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Abstract

Topology, which plays a central role in topological insulators, has attracted increasing
interests in material sciences [1-3]. Surface or edge states of topological insulators that
propagate robustly against disorder are protected by the topology in bulk band structures.
Besides, in quantum spin Hall insulators (2D topological insulators) [4, 5], the propagation
direction of edge state is fixed by spin. Such a spin-momentum locking effect can reduce
the possibility of back-scattering. These properties can be exploited for achieving innovative
applications such as non-dissipative transportation and spintronics. Although studies were
first focused on electronic systems, the idea of topology has also been developed into bosonic
systems and various wave phenomena [6-8].

Normally, a spin-orbit coupling (SOC) term is necessary for achieving the quantum spin
Hall insulator. In 2015, Longhua Wu and Xiao Hu proposed a scheme that a topological state
can be achieved in photonic crystals purely based on conventional dielectric materials [9].
Starting from a honeycomb lattice, a hexagonal unit cell containing six cylinders is chosen,
where the Cg, symmetry is preserved. Changing lattice constant while fixing the distance
between cylinders inside the unit cell that preserves a pseudo time-reversal symmetry orig-
inated from the Cj, symmetry and the time-reversal symmetry can open a bulk band gap
at the I' point. A nontrivial topology appears by reducing the lattice constant, accompany-
ing a p-d band inversion. In resultant topological modes, a pseudospin-momentum locking
phenomenon can be observed, where the angular momentum of the wave function of the
out-of-plane electric field serves as the pseudospin. The existence of topological modes and
pseudospin-momentum locking in this design have been confirmed experimentally [10, 11].
Only coupling textures that preserve the Cg, symmetry are sufficient in the consideration of
this simple design, making it easy to apply to other materials.
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FIG. 1. (a) Josephson junction array (JJA) on honeycomb lattice. Each superconductor is shunted to a common
ground by a capacitor with the common capacitance C and connected to each other by Josephson junctions. Super-
conductors are grouped into hexagonal unit cells indicated by the dashed line and Josephson critical current is Ico/Ic1
inside/between the unit cells. Lattice vectors are a1 and az. (b) and (c) Schematics of Josephson junctions in (a),
where superconducting parts are represented by blue, and insulating parts are presented by red/green for Ico/Ic1. (d)
and (e) Distributions of wavefunction amplitude (size of dot) and time-averaged energy flow (arrow between sites)
for the topological Josephson plasmon mode at opposite momenta.

In the thesis, we focus on the exploration of topological modes in typical wave systems
such as Josephson plasma in superconductor Josephson junction arrays (JJAs), magnon
transportation in magnetic materials and photonic crystal fibers (PCF). First, we start from
topological Josephson plasmon modeson honeycomb lattice with superconductors shunted
individually to a common ground by capacitors with capacitance C' uniform in the system.
Superconducting currents determined by dc and ac Josephson relation cause charging of
superconductors, while capacitors linked to superconductors act as restoring forces, leading
to Josephson plasmon modes, which are oscillations in charge and phase of the supercon-
ductors. For honeycomb lattice JJAs, Dirac cones are formed at the K and K’ points of
the Brillouin zone (BZ) in the frequency dispersion relation of Josephson plasmon modes
[13]. Here we introduce a real-space pattern of Josephson critical current, where Josephson
critical currents inside and between hexagonal unit cells are put same but different from
each other, as shown in Fig. 1(b) and 1(c). When the critical current between hexagonal
unit cells becomes larger than that inside the unit cell, a p-d band inversion takes place
resulting in a nontrivial topology. As shown in Fig. 1(d) and 1(e), topological Josephson
plasmon modes appear at the interface between topological and trivial domains (green/light
brown lines for I.g/l; in trivial domains and red/dark brown lines for 1.9/l in topological
domains), showing counterclockwise and clockwise circulations of Poynting vectors in unit
cells correspond to up and down pseudospins respectively. The net energy flows for the up
and down pseudospin point to opposite directions, manifesting the pseudospin-momentum
locking phenomenon realized in JJAs.

Next, we consider topological magnons in magnetic materials. Magnons are quanta of spin-
wave excitations in magnetic systems, which are described in terms of Holstein-Primakoff
transformation to the Heisenberg spin model. To introduce topology into magnetic materials,
one promising way is using the Dzyaloshinskii-Moriya (DM) interaction which plays the same
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FIG. 2. (a) Ferromagnet on honeycomb lattice with nearest-neighbor exchange couplings. Hexagonal unit cells
indicated by the dashed line are chosen with Jo/Ji representing exchange couplings inside/between hexagonal unit
cells. Unit vectors are represented by ai and a2. (b) Antiferromagnet on honeycomb lattice under an external
magnetic field Bext perpendicular to the lattice. Same unit cells are chosen as in (a) but spins of sublattice A and B
are pointing in different directions.

role as SOC in eletronic systems [14, 15]. However, a sufficiently strong DM interaction is
not easy to realize. Here, we propose topological magnon modes on honeycomb lattice by
tuning nearest-neighbor (n.n.) exchange couplings, where no DM interaction is required
[16]. Dirac-type linear magnon dispersions appear in the frequency magnon band structure
of a ferromagnet on honeycomb lattice where only n.n. exchange couplings are considered.
With a Cg,-symmetric texture in the strength of exchange couplings as shown in Fig. 2,
where those between hexagonal unit cells are larger than those inside a unit cell, a frequency
band gap opens, which yields a p-d band inversion and the nontrivial topology. Topological
magnon modes robust to defects and disorder appear along the interface when topological
and trivial structures are put side by side.

At last, we discuss using the concept of topology in constructing optical fibers. Light is
confined inside the core by the total internal reflection in conventional optical fibers. In topo-
logical photonic crystals, topological modes have good confinement at the interface, so that
it is possible to construct PCFs that benefit from topology. In the topological PCF as shown
in Fig. 3, the core is formed by a topological photonic crystal surrounded by a trivial pho-
tonic crystal as the cladding, where each hexagonal unit cell contains six identical triangular
holes, and in topological and trivial photonic crystals the distance between triangular holes
and the center of unit cells is finite tuned. We clarify that even with nonzero momentum
along the fiber axis, p-d band inversion still exists which yields the nontrivial photonic topol-
ogy [17]. Topological interface modes are localized at the interface of the core and cladding,
carrying orbital angular momenta depending on the pseudospin. Another mechanism to pro-
vide confined modes in topological PCFs is to exploit band-inversion-induced reflection [18].
Below the bulk band gap, d and p modes are dominant around the I' point in the topological
and trivial photonic crystal respectively, inducing a reflection at the interface. There appear
several confined bulk modes below the lower band edge for the topological PCF, which also
carry orbital angular momenta depending on the pseudospin. We find that the mode close
the lower band edge is very well confined in the core tipological photonic crystal, which may
be useful for constructing stable and strong fiber laser.
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FIG. 3. (a) Cross-section of photonic crystal fiber (PCF). A topological photonic crystal forms the core surrounded
by a trivial photonic crystal as the cladding. (b) Zoom-in picture of the part denoted by the dashed line in (a).
Each unit cell contains six identical triangular holes, which are away from the center of the unit cell by R1/Rz in the
topological/trivial photonic crystal. ao is the lattice distance in both topological and trivial photonic crystals and
€a/eq is the dielectric constant of air/dielectric material.
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