—s, t>0, (22.3.3)

where V;(y) is the maximum total expected present discounted profit from rejecting the highest buying price y, expressed as

Vi(y) = BE[vi—1(max{&,y})] —s, t>0. (22.3.4)
The system of optimality equations of this model is given by
SOE{rM:1[R][E]R} = {(22.3.1) — (22.3.4)}. (22.3.5)
For convenience, let us define
Vo(y) = v. (22.3.6)

Then (22.3.2) holds also for ¢ > 0 instead of ¢ > 0, i.e.,
ve(y) = max{y, Vi(y)}, t>0. (22.3.7)

From (22.3.3) and (22.3.4) with ¢ = 1 we have respectively

Vi = BE[¢]—s=ppn—s, (22.3.8)
Vi(y) = BE[max{§ y}] —s (22.3.9)
= K(y)+y (from (5.1.10(p17) with A = 1) (22.3.10)

= L(y)+By (from (5.1.9p17)). (22.3.11)

From the comparison of the two terms within { } in the right-hand side of (22.3.2) we see that the decision “whether or not to
accept the highest buying price y” can be prescribed as follows:

>V = Accept and the process stops I.
{y > Vi(y) Pt (y) p p (22.3.12)

y<Vi(y) = Reject,(y) and the search is conducted.

22.3.1.1.2  rM:1[R][E]

By v¢(y) (t > 0) and V; (¢ > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y (best price) and with no lowest selling price y respectively, expressed as

vo(y) =, (22.3.13)
v(y) = min{y, Vi(y)}, t>0, (22.3.14)
Vi=BEwi—1(€)] +s, t>0, (22.3.15)

where V;(y) is the minimum total expected present discounted cost from rejecting the lowest selling price y, expressed as
Vi(y) = BE[vi—1(min{&,y})]+s, t>0. (22.3.16)
The system of optimality equations of this model is given by
SOE{rM:1[R][E]} = {(22.3.13) — (22.3.16)}. (22.3.17)

For convenience, let us define Voly) = u. (22.3.18)

Then (22.3.14) holds also for ¢ > 0 instead of ¢t > 0, i.e.,
ve(y) = min{y, Vi(y)}, t=>0. (22.3.19)

From the comparison of the two terms within { } in the right-hand side of (22.3.14) we see that the decision “whether or not
to accept the lowest selling price y” can be prescribed as follows:

<V = Accept and the process stops .
{y < Vi(y) Pt (v) p p (22.3.20)

y>Vi(y) = Reject,(y) and the search is conducted.
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22.3.1.2 Search-Allowed-Model 1
22.3.1.2.1 rM:1[R][A]

By v:(y) (t > 0) and V4 (¢t > 0) let us denote the maximum total expected present discounted profit from initiating the process
at time ¢ with the highest buying price y and with no highest buying price y respectively, expressed as

vo(y) = v, (22.3.21)
ve(y) = max{y, Vi(y)}, ¢>0, (22.3.22)
Vi = max{B E[vi—1(§)] — 5, 8Vic1} >0, (22.3.23)

where V;(y) is the maximum total expected present discounted profit from rejecting the highest buying price y, expressed as
Vily) = max{8E[vi—1(max{&y})] — s, foi_s(y)}, ¢ > 0. (22.3.24)
The system of optimality equations of this model is given by
SOE{rM:1[R][A]R} = {(22.3.21) — (22.3.24)}. (22.3.25)

For convenience, let us define
Vo(y) = y. (22.3.26)

Then (22.3.22) holds also for ¢t > 0 instead of t > 0, i.e.,
ve(y) = max{y, Vi(y)}, t>0. (22.3.27)

From (22.3.23) and (22.3.24) with ¢ = 1 we have respectively

Vi = BE[¢]—s=Bu-—s, (22.3.28)
Vi(y) = max{8 E[max{&,y}] — s, By} (22.3.29)
= max{K(y) +v,8y} (from (5.1.10(p17)) with A\ = 1) (22.3.30)
= max{L (y) + By, By} (from (5.1.9(p.17))). (22.3.31)
= max{L (y),0} + By. (22.3.32)
Let us here define St = B(E[ve_1(€)] — Vi) —s, t>0. (22.3.33)
Then, (22.3.23) can be rewritten as
Vi = max{S:,0} + BVi—1, t>0, (22.3.34)
implying that
St > (<) 0 = Conduct; (Skip,). (22.3.35)
Furthermore, let us define
Si(y) = B(E[vi—1(max{&,y})] —vi—1(y)) —s, t>0. (22.3.36)
Then (22.3.24) can be rewritten as
Vi(y) = max{S(y),0} + Bvi-1(y), >0, (22.3.37)
implying that
St(y) > (<) 0 = CONDUCT; (SKIP:). (22.3.38)

From the comparison of the two terms within { } in the right-hand side of (22.3.22) we see that the decision “whether or not
to accept the highest buying price y” can be prescribed as follows:

>V = Accept and the process stops |.
{y > Vi(y) Pt (y) p p (22.3.39)

y<Vi(y) = Reject,(y) and CONDUCT,/SKIP;.

22.3.1.2.2  rM:1[R][A]

By v¢(y) (t > 0) and V; (¢ > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y and with no lowest selling price y respectively, expressed as

vo(y) = v, (22.3.40)
ve(y) = min{y, Vi(y)}, t>0, (22.3.41)
Vi = min{BE[vi—1(§)] + s, 8Vi—1} t >0, (22.3.42)
where V;(y) is the minimum total expected present discounted cost from rejecting the lowest selling price y, expressed as
Viy) = min{BE[ve_1(min{€, y})] + s, Bui1(y)}, >0, (22.3.43)
tThe symbol “/” means “or”, i.e., “CONDUCT; or SKIP;”.
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The system of optimality equations of this model is given by

SOE{rM:1[R][A]R} = {(22.3.40) — (22.3.43)}. (22.3.44)
For convenience, let us define
v Voly) = . (22.3.45)
Then (22.3.41) holds also for ¢t > 0 instead of ¢ > 0, i.e.,
ve(y) = min{y, Vi (y)}, t>0. (22.3.46)
Let us define -
St = B(E[vi—1(&)] = Vic1) +s, t>0. (22.3.47)
Then, (22.3.42) can be rewritten as
Vi = min{S;,0} + AVi_1, t>0, (22.3.48)
implying that S: < (>) 0 = Conduct; (Skip,). (22.3.49)
Let us define Si(9) = BB (mind€,y)] —vir(y) +5, ¢ >0, (22.3.50)
Then, (22.3.43) can be rewritten as, for any y,
o Vi(y) = min{S:(y), 0} + Bve—1(y), t>0, (22.3.51)
implying that ~
Si(y) < (>) 0 = CONDUCT; (SKIP,). (22.3.52)

From the comparison of the two terms within { } in the right-hand side of (22.3.41) we see that the decision “whether or not
to accept the lowest selling price y” can be prescribed as follows:

<V = Accept and the process stops |.
{y < Vi(y) Pt (y) p p (22.3.53)

y>Vi(y) = Reject,(y) and CONDUCT;/SKIP;.

22.3.2 Mode 2
22.3.2.1 Search-Enforced-Model 2

22.3.2.1.1 rM:2[R][E]

By v:(y) (t > 0) and V4 (¢t > 0) let us denote the maximum total expected present discounted profit from initiating the process
at time ¢ with the highest buying price y and with no highest buying price y respectively, expressed as

vo(y) = max{y, p} (22.3.54)
ve(y) = max{y, Vi(y)}, ¢>0, (22.3.55)
Vo = p, (22.3.56)
Vi=28E[vi—1(€)]+ (1 = AN)BVie1 —s, t>0, (22.3.57)
where V;(y) (t > 0) is the maximum total expected present discounted profit from rejecting the highest buying price y, expressed
as Vily) = AMBE[vi—1(max{&,y})] + (1 — N)Buvi1(y) —s, t>0. (22.3.58)
The system of optimality equations of this model is given by
SOE{rM:2[R][E]R} = {(22.3.54) — (22.3.58)}. (22.3.59)
For convenience, let us define
Vo(y) = p. (22.3.60)
Then (22.3.55) holds also for ¢t > 0 instead of ¢ > 0, i.e.,
ve(y) = max{y, Vi(y)}, t>0. (22.3.61)
From (22.3.57) and (22.3.58) with ¢ = 1 we have respectively
Vi = ABE[max{ p}| +(1-N)Bp—s
= K(p)+p (from (5.1.100p.17))) (22.3.62)
= L(p)+ Bp (from (5.1.90p17))), (22.3.63)
Vi(y) = ABE[max{max{§,y},p}] + (1 — \)Bmax{y, p} — s
= ABE[max{§, max{y, p}}| + (1 — A)fmax{y, p} — s
= K (max{y,p}}) + max{y,p} (from (5.1.10(p17))) (22.3.64)
= L(max{y, p}}) + Bmax{y,p} (from (5.1.9(p.17))). (22.3.65)

From the comparison of the two terms within { } in the right-hand side of (22.3.55) we see that the decision “whether or not
to accept the highest buying price y” can be prescribed as follows:

>V = Accept and the process stops I.
{y > Vi(y) Pt (v) p p (22.3.66)

y <Vi(y) = Reject,(y) and the search is conducted.
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22.3.2.2 rM:2[R][E]
By v:(y) (t > 0) and V4 (¢t > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y and with no lowest selling price y respectively, expressed as

vo(y) = min{y, p} (22.3.67)
ve(y) = min{y, Vi(y)}, t>0, (22.3.68)
Vo =p, (22.3.69)
Vi = AMBE[vi—1(€)] + (1 = N)BVi1 +5, >0, (22.3.70)

where V;(y) is the minimum total expected present discounted cost from rejecting the lowest selling price y, expressed as
Viy) = ABE[vi—1(min{€, y})] + (1 = A)Bvia(y) +s, t>0. (22.3.71)

The system of optimality equations of this model is given by
SOE{rM:2[R][E]R} = {(22.3.67) — (22.3.71)}. (22.3.72)

For convenience, let us define
Vo(y) = p. (22.3.73)

Then (22.3.68) holds also for ¢ > instead of t > 0, i.e.,
ve(y) = min{y, Vi(y)}, t=>0. (22.3.74)

From the comparison of the two terms within { } in the right-hand side of (22.3.68) we see that the decision “whether or not
to accept the lowest selling price y” can be prescribed as follows:

<V = Accept and the process stops .
{y < Vily) Pt (y) p p (22.3.75)

y>Vi(y) = Reject,(y) and the search is conducted.

22.3.2.3 Search-Allowed-Model 2
22.3.2.3.1 rM:2[R][A]

By v:(y) (t > 0) and V4 (¢t > 0) let us denote the maximum total expected present discounted profit from initiating the process
at time ¢ with the highest buying price y and with no highest buying price y respectively, expressed as

vo(y) = max{y, p} (22.3.76)
ve(y) = max{y, Vi(y)}, t>0, (22.3.77)
Vo = p, (22.3.78)
Vi =max{\BE[vi-1(&)] + (1 = N)BVic1 — s, 8Vic1}, t>0, (22.3.79)

where V;(y) (t > 0) is the maximum total expected present discounted profit from rejecting the highest buying price y, expressed
as

Vi(y) = max{ABE[ve—1(max{§, y})] + (1 = A)Bve-1(y) — s, Bue-1(y)}, > 0. (22.3.80)
The system of optimality equations of this model is given by
SOE{rM:2[R][A]} = {(22.3.76) — (22.3.80)}. (22.3.81)

For convenience, let us define
Vo(y) = p. (22.3.82)

Then (22.3.77) holds also for ¢t > 0 instead of ¢ > 0, i.e.,
ve(y) = max{y, Vi(y)}, ¢>0, (22.3.83)

From (22.3.79) and (22.3.80) with ¢ = 1 we have respectively

Vi = max{A8 E[max{£,p}] + (1 - Np - 5, 6} (22.3.84)

= max{K(p) + p,Bp} (see (5.1.10)) (22.3.85)

= max{L(p) + Bp, Bp} (see (5.1.9)) (22.3.86)

= max{L(p),0} + Bp, (22.3.87)

Vi(y) = max{)\8Emax{max{£,y},p}] + (1 — \)Fmax{y, p} — 5, max{y, p}} (22.3.89)
= max{A\S E [max{{, max{y, p}] + (1 — A)f max{y, p} — s, Bmax{y, p}}

= max{K (max{y, p}) + max{y, p}, B max{y,p}} (see (5.1.10)) (22.3.89)

= max{L (max{y, p}) + S max{y, p}, Bmax{y,p}} (see (5.1.9)) (22.3.90)

= max{L (max{y, p}),0} + Smax{y, p}. (22.3.91)
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Now, let us define

St = AB(E[ve—1(€)] — Vic1) —s, t>0. (22.3.92)
Then, (22.3.79) can be rewritten as
Vi = max{S;,0} + Vi_1, t>0, (22.3.93)
implying that
St > (<) 0 = Conduct; (Skip,). (22.3.94)
In addition, let us define
St(y) = AB(E[vi—1(max{§,y})] —ve-1(y)) —s, t>0. (22.3.95)

Then, (22.3.80) can be rewritten as, for any vy,

Vi(y) = max{S¢(y),0} + fve-1(y), t >0, (22.3.96)

implying that
Si(y) > (<) 0 = CONDUCT; (SKIP,). (22.3.97)

From the comparison of the two terms within { } in the right-hand side of (22.3.77) we see that the decision “whether or not
to accept the highest buying price y” can be prescribed as follows:

> Vi = Accept and the process stops |.
{y_ +(y) Pt (y) p p (22.3.98)

y <Vi(y) = Reject,(y) and CONDUCT,/SKIP;.

22.3.2.4 rM:2[R][A]
By v¢(y) (t > 0) and V; (¢ > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y and with no lowest selling price y respectively, expressed as

vo(y) = min{y, p} (22.3.99)
ve(y) = min{y, Va(y)}, t>0, (22.3.100)
Vo = p, (22.3.101)
Vi = min{A\SE[vi—1(&)] + (1 = N)BVie1 + 5,8Vic1}, >0, (22.3.102)

where Vi(y) (¢t > 0) is the minimum total expected present discounted cost from rejecting the lowest selling price y, expressed as
Vi(y) = min{ASE[vi—1(min{&, y})] + (1 — A)Bve-1(y) + s, Bve-1(y)}, ¢ > 0. (22.3.103)

The system of optimality equations of this model is given by
SOE{rM:2[R][A]R} = {(22.3.99) — (22.3.103)}. (22.3.104)

For convenience, let us define
Voly) = p. (22.3.105)

Then (22.3.100) holds also for ¢t > 0 instead of ¢ > 0, i.e.,

ve(y) = min{y, Vi (y)}, t>0. (22.3.106)
Let us define -
St = AB(E[vi-1(8)] — Ve—1) +s, t>0. (22.3.107)
Then, (22.3.102) can be rewritten as
Vi = min{S;,0} + Vi1, t>0, (22.3.108)
implying that
St < (>) 0 = Conduct; (Skip,). (22.3.109)
In addition, let us define
Si(y) = AB(E[ve—1(min{€,y})] —vi-1(y)) +s, > 0. (22.3.110)
Then, (22.3.103) can be rewritten as, for any vy,
Vi(y) = min{S:(y),0} + Bve—1(y), t >0, (22.3.111)
implying that ~
Si(y) < (>) 0 = CONDUCT, (SKIP,). (22.3.112)

From the comparison of the two terms within { } in the right-hand side of (22.3.100) we see that the decision “whether or not
to accept the lowest selling price 3” can be prescribed as follows:

{y <Vi(y) = Accept,(y) and the process stops I. (22.3.113)

y > Vi(y) = Reject,(y) and CONDUCT,/SKIP,.
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22.3.3 Mode:3
22.3.3.1 Search-Enforced-Model 3
22.3.3.1.1 rM:3[R][E]

By v:(y) (¢t > 0) and V4 (¢ > 0)let us denote the maximum total expected present discounted profit from initiating the process
at time ¢ with the highest buying price y and with no highest buying price y respectively, expressed as

vo(y) = max{y, p}, (22.3.114)
ve(y) = max{y, p,Ur(y)}, t>0, (22.3.115)
Vo =p, (22.3.116)
Vi =max{p,Us}, t>0. (22.3.117)

where Uy (y) in (22.3.115) is the maximum total expected present discounted profit from rejecting both y and p, expressed as
Ui(y) = MBE[vi—1(max{&,y})]+ (1 —N)Bvi—1(y) —s, t>0. (22.3.118)

and where U; in (22.3.117) is the maximum total expected present discounted profit from rejecting p, expressed as
Uy = E[vi—1(&)]+ (1 = N)BVici —s, t>0. (22.3.119)

The system of optimality equations of this model is given by

SOE{rM:3[R][E]R} = {(22.3.114) — (22.3.119)}. (22.3.120)
For convenience, let us define
Uoy) =p---(1), Up=p---(2). (22.3.121)
Then (22.3.115) and (22.3.117) hold also for ¢ > 0 instead of ¢ > 0, i.e.,
ve(y) = max{y, p, Ue(y)}--- (1), Vi = max{p,Us}---(2), t>0. (22.3.122)

22.3.3.2 rM:3[R][E]

By v¢(y) (t > 0) and V; (¢ > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y and with no lowest selling price y respectively, expressed as

vo(y) = min{y, p} (22.3.123)
ve(y) = min{y, p,Us(y)}, t>0, (22.3.124)
Vo =p, (22.3.125)
Vi = min{p, Ut }. (22.3.126)

where Uy(y) in (22.3.124) is the minimum total expected present discounted cost from rejecting both y and p, expressed as
Ui(y) = MBE[vi—1(min{&,y}]+ (1 — XN)Bve—1(y) +s, t>0. (22.3.127)

and where Uy in (22.3.126) is the minimum total expected present discounted cost from rejecting p, expressed as
Ui =2BE[vi—1(6)]+ (1 = AN)BVici +5, t>0, (22.3.128)

The system of optimality equations of this model is given by
SOE{rM:3[R][E]R} = {(22.3.123) — (22.3.128)}. (22.3.129)

For convenience, let us define
Us(y) =p---(1), Uo=p---(2). (22.3.130)

Then (22.3.124) and (22.3.126) hold also for ¢ > 0 instead of ¢ > 0, i.e.,
ve(y) = min{y, p, Uc(v)} -+ (1), Vi = min{y,Us}---(2), t>0. (22.3.131)

22.3.3.3 Search-Allowed-Model 3
22.3.3.3.1 rM:3[R][4]

By v:(y) (t > 0) and V4 (¢t > 0) let us denote the maximum total expected present discounted profit from initiating the process
at time ¢ with the highest buying price y and with no highest buying price yrespectively, expressed as

vo(y) = max{y, p} (22.3.132)
vi(y) = max{y, p,Us(y)}, >0, (22.3.133)
Vo = p, (22.3.134)
Vi = max{p,U;}, t>0. (22.3.135)

( )

22.3.136
where Uy (y) in (22.3.133) is the maximum total expected present discounted profit from rejecting both y and p, expressed as
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Ui(y) = max{\SE[vi—1(max{&,y})] + (1 — X)Bvi—1(y) — s, ve—1(y)}, t>0. (22.3.137)

where Uy in (22.3.135) is the maximum total expected present discounted profit from rejecting p, expressed as

Uy = max{\BE[vi—1(&)] + (1 = \)BVic1 — s, 8Vic1}, t>0, (22.3.138)
The system of optimality equations of this model is given by (22.3.139)
SOE{rM:3[R][A]R} = {(22.3.132) — (22.3.138)}. (22.3.140)

For convenience, let us define
Uo(y) =p--- (1), Uo=p---(2). (22.3.141)

Then (22.3.133) holds also for ¢t > 0 instead of ¢ > 0, i.e.,
vi(y) = max{y, p,Ue(y)}--- (1), Vi =max{p,Us}---(2), ¢=0. (22.3.142)

22.3.3.4 rM:3[R][A]
By v¢(y) (t > 0) and V; (¢t > 0) let us denote the minimum total expected present discounted cost from initiating the process
at time ¢ with the lowest selling price y and with no lowest selling price y respectively, expressed as

vo(y) = min{y, p} (22.3.143)
ve(y) = min{y, p, Ui(y)}, ¢>0, (22.3.144)
Vo =p, (22.3.145)
Vi = min{p,U:}, t>0, (22.3.146)

where Uy (y) in (22.3.144) is the minimum total expected present discounted cost from rejecting both y and p, expressed as
Ui(y) = min{A\BE[vi—1(min{§, y})] + (1 — N\)Bve—1(y) + s, Bve—1(y)}, t>0. (22.3.147)
and where Uy in (22.3.146) is the minimum total expected present discounted cost from rejecting p, expressed as
Uy = min{\BE[vi—1(&)] + (1 — N)BVic1 +5,8Vic1}, t>0, (22.3.148)
The system of optimality equations of this model is given by

SOE{rM:3[R][A]R} = {(22.3.143) — (22.3.148)}. (22.3.149)

For convenience, let us define
Uo(y)=p--- (1), Uo=p--(2). (22.3.150)

Then (22.3.144) and (22.3.146) hold also for ¢ > 0 instead of t > 0, i.e.,
vi(y) = min{y, p, Us(y)}--- (1), Vi =min{y, Us}---(2), >0 (22.3.151)

22.3.4 Reservation Value

(a) t-reservation-value (no-recall-model).
Consider the selling model with no recall. Then note (7.2.5(p3)), i.e.,

Ay(w) > (L) 0 & w > (<) V; = Accept, (w) (Reject,(w)) (S-model), (22.3.152)

implying that the reservation value of the model is given by V; which depends on ¢, so let us refer to this as the t-dependent
reservation-value or {-reservation-value for short.
(b) t-reservation-value (recall-model).

Consider the selling model with recall. Here, by A:(y) let us represent the profit from accepting the current highest buying
price y (best price) at a given time ¢ and by R¢(y) the profit from rejecting the current highest buying price y (best price)
at a given time ¢. Then, we have A¢(y) = y and R¢(y) = Vz(y) from (22.3.2(p222) ), and then let us define

AR:(y) = A(y) — Bi(y) =y — Vi(y). (22.3.153)
Here, suppose that there exists a y; such that

MR(y) > (<) 06y > (<) Vily) &y > (<) i < Accept, (y) (Reject,(y)) (see (22.3.1232))), (22.3.154)

implying that the reservation value of the model is given by y; which depends on ¢, so let us also refer to this as
t-reservation-value.

(c) c-reservation-value.
If Vi = constant in ¢ and y; = constant in ¢, then let us refer to each of the two as the constant reservation-value or the
c-reservation-value for short(see Cla(p206) with ' for the former and Pom 23.1.1(p.234) (a) for the latter).
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Chapter 23

Model 1

23.1 Search-Enforced-Model 1
23.1.1  rM:1[R][E]

Below let us define V., 2V, - BV,_1, t>1. (23.1.1)
23.1.1.1 Some Lemmas

Lemma 23.1.1 (rM:1[R][E])

(a) wve(y) and Vi(y) are nondecreasing in y fort > 0.
(b) w:(y) and Vi(y) are nondecreasing in t > 0 and t > 0 respectively for any y.'
(¢) Vi is nondecreasing int > 0. 0

Proof (a) wo(y) is nondecreasing in y from (22.3.1(p222)). Suppose v;—1(y) is nondecreasing in y. Then V;(y) is nondecreasing
in y from (22.3.4(p222) ), hence v¢(y) is nondecreasing in y from (22.3.2(p.222) ). Thus, by induction v¢(y) is nondecreasing in y and
t > 0. Then v;—1(y) is nondecreasing in y for ¢ > 0, hence V;(y) is also nondecreasing in y for ¢ > 0 from (22.3.4). In addition,
Vo(y) is nondecreasing in y from (22.3.6(p22) ), hence it follows that V;(y) is nondecreasing in y for ¢ > 0.

(b) Clearly vi(y) > y = wvo(y) for any y from (22.3.2) with ¢ = 1 and (22.3.1). Suppose v¢—1(y) > vi—2(y) for any
y. Then, from (22.3.4) we have Vi(y) > SE[vi—2(max{&,y})] — s = Vi—1(y) for any y. Hence, from (22.3.2) we have v;(y) >
max{y, Vi—1(y)} = vi—1(y) for any y. Thus, by induction v¢(y) > v¢—1(y) for ¢t > 0 and any vy, i.e., v¢(y) is nondecreasing in ¢ > 0
for any y. Accordingly, since v;—1(y) > vi—2(y) for ¢ > 1 and any y, from (22.3.4) we have Vi(y) > BE[vi—2(y)] — s = Vi—1(y)
for ¢ > 1 and any y, hence V;(y) is nondecreasing in ¢ > 0 for any y.

(¢) We have v;—1(y) is nondecreasing in ¢ > 0 for any y due to (b), hence V; is nondecreasing in ¢ > 0 from (22.3.3). 1

Lemma 23.1.2 (rM:1[R][E])

(a) Let xx <y. Then Vi(y) <y fort>0.
(b) Lety< xx. Theny < Vi(y) < 2k fort>0. 0

Proof ¥ (a) Let zx < y. Then K(y) < 0---(1) from Corollary 9.2.2p4) (a). From (22.3.6(p22)) we clearly have Vo(y) <

y. Suppose Vi—i(y) < y, hence vi—1(y) = y from (22.3.2(p22)). Then, since zx < y < max{€,y} for any & we have
ve—1(max{§, y}) = max{§,y}. Accordingly, from (22.3.4(p222)) we have Vi(y) = SE[max{{,y}] — s = K(y) + y---(2) due to
(5.1.10(p17) ) with A = 1, hence Vi(y) < y due to (1). This completes the induction.

(b) Lety < ok ---(3). Then K(y) > 0---(4) from Corollary 9.2.2(p44) (b). Now, from (22.3.7) we have v;_;(max{§,y}) >
max{&,y} for any ¢ > 0, €, and y, hence from (22.3.4) and (5.1.10) with A = 1 we have V;(y) > Smax{{,y}] —s = K(y) +y for
t > 0, so that Vi(y) > y for ¢t > 0 due to (4) . In addition, since Vo(y) > y from (22.3.6), it follows that Vz(y) > y for ¢ > 0. Now,
since max{¢,y} < max{€, zx } for any £ due to (3), from Lemma 23.1.1(a) we have v;_1 (max{&, y}) < v;_1(max{€, zx })--- (5)
for any € and t > 0. Since zx < max{§, vk} for any &, due to (a) we have V;_i(max{{, zx }) < max{§, x} for any
& and t > 0, hence v;—1(max{§, xx}) = max{€, zx } for any € and ¢ > 0 from (22.3.7(p222)), so that from (5) we have
vi—1(max{€,y}) < max{{, vk} for any & and ¢ > 0. Thus, from (22.3.4) and (5.1.10(p17)) with A = 1 we have Vi(y) <
BE[max{€, 2k} —s=K(rx)+ xx = vk for t > 0. 1

Since Vi (y) is nondecreasing in ¢ > 0 from Lemma 23.1.1(b) and is upper bounded in ¢ from Lemma 23.1.2(a,b), it converges
to a finite V(y) as t — oo, hence so also do v,(y), V4, and V; (see (23.1.1(p229))). Then, defining these limits by v(y), V, and V,
from (22.3.3p22) ), (22.3.2), (22.3.4), and (23.1.1) we have:

It cannot be always guaranteed that Vi(y) > Vo(y). For example, let # < 1 or s > 0 and let y > zx. Then, from (22.3.10(22)) and
(22.3.6(p222) ) we have Vi(y) — Vo(y) = K(y) < 0 due to Lemma 9.2.2(p.43) (j1), i.e., Vi(y) < Vo(y).

*Although (a) and (b) are already proven in [43,Sakaguchi,1961]t000s] , we anew prove herein the two by using properties of the underlying
function K (x) (see (5.1.4(p17))).
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V(y) = BE[v(max{§ y})] s, (
v(y) = max{y,V(y)}, (23.1.3
= BE[(E)] - s, (
= (1-p)W (

Lemma 23.1.3 (rM:1[R][E])

(a)
(b)

Let vx <y. Then V(y) <y.
Lety< zx. Theny < V(y) < zx. 0

Proof Immediate from Lemma 23.1.2. 1

Lemma 23.1.4 (rM:1[R][E]) Let 8 < 1.

(a)

(b
(c
(d

Let y < k. Then V(y) = Tx.

v(y) = max{y, Tx } for any y.

V=1xk.

Let k > (= (<)) 0. ThenV > (=(<)) 0. [

Proof Let B <1---(1).

(a) Lety < Tk ---(2). Now, (23.1.2) can be rewritten as

V(y) = BE[v(max{§,y})I(zx <§)]+ FE[v(max{§,y})I(§ < zx)] —s---(3).

If zx < &, theny < & from (2), hence zx < & = max{&,y}. Thus, from Lemma 23.1.3(a) we have V(max{£,y}) < max{y,&} =
€, so that v(max{¢,y}) = max{y, £} = & due to (23.1.3). Therefore, (3) can rewritten as

V(y) = BE[EI(zx <&)]+ SE[v(max{§yHI(§ < zx)] —s---(4).

In addition, since v(max{£,y}) = max{max{€, y}, V(max{¢,y})} from (23.1.3) for £ and y, we can rewrite (4) as

V(y) = BE[E(rx <§)]+ pE[max{max{{,y}, V(max{§ y})H(§ < zx)] —5.---(5)

To prove (a) it suffices to show the following two:

1.

The function V(y) = zx ---(6) withy < Tk is a solution of the functional equation (5)  To prove this it suffices to show

that, substituting the relation V(y) = xx with y < zx for the r.h.s. of (5) yields Tk, implying that the r.h.s. rustlingly
becomes equal to the V(y) in its Lh.s., i.e, V(y) = xx. Below, let us show this. Let & < xx. Then max{y,&} <
max{ Tk, Tx } = xx ---(7) due to (2), hence V(max{y,£}) = zx ---(8) due to (6), so max{max{y, £}, V(max{y, £})} =

max{max{y, £}, zx } = xx due to (8) and (7). Consequently, we eventually get

rhsof (5) = BE[¢l(zx <€) +BE[zx (€ < zx)] — s

BE[max{§, rx H(zx < &)+ BEmax{§, zx }H(§ < )] — s
= BE[max{§, zx}] —s
= K(zx)+ xx (See (5.1.10(p17))) with A =1

= Tk.

Accordingly, it follows that V(y) = xx with y < xx is a solution of the functional equation (5).

The solution is unique Suppose there exists another solution Z(y) with y < xx where V(y) # Z(y) for at least one
y < 2x. Then, let z(y) = max{y, Z(y)} - - (9) with y < zx (see (23.1.3)). Accordingly, we have (see (4))

Z(y) = BE[EI(zx < &)+ BE[z(max{§ y})I(§ < zx)] —s.--- (10
Hence, from (4) and (10) we have

V(y) — Z(y)|

)l

|BE[(v(max{€,y}) — 2(max{€,y}))I(§ < zx)]
)]+ (11).

BE[[v(max{€,y}) — z(max{€ y}) [1(€ <

TK
TK

IN

Now, in general
[v(y) — 2(y)| = |max{y, V(y)} — max{y, Z(y)}| < max{0, |V (y) — Z(y)[} = [V(y) — Z(y)|

for any y, hence we have

|v(max{€,y}) — z(max{&,y}) | < |V(max{€,y}) — Z(max{&,y}) |--- (12).
for any y and &. Thus, from (11) we have
V() = Z(y)| < BE[|V(max{¢ y}) — Z(max{& y})|I(€ < zx)]-- (13).
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Let v = maxy< z, |V(y) — Z(y)|---(14) where 0 < v---(15), hence |V (y) — Z(y)| < v---(16) for y < zx. If £ < 7k,
then max{¢,y} < max{2x, x } = Tx --- (17), hence |V (max{¢,y}) — Z(max{€,y})| < v due to (16). Accordingly, from
(13) we have

V() = Z(y)| <BEWMI(E < zx)] = BrE(§ < 2x)] = frPr{€ < ax} = frF(zK).

Thus, we have v < fuF(zx)---(18) due to the definition (14). In addition, since SvF(zx ) < Av due to F(zx) < 1, we

have v < Bv from (18) | leading to the contradiction of 1 < 8 due to (15). Accordingly, V(y) = =x with y < Tx must be
the unique solution of (5) .

(b) If zx <y, from Lemma 23.1.3(a) and (23.1.3) we have v(y) = y = max{y, zx }. If y < xk, from Lemma 23.1.3(b) and
(23.1.3) we have v(y) = V(y) < zx and from (a) we have V(y) = =k, hence it follows that v(y) = V(y) = vx = max{y, zx }.
Thus, whether 2x <y or y < Tx, we have v(y) = max{y, T« }.

(¢) Since v(€) = max{&, vk } for any &€ due to (b), from (23.1.4) we have V = SE[max{{, 2k }| — s = K(zx )+ Tx = Tk
(see (5.1.10(p17))).

(d) Let x > (= (<)) 0. Then, since Tx > (= (<)) 0 due to Lemma 9.3.1(p.£5) (b), from (c) we have V' > (= (<)) 0, hence the
assertion becomes true from (23.1.5). 1

Here, let us define .
L(y) = u(y) — Bu1(y), t>0. (23.1.6)

Then, from (23.1.1) and (22.3.3(p.222)) we have

Vi = BE[vi-1(8)] — s — B(BE[vi—2(§)] — 5) (23.1.7)
= BE[vi—1(&) — Bvs—2(&)] — (1 — B)s (23.1.8)
= BE[l:1(§)] - (1-p)s, t>1 (23.1.9)
Furthermore, for any y let us define .
A(y) = f2(y) — G(y). (23.1.10)

Lemma 23.1.5 (rM:1[R][E])

(a) Let xx <y. Then A(y) =0.

(b) Lety < xx. Then A(y) is nondecreasing in y.

(©) A(y) <0 for anyy. D

Proof (a) Let zx < wy. Then Va(y) < y and Vi(y) < y from Lemma 23.1.2(a), hence from (22.3.7(p.222)) we have va(y) =
v1(y) = y. In addition, vo(y) = y from (22.3.1). Thus, since l2(y) = va2(y) — Bvi(y) = (1 — B)y and l1(y) = v1(y) — Bvo(y) =
(1 - B)y, we have A(y) =0---(1).

(b) Lety < xk ---(2). Now, from Lemma 23.1.2(b) and (22.3.2(p.222)) we have

u(y) = Viy) = BEmax{&y}] —s  (« (22.3.9p22))) (23.1.11)
= K@) +y (< (5.1.10)), (23.1.12)
va(y) = Va(y) = BE[vi(max{€,y})] —s (+ (22.3.4(p22)) with t = 2). (23.1.13)

Hence, we have

l(y) = vi(y) — Bvo(y) = v1(y) — By,
la(y) = va(y) — Poi(y) = BE[vi(max{§,y})] — s — Bui(y),
from which we obtain
A(y) = BE[vi(max{§ y})] —s— (1 + B)vi(y) + By
= BE[vi(max{§, y})I(§ < zx )+ vi(max{§ y}I(zx < &)]—s— (1+B)ui(y) + By.

If £ < T, due to (2) we have max{€,y} < max{Zx, Tx } = =x, hence from (23.1.12) we have

vi(max{§, y}) = K (max{§,y}) + max{§, y}.

If 2 <&, then zx <& < max{§,y} for any y, hence from Lemma 23.1.2(&? we have Vi(max{€,y}) < max{&,y}, so that
vi(max{§,y}) = max{&,y

from (22.3.2(p222) ) with ¢ = 1. Accordingly, we have

A(y) = BE[(K (max{¢,y}) + max{§,y})[(§ < zx) + max{§,y} (zx < &) —s— (1+ Bvi(y) + By
BE[K (max{§, y})I(§ < zx)+ max{§,y}([(§ < zx )+ I(zx <§))] —s— (1+B)vi(y) + By
= BE[K (max{§,y})I(§ < vx)+max{§,y}] — s — (1+ B)ui(y) + By

= BE[K (max{§,y})I(§ < vx )|+ BE[max{§ y}| —s — (1 + B)vi(y) + By.
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Using (23.1.11), we can rewrite the above as

A(y)

SE[K (max{&yNI(§ < zx)] +v1(y) — (1 + B)oi(y) + By
= BE[K (max{&yHI(§ < zx)] = Bvi(y) — y)-

Furthermore, since v1(y) —y = K(y) due to (23.1.12), we can rewrite the above as

Ay) = BE[K (max{& y})I(€ < zx)] — K (y)
= BE[K (max{§,y})I(§ < zx) — K (y)]
= BE[B(&,y)] (23.1.14)

where
B(&,y) = K (max{& y})I(§ < zx) — K (y).

Now we have:

1 Let zx <& Then I(€ < xx) =0, hence B(&,y) = —K(y), which is nondecreasing in y < zx from Lemma 9.2.2(p.43) (b).

2 Let &€ < wx. Then I(€ < k) =1, hence B(§,y) = K (max{&,y}) — K(y) for y < xx. Thus, if y < &, then B(£,y) =
K (€)—K (y), which is nondecreasing in y < &€ due to Lemma 9.2.2(p43) (b) and if £ < y (< xx ), then B(&,y) = K(y)—K(y) =0
for y < 2k, which can be regarded as nondecreasing in y > €. Therefore, it follows that B(&,y) is nondecreasing in y < Tx
whether y < £ or y > &.

From the above two results we have that, whether zx < £ or & < xx, B(,y) is nondecreasing in y < xx. Hence, from
(23.1.14) it eventually follows that A(y) is nondecreasing in y < zk.

(¢) Immediate from (a,b) and the fact that A(y) is continuous on (—oo, c0). I

Lemma 23.1.6 (rM:1[R][E])

(a) l:(y) is nonincreasing in t > 0 for any y.
(b) Vi is nonincreasing int > 1. U
Proof (a) From Lemma 23.1.5(c) and (23.1.10) we have £2(y) < ¢1(y) for any y. Suppose that £;—1(y) < £i—2(y) for any y.
1. Let x < y. Then, since Vi(y) < y for ¢ > 0 due to Lemma 23.1.2(a), we have V;_1(y) < y for ¢ > 1, hence v (y) = y
for ¢t > 0 and v,—1(y) = y for ¢ > 1 from (22.3.7(p222)). Thus, from (23.1.6) we have {;(y) = (1 — B)y for t > 1 and

li—1(y) = (1 — B)y for t > 2, so that £+(y) = l:—1(y) for t > 2, hence l(y) < l:—1(y) for t > 2. Accordingly, it follows that
£;(y) is nonincreasing in ¢ > 1 or equivalently in ¢ > 0 on zx < y.

2. Let y < wx. Then, since y < Vi(y) for t > 0 and y < Vi_1(y) for ¢t > 0 from Lemma 23.1.2(b), we have v:(y) = Vi(y) for
t >0 and vi—1(y) = Vi—1(y) for ¢t > 0 from (22.3.7), hence from (23.1.6) and (22.3.4(p.222) ) we have
t(y) = Viy) = BVi-1(y)
= BE[vi—1(max{§,y})] — s — f(vi—2(max{§, y})] — s)
= BE[vi-1(max{§,y}) — Bvr2(max{{,y})] — (1 - B)s
= PE[li(max{§ y})] - (1= B)s, t>0.

Thus, we have

bia(y) = BE2(max{§,y})] — (1 - B)s, t>1.

Here, since ¢;—1 (max{&,y}) < €i_2(max{&, y}) due to the induction hypothesis, we have ¢;(y) < B E[l;—2(max{§,y})]—(1—
B)s = £i—1(y) for t > 1. Accordingly, by induction we have £;(y) < £;_1(y) for t > 1 on y < xx, i.e., £:(y) is nonincreasing
int>0ony< rk.
From the above two results it eventually follows, whether x <y or y < =k, £;(y) is nonincreasing in ¢ > 0.
(b) Immediate from (a) and (23.1.9). 1

23.1.1.2 Analysis
From (22.3.3(p222) ) with ¢ = 2 we have

Vo = BE[vi(§)] —s
BE[max{&,Vi(&)}] — s (see (22.3.2) with ¢t = 1)
BSE[max{&, K (&) + &} —s (see (22.3.10) with y = &)
= SEmax{0,K(§)} +£] -
BE[max{0,K (§)}] + BE[§] — s
= BE[max{0, K (£)}] + Bu — s.

Then (23.1.1(p.229) ) with ¢ = 2 can be rewritten as
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Vo = Va— W1
— BEmax{0, K ()} + Bu—s — B(Bu—s) (see (22.38))
— FE[max{0, K (&)} + (1 — B)(Bu — 5)
= BE[max{0, K (§)}H(§ < zx )] + max{0, K (§)}H (zx < €]+ (1 - B)(Bp —s).
Due to Corollary 9.2.2(p.44) (a) we have K (§) > 0 for £ < zx and K (§) <0 for zx < &, hence we have
Vs = BEIKEIE < )] + (1 - B) (B — 9). (23.1.15)
Let us define

Mmmm:{

For any 7 > 1 there exists t5 (t; > t; > 1) such that
[® d0ITs¢e >r51(7) s, [ ® ndOITio >r>te () |a, and | ® ndOIT,>¢e (5) |a- }

O Tom 23.1.1 (&/{rM:1[R][E]}) Foranyt >1:

(a) We have:

1. aLety> xx. Theny > Vi(y) fort > 0.
2. wlety< zx. Theny < Vi(y) fort > 0.
(b) Let B=1. Then|® d0ITs,(7)]..
(¢) Letp<1.
1. Let Bu—s>0. ThenA.
2. Let fu—s<0and Bu—s<a. Then‘.

3. Let Bp—s<0 and Bu—s > a (hence a < 0).

i. Let Vo <0. Then|ed0ITd,(1)|,.

ii. Let Vo > 0.

1. Letk > 0. Then A.

2. Let k < 0. Then we have S18(p.233). 0
Proof Since A = 1 is assumed in the model, we have § = 1 (See (9.2.1(p42))). Hence (A\Bu — s)/d = Bu — s---(1) and
K(a)=fp—s—a---(2) from (9.2.4 (1) (p42)).

(al,a2) The same as Lemma 23.1.2(a,b).

(b) Let 8 = 1. Then, from (23.1.1) we have V, = V; — Vi1 = V; — Vi1 for t > 1, hence V; > 0 for ¢ > 1 due
to Lemma 23.1.1(c) or equivalently Vi > BVi_1 for ¢ > 1. Thus, since V; > BVi—q for 7 > t > 1, we have V; > gV;_q,
Vii1 > fBVi g, -+, Vo > BV, hence Vi > BVy_1 > B2Vo_o > --- > 71V, so that t: =7 for 7 > 1, i.e., |® d0ITs,(7)],.

(¢) Letp <1

(cl) Let B —s > 0, hence Vi > 0 from (22.3.8(p222)). Then V; > Vi_1 > Vi > 0 for ¢ > 1 from Lemma 23.1.1(c). Hence,
from (23.1.1) we have V; = V; — Vo1 > Vi1 — Vi1 = (1 — B)Vi—1 > 0 for ¢ > 1. Then, since V; > BV;_; for ¢t > 1, for the
same reason as in the proof of (b) we have WA'

(c2) Let Bu—s < 0---(3) and Bu — s < a from (22.3.8p22)). Then, from (2) we have K(a) < 0, hence zx < a
from Lemma 9.2.2(j1). Below consider only y such that 2x < a < y € [a,b]. Then, since Vi(y) < y for t > 0 from
Lemma 23.1.2(a), we have v(y) = y for ¢ > 0 from (22.3.7(p222) ), hence vi—1(y) = y for ¢ > 0, so that from (23.1.6) we have
Li(y) = ve(y)—Po—1(y) = y— Py = (1—pB)y for t > 0. Accordingly, since £,_1(§) = (1—B)& for ¢ > 1 and £ € [a, ], from (23.1.9)
we obtain Vi =V, — Vi1 = BE[(1-B)E] - (1= B)s = (1= B)E§] - (1 - B)s = (1 = B)u— (1= B)s = (1= B)(Bu—15) <0
for t > 1 due to (3). Then, since V; < 8Vi_1 for t > 1, we have V; < 8V;_1 for 7 >t > 1. Accordingly, since V., < BV,_1,
Vi1 < BVy_g, -+, Vo < BVi, we have V; < BVr_1 < B2V, < --- < BT V4, hence ¢* = 7 for 7 > 1, i.e., A.

(c3) Let Bu—s<0---(4) and Buu—s > a, hence a < 0. Then K (a) > 0 from (2) , so a < xx ---(5) from Lemma 9.2.2(j1).

(c3i) Let Vo < 0. Then, since V; < 0 for ¢ > 1 from Lemma 23.1.6(b), we have V; < 0 for 7 > ¢t > 1. Hence, since
Vr—=8Vr—1 <0for 7 >t>1from (23.1.1), we have V; < BV;_1 for 7 >t > 1. Accordingly, since V. < BV;_1, Vo—1 < BV;_o,
<o, Va < BVA, we have V, < BV,_1 < --- < B77'W4, so that t2 =1 for 7 > 1, i.e., [@d0ITd, (1)]s.

(c3ii) Let Vo >0---(6).
(c3iil) Let & > 0. Then V > 0 due to Lemma 23.1.4(d). Hence, from (6) and
Lemma 23.1.6(b) we have V; > 0 for ¢t > 1, so we obtain A for the same reason as in the proof of (cl).
(c3ii2) Let x < 0. Then V < 0 due to Lemma 23.1.4(d). Hence, from (6), and
Lemma 23.1.6(b) it follows that there exist ¢t and ¢; (¢; > ¢3 > 1) such that
Vo2 2V 1 2Vie > 02 Vi1 2Viep1 200 2Vie > Vioy > -0
or equivalently

Vi 0---(1%), th>t>1, 0>V, ---(2%), t.>t>t;, 0>Ve ---(3%), t>t;.
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1. Let t; > 7 > 1. Then, since V; > 0 for 7 > ¢ > 1 due to (1"), for almost the same reason as in the proof of (b) we have
Vi >pBVi1 > > B Wi (7), hence t: =7 for t2 > 7 > 1, i.e., |© d0ITs s >->1(T) |‘ -+ (8). From (7) with 7 = t2 we

have
Vie > BVie—1 > Ve o >+ > 851V,

2. Since Vie 11 < 0 due to (2%), we have Vie 41 < Ve from (23.1.1). Hence
Vies1 < BVas > BVie o1 > BVis 2 > - > BV - (9),

S0 t:;+1 =t} or equivalently | ® nd0ITe 41(t5)]s -+ (10). Since Vie 1o < 0 due to (2), we have Vie 12 < BVie 11. Hence,
from (9) we have

Vieyo < BVis 1 < BVas > BVie 1 > B Vie 2>+ > gL (11),

S0 tjs 15 = t} or equivalently we have| ® nd0ITss 12(t7) |» -+ (12 ). Similarly we obtain | ® nd0ITse 43(t7)|s -+ (13),] ® nd0ITes 44 (t7) |
---(14), ---. Since Vi= <0 due to (27), we have Vie < Vie 1. Hence

Vie <BVie—1 < -+ < B0V > BT L > s BT (15),
s0 t{o =t} or equivalently | ® nd0ITe (t7)]s -~ - (16). Hence, we have [ ® nd0ITio >r>¢e (£5)]s -~ (17) from (10) -(16) .

3. Since Vio 11 < 0 due to (3), we have Vie 11 < V4o, hence from (15) we get

Vier1 < BVig < BVie 1 <o < BTV < BTG > BT > > B,

so tj+ 1 = t; or equivalently | ® ndOIT¢o +1(t5) |a. Similarly, since Vio 42 < 0, we have | ® nd0ITso +3(t5) |a- In general, we have

® nd0IT, > () |0 -+ (18).
(8), (17), and (18) can be summarized as S1s(p23)[@2[@2[®4]

23.1.1.3 Flow of Optimal Decision Rules

& Flow-0DR 23.1.1 (rM:1[R][E]) (c-reservation-price) From Tom 23.1.1(sal,sa2) and
(22.3.12(p.222) ) we have the following decision rule for >t > 0:

y > rx = Accept,(y) and the process stops I
y < Tx = Reject,(y) and the search is conducted

This yields the following scenario. First the process is initiated at the optimal initiating time ti and the search is conducted at

that time, and then a buyer appearing at time t: — 1 proposes a price &, hence the best price at that time is y = £. After that,
the following condition branching follows.

o Lety > xx. Then Accept,. _,(y) and the process stops |
o Lety < wx. Then Reject,. ,{y) and the search is conduct, and a buyer appearing at time t; —2 proposes the price &, hence

the best price y is enlarged to y = max{¢{,y}. After that, the following condition branching follows.

o Lety> xx. Then Accept,. ,(y) and the process stops |
o Lety < xx. Then Reject,._,(y) and the search is conducted.

o Accepty(y) and the process terminates Il []

23.1.1.4 Market Restriction

23.1.1.4.1 Positive Restriction

O Pom 23.1.1 («/{rM:1[R][E]"})  Suppose a > 0.

(a) We have c-reservation-price (& Flow-0DR 23.1.1).

(b) Let f=1. Then[© a0ITs o1 (r)]: — - ©

(¢c) LetB<1.

1. Let fu—s>0. Then|® d0ITs,>1(T)|» — - ®
2. Let fu—s<0. Then|®d0ITd,~1(1)[, — - @

Proof Suppose a > 0---(1). Then k = kz = B — s---(2) from Lemma 9.3.1(p4) (a).

(a) See «Flow-0DR 23.1.1.

(b) The same as Tom 23.1.1(b).

(c) Let <1

(c1) The same as Tom 23.1.1(cl).

(¢2) Let Bu—s < 0. Then Bu— s < a due to (1), hence we have Tom 23.1.1(c2). I
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23.1.1.4.2 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

23.1.1.4.3 Negative Restriction

O Nem 23.1.1 (&{rM:1[R][E]"}) Suppose b < 0.

(a) We have c-reservation-price (« Flow-0DR 23.1.1).
(b) Let B=1. Then|® d0ITs,>1(T)]|, — - ®
(¢) LetB<1.

1. Let Bu—s <a. Then |@d0ITd,~i1(1)|, — - @®

2. Let Bu—s>a.

i. Let Vo <0. Then|@d0ITd,>1(1)[, — L)

ii. Let V2 > 0.
1. Let s=0. Then|® d0ITs,>1(7) [, — - ®
2. Let s > 0. Then we have S1s(p.233)[24 — - ®/®

Proof Suppose b < 0. Then p < b < 0, hence Bu < 0, so that Bu—s < 0---(1) for any s > 0. Then kK = kg = —s---(2) from
Lemma 9.3.1(p4) (a).

(a) See «Flow-ODR 23.1.1.

(b) The same as Tom 23.1.1(b).

(¢) Letp <1

(c1) Let Bu— s < a. Then, due to (1) we have Tom 23.1.1(c2).

(c2) Let By — s> a. Then, due to (1) Tom 23.1.1(c3i-c3ii2) hold.

(c2i) Let Vo <0. Then we have Tom 23.1.1(c31).

(c2ii) Let Vo > 0.
(c2iil) Let s = 0. Then & = 0 due to (2), hence we have Tom 23.1.1(c3iil).
(c2ii2) Let s > 0. Then & < 0 due to (2), hence we have Tom 23.1.1(c3ii2). 1

23.1.2  rM:1[R][E]
23.1.2.1 Preliminary I

Here let us show that SOE{rM:1[R] [E]} (see (22.3.17(p222))) is symmetrical to SOE{rM:1[R][E]} (see (22.3.5(p222))), which is a
necessary condition under which &/ {rM:1[R][E]} can be derived by applying Sp_,z (see (15.3.1(p%8))) to &/{rM:1[R][E]} (see
Tom 23.1.1(p233) ).

1. For convenience of reference, below let us copy (22.3.1(p222) )-(22.3.4):

—
—
*
—
=
<
=
Il

Y, (27):ve(y) = max{y, Vi(y)}, (3"): Vi = BE[vi-1(§)] — s,
(4*) (y) BE[vi-1(max{§, y})] — s;

SOE{rM:1[R][E]} = {(17), (27), (3"), (4")}.
2. Applying the reflection operation R to the above four yields:

(1%) s =00(=9) = =3, (2*): —0e(—9) = max{—g, —Vi(=9)} = —min{g, Vi(=9)}, (3"): —Vi = BE[~0e—1(~ &) -
(%) : =Vi(=9) = BE[-0—1(max{-§ —9})] — s = BE[-d—1(— min{&, 5})] — s,

which can be rearranged as:
g, (29 0:(=9) = min{g, Vi(=9)},  (3%): Vi = BB[0e—1(=&)] +5,
(47)": Vi(=9) = BE[bt—1(— min{§,§})] + s;
R[SOE{rM:1[R][E[}] = {(17)', (27)', (37)", (47)'}.

3. We have E[o:—1(—€)] = Efo:-1(£)] = o 01 (§) F(&)dE = [0 D ( (€)f(€)d¢ from (11.1.10(p5) ), i.e., the application of the

correspondence replacement operation Cr (see Lvemma 11.3.1(p37)). Let n = é = —¢, hence dn = —d§. Then E[ﬁt_l(—é)] =
= [T e (=) f(mydn = [72, De—1(=n) f(n)dn E [6:-1(=§)] - - - (¢). Similarly we have E[¢—1(— min{&,§})] =
E[0:—1(—min{n, §})]. Hence (1*)'- (4*)' can be rewritten as:

o(=9) =9, (2%)": 9e(~=9) = min{g, Ve(=9)},  (3")": Vi = BB[0e—1(—m)] + 5,
t(=9) = BB[0i-1(—min{n,§})] + s;

CoRISOE{rM:1[R][E]}) = {(17)", (2")", (37)", (4")"}.
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4. Let us replace f(n) by f(n) in (e) (see (11.1.12(p56))), i.e., the application of the identity replacement operation Zr (see
Lemma 11.3.3p3)). Then, from () we have E[i:—1(—n)] = ffooo Oe—1(—n)f(n)dn = f:x;o 0e—1(=€) f(€)de = E[Di—1(—8)]
without loss of generality. Similarly E[o;—1(—min{n,§})] +s = E[d:—1(— min{€,§})] + 5. Accordingly (1*)" - (4*)" can be
rewritten as;

(1*)///. ,’:‘} ( y’*
(4*)/// ( y’\

9 (29" o(=9) = min{g, Vi(=9)},  (37)": Vi = BE[bt-1(-€)] + s
BE[®:—1(—min{§, §})] + s;

TrCoRISOE{rM:1[R][E]}] = {(17)", (27)", (3")", (4")""}.

)
) =

5. Since (1%)"-(4%)" hold for any given y € (—00,00), they holds also for § € (—o0,00), hence (1%)"”-(4")" hold for g€
(—00,00). Accordingly, since g = y, it follows that they hold also for any given y. Thus, we obtain the following:

()" v0(—y) =y, (27)"": 4(—y) = min{y, Vi(=y)},  (3%)": Vi = BE[0e—1(—€)] + 5,
(4)"": Vi(—y) = BE[0t—1(— min{&, y})] + s;
ZrCrRISOE{rM:1[R][E]}] = {(17)"", (2")"", (3")"", (4")""}. (23.1.16)
6. Note here that SOE{rM:1[R][E]} can be given by (22.3.13(p.222) )-(22.3.16), i.e.,
@) voly) =y,  (29)"" ve(y) = min{y, Vi(y)},  (3%)"": Vi = BE[vi-1(§)] + s,
(47)""": Vi(y) = B E[vi—1(min{§,y})] + s;
SOE{I'M 1[ ][E]} — {( )///// ( )/////7 (3*)/////’ (4*)/////}. (23.1.17)
7. From (1)"" and (1*)"" we have 9o(—y) = vo(y) = y for any y, i.e., (17)"" = (1")"". Suppose v;—1(~y) = vi—1(y) for any
y. Then, from (3*)"" we have Vi(—y) = BE[vi—1(min{&,y})] + s = Vi(y), so (3*)"" becomes identical to (3*)""for any
y. Hence, from (2*)"", we have 0:(—y) = min{y, Vi(y)} = v:(y), so (2*)"" becomes identical to (2*)""". Accordingly, by

induction 9;—1(—y) = vi—1(y) for any ¢ > 0. Therefore, we have (1*)"" = (1*)"""". Thus we see that (23.1.16) is identical to
(23.1.17), i.e

SOE{rM:1[R][E]} = ZCR[SOE{rM:1[R][A]}].
23.1.2.2 Preliminary II
First, applying the reflection operation R to (23.1.15(p.233)) yields
B (=€ > —zx) f(§)dE + (1 — B)(—Bu + s)
= 5f_ooK OI(E > &) f()dE+ (1= B)(Bii+ ).

Then, applying the replacement n = £ = —¢ (hence dn = —d§), ji = ji, K (§) = K (€), and 7, = =
Lemma 11.3.1(p57) (e,h) to this leads to

R[Va2] = Vo = -V,

R[Va] = =B [ 7 K(E)I(n> x2)f(n)dn+ (1 - B)(Bii+ s)
= B[ KmIn> xz)f(ndn+ (1—B)(Bii+s)
= B[, K (&I > :E;{)f(g)dx + (1= B)(Bir+s) (without loss of generality)
Since the above replacement is the same as the application of Cr to R[V2], i.e., CRR[V2] = R[V2]. Thus, we have
CeR[Va] = B[ K (I(E > 2z)f(€)dE + (1~ B)(Bji+ ).
Furthermore, applying the identity replacement operation Zr to this yields
IaCrR[V2] = B [Z K(EI(E> xz)f()dE + (1 - B)(Bu+s))

BE[IK(IE> zz)l+ (1 —B)(Bu+s).
Noting (11.5.32(p.63) ), we can rewrite the above as

def

T2 = Sy, 5[Va] = TaCxRIVa] = BEIR (E)I(6 > 2)] + (1 - B)(Bu + 5).

23.1.2.3 Derivation of & {rM:1[R][E]}
Taking into consideration the results in Preliminaries I and II, we immediately see that Scenario[R](p60) can be applied also to
&/ {rM:1[R][E]}. Accordingly, we can obtain the following Tom.

O Tom 23.1.2 (& {rM:1[R][E]})

(a) We have:

1. alLety< Tz. Theny < Vi(y) fort>0.
2. alety> xz. Thenyzvz(y) fort>0.

(b) Let = 1. Then [ a0TTa=1(7]).

(¢) Letp<1.
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. Let B+ s < 0. Then [ a0ITs (7).
2. Let Bu+s>0 and B+ s >b. Then[®d0ITd,>1(1)]..
3. Let Bu+s>0 and Bu+ s < b (hence b > 0).

i, Let V> 0. Then [@d0TTd,o1(1)]..

ii. Let Vs <O.

1. Letk <0. Then|® d0ITs,>1(T) la -

2. Let & > 0. Then we have S1s(p23)l®4 EREN)

Proof Immediately obtained from applying Sg_,z to Tom 23.1.1. 1§

23.1.2.4 Flow of Optimal Decision Rules

& Flow-ODR 23.1.2 (rM:1[R][E])  (c-reservation-price) From Tom 23.1.2(aal,sa2) and (22.3.20p22)) we have the follow-

ing decision rule for T >t > 0.

{y < Tz = Accept,(y) and the process stops |

Yy > Tz = Reject,(y) and the search is conducted.

The rest is the same as Flow-0DR 23.1.1(p.2334) except that “--- is enlarged to - -

23.1.2.5 Market Restriction
23.1.2.5.1 Positive Restriction

O Pom 23.1.2 ({rM:1[R][E]"}) Suppose a > 0.
(a) We have c-reservation-price (« Flow-0DR 23.1.2).

(b) Let f=1. Then[® d0ITs > (7)]. —

(¢) Letp<1.

1. Let fu+s>b. Then|e®d0ITd,~1(1)[, —

2. Let Bu+s<hb.

i. Let Vs> 0. Then[@d0ITd,o1(D)]. —

ii. Let Vo <0.

1. Lets=0. Then|® d0ITs,>1(T)|s —

2. Let s > 0. Then we have S13(p.233)|041®2[®4]

Proof Suppose a > 0. Then p > a > 0, hence S > 0, so that Sp+s > 0
Lemma 11.6.6(p68) (a).

(a) See Flow-ODR 23.1.2.

(b) The same as Tom 23.1.2(b).

(¢) Let B8 <1.

(c1) Let Bu+ s> b. Hence, due to (1) we have Tom 23.1.2(c2).
(c2) Let Bu+ s < b. Hence due to (1) we have Tom 23.1.2(c3i-c3ii2).
(
(
(
(

c2i) The same as Tom 23.1.2(c3i).

2ii) Let Vo < 0.

¢2iil) Let s = 0. Then s = 0 due to (2), hence we have Tom 23.1.2(c3iil).
¢2ii2) Let s > 0. Then s > 0 due to (2), hence we have Tom 23.1.2(c3ii2).

-7 is replaced by “--- is reduced to ---”. [

- ®
- O
- O

- ®
- ®/®

---(1) for any s > 0. Then & = s---(2) from

Remark 23.1.1 (diagonal symmetry) Since Pom 23.1.2 can be derived by applying Si_,z to
Nem 23.1.1(p235) (see (17.1.22(1) (p113))), we see that the diagonal symmetry holds between both, i.e.,

o/ {Pom 23.1.2p.87) } = Sp_, z[«/{Nem 23.1.1p23) }] 0

23.1.2.5.2 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

23.1.2.5.3 Negative Restriction
Omitted (see Section 17.2.3(pl1f) ).
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23.1.3 Conclusion 9 (Search-Enforced-Model 1)

Cl. We have o {tM:1[R][E]}T A &/ {rM:1[R][E]} T.
C2.
a. We have ® for rM:1[R][E]" and rM:1[R][E] .
b. We have (&) for rM:l[R][E]+. B
c. We have @ for rM:1[R][E]" and rM:l[R][E]+. )
C3. We have c-reservation-price for rM:1[R][E]" and rM:1[R] [E]Jr 0

C1 Compare Pom’s 23.1.2(p.237) with 23.1.1(p.234) .

C2a See Pom’s 23.1.1(p.334) (b,cl) and 23.1.2(p.237) (b,c2iil,c2ii2).
C2b See Pom’s 23.1.2(p.237) (c2ii2).

C2c See Pom’s 23.1.1(p234) (c2) and 23.1.2(p.237) (c1,c2i).

C3 See Pom’s 23.1.1(p23) (a) and 23.1.2(p.237) (a). 1

23.2 Search-Allowed-Model 1
23.2.1 rM:1[R][4]

23.2.1.1 Some Lemmas

23.2.1.1.1 Preliminary

Lemma 23.2.1 (rM:1[R][A]) We have |® d0ITs,>0(7)]|,. [
Proof  Since V4 > BVi_1 for t > 0 from (22.3.23(p.223) ), we have V; > BVi_1 for 7 >t > 0, hence V; > BV, _1, Vo1 > BV;_g, -+ -,
Vi > Vo, leading to Vi > V1 > B2Ve_1 > --- > 877 'V1 > 7 Vi. Thus, we have t: =7 for 7 > 0, i.e., MA~ ]

Lemma 23.2.2 (rM:1[R][A])
(a) wve(y) and Vi(y) are nondecreasing in y fort > 0.
(b) ve(y) and Vi(y) are nondecreasing in t > 0 and t > 0 respectively.’

(¢c) V4 is nondecreasing int > 0. U
Proof (a) wo(y) is nondecreasing in y from (22.3.21(p223) ). Suppose v;—1(y) is nondecreasing in y. Then V;(y) is nondecreasing

in y from (22.3.24), hence v:(y) is nondecreasing in y from (22.3.27). Accordingly, by induction v:(y) is nondecreasing in y for
t > 0. Then v¢—1(y) is nondecreasing in y for ¢ > 0, hence V;(y) is nondecreasing in y for ¢ > 0 from (22.3.24). In addition,
Vo(y) is nondecreasing in y from (22.3.26), hence it follows that Vi(y) is nondecreasing in y for ¢ > 0

(b) Clearly vi(y) > y = vo(y) for any y from (22.3.22) with ¢ = 1 and (22.3.21). Suppose v¢—1(y) > vi—2(y) for any y.
Then, from (22.3.24) we have V;(y) > max{S8 E[vi—2(max{&,y})] — s, Bvi—2(y)} = Vi—1(y) for any y. Hence, from (22.3.27) we
have v¢(y) > max{y, Vi—1(y)} = vi—1(y) for any y. Thus, by induction v;(y) is nondecreasing in ¢ > 0 for any y. Since v;—1(y)
is nondecreasing in t > 0 for any y, it follows that V;(y) is nondecreasing in ¢ > 0 for any y from (22.3.24).

(c) From (22.3.23) with ¢t = 2 we have V> > SE[v1(£)] —s. In addition, since v1(£) > £ for any £ from (22.3.22) with ¢t =1,
we have Vo > SE[€] — s = Bu — s = V1 due to (22.3.28). Suppose Vi1 > V;_o. Then, since v;—1(€) > max{&, Vi_2} = vi—2(&)
for any £ due to (22.3.27), from (22.3.23) we have V; > max{SE[vi—2(£)] — s, 8Vi—2} = Vi—1. Thus, by induction V; > V;_;
for t > 0, i.e., V; is nondecreasing in ¢t > 0. 1

Since 1 = E[1] = E[I(€ > y) + I(£ < y)], we can rewrite (22.3.36(p.223) ) as follows.
Si(y) = B(E[vi-1(max{& y})I(§ > y) + vi1(max{&§,yNI(E < y)] —via(y) EI(E >y) + 1€ <y)]) — s
(E[vi-1(max{§,y})I(§ > y) + vi1(max{&,y})I(§ < y)] — Elve1 ()€ >y) +vea(m)I(§ < y)]) — s

= B(E[vi-1(

= BE[(vi-1(max{&,y}) —vi—1(y)) (& > y) + (vi—1(max{§,y}) — vi—1(y))[(§ < y)] — s

= BE[(vi-1(§) —ve—1(y)I(€ > y) + (vi—1(y) —vei—1 (W) (€ < y)] — 5

= BE[(vi-1(§) —ve—1(y)I(§ >y)] —s, t>0. (23.2.1)

Note here that max{vi—1(&) — vi—1(y),0} = max{vi—1(&) —ve—1(y),0} (€ > y) + max{vi—1(€) —ve—1(y),0}I (€ < y). Now, due
to Lemma 23.2.2(a), if £ > y, then v,—1(€) > v,—1(y) or equivalently vi—1(€) —vi—1(y) > 0 and if € < y, then vy—1(&) < vi—1(y)
or equivalently v¢—1(€) — vi—1(y) < 0. Hence max{vei—1(€) — ve—1(y),0} = (vi—1(€) —ve—1(y))I(€ > y). Thus (23.2.1) can be

rewritten as

™ Si(y) = BE[max{vi—1(&) —vi—1(y),0}] —s, ¢>0. (23.2.2)
en, we have
S1(y) = BE[max{vo(§) —vo(y),0}] — s
= BE[max{€—y,0}]—s (+ (22.3.21p2m)))
= BT(y)—s (+ (5.1.1p17))
= L(y) (+ (5.1.3) with A =1). (23.2.3)

TFrom (22.3.30) and (22.3.26) we have Vi(y) — Vo(y) = max{K(y),—(1 — B)y}. Let zx < y and 8 < 1. Then K(y) < 0 due
to Lemma 9.2.2(p43) (j1) and —(1 — B)y < 0 for a y > 0, hence Vi(y) — Vo(y) < 0, ie., Vi(y) < Wo(y). Thus V;(y) does not become
nondecreasing in ¢t > 0 for any y.
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Lemma 23.2.3 (rM:1[R][A])

(a) St¢(y) is nonincresing iny for t > 0.
(b) Si(y) < L(y) for any t >0 and y.
(¢) Let v <vy. Then Si(y) <0 fort>0. 0

Proof (a) Immediate from (23.2.2) and Lemma 23.2.2(a).
(b) First, (23.2.2) can be rewritten as
Si(y) = BE max{vi-1(§) —ve-1(y), 0H (y < &) + max{vi—1(§) — ve-1(y), 0} (€ <y)] — s
= BE[max{vi-1(§) —vi-1(y), 0} (y < §)] + B E[max{vi—1(§) —vi-1(y), 0} (§ <y)] —s--- (1)

Next, we have:
o Let y < &---(2)." Now vo(€) —wo(y) = € —y < € —y from (22.3.21). Suppose v;—1(§) —vi—1(y) <& —y---(3). From
(22.3.27) we have v (&) — v¢(y) < max{€ —y, Vi(€) — Vi(y)} - - (4). Then, from (22.3.24) we have
Vi(€) = Vily) = max{BEe¢[vi-1(max{€’, €})] — s, fvi-1(§)} — max {f Ee [ve—1(max{€’, y})] — s, fve-1(y)}
max{f E¢ [vi-1(max{¢’, £}) — ve—1(max{&’, y})], Bve-1(§) —ve-1(y))}
Bmax{ B¢ [vi—1(max{¢’, £}) — vi—1(max{€’, y})], ve—1(€) — ve-1(y)}-

Since max{¢’,y} < max{¢’, £} for any &’ due to (2) , from (3) we have v;_1 (max{¢’, £})—v;_1(max{¢’,y}) < max{¢’,£})—
max{¢’,y}. Hence we obtain

Vi(§) = Vi(y) < Bmax{Eg[max{¢’, &} — max{&,y}],€ -y}
< fmax{ E¢[max{0,§ —y}],£ — v}
= Bmax{max{0,£ - y},£ -y} = fmax{{ —y,0}.
Then, since £ —y > 0 due to (2) | we have V;(&) — Vi(y) < B(€ —y) < &€ —y. Thus, from (4) we have v(&) —vi(y) < &€ —y.
Accordingly, by induction it follows that v¢ (&) — v (y) < € —y for t > 0, so that vi—1 (&) —vi—1(y) < €—y---(5) for ¢t > 1.
Thus B E[max{vi-1(§) — vi-1(y), 0} (y < €)] < B E[max{€ —y,0}I(y < £)] -+~ (6).

o Let& <y---(7). Thenvi—1(€) < vi—1(y) from Lemma 23.2.2(a or equivalently vi—1(€)—v:—1(y) < 0, hence 8 E [max{v:—1(&)—
vi-1(y),0H (€ < y)l = BE[0 x I(§ < y)] = SE[max{{ —y,0(§ < y)] < fE[max{§ —y,0}/(§ < y)]---(8) since
max{& — y} = 0 due to & —y < 0 from (7).

o From (6) and (8), whether y < & or £ < y, we have B E[max{v:_1(&) — v:_1(y),0} (&€ < )] < BE[max{& — y,0 (£ <
y)l---(9)

From (1) and (9) we have S;(y) < BE[max{€ — y,0}/(y < &)] + BE[max{& — y,0}I(¢£ < y)] — s = BE[max{¢ — y,0}(I(y <
E+I1E<y))]—s=pEmax{ —y,0}] —s=BT(y) —s--- (10 from (5.1.1(p17) ), hence S;(y) < L(y) from (5.1.3) with A = 1.
(¢) If zr <y, then L(y) <0 from Corollary 9.2.1(p43) (a), hence S;(y) < 0 from (b). 1

IN

23.2.1.1.2 Caseof s=0
Lemma 23.2.4 (rM:1[R][A]) Let s =0. Then S¢(y) >0 fort>0. [
Proof 1f s = 0, from (23.2.2) we have S;(y) = 8 E[max{vi—1(&) — vi—1(y),0}] > 0 for t > 0. 1

23.2.1.1.3 Caseof 3=1and s >0
Lemma 23.2.5 (rM:1[R][A]) Let 8 =1 and s > 0.

(a) Lety> xx. Theny = Vi(y) fort>0.
(b) Lety < xx. Theny < Vi(y) fort > 0.
(¢) y<Vi(y) foranyy andt>0. [

Proof Let 8 =1 and s > 0.
(a,b) Evident for t = 0 from (22.3.26). Suppose that y > (<) zx = y = (<) Vi—1(y) (induction hypothesis).

o Lety > xk, hence K(y) <0---(1) from Lemma 9.2.2(p8) (j1). Due to the induction hypothesis we have v,—1(y) = y--- (2)
from (22.3.22). Then, from Lemma 23.2.3(b) we have S;(y) < L(y) = T(y) — s = K(y) from (5.1.3)) and (5.1.4) due to
the assumptions § = 1 and A = 1, so that S¢(y) < 0 due to (1) . Hence, from (22.3.37) and the assumption 8 =1 we have
Vi(y) = Bri—1(y) = ve—1(y), thus Vi(y) = y from (2). This completes the induction.

o Let y < wk, hence K(y) > 0---(3) from Lemma 9.2.2(j1). From (22.3.24) we have
Vi(y) > Elvi—1(max{€,y})] — s. Since v;—1(max{€,y}) > max{&,y} for any £ and y from (22.3.27), we get Vi(y) >
E[max{¢,y}] — s = K(y) + y from (5.1.10p.17)) with 3 = 1 and A = 1. Thus, we obtain Vi(y) > y due to (3). This
completes the induction.

(¢) Immediate from (a,b). 1

TConsider a group of all pairs (£, y) satisfying the inequality y < £”. Then, if max{¢’,y} < max{¢’, £}, the pair (max{¢’, y}, max{¢’, £})
is also an element of the group.
1 E ¢/ represent the expectation as to g
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23.2.1.1.4 Caseof 3<1land s>0
23.2.1.1.4.1 Caseof x >0

Lemma 23.2.6 (&/{rM:1[R][A]}) Let B <1 and s> 0 and let k > 0.

(a) Lety> xx. Theny > Vi(y) fort > 0.
(b) Lety< xx. Then zx > Vi(y) >y fort >0. 0

Proof Let < 1ands >0 andlet x > 0. Then, from Lemma 9.2.3(p44) (d) we have z. > zx >0---(1).
(a,b) The two assertions are evident for ¢ = 0 from (22.3.26). Suppose that
Y> (<) 2k =y > Viea(y) -+ (2) (¥ < Vier(y) < 2x -+~ (3)) (induction hypothesis),

hence vi—1(y) =y -+ (4) (vi—1(y) = Vi—1(y) - -+ (5)) from (22.3.27).

o Let y > wx ---(6), hence 0 < y--- (7) from (1). Then v;—1(y) = y-- - (8) due to (2) and (22.3.22(223)).
1. Let ¢ > y > ox---(9). Then L(y) > 0---(10) due to Lemma 9.2.1(p43)(el) and K(y) < 0---(11) due to

Lemma 9.2.2(j1). Now S;(y) < L(y)---(12) for any y from Lemma 23.2.3p.29) (b), hence, from (22.3.37), (12), and

(10) we have V;(y) < max{L(y),0} + By = L(y) + By = K(y) +y < y due to (5.1.9) and (11).
2. Let y > xr (> x)---(13), hence L(y) < 0---(14) due to Lemma 9.2.1(el). Then Si(y) < L(y) < 0---(15) from
Lemma 23.2.3p.39) (b), hence from (22.3.37) we have Vi(y) = Bvi—1(y) = By < y due to (4) and (7).

From the above, whether for xz >y > zx or for y > x. (> xk), it follows that y > Vi(y) for ¢ > 0. This completes the
induction, i.e., it follows that (a) holds.

o Let y < xk ---(16), hence K(y) > 0---(17) from Lemma 9.2.2(p43)(j1). Since Vi(y) > BE[vi—1(max{&,y})] — s from
(22.3.24) and since vi—1(max{&,y}) > max{&,y} from (22.3.27), we have Vi(y) > SE[max{{,y})] — s = K(y) + y from
(5.1.10(p17))) with A = 1, hence Vi(y) > y due to (17). Since max{¢,y} < max{, zx} for any & due to (16), from
Lemma 23.2.2(a) we have vi—1(max{&,y}) < v¢i—1(max{&, x })---(18). Furthermore, since max{&, zx } > xx for any
¢, due to (2) we have V;_1(max{¢, zx}) < max{€, zx } for any &, hence from (22.3.27) we have v;_1(max{&, zx}) =
max{€, zx } for any &, so that from (18) we have v;_;(max{¢,y}) < max{€, zx } for any £. In addition, since v; 1 (y) =
Vii(y) < ok due to (5), from (22.3.24) we have Vi(y) < max{B8 E[max{{, 2« }] — s, B« }, hence from (5.1.10(p17)) with
A =1 we have Vi(y) < max{K(zx) + Tx,B7x} = max{zx,B2x} = Tx since zx > 0 due to (1). This completes the
induction. I

23.2.1.1.4.2 Caseof Kk <0
Lemma 23.2.7 (&{rM:1[R][A]}) Let 3<1 and s> 0 and let k < 0.

(a) Lety>0. Theny > Vi(y) fort > 0.
(b) Lety <0. Theny < Vi(y) fort>0. [

Proof Let B < 1and s > 0 and let k < 0. Then, from Lemma 9.2.3(p44) (d) we have 2, < zx < 0---(1). Due to (22.3.26)
the two assertions clearly hold for ¢ = 0. Suppose that y > (<) 0 = Vi—1(y) < (>) y (induction hypothesis), hence vi—1(y) =y
(vi-1(y) = Vi1 (y))-

(a) Lety > 0. Then, since 2, <y from (1), we have L(y) < 0 from Lemma 9.2.1(p4) (e1), hence S;(y) < 0 for ¢ > 0 due to
Lemma 23.2.3(c). Therefore, from (22.3.34) we obtain V;(y) = Bv:—1(y) = By due to the induction hypothesis, hence V;(y) <y
due to 8 < 1 and y > 0. This completes the induction.

(b) Let y < 0. Now, since Vi(y) > Bvi—1(y) from (22.3.24) and since v:—1(y) > y from (22.3.27), we have Vi(y) > By > y
due to 8 < 1 and y < 0. This completes the induction. I

23.2.1.2 Analysis

O Tom 23.2.1 («/{rM:1[R][A]})

(a) Lets=0. Then {rM:1[R][A]} & &/ {rM:1[R][E]}.
(b) Let s> 0.

1. We ha’ueA.
2. aLet=1. Theny < Vi(y) fort >0 and any y.
3. Let p<1.
i. Letk > 0.
1. aLety> xx. Theny > Vi(y) fort > 0.
2. alLety< xx. Theny < Vi(y) fort > 0.
ii. Let k <0.
1. Lety>0. Theny > Vi(y) fort > 0.
2. aLety<0. Theny < Vi(y) fort >0. 0
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Proof (a) Let s =0. Then, from Lemma 23.2.4 we have S;(y) > 0 for all y and ¢ > 0, hence it is optimal to CONDUCT; the
search for all y and ¢ > 0 due to (22.3.38(p223)). This fact implies that rM:1[R][A] which is originally a search-Allowed-model
migrates ( 9 ) over to rM:1[R][E] which is a search-Enforced-model (see Def. 23.2.1 below).

(b) Let s> 0.
(b1) The same as Lemma 23.2.1.

(b2) The same as Lemma 23.2.5(c).

(b3) Let 8 < 1.

(b3i-b3i2) The same as Lemma 23.2.6(p.240) .
(b3ii-b3ii2) The same as Lemma 23.2.7(p.240). 1

23.2.1.3 Flow of Optimal Decision Rules
» Flow-0DR 23.2.1 (rM:1[R][A]) (c-reservation-price) From Tom 23.2.1(ab3il,ab3i2) and (22.3.39(p23)) we have the fol-

lowing relations for 7 >t > 0:

y > Tx = Accept,(y) and the process stops |
y < Tx = Reject,(y) and CONDUCT;/SKIP,

which yields the following scenario. First the process is initiated at the optimal initiating time t;, and then Conductx /Skip,.
follows (see (22.3.35(p.223))).

% Let Skip,.. Then the process goes to time t; — 1 and Conductyx —1/Skip,. _, follows.

* Let Conductyx, and a seller appearing at time t7 — 1 proposes the price &; hence the best price at that time is y = &.
After that, the following condition branching follows.

i. Lety > xx. Then Acceptt;_1<y> and stop the process |
ii. Lety < x. Then Reject,. ,(y), and then CONDUCT; —1/SKIP:: 1 follows (see (22.3.38(p.223)))
*x Let SKIPyx 1. Then the process goes to time tr — 2. After that, CONDUCTt:,Q/SKIPt;;,Q follows.
*x Let CONDUCTx 1, and a seller appearing at time t; — 2 proposes the price &, hence the best price y at that time is
enlarged to y = max{&,y}. After that, the following condition branching follows.
i. Lety > xx. Then Acceptt:_2<y> and stop the process |

ii. Lety < wx. Then Reject,._,(y) and CONDUCT;/SKIP;

Accept(y) and the process terminates Il (]

& Flow-0DR 23.2.2 (rM:1[R][A]) (Accepty(y)/Terminate) The inequality y < Vi(y) in
Tom 23.2.1(a b2,4 b3ii2) yields the following flow of the optimal decision rule. First the process is initiated at the optimal initiating
time t7, and then Conduct;x /Skip,. follows (see (22.3.35(p.223))).

* Let Skip,. . Then the process goes to time ty — 1 and Conduc1:t¢,1/Skipti_1 follows.
% Let Conductyx, and a buyer appearing at time t; — 1 proposes the price &; hence the best price at that time is y = &.
. Rejectt:_l(y) (y < Vi(y)). After that, CONDUCT:x _1/SKIP:x 1 follows (see (22.3.38(p.223))).
*x Let SKIPyx 1. Then the process goes to time ty — 2 and CUNDUCTt;_g/SKIPt¢_2 follows.
*x Let CONDUCT:x—1, and a buyer appearing at time t7 — 2 propose the price £, hence the best price y at that time is
enlarged to y = max{¢,y}.
® Reject,. _,(y) (y < Vi(y)). After that, CONDUCT: 1 /SKIP¢: —1 follows.
*% Let SKIPx_o. Then ---

*% Let CONDUCT:x —2, and - - -

Accept,(y) and the process terminates Il. [

Remark 23.2.1 In Flow-0DR 23.2.2, first let us consider following two extreme cases:

Casel Suppose that Skip,., Skip,._;, Skip,._,, -+ continue, and the process finally arrives in Accept,(y) and stop.
Case2 Suppose that Conductyx is made and then, whether SKIPyx 2, SKIP:x_3, --- continue (Case 2.1) or CONDUCTx —2,
CONDUCT;x 3, - - - continue (Case 2.2), the process finally arrives in Accept,(y) and terminates. In Case 2.1 the best price

y = p (terminal quitting penalty ) at t = 0 and in Case 2.2 the best price y continues to be cumulatively enlarged every
time CONDUCT is made and is finally accepted at the deadline ¢t =0 , i.e., Accept,(y) and terminate.

fNote that we have [® dOITs,>0(7)]s for any s > 0.
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Different intermediate cases with the mixture of Skip, Conduct, SKIP, and CONDUCT can be considered between Case 1 and
Case 2; however, they are all led also to the decision “Accept,(y) and terminate”, denoted by Accept,(y)/Terminate (reduction
of optimal decision rule). [0

Definition 23.2.1 (model-migration ) The reduction of model in Tom 23.2.1(a) implies that
search-Allowed-model (Model[A]) migrates over to Emodel (Model[E]), represented as
rM:1[R][A] & rM:1[R][E]. (23.2.4)

Replacing “model-running-back” and “ optdr-Accept/Stop” in (20.1.10(p212)) by
“model-migration” and “Accept/Terminate” respectively leads to

Reduction model reduct:i.on: — model—migrahtion (rM:1[R][A] = rM:1[R][E]) (23.2.5)
optdr reduction: — Accept/Terminate (optdr — Accept(y)/Terminate)
Moreover, combining (20.1.10(p.212) ) and (23.2.5), we have the following classification map:
. model-running-back
model reduction . X
model-migration
Reduction (23.2.6)

) Accept/Stp
optdr reduction .
Accept/Terminate [

23.2.1.4 Market Restriction

23.2.1.4.1 Positive Restriction

O Pom 23.2.1 («/{rM:1[R][A]"})  Suppose a > 0.

(a) Lets=0. Then o {rM:1[R][A]*} o= &/ {rM:1[R][E]T}.
(b) Let s> 0.

I We have [0 @0TTs ()] - - ®

2. Let 8 =1. Then we have optdr — Accepty(y)/Terminate.

3. Letp<1.
i. Let Bu > s. Then we have c-reservation-price.
ii. Let Bu < s. Then we have w — - @®

Proof  Suppose a > 0, hence k = kg = . — s--- (1) from Lemma 9.3.1(p45) (a) with A = 1.
(a) The same as Tom 23.2.1(a).

(b) Let s> 0.

(bl) The same as Tom 23.2.1(b1).

(b2) Evident from the fact that Tom 23.2.1(b2) can be rewritten as Flow-0DR 23.2.2.
(b3) Let B8 < 1.

(b3i) Let By > s, hence k > 0 due to (1). Thus, it suffices to consider only (#b3il,sb3i2) of Tom 23.2.1, hence we have
«Flow-0DR 23.2.2.

(b3ii) Let Bu < s, hence x < 0---(2) due to (1). Thus, it suffices to consider only Tom 23.2.1(b3ii-b3ii2). Below consider
only y € [a,b], i.e., 0 < a <y <b. Let £ be such that 0 <a <& <b---(3). Then £ > V;_1(&) from Tom 23.2.1(p.240) (b3iil), hence

we have v;_1(€) = € from (22.3.27(p.223) ). Thus, from (22.3.23(p223) ) we have V; = max%ﬁ E[€]—s,8Vi-1} = max{Bu—s,fVic1} =
max{x,8Vi—1} for t > 1. First Vi = fu — s = k < 0 from (22.3.28(p.223) ), (1), and (2) or equivalently Vi = 8% < 0. Suppose
Viei = B2k < 0. Then Vi = max{k, BB %k} = max{k,B" 'k} = 7'k < 0 due to (2). Thus by induction we have
Vi = ﬂtfln < 0 for t > 1. Accordingly, we have V; — BV, = ﬂt71I€ — ﬂ,@t721€ = ﬁt71K — ,Btfln =0, hence V; = gV;_; for
t > 1. Accordingly, we get Vi = Vr_1 = *Vo_p =--- = BT V4, i.e, t: =1 for 7 > 1 or equivalently . |

23.2.1.4.2 Mixed Restriction
Omitted (see Section 17.2.3(p.16) ).

23.2.1.4.3 Negative Restriction
O Nem 23.2.1 (&{rM:1[R][A]"}) Suppose b < 0.

(a) Lets=0. Then &{rM:1[R][A]" } 3+ &/ {rM:1[R][E]"}.
(b) Let s > 0.

L We have [S 08 i (7T, " ©

2. We have optdr — Accept,(y)/Terminate. [J
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Proof Suppose b < 0.

(a) The same as Tom 23.2.1(a).

(b) Let s> 0.

(bl) The same as Tom 23.2.1(b1).

(b2) Here consider only 0 < a < y < b. Then, since y < b < 0---(1), it suffices to consider only (ab3ii2) of Tom 23.2.1.
Moreover, since K = —s from Lemma 9.3.1(p4) (a), we have k < 0---(2) for any s > 0. If 8 = 1, then y < Vi(y) for ¢ > 0 from

Tom 23.2.1(b2) and if 8 < 1, then from Tom 23.2.1(#b3ii2) we have y < Vi(y) for t > 0. Hence, whether 5 =1 or 8 < 1, we have
y < Vi(y) for t > 0. Accordingly, it follows that we have optdr — Accept(y)/Terminate (& Flow-0DR 23.2.2). 1

23.2.2 rM:1[R][A]

23.2.2.1 Preliminary

For almost the same reason as in Section 23.1.2.1(p2%) it can be confirmed that SOE{rM:1[R][A]} (see

(22.3.44(p224) )) is symmetrical to SOE{rM:1[R][A]} (see (22.3.25(p.223))). Taking into consideration the results, we immediately see
that Scenario[R](p60) can be applied also to &/ {rM:1[R][A]}. Accordingly, we can obtain the following Tom.

23.2.2.2 Derivation of «{rM:1[R][A]}
O Tom 23.2.2 (& {rM:1[R][A]})
(a) Let s=0. Then o/ {rM:1[R][A]} % &/ {rM:1[R][E]}.

(b) Lets>0.
1. We have A — — @
2. aLet B=1. Theny > Vi(y) fort >0 and any t.
3. Let p< 1.
i. Letk <0.

1. alLety< %z. Theny < Vi(y) fort > 0.

2. alLlety> 5. Theny > Vi(y) fort > 0.
ii. Let& > 0.

1. Lety <0. Theny < Vi(y) fort > 0.

2. awLety>0. Theny > Vi(y) fort > 0.

Proof Immediate from applying Sg_,z (see in (15.3.1(p.%))) to Tom 23.2.1(p240). W

23.2.2.3 Flow of Optimal Decision Rules

» Flow-0DR 23.2.3 (rM:1[R][A]) (c-reservation-price) From Tom 23.2.2(a b3il,a b3i2) and (22.3.53p.24)) we have the fol-
lowing optimal decision rule for T >t > 0:

y < Tz = Accept,(y) and the process stops. |
y > Tz = Reject,(y) and then CONDUCT/SKIP;.

The rest is the same as Flow-0DR 23.2.1(pM1) except that “--- is enlarged to --- 7 is replaced by “--- is reduced to ---”. [

o Flow-0DR 23.2.4 (rM:l[R] [A])  (Accepty(y)/Terminate) The inequality y > Vi(y) in
Tom 23.2.2(a b2,4 b3ii2) yields the same decision rule for T > t > 0 as in Flow-ODR 23.2.2(p241). The rest is the same as
Flow-0DR 23.2.2(p241) except that “--- is enlarged to --- 7 is replaced by “--- is reduced to --- 7. [

23.2.2.4 Market Restriction

23.2.2.4.1 Positive Restriction

O Pom 23.2.2 (/{rM:1[R][A]"})  Suppose a > 0.

(a) Lets=0. Then o {rM:1[R][A]"} & o {rM:1[R][E]"}.
(b) Lets> 0.

I We have [0 0T Ts ()] - - ®

2. We have Accepty(y)/Terminate. [J
Proof Suppose a > 0. Below consider only y € [a,b], hence 0 < a < y < b, soy > 0---(1). Moreover, since & = s from
Lemma 11.6.6(p68) (a), we have & > 0---(2) for any s > 0.
(a) The same as Tom 23.2.2(a).
(b) Lets>0.
(bl) The same as Tom 23.2.2(b1).

(b2) If B =1, then y > Vi(y) for t > 0 from Tom 23.2.2(b2). If 8 < 1, then due to (2) and (1) it suffices to consider only
(#b3ii2) of Tom 23.2.2, hence we have y > Vi(y) for t > 0. Accordingly, whether 3 =1 or 8 < 1, we have y > V;(y) for ¢t > 0.
Thus, it follows that we have Accepty(y)/Terminate (4 Flow-0DR 23.2.3). 1

Remark 23.2.2 (diagonal symmetry) Pom 23.2.2 can be also derived by applying S .3 to
Nem 23.2.1 (see (17.1.22(p113))). [

243



23.2.2.4.2 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

23.2.2.4.3 Negative Restriction
Omitted (see Section 17.2.3(p.116) ).

23.2.3 Conclusion 10 (Search-Allowed-Model 1)

Cl We have o/ {rM:1[R][A] "} Au .« {rM:1[R][A]*}.
C2
a. Let s = 0. Then we have s-A-model 1 9+ s-E-model 1 for rM:1[R][A]" and rM:1[R] [A]+.
b. Let s > 0. Then we have optdr — Accept,(y)/Terminate for rM:1[R][A]" with 8 = 1 and rM:1[R] [A]+ for any .
C3 Let s> 0.
a. We have ® for tM:1[R][A]" and rM:1[R][A] "
b. We have @ for rM:1[R][A]T.
c. We have c-reservation-price is possible for rM:1[R][A]". 0

C1 Compare Pom’s 23.2.2(p.243) with 23.2.1(p.242) .
C2a See Pom’s 23.2.1(p242) (a) and 23.2.2(p.283) (a).
C2b See Pom’s 23.2.1(p.242) (b2) and 23.2.2(p.243) (b2).
C3a See Pom’s 23.2.1(p242) (b1) and 23.2.2(p.243) (b1).
C3b See Pom’s 23.2.1(p.242) (b311)

C3c See Pom’s 23.2.1(p242) (b3i).
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Chapter 24

Model 2

24.1 Search-Enforced-Model 2
24.1.1  rM:2[R][E]
24.1.1.1 Preliminary

et s define Vi) = uly) -y 120, (24.1.1)
Vily) = Valy) —y, t>0. (24.1.2)
Then, from (22.3.61(p.24) ) we have
vi(y) = max{0,V°(y)} >0, t>0, (24.1.3)
where
vo(y) = vo(y) —y = max{0,p —y} (see (22.3.54)), (24.1.4)
Vo(y) = Voly) —y=p—1y (see (22.3.60)) (24.1.5)
Furthermore, from (22.3.58) we have
VE(y) = ABE[vi-1(max{§,y}) + max{&,y}] + (1 - N)Bvi_1(y) +y) —s —y
= ME[vi_i(max{& y})] + (1 = N)Bv_1(y) + AE[max{¢,y} + (1 - N)By —s —y
= ME[_i(max{&y})] + (1= NBva() + K@) +y—y t>0 (« (5.1.10p17))
= ABE[vi_i(max{§,y})] + (1 - N)Bvii(y) + K(y), t=>0. (24.1.6)

By s let us denote the solution of the equation V2 (y) = 0 if it exists, i.e.,
VE(ye) =0, t>0. (24.1.7)
If multiple solutions exist, it is defined to be the smallest of them.

24.1.1.2 Some Lemmas
Lemma 24.1.1 (rM:2[R][E])

(a) ve(y) and Vi(y) are nondecreasing in y fort > 0.
(b) Vi(y) is nonincreasing iny fort > 0. [

Proof (a) Clearly vo(y) is nondecreasing in y from (22.3.54). Suppose v;—1(y) is nondecreasing in y. Then V;(y) is nonde-
creasing in y from (22.3.58), hence v:(y) is also nondecreasing in y from (22.3.61). Thus, by induction v:(y) is nondecreasing
in y for ¢ > 0. Then v;—1(y) is nondecreasing in y for ¢ > 0, hence V;(y) is also nondecreasing in y for ¢ > 0 from (22.3.58). In
addition, since Vj(y) can be regarded as nondecreasing in y from (22.3.60), it follows that V;(y) is nondecreasing in y for ¢ > 0.

(b) Vg (y) is nonincreasing in y from (24.1.4). Suppose V;°{(y) is nonincreasing in y, hence v;_;(y) is also nonincreasing
in y from (24.1.3). Accordingly, from (24.1.6) and Lemma 9.2.2(p43) (b)) we see that V,°(y) is also nonincreasing in y. This
completes the induction. 1

Lemma 24.1.2 (rM:2[R][E]) Let =1 and s =0. Then Vi(y) >y for anyy and t > 0. [

Proof Let 8 =1 and s =0, hence K(y) = A\T(y) from (5.1.4). Then, from (24.1.6) we have V;°(y) = A E[vf_i(max{&,y})] +
(1=Nvi_1(y) + AT (y) for t > 0. Now, for any £ and y we have that v{_;(max{&,y}) > 0 and vy_,(y) > 0 for ¢ > 0 from (24.1.3)
and that T'(y) > 0 due to Lemma 9.1.1(pd1) (g), hence it follows that V,°(y) > 0 for any y and ¢ > 0 or equivalently V;(y) > y for
any y and ¢ > 0 from (24.1.2). 1
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Lemma 24.1.3 (rM:2[R][E]) LetS <1 ors>0.
(a) limy——oo V2 (y) = 00 fort > 0.
(b) limy oo Vi¥(y) <0 fort > 0.
(¢) The sequence y3,ys, - exists where
y<>y = VW) =(£)o0. 0 (24.1.8)
Proof Let B <1ors>0.

(a) Obviously Vi’ (y) — oo as y — —oo from (24.1.5). Suppose V2, (y) — 00 as y — —oo. Then vy_;(y) — 0o as y — —o0
from (24.1.3). In addition, since K (y) — oo as y = —oco due to (9.2.4 (1) (p42) ), from (24.1.6) we see that V;°(y) — oo as y — —oo.
This completes the induction.

(b) Evidently v§(y) — 0 as y — oo from (24.1.4). Suppose v§ 1(y) — 0 as y — oco. Then, the first and second terms
of the right-hand side of (24.1.6) converge to 0 as y — oo. In addition, due to (9.2.5(2) (p42)), if 8 = 1, then s > 0 due to
the assumption “8 < 1 or s > 07, hence K(y) = —s < 0 for any y and if 8 < 1, then K(y) — —oco < 0 as y — 00, so that
limy— o0 K(y) < 0 whether B =1 or 8 < 1. Hence, it follows that limy—c V;°(y) < 0. Thus, from (24.1.3) we have vy (y) — 0
as y — oo. Hence, by induction we have vy (y) — 0 as y — oo for ¢ > 0. Accordingly, since vi_;(y) — 0 as y — oo for ¢ > 0, for
quite the same reason as the above we have limy_, o V;%1(y) < 0 for ¢ > 0.

(¢) Immediate from (a,b) and Lemma 24.1.1(b). I

Lemma 24.1.4 (rM:2[R][E]) Let p < zx. Then for any y € [a,b] we have:

a) v(y) and Vi(y) are nondecreasing in t > 0.

b) wv(y) and Vi(y) converges to finite v(y) and V(y) respectively as t — 0.
c) Vi(y) is nondecreasing in t > 0.

d) y; is nondecreasing in t > 0.

(e) Vi is nondecreasing in t > 0.

Proof Let p < xx and consider only y € [a,b] - (1). Then K(p) > 0---(2) from Corollary 9.2.2(b).

(
(
(

(a) Since max{y, p} > p for any y, from (22.3.64(p24) ) and Lemma 9.2.2(p43) (e) we have Vi(y) > K(p) +p > p---(3) due to

(2). Hence, from (22.3.55(p.24) ) with ¢ = 1 we have v; (y) = max{y, Vi(y)} > max{y, p} = vo(y) for any y from (22.3.54). Suppose
vi—1(y) > vi—2(y) for any y. Then, from (22.3.58) we have Vi (y) > A\BE [vi—2(max{&,y})] + (1 — X\)Bvi—2(y) — s = Vi—1(y) for
any y. Hence, from (22.3.61) we have v;(y) > max{y, Vi—1(y)} = vi—1(y) for any y. Thus, by induction v;(y) is nondecreasing
in t > 0 for any y. Then v;—1(y) is nondecreasing in ¢ > 0 for any y, hence V;(y) is nondecreasing in ¢t > 0 for any y from
(22.3.58). From (3) and (22.3.60) we have Vi(y) > Vo(y). Accordingly, it follows that Vi(y) is nondecreasing in ¢ > 0 for any y.

(b) Below let us consider only y and & such that y € [a,b] and & € [a,b]' and, in addition, consider a sufficiently large M > 0
such that b < M and p < M. Then we have Vy(y) < M from (22.3.60(p224) ). Suppose V;—1(y) < M for any y € [a, b], hence from
(22.3.55(p.224) ) we have v;—1(y) < max{M, M} = M. Then, since max{¢,y} < max{M, M} = M and max{&,y} € [a,b], we have
Vi—1(max{&,y}) < M. Thus, from (22.3.55) we have v;—1(max{£, y}) = max{max{&, y}, Vi1 (max{&,y})} < max{M,M} = M.
Hence, from (22.3.58) we have Vi(y) < ABE[M]+ (1 - XM —s =AM + (1 - N)SM —s =M —s < M, i.e., Vi(y) is upper
bounded in ¢. Accordingly, due to (a) it follows that Vi(y) converge to a finite V(y) as t — oo.

(¢) Immediate from (24.1.2) and (a).

(d) Evident from Lemma 24.1.1(b), (c), and Lemma 24.1.3(c) (see Figure A 7.2(p.2%) (I)).

(¢) From (22.3.62) and (2) we have Vi > p = V; from (22.3.56(p.224) ). Suppose Vi_1 > Vi_2. Since v;—1(&) > vi_2(£) for any
¢ due to (a), from (22.3.57) we have V; > ABE[vi—2(&)] + (1 — A\)BVi—2 — s = Vi_1. This completes the induction. 1

Lemma 24.1.5 (rM:2[R][E]) Let 8 <1 or s> 0.

(a) Lety>ysy. Theny > Vi(y) fort > 0.
(b) Lety <yg. Theny < Vi(y) fort>0. O

Proof Let < 1ors>0.

(a,b) From Lemmas 24.1.1(b) and 24.1.3(c) we have that if y < (>) y¢, then V°(y) > (<) 0 for ¢ > 0, hence from (24.1.2)
we have Vi(y) > (<) yfort>0. 1

24.1.1.3 Analysis

O Tom 24.1.1 (&/{rM:2[R][E]})

(a) a#LetB=1ands=0. Theny < Vi(y) for any y and ¢t > 0.
(b) LetB<1ors>0.
1. aLety>vysy. Theny > Vi(y) fort>0.
2. alLety<wyy. Theny<Vi(y) fort>0. [
Proof (a) The same as Lemma 24.1.2.
(b-c2iil) The same as Lemma 24.1.5(a,b). I

fa<y<b< Manda<é&<b< M.
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24.1.1.4 Flow of Optimal Decision Rules

s Flow-0DR 24.1.1 (rM:2[R][E]) (t-reservation-price) From Tom 24.1.1(abl,ab2) and
(22.3.66(p224) ) we have the following decision rule for 7 >t > 0,

y>yf =y >V, = Accept,(y) and the process stops |
y<yi =y <V, = Reject,(y) and the search is conducted

which yields the following scenario. First the process is initiated at the optimal initiating time ti, and then the search is

conducted at that time.

x Assume that a buyer appears at time t; — 1 with A and that he proposes the price &, hence the best price at that time is y = €.
After that, the following condition branching follows.

o Lety > yf:,l‘ Then Accept,. _,(y) and the process stops |
o Lety < yf;,l. Then Reject,._,(y) and the search is conducted.

x Assume that a buyer appears at time t; — 2 with \ and that he proposes the price &, hence the best price y at that time
is enlarged to y = max{&,y}. After that, the following condition branching follows.

o Lety > yfi_Q. Then Accept,. _,(y) and the process stops |
o Lety < yf:,QA Then Reject,. _,(y) and the search is conducted.

x Assume that no buyer appears at time ty —2 with 1 —X. Then the process goes to time t; — 3, and the search is conducted.
x Assume that no buyer appears at time t; — 1 with 1 — X\. Then the process goes to time t; — 2, and the search is conducted

o Accept,(y) and the process terminates I U

& Flow-0DR 24.1.2 (rM:2[R][E]) (Accepty(y)/Terminate) The inequality y < Vi(y) in
Tom 24.1.1(a a) yields the following flow of the optimal decision rule. First the process is initiated at the optimal initiating time
tr.
*T Assume that no buyer appears at time t: — 1 with 1 — X. Then the process goes to time ty —2---
b Rejectti,2<y) (y < Vi(y)).
x Assume that a buyer appearing at time t; — 3 with \ proposes the price £, hence the best price y at that time is enlarged
to y = max{¢,y}.

® Reject,. 5(y) (v < Vi(y)).

x Assume that no buyer appears at time t; — 3 with 1 — X. Then the process goes to time t; — 4.

e Accept,(y) and the process terminates |l.
x Assume that a buyer appearing at time t; — 1 with A proposes the price £, hence the best price at that time is y = &.
b Rejectt:71<y) (y <Vily))-

x Assume that a buyer appearing at time t; — 2 with A proposes the price £, hence the best price y at that time is enlarged

to Yy d;f ma‘x{ga y}
° Rejectti,2<y> (y < Vt(y))

x Assume that no buyer appears at time t; — 2 with 1 — X. Then the process goes to time t; — 3.

® Accept(y) and the process terminatesll. [

Remark 24.1.1 (Accept(y)/Terminate) In Flow-0DR 24.1.2, first let us consider following two extreme cases:

Casel Suppose that no buyer appears at times ¢t — 1, t; — 2, ---, 1. Then the process finally arrives in Accept,(y) and
terminate Il.
Case2 Suppose that, even if buyers appear at all times t; — 1, ¢ — 2, ---, 1, they are all rejected (Reject), hence the process

eventually arrive in Accept,(y) and terminate ll. Here note that the best price y is cumulatively enlarged every time
Reject is made and that the best price which continues to be enlarged is lastly accepted at the deadline t = 0 , i.e.,
Accept(y) and the process terminates Il.
Different intermediate cases can be considered between the two extreme cases. In these cases, however, evidently they are all
eventually led also to Accept,(y) and the process terminates Il. Let us denote each of these decisions by Accept,(y)/Terminate
(reduction of optimal decision rule). [
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24.1.1.5 Market Restriction
24.1.1.5.1 Positive Restriction

O Pom 24.1.1 (& {rM:2[R][E]}*) Suppose a > 0.

(a) Let =1 and s =0. Then we have Accepty(y)/Terminate.
(b) Let B <1 ors>0. Then we have t-reservation-price.

Proof  Suppose a > 0.
(a) Obvious from the fact that Tom 24.1.1(& a) can be rewritten as Flow-0DR 24.1.2.

(b) Evident from the fact that Tom 24.1.1(a bl,s b2) can be rewritten as
Flow-0DR 24.1.1. 1

24.1.1.5.2 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

24.1.1.5.3 Negative Restriction

O Nem 24.1.1 (&{rM:2]R][E]}") Suppose b < 0.

(a) Let B=1 and s =0. Then we have Accepty(y)/Terminate.
(b) Let B <1 ors>0. Then we have t-reservation-price.

Proof The same as the proof of Pom 24.1.1. 1

24.1.2 rM:2[R][E]

24.1.2.1 Preliminary I

Let us define N
o (y) = w(y) -y, t>0,

Vo) = Vily)—y, t>0.
Then, from (22.3.74(p.225) ) we have
5 (y) = min{0, V;’(y)}, t>0.

By §¢ let us denote the solution of the equation V;°(y) = 0, ¢ > 0, it exists, i.e.,
V(i) = 0.
If multiple solutions exist, it is defined to be the largest of them. Now, we have

B(y) = min{0,p—y} (e (22.3.67),
Vo) = p—y (+ (223.73)).

Lemma 24.1.6 (rM:2[R][E]) We have §§ = 4§ fort > 0. 0
Proof  First, note that (22.3.71(p225)) can be rewritten as follows.
Vily) = AB [, v (minf{€, y}) F()dE + (L - NBuioi(y) +5, t>0.

Here replacing f(€) by f(£) (see (11.1.10(p3))) leads to

Vi(y) = A8 [, vee1(min{€, y}) F(E)dE + (1 — N)Bui—1(y) + 5
= A3 [, vema(min{—€, =g} F(E)dE + (1 = N)Bvia(y) + 5
= A8 [, vema (= max{é, 91) F(E)dE + (1= N)Bvioa(y) +5---(1), >0

Next, let n = é = —¢, hence dn = —d¢. Then, the above expression can be rearranged as

Vily) = =8 [ 7 vemr(—max{n, §}) f(n)dn + (1 = N)Bue—1(y) + s
= A3 [Z vemr (= max{n, §}) f(n)dn + (1 — X)Bue—1(y)
= A3 [Z vemr(—max{&, §}) f(§)
= AB [0 ve—1(—max{&, §}) f(€)dE + (1 — A)Bue—1(y

S

s (see (11.1.12(p56))).

Applying the reflection operation R to the above expression yields

=B JZ2, te—1 (= max{&,§}) f(E)dE — (1 = N)Bie—1(=9) + s

= —ABE[br—1(—max{§,})] — (1 = A)Bo1(=9) +s, t>0.
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Multiplying the above by —1 yields
V(=) = ABE[Di-1(—max{&§})] + (1= N)Bo-1(=9) =5, ¢ >0.--+(2).
Now, since (2) holds for any y with —oo < y < 00, it holds also for ¢ since —oco < § < 00, hence we have
Vi(=9) = ABE[0r-1(—max{&,gP] + (1 = N)Bo1(=9) —s, t>0.-(3).
Since § = y, we can rewrite (3) as
Vi(—y) = ABE[be—1(— max{&,y})] + (1 — N)Bo—1(—y) —s--- (4).

1. Below let us temporarily represent the symbols “v” and “V” used in rM:2[R][E] in Section 22.3.2.1.1(p24) by “2” and “Z”
respectively. Then (22.3.54) and (22.3.55) can be rewritten as respectively

zo(y) = max{y,p}---(5),
zi(y) = max{y, Z«(y)}---(6), t>0,
where (22.3.60) and (22.3.58) can be rewritten as respectively
Zo(y) = p---(7),
Zi(y) = ABE[zi1(max{§,y})]+ (1 - N)Bzi1(y) —s---(8), t>0.

Zi(y)—y - (9) and 2§ (y) = 2 (y)—y = max{0, Z{ (y)}. Then we have Z{ (y) = 0 and 2 (y§)—yS =0

def

In addition, let Z7 (y) =
(see (24.1.7(p245))).

2. Since Vo(y) = p---(10) from (22.3.73p2%)), we have —Vo(—3) = —p, hence Vo(—j) = p. Since the equality holds for
any Yy € ( 00,00) and any p € (—00,00), so also does for § € (—o0,00) and jp € (—o0,00), hence Vo(—y) = p, thus

Vo(= -~ (11).

y) =
(11) and (7) we have Vo(—y) = Zo(y) (= p). Suppose f/t 1(—y) = Zi—1(y). Then, from (22.3.74(p225)) we have
1(y) = min{y, Vi—1(y)} = min{—9, —Vi—1(—-9)} = —max{y,Vt 1(—=9)} = —max{y, Zi—1(4§)} = —2:—1(9). Hence, since

17 “1(y) = z-1(§), we have 6,1 (—y) = -1(§) = 2-1(§) = z-1(y); accordingly, (4) can be rewritten as

Vi(—y) = ME[zi—1(max{€,y})] + (1 — NBzi-1(y) — s = Ze(y).

Hence, since —Vi(—y) = Z(y), we have Vi(—y) = —Z;(y). Since the equality holds for any y € (—o0, o), so also does for
7 € (—00,00), so that Vi(—7) = —Z(§), hence Vi(y) = —Z:(9). Now, from (24.1.12) we have 0 = V;(5) = Vi(%5) — 95 =
—Zu(57) — 5 = —Z(§?) + G5 = —(Zu(§F) — §7) = — 28 (§7) due to (9) or equivalently 0 = Z7 (7). Hence, we have y = g
by definition or equivalently §¢ = ¢¢ , so that —g¢ = y¢, hence 45 = —y¢ = ¢°.

24.1.2.2 Derivation of «/{rM:2[R][E]}
For almost the same reason as in Section 23.1.2.1(p2%) it can be confirmed that SOE{rM:1[R][E]} (see
(22.3.17(p222))) is symmetrical to SOE{rM:1[R][E]} (see (22.3.5(p222))). Taking into consideration the result, we immediately see
that Scenario[R](p60) can be applied also to &/ {rM:1[R][E]}. Accordingly, we can obtain the following Tom.
O Tom 24.1.2 (& {rM:2[R][E]})
(a) aLetB=1ands=0. Theny > Vi(y) fort >0 and any y.
(b) LetB<1ors>0.
1. alLety<yy. Then Vi(y) >y fort>0.
2. alLety>g;. Theny > Vi(y) fort>0. [

Proof Immediate from applying Sp_ .z (see p.98) to Tom 24.1.1(p.24). 1

24.1.2.3 Flow of Optimal Decision Rules

~ Flow-0DR 24.1.3 (rM:2[R][E]) From Tom 24.1.2(a bl,ab2) and (22.3.75(p225)) we have the following decision rule for T >
t > 0.

y<yf =y >V, = Accept,(y) and the process stops |
{y >y =y <Vi, = Reject,(y) and the search is conducted

The rest is the same as Flow-0DR 24.1.1(p47) except that “--- is enlarged to --- 7 is replaced by “--- is reduced to --- 7. [

& Flow-ODR 24.1.4 (rM:2[R][E]) (Accept(y)/Terminate  We have the inequality y > Vi(y) in

Tom 24.1.2(aa). The rest is the same as Flow-0DR 24.1.2(p.247) except that “--- is enlarged to - - 7 is replaced by “--- is reduced
to --- 7.
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24.1.2.4 Market Restriction
24.1.2.4.1 Positive Restriction
O Pom 24.1.2 (& {rM:2[R][E]}*)  Assume a > 0.

(a) Let =1 and s =0. Then we have Accepty(y)/Terminate.
(b) Let B<1 ors>0. Then we have t-reservation-price.

Proof (a) The same as Tom 24.1.2(aa).
(b) See Tom 24.1.2(ab-b2). 1

Remark 24.1.2 (diagonal symmetry) Pom 24.1.2 can be also obtained by applying Sg_,z to Nem 24.1.1 (see (17.1.22 (1) (p.113) )). O

24.1.2.4.2 Mixed Restriction
Omitted (see Section 17.2.3(pl16) ).

24.1.2.4.3 Negative Restriction
Omitted (see Section 17.2.3(p.116) ).

24.1.3 Conclusion 11 (Search-Enforced-Model 2)
Cl1 We have & {rM:2[R][E]}* ~v &/ {rM:2[R][E]}T.
C2 Let 8=1and s = 0. Then we have optdr — Accept,(y)/Terminate for rM:2[R][E]" and rM:2[R] [E]+.
C3 Let < 1ors>0. Then we have t-reservation-price for rM:2[R][E]" and rM:2[R] [E]+ 0

C1 Compare Pom’s 24.1.2(p.250) with 24.1.1(p.243).
C2 See Pom’s 24.1.1(p283) (a) and 24.1.2(p.2%0) (a).
C3 See Pom’s 24.1.1(p28) (b) and 24.1.2(p.250) (b). 1

24.2 Search-Allowed-Model 2

24.2.1 rM:2[R][A]

24.2.1.1 Preliminary
Let us define

Vo) EVily) —y, t>0, (24.2.1)
o) (y) Z v(y) —y = max{0,V;°(y)}, t>0, (see (22.3.83)) (24.2.2)
where Voy) = Voly) —y=p—y (see (22.3.82(0.223))), (24.2.3)
vo(y) = vo(y) —y = max{0,p—y} (see (22.3.76)). (24.2.4)

Then, from (22.3.80) we have

ax{&, y} + (1 = NBvi_1(y) +y) — s, B(vi_1 () + )} —y

Vily) = max{ABE[v]_;(max{{ y}) +m

(1= N)Bvi_1(y) + ABE[max{&,y}] + (1 = N)By — s, Bv{_1 (y) + By} — v
(

(

= max{\BE[v{_;(max{¢,y}
= max{ABE[}_ (max{€,y})] + (1 = NBvj_1(v) + K(u) + 4,807 1) + By} —y (see (5.1.10017))

= NBv_1(y) + K (), Boi_a(y) = (1 = By}, t>0. (24.2.5)

By yy let us denote the solution of the equation V°(y) = 0 for t > 0 if it exists, i.e.,

Ve(y) =0, t>0. (24.2.6)
If multiple solutions exist, it is defined to be the smallest of them. Let us define
Vi € Vi —BVio1, t>0. (24.2.7)
Then, from (22.3.87) and (22.3.78) we have
Vi = Vi — Vo = max{L(p),0}. (24.2.8)

From (22.3.76) and (22.3.78) we have vo(&) — Vo = max{&, p} — p = max{&€ — p, 0}, hence from (22.3.92(p.226)) with ¢t = 1 we get

S1 = ABE[vo(§) — Vo] — s
ABE[max{§ — p,0}] — s

= AT (p) —s=L(p) (see (5.1.1(p17)) and (5.1.3)). (24.2.9)

Now (22.3.95) can be rewritten as
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St(y) = ABE[(vi—1(max{§,y}) — ve—1(y))I(y < &) + (vi—1(max{&, y}) — ve—1(y))[(§ <y)] — s
= ME[(ve-1(8) —ve—1(y)I(y < &) + (vi—1(y) —ve—1 (W) I(E < y)] — s
= ME[(vi-1(§) —ve-1(y))I(y < §)] — s. (24.2.10)
From (22.3.76) we have vo(€) — vo(y) = max{§, p} — max{y, p} < max{€ — y,0}, hence from (24.2.10) with ¢ = 1 we have
S1(y) = ABE[(vo(€) —vo(y)I(y < &)]—s < ABE[max{€ —y,0}(y < &)] —s. Then, since max{& —y,0} > 0and I(y < &) <1,
we get max{§ —y,0}(y < §) < max{§ — y, 0}, hence
Si(y) < MBE[max{¢ —y,0}] —s (24.2.12)
ABT(y) —s = L(y) (see (5.1.1(p17)) and (5.1.3)). (24.2.13)

24.2.1.2 Some Lemmas

Lemma 24.2.1 (rM:2[R][A])

(a) v¢(y) and Vi(y) are nondecreasing in y fort > 0.
(b) Vi(y) is nonincreasing iny fort > 0. [

Proof (a) Clearly vo(y) is nondecreasing in y from (22.3.76(p.225)). Suppose v¢—1(y) is nondecreasing in y. Then Vi(y) is
nondecreasing in y from (22.3.80), hence v:(y) is nondecreasing in y from (22.3.83). Thus by induction v;(y) is nondecreasing
in y for ¢ > 0. Then v;—1(y) is nondecreasing in y for ¢ > 0, hence V;(y) is also nondecreasing in y for ¢ > 0 from (22.3.80). In
addition, since Vo (y) can be regarded as nondecreasing in y from (22.3.82), it follows that V;(y) is nondecreasing in y for ¢ > 0.

(b) Vi (y) is nonincreasing in y from (24.2.3). Suppose V% ;(y) is nonincreasing in y, hence v§_;(y) is also nonincreasing
in y from (24.2.2). Accordingly, since K (y) and —(1 — )y are both nonincreasing in y (see Lemma 9.2.2(b), it follows from
(24.2.5) that V;°(y) is also nonincreasing in y. Thus, by induction V;°(y) is also nonincreasing in y for ¢t > 0. 1

If y < (>) &, then v—1(€) > (<) ve—1(y) due to Lemma 24.2.1(a) or equivalently v,—1(§) — vi—1(y) > (L) 0 for ¢ > 0. Then,
since
max{vi—1(§) — ve-1(y), 0}
= max{vi-1(§) — vi-1(y), 0} (y < §) + max{vi—1(§) — vi-1(y), 0} (y > &)
(ve-1(&) —ve—1 () I(y <& +0x I(y = &)
(vi-1(8) = ve—1(¥)I(y < &),

we can rewrite (24.2.10) as
Si(y) = ABE[max{vi—1(€) —vi—1(y),0}] —s, t>0. (24.2.15)

Lemma 24.2.2 (rM:2[R][A]) Let =1 ors=0.

(a) Lets=0. Then S¢(y) > 0 for any y and ¢t > 0.
(b) LetB=1. Theny < Vi(y) for anyy andt > 0. 0

Proof (a) If s =0, from (24.2.15) we have S;(y) = S E[max{vi—1(€) — v¢-1(y),0}] > 0 for any y and ¢ > 0.
(b) If 8 =1, from (22.3.80) and (22.3.77) we have V;(y) > Bvi—1(y) = vi—1(y) >y for any y and any ¢t > 0. 1

Lemma 24.2.3 (rM:2[R][A]) Let 8 <1 and s> 0.

(a) limy——oo V2(y) = 00 fort > 0.

(b) limy—oo Vi (y) = —00 for ¢t > 0.

(¢) The solution y; exists for t > 0 such that
1. Lety >ysy. Then Vi(y) <y fort> 0.
2. Lety <wy;. Then Vi(y) >y fort >0. [

Proof Let <1 ands>0.

(a) Obviously Vi’ (y) — oo as y — —oo from (24.2.3). Suppose V2 1(y) — oo as y — —oo. Then v{_;(y) — oo as y — —o0
from (24.2.2). Hence, from (24.2.5) we have V;°(y) — oo as y — —oo due to the facts that K(y) — oo as y = —oo due to
(9.2.4(1) (p42)) and that —(1 — B)y — oo as y — —oo. Thus, by induction V;*,(y) — oo as y — —oo for ¢ > 0, so we have
limy—, — oo V2 (y) = 0o for t > 0.

(b) Evidently v§(y) — 0 as y — oo from (24.2.4). Suppose vi_;(y) — 0 as y — oo. Noting that K(y) — —oco as y — oo
from (9.2.5 (2) (p42)) and that —(1— )y — —o0 as y — oo, from (24.2.5) we have V;°(y) — —oco for t > 0 as y — oo. Hence, from
(24.2.2) we have vy (y) — 0 as y — oco. Thus, by induction vy (y) — 0 for any ¢ > 0 as y — oo, hence vy_;(y) — 0 for any ¢ > 0
as y — oo. Then, for the same reason as just above we have V;°(y) — —oo for t > 0 as y — 00, so we have limy_o V°(y) = —00
for ¢ > 0.

(¢) From (a,b) and Lemma 24.2.1(b) we see that there exist yy such that y > (<) yy = V2(y) < (2)0 & Vi(y) < (>) vy
for t > 0 from (24.2.1). 1
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Lemma 24.2.4 (rM:2[R]|[A]) Let 8 <1 and s > 0.
(a) Lety<0. Then Vi(y) >y fort > 0.
(b) Lety>D0.
1. Lety >ys. Then Vi(y) <y fort >0,
2. Lety <wy;. Then Vi(y) >y fort >0
where y§ >0 fort > 0. [
Proof Let 8 <1 and s> 0. Since Vi(y) > K(max{y, p}) + max{y, p} for any y from (22.3.89(p.225) ) and since max{y, p} > y
for any y, we obtain Vi(y) > K(y) +y---(1) for any y due to Lemma 9.2.2(e).
(a) Lety <0---(2). Since Vi(y) > Bvi—1(y) for ¢ > 0 from (22.3.80(p.225) ) and since v,—1(y) > y for ¢t > 0 from (22.3.77(p22) ),
we have V;(y) > Bvi—1(y) > By for t > 0. Then, since By > y due to (2), we have Vi(y) >y for t > 0.
(b) Lety > 0---(3). Here note that the result in (a) implies y{ > 0 for all ¢ > 0 because if y5, < 0 for a ¢’ > 0, then for
Yy <y < 0 we have V7 (y) < 0 or equivalently Vi (y) — y < 0, leading to the contradiction Vi (y) < y.
(b1,b2) See Lemma 24.2.3(c1,b1). 1

24.2.1.3 Analysis
O Tom 24.2.1 (& {rM:2[R][A]})

(a) Lets=0. Then &{rM:2[R][A]} + & {rM:2[R][E]}.
(b) wLet B=1. Theny < Vi(y) for any y and t > 0.
(¢) LetB <1 ands>0.

1. We have A.

2. alLety<0. Theny < Vi(y) fort>0.

3. Lety>0.
i. aLety>y;. Then Vi(y) <y fort>0.
ii. aLety<wys. Theny < Vi(y) fort>0. [

Proof (a) Lets =0. Then, from Lemma 24.2.2(a) we see that it is always optimal to CONDUCT; the search due to (22.3.97(p.22) ),
implying that rM:2[R][A], which is originally a search-Allowed-model, is substantially reduced to rM:2[R][E], which is a search-
Enforced-model.

(b) The same as Lemma 24.2.2(p.351) (b).
(¢) Letf<1ands>0.

(c1) From (22.3.79(p2%)) we have V; > BVi—q1 for 7 > ¢t > 0, hence V; > BVi_1, Vo1 > Vi, -+, Vi > BV, so
Vi > BVe_1 > B2V > --- > B7Vi. Accordingly, we have t* =7 for 7 > 0, i.e., [® dOITS >0(T) |a-

(c2) The same as Lemma 24.2.4(a).
(c3-c3ii) The same as Lemma 24.2.4(b-b2). 1

24.2.1.4 Flow of Optimal Decision Rules
o Flow-0DR 24.2.1 (rM:2[R][A]) (t-reservation-price) From Tom 24.2.1(a c3i,ac3il) and (22.3.98(p.2%)) we have the fol-
lowing decision rule for T >t > 0.
y>yr =y >V = Accept,(y) and the process stops |
{y <y? =y <Vi = Reject,(y) and the search is conducted

which yields the following scenario. First the process is initiated at the optimal initiating time ti, and then the condition
branching below follows.

* Let Skip,.. Then the process goes to time t; — 1, and then Conductyx _1/Skip,. _, follows (see (22.3.94(p.22))):.
*x Let Conductyx .

x Assume that a buyer appearing at time t; — 1 with A proposes the price &; hence the best price at that time is y = £. After
that, the following condition branching follows.

L. Lety > yg«_y. Then Accept,. ,(y) and the process stops |
2. Lety < yi=_y. Then Reject,. ,(y) and then CONDUCT:x_1/SKIP:x 1 follows (see (22.3.97(p22))).

*x Let SKIP:x 1. Then the process goes to time t7 —2, and then CONDUCTti_Q/SKIPt:__Q follows (see (22.3.97(p.22))).
*x Let CONDUCTt: —1.

x Assume that a buyer appearing at time t; — 2 with A\ proposes the price &, hence the best price y at that time
is enlarged to y = max{&,y}. After that, the following condition branching follows.

1. Lety > yi« _o. Then Accept,. ,(y) and the process stop |
2. Let y < yf:_Q. Then Reject,. _,(y) and CONDUCT;x —1 /SKIP;x_1 follows (see (22.3.97(p226))).

x Assume that no buyer appears at time t; — 2 with 1 — X\, then the process goes to time ty — 3
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x Assume that no buyer appears at time t; — 1 with 1 — X, then the process goes to time t; — 2.

o Accepty(y) and the process terminates I [

& Flow-0DR 24.2.2 (rM:2[R][A]) (Accepty(y)/Terminate) The inequality y < Vi(y) in
Tom 24.2.1(a b,& c2) yields the following flow of the optimal decision rule. First the process is initiated at the optimal initiating
time tr, and then Conduct:x /Skip,. follows (see (22.3.94(p2%))):

* Let Skip,.. Then the process goes to time t7 — 1, and then Conductx 1 /Skip,._; follows (see (22.3.94(p2))):
x Let Conductyx .
x Assume that a buyer appearing at time t; — 1 with X proposes the price ; hence the best price at that time is y = &.
® Reject,. (y) and then CONDUCT;x 1 /SKIP;x 1 follows(see (22.3.97(p.2))).

*x Let SKIP;x —1. Then the process goes to time t; — 2 and CONDUCTx —2 /SKIP;x 2 follows (see (22.3.97(p.226))):
*x Let CONDUCT¢x —1.

x Assume that a buyer appearing at time t; — 2 with \ proposes the price &, hence the best price y at that time is
enlarged to y = max{&,y}.

® Reject,. ,(y) and then CONDUCT:x_1/SKIPsx 1 follows (see (22.3.97(p22))).
*x Let SKIPt_T_fz. cee
** Let CONDUCT % —2.

x Assume that no buyer appears at time ty — 2 with 1 — X\ and the process goes to time ti — 3
x Assume that no buyer appears at time t; — 1 with 1 — X\ and the process goes to time t; — 2.

o Accept,(y) and the process terminates Il. [J

Remark 24.2.1 (Accept,(y)/Terminate) In Flow-0DR 24.2.2, first let us consider following two extreme cases:
Casel Suppose that the process starts with Skip,. and then Skip,._;, Skip,._,, --- continue, and the process arrives finally
in Accept,(y) and terminates.

Case2 Suppose that Conductx is made and then that CONDUCT;x —1y, CONDUCT;x 2, --- continue. Then the process arrives
finally in Accept,(y) and terminates. Here note that the best price y is cumulatively enlarged every time CONDUCT is
made and that the best price which continues to be preserved and enlarged is lastly accepted at the deadline ¢t =0, i.e.,
Accept(y).

Different intermediate cases can be considered between the two cases. Then it is evident that they are all led also to Accept,(y)
and the process terminates. [

24.2.1.5 Market Restriction

24.2.1.5.1 Positive Restriction

O Pom 24.2.1 (&/{rM:2[R][A]}")  Suppose a > 0.

(a) Lets=0. Then o {rM:2[R][A]T} o= o/ {M:2[R][E]"}.
(b) Let B =1. Then we have Accepty(y)/Terminate.

(¢) LetB<1ands>D0.

1. We have |® d0ITs,>o(T)| — - ®

2. We have t-reservation-price.

Proof Suppose a > 0. Then y > a > 0 for any y € [a,b], hence the case “y < 0” should be removed, so that it suffices to
consider only Tom 24.2.1(c3i,c3ii).

(a) The same as Tom 24.2.1(a).
b) See Flow-0DR 24.2.2.
c) Let 3<1ands>0.
cl) The same as Tom 24.2.1(cl).
c2) See Tom 24.2.1(c3i,c3ii). 1

(
(
(
(
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24.2.1.5.2 Mixed Restriction
Omitted (see Section 17.2.3(pll6) ).

24.2.1.5.3 Negative Restriction

O Nem 24.2.1 (Aon {rM:2[R][A]"})  Suppose b < 0.

(a) Lets=0. Then &/{rM:2[R][A]” } + & {rM:2[R][E] " }.
(b) Let B=1. Then we have Accept,(y)/Terminate.

(¢) LetB<1ands>D0.

1. We have |® d0ITs,>o(T)| — - ®

2. We have Accept((y)/Terminate.
Proof Suppose b < 0. Then y < b < 0 for any y € [a,b], hence the case “y > 0 should be removed, so that it suffices to
consider only Tom 24.2.1(c2).

(a) The same as Tom 24.2.1(a).
(b) See Flow-0ODR 24.2.2.

(¢) Let 8<1ands>D0.

(c1) The same as Tom 24.2.1(cl).
(c2) See Flow-ODR 24.2.2. 1

24.2.2 rM:2[R][A]

24.2.2.1 Derivation of < {rM:2[R][A]}

For almost the same reason as in Section 23.1.2.1(p2%) it can be confirmed that SOE{rM:2[R][A]} (see

(22.3.104(p226) )) is symmetrical to SOE{rM:2[R][A]} (see (22.3.81(p.22%3))). Taking into consideration the result, we immediately see
that Scenario[R](p60) can be applied also to &/ {rM:2[R][A]}. Accordingly, we can obtain the following Tom.

O Tom 24.2.2 (& {rM:2[R][A]})

(a) Let s=0. Then o/ {rM:2[R][A]} % & {rM:2[R][E]}.
(b) &« Let B=1. Theny > Vi(y) fort>0.

(c) LetB <1ands>0.

1. We e [ DTTE T,
2. & Lety>0. Theny > Vi(y) fort > 0.
3. Lety<O.
i. & Lety<gy. Theny < Vi(y) fort>0.
ii. & Lety>gy. Theny > Vi(y) fort >0. [

Proof Obtained by applying Sp_,3z to Tom 24.2.1. 1§

24.2.2.2 Flow of Optimal Decision Rules

» Flow-0DR 24.2.3 (rM:2[R][A]) (t-reservation-price) From Tom 24.2.2(a c3i,ac3ii) and (22.3.113(0.2)) we have the fol-
lowing decision rule for T >t > 0.

y <y =y <Vi(y) = Accept,(y) and the process stops |
{y > g7 =y > Vi(y) = Reject,(y) and then CONDUCT;/SKIP;

The rest is the same as Flow-0DR 24.2.1(p22) except that “--- is enlarged to ---” is replaced by “--- is reduced to ---”. [

& Flow-0DR 24.2.4 (rM:2[R][A]) (Accepty(y)/Terminate) We have the inequality y > Vi(y) in

Tom 24.2.2(ab,ac2). The rest is the same as Flow-0DR 24.2.2(p253) except that “--- is enlarged to --- 7 is replaced by “--- is
reduced to --- 7. [

24.2.2.3 Market Restriction
24.2.2.3.1 Positive Restriction
O Pom 24.2.2 (/{rM:2[R][A]"})  Suppose a > 0.

(a) Lets=0. Then & {rM:2[R][A] } % o {rM:2[R][E] }.
(b) Let 8=1. Then we have Accept,(y)/Terminate.
(¢c) LetB<1ands>0.

1. We have |® d0ITs,>o(T)| — 7O

2. We have Accept((y)/Terminate.
Proof  Suppose a > 0. Then y > a > 0 for any y € [a, b], hence the case “y < 0” should be removed, so it suffices to consider
only Tom 24.2.2(c2).

(a) The same as Tom 24.2.2(a).

b) Immediate from Tom 24.2.2(b) and Flow-0DR 24.2.4.
) Let 8<1ands>0.

) The same as Tom 24.2.2(cl).

(
(c
(c1

(¢2) Immediate Tom 24.2.2(c2) and Flow-0DR 24.2.4. 1

Remark 24.2.2 (diagonal symmetry) Pom 24.2.2 can be also obtained by applying Sy _,3 to Nem 24.2.1. [
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24.2.2.3.2 Mixed Restriction
Omitted (see Section 17.2.3(p.116) ).

24.2.2.3.3 Negative Restriction
Omitted (see Section 17.2.3(p.116) ).

24.2.3 Conclusion 12 (Search-Allowed-Model 2)
Cl We have o {rM:2[R][A]}* Au o7 {rM:2[R][A]} .
C2
a. Let s =0. Then we have s-A-model 2 4+ s-E-model 2 for rM:2[R][A]" and rM:2[R] [A]+.

b. Let 8 = 1. Then we have optdr ~ Accept,(y)/Terninate for both rM:2[R][A]" and rM:2[R] [Aﬁ.

C3 Let < 1ors>0. Then we have ) for rM:2[R][A]" and rM:2[R] [A]+
C4 Let f<lors>0.

a. We have t-reservation-price for rM:2[R][A]*.
b. We have optdr — Accept(y)/Terminate for rM:2[R] [A]Jr and rM:2[R] [1—\]+ with g =1. 0

C1 Compare Pom’s 24.2.2(p.234) with 24.2.1(p.253) .
C2a See Pom’s 24.2.1(p253) (a) and 24.2.2(p.254) (a).
C2b See Pom’s 24.2.1(p.253) (b) and 24.2.2(p.254) (b).

C3 See Pom’s 24.2.1(p253) (c1) and 24.2.2(p.254) (c1).
Cda See Pom’s 24.2.1(p.253) (c2).

C4b See Pom’s 24.2.1(p.253) (b) and 24.2.2(p.254) (b). 1
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Chapter 25

Model 3

25.1 Search-Enforced-Model 3

25.1.1  rM:3[R|[E]
Lemma 25.1.1 Let p > xx. Then Uy < p and v¢(y) < max{y,p} fort >0. 1

Proof Let p > k, hence max{y, p} > p > xx for any y. Accordingly, from Corollary 9.2.2(p44) (a) we have K(p) < 0---(1) and
K(max{y,p}) <0---(2). Now Up < p from (22.3.121(2) (p227)) and vo(y) < max{y, p} for any y from (22.3.114(p.227)). Suppose

Ui—1 < p and vi—1(y) < max{y, p} for any y, hence V;_1 = p from (22.3.117(p.27) ) and v;—1 (max{&, y}) < max{max{&,y}, p} for
any ¢ and y. Then, from (22.3.119(p227)) we have U; < A E[max{&,p}] + (1 — N)Bp — s = K(p) + p from (5.1.10(p.17) ), hence
U; < p due to (1). In addition, from (22.3.118(p21)) we have Ui(y) < A8 E[max{max{¢,v},p}] + (1 — \)Bmax{y,p} — s =

AB E[max{&, max{y, p}}+ (1 —N)Bmax{y, p} —s = K(max{y, p}) + max{y, p} from (5.1.10(p.17) ), hence U;(y) < max{y, p} from
(2) . Accordingly, from (22.3.115(p227) ) we have v;(y) < max{y, p, max{y, p}} = max{y, p}. This complete the inductions. I

O Tom 25.1.1 (& {rM:3[R][E]})
(a) Let p< xx. Then we have &/{rM:3[R][E]} — «/{rM:2[R][E]}.
(b) Letp> zk.
1. We have optdr — Accept_(p)/Stop.
2. Let p>0. Then we have (8) .
3. Let p<0. Then we have @. [
Proof (a) Let p < xx, hence K(p) > 0---(1) from Corollary 9.2.2(p44) (b). Since Vi—1 > p for ¢ > 0 from (22.3.117(p.227))) and

since v:—1(y) > max{y, p} for any y, p, and ¢ > 0 from (22.3.115(p.227))), from (22.3.119(p.227))) we have Uz > A3 E[max{&, p}] +
(1—=X)Bp—s = K(p)+p for t > 0 from (5.1.10p17) ), hence U; > p for t > 0 from (1). This fact means that “Reject the
intervening quitting penalty p for all £ > 0”7, implying “Behave as if there does not exist the intervening quitting penalty p”; in
other words, it follows that rM:3[R][E] is reduced to rM:2[R][E].

(b) Let p> zxk.

(bl) Then, we have Uy < p for 7 > ¢ > 0 from Lemma 25.1.1, meaning that “Accept the intervening quitting penalty p and
the process stops” is optimal for 7 > ¢ > 0; in other words, we have Accept_(p)/Stop for 7 > 7 > 0 (see (20.1.9(p.212) )).

(b2,b3) The same as Lemma 20.1.2(p212). 1

O Pom 25.1.1 (&/{rM:3[R][E]} )

(a) Let p< xzx. Then we have o {rM:3[R][E]}" — o7 {rM:2[R][E]}T.
(b) Letp> xx.

1. We have optdr — Accept_(p)/Stop.

2. Let p>0. Then we have (8.

3. Let p<0. Then we have @. 0

Proof Immediate from Tom 25.1.1(p257). 1

25.1.2 rM:3[R][E]

In the same way as in Section 23.1.2.1(p2%) we can easily verify that SOE{rM:3[R][E]} = Sp_,[SOE{rM:3[R][E]}] (sce (22.3.129(.227) )
and (22.3.120(p.227))), hence, applying Sp_,3 to Tom 25.1.1 yields the following Tom.

O Tom 25.1.2 (& {rM:3[R][E]})
(a) Let p> Tz. Then we have o/ {rM:3[R][E]} — o {rM:2[R][E]}.
(b) Letp< 2.

1. We have optdr — Accept_(p)/Stop.
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2. Let p<0. Then we have 5.
3. Let p>0. Then we have @ 0

O Pom 25.1.2 (& {rM:3[R][E]}")
(a) Let p> xz. Then we have JZ/{?"M:S[RHE]+} — ,Qi{rl\?l:Z[R][Eﬁ}.
(b) Letp< 2f.

1. We have optdr — Accept_(p)/Stop.

2. Let p<0. Then we have ().
3. let p>0. Then we have @. [

Proof Immediate from Tom 25.1.2(p257). 1

25.1.3 Conclusion 13 (Search-Enforced-Model 3)

In a selling model (buying model) we have:

Cl. Let p< zx (p > Zg). Then we have Model 3 — Model 2.

C2. Let p > zx (p < Zg). Then we have optdr — Accept, (p)/Stop.
C3. Let p>0 (p <0). Then we have (8 .

C4. Let p<0 (p>0). Then we have @ .

Cl See Pom 25.1.1(p.257) (a) (Pom 25.1.2(p.238) (a)).

C2 See Pom 25.1.1(%7) (b1) (Pom 25.1.2(p2%) (b1)).

C3  See Pom 25.1.1(p%7) (b2) and (Pom 25.1.2:23%) (b2)).
(

(
(
(p2
C4 See Pom 25.1.1( b3) and Pom 25.1.2(p.258) (b3)). |

p.25
57)
p.257)

25.2 Search-Allowed-Model 3

Lemma 25.2.1 We have

(a) wve(y) is nondecreasing in t > 0 for any y.

(b) Let p < 0. Then U is nondecreasing in t > 0.

(c) Letp> zx and p>0. Then Uy < p fort >0 and v(y) < max{y, p} fort >0. I

Proof (a) From (22.3.133(p227)) with ¢ = 1 and (22.3.132(p27)) we have vi(y) > max{y,p} = vo(y) for any y. Suppose
vi—1(y) > vi—2(y) for any y. Then, from (22.3.137(p28)) we have

Ui(y) > max{\B E[vi—2(max{&,y})] + (1 — N)Bvi—2(y) — s, Bvi—2(y )} Ui—1(y), so that from (22.3.133(p27)) we have v:(y) >
max{y, p,Ui—1(y)} = vi—1(y). Thus, by induction we have v;(y) > vi—1(y) for ¢ > 0. Accordingly, it follows that v.(y) is
nondecreasing in ¢ > 0.

(b) Let p <0. from (22.3.138(p.228) ) with ¢t = 1 and (22.3.134(p27) ) we have Uy > Vh = Bp > p = Uy from (22.3.141 (2) (p2%) ).
Suppose Uy > Ui—1. Then, since vi—1(§) > v¢—2(&) for any £ from (a) and since V; > max{p, Us—1} = Vi—1 from (22.3.135p.227) ),
we have Uy > max{)\ﬁE[Ut,Q( N+ (1= XN)BViea — s, Viea} = Uy from (22.3.138(p.228) ). This completes the induction.

(¢) Letp> xx and p>0---(1). Then, we have K(p) <0---(2) from Corollary 9.2.2(p44) (a) and we have K (max{y, p}) <
0---(3) for any y due to max{y,p} > p > k. Clearly, we have Uy < p from (22.3.141 (2) (p28)) and vo(y) < max{y, p} for
any y from (22.3.132(p.27)). Suppose Ui—1 < p and v;—1(y) < max{y, p} for any y, hence Vi_1 = p from (22.3.135(p27) ). Then,
from (22.3.138(p.28) ) we have Uy < max{\8 E[max{&,p}] + (1 — N\)Bp — s,Bp} = max{K(p) + p, Bp} from (5.1.10(p17)), hence
U < max{p, Bp} = p due to (2) and (1). Moreover, from (22.3.137(p2%) ) we have Us(y) < max{\3 E [max{max{&,y}, p}]+ (1 —

A)Bmax{y, p} —s, Bmax{y, p}} = max{A8 E[max{{, max{y, p}}]+ (1—A)Bmax{y, p} —s, Bmax{y, p}} = max{K (max{y, p}) +
max{y, p}, B max{y, p}} from (5.1.10(p.17) ). Hence U:(y) < max{max{y, p}, 8{max{y, p}} = max{y, p} due to (3) and max{y, p} >
p > 0 for any y. Accordingly, from (22.3.133(p.227)) we have v¢(y) < max{y, p, max{y, p}} = max{y, p}. This complete the in-
ductions. 1

O Tom 25.2.1 (& {rM:3[R][A]})

(a) Let p< xx or p<0. Then we have &/{rM:3[R][A]} — «/{rM:2[R][A]}.

(b) Letp> xx and p > 0. Then we have odr — Accept_.(p)/Stop. U

Proof From (22.3.138) with ¢t = 1, (22.3.132) with ¢t = 1, and (22.3.134(p.227)) we have

Ui = max{\8 E[max{¢, p}] + (1 — N\)Bp — s, Bp} = max{K(p) + p, Bp} - -- (1) due to (5.1.10(.17)).

(a) Let p < xx, hence K(p) > 0---(2) from Corollary 9.2.2(p44) (b). Since v¢(y) > max{y, p} for any y and for ¢t > 0 from

(22.3.133(p27))) and Vi > p for ¢ > 0 from (22.3.135(p221))), from

(22.3.138(p.28) )) and (5.1.10(p17) ) we have U; > max{\S E[max{&, p}|+ (1 —X)Bp—s, Bp} = max{K(p)+p,Bp} > K(p)+p>p
for any ¢ > 0 due to (2). Let p < 0, hence —(1 — 3)p > 0. From (1) we have U — p = max{K(p), —(1 — B)p} > 0, so Uy > p;
accordingly, we have U, > p for t > 0 from Lemma 25.2.1(b). Consequently, whether p < xx or p < 0, it follows that U, > p
for ¢ > 0. This fact means that “Reject the intervening quitting penalty p for all ¢ > 0”, implying “Behave as if there does not
exist the intervening quitting penalty p”; in other words, it follows that rM:3[R][4] is reduced to rM:2[R][A].

(b) Let p > zx and p > 0. Then, we have U; < p for 7 > t > 0 from Lemma 25.2.1(c), meaning “Accept the intervening
quitting penalty p and the process stops” for 7 > ¢ > 0; in other words, we have Accept,(p)/Stop for 7 > 7 > 0 (see (20.1.9(p.212) )).
Accordingly, it follows that the assertion holds due to Lemma 20.1.2(p212). §
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O Pom 25.2.1 (& {rM:3[R][A]}T)

(a) Let p< xx or p<0. Then we have o {rM:3[R][A]T} — o/ {rM:2[R][A]}.
(b) Let p> xx and p > 0. Then we have odr — Accept_(p)/Stop. U

Proof See Lemma 16.4.1(p.100). 1

25.2.1 rM:3[R][4]

In the same way as in Section 23.1.2.1(p23) we can easily verify that SOE{rM:3[R][A]} = Sy _,z[SOE{rM:3[R][A]}] (see (22.3.149(p2) )
and (22.3.140)), hence, applying S;_,3 to Tom 25.2.1 yields the following Tom.

O Tom 25.2.2 (& {rM:3[R][A]})

(a) Let p> Tz or p<0. Then we have o/ {rM:3[R][A]} — < {rM:2[R][A]}.

(b) Let p< Tz and p > 0. Then we have odr — Accept_(p)/Stop. [

O Pom 25.2.2 (& {rM:3[R][A]}")
(a) Letp> xz or p<0. Then we have M{TM:3[R][A]+} — M{rl\?l:Z[]R][Aﬁ}‘
(b) Letp< ®z and p > 0. Then we have odr — Accept_(p)/Stop. U

Proof See Lemma 16.4.1(p100). N
25.2.2 Conclusion 14 (Search-Allowed-Model 3)

In a selling model (buying model) we have:

Cl. Let p< 2k or p<O0 (p> g or p<0). Then we have Model 3 - Model 2.
C2. Let p> xx and p >0 (p < Tz and p > 0). Then we have optdr — Accept_(p)/Stop. [

Cl See Pom 25.2.1(p.238
C2  See Pom 25.2.1(p238

(a) (Pom 25.2.2(p.259) (a)).

) (a)
) (b) (Pom 25.2.2(p.259) (b)). &
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Chapter 26

The Whole Conclusion of Recall-Model

26.1 Conclusion 15
B Conclusions 23.1.3(p.238)-25.2.2(p.2%9) are summarized as below.

Cl Reduction

(model reduction) We have Model 3 - Model 2 (see C1 (p.258) ,C1 (p259) ).

(optdr reduction) We have optdr — Accept, (p)/Stop  (see C2(p.25))).

optdr reduction) We have optdr — Accept. (p)/Terminate (see C2b (p.244),C4b (p.255) ).
(chain of reduction) We have

o/ {tM:3[R][A] "} — o {rM:2[R][A]"
o/ {tM:2[R][A] T} & o {rM:2[R][E] "
A {TM:3[R][A] T} = o7 {rM:2[R][A]"
o {rM:2[R][A] "} & o/ {rM:2[R][E]

From (1°) and (2°) we have

o T

see Pom 25.2.1(p2%9) (a)) - - -
(

( ) (

(see Pom 24.2.1(p253) (a)
(see Pom 25.2.2(p.2%9) (a
( ) (

"1 (see Pom 24.2. 2(p254) (a

A {rtM:3[R][A]T} — o/ {tM:2[R][A] T} & o/ {rM:2[R][E] "},
i.e, @ {rM:3[R][A]"} is reduced to o/ {rM:2[R][E]T} via o/ {rM:2[R][A]"}. Likewise, from (1*) and (2°) we have
A {rM3[R|[A] T} > Z {TM2[R)[A] T} - o {rM:2[R][E] T},

ie., o {rM:3[R] [A]Jr} is reduced to 7 {rM:2[R] [E]+} via o7 {rM:2[R] [A]Jr}. Let us refer to this reduction flows as the chain
of reductions.

W Cli(p216) implies that it is not necessary to discuss any more for Model 3, hence, below we make discussions only for Model 1
and Model 2.

C2 Monotonicity

a. We have t-reservation-price (see C3(p2i0),C4a (p25)).
b. We have c-reservation-price (see C3(p.238),C3c(p24)).

Remark 26.1.1 (myopic property) Thus far, it has been considered as a common sense that the reservation price is ¢-
dependent (see (a(p.28))). However, from the fact that it can become constant (see (c(p.28))) for the recall-model (see C3(p.23)) we
noticed that the common sense does not always hold. Now, the constant reservation price implies that the optimal decision of
any point in time ¢ > 0 is identical to that of time 1 at which the process terminates a period hence, i.e., the deadline, implying
that the optimal decision is the same as “behave as if the process terminates a period hence”, called the myopic property. Herein
it should be noted that although the property has been thought of as quite an isolated one which appears only for rM:1[R][E]
(recall-model; see Section 22.3.1.1.1(p222) ), it appears also for a no-recall-model (see Cla(p.203) ).

C3 Inheritance and Collapse
a. The symmetry collapses ( A ) between <7 {rM:1[R][E]"} and </ {rM:1[R][E] } (see C1(p23)).
b. The symmetry collapses ( A ) between o {rM:1[R][A]*} and & {rM:1[R][A] (see Cl{p244)).
The symmetry is inherited ( A ) between . {rM:2[R][E]*} and &/ {rM:2[R][E] "} (see C1(p.50)).
The symmetry collapses ( Au ) between <7 {rM:2[R][A]"} and </ {rM:2[R] [A]+} (see C1(p25%)).

+

}
!
i

& o
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C4 Diagonal symmetry
and Nem 23.1.1(p.235) .

(
and Nem 23.2.1(p.242)
and Nem 24.1.1(p.248).
and Nem 24.2.1(p2%4). [

a. Confirm by yourself that the diagonal symmetry holds by comparing Pom 23.1.2(p.237
b. Confirm by yourself that the diagonal symmetry holds by comparing Pom 23.2.2(p.243 21)) .

c. Confirm by yourself that the diagonal symmetry holds by comparing Pom 24.1.2(p.250

(
(
(
d. Confirm by yourself that the diagonal symmetry holds by comparing Pom 24.2.2(p.25

C5 Occurrence of (5), ¥, and @
a. We have (8) (see C2a(p238) C3a(p24), C3(p.25), C3(p.258) ).
b. We have (¥ (see C2b(p23)),
c. We have @ (see C2c(p28), C3b(p244), Cdafp2ss)).
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Part 5

Epilogue

In the epilogue we state the whole conclusion of the present paper and the subjects of future studies

Chapter 27 Kernals in The Whole Conclusion of This Paper ..................... 265
Chapter 28 Future Studies ........... .o 269
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Chapter 27

Kernals in The Whole Conclusion of This Paper

This chapter summarizes kernels in the whole conclusion of this paper (see Conclusions 18.1(p.119) to 26.1(p261) ).

27.1 Introduction of Some Novel Concepts

In order to attain the two study goals stated in Section 1.3(p4), we introduced some novel concepts as stated below, which are
all what have not been taken into consideration so far at all by any researchers.

[1] Quitting penalty (see A6(p.7))

[2] Enforced-case and allowed-case (see Concept 2(p9))

[3] Quadruple-asset-trading-models and structured-unit-of-models (see Section 1.2(p3), Table 3.3.1(p11), and Section 3.4(p.12)).
[4] Four kinds of points in time (see Concept 1(pJ) and Section 7.1(p.33))

[6] Market restriction (see Section 16.4(p.100))

[6] Strong assertion and weak assertion (see Section 7.3(p.37))

These concepts serve as the impetus for opening the way to quite a new horizon for discussions of decision processes.

27.2 Main Findings

Below let us list main findings that have been obtained in this paper.

[7] Underlying functions
One of the most noteworthy results in this paper is the finding of the underlying functions T', L, K, and £ (see Chap-
ter 5(pl7)), the properties of which (see Lemmas 9.2.1(p43)-9.3, Lemmas 11.6.1(p66)-11.6.6, Lemmas 12.2.1(p.17)-12.2.6, and
Lemmas 13.6.1(p39)-13.6.6) play a central role in the analysis of all models.

[8] Symmetry and Analogy
Another one of the most noteworthy results in this paper is the finding of the following eight successive theorems:

- Theorems 11.5.1(p66) and 11.8.1(p.72) (symmetry).
- Theorems 12.3.1(p81) and 12.3.2(p82) (analogy).
- Theorems 13.5.1(p8) and 13.5.2(p8) (symmetry).
- Theorems 14.2.1(p94) and 14.2.2(p%) (analogy).

The first and third theorems (symmetry) above provide the answer to the question “ Is a buying problem always symmetrical
to a selling problem ?” in Motive 1(p4) of this study. Note here that these theorems are what were derived on the premise
that prices are defined on the total market # = {—o00,00}.

[9] Integration Theory
The whole of the integration theory depicted by Figure 15.1.1(p97) consists of the flow of the eight successive theorems in [8].
This is the answer to the question “Can the theory integrating quadruple-asset-trading-problems exist 77 in Motive 2(p.4).
[10] Inheritance and Collapse

Recall here that the symmetry and the analogy can be derived on the total market %, implying that if the market restriction
(see Section 16.4(p.100) ) is applied, it is questioned whether each of the symmetry and the analogy is inherited or collapses. In
fact , “inheritance” and “collapses” are both possible (see C2(p.119), C2(p133), C2(p.17), C2(p.207), and C3(p.261) ). From this result it
follows that the answer to the question in the Motive 1(p4) is “No 1” on the restricted markets F*, F*, and .Z~. However,
the following should be noted.
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[11]

[12]

[13]

[14]

On the positive market .#* we have:

a. Symmetry In the most simple case “f = 1 and s = 0” the symmetry is inherited ( Av ) for both Model 1 (see
C2cla(p.136) ) and Model 2 (see C2a(p.208)).

b. Analogy In the most simple case “8 = 1 and s = 07, although the analogy is inherited (> ) for Model 1 (see
C2c2(p136) ), it can collapse ( bki ) for Model 2 (see C2b(p.209) ).

Diagonal symmetry

As seen in [10], the symmetry cannot be always inherited between the selling model and the buying model on . (see [10]).
However, it is proven that the symmetry is always inherited between the selling-problem on %~ and the buying problem
on F71 (see Chapter 17(pl11)), called the diagonal symmetry.

Null-time-zone and deadline-falling

We showed that there exist three possibilities of the optimal initiating time, &), ), and @ (see Section 7.2.4.4(p.3)). Here it
should be noted that the existence of (®) and @ inevitably leads us to the existence of the null-time-zone (Section 7.2.4.6(p.3) )
and that it also leads us, as its inevitable consequence, to the existence of the deadline-falling (see Figures 7.2.3(p36) and
7.2.4). This should be said to be one of the most striking findings in this paper, and this fact prompts us to the overall
re-examination of the whole theory of decision processes that have been investigated so far without knowing the existence
of the deadline-falling (see Section A 5(p.291)). Furthermore it should be noted that the deadline falling @ can occur even in
the most simple case “8 =1 and s = 0” (see C3a(p.209) ).

Posterior-skip-of-search

It is usual to consider that once conducting the search becomes optimal, it will become also optimal to continue conducting
the search after that. However, there exists a case that this expectation does not always hold (see Remark 7.2.1(p34)); in
other words, it is possible, although being very rare, that it can become optimal to skip the search after having conducted
the search for a while (see C7(p.218)).

Reduction

The reduction for models and optimal decision rules is another noteworthy finding in the paper (see Defs 20.1.1(p212),
23.2.1(p242), C1(p217), and C1(p261)).

27.3 Alice’s Adventures in Wonderland

Herein recall the confusions and wonders upon which Alice fell and the suggestions which Dr. Rabbit told to her:

[15]

[16]

[17]

18]

[19]

[20]

Alice 1(p9) (discount factor for cost)

See [39, Ross]wsss) for the description concerning a managerial and economic implication of introducing the discount factor
B for profit. Strangely enough, there exists no reference, as far as we know, in which the persuasive explanation has been
stated for introducing the discount factor S for cost.

Alice 2(p3) (first-search-conducting-time)

Maybe some readers might consider that the optimal initiating time can be replaced by the optimal first-search-conducting-
time; however, by Dr. Rabbit’s instruction many of them will immediately notice that this way of thinking is not always
proper.

Alice 3(p3) (jumble of intuition and theory)

The two questions that Alice raised is what was caused by the jumble of intuition and theory. Fortunately, almost researchers
soon notice the mistake; however, unfortunately there might exist ones who lapse into the confusion and do not obstinately
admit it; as a result, a submitted paper might be rejected if such a researcher is selected as a referee.

Alice 4(p3) (deadline as the black hole)

Perhaps this may be what should be said to be one of the biggest findings in the present paper, which leads us not only
the re-examination of conventional theory of decision processes but also to quite a new horizon of the theory of decision
processes .

Alice 5(p37) (strong assertion and weak assertion)
It might seem to be a molehill at a glance to dare to define the two kinds of assertions; however, readers will know that the
two are at any price necessary in order to make discussions clearer by avoiding the half-and-half standpoint.

Alice 6(p53) (unknown box)
What is pointed out by Dr. Rabbit is not the vulnerability of the theory but what should be said to be the proof of its
expansivity.

Above confusions and wonders of Alice and suggestions of Dr. Rabbit are also the ventilation of philosophical background which
we have for the whole of this paper.
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27.4 Decision Theory as Natural Science

Almost all decision theories that have been made thus far by many researchers are discussed as mathematical subjects of study;
however, in this paper we take a hold on “decision” as a subject of study in natural science. Here, it should not be forgot that
the truth of mathematics lies in mathematics itself and the truth of physics lies in physics itself. Originally, no relation exists
between the two truths; if that helps, a part of physicists sometimes refer to the term “mathematics” as “arithmetic”. For
this reason we should cast our mind back to the apothegm of Einstein that was quoted in the title page of the paper, “As far
as the lows of mathematics refer to reality, they are not certain, and as far as they are certain, they do not refer to reality.”
Throughout the whole of the present paper, this philosophy is reflected on the following point:

[23] Finite planning horizon (see Remark 7.1.2(p.33) )
A decision process with the infinite planning horizon is a product of fantasy created by mathematicians, which does not
exist in the real world at all; for this reason, all of decision processes treated in the present paper are, right down the line,
of finite planning horizon.
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Chapter 28

Future Studies

28.1 Recall-Model with P-mechanism

In Part 4(p219) we tried the application of the integration theory to the recall-model with R-mechanism in which it suffices to
memorize only the best of prices once rejected. However, in the recall-model with P-mechanism we will confront the difficult
problem “Should which of prices once rejected be memorized ?”. It remains as a subject of future study how to tackle this
difficulty.

28.2 Overall Re-examination

We demonstrated that the introduction of the optimal initiating time inevitably leads us to “deadline-falling @” (see Sec-
tion 7.2.4.7(p.36) ), which is not a rare case but a phenomenon which is very often possible (see Table 21.1.1(p218) ). Moreover, we
also pointed out that this phenomenon might occur not only in the decision processes in this paper but also in more general-
ized decision processes such as Markovian decision processes [23,Howard,1960]ros2s1 (see Section A 5(p291)). This tells to us the
necessity of the overall re-examination for the whole of conventional discussions in which the concept of the optimal initiating
time has not been taken into account at all.

28.3 Different Variations of Basic Models

In Section 4.5(p.16) we showed the 10 variations of the basic models of asset trading problems. Since each variation has the 2
kinds of models (s-E-model and s-A-model), it follows that the 20 = 10 x 2 variations can be considered. Moreover, adding the
two models (model with terminal quitting penalty and model with intervening quitting penalty) to each of these variations, it
follows that we have in all the 40 = 20 x 2 variations. Furthermore, since each variation has R-model and P-model, it eventually
follows that 80 = 40 x 2 variations can be defined. Additionally, since each conditions for each of these variations can be
independently specified, we can propose different mixed variations; for example

o Model with several search areas and limited search budget

o Model with uncertain deadline and mechanism switching

o Model with limited search budget, uncertain deadline, and mechanism switching

o Model with several search areas, limited search budget, uncertain deadline, and mechanism switching

o Model with recall, several search areas, limited search budget, uncertain deadline, and mechanism switching

o Model with uncertain recall, uncertain deadline, and mechanism switching

Accordingly, variations that can be tackled with amounts to an astronomical number. In addition to what were stated above,
we can add discussions involved with the optimal initiating time 0IT. Taking into consideration all variations stated above, we
believe that our integration theory will become a strong tools to tackle the vast amount of these variations—analyzing these
variations without this theory will be almost beyond the realm of possibility.
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A1 Direct Proof of Underlying Functions of Type R
A1l o {f)}

For convenience of reference, below let us copy Lemma 11.6.1(p.66) .

Lemma A 1.1 (#{Tk}) ForanyF € .F

—~
Q
s

T(z) is continuous on (—oo, c0).

=p—x on [b,oo) and T(z) < u—x on (—o0,b).

<0 on (a,00) and T(z) =0 on (—oo, al.

< min{0, p — x} on x € (—o0, c0).

=0ifa>0and T(0) = p if b <O0.

BT (z) + = is nondecreasing on (—oo,00) if 8 = 1.

BT (x) + x is strictly increasing on (—oo,00) if B < 1.

Ifx >y and b >y, then T(x) +x > T(y) +v.

ABT(A\Bu + s) + s is nondecreasing in s and is strictly increasing in s if A\B < 1.
b>pu. O

—— —~ o~
D "o an T

)
(z) i
() 1
()
(z) + = strictly increasing on (—c>o7 b].
(z)
()
()
(0)

—
E — R

R N e i N e I N i

—~
=}

Proof  First, for any = and y let us prove the following two inequalities:

—(@z—y)F(y) 2 T(zx) = T(y) = —(x — y)F(z) - (1),
(@—y)1-F)=2T(@)+z-T(y) -y > (z—y) (1l - Fx) - (2).

Note here that T'(z) defined by (5.1.11(p.17)) can be rewritten as T(z) = E[(& — z)I(£ < z)] for any x.T Then, for any = and
ylet T(z,y) = E[(& —x)[(£ < y)]. Since 0 < I(¢ < y) <1, min{é — 2,0} <0, and min{¢ — z,0} < & — z, multiplying the
both-sides of I(€ < y) < 1 by min{¢ — z,0} leads to min{€ — z,0} = min{¢ — 2,0} x 1 < min{¢€ — z,0}I(¢ > y) and then
multiplying the both-sides of min{¢ — z,0} < & —y by I(£ > y) leads to min{€ — z,0}1(€ > y) < (£ — z)I(€ > y). Hence, since
min{€ — z,0} < (¢ — 2)I(§€ > y), from (5.1.11) we have T(z) < E[(& — x)I(€ > y)] = T(x,y). Accordingly, for any = and y we
have

T(x)—T(y) <T(z,y) —T(@y) = Bl —) <y - E[E-yn)IE<y)l=—(z—yEE<y).

In addition, since
BU(E<y) = [ 1<y fE)de = [V5 1 x fE)de+ [°0x fE)dE = [T f(€)de = F(y)

for any y, we have T(z) — T(y) < —(z — y)F(y) for any x and y, hence the former half of (1) is true. Multiplying both sides of
the inequality by —1 leads to T(y) — T(z) > (x — y)F(y) = —(y — ) F(y), and then interchanging the notations = and y yields
T(x) — T(y) > —(x — y)F(z), hence the latter half of (1) is true. (2) is immediate from adding & — y to the both-sides of (1).
Let us note here that 7'(z) defined by (5.1.11) can be rewritten as

T(z) = E[min{§ —z,0}(b> €)] + E[min{§ — 2,0}1(§ > b)].--- (3)
= E[min{€ — z,0}I(£ > a)] + E[min{¢ — 2,0}/ (a > £)].--- (4).

(a,b) Immediate from the fact that min{€ — z,0} is continuous and nonincreasing in z € (—o0, 00) for any given &.

(¢) Let z >y > a. Then, since —(z —y) < 0 and F(y) > 0 due to (2.1.2(2,3) (p3)), we have —(z — y)F(y) < 0, hence
0> T(z) — T(y) from (1), i.e., T(y) > T(x), so T(x) is strictly decreasing on (a,00) - - - (5). Suppose T(a) = T(z) for any = > a,
hence x — a > 0. Then, for any sufficiently small ¢ > 0 such that x —a > 2¢ > 0 we have a < a +¢ < z — ¢ < z, hence
T(a) = T(z) < T(a+¢) < T(a) from (5) and (b), which is a contradiction. Thus it must be that 7'(a) # T(z) for any z > a, i.e.,
T(a) > T(z) for any x > a or T(a) < T(x) for any = > a. Since the latter is impossible due to (b), it follows that 7'(a) > T(z)
for any x > a, hence together with (5) it eventually follows that 7'(z) is strictly decreasing on [a, o) instead of (a, o).

(d) Evident from the fact that 7(z) + x = E[min{&, z}] from (5.1.11) and that min{&, x} is nondecreasing in x for any €.

(e) Let b>x >y, hence F(x) < 1 due to (2.1.2(1,2) (p§)). Then, since (x —y)(1 — F(x)) > 0, we have T(z) +z > T(y) +y
from (2), i.e., T(z) + « is strictly increasing on (—oo,b)---(6). Suppose T(b) + b = T(x) + = for any = < b. Then, for any
sufficiently small ¢ > 0 such that b—x > ¢ we have x < x +¢ < b, hence T(b) +b=T(z) +x < T(x +¢&)+x+e < T(b) +b
due to (6) and (d), which is a contradiction. Thus, T'(z) + z # T(b) + b for & < b, ie., T(z) + 2z > T(b) + b for & < b or
T(x) +x < T(b) + b for z < b. Since the former is impossible due to (d), it must be that T(x) + = < T(b) + b for < b, hence,
together with (6) it follows that T'(z) + z is strictly increasing on (—oo, b].

(f) Let x >b. If b > &, then z > &, hence min{& — z,0} = € — z, and if £ > b, then f(£) = 0 due to (2.1.4(3) (p3)). Thus,
from (3) we have T(z) = E[(§ - 2)I(b > §)]+0 = E[(¢ - 2)I (b >+ E(E-0)(¢>b)] = E[E-2)(I(b> &) +1(& >

TIn general, if a given statement S is true, then I(S) = 1, or else I(S) = 0.
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)] = E[¢ — 2] = p — z," hence the former half is true. Then, since T(b) = p — b or equivalently T(b) + b = p, if b > z, from
(e) we have T'(z) +z < T(b) + b = p, hence T(z) < 1 — x, so the latter half is true.

(g) Leta>=z. If € > a, then since £ > z, we have min{& — z,0} = 0 and if @ > &, then since f(&) = 0 due to (2.1.4 (1) (p3)),
we have E[min{¢ —z,0}I(a > £€)] = 0. Accordingly, we have T(z) = 0 from (4) , hence the latter half is true. Let z > a. Then,
since T(x) < T(a) from (c) and since T'(a) = 0 from the fact stated just above, we have T'(z) < 0 for > a, hence the former
half is true.

(h) From (f) we have T(z) < p—=x for any x and from (g) we have T'(z) < 0 for any z, thus it follows that T(z) < min{0, u—z}
for any x.

(i) From (5.1.11(p17)) we have T(0) = E[min{¢,0}] = E[min{¢,0}/(a < & < b)]. If @ > 0, then min{&,0}/(a < &
min{£,0}/(0<a<€<b)=0xI(0<a<&<b) =0, hence T(0) = E[0] = 0, and if b < 0, then min{&,0}/(a < &
min{€,0} x [(a <&€<b<0)=¢&xI(a<€E<Lb<0)=¢, hence T(0) = E[§] = p.

(j) If 8 =1, then BT (z) + = T(x) + =, hence the assertion is true from (d).

(k) Since BT (z) + 2z = B(T(z) + =) + (1 — B)z, if B < 1, then (1 — )z is strictly increasing in x, hence the assertion is true
from (d).

(1) Letz>gyandb>y. Ifx>b, then T(z) +x > T(b) +b > T(y) + y due to (d,e), and if b > z, then b > x > y, hence
T(x) +z > T(y) +y due to (e).

(m) From (5.1.11(p.17)) we have

<b) =
<

b) =

ABT(A\Bu+s) +s = ABE[min{¢ — A\Bu —5,0}] + s
E[min{\8¢ — (AB)’u — ABs,0}] + s
E[min{\8¢ — (A8)*p + (1 — AB)s, s},
which is nondecreasing in s and strictly increasing in s if A8 < 1.

(n) Evident from (2.1.3(p8)). 1

A1.2 ﬂ{iR}, ﬂ{KR}, %{ER}, and /%R
From (5.1.13(p17)) and (5.1.14) and from Lemma A 1.1(f) we obtain, noting (9.2.1(p42)),

- =ABu+s—ABz on [b,—o0) ---(1),
L(x){ < ABu+s—ABz on (—oo,b) ---(2), (A1)
_ =XBpu+s—3dx on [bo0) - (),
K(x){ <ABp+s—dx on (—oo,b) ---(2). (A12)
In addition, from Lemma A 1.1(g) we have
f((m){ <—(1-pB)zxz+s on (a,0) ---(1), (A13)
=—(1-B)z+s on (—oo,a] ---(2),
hence we obtain
K(z)+z<Br+s on (—00,00). (A14)
Then, from (A1.2(1)) and (A1.3(2)) we get
Ry ro={ Atz Nmmon o) ) (AL3)
Since K (z) = L(x) — (1 — B)z from (5.1.14) and (5.1.13), if 7 and Zj3 exist, then
Rer)= (=g oz (), L) =(1-F)og (2. (A16)

Lemma A 1.2 (&/{Lr})

(a) L(x) is continuous on (—o0,00).

(b) L (x) is nonincreasing on (—oo, o).
(c
(d
(e

L (z) is strictly decreasing on [a, o0).
Let s =0. Then %; = a where Tf < (>)z & L(z) < (=)0 = L(z) < (>)0.
Let s > 0.

_

1. 27 uniquely exists with Tf > a where Tp < (=

(>) =
2. (MBu+9)/AB =2 ()b e Tp = (<) Mp+s)/A8 = (< ) 0

TIb>¢)+1(¢>b)=1.

272



Proof (a-c) Immediate from (5.1.13(p17)) and Lemma A 1.1(a-c).

(d) Let s =0. Then, since L (x) = A3T(x), from Lemma A 1.1(g) we have L (z) = 0 for a > x and L (z) < 0 for z > a, hence
%7 = a by the definition of Z; (see Section 5.2(p19) (b)), so 7 < (>) x = L(x) < (=) 0. The inverse is true by contraposition.
In addition, since L (z) =0 = L(x) > 0, we have L (z) < (=) 0 = L(z) < (>) 0.

(e) Lets>0.

(el) From (A1.1(1)) and due to A > 0 and 8 > 0 we have L (z) < 0 for a sufficiently large = > 0 such that x > b. In
addition, we have L (a) = ABT(a) + s = s > 0 from Lemma A 1.1(g). Hence, from (a,c) it follows that Z; uniquely exists. The
inequality 7 > a is immediate from L (a) > 0 and (c). The latter half is evident.

(€2) If (ABu + 8)/AB > (<) b, from (A1l.1) we have L((ABu + 8)/A8) = (<) ABu + s — AB(ABu + s)/AB = 0, hence
Tr = (<) (ABp+s)/AB > (<) b from (el). I

Corollary A 1.1 (ﬂ{zk D)

(a) 2z <(>)z e L(z) <(2)0.
b) = <(>)z=Lx)<(>)0. 0

(b) Since Z; < (>)z = L(x) < (>) 0 due to (a) and since clearly L (z) < (>) 0 = L(z) < (>) 0, we have 7 < (>) z =
L(z) < (>) 0. In addition, if z7 then L (z) = L(%z) = 0 < 0 or equivalently ;7 = x = L(z) < 0, hence it eventually

Proof (a) Clearly 7 < (>)z = L(x) < (>) 0 from Lemma A 1.2(d,el). The inverse holds by contraposition.
(=
L =,

follows that =7 < (>) z = L(z) < (2) 1

Lemma A 1.3 (#{Kr})

((a) f((:c) is continuous on (—00,00).

b) K (z) is nonincreasing on (—oo, o).

(c) K(z) is strictly decreasing on [a,oc).

(d) K (=) is strictly decreasing on (—oo,00) if 8 < 1.

(e) K(z)+ z is nondecreasing on (—oo,0).

(f) K (z)+ z is strictly increasing on (—o00,00) if A < 1.

(g) K(x)+ x is strictly increasing on (—oco, b].

(h) Ifx >y andb>y, then K(z) +x > K(y) +y.

(i) Let =1 ands=0. Then Tz =a where Tz < (>)z & K(x) < (=) 0= K(z) < (>) 0.
(G) Letp<1ors>0.

1. There uniquely ezists T where Tz < (= (>)) & K(z) < (= (>)) 0.
2 (ABu+s)/6> (<) b Tz = (<) (ABu +5)/5.
3. Letk < (=(>))0. Then Tz < (=(>))0. [
Proof (a-c) Immediate from (5.1.14(p17)) and Lemma A 1.1(a-c).
(d) Immediate from (5.1.14) and Lemma A 1.1(b).
(e) From (5.1.14) we have

K(@)+z = AT (x) + Br+s=A3(T(z) +z) + (1 = N)Bx+s---(1),

hence the assertion holds from Lemma A 1.1(d).
(f)  Obvious from (1) and Lemma A 1.1(d).
(g) Clearly from (1) and Lemma A 1.1(e).

(h) Letz>yandb>y. Ifz>b, then K(x) +z > K(b) +b > K(y) +y due to (e,g), and if b > x, then b > z > y, hence
K(x)+ 2 > K(y) +y due to (g). Thus, whether z > b or b > z, we have K (z) + = > K (y) + v

(i) Let 3 =1 and s = 0. Then, since K () = A\T(x) due to (5.1.14(p17) ), from Lemma A 1.1(g) we have K (z) =
and K (z) < 0 for > a, so Tz = a by the definition of Z; (see Section 5.2(p19) (b)). Hence Zz < (>) x = K(z) <
inverse holds by contraposition. In addition, since K () = 0 = K (x) > 0, we have K (z) < (=) 0 = K (z) < (>) 0.

(j) LetB<1lors>0.

(j1) First see (A1.3(2)). Then, if 8 =1, then s > 0, hence K (z) = s > 0 for any z < a and if 8 < 1, then K (z) > 0 for any
sufficiently small 2 < 0 such that z < a. Hence, whether 3 =1 or 8 < 1, we have K (x) > 0 for any sufficiently small x. Next,
for any sufficiently large x > 0 such that z > b, from (A 1.2(1)) we have K (x) < 0, whether 8 = or 8 < 1, since § > 0 due

0 (9.2.2(1) (p42)). Hence, it follows that there exists the solution Tz whether 8 = or 8 < 1. Let 8 < 1. Then, the solution is
unique due to (d). Let B = 1, hence s > 0. Then, since K (a) = s > 0 from (A 1.3(2)), we have Zz > a, hence K (z) is strictly
decreasing on the neighbourhood of x = %z due to (c), implying that the solution %z is unique. Therefore, whether 8 = or
B < 1, the solution is unique. Thus the latter half is immediate.

(j2) Let (\Bu+s)/d > (<) b. Then, from (A 1.2 (1(2))) we have K ((A\Bu+8)/8) = (<) ABu+ s — 6(A\Bu+s)/6 = 0, hence
i = (<) (ABp+ s)/6 due to (j1). The inverse is true by contraposition.

(i3) If& < (= (>)) 0, then K(0) < (= (>)) 0 from (5.1.17(p17)), hence Tz < (= (>)) 0 from (j1). 1

0fora>zx
(=) 0. The
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Corollary A 1.2 (&/{Kzr})
(a) Tz <(2)z & K(z) <(2)
(b) 2z <(2)z = K(z) <(2)0.
Proof (a) Clearly 2z < (>) z

(b) Since Tz < (>)z = K(z
K(x) <(>)0. In addition, if zz
K(z)<(>)0. B

—

= K(x) < (>) 0 due to Lemma A 1.3(i,j1). The inverse holds by contraposition.
) <

(>) 0 due to (a) and since K(z) < (>)0 = K(z) < (>)0, we have Zz
x, then K(x) = K(Zz) = 0 < 0, hence it eventually follows that %7

IA A
Vv

Lemma A 1.4 (&/{ix/Kr})

(a) Letp=1and s=0. Then Tp =
(b) LetB=1ands>0. Then Ty =
(¢) LetB<1ands=0. Then a < (= (> )) = T < (=(>)) zz <(=(=)0.
(d) LetB<lands>0. Thenk < (=(>))0= 7z <(=(>)) Tk <(=(>))0. 0
Proof (a) If 3 =1 and s =0, then 7 = a from Lemma A 1.2(d) and Tz = a from
Lemma A 1.3(i), hence Ty = Tz = a.

(b) Let B=1and s> 0. Then K(2;) =0 from (A1.6(1)), hence Zz = 27 from Lemma A 1.3(j1).

(c) Let 5 <1and s=0. Then Ty = a---(1) from Lemma A1.2(d). Suppose a < 0. Then, since Tz < 0, we have

K(zz) > 0 from (A1.6(1)), hence z; < Z; from Lemma A 1.3(j1). Furthermore, from (5.1.16(p.17)) and (5.1.17(p17)) we have
K (0) = A\BT(0)+s = A\BT(0) < 0 due to Lemma A 1.1(g), hence Zz < 0 from Lemma A 1.3(j1). Suppose a = (>) 0. Then, since
zz = (>) 0 from (1), we have K (27) = (<) 0 from (A 1.6 (1)), thus 7 = (>) %z from Lemma A 1.3(j1). Furthermore, from
5.1.16(p.17) ) and (5.1.17(p17) ) we have K (0) = A\BT(0) = (= ) 0 due to Lemma A 1.1(g), hence Tz = (=) 0 from Lemma A 1.3(j1).

1.1
(d) Let 8 < 1and s > 0. Then, from (5.1.16(p17)) and (5.1.17(p17)), if & < (= (>)) 0, we have K(0) < (= (>)) 0, thus
2z < (= (>)) 0 from Lemma A 1.3(j1). Accordingly L (Zz) < ( (>)) 0from (A 1.6 (2)), hence 7 < (= (>)) i from Lemma A 1.2(el).

Tz =a.
Tz

—

Lemma A 1.5 (&/{Lr})

(a) L(s) is nondecreasing in s.

(b) If \B < 1, then L(s) is strictly increasing in s.
(c) Let A\Bu < a.

1. Tz > ABu+s.
2. Let s> 0 and A\B < 1. Then T; > A\Bu + s.

(d) Let ABu > a. Then, there exists a Sz > 0 such that if Sz > (<) s, then Tp < (=) \Bu+s. 0

Proof (a,b) From (5.1.15(p17)) and (5.1.13(p17) ) we have £ (s) = AT (ABu+s)-+s, hence the assertion holds from Lemma A 1.1(m).
(c) Let ABu < a. Then, from (5.1.15(.17) ) and (5.1.13(p17)) we have £ (0) = L (ABp) = ABT(ABu) =0--- (1) due to
Lemma A 1.1(g).

(c1) Since s > 0, from (a) we have £ (s) > £(0) = 0 due to (1) or equivalently L (ABu + s) > 0 from (5.1.15(p17)), hence
Ty > ABu+ s from Corollary A 1.1(a).

(c2) Let s > 0 and A3 < 1. Then, from (b) we have £(s) > £(0) = 0 due to (1) or equivalently L (A3u + s) > 0 from
(5.1.15), hence 7 > ABu + s from Lemma A 1.2(el).

(d) Let ABu > a. From (5.1.15(p17)) we have £(0) = AT (ABu) < 0 due to Lemma A 1.1(g). Noting (A 1.1(1)), for any
sufficiently large s > 0 such that ABu +s > b and A\Bu + s > 0 we have £(s) = L (ABu+ s) = A\Bu+ s — AB(ABu + s) =
(1 = AB)(ABu+ s) > 0. Accordingly, due to (a) it follows that there exists the solution Sz > 0 of £(s) = 0. Then £ (s) < 0 for
s < Sz and L£(s) > 0 for s > Sz or equivalently L (A\3u+s) <0 for s < Sz and L(ABu+s) > 0 for s > Sz. Hence, from
Corollary A 1.1(a) we get Ty < ABu+sfor s < Sz and Tp > ABu+sfors> sz. 1

Lemma A 1.6 (kiz) We have:

(a) R=sifa>0and i =XBu+sif b<O.

(b) Let B<lors>0. Thenk < (=(>)0& 2z <(=(>))0. 0
Proof (a) Immediate from (5.1.16(p17)) and Lemma A 1.1(i).

(b) Let B8 < 1lors>0. Then, if # < (= (>)) 0, we have K (0) < (= (>)) 0 from (5.1.17(p17) ), hence Zz < (= (>)) 0 from
Lemma A 1.3(j3). Thus “=" was proven. Its inverse “<” is immediate by contraposition. 1
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A 2 Direct Proof of Underlying Functions of Type P
A21 {1}

For convenience of reference, below let us copy Lemma 12.2.1(p.77).
Lemma A 2.1 (&/{T+}) For any F € F we have:

(a) T(x) is continuous on (—o0,00).

(b) T(x) is nonincreasing on (—oo, c0)

(¢) T(z) is strictly decreasing on (—o0, b

(d) T(z)+ z is nondecreasing on (—o0, 00)

(e) T(z)+ x is strictly increasing on [a*, c0)

(f) T(z)=a—x on (—o0,a*] and T(z) > a —x on (a*,00).
(g) T(xz)>0 on (—o0,b) and T(z) =0 on [b,c0).

(h) T(z) > max{0,a — z} on (—oo,0).

(i) T(0)=aifa*>0andT(0)=0 ifb<O.

(G) BT(x)+ z is nondecreasing on (—oo,o0) if 3 =1.

(k) BT(x)+ z is strictly increasing on (—oo,00) if § < 1.
() Ifr<yanda* <y, thenT(z)+z <T(y)+y.

m) ABT(ABa — s) — s is nonincreasing in s and strictly decreasing in s if A3 < 1.
(n) a*<a. 0O

A 2.2 JZ%{L]}»}, JZf{K]p}, .!Z{{,Cp}, and Rp
Noting Lemma A 2.1(f), from (5.1.20(p18)) and (5.1.21) we obtain

=ABa—s—ABx on (—oc0,a*] ---(1),
L(ac){ > ABa —s—ABx on (a*,00) - (2), (A2.1)
= ABa — s — dx on (—o0,a”] (1),
@) { > Aa—s—dxr on (a*,00) (2). (A22)
In addition, from (5.1.21(p18)) and Lemma A 2.1(g) we have
K(m){ >—-(1-B)zx—s on (—oo0,b) ---(1), (A2.3)
=—(1-PB)z—s on [bo0) -+ (2),
from which we obtain
K(z)+xz>pBx—s on (—o0,00). (A2.4)
Then, from (A2.2(1)) and (A2.3(2)) we get
[ AMa—s+(1—=XNBxon (—oo,a] ---(1),
K(m)—‘rm_{ﬁm—s on [b,00) - (2). (A25)
Since K () = L (z) — (1 — )z from (5.1.21) and (5.1.20), if . and xx exist, then
K(zr)=—(1-8)ar ---(1), L(zx)=(1-08)zx---(2). (A 2.6)

Lemma A 2.2 ({Lz})

(a) L(x) is continuous on (—oo,00).

(b) L(x) is nonincreasing on (—o0,00).

(¢) L(x) is strictly decreasing on (—oo, b].

(d) Lets=0. Then xr =b where T > (<) z & L(z) > (=) 0= L(z) > (L) 0.
(e) Lets>D0.

1. z. uniquely exists with x, <b where z > (= (<)) z &
2 (Ma-s)/M<(>)a" & 20 =(>) (Ma_s)/A8 > (<) a”,
Proof (a~c) Immediate from (5.1.20(p.8)) and Lemma A 2.1(a-c).
(d) Let s = 0. Then, since L(z) = A\3T(z), we have L(z) = 0 for b < x and L( ) > 0 for z < b from Lemma A 2.1(g),

(99) > (= (<) 0.

hence zr = b by the definition of z. (see Section 5.2(p19) (a)), thus zr. > (<) z = L(z) > ( ) 0. The inverse is true by
contraposition. In addition, since L (z) =0 = L(z) <0, we have L(z) > (=) 0 = L(z) > (<) 0
(e) Lets>0.

(el) From (A2.1(1)) and the assumptions of A > 0 and 5 > 0 we have L (z) > 0 for a sufficiently small z < 0 such that
z < a*. In addition, we have L (b) = ABT(b) —s = —s < 0 from Lemma A 2.1(g). Hence, from (a,c) it follows that x. uniquely
exists. The inequality . < b is immediate from L (b) < 0. The latter half is evident.

(e2) If (ABa —s)/A\B < (>) a*, from (A2.1(1(2))) we have L((ABa — s)/A\B) = (>) ABa — s — AB(ABa — s)/AB = 0, hence
zr = (>) (ABa — s)/A\B from (el). I
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Corollary A 2.1 (/{Lr})
(a) o > L)z e L) > (<

(b) 22 2 (= L(z)>(<)0. 0

Proof (a) Clearly z, > (<) z = L(z) > (<) 0 from Lemma A 2.2(d,e2). The inverse holds by contraposition.

(b) Since zr > (<)z = L(z)> (<L) 0 due to (a) and since L(z) > (<) 0 = L(z) > (L) 0, we have 2z > (<) z =
L(z) > (<) 0. In addition, if x, = z, then L(z) = L(x.) = 0 > 0 or equivalently ., = z = L(z) > 0, hence it even-
tually follows that =, > (<) z = L(z) > (L) 0. 1

Lemma A 2.3 (#/{Kp})

(a) K(z) is continuous on (—00,00).

(b) K(z) is nonincreasing on (—oo, 00).

(¢) K (z) is strictly decreasing on (—o0, ).

(d) K (z) is strictly decreasing on (—oo,00) if 8 < 1.

(e) K (z)+ x is nondecreasing on (—o0, 00).

(f) K(z)+ x is strictly increasing on (—o0,00) if A < 1.

(g) K (x)+ x is strictly increasing on [a*, 00).

(h) Ifz <y anda* <y, then K(z) +z < K(y) +y.

(i) LetB=1ands=0. Then xx =b where vx > () z < K(z) > (=)0 = K(z) > () 0.
(j) Letp<1ors>0.

1. There uniquely exists xx where Tx > (= (<)) z & K(z) > (= (<)) 0.
2 (Ma—5)/6< (>)a" & x = (>) (\a—s)/6.
3. Letr > (=(<))0. Then zx > (= (<)) 0. 0
Proof (a~c) Immediate from (5.1.21(p.8)) and Lemma A 2.1(a-c).
(d) Immediate from (5.1.21(p18)) and Lemma A 2.1(b).
(e) From (5.1.21(p.8)) we have

K(x)+xz = AT (z) + B —s=XB(T(x) +z)+ (1 = N)Bx—s---(1),

hence the assertion holds from Lemma A 2.1(d).

(f) Obvious from (1) and Lemma A 2.1(d).

(g) Clearly from (1) and Lemma A 2.1(e).

(h) Let z <yand a* <y. If x <a*, then K(z)+ 2 < K(a*) +a* < K(y) +y due to (e,g), and if a* < z, then «* < z < y,
hence K(z) +x < K(y) + y due to (g). Thus, whether x < a* or a* < z, we have K(z) + = < K(y) + vy

(i) Let 8 =1 and s =0. Then, since K (z) = AT(x) due to (5.1.21(p18)), from Lemma A 2.1(g) we have K (z) =
and K (z) > 0 for z < b, so that xx = b due to the definition in Section 5.2(p.19) (a). Hence zx > (<) z = K(x) >
inverse holds by contraposition. In addition, since K (z) = 0 = K (z) <0, we have K (z) > (=) 0 = K (z) > (<) 0.

(j)) Let B<1lors>0.

(j1) First see (A2.3(2)). If 8 =1, then s > 0, hence K(z) = —s < 0 for any z > b and if 8 < 1, then K (z) < 0 for any
sufficiently large « > 0 such that « > b, hence, whether § =1 or 8 < 1, we have K (z) < 0 for any sufficiently large x. Next,
for any sufficiently small z < 0 such that z < a*, from (A 2.1 (1)) we have K (z) > 0, whether 3 =1 or 8 < 1, since § > 0 from
(9.2.2(1) (p42) ). Hence, it follows that there exists the solution zx whether § =1 or 8 < 1. Let 8 < 1. Then, the solution is
unique due to (d). Let 8 =1, hence s > 0. Then, since K (b) = —s < 0 from (A 2.3 (2)), we have Tx < b, hence K () is strictly
decreasing on the neighbourhood of z = xx due to (c), implying that the solution Z is unique. Therefore, whether 8 < 1 or
B =1, the solution is unique. Thus the latter half is immediate.

(j2) Let (ABa—s)/d < (>) a*. Then, from (A 2.2(1(2))) we have K ((ABa —s)/d) = (>) MBa — s — d(ABa — s)/é = 0, hence
Tk = (>) (ABa — s)/d due to (j1). The inverse is true by contraposition.

(33) Ifk > (= (<)) 0, then K(0) > (= (<)) 0 from (5.1.24(p18) ), hence zx > (= (<)) 0 from (j1). 1

0forb<uw
(=) 0. The

Corollary A 2.2 (Z/{Kr})

(a) zx > (L)z e K(x)>(L)0

(b) ax > (9w = K@) > ()0

Proof (a) Clearly zx > (<) z = K (z) > (<) 0 due to Lemma A 2.3(i,j1). The inverse holds by contraposition.
) > (

(b) Since zx > (<)z = K(z <) 0 due to (a) and since K(z) > (<) 0 = K(z) > (<) 0, we have zx > (<) z =
K (z) > (<) 0. In addition, if zx = z, then K (z) = K(Tx) =0 > 0 or equivalently rx =z = K (z) > 0, hence it eventually
follows that zx > (<) z = K(z) > (<) 0. 1
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Lemma A 2.4 (&/{Lr /Kp})

(a) Letp=1ands=0. Then x, = Tx =b.

(b) Let B=1ands>0. Then T, = Tx.

(¢) Let B<lands=0. Thenb> (= (<)) 0= 2z >(=(<)) zx > (=(=))0.

(d) LetB<lands>0. Thenk > (= (<)) 0=z >(=(<)) zx >(=(<))0. U

Proof (a)If 3 =1and s =0, then . =b from Lemma A 2.2(d) and xx = b from Lemma A 2.3(i), hence z, = zx =b.
(b) Let S =1ands>0. Then K(z.) =0 from (A2.6(1)), hence rx = x, from Lemma A 2.3(j1).
(c) Let 8 <1and s =0. Then zr = b---(1) from Lemma A 2.2(d). Suppose b > 0. Then, since zr > 0, we have

K(xy) <0 from (A2.6(1)), hence £, > =k from Lemma A 2.3(j1). Furthermore, from (5.1.24(p.8)) and (5.1.23(p.18)) we have
K (0) = ABT(0)—s = ABT(0) > 0 due to Lemma A 2.1(g), hence zx > 0 from Lemma A 2.3(j1). Suppose b = (<) 0. Then, since
zr = (<) 0 from (1), we have K (z.) = (>) 0 from (A 2.6 (1)), thus 2. = (<) zx from Lemma A 2.3(j1). Furthermore, from
(5.1.24(p18) ) and (5.1.23(p.18) ) we have K (0) = ABT(0) = (=) 0 due to Lemma A 2.1(g), hence vx = (=) 0 from Lemma A 2.3(j1).

(d) Let 8 < 1 and s > 0. Now, from (5.1.24(p18)) and (5.1.23(p.18)), if k > (= (<)) 0, then K(0) > (= (<)) 0, thus
zrx > (= (<)) 0 from Lemma A 2.3(j1). Accordingly L (zx) > (= (<)) 0from (A 2.6 (2)), hence v > (= (<)) =k from Lemma A 2.2(el

Lemma A 2.5 (&/{Lp})
(a) £L(s) is nonincreasing in s.
(b) IfAB <1, then L(s) is strictly decreasing in s.
(¢c) Let ABa >b.
1. zp < ABa-—s.
2. Lets>0and \8<1. Then =, < ABa — s.
(d) Let ABa < b. Then, there ezists a sz > 0 such that if s > (<) s, then 2o > (<) ABa—s. 0
Proof (a,b) From (5.1.22(p.18)) and (5.1.20(p18)) we have £ (s) = L(ABa — s) = ABT(A\Ba — s) — s, hence the assertion holds
from Lemma A 2.1(m).
(c) Let ABa >b. Then, from (5.1.22(p.18)) and (5.1.20(p18) ) we have £ (0) = L (ABa) = ABT(ABa) =0--- (1) due to
Lemma A 2.1(g).
(c1) Since s > 0, from (a) and (5.1.20(p.18)) we have £(s) < £(0) = 0 due to (1) or equivalently L (Aa — s) < 0, hence
zr < ABa — s from Corollary A2.1(a).

(c2) Let s > 0 and A3 < 1. Then, from (b) we have £(s) < £(0) = 0 due to (1) or equivalently L (A\Ba — s) < 0, thus
zr, < Afa — s from Lemma A 2.2(el).

(d) Let Aa < b. From (5.1.22(p18)) we have £(0) = AT (ABa) > 0 due to Lemma A 2.1(g). Noting (A 2.1(1)), for any
sufficiently large s > 0 such that ABa — s < a* and ABa — s < 0 we have L(s) = L(ABa — s) = Aba — s — AB(ABa — s) =
(1 =XB)(ABa —s) < 0. Accordingly, due to (a) it follows that there exists the solution sz > 0 of £(s) = 0. Then £(s) > 0 for
s < 8¢ and L(s) <0 for s > s, or equivalently L (ABa —s) > 0 for s < sz and L(ABa —s) <0 for s > s.. Hence, from
Corollary A2.1(a) we get vz > ABa — s for s < s and L < AGa—sfors> s.. |

Lemma A 2.6 (&/{kp}) We have:

(a) k=XBa—sifa*>0andk =—sif b<O.
(b) Let B<1lors>0, Thenk > (=(<))0& zx >(=(<))0. 0

Proof (a) Immediate from (5.1.23(p18)) and Lemma A 2.1(i).

(b) Let 8 < 1or s > 0. Then, if K > (= (<)) 0, we have K(0) > (= (<)) 0 from (5.1.24(p.3)) and (5.1.23(p.18)), hence
zx > (= (<)) 0 from Lemma A 2.3(j1). Thus “=” was proven. Its inverse “<” is immediate by contraposition. 1
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A 3 Direct Proof of Underlying Functions of Type P

A3.1 (i)

Lemma A 3.1

(a) Letxz<a. Then z(z)=a

(b) Leta <z. Thena < 2(z) < z.

(¢) Z(z) <b foranyz. O

Proof (a) Let x < a. If a < z---(I), then x < z, hence p(z)(z — z) > 0 due to (5.1.41(2) (p.19)), and if z < a---(I), then
p(2)(z —x) = 0 due to (5.1.41 (1) (p19)) (see Figure A 3.1 below). Hence Z(x) = a due to Def. 5.1.2(p.9).

@ (I

z<a i a<z

Figure A 3.1: Casex < a

(b) Leta<uz. Ifx<z---(I), then p(z)(z—x) >0, ifa < z < x--- (1), then p(z)(z —z) < 0 due to (5.1.41 (2) (p.9) ), and if
z<a- (1), then p(z)(z —z) = 0 due to (5.1.41 (1) (p..9) ) (see Figure A 3.2 just below). Hence, Z(z) is given by a zon a < z < z,
ie, a< z(z) < z.

Figure A 3.2: Case a <z

(c) Assume that Z(z) > b for a certain . Then, since p(Z(z)) = 1 = p(b) due to (5.1.42(2) (p19)), from (5.1.38(p.9) ) we have
T(x) = 2(x) —x > b—x = p(b)(b — x) > T(z), which is a contradiction. Hence, it must be that Z(z) < b for any x. Il
Corollary A3.1 a<Zz(z) <b foranyz. U
Proof Evident from Lemma A 3.1. 1

Lemma A 3.2 p(z) is nondecreasing on (—oo,00) and strictly increasing in z € [a,b]. [

Proof The former half is immediate from (5.1.31(p.18)). For a < 2’ < z < b we have p(z) — p(z') = Pr{¢ <z} —Pr{¢ <2/} =
Pr{z' <& <z} = [ f(€)de > 0 (See (2.1.4(2) (p3))), hence p(z) > p(2'), i.e., p(2) is strictly increasing on [a,b]. B

Lemma A 3.3 Z(z) is nondecreasing on (—oo,00). [

Proof From (5.1.38(p19) ), for any x and y we have

T(z) = pZ(z))(2(x) — z)
= p(2(z))(2(z) — y) — (z — y)p(2(x))
> T(y) — (z — y)p(3(x))
= p(2(y))(2(y) —y) — (z — y)p(2(z))
= p(E(y) (Z(y) —x + (z —y)) — (z — y)p(Z(x))
P(Z(W)(2(y) — =) + (= — y)(B(2(y)) — p(2(2)))
> T(z) + (z — y)(B(2(y)) — p(Z(x)))

Hence 0 > (z — y)(p(2(y)) — p(2(z))). Let © > y. Then 0 > p(2(y)) — p(2(z)) or equivalently p(z(z)) > p(Z(y))---(1). Since
a < zZ(z) <banda < Z(y) < bfrom Corollary A 3.1, if Z(z) < Z(y), then p(Z(x)) < p(Z(y)) from Lemma A 3.2, which contradicts
(1). Hence, it must be that z(z) > Z(y), i.e., Z(z) is nondecreasing in = € (—o00,0). 1

Lemma A 3.4

(a) T(z) is continuous on (—oo,00).

(b) T(x) is nonincreasing on (—oo, o).

(c) T(x) is strictly decreasing on [a, o).

(d) T(z) <0 on (a,00) and T(x) =0 on (—oo,al.

(e) T(z) <b—=z on (—o00,00).

(f) T(x)+ z is nondecreasing on (—oo, c0).

(g) BT(z)+ z is nondecreasing on (—oo,00) if B =1.

(h) BT (x)+ x is strictly increasing on (—oo,c0) if B < 1.

(i) T(x) <min{0,b -z} for any x € (—00, 00).

(3) ABT(ABb + s) + s is nondecreasing in s and is strictly increasing in s if \3 < 1. [
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Proof (a,b) Immediate from the fact that p(z)(z —z) in (5.1.32(p.13) ) is continuous and nonincreasing in x € (—oo, 0o) for any
z.

(c) Letz' >z > a. Then 2(z) > a from Lemma A 3.1(b). Accordingly, since p(Z(z)) > 0 due to (5.1.41(2)) and since
3(z) —x > Z(x) — 2, from (5.1.38(p19)) we have T(z) = p(2(z))(2(z) — z) > p(2(x))(E(z) — 2') > T(x), i.e., T(x) is strictly
decreasing on (a,00)---(1). Assume T(a) = T(x) for a given z > a. Then, for any sufficiently small ¢ > 0 such that

z—a>2 >0wehavea <a+e < x—¢e <z hence T(a) = T(x) < T(a +¢) < T(a) due to the strict decreasingness
shown just above and the nonincreasingness in (b), which is a contradiction. Thus, since T'(z) # T(a) for any = > a, we have
T(z) < T(a) for any x > a or T(x) > T(a) for any = > a. However, the latter is impossible due to (b), hence only the former
holds. Accordingly, it follows that T'(x) is strictly decreasing on [a, 00) instead of on (a, o).

_(d) Let z < a. Then, since Z(z) = a from Lemma A3.1(a), we have p(Z(z)) = p(a) = 0 due to (5.1.41(1)), hence
T(z) = p(2(z))(2(z) — ) = 0 on (—o0,al]. Let © > a. Then, from (c) we have T(z) < T(a) =0, i.e., T(z) < 0 on (a, c0).
(e) From (5.1.32(p.18)) and (5.1.42 (2) (p.19)) we see that T(x) < p(b)(b — z) = b — z for any x on (—00,00).
(f) For 2’ < x we have, from (5.1.38(p.19)),
F@)+2 = p(3)
= p(2(z)
> P2 (@)
= p(2(2))(2(z) —2') + 2’ > T(a') + 2,
hence it follows that T'(x) + z is nondecreasing in =,
(g) If B =1, then BT(x) + x = T(z) + z, hence the assertion is true from (f).
(h) Since BT (z) +x = B(T(x) +x) + (1 — B)x, if B < 1, then (1 — B)z is strictly increasing in x, hence the assertion is true
from (f).
(i) Immediate from the fact that T(x) < b — x for any x from (e) and T(z) < 0 for any x from (d).
(j) From (5.1.32(p18)) we have
ABT(ABb+5) +s = ABmin, p(2)(z — ABb — s) + s = min, p(2)(ABz — (A\B)%b — \Bs) + s
Then, for s > s’ we have
ABT(ABb+ 58) + 5 — ABT(A\Bb+s') —
min, p(z)(A\Bz — (AB)%b — /\ﬂs) min, p(z)(ABz — (A8)%b — A\Bs’) + (s — §')
min, —p(2)A8(s — §') + (s — )1
min, —(s — s )AB+ (s —s’) (due to p(z) <1 and s — s’ > 0)
—(s=s)AB+ (s =)
= (s=s)A=X3) > (>)0if A8 < (<) 1.
Hence, since ABT(ABb+ ) +s > (>) ABT(ABb+s") + s if A8 < (<) 1, it follows that ABT (ABb+ s) + s is nondecreasing (strictly
increasing) in s if A3 < (<) 1. 1

AV,

Let us define ~
h(z) = p(2)(z = b)/(1 = p(2)), =2<b,
h* =inf.<p h( ),
f=ming<w<p f(w) >0 due to (2.1.4(2) (p3)).

Below, for a given z let us define the following successive four assertions:

Ai(z) = (2(z) <b),
2(x {(T(b,z) > T(',z,) for at least one 2’ < b)),

(z) =
As(z) = (b—h(2') > x for at least one 2’ < b)),
Aa(z) = (sup.{b—h(2)} > z).

Proposition A 3.1 For any given x we have A1(z) & Az(z) & As(z) & As(z). O

Proof Let T(z,2) = p(2)(z — x). Then (5.1.38(.19)) can be rewritten as T'(z) = min, T(z, ) = T(3(x), x).

1. Let Ai(z) be true for any given x. Suppose T(b,z) < T(2',x) for all 2/ < b. Then the minimum of T(z,z) is attained at
z = b, ie., Z(x) = b (see Def. 5.1.2(p19) ), which contradicts A;(x). Hence it must be that T(b,x) > T(2’,z) for at least one
2z’ < b, thus Az(x) becomes true; accordingly, we have Ai(x) = Aa(z). Suppose As(x) is true for any given x. Then, if
%(z) = b, we have T(b,x) > T(2',x) > T(z) = T(2(x),x) = T(b,x), which is a contradiction, so Z(x) # b, hence it must be
that Z(z) < b due to Lemma A 3.1(c); accordingly, we have As(z) = A1(z). Thus, it follows that we have A,(z) & Aa(z)
for any given .

TIn general we have min a(z) — min b(z) > min{a(z) — b(z)}.
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2. Since p(b) =1 from (5.1.42 (2) (p.19) ), for 2" < b (hence 1 > p(z’) from (5.1.42 (1))) we have

b—z—p()( — )
b—z—p(2)b—xz+2 —b)
b= —p(2")(b—x) = p(z")(z" —b)
(1 =56 —=z) —p(2") (2" = b)
= (1=p())(b—=z—p() (&' = b)/(1 —p(z)))
= (1= (=) —a—h(z))
= (1-8(z)) b~ hz) - x).

Accordingly, it is immediate that As(z) < As(z) for any given x.
3. Let Az(x) be true for any given . Then clearly A4(x) is also true, i.e., As(z) = A4(z). Let A4(x) be true for any given x.

Then evidently b — h(z') > x for at least one 2z’ < b, hence Az(x) is true, so we have A4(z) = As(z). Accordingly, it follows
that As(z) < A4(z) for any given x.

From all the above we have A, (z) & Az(z) & As(z) & As(z). 1

Lemma A 3.5

(a) —oo < h* <0.

(b) & =b—h*>b.

() T8> (L)zez(z) < (=)0
(d) b >b. O

Proof (a) Tor any infinitesimal ¢ > 0 such that ¢ < a+¢ < b we have 0 < p(a +¢) < 1 from (5.1.41(2)(p19)) and
(5.1.42 (1) (p.19)). Hence, h(a+¢) =pla+e)(a+e—0b)/(1 —pla+¢€)) <0---(1), so we see that h* < 0---(2). If z < a--- (1),

then p(z) = 0 due to (5.1.41 (1)), hence h(z) = 0 for z < a, implying that h* can be rewritten as h* = inf,<.; h(z). Here let us
define f = infa<.<p f(§) > 0 (see (2.1.4(2) (p3))). Assume that h* = —oco. Then, there exists at least one 2’ on a < 2’ < b such

that h(z') < —N for any given N > 0. Hence, if the N is given by M/ f with any M > 1,i.e., N = M/ f, we have h(z') < -M/f
or equivalently p(z")(z" — b)/(1 — p(z")) < =M/ f. Hence, noting (5.1.31(p18) ), we have

P =b) < —(1=p("))M/f=—(1-Pr{€ <})M/f = —Pr{z’ <&M/ (%)
where Pr{z’ < €} = [, f(w)dw > [} dw x f = (b— z')f. Accordingly, since p(z')(z' —b) < —(b— ') fM/f = (z' — b)M, we
have p(z’') > M > 1 due to 2’ — b < 0, which is a contradiction. Hence, it must follow that A* > —co.
(b) Since Ai(x) = As(x) (see Proposition A 3.1), we can rewritten (5.1.40(p.19)) as
& = sup{z | sup,_,{b— h(2)} > x}
sup, <y {b — h(2)} -+ (3)

b—inf,cph(z) =b—h*>b

due to (2), hence (b) holds.

(¢) Let & > x, hence sup,_,{b — h(2)} > z from (3), so Z(z) < b due to As(x) = Ai(z). Let #* < x, hence sup,_,{b —
h(2)} < z from (3), so we have sup,_,{b — h(z)} < = = Z(x) > b (consider the contraposition of A;(z) < Au(z)), hence we
obtain Z(z) = b due to Lemma A 3.1(c).

(d) First note T(x) < p(2')(2' — ) for any x and z’. Accordingly, for any sufficiently small € > 0 such that a4¢ < b we have
T(b) < pla+¢e)(a+e—b) <0, hence, adding b to the inequality yields T(b) +b < b, so T(z) +x < T(b) +b < b for z < b due to
Lemma A 3.4(f). Then, if b* < b, we have T'(b*) +b* < T(b) +b < b, hence from Lemma A 3.4(a) we have T(b* +¢) +b* +e < b
for any sufficiently small € > 0, so T(b* 4+ ¢) < b — (b* + ¢), which contradicts the definition of b* (see (5.1.39(p19))). Therefore,
it must follow that b* > b. 1

Lemma A 3.6

(a) T(x)+ =z is strictly increasing on (—oo,b*].

(b) T(z)=b—=z on [b*,00) and T(z) < b—z on (—oo,b*).
() T(0)=bifb* <0 and T(0) =0 ifa > 0.

(d) Ifx>yandb* >y, thenT(x)+x>T(y)+y. O

Proof (a) From (5.1.38(p.19)) we have
T@)+o = )G — 1)+ o = 3(E@)H) + (1 — 5EE)r. - (1)
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o Let 2* > z. Then Z(z) < b from Lemma A 3.5(c), hence p(Z(x)) < 1 due to (5.1.42(1)) or equivalently 1 — p(2(z)) > 0. If
x> 2, from (1) we have

T(x) +2 = p(E(@))z(2) + (1 - p(E(@)z > p((2)Z(z) + (1 — p(2(2)))z" = p(2(2))(2(z) — a') + 2’ > T(2) + 2,
i.e., T(z) + z is strictly increasing on (—oo, 00), hence understandably so also on (—oo, b*].

o Let #* < z. Then Z(z) = b from Lemma A 3.5(c), hence p(Z(x)) = 1 from (5.1.42(2)), so T(z) = p(3(z))(3(z) — x) =
b—x---(2). Suppose b* > z*. Then, since b* > b* — 2e > &* for an infinitesimal £ > 0, we have b* > b* —e > T* +¢ > &*
or equivalently #* < b* — &; accordingly, due to (2) we obtain T'(b* —e) = b — (b* —¢)-- - (3). Now, due to (5.1.39p.19)) we
have T(b* — £) < b — (b* — ), which contradicts (3). Accordingly, it must be that #* > b*. Let 2’ < = < b*. Then, since
Z* > z, we have Z(z) < b Lemma A 3.5(c), hence p(2(z)) < 1 due to (5.1.42(1)) or equivalently 1 — p(Z(x)) > 0. Thus,
from (1) we have

T(x)+2 = p(E(@))i(2) + (1 = p(E(2))z > p(E(2)Z(z) + (1 — p(2(x)))z" = p(2(2))(2(z) — a') + 2’ = T(2) + 2,
i.e., T(x) + z is strictly increasing on (—oo, "), hence so also on (—oco,b*] for almost the same reason as in the proof of
Lemma 9.1.1(p41) (¢).
Accordingly, whether * > x or #* < z, it follows that T'(z) + = is strictly increasing on (—o0, b*].

(b) By the definition b* (see (5.1.39(p.19))) we have T(z) < b — x for x < b*, i.e.,, T(x) < b— x on (—oo,b*). Here note that
T(z) <b—x on (—00,00) due to Lemma A 3.4(e), i.e., T(z) +x < b---(4) on (—00,00). Suppose T(b*) 4+ b* < b. Then, for an

infinitesimal € > 0 we have T(b* +¢) + b* + ¢ < b due to Lemma A 3.4(a), i.e., T(b* +¢) < b — (b* + &), which contradicts the
definition of b* (see (5.1.39(p19))). Consequently, we have T'(b*) +b* = b-- - (5) or equivalently T'(b*) = b—b*. Let = > b*. Then,

from Lemma A 3.4(f) we have T(z) 4 = > T(b*) + b* = b. From the result and (4) we have 7(z) + x = b, hence T(x) = b —
n (b*,00). Thus, from (5) it follows that 7(z) = b — x also on [b*, 00).

(c) Let b* < 0. Then, since 0 € [b*,00), we have T(0) = b from the former half of (b). Now, we have 7(0) = min. p(z)z
from (5.1.32(p.8)). Let @ > 0. Then, if z < a, we have p(z)z = 0 from (5.1.41 (1) (p19)) and if z > a (> 0), then p(z)z > 0 from
(5.1.41 (2)). Hence, from Def. 5.1.2(p.19) it follows that 7'(0) = min, p(z)z = 0.

(d) Let >y and b* > y. If x > b*, then T(x) + 2 > T(b*) +b* > T(y) + y due to Lemma A 3.4(f) and (a), and if b* > z,
then b* > z > y, hence T(z) + = > T(y) + y due to (a). Thus, whether z > b* or b* > z, we have T(z) +z > T(y) +y. 1
All the results obtained above (see Lemmas A 3.1(p2%)-A 3.6) can be complied into Lemma A 3.7 below.
Lemma A 3.7 (/{Tt}) For any F € Z we have:

(a) T(z) is continuous on (—oo0,00) < Lemma A 3.4(a)
(b) T(x) is nonincreasing on (—oo,00) < Lemma A 3.4(b)
(c) T(x) is strictly decreasing on [a, 00) < Lemma A 3.4(c)
(d) T(x)+ = is nondecreasing on (—oo0,00) < Lemma A 3.4(f)
(e) T(x)+ = is strictly increasing on (—oo,b*] + < Lemma A 3.6(a)
(f) T(z)=b—z on [b*,00) and T(z) < b—x on (—o0,b") + < Lemma A 3.6(b)
(g) T(z) <0 on (a,00) and T(z) =0 on (—o0,a] + < Lemma A 3.4(d)
(h) T(z) < min{0,b— x} on (—oo,c0) + + Lemma A 3.4(i)
(1) T(0)=bifb*<0andT(0)=0ifa >0+ < Lemma A 3.6(c)
(j) BT(x)+ z is nondecreasing on (—oo,0) if f =1 + < Lemma A 3.4(g)
(k) BT(x) + z is strictly increasing on (—oo0,00) if B < 1 + < Lemma A 3.4(h)
() Ifz>yandb* >y, then T(x) + x> T(y) +y + < Lemma A 3.6(d)
(m) ABT(ABb+ s) + s is nondecreasing in s and strictly increasing in s if \3 < 1 < Lemma A 3.4(j)
(n) b* > b« <— Lemma A 3.5(d)

A3.2 eﬁy{iz]p}, d{f(}p}, d{zp}, and I~<JH»

From (5.1.33(p19)) and (5.1.34(p.19)) and from Lemma A 3.7(f) we obtain, noting (9.2.1(p42)),

- =ABb+s— ABz on [b*,—c0) ---(1),
L(x){ < ABb+ s — ABz on (—oo0,b*) ---(2), (A3.1)
_ =ABb+s—0x on [b*,00) - (1),
k( ){ <ABb+s—¥8x on (—oo,b*) ---(2). (A32)
In addition, from (5.1.34(p19)) and Lemma A 3.7(g) we have
—(1— (1
() { <—(1=pB)z+son (a 00) (1), (43.3)
:7(17ﬁ)m+son (700,&] (2)7
hence we obtain
K@)+z<pBxr+s on (—o0,). (A 3.4)
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Then, from (A 3.2(1)) and (A 3.3(2)) we get

e {0 e
Since K (z) = L (z) — (1 — 8)z from (5.1.34(p19)) and (5.1.33(p19) ), if =7 and %z exist, then
K(rp)=-1=p)z;--- (1), L(*z)=(1=p)Tz - (2). (A3.6)

Lemma A 3.8 (Ip)

) L(x) is continuous on (—oo,00).

L (x) is nonincreasing on (—oo, 00).

L (x) is strictly decreasing on [a, c0).

Let s =0. Then %7 = a where T < (>)z & L(z) < (=)0 = L(z) < (>)0.
Let s > 0.

1. @7 uniquely exists with 7 > a where Ty < (= (>)) z & L(z) < (= (>)) 0.
2. (ABb+s)/AB> ()b e xp = (<) (ABb+s)/AB< (>)b*. O

Proof (a~c) Immediate from (5.1.33(p.19)) and Lemma A 3.7(a-c).

(d) Let s = 0. Then, since L(z) = ABT(z), from Lemma A 3.7(g) we have L (z) = 0 for a > x and L (z) < 0 for z > a,
hence Z; = a by definition (see Section 5.2(p.19) (b)), so 7 < (>) x = L(x) < (=) 0. The inverse is true by contraposition. In
addition, since L (z) =0 = L(x) > 0, we have L (z) < (=) 0 = L(z) < (>) 0

(e) Let s> 0.

(el) From (A3.1(1)) and the assumption of A > 0 and 8 > 0 we have L (z) < 0 for a sufficiently large = > 0 such that
x > b*. In addition, we have L (a) = ABT(a) + s = s > 0 from Lemma A 3.7(g). Hence, from (a,c) it follows that Z; uniquely
exists. The inequality Z; > a is immediate from L (a) > 0 and (c). The latter half is evident.

(e2) If (ABb + s)/AB > (<) b*, from (A3.1) we have L((ABb + s)/AB) = (<) ABb + s — AB(ABb + s)/AB = 0, hence
Ty = (<) (ABb+ s)/AB from (el). 1

(a
(b
(c
(d
(e

V\_/\_/\_/

Corollary A 3.2 (L)
(a) zz<(>)re Lx)<
(b) 2z <(2)z= Lz)<(
rom Lemma A 3.8(d,el). The inverse is true by contraposition.

(%) 6
2)0 due to (a) and since L(x)<(>)0 = L(z) <(>)0, we have ¥; < (>)z =
= [(2z) = 0 < 0 or equivalently Zz = z = L(x) < 0, hence it even-

Proof (a) Clearly ;7 < (>) z =

(b) Since Z; < (>)z = L(x) < (
L(z) < (>)0. In addition, if z; = =,
tually follows that =7 < (>) z = L(x)

Lemma A 3.9 (Kr)

(a) f((x) is continuous on (—oo, 00).

(b) K (z) is nonincreasing on (—o0,00).

(c) K (x) is strictly decreasing on [a, 00).

(d) K (=) is strictly increasing on (—o0o,00) if B < 1.

(e) K(z)+ z is nondecreasing on (—oo,0).

(f) K (z) + z is strictly increasing on (—o00,00) if A < 1.

(g) K (x)+ x is strictly increasing on (—oo,b*].

(h) Ifz >y and b* >y, then K(x) +z > K(y) +v.

(i) Let B=1and s=0. Then Tz =a where Tz < (>)z & K(z) < (=) 0= K(z) < (>) 0.
(G) LetB<1ors>0.

1. There uniquely exists Tz where Tz < (= (>)) v & K(x) < (= (>)) 0.
2. (ABb+5)/6> ()b & Tz = (<) (ABb+5)/0.
3. Letk < (=(>))0. Then Tz < (=(>))0. [
Proof (a~c) Evident from (5.1.34(p19)) and Lemma A 3.7(a-c).
(d) Evident from Lemma A 3.7(b) and (5.1.34(p.19)).
(e) From (5.1.34(p.19)) we have

K(@x)+z = AT (x) + Br+s=A3(T(x) +z) + (1 - N)Bx+s---(1),

hence the assertion is immediate from Lemma A 3.7(d).
(f) Evident from (1) and Lemma A 3.7(d).
(2) Evident from (1) and Lemma A 3.7(e).
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(h) Let x >y and b* > y. If z > b*, then K (z) + x > K (b*) + b* > K (y) + y due to (e,g), and if b* > x, then b* > x > y,
hence K (z) + = > K (y) +y due to (g).

(i) Let 8 =1 and s = 0. Then, since K (z) = AT (z) due to (5.1.34(p19)), from Lemma A 3.7(g) we have K () =0 for a > x
and K (z) < 0 for x > a, so Tz = a by the definition of 7 (See Section 5.2(p19) (b)). Hence Zz < (>) z = K(x) < (=) 0. The
inverse is immediate by contraposition. In addition, since K (z) = 0 = K (x) > 0, we have K (z) < (=) 0 = K(z) < (>) 0

(j)) Let B<1lors>0.

(j1) First see (A 3.3(2)). Then, if 8 = 1, then s > 0, hence K (z) = s > 0 for any < a and if 3 < 1, then K (x) > 0 for
any sufficiently small z < 0 such that x < a. Hence, whether 3 = 1 or 8 < 1, we have K (z) > 0 for any sufficiently small z.
Next, for any sufficiently large = > 0 such that z > b*, from (A 3.2 (1)) we have K (z) < 0 since to § > 0 due to (9.2.2 (1) (p42)).
Hence, it follows that there exists the solution £z whether 8 =1 or 8 < 1. Let 8 < 1. Then, the solution is unique due to (d).
Let 8 =1, hence s > 0. Then, since K (a) = s > 0 from (A 3.3(2)), we have Tz > a, hence K (z) is strictly decreasing on the
neighbourhood of z = Tz due to (c), implying that the solution Zz is unique. Therefore, whether 8 =1 or 8 < 1, the solution
is unique. Thus, the latter half is immediate.

(j2) Let (ABb+)/6 > (<) b*. Then, from (A3.2(1(2))) we have K ((ABb+ 5)/6) = (<) ABb+ 5 — §(ABb + 5)/5 = 0, hence
Tz = (<) (ABb+ s)/d due to (j1). Its inverse is also true by contraposition.

(3) If& < (=(>)) 0, then K(0) = & < (= (>)) 0 from (5.1.36(p.19) ) and (5.1.37(p19) ), hence Tz < (= (>)) 0 from (j1). B

The corollary below is used when it is not specified whether s > 0 or s = 0.

Corollary A 3.3 (K?)

(@) Tk <(>)x e K(z) <(2)0.

(b) =z <(>)z= K(z)<(>)0. [

Proof (a) Clearly Tz < (>) z = K(x) < (>) 0--- (%) due to Lemma A 3.9(i,j1). The inverse is immediate by contraposition.
(b) Since ZTz < (>)x = K(x) < (>)0 due to (a) and since K(z) < (>)0 = K(x) < (>)0, we have Zz < (>)z =

K(x) <(>)0. In addition, if =z
K(z)<(>)0. 1

x, then K(z) = K(Zz) = 0 < 0, hence it eventually follows that =7z < (>)z =

Lemma A 3.10 (EP/KP)

(a) Let p=1ands=0. Then Ty = Tz = a.
(b) Let B=1 and s> 0. Then Tf =
(¢) LetB<1ands=0. Thena < (= (> ))0=> Ty < (=(>) Tz <(=(=))0.
(d) LetB<lands>0. Thenki < (=(>))0= 27 <(=(>)) 2z <(=(>))0. [

Proof (a) If 8=1and s =0, then T =a from Lemma A 3.8(d) and Tz = a from
Lemma A 3.9(i), hence Ty = T =a.
(b) Let 8=1and s> 0. Then K(Z;) =0 from (A 3.6 (1)), hence Tz = Z; from
Lemma A 3.9(j1).
(c) Let 5 <1and s=0. Then Zy = a---(1) from Lemma A 3.8(d). Suppose a < 0. Then, since Tz < 0, we have

(T7) > 0 from (A3.6(1)), hence Tz > Z7 from Lemma A 3.9(j1). Furthermore, from (5.1.37(p19)) and (5.1.36(p.19)) we have
(0) = ABT(0)+s = ABT(0) < 0 due to Lemma A 3.7(g), hence Zz < 0 from Lemma A 3.9(j1). Suppose a = (>) 0. Then, since
= (>) 0 from (1), we have K (27) = (<) 0 due to (A 3.6 (1)), hence T7 = (>) Tz from Lemma A 3.9(j1). Furthermore, from
(5.1.37(p.19) ) and (5.1.36(p19) ) we have K (0) = ABT(0) = 0 due to Lemma A 3.7(g), hence Tz = (=)0 from Lemma A 3.9(j1).
(d) Let8<1ands>0. Since & = K(0) from (5.1.36(p.19) ) and (5.1.37(p.19) ), if & < (= (>)) 0, then K (0) < (= (>)) 0, hence
Tz < (= (>)) 0 from Lemma A 3.9(j1). Accordingly L (%z) < (= (>)) 0 from (A 3.6 (2)), so
Ty < (=(>)) ®z from Lemma A 3.8(el). 1

K(x
K(0

Lemma A 3.11 (L}»)
(a) L (s) is nondecreasing in s.
(b) If A3 < 1, then L(s) is strictly increasing in s.
(¢c) Let ABb < a.

1. xz; > ABb+s.

2. Let s> 0 and A\B < 1. Then Ty > A\Bb+ s.
(d) Let A\Bb > a. Then, there exists a Sz > 0 such that if Sz > (<) s, then Tf < (=) ABb+s. U
Proof (a,b) From (5.1.35(p19)) and (5.1.33(p.19)) we have £ (s) = ABT(A\Bb+ s) + s---(1), hence the assertions are true from
Lemma A 3.7(m).

(¢) Let ABu < a. Then, from (1) we have £ (0) = ABT(AB8b) =0--- (2) due to Lemma A 3.7(g).

(c1) Since s > 0, from (a) we have £ (s) > £(0) = 0 due to (2) or equivalently L (ABb+ s) > 0, hence =z > 8b+ s from
Corollary A 3.2(a).

(c2) Let s> 0and A3 < 1. Then, from (b) we have £ (s) > £(0) = 0 due (2), hence L (ABb+s) > 0, so 7 > AGb+ s from
Lemma A 3.8(el).
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(d) Let ABb > a. From (1) we have £ (0) = A\BT(\3b) < 0 due to Lemma A 3.7(g). Noting (A 3.1 (1)), for any sufficiently
large s > 0 such that A\Bb+s > b* and ABb+s > 0 we have £ (s) = L (ABb+5) = ABb+ s — AB(ABb+s) = (1 —AB)(Bb+5) > 0.
Accordingly, due to (a) it follows that there exists a Sz > 0 where £(s) < 0 for s < Sz and £(s) > 0 for s > Sz, or
equivalently, L (ABb+ s) < 0 for s < Sz and L(\Bb+ s) >0 for s > Sz. Hence, from Corollary A 3.2(a) we have &7 < 8b+ s
fors< Sz and 7 > pBb+sfors> sz. 1
Lemma A 3.12 («&/{ks}) We have:

(a) R=ABb+sifb* <0 and i =sifa>0.
(b) LetB<lors>0. Thenk < (=(>)0& zz <(=(>))0. 0
Proof (a) Immediate from (5.1.36(p19)) and Lemma A 3.7(i).

(b) Let 8 < 1 ors > 0. Then, if # > (= (<)) 0, we have K(0) > (= (<)) 0 from (5.1.37(p.19)) and (5.1.36(p.19)), hence
Tz > (= (<)) 0 from Lemma A 3.9(j1). Thus “=” was proven. Its inverse “<” is immediate by contraposition. 1

A 4 Direct Proof of Assertion Systems
A4l o {M1[R][A]}
Since K (z) + (1 — B)z = L (x) for any z due to (5.1.14(p17)) and (5.1.13(p.17) ), from (6.5.4(p31)) we have

Vi — BVioy = min{L (Vi_1),0} <0, > 1. (A4.1)
Accordingly:

1. If L(Vs—1) <0, then V; — 8Vi—1 = L (Vi—1), hence
Vi=L(Vic) +BVici =K(Vic1) +Viea, t> 1 (A4.2)
2. If L(Vi—1) > 0, then V; — 8V;_1 = 0 or equivalently

Vi =BViii, t> 1. (A4.3)
Now, from (6.5.4(p31)) with ¢ = 2 we have
Vo — Vi = min{K (V1), —(1 — B)V1 }. (Ad.4)
Finally, from (A 4.1) we see that
L(Vi—1) < (>)0 = Conduct;, (Skip,)". (A4.5)

In this model let us note that the search must be necessarily conducted at time ¢t = 1 (see Remark 4.1.3(p.14) (b)) and that
A=1---(1) (see A2p14)), d=1---(2) (see (9.2.1(p42))). (A4.6)

O Tom A 4.1 ({M:1[R][A]}) LetB=1 ands=0.
(a) V4 is nonincreasing in t > 0.
(b) We have WA where Conduct,>>14. U
Proof Let 8 =1and s =0. Then, from (5.1.14(p17)) we have K () = T(z) < 0---(1) for any = due to
Lemma A 1.1(p27) (g), hence from (6.5.4p31)) and (1) we have V; = min{T(Vi—1) + Vi1, Vic1} = min{T(V;_1),0} + Vi1 =
T(Vie1) + Vi—1---(2) for t > 1.
(a) Since Va = T(Vi) + Vi, we have Vo < V4 due to (1). Suppose V;—1 > V;. Then, from
Lemma A 1.1(p27) (d) we have V; > T(V;z) + Vi = Vi11. Hence, by induction V;_1 > V; for t > 1, i.e., V; is nonincreasing in ¢ > 0.
(b) Since Vi = u from (6.5.3(p31) ), we have Vi > a. Suppose Vz—1 > a. Then, noting b > a, from (2) we have V; > T(a)+a=a
due to Lemma A 1.1(p.27) (1,g). Accordingly, by induction V;_1 > a for t > 1, hence L (V;—1) < 0 for t > 1 due to Lemma A 1.2(d),
so L(V4—1) < 0---(3) for 7 >t > 1. Hence, from (A 4.1) we obtain V; —8V;_1 <0 for 7 >t > 1,i.e., V; < BVi_q for 7 >t > 1.
Accordingly Vi < BVy_1 < --- < 7'V, hence t; = 7 for 7 > 1, i.e., A for 7 > 1. Then Conduct:, for 7 >t > 1
due to (3) and (A4.5). 1

Let us define

For any 7 > 1 there exists ¢t> > 1 such that
S19[®@4]®1] = { (1) [® d0ITs¢e>,>1(T)|s Where Conduct,>¢>1a,
(2) | ®nd0IT,>¢e (t7) | where Conduct,>¢>14-

TSee Section 6.1(p21).
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O Tom A4.2 (Z{M:A[R][A]}) LetB <1 ors>0.
(a) V& is nonincreasing in t > 0 and converges to a finite V< Tg ast — oo.
(b) Let B <a. Then|e®d0ITd,»1(1)]|.
(c) Let Bu > a.
1. Letp=1.
i. Let p+s>b. Then|®d0ITd,~1(1)|.
ii. Let p+s<b. Then|® d0ITs,>1(7)|s where Conduct,;>¢>1a-
2. Letf<1ands=0(s>0).
i. Leta <0 (k<0). Then A where Conduct,>¢>14-
ii. Leta=0 (& =0).
1. Let fu+s>b. Then | @d0ITd,~1(1)|.
2. Let fu+s<b. Then|® d0ITs.1(T)|. where Conduct,>¢>1a-
iii. Leta >0 (& > 0).
1. Let Bu+s>bor sz <s. Then
2. Let Bu+s<band Sz >s. Then S19(p284 1s true. [
Proof Let < 1or s> 0. Note here (A4.6(1,2) (p284)).

(a) Since Tz < (Bu +8)/6 = Bu+ s = Vi due to Lemma A 1.3p2m3)(32) and (6.5.3(p31)), we have K (V1) < 0 due to
Lemma A 1.3(p2%)(j1), hence Vo — Vi < 0 from (A4.4), ie,, Vi > Va. Suppose Vi1 > V;. Then, from (6.5.4(p31)) and
Lemma A 1.3(p23) () we have V; > min{K (V;)+ V4, BV;} = Vi41. Hence, by induction V;_1 > V; for t > 1, i.e., V; is nonincreasing
in t > 0. Consider a sufficiently small M < 0 such that Sy + s > M and a > M, hence Vi > M. Suppose Vi—1 > M. Then,
from Lemma A 1.3(p.27) () and (A 1.5(2) (p272)) we have V; > min{K (M) + M,8M} = min{BM + s, BM} > min{M, M} = M
due to 8 < 1 and s > 0. Hence, by induction V; > M for ¢ > 0, i.e., V; is lower bounded in ¢. Accordingly V; converges to a
finite V as t — co. Then, from (6.5.4(p31)) we have V = min{K (V) + V, 8V}, hence 0 = min{K (V), —(1 — )8V }. Thus, since
K (V) >0, we have V < %z from Lemma A 1.3(p21) (j1).

(b) Let Bu < a---(1). Then 7 > Bu+ s = Vi from Lemma A 1.5p27) (cl) with A = 1 and § = 1, hence 7 > V;_; for
t > 1 from (a). Accordingly, since L (Vz—1) > 0 for ¢t > 1 due to Corollary A 1.1(p27) (a), we have L(Vi—1) > 0 for 7 > t > 1.

Hence, from (A4.3) we have V; = 8V, for 7 >t > 1. Thus V, =8V, 1 =--- = B7 Vi, ie, IT =I7"' = ... = I} . Hence
ty =1 for T > 1 (see Preference Rule 7.2.1(p3)), i.e. m“ for 7 > 1.

(c) Let Su > a.
(c1) LetB8=1---(2), hence s > 0 due to the assumption “8 < 1 or s > 0” in the lemma. Then (ABu+s)/d = p+s---(3) due

to (2) and (A 4.6(2)). In addition, we have 7 = T3 ---(4) from Lemma A 1.4p27) (b), we have K (27) = K (2z) =0---(5).
(cli) Let p+s>0b. Then Tp = Tz = p+s=V; from (4), Lemma A 1.3p27) (j2), (3), and (6.5.3(p31)). Accordingly, since
Ty > Vioq for t > 1 from (a), we have L(Vi—1) >0 for t > 1 due to Lemma A 1.2(p.27) (el). Hence, for the same reason as in the

proof of (b) we obtain odOITd |@d0ITd,(1)]; for 7 > 1.

(clii) Let u+s <b. Then T = Tz < pu+s=V; < b from (4), Lemma A 1.3p27) (j2), and (6.5.3(p31) ), hence b > V;_; for
t > 1 from (a). Suppose V;—1 > Z7, hence L (V;—1) < 0 from Lemma A 1.2(p27) (el). Then, from (A 4.2), Lemma A 1.3(p.23) (g),
and (5) we have V; > K(®;)+ %z = z7. Accordingly, by induction V;_1 > xr for t > 1, hence, L (V;—1) < 0 for ¢t > 1 from
Lemma A 1.2(p272) (el). Thus, for the same reason as in the proof of Tom A 4.1(b) we have m for 7 > 1 and Conduct;,
for >t > 1.

(¢2) Let < land s=0(s>0).

(c2i) Let a<0(k <0). Then Zzy < Tz < 0---(6) from Lemma A1.4(p21)(c(d)). Now, since Tz < Bu + s due
to Lemma A 1.3p2%3)(j2) with A = 1 and § = 1, we have Tz < Vi from (6.5.3(p31)). Suppose Tz < Vi_i. Then, from
Lemma A 1.3(p.27) (e) we have V; > min{K (%z) + 2z, 8%z} = min{ 7,82z} = Tz due to Zz < 0. Accordingly, by induction
Viei > %z for t > 1, hence V;—1 > Z; for t > 1 from (6) , thus L (Vz—1) < 0 for t > 1 due to Corollary A 1.1(p.27) (a). Hence, for
the same reason as in the proof of Tom A 4.1(b) we have [® d0ITs,(7)|. for 7 > 1 and CONDUCT;, for 7 > ¢ > 1.

(c2ii)) Let a=0(k =0). Then ;7 = Tz ---(7) from Lemma A 1.4(p21) (c (d)).

(c2iil) Let Bu+ s >b. Then, Tz = Bu+ s = Vi from Lemma A 1.3(p27) (j2) and (6.5.3(p31)). Suppose Vi1 = %z, hence
Vi1 = 7 from (7), thus L(V;—1) = L(Zz) = 0. Then, from (A4.2) we have V; = K (%) + %z = Zz. Accordingly, by
induction V;—1 = 2z for ¢t > 1, hence V;—1 = % for t > 1 due to (7). Then, since E(Vt,1) = f/( zr) =0 for t > 1, we have

= fVi—1 for t > 1 from (A 4.3), hence, for the same reason as in the proof of (b) we obtain “ for > 1.

(c2ii2) Let Bu + s < b. Then, since Vi < b from (6.5.3(p31) ), we have V;—1 < b for ¢ > 1 due to (a). In addition, we have
Tz < Bu+ s = Vi from Lemma A 1.3(p28) (j2). Suppose Tz < Vi—1, hence T7 < Vi—; from (7). Then, since L (V;—1) < 0 due
to Corollary A 1.2(p.27) (el), from (A 4.2) and
Lemma A 1.3(p.2%) (g) we have V; > K(2z) + Tz = Tz. Hence, by induction Tz < V;_1 for t > 1, thus 7 < Vs_; for t > 1
due to (7). Accordingly, since L (V;—1) < 0 for t > 1 due to Corollary A 1.1p27) (a), for the same reason as in the proof of
Tom A 4.1(b) we have A for 7 > 1 and Conduct,, for 7 > ¢ > 1.

(c2iii) Let a>0(& >0). Then Tz > T ---(8) from Lemma A 1.4(p274) (c (d)).

(c2iiil) Let Bu+s >bor Sz <s. First, let S+ s > b. Then, since 3z = Bu+ s = Vi from Lemma A 1.3(p.273) (j2), we have
Tz > Vi from (8), hence 7 > Vi. Next, let sz <'s. Then, since 7 > Su+ s due to Lemma A 1.5p21) (d), we have T7 > Vi
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from (6.5.3(p31)). Accordingly, whether Su+ s > b or sz < s, we have Tf > Vi, so Tf > Vi 1 for t > 1 due to (a). Hence,
since L (Vi—1) > 0 for ¢t > 1 from Corollary A 1.1(p.27) (a), for the same reason as in the proof of (b) we obtain [e d0ITd, (1)] m” for
T> 1

(c2iii2) Let Bu+s < b---(9) and s < $z. Then, from (8) and Lemma A 1.5(27) (d) we have Tz < 7 < Bu+s=Vi---(10),
hence K (V1) < 0---(11) from Lemma A 1.3(p27) (j1). In addition, since Vi < b due to (9) and (6.5.3p31)), we have V;_; < b

for t > 0 from (a). Now, from (A 4.4) and (11) we have Vo — V4 < 0, i.e., Vo < Vi. Suppose Vi—1 > V;. Then, from (6.5.4(p.31))
and Lemma A 1.3(p23) (g) we have Vi > min{K (V) + V4, BVi} = Vit1. Accordingly, by induction V;_1 > V; for ¢t > 1, i.e., V; is
strictly decreasing in t > 0. Note that Vi > %7 due to (10), so V1 > ;. Assume that V1 > Z; for all t > 1, hence V > Z;.
Now, from (8) and V < Z% in (a) we have the contradiction of V < Zz < ®7 < V. Hence, it is impossible that V;_1 > Z; for
all t > 1, implying that there exists ¢t* > 1 such that

V1>V2>--->Vt-_1>$52%->Vt-+1>Vt-+2>--~, (A47)

from which
Vici> 7, ">t >1, Ty >V, t>1°. (A4.8)

Therefore, from Corollary A 1.1(p.273) (a) we have L (V;—1) < 0---(12) for t* >¢ > 1 and L(V;—1) > 0---(13) for t > t".

1. Let t* > 7 > 1. Then, since L (Vi—1) < 0---(14) for 7 >t > 1 from (12) , for the same reason as in the proof of Tom A 4.1(b)
we have |® d0ITs,(7) [, for * > 7 > 1 and Conduct,, for 7 > ¢ > 1. Hence Si9(p.384) (1) is true.

2. Let 7 > t°. First, let 7 >t > t°. Then, since E(Vt,1) >0 for 7>t >t from (13)7 we have V; = Vi_1 for 7 >t > t* from
(A 4.3), thus

Ve =pBVe1 =fVia ==V (15).

Next, let t* > ¢ > 1. Then, from (12) and (A4.1) we have V; — BV,1 < Ofor t* >t > 1,ie, Vi < fVioq for t* >t > 1,
hence
Vie < BVieo1 < B2Veroa < -~ < 5 7'Vi-- - (16).

From (15) and (16) we have
Ve=BVe 1 =BVrg== BT Ve < BT W < BT Ve < < BT,

hence we obtain t; = ¢* for 7 > ¢* due to Preference Rule 7.2.1(p3), i.e., | ® nd0IT,(t*) || for 7 > 1. In addition, we have
Conduct;, for t* >t > 1 due to (12) and (A 4.5). Hence S19(p284) (2) is true. 1

A4.2 Z{M:1[P]A]}
Since K (z) + (1 — 8)z = L (x) for any x due to (5.1.21(p18)) and (5.1.20(p.18) ), from (6.5.6(p31)) we have

— BVi—1 = max{L (V4-1),0} >0, t>1. (A4.9)
Accordingly:

1. If L(Vi—1) > 0, then V; — BVi—1 = L (V4—1), hence
Vi=L(Vic1) + Vi1 = K(Vim1) +Vier, > 1. (A 4.10)

2. If L(Vi—1) <0, then V; — BV,_1 = 0 or equivalently

Vi =pVia, t>1. (A4.11)
Now, from (6.5.6(p31)) with ¢ = 2 we have
Vo — Vi = max{K (V1),—(1 — B)V1i}. (A4.12)
Finally, from (A 4.9) we see that
L(Vi—1) > (<)0 = Conduct;, (Skip,.). (A4.13)

In this model let us note that the search must be necessarily conducted at time ¢t = 1 (see Remark 4.1.3(p.14) (b)) and that
A=1---(1) (see A2(p14)), d=1---(2) (see (9.2.1p4))). (A4.14)

O Tom A 4.3 (Z{M:1[P][A]}) LetB=1 ands=0.
(a) V4 is nondecreasing in t > 0.
(b) |® d0ITs,(7)|. where Conduct,>¢>1a. U
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Proof Let =1 and s =0. Then, from (5.1.21(p18) ) we have K (z) = T(z) > 0--- (1) for any = due to Lemma A 2.1(g), hence
from (6.5.6(p31)) and (1) we have
Vi = max{T(Vi—1) + Vic1, Vic1 } = max{T(Vi=1),0} + Vie1 = T(Vic1) + Vier -+ (2) for ¢ > 1.

(a) Since Vo = T(Vh) + Vi, we have Vo > Vi due to (1). Suppose Vi—1 < V;. Then, from Lemma A 2.1(d) we have
Vi < T (V) + Vi = Viq1. Hence, by induction V;—1 <V, for ¢ > 1, i.e., V; is nondecreasing in ¢ > 0.

(b) Since Vi = a from (6.5.5), we have Vi < b. Suppose V;—1 < b. Then, noting a* < a < b due to Lemma A 2.1(p.27) (n), from
(2) we have V; < T(b) + b = b due to Lemma A 2.1(p27%) (3,g). Accordingly, by induction V;_1 < b for ¢t > 1, hence L(V;_1) > 0
for t > 1 due to Lemma A 2.2(d), so L(Vz=1) > 0---(3) for 7 > ¢ > 1. Hence, from (A 4.9) we obtain V; — Vi1 > 0 for
T>t>1,ie., Vi > BVi_q for 7 >t > 1. Accordingly Vi > Vi1 > --- > 7'V, hence tf = 7 for 7 > 1, i.e., [® d0ITs, (1) |4
for 7 > 1. Then Conduct:, for 7 >t > 1 due to (3) and (A4.13). 1

Let us define

For any 7 > 1 there exists ¢ > 1 such that
320 ={ (1) |® dOITs;e >r>1(T) |A where Conduct,>¢>14,
(2) | ®nd0IT,>¢e (t7) | where Conduct,>¢>14-

O Tom A4.4 ({M:1[P][A]}) LetBS <1 ors>0.

a) Vi is nondecreasing in t > 0 and converges to a finite V> Tk ast — oo.

(
(b) Let Ba >b. Then|[@d0ITd,>1(1)];.

(¢c) Let Ba <b.
1. LetB=1.
i. Leta—s<a*. Then m”.
ii. Leta—s>a*. Then|® d0ITs,~1(7T)[s where Conduct >¢>1a-
2. Let $<1ands=0(s>0).

i. Letb>0 (x >0). Then M‘ where Conduct,>¢>1a4-
ii. Letb=0 (k= 0).

1. Let fa—s <a*. Then|®d0ITd,~1(1)|.

2. Let fa— s >a*. Then|® d0ITs,>1(7)|. where Conduct >¢>1a-
iii. Letb<0 (k <0).

1. Let Ba—s<a* or sg <s. Then

2. Let fa—s>a* and sc > s. Then Sao(p27) [CaT*1] is true. O

Proof Let 8 <1 or s> 0. First see (A 4.14(p.286))

(a) Since zx > (AMfa — s)/0 = Pa —s = Vi due to Lemma A 2.3(p27%) (j2) and (6.5.5(p31)), we have K (V1) > 0 due to
Lemma A 2.3(p27)(j1), hence Vo — Vi > 0 from (A4.12), i.e., Vi < Va. Suppose Vi—1 < V;. Then, from (6.5.6(p3l)) and
Lemma A 2.3(p.276) (¢) we have V; < max{K (V;)+V;, BV:} = Vi41. Hence, by induction V;—1 < V; fort > 1, i.e., V; is nondecreasing
in t > 0. Consider a sufficiently large M > 0 such that fa — s < M and b < M, hence Vi < M. Suppose V;—1 < M. Then,
from Lemma A 2.3(p27) (e) and (A 2.5(2) (p2%)) we have V; < max{K (M) + M,BM} = max{SM — s,FM} < max{M,M} =M
due to 8 < 1 and s > 0. Hence, by induction V; < M for ¢t > 0, i.e., V; is upper bounded in ¢. Accordingly V; converges to a
finite V' as t — oco. Then, from (6.5.6(p31)) we have V = max{K (V) +V, BV}, hence 0 = max{K (V'), —(1 — 8)B8V}. Thus, since
K (V) <0, we have V > zx from Lemma A 2.3(p.27) (j1).

(b) Let Ba >b---(1). Then zr < fa— s = Vi from Lemma A 2.5p27) (cl) with A = 1 and § = 1, hence zr < Vi_; for
t > 1 from (a). Accordingly, since L (V;—1) < 0 for ¢ > 1 due to Corollary A 2.1(p27) (a), we have L(V;—1) < 0 for 7 > ¢ > 1.
Hence, from (A 4.11(p26)) we have V; = Vi_y for r >t > 1. Thus V, = 8V,_1 = --- = BT 'V ie, IT =177 = ... = I},
hence ¢; =1 for 7 > 1 due to Preference Rule 7.2.1(p.3), i.e., @ d0ITd, (1) | for 7 > 1.

(c) Let fa <b.

(c1) Let 8 =1---(2), hence s > 0 due to the assumption“S < 1 or s > 0” in the lemma. Then (Aa —s)/d =a—s---(3)
due to (2) and (A4.14 (2) (p28) ). In addition, we have 2 = @ --- (4) from Lemma A 2.4p.27) (b), we have K () = K (2x ) =
0.--- (5)

(cli) Leta—s<a*. Then z, = tx =a—s=V; from (4), Lemma A 2.3(27) (j2), (3), and (6.5.5(31)). Accordingly, since
2, < Vi1 fort > 1 from (a), we have L (V;—1) <0 for ¢ > 1 due to Lemma A 2.2(p.27) (el). Hence, for the same reason as in the

proof of (b) we obtain | @ d0ITd,(1)] m” for 7 > 1.

(clii) Leta—s > a*. Then 2, = x >a—s= Vi > a* from (4), Lemma A 2.3(27) (j2), and (6.5.5(p31) ), hence a* < V;_; for
t > 1 from (a). Suppose Vi—1 < 1, hence L (Vs—1) >0 from Lemma A 2.2(p.27) (el). Then, from (A 4.10), Lemma A 2.3(p.27) (g),

and (4) we have V; < K(xp)+ 2. = K(2x)+ o1 = . Accordingly, by induction V;—1 < zr for t > 1, hence, L (Vi—1) >0
for t > 1 from Lemma A 2.2(p27)(el). Thus, for the same reason as in the proof of Tom A 4.3(b) we have m for

7 > 1 and Conduct;, for 7 > ¢ > 1.
(c2) Let <land s=0(s>0).
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(c2i) Let b>0(k>0). Then 2. > xx > 0---(6) from Lemma A 2.4(p27) (c(d)). Now, since xx > fBa — s due
to Lemma A 2.3(p2%)(j2) with A = 1 and 6 = 1, we have x > Vi from (6.5.5(p31)). Suppose x > Vi;—i. Then, from
Lemma A 2.3(p27) () we have V; < max{K(zx) + Tx,B82x} = max{Zx,B8Tx} = Zx due to zx > 0. Accordingly, by
induction Vi_y < zx for t > 1, hence Vi_y < z for ¢ > 1 from (6), thus L (Vi—1) > 0 for t > 1 due to Corollary A 2.1(p.276) (a).
Hence, for the same reason as in the proof of Tom A 4.3(b) we have A for 7 > 1 and conduct, for 7 > ¢ > 1.

(c2ii) Let b=0(x =0). Then zp = xx ---(7) from Lemma A 2.4(p.27) (c (d)).

(c2iil) Let Ba — s < a*. Then, vx = fa — s = Vi from Lemma A 2.3(p.27) (j2) and (6.5.5(p31)). Suppose Vi—1 = xk, hence
Vie1 = @ from (7), thus L(Vi—1) = L (2. ) = 0. Then, from (A 4.10) we have V; = K (2x) + :cK = zx. Accordingly, by
induction V;_1 = xx for ¢ > 1, hence V;_1 = 2, for t > 1 due to (7). Then, since L(Vic1) = L( =0 for t > 1, we have
Vi = BVi—1 for t > 1 from (A 4.11), hence, for the same reason as in the proof of (b) we obtain [® d0ITd,(1)] m” for 7 > 1.

(c2ii2) Let fa—s > a*. Then, since V4 > a*, we have Vi_1 > a* for ¢t > 1 due to (a). In addition, we have zx > Ba—s =V;
from Lemma A 2.3(p27) (j2) and (6.5.5(p31)). Suppose Tx > Vi_1, hence zr > Vi_1 from (7). Then, since L(V;—1) > 0 due
to Corollary A 2.1(p27) (a), from (A 4.10) and Lemma A 2.3(p.27) (g) we have V; < K(zx) + x = xx. Hence, by induction
Tx > Vi_qifort > 1, thus zr > Vi_; fort > 1 due to (7). Accordingly, since L (Vi—1) > 0 for ¢ > 1 due to Corollary A 2.1(p.27) (a),
for the same reason as in the proof of Tom A 4.3(b) we have A for 7 > 1 and Conduct,, for 7 > ¢ > 1.

(c2iii) Let b<0(x <0). Then xr < Tk ---(8) from Lemma A 2.4(p.27) (c (d)).

(c2iiil) Let Ba —s < a* or s < s. First, let Sa — s < a*. Then, since zx = Ba — s = V; from Lemma A 2.3(p.276) (j2),
we have z, < Vi from (8), hence zp < Vi. Next, let s <'s. Then, since £z < fBa — s due to Lemma A 2.5(p27) (d), we
have zr < Vi and (6.5.5(p31)). Accordingly, whether fa — s < a* or s < s, we have zr < Vi, s0 z; < Vi1 for t > 1 due
to (a). Hence, since L(Vi—1) < 0 for ¢ > 1 from Corollary A 2.1(p.276) (a), for the same reason as in the proof of (b) we obtain

(e a0ITa, (1)), for 7 > 1
(c2iii2) Let Ba —s > a*---(9) and s < s.. Then, from (8) and Lemma A 2.5p27) (b) we have zx > =, > fa—s =
1 --+(10), hence K (V1) > 0---(11) from Lemma A 2.3(p276) (j1). In addition, since V4 > a* due to (9), we have V;_1 > a* for

t > 0 from (a). Now, from (A 4.12) and (11) we have Vo — V4 > 0, i.e., Va2 > Vi. Suppose V;—1 < V;. Then, from (6.5.6(p31))
and Lemma A 2.3(p.276) (g) we have V; < max{K (V4) + Vi, BVi} = Viy1. Accordingly, by induction Vi—1 < V; for t > 1, i.e., V; is
strictly increasing in t > 0. Note that V3 < z1 due to (10). Assume that Vi_1 < x for all t > 1, hence V < z. . Now, from
(8) and V > zx in (a) we have the contradiction of V' > zx > xr > V. Hence, it is impossible that V;—1 < xp for all ¢t > 1,
implying that there exists ¢t* > 1 such that

Vi< Vo< - o<V 1< a1 th-<Vt-+1<Vt-+2<-~-, (A4.15)
from which . .
Vici< xzp, tt2>2t>1, rr < Viea, t>1t°. (A4.16)

Therefore, from Corollary A 2.1(p.27) (a) we have L(Vs—1) >0---(12) for ¢* > ¢t > 1 and L (Vs—1) <0---(13) for t > ¢".

1. Let t* > 7 > 1. Then, since L (V;—1) > 0---(14) for 7 > ¢ > 1 from (12), for the same reason as in the proof of Tom A 4.3(b)
we have |® d0ITs,(7) [, for ¢* > 7 > 1 and Conduct, for 7 > ¢ > 1. Hence S20(p.27) (1) is true.

2. Let 7 > t°. Firstly, let 7 > ¢ > ¢*. Then, since L(V;—1) <0 for 7 > ¢t > t* from (13) , we have V; = BV, for 7 >t > t* from
(A4.11), thus

Ve =BVe1=fBVia == " Ve (15).
Next, let t* > ¢ > 1. Then, from (12) and (A 4.9) we have V; — 8V, > 0 for t* > ¢t > 1, i.e., Vi > BV, for t* >t > 1,
hence 5

Vie > Vo1 > Ve >+ > ﬂ --(16).

From (15) and (16) we have
VT _ Bv‘rfl _ ﬂZVT72 - .= /B'rft"/t. > ﬂq—fthkl‘/t._l > ﬂTﬁt.%»z‘/t'—Q S>> ﬁﬂ'flvl’

hence we obtain ¢ = t* for 7 > t* due to Preference Rule 7.2.1(p3), i.e., | ® nd0IT,(t*) |, for 7 > ¢*. In addition, we have
Conduct;, for £ >t > 1 due to (12) and (A 4.13). Hence Sa0(p287) (2) is true. 1

A 4.3 F{M:A[P][A]}
Since K (z) + (1 — B)z = L (z) due to (5.1.34(p19)) and (5.1.33(p19)), from (6.5.8(p31)) we have

— BVic1 = min{L (V4-1),0} <0, t>1. (A4.17)
Accordingly:

1. If L(Vz—1) <0, then V; — BV;_1 = L(V;_1), hence
Vi=L(Vic1) + BVici = K(Vi1) + Vi, t> 1. (A4.18)
2. If L(Vi—1) > 0, then V; — BV;_1 = 0 or equivalently
Vi=pVic1, t>1. (A 4.19)
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Now, from (6.5.8(p31)) with ¢ = 2 we have

‘/2 — V1 = min{R(Vl), —(1 — ﬂ)V1} (A 4.20)
Finally, from (A 4.17) we see that
L(Vi—1) < (>)0 = Conduct:, (Skip,). (A4.21)
In this model let us note that the search must be necessarily conducted at time ¢t = 1 (see Remark 4.1.3(p.14) (b)) and that
A=1---(1) (see A2(p1)), d=1 (see (9.2.1p4))). (A4.22)
(A4.23)

O Tom A 4.5 (Z{M:1[P][A]}) Let =1 and s = 0.

(a) Vi is nonincreasing in t > 0.

(b) We have M‘ where Conduct,>¢>14. U

Proof Let 8=1and s=0. Then, from (5.1.34(p19)) we have K () = T(z) <0---(1) for any = due to

Lemma 13.6.1(p8)) (g), hence from (6.5.8(p.31) ) and (1) we have V; = min{T(Vi—1)+ Vi1, Vic1} = T(Vie1) + Vier - -+ (2) for t > 1.
(a) Since Vo = T(V1) + Vi, we have Vo < V; due to (1), Suppose Vi—1 > V;. Then, from

Lemma A 3.7(p.81) (d) we have V; > T(V;) + Vi = Viy1. Hence, by induction V;—1 > V; for t > 1, i.e., V; is nonincreasing in ¢ > 0.

(b) Since Vi = b from (6.5.7(p31) ), we have Vi > a. Suppose V;—1 > a. Then, noting b* > b > a due to Lemma A 3.7(p.81) (n),
from (2) we have V; > T(a) + a = a due to Lemma A 3.7(p381) (L,g). Accordingly, by induction V;_; > a for ¢ > 1, hence
L(Vi—1) < 0 for t > 1 due to Lemma A 3.8(p282) (d), thus L(Vs—1) < 0---(3) for 7 >t > 1. Hence, from (A4.17) we obtain

Vi—pBVici <O0form>t>1,ie, Vi <pBVig for 7 >t > 1. Accordingly V> < V1 < -+ < 5771‘/1’ hence tf =7 for 7 > 1,

ie., |® d0ITs, (7). for 7 > 1. Then Conducts, for 7 > ¢ > 1 due to (3) and (A4.21). 1

Let us define

For any 7 > 1 there exists ¢ > 1 such that
Soy[@af@n] = { (1) [® d0ITs¢e >->1(7)]s where Conduct,>¢>14,
(2) | ®ndOIT,>¢e (t7) | where Conduct,>¢>14-

O Tom A 4.6 (Z{M:1[P][A]}) Let3 <1 ors>0.

(a) Vi is nonincreasing in t > 0 and converges to a finite V < T ast — oo.
(b) Let Bb < a. Then .
(c) Let Bb> a.
1. LetB=1.
i. Letb+s>0b*. Then |®d0ITd,~1(1)|.

ii. Letb+s < b*. Then A where Conduct,>¢>14-
2. LetB<1and s=0(s>0).
i. Let a<0(k <0). Then|® d0ITs,>1(7)|. where Conduct >¢>1a-
ii. Let a=0(k=0).
1. Let Bb+ s >b*. Then|ed0ITd,>1(1)];.
2. Let fb+s < b*. Then |© d0ITs, (7 > 1) |A where Conduct >¢>1a4-
ii. Let a>0(i>0).
1. Let Bb+s>b" or Sz <s. Then m”.
2. Let Bb+s < b and s < $z. Then sl [*2 ] s true. O

Proof Let <1 or s> 0. First note (A4.22(1,2) (p2%9)).

(a) Since zz < (Bb+5)/§ = Bb+ s = Vi due to Lemma A 3.9p2) (j2) and (6.5.7(p31)), we have K (V1) < 0 due to
Lemma A 3.9(p82) (j1), hence Vo — Vi < 0 from the right side of (A4.20), i.e., Vi > Vb, Suppose Vi_1 > V;. Then, from
(6.5.8(p31)) and Lemma A 3.9(p.28) (e) we have V; > min{K (V;) + V4, 8Vi} = Vit1. Hence, by induction Vi;—1 > V; for t > 1, i.e.,
V4 is nonincreasing in ¢t > 0. Consider a sufficiently small M < 0 such that b+ s > M and a > M, hence Vi > M. Suppose
Vi1 > M. Then, from Lemma A 3.9(p.2) (e) and (A 3.5(2) (p282)) we have V; > min{K (M) + M, M} = min{3M + s,BM} >
min{M, M} = M due to 8 <1 and s > 0. Hence, by induction V; > M for t > 0, i.e., V; is lower bounded in ¢. Accordingly V4
converges to a finite V as t — oo. Then, from (6.5.8(p31) ) we have V' = min{K (V) +V, 8V}, hence 0 = min{K (V), —(1—8)8V}.
Thus, since K (V) > 0, we have V < T3z from Lemma A 3.9(p2) (j1).

(b) Let Bb <a---(1). Then 7 > b+ s =V} from Lemma A 3.11(p283) (c1) with A = 1 and 6 = 1, hence T7 > V;_; for
t > 1 from (a). Accordingly, since L (V;—1) > 0 for ¢t > 1 due to Corollary A 3.2(a), we have L (V;—1) > 0 for 7 > ¢t > 1. Hence,
from (A 4.19) we have V; = V;_; for 7 >t > 1. Thus, we have V, = 8V, 1 = --- = BT 'Vi  ie, IT =I7"' = ... = I}  hence
tr =1for 7 > 1, ie., ” for 7 > 1 due to Preference Rule 7.2.1(p.33), i.e., H for > 1.

(c) Let 8b> a.
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(cl) Let f=1---(2), hence s > 0 due to the assumption “S < 1 or s > 0” in the lemma. Then, we see that (AGb+ s)/d =
b+s---(3) due to (2) and (A 4.22) and that 7 = 2z ---(4) from Lemma A 3.10(p.28) (b), hence K (z7) = K(2z) =0---(5).

(cli) Let b+s>b*. Then T = 2z =b+s =V from (4), Lemma A 3.9p2 (j2, (3), and (6.5.7(p31)). Accordingly, since
Tz > Vi_q for t > 1 from (a), we have L (Vz—1) > 0 for ¢t > 1 due to
Lemma A 3.8(p.282) (el). Hence, for the same reason as in the proof of (b) we obtain [ d0ITd.(1)], for 7 > 1.

(clii) Let b+s < b*. Then T = Tz <b+4+s ="V < b* from (4), Lemma A 3.9p%) (j2), and (6.5.7(p31)), hence b* > V;_1
for t > 1 from (a). Suppose Vi—1 > %7, hence L (Vi—1) < 0 from
Lemma A 3.8p.%2) (e1). Then, from (A 4.18), Lemma A 3.9p2) (g), and (5) we have V; > K(%;) + *7 = 7. Accordingly, by
induction Vi1 > %7 for t > 1, hence, i(Vt 1) <0 for ¢ > 1 from
Lemma A 3.8(p.282) (el). Thus, for the same reason as in the proof of Tom A 4.5(b) we have m for 7 > 1, and Conduct:,
forr>t>1.

(c2) Let <land s=0(s>0).

(c2i) Let a<O0(R <0). Then Ty < Tz < 0---(6) from Lemma A 3.10(p23) (c(d)). Now, since Tz < Bb+ s due to
Lemma A 3.9(p28) (j2) with A = 1 and § = 1, we have Tz < Vi from (6.5.7(p31) ). Suppose Tz < V;_1. Then, from Lemma A 3.9(e)
we have V; > min{K (Zz) + 7,82z} = min{ 2z, 82z} = 2z due to Zz < 0. Accordingly, by induction V;—1 > Zz fort > 1,
hence Vi1 > Z; for t > 1 from (6), thus L (Vi=1) < 0 for t > 1 due to Corollary A 3.2(p28) (a). Hence, for the same reason as
in the proof of Tom A 4.5(b) we have [® d0ITs.(r)|. for 7 > 1, and CONDUCT;, for 7 >¢ > 1.

(c2ii) Let a=0(&k =0). Then 7 = Tz ---(7) from Lemma A 3.10(p.283) (c (d)).

(c2iil) Let b+ s > b*. Then, Tz = b+ s = V; from Lemma A 3.9(p28) (j2) and (6.5.7(p31) ). Suppose V;—1 = %z, hence
Vio1 = 2 from (7), thus L (Vi_ 1) = L(z;) = 0. Then, from (A4.18) we have V; = K(2Zz) 4+ Tz = Tz. Accordingly, by
induction Vi1 = @z for t > 1, hence Vi1 = 27 for t > 1 due to (7). Then, since L (V;—1) = L(%;) = 0 for t > 1, we have
Vi = Vi for t > 1 from (A 4.19), hence, for the same reason as in the proof of (b) we obtain ” for 7 > 1.

(c2ii2) Let b+ s < b*. Then, since Vi < b* from (6.5.7(p31) ), we have Vi_1 < b* for ¢ > 1 due to (a). In addition, we
have Tz < 8b+ s = Vi from Lemma A 3.9(p28) (j2). Suppose Tz < Vi_1, hence 27 < V;_; from (7). Then, since L(Vie1) <0
due to Corollary A 3.2(p282) (a), from (A 4.18) and Lemma A 3.9(p.28) (g) we have V; > K(%z) + Tz = Zz. Hence, by induction
Tz < Vioyfort > 1, thus 7 < Vi_y for t > 1 due to (7). Accordingly, since L (V;_1) < 0 for t > 1 due to Corollary A 3.2(2) (a),
for the same reason as in the proof of Tom A 4.5(b) we have [® d0ITs,(7)], for 7 > 1, and Conduct,, for 7 >t > 1.

(c2iii) Let a>0(& >0). Then 7 > Tz ---(8) from Lemma A 3.10(c (d)).

(c2iiil) Let b+ s> b* or S7 < s. Firstly, let b+ s > b*. Then, since Tz = b — s = Vi from
Lemma A 3.9(p282) (j2), we have Ty > Vi from (8)7 hence 7 > Vi. Next, let Sz < s. Then, since Ty > Bb+ s due to
Lemma A 3. 11(p283) (d), we have 7 > V;i. Accordingly, whether b+ s > b or S; < s, we have 7 > Vi, thus 7 > Vi for
t > 1 due to (a) Hence since L(V;—1) > 0 for ¢t > 1 from Corollary A 3.2(p28) (a), for the same reason as in the proof of (b) we

obtain @ d0ITd. (1) ], for 7 > 1.

(c2iii2) Let ,Bb—l— s <b*---(9) and s < 5z. Then, from (8) and Lemma A 3.11p%) (d) we have Tz < 7 < Bb+ s =
Vi---(10), hence K (Vi) < 0---(11) from Lemma A 3.9p%) (j1). In addition, since Vi < b* due to (9), we have V;_; < b*
for ¢t > 0 from (a). Now, from (A4.20) and (11) we have Vo — Vi < 0, i.e., Vo < V4. Suppose V;_1 > Vi. Then, from
Lemma A 3.9(p282) (g) we have V; > min{K (V;) + V4, BVi} = Vit1. Accordingly, by induction V;—1 > V; for t > 1, i.e., V; is
strictly decreasing in t > 0. Note that Vi > 7 due to (10) . Assume that V;_; > xp for all t > 1, hence V > Z; due to (a).
Then, from (8) and V < %z in (a) we have the contradiction of V < Zz < o7 < V. Hence, it is impossible that V;_; > 7
for all £ > 1, implying that there exists ¢t* > 1 such that

Vi>Vo> o> Vi1 > T 2 Vie > Viegg > Voo >0 (A4.24)

from which
Vier> @7, t>t>1, T >Vig, t>t. (A4.25)

Therefore, from Corollary A 3.2(p.282) (a) we have L (V;—1) < 0---(12) for t" >¢ > 1 and L(Vs—1) > 0---(13) for t > t".

1. Let t* > 7 > 1. Then, since L (V;_1) < 0---(14) for 7 > ¢ > 1 from (12) , for the same reason as in the proof of Tom A 4.5(b)

we have |® d0ITs,(7) [, for 7 > 1, and Conduct, for 7 > ¢ > 1. Hence S21(p28)) (1) is true.
2. Let 7 > t*. Firstly, let 7 > ¢ > t*. Then, since L (V;—1) > 0 for 7 > ¢ > ¢* from (13), we have V; — Vi1 =0for 7> ¢ > t°
from (A4.17) , ie., V; = fVi_y for 7 >t > t°, thus

Ve = BVT—l = BQVT—Q == ﬁT_t.‘/t' e (15)
Next, let ¢* >t > 1. Then, from (12) and (A4.17) we have V; — 8Vi_1 < O for t* > ¢ > 1, ie., Vi < BVi_y for t* > ¢ > 1,
hence

Vie < BVie 1 < Vi 2 <+ < BV (16).

From (15) and (16) we have
VT _ ﬂV771 _ 52‘/7'72 - .= ﬂ‘rft“/t. < ﬁ-rft'+1‘/;’._1 < 57'7,5'4»2%._2 << 57‘71‘/17

hence we obtain t; = ¢* for 7 > t* due to Preference Rule 7.2.1(p3), i.e., | ® nd0IT,(t")| for 7 > ¢*. In addition, we have
Conduct;, for £ >t > 1 due to (12) and (A 4.21). Hence S21(2) is true. 1
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A 5 Optimal Initiating Time in Markovian Decision Processes

This section defines the optimal initiating time 0IT in Markovian decision processes (MDP) [23,Howard,1960]ws2s] and discusses
its implications.

A 5.1 Standard Definition of Markovian Decision Processes

To begin with, let us provide the most standard definition of Markovian decision process with a finite horizon [23,Howard]tos2s) [39,
Ross]os35] .

A 5.1.1 Maximization MDP

Consider a finite number of points in time equally spaced on the time axis (see Figure 2.1.1(p.7)). At each time ¢ > 0 the process
is observed to be in a state ¢ € Z, called the state space. At each time ¢ > 0 in a state ¢ an action x € A(7), called the action
space. If an action « € A() is taken at a given time ¢ in state ¢ € Z, then a reward r (i, z) can be obtained and the present state
1 changes into j € 7 at the next time ¢t — 1 with a known probability p(j|i, ). Then let us call the process the mazimization MDP
for short. By v:(i) let us denote the maximum of the total expected present discounted reward gained over a given planning
horizon starting from a time ¢ in state ¢. Then the following system of equations holds:

vi(i) = maxgean {r(i,2) + B ;7 p(ili,2)vi1(h)}, €I, t>0, (A5.1)

where vo(2) is a value specified for an reason inherent for the process; in many cases, vo(i) = max,ec ;) 7(4, ©).

A 5.1.2 Minimization MDP

This is the inverse of the maximization MDP where if an action x € A(%) is taken at a given time ¢ > 0 in state ¢ € Z, a cost r(i, x)
must be paid. Then let us call the process the minimization MDP for short. By v:(i) let us denote the minimum of the total
expected present discounted cost incurred over a given planning horizon from starting a time ¢ in state . Then the following
system of equations holds:

vt(i) = minzGA(i){r(ia l‘) + ﬁ Z]'el'p(.ﬂiv {E)Utfl(j)}, (&S Ia t>0, (A 52)

where vo(2) is a value specified for a reason inherent for the process; in many cases, vo(¢) = minge ;) 7(4, ).

A 5.2 Optimal Initiating Time

A 5.2.1 [Initiating State i°

Markovian decision processes is what is already completed as a mathematical theory. However, in Concept 1(p9) we pointed out
that an activity of human being regarding a decision process is first triggered only when its existence is recognized; in other
words, without its recognition, human being does not take on any behavior involved with the decision process at all. Below let us
consider only iiA-case (see A2bii(pJ)), i.e., whenever it reaches the starting time 7, you have the option whether to immediately
initiate the process or to postpone its initiation. Furthermore, let us postulate that whenever the process is initiated at a time
t, it is assumed to be always in a specified state i° € .#, called the initiating state. Then let us define

Vi Z0,(i°), t>0. (A5.3)

291



A 5.2.2 Some Examples
By using some examples, below let us show that the monotonicity of the original sequence V{,] is not always inherited to the
p-adjusted sequence Vg, (see Section 7.2.4.3(p3) ). Below let:

original sequence Vi — -

B-adjusted sequence Vg, —
optimal initiating time t5 — o
Example 1.5.1 (maximization MDP) Suppose the original sequence V|, is strictly increasing in ¢ with
Ves> Vi >Vea > >V > 0.

Then, as seen in Figure A 5.1 below, we have V; > fV,_1 > 82V,_2 > --- > 7V, > 0; i.e., the monotonicity of the original
sequence V], is inherited to the S-adjusted sequence Vj[,) where the optimal initiating time ¢{s = 16 (&®). 0

tis = 16

B0V,
6

6 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Figure A 5.1: Inheritance of monotonicity
Example 1.5.2 (maximization MDP) Suppose the original sequence V[, is strictly increasing in ¢ with

Vi>pBVia>Vea> >V y>0>Vipy_1>--> V.

Then, as seen in Figure A 5.2 below, the monotonicity of the original sequence V| is inherited to its 8-adjusted sequence Vj(,;
however, in this example, the optimal initiating time does not change, i.e., tjs = 16 (&)). 0

Figure A 5.2: Inheritance of monotonicity
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Ezample 1.5.3 (maximization MDP) Suppose V4 is strictly decreasing in ¢ where
0< V< BVt < Vita <o < V.

Then, as seen in Figure A 5.3 below, the monotonicity of the original sequence Vi, collapses in its S-adjusted sequence Vg,
where t{ =6 (®). 0

Vo

Vo

6 15 14 13 12 11 10 9 8 7

o
ot
'
w
N
—-
o

Figure A 5.3: Collapse of monotonicity

Ezample 1.5.4 (minimization MDP) Suppose V4 is strictly decreasing in ¢ with
0<V; <,8V7'71 < - <VT—t’ <0<V7—t’—1 <o < Wo.

Then, as seen in Figure A 5.4 below, the monotonicity in the original sequence V|, is inherited to its 3-adjusted sequence Vp(
where t7; = 16 ((8)). O

Vi
vl
Vx‘m“-
Vi ot
. v iy, BVa BV o,
Bl BV s 0"

o B2 O

R TR o =16
Vis

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Figure A 5.4: Inheritance of monotonicity

A 6 Numerical Calculations
A 6.1 Numerical Example and Numerical Experiment

In general, a numerical calculation is to calculate a given expression by substitute numerical values for constants, parameters,
and variables which the expression have. In the paper we attempt to conduct numerical calculations from the following two
viewpoints. One is to reconfirm the results which have already proved, the other to confirm expectations which it is hard to
theoretically prove; Let us call the former the numerical example and the latter the numerical experiment. Throughout the
paper, in numerical calculations we use the uniform distribution function (see (A 7.5(p.2%6)) and (A 7.6)).

A 6.2 Calculation of Solutions zy, =, and s,

In the numerical calculation of a given The most basic function used in numerical calculations is T-Function defined by
(5.1.1(p17) )).model, very often it is required to calculate the solutions x, xr, and s: (see Section 5.2(p19)). The following
lemma is used for the calculations.

Lemma A 6.1 (zx, 2L, Sc)
(a) min{a, (ABp —s)/6} < vx < max{b,0}.
(b) min{a,(A\Bu —s)/A} < L <b.
(¢) 0< sz < ABp—min{a,0}. [
Proof (a) First,letz <a---(1). Then, from (9.2.4 (1) (p42) ) we have K (z) = ABu—s—dz = §((A\Bp—s)/d—=x), hence K () > 0
for & < (ABu — s)/6. From this and (1) we have K () > 0 for = < min{a, (A\Bu — s)/d}, hence K (min{a, (ABu — s)/8}) > 0.

1. Let K (min{a,(A\Bu — s)/8}) > 0. Then min{a, (ABu — s)/d} < xk ---(2) due to Corollary 9.2.2(p44) (a).

2. Let K (min{a, (A\Bu —s)/d}) = 0.

o If =1 and s = 0, then min{a, (ABp — $)/d} > zx due to Lemma 9.2.2(i). Since min{a, (A\Su —s)/0} < a <b= zx,
hence min{a, (A\Bp — s)/d} = xx.
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o If < 1ors>0, then min{a, (A\Bu — s)/0} = Tk due to Lemma 9.2.2(j1).
Accordingly min{a, (ABp — s)/0} = xk ---(3) whether “S=1and s =0" or “S<1ors>0".
Thus min{a, (A\Bp — s)/6} < @k -+ (4) from (2) and (3).

Next, let b < x---(5). Then, from (9.2.5 (2) (p4)) we have K (z) < 0 for 0 < z. From this and (5) we have K (z) < 0 for

max{b,0} < z, hence 0 > K (max{b,0}). Accordingly, due to Corollary 9.2.2(p4) (a) we have xx < max{b,0}. From this and
(4) the assertion becomes true.

(b) First,let z < a---(6). Then, from (9.2.3 (1) (p42) ) we have L (z) = \Bu—s—ABzx = A\B((A\Bu—s)/A\B—z), hence L (z) > 0
for 2 < (ABu —s)/AB. From this and (6) we have L () > 0 for z < min{a, (ABu —s)/AB}, hence L (min{a, (A\Bu —s)/A3}) > 0.
1. Let L (min{a, (ABu — s)/AB}) > 0. Then min{a, (ABp — s)/AB} < zr ---(7) due to Corollary 9.2.1(a).
2. Let L (min{a, (A\Bp — s)/AB}) = 0.
o If s = 0, then min{a, (ABp — s)/AB} > =1 due to Lemma 9.2.1(d). Since min{a, (ABp — s)/ABB} < a < b= z, hence
min{a, (A\Bu — s)/AB} = zr.
o If s > 0, then min{a, (A\Bu — s)/AB} = L due to Lemma 9.2.1(el).
Accordingly, min{a, (ABu — s)/AB} = zr ---(8) whether s =0 or s > 0.
Thus min{a, (ABp — s)/AB} < 1 ---(9) from (7) and (8).
Next, let b < z---(10). Then, from (5.1.3) and Lemma 9.1.1(g) we have L (z) = —s, hence 0 > L (b). Accordingly, due to
Corollary 9.2.1(p43) (a) we have 2. < b. From this and (9) the assertion becomes true.
(¢c) From (5.1.5(p17)) and (5.1.3) we have £(0) = ABT(ABu) > 0---(11) due to
Lemma 9.1.1(g). For a sufficiently large s > 0 such that ABu—s < a and ABu—s < 0---(12), hence s > A\Bu—a and s > A\Bu,
so s > max{A\Bu — a,\Bu} = A\Bu + max{—a,0} = ASp — min{a,0}---(13). Then, from (5.1.5(p17)) and Lemma 9.1.1(f) we

have £ (s) = MBT(ABu—s) —s = AB(n— ABu+s) —s = ABu—AB(ABu—s) —s = (1—A3)(ABu—s). Hence, due to (12) we have
£(s) <0 for s > A3 — min{a, 0}, so £ (ABu — min{a,0}) < 0. From this and (11) we have £(0) > 0 > £ (ABu — min{a,0}),
hence due to Lemma 9.2.4(p44) (a) we have 0 < s, < ABu — min{a,0}. 1

A 6.3 Calculation of Solutions Tz, T;, and 7
The following lemma is used to find the solutions Zz, %7, and Sz by the numerical calculation.
Lemma A 6.2 (ZTz, T7, 57)

(a) max{b, (ABu+s)/é} > Tz > min{a,0}.
(b) max{b, (\By+ 5)/AB} > o7 > a,
() 0< s < -Afu+max{b,0}. 0

Proof  First, applying the operation R to Lemma A 6.1(p2%3) leads to
(a) min{—a,
(b) min{—a,
(C) 0< s¢

(=ABji — 5)/6 < — 24 < max{—b,0}.
(=ABjp—8)/A}B < — g, < —b.

< —ABjt — min{—a, 0}.

Secondly, rearranging the above produces

(a) —max{a, A\3ji+58)/6 < —dyx < — mifl{lA), 0}.
(b) —max{a,( \Bi+s)/A\}B<—%, <-—b.
(¢) 0< s < —ABi+ max{a,0}.

Thirdly, rearranging the above yields

(a) max{a,(\Bi+s)/0 > &y > mir}{l}, 0}.
(b) max{a, (A3 +8)/\}B > &, > b
(¢) 0< s < —ABi+ max{a,0}.

Next, applying the operation Cr to the above yields

(a) max{b, (\Bji+s)/d > %, > min{a,0}.
(b) max{b, (ABji+ )/A}B > i, > a.
() 0< sz <—=ABa+ max{b,0}.

Finally, applying the operation Zg to the above leads to the three inequalities in the lemma . 1
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A7 Others
A 7.1 Formulas

Proposition A 7.1 For given sets X and Y we have
{F|FeXnY}={F|FeX}n{F|FeY} (A7.1)
{FIFeXUY}={F|FeX}U{F|FeY} [ (A7.2)

e Proof of (A7.1) First, consider a F' defined by (11.1.2() ) where F' € .Z and let the F' € {F | F€ XNY}- - (x). Then, for
the F corresponding to the F we have F € X NY or equivalently F € X and F € Y. Hence, for the F' corresponding to the F,
clearly F € {F | F € X} and F € {F | F €Y}, thusthe F € {F | F € X} N{F | F € Y}--- (*x). Accordingly () C (%).
Next, consider a F' and let I € {F' | F € X}N{F | F €Y} (sx). Then, we have F € {F'| F € X} and (N) F € {F'| F € Y},
hence, for F' corresponding to the F' we have F' € X and (N) F € Y or equivalently FF € X NY. Thus, for the F' corresponding
to the F we have F' € {F'| F € X NY}---(x), so that (xx) C (x). Accordingly, we have (x) = (%x).

e Proof of (A7.2) Almost the same as the proof of (A 7.1) only except that the symbol N changes into U. 1

Proposition A 7.2 For given sets X, k € K = {1,2,--- ,n}, we have
{F| F€MiexXr} = Nkex{F | F € Xx}. (A7.3)
{F‘ ’ F e UkeKXk} = ngK{F | F e Xk} 0 (A74)

Proof Evident from Proposition A7.1. 1

A 7.2 Monotonicity of Solution
Proposition A 7.3 For the solution z: of a given equation g:(x) = 0 we have:

[a] Let g:(z) is nondecreasing in z for all ¢.

1. If g¢(z) is nondecreasing in ¢, then z; is nonincreasing in ¢.

2. If g:(x) is nonincreasing in ¢, then x: is nondecreasing in ¢.
[b] Let g¢(z) is nonincreasing in x for all ¢.

1. If g¢(z) is nondecreasing in ¢, then z; is nondecreasing in ¢.

2. If g:(x) is nonincreasing in ¢, then x; is nonincreasing in ¢t. [

Proof Evident from figures below:

/gt%/ () / gif (z)
/ / girr () /, / gir (@)
/ 4
L 9e (z)
x
Case that g:(x) is nondecreasing in ¢ ([al]) Case that g(x) is nonincreasing in t ([a2])

Figure A 7.1: Case that g¢(x) is nondecreasing in z ([a])

=gyt (x)
)

Case that g¢(z) is nondecreasing in ¢ ([b1]) Case that g¢(x) is nonincreasing in t ([b2])

Figure A 7.2: Case that g¢(x) is nonincreasing in = ([b])
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A 7.3 Uniform Probability Density Function

For given a and b such as —oo < a < b < oo let consider the uniform probability density function:

0, T <a,
fle) = { 1/(b—a), a<z<bh, (AT7.5)
0, b <,

where the expectation is = 0.5(a + b). Then, noting Lemma 9.1.1(p41) (f,g), we have:

0.5(a+0b) — =z, z < a, - (1),
T(x) = { 05(b—xz)?/(b—a), a<z<b, ---(2), (A7.6)
0, b<a, - (3).

A 7.4 Graphs of Ty (z)

From Lemma 9.1.1(p41) (b,f,g) it can be immediately seen that Tk (x) is depicted as in (I) of the graph below. Similarly, from
Lemma 9.2.2(p.43) (b, (9.2.4(1) (p42)), and (9.2.5(2)) it can be immediately seen that Kz (z) is depicted as in (II) of the graph
below.

a b —(1-B)b—s

Figure A 7.3: Graph of T# (x) and Kr(x)

A 7.5 Graph of T; (x)
From Lemma 12.2.1(p.7) (b,f,g) it can be immediately seen that Tp(z) can be depicted as in the graph below.

Figure A 7.4: Graph of Tp (x)

Below let us consider the uniform distribution function. Then p(z) =1 for z < a from (5.1.28 (1) (p.18)), p(z) = fzb 1/(b—a)dé =
(b—2)/(b—a) for a <z <b, and p(z) =0 for b < z from (5.1.29 (2) (p.8) ), hence

zZ—x, z<a (1)
T(z,2) Epz)(z—x) =4 (b=2)(z-2)/(b—a), a<z<b --(2)
0, b<z - (3)

where T(z) = max. T(z,z) = T(z(x),x) - - - (4). Let us here define g*(z,2) = (b— 2)(z —z)/(b—a) for any z and z on (—o0, c0).
By z*(z) let us denote z attaining the maximum of g*(z,z) for a given z, then clearly z*(z) = (b + z)/2---(5). Note that

g*(z,x) can be depicted as one of the three possible smooth curves in Figure A 7.5 below, depending on a value that z*(z) takes
on, i.e., 2" (z) < a,a < z"(x) <b, and b < z*(x). Accordingly, it follows that T'(z) can be depicted as one of the three possible
broken curves, each of which has the line of the angle 45° on z < a and the horizontal line on b < z.
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Figure A 7.5: Graph of g*(z, )

(1) =*(2) < a

(3) b < =" (a)

From (5) and Figure A 7.5 we can immediately know that

1. Let z*(z) < a, i.e., (b+x)/2 < a, hence x < 2a—b. Then z(z) = a---(6), hence T(z) = T(a,z) =a—z---(7) on (—o0, 2a—1b]
from (1).

2. Let a < 2%(z) < b, ie, a < (b+x)/2 < b, hence 2a — b < & < b. Then z(z) = 2"(x) = (b+x)/2 > a---(8) on
(2a — b,b], hence T(z) = T(z*(x),z) = ¢*(z*(2),2) = (b — 2" (x))(z*(z) — 2)/(b — a) = (b — )?>/4(b — a). Now, we have

def

m(z) ET(z) —a+z=(b—2)>—40b—a)(a—2))/4(b—a). Then m'(x) = (x — 2a + b)/2(b — a) > 0. Accordingly m(z) is
strictly increasing on 2a — b < z < b. In addition to the fact, since it can be easily confirmed that m(2a — b) = 0, it follows
that m(z) >0on 2a—b <z <b, hence T(z) —a+x>00n2a—b<ax<b soT(x)>a—x---(9) on (2a — b, b].

3. Let b < 2*(z), i.e., b < (b+x)/2, hence b < z. Then z(x) =b > a--- (1) on [b, %), hence T(z) = T(b,z) = 0 from (3) , hence
T(z)=0>b—z>a—x---(11) on [b, 00).
Collecting up (7), (9), and (11) | we have
=a—x, x<2a-0b,
T(z)d >a—z, 2a—b<xz<b,
>a—x, b<ux.

Similarly, collecting up (6), (8), and (10) | we have

=a, x<2a-0b,
z(x){ >a, 2a—b<z<b,
>a, b<uz.

Accordingly, from (5.1.26(p.18)) and (5.1.27) we immediately obtain
a*=2a—b---(1) and z*=2a—0b---(2). (A7.7)

Ezample 1.7.1 (Discontinuity of z(x)) z(z) is not always continuous in z = z*; in fact we can demonstrate a numerical
example in which z(z) is not continuous in x = z*. For example let us consider F(w) with f(w) such that f(w) = 0.05701 on
[0.1,0.599], f(w) is a triangle on [0.599,0.7] with its maximum at w = 0.6, and f(w) ~ 0.06982 on [0.7,3.0]. Then we have
z(x) ~ 0.599 for < 0.48568 and z(x) ~ 1.7 for < 0.48568, i.e., z(x) is discontinuous at x = 0.48568. [
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