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Abstract

In this thesis, we present new algorithms for network flow problems with boundary
constraints described by matroids or submodular functions.

In Chapter 1 we introduce some preliminaries from theories of network flow prob-
lems, matroids, submodular systems and greedy algorithms for matroidal and submod-
ular optimizations.

In Chapter 2 we consider the problem of finding a maximum common subbase of
two submodular systems on F with |E| = n, which is called the submodular intersec-
tion problem. The submodular intersection problem is a generalization of the so-called
matroid intersection problem and has a lot of practical applications. The existing algo-
rithms for the submodular intersection problem can be found in [72] of P. Schonsleben
and [77] of E. Tardos, C. A. Tovey and M. A. Trick. Both algorithms consist of aug-
mentations along successive augmenting paths in an auxiliary network. The number of
augmentations are O(n?). The key to get this bound is that the successive augmenting
paths are chosen in a lexicographic order; this idea is due to P. Schénsleben [72]. On the
other hand, in [43] A. V. Goldberg and R. E. Tarjan proposed an excellent algorithm
for ordinary maximum flow problems, which is called the preflow-push algorithm. The
algorithm consists of only local operations of relabelings for distance labels and pushes
for flows on arcs. Goldberg and Tarjan’s idea is extended, in Chapter 2, to obtain an
efficient algorithm for submodular intersection problem. Let (D;, f;) (i = 1,2) be two
submodular systems on E. The submodular intersection problem is to find a maximum
common subbase z € P(f;) N P(fs), where for each © = 1,2 P(f;) is the submodular
polyhedron associated with (D;, f;). First, we present a new algorithm by finding
shortest augmenting paths in the auxiliary graph, which begins with a pair (y, z) of

subbases of the given submodular systems and is convenient for adopting the preflow-
push approach of A. V. Goldberg and R. E. Tarjan [43]. We require that y € B(f1),



z € P(fi)NP(fs) and y > 2. Using the technique of selecting the lexicographically
shortest path, the initial common subbase z converges to a maximum common subbase
by at most O(n3) augmentations. Secondly, by using the basic ideas of the preflow-
push method and starting from the same initial subbase pair (y, z), we devise a faster
algorithm for the intersection problem consisting of only local operations of relabelings
and pushes, which requires in total O(n?) push and O(n?) relabeling operations by the
largest-label implementation with a specific order on the out-going arc list for each
vertex in the auxiliary graph. Since the proposed algorithm uses only local operations,
the present algorithm is very different from the previous ones. In Chapter 2, we also
propose a first-active implementation of our preflow-push approach. The resultant al-
gorithm finds a maximum common subbase of two given submodular systems by O(n?)
saturating push, O(n?®) nonsaturating push and O(n?) relabeling operations. It is the
first algorithm that solves the submodular intersection problem (or equivalently the
maximum submodular flow problem) in strongly polynomial time without using a lexi-
cographical ordering. For the submodular intersection problem, the algorithm devised
by P. Schonslben [72], finds a maximum common subbase by O(n®) augmentations
along the lexicographically shortest augmenting paths. Each augmenting path can be
found in O(n?) time by Dijkstra’s shortest path algorithm with oracles for identifying
arcs in auxiliary networks. A complexity improvement over P. Schonsleben’s algorithm
is made by E. Tardos, C. A. Tovey and M. A. Trick [77] by reducing the total time
in finding augmenting paths, using the idea of layered network due to E. A. Dinits
[12] for ordinary maximum flows. Their algorithm runs in O(n*h) time, where A is the
time to identify an arc in an auxiliary network and an arc capacity. We show that our
preflow-push algorithm has a lower time complexity with oracles for identifying arcs
and their capacities.

In Chapter 3 an efficient cost scaling algorithm is presented for the independent as-
signment problem of M. Iri and N. Tomizawa [53], which is equivalent to the weighted
matroid intersection problem of J. Edmonds [13]. The independent assignment problem
or the weighted matroid intersection problem is used in determining the order of com-
plexity of an electrical network [51], the unique solvability of an electrical network [51],
the structural solvability and controllability problems of large systems [64], controlla-

bility and observability of a linear dynamical system with combinatorial constraints
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[51], and the minimum-weight spanning arborescence problem [59].

Consider a bipartite graph G = (V*+,V~; A) with the left (right) end-vertex set V'
(V7)) and the arc set A directed from V't to V. Two matroids M* = (V*,7%) and
M~ = (V~,I7) are defined, respectively, on V* and V'~ with families Z+ C 2V" and
I~ C 2Y" of independent sets. A cost function ¢ : A — Z is given, where Z is the
set of all integers. A subset M of A is called an independent matching if any two
arcs in M have no common end-vertices (i.e., M is a matching) and the left (right)
end-vertex set of M is an independent set of M* (M™). For a positive integer k, a
k-independent matching M is an independent matching of cardinality k. An optimal
k-independent assignment in A is a k-independent matching M having the minimum
cost ¢(M) = ¥ .cpr c(e) among all the k-independent matchings.

We propose an algorithm for solving the optimal k-independent assignment problem,
which can be viewed as a generalization of J. B. Orlin and R. K. Ahuja’s scaling
algorithm [66] for the ordinary assignment problem. The concept of e-optimality is used
in our algorithm which consists of scaling phases, each finds an e-optimal k-independent
assignment. Each scaling phase starts with an e-optimal 0-independent assignment,
ends with an e-optimal k-independent assignment. It can be decomposed into two
parts: an auction-like algorithm (see [4], [66]) and a successive shortest path algorithm.
In the auction-like algorithm we perform relabelings on a dual variable (potential),
flow pushes on an arc and elementary transformations for an independent set. The
successive shortest path algorithm uses shortest path augmentations and is similar to
the algorithm proposed by M. Iri and N. Tomizawa [53]. On a bipartite graph with n
vertices and integer arc costs bounded by C, an optimal k-independent assignment can
be found in O(vkn2log(kC)) time by our algorithm under an independence oracle for
matroids.

There are two algorithms with a computational complexity similar to ours, one
proposed by H. N. Gabow and Y. Xu [40] and the other recently by M. Shigeno and S.
Iwata [74]. Both are given for the weighted matroid intersection problem. Comparing
our algorithm with that of H. N. Gabow and Y. Xu [40], we can see that our algorithm
is simple and has advantage in the data structure and memory space. The algorithm
of M. Shigeno and S. Iwata has a computation structure which is similar to that of our

algorithm.



In Chapter 4 we consider the problem of finding minimum-cost submodular flows.
A submodular flow is a feasible flow in a capacitated network with the constraint that
the flow boundary belongs to the base polyhedron described by a given submodular
system. The problem is to find a submodular flow of minimum cost. The minimum-cost
submodular flow problem was first considered by J. Edmonds and R. Giles [16]. This
problem is a generalization of the submodular intersection problem, the independent
assignment problem, the ordinary minimum-cost flow problem and others. We give
an algorithm for the problem, which is a generalization of the algorithm for ordinary
minimum-cost flows devised by A.V. Goldberg and R. E. Tarjan [44] and is also a
direct generalization of our algorithm for the submodular intersection problem. The
algorithm uses the technique of cost scaling and the concept of e-optimality. The
procedure for each scaling phase converts a 2e-optimal submodular flow to an e-optimal
submodular pseudo-flow and then converts it to an e-optimal submodular flow. This
process is repeated for successively smaller values of €. In the procedure, we perform
local operations such as relabelings for a potential variable on a vertex, flow pushes on
an arc and elementary transformations of a base. For a directed graph with n vertices,
m arcs, integer arc costs bounded by [ and arc capacities bounded by U, a minimum-
cost submodular flow can be found in O(log(nI')) cost scalings and each scaling phase
performs at most O(mnU) relabeling and O(mn3U) push operations. The complexity of
the algorithm is pseudo-polynomial in general and the complexity becomes polynomial
in case of minimum-cost 0-1 submodular flows. Since our algorithm is based on the
so-called “local operations” consisting of relabeling and push operations, the structure
of the algorithm is very simple and easy to implement. To get a polynomial time
complexity for our algorithm is related to capacity scaling technique and other ideas.
To devise a polynomial time algorithm based on a capacity scaling for submodular

flows is still an unsolved problem.
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Introduction 1

Chapter 1.

Introduction

1.1. Introduction

Historical Views

The classical network flow theory was founded by L. R. Ford and D. R. Fulkerson
([19],[20]) and others. The most typical network flow problems are the maximum flow
problem and the minimum-cost flow problem.

For a maximum flow problem, a flow which satisfies capacity constraints on arcs
and flow conservation constraints on vertices except from source and sink vertices is
called a feasible flow. Changing a feasible flow only on one arc will violate the flow
conservation constrains. The operations on a flow which maintain the feasibility of the
flow are such as flow augmentations on an augmenting path from the source vertex to
the sink vertex and flow changes along a directed cycles. Most of the algorithms for
the maximum flow problem are based on the augmenting path approach which was
initialized by L. R. Ford and P. R. Fulkerson [20]. Among those famous algorithms of
such type, there are J. Edmonds and R. M. Karp’s algorithm [17] and E. A. Dinits’s
algorithm [12].

Another type of algorithms for maximum flow problems is originated by A. V.
Karzanov [55] who first introduced the concept of preflows and the local operations
called push and balance instead of the global operations by the augmenting path ap-
proach. A preflow is a flow satisfying capacity constraints on arcs and non-negativity
constraints on vertices except from the source vertex, that is, the total flow into a ver-
tex v 1s at least as great as the total flow out of v. Changing a preflow only on one arc

may keep the constraints for the preflow. Such a change is called a push. A. V. Gold-
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berg and R. E. Tarjan [43] developed an excellent algorithm of such type. They used
the distance label instead of the level graph used by E. A. Dinits and A. V. Karzanov.
Distance labels are the dual variables of a linear optimization problem, i.e., here the
maximum flow problem. The algorithm terminates when a preflow becomes a feasible
flow and the feasibility of the distance label ensures the optimality of the flow. A. V.
Goldberg and R. E. Tarjan’s preflow-push algorithm is viewed as the most important
development in the algorithmic theory for the maximum flow and minimum-cost flow
problems in 1980’s. Also many refinements on their algorithm have been suggested,
such as R. K. Ahuja and J. B. Orlin’s algorithm [1] by a excess scaling and Cheriyan
and Hagerup’s algorithm [8] which introduced a randomized method for R. K. Ahuja
and J. B. Orlin’s excess scaling algorithm. In Chapter 2, we generalize A. V. Goldberg
and R. E. Tarjan’s preflow-push algorithm to the submodular intersection problem.
The complexity of the resultant algorithm is among the best.

It isreported that A. V. Goldberg and R. E. Tarjan’s algorithm is the most practical
algorithm for maximum flow problems (see [54]) and the complexity of their algorithm
is among those of best. The algorithms by the preflow-push approach are easily applied
to construct parallel algorithms for maximum flow problems (A. V. Goldberg [42]).

The minimum-cost flow problem is much complicated than the maximum flow prob-
lem. There are many different algorithms for the minimum-cost flow problem. M. Klein
[56] proposed an algorithm by the negative cycle canceling, i.e., a feasible flow is modi-
fled into an optimal flow by successively canceling negative cycles. R. Hassin proposed
an algorithm [49] by maintaining the dual feasibility of a flow and then modifying it
into a primal feasible one through the positive cut canceling method. Another im-
portant type of algorithms for minimum-cost flow problems is called the successive
shortest path method. The algorithm starts from an optimal O-flow and augments the
flow on the shortest path in the residual network while maintaining the non-negativity
of reduced costs in arcs of the residual network. There are other algorithms such as
the primal-dual method, the primal simplex method, the dual simplex method and the
out-of-kilter method (see [2]).

Cost scaling and capacity scaling are fundamental techniques for recently developed
low complexity algorithms for the minimum-cost flow problem. Based on the scaling

method E. Tardos [76] proposed the first strongly polynomial algorithm for minimum-
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cost flow problems. In [31] S. Fujishige improved the complexity of Tardos’ algorithm
by introducing the dual framework of Tardos’ algorithm. A. V. Goldberg and R.
E. Tarjan [44] proposed a cost scaling method based on the concept of e-optimality.
Their algorithm is a generalization of the preflow-push algorithm for the maximum flow
problem. The algorithm finds e-optimal flows for successive smaller value of €. That is,
given an e-optimal flow, a subprocedure called refine procedure transfers it into an £/2-
optimal flow. Similarly to the concept of preflow, they use a pseudo-flow which satisfies
capacity constraints only in the algorithm in stead of a feasible circulation. In the refine
procedure, two basic local operations of push and relabeling are performed repeatedly,
where a relabeling is a change on the potential (a dual variable) of a vertex. In fact,
the refine procedure is very similar to the preflow-push algorithm for the maximum
flow problem. Implementations of the Goldberg-Tarjan minimum-cost flow algorithm
have been investigated in [54]. A generalization of this algorithm to the submodular
flow problem is presented in Chapter 4.

An important special case of the minimum-cost flow problem is the optimal assign-
ment problem. In this problem, the graph is assumed to be a bipartite graph and the
flow value of each arc takes on 0 or 1. D. P. Bertsekas and J. Eckstein proposed a prac-
tical and efficient algorithm called the auction method [5] which assigns jobs to persons
using auction, a kind of local operations. Incorporating cost scaling in this method,
they obtained an efficient polynomial time algorithm. Their computational results find
the auction algorithm to be substantially faster than the best other methods for the
assignment problem for several classes of networks. J. B. Orlin and R. K. Ahuja [66]
constructed an efficient cost scaling algorithm by combining the auction method and
the successive-shortest-path method. The hybrid version substantially improves the
running times obtained by using either technique alone. For a bipartite graph with n
vertices and m arcs, the auction algorithm starts with a null assignment and assigns
all but at most O(y/n) vertices; these unassigned vertices are subsequently assigned
by the successive-shortest-path algorithm. In Chapter 3, we show that this combina-
tion method is also applicable to the independent assignment problem. The resultant
algorithm has a time bound which is comparable to the best available time bound.

As mentioned above, in this thesis, several algorithms for classical network flow

problems were generalized to network flow problems with matroidal and submodular
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constraints on flow boundaries. The concept of matroid was first introduced in 1935
by H. Whitney [83] and independently by B. L. van der Waerden [78]. Matroid defines
a framework of an abstract linear independence structure of a given finite set. A
submodular function is a real valued function defined on subsets of a given finite set.
The rank function of a matroid is a special case of submodular functions.

The research of H. Whitney and W. T. Tutte for matroids can be viewed as an early
stage of the theory of submodular functions. J. Edmonds made a lot of contributions
on matroids and polymatroids in 1960’s. In cooperative games of a characteristic func-
tion form, L. S. Shapley’s work [73] is related to the theory of submodular functions.
S. Fujishige’s extensive research on base polyhedra and submodular systems provided
further theoretical developments in this area. Submodular functions frequently appear
in the analysis of combinatorial systems such as graphs, networks, and algebraic sys-
tems. It often plays an important role in revealing the fundamental structure of a
combinatorial problem.

Many network flow problems can not be modeled as classical network flow problems.
J. Edmonds and R. Giles [16] described a kind of network flows called submodular flows.
Besides the capacity constraints of flows, it is required that the boundary of the flow be-
longs to the base polyhedron defined by a submodular function. In [16] J. Edmonds and
R. Giles proved a very general min-max relation concerning submodular functions on
directed graphs. Based on the ellipsoid method, M. Grotschel, L. Lovész and A. Schri-
jver [45] solved the minimum-cost submodular flow problem in polynomial time. The
minimum-cost submodular flow problem includes many other network flow problems
and combinatorial optimization problems such as the orientation problem [23], dijoin
problem [22, 25], minimum-cost flow problem, intersection problem of two submodular
systems [13, 28], and directed cut covering problem [62]. In [26], the applications of
submodular flows in finding optimal supporting set in bipartite graphs and directed
graphs and improving networks so as to have k edge-disjoint paths were discussed. W.
H. Cunningham and A. Frank [11] proposed a polynomial time primal-dual algorithm
to solve the minimum-cost submodular flow problem with an oracle for minimizing
submodular functions. The algorithm uses only combinatorial steps (like building aux-
iliary networks and finding augmenting paths) instead of the ellipsoid method which

is only of theoretical significance. The first strongly polynomial algorithm was based
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on the ellipsoid method (cf. M. Groétschel, L. Lovasz and A. Schrijver [46]). In [35]
S. Fujishige, H. Rock and U. Zimmermann generalized the cost scaling method for
the minimum-cost flow problem [71], [31] to the submodular flow problem and gave a
strongly polynomial time algorithm, provided that an oracle for exchange capacities
is available. The cycle canceling method of M. Klein [56] for the minimum-cost flow
problem was adapted by U. Zimmermann [85] to the minimum-cost submodular flow
problem. W. Cui and S. Fujishige [10] devised a finite variant of the cycle canceling
method for the submodular flow problem with minimum-mean cycle selection and U.
Zimmermann [86] developed a pseudo-polynomial variant.

In [28] S. Fujishige defined the independent flow problem. In the problem, there are
two specific vertex sets called the source vertex set and sink vertex set and a submodular
function defined on the source vertex set and the sink vertex set, respectively. It is
required that for an independent flow its boundary on the source vertex set (the sink
vertex set) should be an element of the base polyhedron of the submodular function
on the source vertex set (sink vertex set). It was pointed out in [32, S. Fujishige]
that the submodular flow problem and the independent flow problem can be reduced
to each other. In [28, S. Fujishige] a primal algorithm by canceling negative cycles
and a primal-dual algorithm by shortest path augmentations were proposed to find an
optimal independent flow.

For the independent flow problem, when submodular constraints are simplified into
matroidal constraints and the original graph is a bipartite graph with the source vertex
set (the sink vertex set) as its left vertex (right vertex) set, the resultant problem
1s called the independent assignment problem which is first formulated and solved
by M. Iri and N. Tomizawa [53]. M. Iri and N. Tomizawa's algorithm in [53] for
finding an optimal independent assignment is a successive shortest path approach and
S. Fujishige’s algorithm in [27] for the same problem is a matroidal counterpart of the
primal-type algorithm for the ordinary assignment problem due to M. Klein [56]. For
the independent assignment problem with graphic matroids, an eflicient cost scaling
algorithm was given in [41] by H. N. Gabow and Y. Xu. J. Edmonds [13] and E. L.
Lawler [58] have also considered an essentially equivalent problem called the weighted
matroid intersection problem, i.e., the problem of finding a common independent set

in a fixed cardinality of two matroids, having the smallest (largest) total weight. The
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algorithms for weighted matroid intersection problem can be found in [13], [15] of J.
Edmonds, [58] of E. L. Lawler, [21] of A. Frank, [67] of J. B. Orlin and J. Vande Vate,
[6] of C. Brezovec, G. Cornuéjols and F. Glover, and [40] of H. N. Gabow and Y. Xu.

As a special case of independent flow problems, we have the intersection problem of
two submodular systems which is an optimization problem on the common subbases
of two base polyhedra. An algorithm devised by P. Schonsleben [72] finds a maximum
common subbase by O(n3) augmentations on the lexicographically shortest augmenting
paths in auxiliary networks and each augmenting path can be found in O(n?) time
by Dijkstra’s shortest path algorithm with oracles for identifying arcs in auxiliary
networks. A complexity improvement over P. Schonsleben’s algorithm is made by E.
Tardos, C. A. Tovey and M. A. Trick’s algorithm [77] by reducing the total time in
finding augmenting paths using the idea of layered network due to E. A. Dinits [12].
Their algorithm runs in O(n*h) where h is the time to identify an arc in an auxiliary
network and the arc’s capacity.

The practical applications of the independent assignment problem can be found
in electric network problems, systems analysis and others such as the problems of
minimum fundamental equations in an electric network, topological conditions for the
existence of the unique solution in an electric network, order of complexity of a linear
electric network [51] and controllability /observability of a linear dynamical systems
with combinatorial constraints [51]. In [64] of K. Murota the applications of the in-
dependent assignment problem and the submodular intersection problem to system
analysis are extensively studied. In [70] applications in engineering and in statics are
surveyed by A. Recski.

Outline of the Thesis
In this thesis, we present new algorithms for network flow problems with boundary
constraints described by matroids or submodular functions.

In Chapter 1 we introduce some preliminaries from theories of network flow prob-
lems, matroids, submodular systems and greedy algorithms for matroidal and sub-
modular optimizations. We also describe some examples of submodular (supmodular)
functions and their relations to practical problems.

In Chapter 2 we consider the problem of finding a maximum common subbase of

two submodular systems on E with |FE| = n called the intersection problem. The sub-



Introduction 7

modular intersection problem is a generalization of the so-called matroid intersection
problem and has a lot of practical applications. Let (D;, f;) (i = 1,2) be two sub-
modular systems on E. The submodular intersection problem is to find a maximum
common subbase x € P(f;) N P(f,), where for each 1 = 1,2 P(f;) is the submodular
polyhedron associated with (D;, f;). This problem is usually considered as a flow prob-
lem with boundary constraints described by submodular functions. First, we present
a new algorithm by finding shortest augmenting paths in the auxiliary graph, which
begins with a pair (y, z) of subbases of the given submodular systems and is convenient
for adopting the preflow-push approach of A. V. Goldberg and R. E. Tarjan [43]. We
require that y € B(f1), z € P(f1) N P(f2) and y > 2. Using the technique of selecting
lexicographically shortest path, the initial common subbase z converges to a maximum
common subbase by at most O(n?) path augmentations. Secondly, by using the basic
ideas of the preflow-push method and starting from the same initial subbase pair (y, z),
we devise a faster algorithm for the intersection problem, which requires O(n3) push
and O(n?) relabeling operations in total by the largest-label implementation with a
specific order on the out-going arc list of each vertex in the auxiliary graph.

In Chapter 3 an efficient cost scaling algorithm is presented for the independent
assignment problem of M. Iri and N. Tomizawa [53], which is equivalent to the weighted
matroid intersection problem of J. Edmonds [13].

Let G = (V*,V~; A) be a bipartite graph with the left (right) end-vertex set V*
(V~) and the arc set A. For any M C A, 0t M (0~ M) denotes the set of the left
(right) end-vertices of arcs in M. A subset M of A is called a matching in the bipartite
graph G = (V*, V7, A) if |0T M| = |M| = |0~ M].

Let M* = (V*,Z%) and M~ = (V~,77), respectively, be matroids on V* and V'~
with families Z+ C 2¥" and Z— C 2" of independent sets. A cost function ¢c: A — Z
is given, where Z is the set of all integers. An independent matching M C A is a
matching in G such that 9tM € Z% and 8~ M € I-. For a positive integer k, a
k-independent matching M is an independent matching of cardinality k. An optimal
k-independent assignment is a k-independent matching M having the minimum cost
(M) = S.cum c(e) among all the k-independent matchings.

Our algorithm, which solves the optimal k-independent assignment problem, in

general can be viewed as a generalization of J. B. Orlin and R. K. Ahuja’s scaling
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algorithm [66] for the ordinary assignment problem. The cost scaling technique is
adopted in our algorithm. The procedure for each scaling phase can be decomposed
into two parts: an auction-like algorithmn (see [4], [66]) and a successive shortest path
algorithm. On a bipartite graph with n vertices and integer arc costs bounded by C,
an optimal k-independent assignment can be found in O(yv/kn?log(kC)) time by our
algorithm under an independence oracle for matroids.

Several applications of the independent assignment problem are described in a sec-
tion of Chapter 3.

In Chapter 4 we consider the problem of finding minimum-cost submodular flows.
A submodular flow is a feasible flow on a flow network with the constraint that the
flow boundary belongs to the base polyhedron described by a submodular system. The
problem is to find a submodular flow of minimum cost. We give many combinatorial
problems in a section, which can be formulated into a submodular flow problem.

An algorithm for the problem is constructed, which is a generalization of the algo-
rithm for minimum-cost flows devised by A.V. Goldberg and R. E. Tarjan [44]. Our
algorithm uses the technique of cost scaling and the concept of e-optimality. The pro-
cedure for each scaling phase converts a 2e-optimal submodular flow to an e-optimal
submodular pseudo-flow and then converts it to an e-optimal submodular flow for suc-
cessively smaller values of €. In the procedure, two basic operations called Relabel
and Push are performed. The complexity of the algorithm is proved to be pseudo-
polynomial in general and the complexity becomes polynomial in case of minimum-cost
0-1 submodular flows.

In Chapter 5 we discuss some future topics in theories and algorithms, summarize
the computation complexity of some existing algorithms and make some comparisons

of our algorithms with other algorithms in theoretical and computatinal aspects.

1.2. Graphs and Network Flow Problems

Let V and A be two finite sets, where V' is called the vertez set and A the arc set. 97
and 0~ are two functions from A to V. 0%a is called the initial end-vertez of a and
0~ a is called the terminal end-vertezof a. G = (V, A;9%,07) is called a directed graph

with vertex set V and arc set A.
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An arc a such that 07a = 07 a is called a self-loop and arcs a1, a2 such that
{0%a;,07a1} = {0Fay, 0 as} are called parallel arcs. An arc o is often expressed by
the ordered pair (07 a,d~a) when there is no confusion from the context.

Sometimes, we do not distinguish %« from 0~ a for each o € A. In this case we call
the graph G = (V, A) an undirected graph and call each ¢ € A an edge instead of an
arc.

A path in G is an alternating sequence (vg, a1, v1, a9, vk 1,0, ) (kK > 0) of
vertices v; (1 = 0,1---,k) and arcs a; (¢ = 1,2,---,k) such that {0%a;,07a;} =
{vic1,vi}. 074, = vy and 07a; = v; (1 = 1,2, -, k), then we call the alternating
sequence a directed path in G. A path or a directed path (v, a,vi, a9, -, vk_1, ak, Us)
in G with vy = v is called a cycle or a directed cycle (k > 1) in G, respectively. A
graph G is said to be connected if for every two vertices u, v € V there exists a path
from u to v. A connected graph G is called a tree if there exists no cycle in G.

We call a graph H = (W,B;0% 4,0 g) a subgraph of a graph G = (V,A;0%,07)
if W CV,B C Aand 0"y and 0™y are, respectively, the restriction of 0% and 9~
to B. A maximal connected subgraph of G is called a connected component of G. A
forest is a graph G such that every connected component of G is a tree. The rank of
a graph G = (V, A) is the number of its vertices minus the number of its connected
components.

Let R be the set of all real numbers.

Shortest path problem. Given a directed graph G = (V, A) and a length function
l: A — R. For adirected path P = (vg,ay,v1,a,+, vk_1, @, V) of G, the length of P
is defined to be the sum of =, I(a;). For two specified vertices s, ¢ in V, the shortest
path problem is to find a directed path of the shortest length among all directed paths
from s to t.

Define 6o ={a|a€ A,0%ta=v} and 6 v={a|a € A,0 a=2v} foreachv € V.
Maximum flow problem. Given a network N' = (G = (V, A); ¢, ¢, s,t) where s (t) is
a specified source vertex (sink vertex) of V' and ¢, ¢ (¢ > ¢) are, respectively, the upper
and lower capacity functions from A to R. Let ¢ : A — R be a flow function of /. A
flow function ¢ satisfying ¢(a) < p(a) < ¢(a) for each a € A 1s called a feasible flow on

N. The maximum flow problem is formulated as follows.
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Maximize Y ¢(a)— Y ¢(a)

a€bts a€éd~s
subject to  ¢(a) < p(a) < é(a) (a € A),

> opla)— 3 w(a)=0 (veV —{s1}) (1.2.1)

agé+o agé—wv
That is, the maximum flow problem seeks a feasible flow which sends the maximum
amount of flow from s to . The function dp : V' — R defined by
dpv) = ¥ pla)— 3 wla) (veV) (12.2)
agéty a€é—v
is called the boundary of ¢.
Minimum-cost flow problem. Consider a network N' = (G = (V, A); ¢ ¢,7,b),
where ¢ and ¢ are the capacity functions defined as above, v : A — R is a cost function
for M and b : V — R is a demand function for N'. A feasible flow ¢ satisfying
do(v) = b(v) (v € V) is called a feasible circulation in network A'. The minimum-cost

flow problem is formulated as follows.

Minimize > 7(a)p(a)

subject to Z(a) < pla) < &a) (a€ A),
dp(v) = b(v) (v e V). (1.2.3)

Assignment problem. Let V't and V= be two disjoint sets. G = (V = VT U
V=, A;0%,07) is sald to be a bipartite (directed) graph if 9ta € V* and 87a € V'~ for
each a € A. Let anetwork A be (G = (VTUV ~, A);~v) with a cost function v: A — R.

For a given positive integer k the k-assignment problem is described as follows.

Minimize > v(a)p(a)

acA
subject to  @(a) =0or 1 (a € A),

Op(v)=0orl (veVT),
dp(v)=0o0r —1(veVT),
S o(a) = k. (1.2.4)

acA
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Given a network NV = (G = (V, A); ¢ ¢) as above, for each U C V define
ATU={ac A|0tacU, 07 aecV -U}, (1.2.5)
ATU={a€A| 0 acU, dtacV -U}. (1.2.6)

The function kz, : 2 — R defined by

reel)= ¥ 2la)— Y ola) (1.2.7)

aceAtU aeA-U

is called the cut function of N/, where the sum over the empty set is defined to be equal

to zero.

Theorem 1.2.1 (Hoffman): There exists a feasible circulation in network N’ = (G =
(V,A); ¢, ¢ b) withc > c and 3¢y b(v) = 0, if and only if for each U C V' we have

Kee(U) > b(U) = > b(v). (1.2.8)

veU
[
From Theorem 1.2.1 we can show

Theorem 1.2.2 (Gale): Consider a bipartite graph G = (V*,V~; A) and suppose we
are given nonnegative (supply and demand) functions s : Vt — R andd: V™~ — R.

Then, there exists a nonnegative flow ¢ : A — R such that
dp(v) < s(v), (v € V1) and — dp(v) > d(v), (v € V™) (1.2.9)

if and only if for each U~ C V= we have

> s(v) > > d(v). (1.2.10)

ve{0%a | aca-U-} Uy
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1.3. Preliminaries from Theory of Matroids

Let E be a finite set. For any X C F and e € F we write X + ¢ and X — e instead
of X U {e} and X — {e}, respectively. The cardinality of X C E is denoted by |X]|.
Suppose that a family 7 of subsets of E satisfies the following (10)~(12):

(I0) 0 e 7.
(Il) LCLhel=1el.

(12) II,IQGI, |Il‘ < ‘[2‘ :366I2—112]1+€€I.

The pair M = (E,7) is called a matroid. Each I € 7 is called an independent set
of matroid (E,Z) and Z the family of independent sets of matroid (E,Z).

An independent set which is maximal with respect to set inclusion is called a base.
Every base of matroid (£,7) has the same cardinality. A subset of E which is not an
independent set is called a dependent set. A minimal dependent set is called a circuit.

The closure function cl : 28 — 2% of matroid (F,Z) is defined by
c(X)=XU{veFE| X +wvis dependent} (1.3.11)
for each X C E. The closure function cl satisfies the following:
(clo) VX CE: X Ccl(X).
(cl) VX, YCE: X Ccl(Y) = cl(X) Ccl(Y).
(cl2) VX CE, Vee E: decl(X+e)—cl(X) = eeccl(X+¢€)—cl(X).

For any independent set I € 7 and any element e € cl(I) — I, there exists a unique
circuit contained in 7 + e. Such a circuit is called the fundamental circuit with respect
to I and e, and is denoted by C(I|e). For any base B of M and any element e € B,
the set £ —cl(B — e) is called the fundamental cocircuit with respect to B and e, and
is denoted by K(B|e).

For each X C F we define the rank p(X) of X by

p(X)=max{|I| | I C X, I €Z}. (1.3.12)

The rank function p : 2¥ — Z satisfies the following (p0) ~ (p2):
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(p0) VX CE: 0< p(X) < |X].

(pl) X CY CE = p(X) < p(Y).
(P2) VX, YCE: p(X)+pY) > p(XUY)+p(X NY).

We describe three examples of matroids. These are the graphic matroid, the linear
matroid and the partition matroid.

For a graph G = (V, A) with a vertex set V and arc set A let Z(G) be the set of those
arc subsets each of which does not contain any cycle of G. Then M(G) = (A, Z(G)) is
a matroid with the family Z(G) of independent sets. A matroid which can be obtained
in this way is called a graphic matroid.

Foraset FF = {aj,as, - ,a,} of vectors in R™ let Z(F) be the set of those subsets
of A each of which consists of linear independent vectors. M(F) = (F,Z(F)) is a
matroid with the family Z(F') of independent sets. A matroid which can be obtained
in this way is called a linear matroid. A graphic matroid is a linear matroid.

Let £ = F1UFE;U---UFE, be aunion of k disjoint finite sets and let 7,79, -, 7 be
given nonnegative integers. Let Z be the set of those subsets [ of E that satisfies the
property that for all ¢ = 1,2,---k, I contains no more than r; elements of F;. (F,T)

1s a matroid and is called a partition matroid.

1.4. Preliminaries from Theory of Submodular Systems

In this section we give definitions of terms related to submodular systems. Also some
basic preliminary results are given. This section is largely due to [34].

Let E be a nonempty finite set and D be a collection of subsets of £ which forms a
distributive lattice with set union and intersection as the lattice operations, join and
meet, i.e., for each X, Y € D we have X UY, X NY € D. Let f: D — R be a

submodular function on the distributive lattice D, i.e.,
VX, YeD: f(X)+ f(Y)>fF(XUY)+ f(XNY). (1.4.1)

If0, E € Dand f(0) =0, we call the pair (D, f) a submodular systemon E. Function
f is called the rank function of (D, f). From Property (p2) of a matroid rank function
defined in (1.3.12), the rank function of a matroid (F,Z) satisfies (1.4.1) and thus is
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a submodular function on 2%. Another example of submodular function is the cut
function of a capacitated network defined in (1.2.7).

Define a polyhedron in R¥ by
P(f)={z |z €Rf VX eD: z(X) < f(X)}, (1.4.2)

where R” is the set of all functions from F to R and for any X C FE we have
2(X) = Yeex x(e) together with the convention z(@) = 0. We call P(f) the sub-
modular polyhedron associated with submodular system (D, f). Also a vector in the
submodular polyhedron P(f) is called a subbase of (D, f).

Define

B(f) = {z |z € P(f), 2(E) = f(E)}. (1.4.3)

We call B(f ) the base polyhedron associated with submodular system (D, f). A vector
in B(f) is called a base of (D, f).

We give some other examples of submodular functions and their applications.

Given a directed graph G = (V, A), define, for each @ C X C V, the in-degree
function p(X) as the number of arcs in A directed from V — X to X and p(Q)) =

p(V)=0. Then, p is a submodular function on subsets of V.

Definition 1.4.1: A directed graph G = (V, A) is said to be k-strongly-connected if

for any pair u,v € V', there exists k arc disjoint directed paths from u to v.

Theorem 1.4.2 (Nash-Williams [63]): A directed graph G = (V,A) is k-strongly-

connected if and only if p(X) >k ford Cc X C V. O

Another example is the Entropy function. Let E = {z1,z9, -+ ,2,} be the set of
n random variables of values in {1,2,--- N}. For each nonempty set X C E (for
convenience, say X = {x,29, -+, 21}), define

N N
hX) = — Z Z p(zy =11, -, 2% = i) logyp(@1 =11, -+, T = k) (1.4.4)

tpo=)
and h(0) = 0 where p(z; = 41, -, Zr = 2) is the probability for event z; = 1,79 =
l2,"*+, T = 1 with the convention 0log, 0 = 0. Then h(X) is a submodular function

which plays an important réle in some problems on information theories [29], [47].
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Lemma 1.4.3: For any subbase ¢ € P(f) define
Dz)={X|XeD, z(X)= f(X)}. (1.4.5)

Then,
VX, YeD(): XUY, XNY € D(x). (1.4.6)

Proof: For any X, Y € D(a),
0= f(X) = 2(X)+ (V) =a(Y) 2 S(XUY) - 2(X UY) + f(XNY) - 2(X NY) >0,

where

min{f(XUY)-z(XUY), f(XNY)—-2(XNY)} >0 (1.4.7)

Hence we must have f(XUY)=2(X UY)and f(X NY)=2(XNY), ie,

XUY, XNY e D(z). (1.4.8)
0

For any = € P(f) define
sat(z) = | J{X | X € D, 2(X) = f(X)}. (1.4.9)

We call sat: P(f) — 2% the saturation function.

For any subbase = € P(f) and e € sat(z) define
dep(z,e) =[[{X |ee X € D, o(X) = f(X)} (1.4.10)

For z € P(f) and e € E —sat(z) we define dep(z,e) = 0. We call dep: P(f) x E — 2F
the dependence function.

By Lemma 1.4.3 we have for any z € P(f) ande € £
f(sat(z)) = z(sat(z)), f(dep(z,e)) = x(dep(z,e)). (1.4.11)
For any 2 € P(f) and e € E — sat(z) the saturation capacity ¢(z,e) is defined by

¢(z,e) =min{f(X) —z(X) | e € X € D}. (1.4.12)
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Lemma 1.4.4: For a nonnegative o, z € P(f), e € sat(z) and ¢ € dep(z,e) — {e},
we have x + ax. € P(f) if and only if 0 < o < &(z,e), where x. € R¥ is defined by
xele) =1 and x.(e') =0 fore' € E — {e}.

Proof: For 0 < a < é&x,e)and X € P, if e ¢ X, then
(3 + axa)(X) = 2(X) < f(X), (14.13)
and if e € X, then by the definition of ¢(z,e)
(z+ ax)(X)=2(X)+ a < f(X). (1.4.14)

This implies z + ax. € P(f).

On the other hand, for a nonnegative o such that = + ax. € P(f) we have a <
f(X) —z(X) for any X satisfying e € X € D since (z + ax.)(X) < f(X). That is,
a < &(z,e). O

Forany = € P(f), e € sat(z) and € € dep(z,e)—{e} the ezchange capacity &(z,e,e’)
is defined by

&(z,e,e)=min{f(X)—2(X)|eec X €D, ¢ ¢ X}. (1.4.15)

Lemma 1.4.5: For a nonnegative o« and z € P(f), we have x + a(x. — xe) € P(f) if
and only if 0 < o < &(z,e,€).

Proof: For a such that 0 < o < &(z,e,€¢') and X € D,
(i)ife, € € X ore, ¢ ¢ X, then

(z + alxe — xe))(X) = 2(X) < f(X); (1.4.16)
(i)if € € X, e ¢ X, then
(7 + a(xe = xe))(X) = 2(X) — o < f(X) —a < f(X); (1.4.17)
(i) ife € X, ¢ ¢ X, then by the definition of &(z, e, ¢'),
(@ + a(xe = xe))(X) = 2(X) +a < 2(X) + f(X) —2(X) = f(X).  (1418)

Hence = + a(xe — Xe') € P(f)-
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On the other hand, for a nonnegative « such that = + a(x. — xe) € P(f) we have
a < f(X)—a(X) for any X € D satisfying e € X and € ¢ X since (z + a(ye. —
Xe))(X) < f(X). That is, o < &(z,e,¢e'). O

We call the transformation of x into z + a(x. — X ) as in Lemma 1.4.5 an elementary

transformation of x.

Lemma 1.4.6: The base polyhedron B(f) is the set of all the maximal subbases of
(D, f). In particular, B(f) # 0. Here, the partial order among vectors in R” is defined
by: 2 <y <= VYee€ E: z(e) <yle).

Proof: Denote by B'(f) the set of all the maximal subbases of (D, f). Any z € B(f)
is maximal in P(f) since z(F) = f(F), so that we have B(f) C B’(f). Conversely,
for any z € B'(f) we have sat(z) = F due to the maximality of z. It follows that
z(E) = z(sat(z)) = f(sat(z)) = f(E), i.e.,, 2 € B(f). Therefore, B'(f) € B(f), and
hence we have B'(f) = B(f). O

The following lemmas are obtained by a direct adaptation of the results shown in

[28] for polymatroids.

Lemma 1.4.7: Suppose z € P(f), u € sat(z) and v € dep(z,u) —{u}. Foranya € R
such that 0 < o < &(z,u,v) define y = & + a(xu — X»). Then, y € P(f) and

sat(y) = sat(x). (1.4.19)

Proof: From the definition of the exchange capacity we have y € P(f). Also, since
for any X € D such that X D sat(z) we have y(X) = 2(X) and sat(z) is the unique
maximal tight set X such that z(X) = f(X), we have sat(y) = sat(z). O

Lemma 1.4.8: Under the same assumption as in Lemma 1.4.7,
&y, w) = &(z,w) (w € E —sat(z)). (1.4.20)

Proof: Put X, = sat(z) (= sat(y)). Since z(Xo) = f(Xo) and y(Xo) = f(Xs), we
have for any X € D

FX) —y(X) = f(X) = y(X)+ f(Xo) — y(Xo)



Introduction 18

> f(XUXp) —y(X UXp)+ f(XNXg) —y(X N Xp)

2 f(_X U _X()) - y(.X U .Xo)

= f(XUXp)—z(XUXp), (1.4.21)
and similarly,

fIX)—2(X) > f(XUXy) —a(X UXp). (1.4.22)
Hence the lemma follows from (1.4.12). O

Lemma 1.4.9: For any x € P(f) let uy, us and vy be three distinct elements of E
such that
u; € sat(z) (1=1,2), (1.4.23)

vy € dep(z,us), v ¢ dep(x,u). (1.4.24)
For any a € R such that 0 < a < &(z,us,v) define
Y=o+ a(Xus = Xoa)- (1.4.25)
Then we have uj € sat(y) and
dep(y, uy) = dep(z, uy). (1.4.26)

Proof: From Lemma 1.4.7 we have u; € sat(y). Also we have us ¢ dep(x,u;), since
otherwise we would have dep(z,uz) C dep(z,u;) by the minimality of dep(z,us) and
hence vy € dep(z,u;). Therefore, putting X = dep(z,u;), we have y(Xp) = 2(Xo) =
f(Xo) and y(X) = x(X) for any X € D with X C Xg. (1.4.26) follows from the

definition of the dependence function. O

Lemma 1.4.10: For any = € P(f) let uy, us, v; and vy be four distinct elements of
E satisfying (1.4.23), (1.4.24) and

v, € dep(z,uy). (1.4.27)
Then for the vector y defined by (1.4.25) for any 0 < a < &(z,us,v2) we have

&y, w1, v1) = &(z,ug, v1). (1.4.28)
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Proof: For any z € P(f) and Xy € D such that z(Xy) = f(Xo) we have
fIX)—2(X) > f(XNXy) —2(XNXy) (Xe€D). (1.4.29)
For Xy = dep(z,uy), we have
y(Xo) = 2(Xo) = f(Xo) (1.4.30)
and since uy, vy ¢ dep(z,u;), we have
y(X)=f(X) (XC Xy XeD). (1.4.31)
Since (1.4.29) holds for z = 2, y, (2.27) follows from (1.4.30) and (1.4.31). a
Lemma 1.4.11: For any x € P(f) let u;, v; (1 = 1,2,---,q) be 2¢q distinct elements of

F such that
u; € sat(z), v; € dep(z,u;) (1 =1,2,---,¢), (1.4.32)

v; ¢ dep(z,u;) (1 <i<j<gq). (1.4.33)

Forany «; (i = 1,2,--+,q) satisfying 0 < a; < &(z,u;,v;) (1 = 1,2,-++,q) define a vector

y € R¥ by
q

y:m+2ai(xui = Xo;)- (1.4.34)

Then,
y € P(f), sat(y) = sat(x), (1.4.35)
é(y,w) = &(z,w) (w e FE —sat(z)). (1.4.36)

Proof: Considering the elementary transformations in the order of the pairs

(Uq, Uq)a (uq—lv vq—l)a T (U] ) vl))
the present lemma can be shown by repeatedly applying Lemmas 1.4.7~1.4.10. a
Lemma 1.4.12 ([34, p. 119]): For an arbitrary © € P(f), let u, v € E, 0 < a <
&(z,u,v) and y € P(f) be such that

u € sat(z), vedep(z,u), yv=2+ alxe— Xo) (1.4.37)
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Consider w, s € E such that

s ¢ dep(z,w), s € dep(y,w). (1.4.38)

then
s € dep(z,u), v € dep(z,w). (1.4.39)
d

A function ¢ : D — R on the distributive lattice D is called a supermodular function

if —¢ is a submodular function, i.e.,
VX, YeD: g(X)+g(Y)<g(XUY)+g(XNY). (1.4.40)
Given a submodular function f : D — R, we define
D={Y |E-Y €D} (1.4.41)

and f# by
fFY)=f(E)- f(E-Y) (1.4.42)

for each Y € D. Since for any X, Y € D

FHX) + fH(Y)

=2/(B)-((E-X)+ f(E-Y))

S2f(B) - F(BE-X)U(E-Y)) - f((E-X)N(E-Y))
=f(E)-f(E-XNY)+ f(E)- f(E-XUY)

= A XUY)+ fHXNY), (1.4.43)

we see that f# is a supermodular function on D. (D, f#)is called the dual supermodular
system of (D, f).
Define a polyhedron in R¥ by

P(ff)={z |z e RF, VX €D: z(X)> f¥(X)}. (1.4.44)

We call P(f#) the supermodular polyhedron associated with supermodular system

(D, £#).
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We describe two practical examples of supermodular functions.

Let Ay,---, A, be random events, S = {A;, -+, A,}, and let, for
X ={A;, - A} CS, (1.4.45)

9(X) =p(As, -+, A;,) denote the probability that all events in X occur. Then gis a
supermodular function on the subsets of S. This fact is related to sieving techniques.
The second example is on convex games. Let F = {1,2,---,n} be n players and
v: 28 — R be a characteristic function where each X C F is considered as a coalition.
A characteristic-function game (E, v) is called a convez game [73] if the characteristic
function v is a supermodular function. The core of the game (F, v) is the set of payoff

vectors defined by
{z|zeRE, VX € E: 2(X) > v(X), 2(E) = v(E)}. (1.4.46)

Next, we introduce two fundamental operations on a submodular system (D, f)

called reduction and contraction by vectors.
For any vector z € R¥ define f*: 2% — R by

fAX)=min{f(Z)+2z(X - 2)| X 2 Z € D} (1.4.47)
for each X C E. The function f® is a submodular function on 2¥. Define

P(f)*={y|yeP(f), y<z} (1.4.48)

and if z € P(f#), define

B(f)* ={v|y€B(f), y<z}, (1.4.49)

then we have P(f®) = P(f)* and B(f*) = B(f)*. We call the submodular system
(2, £*) the reduction of (D, f) by vector z.
For a submodular system (D, f) and any vector z € P(f) define f, : 2% — R by

fo(X) =min{f(Z) —2(Z-X) | X C Z €D} (1.4.50)
for each X C E. The function f, is a submodular function on 2%. Define

[P(f)le = {y |y € R, zVyeP(f)}, (1.4.51)
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B(f). = {y |y €B(f), y >z}, (1.4.52)

where z V y is the vector in R” defined by (2 V y)(e) = max{z(e),y(e)} (e € E). Then
we have P(f,) = [P(f)]. and B(f,) = B(f).. We call the submodular system (2%, f.)

the contraction of (D, f) by vector z.
Lemma 1.4.13: For cach z € B(f,), we have z — x > 0.

Proof: For each v € E, z € B(f,) implies that
2v) = 2(B) = 2(E —0) = fo(B) = 2(E — ) 2 fu(E) — fo(E—v).  (L4.53)
From (1.4.50) and f,(E) = f(E), we have
fo(E = v) < f(E) ~ o(E — (E — v)) = f(E) - a(v). (1.4.54)

The present lemma follows from (1.4.53) and (1.4.54). O

1.5. Greedy Algorithm

In this section, we introduce an efficient algorithm called the greedy algorithm for the
following linear optimization problem. The greedy algorithm is a procedure that at
each stage of the algorithm it chooses the locally most desirable element then available
without regard to future consequences. J. B. Kruskal [57] presented a greedy algorithm
to find a minimum weight spanning subgraph of a directed graph. It was extended by
R. Rado [68] to the problem of finding an optimal independent set of a matroid.
Given a matroid M = (F,Z) and a weight function w : E — R. Let B be the set

of all bases of M. A linear optimization problem is defined as

(Ps) Minimize > w(e) (1.5.55)
eeB
subject to B € B. (1.5.56)

The solution B of the above problem is called a minimum-weight base with respect to

the weight function w.
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Given a submodular system (D, f) on E and a weight function w : E — R, a linear

optimization problem is defined as

(P!) Minimize 5 w(e)x(e) (1.5.57)
ee
subject to 2 € B(f). (1.5.58)

For Problem (P,,) the following lemma gives an optimality condition for a base.

Lemma 1.5.1: Given a weight function w : E — R (the set of all real numbers). A
base B of M = (E,Z) satisfies w(B) = min{w(B') | B' € B} if and only if for each
pair (u,v) such that u € C(B|v) we have w(u) < w(v). O

The following is a greedy algorithm for Problem (P,).
A greedy algorithm (See J. Edmonds [14])
Input: Let £ = {ej,es, -, e,} besuch that

w(el) S w(62> S S w(en) (1559)

for a proper ordering of F.

Output: A minimum-weight base I,.

Step 0: [y — 0, 7 1.

Step 1: If ,_yU{e;} € Z, put I; — I,_1 U {e;}. Otherwise, put I, — I;_;.

Step 2: If + = n, output I, and stop. Otherwise, set 71 < ¢+ 1 and go to Step 1.
(End)

Theorem 1.5.2 (Rado [68]): The greedy algorithm for matroids terminates with a

minimum-weight base. g

For a submodular system (D, f) on E, given any two elements v, v € £, X € F is
said to be a ud-set if u € X and v ¢ X. We define a directed graph G(D) = (E, A) by
setting A = {(u,v) | there is no ut-set in D}. We call two element u, v € E equivalent
if both (u,v) and (v,u) are in A of G(D). By this definition, we have an equivalence
relation on F, i.e.,

u 1s equivalent to v = v is equivalent to u,

u 1s equivalent to v and v is equivalent to w = wu is equivalent to w.
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Denote the equivalence classes by £y, - -, Ey which form a partition of . Let <p
be an order on the set II(D) = {FE; | i =1,---,k} defined by: E; <p E; if and only if
there exists an arc in A from a vertex in Ej; to a vertex in E; or = j. We see that <p
is a partial order on II(D), i.e., it satisfies that
(1) B, 2p E; (1 =1,--- k),

(ii) F; =p £, E; Xp By = E, = E;,
(iii) B Zp Ej, B Xp B = E; <p E).

We denote by P = (II(D), <p) for this partially ordered partition of E. If k =n =
|E|, i.e., I[I(D) consists of singletons, then we call D simple. If u, v is equivalent, then
for an arbitrary x € B(f), y = 2 + a(xw. — X») € B(f) holds for any o € R. It follows
that

> wle)ye) = a(w(u) — wv)) + > wle)z(e). (1.5.60)

ecE e€E
If w(u) # w(v), X.cpw(e)y(e) can take an arbitrary value by choosing a proper value
of a. Hence there is no optimal solution for Problem (P!) in this case. When for each
equivalent pair u, v, w(u) = w(v) holds, then we can treat F; (z = 1,---,k) as one
element e; for Problem (P!). Therefore, without loss of generality we suppose that D

1s simple and consider <p as a partial order on E. We have

Theorem 1.5.3 (Fujishige and Tomizawa [36]): Problem (P!) has a finite optimal so-
Iution if and only ifw : E — R is a monotone nondecreasing function from P = (E, <p)

to (R, <), ie., Ve,e € E:e <p e = w(e) <w(e). O

Corollary 1.5.4 (see Fujishige [34]): When the weight function w satisfies the condi-
1

tion in Theorem 1.5.3, an optimal solution = of (P}) is given by

$<6i) = f(AZ) - f(‘/qi—l) (?’ = 172a e an)v (1561>
where ) = Ay C Ay C --- C A, = F issuch that {e;} = A; — A;_1,
€1 <Xp ey =p - 2p ey (1.5.62)

and
w(er) < w(ey) < -+ < wley)

]

(1.5.63)
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Theorem 1.5.5 (see Fujishige [34]): A base x € B(f) is an optimal solution of Prob-
lem (P!) if and only if for each e, ¢ € E such that ¢ € dep(z,e) we have w(e) >
w(e). 0

If w is a monotone nondecreasing function from P = (F,=p) to (R,<) and F =
{e1, €2, -+, e,} satisfies the condition that e; <p e; implies ¢ < j (¢,7 = 1,2---,n),
then from Corollary 1.5.4 we can devise the following algorithm.

A greedy algorithm

Step 1: Find an ordering (e, ez, --,e,) of E such that e; =<p e; implies = < j
(1,7 =1,2,-+-,n).

Step 2: Compute a vector z € R¥ by

z(e;) = f(Si) — f(Si-1) (=1,2,---,n), (1.5.64)

where for each 1 = 1,2---,n S; is the set of the first ¢ elements of (e}, e, -+, e,) and

So = 0. Then z is a minimum-weight base of (D, f) with respect to weight w.
(End)
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Chapter 2.

New Algorithms for the Intersection Problem of
Submodular Systems

2.1. Introduction

We consider the problem of finding a maximum common subbase of two submodular
systems, called the intersection problem (see [34]); the precise description of the prob-
lem will be given at the end of this section. The intersection problem is a generalization
of the so-called matroid intersection problem and has a lot of practical applications (see
[50], [51], [64], [70]). An algorithm for the intersection problem was presented in [34]
(also see [28], [33],[72],[77]). Starting from a common subbase and finding the lexi-
cographically shortest augmenting paths O(n3) times in auxiliary networks, one can
reach a solution of the problem.

The submodular intersection problem is closely related to the maximum flow prob-
lem. In the network theory, there are two main approaches to solve the maximum
flow problem—algorithms by finding augmenting paths and algorithms by applying
the basic preflow-push and relabeling operations. The latter is relatively new and has
been shown to be very efficient for maximum flow problems. In the so called “ne-
oflow” problems [32], which include the submodular intersection problem as a special
case, several algorithms for such problems by finding shortest augmenting paths have
been presented. The main purpose of our research in this chapter is to introduce the
preflow-push approach to the intersection problem of submodular systems.

In this chapter we first present a new algorithm by path augmentations, but it be-
gins with a pair of subbases and is convenient for adopting the preflow-push approach

of Goldberg and Tarjan [43]. Secondly, by using the basic ideas of the preflow-push
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method, we devise a faster algorithm for the intersection problem which requires O(n?)
push and O(n?) relabeling operations in total by the largest-label implementation with
a specific order (related to the lexicographical ordering of P. Schénsleben’s [72]) on
the arc list of each vertex in the auxiliary graph. Instead of using the lexicographical
ordering, we propose a first-active implementation. The algorithm finds a maximum
common subbase of two given submodular systems by O(n*) saturating push, O(n?)
nonsaturating push and O(n?) relabeling operations. The algorithm by the first-active
implementation is the first one that the intersection problem (or equivalently the max-
imum submodular flow problem) is solved in strongly polynomial time without using
a lexicographical ordering.

The algorithm devised by P. Schonsleben [72] finds a maximum common subbase by
O(n?) augmentations on the lexicographically shortest augmenting paths in auxiliary
networks and each augmenting path can be found in O(n?) time by Dijkstra’s shortest
path algorithm with oracles for identifying arcs in auxiliary networks. A complexity
improvement over P. Schonsleben’s algorithm is made by E. Tardos, C. A. Tovey and
M. A. Trick’s algorithm [77] by reducing the total time in finding augmenting paths
using the idea of layered network due to E. A. Dinits [12]. Their algorithm runs in
O(n*h) time where h is the time to identify an arc in an auxiliary network and an arc’s
capacity.

Let (D;, f;) (1 = 1,2) be two submodular systems on F with |E| = n, where |E| is

the cardinality of E. The intersection problem is given as follows (see [34]).

(P) Maximize z(F)
subject to z € P(f1) N P(fy),

where for each 7 = 1,2 P(f;) is the submodular polyhedron associated with (D, f;).

Theorem 2.1.1 (The Intersection Theorem [34]): For the intersection problem (P),

max{z(E) | z € P(fi) N P(f2)}
= min{f1(X) + fo(E - X) | X € D1 N Dy}, (2.1.1)

where Dy = {E — X | X € Ds}.
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The intersection theorem will play a very fundamental role in developing our algo-
rithms. The proof is left in Section 2.2.

In our algorithms we assume oracles for saturation functions, saturation capacities,
dependence functions and exchange capacities of the given submodular systems.

For each ¢ = 1,2 we denote the saturation function of (D;, f;) by sat,, and similarly,

the other functions and capacities associated with (D;, f;).

2.2. A New Algorithm by Path Augmentations

Initiate with a subbase pair 5 = (y, z) such that

y € B(f1), z € P(fa), (2.2.2)

y >z (2.2.3)

(2.2.3) implies that z is a common subbase of (D, f;) (1 = 1,2). Also for any z €
P(f1) N P(f2), from (2.2.2) we have y(E) = f1(F) > z(E). Therefore,

y(E) > max{z(F) | z € P(f1) N P(fa2)}. (2.2.4)

It follows that if we have y = z, then z(= y) is a maximum common subbase.

We can apply the greedy algorithm described in Section 1.5 to find a base y of
(D1, f1) and a base 2 of (Ds, f>) (see [34]). Putting z(e) = min{y(e),'(e)} (e € E),
the subbase pair (y, z) satisfies the above conditions (2.2.2) and (2.2.3). Finding a base
of (D, f;) for each 7 = 1,2 requires n evaluations of function f;.

Define an auxiliary network Nz = (Gs = (V, Ap), T4, T ,cp) associated with § =
(y, z) as follows.

V=FE, As=ApUAjZ, (2.2.5)

where

Ay = {d|0%d =u, 07d =v, y,v eV, uedep(y,v)—{v}}, (2.286)
Ay = {d"|0%d" =u, 07d" =v, u,v eV, vedepy(z,u) — {u}}. (2.2.7)

cs : Ag — R is the capacity function defined by

onla) = &(y,v,u) (a=(u,v) € Ap)
5(a) { Sz u,0) (a = (u,0) € A3). (2.2.8)
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Tg (the entrance set) and T, (the exit set) are defined by

T8 = {v]veV, yl) > z(v)}, (2.2.9)
Ty = {v]veV, veFE —satyz)}. (2.2.10)

A new algorithm for solving the intersection problem is described as follows.

An Algorithm by Path Augmentations

Input: (D;, f;) (¢ =1,2) on E and an initial subbase pair # = (y, z) satisfying (2.2.2)
and (2.2.3).

Output: A solution z of (P).

Step 1: While y # z, do the following (a)~(c):

(a) Construct the auxiliary network Ny = (Gg = (V, Ag), T ,T; ,cp) associated with
8 = (y,z). If there is no directed path from T to T, then stop (z is a solution of
(P)).

(b) Let L be a directed path from Tg‘ to Ty in Gy having the smallest number of arcs

and put
a = min{min{cg(a) | ais an arcon L}, y(dTL) — 2(6%L), (2,07 L)} (2.2.11)

(07 L is the initial vertex of L and 0~ L the terminal vertex of L).
(c) For each arc a in L,

if a € Aj, then put

y(0*a) — y(0Ta) —a, y(07a) — y(0~a)+ a, (2.2.12)
and if o € A3, then put

2(0%a) — z(8%a) + o, 2(07a) — 2(87a) - a. (2.2.13)

Also put z(07L) « 2(07L) + a.
Step 2: The current z(= y) is a solution of (P) and the algorithm terminates.

(End)

In the execution of (¢), we assume that the arcs in Ab lying on path L are in this

order (ui,v}), -, (ul, vl

5 Uy) along the direction of path L. Similarly the arcs in A% lying
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on path L are assumed to have order as (u?,v?),- - -, (us

)

vZ). By the way of choosing

path L, for each ¢, j such that 1 << j < p we have

ul ¢ dep](y,v;) (2.2.14)
and for each 1, j such that 1 <1 <) < g we have

vY ¢ depy(z, ul). (2.2.15)

After the execution of (c), the generated subbase pair is denote by (ya, 2. ). It can be

expressed as

o Z = X (2.2.16)

and ;
Z — Xo2) T X (2.2.17)

=1

By Lemma 1.4.11, we have y, € B(fl) and z, € P(f3). Obviously, y.(E) = y(FE) and

Yo > Zo. Therefore, we have
Lemma 2.2.1: If the algorithm terminates at (a) of Step 1, z is a solution of (P).

Proof: Let U be the set of the vertices in Gz which are reachable by directed paths
from Tgr. Note that U # E. For each v € E — U and v € U we have

dep,(y,v) C E — U Csati(y) = F, (2.2.18)
depy(z,u) C U C sata(z). (2.2.19)

Therefore, from (2.2.18) and the relation v € dep,(y,v), we have
E-U-= UveE*U{v} C UveE_Udepl(y,u) CE-U. (2.2.20)

Hence £ — U = Uyep_y dep; (¥, v). According to Lemma 1.4.3 and Equation (1.4.11),
we have fi(E — U) = y(E — U). For the same reason, fo(U) = z(U). Hence for any
z € P(fi) NP(f2),

2(B) = A(U) + 2(E—U) = fo(U) + y(E = U) = folU) + A(E—U) > o(E). (2.2.21)

We conclude that z is a solution of (P). O



New Algorithms for the Intersection Problem of Submodular Systems 31

Lemma 2.2.2: z(=y) in Step 2 is a solution of (P). O

Proof of Theorem 2.1.1:

First we need to show the values of
max{z(E) | z € P(fi) N P(f2)} (2.2.22)

and
min{ f1(X) + fo(F - X) | X € D1 N Dy} (2.2.23)

in Theorem 2.1.1 are well defined. The second is the minimum on finitely many values,
thus is well defined. Note that (2.2.22) is a linear programming problem and that
for any = € P(f1) N P(f2), we have 2(F) < fi(F). So the optimal value, if any,
1s bounded above and it is easy to see that there exist feasible solutions. Applying
the well known duality theorem on linear programming, we see that (2.2.22) always
possesses an optimal solution. Let z be an optimal solution to it. In P(f;) there exists
a maximal subbase y with y > 2. From Lemma 1.4.6, y € B(f1). This subbase pair
(y, ) satisfies conditions (2.2.2) and (2.2.3). If we start with this pair in our algorithm,
then the algorithm will soon stop at (a) of Step 1 when y # z or stop at Step 2 when
y = z. From the proof of Lemma 2.2.1 and condition (2.2.2), there exists ¥ € D, N D,
such that z(E) = fi(Y) + fo(E —Y). This implies

min{fi(X) + fo(E — X) | X € D1 NDy} < max{z(E) | z € P(A)NP(f2)}. (2.2.24)
The inverse inequality
min{f1(X) + f2(E — X) | X € DN Dy} > max{z(E) | z € P(f1)NP(f2)}. (2.2.25)
follows trivially from the inequality
2(E) = 2(X) +2(E = X) < A(X) + fo(E - X) (2.2.26)

for any common subbase z and X € D; N Ds. O

If the rank functions f; and f> are integer-valued, then our algorithm stops in a

finite number of steps provided that we start with an integral initial subbase pair.
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Each time we carry out (c) of Step 1, the value of 2(F) increases by o > 0 given by
(2.2.11). By our assumption « should be integral and thus o > 1.

Furthermore, we can refine our algorithm by using the technique [60, 72] of selecting
the lexicographically shortest path in (b) of Step 1 so that the cycle (a)~(c) in Step 1

is repeated at most O(n?®) times.

2.3. A Faster Algorithm by the Preflow-Push Approach

For the intersection problem (P), we start with a subbase pair 8 = (y, z) satisfying
conditions (2.2.2) and (2.2.3) of Section 2.2. Define an auxiliary graph G = (V, Ap)

with vertex set V and arc set Ap as follows:

V = {st,sT}UE, (2.3.1)
Ag = SfuSzuAjudl, (2.3.2)
where
St = {(e,s7) | e € E}, (2.3.3)
S5 = {(e,;s7)| e € E —sats(2)}, (2.3.4)
Ay = (d|0%d =u, 07d =v, w,v € E, ucdep(y,v)—{v}}, (2.3.5)
A} = {d"]0%d" =u, 07d" =0, u,v € B, v € depy(z,u) — {u}}. (2.3.6)

Also, define e(v) = y(v) — z(v) for each v € E, where note that e(v) > 0. When

e(v) > 0, we call v an active vertex.

Definition 2.3.1 ([43]): A function d from V' to nonnegative integers is said to be a
valid labeling for G if d(s*) =n+2, d(s™) = 0 and d(0%a) < d(d~a)+1 for every arc
ac Aﬁ.

Lemma 2.3.2: For any valid labeling d, if d(v) < n+ 2, then d(v) is a lower bound of
the actual distance from v to s~ in ég, where the length of each arc is equal to 1. If
d(v) > n+ 2, then d(v) — (n+ 2) is a lower bound of the actual distance from v to s*

in Gg and s~ Is not reachable from v in Gﬁ.
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Proof: If d(v) < n+ 2, let L be a shortest path from v to s~ in Gﬁ having length [.
We express L as a sequence (v = vy, g, -+, v, 8~ ) of the verticesin L. By the definition

of a valid labeling d we have

d(v) < d(vs) +1 < d(vg) +2< - < d(s)+1=1, (2.3.7)

Le., d(v) <. The proof for the case d(v) > n + 2 can be made similarly. a

We start with a valid labeling d such that d(s™) = n+ 2, d(s7) = 0 and d(v) =
1 (v € E). We define two basic operations Push(a) and Relabel(v) for each a € Ag

and v € V for our algorithm:

Push(a): Applicability: 9*a is active, a € Ag and n + 2 > d(8%a) = d(8~a) + 1;

Action:

Case 1: If a € A}@, then put ¥y «— v, = ¥+ a(xw — Xv), Where v = 0%a, w = 97 a and

a = min{¢;(y,w,v),e(v)}.

Case 2: Ifa € 21%, then put z < z, = z + a(x» — Xw), Where v = 9%a, w = 0~ a and

a = min{&(z,v,w),e(v)}.
Case 3: Ifa € §§, then put z « z, = z4aX,, where v = 9T a¢ and @ = min{&;(z,v), e(v)}.
It should be noted that if Push(a) is applicable for a € Ag, then a ¢ 5’5’

Lemma 2.3.3: Actions in all cases maintain the initial conditions (2.2.2) and (2.2.3)

required for (y, z).

Proof: In Case 1, because of the definition of o, we have y € B(f;) and y > 2. Case
2 is similar to Case 1. In Case 3, y is not changed and z is still in P(f;) because of the

definition of a. O

Relabel(v): Applicability: v is active and for any a € An,g with dTa = v we have
d(0ta) < d(0™a);
Action: Put d(v) « min{d(w) +1 | (v,w) € Ag}.

Lemma 2.3.4: Ife(v) > 0 and d(v) < n + 2, then either a push for some a € Ag with

0%a = v or a relabel of v is applicable.
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Proof: Suppose e(v) > 0 and d(v) < 7+ 2. From the definition of the arc set Ag,
there exists an arc a € Ag such that 0ta = v. If a push operation is not applicable
to v, then d(0%a) < d(0~a) + 1 for any a € Ag with dta = v. This implies that a
relabeling operation is applicable to ». Also note that such a push and a relabel are

not simultaneously applicable. O
Lemma 2.3.5: The basic operations keep d a valid labeling.

Proof: Obviously, any relabeling operation does not change the values of d(s*) and
d(s™) and keeps the relation d(8+a) < d(8=a) + 1 for any a € Ag.

Next, we consider the push operations. In Case 1, suppose a push on a € 4}; with
0%a = v and 0~ a = v introduces new arc o’ with 97a’ = w and 8~a’ = p. Then, before
the push we have (i) u = p or there exists an arc in /Al}j from u to p and (ii) v = w or

there exists an arc in /A{k from w to v (see Lemma 1.4.12). Consequently,
dlu) <d(p)+1, du)=dw)+1, dw)<d(v)+1. (2.3.8)

Hence,

dlw) <d(v)+1=d(u) <d(p) +1. (2.3.9)

Therefore, d is still valid in Case 1. The proof for Case 2 is similar to that for Case 1.

For a push on a € 5”‘3_ in Case 3, if @ < &(z,v), then /1[23 remains the same since for
any e € sato(z,) we have depy(zy,€) = depsy(z,e). If a = &(z,v), then v € sato(z,).
For any e € saty(z) we have depy(z,e) = depy(za, €), since v ¢ dep,(z,e); and for any

e € sata(z4) — sato(z) there may be some new arc (e, e’) (ie., € € depy(zq,€)), for
which we get d(e) < d(e’) + 1 since d(e) < d(s7)+ 1= 1. O

Lemma 2.3.6: For any v € E the distance label d(v) never decreases by basic opera-

tions, and we have d(v) < n + 3.

Proof: For any v € E we have d(v) < d(s*)+1=mn+ 3, since (v,st) € Ag. O
Lemma 2.3.7: Relabeling operations are carried out at most n(n + 2) times.

Proof: A relabeling operation makes the value of 3 ,cpd(v) increase by at least one
and we have n < 3, cpd(v) < n(n+ 3). The present lemma easily follows from this
fact. g
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Lemma 2.3.8: For a subbase pair § = (y, z) satisfying conditions (2.2.2) and (2.2.3),

if there is no active vertex v in G with d(v) < n +2, then z is a solution of (P).

Proof: If there is no active vertex, then we have e(v) = 0 for each v € E, 1e., y = 2,
and from condition (2.2.2) y(= z) is a solution of (P). If there is an active vertex, let
U C E be the set of the vertices in C;’ﬁ which are reachable by directed paths from the
active vertices. By the definition we have U # (). If U = E and F — saty(z) # 0, then
there is an active vertex v such that s~ is reachable from v. This contradicts the fact
d(v) = n+ 3. Therefore, if U = E, we have saty(z) = F, which implies that z is a
solution of (P). If U # E, we have y(E —U) = fi(E — U) and 2(U) = fo(U). Hence,
2(E)=2z(U)+ 2(E =U) = fo(U) + f1(E — U). It follows from Theorem 2.1.1 that z

is a solution of (P). a

Our algorithm repeats basic operations until there is no active vertex v with d(v) <
n + 2. In the following we make refinements on the order of the basic operations to be
carried out.

Let 7 : V. — {1,2,---,n + 2} be a one-to-one mapping, i.e., a numbering of the
vertices in V. For any v € E we have an arc list Listg(v) formed by the out-going arc
set {a | a € Ag, d*a = v} arranged in the order of the increasing magnitude of the
values of m(07a). BEach vertex v has a current arc a in the list. Initially, the current
arc of v is the first element of Listg(v).

In our implementation of the algorithm, we always select the active vertex v such
that

d(v) = max{d(w) | w € F, d(w) <n+2, e(w) >0} (2.3.10)

and check if a push operation is applicable for the current arc a of Listg(v). If the push
operation is not applicable, then the next arc, if any, in Listg(v) becomes the current
arc. Otherwise, we perform a push operation, which resultsin (1) e(v) = 0 or (2) e(v) >
0 and a ¢ Ag. In the first case we select a new active vertex with the largest label and
repeat the above process. In the second case, we let the next arc, if any, in the arc list
of v be the current arc of v. During the algorithm, if we reach the end of the arc list
of v with e(v) > 0 and want to renew the current arc in Listg(v), then we let the first

arc in the list be the current arc and carry out a relabeling operation for v.
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Lemma 2.3.9: Throughout the algorithm the following property (x) Is maintained:
(x) For each v € E any arc a before the current arc in Listp(v) satisfies d(0%a) <

d(0~a).

Proof: Suppose that currently (*) holds and that the next basic operation is a rela-
beling operation for a vertex v. This operation does not generate any new arc. Denote
the current distance label by d and the one after the operation by d’. Note that
d(w) < d'(w) (w € V). For Lists(v) the current arc is made to be the first element
of the list. Furthermore, for any other list Listg(u) (u # v) and any arc a before the
current arc in Lists(u) we have d'(0%a) < d'(07a) since d(0%a) = d'(07a) (= d(u))
and d(0~a) < d'(0~a). Hence, () holds after the relabeling operation.

Next, suppose that currently (%) holds and that the next basic operation is a push
for the current arc @ in Lists(u) for a vertex u. Note that label d is not changed by
the push. Therefore, it suffices to show that after the push operation any new arc a
placed before the current arc in Listg(w) for some w € F satisfies d(07d) < d(0~a).

Suppose, on the contrary, that some such new arc & satisfies
d(0Ta)(= d(w)) = d(6~a) + 1. (2.3.11)

We show that (2.3.11) leads us to a contradiction. We examine Cases 1~3 for the push

indicated below the definition of Push(a).

Case 1: Let u = 0Ta, v = 0 a and p = 0~ a. Recall that w = 9*a. Before the
push on arc a we have (i) v = p or there exists an arc in A}, from u to p and (ii) v = w

or there exists an arc in fl}j from w to v ([34]). Therefore,
diw) <d(v)+1, d(u) =d(v)+1, d(u) <d(p)+1, dw)=d(p)+1. (2.3.12)
Note that the last equation in (2.3.12) is (2.3.11). Since from (2.3.12)
d(w) =d(p)+1>d(u) =dv)+ 1> d(w), (2.3.13)

we have

d(u) =d(p) +1, d{w)=d(v)+1. (2.3.14)

It follows from (2.3.14) that

(i) u # p and there exists an arc d’ € A}; from u to p for which a push is applicable,
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(ii) v # w and there exists an arc o’ € 4}3 from w to v for which a push is applicable.
From the assumption, (i) implies that arc o precedes arc ¢ in Listg(u) and hence
n(p) > w(v), whereas (ii) implies that arc & precedes arc o’ in Lists(w) and hence

7(p) < m(v), a contradiction.
Case 2: Case 2 leads us to a contradiction similar to Case 1.

Case 3: In the proof of Lemma 2.3.5 we have already shown that d(d%a) < d(07a)
which contradicts (2.3.11).

’

Definition 2.3.10: A push on (v,w) € AIQ is called a saturating push if one of the

following three conditions holds:
(a) The push is of Case 1 and e(v) > & (y,w,v),
(b) The push is of Case 2 and e(v) > ¢y(z, v, w),

(c) The push is of Case 3 and e(v) > &(z,v).

Definition 2.3.11: If a push is not a saturating push, then it is called a nonsaturating

push.
Lemma 2.3.12: The number of saturating push operations is at most 2n%(n + 2).

Proof: By a saturating push on an arc in Listg(v) the current arc shifts to the next
arc. From Lemma 2.3.9, we know that between two successive relabeling operations
on v, there are at most 2n saturating pushes on arcs going out from v. So the total
number of saturating pushes on arcs going out from v is at most 2n(n +2). This proves

the lemma. a

Lemma 2.3.13: The number of nonsaturating pushes is at most n?(n + 2).

Proof: Between two successive nonsaturating pushes on arcs going out from v there
is at least one relabeling operation on some other vertex, since vertex v becomes in-

active just after the first nonsaturating push and turns active again before the second
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nonsaturating push. This is impossible if no relabeling happens between the two non-
saturating pushes, since v had the largest label among all active vertices at the first
nonsaturating push. Hence, the number of nonsaturating pushes on arcs going out from
v is at most n(n + 2). Therefore, the total number of nonsaturating pushes required

by the algorithm are at most n?(n + 2). O

Now, we have

Theorem 2.3.14: The new algorithm terminates after carrying out O(n?) relabeling

operations and O(n®) push operations.
Proof: Directly from Lemmas 2.3.7, 2.3.12 and 2.3.13. a

Finally, we describe an implementation of our preflow algorithm without using the
specific order on the arc list and the current arcs.

Define a list Ly of all vertices in V' with d(v) < n + 2. The vertices of V in Ly is
arranged in the order of the decreasing magnitude of the values of d. For the vertices
having the same value of d, they can be ordered in any way. In list L, there is a vertex
called the current vertex of Ly. Initially the current vertex is the first vertex of L.
Since d(v) > d(w) holds for each admissible arc in Ag, we have an important property
of list Ly, i.e., if (v,w) in fiﬁ i1s an admissible arc, then v appears before w in L.
Preflow Algorithm (first-active implementation)

Step 1: Let Ly be the list of V and v be the current vertex. If v is an active vertex,
go to Step 2. If v is not the last vertex of Ly, replace v as the current vertex by the
vertex right after v on L, and go to the beginning of Step 1. If v is the last vertex of
Ly, then output the current 5 and stop.

Step 2: Find an admissible arc (v, w), perform push on (v, w) and go to Step 1. If there
is no admissible arc going out from v, then relabel v. For the new d(v), if d(v) > n +2
then delete v from Ly. If Ly is empty then output the current § and stop, otherwise

let the first vertex of Ly be the current vertex and go to Step 1.
(End)

Define a pass over Ly as a period of the algorithm that begins with the first vertex

of Ly and ends when a relabeling is performed or when the algorithm terminates. Since
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the distance label d is not changed and the excess of each active vertex is pushed to
vertices after it, the vertices before the current vertex are inactive. It follows that the

output f gives a required maximum subbase.
Lemma 2.3.15: There are at most n(n + 2) passes before the algorithm terminates.

Proof: Since there is a relabeling operation in each pass except the last one, the

present lemma follows from Theorem 2.3.7. 0

Lemma 2.3.16: The number of nonsaturating pushes in the algorithm (first-active

implementation) is at most n?(n + 2).

Proof: In each pass, a nonsaturating push on v makes v an inactive vertex and the

current vertex shifts. So, there are at most n nonsaturating pushes in each pass. O

Lemma 2.3.17: The number of saturating push operations in the algorithm (first-

active implementation) is at most 2n3(n + 2).

Proof: In a fixed pass, after a saturating push on (v,w), (v,w) is not an arc in Ag
until v becomes inactive (see Lemma 1.4.12). In the pass, there is no push on (v, w)
again after v becomes inactive. Hence, in a pass there are at most 2n saturating pushes
on arcs going out from v. It follows that there are at most 2n? saturating pushes in a

pass. The present lemma is from Lemma 2.3.15. O

Example: Consider an example ([51]) of an electric network with the underlying
graph G = (V, A*) shown in Figure 1, where each dotted line with an arrow denotes
the existence of self- or mutual-coupling in the direction of the arrow. Under some
generality assumption on the coupling parameters the network is uniquely solvable if
and only if the optimal value of the objective function ¢ : A — R of the following
problem (2.3.15) is equal to the rank rg(A*) of G, where rg is the rank function of
graph G ([82]). Consider a bipartite graph G = (V*,V~; A) shown in Figure 2, where
each arc a € A of G denotes the existence of self- or mutual-coupling from branch
9~ a € A* to branch 0ta € A*.
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Now, the problem is:

Maximize »  ¢(a) (2.3.15)
aEA
subject to 0ty € P(rg),
97 p € P(rg),
where
0 p(v) = > ¢la), (2.3.16)
acbtv
O pv)= > ¢(a) (2.3.17)
a€b~v

and 6Tv (67 v) is the set of the arcs going out from v (coming into v) in the bipartite
graph shown in Figure 2. Problem (2.3.15) can be reduced to an intersection problem

as follows. Put E = A and define submodular functions f; (¢ = 1,2) on 2% as follows.

A(X) =76(87X) (X C B(=A)), (2.3.18)

f2(X) =716(87X) (X C E(= A)), (2.3.19)

where 07X (0~ X) is the set of the initial (terminal) vertices of the arcs in X in the

bipartite graph G. Then, Problem (2.3.15) is equivalent to the following.

P Maximize z(E) (2.3.20)
subject to z € P(f1) N P(f2).

We show how our algorithm works for this example. We start from y € B(f;) and
z € P(fy) given by
¥ =Xay +Xen + Xay, z2=0. (2.3.21)
Note that {1,2,4} is a spanning tree of G and y is a base of (2F, f;). The initial
auxiliary graph is shown in Figure 3. For convenience, we denote yp, zy for any
T, HC E by
Yr =D Xee 2H= D Xe- (2.3.22)

eeT eeH
In order to avoid confusions between a vertex set and its vertex numbering, instead of

the numbering function 7 we introduce a linear ordering on F U {s*,s7} as follows.

sT<(1,1)<(2,1)<(2,3)<(3,1) < (4,1) <

(5,3) < (6,2) < (6,4) < (6,5) < (6,6) < s*. (2.3.23)
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At the beginning, we put d(s*) =12, d(s7) =0 and d(v) = 1 for any v € E. Initially
we take 0 = (yp,zy) with T = {(1,1),(2,1),(4,1)} and H = (). After a selection of
v € E such that e(v) > 0 and d(v) = max{d(u) | e(u) > 0, v € F, d(u) < 12}, we

have two types of actions (A) and (B) as follows:

(A) Finding the first arc in Listg(v) which is applicable for push. This can be done

by two steps. The first step is to find out the set
Aw)={u|ue BEU{s* s7}, (v,u) € Ag, d(u)=d(v)—1}.

The second is to choose, if A(v) # 0, an arc (v,u) such that u is the minimum
element in A(v) with respect to the linear ordering (2.3.23). Perform a push

operation on the selected arc and revise T" and H after the push.

(B) If A(v) =0, then relabel v.

Here, we note that the values of the saturation capacities and the exchange capacities
are always 0 or 1 since we start with a 0-1 valued subbase pair. By an arc with (or
without) an underline, we mean that the arc is in Aé (or not in [1[23) After 11 push
and 7 relabeling operations we reach an optimal solution of Problem P in (2.3.20). The
algorithm is performed as follows:

A) Push on ((1,1),57), and we have T = {(1,1),(2,1),(4,1)} and H = {(1,1)}.

B) Relabel (2,1) we have d((2,1))=2.

A) Push on ((2,1),(1,1)), and we have T = {(1,1),(2,1),(4,1)} and H = {(2,1)}.

B) Relabel (1,1) we have d((1,1))=2.

A) Push on ((3,1),(5,3)), and we have T' = {(2,1),(4,1),(5,3)} and H = {(2,1)}.
B) Relabel (4,1) we have d((4,1))=3.

(
(
(
(
(A) Push on ((1,1),(3,1)), and we have T = {(2,1),(3,1),(4,1)} and H = {(2,1)}.
(
(
(
(A) Push on ((4,1),(1,1)), and we have T = {(1,1),(2,1),(5,3)} and H = {(2,1)}.
(

)
)
)
)
)
B) Relabel (3,1) we have d((3,1))=2.
)
)
)
)

B) Relabel (1,1) we have d((1,1))=3
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A) Push on ((1,1),(2,1)), and we have T' = {(1,1),(2,1),(5,3)} and H = {(1,1)}.

A) Push on ((2,1),(6,2)), and we have T = {(1,1),(5,3),(6,2)} and H = {(1,1)}.

A) Push on ((5,3),s7), and we have T' = {(1,1),(5,3),(6,2)} and H = {(1,1),(5,3)}.
B) Relabel (6,2) we have d((6,2))=2.

B) Relabel (2,3) we have d((2,3))=2.

(A)
(A)
(A)
(B)
(A) Pushon ((6,2),(2,3)), and wehave T = {(1,1),(2,3),(5,3)} and H = {(1,1),(5,3)}.
(B)
(A) Pushon ((2,3),(6,4)), and we have T = {(1,1),(5,3),(6,4)} and H = {(1,1),(5,3)}.
(A)

A) Push on ((6,4),s7), and we have T = H = {(1,1),(5,3),(6,4)}.

There is no vertex with e(v) > 0 and the algorithm terminates.
For Problem (2.3.15), put ¢ = zy (the output of the algorithm). Then ¢ is an
optimal solution of Problem (2.3.15) with the optimal value being equal to the rank of

graph G. Hence we conclude that the given electric network is uniquely solvable.
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Figure 2: The bipartite graph G

43






An Efficient Cost Scaling Algorithm for the Independent Assignment Problem 45

Chapter 3.

An Efficient Cost Scaling Algorithm for the
Independent Assignment Problem

3.1. Introduction

The independent assignment problem was formulated and solved by M. Iri and N.
Tomizawa [53]. Given a bipartite graph with matroidal structures on both of the
two sets of end-vertices, the independent assignment problem is to find a maximum
independent matching [81] having the smallest total cost, where a cost is given to
each arc. It is a natural extension of the ordinary assignment problem. The weighted
matroid intersection problem considered by J. Edmonds [13], E. L. Lawler [58] and
others is equivalent to the independent assignment problem.

The theoretical analyses and algorithms for the independent assignment problem can
be found in [53] and [27]. Algorithms for the weighted matroid intersection problem
were given by J. Edmonds [13], [15], E. L. Lawler [58], A. Frank [21], J. B. Orlin and J.
Vande Vate [67], C. Brezovec, G. Cornuéjols and F. Glover [6], H. N. Gabow and Y. Xu
[40] and others. Recently, M. Shigeno and S. Iwata [74] have proposed an approximate-
weight-splitting algorithm for the weighted matroid intersection problem which is an
approximate version of A. Frank’s algorithm [21]. The cost scaling approach based on
the approximate optimality plays a fundamental role in recent efficient algorithms for
ordinary minimum-cost flows and bipartite matchings.

We propose an efficient cost scaling algorithm for the independent assignment prob-
lem. Our algorithm in general can be viewed as a generalization of the cost scaling
algorithm, recently given by J. B. Orlin and R. K. Ahuja [66], for the ordinary assign-

ment problem. The cost scaling technique is adopted in our algorithm. The procedure
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for each scaling phase can be decomposed into two parts: an auction-like algorithm (see
[4], [66]) and a successive shortest path algorithm. We provide a complexity analysis
under the independence oracle for matroids and we show that on a bipartite graph with
n vertices and integer arc costs bounded by C', an optimal r-independent assignment
can be found in O(y/7n?log(rC)) time by our algorithm under an independence oracle
for matroids.

In Sections 3.2, 3.3 and 3.4 we give the definition of the independent assignment
problem, some applications of the independent assignment problem and some further
properties of matroids, respectively. The optimality and e-optimality conditions for
the problem are given in Section 3.5. Sections 3.6 and 3.7 describe the detail of our

algorithm. Section 3.8, is concerned with the complexity analysis of the algorithm.

3.2. The Independent Assignment Problem

Let G = (V*1,V~: A) be a bipartite graph with the left (right) end-vertex set V* (V)
and the arc set A. For any a € A, 9%a (07 a) is the initial (terminal) end-vertex
of a. We assume that 0ta € V*t and 0-a € V=~ for each a € A. Also for any
M C A, 0t M (0~ M) denotes the set of the initial (terminal) end-vertices of arcs in
M. A subset M of A is called a matching in the bipartite graph G = (V*,V~; A) if
|0t M| = |M| = |0~ M]|.

Let MT = (Vt Z%) and M~ = (V~,7I7), respectively, be matroids on V* and
V~ with families Zt C 2Y7 and 7= C 2Y" of independent sets. A cost function
¢ : A — Z is given, where Z is the set of all integers. We denote this network by
N=(G=(VH VA, M M ¢

An independent matching M C A in N is a matching in G such that 9t M € T and
0~ M € 7. The maximum independent matching problem is to find an independent
matching M in N of the maximum cardinality.

For a positive integer k, a k-independent matching M in N is an independent match-
ing of cardinality k. An optimal k-independent assignment in N is a k-independent
matching M having the minimum cost ¢(M) = 3¢ ¢(e) among all the k-independent
matchings in A. When costs are taken into account, we use the term, assignment, in-

stead of matching (in a bipartite graph).
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Let B (B™) be any base of M* (M™), where we assume that |Bf| = |[B~| =r.

In this chapter we will give a new efficient scaling algorithm for finding an opti-
mal r-independent assignment if there exists one. The general optimal k-independent
assignment problem can be solved by our algorithm after applying k-truncation (see
[82]) of M T and M~. Throughout this chapter, we denote the closure function of M™*
(M7) by clt (cl7), the fundamental circuit with respect to I and e in M* (M™) by
C*t(I|e) (C(Ile)) and the fundamental cocircuit with respect to B and e in M+ (M ™)
by K*(Ble) (K~ (Ble)). For convenience we assume that any single element subset is

independent, i.e., there exist no self-loops in M.

3.3. Applications of the Independent Assignment Problem

Minimum-cost spanning arborescence. Given a directed graph G = (V, 4) with
a cost function ¢ : A — R. A spanning arborescence is a spanning tree T of G
satisfying that there exists a vertex v € V and for each other vertex u there exists
a directed path from v to w consisting of only arcs in 7. Let the cost of a tree be
the sum of all costs of its arcs. The munimum-cost spanning arborescence problem is
the problem to find a spanning arborescence of the minimum cost among all spanning
arborescences. The problem has applications in optimal water supply networks and

others. We can formulate this problem into an independent assignment problem. Let
G=(Vt, V7 A ) with VY = A V- =V and

A={(a,0z0) | a € A}, (3.3.1)

with ¢'(a,0za) = c(a). The matroid on V* is the graphic matroid of G and the
matroid on V'~ is a free matroid, i.e., any subset of V'~ is defined to be an independent
set. We have that a (|V] — 1)-independent assignment is a spanning arborescence of
G. Hence the minimum-cost spanning arborescence problem is reduced to the optimal
(V| = 1)-independent assignment problem.

Controllability /observability of a linear dynamical system with combinato-
rial constraints. Consider a discrete-time linear dynamical system represented by a

system of difference equations:

z(t+1) = Az(t) + Bu(t)
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y(t) = Cz(t) + Du(t) (3.3.2)

fort =0,1,---,n—1, where 2(t), u(t) and y(t) are the n-dimensional state vector, the
r-dimensional control vector and the p-dimensional observation vector, respectively, at
time t. A, B,C and D are constant matrices of appropriate sizes.
As is well known, the necessary and sufficient condition for System (3.3.2) to be
controllable is
rank[B,AB, -, A" !Bl =n (3.3.3)

and that for System (3.3.2) to be observable is
rank[C’, A'C’,- -, A™TIC = n (3.3.4)

where the prime denotes the transposition of a matrix.
However, due to physical constraints or the need to decrease the cost, the following
restrictions are frequently happens in practice.
(1) every control terminal can not be used more than a prescribed number of times,
11) at every time, at most a prescribed number of control terminals can be used,

sy

(1) every observation terminal can not be used more than a prescribed number of times,
(ii") at every time, at most a prescribed number of observation terminals can be used.
Let G = (V*,V7; A) be a bipartite graph with V't the set of all columns of the

wide matrix in (3.3.4),
V_ = {y(t)z I t: 0,1,...;71_ 1, ’L: 1,2,...,]_)} <335>

and the arc set A is a corresponding from y(t); to the ith column of the matrix A"*C’.
The matroid on V' is defined to be the linear matroid. Suppose, in constraint (ii’), the
prescribed number for each period ¢ is 7, (¢ = 0,1,---,n — 1). The matroid on V™ is
defined to be the partition matroid with partition of V= as V,™ = {y(¢); |t =1,2,- -+, p}
(t=0,1,---,n—1). Consequently, the problem of determining whether System (3.3.2)
is observable under constraints (ii’) is reduced to the problem that whether there exists
an n-independent assignment for G. Moreover, we can consider the problem of selecting
the observation variables of the minimum cost under constraint (ii’). The problem is
reduced to the optimal n-independent assignment problem. The problems for other

types of constraints can be treated in a similar way.
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The applications to the structural solvability and controllability of large-scale sys-
tems is extensively studied and presented by K. Murota in [64]. The applications in

electric network theory can be found in A. Recski [70] and M. Iri [50].

3.4. Further Properties of Matroids

In this section we give some further properties of matroids which play a fundamental
role in our algorithm. Some of them are adopted from M. Iri and N. Tomizawa [53].
We provide no proofs for those well known (see, e.g., [52] and [82]).

Let M = (E,T) be a matroid with a family 7 of independent sets.

Lemma 3.4.1: If I € T and v € cl(I) — I, then for each uw € C(I|v), I + v — u is an
independent set. O

Lemma 3.4.2: Foragiven I € 7, if2q distinct elementsuy,---,u, (€ I) and vy, - -+, v,

(€ cl(I) — I) satisfy the relations:
u; € CMv;) U=1,-,9) (3.4.6)

and
w ¢ C(Ilv,) (1<i<j<aq) (3.4.7)

then foreachm = 1,---,q I, = (I—{uy, -+, un})U{v1, -+, v} is also an independent

set and cl(I,,) = cl(I). Furthermore, for m = 2,---,q, we have tuy, € C(Ipn_1|vy). O

Lemma 3.4.3: For [ € T and a pair (u,v) such that v € ¢l(I) — I, u € C(I|v) — v,
denote the independent set I +v —u by I'. If (w, z) is a pair such that z € cl(I') — I,
w ¢ C(I|z) and w € C(I'|z) — z then we have

(i) either u = z oru € C(I|z) — z,

(ii) either v =w or w € C(I|v) — v. a
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For a family S = {5y, -+, S,} of subsets of F, a transversal of S is a set {ey,- -, e;}

of t distinct elements of £ such that e; € S; fore=1,---,t.

Lemma 3.4.4: Let B be a base of M and vy, - - -, v, bet elements of B, wheret < |B].
Suppose that there are t circuits Cy,---,C; of M such that (1) v, € Cy fork =1,---,t
and (2) v ¢ Cy ifk #1, fork,l =1,---.t. Denote Ty = K(B|vy) — v for k=1,---t.
Then, there exists a common transversal of the families C = {Cy,---,C,} and T =
{Ty, -, T;}.

Proof: It is known [8, p. 74] that there is a common transversal for C and 7 if and
only if for each X, Y C {1,---,¢} we have

(U Ce)n(UT) = 1XI+]Y]| -t (3.4.8)
ke X leY

Since | X NY| > |X| +|Y]| — ¢, from (3.4.8) it is sufficient for us to verify that

I(n U ¢on( U TzXnY]| (3.4.9)

Without loss of generality we prove (3.4.9) when X NY = {1,---,¢}. That is, we prove
that

t t

(U Co)n (U Te)| > . (3.4.10)
k=1 k=1

Denote Iy = {v1,-+,v,;} and I} = B — Iy. Since v € cl(Cy — v;,) for k =1,---,t, we

have i

B Ccl((|J(Cr —w))U ). (3.4.11)

k=1
Hence, there exist uy, -+, u; € Ui_1(Cy — vi) such that I1 + uj + -+ + 1y is a base of
M. From the assumptions on C and {vy,---,v;} we have {uy, -, u,} N [y = 0. For

each 1 <! < t, since I} +u; € Z, we have Iy O C(B|w) — (I} +w) # 0. Hence, there
is some element v, € [y N C(B|w). This implies that B + u; — v, is also a base, i.e.,
u; ¢ cl(B — v,). Thus u; € Ts,. We have uy,---,u; € U,_,T} and hence (3.4.10) is
valid. O
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3.5. The Exact and Approximate Optimality

In this section we define an auxiliary network and give optimality and e-optimality
conditions for the independent assignment problem in terms of auxiliary networks.
The concept of e-optimality was introduced by D. P. Bertsekas [4] and E. Tardos (76]
for the minimum-cost flow problem and is essential in our cost scaling framework.
Given a network N = (G = (V*, V7, A), M, M~ ¢) as in Section 3.2, let BT (B™)
be the family of bases of M* (M™). Consider a triple A = (B*, M, B™) that satisfies

the following conditions:

M is a matching of G = (V*, V™ A), (3.5.12)
B* € B* and B~ € B, (3.5.13)
O0TM C Bt and M C B™. (3.5.14)

We define the auxiliary network Na associated with A = (BY, M,B~) as Na = (Ga =
(V* Ap), M, M7, ca) with vertex set V* = VT U V™ and arc set Ay = Ag+ UAU
MU Ap-, where

Ap+ = {(v,v) |ve VT —B* we CHB|v) -}, (3.5.15)
Ag- = {(v,u)|veV™ —=B7, ue C (B |v)— v}, (3.5.16)
M = {a|aeM} (&:a reorientation of a) (3.5.17)

and cp : Ap — Z is defined fromc: A — Z as
cla) if a€A
CA<CL) = 0 if a€ Ag+ UAp- (3518)
—c(a) if a€ M.

A triple A = (B*, M, B™) that satisfies conditions (3.5.12)~(3.5.14) is called an
independent partial assignment and if, in addition, |M| = r, then A = (B*, M, B™) is
called an tndependent assignment.

In the auxiliary network A, we consider ca(a) as the length of arc a € Ax. Then,

we have the following.

Theorem 3.5.1 (Fujishige [27]): An independent assignment A = (B, M, B™) is an
optimal independent assignment of N if and only if there is no negative directed cycle
in NA~ d
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Given a function p : V* — R, called a potential, we define ca ,(a) = ca(a)+p(0ta)—

p(0~a) for each a € Ax. From Theorem 3.5.1 we also have

Theorem 3.5.2: An independent assignment A = (BT, M, B~) is an optimal inde-
pendent assignment of N if and only if there exists a potential p such that ca ,(a) > 0
for all a € Aap. O

Definition 3.5.3: An independent partial assignment A = (B*, M, B™) is said to be

e-optimal if there exists a potential p such that ca p(a) > —¢ for all a € Aa. O

Put C = max,ea |c(a)]. Then, we have

Lemma 3.5.4: Any independent assignment is e-optimal for € > C and any e-optimal

independent assignment with € < 1/|4r| is an optimal independent assignment.

Proof: The first part of the lemma can be verified by taking p = 0. For the second
part of the lemma, we see that if ¢ < 1/|4r|, then there is no negative directed cycle
in My, since the length 3 ,cccala) = Yoeo cap(a) of each cycle C is an integer and
is greater than or equal to —¢|4r| > —1. Hence, the optimality of the independent

assignment follows from Theorem 3.5.1. O

3.6. A Cost Scaling Framework

We first give a higher-level description of our cost-scaling algorithm for finding an
optimal independent assignment. Starting from ¢ = C, the algorithm proceeds by
obtaining e-optimal independent assignments for successively smaller values of ¢ until
the value of ¢ is less than 1/|4r|. Thus, at the end we have an optimal independent
assignment due to Lemma 3.5.4. Therefore, the algorithm consists of a number of cost-
scaling phases. In each cost-scaling phase, the algorithm performs procedure Refine
which transforms a 2e-optimal independent assignment to an e-optimal independent
assignment.

Procedure Refine consists of two subprocedures: Auction and SuccessiveShortest-

Path. Procedure Auction can be viewed as a generalization of the auction procedure
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given by J. B. Orlin and R. K. Ahuja [66] which is designed for the optimal assign-
ment problem on a bipartite graph without any additional matroid constraints. The
auction procedure by Orlin and Ahuja [66] is a variation of the auction algorithm by
D. P. Bertsekas and J. Eckstein [5]. Our procedure Auction starts with an e-optimal
independent assignment and first converts it into an €/4-optimal independent partial
assignment A = (BY, M, B™) with |M| = @. During the execution of the procedure,
the ¢/4-optimality of the independent partial assignment is maintained and at the
termination the obtained independent partial assignment M satisfies 7 — |[M| < /.
Procedure SuccessiveShortestPath starts with this independent partial assignment and
further enlarges the size of M one by one through successive shortest path augmenta-
tion steps, which yields an €/2-optimal independent assignment at the termination.
The optimal independent assignment algorithm is described as follows. Details of
the subprocedures will be given in the next section. The value of the parameter € is not
changed during the execution of procedure Refine and its subprocedures Auction and
SuccessiveShortestPath. The input L can be any positive integer and will be optimized

later (in Section 3.8).

Algorithm Assignment

Input: N = (G = (V,V7; A), Mt , M~ ¢), a potential p = 0, a positive integer L,
and € = C = max {|c(a)| | a € A}.

Output: An optimal independent assignment A = (BT, M, B~) of N.

Step 1: While € > 1/|4r], put € « ¢/4, perform procedure Refine(¢’, L, p) and put
€ —¢gf2.

(End)

Procedure Refine(e, L,p)

Input: N, L, ¢, and p such that there exists a 4e-optimal independent assignment
with respect to p.

Output: A potential p and a 2¢-optimal independent assignment A = (B, M, B™) of
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N with respect to p.

Step 1: Perform procedure Auction(e, L, p).

Step 2: Perform procedure SuccessiveShortestPath(e,p, A = (BT M,B7)).
(End)

3.7. A Refinement of the Approximate Optimality

For an e-optimal independent partial assignment A = (BY, M, B™) with respect to a
potential p, an arc a € A, is called an admissible arc in Na if —e < ca,(a) < 0. Each
v€ BT —0"M (ve B~ — 3 M) is called a source (sink) vertex.

For each v € V* we define a basic operation Relabel(v) for our procedure Refine.

Relabel(v): Applicability: v € V* and for any a € An with 9ta = v we have
CA,p<a) > 0;
Action: Put p(v) « p(v) — e.

We can easily see the following.

Lemma 3.7.1: The relabeling operation keeps the e-optimality of A = (B*t, M, B™)
with respect to the updated potential p.

A directed path of A4 starting from a source vertex and consisting of only ad-
missible arcs is called an admissible path. We consider the following three types of
admissible path P. We denote by (v — w) a path consisting of a single arc (v, w) and

by (v — w — u) a path of arcs (v, w) and (w, u).

Type 1: P = (v — w) such that (v,w) € Ap+ and p(w) = max {p(u) | (v,u) € Ap+}.
Type 2: P = (v — w) such that v € BT — 9t and w € B~.

Type 3: P = (v — w — u) such that (w,u) € Ap- and p(u) = max {p(z) | (w,z2) €
Ap-}.

Three types of push operations are defined for our procedure Refine. Push opera-

tions are performed on admissible paths of the above three types.
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Push1(P): Applicability: P = (v — w) is an admissible path of Type 1.
Action: Put Bt « Bt +w — v.

Push2(P): Applicability: P = (v — w) is an admissible path of Type 2.
Action: Put M — M + (v,w) — {a € M | 07a = w}.

Push3(P): Applicability: P = (v — w — u) is an admissible path of Type 3.
Action: Put B« B 4+w—uand M — M+ (v,w)—{a € M | 7a = u}.

Lemma 3.7.2: All three types of pushes maintain conditions (3.5.12)~(3.5.14) and

the e-optimality of A = (B, M, B™) with respect to the current potential p.

Proof: It is easily verified that A satisfies conditions (3.5.12)~(3.5.14) after the push
operations. We prove that the e-optimality is also maintained. Suppose that by
Push1(P) the action Bff «— Bt +w — v yields a new arc (u, z) € Aps+. From Lemma

3.4.3 we have
(i) v==zor (v,2) € Ap+,
(ii) v = w or (v, w) € Ap+.

(1), (i1) and the e-optimality imply that p(v)—p(2) > —¢€ and p(u)—p(w) > —e. Ifv # z,
then the selection of w implies p(2) < p(w). Hence, p(u) — p(z) > p(u) — p(w) > —e.

If v =z, then

p(u) — p(2) = p(u) — p(v) > p(w) — p(v) — € > —¢, (3.7.19)

where note that p(w) — p(v) > 0 due to the admissibility of arc (v, w).

For Push2(P), the only new arc introduced is (w,v). Since (v,w) is admissible
before the push, we have c(w,v) + p(w) — p(v) > 0 > —e¢.

The case of Push3(P) can be verified similarly. a

The first subprocedure of procedure Refine is Auction. The basic operations in
procedure Auction are Relabelings and Pushes. In procedure Auction, the number of

Relabelings on each source vertex is not more than L + 4. The size of M is enlarged
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through push operations. If L is selected large enough, procedure Auction will termi-
nate with an e-optimal independent assignment (see Lemma 3.8.5). Procedure Auction

1s described as follows.

Procedure Auction(e, L, p)

Input: L and p such that there exists a 4e-optimal independent assignment with re-
spect to p.

Output: A potential p and an e-optimal independent partial assignment A = (B, M, B™)
with respect to p.

Step 1: Put M = 0 and p(v) « p(v) — 4e for any v € V. Find a base BT of M*

such that

. .
p(B™) = max p(B) (3.7.20)
and B~ of M~ such that
p(B”T) = érékn_p(B). (3.7.21)

Step 2: If there exists no source vertex v which is relabeled less than L+4 times, then
the procedure terminates and let the current A = (B, M, B~) and p be the output.
Otherwise, find a source vertex v relabeled less than L + 4 times.

Step 3: If for each a € A with 07a = v we have ca p(a) > 0, then perform Relabel(v)
and go to Step 2. Otherwise go to Step 4.

Step 4: Let V(v) = {u | (v,u) € Aa and is admissible} (V(v) is not empty within
this step).

(4-1) Applicability: V(v) N B~ # 0.

Find v € V(v) N B~. Perform Push2(v — u) and Relabel(w), and go to Step 2.

(4-2) Applicability: V(v)N B~ =0 and V(v)N (V™ — B~) # 0.

Find v € V(v) N (V™ — B7). If for each a € A with 0Ta = u we have cap(a) > 0,
then perform Relabel(u) and go to Step 2. Otherwise find w € B~ such that P = (v —
v — w) is an admissible path of Type 3. Perform Push3(P) and Relabel(u), and go to
Step 2.

(4-3) Applicability: V(v) NV~ =0 and V(v)N (VT — BT) £ (.

Find w € V™ — B* such that P = (v — w) is an admissible path of Type 1; perform



An Efficient Cost Scaling Algorithm for the Independent Assignment Problem 57

Pushl(P), Relabel(v) and go to Step 2.
(End)

Lemma 3.7.3: The relabeling operations in procedure Auction are performed only

when they are applicable.

Proof: The relabeling operation in Step 3 and the first one in Step (4-2) are obviously
valid. For the relabeling operation in Step (4-1) and the second one in Step (4-2), note
that there is only one arc (u, v) going out from « after the corresponding push operation.
Before the push, (v,u) is an admissible arc, which implies ¢(u,v) + p(u) — p(v) > 0.
Therefore, such relabeling operations are applicable. For the relabeling operation in
Step (4-3), since all the arcs going out from v are from v to V= and not admissible in

this step. So the relabeling operation is valid. O

We can easily see that the independent partial assignment A = (B*, M, B™) defined
in Step 1 of procedure Auction is 0-optimal. Because of Lemmas 3.7.1~3.7.3, we get an
e-optimal independent partial assignment and the corresponding potential p at the end
of procedure Auction. Starting with them, we perform procedure SuccessiveShortest-
Path described below. We get a 2e-optimal independent assignment at the termination
of procedure SuccessiveShortestPath. In procedure SuccessiveShortestPath, the cost
function ¢ and the potential p obtained at the end of procedure Auction are modi-
fled into ¢ and P such that the initial independent partial assignment in procedure
SuccessiveShortestPath is 0-optimal with respect to ¢ and p, and then the size of the
independent partial assignment is enlarged one by one through successive shortest path
augmentation steps. The augmentation step is essentially the same as that of M. Iri
and N. Tomizawa [53].

Procedure SuccessiveShortestPath(e,p, A = (BT, M,B7))

Input: A potential p and an e-optimal independent partial assignment A = (B, M,
B~) with respect to p.
Output: A potential p and a 2e-optimal independent assignment A = (B*, M, B™)

with respect to p.
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Step 1: Put
oy _ ) p(v)—¢ forve (V¥ — BY)U B~
A= { p(v) forve (V- —B7)UBT (3.7.22)
and ( | e
s(a) = | Pl07@)—p(0%a forae M
)= { max{p(9~a) — p(0"a),c(a)} fora € A— M. (3.7.23)

Similarly as (3.5.18) we define ¢x : Ax — R in terms of ¢ instead of c¢.

Step 2: For each a € Ap let [(a) = éa(a) + 5(0%a) — (07 a) be the length of arc a.
For each v € V* let p(v) be the length of a shortest path from the source vertex set
St = BT — 9T M to vertex v in Ma. If there exists some sink vertex u € B~ — - M
which is not reachable from S, stop (there is no r-independent matching in N).
Otherwise go to Step 3.

Step 3: Choose a fixed sink vertex w and find a shortest directed path P in Na from
S* to w; if there are more than one such path, choose one which consists of the fewest

number of arcs. Denote the arc set of P by Ap. Put

Bt « (Bt —{0Ta|a€ ApNAp+})U{07a|ac ApNAp+}, (3.7.24)
B~ « (B U{0%a|a€ ApNAp-})—{07a|a€ ApNAg}, (3.7.25)
M « (MU(ApNA)—{a|aecApn M}, (3.7.26)
P — P+p (3.7.27)

Step 4: If |M| = r, then put p « 5 and stop. Otherwise go to Step 2.
(End)

For simplifying our argument we assume in Step 3 that every v € V* is reachable
from St = BT — 90t M.

Lemma 3.7.4. If procedure SuccessiveShortestPath stops at Step 2, then there is no

r-independent matching in N. g

The proof of this lemma will be given in Section 3.8.
The remaining of this section is the proof of the validity of procedure Succes-

siveShortestPath. The argument is similar to that of M. Iri and N. Tomizawa [53].
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It 1s straightforward to see that in Step 1 of procedure SuccessiveShortestPath
A = (B, M,B7) is a 0-optimal independent partial assignment with respect to 7 and

C.

Lemma 3.7.5: In Step 2, A = (B*, M, B™) is 0-optimal independent partial assign-

ment with respect to the potential p + p and cost function ¢.

Proof: By the definition of p we have p(0~a) < p(0%a) + I(a) for each a € Ax, i.e.,
ca(a) +p(0%a) + p(87a) — (p(0”a) + p(07a)) 2 0. O

Lemma 3.7.6: After an execution of Step 3 A = (B*, M, B™) satisfies conditions
(3.5.12)~(3.5.14).

Proof: We begin by verifying condition (3.5.13). From the definition of P we have for
any a € Ap p(0~a) = p(d%a) + I(a). It follows that

p(0~a) — p(0*a) = ea(a). (3.7.28)

Denote A = (BY, M, B™) obtained at the beginning of Step 3 by A; = (B, My, By).
Suppose that the arc set Ap N ABT is given by {a1,---,q,} with a; = (us,v;) (2 =
1,--+,q). Since ¢a(a) =0 for a € Ap N Aps, we have plu;) = p(v;) (1 =1,---,q) from
(3.7.28). Also by definition, at the end of Step 3

Bt = (Bf — {u1, -, u ) U{vy, -, 0.} (3.7.29)
Without loss of generality, let u;’s and v;’s be numbered in such a way that

p(us) = p(vs) < pluy) = plv;) (1 <i<j<q), (3.7.30)

and that if p(u;) = p(v;) = B(y;) = p(v;) (i < j), then a; lies nearer to the initial vertex
of path P than a; along P. From these assumptions it is seen that there exists no arc
(ug,v5) in AB]+ with 1 < ¢ < 7 < ¢ due to the O-optimality and the way of selecting
P. Hence, by Lemma 3.4.2 BT is a base of M™. By a similar reasoning, we can show
that B~ is also a base of M~. The verification of conditions (3.5.12) and (3.5.14) on
A = (B*,M,B7) is easy. O
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Lemma 3.7.7: After an execution of Step 3 A = (B, M, B™) is a 0-optimal indepen-

dent partial assignment with respect to the current potential p and cost function ¢.

Proof: The notations are the same as in the proof of Lemma 3.7.6. We prove that for

each a € Ap — Aa, we have éa(a) + p(0%a) — (07 a) > 0. Here,
An = Ap, = (Ap+ — Aps) U (Ap- — Ap-) U (M — M)). (3.7.31)

For any a € M — M we have @ € Ap N A. From (3.7.28) we get ¢a(a) + p(0ta) —
p(0~a)=0.
Next, consider the arcsin Ag+ — Apg+. Define

Ly = (Bf —{u1, -, un})U{vy, -+, om} (m=1,---,¢q) (3.7.32)

and Iy = B;f. Then, from Lemma 3.4.2 I, = I,,_1 — Um + Um is a base of M* for each
m = 1,---,¢ Note that [, = B*. We prove by induction on m = 0,---,¢ that for
eachm =0,---,¢ and a € Aj, we have p(0%a) — p(0"a) > 0. This is true for m =0
due to Lemma 3.7.5. Suppose that it is true for m = k —1 (1 < k < g). For m = k,

let a = (w,z) € A;,, — Aj,,_,. From Lemma 3.4.3 we have

(1) um = z or (um,2) € Aj

m-—17
(ii) v, = w or (w,v,) € Ag,_,.
Therefore, p(u,,) > p(z) and p(w) > p(v,). It follows that p(w) > p(z) since
P(um) = P(vy). Thus the induction assumption is true for m = k&, which is the

required conclusion.

For a € Ap- — Az, the proof is similar. O
1

From Lemma 3.7.7, the arc length /(a) defined in Step 2 is nonnegative for each
a € Aa. Consequently, p(v) is well defined and can be computed efficiently by Dijkstra’s

algorithm.

Lemma 3.7.8: The output A = (B, M, B~) of procedure SuccessiveShortestPath is

a 2e-optimal independent assignment with respect to the corresponding p and c.

Proof: From (3.7.23) we have |éa(a) —ca(a)|] < 2¢ for all a € Ax. Hence, the present

lemma follows from Lemma 3.7.7. O
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3.8. The Complexity of the Algorithm

In the algorithm we assume an oracle, called an independence oracle, for testing whether
a given set is independent. Clearly, in our algorithm procedure Refine is executed
O(log(rC)) times. Procedure Refine is divided into procedures Auction and Succes-

siveShortestPath. We first analyze procedure Auction.

Lemma 3.8.1: During an execution of procedure Auction each vertex in V* can be
relabeled at most L + 4 times and thus the total number of relabeling operations is at
most (L + 4)|V*|.

Proof: For each v € V* we relabel v only when it is relabeled less than L+4 times.
So, 1t is relabeled at most L + 4 times. For each v € V7, at the moment of the last
relabeling on u, there exists v € V7T such that (v,u) is admissible. Thus we have
p(v) — p(u) + c(v,u) < 0. Denote the potential obtained at the end of Step 1 by
p. Then, A = (B*,M,B~) in Step 1 is a 0-optimal independent partial assignment

associated with p. Since (v,u) € Aa, we have p(v) — p(u) + ¢(v,u) > 0. Hence,

p(w) = B(x) > p(v) + e(v,u) — B(v) — e(v,u) > —(L + 4)e. (3.8.33)
Therefore, u can be relabeled at most L + 4 times. a
Lemma 3.8.2: The total number of push operations during an execution of procedure
Auction is at most (L + 4)|V*|.

Proof: Since each push operation is followed by a relabeling operation, the present

lemma follows from Lemma 3.8.1. a

Each push or relabeling operation requires O(|V*|) time for searching an arc. Hence,

we have
Theorem 3.8.3: The complexity of procedure Auction is O(L|V*|?). O
The efficiency of our algorithm depends on the size of the final M obtained by

procedure Auction which can be controlled by the choice of L. A relation between L

and the size of M will be given in Lemma 3.8.5.
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Assume that the outputs of procedure Auction are A = (B™,M,B~) and p, and
the input is p;. Let A, = (B;, My, By) be a 4¢-optimal independent assignment with
respect to p;. If BT — By is not empty, suppose B* — Bff = {v,--,v}} and put
Ctr=CHBf|vf) (1=1,---,t). Also define

TH =K"(Bt|lvH) —vf (i=1,---,¢t). (3.8.34)

1

Apply Lemma 3.4.4 to these two families {C;F |1 =1,---,t} and {7 |1 =1, --,t},
let {uf, --,uf} (= Bff — BY) be the common transversal of them. (It may be noted
here that obtaining a transversal of each of the two families is enough for the present
argument, but we use Lemma 3.4.4 that appeared in the original version of [38].) Then,

for a bijection f from {1,---,t} to itself we have uj € C;“(i) NT foreachi =1, --,¢t,

ie, (vj,uf) € Ax and (U:F,U}Lm) € Ajp, foreach v =1,---,t. Similarly, if By — B~
is not empty, suppose By — B~ = {vy,---,v;} and let {ul, -, u;} (= B~ — By) be
the common transversal of C; = C7(B7|v; ) (1 =1, --,s) and

T =K (By|v,)—v; (1=1,---,s). (3.8.35)
There exists a bijection g from {1,---,s} to itself such that (v;,u;) € Aa and
(ui,vgs) € Aa, foreachi=1,.--,s.

For each vertex v € V in a directed graph G = (V, A) we define

dfv {a|a€ A 0Ya =0}, (3.8.36)
dgv = Hal|ae€ A, 07a=uv}|. (3.8.37)

We consider two directed graphs H = (W, F) and H; = (W, F}) that are, respec-
tively, subgraphs of Max and NMa, with W = Bf UBT U By U B~ and

F o= MUMUUL {0} U U e)), (3.8.38)
FL o= K UMU UL (o)) U (U o)) (3.8.39)

Let ST = Bt —9*M and S~ = B~ — 9~ M. Note that B = 8 M, and By = 0~ M;.
It is easy to verify the following properties of H and H;:

dfv=dpv=djv=dzv=1 forveW-5"-57, (3.8.40)
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1 forveSt
dfv=dz v = .8.41
v = di,v { 0 forve S~ (3.8.41)
and
0 forvesSTt
v =d} v = .8.42
dyv = di,v { 1 for ve ST, (3:842)
It follows from (3.8.40)~(3.8.42) that
the graph H = (W, F') is decomposed into |S*| (= |S7|) vertex-disjoint (3.8.43)
directed paths from St to S~ and some vertex-disjoint directed cycles, o
the graph H, = (W, F}) is decomposed into |S~| (= |S*]|) vertex-disjoint (3.8.44)
directed paths from S~ to S* and some vertex-disjoint directed cycles. e
Lemma 3.7.4 follows from (3.8.43). Furthermore, we have
|F|=|F|=r+|M|+s+t<3+|M|. (3.8.45)

Let |z be the largest integer not exceeding @ and [z] be the smallest integer not

less than z.

Lemma 3.8.4: The arc set F defined in (3.8.38) has no less than [(r —|M|)L/5] arcs.

Proof: Let Ay = (Bit, My, By), A = (Bt,M,B™), p; and p be those appearing above.
From (3.8.43) and the e-optimality of A = (B*,M,B~) in Ny we have
doeapla)= > pv) — > p(v) + > cala) > —|F|e. (3.8.46)
aEF ves+ veS— aEF
On the other hand, from (3.8.44) and the 4¢-optimality of A; we have
Yocarmla)= 3 pi(v) = Y p(v)+ Y ca,la) > —4|Fie. (3.8.47)
a€Fy vES— veSt a€l
Note that p(v) = p1(v) — 4e for v € S7, since the potential of sink vertex v decreases
by 4e at the beginning of procedure Auction and then remains unchanged. From the
termination condition of procedure Auction, we have p(v) = py(v)—(L+4)e forv € S*.
Also, Yuer, €a,(a) = = Yaer ca(a). Hence, from (3.8.46) and (3.8.47),

—|Fle < > p(w) = Y plv)+ ) cala) (3.8.48)

veSt veES™ aEF
= > () = (L+4)e) = > (mv) —4e) = 3 ca,la)
veSt vES— a€Fy

VAN

—(r — |M|)Le + 4| Fy|e.
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Consequently, |F| > [(r — |M|[)L/5]. O
From Lemma 3.8.4 we have

Lemma 3.8.5: Let A = (B, M,B~) be the output of procedure Auction. Then we
have |M| > [(r — |M|)L/5] — 3r. If we choose L > 207, then |M| = r.

Proof: It easily follows from (3.8.45) and Lemma 3.8.4 that | M| > [(r—|M|)L/5]—3r.
Let L be not less than 20r. If |M| # r, i.e,, » — |[M| > 1, then the above inequality
would imply |M| > [L/5] — 3r = 4r — 3r = r, a contradiction. Therefore, |M| =r. O

Next, we turn to analyze procedure SuccessiveShortestPath. In each iteration of
Steps 2 and 3 in procedure SuccessiveShortestPath, M is augmented by one. Therefore,
the number of such iterations is r — |M|, where A = (B*, M, B~) is the input. The
dominating part of the computation is Dijkstra’s algorithm for finding p(v) and the

required shortest directed path, which requires O(|V*|?) times. Hence, we get

Theorem 3.8.6: The complexity of procedure SuccessiveShortestPath is O((r — | M|)
[V*|?) when M is the input. O

Finally, we have

Theorem 3.8.7: If we choose L = [20+/r — 5], then the complexity of the optimal

independent assignment algorithm is O(,/7|V*|? log(rC)) with the independence oracle.

Proof: Procedure Refine is executed O(log(rC)) times. From (3.8.45) and Lemma
3.8.4 we have 3r+|M| > [(r—|M|)L/5]. When L = [20/7—5], we have r— | M| < /r.

Hence, Theorems 3.8.3 and 3.8.6 imply the present theorem. (.
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Chapter 4.

A Cost Scaling Algorithm for Minimum-Cost
Submodular Flows

4.1. The Minimum-Cost Submodular Flow Problem and the
Optimality Condition

In this chapter, we consider the problem of finding minimum-cost submodular flows. An
algorithm for the problem is constructed which is a generalization of the algorithm for
minimum-cost flows devised by A.V. Goldberg and R. E. Tarjan ([44]). Our algorithm
uses the technique of cost scaling, the complexity of the algorithm is proved to be
pseudo-polynomial and in case of minimum-cost 0-1 submodular flows the complexity
is polynomial.

The definition of the minimum-cost submodular flow problem is given below. Let
G = (V,A) be a directed graph with a vertex set V' (|V| = n) and an arc set A
(|A] = m) with no self-loop and no multiple edges. Also let function ¢: A — Z (the set
of all integers) be an upper capacity function, ¢ : A — Z be a lower capacity function
and v: A — Z be a cost function. D C 2V is a family with 0,V € D and closed with
respect to the set union and intersection. f : D — Z is a submodular function on D
with f(0) = f(V) = 0. Given a flow function ¢ : A — R, if

cla) < p(a) < &(a) (a € 4), (4.1.1)

then ¢ is said to be a feasible flow.

A minimum-cost submodular flow (or an optimal submodular flow) is a feasible flow
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¢ : A — R which is a solution to the following Problem (Py):

(Ps) Minimize Y v(a)¢(a) (4.1.2)
subject to ¢(a) < p(a) < &(a) (a € A), (4.1.3)
Oy € B(/f). (4.1.4)

A flow ¢ satisfying (4.1.3) and (4.1.4) is called a submodular flow. The following

theorem is concerned with the existence of a submodular flow .

Theorem 4.1.1 ([24]): There exists a submodular flow for the submodular flow prob-
lem (Py) if and only if
VX € D: (k)P (X) < f(X) (4.1.5)

or
VX €D: g(AX) = ¢(ATX) + f(X) >0, (4.1.6)

where for each X CV A*X ={a|a€ A 0Ta€ X, 07a €V - X} and A X =
{ala€ A, 07aeX, 0taeV - X}. m|

Since the capacity functions take finite real values, the set of all feasible solution
of Problem (P;) is a bounded and closed set. It follows that there exists an optimal
solution of Problem (Py) if the problem is feasible. We adopt a theorem from [34, p.

136], which shows an optimality condition for submodular flows.

Theorem 4.1.2: A submodular flow ¢ : A — R for Problem (Ps) is optimal if and
only if there exists a function p : V — R such that, defining v, : A — R by

Yp(a) = v(a) + p(0Fa) — p(0~a) (a € A), (4.1.7)
we have for each a € A

Yp(a) > 0 => p(a) = c¢(a), (4.1.8)

Tp(a) <0 = ¢(a) = &(a) (4.1.9)
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and such that the boundary d¢ : V — R is a maximum weight base of B(f) with

respect to the weight function p i.e.,

Y dp(v)p(v) = max{>_ a( v) | z € B(f)}. (4.1.10)

veV veV

O

Given a pair A = (i, z) called a submodular pseudo-flow formed by a feasible flow
¢ and a base z € B(f), we define an auxiliary network Na = (Ga = (V, Aar),ca,7A)

where G is a directed graph with vertex set V' and arc set Ap. A is defined as

Ay = A,UB,UC, (4.1.11)
A, = {a|a€ A pla)<éla)}, (4.1.12)
B, = {a|a€ A,p(@)>c(a)} (a:a reorientation of a), (4.1.13)
C, = {(u,v)|u,v€eV, uedep(z,v)—{v}}. (4.114)

The capacity function ca : Ax — R is given by

&(a) —p(a) (a € Ay)
cala) =< ¢(a) —c¢(a) (a € By, @ (€ A): areorientation of a) (4.1.15)
c(z,v,u) (a = (u,v) € C,)

and ya : Ax — R is the length function given by

v(a)  (e€Ay)
ala) = ¢ —v(@) (a € By, a (E A) : a reorientation of a) (4.1.16)
0 (¢ = (u,v) € C2).

Theorem 4.1.3 ([34, p. 137]): A submodular flow ¢ : A — R for Problem (Py) is
optimal if and only if there exists no directed cycle of negative length, relative to
the length function A, in the auxiliary network Na = (Ga = (V, Aa),ca,va) where
A = (p,z) with z = Jep. O

Using the auxiliary network Na = (Ga = (V, AA),ca,7a) and Lemma 1.5.5, we can

rewrite the optimality condition given by Theorem 4.1.2 as follows.
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Theorem 4.1.4: A submodular flow ¢ : A — R for Problem (Py) is optimal if and

only if there exists a function p: V — R such that, defining ya, : Aan — R by
Yapla) =vala) +p(0ta) — p(0~a) (a € An), (4.1.17)

we have for each a € Aa, vap(a) > 0, where A = (i, 2) with z = . O

For a positive real number ¢ we define e-optimality for a submodular pseudo-flow

A = (i, z). This concept is fundamental for our cost scaling algorithm.

Definition 4.1.5: A submodular pseudo-flow A = (¢, z) is said to be e-optimal if

there exists a potential function p: V' — R such that ya ,(a) > —c for alla € Ax. O

Put I' = max,eca |7(a)|. Then, we have

Lemma 4.1.6: Any submodular pseudo-flow is e-optimal for ¢ > I" and any e-optimal

submodular flow (z = 0p) with ¢ < 1/|V] is an optimal submodular flow.

Proof: The first part of the lemma can be verified by taking p = 0. For the second
part of the lemma, we see that if ¢ < 1/|V|, then there is no negative directed cycle
in Na = (Ga = (V,An),ca,va), since the length 3 ,ccva(a) = Xeec Yap(a) of each
cycle C is an integer and is greater than or equal to —¢|V/| > —1. Hence, the optimality

of the submodular flow follows from Theorem 4.1.3. O

4.2. Examples of Submodular Flow Problems

In this section we describe several examples of submodular flow problems.

Strongly-connected orientation. Consider an undirected graph G, = (V, E), the
k-strongly-connected orientation problem is to orient all edges of G, to make it k-
strongly-connected for a given positive integer k or show this is impossible. In the
minimume-cost k-strongly-connected orientation problem each orientation of an edge
has a cost and we seek a k-strongly-connected orientation of smallest possible cost. In
[23], A. Frank has formulated this problem as a minimum-cost 0-1 submodular flow

problem with the submodular function p(X) — &k (cf. Theorem 1.4.2).
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Reachability orientation. Consider a mixed graph, with both directed arcs and
undirected edges. Let s be a fixed vertex of the graph. The k-reachability orientation
problem is to orient the undirected edges so that each vertex can be reached by k arc-
disjoint directed path from s. The minimum-cost k-reachability orientation problem
(defined similarly) can be formulated as a minimum-cost 0-1 submodular flow problem.
Both problems are related to the reliability theory.

Vertex reachability. Consider a directed graph G = (V, A) with nonnegative arc-
costs and a distinguished vertex s. The minimum-cost k-vertez-reachability problem is
to find a minimum-cost set B of arcs such that any vertex can be reached from s by k
vertex-disjoint directed paths consisting only arcs in B. A. Frank and E. Tardos [26]
reduce this problem to a minimum-cost 0-1 submodular flow problem. It is a natural
extension of the minimum-cost spanning arborescence problem.

Independent flow problem. Consider a network
N=(G=(V,A),St,S7,¢c¢ (D", fH),(D,f),7), (4.2.18)

where S*,5~ C V with ST NS~ =0, ¢ (¢) is the upper (lower) capacity function on
A, (Dt f*) (D™, f7)) is a submodular system on St (S7), and 7 is the cost function

on A. The minimum-cost independent flow problem is defined by

Minimize Yacav(a)p(a) (4.2.19)
subject to c(a) < p(a) <&a) (a € A), (4.2.20)
(99)" € B(f*), (9¢)5" € B(f"), (42.21)
dp(v)=0(veV -8TNS). (4.2.22)

Here, (0¢)5" ((8p)57) is the restriction of dp : V — R to S (57).

The independent flow problem was first considered by S. Fujishige [28] which is
the generalization of both the independent assignment problem and the submodular
intersection problem. The problem has many engineering applications (see [51, 52]).
Also, the independent flow problem can be reduced to a submodular flow problem and
vice versa (see [34]).

Polymatroidal low problem. Consider a network

N =(G=(V,A),¢,7(DJ, 1) (Dy £, ) (v € V), (4.2.23)
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where ¢ is a lower capacity function on A, 7 is a cost function on A, and (D;, f.)
((D;, f;7)) is a submodular system on é*v (6~ v) for each v € V (see Section 1.2 for
definitions of §tv and 6~v). The polymatroidal flow problem (R. Hassin [48] and E. L.
Lawler and C. U. Martel [60, 61]) is given as follows

Minimize Sacav(@)pla) (4.2.24)
subject to cla) < pla) (a € A), (4.2.25)
Ve P(fF), 0T eP(f) (veV), (4.2.26)

dp(v) =0 (vevV), (4.2.27)

where ©*"¥ (%7") is the restriction of v : A — R to §Tv (6 v). In [63] an application
of the polymatroidal flow problem to multiprocessor scheduling problems has been
studied. Also, the polymatroidal flow problem can be reduced to a submodular flow

problem and vice versa (see [34]).

4.3. A Cost Scaling Algorithm

In our cost scaling algorithm, we execute a procedure called Refine which converts a
2e-optimal submodular flow to an e-optimal submodular pseudo-flow and then converts
it to an e-optimal submodular flow. Two basic operationé called Relabel and Push are
performed in procedure Refine. Given a submodular pseudo-flow A = (¢, z) and the
corresponding auxiliary network Na = (Ga = (V, Anr),ca,7a), suppose that we have
a potential function p such that A is e-optimal with respect to p. For each v € V let
e(v) = z(v) — dp(v), which is called the excess on v. If e(v) > 0, then v is called an
active vertex.

For an e-optimal submodular pseudo-flow with respect to a potential p, an arc
a € A is called an admissible arcin Na = (Ga = (V, Aa),ca,va) if —€ < ya,(a) <O0.
Note that in our algorithm p(v)/e for any v € V is always an integer, and hence for
each @ € C, a is an admissible arc if and only if ya p(a) = —¢.

The relabeling operation on v € V' is defined as:
Relabel(v): Applicability: e(v) > 0 and for any a € Ax with 0Ta = v we have
Yapla) > 0;
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Action: p(v) « p(v) — e.

The push operation on (v, w) € Ap is defined as:
Pushl(v, w): Applicability: e(v) > 0, 4 »(v,w) < 0 and (v, w) € A, U By;
Action:

If (v,w) € A,, then (v, w) — w(v,w) + min(e(v),ca(v,w)).
If (v,w) € B, then p(w,v) — @(w,v) — min(e(v), ca(v, w)).
Push2(v,w): Applicability: e(v) > 0, (v,w) € C, and ya (v, w) = —¢.

(@)

Action: z « 7z + a(xw — Xo) Where @ = min(e(v), ca(v, w)).

Lemma 4.3.1: If v is an active vertex, then either a push for some a € Aa with

0%ta = v or a relabel of v is applicable. O

An algorithm for the minimum-cost submodular flow problem is described as follows.
The L in the input can be any positive integer at the moment and will be appropriately

determined in the next section.

Algorithm Minimum-Cost Submodular Flow.

Input: N = (G = (V,A),¢,¢,7,(D, f)), a positive integer L, a potential p = 0 and
e =TI'/2 = max{|v(a)]|/2 | a € A}.

Output: A minimum-cost submodular flow ¢ in V.

Step 1: While € > 1/(2|V]), perform procedure Refine(e, L, p) and put € «— /2.
(End)

Procedure Refine(e, L, p).

Input: ¢, L, and p such that there exists a 2e-optimal submodular flow ¢ with respect
to p.

Output: A potential p and an e-optimal submodular flow ¢ with respect to p.

Step 0: For the current p, find an integer vector zg in B(f) such that

> p(v)z(v) = max > pw)7 (v). (4.3.28)
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Put z « zg. For each (v,w) € A, if y4 ,(v,w) < 0 then put

(v, w) — &(v, W),

otherwise put

(v, w) —c(v,w).

Put A « (¢, 2).

Step 1: While there exists a vertex v € V' that satisfies e(v) > 0 and has been rela-
beled less than L times, choose one such vertex v and do the following (1-1)~(1-3) (if
there exists no such vertex, then the procedure terminates and let the current ¢, € and
p be the output).

(1-1) Applicability: For any a € Ax with 3Ta = v we have ya ,(a) > 0;

p(v) < p(v) —¢.

(1-2) Applicability: ya »(v,w) < 0 and (v, w) € A, U By;

Perform Pushl(v,w).

(1-3) Applicability: ya »(v, w) = —¢ and (v, w) € C;

Perform Push2(v, w).

(End)

We have the following lemmas.

Lemma 4.3.2 (cf. Lemma 1.5.5): The submodular pseudo-flow A defined in Step 0

of procedure Refine is 0-optimal with respect to the potential function in the input.

Proof: ~a(a) > 0foreach a € A, UB, is directly from the definition of ¢. ya ,(a) > 0

for each a € C, 1s from Lemma 1.5.5. O

Lemma 4.3.3: The relabeling operation in procedure Refine keeps the e-optimality of

A = (p,z) with respect to the updated potential p. |

Lemma 4.3.4: Both two types of push operations keep A = (p,z) a submodular

pseudo-flow and the e-optimality of A = (i, z) with respect to the current potential p.

Proof: Since the potential function is not changed, it is enough to prove that ya ,(a) >

—e for any new arc generated by a push.
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Suppose (w, s) is a new arc after a push operation on an admissible arc (u,v) € C,.
By Lemma 1.4.12 we have
1) u=sor (u,s) € C, and
) v=wor (w,v) € C,.

If uw# s and w # v, from i) we have p(u) — p(s) > —e and from ii) we have

p(w) — p(v) > —¢. Hence
P(w) = p(s) > p(v) — p(s) — ¢ = p(u) + £ — pls) — £ > <. (4.3.29)
Ifu=sand w # v, then

p(w) —p(s) = p(v) — p(s) — e = p(v) = p(u) —e = 0. (4.3.30)

If u # s and w = v, then
p(w) = p(s) 2 p(w) — p(u) — & = p(v) — p(u) —¢ =0, (4.3.31)

If u=s and w = v, then p(w) — p(s) = p(v) — p(u) = ¢.
Therefore ya »(w, s) > —e holds.
A push on an admissible arc (u,v) € A, U B, only produces a new arc (v,u) for

which we have ya (v, u) + p(v) — p(u) > 0. a

Lemma 4.3.5: At the end of procedure Refine, the outputs are a potential p and an

e-optimal submodular flow with respect to the potential p. a

Proof: The present lemma is from Lemma 4.3.3, 4.3.4, ¢ > z (since e(v) < 0) and
2(V) = f(V) =0¢(V) = 0.

4.4. The Complexity of the Algorithm

Our cost scaling algorithm repeatedly performs procedure Refine. Obviously the it-
eration number of procedure Refine is O(log(]V|T')) due to Lemmas 4.3.5 and 4.1.6.
In this section, the complexity of procedure Refine is analyzed. We first estimate the
number of relabelings on each vertex in V' during an execution of procedure Refine and
then estimate the number of pushes during an execution of procedure Refine.

We give a lemma and a corollary of it where f(V') = 0 is not assumed.
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Lemma 4.4.1: Let 2,2’ € B(f) and 2(v),2'(v) > 0 for all v € V', where (D, f) is a
submodular system on V. Suppose that for a potential function p:V — R ande > 0
we have p(u) — p(v) > —e¢ for any w,v € V with u € dep(z,v) — {v}. Then,

Y p(v)(z(v) — Z(v)) = —ef(V). (4.4.32)

veV
Proof: Define a bipartite graph G, = (V,V'; A,) where V' is a copy of V and A, =
{(u, ") | u,v € V,u € dep(z,v)}. The upper capacities of the arcs in A, are assumed
to be infinity and the lower capacities of the arcs in A, are assumed to be zero. For
any subset U of V let W = {w | w € V, v € U, (w,u) € A,}. It follows from
the definition of A,, W, Lemma 1.4.3 and Equation (1.4.11) that 2(W) = f(W) and
U C W. Hence 2/(U) < 2/(W) < f(W) = z(W). Consequently, from Theorem 1.2.2,

there exists a function ¢ : A, — Ry such that

g(6Tu) = 2(u) (ueV), g(67v') = (") (W eV, (4.4.33)

where
§Tu = {(u,v") | v € V', (u,v) € A, }, (4.4.34)
60 = {(u,v') | u eV, (u) e ALl (4.4.35)

and 2/(v') = 2/(v) for v € V.
Define p(v') = p(v) for v' € V'. Then,

= > z(wp(u) = > A (W)p()
ueV eV’
=Y g(6Tup(u) — 3 g(670 )p(v')
uev v'ev!
— Z (p(0*ta) — p(0~a))g(a)
> —c Y gla)
a€A,
=—e Y 2(u)
ueV
V), (4.4.36)
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Corollary 4.4.2: Let z,2 € B(f) andd € RV be such that z(v)+d(v), ' (v)+d(v) > 0
for allv € V, where (D, f) is a submodular system on V. Suppose that for a potential
function p : V. — R and ¢ > 0 we have p(u) — p(v) > —¢ for any u,v € V with
u € dep(z,v) — {v}. Then,

> p(v)(2(v) = Z(v)) = —e(F(V) + d(V)). (4.4.37)

veV
O

Let A" = (¢/,7 = 9¢') be a 2¢-optimal submodular flow with respect to p’ and
A = (yp,z) be an e-optimal submodular pseudo-flow with respect to p, where p’ is
the input of an execution of procedure Refine and A = (¢, z) and p are the current
submodular pseudo-flow and the corresponding potential function within the execution

of procedure Refine. Define

St = {veV]z2w) - 0p(v) >0}, (4.4.38)
ST = {veV|z(v) - dpv) <0}, (4.4.39)
Be = {(wv) €A, | ¢(u0) > plu0)}

U{(w,v) € B, | p(v,u) > ¢'(v,u)}, (4.4.40)
B = {(19) € Ay | 9l,0) > #(u,0)}

U{(u,v) € By | ¢'(v,u) > ¢o(v,u)}. (4.4.41)

Note that p'(v) = p(v) for v € S~ since we only relabel active vertices. Then,

aegm Yap(a)(¢'(a) = pla)) + ae};% Yap(a)(e(a) - ¢'(a))
= aegw Ya(a)(¥'(a) — p(a)) + GE;&’ 1a(a)(p(a) — ¢ (@)
+ aegmv(p(a”*a) ~ p(07a))(¥'(a) = w(a))
+ ae};B (p(07a) — p(07a))((a) - ¢'(a))
= ae§_4¢¢7A(a)(s0’(a) —p(a)) + aemZan 1a(a)(¢(a) - ¢'(a))

+y p) > (¢(a) = la)) + > (ea) - ¢(@)

veV a€E;NA,, 0ta=v a€ELNB,, 0ta=v
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— > p(v)( > (¢'(a) = p(a)) + > (p(a) - ¢'(a)))

veV a€E NA,, d—a=v a€EE4NBy,, 0~ a=v

= > )@@ —pl)+ Y vala)w(a)-¢'(a)
a€E4NA, a€ELNB,

- va — 8¢/ (v))

= > 1(a)@(@) —pa)+ > rale)e(@) - ¢'(a)
a€ELNA, a€E4NB,

- va v)(0p(v) — 2(v)) = Y p(v)(2(v) — 2'(v))
VE veV

= Y yale)@(@)—ea)+ 3 qala)(p(a) - ¢'(a))
acE4fNA, a€ELNB,

= > p(v)(0p(v) — 2(v)) — > p()(Fp(v) — 2(v))
veSt vEST

= p(v)(2(v) = #(v)). (4.4.42)

veV

On the other hand, we have

Yo vap(a)(e@) —¢@)+ D> yap(a)(¢(a) - (@)

aEE-ﬂA‘p/ aEE_ﬂB¢r

= EZA var(a)(w(a) — ¢'(a) + EZB var(a)(¢'(a) — ©(a))

+ Y (P(0%a) - (87 a)(p(a) — ¢'(a))

+ Z (P'(0%a) — p'(07a)) (¢ (@) — p(a))

= Y yala)ela)-¢'@)+ Y yale)(¢(@) - p(a)
a€E_NA, a€E_NB,

+ Y pu) Z (p(a) — ¢ (a)) + > (¢'(@) — p(a)))
veV a€B_NA, , Ota=v a€E_NB_/, 0ta=v

- P(v)( Z (¢(a) — ¢'(a)) + > (¢'(a) — ©(a)))
veV a€E NA, —a=v a€E_NB_, d—a=v

= > afa )(w(a) —¢'(a)) + EZB Yar(a)(¢'(@) — ¢(a))

r— Y p(0)(0¢' (v) — dp(v))

= > yala)ela) = (@) + DY ala)@' (@) — ¢(a))
aeE..ﬂAw GEE.—anI

= 2P (0)(2(v) = Bp(v)) = 3 P (v)(Z(v) — 2(v))

veV veV
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= > ala)e(a) =)+ Y yala)¥(a) - e(a))

aeE_ﬂAv/ CLEE_ﬂB‘pf

— > P(0)(2(v) — () = Y P'(v)(2(v) — dp(v))
wveS+ veES™

= 2P () (v) = 2(v)). (4.4.43)
veV

From (4.4.42),

> vala)(@(a) —ela))+ > yala)(e(a) - ¢'(a))

ae—mg:p(v)(@w(v) - 2(v)) - S_E;;Sw(aw@) — 2(v))

= :E;W Yap(a)(¢'(a) - 99(;)6)5+ ae%& Yap(a)(p(a) — ¢'(a))

+ ZVP@)(Z(@) — 2 (v))

> ieed(V) - 6<a€E};4 (¢'(a) — ¢la)) + aegm (p(a) - ¢'(a)). (4.4.44)

From (4.4.43),

Y a(a)ela) = ¢a)+ D val(a)(¢(a) - ela))

e€E_NA, a€E_NB,

— 2 P()(2(v) = 0p(v)) = > P(v)(2(v) — 0p(v))
veSt vES™

= > vagla)ea) -¢ @)+ > yawp(a)(@(a) - )
aEE_ﬂ_4¢; aEE_ﬂB(P:

+ 3 P()(#(v) = 2(v))

> —2edV) 26 T () ~d@) T (@)~ wla) (4449

Putting U = max,ca(|¢(a)| + |c(a)|) and adding the above two inequalities, we have

> (®'(v) — p(v)(2(v) — Bp(v)) < 3ed(V) + 12emU. (4.4.46)
vEST
Lemma 4.4.3: If for a submodular pseudo-flow A = (¢, z) in procedure Refine, there
exists v € V such that e(v) > 0 and {a|a € Axr,07a = v} = 0, then Problem (P;) is

infeasible.
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Proof: If Problem (P;) is feasible, then procedure Refine is well defined since any
submodular flow is ['-optimal with respect to p = 0 which is the input for the first
procedure Refine. Let the current potential function be p and the potential function
in inputs be p’. The inequality (4.4.46) holds. But {a|a € Ax,0%a = v} = 0 implies
that relabeling operations can be carried out any times on v. This is impossible by
(4.4.46). Therefore, Problem (Py) is infeasible. O

If ¢, ¢, z and ¢ are integer vectors, f is an integer valued function and procedure
Refine terminates when each active vertex is relabeled L (an integer) times, then from
(4.4.46)

> Le < 32 (P'(v) — p(v))(2(v) = 8p(v)). (4.4.47)

veEST veS+
Hence,

L < (3d(V) + 12mU)/|SH|. (4.4.48)

Theorem 4.4.4: If we take L > 3d(V') + 12mU and relabel each vertex at most L

times, then procedure Refine terminates at (¢, z) such that z = 9.

Proof: Suppose on the contrary that procedure Refine terminates with (¢, z) such
that z # 0, i.e., ST # (). Then, the remaining active vertices are all relabeled exactly

L times. Hence,
L < (3d(V)+ 12mU)/|ST| < 3d(V) + 12mU. (4.4.49)

This is a contradiction. d

Define z(v) = —=U|év| for each v € V, where
6v = {(u,w) | (v,w) € A,u =v or w=v}. (4.4.50)

If Problem (P;) has a feasible solution ¢, then z € P(f) since 2 < ¢ € B(f). Let
f» be the contraction of f by the vector z. Replacing f by f, in Problem (P;) does
not change the set of all feasible submodular flows. For given z, 2 € B(f,) as above,
we have z — 2 > 0 and 2/ — 2 > 0 from Lemma 1.4.13. Then, from (4.4.46) and
—2(V) = X,ev Uldv| < 2mU we have

> (p'(v) — p(v))(2(v) — dp(v)) < 18emU. (4.4.51)

veS+
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Theorem 4.4.5: If we take L = 18mU + 1 and relabel each vertex at most L times,

then procedure Refine terminates at ((, z) such that z = dp.

Proof: Let d = —x, the present theorem follows from Theorem 4.4.4. o

For a 0-1 minimum-cost submodular flow problem, we have

> (') = p(v))(2(v) — dp(v)) < 18em. (4.4.52)

vEST

Inequality (4.4.52) is essential to construct a hybrid version algorithm for a 0-1 minimum-
cost submodular flow problem which is similar to the approach in Chapter 3.

To estimate the number of pushes, we must make refinements on the order of basic
operations to be carried out. First we make refinements on the order of selecting active
vertices for operations of relabeling and push. We use a topological numbering on V'
which was initiated by H. N. Gabow and Y. Xu [40] for constructing a valid augmenting
path.

Let 7: V — Z, be a nonnegative integer function on V. 7 is said to be a topological
numbering on V if it satisfies the following:

(T1) If @ is an admissible arc, 7(07a) > 7(0~a),
(T2) If @ is an admissible arc in A, U B, 7(0%a) > 7(07a).

Definition 4.4.6: An admissible arc a € Ap is called a strongly admissible arc if
a € A,U By, or a € C, with 7(0%7a) = 7(07a). O

Lemma 4.4.7: A push operation on a strongly admissible arc keeps T a topological

numbering on V.

Proof: Suppose (w, s) is a new admissible arc after a push operation on a strongly
admissible arc (u,v) € C,. By Lemma 1.4.12, we have
1)u=sor(u,s) €C, and
i) v =w or (w,v) € C,.
If uw # s and w # v, from 1) we have p(u) — p(s) > —¢ and from ii) we have

p(w) — p(v) > —e. Since (w, s) is admissible, so

p(u) 2 p(s) —e = p(w) 2 p(v) — € = p(uv). (4.4.53)



A Cost Scaling Algorithm for Minimum-Cost Submodular Flows 80

Therefore, equality holds throughout the above inequalities and consequently (u, s) and
(w,v) are admissible arcs. Thus 7(w) > 7(v) = T(u) > 7(s).
[fu=sand w# v, then p(u) = p(s) = p(w) +¢ > p(v) = p(u) + ¢, a contradiction.
Ifu# s and w =, then p(u) > p(s) —e = p(w) = p(v) = p(u) +¢, a contradiction.
If w=sand w = v, then p(w) — p(s) = p(v) — p(u) = e, which implies that (w, s)
1s not an admissible arc in this case.
A push on an admissible arc (u,v) € A, U B, only produces a new arc (v, u) which

is not an admissible arc since ya(v,u) + p(v) — p(u) > 0. a

Suppose a relabeling is performed on v. Let 7' be the maximum value of current
7. Put T «— T + 1 and then put 7(v) <« T. The modified 7 is a valid topological
numbering on V', since there is no admissible arc going into v right after v is relabeled.
If during the algorithm we find that there is no strong admissible arc going out from
v, then 7(v) is replaced by max{7(w) | (v,w) € C, is admissible}. The modified 7 is
still a valid topological numbering on V.

Now, we define a list L(; ) of V. The vertices of V' in L, ;) are arranged in the order
of the decreasing magnitude of the values of 7. For the vertices having the same value
of 7, we arrange these vertices in the order of the increasing magnitude of the values
of p. For the vertices having the same values of 7 and of p, they can be ordered in any
way. In list L, ) there is a vertex called the current vertex of L, ). Since 7(v) > 7(w)
holds for each admissible arc (v,w) € A, U B, and 7(v) > 7(w), p(v) = p(w) — € holds
for each admissible arc (v, w) € C,, we have an important property of list L py, 1€, 1f
(v, w) in Aa is an admissible arc, then v appears before w in L.

Initially, 7(v) = 0 (v € V), L(;p contains the vertices in V' in the order of the
increasing magnitude of the values of p and the current vertex of L., is the first
vertex of L(;,). 7 = 0 is a topological numbering for the initial A of procedure
Refine since A is 0-optimal by Lemma 4.3.2 and thus there is no admissible arc in
Na = (Ga = (V,An), ca,7a)-

In the following we make refinements on the order of the push operations to be
carried out. Let 7 : V — {1,2,...,n} be a one-to-one mapping, i.e., a numbering of the

vertices in V. Based on this 7, we define a list L, on V' by the rule:

v is before w on L, <= 7(v) > w(w) (4.4.54)
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for any v,w € V. For a fixed u in V, we define a list List,(u) on the ordered pair set
{(u,v) | v eV — {u}} by

(u,v) is before (u,w) on List,(u) <= v is before w on L, (v, w # u). (4.4.55)

In List,(u) there is an element called the current arc of w. Initially, the current arc
of u is the first element in List,(u). We should point out that list L, ,) is used in
selecting active vertices and has no relation to the definition of current arcs. We give
an implementation of procedure Refine which is called the first-active implementation.
Procedure Refine(e, L, p) (first-active implementation).

Input: ¢, L = 18mU + 1, and p such that there exists a 2e-optimal submodular flow
 with respect to p.

Output: A potential p and an e-optimal submodular flow ¢ with respect to p.

Step 0: For the current p, find an integer vector zp in B(f) such that

> p(v)zo(v) = max > p(v)Z'(v). (4.4.56)

veV 2'€B(f) ey

Put z « z5. For each (v,w) € A, if ya (v, w) < 0 then put

(v, w) — &(v, w),

otherwise put

p(v, w) «—c(v,w)."

Put A « (¢, 2).

Step 1: Let L., be thelist of V' and v be the current vertex. If v is an active vertex
and relabeled less than L times, go to Step 2. If v is not the last vertex of L, ,y, replace
v as the current vertex by the vertex right after v on L(;,) and go to the beginning
of Step 1. If v is the last vertex of L(,;), then output the current potential p and
e-optimal submodular flow ¢ with respect to p and stop.

Step 2: Let (v, w) be the current arc of v.

(2-1) Applicability: ya (v, w) < 0 and (v, w) € A, U By;

Perform Pushl(v,w). Go to Step 1.

(2-2) Applicability: ya »(v,w) = —¢ and (v, w) € C, is strongly admissible;

Perform Push2(v,w). Go to Step 1.

(2-3) Applicability: (v,w) ¢ Aa, or (v,w) is not strongly admissible and not the last

element in List,(v);
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Replace the current arc (v, w) by (v,u) which is next to (v, w) in List.(v). Go to the
beginning of Step 2.

(2-4) Applicability: (v, w) is the last element in List,(v), (v,w) ¢ Aa or (v, w) is not
strongly admissible, and there is at least one admissible arc in List,(v);

Put 7(v) = max{7(w) | (v,w) € C, is admissible} and let (v, w) be the current arc of v
where (v, w) is the first admissible arc in List,(v) achieving the value max{7(u) | (v,u) €
C. is admissible} with v = w. Put v at the right position in L, ,) based on the new
values of 7(v) and p(v). If this changes the position of v, then let the vertex next to
v before the replacement be the current vertex and go to Step 1. Otherwise, perform
Push2(v,w) and go to Step 1.

(2-5) Applicability: (v, w) is the last element in List,(v) and there is no admissible arc
in List.(v);

p(v) = p)—¢e, T «—T+1and 7(v) « T. Place v at the beginning vertex of L, )
and let it be the current vertex. Go to Step 1.

(End)

Lemma 4.4.8: Throughout the algorithm the following property (x) is maintained:
() For each v € V and the current arc (v,w), any arc (v,u) € Ax lying before (v, w)

in List(v) Is not a strongly admissible arc.

Proof: Suppose that currently (%) holds and that the next basic operation is a relabel-
ing operation for a vertex ugp. This operation does not generate any new arc. Denote
the current potential function by p, and that after the operation by p’. Note that
p'(w) < p(w) (w € V). For ugp, the current arc for it is made to be the first element in
Listr(up). Furthermore, for any other v (v # ug) let (v, w) be the current arc of v and

(v,u) € Aa be the predecessor of (v, w). We have
Yo (v ) = calv, u) +p'(v) = p'(v) 2 ca(v,u) + p(v) = p(u). (4.4.57)

From (4.4.57) and since 7 is not changed for u # wug, (v,u) is still not a strongly
admissible arc. If u = ug, we have (v, ug) is not admissible since p(ug) is reduced by ¢.
Next, suppose that currently (*) holds and that the next basic operation is a push

for the current arc (u,v) € C, where (¢, z) is the current submodular pseudo-flow.
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We denote the submodular pseudo-flow after the push operation by (¢, 2’). Note that
potential p is not changed by the push. Therefore, it is sufficient to show that after
the push operation any new arc (w,s) € C, placed before the current arc in List,(w)
is not a strongly admissible arc. By Lemma 1.4.12, we havei) v = s or (u,s) € C, and
i) v =w or (w,v) € C,.

[fu # s and w # v. Suppose on the contrary that p(w)—p(s) = —e and 7(w) = 7(s).
It is showed in the proof of Lemma 4.4.7 that (u, s) and (w, v) are all strongly admissible
arcs. It follows that v is before s in L,. Hence (w, s) is after (w,v). By the induction
assumption, (w,v) is before the current arc of w and (w, v) is not a strongly admissible

arc before the push. It is a contradiction.

p(s)
Ifu+# s and w = v, then p(w) = p(v) = p(u) + € > p(s).
If u =15 and w = v, then p(w) — p(s) =p(v) —pu) =¢ > 0.
Hence, (x) holds after the push operation of type Push2.
For the push operation on (u,v) of type Pushl, the only new arc is (v, u) which is
not an admissible arc.

Finally, we note that the replacements in (2-4) of Step 2 maintain property (x). O

In the beginning of (2-4) of Step 2, there is at least one admissible arc in List,(v)
and the current arc is the last element of List,(v). From Lemma 4.4.8, there exists no
strongly admissible arc in List,(v). Since each admissible arc in A, U B,, is a strongly
admissible arc. Consequently, in List (v) there is no admissible arc in A, U B,, and
there is at least one admissible arc in C,. Hence, (2-4) of Step 2 is well defined. We note

that when entering Step 2, one and only one of Step (2-1)~ Step (2-5) is applicable.

Lemma 4.4.9: Procedure Refine terminates with an e-optimal submodular flow ¢

with respect to the obtained potential function p.

Proof: From the property of L(;, and the last vertex on L(,, is inactive at the
termination, there is no active vertex in V. The present lemma follows from Lemmas
4.3.2~4.34. O
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Definition 4.4.10: A push on a = (v,w) € A is called a saturating push if e(v) >
ca(a). If a push on a = (v,w) € Aa is not a saturating push, then it is called a

nonsaturating push. O

Define a pass over L, as a period of the algorithm that begins with the first vertex

on L and ends when a relabeling is performed or when the algorithm terminates.

Lemma 4.4.11: During a procedure Refine there are at most O(nmU) passes before

the algorithm terminates.

Proof: Since there is a relabeling operation in each pass except the last one, the

present lemma follows from Theorem 4.4.5. U

Lemma 4.4.12: The number of nonsaturating pushes during a procedure Refine (first-

active implementation) is at most O(n?mU).

Proof: In each pass, a nonsaturating push on v makes v an inactive vertex and the

current vertex shifts. So, there are at most n — 1 nonsaturating pushes in each pass.
O

Lemma 4.4.13: The number of saturating push operations during a procedure Refine

(first-active implementation) is at most O(n3mU).

Proof: Note that after an execution of (2-4) of Step 2 the current arc of v is shifted
backward. Between two successive relabelings on v, (2-4) of Step 2 is carried out at
most n — 1 times since the number of the different values of 7(w) (w € V, 7(w) < 7(v))
is less than n before the first execution of (2-4) of Step 2 and each execution of (2-4) of
Step 2 reduces the number of the different values of 7(w) (w € V, 7(w) < 7(v)) by at
least one. By a saturating push on an arc in List,(v) the current arc shifts to the next
arc. From Lemma 4.4.8 we see that between two successive relabelings on v there are
at most 2n(n — 1) saturating pushes on arcs going out from v. It follows form Theorem

4.4.5 that there are at most O(n?mU) saturating pushes for each vertex v during a



A Cost Scaling Algorithm for Minimum-Cost Submodular Flows 85

procedure Refine . The present lemma follows from the fact that the cardinality of V'

1S . a
Finally, we have

Theorem 4.4.14: The complexity of the minimum-cost submodular flow algorithm
by the first-active implementation is O(n*mU log(nI')) with the oracles for dependence

functions and exchange capacities of the given submodular system. O
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Chapter 5.

Conclusion

In this final chapter we discuss some future topics in theories and algorithms, summarize
the computational complexity of some existing algorithms and make some comparisons
of our proposed algorithms with other ones from the point of view of theoretical and
computational aspects.

Submodular (or supermodular) functions on distributive lattices share similar struc-
tures with convex (or concave) functions on convex sets. The reason for the analogy
between a submodular function and a convex function is nicely explained by the Lovész
extension of a submodular function. Such an analogy has been recognized as a reason of
the importance of submodular functions in the analysis of combinatorial systems such
as graphs, networks and algebraic systems. Applications of matroids and submodular
systems to practical engineering problems and information and system theories have
been extensively made by M. Iri, A, Recski, S. Fujishige, K. Murota and others. Re-
cently, uses of submodular systems and their extensions in scheduling problems have
been extensively studied. The theory of matroids and submodular systems provides
us a systematic mathematical foundation which enables us to better recognize the es-
sential structures of the fields of applications. We believe that there will be more and
more applications of matroids and submodular systems since these reveal combinatori-
ally nice and deep structures of combinatorial systems. Also, such applications would
require further developments in constructing efficient and practical algorithms. Our
algorithms provide a general basis for applications.

The algorithms in this thesis are designed for a larger class of problems described by
abstract structures of matroids or submodular systems. However, if the algorithms are

to be applied to some specific problems such as the analysis/design of very large systems
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in physical and engineering applications, the algorithm should be refined to adopt to the
characteristic features of such systems. In other words, our algorithms are likely to be
less efficient for a narrower class if the refinements are not made, but they give a general
basis for devising efficient ones for specific problems. Such refinements are of practical
importance. The difference between our algorithms and others in performance for
specific problems should be studied. Computationally, the structure of our algorithm
is new and quite different from those of the existing previous algorithms. In this thesis,
we give time complexities on the basis of some oracles. In applying our algorithms to
practical problems we must be very careful in constructing a subroutine for an oracle.
The following three are the most crucial for the practical efficiency: (1) what kind of
oracle to adopt, (2) how to represent a matroid or a submodular system and (3) how
to correlate with the representations in different stages of the solution process. What
kind of oracles to adopt in our algorithms in order to improve the practical efficiency
is one of the important future studies.

In the following we examine the difference between our algorithm for the independent,
assignment problem and other existing algorithms. There are two algorithms with
computational complexities similar to ours, one proposed by H. N. Gabow and Y. Xu
[40] and the other recently by M. Shigeno and S. Iwata [74]. Both are given for the
weighted matroid intersection problem. H. N. Gabow and Y. Xu uses A. Frank’s version
of linear programming dual problem for the weighted matroid intersection problem [21].
The algorithm also makes scaling on weights. Each scaling adds one bit of precision to
the original weights and finds a 1-optimal solution for these weights. The algorithm for
a specified scale consists of two steps: the Hungarian search step and the augmenting
step. The former step changes the values of dual variables (potentials) so as to make
the admissible graph (consisting of only admissible arcs) have augmenting paths. The
latter step consists of a sequence of augmentations. The augmenting paths used in
the augmenting step are not required to be a kind of shortest paths. To make an
augmenting path a valid one, they assign a topological numbering to the vertex set
and require the numbering in the path satisfying certain conditions. To perform the
Hungarian search step and the augmenting step, they use several lists of size O(n)
for each vertex. It is necessary in the algorithm to store the auxiliary network for

improving complexity. Besides making modifications on the potential for each vertex,
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the algorithm keeps a topological numbering on the vertex set which also changes
frequently.

Our algorithm is similar to the algorithm of H. N. Gabow and Y. Xu in the sense
that both algorithms are based on the cost scaling. Computationally, our algorithm is
quite different from their algorithm. In our algorithm we need two lists for the source
vertex set and sink vertex set. Storing the whole auxiliary network is not necessary
since for each local operation related to a vertex v, we only need to identify arcs which
are incident to v. Therefore, H. N. Gabow and Y. Xu’s algorithm uses a space which
1s at least three times larger than that used in our algorithm, disregarding the space
required by the oracles.

The approximate-weight-splitting algorithm of M. Shigeno and S. Iwata uses a dif-
ferent optimality condition. The weight vector w is split into any two weight vectors
u and v such that w = u+ v. The optimality condition states that if B is a minimum-
weight k-independent set of a matroid M on a finite set £ with respect to the weight
vector v and B is also a minimum-weight k-independent set of a matroid M5 on the
set E with respect to the weight vector v, then B is a minimum-weight common k-
independent set of the two matroids M; and My with respect to the weight vector w.
This condition is an elementary one. The theoretical background of their algorithm
1s simpler than that of our algorithm. They also only use local operations of relabel-
ing split weights and elementary transformations for an independent set. Hence, the
computation structure is almost the same as ours. We will make a comparison only on
theoretical complexity in the following.

Both algorithms have been generalized to the minimum-cost 0-1 submodular flow
problem (see [75] and [39]). In our generalization, we have shown that the number
of relabelings of potential for each vertex is O(m), where there are m vertices. In
their generalization, they proved that the number of relabelings of the split weight for
each arc is O(m), there are m arcs in original graph. Therefore, our algorithm runs
in O(mn®log(nC)) time while their algorithm runs in O(m?nlog(nC)) time. Both
time bounds are for the case where we assume an oracle for exchange capacities of a
given submodular system without using a hybrid version. Also, when considering the
hybrid versions, in our algorithm we can shift to a procedure SuccessiveShortestPath

by choosing L = O(/m) while the optimal selection for their algorithm is L = O(y/n).
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Therefore, the complexity of our hybrid version becomes O(y/mn?log(nC)), which
is lower than the complexity O(y/nnmlog(nC)) of their hybrid version. As to the
case of the independent assignment problem, when their algorithm for the weighted
matroid intersection problem is generalized to the independent assignment problem,
the algorithm should deal with the split costs defined on arc set A while our potential
function is defined on vertex set VU V™. We can make a similar argument on the
complexity comparison for this case.

H. N. Gabow and Y. Xu in [41] have given an efficient algorithm for the independent
assignment problem on graphic matroids with a dynamic tree data structure for the
independence oracle. It will be an important and interesting work to find an efficient
independence oracle for our hybrid version algorithm for linear or graphic matroid,
since the structure of operations in the algorithm is quite different from that of H. N.
Gabow and Y. Xu’s. To apply our algorithm for the general graph matching problem
is also an interesting future work.

There are many combinatorial optimization problems that can not be modeled by
matroidal structures. We mention a few new structures as generalizations of a ma-
troid and related concepts. Here, it is worth considering whether the approach of our
algorithm is still applicable to such new structures. R. Chandrasekaran and S. N.
Kabadi [7] introduced the concept of pseudomatroid. It is a common generalization of
a family of independent sets of a matroid, a family of bases of a matroid and a general-
ized matroid [24]. They also defined a polyhedral version of a pseudomatroid called a
polypseudomatroid, which has nice properties such as the total dual integrality of the
defining inequalities and the validity of a greedy algorithm. Another generalization of
matroid independence systems, called a (2,2)-system, is given by R. Euler in [18]. The
defined independence system gives a unified formulation of matroid intersection prob-
lems, vertex-packing independence systems and b-matchings problems. R. L. Rardin
and M. Sudit have introduced a new structure called a paroid. A paroid is formed
by a matroid and a partition of the ground finite set. In [69] they show that paroid
optimization formulations are suitable for several classical combinatorial problems such
as k-matroid intersection, general graph matching, traveling salesman, vertex packing,
satisfiability, graph partitioning, and knapsack problems.

In the following we briefly describe a few existing algorithms for minimum-cost sub-
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modular flow problems and point out some interesting problems for future research.
The first polynomial algorithm for the minimum-cost submodular flow problem of
Grotschel, Lovdsz and Schrijver [46] is based on the ellipsoid method which seems to
have only theoretical significance. W. H. Cunningham and A. Frank [11] proposed
the first polynomial algorithm which is purely combinatorial. The optimality theorem,
Theorem 4.1.2, is fundamental to their algorithm. In the algorithm, a feasible submod-
ular is maintained while we try to modify potentials to satisfy the optimalty conditions
in Theorem 4.1.2. Given a feasible submodular flow ¢ and a potential function p,
choose an arc a in A, U B, with a negative reduced cost, i.e., an arc a violating the
optimality conditions. A procedure, called Inner Algorithm in W. H. Cunningham and
A. Frank’s algorithm, finds a new pair (¢, p) such that the arc @ no longer violates the
optimality conditions while at the same time the other arcs satisfying the optimality
conditions before do not violate the optimality conditions. Inner Algorithm consists
of two parts. One performs flow changes only which sends a maximum flow on arc a
under certain constraints. Any maximum submodular flow algorithm can work for this
purpose. Our algorithm in Chapter 2 can also be used. The other part of Inner Algo-
rithm is used to change the potential, when the changes on the flow fail to make arc
a satisfy the optimality conditions. Their algorithm also uses cost scaling and requires
in total O(mn3log(T")) path augmentations.

In stead of reducing the discrepancy from the optimality conditions on each arc,
one may use the method of canceling negative cycles in an auxiliary network with
reduced costs as arc lengths. The first negative cycle method for the independent
flow problem is due to S. Fujishige [28]. U. Zimmermann [85] also gave an algorithm
for the submodular flow problem by a similar approach. Their algorithms may not
terminate in finitely many steps. With minimum-mean cycle selection, W. Cui and
S. Fujishige [10] proposed a finite algorithm and U. Zimmermann [86] developed a
pseudo-polynomial variant that finds O(mU) negative cycles. With a certain weight
function, the minimum-ratio cycle selection method also leads to a pseudo-polynomial
algorithm (see C. Wallacher [79]). In [80] C. Wallacher and U. Zimmermann showed
that for a large number of weight functions, the cycle canceling method for submodular
flow problems terminates after finding O(mU log(mI'U)) negative cycles. They also

presented a polynomial variant that solves the problem by finding O(n?m log(ml'U))
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negative cycles, which is the first polynomial algorithm by canceling negative cycles.

Another algorithm of strongly polynomial complexity is due to S. Fujishige, H. Rock
and U. Zimmermann [35]. The algorithm adopts a tree projection approach for the
calculation of the current cost approximation. (For the classical minimum-cost flow
problem the tree projection technique was given by S. Fujishige [31] and was indepen-
dently noticed by H. Rock and U. Zimmermann.) For a sequence of approximations of
the cost function 7y, a minimum-cost submodular flow problem for each approximation
cost function 4/ is solved by means of the primal-dual method of W. H. Cunningham
and A. Frank [11] with or without scaling of 4. The number of approximations is
bounded by m + n(n — 1) and each approximation cost function ' satisfies |[y'(a)| < n?
for all a € A. Therefore, W. H. Cunningham and A. Frank’s algorithm for such cost
function runs in strongly polynomial time with or without scaling.

The algorithm given in Chapter 4 is not a polynomial one. The improvement on
1ts complexity seems to be related to a capacity scaling technique and other ideas. To
devise an efficient algorithm base on a capacity scaling for submodular flows is still an
unsolved problem.

Finally, we mention a few developments in theories related to submodular systems.
A concept, called a generalized polymatroid, that is very similar to submodular base
polyhedra is defined by A. Frank [24]. S. Fujishige [30] has shown that every generalized
polymatroid can be obtained from a base polyhedron by a simple construction. Also,
a bisubmodular system is first considered in [7], which is a natural generalization of
a polypseudomatroid. The class of polyhedra associated with bisubmodular systems
includes submodular polyhedra, base polyhedra, generalized polymatroids [24], and
polypseudomatroids [7]. In [3] K. Ando, S. Fujishige and T. Naitoh have defined and
studied a subclass of bisubmodular systems called the proper bisubmodular system
which also includes base polyhedra, polypseudomatroids and a class of generalized
polymatroids. The bisubmodular function in a proper bisubmodular system is defined
in a domain which can be represented by a distributive lattice. Also they consider
bidirected flows in a bidirected networks as an application of a proper bisubmodular
system. To construct efficient algorithm for bidirected flows with possible bisubmodular

constraints is an interesting future research subject.
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